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<� jZ[hl_� jZkkfZljb\Z_lky� f_lh^heh]by�� f_lh^� b� ijh]jZffgZy� kbkl_fZ� 'LVFRYHU\�

h[gZjm`_gby� aZdhghf_jghkl_c� \� ^Zgguo��Hkgh\u\Zykv� gZ� djblbq_kdhf� ZgZeba_� hkgh\guo�
ihgylbc� l_hjbb� baf_j_gbc�� ^Zggu_� ij_^eZ]Z_lky� ij_^klZ\eylv� \� jZfdZo� wfibjbq_kdhc�
ZdkbhfZlbq_kdhc� l_hjbb�� IhdZau\Z_lky�� dZd� j_amevlZlu� iZjguo� b� fgh`_kl\_gguo�
kjZ\g_gbc�� fZljbpu� h[t_dl-ijbagZd�� mihjy^hq_gbc� b� [ebahklb� fh]ml� [ulv� ij_^klZ\e_gu�
wfibjbq_kdbfb� ZdkbhfZlbq_kdbfb� l_hjbyfb�� :j]mf_glbjm_lky�� qlh� ba\_klgu_� f_lh^u�
ZgZebaZ�^Zgguo�g_�fh]ml�Z^_d\Zlgh�bkihevah\Zlv�bgnhjfZpbx��kh^_j`Zsmxky�\�^Zgguo� - 
hgb�eb[h�h[_^gyxl�__��eb[h�ijb\ghkyl�g_bgl_jij_lbjm_fmx��[_kkfuke_ggmx��bgnhjfZpbx��
<� k\yab� k� wlbf� ij_^eZ]Z_lky� ihkljhblv� Z^_d\Zlguc�f_lh^� h[gZjm`_gby� aZdhghf_jghkl_c��
jZ[hlZxsbc� k� ^Zggufb�� ij_^klZ\e_ggufb� \� wfibjbq_kdbo� ZdkbhfZlbq_kdbo� l_hjbyo��
:j]mf_glbjm_lky��qlh� wfibjbq_kdb�hkfuke_ggufb�b�ijZdlbq_kdb�^hklZlhqgufb�y\eyxlky�
aZdhghf_jghklb�� \ujZabfu_� mgb\_jkZevgufb� nhjfmeZfb�� GZoh^blky� wfibjbq_kdb�
ijh\_jy_fh_� k\hckl\h� baf_jbl_evghc� ijhp_^mju�� ba� dhlhjh]h� ke_^m_l� mgb\_jkZevgZy�
ZdkbhfZlbabjm_fhklv� wdki_jbf_glZevghc� aZ\bkbfhklb�� Ijb\h^blky� h[sZy� nhjfmebjh\dZ�
f_lh^Z� h[gZjm`_gby� aZdhghf_jghkl_c�� KZf� f_lh^� b� ijh]jZffgZy� kbkl_fZ� 'LVFRYHU\��
j_ZebamxsZy�_]h��[m^ml�baeh`_gu�\�ihke_^mxsbo�qZklyo�jZ[hlu� 
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<� gZklhys__� \j_fy� \� lZdbo� h[eZklyo�� dZd� wdki_jlgh_� hp_gb\Zgb_�� khpbheh]by��

ikboheh]by��wdhghfbdZ��]_heh]by��k_evkdh_�ohayckl\h�b�l�^��kh[jZgu�jZaghh[jZagu_�fZkkb\u�
^Zgguo��Wlb�^Zggu_�fh]ml�bf_lv�jZaebqgmx�nhjfm�aZibkb��\dexqZlv�ijbagZdb�b�\_ebqbgu�
jZaebqghc�ijbjh^u��baf_jylvky�\�jZaebqguo�rdZeZo�� 

H^gbfb� ba� rbjhdh� bkihevam_fuo� f_lh^h\� h[jZ[hldb� ^Zgguo� y\eyxlky� f_lh^u�
h[gZjm`_gby�aZdhghf_jghkl_c�b�ij_^kdZaZgby�� 

?keb�fu�agZ_f��qlh�h[jZ[Zlu\Z_fu_�^Zggu_�y\eyxlky�lhevdh�dhebq_kl\_ggufb�beb�
lhevdh�^bkdj_lgufb��lh��dZd�ijZ\beh��ijh[e_f�ijb�h[jZ[hld_�wlbo�^Zgguo�g_�\hagbdZ_l��Bo�
gZ^h� h[jZ[Zlu\Zlv� ba\_klgufb� f_lh^Zfb� h[gZjm`_gby� aZdhghf_jghkl_c� b� ij_^kdZaZgby��
Ijh[e_fu� \hagbdZxl� ijb� h[jZ[hld_� ^Zgguo� k� g_^hklZlhqgh� hij_^_e_gghc� ]jmiihc�
^himklbfuo�ij_h[jZah\Zgbc�rdZe��kf_rZgguo�^Zgguo�b�gh\uo�\b^h\�^Zgguo�� 

-� >ey� h[jZ[hldb� kf_rZgguo� ^Zgguo� beb� gh\uo� \b^h\� ^Zgguo�� dZd� ijZ\beh� 
jZajZ[Zlu\Zxlky�gh\u_�f_lh^u�� 

Ijb�ijb\_^_gbb�^Zgguo�d�h^ghfm�ba�ba\_klguo�\b^h\�hgb�qZklh�bkdZ`Zxlky��?keb�
hgb�ij_h[jZamxlky�\�dhebq_kl\_ggu_�^Zggu_� �lh�_klv�k�qbkeZfb�jZaj_rZ_lky�ijhba\h^blv�
ex[u_�fZl_fZlbq_kdb_�hi_jZpbb��\g_�aZ\bkbfhklb�hl�bo�bgl_jij_lZpbb���lh�\�gbo�\ghkblky�
[_kkfuke_ggZy� bgnhjfZpby� �k\yaZggZy� k� ijhba\hehf� \� \u[hj_� qbkeh\uo� ij_^klZ\e_gbc���
ijhy\eyxsZyky� \� lhf�� qlh� g_\hafh`gh� ijb_fe_fuf� h[jZahf� ijhbgl_jij_lbjh\Zlv�
ihemq_ggu_� j_amevlZlu�� ?keb� jZkkfZljb\Z_fu_� ^Zggu_� ij_h[jZamxlky� \� dhebq_kl\_ggu_�
^Zggu_�aZ�kq_l�bkihevah\Zgby�^hihegbl_evguo�ij_^iheh`_gbc�beb�fh^_e_c��lh�wlh�k\yaZgh�
k�[hevrbfb�fZl_fZlbq_kdbfb� ljm^ghklyfb��?keb�^Zggu_�ij_h[jZamxlky�\�^bkdj_lgu_�� lh�
wlh�\_^_l�d�ihl_j_�bgnhjfZpbb�� 



