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Abstract

In works of Eleanor Rosch ‘‘natural” concepts was introduced that reflect a high correlated structure of features of objects of the
external world. Prototypes of the ‘‘natural” concepts are clearest cases of objects that reflect this highly correlated structure. The same
high correlated structure manifested in the ‘‘natural” phenotypical classification. To formalize this highly correlated structure, we define
a special type of probabilistic causal relations and then probabilistic formal concepts as a cyclically connected probabilistic causal rela-
tions. Based on these definitions, we developed a method of prototypes discovery and illustrate it on the example of digits’ prototypes
discovery.
� 2020 Elsevier B.V. All rights reserved.
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1. Introduction

We consider ‘‘natural” concepts that was introduced in
works of Eleanor Rosch (1973, 1978). These concepts relate
to directly perceived objects, not abstract objects like pro-
duction, plant and object. From the principles of catego-
rization by Eleanor Rosch it follows that ‘‘natural”
concepts reflect a highly correlated structure of features of
objects of the external world and prototypes of these ‘‘nat-
ural” concepts are clearest cases of these objects that reflect
this highly correlated structure.

The same highly correlated structure of objects features
is also manifested in the ‘‘natural” phenotypical classifica-
tion (see Section 2). J.St. Mill has observed that ‘‘natural”
classes of animals or plants are described by a potentially
infinite number of features (Mill, 2011). Naturalists who
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built ‘‘natural” classifications noted that the ‘‘natural” clas-
sification formation consists in finding an ‘‘indicators” –
from the infinite number of features we need to move to
a limited number of indicators that would replace all other
features (Smirnov, 1938). This means that features in the
‘‘natural” classification are also highly correlated, for
example, if classes 128 and features are binary, the indepen-
dent ‘‘indicator” features among them will be only 7 fea-
tures, because 27 = 128, and the remaining features
(denoted by N) can be predicted by these 7 features using
N-7 regularities. Since by the ‘‘indicator” features we can
choose different 7 features from N, the choice of which is

equal to C7
N , the number of regularities that predict non-

indicator features based on the indicator features is not

much less than N � 7ð Þ � C7
N .

Such regularities that form ‘‘natural” phenotypical clas-
sification and highly correlated structure of the objects fea-
tures can be formalized by the probabilistic causal relations
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(see Sections 2 and 3). We define probabilistic causal rela-
tions that satisfy some rather strong criteria in Section 2.
The definition of ‘‘natural” concepts, prototypes and ‘‘nat-
ural” classes can be formalized by the probabilistic formal
concepts that was developed in the previous works
(Vityaev, Demin, & Ponomariov, 2012; Vityaev and
Martynovich, 2015a, 2015b). The following statement of
J.S. Mill rather precisely reflect the meaning of probabilis-
tic formal concepts: ‘‘Natural groups . . . are defined by fea-
tures . . .However, at the same time not only features which
are certainly common for all the objects included into the
group but the whole set of those features is taken into
account, of which all are found in the majority of these
objects and the majority – in all” (Mill, 2011).

Probabilistic formal concepts were defined in terms of
probability. To develop a method of prototypes
discovery on data, we used some statistical estimations.
In Section 6 a statistical method of the probabilistic
formal concepts and prototypes discovery is presented.
In Section 7 an example of prototypes discovery for
digits is given.

2. ‘‘Natural concepts

Eleanor Rosch formulated the principles of categoriza-
tion of the ‘‘natural” categories (Rosch, 1973, 1978):

‘‘Cognitive Economy. The first principle contains the
almost common-sense notion that, as an organism, what
one wishes to gain from one’s categories is a great deal of
information about the environment while conserving finite
resources as much as possible. To categorize a stimulus
means to consider it, for purposes of that categorization,
not only equivalent to other stimuli in the same category
but also different from stimuli not in that category. On
the one hand, it would appear to the organism’s advantage
to have as many properties as possible predictable from
knowing any one property, a principle that would lead to
formation of large numbers of categories with as fine dis-
criminations between categories as possibleý.

ûPerceived World Structure. The second principle of
categorization asserts that . . . perceived world – is not an
unstructured total set of equiprobable co-occurring attri-
butes. Rather, the material objects of the world are per-
ceived to possess . . . high correlational structure (allocated
by EV). . . . In short, combinations of what we perceive
as the attributes of real objects do not occur uniformly.
Some pairs, triples, etc., are quite probable, . . . others are
rare; others logically cannot or empirically do not occurý.

