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�L_hjby�baf_j_gbc�[Zabjm_lky�gZ�ZdkbhfZlbq_kdh-j_ij_a_glZpbhgghf�ih^oh^_�d�ba�
f_j_gbyf� ��$[LRPDWLF-Representational Viewpoint LQ� 0HDVXUHPHQW�� >��� S����@���Hkgh\guf�

ihklmeZlh\�wlh]h�ih^oh^Z�y\ey_lky�ij_^iheh`_gb_�h�kms_kl\h\Zgbb�wfibjbq_kdhc�kbkl_�

fu�� �7KH� PRVW� SHUYDVLYH� DEVWUDFWLRQ� LQ� PHDVXUHPHQW� WKHRU\� FRQVLVWV� LQ� IRUPDOLzing basic 
observations as a relational structure, that is, a set with some primitive relations and operations. 
This abstraction arises from considering the nature of empirical, qualitative observations". 
[2,p.201]. 

�JZajZ[hldZ� dZ`^hc� dhgdj_lghc� ZdkbhfZlbdh-j_ij_a_glZlb\ghc� l_hjbb� lj_[m_l� j_�
r_gby� lj_o� ijh[e_f� - h^ghc� dhgp_ilmZevghc� b� ^\mo�fZl_fZlbq_kdbo� �kms_kl\h\Zgby� b�

_^bgkl\_gghklb���Dhgp_ilmZevgZy� ijh[e_fZ� khklhbl� \� \u[hj_� ijbfblb\h\� -� fgh`_kl\Z�
wfibjbq_kdbo�hlghr_gbc�b�hi_jZpbc��b�kbkl_fu�Zdkbhf��dhlhjhc�hgb�^he`gu�m^h\e_l\h�

jylv���7KH�FRQFHSWXDO�WDVN�LV�WR�select the abstraction to be studied, namely, the primitives and 
the axioms ... Once the primitives are selected, the question of axioms arises." [2, p.201]. 

�J_r_gb_�dhgp_ilmZevghc�ijh[e_fu� -�\u[hj�ijbfblb\h\�b�kbkl_fu�Zdkbhf�fu�jZ�
ah[t_f�gZ�^\_�kZfhklhyl_evgu_�ijh[e_fu� 

����\u[hj�ijbfblb\h\� �fgh`_kl\Z�hlghr_gbc�b�hi_jZpbc��b�\u[hj�hkgh\gh]h�fgh�

`_kl\Z�h[t_dlh\��]_g_jZevghc�kh\hdmighklb�h[t_dlh\�� 

����\u[hj�kbkl_fu�Zdkbhf� 

�I_j\Zy�ba�mihfygmluo�ijh[e_f�-�\u[hj�wfibjbq_kdbo�hlghr_gbc��hi_jZpbc�b�]_g_�

jZevghc� kh\hdmighklb�h[t_dlh\�nbdkbjm_l��\� khhl\_lkl\bb�k�hkgh\guf�ihklmeZlhf� l_h�

jbb�baf_j_gbc��g_dhlhjmx�g_ba\_klgmx�gZf�wfibjbq_kdmx�kbkl_fm��deZkk�wfibjbq_kdbo�

kbkl_f���Gh� h[� wlhc� wfibjbq_kdhc� kbkl_f_� gZf� gbq_]h� g_ba\_klgh�� ihwlhfm� g_ba[_`gh�

\hagbdZ_l�\lhjZy�ijh[e_fZ� -�\u[jZlv�g_dhlhjmx� ]bihl_lbq_kdmx�kbkl_fm�Zdkbhf��dhlh�
jhc�wlZ�wfibjbq_kdZy�kbkl_fZ�^he`gZ�m^h\e_l\hjylv� 

�IhdZ`_f�� qlh� h[t_^bg_gb_� wlbo� ^\mo� ijh[e_f� \� h^gm� dhgp_ilmZevgmx� ijh[e_fm��

ijbgylh_�\�l_hjbb�baf_j_gbc��ijb\h^bl�d�kf_r_gbx�g_kdhevdbo�ijbgpbibZevgh�jZaebq�

guo�mjh\g_c�jZkkfhlj_gby� 

 -�<h-i_j\uo��wlb�^\_�ijh[e_fu�jZaebqgu�\�lhf�hlghr_gbb��qlh�nbdkbjmy�ijbfblb�

\u�b�fgh`_kl\h�h[t_dlh\�fu�nZdlbq_kdb�aZ^Z_f�g_dhlhjmx�g_ba\_klgmx�gZf��gh�j_Zev�

gmx�b�h[t_dlb\gh�kms_kl\mxsmx�wfibjbq_kdmx�kbkl_fm��deZkk�wfibjbq_kdbo�kbkl_f���\�

lh�\j_fy�dZd�\u[hj�kbkl_fu�Zdkbhf�y\ey_lky�qbklh�]bihl_lbq_kdbf�b�aZ^Z_l�g_dhlhjuc�

]bihl_lbq_kdbc� deZkk� wfibjbq_kdbo� kbkl_f�� $SURLUL�� ^h� \kydhc� wdki_jbf_glZevghc�ijh�

\_jdb�h[t_dlb\gh�kms_kl\mxsZy�wfibjbq_kdZy�kbkl_fZ�b�]bihl_lbq_kdbc�deZkk�wfibjb�

q_kdbo�kbkl_f�kljh]h�]h\hjy�gbdZd�g_�k\yaZgu��Ih^l\_j^blv��qlh�j_ZevgZy�wfibjbq_kdZy�



kbkl_fZ�^_ckl\bl_evgh��\�dZdhf-lh�kfuke_��ijbgZ^e_`bl�deZkkm�]bihl_lbq_kdbo�wfibjb�
q_kdbo�kbkl_f�fh]ml�lhevdh�f_lh^u�l_klbjh\Zgby�kbkl_f�Zdkbhf� 

 -�<h-\lhjuo��i_j\Zy�ijh[e_fZ�-�ijh[e_fZ�\u[hjZ�ijbfblb\h\�b�hkgh\gh]h�fgh`_kl�
\Z�h[t_dlh\�y\ey_lky�ijh[e_fhc�wfibjbq_kdh]h�mjh\gy��\�lh�\j_fy�dZd�ijh[e_fZ�aZ^Zgby�

kbkl_fu�Zdkbhf�_klv�ijh[e_fZ�l_hj_lbq_kdh]h�mjh\gy��j_rZ_fZy�\�jZfdZo�ZdkbhfZlbq_�

kdh]h� ih^oh^Z��Kf_r_gb_� wlbo� ^\mo� ijh[e_f� \� h^gm� dhgp_ilmZevgmx� ijh[e_fm� \\h^bl�

g_y\gh_� ij_^iheh`_gb_�� qlh� wfibjbq_kdZy� kbkl_fZ� lZd� `_� aZ^Z_lky� gZ� l_hj_lbq_kdhf�

mjh\g_�b�ij_^klZ\ey_l� kh[hc�g_dhlhjmx�fZl_fZlbq_kdmx� kljmdlmjm� �deZkk� kljmdlmj��gZ�

dhlhjhc�^ZggZy�kbkl_fZ�Zdkbhf�^he`gZ�[ulv�bklbgghc��Gh�wlh�ijhlb\hj_qbl�wfibjbqgh�

klb�wfibjbq_kdhc�kbkl_fu��NZdlbq_kdb�\�l_hjbb�baf_j_gb�ij_^iheZ]Z_lky��qlh�mq_l�rm�

fh\�� g_lhqghkl_c� ijb[hjh\�� ij_^jZkiheh`_gghkl_c� bkiulm_fh]h� b� l�^�� g_� ^_eh� l_hjbb�

baf_j_gbc��L_hjby�baf_j_gbc��\\b^m�__�ZdkbhfZlbq_kdh]h�ih^oh^Z�d�bkke_^m_fhc�j_Zev�

ghklb��^he`gZ�hkgh\u\Zlvky�gZ�b^_Zebabjh\Zgguo�wfibjbq_kdbo�kbkl_fZo��\�lhf�kfuke_��

qlh� agZq_gby�ij_^bdZlh\�gZ�h[t_dlZo�h^ghagZqgh�hij_^_e_gu�b�g_�ih^\_j`_gu�rmfZf��

g_lhqghklyf�ijb[hjh\��ij_^jZkiheh`_gghklyf�bkiulm_fh]h�b�l�^��GZ�kZfhf�^_e_��fu�gb�

dh]^Z�g_�bf__f�nbdkbjh\Zgghc�b�g_baf_gghc�j_Zevghc�wfibjbq_kdhc�wfibjbq_kdhc�kbk�

l_fu�dZd�hgZ�hij_^_e_gZ�\�ijh[e_f_����HgZ�ihklhyggh�f_gy_lky�kh�\j_f_g_f�b��gZijbf_j�

\�kemqZyo�hl\_lh\�bkiulm_fh]h��fh`_l�f_gylvky�hq_gv�[ukljh��>Z`_�_keb�fu�bf__f�^_eh�

g_�k�bkiulm_fuf��Z�k�g_dhlhjuf�nbabq_kdbf�wdki_jbf_glhf��lh�\k_�jZ\gh�gZebqb_�jZagh�

h[jZaguo�rmfh\�g_�iha\hey_l�gZ^_ylvky�gZ�ihklhygkl\h�agZq_gbc�hlghr_gbc�b�hi_jZpbc�

gZ�h^gbo�b�l_o�`_�h[t_dlZo��qlh�bkdexqZ_l�kms_kl\h\Zgb_�nbdkbjh\Zgghc�j_Zevghc�wf�

ibjbq_kdhc�kbkl_fu��L_hj_lbq_kdhc�`_�fh^_eb�^ey�ij_^klZ\e_gby�j_Zevghklb�lZdhc�dZ�

dhc�hgZ�_klv�b�dZd�hgZ�knhjfmebjh\ZgZ�\�ijh[e_f_���\�l_hjbb�baf_j_gbc�^h�gZklhys_]h�

\j_f_gb�g_�kms_kl\m_l� 

�<-lj_lvbo��ZdkbhfZlbq_kdbc�f_lh^�b�lj_[h\Zgb_�bklbgghklb�kbkl_f�Zdkbhf�gZ�wf�
ibjbq_kdhc�kbkl_f_�g_ba[_`gh�\e_dml�ijbgpbi�nZevkbnbpbjm_fhklb�ijb�ijh\_jd_�Zdkb�

hf�gZ�wfibjbq_kdhc�kbkl_f_��GZ�kZfhf�^_e_�wlhl�ijbgpbi�ijbf_gbf�lhevdh�\�l_o�l_hjb�

yo��]^_�gZf�ba\_klgu�\k_�aZdhgu�kljh_gby�bkihevam_fh]h�bo��ijb[hjZ�h\��\dexqZy�fh^_eb�

rmfh\��Lhevdh�lh]^Z�fu�\�khklhygbb�lhqgh�jZkqblZlv�dh]^Z�hldehg_gby�ijb[hjZ�h\��^h�

imklbfu�b�y\eyxlky�ke_^kl\b_f�rmfh\��Z�dh]^Z�hgb�^_ckl\bl_evgh�hagZqZxl�hldehg_gby�

hl� l_hj_lbq_kdb� \uqbke_gguo� agZq_gbc��Gh� wlhl�ijbgpbi� kbevgh�h]jZgbqb\Z_l�h[eZklv�

ijbf_gbfhklb�l_hjbb�baf_j_gbc��lZd�dZd�wlh�g_\hafh`gh�k^_eZlv��gZijbf_j��^ey�bkiu�

lm_fh]h��Z�lZd`_�ijZdlbq_kdb�\h�\k_o�hklZevguo�h[eZklyo� �djhf_�nbabdb��]^_�l_hjby�ba�

f_j_gbc�g_�gm`gZ�� 

�Ijb\_^_ggu_�jZkkm`^_gby�klZ\yl�ke_^mxsb_�ijh[e_fu� 

����DZd� l_hj_lbq_kdb�hibkZlv�h[t_dlb\gh� kms_kl\mxsmx�j_Zevghklv�gZ� wfibjbq_�

kdhf�mjh\g_� �ijh[e_fZ� ����g_�ijb\e_dZy�]bihl_lbq_kdb_�ij_^iheh`_gby�h�kbkl_f_�Zdkb�

hf" 

����DZd�kbkl_fu�Zdkbhf�g_�ij_^iheZ]Zlv�$SULRUL��Z�g_dhlhjuf�h[jZahf�hldju\Zlv�gZ�

wfibjbq_kdhc�kbkl_f_" 

����GZ�qlh�fh`gh�aZf_gblv�ijbgpbi�nZevkbnbpbjm_fhklb�ijb�ijh\_jd_�kbkl_f�Zdkb�

hf" 

�<�^Zgghc�jZ[hl_�ij_^iheZ]Z_lky�ke_^mxsbf�h[jZahf�hl\_lblv�gZ�wlb�\hijhku� 

����Wfibjbq_kdbc�mjh\_gv�hibku\Zlv�iml_f�nhjfZebaZpbb�ihgylby�wdki_jbf_glZ� 



����Kbkl_fu�Zdkbhf�h[gZjm`b\Zlv�gZ�fgh`_kl\_�wdki_jbf_glh\�dZd�aZdhgu�wlbo�wdk�

i_jbf_glh\� 

����Ihgylb_�bklbgghklb�aZf_gblv�gZ�g_dhlhjmx�hp_gdm��ij_^kdZaZgby��\_jhylghklb�b�

l�^��� aZdhgZ�� <f_kl_� k� ihgylb_f� bklbgghklb� bkq_aZ_l� b� ijbgpbi� nZevkbnbpbjm_fhklb��

