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Abstract—Discovering and visualizing data clusters is an im-
portant AI/ML and visual knowledge discovery task. This paper
proposes a new data clustering approach inspired by the concept
of causal models used in cognitive science.This approach is based
on the causal relations between features, instead of similarity of
features in traditional clustering approaches. The concept of the
center of the cluster is formalized in accordance with prototype
theory of concepts explored in the cognitive science in terms
of a correlational structure of perceived attributes. Traditionally
in AI and cognitive science, causal models are described using
Bayesian networks. However, Bayesian networks do not support
cycles. This paper proposes a novel mathematical apparatus -
probabilistic generalization of formal concepts - for describing
causal models via cyclical causal relations (fixpoints of causal
relations) that form a clusters and generate a clusters prototypes.
This approach is illustrated with a case study.

Index Terms—concept, clustering, categorization, visualization

I. INTRODUCTION

The purpose of this work is the application of the proba-
bilistic formal concepts for describing “causal models” as a
formal model of perception and “natural” concepts to the task
of discovering and visualizing data clusters.

“Causal models” that we consider in this paper are based
on the probabilistic causality [5]. The probabilistic causality
is a type of causality that can be discovered on data and it is
not guaranteed that it is actually causality. The probabilistic
causality is defined in terms of a given set of features of
the objects. Thus, it is a relative causality to this set of
features. The proposed approach is based on such probabilistic
causal relations between features. For some tasks and data
with artificial objects the concept of the causal relation is not
obvious and can be not applicable. For instance, in optical
character recognition (OCR) tasks where all characters are
artificially created, it is difficult to interpret any feature of
character A as a cause to be A. Even when probabilistic
relations between features are not actual causal relations this
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approach is also useful as we show in the OCR example in
section VIIIL.

In [1]-[3], a probabilistic generalization of the Formal
Concepts Analysis (FCA) was developed. In this work, prob-
abilistic formal concepts with negation are defined, as well as
a statistical method for discovering these probabilistic formal
concepts [2]-[4].

The concept of the center of the cluster is formalized in
accordance with “prototype” theory of concepts presented in
the next section and explored in the cognitive science in terms
of a correlational structure of perceived attributes. Tradition-
ally correlational structure and causal models are described
using Bayesian networks. However, Bayesian networks do not
support cycles. We use probabilistic formal concepts for rep-
resentation cyclic “causal models” and correlational structure
via cyclical causal relations (fixpoints of causal relations) that
form clusters and generate cluster prototypes.

Probabilistic generalization of formal concepts was obtained
by generalization of the definition of formal concepts as
fixpoints of implications. For this purpose a probabilistic
measure on the objects of formal context was defined and
implications were replaced by causal relations. These relations
also are considered in the frames of probabilistic causation [5]
and more over satisfy some very strong condition of maximal
specificity (definition 18). Consistency of fixpoints for these
causal relations was proved and probabilistic formal concepts
was defined as fixpoints of these causal relations [2], [8].

Figuratively speaking, the obtained probabilistic formal con-
cepts do not display data in all details as in photographs, but
give an “idealized” representation of data. In [4] it was shown
that these fixpoints model the process of perception.

In addition, this paper shows that probabilistic formal
concepts simulate “natural” concepts explored in cognitive
science. The following section provides principles of cate-
gorization for “natural” concepts found in cognitive science.
It implies that “natural” concepts reflect a highly correlated
structures of features of objects of the external world, which
can be represented by “causal models” that are rather precisely
modeled by probabilistic formal concepts.

In section 8 we argue that causal relations as a probabilistic
laws (definition 24) satisfy Cartwright’s [22] definition of
causality relative to some background: every condition of



the premise of the causal relation increase the conditional
probability of this relation relative to other conditions of that
premise as a background.

Our definition of causal relations also satisfies the condition
of maximal specificity, defined by Hempel [6], [7] for solution
of the problem of statistical ambiguity. This problem is in
the field of Inductive-Statistical (I-S) inference of inconsistent
conclusions from the consistent premises.