Wlb� ljm^ghklb� \hagbdZxl� ba-aZ� jZaghh[jZaby� b� g_hij_^_e_gghklb� wfibjbq_kdh]h�
kh^_j`Zgby� ^Zgguo�� Ih^� wfibjbq_kdbf� kh^_j`Zgb_f� ^Zgguo� ihgbfZ_lky� lh� kh^_j`Zgb_�
^Zgguo�� dhlhjh_�g_� aZ\bkbl� hl�ijhba\heZ� \� \u[hj_� qbkeh\uo�ij_^klZ\e_gbc� \_ebqbg�b�� \�
qZklghklb��hl�\u[hjZ�_^bgbp�baf_j_gby��;he__�lhqgh�-�wlh�lh�kh^_j`Zgb_�^Zgguo��dhlhjh_�\�
khhl\_lkl\bb� k� l_hjb_c� baf_j_gbc� >���������@� fh`_l� [ulv� ij_^klZ\e_gh� fgh]hkhjlghc�
wfibjbq_kdhc�kbkl_fhc�b�kbkl_fhc�Zdkbhf��dhlhju_�bgl_jij_lbjmxlky�\�kbkl_f_�ihgylbc�
ij_^f_lghc� h[eZklb� �j_rZ_fhc� aZ^Zq_��� Lhqgh_� hij_^_e_gb_� wfibjbq_kdh]h� kh^_j`Zgby�
^Zgguo�[m^_l�^Zgh�\����\�\b^_�wfibjbq_kdhc�ZdkbhfZlbq_kdhc�l_hjbb�� 

IhklZ\bf� aZ^Zqm� �ihegh]h�� wfibjbq_kdh]h� ZgZebaZ� kh^_j`Zgby� ^Zgguo�� LZdZy�
ihklZgh\dZ� lj_[m_l� gh\h]h� ih^oh^Z� d� h[jZ[hld_� ^Zgguo� ij_^klZ\e_gb_� ^Zgguo� \�
khhl\_lkl\bb� k� l_hjb_c� baf_j_gbc� \� fgh]hkhjlguo� wfibjbq_kdbo� kbkl_fZo��
m^h\e_l\hjyxsbo� g_dhlhjuf� kbkl_fZf� Zdkbhf�� b� ijbf_g_gb_� d� gbf� ki_pbZevgh�
jZajZ[hlZgguo� f_lh^h\� h[gZjm`_gby� aZdhghf_jghkl_c� b� ij_^kdZaZgby�� jZ[hlZxsbo� k�
fgh]hkhjlgufb�wfibjbq_kdbfb�kbkl_fZfb�� 

�IheghlZ��wfibjbq_kdh]h�ZgZebaZ�[m^_l�ke_^h\Zlv�ba� 
��� Iheghlu� mq_lZ� \k_c� bgl_jij_lbjm_fhc� �\� kbkl_f_� ihgylbc� IH�� bgnhjfZpbb��

kh^_j`Zs_cky�\�^Zgguo��dhlhjZy�ke_^m_l�ba�l_hjbb�baf_j_gbc�� 
���Ba��iheghlu��jZkkfZljb\Z_fh]h�fgh`_kl\Z�aZdhghf_jghkl_c��kf������ 
K� wlhc� p_evx� jZajZ[hlZg�f_lh^� h[gZjm`_gby� aZdhghf_jghkl_c� b� j_ZebamxsZy� _]h�

ijh]jZffgZy�kbkl_fZ�'LVFRYHU\�� 
Ihevah\Zl_ev�\�^bZeh]_�k�ijh]jZffghc�kbkl_fhc�aZ^Z_l�g_dhlhjh_�iZjZf_ljbq_kdh_�

k_f_ckl\h�nhjfme� 
A1&…&A n ⇒ A0,                 (1) 

]^_� $0,A1,…,An -� eh]bq_kdb_� \ujZ`_gby� �eh]bq_kdb_� \ujZ`_gby� \dexqZxl� eh]bq_kdb_�
k\yadb�$1'��25��127��kdh[db�b�ijhba\hevgu_�Zjbnf_lbq_kdb_�\ujZ`_gby�k�iZjZf_ljZfb���
IZjZf_lju� fh]ml� [ulv� ijhba\hevgufb� b� baf_gylvky� \� pbde_�� IZjZf_ljZfb� fh]ml� [ulv�
ghf_jZ� ijbagZdh\�� bgl_j\Zeu� baf_g_gby� ijbagZdh\�� \u^_e_ggu_� agZq_gby� ijbagZdh\��
iZjZf_lju�fh^bnbpbjmxsb_� ijbagZd� �ih^\_j]Zxsb_� _]h� jZaebqguf� ij_h[jZah\Zgbyf�� b�
l�^��>ey�dZ`^h]h�gZ[hjZ�agZq_gbc�iZjZf_ljh\�fu�ihemqZ_f�dhgdj_lgmx�nhjfmem�\b^Z� 

∀x1,…,xn(P
ε1(x1

1,…,x1
m1)&…& Pεn(xn

1,…,xn
mn) ⇒ Pε0(x0

1,…,x0
m0) (1) 

dhlhjZy�ijh\_jy_lky�gZ�aZdhghf_jghklv�� 
Fgh`_kl\h�nhjfme� ���� y\ey_lky� \� hij_^_e_gghf� kfuke_�iheguf� �kf������Nhjfmeu�

����ijh\_jyxlky�gZ�aZdhghf_jghklb�gZ�fgh]hkhjlghc�wfibjbq_kdhc�kbkl_f_�� 
Ijh]jZffgZy� kbkl_fZ� 'LVFRYHU\� iha\hey_l� j_Zebah\Zlv� kljZl_]bx� gZijZ\e_ggh]h� b�

\k_�[he__�^_lZevgh]h�ZgZebaZ�wfibjbq_kdh]h�kh^_j`Zgby�^Zgguo��aZ^Z\Zy�ihke_^h\Zl_evgh�
mlhqgyxsb_ky�iZjZf_ljbq_kdb_�k_f_ckl\Z�nhjfme������WlZ�kljZl_]by�kh]eZkm_lky�k�l_hjb_c�
baf_j_gbc��ihdZau\Zxs_c�� qlh�rdZeu� \_ebqbg� mihjy^hq_gu� \� khhl\_lkl\bb� k� [h]Zlkl\hf�
bgnhjfZpbb�� kh^_j`Zs_cky� \� agZq_gbyo� \_ebqbg� -� hl� rdZeu� gZbf_gh\Zgbc� b� rdZeu�
ihjy^dZ�d�rdZe_�bgl_j\Zeh\��hlghr_gbc�b�Z[khexlghc�rdZe_�� 

