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Abstract. One of reasons for arising the statistical ambiguity is using
in the course of reasoning laws which have probabilistic, but not logical
justification. Carl Hempel supposed that one can avoid the statistical
ambiguity if we will use in the probabilistic reasoning maximal specific
probabilistic laws. In the present work we deal with laws of the form
¢ = 1, where ¢ and v are arbitrary propositional formulas. Given a
probability on the set of formulas we define the notion of a maximal
specific probabilistic law. Further, we define a prediction operator as
inference with the help of maximal specific laws and prove that applying
the prediction operator to some consistent set of formulas we obtain a
consistent set of consequences.
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1 Introduction

The statistical ambiguity problem arises due to using in the course of reasoning
laws which have a probabilistic, but not logical justification. Carl Hempel sup-
posed that one can avoid the statistical ambiguity if we will use in the probabilis-
tic reasoning only so called maximal specific probabilistic laws (see Section 2).
In the present work we deal with laws of the form ¢ = 1, where ¢ and v are
arbitrary propositional formulas. In Section 3 we define the concept of probabil-
ity on the set of formulas close to that of [1,10] and extend it to the family of
rules. Finally, in Section 4 we define the set of maximal specific probabilistic laws
and the prediction operator as an inference with the help of maximal specific
laws. Then we prove that applying the prediction operator to a consistent set of
formulas we obtain the set of sequences, which is consistent too.

Despite the explanation and the prediction have the same logical structure,
we prefer the term “prediction” in the following cases: if the act of prediction
precedes a predicted fact in time. We also speak on a prediction if a predicted
fact remains unknown due to different reasons: too high costs of establishing this
fact, an impossibility to establish the fact at the moment, the lack of this fact
in a series of preceding experiments, etc.



2 Statistical ambiguity and requirement of maximal
specificity

The Covering Law Model suggested by Carl Hempel [3] (see [4], and [9] for a his-
torical overview) distinguished two kinds of explanation: Deductive-Nomological
explanations (D-N explanations) and Inductive-Statistical explanations (I-S ex-
planations). A D-N argument is a standard logical inference of facts from other
facts with the help of general laws. An I-S argument has the form:

p(G;F) =t
F(a)
G(a)

The line distinguishes the explanandum G(a) from two premisses (explanans),
one of which has the form of a statistical law of the form p(G; F) =¢,0 <t <1,
where t denotes the probability that an object from the set defined by predicate
F is also a member of the set defined by predicate G.

Right from the beginning it was clear to Hempel that two I-S explanations
can yield contradictory conclusions. He called this phenomenon the statistical
ambiguity of I-S explanations [4]. Recall one of traditional examples of the sta-
tistical ambiguity. Suppose that we have the following statements.

L1 Almost all cases of streptococcus infection clear up quickly after the admin-
istration of penicillin.

L2 Almost no cases of penicillin resistant streptococcus infection clear up quickly
after the administration of penicillin.

C1 Jane Jones had streptococcus infection.

C2 Jane Jones received treatment with penicillin.

C3 Jane Jones had a penicillin resistant streptococcus infection.

Following the above pattern one can construct two I-S explanations based
on these statements. On the base of L1 and C1AC2 one can explain why Jane
Jones recovered quickly (E). The second argument with premisses L2 and C2AC3
explains why Jane Jones did not (—=E). The set of premisses {C1, C2, C3} is con-
sistent. However, the conclusions contradict each other, making these arguments
rival ones.

Hempel hoped to solve this problem by forcing all statistical laws in an
argument to be maximally specific — they should contain all relevant information
with respect to the domain in question. In our example, then, the premiss C'3
invalidates the first argument, since this argument is not maximally specific with
respect to all information about Jane Jones. So, we can only explain —E, but
not E.

In [4] Hempel defined the Requirement of Maximal Specificity (RMS) as
follows. An I-S argument

p(G5F) =t
F(a)
G(a)



is an acceptable I-S explanation with respect to a “knowledge state” K, if the
following Requirement of Maximal Specificity is satisfied. For any predicate H
for which the following two sentences are contained in K: Vz(H(xz) = F(z)),
H(a), there exists a statistical law p(G; H) = t’ in K such that ¢ = t. The basic
idea of RMS is that if F' and H both contain the object a, and H is a subset of
F, then H provides more specific information about the object a than F', and
therefore the law p(G; H) should be preferred over the law p(G; F'). However the
law p(G; H) has the same probability as the law p(G; F).