Let us consider a traditional example. Suppose that we have
the following statements:

L1 Almost all cases of streptococcus infection clear up
quickly after the administration of penicillin.

Almost no cases of penicillin resistant streptococcus
infection clear up quickly after the administration of
penicillin.

Jane Jones had streptococcus infection.

Jane Jones received treatment with penicillin.

Jane Jones had a penicillin resistant streptococcus infec-
tion.

These statements imply a contradiction by using I-S infer-
ences. On the base of L1 and CIAC2 one can explain why
Jane Jones recovered quickly (E). The second argument with
premises L2 and C2AC3 explains why Jane Jones did not (—E).
The premises of both arguments are consistent with each other,
they could all be true. However, their conclusions contradict
each other.

Hempel suggested to solve this problem by forcing all
statistical laws in an argument to be maximally specific.
In other words, they should contain all relevant information
with respect to the domain in question. In our example, the
premise C3 invalidates the first argument L1, since it is not
maximally specific with respect to all information about Jane
Jones. So, we can only explain —E, but not E. The maximally
specific statement instead of L.1 must be “Almost all cases of
streptococcus infection that are not penicillin resistant clear
up quickly after the administration of penicillin”.

Thus, causal relations to be maximally specific must take
into consideration all relevant information. We define maxi-
mally specific causal relations in definition 18 and describe the
process of their inference by semantic probabilistic inference
in definition 27. We have proved that maximal specific causal
relations solve the problem of statistical ambiguity [2], [8].

In this work, probabilistic formal concepts are defined
in terms of probability and the proof of their consistency
as fixpoints of causal relationships is also carried out in
terms of probability. To develop a clustering method (see
section 7) that discover probabilistic formal concepts on data,
it was necessary to use statistical estimations. But in this
case, maximum specificity and also consistency of fixpoints
is no longer guaranteed. So, section 7 provides a statistical
approximation of both maximum specific causal relationships
and fixpoints of these causal relationships. For this purpose, a
special criterion of the maximal consistency of fixpoints for the
statistically detected maximum specific causal relationships
is introduced. This criterion determines the meaning of the
clustering method.

L2

Cl1
Cc2
C3
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Thus, the resulting clustering method has the following
principal differences from the existing methods. The resulting
clusters are explainable, since they represent fixpoints of
causal relationships that are logical expressions. The meaning
of clusters — maximal consistency of fixpoints of causal
relationships.

II. “NATURAL” CONCEPTS

In the works of Eleanor Rosch [9], [11], [10] the principles
of categorization of “natural” categories was formulated on
the basis of the conducted experiments:

“Cognitive Economy. . .. what one wishes to gain from one’s
categories is a great deal of information about the environment
while conserving finite resources as much as possible. To
categorize a stimulus means to consider it, for purposes of that
categorization, not only equivalent to other stimuli in the same
category but also different from stimuli not in that category”.

Perceived World Structure. The second principle of catego-
rization asserts that ...perceived world — is not an unstruc-
tured total set of equiprobable co-occurring attributes. Rather,
the material objects of the world are perceived to possess
...high correlational structure. ...In short, combinations of
what we perceive as the attributes of real objects do not
occur uniformly. Some pairs, triples, etc., are quite probable,
appearing in combination sometimes with one, sometimes
another attribute; others are rare; others logically cannot or
empirically do not occur.

Directly perceived objects (basic objects) — information rich
bundles of observed and functional properties that form a
natural partition that creates a categorization. These bundles
form “prototypes” of the clusters: “Categories can be viewed
in terms of their clear cases if the perceiver places emphasis
on the correlational structure of perceived attributes ...By
prototypes of categories we have generally meant the clearest
cases of category membership [10], [11].

Later on, the theory of “natural” concepts of Eleanor Rosch
was called a “prototype” theory. Its main features are described
in the following way: “The prototype view (or probabilistic
view) keeps the attractive assumption that there is some
underlying common set of features for category members
but relaxes the requirement that every member have all the
features. Instead, it assumes there is a probabilistic matching
process: members of the category have more features, perhaps
weighted by importance, in common with the prototype of this
category than with prototypes of other categories [12].