<� khhl\_lkl\bb� k� wlhc� kljZl_]b_c�� kgZqZeZ� ke_^m_l� ijh\_klb� ]jm[mx� h[jZ[hldm�
^Zgguo� \� rdZe_� gZbf_gh\Zgbc�� Bf_xsb_ky� qbkeh\u_� agZq_gby� ke_^m_l� jZa[blv� gZ�
bgl_j\Zeu��dhlhju_�fh`gh�aZ^Z\Zlv�iZjZf_ljZfb��AZl_f�ke_^m_l�gZclb�\k_�aZdhghf_jghklb�
\�rdZe_� ihjy^dZ� b� gZbf_gh\Zgbc�� Ihke_� lZdhc� h[jZ[hldb� \k_� ijbagZdh\h_� ijhkljZgkl\h�
jZah[v_lky�gZ�h[eZklb��\u^_ey_fu_�bf_gZfb�beb�bgl_j\ZeZfb��\gmljb�dhlhjuo�[m^_l�bf_lv�
f_klh�fhghlhggZy�aZ\bkbfhklv�\�rdZe_�ihjy^dZ�f_`^m�g_dhlhjufb�ijbagZdZfb�� 

;he__� lhqguc� ZgZeba� \b^Z� aZ\bkbfhklb� ^he`_g� ijh\h^blvky� aZ� kq_l� bgnhjfZpbb��
kh^_j`Zs_cky� \� [he__� kbevguo� rdZeZo�� bkihevamy� khhl\_lkl\mxsb_� wlbf� rdZeZf�
hlghr_gby� b� hi_jZpbb�� >ey� wlh]h� ke_^m_l� ijh\_jblv� \uihegbfhklv� ba\_klguo� kbkl_f�
Zdkbhf� l_hjbb� baf_j_gbc� gZ� h[gZjm`_gguo� mqZkldZo� fhghlhgghklb�� Wlh� fh`gh� k^_eZlv�
kbkl_fhc� 'LVFRYHU\�� ijh\_jyy� \uihegbfhklv� aZeh`_gguo� \� g_c� kbkl_f� Zdkbhf� l_hjbb�



baf_j_gbc��?keb� dZdZy-eb[h� kbkl_fZ� Zdkbhf� \uiheg_gZ�� lh� wlh� iha\hey_l� hij_^_eblv� \b^�
nmgdpbhgZevghc�aZ\bkbfhklb�b�Z^_d\Zlgu_�j_rZ_fhc�aZ^Zq_�rdZeu�\_ebqbg��?keb�kbkl_fZ�
Zdkbhf� g_� h[gZjm`_gZ�� lh� kbkl_fZ� iha\hey_l� hij_^_eylv� \� \b^_� aZdhghf_jghkl_c�
oZjZdl_jgu_� k\hckl\Z� nmgdpbc� �fhghlhgghklv�� Z^^blb\ghklv�� wdkihg_gpbZevghklv� b� l�^����
gZb[he__�lhqgh�oZjZdl_jbamxsb_�\b^�aZ\bkbfhklb� 
 

���Djblbq_kdbc�ZgZeba�f_lh^h\�ZgZebaZ�^Zgguo� 
 

��� Ijb\_^_f� djblbq_kdbc� ZgZeba� ba\_klguo� f_lh^h\� h[jZ[hldb� fZljbp� h[t_dl-
ijbagZd� -� f_lh^h\� j_]j_kkbhggh]h�� dhjj_eypbhggh]h�� ^bki_jkbhggh]h� b� dh\ZjbZpbhggh]h�
ZgZebah\��Wlb�f_lh^u��aZ�j_^dbf�bkdexq_gb_f��ijbf_gyxlky�ke_^mxsbf�h[jZahf��^Zggu_�
eb[h�mkbeb\Zxlky� �\� kfuke_� l_hjbb�baf_j_gbc��iml_f� Z[khexlbaZpbb�qbkeh\uo� agZq_gbc�
\_ebqbg� �lh�_klv�k�qbkeZfb�jZaj_rZ_lky�ijhba\h^blv�ex[u_�fZl_fZlbq_kdb_�^_ckl\by�\g_�
aZ\bkbfhklb� hl� bo� hkfuke_gghklb� b� bgl_jij_lbjm_fhklb��� eb[h� ^Zggu_� k\h^ylky� d�
^bkdj_lguf� ^Zgguf� iml_f� jZaebqgh]h� jh^Z� ]jZ^mbjh\Zgbc�� <� i_j\hf� kemqZ_� \ghkblky�
[_kkfuke_ggZy� bgnhjfZpby�� dhlhjZy� ijhy\ey_lky� \� lhf�� qlh� g_\hafh`gh� ijb_fe_fuf�
h[jZahf� ijhbgl_jij_lbjh\Zlv� ihemq_ggu_� j_amevlZlu� �beb� lhqg__�� wlb� j_amevlZlu� g_�
bg\ZjbZglgu� hlghkbl_evgh� ^himklbfuo� ij_h[jZah\Zgbc� rdZe��� \h� \lhjhf� kemqZ_� qZklv�
bgnhjfZpbb�l_jy_lky��Ihykgbf�wlhl�l_abk�� 

JZkkfhljbf�hl^_evgh�r_klv�kemqZ_\�� 
����� FZljbpZ� h[t_dl-ijbagZd� kh^_j`bl� lhevdh� nbabq_kdb_� \_ebqbgu�� b� Zijbhjb�

ba\_klgh�� qlh� j_rZ_fZy� aZ^ZqZ� hlghkblky� d� h[eZklb�nbabdb��<� wlhf� kemqZ_� wfibjbq_kdb_�
kbkl_fu�\_ebqbg�ba\_klgu�>�@�b�ijbf_g_gb_�i_j_qbke_gguo�\ur_�f_lh^h\�ZgZebaZ�^Zgguo�
gZb[he__�h[hkgh\Zggh��Gh�^Z`_�\�wlhf�kemqZ_�\hagbdZxl�ke_^mxsb_�ljm^ghklb�� 