Directly perceived objects (basic objects) are
information-rich bundles of observable properties that cre-
ate categorization. These bundles form a ‘‘prototypes” of
objects classes: ûCategories can be viewed in terms of their
clear cases if the perceiver places emphasis on the correla-

tional structure (allocated by EV) of perceived attributes
. . . By prototypes of categories we have generally meant

the clearest cases (allocated by EV) of category member-
shipý (Rosch, 1973, 1978).
Later on, the theory of Eleanor Rosch was called the
prototype theory of concepts: ûThe prototype view (or
probabilistic view) keeps the attractive assumption that
there is some underlying common set of features for cate-
gory members but relaxes the requirement that every mem-
ber have all the features. Instead, it assumes there is a
probabilistic matching process: Members of the category
have more features, perhaps weighted by importance, in
common with the prototype of this category than with pro-
totypes of other categoriesý (Ross, Taylor, Middleton, &
Nokes, 2008).

The same highly correlated structure of the objects fea-
tures arise in works of ‘‘natural” classifications that are
considered in the next section.

3. ‘‘Natural classification and causality

‘‘Natural” classifications were analyzed by J.St. Mill
(2011), who distinguished between ‘‘artificial” classifica-
tions and ‘‘natural” ones. ‘‘Artificial” classifications differ
in that they can be based on any one or more features,
so that different classes differ in that they include objects
with different values of these features.

‘‘natural” classifications include classifications of ‘‘ani-
mals” or ‘‘plants”, which differ in such a large (potentially
infinite) number of features that they cannot be enumer-
ated. J. Mill gives the following definition of ‘‘natural”
classification: it is such a classification that . . . is based
on those features that cause many others, or at least make
up their true features. He also defines the ‘‘image” of the
class, which corresponds to the ‘‘prototypes” of classes in
the cognitive sciences: ‘‘our concept of a class – the image
that represents this class in our mind – is the image of a cer-
tain sample that has all the characteristics of a given class
. . . in the highest degree”.

Moreover, among features of some ‘‘natural” class there
will be both observable and non-observable features. To
take into account the hidden features, it is necessary to find
their causal manifestations in the observed features. ‘‘So,
for example, the natural classification of animals should
be based primarily on their internal structure; however, it
would be strange, as O. Comte notes, if we were able to
determine the genus and species of this or that animal, only
having previously killed it” (Mill, 2011).

‘‘Natural” classifications (The Nature of Classification,
2013) may be phylogenetic that base on evolutionary rela-
tionships; phenotypic that base solely on external, visible
features and genetic that base on the genesis of the origin
of objects (including those artificially produced). In the
phylogenetic classification, organisms that have a common
ancestor are combined into one group. Phylogeny (evolu-
tionary history) of a particular group can be represented
in the form of a family tree. On the other hand, phenotypic
classification is an attempt to avoid the problem of estab-
lishing an evolutionary relationship, which is sometimes
very difficult and very controversial, especially in cases
where the necessary fossil remains are too few or com-
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pletely absent. At the same time, genetic classifications, for
example, of rocks, climates, soils, are based on the analysis
of the origin and genesis of objects.

Phylogenetic and genetic ‘‘natural” classifications are
based on a combination of both external and internal prop-
erties, while phenotypic ‘‘natural” classifications are based
only on external properties. However, phenotypic classifi-
cations can reveal different genesis and phenotype of
classes. The difference between these ‘‘natural” classifica-
tions is reflected in the difference in the types of causal rela-
tionships that are found in them.

In phenotypic classifications, properties are linked by
probabilistic causal links, while phylogenetic and genetic,
respectively, by biological and physical causal links. Pheno-
typic ‘‘natural” classification that built on probabilistic
causal relationships may reflect the presence of deeper
natural-scientific causal relationships corresponding to
the family tree or the genesis of the generation of objects.

This paper proposes an original approach to the detec-
tion of phenotypic ‘‘natural” classification (Vityaev &
Martynovich, 2015), based on probabilistic causal relation-
ships and statistical approximation of probabilistic formal
concepts. This phenotypic classification of objects of the
external world will also give us the formalization of ‘‘natu-
ral” concepts and their prototypes.