Further research has found that models based on fea-
tures, similarities and prototypes are not sufficient to describe
classes. Theoretical, causal and ontological knowledge relating
to objects of the class must be taken into account. For example,
people not only know that birds have wings, can fly and nest in
trees, but also that birds nest in trees because they can fly and
fly because they have wings. Studies have shown that people’s
knowledge of categories isn’t limited by the list of properties,
and includes a rich set of causal relationships between these
properties, which can be ranked.



Robert Rehder, in his work “Categorization as causal rea-
soning”, formulated a causal-model theory: “people’s intuitive
theories about categories of objects consist of a model of the
category in which both a category’s features and the causal
mechanisms among those features are explicitly represented.
In other words, theories might make certain combinations of
features either sensible and coherent ... in light of the relations
linking them, and the degree of coherence of a set of features
might be an important factor determining membership in a
category” [13].

In the theory of causal models, the relationship of an object
to a category is no longer based on a set of features and
proximity based on features, but on the similarity of the
generating causal mechanism: “Specifically, a to-be-classified
object is considered a category member to the extent that its
features were likely to have been generated by the category’s
causal laws, such that combinations of features that are likely
to be produced by a category’s causal mechanisms are viewed
as good category members and those unlikely to be produced
by those mechanisms are viewed as poor category members.
As a result, causal-model theory will assign a low degree of
category membership to objects that have many broken feature
correlations . ... Objects that have many preserved correlations

..will receive a higher degree of category membership be-
cause it is just such objects that are likely to be generated by
causal laws” [13].

Some researchers have used Bayesian networks or causal
models to represent causal knowledge [15], [16]. However,
these models cannot model cyclical causal relationships be-
cause Bayesian networks do not support cycles.

n [14], Robert Rehder proposed a model of causal cycles
based on the “disclosure” of causal graphical models (CGMs).
The “disclosure” is done by creating a Bayesian network that
deploys over time. However, it does not explicitly formalize
causal link cycles.

A cyclic causal models we propose is directly based on
cyclical causal relationships represented by probabilistic for-
mal concepts.

III. BASICS OF FORMAL CONCEPTS ANALYSIS

Let’s start with the main definitions of formal concepts
analysis. The majority of definitions here start with classical
works on FCA [17], [18], others are taken from [19].

Definition 1. Formal context is a triple (G, M, ), where
G and M - arbitrary sets of objects and attributes, and I C
G x M - binary relation, expressing the belonging of an object
to an attribute.

Definition 2.A C G, B C M. Then:

D A'={meM|VYge A (g,m)ecl}

2) BV ={g€G|VYme B,(g,m) €I}

Derivative operators AT,BY link a subset of objects and
attributes of a context. In the future we will also refer to both
operators as /.

Definition 3. A pair (A4, B) —is a formal concept, if AT = B
and BY = A.
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Definition 4. An implication is a pair of attribute sets
(B,C), B,C C M that is recorded as B — C. Implication
B — (C is truth on the context K (G,M,I), if
Vg € G(BZg' vV C C g'). A set of all true implications on
context K well be denoted as Imp(K).

Definition 5. For any set L of implications we define a
direct inference operator fy,:

fu(X)=XU{C|BCX, B—CecL}

Theorem 1. [17] For any subset B C M, fr,,x)(B) =
B & B"=B.

IV. PROBABILISTIC LOGIC IN A FORMAL CONTEXT

We will present a fundamentally different way of the formal
concepts definition, based on probabilistic implications. For
this purpose, we redefine the context within the framework of
logic. Further we will consider only finite contexts.

Definition 6. For the finite context K = (G, M, I) we
define a signature Qi that contains predicate symbols m(x)
for each m € M. For the signature Qi and the context K,
considered as a model, we define the interpretation of predicate
symbols as follows K=m(z) < (z,m) € I.