Z��LZd�dZd�\_ebqbgu�y\eyxlky�nbabq_kdbfb��b�aZdhghf_jgZy�k\yav�f_`^m�\_ebqbgZfb�
nbabq_kdb�bgl_jij_lbjm_fZ��lh��dZd�ke_^m_l�ba�l_hjbb�baf_j_gbc��wlb�\_ebqbgu�baf_jyxlky�
\� rdZe_� hlghr_gbc� beb� eh]-bgl_j\Zevghc� rdZe_�� Lj_[h\Zgb_� bg\ZjbZglghklb� f_lh^h\�
h[jZ[hldb�^Zgguo�hlghkbl_evgh�^himklbfuo�ij_h[jZah\Zgbc�rdZe�y\ey_lky�g_h[oh^bfuf�
djbl_jb_f� hkfuke_gghklb� ihemqZ_fuo� f_lh^Zfb� j_amevlZlh\� -� j_amevlZlu� h[jZ[hldb 
^Zgguo�g_�^he`gu�aZ\bk_lv�hl�gZr_]h�ijhba\heZ�\�\u[hj_�qbkeh\uo�ij_^klZ\e_gbc�\_ebqbg�
b�� \� qZklghklb�� hl� ijhba\heZ� \� \u[hj_� _^bgbp� baf_j_gby�� Ijh\_jdZ� f_lh^h\� h[jZ[hldb�
^Zgguo� gZ� bg\ZjbZglghklv� b� ihbkd� bg\ZjbZglguo� f_lh^h\�� dZd� ihdZaZgh� \� jZ[hlZo�
[6,7,8,9������@�� y\ey_lky� ljm^ghc�fZl_fZlbq_kdhc� aZ^Zq_c��IhdZaZgh�� qlh� ^Ze_dh� g_� \kydbc�
f_lh^�bg\ZjbZgl_g�hlghkbl_evgh�^himklbfuo�ij_h[jZah\Zgbc�rdZe�� 

Lj_[h\Zgb_� bg\ZjbZglghklb� g_� y\ey_lky� l_f� g_� f_g__� ^hklZlhqguf� djbl_jb_f�
hkfuke_gghklb�� 

[�� >Z`_� _keb� f_lh^� h[jZ[hldb� ^Zgguo� bg\Zjb_gl_g� hlghkbl_evgh� ^himklbfuo�
ij_h[jZah\Zgbc�rdZe�� lh��dZd�ihdZaZgh�\� l_hjbb�baf_j_gbc� >��������@�� wlh� _s_�g_�hagZq_l��
qlh� j_amevlZlu� h[jZ[hldb� ^Zgguo� bgl_jij_lbjm_fu� \� l_jfbgZo� hlghr_gbc� ba�
wfibjbq_kdbo� kbkl_f�� LZdhfm� [he__� kbevghfm� lj_[h\Zgbx� gZ� bgl_jij_lbjm_fhklv�
m^h\e_l\hjyxl�hkgh\gu_�aZdhgu�deZkkbq_kdhc�nbabdb��gh�kms_kl\mxsb_�f_lh^u�h[jZ[hldb�
^Zgguo�_fm��dZd�ijZ\beh��g_�m^h\e_l\hjyxl��L_f�g_�f_g__��^ey�fgh]bo�ijZdlbq_kdbo�aZ^Zq�
lj_[m_lky� bf_ggh� lZdZy� bgl_jij_lbjm_fhklv� -� \� kbkl_f_� ihgylbc� ij_^f_lghc� h[eZklb�� \�
dhlhjhc� bgl_jij_lbjmxlky� baf_jbl_evgu_� ijhp_^mju� wfibjbq_kdbo� kbkl_f� b� j_rZ_fZy�
aZ^ZqZ��Lhevdh�ijb�lZdhc�bgl_jij_lZpbb�j_amevlZlu�h[jZ[hldb�^Zgguo�[m^ml�j_amevlZlZfb�
^ey�khhl\_lkl\mxs_c�ij_^f_lghc�h[eZklb�� 

Bg\ZjbZglgu_� f_lh^u� m^h\e_l\hjyxl� [he__� keZ[hfm� lj_[h\Zgbx� gZ�
bgl_jij_lbjm_fhklv��?keb�f_lh^hf��gZijbf_j�� ZiijhdkbfZpbb�mklZgh\e_gh��qlh�\_ebqbgu�
y,x1,…,xn�\�fZljbp_�h[t_dl-ijbagZd�k\yaZgu�aZ\bkbfhklvx�\� �I�[1,…,xn� ��lh��ohly�fu�b�g_�
fh`_f�ijhbgl_jij_lbjh\Zlv�nmgdpbx�I�\�l_jfbgZo�hlghr_gbc�ba�wfibjbq_kdbo�kbkl_f�beb�



\u\_klb� __� ba� khhl\_lkl\mxsbo� kbkl_f� Zdkbhf�� dZd� wlh� bf__l� f_klh� ^ey� aZdhgh\�
deZkkbq_kdhc� nbabdb�� gh� fu� fh`_f� ijhbgl_jij_lbjh\Zlv� hlghr_gb_� jZ\_gkl\Z�  ��
Bgl_jij_lZpby�jZ\_gkl\Z�hagZqZ_l��qlh�hlghkbl_evgh�\_ebqbgu�\�fu�fh`_f�kdZaZlv�lhevdh�
lh��qlh�hgZ�y\ey_lky�g_dhlhjhc�nmgdpb_c�\_ebqbg�[1,…,xn��Hlghkbl_evgh�kZfhc�nmgdpbb�fu�
gbq_]h� [he__� kdZaZlv� g_� fh`_f�� Lh� `_� kZfh_� \_jgh� b� ^ey� ^jm]bo� f_lh^h\�� GZijbf_j�� \�
aZ^ZqZo� jZkihagZ\Zgby� h[jZah\� g_� bgl_jij_lbjmxlky� j_rZxsb_� ijZ\beZ�� aZ^Z\Z_fu_�
nmgdpbyfb�� Z� bgl_jij_lbjm_lky� lhevdh� j_r_gb_� -� ijbgZ^e_`ghklv� i_j\hfm� beb� \lhjhfm�
h[jZam��<�g_dhlhjuo�f_lh^Zo�lZdkhghfbb�g_�bgl_jij_lbjmxlky�nmgdpbb��hij_^_eyxsb_�\b^�
lZdkhgh\��Z�bgl_jij_lbjm_lky�lhevdh�ijbgZ^e_`ghklv�i_j\hfm��\lhjhfm�b�l�^��lZdkhgm� 