4. Probabilistic causality

The probabilistic causality is a type of causality that can
be discovered on data and it is not guaranteed that it is
actually causality. The probabilistic causality is defined in
terms of a given set of the objects features. Thus, it is a rel-
ative causality to this set of features.

As probabilistic causality (causal relations) we use the
definition of probabilistic causal relations (definition 12)
that satisfy Cartwright (1979) definition of causal relations:
every condition of the premise of the causal relation
increase the conditional probability of this relation relative
to other conditions of that premise as a background.

Our definition of causal relations also satisfies the condi-
tion of maximal specificity, defined by Hempel (1965, 1968)
for the solution of the problem of statistical ambiguity.
This problem consists in inconsistency of Inductive-
Statistical (I-S) inference from the consistent premises.
Let us consider a traditional example. Suppose that we
have the following statements:

� L1 Almost all cases of streptococcus infection clear up
quickly after the administration of penicillin.
� L2 Almost no cases of penicillin resistant streptococcus
infection clear up quickly after the administration of
penicillin.
� C1 Jane Jones had streptococcus infection.
� C2 Jane Jones received treatment with penicillin.
� C3 Jane Jones had a penicillin resistant streptococcus
infection.
These statements imply contradictory conclusions by I-S
inferences. On the base of L1 and C1&C2 one can explain
why Jane Jones recovered quickly (E). The second argu-
ment with premises L2 and C2&C3 explains why Jane
Jones did not (:E). The premises of both arguments are
consistent with each other, they could all be true. However,
their conclusions contradict each other. Hempel suggested
to solve this problem by forcing all statistical laws in an
argument to be maximally specific. In other words, they
should contain all relevant information with respect to
the domain in question. In our example, the premise C3
invalidates the first argument L1, since it is not maximally
specific with respect to all information about Jane Jones.
So, we can only explain :E; but not E. The maximally
specific statement instead of L1 must be:

� ‘‘Almost all cases of streptococcus infection that are not

penicillin resistant clear up quickly after the administra-
tion of penicillin”.

Thus, causal relations to be maximally specific must
take into consideration all relevant information. We define
maximally specific causal relations in (definition 16) and
describe the process of their inference by semantic proba-
bilistic inference (definition 14). We have proved that max-
imal specific causal relations solve the problem of statistical
ambiguity (Vityaev, 2006; Vityaev & Martynovich, 2015a).

5. Theory. Probabilistic formal concepts

This section follows the works (Ganter, 2003; Ganter &
Wille, 1999 (Vityaev, 2006; Vityaev and Martynovich,
2015a).

Definition 1. Formal context K ¼ G;M; Ið Þ is a triple ,
where G and M– arbitrary sets of objects and attributes,
and I #G�M– binary relation, expressing the belonging
of an object to an attribute.

In formal context, derivative operators play a key role –
they link subsets of objects and attributes of the context.

Definition 2. A#G;B#M , then:

1. A" ¼ m 2 M j 8g 2 A; g;mð Þ 2 If g
2. B# ¼ g 2 G j 8m 2 B; g;mð Þ 2 If g

Definition 3. A pair A;Bð Þ– is a formal concept, if A" ¼ B
and B# ¼ A.

Now we redefine context within the framework of logic.
We will consider only finite contexts.

Definition 4. For a context, we define a signature XKof the
context K ¼ G;M; Ið Þ that contains predicate symbols for
each m 2M. For the context K, considered as a model, the
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interpretation of predicate symbols is:
K � m xð Þ () x;mð Þ 2 I.

Definition 5. For signature XK we define the following vari-
ant of the first order logic:

1. XK – set of variables;
2. AtK– set of atomic formulas (atoms) mðxÞ, where

m 2 XK and x 2 XK ;
3. LK – set of literals, including all atoms mðtÞand their

negations :m tð Þ;
4. UK – set of formulas defined inductively: every literal is a

formula, for any U;W 2 UK the following expressions
U ^W; U _W; U! W; :U are formulas.

For the set of literals L#LK their conjunction and
negation are ^L, :L ¼ :P j P 2 Lf g.

Definition 6. A single element gf g with signature XK forms
a model Kg of this object. The truth of a formula / on the
model Kgis written as g � /() Kg � /.