Definition 7. For the signature {25 let’s define the following
variant of the first order logic:

1) Xk — set of variables;

2) Atk - set of atomic formulas (atoms) m (z) where m €
Qi and v € Xg;

3) Lk — set of literals, including all atoms m (t) and their
negations —m(t);

4) ®x — set of formulas defined inductively: every atom
is a formula, for any ®, ¥ € Py following syntactic
constructions AV, ¢V U, & — U P are formulas.

For a set of literals L C Lx we define their conjunctions
as AL = /\ P. In the same way -L = {-P | P € L}.

Deﬁnltlon 8. A set {g},g € G, together with signature Q
forms a model K of this object. The fact of truth of a formula
¢ on an object model K, is written as g=¢ < K =¢.

Definition 9. Let us define a probabilistic measure y on
the set G, in the Kolmogorov sense. Then we can define a
probabilistic measure on the set of formulas as:

v(¢) = u({g | 9=0});n({g}) #0, g € G.

Definition 10. Set M of literals is v-joint if v(AM) > 0.

Further, the compatibility of the set of literals will be
considered within a probabilistic measure of a context, and
in the absence of ambiguity the symbol of the measure will
be omitted.

Let us consider some subset of atoms L C At(K). The
formula mq A mg... Amy — m = A{m;} — m defines
implication ({m;},{m}) on the context.

Let’s define the rules and probability of rules on the context.

Definition 11. Let {H,,Hs,...,H;,C} € Lg, C ¢

v:®r — [0,1],

{Hy,Hs,...Hy}, k> 0.
1) The rule R = (Hy, Hs., H, — C) is called implication



2) The premise R of rule R is a set of literals
(H,,Hy,..., H}:

3) The conclusion of the rule is R~ = C,

4) The length of the rule is called the premise power | R |;

5) If R = R and R]” = R, then Ry = Ra.

Definition 12. The probability 1 of the rule R is the value
V(R AR™)
v(R<)

n(R) =v(R7/RT)

If the rule denominator v(AR*") is equal to O, then the
probability is not defined.

V. RULE CLASSES AND CONSISTENCY OF PREDICTIONS

Further sections are compilation of works [1]-[3], [17], [8].
Definition 13. Prediction operator by a set of rules R is

lr(L)=LU{C|3IRe€R:R" CL R” =C}.

Definition 14. A closure L of the set of literals L is the
smallest fixpoint of a prediction operator containing L

He(L) = 1% (L) = |J k(D).
keN

E:

Definition 15. Rule R; is a subrule of rule Ry if R’
R5”, Ry C RS . We denote this fact as R;C Ra.

Definition 16. Rule R; specifies rule Ro, or R; > Ry if
RsC Ry and T](Rl) > T](RQ)

Class M; defined below contains only those rules whose
conditional probability is strictly greater than the probability
of an unconditional rule.

Definition 17. R € M;(C) < n(R) > v(R7),R™
R =0.

The next class My define the property of maximum speci-
ficity — the impossibility of increasing the conditional proba-
bility by refining the rule [8].

Definition 18. R € M(C) < (R € My(C))&(RCR =
n(R) < n(R)).

The next class Imp contains all precise implication and
corresponds to the set I'mp(K') of definition 4.

Definition 19. R € Imp(C) & (R~ = C).

Definition 20. Define classes M1, My, Imp by joining over
all literals

C’

Ml = U Ml(C), M2 = U MQ(C),
CeLit(K) CeLit(K)
Imp = U Imp(C).
mp CeLit(K) mp( )

Definition 21. A set of rules R is exact, if Imp C R.

Definition 22. System of rules is any subset R C M.

A set of literals L is consistent if it does not simultaneously
contain some atom C and its negation —C'.

Theorem 2. (Joint predictions [2]). If L is joint, then II (L)
is also joint and consistent for any system of rules R C M,.
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VI. PROBABILISTIC FORMAL CONCEPTS

Fixpoints of the prediction operator are obvious candidates
for the role of the content of probabilistic concepts. To
determine the volume of notions let’s refer to [20], [21]. The
idea is to use all possible prototypes of the closing operator,
i.e. all sets of M such that IIx (M) = B to compose their
derivatives into a single volume of a notion A. This allow to
restore the initial correspondence of objects-concept using the
prediction operator and also to include all objects of the same
class into a single volume of the notion.