����� FZljbpZ� h[t_dl-ijbagZd� kh^_j`bl� lhevdh� nbabq_kdb_� \_ebqbgu�� gh�
jZkkfZljb\Z_fZy�aZ^ZqZ�g_�y\ey_lky�nbabq_kdhc��Z��gZijbf_j��]_heh]bq_kdhc��f_^bpbgkdhc��
k_evkdhohayckl\_gghc�b�l�^��<�wlhf�kemqZ_�rdZeu�jZkkfZljb\Z_fuo�nbabq_kdbo�\_ebqbg�g_ 
ba\_klgu�� lZd� dZd� g_� ba\_klgu� bo� fgh`_kl\Z� ^himklbfuo� ij_h[jZah\Zgbc�� >himklbfu_�
ij_h[jZah\Zgby�hij_^_eyxlky�wfibjbq_kdhc�b�qbkeh\hc�kbkl_fZfb��?keb�jZkkfZljb\Z_fu_�
\_ebqbgu�nbabq_kdb_��lh�wfibjbq_kdb_�kbkl_fu�^he`gu�[ulv�nbabq_kdb�bgl_jij_lbjm_fu��
?keb� j_rZ_fZy� aZ^ZqZ� lZd`_� nbabq_kdZy�� lh� bgl_jij_lZpby� wfibjbq_kdhc� kbkl_fu�
khojZgy_lky�� ?keb� `_� j_rZ_fZy� aZ^ZqZ� ijbgZ^e_`bl� d� ^jm]hc� h[eZklb�� lh� g_h[oh^bfh�
ijh\_jblv�� fh`gh� eb� ijhbgl_jij_lbjh\Zlv� baf_jbl_evgmx� ijhp_^mjm� b� hlghr_gby� ba�
wfibjbq_kdhc� kbkl_fu� \� l_jfbgZo� wlhc� ij_^f_lghc� h[eZklb�� ?keb� dZdb_-lh� hlghr_gby�
g_evay�ijhbgl_jij_lbjh\Zlv��lh�wfibjbq_kdmx�kbkl_fm�ke_^m_l�baf_gblv��m[jZ\��gZijbf_j��
g_dhlhju_� hlghr_gby�� Wlh� baf_gbl� wfibjbq_kdmx� kbkl_fm� b� fgh`_kl\h� ^himklbfuo�
ij_h[jZah\Zgbc�� GZijbf_j�� ^ey� fgh]bo� nbabq_kdbo� \_ebqbg� kms_kl\m_l� wfibjbq_kdb�
bgl_jij_lbjm_fh_� nbabq_kdh_� hlghr_gb_� •�� h[eZ^Zxs__� k\hckl\Zfb� hi_jZpbb� keh`_gby��
>ey�nbabq_kdbo�\_ebqbg��g_�bf_xsbo�wlhc�hi_jZpbb��hgZ�hij_^_ey_lky�k�ihfhsvx�aZdhgZ��
k\yau\Zxs_]h� wlm�\_ebqbgm� k�^\mfy�^jm]bfb�nbabq_kdbfb�\_ebqbgZfb��bf_xsbfb� lZdh_�
hlghr_gb_��Ijbf_jhf� fh`_l� kem`blv� l_fi_jZlmjZ�� baf_jy_fZy� ihkj_^kl\hf� l_jfhf_ljZ��
L_fi_jZlmjZ� g_� bf__l� hlghr_gb_� •� gh� _]h� fh`gh� hij_^_eblv� k� ihfhsvx� l_jfhf_ljZ��
bkihevamy� aZdhg�� k\yau\Zxsbc� l_fi_jZlmjm� k� ^ebghc� jlmlgh]h� klhe[Z� \� l_jfhf_lj_��
Hlghr_gb_�W1•t2~t3�[m^_l�bf_lv�f_klh�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�^ey�^ebg�H1,e2,e3�jlmlgh]h�
klhe[Z� \uiheg_gh� hlghr_gb_� H1 • e2 ~ e3�� JZkkfhljbf� wlh�`_� hlghr_gb_� \� kemqZ_�� _keb�
j_rZ_fZy�aZ^ZqZ�hlghkblky�d�h[eZklb�f_^bpbgu��FZljbpZ�h[t_dl-ijbagZd�^ey�f_^bpbgkdhc�
aZ^Zqb� fh`_l� kh^_j`Zlv� jZaebqgu_� nbabq_kdb_� \_ebqbgu� oZjZdl_jbamxsb_� [hevguo� - 
l_fi_jZlmjm��^Z\e_gb_��jhkl��\_k�b�l�^��Hlghr_gb_�W1•t2~t3��h[eZ^Zxs__�k\hckl\Zfb�hi_jZpbb�
keh`_gby��\�f_^bpbg_�g_bgl_jij_lbjm_fh��Ijb�k�m�s�_�k�l�\�m�x�s�_�f�m�j�h�\�g�_�g�Z�r�b�o�a�g�
Z� g� b� c� g_\hafh`gh� ijb^mfZlv� lZdmx� hi_jZpbx� beb� ijhp_^mjm� gZ^� [hevguf�� bf_xsmx�
f_^bpbgkdbc�kfuke��qlh[u�ba�^\mo�_]h�l_fi_jZlmj�W1 b�W2�fh`gh�[ueh�ihemqblv�l_fi_jZlmjm�
t1•t2�� Gh�� fh`_l� [ulv�� hi_jZpbx� W1•t2� fh`gh� ijhbgl_jij_lbjh\Zlv� k� ihfhsvx� aZdhgZ��
k\yau\Zxs_]h� l_fi_jZlmjm� k� dZdhc-gb[m^v� ^jm]hc� \_ebqbghc�� gZijbf_j�� jhklhf�� \_khf��
\hajZklhf�b�l�^���dZd�wlh�bf__l�f_klh�\�nbabd_�k�l_jfhf_ljhf��Ijb�kms_kl\mxs_f�mjh\g_�
gZrbo� agZgbc�wlh�lZd`_�ij_^klZ\ey_lky�g_\hafh`guf��LZdbf�h[jZahf��hi_jZpbx� H1 • e2�\�
f_^bpbg_� ijhbgl_jij_lbjh\Zlv� g_� m^Z_lky��Lh]^Z� wfibjbq_kdZy� kbkl_fZ� l_fi_jZlmju� ^ey�
f_^bpbgkdbo� aZ^Zq�^he`gZ�[ulv�dZdhc-lh�^jm]hc��gZijbf_j�� kh^_j`Zlv� lhevdh�hlghr_gb_�
ihjy^dZ�� Hlkx^Z� ke_^m_l�� qlh� fgh`_kl\h� ^himklbfuo� ij_h[jZah\Zgbc� \_ebqbgu�
�l_fi_jZlmjZ�� g_� hij_^_e_gh�� b�� agZqbl�� m� gZk� g_l� ^Z`_� g_h[oh^bfh]h� djbl_jby�
hkfuke_gghklb� j_amevlZlh\� h[jZ[hldb� ^Zgguo� -� bg\ZjbZglghklb� hlghkbl_evgh�fgh`_kl\Z�
^himklbfuo�ij_h[jZah\Zgbc��lZd�dZd�wlh�fgh`_kl\h�g_ba\_klgh��AZ\bkbfhklv�lbiZ�rdZe�hl�
lh]h�� \� dZdhc� h[eZklb� agZgbc� hgb� jZkkfZljb\Zxlky�� ijbagZ_lky� b� ^jm]bfb� Z\lhjZfb�
>�������@��G_kfhljy�gZ�wlh��qbkeh\u_�f_lh^u�rbjhdh�ijbf_gyxlky�^ey�j_r_gby�jZaebqguo�
g_nbabq_kdbo�aZ^Zq�� 