Definition 7. Let us define a probabilistic measurelon the
set G in Kolmogorov sense. Then we can define a proba-
bilistic measure on the set of formulas as:

m : UK ! 0; 1½ �; m /ð Þ ¼ l g j g � /f gð Þ
We assume that context has no insignificant objects such

as l gf gð Þ ¼ 0; g 2 G.
Now we can define a probabilistic causal relation on the

context.

Definition 8. Let H 1;H 2; . . . ;Hk ;Cf g2LK ; C R H 1;H 2; . . .Hkf g,
kP 0.

1. The relation is R ¼ H 1 ^ H 2 ^ . . . ^ Hk ! Cð Þ;
2. The premise R of the relation R is a set of literals
fH1;H2; :::;Hkg;

3. The conclusion of the relation is R! ¼ C;
4. The length of the relation is jR j;

Definition 9. The probability g of the relation R is a value

g Rð Þ ¼ m R!jR ð Þ ¼ m R ^ R!ð Þ=m R ð Þ
If the relation denominator m R ð Þ is equal to 0, then the

probability is not defined.

Definition 10. Relation R1 is a subrelation of the relation
R2, we write R1@R2 if R!1 ¼ R!2 ; R

 
1 � R 2 :

Definition 11. Relation R1 specifies relation R2, we write
R2 < R1, if R2@R1 and g R1ð Þ > g R2ð Þ.

Definition 12. R is a probabilistic causal relation, if for

every R
	

R
	
@R

� �
) R

	
< R

� �
.

In these terms Cartwright’s definition of causality rela-
tive to some background can be formulated as follows. If
the premise R of the relation R is a set of literals
H1;H2; :::;Hkf g and we consider this set as a background,

then every literal from the premise is a cause of the conclu-
sion R!of the relation R relative to that background:

m R!=R ð Þ > m R!= R }ð Þð Þ, for every H 2 H1;H2; :::;f
Hkg.

It easy to see that Cartwright’s definition of causality
follows from the definition 12.

Definition 13. By the strongest probabilistic causal relation

will be called the relation R, for which there is no

probabilistic causal relation R
	
such that R

	
> R

� �
.

Definition 14. Semantic Probabilistic Inference (SPI) of
some strongest probabilistic causal relation Rm is a sequence
of probabilistic causal relations R0 < R1 < R2::: < Rm; R 0 ¼.

From definitions follows that R!0 ¼ R!1 ¼ R!2 ::: ¼
R!m ¼ C for some C in every SPI.

Definition 15. Semantic probabilistic inference tree Tree(C)
of some literal C is the set of all SPI, such that
R!0 ¼ R!1 ¼ R!2 ::: ¼ R!m ¼ C.

Definition 16. A maximally specific causal relation for pre-

diction of some literal C is a such strongest probabilistic
causal relation Rm from the Tree(C) that have maximum
conditional probability.

Let us denote by MSCR the set of all maximally specific
causal relations for prediction of some literal C. By the sys-
tem of causal relations we mean a subset R#MSCR:

Definition 17. Let us define a prediction operator for a
system R as:

PR Lð Þ ¼ L [ C j 9R 2 R : R # L;R! ¼ Cf g

Definition 18. A closing of the set of literals L is the
smallest fixpoint of a prediction operator containing L:

P1R Lð Þ ¼ [
k2N

Pk
R Lð Þ

A set of literals L is consistent if it does not simultane-
ously contain some atom C and its negation :C. A set of
literals L is joint if m ^Lð Þ–0.

Theorem 1. If L is joint, then PR Lð Þ is also joint and

consistent for any system R.

Definition 19. A probabilistic formal concept on the context
K is a pair (A,B) that satisfy the following conditions:

P1R Bð Þ ¼ B; A ¼ [
P1R Cð Þ¼B

C#
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Definition of the set A is also based on the following the-
orem linking probabilistic and standard formal concepts on
the context K.

Theorem 2. Let K ¼ G;M; Ið Þ be a formal context.