Definition 23. A probabilistic formal concept on the context
K is a pair (A,B) that meets the conditions:

lg(B)=B, A= U C'RC M, (def. 22).

Iz (C)=B

To distinguish probabilistic formal concepts from classical
formal concepts on the context K, we will call the latter simply
formal concepts. The definition of a set A is also based on
the following theorem linking probabilistic and simple formal
concepts on context K.

Theorem 3. Let K be a formal context.

1) If (A,B) a formal concept on K, then there is a proba-

bilistic formal concept (N,M) on K such that A C N.

2) If (N,M) is a probabilistic formal concept on K, then

there is a family C of formal concepts on K, such that

V(4,B) € C (Ilr(B) = M),

@)
(A,B)eC

VII. CLUSTERING BY STATISTICAL DISCOVERY OF
PROBABILISTIC FORMAL CONCEPTS ON DATA

The procedure for obtaining all My rules by exhaustive
search is exponential, because the O(2/*!) candidate rules
(each atom or its negation can be included in the rule) are
evaluated at |G|. Of course, this estimation is rather rough and
may be improved by the following approximation of Ms-rules.

Definition 24. R is a probabilistic law, if (R = R) = (R <
R).

This definition may be interpreted in terms of Cartwright’s
[22] definition of causality relative to some background. If the
premise R of the rule R is a set of literals {H,,Hs,..., Hy}
and we consider this set as a background then every literal
from that set is a cause of the conclusion of the rule R~
relative to that background, i.e.

v(R7/RT) > v(R7/(RT\H))

for every H € {H,, Ha,..., Hy }.

Definition 25. A rule R is semantically derived from the
rule R, R R, if R and R — probabilistic law and R > R.

Definition 26. The probabilistic law R will be called
strongest if there is no probabilistic law R such as (R > R).

Definition 27. Semantic Probabilistic Inference (SPI) of
some strongest probabilistic law R,,, is a sequence of proba-
bilistic laws Ro > Ry > Ro.> Ry, RS = 0.

Let us denote by R the set of all the strongest probabilistic
laws obtained by various semantic probabilistic inferences.



In practical applications on data, we cannot assume that
the probability is known. Then for determining a probabilistic
inequalities used in the SPI definition we need to use some
statistical criterion. For that purpose we use exact Fisher
independence criterion with a confidence level «. The resulting
set of rules R, will already make contradicting predictions.
Therefore, to approximate a prediction operator IIz(L) by
some other operator Yg_(L), it is necessary to introduce a
further additional criterion of mutual consistency of predic-
tions by rules R, on the set L.

Definition 29. The rule R € R, is confirmed on the set of
letters L, if R* C L and R~ € L. In this case, we write that
R € Sat(L) C Ra.

Definition 30. The rule R € R, is refuted on the set of
letters L, if R C L and R~ € —L. In this case, we write
that R € Fal(L) C R,.

Definition 31. The criterion of mutual consistency of pre-
dictions by rules R, on the set L is the value

mr)= Y AB- Y AR

ReSat(L) REFal(L)

The choice of rule evaluation v may depend on additional
task specifics. In the experiments below, we are guided by
Shannon’s considerations as

Y(R) = —log(1 + € —n(R)).

Definition 32. Now we can define a consistent prediction
operator Ypr_(L) that changes a set of literals L by one
element so as to strictly increase the consistency criterion:

1) For all ¢ € Lg\L calculate the effect of adding ¢:
A" = Int(L U {¢}) — Int(L), Find ¢ that maximaze
At
For all ¢ € L calculate the effect of removing ¢: A™=
Int(L\{¢}) — Int(L), Find ¢ that maximaze A~;

The operator Yr_(L) adds a literal ¢ to the set L if
AT> 0and AT>AT; the operator delete a literal ¢ from
Lif A=>0and A=>AT.If A== A" and A™> 0, the
operator delete a literal ¢;

If AT™< 0 and A=< 0, the operator returns L and we
have a fixpoint.