DZdmx� `_� ihevam� g_k_l� ijbf_g_gb_� wlbo� f_lh^h\"� DZd� b� \� kemqZ_� ���[��
bgl_jij_lbjm_fuf� hklZ_lky� lhevdh� hlghr_gb_� jZ\_gkl\Z�� gh� m`_� g_� hlghkbl_evgh�
bg\ZjbZglghc� nmgdpbb� I�� Z� hlghkbl_evgh� iZjZf_ljbah\Zggh]h� k_f_ckl\Z� lZdbo� nmgdpbc�
�hij_^_e_gb_� Z^_d\Zlghc� iZjZf_ljbaZpbb� kf�� \� >��k���@��� Wlh� hlghkblky� b� d� j_rZxsbf�
ijZ\beZf�� b� d� nmgdpbyf� j_]j_kkbb� b� l�^�� J_rZxsb_� ijZ\beZ� iha\heyxl� ih� \_ebqbgZf�
x1,…,xn� hkms_kl\eylv� ij_^kdZaZgby� ijbgZ^e_`ghklb� d� h[jZam�� nmgdpbb�� hibku\Zxsb_�
lZdkhgu��iha\heyxl�deZkkbnbjh\Zlv�h[t_dlu�b�l�^��<�ihemq_gbb�ij_^kdZaZgbc�k�ihfhsvx�
iZjZf_ljbah\Zgguo�k_f_ckl\�nmgdpbc�b�khklhbl�ihevaZ�hl�ijbf_g_gby�qbkeh\uo�f_lh^h\� 

LZdbf� h[jZahf�� wlbfb� f_lh^Zfb� aZ^ZqZ� ij_^kdZaZgby� j_rZ_lky�� H^gZdh� aZ^ZqZ�
h[gZjm`_gby� aZdhghf_jghkl_c� \� wlhf� kemqZ_� kfukeZ� g_� bf__l�� AZdhghf_jghklb� ^he`gu�
hljZ`Zlv� bamqZ_fmx� gZfb� ^_ckl\bl_evghklv�� Z� g_� gZr� ijhba\he� \� \u[hj_� qbkeh\uo�
ij_^klZ\e_gbc�� Ihwlhfm�� hgb� ^he`gu� [ulv� bg\ZjbZlgu� hlghkbl_evgh� ^himklbfuo�
ij_h[jZah\Zgbc�rdZe��<� l_hjbb�baf_j_gbc� wlh� lj_[h\Zgb_�nhjfmebjm_lky�dZd� lj_[h\Zgb_�
Z^_d\Zlghklb� >�@�� LZd� dZd� fgh`_kl\h� ^himklbfuo� ij_h[jZah\Zgbc� g_� ba\_klgh�� lh� fu� g_�
fh`_f�gZclb�Z^_d\Zlgu_�nmgdpbhgZevgu_�aZ\bkbfhklb�� 

�����FZljbpZ�h[t_dl-ijbagZd�kh^_j`bl�g_nbabq_kdb_�dhebq_kl\_ggu_�\_ebqbgu��LZd�
dZd�^ey�g_nbabq_kdbo�dhebq_kl\_gguo�\_ebqbg�l\_j^h�mklZgh\e_gguo�rdZe�ijZdlbq_kdb�g_�
kms_kl\m_l�� lh� g_hij_^_e_gghklv� \h�fgh`_kl\_� ^himklbfuo� ij_h[jZah\Zgbc� _s_� [hevr_��
Ihwlhfm�fu�ijb^_f�d�lhfm�`_�\u\h^m��qlh�b�\�imgdl_������ 

����FZljbpZ� h[t_dl-ijbagZd� kh^_j`bl� lhevdh� ^bkdj_lgu_� ^Zggu_� �\k_� ijbagZdb�
baf_j_gu� \� rdZe_� gZbf_gh\Zgbc��� <� wlhf� kemqZ_� \k_� h[klhbl� ^hklZlhqgh� [eZ]hihemqgh�
[eZ]h^Zjy� lhfm�� qlh� ^ey� rdZe� gZbf_gh\Zgbc� g_l�� ijZdlbq_kdb�� jZagbpu� f_`^m�
wfibjbq_kdhc�b�qbkeh\hc�kbkl_fZfb��QbkeZ�\�rdZe_�gZbf_gh\Zgbc�b]jZxl�jhev�bf_g��Z�g_�
kh[kl\_ggh� qbk_e�� Lj_[h\Zgb_� bg\ZjbZglghklb� hlghkbl_evgh� ^himklbfuo� ij_h[jZah\Zgbc�
i_j_oh^bl�� \� wlhf� kemqZ_�� \� lj_[h\Zgb_� bg\ZjbZglghklb� hlghkbl_evgh� i_j_bf_gh\Zgbc�
agZq_gbc� ijbagZdh\�� Wlhfm� lj_[h\Zgbx� kms_kl\mxsb_� f_lh^u�� dZd� ijZ\beh��
m^h\e_l\hjyxl��Hgb�m^h\e_l\hjyxl�b�[he__�kbevghfm�lj_[h\Zgbx�gZ�bgl_jij_lbjm_fhklv��
jZkkfhlj_gghfm� \� imgdl_� ���[� -� bgl_jij_lbjm_fhklb� \� l_jfbgZo� hlghr_gbc� ba�
wfibjbq_kdbo� kbkl_f�� Wlh� ke_^m_l� ba� ij_^klZ\bfhklb� ^bkdj_lguo� ^Zgguo� \� jZfdZo�
wfibjbq_kdbo�kbkl_f�k�ihfhsvx�h^ghf_klguo�hlghr_gbc��F_lh^u�h[jZ[hldb�^bkdj_lguo�
^Zgguo� lZd`_� g_ljm^gh� ij_^klZ\blv�� dZd� f_lh^u� h[jZ[hldb� ^Zgguo� \� l_jfbgZo�
h^ghf_klguo�hlghr_gbc�� 

����� FZljbpZ� h[t_dl-ijbagZd� kh^_j`bl� g_� dhebq_kl\_ggu_� b� g_� ^bkdj_lgu_�
\_ebqbgu��Z��gZijbf_j��jZg]h\u_��[Zeevgu_��ihemihjy^dh\u_��[Zeevgu_�kh�keh`_gb_f�b�l�^��
<�wlhf�kemqZ_�fu�ihemqbf�l_�`_�\u\h^u��qlh�b�\�i������Hlebqb_�khklhbl�\�lhf��qlh�lZdb_�
fZljbpu�qZklh�iulZxlky�k\_klb�d�fZljbpZf��kh^_j`Zsbf�lhevdh�^bkdj_lgu_�\_ebqbgu��Wlh�
^_eZ_lky� iml_f� jZaebqgh]h� jh^Z� ]jZ^mbjh\Zgbc� b� jZa[b_gbc� agZq_gbc� ijbagZdh\��Fh`gh�
ihdZaZlv��qlh�ijb�lZdhf�k\_^_gbb�l_jy_lky�^h\hevgh�fgh]h�kms_kl\_gghc�bgnhjfZpbb� 

