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Abstract. In previous works, a probabilistic generalization of formal concepts
was developed that is resistant to noise and is capable of restoring formal
concepts. In this paper, we show that probabilistic formal concepts have a deeper
meaning than the restoration of formal concepts. Probabilistic formal concepts
model "natural™ concepts explored in cognitive sciences and "natural” classes
explored in the "natural” classification. The hyper network of probabilistic formal
concepts reflects the hierarchical structure of complex patterns — a hierarchy of
secondary, increasingly complex features that are found as a result of deep
learning. This hierarchy, obtained by logical-probabilistic methods, in addition
to being "natural”, is also explanatory, since it can give descriptions of its classes
in logical-probabilistic terms. Thus, the hierarchy of probabilistic formal
concepts discovered on complex images yields logical-probabilistic deep
learning. The vertices of the hyper simplexes of the hyper network of
probabilistic formal concepts reflect the content of "natural” concepts and
classes, as they are inextricably linked with the underlying features. These
vertices determine the meanings of "natural™ concepts and classes, which are not
reducible to the features that form them.
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1 Hypernet of Probabilistic Formal Concepts

In Formal Concept Analysis [1], “formal concepts” are classification units that group
data of the tables (“formal contexts”) over a set of objects G and features M, in which
rows are objects from G, and columns are attributes from M. Objects are grouped into
classes in such a way that objects that have a maximum set of common attributes are
included in the class, and this set of objects is maximum, i.e. no other object outside
this class possesses the same set of attributes. The pairs (set of objects, set of features)
obtained in this way can be naturally ordered by inclusion and represented as a complete
lattice. Here is an example from the report of S.O. Kuznetsov.

In this example (fig. 1) we have 4 objects for which 4 features a,b,c,d are defined.
For these objects, 7 non-trivial formal concepts are defined, nested into each other by

inclusion ({4}, {4}), {1}, {1}), ({2}, {2} ). ({1.4}, {d}), ({3.4}, {b, c}), ({1.2}. {a}),
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Fig. 1. Lattes of formal concepts

({2,3,4}, {c}), where {4} "- all features of the object 4. Note that the definition of formal
concepts is the same as that of a syndrome (a complex of organically related features).
The syndrome includes all features common to the cases under consideration. However,
the construction of the lattice of formal concepts is associated with the following
problem: in the presence of noise (data distortions), the lattice of formal concepts is
filled with noisy clones of the original classes-concepts, which leads to its exponential
growth. In the works of [3-5] a probabilistic generalization of formal concepts is
developed that is resistant to noise and is capable of restoring formal concepts.

The purpose of this work is to show that probabilistic formal concepts have a deeper
meaning than the restoration of formal concepts under conditions of noise. Probabilistic
formal concepts model "natural™ concepts explored in the cognitive sciences. In works
[6-7] it is shown that "natural™ concepts reflect a highly correlated structure of features
of objects of the external world, which can be represented by "causal models" that are
fairly accurately formalized by probabilistic formal concepts. The highly correlated
structure of features of objects in the external world is also manifested in the "natural”
classification. J. Stuart Mill [8] very accurately described "natural” classes as
probabilistic formal concepts: "Natural groups ... are determined by features ...
However, this takes into account not only features that are certainly common to all
objects included in the group, but the entire set those features, of which all are found in
most of these objects, and most - in all”. This definition, which J. Mill formulated back
in 1843, differs from the definition of a formal concept only in that He says about most
objects and features, which is precisely taken into account in the definition of
probabilistic formal concepts.

The hypernetwork of probabilistic formal concepts reflects not only nesting
according to features and objects, but also the natural “embeddedness” of objects of the



external world, as J. Gibson wrote. Moreover, all complex images — faces, paintings,
literary works contain a hierarchy of secondary, increasingly complex features. That is
why Deep Learning methods have achieved impressive results. They organized
hierarchical processing of information in neural networks that can capture this
hierarchy of secondary features. Probabilistic formal concepts can reveal this hierarchy
as a hierarchy of "natural" secondary features (concepts) and a hierarchy of "natural”
classes. This hierarchy, obtained by logical-probabilistic methods, besides being
"natural”, is also "explainable”, since it can give descriptions of its classes in logical-
probabilistic terms. Thus, the hierarchy of probabilistic formal concepts discovered on
complex images yields logical-probabilistic deep learning. Classes descriptions,
obtained in this hierarchy automatically, are the vertices of the hyper-simplexes of the
hypernetwork of probabilistic formal concepts that reflect the content of these "natural”
classes. This vertex of the hypersimplex determines the meaning of the "natural”
concept, which is not reducible to the content of the features that form it.

2 Probabilistic Formal Concepts

The precise definition of the probabilistic formal concepts is given in works [3-5]. Here
we describe the process of probabilistic generalization of formal concepts in order to
demonstrate its naturalness, although it is not mathematically trivial.