In [8], Salmon says that the Requirement of Maximal Specificity guarantees
that all known relevant facts must be included in an adequate scientific expla-
nation, but there is no requirement to ensure that only relevant facts will be
included. Moreover, there are persuasive illustrations demonstrating that expla-
nations could satisfy Hempel’s criteria, yet not explain why their explanandum
events occur. For example,

(CE-1) John Jones was almost certain to recover from his cold within a week, be-
cause he took vitamin C, and almost all colds clear up within a week after
administration of vitamin C.

Most colds clear up within a week, with or without vitamin C. Therefore Salmon
[7] and Fetzer [2] define the Requirement of Strict Maximal Specificity. This con-
dition means that adequate explanations must refer to all and only statistically
relevant properties whose presence made a difference to the explanandum event
that is to be explained. More precisely, a factor C is statistically relevant to the
occurrence of B under circumstances A if and only if P(B/A&C) # P(B/A) [7].

3 Probability on propositional formulas and rules

Our attention will be restricted to propositional logic. We start from a set of
atoms At and construct from them the set of well formed formulas F'(At) using
connectives A, V, —, =. As usual the equivalence < is considered as an abbrevi-
ation. We define T as ¢ V —p, where ¢ is some fixed formula. For a finite set of
formulas T the conjunction of its elements is denoted by A T". By V(¢) we denote
the set of atoms occuring in formula ¢. The set F'(At) with naturally interpreted
connectives forms an algebra of formulas F(At). The classical interpretation of
propositional connectives is assumed, therefore models for our logic can be iden-
tified with mappings from At to the set of classical truth values {0,1}. We call
such mappings (At-)valuations. Every valuation v : At — {0,1} extends in a
standard way to the set F'(At) using classical truth tables for connectives A, V,
—, and —, the extended valuation we denote in the same way v : F'(At) — {0, 1}.
A formula ¢ is satisfiable in a set & of valuations if v(p) = 1 for some v € &, a
formula ¢ holds on &, & |= ¢, if v(y) = 1 for all v € &. Finally, a set T C F(At)
is B-consistent if there is v € & such that v(¢) =1 for all p € T.

Let & be a set of valuations. The relation ¢ =g 9 is defined by the condition
that ¢ <> ¢ holds on &. It is clear that =g is a congruence on F(At), the
respective quotient is denoted as B®(At). The coset of p w.r.t. =g is denoted



as [¢]e. Recall that the universe of B®(At) equals {[¢]s | ¢ € F(At)} and that
this set is finite whenever At is finite. The operations of B®(At) are denoted
as N\e, Vo, —s, 7¢ and the lattice order as Cg. Recall that [¢]e Ce [¢]e iff
o = [ A tlo = [¢lo As [Vo.

Let 11 : 2% — [0, 1] be a finitely additive measure defined on &, i.e., u is such
that: 1) u(&) = 1; 2) u(@) = 0; and 3) p(A1U...UA,) = p(A1)U...Up(A4,) for
pairwise disjoint subsets Ay, ..., A, C &. Additionally we assume that u(A) =
0 iff A = @. Elements of & may be interpreted as outcomes of experiments.
Further, we assume that only essential experiments are included in &, which
explains why p({v}) # 0 for all v € &.

For every ¢ € F(At), put ¢® := {v € & | v(p) = 1}. Now we define a
function v : F(At) — [0,1] by the rule v(p) = u(¢®). It is easy to check that v
satisfies the following properties.

1. v(p) =1 iff ¢ is holds on &.
2. v(p) = 0iff v is not satisfiable on &.
3. v(p V) =v(p) +v(®) iff ¢ A is not satisfiable in &.

This means that v is a probability on the set of propositional formulas in a
sense close to that of [1,10].
Now we generalize the notions from [11]. By a rule we mean a syntactic object
of the form
r=¢ =1,

where ¢, € F(At) and V(¢)\ V(p) # @. We call ¢ and v a body and a head of
r: ¢ = B(r) and ¢ = H(r). The probability of a rule r = ¢ = ¢ with v(p) #0
v(PAp)
v(p)
the value v(r) remains undefined. Notice that the value v(r) was defined so that

it is smaller or equal to (v — ).

is defined as follows: v(r) := v(¢|p) = . In case, ¢ is not satisfiable on &,

Definition 1. Let r1 and o be two rules with the same head, H(r1) = H(r2).
We call ro a generalization of r1, symbolically ro = r1 if B(r1)® C B(re)®; rule
o is a proper generalization of r1, ro = 71, if o = 71 and B(r1)® # B(ry)®.
We say in this case that r1 is a (proper) specialization of ra.

