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How to Predict Consistently?

Evgeni Vityaev and Sergei Odintsov

Abstract One of reasons for arising the statistical ambiguity is using in the course
of reasoning laws which have probabilistic, but not logical justification. Carl Hempel
supposed that one can avoid the statistical ambiguity if wewill use in the probabilistic
reasoning maximal specific probabilistic laws. In the present work we deal with laws
of the form ϕ ⇒ ψ , where ϕ and ψ are arbitrary propositional formulas. Given
a probability on the set of formulas we define the notion of a maximal specific
probabilistic law. Further, we define a prediction operator as an inference with the
help of maximal specific laws and prove that applying the prediction operator to
some consistent set of formulas we obtain a consistent set of consequences.

Keywords Probabilistic inference · Maximal specificity · Prediction
Consistency

1 Introduction

The statistical ambiguity problem arises due to using in the course of reasoning laws
which have a probabilistic, but not logical justification. Carl Hempel supposed that
one can avoid the statistical ambiguity if we will use in the probabilistic reasoning
only so called maximal specific probabilistic laws (see Sect. 2). In the present work
we deal with laws of the form ϕ ⇒ ψ , where ϕ and ψ are arbitrary propositional
formulas. In Sect. 3 we define the concept of probability on the set of formulas close
to that of [1, 8] and extend it to the family of rules. Finally, in Sect. 4 we define the
set of maximal specific probabilistic laws and the prediction operator as an inference
with the help of maximal specific laws. Then we prove that applying the prediction
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36 E. Vityaev and S. Odintsov

operator to a consistent set of formulas we obtain the set of consequences, which is
consistent too.

Despite the explanation and the prediction have the same logical structure, we
prefer the term “prediction” in the following cases: if the act of prediction precedes
a predicted fact in time. We also speak on a prediction if a predicted fact remains
unknown due to different reasons: too high costs of establishing this fact, an impossi-
bility to establish the fact at the moment, the lack of this fact in a series of preceding
experiments, etc.

2 Statistical Ambiguity and Requirement of Maximal
Specificity

The Covering Law Model suggested by Carl Hempel [3] (see [4, 7] for a historical
overview) distinguished two kinds of explanation: Deductive-Nomological explana-
tions (D-N explanations) and Inductive-Statistical explanations (I-S explanations).
A D-N argument is a standard logical inference of facts from other facts with the
help of general laws. An I-S argument has the form:

p(G; F) = t
F(a)

G(a)

The line distinguishes the explanandum G(a) from two premisses (explanans), one
of which has the form of a statistical law of the form p(G; F) = t , 0 ≤ t ≤ 1, where
t denotes the probability that an object from the set defined by predicate F is also a
member of the set defined by predicate G.

Right from the beginning it was clear to Hempel that two I-S explanations can
yield contradictory conclusions. He called this phenomenon the statistical ambiguity
of I-S explanations [4]. Recall one of traditional examples of the statistical ambiguity.
Suppose that we have the following statements.

L1 Almost all cases of streptococcus infection clear up quickly after the adminis-
tration of penicillin.

L2 Almost no cases of penicillin resistant streptococcus infection clear up quickly
after the administration of penicillin.

C1 Jane Jones had streptococcus infection.
C2 Jane Jones received treatment with penicillin.
C3 Jane Jones had a penicillin resistant streptococcus infection.

Following the above pattern one can construct two I-S explanations based on these
statements. On the base of L1 and C1∧C2 one can explain why Jane Jones recovered
quickly (E). The second argument with premisses L2 and C2∧C3 explains why Jane
Jones did not (¬E). The set of premisses {C1, C2, C3} is consistent. However, the
conclusions contradict each other, making these arguments rival ones.
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Hempel hoped to solve this problem by forcing all statistical laws in an argument
to be maximally specific—they should contain all relevant information with respect
to the domain in question. In our example, then, the premiss C3 invalidates the
first argument, since this argument is not maximally specific with respect to all
information about Jane Jones. So, we can only explain ¬E, but not E.

In [4] Hempel defined the Requirement ofMaximal Specificity (RMS) as follows.
An I-S argument

p(G; F) = t
F(a)

G(a)

is an acceptable I-S explanation with respect to a “knowledge state” K , if the follow-
ing Requirement of Maximal Specificity is satisfied. For any predicate H for which
the following two sentences are contained in K : ∀x(H(x) ⇒ F(x)), H(a), there
exists a statistical law p(G; H) = t ′ in K such that t = t ′. The basic idea of RMS is
that if F and H both contain the object a, and H is a subset of F , then H provides
more specific information about the object a than F , and therefore the law p(G; H)

should be preferred over the law p(G; F). However the law p(G; H) has the same
probability as the law p(G; F).