1. If (A,B) is a formal concept on K, then there is a prob-
abilistic formal concept (S,T) on K, such that
A# S; B# T .

2. If (S,T) is a probabilistic formal concept on K, then
there is a family C of formal concepts on K, such that

8 A;Bð Þ 2 C P1R Bð Þ ¼ T
� �

; S ¼ [
A;Bð Þ2C

A:
Fig. 1. Digits coding.
6. Statistical approximation of the probabilistic formal

concepts and prototypes discovery

From practical point of view, we cannot assume that
probability measure is known. Thus we need to use some
statistical criterion for determining the SPI probabilistic
inequalities. For that purpose we use the exact Fisher inde-
pendence criterion with a confidence level a. The resulting
set of causal relation Ra, estimated with the confidence
level a, can produce contradictions in fixpoints of proba-
bilistic formal concepts. Therefore, to approximate the
operator PR Lð Þ, it is necessary to introduce an additional
criterion of maximal predictions consistency of causal rela-
tions Ra on the set L.

Definition 20. Causal relation R 2 Ra is confirmed on the
set of letters L, if R � L and R! 2 L. In this case, we write
that R 2 Sat Lð Þ#Ra.

Definition 21. The causal relation R 2 Ra is refuted on the
set of letters L, if R � L and R! 2 :L. In this case, we
write that R 2 Fal Lð Þ#Ra.

Now we can define a criterion of maximal predictions
consistency of the causal relationsRa on some set of literals
L.

Definition 22. The consistency criterion for the set L is the
value

Int Lð Þ ¼
X

R2Sat Lð Þ
c Rð Þ �

X
R2Fal Lð Þ

c Rð Þ

The choice of causal relation evaluation c may depend
on additional task specifics. In the experiments below, we
are guided by Shannon’s considerations as

c Rð Þ ¼ �log 1þ �� g Rð Þð Þ
Now we can approximate the operator PR Lð Þ, using the

consistency criterion.
Definition 23. We define a maximal predictions consistency

operator ! Lð Þ that changes a set of literals L by one ele-
ment, so that to strictly increase the consistency criterion,
as follows:

1. For all G 2 LK calculate the maximal effect of adding G

to L: 4þ ¼ Int L [ Gf gð Þ � Int Lð Þ;
2. For all G 2 L calculate the maximal effect of removing G

from L: 4� ¼ Int LleftfGð gÞ � Int Lð Þ;
3. The operator ! Lð Þ add a literal G to the L if 4þ > 0

and 4þ > 4�; the operator ! Lð Þ delete a literal G from

L if 4� > 0 and 4� > 4þ. If 4� ¼ 4þ and 4� > 0,
the operator ! Lð Þ delete a literal G;

4. If 4þ 6 0 and 4� 6 0, the operator ! Lð Þ returns L and,
hence, we have a fixpoint of maximally consistent
predictions.

Definition 24. By statistically approximated probabilistic

formal concepts (prototypes) of the context K we mean
the set of all fixpoints that can be obtained by application
of the operator ! Lð Þ to some set of literals L, based on the
set Ra of causal relations.
7. Results. Experiments on prototypes discovery

Let us illustrate the prototypes discovery by the statisti-
cal approximation of the probabilistic formal concepts on
the example of digits’ restoration. Let’s encode digits with
24 features, located as shown in Fig. 1 on the left. Each fea-
ture has 7 values (see Fig. 1 at the top). For digits descrip-

tion we define predicates mj
i að Þ that are true if feature i on

the digit a has value j. Some lines of numbers are encoded
twice, for example, the vertical line at number 4 and 1 is
encoded both by the vertical right line (feature 3) in cells
3, 7, 11, 15, 19, 23 and by the vertical left line (feature 5)
in cells 4, 8, 12, 16, 20, 24.

An experiment was carried out on a training set consist-
ing of 800 images: 400 images were randomly generated
(values 1–7 of all 24 features where randomly generated)
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and 400 images are 40 copies of each digit in each of which
six random features were removed (empty values). On this
training a set Ra of 415,695 causal relations in terms of

predicates mj
i að Þ and its negations were found with

a = 0.01 for the Fisher criterion.
In result of statistical approximation of 400 digits, in

which six random features were empty, all they were com-
pletely restored and exactly 10 prototypes of these digits
where received.
Fig. 2. Digits resto
Let us illustrate the process of digits’ restoration. Fig. 2
illustrates the process of digits prototypes discovery based
on the set Ra of causal relationships and incomplete digits
with 6 missing features.