In other words, one of the two rules with the same head is a proper general-
ization of the other if its body is weaker from the logical point of view.

4 Prediction operator

In this section we generalize the results of [12]. First, we introduce two special
sets of rules:

My ={r| (T = H(r)) = r implies v(r) > v(T = H(r))};

! In [12], rules are of the form a1 A... A a, = B, where a, ... ,an, B are literals, i.e.,
atoms or negations of atoms.



Mg ={r|reM;and Vr' € My(r = ' = v(r") <v(r))}.

Namely rules from My we consider as satisfying the Requirement of Strict
Maximal Specificity, because a specification of such rule by a rule from M; does
not lead to an increase of probability, which means that for r € My, its body
contains all statistically relevant information for the prediction of H(r).

For a set of rules IT C My we define an operator of direct predictions:

Prp(T)=TU{H(r)|r e, Jp1,..on €ET(B = (p1 A... ANpp) < B(r)},
where T is a set of formulas. Further, we put:

Pr(T) =T, Priy"(T) = Prp(Pry(T)), PRy (T) = U Pri(T).

new

It is clear that PR (T) is the least fixed point of the operator of direct predic-
tions containing T'. We call PR a prediction operator for II.

Theorem 1. Let At be a finite set of atoms, II C Ma, and T C F(At). If T is
a &-consistent set of formulas, then PRy (T) is &-consistent.

Proof. Obviously, it will be enough to check that the operator of direct predic-
tions produces a &-consistent set of formulas. Further, since At is finite, the
family of all formulas is finite up to equivalence, and we may assume that sets
T and II are finite too.

Let II' = {rg,...,ry} be the set of such rules r from IT that the equivalence
(1 A ... Apyp) ¢ B(r) holds on & for some ¢1,..., o, € T. We put Ty = T,
Tiv1 = T; U{H(r;)}. Clearly, T,, = Prp(T). Now we prove by induction that
every T; is ®-consistent.

Assume that T; is &-consistent, but 7541 is not. Let r; = ¢ = 1. By definition
of IT" there are x1,...,xn € T such that (x1 A ... A Xn) ¢ ¢ holds on &. Let
N =T;\{x1,---xn}- Let us consider the rule s = ¢ A =(A\ N) = 9 and assume
that its body is &-consistent, i.e., (¢ A (/A N)) # 0. In this case we have:

o) = LENTAN) AY) _ vl h ) = e AAN A1),
v(e A=(AN)) v(e) =v(eAAN)

We have & = ATir1 < (eAANAY) and & = AT; < (p AA N) by choice
of x1,...,Xn. Since by assumption v(A T;+1) = 0 and v(A T;) # 0, we conclude
that v(p AAN A) =0 and v(p A A N) # 0. In this way, we have

v(p A) ACIYD)
v(p) vl ANAN) = ()

Notice that v(s) > v(r;) and r; € My imply s € M;. On the other hand, from

r; € My and r; > s we obtain v(r;) > v(s). This contradiction proves that the

body of s is not &-consistent: v(p A =(/A N)) = 0. As a consequence we obtain
v A=(AN) A1) =0. Now we have:

v AY) =v(p A) — (@ A=(\N)Ay) =v(ier AN Ag)=0.

v(s) =

=v(r;).



Thus, v(r;) = 0. At the same time r; € My, which implies 0 = v(r;) > v(T =
1) > 0. The obtained contradiction concludes the proof.

Thus, the suggested formalization of the Requirement of Strict Maximal
Specificity provides an approach to solving the statistical ambiguity problem.

Of course, we worked in the ideal situation assuming that the probability on
the set of formulas is known. In reality we have only statistical approximation of
probabilities. The concept of semantical probabilistic inference (see [11]) aided
at the search for maximal specific rules (of the form /\?=1 a; = B, where o
and [ are literals) on the base of statistically verified data gives a well-working
approximation of My-rules. This search procedure was realized in the program
system Discovery [5]. The description of applications of this system to financial
forecasting and to medicine can be found in [5] and [6].
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