=eZ\guf�`_�\�ihgylbb� aZdhgZ�y\ey_lky�g_�hp_gdZ� �b��\�qZklghklb��g_�bklbgghklv���Z�_]h�

ijhklhlZ�b�g_mijhsZ_fhklv��dhlhju_�k\hckl\_ggu�aZdhgZf�ijbjh^u� 

�<�p_ehf�ij_^eZ]Z_fuc�ih^oh^�iha\hey_l�ih^hclb�d�l_hjbb�baf_j_gbc�k�lhqdb�aj_�

gby�gZijZ\e_gby�6FLHQWLILF�'LVFRYHU\�b�g_�l_klbjh\Zlv�ba\_klgu_�\�l_hjbb�baf_j_gbc�kbk�

l_fu�Zdkbhf��Z�hldju\Zlv�ba�dZd�aZdhgu�bkke_^m_fhc�j_Zevghklb� 
  

���Qlh�lZdh_�aZdhg� 
 

�Fu�[m^_f�jZaebqZlv��ke_^my�>���S����@��GHVLJQ�D[LRP��WHFKQLFDO�D[LRP��HPSLULFDO�D[LRP�

b� LGHDOL]HG�D[LRP��Ijyfhfm�l_klbjh\Zgbx�gZ�j_Zevguo�^Zgguo�ih^e_`Zl�lhevdh�wfibjb�

q_kdb_�Zdkbhfu���(PSLULFDO�D[LRPV��7KH�D[LRPV�WKDW�DUH�RUGLQDULO\�WHVWHG�XQGHU�VRPH�VWDQGDUW�

interpretation of primitive concepts of the measurement theory form the most important class, the 
one that is real focus of analysis. It is presumably the objective of particular experiments to test 
particular axioms ...". �<�^Zevg_cr_f��ijb�jZkkfhlj_gbb�l_klbjm_fhklb�kbkl_f�Zdkbhf��

fu�[m^_f�jZkkfZljb\Zlv�lhevdh�l_klbjh\Zgb_�wfibjbq_kdbo�Zdkbhf��DZd�l_klbjh\Zlv�hk�

lZevgu_�lbiu�Zdkbhfu�b�dZd�gZoh^blv�wfibjbq_kdb_�ijhp_^mju�^ey�ijh\_jdb�^jm]bo�Zd�

kbhf�hibkZgh�\� >�@� GZr�ih^oh^�d�l_klbjh\Zgbx�Zdkbhf�\�wlhf�l_ogbq_kdb�[he__�keh`�
ghf�kemqZ_��\dexqZxs_f�nmgdpbhgZevgu_�kbf\heu�b�d\Zglhju�kms_kl\h\Zgby��jZkkfhl�

j_g�\�>��@� 

�>Ze__�fu�[m^_f�ij_^iheZ]Zlv��qlh�kbkl_fZ�Zdkbhf�Σ�ij_^klZ\ey_l�kh[hc�kh\hdmi�
ghklv�mgb\_jkZevguo�nhjfme� �kh^_j`Zsbo�lhevdh�d\Zglhju�\k_h[sghklb��[_a�nmgdpbh�

gZevguo� kbf\heh\��<� >��@�ihdZaZgh��qlh� lZdZy� kbkl_fZ� Zdkbhf�Σ�fh`_l�[ulv�eh]bq_kdb�
wd\b\Ze_glgufb�ij_h[jZah\Zgbyfb�ij_h[jZah\ZgZ�d�kh\hdmighklb�nhjfme�\b^Z� 
  C = (A1 &...&A k ⇒ A0����]^_������������������������                                                                    (1) 
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�>Ze__� fu� [m^_f� ij_^iheZ]Zlv�� qlh� kbkl_fZ� Zdkbhf� ij_^klZ\ey_l� kh[hc� kh\hdmi�

ghklv�nhjfme�\b^Z������dhlhju_�[m^_f�gZau\Zlv�ijZ\beZfb. 

�LjZ^bpbhggh� aZ^ZqZ� l_klbjh\Zgby� kbkl_f� Zdkbhf� Σ� gZ� g_dhlhjhc� wfibjbq_kdhc�
kbkl_f_�0�khklhbl�\�ke_^mxs_f� 

 AZ^ZqZ����Hij_^_eblv�bklbggZ�eb�kbkl_fZ�Zdkbhf�Σ�gZ�wfibjbq_kdhc�kbkl_f_�0� 

IjhZgZebabjm_f�wlm�aZ^Zqm��Qlh�fh`gh�kdZaZlv�h[�bklbgghklb�kbkl_fu�Zdkbhf�Σ�gZ�
wfibjbq_kdhc�kbkl_f_�0��hibjZykv�lhevdh�gZ�eh]bq_kdbc�ZgZeba�kbkl_fu�Zdkbhf"�Fh`gh�

kdZaZlv��\h-i_j\uo��qlh�ijZ\beh�&� ��$1&...&A k ⇒ A0��fh`_l�[ulv�bklbgguf�gZ�wfibjb�

q_kdhc�kbkl_f_�lhevdh�ihlhfm��qlh�ihkuedZ�ijZ\beZ�\k_]^Z�eh`gZ��GZ�kZfhf�^_e_��dZd�fu�

ihdZ`_f��wlh�hagZqZ_l��qlh�gZ�wfibjbjq_kdhc�kbkl_f_�bklbggh�g_dhlhjh_�eh]bq_kdb�[he__�

kbevgh_��ih^ijZ\beh���k\yau\Zxs__�f_`^m�kh[hc�Zlhfu�ihkuedb��<h-\lhjuo��ijZ\beh�&�
fh`_l�[ulv�bklbggh�gZ�wfibjbq_kdhc�kbkl_f_�lhevdh�ihlhfm��qlh�g_dhlhjh_�_]h�eh]bq_�



kdb�[he__�kbevgh_��ih^ijZ\beh���kh^_j`Zs__�lhevdh�qZklv�ihkuedb�b�lh�`_�aZdexq_gb_��

bklbggh�gZ�wfibjbq_kdhc�kbkl_f_��Ihwlhfm�kbkl_fZ�Zdkbhf�fh`_l�hdZaZlvky�bklbgghc�gZ�

wfibjbq_kdhc�kbkl_f_�ihlhfm��qlh�nZdlbq_kdb�gZ�wfibjbq_kdhc�kbkl_f_�bklbggZ�g_dhlh�

jZy� kbkl_fZ�ih^ijZ\be�^Zgghc� kbkl_fu� Zdkbhf��ba�bklbgghklb� dhlhjhc� \� k\hx�hq_j_^v�

ke_^m_l�bklbgghklv�kbkl_fu�Zdkbhf��DZdb_�ba�ih^ijZ\be�[m^ml�nZdlbq_kdb�bklbggu�gZ�

wfibjbq_kdhc�kbkl_f_�fu�aZjZg__�g_�agZ_f��gh�\k_�lZdb_�ih^ijZ\beZ�\f_kl_�k�kZfhc�kbk�

l_fhc�Zdkbhf�6�fu�[m^_f�kqblZlv�]bihl_aZfb�^ey�ijh\_jdb�gZ�wfibjbq_kdhc�kbkl_f_� 

Ba�eh]bdb�b�f_lheh]bb�gZmdb�ohjhrh�ba\_klgh��qlh� l_�ba� ]bihl_a� ke_^m_l� kqblZlv�

aZdhgZfb��dhlhju_�ijb�h^bgZdh\hc�bo�ih^l\_j`^_gghklb�gZ�wdki_jbf_glZevguo�^Zgguo�

gZb[he__�nZevkbnbpbjm_fu��ijhklu�b�beb�kh^_j`Zl�gZbf_gvr__�qbkeh� �iZjZf_ljh\���<�

gZr_f� kemqZ_� \k_� wlb� k\hckl\Z�� dhlhju_� h[uqgh� ljm^gh� lhqgh� hij_^_eblv�� ke_^mxl� ba�

hij_^_e_gby�eh]bq_kdhc�kbeu�\ukdZau\Zgby���Ih^ijZ\beh��y\ey_lky�h^gh\j_f_ggh�b�eh�

]bq_kdb� [he__� kbevguf� \ukdZau\Zgb_f�� q_f� kZfh�ijZ\beh�b�[he__�nZevkbnbpbjm_fuf��

lZd�dZd�kh^_j`bl�[he__�keZ[mx�ihkuedm�b��ke_^h\Zl_evgh��ijbf_gbfh�d�[hevr_fm�h[t_fm�

^Zgguo�b� l_f� kZfuf�\�[hevr_c� kl_i_gb�ih^\_j`_gh�nZevkbnbdZpbb��b�[he__�ijhkluf��

lZd� dZd� kh^_j`bl� f_gvr__� qbkeh� ZlhfZjguo� \ukdZau\Zgbc�� q_f� ijZ\beh�� b� \dexqZ_l�

f_gvr__�qbkeh��iZjZf_ljh\���lZd�dZd�ebrgb_�ZlhfZjgu_�\ukdZau\Zgby�lh`_�fh`gh�kqb�

lZlv�iZjZf_ljZfb��ih^kljhcdb��\ukdZau\Zgby�ih^�^Zggu_� 

Ihq_fm�`_�aZdhg�^he`_g�[ulv�gZb[he__�nZevkbnbpbjm_fuf��ijhkluf�b�kh^_j`Zlv�

gZbf_gvr__� qbkeh� iZjZf_ljh\"� JZagu_� Z\lhju� ijb^_j`b\Zxlky� jZaebqguo� fg_gbc� gZ�

wlhl�kq_l��eb[h�g_�h[tykgyxl�wlh]h�\hh[s_��Hq_\b^gh�h^gh��qlh�wlh�gm`gh�^ey�lh]h��qlh�

[u�fZdkbfZevgh�[ebadh�ijb[ebablvky�d�j_Zevguf�^Zgguf�b�gZb[he__�lhqgh�hljZablv�j_�

Zevgu_�aZ\bkbfhklb�\�^Zgguo��Z�g_�gZrb�]bihl_au�h�gbo��<�gZr_f�kemqZ_�^ey�]bihl_a�\b�

^Z� ����fu�fh`_f�[he__� lhqgh�hl\_lblv�gZ� wlhl�\hijhk��LZd�dZd�\k_�hibkZggu_�k\hckl\Z�

aZdhgZ�\ul_dZxl�ba�eh]bq_kdhc� kbeu�\ukdZau\Zgby�� lh�ihbkd�eh]bq_kdb�gZb[he__� kbev�

guo��ih^ijZ\be���bklbgguo�gZ�wfibjbq_kdhc�kbkl_f_��iha\hey_l�gZf�g_�lhevdh�ijh\_jblv�

]bihl_am�h[�bklbgghklb�kbkl_fu�Zdkbhf��gh�b�j_rblv�^jm]mx�ijbgpbibZevgh�[he__�\Z`�

gmx� aZ^Zqm�� \uykgblv�� Z�dZdh\Z�gZ� kZfhf�^_e_� lZ�gZb[he__� kbevgZy� �eh]bq_kdb�� l_hjby��

\ul_dZxsZy�ba�wlbo�ijZ\be��dhlhjZy�hibku\Z_l�gZrb�^Zggu_�b�\hafh`gh�e_`bl�\�hkgh\Z�

gbb�g_ba\_klgh]h�gZf�aZdhgZ�bo�ihjh`^_gby"�J_r_gb_�wlhc�aZ^Zqb�h[gZjm`_gby�aZdhgZ�

\�^Zgguo�beb��qlh�lh�`_�kZfh_��ihbkdZ�kbevg_cr_c�l_hjbb�\�^Zgguo�dZd�jZa�b�lj_[m_l�

gZoh`^_gby�kj_^b�\k_o�ijZ\be�\b^Z�����eh]bq_kdb�gZb[he__�kbevguo��kj_^b�bklbgguo�gZ�

wfibjbq_kdhc� kbkl_f_���Bf_ggh� lZdb_�ijZ\beZ� \� khhl\_lkl\bb� k� kms_kl\mxsbfb�ij_^�

klZ\e_gbyfb�ke_^m_l�kqblZlv�aZdhgZfb�wfibjbq_kdhc�kbkl_fu� 

LZdZy� ihklZgh\dZ� aZ^Zqb� ijbgpbibZevgh� f_gy_l� b� bkoh^gmx� aZ^Zqm� l_klbjh\Zgby�

kbkl_f�Zdkbhf��L_klbjh\Zgb_�kbkl_f�Zdkbhf��dZd�hgh�ihgbfZ_lky�\�l_hjbb�baf_j_gbc��wlh�

eb[h� nZevkbnbpbjm_fhklv�� eb[h� klZlbklbq_kdbc� \u\h^�� NZevkbnbpbjm_fhklv�� dZd� wlh�

ij_^klZ\e_gh� \� l_hjbb� baf_j_gbc�� g_� ij_^iheZ]Z_l� ihbkdZ� [he__� ijhklh]h� b� eh]bq_kdb�

[he__�kbevgh]h�b�lZd�`_�g_�nZevkbnbpbjm_fh]h�ml\_j`^_gby��L_f�kZfuf�g_nZevkbnbpb�

jh\Zggh_�gZ�bf_xsboky�^Zgguo�ml\_j`^_gb_�ijbgbfZ_lky�\�dZq_kl\_�]bihl_au�g_kfhljy�

gZ�lh��qlh�hgh�fh`_l�kh^_j`Zlv�g_dhlhju_�^hihegbl_evgu_�mkeh\by��dhlhju_�[_a�ms_j[Z�

^ey�g_nZevkbnbpbjm_fhklb�fh`gh�[ueh�[u�m^Zeblv�ba�g_]h��Wlh�hagZqZ_l��qlh�wlb�^hihe�

gbl_evgu_�mkeh\by�ebrv�gZrZ�]bihl_aZ�g_�bf_xsZy�wfibjbq_kdh]h�kh^_j`Zgby��Ihwlhfm�

ihbkd�eh]bq_kdb�gZb[he__�kbevguo�ijZ\be��y\eyxsboky�aZdhgZfb��h[eZ^Z_l�l_f�ij_bfm�

s_kl\hf�� qlh� hgb�g_� kh^_j`Zl� \� k_[_� ebrgbo��g_�bf_xsbo� wfibjbq_kdh]h� kh^_j`Zgby�

Zlhfh\��KlZlbklbq_kdbc�\u\h^�beb�klZlbklbq_kdZy�ijh\_jdZ�]bihl_a�lZd�`_�g_�ij_^iheZ�



]Zxl�ihbkdZ�eh]bq_kdb�[he__�kbevgh]h�ml\_j`^_gby��ohly�hq_\b^gh��qlh�eh]bq_kdb�[he__�

kbevgh_� ml\_j`^_gb_� ijbf_gbfh� d� [hevr_fm� h[t_fm� ^Zgguo� b�� ke_^h\Zl_evgh�� bf__l�

[hevrmx�klZlbklbdm�^ey�ihemq_gby�[he__�^hklh\_jgh]h�klZlbklbq_kdh]h�\u\h^Z��Ihwlh�

fm� bkoh^gZy� ihklZgh\dZ� aZ^Zqb� �� l_klbjh\Zgby� kbkl_f� Zdkbhf� ijbgylZy� \� l_hjbb�

baf_j_gbc�aZf_gy_lky�gZfb�gZ�aZ^Zqm�h[gZjm`_gby�aZdhgh\�b�ihbkdZ�gZb[he__�kbev�

ghc�l_hjbb�wfibjbq_kdbo�kbkl_f��dhlhjmx�fu�knhjfmebjm_f�gb`_��J_r_gb_�aZ^Zqb���\�

wlhf�kemqZ_�ihemqZ_lky�dZd�qZklguc�kemqZc�aZ^Zqb�h[gZjm`_gby�aZdhgh\� 

<uykgbf�ba�bklbgghklb�dZdbo�eh]bq_kdb�[he__�kbevguo��ih^ijZ\be��ke_^m_l�bklbg�

ghklv�kZfh]h�ijZ\beZ��L_f�kZfuf�fu�ihemqbf�hij_^_e_gb_� �ih^ijZ\be��b�hij_^_e_gb_�

aZdhgZ�^ey�wfibjbq_kdhc�kbkl_fu�� 

�>ey�^Zevg_crbo�jZkkfhlj_gbc�g_h[oh^bfh�\u^_eblv�njZ]f_gl� yaudZ�i_j\h]h�ih�

jy^dZ� /�Σ��� kh^_j`Zsbc� lhevdh� \g_eh]bq_kdb_� kbf\heu� kbkl_fu� Zdkbhf�Σ��Kb]gZlmjhc�
ℑ(Σ��yaudZ� /�Σ���[m^_f�gZau\Zlv�gZ[hj�ℑ(Σ) = <P1,...,Pk!�� ]^_� 31,...,Pk -�\k_�ij_^bdZlgu_�
kbf\heu��\klj_qZxsb_ky�\�ZdkbhfZo�Σ; n1,...,nk -�f_klghklb�khhl\_lkl\mxsbo�ij_^bdZl�

guo�kbf\heh\��;�Σ) = <x1,...xm> -�fgh`_kl\h�\k_o�k\h[h^guo�i_j_f_gguo��\oh^ysbo�\�Σ; 
U(Σ) -�fgh`_kl\h�\k_o�ZlhfZjguo�nhjfme� �Zlhfh\��\b^Z�3�[1,...xn), x1,...xn ∈ X(Σ���\oh^y�
sbo�\�Zdkbhfu�ba�Σ; ℜ(Σ) -�fgh`_kl\h�ml\_j`^_gbc�yaudZ�/�Σ���ihemq_ggh_�aZfudZgb_f�
fgh`_kl\Z�8�Σ��hlghkbl_evgh�eh]bq_kdbo�hi_jZpbc�	�Y�¬��GZ�we_f_glZo�[me_\hc�Ze]_[ju�
ℜ(Σ��hij_^_e_gh�lh`^_kl\h�ml\_j`^_gbc��;m^_f�ij_^iheZ]Zlv��qlh�eh]bq_kdb_�dhgklZglu�
B�≡ A∨¬$�b�E�≡ A& ¬$�\k_]^Z�ijbgZ^e_`Zl�ℜ(Σ���LZd�dZd�qbkeh�i_j_f_gguo�b�ZlhfZjguo�
nhjfme�dhg_qgh��lh�b�Ze]_[jZ�ℜ(Σ��dhg_qgZ� 

�Imklv� m� gZk� _klv� g_dhlhjZy� wfibjbq_kdZy� kbkl_fZ�0�  � �$�:!�� ]^_� $� -� hkgh\gh_�
fgh`_kl\h�wfibjbq_kdhc�kbkl_fu��Z�:� ��P1,...,Pk>, k > 0 -�fgh`_kl\h�ij_^bdZlh\��hij_�
^_e_gguo�gZ�$��DZ`^uc�ij_^bdZl�Pj�f_klghklb�QM�hij_^_ey_l�ih^fgh`_kl\h�P ⊆ A1x...xAnj 
 �$�gZ[hjh\�h[t_dlh\�gZ�dhlhjuo�hg�bklbg_g��Ih^�bklbgghklvx�kbkl_fu�Zdkbhf�Σ�gZ�wf�
ibjbq_kdhc� kbkl_f_�0�[m^_f�ihgbfZlv� klZg^Zjlgh_�hij_^e_gb_�bklbgghklb�\ukdZau\Z�

gbc�gZ�fh^_eyo� 

�<uykgbf�ba�bklbgghklb�dZdbo�eh]bq_kdb�[he__�kbevguo��ih^ijZ\be��gZ�wfibjbq_�

kdhc�kbkl_f_�0�ke_^m_l�bklbgghklv�kZfh]h�ijZ\beZ��L_f�kZfuf�fu�ihemqbf�hij_^_e_gb_�

�ih^ijZ\be��b�hij_^_e_gb_�aZdhgZ�^ey�wfibjbq_kdhc�kbkl_fu�0� 

 L_hj_fZ������IjZ\beh�&� � �$1&...&A k ⇒ A0��eh]bq_kdb�ke_^m_l� �\�bkqbke_gbb�\u�

kdZau\Zgbc��ba�ex[h]h�ijZ\beZ�\b^Z� 
1. Ai1&...&A ih ⇒ ¬Ai0 , 
����]^_�^$i1,...,Aih,Ai0} ⊂ {A 1,...,Ak}, 0 ≤�K���N��l�_� 
    (Ai1&...&A ih ⇒ ¬Ai0) _ ¬(A1&...&A k) _ (A1&...&A k ⇒ A0); 
    _ -�^hdZam_fhklv�\�bkqbke_gbb�\ukdZau\Zgbc� 
2. (Ai1&...&A ih ⇒ A0), 
�����]^_�^$i1,...,Aih} ⊂ {A 1,...,Ak}, 0 ≤�K���N��l�_�� 
    (Ai1&...&A ih ⇒ A0) _ (A1&...&A k ⇒ A0). 

>hdZaZl_evkl\h��>hdZ`_f�kgZqZeZ�i_j\mx�p_ihqdm�\u\h^h\���$i1&...&A ih ⇒ ¬Ai0) ≡ 
(¬(Ai1&...&A ih)∨¬Ai0) ≡ (¬Ai1∨...∨¬Aih∨¬Ai0) ≡ ¬(Ai1&...&A ih&A i0���LZd�dZd�^$i1,...,Aih,Ai0} 
⊂ {A 1,...,Ak`��lh�dhgvxgdpby�$i1&...&A ih&A i0�y\ey_lky�qZklvx�dhgvxgdpbb�$1&...&A k��Ba�

Zdkbhfu� Ze]_[ju� \ukdZau\Zgbc� $	%� _� $� ih� ijZ\bem� PRGXV� SRQHQVH� ke_^m_l�� qlh�

A1&...&A k�_ Ai1&...&A ih&A i0��Ihwlhfm�ba�nhjfme��$i1&...&A ih ⇒ ¬Ai0), A1&...&A k�\u\h�

^blky� ijhlb\hj_qb_� ¬(Ai1&...&A ih&A i0)&(A i1&...&A ih&A i0��� Hlkx^Z� ke_^m_l�� qlh�



(Ai1&...&A ih ⇒ ¬Ai0) _ ¬(A1&...&A k���>hdZ`_f��qlh�¬(A1&...&A k) _ (A1&...&A k ⇒ A0���LZd�

¬(A1&...&A k) ≡ ¬A1∨...∨¬Ak��lh�ih�ijZ\bem�Ze]_[ju�\ukdZau\Zgbc�$ _ A∨%�\u\h^bf��qlh�
¬(A1&...&A k) _ (¬A1∨...∨¬Ak∨A0) ≡ (A1&...&A k ⇒ A0). 

>hdZ`_f��qlh��$i1&...&A ih ⇒ A0) _ (A1&...&A k ⇒ A0���_keb�^$i1,...,Aih} ⊂ {A 1,...,Ak}, 0 
≤�K���N��LZd�dZd��$i1&...&A ih ⇒ A0) ≡ (¬Ai1∨...∨¬Aih∨A0���lh�ba�ko_fu�Zdkbhf�$�¥ A∨%�Ze�
]_[ju� \ukdZau\Zgbc� b� ijZ\beZ� PRGXV� SRQHQV� ke_^m_l�� qlh� �¬Ai1∨...∨¬Aih∨A0) _ 
(¬A1∨...∨¬Ak∨A0) ≡ (A1&...&A k ⇒ A0). 

Hij_^_e_gb_ 1.1. Ih^ijZ\behf�g_dhlhjh]h�ijZ\beZ�&�[m^_f�gZau\Zlv�ex[h_�ba�eh�

]bq_kdb�[he__�kbevguo�ijZ\be�\b^Z���beb����hij_^_e_gguo�\�l_hj_f_�����^ey�ijZ\beZ�&� 

DZd�e_]dh�\b^_lv�ex[h_�ih^ijZ\beh�lZd`_�bf__l�\b^� �����H[hagZqbf�q_j_a�66XE�Σ) 
fgh`_kl\h�\k_o�ih^ijZ\be��\f_kl_�k�kZfbfb�ijZ\beZfb��kbkl_fu�Zdkbhf�Σ. 

Ke_^kl\b_������?keb�g_dhlhjh_�ih^ijZ\beh�ijZ\beZ�&�bklbggh�gZ�wfibjbq_kdhc�kbk�

l_f_�0��lh�b�kZfh�ijZ\beh�&�bklbggh�gZ�0� 

Hij_^_e_gb_ 1.2. AZdhghf�wfibjbq_kdhc�kbkl_fu�0� ��$�:!�[m^_f�gZau\Zlv�ex�

[h_��bklbggh_�gZ�0�ijZ\beh�&�\b^Z� �����^ey�dhlhjh]h�dZ`^h_�_]h�ih^ijZ\beh�m`_�g_�bk�

lbggh�gZ�0� 

LZdbf�h[jZahf��hl�aZ^Zqb���fu�i_j_oh^bf�d�ke_^mxs_c�aZ^Zq_��aZf_gyy�l_klbjh\Z�

gb_�kbkl_f�Zdkbhf�gZ�h[gZjm`_gb_�aZdhgh\�wfibjbq_kdbo�kbkl_f�� 

AZ^ZqZ����>ey�fgh`_kl\Z�ijZ\be�66XE�Σ��hij_^_eblv�dZdb_�ba�gbo�y\eyxlky�aZdhgZ�
fb�wfibjbq_kdhc�kbkl_fu�0� ��$�:!��Ihke_�wlh]h�ijh\_jblv�^ey�dZ`^hc�eb�Zdkbhfu�ba�

Σ�_klv�ih^ijZ\beh�ba�66XE�Σ���y\eyxs__ky�aZdhghf�wfibjbq_kdhc�kbkl_fu�0��?keb�^Z��lh�

\�kbem�ke_^kl\by�����kbkl_fZ�Zdkbhf�\uiheg_gZ�gZ�0� 
  

2. Ihgylb_�wdki_jbf_glZ��Hij_^_e_gb_�aZdhgZ 
�gZ�fgh`_kl\_�\k_o�\hafh`guo�wdki_jbf_glh\� 

 
K\y`_f� ijh\_jdm� bklbgghklb� kbkl_fu� Zdkbhf�gZ� wfibjbq_kdhc� kbkl_f_�0� k� dhg�

dj_lgufb� dhg_qgufb� wdki_jbf_glZfb� gZ� dhlhjuo� wlZ� bklbgghklv� ijh\_jy_lky��L_f� kZ�

fuf�fu�g_�ijhklh� k^_eZ_f�ijh\_jdm� Zdkbhf�[he__�dhgkljmdlb\ghhc�� Z� aZf_gbf� aZ^Zqm��

dhlhjmx�fh`gh�\uihegylv�lhevdh�gZ�l_hj_lbq_kdhf�mjh\g_�gZ�aZ^Zqm�qbklh�wfibjbq_kdhc�

ijh\_jdb��Ihgylb_� wdki_jbf_glZ� aZf_gy_l�b^_Zebabjh\Zggu_� wfibjbq_kdb_� kbkl_fu�gZ�

^_ckl\bl_evgh�wfibjbq_kdb_� 

Ih^�bgl_jij_lZpb_c�yaudZ�/�Σ��gZ�wfibjbq_kdhc�kbkl_f_�0� ��$�:!�[m^_f�ihgb�

fZlv�^\Z�hlh[jZ`_gby��bgl_jij_lZpbx�kb]gZlmjguo�kbf\heh\�,�0���ℑ(Σ) →�:��khihklZ\�

eyxsmx� dZ`^hfm� kb]gZlmjghfm� kbf\hem� 3j ∈ ℑ(Σ��� M�  � ������N��f_klghklb� QM� g_dhlhjuc�
ij_^bdZl�Pj�ba�:�lhc�`_�f_klghklb��b�bgl_jij_lZpbx�i_j_f_gguo�,��;�Σ)) →�;�$���khihk�

lZ\eyxsmx�\aZbfghh^ghagZqgh�\k_f�k\h[h^guf�i_j_f_gguf�;�Σ) = <x1,...xm!�yaudZ�/�Σ) 
i_j_f_ggu_�ih�hkgh\ghfm�fgh`_kl\m�$�wfibjbq_kdhc�kbkl_fu�0��ij_^klZ\e_ggu_�gZ[h�

jhf�;�$�� ��x1,...xm!��Ih^�khklhygb_f�V��;�$��→�$�[m^_f�ihgbfZlv�hlh[jZ`_gb_�gZ[hjZ�

i_j_f_gguo�;�$�� ��x1,...xm!�\�gZ[hj�h[t_dlh\��D1,...am!�ba�$��g_�\k_�h[t_dlu�h[yaZl_evgh�

jZaebqgu���Fgh`_kl\h�\k_o�\hafh`guo�khklhygbc�h[hagZqbf�q_j_a�6� 

Hij_^_ebf�g_nhjfZevgh�qlh�lZdh_�wdki_jbf_gl��Wdki_jbf_gl�khklhbl�\�lhf��qlh[u�

ijb� aZ^Zgghc�bgl_jij_lZpbb� ,�0���ℑ(Σ) →�:�ij_^bdZlguo�kbf\heh\�b� aZ^Zgghc�bgl_j�



ij_lZpbb� ,� i_j_f_gguo�� \u[jZlv� ba� hkgh\gh]h�fgh`_kl\Z� $�g_dhlhjuc�gZ[hj� h[t_dlh\�

<a1,...am!�b�ih^klZ\blv�bo� \f_klh�i_j_f_gguo� �x1,...xm!��>Ze__�hij_^_eblv� agZq_gby�bk�

lbgghklb�\k_o�ZlhfZjguo�nhjfme�gZ��D1,...am>. 