3 Probability on Propositional Formulas and Rules

Our attention will be restricted to propositional logic. We start from a set of atoms At
and construct from them the set of well formed formulas F(At) using connectives
∧,∨,→,¬. As usual the equivalence ↔ is considered as an abbreviation. We define

 as ϕ ∨ ¬ϕ, where ϕ is some fixed formula. For a finite set of formulas T the
conjunction of its elements is denoted by

∧
T . By V (ϕ) we denote the set of atoms

occuring in formula ϕ. The set F(At)with naturally interpreted connectives forms an
algebra of formulasF(At). The classical interpretation of propositional connectives
is assumed, therefore models for our logic can be identified with mappings from At
to the set of classical truth values {0, 1}. We call such mappings (At-)valuations.
Every valuation v : At → {0, 1} extends in a standard way to the set F(At) using
classical truth tables for connectives ∧, ∨, →, and ¬, the extended valuation we
denote in the same way v : F(At) → {0, 1}. A formula ϕ is satisfiable in a set G of
valuations if v(ϕ) = 1 for some v ∈ G, a formula ϕ holds onG,G |= ϕ, if v(ϕ) = 1
for all v ∈ G. Finally, a set T ⊆ F(At) is G-consistent if there is v ∈ G such that
v(ϕ) = 1 for all ϕ ∈ T . The set of all valuations we denote All.

LetG ⊆ All. The relation ϕ ≡G ψ is defined by the condition that ϕ ↔ ψ holds
onG. It is clear that≡G is a congruence onF(At), the respective quotient is denoted
as BG(At). The coset of ϕ w.r.t. ≡G is denoted as [ϕ]G. Recall that the universe of
BG(At) equals {[ϕ]G | ϕ ∈ F(At)} and that this set is finite whenever At is finite.
The operations of BG(At) are denoted as ∧G, ∨G, →G, ¬G and the lattice order as
�G. Recall that [ϕ]G �G [ψ]G iff [ϕ]G = [ϕ ∧ ψ]G = [ϕ]G ∧G [ψ]G.
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Letμ : 2G → [0, 1]be afinitely additivemeasure definedonG, i.e.,μ is such that:
(1) μ(G) = 1; 2) μ(∅) = 0; and (3) μ(A1 ∪ . . . ∪ An) = μ(A1) + . . . + μ(An) for
pairwise disjoint subsets A1, …, An ⊆ G. Additionally we assume that μ(A) = 0
implies A = ∅. Elements of G may be interpreted as outcomes of experiments.
Further, we assume that only essential experiments are included inG, which explains
why μ({v}) �= 0 for all v ∈ G.

For every ϕ ∈ F(At), put ϕG := {v ∈ G | v(ϕ) = 1}. Now we define a function
ν : F(At) → [0, 1] by the rule ν(ϕ) = μ(ϕG). It is easy to check that ν satisfies the
following properties.

1. ν(ϕ) = 1 iff ϕ is holds on G.
2. ν(ϕ) = 0 iff ϕ is not satisfiable on G.
3. ν(ϕ ∨ ψ) = ν(ϕ) + ν(ψ) iff ϕ ∧ ψ is not satisfiable in G.

This means that ν is a probability on the set of propositional formulas in a sense
close to that of [1, 8].

Now we generalize the notions from [9]. By a rule we mean a syntactic object of
the form

r = ϕ ⇒ ψ,

where ϕ,ψ ∈ F(At) and ϕ → ψ is not a logical tautology. We call ϕ and ψ a body
and a head of r : ϕ = B(r) andψ = H(r). The probability of a rule r = ϕ ⇒ ψ with
ν(ϕ) �= 0 is defined as follows: ν(r) := ν(ψ |ϕ) = ν(ψ∧ϕ)

ν(ϕ)
. In case, ϕ is not satisfiable

on G, the value ν(r) remains undefined. Notice that the value ν(r) was defined so
that it is smaller or equal to ν(ϕ → ψ).

Definition 1 Let r1 and r2 be two rules with the same head, H(r1) = H(r2). We
call r2 a generalization of r1, symbolically r2 � r1 if B(r1)G ⊆ B(r2)G; rule r2 is a
proper generalization of r1, r2 � r1, if r2 � r1 and B(r1)G �= B(r2)G. We say in this
case that r1 is a (proper) specialization of r2.

In other words, one of the two rules with the same head is a proper generalization
of the other if its body is weaker from the logical point of view.

4 Prediction Operator

In this section we generalize the results of [10].1 Let At , a set G of valuations, and
a measure μ on G be fixed. Assume that R is a set of rules such that for r ∈ R
and a rule s such that s ≺ r and ν(s) > ν(r), there is r ′ ∈ R with r ′ � s. Now we
introduce two special subsets ofR:

M1(R) = {r ∈ R | (
 ⇒ H(r)) � r implies ν(r) > ν(
 ⇒ H(r))};

1In [10], rules are of the form α1 ∧ . . . ∧ αn ⇒ β, where α1, …,αn , β are literals, i.e., atoms or
negations of atoms.
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M2(R) = {r ∈ R | r ∈ M1(R) and ∀r ′ ∈ M1(R)(r � r ′ ⇒ ν(r ′) ≤ ν(r))}.