����� FZljbpZ� h[t_dl-ijbagZd� kh^_j`bl� kf_kv� jZaebqguo� ^Zgguo�� <� wlhf� kemqZ_�
\hagbdZxl� \k_� ba� mihfygmluo� m`_� ljm^ghkl_c� b�� djhf_� lh]h�� \hagbdZ_l� g_h[oh^bfhklv�
jZajZ[Zlu\Zlv� f_lh^u�� hi_jbjmxsb_� kf_rZggufb� ^Zggufb�� <� gZklhys__� \j_fy� m`_�
jZajZ[hlZgu� g_dhlhju_� f_lh^u� h[jZ[hldb� kf_k_c� ^Zgguo� >�����������@�� Ijb� wlhf�� dZd�
ijZ\beh��^ey�dZ`^h]h�khq_lZgby�jZaebqguo�^Zgguo�jZajZ[Zlu\Zxlky�k\hb�f_lh^u�� 

 
����Wfibjbq_kdb_�ZdkbhfZlbq_kdb_�l_hjbb� 

 
����� <� ^Zgghf� iZjZ]jZn_� \\h^blky� p_gljZevgh_� ihgylb_� wfibjbq_kdhc�

ZdkbhfZlbq_kdhc� l_hjbb�� Hgh� y\ey_lky� nhjfZevguf� \ujZ`_gb_f� ihgylby� �wfibjbq_kdh_�
kh^_j`Zgb_� ^Zgguo��� Nhjfmebjh\dZ� f_lh^Z� h[gZjm`_gby� aZdhghf_jghkl_c��
jZkkfZljb\Z_fZy� \� ke_^mxs_f�imgdl_��hij_^_ey_lky� \�jZfdZo� wlbo� l_hjbc��Wfibjbq_kdb_�



ZdkbhfZlbq_kdb_� l_hjbb� y\eyxlky� dhgdj_lbaZpb_c� khhl\_lkl\mxs_]h� ihgylby��
\hagbdZxs_]h�\�eh]bd_�wfibjbq_kdbo�bkke_^h\Zgbc�>��@�Gh�wlh�ihgylb_�\hagbdeh�g_�lhevdh�
ba� eh]bdb� wfibjbq_kdbo� bkke_^h\Zgbc�� gh� b� ba� djblbq_kdh]h� ZgZebaZ� hkgh\guo� ihgylbc�
l_hjbb�baf_j_gbc�� 

HIJ?>?E?GB?����Wfibjbq_kdhc�ZdkbhfZlbq_kdhc�l_hjb_c�[m^_f�gZau\Zlv�gZ[hj�� 
M = < ObsV , V, W, S>, 
ObsV –�baf_jbl_evgZy�ijhp_^mjZ��aZ^ZxsZy�bgl_jij_lZpbx�kbf\heh\�keh\Zjy�9��?_�

ijbf_g_gb_� d� ijhba\hevghfm� fgh`_kl\m� h[t_dlh\� $�  � ^D1,…,am} � ^Z_l� nhjfZevgmx�
dhg_qgmx�dhgkljmdpbx�SUV��khklhysmx�ba�kbf\heh\�h[t_dlh\�D1,…,am��kbf\heh\�keh\Zjy�9�
b�� \hafh`gh�� ^jm]bo� \kihfh]Zl_evguo� kbf\heh\�� Wlm� dhgkljmdpbx� [m^_f� gZau\Zlv�
ijhlhdhehf�gZ[ex^_gby��ijh\_^_ggh]h�\�khhl\_lkl\bb�k�bgkljmdpb_c�2EVV

�gZ^�fgh`_kl\hf�
h[t_dlh\�$�\�keh\Zj_�9��;m^_f�ij_^iheZ]Zlv��qlh�baf_jbl_evgZy�ijhp_^mjZ�2EVV

�ijbf_gbfZ�
d�ex[hfm�fgh`_kl\m�h[t_dlh\�$��Wlh�\k_]^Z�fh`gh� k^_eZlv�\\_^_gb_f� lj_lv_]h� agZq_gby�
bklbgghklb� ³g_� hij_^_e_gh´� ^ey� hlghr_gbc� ba� 9�� Djhf_� lh]h�� [m^_f� ij_^iheZ]Zlv�� qlh�
baf_jbl_evgZy� ijhp_^mjZ� hij_^_e_gZ� gZklhevdh� ih^jh[gh�� qlh� ihke_� ij_^ty\e_gby�
fgh`_kl\Z� h[t_dlh\� $�� ^Zevg_crbc� oh^� baf_j_gbc�� \iehlv� ^h� ihemq_gby� ijhlhdheZ��
hij_^_ey_lky� h^ghagZqgh�� LZdbf� h[jZahf�� 2EVV

� fh`gh� hij_^_eblv� dZd� hlh[jZ`_gb_��
khihklZ\eyxs__�dZ`^hfm�fgh`_kl\m�h[t_dlh\�$�ijhlhdhe�SUV = ObsV (A).  

prV –� ijhlhdhe� gZ[ex^_gby��Fu� ki_pbZevgh� g_� [m^_f� dhgdj_lbabjh\Zlv� \b^� wlhc�
nhjfZevghc� dhgkljmdpbb�� lZd� dZd� \� jZaguo� gZ[ex^_gbyo� hgZ� fh`_l� [ulv� jZaebqghc��
?^bgkl\_ggh�� qlh� \k_]^Z� [m^_l� lj_[h\Zlvky� –� wlh� lhqgh_� hij_^_e_gb_� bklbgghklb�
\ukdZau\Zgbc�\�keh\Zj_�9�gZ�SUV.  