Wdki_jbf_gl�hij_^_ebf�dZd�gZ[hj� 

 

Exp(s) = Exp(I(M)I(X(Σ)),s) = <<a1,...am>, I(M)I(X( Σ))s>, 
 

]^_�V�∈ S, s(X(A)) = <a1,...am>; I(M)I(X( Σ))s -�kmi_jihabpby�bgl_jij_lZpbb�,�0��ij_^bdZl�

guo�kbf\heh\��bgl_jij_lZpbb�,�;�Σ���i_j_f_gguo�b�khklhygby�V��WlZ�kmi_jihabpby�aZ^Z_l�
bgl_jij_lZpbx�ij_^bdZlguo�i_j_f_gguo� \�ij_^bdZlu�gZ� wfibjbq_kdhc� kbkl_f_�b�ih^�

klZ\ey_l�\f_klh�kbf\heh\�i_j_f_gguo�gZ[hj�h[t_dlh\�ba�hkgh\gh]h�fgh`_kl\Z�wfibjbq_�

kdhc�kbkl_fu��qlh�hij_^_ey_l�dhgdj_lgu_�agZq_gby�bklbgghklb�wlbo�ij_^bdZlh\�gZ�^Zg�

ghf� gZ[hj_� h[t_dlh\��Ihkdhevdm� ^ey� ^Zgghc� wfibjbq_kdhc� kbkl_fu� 0� bgl_jij_lZpbb�

I(M), I(X( Σ���ij_^bdZlguo� kbf\heh\�b�i_j_f_gguo�nbdkbjh\Zgu�� lh� wdki_jbf_gl� lZd`_�
[m^_f�h[hagZqZlv�q_j_a�([S�V���AZibkv���D1,...am>, I(M)I(X( Σ��V!��dZd�b�\�kemqZ_�fh^_e_c��
hagZqZ_l��qlh�agZq_gby�bklbgghklb�ZlhfZjguo�\ukdZau\Zgbc�gZ�h[t_dlZo�gZ[hjZ��D1,...am> 
hij_^_e_gu��LZdbf� h[jZahf�� aZibkv� ��D� ����D� !�� ,�0�,�;�Σ��V!� ij_^klZ\ey_l� kh[hc� gZ[hj�
agZq_gbc�bklbgghklb�\k_o�ZlhfZjguo�\ukdZau\Zgbc�gZ�h[t_dlZo�ba��D1,...am!��GZijbf_j��

^ey�:� �^a`�b�h[t_dlh\��D�E�F!� 
 <<a,b,c>, I(M)I(X(Σ��V!� ���D�a�D�� �B���E�a�E�� �B���F�a�F�� �B� 
     �D�a�E�� �E���D�a�F�� �B���E�a�F�� �B� 
     �E�a�D�� �E���F�a�D�� �B���F�a�E�� �E!� 

;m^_f� ij_^iheZ]Zlv�� qlh� ihjy^hd� ZlhfZjguo� hlghr_gbc� \� gZ[hj_� ��D�E�F!��

I(M)I(X( Σ��V!�\k_]^Z�nbdkbjh\Zg��ihwlhfm��_keb�\aylv�lhevdh�gZ[hj�agZq_gbc�bklbgghklb�
�B��B��B��E��B��B��E��B��E!�beb�[m^_f�]h\hjblv�[bgZjguc�\_dlhj�ε�^ey�khhl\_lkl\mxs_]h�

wdki_jbf_glZ��lh�wlhl�\_dlhj�[m^_l�h^ghagZqgh�oZjZdl_jbah\Zlv�j_amevlZlu�wdki_jbf_glZ��

Wlhl�\_dlhj�fh`gh�ij_^klZ\blv�dZd�\_jrbgm�^_\ylbf_jgh]h�^\hbqgh]h�dm[Z�^���`
9
� ��Ih�

emq_gguc�\_dlhj�ε�([S�V���[m^_f�gZau\Zlv�agZq_gb_f�wdki_jbf_glZ�Exp(s). 

Imklv�m�gZk�_klv�g_dhlhjuc�wdki_jbf_gl�([S�V��fgh`_kl\h�agZq_gbc�dhlhjh]h�ij_^�

klZ\ey_l�kh[hc�^\hbqguc�dm[�(��JZkkfhljbf�\aZbfhk\yav�dm[Z�(�b�[me_\hc�Ze]_[ju�ℜ(Σ). 
DZd� ba\_klgh�� ex[h_� ml\_j`^_gb_� ba�ℜ(Σ�� _klv� ^bavxgdpby� we_f_glZjguo� dhgvxgdpbc�
Zlhfh\�beb�bo�hljbpZgbc�ba�8�Σ���Ke_^h\Zl_evgh��\h-i_j\uo��agZq_gb_�bklbgghklb�ex[h�
]h�ml\_j`^_gby�$�∈ ℜ(Σ��gZ�wdki_jbf_gl_�([S�V��hij_^_e_gh�b�\uqbkey_lky�ih�ijZ\beZf�
Ze]_[ju�\ukdZau\Zgbc��\h-\lhjuo��ex[hfm�ml\_j`^_gbx�:�∈ ℜ(Σ��khhl\_lkl\m_l�g_dhlh�
jh_�ih^fgh`_kl\h�(�$��⊆�(�\_dlhjh\��gZ�dhlhjhf��b�lhevdh�gZ�dhlhjhf��hgh�bklbggh��LZd�
dZd�B�≡ A∨¬$�b�E�≡ A& ¬$�\k_]^Z�ijbgZ^e_`Zl�ℜ(Σ���lh�\k_fm�fgh`_kl\m�(�b�imklhfm�
ih^fgh`_kl\m�∅�\_jrbg�lZd�`_�khhl\_lkl\mxl�g_dhlhju_�\ukdZau\Zgby�ba�ℜ(Σ���Ihwlh�
fm��nZdlhj�Ze]_[jZ�ℜ(Σ)/≡�\ukdZau\Zgbc�b�fgh`_kl\h�\k_o�ih^fgh`_kl\�^\hbqgh]h�dm[Z�
(�bahfhjngu� khhl\_lkl\_ggh�hlghkbl_evgh�eh]bq_kdbo�hi_jZpbc�gZ�ℜ(Σ)/≡�b� l_hj_lbdh�
fgh`_kl\_gguo�hi_jZpbc�gZ�(��DZ`^hfm�[bgZjghfm�\_dlhjm�ε�([S�V��� ��B��B��B��E��B��B��
E��B��E!�∈�(��ij_^klZ\eyxs_fm�kh[hc�j_amevlZlu�g_dhlhjh]h�wdki_jbf_glZ��[m^_l�khhl�

\_lkl\h\Zlv� ijb� lZdhf� bahfhjnbaf_� we_f_glZjgZy� dhgvxgdpby� �D� a� D�	�E� a� E�	�F� a�

c)&¬(a ~ b)&(a ~ c)&(b ~ c)&¬(b ~ a)&(c ~ a)&¬(c ~ b) ∈ ℜ(Σ���hibku\ZxsZy�j_amevlZlu�

khhl\_lkl\mxs_]h�wdki_jbf_glZ��dhlhjmx�[m^_f�h[hagZqZlv�q_j_a�$�([S�V��� 



Hij_^_ebf�^ey�wfibjbq_kdhc�kbkl_fu�0�fgh`_kl\h�\k_o�\hafh`guo�wdki_jbf_g�

lh\�([S� �^([S�V��_�V�∈ S}. 

Hij_^_e_gb_� �����NhjfmeZ�&�∈ ℜ(Σ��bklbggZ�gZ�([S�V�� �[m^_f�ibkZlv�([S�V��¸ C), 
lh]^Z�b�lhevdh�lh]^Z��dh]^Z�ijb�hij_^_e_gghf�\�wdki_jbf_gl_�([S�V��gZ[hj_�agZq_gbc�bk�

lbgghklb� ε�([S�V���� nhjfmeZ� &� bklbggZ��BgZq_� ]h\hjy�� nhjfmeZ� &� ∈ ℜ(Σ�� bklbggZ� gZ�
([S�V���_keb�ε(Exp(s)) ∈ E(C). 

Hij_^_e_gb_������NhjfmeZ�&�∈ ℜ(Σ) bklbggZ�gZ�([S�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�hgZ�
bklbggZ�gZ�dZ`^hf�wdki_jbf_gl_�([S�V��∈ Exp. 

E_ffZ������NhjfmeZ�&�∈ ℜ(Σ��bklbggZ�gZ�wfibjbq_kdhc�kbkl_f_�0��ijb�deZkkbq_�

kdhf�hij_^_e_gbb�bklbgghklb�\ukdZau\Zgbc�gZ�fh^_eb��lh]^Z�b�lhevdh�lh]^Z��dh]^Z�hgZ�

bklbggZ�gZ�([S� 

Hij_^_e_gb_������Kbkl_fZ�Zdkbhf�Σ�bklbggZ�gZ�([S�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�dZ`�
^Zy�ZdkbhfZ�ba�Σ bklbggZ�gZ�([S� 

Hij_^_e_gb_ 2.4. AZdhghf�gZ�([S�[m^_f�gZau\Zlv�ex[h_�bklbggh_�gZ�([S�ijZ\beh�
&�\b^Z������dZ`^h_�ih^ijZ\beh�dhlhjh]h�m`_�g_�bklbggh�gZ�([S� 

L_hj_fZ� ����� IjZ\beh� &� \b^Z� ���� y\ey_lky� aZdhghf� wfibjbq_kdhc� kbkl_fu� 0�  �

�$�:!�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�hgh�y\ey_lky�aZdhghf�gZ�([S� 

AZ^ZqZ���i_j_nhjfmebjm_lky�\�j_amevlZl_�ke_^mxsbf�h[jZahf� 

AZ^ZqZ����>ey�fgh`_kl\Z�ijZ\be�66XE�hij_^_eblv�dZdb_�ba�gbo�y\eyxlky�aZdhgZfb�

gZ�([S��Ihke_�wlh]h�ijh\_jblv�^ey�dZ`^hc�eb�Zdkbhfu�ba�Σ�_klv�ih^ijZ\beh�ba�66XE��y\�
eyxs_ky�aZdhghf�gZ�([S� 
 

���Kh[ulby�b�\_jhylghklb�kh[ulbc� 
 

K^_eZ_f�ke_^mxsbc�rZ]�h[h[s_gby��[m^_f�ij_^iheZ]Zlv��qlh�h[v_dlu�^ey�wdki_jb�

f_glh\�\u[bjZxlky�g_dhlhjuf�kemqZcguf�h[jZahf�ba�hkgh\gh]h�fgh`_kl\Z�$�wfibjbq_�

kdhc�kbkl_fu�dZd�ba�]_g_jZevghc�kh\hdmighklb�h[t_dlh\��Wlh�iha\hebl�gZf�\\_klb�\_jh�

ylghklv�gZ�fgh`_kl\_�wdki_jbf_glh\��g_�f_gyy�ihdZ�hij_^_e_gby�wdki_jbf_glZ�dZd�g_dh�

lhjh]h��njZ]f_glZ��wfibjbq_kdhc�kbkl_fu� 

Hij_^_ebf�\_jhylghklv�P�gZ�(� 

Hij_^_e_gb_ 3.1. <_jhylghklvx� gZ� (� [m^_f� gZau\Zlv� hlh[jZ`_gb_� P�� (�→ [0,1], 
m^h\e_l\hjyxs__�mkeh\byf� 
  3.1.1. ∑m(ε) = 1. 
         ε ∈ E 
 3.1.2. m(ε) = 0 ⇔ {Exp(s) ¦ ε(Exp(s))= ε} = ∅. 

Kfuke� mkeh\by� ������ h[tykgy_lky� e_ffhc� �����Hg� khklhbl� \� lhf�� qlh� \_jhylghklv�

^he`gZ� [ulv� kh]eZkh\ZgZ� k� bklbgghklvx� \ukdZau\Zgbc�� _keb� \ukdZau\Zgb_� $� lh`^_kl�

\_ggh�bklbggh�gZ�0��lh�_]h�\_jhylghklv�^he`gZ�[ulv�jZ\gZ����_keb�`_�hgh�lh`^_kl\_ggh�

eh`gh��lh�_]h�\_jhylghklv�^he`gZ�[ulv�jZ\gZ��� 

Hij_^_e_gb_� �����Kh[ulb_f�\� wdki_jbf_gl_�([S�V��[m^_f�gZau\Zlv�ex[h_�ih^fgh�

`_kl\h�(�$��⊆ E, ε(Exp(s)) ∈ E(A), A ∈ ℜ(Σ���<_jhylghklvx�P�kh[ulby�(�$��[m^_f�gZau�
\Zlv�\_ebqbgm�P�(�$��� �∑m(ε). 
                                                   ε ∈ E(A) 



;m^_f�]h\hjblv��qlh�\�j_amevlZl_�wdki_jbf_glZ�([S�V��ijhbahreh�kh[ulb_�(�$��beb�

kh[ulb_�$��_keb�ε(Exp(s)) ∈�(�$���Kh[ulb_�$�y\ey_lky�we_f_glhf�[me_\hc�Ze]_[ju�ℜ(Σ), 
dhlhjmx�fu�lZd�`_�[m^_f�gZau\Zlv�[me_\hc�Ze]_[jhc�kh[ulbc��<_jhylghklv�P�bg^mpbjm�

_l�\_jhylghklv�gZ�[me_\hc�Ze]_[j_�ℜ(Σ). 

E_ffZ������Nmgdpby�Q�$�� �P�(�$����$�∈ ℜ(Σ���hij_^_e_ggZy�gZ�ℜ(Σ���y\ey_lky�\_�
jhylghklvx�gZ�ℜ(Σ)�� l�_��^ey�ex[uo�$�%�∈ ℜ(Σ��nmgdpby� Q�m^h\e_l\hjy_l�ke_^mxsbf�

ZdkbhfZf�>�@���_ -�^hdZam_fhklv�\�bkqbke_gbb�\ukdZau\Zgbc�� 

 3.1.1. n(A∨B) + n(A&B) = n(A) + n(B); 

 3.1.2. n(¬A) = 1 - n(A); 

 �������?keb�_ A ≡�%��lh�Q�$�� �Q�%�� 
 �������?keb�_�$��lh�Q�$�� ��� 

Gh�g_�lhevdh�ijb�^hdZam_fhklb�\ukdZau\Zgby�_]h�f_jZ�^he`gZ�[ulv�jZ\gZ����Ba�mkeh\by�

������hij_^_e_gby�����\_jhylghklb�ke_^m_l��qlh�b�ijb�bklbgghklb�ex[h]h�\ukdZau\Zgby�$�

gZ�wfibjbq_kdhc�kbkl_f_�0��hgh�^he`gh�bf_lv�\_jhylghklv�jZ\gmx��. 