Namely rules fromM2(R)we consider as satisfying the Requirement ofMaximal
Specificity, because a specification of such rule by a rule fromM1(R) does not lead
to an increase of probability, which means that for r ∈ M2(R), its body contains all
statistically relevant information for the prediction of H(r).

For a set of rules Π ⊆ M2(R) we define an operator of direct predictions:

PrΠ(T ) = T ∪ {H(r) | r ∈ Π, ∃ϕ1, ...ϕn ∈ T (G |= (ϕ1 ∧ . . . ∧ ϕn) ↔ B(r))},

where T is a set of formulas. Further, we put:

Pr0Π(T ) = T, Prn+1
Π (T ) = PrΠ(PrnΠ(T )), PRΠ(T ) =

⋃

n∈ω

PrnΠ(T ).

It is clear that PRΠ(T ) is the least fixed point of the operator of direct predictions
containing T . We call PRΠ a prediction operator for Π .

Theorem 1 Let At be a finite set of atoms, Π ⊆ M2(R), and T ⊆ F(At). If T is a
G-consistent set of formulas, then PRΠ(T ) is G-consistent.

Proof Obviously, it will be enough to check that the operator of direct predictions
produces a G-consistent set of formulas. Further, since At is finite, the family of all
formulas is finite up to equivalence, and we may assume that sets T and Π are finite
too.

Let Π ′ = {r0, . . . , rn} be the set of such rules r from Π that the equivalence
(ϕ1 ∧ . . . ∧ ϕn) ↔ B(r) holds onG for some ϕ1,…, ϕn ∈ T . We put T0 = T , Ti+1 =
Ti ∪ {H(ri )}. Clearly, Tn = PrΠ(T ). Now we prove by induction that every Ti isG-
consistent.

Assume that Ti isG-consistent, but Ti+1 is not. Let ri = ϕ ⇒ ψ . By definition of
Π ′ there areχ1, . . . , χn ∈ T such that (χ1 ∧ . . . ∧ χn) ↔ ϕ holds onG. Let N = Ti \
{χ1, . . . χn}. Assume that {ϕ,¬(

∧
N )} isG-consistent, i.e., ν(ϕ ∧ ¬(

∧
N )) �= 0. In

this case for s = ϕ ∧ ¬(
∧

N ) ⇒ ψ we have:

ν(s) = ν(ϕ ∧ ¬(
∧

N ) ∧ ψ)

ν(ϕ ∧ ¬(
∧

N ))
= ν(ϕ ∧ ψ) − ν(ϕ ∧ ∧

N ∧ ψ)

ν(ϕ) − ν(ϕ ∧ ∧
N )

.

We have G |= ∧
Ti+1 ↔ (ϕ ∧ ∧

N ∧ ψ) and G |= ∧
Ti ↔ (ϕ ∧ ∧

N ) by
choice of χ1, . . . , χn . Since by assumption ν(

∧
Ti+1) = 0 and ν(

∧
Ti ) �= 0, we

conclude that ν(ϕ ∧ ∧
N ∧ ψ) = 0 and ν(ϕ ∧ ∧

N ) �= 0. In this way, we have

ν(s) = ν(ϕ ∧ ψ)

ν(ϕ) − ν(ϕ ∧ ∧
N )

>
ν(ϕ ∧ ψ)

ν(ϕ)
= ν(ri ).
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Since ν(s) > ν(ri ) there is r ′ ∈ R such that r ′ � s. It follows from ν(r ′) > ν(ri )
and ri ∈ M1(R) that r ′ ∈ M1(R). On the other hand, from ri ∈ M2(R) and ri � r ′ we
obtain ν(ri ) ≥ ν(r ′). This contradiction proves that the body of s is notG-consistent:
ν(ϕ ∧ ¬(

∧
N )) = 0. As a consequence we obtain ν(ϕ ∧ ¬(

∧
N ) ∧ ψ) = 0. Now

we have:

ν(ϕ ∧ ψ) = ν(ϕ ∧ ψ) − ν(ϕ ∧ ¬(
∧

N ) ∧ ψ) = ν(ϕ ∧
∧

N ∧ ψ) = 0.

Thus, ν(ri ) = 0. At the same time ri ∈ M1(R), which implies 0 = ν(ri ) > ν(
 ⇒
ψ) ≥ 0. The obtained contradiction concludes the proof.

Putting R to be the family of all rules trivializes the above statement, because in
this case the prediction operator turns into a consequence operator over G. Refine-
ment Theorem [10] shows that the class of rules considered in [10] satisfies the
requirements imposed on R. Other non-trivial cases of R will be considered in
subsequent papers.

Of course, we worked in the ideal situation assuming that the probability on
the set of formulas is known. In reality we have only statistical approximation of
probabilities. The concept of semantical probabilistic inference (see [9]) aided at the
search for maximal specific rules (of the form

∧n
i=1 αi ⇒ β, where αi and β are

literals) on the base of statistically verified data gives a well-working approximation
ofM2(R)-rules. This search procedurewas realized in the program systemDiscovery
[5]. The description of applications of this system to financial forecasting and to
medicine can be found in [5, 6].
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