2)

3)

4)

Definition 33. Clustering of the objects of some context K
is the set of all fixpoints that can be obtained by application of
the operator Y i_ (L) to some set of literals L. C L using the
set of all strongest probabilistic laws R, obtained by various
semantic probabilistic inferences with a confidence level o on
the context K.

Pseudocode of the clustering method.
Input: Some context K = (G,M,I) and the set of rules
R discovered on this context.
Output: Set FIX of fixpoints for the objects G of context.
1) For the new object ¢ € G define L as a set of literals
{¢ |K4=¢,¢ € Lk}. If all objects ¢ € G where
considered then return the set FIX and exit.
2) Define Sat(L) C R, as a set of all rules R € R,,, such
that R C Land R~ € L.
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3) Define Fal(L) C R, as a set of all rules R € R, such
that R~ C L and R~ € —L.

4) Find literal T € Ly \ L that maximize the value Int(LU
{#}) by additing it to L. Define the difference
A (67)= Int(L U {6}) — Int(L);

5) Find literal ¢~ € L that maximize the value Int(L\¢)
of deleting it from L. Define the difference
A= (¢7)= Int(L\¢) — Int(L);

6) The operator Tx_ (L) adds a literal ¢* to the set L if
AT (¢T) > 0and AT (¢7) >4 (¢7); Go to the step
%

7) The operator Y, (L) delete a literal ¢~ from the set L
if AT (¢p7)>0and A™ (¢7) >AT (¢T).
If A= (¢7) = AT (¢1) and A~ (¢~) > 0, the operator
YTr, (L) also delete a literal ¢~ from the set L; Go to
the step 2;

8) If AT< 0 and A~< 0, the operator YTr, (L) returns a

fixpoint L and add it to the set FIX. Go to the step 1.

VIII. EXPERIMENTS ON THE DIGITS PROTOTYPES
FORMATION

Let us illustrate the digit’s prototypes formation on the
partial digit’s images. Let’s encode the digits in fig. 2 with 24
features, located as shown in fig. 1a. Each feature has 7 values
(see fig. 2). Some lines of numbers are encoded twice, for
example, the vertical line at number 4 and 1 is encoded both
by the vertical right line (feature 3) in cells 3,7,11,15,19,23
and by the vertical left line (feature 5) in cells 4,8,12,16,20,24.

e
1

Features numbering and digits restoration

a)

Fig. 1.

For experiment 600 images were taken: 400 of them were
randomly generated by a random choose of the feature value
for each feature of the image. Another 200 images are 20
copies of each digit, in each of which two features is randomly
deleted and replaced by empty field. Thus, data does not have
a complete image of any digit. Discover prototypes for these
digits means a restoration of digit’s images based on their
incomplete images.

For that purpose, by a statistical method a set R, of
strongest probabilistic laws (def. 26) with @ = 0.0001 was
discovered on all 600 images. This set contained 135437 laws.
By clustering of 200 digits images with two randomly deleted



Fig. 2. Digits encoding

feature exactly 10 fixpoints, which corresponds to 10 digits,
were discovered as probabilistic formal concepts, using the set
R«. These fixpoints present prototypes of the digits images,
because it was not known for the program how 600 images
are generated and there are no digits images in the learning
set. In fig. 1b there are two examples of the digits restoration
by clustering.

IX. CONCLUTION

The initial idea of visualizing clusters centers as prototypes
of clusters using prototypical theory of categorization and
causal models was theoretically developed and experimentally
confirmed. For this purpose a novel mathematical apparatus -
probabilistic generalization of formal concepts for describing
causal models via cyclical causal relations was developed.
The experiment performed shows that clusters centers can
be found even if they are absent in the data. This approach
can significantly reduce the volume of data by replacing the
clusters objects by their prototypes.
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