E_ffZ������>ey�ex[h]h�\ukdZau\Zgby�$�∈ ℜ(Σ��\uiheg_gu�ke_^mxsb_�mkeh\by� 

3.2.1. M ̧  A ⇔ n(A) = 1; 

3.2.2. M ̧  ¬A ⇔ n(A) = 0; 

>hdZaZl_evkl\h��>hdZ`_f��qlh�mkeh\by�������b�������wd\b\Ze_glgu��Ih^klZ\bf�\�������

\f_klh�\ukdZau\Zgby�$�\ukdZau\Zgb_�¬$��ihemqbf� M ¸ ¬A ⇔ n(¬A) = 1 ⇔ (1 - n(A)) = 
1 ⇔�Q�$�� ����>hdZ`_f�l_i_jv�mkeh\b_��������Imklv�0�¸ ¬$��lh]^Z�$�\kx^m�eh`gh�gZ�0�b��

agZqbl��\�kbem�e_ffu�����$�eh`gh�gZ�([S��Hlkx^Z��\�kbem�hij_^_e_gby������$�eh`gh�gZ�

dZ`^hf�wdki_jbf_gl_�ba�([S��ihwlhfm�^ey�dZ`^h]h�ε ∈ E(A) {Exp(s) ¦ ε(Exp(s))= ε} = ∅�b�

m(ε�� ����hldm^Z�ke_^m_l��qlh�Q�$�� ����H[jZlgh_�^hdZaZl_evkl\h�ihemqZ_lky�h[jZlguf�oh�
^hf�jZkkm`^_gby� 
  

���Hij_^_e_gb_�\_jhylghklgh]h�aZdhgZ�gZ�([S� 
 

<\_^_f�hij_^_e_gb_�\_jhylghklgh]h�aZdhgZ�iml_f�h[h[s_gby�ihgylby�aZdhgZ�gZ�\_�

jhylghklguc�kemqZc��K^_eZ_f�wlh�lZd��qlh�[u�ihgylb_�aZdhgZ�gZ�([S�[ueh�qZklguf�kemqZ�

_f�wlh]h�[he__�h[s_]h�hij_^_e_gby� 

<kihfgbf� hij_^_e_gb_� aZdhgZ� gZ� ([S�� AZdhghf� gZ� ([S� y\ey_lky� bklbggh_� gZ� ([S�

ijZ\beh�\k_�ih^ijZ\beZ�dhlhjh]h�eh`gu�gZ�([S��Fh`gh�bgZq_�i_j_nhjfmebjh\Zlv�ihgy�

lb_� aZdhgZ�gZ� ([S��AZdhgZfb�y\eyxlky�lZdb_�ijZ\beZ��bklbggu_�gZ�([S��dhlhju_�g_evay�

[he__�mijhklblv�b�beb�eh]bq_kdb�mkbeblv��khojZgyy�bo�bklbgghklv��Wlh�k\hckl\h�g_mijh�

sZ_fhklb�iha\hey_l�knhjfmebjh\Zlv�aZdhg�g_�lhevdh�\�l_jfbgZo�bklbgghklb�gh�b�\_jhyl�

ghklb�b�l_f�kZfuf�i_j_dbgmlv�fhkl�f_`^m�^_l_jfbgbjh\Zgguf�b�\_jhylghklguf�kemqZy�

fb� 

L_hj_fZ������>ey�ijZ\beZ�&� ��$1&...&A k ⇒ A0��\b^Z�����ke_^mxsb_�^\Z�mkeh\by�wd�

\b\Ze_glgu� 

���ijZ\beh�&�y\ey_lky�aZdhghf�gZ�([S� 

�D��mkeh\gZy�\_jhylghklv�Q�$0/A1&...&A k��ijZ\beZ�hij_^_e_gZ��l�_��Q�$1&...&A k) > 0) 
b�Q�$0/A1&...&A k) = 1; 



�E��mkeh\gZy�\_jhylghklv� Q�$0/A1&...&A k��ijZ\beZ�kljh]h�[hevr_�mkeh\guo�\_jhyl�

ghkl_c�dZ`^h]h�ba�_]h�ih^ijZ\be� 

>hdZaZl_evkl\h��Ijb\_^_gh�\�ijbeh`_gbb� 

L_hj_fZ������^Z_l�gZf�wd\b\Ze_glgh_�hij_^_e_gb_�aZdhgZ�gZ�([S�\�l_jfbgZo�\_jhyl�

ghkl_c� 

Hij_^_e_gb_ 4.1. <_jhylghklguf�aZdhghf�gZ�([S�\�^_l_jfbgbjh\Zgghf�kemqZ_ 
�^ey� \_jhylghkl_c� m^h\e_l\hjyxsbo� hij_^_e_gbx� ����� [m^_f� gZau\Zlv� ijZ\beh� &�  �

(A1&...&A k ⇒ A0��\b^Z������m^h\e_l\hjyxs__�mkeh\byf� 

D��mkeh\gZy�\_jhylghklv�Q�$0/A1&...&A k��ijZ\beZ�hij_^_e_gZ��l�_��Q�$1&...&A k) > 0) 
b�Q�$0/A1&...&A k) = 1; 

E��mkeh\gZy�\_jhylghklv�Q�$0/A1&...&A k��ijZ\beZ�kljh]h�[hevr_�mkeh\guo�\_jhylgh�

kl_c�dZ`^h]h�ba�_]h�ih^ijZ\be� 

Ke_^kl\b_� �����<_jhylghklguc� aZdhg�gZ�([S�\�^_l_jfbgbjh\Zgghf�kemqZ_�y\ey_lky�

aZdhghf�wfibjbq_kdhc�kbkl_f�0� 

>hdZaZl_evkl\h��Ke_^m_l�ba�l_hj_f�����b����� 

AZ^ZqZ�l_klbjh\Zgby�kbkl_f�Zdkbhf�l_i_jv�k\h^blky�d�aZ^Zq_�h[gZjm`_gby�\_jhylgh�

klguo�aZdhgh\�\�^_l_jfbgbjh\Zgghf�kemqZ_� 

AZ^ZqZ����Ijh\_jblv�^ey�dZ`^hc�eb�Zdkbhfu�ba�Σ�_klv�ih^ijZ\beh�ba�66XE��y\eyx�
s_ky�\_jhylghklguf�aZdhghf�\�^_l_jfbgbjh\Zgghf�kemqZ_�gZ�([S� 
 

���H[h[s_gb_�ihgylby�\_jhylghklgh]h�aZdhgZ�b�wdki_jb_fglZ 
^ey�l_klbjh\Zgb_�kbkl_f�Zdkbhf�\�mkeh\byo�rmfh\� 

 
Hij_^_e_gb_�wdki_jbf_glZ�([S�V���dZd�g_dhlhjh]h� �njZ]f_glZ���wfibjbq_kdhc�kbk�

l_fu�g_�\dexqZ_l�\�k_[y�\k_o�\b^h\�kemqZcghkl_c��dhlhju_�fh]ml�[ulv�\�wdki_jbf_gl_�b�

g_� hljZ`Z_l� j_Zevghklv� ijh\_^_gby� wdki_jbf_glh\� dZd� hgZ� _klv��IhdZ� qlh� hij_^_e_gb_�

\_jhylghklb� ����\�kbem�mkeh\by�������bkdexq_l�\hafh`ghklv�bkdZ`_gby�agZq_gbc�bklbg�

ghklb� ij_^bdZlh\�� Qlh[u� h[h[sblv� ihgylb_� wdki_jbf_glZ� gZ� kemqZc�� dh]^Z� \hafh`gu�

hrb[db�baf_j_gby��rmfu�beb�hrb[db�\�hl\_lZo�bkiulm_fh]h�g_h[oh^bfh�\\_klb�\k_�wlb�

kemqZcgu_�bkdZ`_gby�\�ihgylb_�wdki_jbf_gl� 

Ba\_klgh�>�@��qlh�\�yaud_�i_j\h]h�ihjy^dZ�b��agZqbl��\�hij_^_e_gguo�\�yaud_�i_j\h]h�

ihjy^dZ�wdki_jbf_glZo��fh`gh�\\_klb�g_kdhevdh�lbih\�kemqZcghkl_c� 

�����KemqZcghklb�� k\yaZggu_� kh� kemqZcguf� \u[hjhf� klbfmeh\�beb�bo� kemqZc-guf�
ihklmie_gb_f�ba�]_g_jZevghc�kh\hdmighklb��kemqZcghklv�gZ�h[eZklb�>�@�� 

�����KemqZcghklb��\uau\Zxsb_�hrb[db�\�hij_^_e_gbb�agZq_gbc�bklbgghklb�ZlhfZj�

guo�\ukdZau\Zgbc�b�k\yaZggu_�k�hrb[dZfb�baf_j_gby��hrb[dZfb�\�hl\_lZo�bkiulm_fh]h��

rmfZfb�ijb[hjZ�beb�rmfZfb�\ha^_ckl\mxsbfb�gZ�bkiulm_fh]h��kemqZcghklv�gZ�fgh`_�

kl\_�\hafh`guo�fbjh\�>�@�� 

<�kemqZyo������b������\_jhylghklv�fh`_l�\\h^blvky�\h[s_�]h\hjy�jZaebqguf�h[jZahf�

>�@�dZd�\_jhylghklv�gZ��h[eZklb��\�kemqZ_�����beb�dZd�\_jhylghklv�gZ�fgh`_kl\_��\hafh`�

guo�fbjh\��\�kemqZ_������Hij_^_e_gb_�\_jhylghklb������y\ey_lky�ijbf_jhf�\_jhylghklb�gZ�

�h[eZklb���l�d��mqblu\Z_l�lhevdh�kemqZcghklb��k\yaZggu_�kh�kemqZcguf�\u[hjhf�klbfm�

eh\��gh�\�kbem�k\hckl\Z�������hij_^_e_gh�^ey�wdki_jbf_glh\��dhlhju_�y\eyxlky��njZ]f_g�



lZfb��wfibjbq_kdbo�kbkl_f�b��ke_^h\Zl_evgh��g_�kh^_j`Zl�kemqZcghkl_c�\b^Z������Qlh[u�

mq_klv�h[Z�lbiZ�kemqZcghkl_c������b������g_h[oh^bfh�h^gh\j_f_ggh�h[h[sblv�hij_^_e_gb_�

\_jhylghklb�b�wdki_jbf_glZ� 

Hij_^_e_gb_ 5.1. <_jhylghklvx�gZ�(�gZah\_f�hlh[jZ`_gb_�P��(�→�>���@��m^h\e_l\h�

jyxs__�mkeh\byf� 

5.1.1. ∑m(ε) = 1. 
                     ε ∈ E 

>ey� �^_l_jfbgbjh\Zgguo" wdki_jbf_glh\�� ^he`gh� [ulv� \uiheg_gh� lZd�`_� ke_�
^mxs__�mkeh\b_� 

5.1.2. m(ε) = 0 ⇔ {Exp(s) ¦ ε(Exp(s))= ε} = ∅. 

Wdki_jbf_gl�hij_^_ebf�dZd�gZ[hj 

Exp(s) = F<<a1,...am>, I(M)I(X( Σ))s>, 

]^_�)��( → E -�kemqZcgh_�hlh[jZ`_gb_��<�kemqZ_��dh]^Z�)� -�lh`^_kl\_ggh_�hlh[jZ`_gb_�
[m^_f�]h\hjblv��qlh�fu�bf__f��^_l_jfbgbjh\Zgguc��wdki_jbf_gl��^ey�dhlhjh]h�^he`gh�

[ulv�\uiheg_gh�mkeh\b_������� 

�>_l_jfbgbjh\Zgguc��wdki_jbf_gl�kh\iZ^Z_l�kh�klZjuf�hij_^_e_gb_f�wdki_jbf_g�

lZ��>Zggh_� hij_^_e_gb_� wdki_jbf_glZ� ([S�V�� ij_^klZ\ey_l� kh[hc� kemqZcgh� bkdZ`_gguc�

nmgdpb_c�)��njZ]f_gl��wfibjbq_kdhc�kbkl_fu��OZjZdl_jbklbdb�nmgdpbb�)�dZd�kemqZcgh�

]h� hlh[jZ`_gby� iheghklvx� hij_^_eyxlky� \_jhylghklvx� P��Hij_^_e_gb_� \_jhylghklb� Q�

hklZ_lky�ij_`gbf� 

>ey�wdki_jbf_glh\��hij_^_e_gguo�\�hij_^_e_gbb�����k�jZaebqgufb�lbiZfb�kemqZc�

ghkl_c�m`_�g_evay�lj_[h\Zlv�bklbgghklb�Zdkbhf�gZ�([S��Ihwlhfm�hij_^_e_gb_�aZdhgZ�gZ�

([S�l_jy_l�k\hc�kfuke��Wd\b\Ze_glgh_�hij_^_e_gb_�\_jhylghklgh]h�aZdhgZ��^Zggh_�\�l_h�

j_f_������^ey�dhlhjh]h�^he`gh�[ulv�\uiheg_gh�mkeh\b_�Q�$0/A1 &...&A k�� ����lZd�`_�l_jy�

_l�kfuke��\�kbem�lh]h��qlh�mkeh\gZy�\_jhylghklv�g_�fh`_l�[ulv�jZ\gZ���\�wdki_jbf_glZo�k�

rmfZfb��Ihwlhfm�g_h[oh^bfh�\\_klb�h[h[s_gb_�wlh]h�hij_^_e_gby�iml_f�m^Ze_gby�mk�

eh\by��dhlhjh_�g_�fh`_l�[ulv�\uiheg_gh� 

Hij_^_e_gb_ 5.2. <_jhylghklguf� aZdhghf� gZ� ([S� [m^_f� gZau\Zlv� ijZ\beh� &�  �

(A1&...&A k ⇒ A0��\b^Z������m^h\e_l\hjyxs__�mkeh\bx� 

�������Mkeh\gZy� \_jhylghklv� Q�$0/A1&...&A k�� ijZ\beZ� hij_^_e_gZ� b� kljh]h� [hevr_�

mkeh\guo�\_jhylghkl_c�dZ`^h]h�ba�_]h�ih^ijZ\be� 

IhdZ`_f��qlh�\�j_amevlZl_�m^Ze_gby�mkeh\by�Q�$0/A1&...&A k�� ���ba�hij_^_e_gby�����

\_jhylghklgh]h�aZdhgZ�^ey�^_l_jfbgbjh\Zgh]h�kemqZy��fu�gbq_]h�g_�ihl_jyeb�ba�kms_kl�

\Z�hij_^_e_gby�aZdhgZ� 

<kihfgbf�� qlh� bf_ggh� k\hckl\h� g_mijhsZ_fhklb� iha\hebeh� gZf� knhjfmebjh\Zlv�

hij_^_e_gb_�\_jhylghklgh]h�aZdhgZ�\�^_l_jfbgbjh\Zgghf�kemqZ_��Ihkfhljbf�gZ�l_hj_fm�

����k�lhqdb�aj_gby�g_mijhsZ_fhklb�aZdhgZ��<�\_jhylghklguo�l_jfbgZo�k\hckl\h�g_mijh�

sZ_fhklb�aZdhgZ�a\mqbl�m`_�g_kdhevdh�bgZq_��^ey�ijZ\beZ��bklbggh]h�gZ�0��^ey�dhlhjh]h�

mkeh\gZy� \_jhylghklv� jZ\gZ� ���g_mijhsZ_fhklv�ijZ\beZ� hagZqZ_l�� qlh� _keb�fu� \havf_f�

ex[h_� eh]bq_kdb� [he__� kbevgh_� _]h� ih^ijZ\beh�� lh� _]h� mkeh\gZy� \_jhylghklv� kljh]h�

mf_gvrblky�b�klZg_l�kljh]h�f_gvr_� ���l�_��\_jhylghklguc� aZdhg�gZ�([S�\�^_l_jfbgbjh�

\Zgghf� kemqZ_� g_evay� mijhklblv� g_� mf_gvrb\� kms_kl\_ggh� _]h� mkeh\gmx� \_jhylghklv��

Ihwlhfm�^\Z�wd\b\Ze_glguo�hij_^_e_gby�aZdhgZ��knhjfmebjh\Zggu_�\�l_hj_f_�����fh]ml�



[ulv� i_j_nhjfmebjh\Zgu� \� l_jfbgZo� g_mijhsZ_fhklb� aZdhgZ�� lhevdh� h^gh� ba� gbo� ^ey�

agZq_gby� bklbgghklb�� Z� ^jm]h_� ^ey� mkeh\ghc� \_jhylghklb�� Ba� wlhc� i_j_nhjfmebjh\db�

\b^gh��qlh�^ey�ihgylby� aZdhgZ�\Z`gu�g_�kZfZ�bklbgghklv��beb�lh��qlh�mkeh\gZy�\_jhyl�

ghklv�jZ\gZ����Z�g_\hafh`ghklv�_]h�mijhs_gby�k�khojZg_gb_f�wlbo�hp_ghd� �bklbgghklb��

\_jhylghklb�b�l�^����Wlh�^Z_l�\hafh`ghklv�^Zlv�[he__�h[s__�hij_^_e_gb_�aZdhgZ�^ey�ijZ�

\be�\b^Z������ho\Zlu\Zxs__�dZd�^_l_jfbgbjh\Zgguc�lZd�b�\_jhylghklguc�kemqZc� 

5.3. Hij_^_e_gb_�aZdhgZ��AZdhghf�y\ey_lky�lZdh_�ijZ\beh�&�\b^Z������oZjZdl_jbam_�
fh_�g_dhlhjhc�hp_gdhc��qlh�_]h�g_evay��mijhklblv���eh]bq_kdb�mkbeblv�\�khhl\_lkl\bb�k�

l_hj_fhc������g_�mf_gvrb\�kms_kl\_ggh�wlhc�hp_gdb� 

Wd\b\Ze_glghklv�^\mo�jZaebqguo�hij_^_e_gbc�aZdhgZ�k�lhqdb�aj_gby�^Zggh]h�hij_�

^_e_gby�aZdhgZ�^ey�^\mo�jZaebqguo�\b^h\�hp_ghd�- hp_gdb�bklbgghklb�b�hp_gdb�mkeh\�
ghc�\_jhylghklb�jZ\ghc���^hdZaZgZ�\�l_hj_f_������Ijb�i_j_oh^_�hl�hij_^_e_gby�����\_�

jhylghklgh]h�aZdhgZ�\�^_l_jfbgbjh\Zgghf�kemqZ_�d�hij_^_e_gbx�����\_jhylghklgh]h�aZ�

dhgZ�fu�aZf_gbeb�hp_gdm�aZdhgZ�k�mkeh\ghc�\_jhylghklb�jZ\ghc���gZ�ijhklh�hp_gdm�mk�

eh\ghc�\_jhylghklb��hklZ\Zykv�\�jZfdZo�hij_^_e_gby�aZdhgZ����� 

Mkeh\gZy� \_jhylghklv�� bkihevam_fZy� \� l_hj_f_� ���� b� hij_^_e_gbyo� ���� b� ���� dZd�

hp_gdZ�aZdhgZ��bgl_j_kgZ�g_�lhevdh�l_f��qlh�wlh�\_jhylghklv��Z�_s_�b�l_f��qlh�hgZ�y\ey_lky�

hp_gdhc�ij_^kdZaZl_evghc�kbeu�aZdhgZ��y\eyxs_cky�gZb[he__�\Z`ghc�oZjZdl_jbklbdhc�

aZdhgh\� \hh[s_��Ihgylb_� aZdhgZ� \k_]^Z� ij_`^_� \k_]h� k\yau\Z_lky� k� _]h� kihkh[ghklvx�

ij_^kdZau\Zlv��ihwlhfm�i_j_oh^�hl�oZjZdl_jbklbdb�aZdhgZ�\�l_jfbgZo�bklbgghklb��ijbgy�

lhc�\�nbehkhnkdhc�eh]bd_�b�k\yaZgghc�k�ijbgpbihf�nZevkbnbpbjm_fhklb��d�oZjZdl_jb�

klbd_� aZdhgZ� \� l_jfbgZo�ij_^kdZaZgby� y\ey_lky�g_�ijhklh�moh^hf�hl� klZjhc�iZjZ^b]fu�

�\dexqZy�ijbgpbi�nZevkbnbpbjm_fhklb��� Z�i_j_oh^hf�d�[he__� _kl_kl\_gghfm�hij_^_e_�

gbx�aZdhgZ�� 

L_hj_fZ� ���� \� wlhf� kemqZ_�hagZqZ_l��qlh�^ey�^_l_jfbgbjh\Zggh]h� kemqZy��dhlhjuc�

oZjZdl_jbam_l�\hafh`ghklv�ij_^kdZaZgby�\�kemqZ_�hlkmlkl\by�rmfh\��hij_^_e_gby�aZdhgZ�

q_j_a�bklbgghklv�b�mkeh\gmx�\_jhylghklv�kh\iZ^Zxl��Gh�_keb�fu�bf__f�klhoZklbq_kdbc�

kemqZc��dh]^Z�ijZ\beZ�g_�bklbggu�gZ�0��hij_^_e_gb_�aZdhgZ�q_j_a�bklbgghklv�l_jy_l�k\hc�

kfuke��Z�hij_^_e_gb_� aZdhgZ��hkgh\Zggh_�gZ�mkeh\guo�\_jhylghklyo�b�ij_^kdZaZgbb�kh�

ojZgy_l�k\hc�kfuke�� 

Ihgylb_� ]bihl_au�� bkihevam_fh_� \�nbehkhnkdhc� eh]bd_� b� k\yaZggh_� k� ijbgpbihf�

nZevkbnbpbjm_fhklb��hlebqZ_lky�hl�hij_^_e_gby� aZdhgZ��<�ebl_jZlmj_�g_l�hij_^_e_gby�

aZdhgZ�ijbjh^u��Ke_^m_l�ih^q_jdgmlv��qlh�hij_^_e_gb_�aZdhgZ�ijbjh^u��b�gZ�wlh�hij_^_�

e_gb_�ij_l_g^m_l�gZr_�hij_^_e_gb_��^he`gh�kem`blv�fhklhf�f_`^m�l_hj_lbq_kdbf��b^_�

Zevguf�b�wfibjbq_kdbf�mjh\gyfb�jZkkfhlj_gby��AZdhg�^Z`_�wfibjbq_kdbc��\�hlebqbb�hl�

]bihl_a��b^_Ze_g��Ihwlhfm�ijh\_jdZ�b�h[gZjm`_gb_�aZdhgZ�gbdZd�g_�fh]ml�[ulv�k\yaZgu�k�

ijbgpbihf�nZevkbnbpbjm_fhklb��<� gZr_f� hij_^_e_gbb� h[gZjm`_gb_� aZdhgZ� k\yaZgh� k�

_]h��\_jhylghklghc��g_mijhsZ_fhklvx��dhlhjZy�l_kgh�k\yaZgZ�k�lZdbfb�ijbkmsbfb�aZdh�

gZf�k\hckl\Zf�dZd�ijhklhlZ��eh]bq_kdZy�kbeZ��fZdkbfZevgZy�h[sghklv��beb�nZevkbnbpb�

jm_fhklv��b�fbgbfZevghklv�qbkeZ�iZjZf_ljh\� 
 

���L_klbjh\Zgb_�kbkl_f�Zdkbhf�\�mkeh\byo�rmfh\� 
 

Ijhp_kk� ihemq_gby� j_amevlZlh\� wdki_jbf_glZ� \� khhl\_lkl\bb� k� hij_^_e_gb_f� ����

fh`gh�jZa^_eblv�gZ�^\Z�wlZiZ�-�ihemq_gb_�j_amevlZlh\�wdki_jbf_glZ�\��qbklhf��\b^_��dZd�



�njZ]f_glZ��g_dhlhjhc�wfibjbq_kdhc�kbkl_fu��Z�aZl_f�ihemq_gb_�j_amevlZlh\�j_Zevgh]h�

wdki_jbf_glZ� �^h[Z\e_gb_f��rmfh\��<u^_eblv�wlb�^\Z�wlZiZ�fh`gh�\\_^y�^\_�\_jhylgh�

klguo�f_ju�^ey� agZq_gbc�wdki_jbf_glh\� -�\_jhylghklgmx�f_jm�\�^_l_jfbgbjh\Zgghf�b�
klhoZklbq_kdhf�kemqZyo��I_j\Zy�bo�gbo�'P�[m^_l�m^h\e_l\hjylv�^hihegbl_evghfm�lj_[h�

\Zgbx�������^ey�\_jhylghkl_c�\�^_l_jfbgbjh\Zgghf�kemqZ_��Z�\lhjZy�6P�[m^_l�\_jhylgh�

klghc�f_jhc�\�h[s_f�kemqZ_��dZd�hij_^_e_gh�\�hij_^_e_gbb����� 

<\_^_gb_�^\mo�\_jhylghklguo�f_j�iha\hebl�gZf�\\_klb�\_jhylghklgmx�fh^_ev�rm�

fh\��<_jg_fky�d�hij_^_e_gbx�wdki_jbf_glZ�\�hij_^_e_gbb���� 

 

Exp(s) = F<<a1,...am>, I(M)I(X( Σ))s>, 
 

KlhoZklbq_kdbc�wdki_jbf_gl�([S�V��ihemqZ_lky�\�^\Z�wlZiZ��kgZqZeZ�ihemqZ_lky�j_�

amevlZl�^_l_jfbgbjh\Zggh]h�wdki_jbf_glZ�\�khhl\_lkl\bb�k�\_jhylghklghc�f_jhc�'P��Z�

aZl_f�ijbf_gy_lky�kemqZcgh_�ij_h[jZah\Zgb_�)��hljZ`Zxs__�\ebygb_�gZ�j_amevlZlu�^_�

l_jfbgbjh\Zggh]h�wdki_jbf_glZ�rmfh\��hrb[hd��g_lhqghklb�ijb[hjh\�b�l�^��\�khhl\_lkl�

\bb�k�\_jhylghklghc�f_jhc�6P��Ijb\_^_f�khhl\_lkl\mxsb_�hij_^_e_gby� 

Hij_^_ebf�i_j_oh^�hl�agZq_gbc�^_l_jfbgbjh\Zggh]h�wdki_jbf_glZ��ij_^klZ\e_ggh�

]h�g_dhlhjufb�gZ[hjZfb�\�^\hbqghf�dm[_�(��d� agZq_gbx�klhoZklbq_kdh]h�wdki_jbf_glZ�

dZd�^_ckl\b_�kemqZcghc�nmgdpbb�)��(�→�(��Hlh[jZ`_gb_�)�_klv�g_dhlhjh_�kemqZcgh_�\aZ�

bfghh^ghagZqgh_�hlh[jZ`_gb_��<_jhylghklgu_�oZjZdl_jbklbdb�wlh]h�hlh[jZ`_gby�b��kh�

hl\_lkl\_ggh��fh^_ev�rmfh\� aZ^Zxlky� khhlghr_gb_f�^\mo� \_jhylghkl_c�'P�b� 6P��Ijb�

wlhf�\_jhylghklv�6P�-�_klv�\_jhylghklv�j_Zevguo�wdki_jbf_glh\��Z�'P�-�\_jhylghklv�]b�
ihl_lbq_kdh]h��b^_Zevgh]h��wdki_jbf_glZ�gZ�wfibjbq_kdhc�kbkl_f_� 

<_jg_fky�d�aZ^Zq_�l_klbjh\Zgby�kbkl_f�Zdkbhf��L_hj_fhc�����b�ke_^kl\b_f�����^ey�

\_jhylghkl_c�'P�wlZ�aZ^ZqZ�[ueZ�j_r_gZ�b�k\_^_gZ�d�aZ^Zq_����Fh`gh�eb�^hdZaZlv�ZgZeh�

]bqgu_�l_hj_fu�\�klhoZklbq_kdhf�kemqZ_�^ey�\_jhylghkl_c� 6P"�D�kh`Ze_gbx��\�h[s_f�

kemqZ_�wlh�ijbgpbibZevgh�g_\hafh`gh�\\b^m�h]jhfgh]h�jZaghh[jZaby�\hafh`guo�fh^_�

e_c�rmfh\�� hrb[hd�bkiulm_fuo��fh^_e_c�ijb[hjh\�b� l�^��L_f�g_�f_g__�[hevrhc�hiul�

j_r_gby�ijZdlbq_kdbo�aZ^Zq��Z�lZd�`_�fh^_evgu_�wdki_jbf_glu�>����-��@�ihdZau\Zxl��qlh�
ihgylb_� \_jhylghklgh]h� aZdhgZ� mklhcqb\h� hlghkbl_evgh� [hevrh]h� qbkeZ� lbih\�rmfh\��

Mklhcqb\hklv�ihgylby�\_jhylghklghc�aZdhghf_jghklb�hlghkbl_evgh�g_dhlhjh]h�lbiZ�rm�

fh\�hagZqZ_l��qlh�_keb�g_dhlhjh_�fgh`_kl\h�ijZ\be�^&i`�y\eyxlky�\_jhylghklgufb�aZdh�

gZfb�\�^_l_jfbgbjh\Zgghf�kemqZ_��lh�wlh `_�kZfh_�fgh`_kl\h�ijZ\be�y\ey_lky�\_jhylgh�
klgufb�aZdhgZfb�b�\�klhoZklbq_kdhf�kemqZ_��L_f�kZfuf�aZ^ZqZ�l_klbjh\Zgby�kbkl_f�Zd�

kbhf� ^ey� ^Zggh]h� lbiZ�rmfh\�fh`_l� [ulv� k\_^_gZ� aZ^Zq_� ��� aZ� bkdexq_gb_f� ijh\_jdb�

mkeh\by��qlh�mkeh\gu_�\_jhylghklb�\_jhylghklguo�aZdhgh\�jZ\gu����Ihke_^g__�mkeh\b_�\�

klhoZklbq_kdhf�kemqZ_�g_�fh`_l�[ulv�\uiheg_gh�b�^he`gh�[ulv� aZf_g_gh�gZ�\_ebqbgm�

jZ\gmx� ��-�hp_gdZ� mjh\gy�rmfh\����Hp_gdm� mjh\gy�rmfh\�fh`gh� ihemqblv� \� ijhp_kk_�

wdki_jbf_glZ��gZijbf_j��\j_fy�hl�\j_f_gb�kemqZcgh�ij_^ty\eyy�kh\_jr_ggh�h^bgZdh\u_�

klbfmeu�>��@� 

Wlb�jZkkm`^_gby�klZ\yl�ke_^mxsmx�ijh[e_fm��hij_^_eblv�dZdb_�\_jhylghklb�b�fh�

^_eb�rmfh\�khojZgyxl�fgh`_kl\h�\_jhylghklguo�aZdhgh\� 

Hij_^_e_gb_������GZah\_f�khojZgyxsbfb�fh^_eyfb�rmfh\�l_�iZju�\_jhylghkl_c�

6P�'P�dhlhju_� khojZgyxl�� kh^_j`Zsb_ky� \�gbo� \_jhylghklgu_� aZdhgu� �l�_��fgh`_kl\h�

\_jhylghklguo�aZdhgh\�^ey�\_jhyghkl_c�6P�b�'P�h^bgZdh\h�� 



?keb�fu� h]jZgbqbf� k_[y� jZkkfhlj_gb_f� lhevdh� khojZgyxsbo�fh^_e_c�rmfh\�� lh�

aZ^ZqZ�l_klbjh\Zgby�kbkl_f�Zdkbhf�\�klhoZklbq_kdhf�kemqZ_�k\h^blky�d�aZ^Zq_� 

AZ^ZqZ� ���>ey�khojZgyxsbo�fh^_e_c�rmfh\��l_klbjh\Zgb_�kbkl_fu�Zdkbhf�Σ�hkm�
s_kl\ey_lky�ijh\_jdhc�^ey�dZ`^hc�eb�Zdkbhfu�ba�Σ�_klv�ih^ijZ\beh�ba�66XE��y\eyxs__�

ky�\_jhylghklguf�aZdhghf�gZ�([S� 

LZdbf�h[jZahf��^ey�j_r_gby�aZ^Zqb�l_klbjh\Zgby�kbkl_fu�Zdkbhf�\�klhoZklbq_kdhf�

kemqZ_�g_h[oh^bfh� agZlv� �eb[h�ijh\_jblv�fZrbgguf�fh^_ebjh\Zgb_f�� y\ey_lky�eb�fh�

^_ev�rmfh\� khojZgyxs_c� beb� g_l��Ihwlhfm� ^ZggZy� jZ[hlZ� klZ\bl� ijh[e_fm�� hij_eblv�

fgh`_kl\h�khojZgyxsbo�fh^_e_c�rmfh\� 
 

7�F_lh^�h[gZjm`_gby�aZdhghf_jghkl_c� 
 

Hibr_f�f_lh^�l_klbjh\Zgby�Zdkbhf��dhlhjuc�ijh\_jy_l��y\ey_lky�eb�g_dhlhjZy�Zd�

kbhfZ�kbkl_fu�Zdkbhf�6�<_jhylghklguf�AZdhghf�gZ�([S��Ihgylb_�<_jhylghklgh]h�AZdhgZ�

lj_[m_l� ijh\_jdb� g_dhlhjuo� \_jhylghklguo� g_jZ\_gkl\��Ijh\_jblv� \uihegbfhklv� wlbo�

\_jhylghklguo�g_jZ\_gkl\�gZ�\u[hjd_�ba�k_jbb�wdki_jbf_glh\�fh`gh�k�ihfhsvx�hij_^_�

e_gguo�klZlbklbq_kdbo�djbl_jb_\� 

Ij_^iheh`bf��qlh�kemqZcgh�b�g_aZ\bkbfh�\�khhl\_lkl\bb�k�\_jhylghklghc�f_jhc�µ 
ijh\_^_gZ�k_jby�wdki_jbf_glh\�b�ihemq_gZ�\u[hjdZ�wdki_jbf_glh\�6DPS�⊂ Exp. 

>ey�klZlbklbq_kdhc�ijh\_jdb�ex[hc�Zdkbhfu�ba�6�gZf�^hklZlhqgh�bf_lv�klZlbklbdm�

-�qbkeh�ih\lhj_gbc�dZ`^h]h�kh[ulby�[me_\hc�Ze]_[ju�%�6���Ihemq_gb_�wlhc�klZlbklbdb�
mijhsZ_lky� l_f�� qlh� gZf� ^hklZlhqgh� agZlv� lhevdh� klZlbklbdm� ^ey� \k_o� Zlhfh\� [me_\hc�

Ze]_[ju��KlZlbklbdZ�ex[h]h�kh[ulby�y\ey_lky�kmffhc�klZlbklbd�l_o�Zlhfh\��ba�dhlhjuo�

khklhbl�kh[ulb_��KlZlbklbdm�^ey�Zlhfh\�fh`gh�ij_^klZ\blv�\�\b^_�ki_pbZevgh]h�fZkkb\Z� 

Hij_^_ebf� fZkkb\� 0� h[t_fZ� �
n+1
� �\� khhl\_lkl\bb� k� qbkehf� ZlhfZjguo� nhjfme�

P0,P1,P2,...,Pn�\�8�6���AgZq_gby�bklbgghklb�dZ`^hc�ZlhfZjghc�nhjfmeu� aZ^Z^bf�qbkeZfb�

1,0 (1 -��bklbgZ��b���-��eh`v����DZ`^uc�we_f_gl�fZkkb\Z�0>L1,...,in+1], i1,...,in+1 ∈�^���`�jZ\_g�
qbkem�khq_lZgbc�agZq_gbc�bklbgghklb�L1,...,in+1�ZlhfZjguo�nhjfme�30,P1,P2,...,Pn�\�wdki_jb�

f_glZo�6DPS���ihke_�nbdkZpbb�bgl_jij_lZpbb��ih^klZgh\db�h[t_dlh\�\f_klh�i_j_f_gguo�

b�hij_^_e_gby�agZq_gbc�bklbgghklb�ZlhfZjguo�nhjfme���<�^Zevg_cr_f�fu�[m^_f�ij_^�

iheZ]Zlv��qlh�klZlbklbdZ��qbkeh�kemqZ_\��ex[h]h�kh[ulby�&�∈�%�6��gZf�ba\_klgZ�b�[m^_f�
h[hagZqZlv�__�q_j_a�Q�&�� 

Ijh\_jbf�kgZqZeZ�^ey�g_dhlhjhc�Zdkbhfu�& ∈�6��qlh�\uiheg_gh�i_j\h_�mkeh\b_�<_�
jhylghklghc�AZdhghf_jghklb�-�mkeh\gZy�\_jhylghklv�hij_^_e_gZ��l�_� µ(A1&...&A n��!���^ey�

C = (A1&...&A n ⇒ A0���>ey�wlh]h�^hklZlhqgh�ijh\_jblv��qlh�Q>$1&...&A n@�!����Ba�hij_^_�

e_gby�\_jhylghklb������b�k\hckl\Z�\_jhylghklb�������ke_^m_l��qlh�_keb�Q>$1&...&A n@�!����lh�

\_jhylghklv�g_�jZ\gZ����GZ�wlhf�ijh\_jdZ�i_j\h]h�mkeh\by�aZdZgqb\Z_lky� 

I_j_c^_f�d�ijh\_jd_�\lhjh]h�mkeh\by��JZkkfhljbf�kgZqZeZ�ijZ\beZ�\b^Z�3
ε1

1 ⇒ Pε0
0. 

LZd�dZd�\�ihkued_�klhbl�lhevdh�h^bg�ij_^bdZlguc�kbf\he�3
ε1

1��dhlhjuc�fh`gh�m^Zeblv�\�

ijhp_kk_� h[h[s_gby�� lh� hij_^_e_gb_� \_jhylghklghc� aZdhghf_jghklb� ���� hagZqZ_l�� qlh�

\_jhylghklv�ijZ\beZ�&� ���⇒ Pε0
��k�imklhc�ihkuedhc�kljh]h�[hevr_��q_f�mkeh\gZy�\_jhyl�

ghklv�ijZ\beZ�3
ε1

1 ⇒ Pε0
0��l�_ 

µ(Pε0
0/P

ε1
1) > µ(Pε0

0). 
Ihke_^g__�g_jZ\_gkl\h�fh`gh�i_j_ibkZlv�\�\b^_ 



µ(Pε0
0&Pε1

1) > µ(Pε0
0)*µ(Pε1

1) 
>ey�ijh\_jdb�wlh]h�g_jZ\_gkl\Z�knhjfmebjm_f�]bihl_am�+0 h�g_aZ\bkbfhklb�ij_^b�

dZlguo�kbf\heh\�3
ε1

1 b�3
ε0

0 

H0: µ(Pε0
0&Pε1

1) = µ(Pε0
0)* µ(Pε1

1),  
ijhlb\�Zevl_jgZlb\� 

H1: µ(Pε0
0&Pε1

1) ≠ µ(Pε0
0)*µ(Pε1

1),  
WlZ�]bihl_aZ�y\ey_lky�keh`ghc�k�h^gbf�h]jZgbq_gb_f�b�^\mfy�kl_i_gyfb�k\h[h^u�

>�@��?keb�]bihl_aZ�+0�\_jgZ��lh�ij_^bdZlgu_�kbf\heu�3
ε1

1 b�3
ε0

0�g_aZ\bkbfu�b�g_jZ\_gkl\h�

^ey�mkeh\ghc�\_jhylghklb�g_�\uiheg_gh��Lh]^Z�nhjfmeZ�3
ε1

1 ⇒ Pε0
0�g_�y\ey_lky�\_jhylgh�

klghc�aZdhghf_jghklvx��?keb�]bihl_aZ�+0�g_\_jgZ��lh�\_jgZ�h^gZ�ba�Zevl_jgZlb\guo�]b�

ihl_a�+1�b�lh]^Z�agZq_gby�3
ε1

1�b�3
ε0

0�aZ\bkbfu�f_`^m�kh[hc� 

=bihl_am� +0� fh`gh� i_j_nhjfmebjh\Zlv� lZd`_� ke_^mxsbf� h[jZahf�� Imklv� qbkeZ�

n(Pε1
1��b�Q�3

(1-ε1)
1��nbdkbjh\Zgu��Z�qbkeZ�Q�3

ε1
1&Pε0

0��b n(P(1-ε1)
1&Pε0

0) y\eyxlky�g_aZ\bkb�
fufb�kemqZcgufb�\_ebqbgZfb��Lh]^Z ]bihl_aZ�+0�y\ey_lky�]bihl_ahc�h�jZ\_gkl\_�\_jhyl�

ghkl_c�\�^\mo kh\hdmighklyo: 

H0: µ(Pε0
0&Pε1

1) = µ(Pε0
0)*µ(Pε1

1),  
ijhlb\�Zevl_jgZlb\� 

H1: µ(Pε0
0&Pε1

1) ≠ µ(Pε0
0)*µ(Pε1

1),  
?keb�]bihl_aZ�+0�g_\_jgZ��lh�\_jgZ�h^gZ ba�]bihl_a�+1��b�eb[h� 

µ(Pε0
0/P

ε1
1) > µ(Pε0

0���eb[h�µ(Pε0
0/P

ε1
1) < µ(Pε0

0). 

?keb�\_jgh�i_j\h_�g_jZ\_gkl\h��lh�l_klbjm_fZy�nhjfmeZ 

Pε1
1 ⇒ Pε0

0                                                                                                                                   (2) 
y\ey_lky�\_jhylghklghc�aZdhghf_jghklvx��_keb�\lhjh_��lh�g_�y\ey_lky� 

Ih�khhlghr_gbyf 

n(Pε0
0&Pε1

1) > (n(Pε0
0)*n(Pε1

1))/N 
n(Pε0

0&Pε1
1) < (n(Pε0

0)*n(Pε1
1))/N 

]^_�N -�h[s__�dhebq_kl\h�wdki_jbf_glh\��fh`gh�hij_^_eblv��dZdh_�ba g_jZ\_gkl\�i_j\h_�
beb�\lhjh_�bf__l�f_klh� 

Qlh[u�ijh\_jblv�]bihl_am�+0�ijhlb\�Zevl_jgZlb\�+1�\hkihevam_fky lhqguf�djbl_�
jb_f� g_aZ\bkbfhklb� Nbr_jZ� >1�� k����@�� Wlhl� djbl_jbc y\ey_lky� jZ\ghf_jgh� gZb[he__�
fhsguf��g_kf_s_gguf�djbl_jb_f�dZd�\ kemqZ_�ijh\_jdb�]bihl_au�h�^\mf_jghc�g_aZ\b�
kbfhklb��lZd�b�\�kemqZ_ ijh\_jdb�]bihl_au�h�jZ\_gkl\_�\_jhylghkl_c�\�^\mo�kh\hdmigh�
klyo�>�� k����@��Ijbf_gb\�wlhl�djbl_jbc�k�g_dhlhjuf�^h\_jbl_evguf�mjh\g_f α��fu ihem�
qbf�� qlh�� eb[h� ]bihl_aZ� +0� \_jgZ� b�� ke_^h\Zl_evgh�� agZq_gby bklbgghklb� ij_^bdZlguo�
kbf\heh\�3

ε1
1�b�3

ε0
0�g_aZ\bkbfu��b��agZqbl��g_l gbdZdhc�aZdhghf_jghklb��eb[h�+0�g_�\_jgZ��

b� fu� ijbgbfZ_f� h^gm� ba� ]bihl_a� +1�� ?keb� ]bihl_aZ� +1� hagZqZ_l�� qlh� µ(Pε0
0&Pε1

1) > 
µ(Pε0

0)*µ(Pε1
1��� lh l_klbjm_fZy� nhjfmeZ� ���� y\ey_lky� \_jhylghklghc� aZdhghf_jghklvx� k 

^h\_jbl_evguf�mjh\g_f α. 