Each digit in the Fig. 2 is represented by all 24 features
and their values. For each feature by gray color we indicate
values that are not in the digit, and by black color we
indicate values that this figure has. The feature i values j
that not belong to the figure is described by the predicate
ration process.
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negation :mj
i að Þ and value j of the feature i that belong to

the figure is described by the predicate mj
i að Þ.

The first and third lines of the Fig. 2 show parts of
the digit 4 restoration process. In total, the digit 4
restoration process include 32 transitions. The first line
in the Fig. 2 show transitions in which operator ! Lð Þ
adds negations of features values (they should not be
in the feature). The first digit on the first line is the orig-
inal description of the digit 4 with 6 missing features
indicated by crosses. It goes into the second digit, in
which operator ! Lð Þ add the negation :m5

22 að Þ of the
feature 22 value 5, indicated by a thick gray line in the
cell of the feature 22, marked with a fine grid. In the
third digit operator ! Lð Þ add negation :m3

22 að Þ of the
third value. In the fourth digit operator ! Lð Þ add a
negation :m4

8 að Þ of the fourth value of the feature 8,
and in the fifth digit operator ! Lð Þ add the negation
:m6

16 að Þ of the sixth value of the feature 16.
In the second line of Fig. 2 it is shown 5 regularities that

participate in the operator’s decision making in adding the
last negation :m6

16 að Þ. The first of the presented regularities
means that ‘‘if the sixth feature has a value 1 (white field)
and the 21st feature has no values 2 and 3, then the six-
teenth feature does not have the sixth value”, formally it
can be written as follows:

m1
6 að Þ&:m2

21 að Þ & :m3
21 að Þ ) :m6

16 að Þ� �

Accordingly, the following four regularities of the sec-
ond line of Fig. 2 mean:

m1
18 að Þ & :m4

14 að Þ ) :m6
16 að Þ� �

m1
18 að Þ & :m5

7 að Þ ) :m6
16 að Þ� �

m1
6 að Þ & :m2

10 að Þ & :m7
7 að Þ ) :m6

16 að Þ� �

m1
6 að Þ & :m4

2 að Þ & :m2
17 að Þ ) :m6

16 að Þ� �

In the third line of Fig. 2 more 5 parts of the process of
the digit 4 restoration are shown, ending with the addition
of a positive feature (without negation). In the first digit of
the third line, the operator ! Lð Þ add value 5 of the feature
8, i.e. m5

8 að Þ, in the second :m6
9 að Þ, in the third :m2

8 að Þ, in
the fourth :m2

10 að Þ and m5
5 að Þ in the fifth.

In the fourth line of the Fig. 2 regularities are shown
that participated in the operator’s ! Lð Þ decision to add
the value 5 to the fifth feature, m5

5 að Þ. They are the
following:

m5
1 að Þ & m2

13 ) m5
5 að Þ� �

:m6
1 að Þ & :m1

9 að Þ & :m4
13 að Þ & m4

10 & :m7
15 að Þ ) m5

5 að Þ� �

m4
10 að Þ & m1

14 að Þ & m5
24 að Þ ) m5

5 að Þ� �

m1
14 að Þ&m5

20 að Þ ) m5
5 að Þ� �

m1
14 að Þ & m4

10 að Þ & m5
20 að Þ ) m5

5 að Þ� �

The fifth line of the Fig. 2 present part of the digit 9
restoration process. The digits 4 and 9 are differ in shape.
Most of the digits have more rounded shapes, compared
to digits 1 and 4. Therefore, the process of recovering these
digits has simpler regularities, shown in the last line of the
Fig. 2. They are the following:

m4
22 að Þ & m6

24 ) m7
21 að Þ� �

m4
22 að Þ & m1

7 að Þ & :m1
16 að Þ ) m7

21 að Þ� �

m1
6 að Þ & m1

18 að Þ & :m5
12 að Þ ) m7

21 að Þ� �

m1
6 að Þ & m1

18 að Þ & :m3
11 að Þ ) m7

21 að Þ� �

m1
6 að Þ & m3

20 að Þ ) m7
21 að Þ� �
8. Conclusion

Thus the method of prototypes discovery that base on
probabilistic formal concepts is developed and its applica-
bility to the prototypes discovery for some data is
illustrated.
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