It consists in the following steps:

1. Define formal concepts as fixed points of implication [1].
2. Replace implications with probabilistic causality satisfying the following properties:

a. Cartwright's definition of probabilistic causality [2]:

If R=(H,&..&H, = H,), R“={H,,..,H,}, R”=H,, then
v(R”/&R“)>Vv(R”/&([R“\H)), HeR".

b. Satisfies the condition of maximal specificity, defined by Hempel [9]. Informally,
this condition means that the probabilistic causal relationships must use maximum
of available information.

c. Define maximum specific probabilistic causality as probabilistic causality that
satisfy conditions a,b.

3. Define probabilistic formal concepts as fix-points of these maximum specific
probabilistic causalities.

4. Prove [10] that these fix-points are logically consistent and not contain some feature
and its negation.

5. Define probabilistic formal concepts in terms of these fix-points.

Define “natural” classification and “natural” concepts as probabilistic formal concepts.
Let us consider the condition of maximal specificity in more details for the further
definition of the neuron formal model that can learn maximum specific probabilistic
causalities.

The condition of maximal specificity was defined by Hempel for solution of the
statistical ambiguity problem. This problem rises in the field of the Inductive-Statistical



(1-S) inference when inconsistent conclusions may be inferred from the consistent
premises. Let us consider a traditional example. Suppose that we have the following
statements:

e L1 Almost all cases of streptococcus infection clear up quickly after the
administration of penicillin.

e L2 Almost no cases of penicillin resistant streptococcus infection clear up quickly
after the administration of penicillin.

e C1 Jane Jones had streptococcus infection.

e (C2 Jane Jones received treatment with penicillin.

e C3Jane Jones had a penicillin resistant streptococcus infection.

These statements imply a contradiction by I-S inference. On the base of L1 and C1AC2
one can explain why Jane Jones recovered quickly (E). The second argument with
premises L2 and C2AC3 explains why Jane Jones did not (-=E). The premises of both
arguments are consistent with each other, they could all be true. However, their
conclusions contradict each other.

Hempel suggested to solve this problem by forcing all statistical laws in an argument
to be maximally specific. In other words, they should contain all relevant information
with respect to the domain in question. In our example the premise C3 invalidates the
first argument L1, since it is not maximally specific with respect to all information
about Jane Jones. So, we can only explain =E, but not E. The maximally specific
statement instead of L1 must be “Almost all cases of streptococcus infection that are
not penicillin resistant clear up quickly after the administration of penicillin”.

We have proved that maximal specific causal relations solve the problem of
statistical ambiguity [10] and I-S inference is consistent if it uses only maximally
specific statements.

3 Formal Model of Neuron that Learn Maximal Specific Causal
Relations. Probabilistic Formal Concepts as Cellular
Ensembles.

We formalize the conditional connection at the level of the neuron in such a way that
it at first satisfies the Hebbian rule [11] and second can learn maximum specific
probabilistic causalities. We developed a special semantic probabilistic inference [12]
that learn such causalities.

By information, given to brain as «input», we mean all stimulus provided by afferent
systems. Let us define information about a certain stimulus n, arising from an object
(situation) a and transmitted by a nerve fiber, by a predicate P.(a), i=1,...,n, wherea

is a perceived object (situation). If this information transmitted on excitatory synapse,
then it perceived by neuron as a truth of the predicate P,(a), and if this information
transmitted on the inhibitory synapse, then it perceived as a negation of the predicate
—P.(a) . We define the excitation of neuron (its axon) in a situation (object) a by a



special predicate P,(a). If neuron is inhibited in situation a, then we define this by a
negation of this predicate —P,(a). We suppose, that each neuron is exciting by its
receptive field, which is initial (before training) semantics of this predicate P,(a).

Predicates P(a), i=1,...,n and their negations are literals, which we denote as
a,b,c,...e L. Letus introduce some definitions needed for the formal model.

The rule C=(a, &...&a, = c) is a subrule of the rule C'=(b, &...&b, = c¢) if
{8, &...&a }c{b &..&b}, n<k.

By the probabilistic law we mean the rule C=(a&...&b=c), the conditional
probability (a&...&b&c)/(a&...&b) of which is strictly greater than conditional

probabilities of all its subrules. Strongest Probabilistic Law is a probabilistic law that
is not a subrule of another probabilistic law.

Semantic probabilistic inference (fig. 2) of a literal ¢ is a sequence
C, 1C, 1...3C, of probabilistic laws C, =(a, &...&b, =¢;), such that C, is a

subrule of the rule C,,, and probability of C, is strictly less than the probability of
C..,,i=1..n-1. C, is the strongest probabilistic law.
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Fig. 2. Semantic probabilistic inference

A maximally specific rule MSR(c) for the inference of a literal c is a such Strongest

Probabilistic Law of some Semantic probabilistic inference of a literal ¢ that have
maximum value of conditional probability.

Theorem [9] (solution of the statistical ambiguity problem). I-S inference and fix-
points that use only MSR(c) rules are consistent.

Our formal model of a neuron (fig. 3) is very similar to the structure of the semantic
probabilistic inference (see fig. 2) and it accurately implements the semantic
probabilistic inference and thereby reveals the most specific causal relationships. Fix-
points of these most specific causal relationships, produced by interconnected neurons,
form cellular ensembles of self-excited neurons that form probabilistic formal concepts,
reflecting a highly correlated structure of features of perceived "natural” objects.
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Fig. 3. Formal model of neuron
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