JZkkfhljbf�\�h[s_f�kemqZ_�ijhba\hevgmx�Zdkbhfm�&� � �3
ε1

1&…&P εn
n⇒ Pε0

0) ∈ S. 
K\_^_f� wlhl� kemqZc� d� ij_^u^ms_fm��<\_^_f� h[hagZq_gby� '&�  � ^3

ε1
1,…,Pεn

n}, D ⊂ DC 
�\dexq_gb_�kljh]h_���'&

& = Pε1
1&…&P εn

n, D
& -dhgtxgdpby�ebl_j�ba�'�� 



>ey�ijh\_jdb�y\ey_lky�eb�ZdkbhfZ�K�\_jhylghklghc�aZdhghf_jghklvx��gZ^h�ijh\_�

jblv��\uihegy_lky�eb�^ey�ex[h]h ih^fgh`_kl\Z�'��\dexqZy�∅��khhlghr_gb_ 

µ(Pε0
0/DC&) > µ(Pε0

0/D
&) 

;m^_f�jZkkfZljb\Zlv�dhgtxgdpbx�'
&
�dZd�h^gm�nhjfmem�51�ba�ℜ(Σ���Z dhgtxgdpbx�

ebl_j� ba� '&\'� dZd� ^jm]mx� nhjfmem� 52� ba� ℜ(Σ��� <� kemqZ_� dh]^Z� '�  � ∅, R1�  � WUXH�� Z�

µ(Pε0
0/D

&) = µ(Pε0
0���Lh]^Z�ihemqbf g_jZ\_gkl\h� 

µ(Pε0
0/R1&R2) > µ(Pε0

0/R1). 
LZd�dZd 

µ(Pε0
0/R1&R2) = µ(Pε0

0&R1&R2)/µ(R1&R2) = µ(Pε0
0&R2/R1)/µ(R2/R1), 

lh�ij_^u^ms__�g_jZ\_gkl\h�i_j_c^_l�\�g_jZ\_gkl\h 
 µ(Pε0

0&R2/R1) > µ(R2/R1)*µ(Pε0
0/R1). 

LZd�dZd�Q>$1&...&A n@�!����lh�µ(DC&) > 0; µ(R1) > 0; µ(R2��!���\�kbem�\dexq_gbc�'�⊂�'&�b�
DC\D ⊂�'&��Hlkx^Z�ke_^m_l��qlh�\k_�ijh^_eZggu_�ij_h[jZah\Zgby�dhjj_dlgu��l�d��gb�h^�
gZ�\_jhylghklv�\�agZf_gZl_e_�g_�jZ\gZ��� 

>ey�ijh\_jdb�ihke_^g_]h�g_jZ\_gkl\Z�lZd`_�knhjfmebjm_f�]bihl_am�h�g_aZ\bkbfh�

klb 
H0: µ(Pε0

0&R2/R1) = µ(R2/R1)*µ(Pε0
0/R1) 

ijhlb\�Zevl_jgZlb\� 
H1: µ(Pε0

0&R2/R1) ≠ µ(R2/R1)*µ(Pε0
0/R1). 

H]jZgbqb\Zykv�jZkkfhlj_gb_f�lhevdh�l_o�kh[ulbc��^ey�dhlhjuo�nhjfmeZ�51�bklbg�

gZ��fh`gh�hij_^_eblv�ih^Ze]_[jm�ℜ(Σ��5� ��[me_\hc� Ze]_[ju�ℜ(Σ���jZkkfZljb\Zy� lhevdh�
kh[ulby�gZ�dhlhjuo�R1 bklbggZ��GZ�wlbo�kh[ulbyo�hij_^_ebf�\_jhylghklgmx�f_jm�µ’(E) = 
µ(E&R1)/µ(R1���Lh]^Z�]bihl_au�+0 b�+1�ijbfml�\b^� 

 H0: µ’(Pε0
0&R2) = µ’(R2)*µ’(Pε0

0) 
 H1: µ’(Pε0

0&R2) ≠ µ’(R2)*µ’(Pε0
0) 

=bihl_aZ�+0�ijh\_jy_lky�lZd`_�k�ihfhsvx�djbl_jby�Nbr_jZ�k�g_dhlhjuf�^h\_jb�

l_evguf�mjh\g_f�α. 

:dkbhfZ� &� [m^_f�\_jhylghklghc� aZdhghf_jghklvx� k� ^h\_jbl_evguf mjh\g_f�α, 
_keb�]bihl_aZ�+0�hl\_j]Z_lky�k�mjh\g_f�α�^ey�ex[h]h ih^fgh`_kl\Z�'�⊂�'K�b�ijbgbfZ_�
fZy�]bihl_aZ�+1�bf__l�g_jZ\_gkl\h�!�  

?keb�ZdkbhfZ�K�g_�y\ey_lky�<_jhylghklghc�AZdhghf_jghklvx��lh�g_h[oh^bfh�ijh\_�

jblv�g_� y\ey_lky� eb dZdZy-gb[m^v�[he__� h[sZy� qZklv� Zdkbhfu� &� \_jhylghklghc aZdhgh�
f_jghklvx��>ey�wlh]h�\�dZq_kl\_�'K�[_jmlky�ihke_^h\Zl_evgh \k_\hafh`gu_�ih^fgh`_�
kl\Z�'�⊂�'K��\dexq_gb_�kljh]h_��mkeh\bc ihkuedb�ijZ\beZ�b�^ey�dZ`^h]h�'’ ⊂ D ⊂�'K�
kgh\Z�ijh\_jyxlky�\k_ ]bihl_au�b�g_jZ\_gkl\Z�k�p_evx�hij_^_eblv�y\ey_lky�eb�ijZ\beh�k�
ihkuedhc�D \_jhylghklghc�aZdhghf_jghklvx� 
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klZlbklbdZ���<bsZ�rdheZ���Db_\��������k������ 
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Ijbeh`_gb_��>hdZaZl_evkl\h�l_hj_fu���� 
 

L_hj_fZ������>ey�ijZ\beZ�&� ��$1&...&A k ⇒ A0��\b^Z�����ke_^mxsb_�^\Z�mkeh\by�wd�

\b\Ze_glgu� 

���ijZ\beh�&�y\ey_lky�aZdhghf�gZ�([S� 

��� D�� mkeh\gZy� \_jhylghklv� Q�$0/A1&...&A k�� ijZ\beZ� hij_^_e_gZ� �l�_�� Q�$�	���	$� �������

                 ��!����b�jZ\gZ���� 
��������������E��mkeh\gZy�\_jhylghklv�Q�$0/A1&...&A k��ijZ\beZ�kljh]h�[hevr_�mkeh\guo�������������
�����������\_jhylghkl_c�dZ`^h]h�ba�_]h�ih^ijZ\be� 

>hdZaZl_evkl\h: 

�������Ij_^iheh`bf��qlh�ijZ\beh�&�y\ey_lky�aZdhghf�gZ�0��>hdZ`_f��qlh�lh]^Z�ijZ�

\beZ�hij_^_e_gu��?keb�ijZ\beh�&�y\ey_lky�aZdhghf�gZ�0��lh�ih^ijZ\beh� �$2&...& A k ⇒ 
¬A1��g_�\k_]^Z�bklbggh�gZ�0��AgZqbl�_klv�wdki_jbf_glu��y\eyxsb_ky�bkdexq_gbyfb�ba�

wlh]h�ijZ\beZ��l�_��wdki_jbf_glu�gZ�dhlhjuo�\ukdZau\Zgb_��$2&...&A k &A 1��bklbggh��Lh�

]^Z�^([S�,�0��V��æ�ε(Exp(I(M),s)) ∈ E(A2&...&A k &A 1)} ≠ ∅�b��agZqbl��\�kbem�k\hckl\Z���hi�



j_^_e_gby� �����P�(�$2&...&A k &A 1)) ≠� ��b� Q�$2&...&A k &A 1) ≠� ���Hlkx^Z�ihemqZ_f��qlh�
n(A2&...&A k &A 1) = n(A1&A 2&...&A k��!���b��agZqbl��mkeh\gZy�\_jhylghklv�ijZ\beZ�&�hij_�

^_e_gZ��Hlkx^Z�ke_^m_l��qlh�b�mkeh\gu_�\_jhylghklb�\k_o�ih^ijZ\be�hij_^_e_gu��l�d��ba�

{A i1,...,Aih} ⊆ {A 1,...,Ak`��ke_^m_l��qlh�Q�$i1&...&A ih) ≥ n(A1&...&A k) > 0. 

�������>hdZ`_f�l_i_jv��qlh�Q�$0/A1&...&A k) = 1 ⇔�ijZ\beh�&�bklbggh�gZ�([S��>hdZ�

`_f��qlh�ba�Q�$0/A1&...&A k�� ���ke_^m_l�bklbgghklv�ijZ\beZ�&�gZ�([S��Ij_^iheh`bf�ijh�

lb\gh_��qlh�hgh�g_�bklbggh�gZ�([S��Wlh�hagZqZ_l��qlh�kms_kl\mxl�wdki_jbf_glu�gZ�dhlh�

juo�\ukdZau\Zgb_�$1&...&A k&¬A0�bklbggh�b��agZqbl��fgh`_kl\h�wdki_jbf_glh\�^([S�V��æ�

ε(Exp(s)) ∈ E(A1&...&A k&¬A0)} ≠ ∅�g_�imklh��Hlkx^Z��\ke_^kl\bb�mkeh\by�������hij_^_�

e_gby�\_jhylghklb��ke_^m_l��qlh�P�$1&...&A k &¬A0) ≠� ���Gh�wlh�ijhlb\hj_qbl�mkeh\bx�
n(A0/A1&...&A k��  � ��� l�d�� Q�$0/A1&...&A k) = n(A0&A 1&...&A k)/n(A1&...&A k) = 
n(A0/A1&...&A k)/(n(A0&A 1&...&A k) + n(¬A0&A 1&...& A k���b�ihkdhevdm�fu� ^hdZaZeb�� qlh�

n(¬A0&A 1&...&A k) ≠����lh�Q�$0/A1&...&A k�������H[jZlgh_�^hdZaZl_evkl\h��qlh�ba�bklbggh�

klb�ijZ\beZ�&�gZ�([S�ke_^m_l��qlh�Q�$0/A1 &...&A k�� ���ijh\h^blky�l_fb�`_�jZkkm`^_gby�

fb��ijh\_^_ggufb�\�h[jZlghf�ihjy^d_� 

�������Ba�������b�������ke_^m_l��qlh�ba�mkeh\by�l_hj_fu���ke_^m_l�mkeh\b_��Z��Ba�4.1.1 
ke_^m_l�hij_^_e_gghklv�ijZ\be��Z�ba�������ke_^m_l��qlh�mkeh\gZy�\_jhylghklv�ijZ\be�jZ\gZ�

1. 

�������>hdZ`_f�� qlh�ba� mkeh\by� �� l_hj_fu� ke_^m_l� mkeh\b_� �E��Ex[h_�ih^ijZ\beh�

Ai1&...&A ih ⇒�/�ijZ\beZ�&�eh`gh�gZ�0��]^_�/�-�ebl_jZ�\b^Z�¬$���^ey�ijZ\be�\b^Z���l_hj_�
fu������eb[h�\b^Z�$��^ey�ijZ\be�\b^Z����Eh`ghklv�bf__l�f_klh�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�

{Exp(s) ¦ ε(Exp(s)) ∈ E(Ai1&...&A ih&¬L)} ≠ ∅��qlh�\�kbem�mkeh\by�������hij_^_e_gby�\_jh�

ylghklb��wd\b\Ze_glgh�mkeh\byf�P�$i1&...&A ih&¬/��!���b�Q�$i1&...&A ih&¬L) >����Ba�ih�
ke_^g_]h� g_jZ\_gkl\Z� ke_^m_l� Q�/�$i1&...&A ih) = n(Ai1&...&A ih&L)/n(A i1&...&A ih) = 
n(Ai1&...&A ih&L)/(n(A i1&...&A ih&¬L) + n(Ai1&...& A ih	/��������Gh�ihkdhevdm��\�kbem�imgd�

lZ� ������mkeh\gZy�\_jhylghklv�ijZ\beZ�&�jZ\gZ� ���lh�eh`ghklv�ex[h]h�ih^ijZ\beZ�gZ�0�

wd\b\Ze_glgZ�g_jZ\_gkl\Zf�Q�/�$i1&...&A ih) < 1 = n(A0/A1&...&A k). 

�������LZdbf�h[jZahf��fu�^hdZaZeb��qlh�ba�mkeh\by� ��ke_^mxl�mkeh\by� �D�b� �E��qlh�

^hdZau\Z_l�l_hj_fm�\�h^gm�klhjhgm� 

�������>hdZ`_f��qlh�ba�mkeh\bc��D�b��E�ke_^m_l�mkeh\b_���l_hj_fu��?keb�^ey�ijZ\beZ�

&�mkeh\gZy�\_jhylghklv�hij_^_e_gZ��lh�\�kbem�imgdlZ�������[m^ml�hij_^_e_gu�b�mkeh\gu_�

\_jhylghklb�\k_o�_]h�ih^ijZ\be��LZd�dZd�mkeh\gZy�\_jhylghklv�ijZ\beZ�&��\�kbem�mkeh\by�

�D�jZ\gZ����lh�\�kbem�imgdlZ�������ijZ\beh�&�[m^_l�bklbgguf�gZ�([S��>ey�^hdZaZl_evkl\Z�

lh]h�� qlh�ijZ\beh� &� [m^_l� aZdhghf�g_h[oh^bfh� ^hdZaZlv�� qlh� dZ`^h_�ih^ijZ\beh� wlh]h�

ijZ\beZ�eh`gh��Wlh�fh`gh�k^_eZlv�ijh\h^y�l_�`_�jZkkm`^_gby��qlh�b�\�imgdl_��������lhev�

dh�\�h[jZlghf�ihjy^d_� 