V = {P1,…,Pn1} –� keh\Zjv� �kb]gZlmjZ��gZ[ex^Z_fuo� l_jfbgh\��;m^_f�ij_^iheZ]Zlv��
qlh�jZ\_gkl\h�³ ´�\k_]^Z�kh^_j`blky�\�9�� 

W = {Q1,…,Qn2} –� keh\Zjv� �kb]gZlmjZ�� l_hj_lbq_kdbo� l_jfbgh\��Hlghr_gby� ba� :�

y\eyxlky� l_hj_lbq_kdbfb� dhgkljmdlZfb�� b� b^_ZebaZpb_c� g_ihkj_^kl\_ggh� gZ[ex^Z_fuo�
hlghr_gbc� 31,…,Pn1 keh\Zjy� 9�  � ^31,…,Pn1̀ �� <aZbfhk\yav� hlghr_gbc� l_hj_lbq_kdh]h� b�
wfibjbq_kdh]h�mjh\gy�^he`gZ�hkms_kl\eylvky�k�ihfhsvx�ijZ\be�khhl\_lkl\by� 

S = SV U SW U SV∪W –�kbkl_fZ�Zdkbhf�\�keh\Zj_�98:��HgZ�\dexqZ_l�Zdkbhfu�6V
�\�

keh\Zj_�9�gZ[ex^Z_fuo�l_jfbgh\��Zdkbhfu�6V∪W
�\�h[t_^bg_gghf�keh\Zj_�98:�b�Zdkbhfu�

\� keh\Zj_� l_hj_lbq_kdbo� l_jfbgh\�� :dkbhfu� 6V∪W
�� \dexqZxsb_� h^gh\j_f_ggh� l_jfbgu�

wfibjbq_kdh]h�b�l_hj_lbq_kdh]h�mjh\g_c��hij_^_eyxl�ijZ\beZ�khhl\_lkl\by� >�����@�f_`^m�
wlbfb� mjh\gyfb�� Wlb� ijZ\beZ� ^he`gu� \u\h^blvky� ba� lhc� _kl_kl\_gghgZmqghc� l_hjbb�� \�
jZfdZo�dhlhjhc�hibku\Z_lky�baf_jbl_evgZy�ijhp_^mjZ�2EVV

���?keb�ijZ\be�khhl\_lkl\by�g_l��
lh� g_l� b� l_hj_lbq_kdh]h� mjh\gy��Lh]^Z�fgh`_kl\Z� :�� 6

W U SV∪W
� imklu�� b� wfibjbq_kdZy�

ZdkbhfZlbq_kdZy�l_hjby�ijbgbfZ_l�\b^� 
M = < ObsV, V, SV>  (1) 
;m^_f� ]h\hjblv�� qlh� wfibjbq_kdZy� ZdkbhfZlbq_kdZy� l_hjby� bf__l� wfibjbq_kdmx�

bgl_jij_lZpbx�� _keb� \uiheg_gu� ke_^mxsb_� mkeh\by�� g_� lhevdh� ijZ\beZ� khhl\_lkl\by�
\u\h^ylky�b�bgl_jij_lbjmxlky�\�jZfdZo�jZkkfZljb\Z_fhc�_kl_kl\_gghgZmqghc�l_hjbb��gh�b�
baf_jbl_evgZy� ijhp_^mjZ� 2EVV

�� ijhlhdheu� gZ[ex^_gbc� SUV�� keh\Zjb� 9� b� :� b� kbkl_fZ�
Zdkbhf�6�hibku\Zxlky�\�jZfdZo�wlhc�l_hjbb��<�^Zevg_cr_f�fu�[m^_f�jZkkfZljb\Zlv�lhevdh�
wfibjbq_kdb�bgl_jij_lbjm_fu_�wfibjbq_kdb_�ZdkbhfZlbq_kdb_�l_hjbb�� 

Ihgylb_� wfibjbq_kdhc� kbkl_fu� 0�  � �$�� :!�� bkihevam_fh_� \� l_hjbb� baf_j_gbc��
fh`gh� knhjfmebjh\Zlv� \� jZfdZo� wfibjbq_kdbo� ZdkbhfZlbq_kdbo� l_hjbc� ke_^mxsbf�
h[jZahf��Wfibjbq_kdZy� kbkl_fZ� y\ey_lky� g_ijb\h^bfhc� >�@�fh^_evx� kbkl_fu� Zdkbhf� 6W. 
Kfuke� g_ijb\h^bfhklb� khklhbl� \� lhf�� qlh� ex[u_� ^\Z� h[t_dlZ� D�E� ∈� $� jZaebqbfu� k�
ihfhsvx� hlghr_gbc� ba� :�� Ihgylb_f� wfibjbq_kdhc� kbkl_fu� fu� [m^_f� ihevah\Zlvky�� \�
mdZaZgghf�kfuke_� 
 



�����Ij_^klZ\e_gb_�ba\_klguo�lbih\�^Zgguo 
�������\�wfibjbq_kdbo�ZdkbhfZlbq_kdbo�l_hjbyo� 
 

:gZeba� wfibjbq_kdh]h� kh^_j`Zgby� ^Zgguo� ^he`_g� gZqbgZlvky� k� ij_^klZ\e_gby�
khhl\_lkl\mxsbo� ^Zgguo� \� wfibjbq_kdbo� ZdkbhfZlbq_kdbo� l_hjbyo�� IhdZ`_f�� dZdbf�
h[jZahf� lZdb_�ba\_klgu_� lbiu� ^Zgguo�� dZd�iZjgu_� kjZ\g_gby��fgh`_kl\_ggu_� kjZ\g_gby��
fZljbqgh_�ij_^klZ\e_gb_�[bgZjguo�hlghr_gbc��fZljbpu�mihjy^hq_gbc��fZljbpu�[ebahklb�
b� fZljbpu� h[t_dl-ijbagZd� fh]ml� [ulv� ij_^klZ\e_gu� \� wfibjbq_kdbo� ZdkbhfZlbq_kdbo�
l_hjbyo�� Wlb� lbiu� ^Zgguo� \klj_qZxlky� \� lZdbo� h[eZklyo�� dZd� wdki_jlgh_� hp_gb\Zgb_��
khpbheh]by��ikboheh]by��ikbohnbabdZ��]_heh]by��f_^bpbgZ��k_evkdh_�ohayckl\h�b�l�^��<k_�wlb�
h[eZklb� oZjZdl_jbamxlky� l_f�� qlh� \� gbo� \klj_qZxlky� ijbagZdb� b� \_ebqbgu� kZfhc�
jZaghh[jZaghc�ijbjh^u��>Zgguc�iZjZ]jZn�ij_ke_^m_l�ke_^mxsb_�p_eb�� 

���IhdZaZlv�� qlh� wfibjbq_kdb_� ZdkbhfZlbq_kdb_� l_hjbb� y\eyxlky� ^h\hevgh� h[sbf�
kihkh[hf� ij_^klZ\e_gby� ^Zgguo�� Wlh� ke_^m_l� ba� lh]h�� qlh� hgb� iha\heyxl� ij_^klZ\eylv�
ba\_klgu_� lbiu� ^Zgguo�� kf_kb� jZaebqguo� ^Zgguo�� ijbagZdb� b� \_ebqbgu�� g_� bf_xsb_�
qbkeh\h]h�ij_^klZ\e_gby�b�^Zggu_��baf_j_ggu_�\�jZaebqguo�rdZeZo�� 

���Ijb\_klb�^ey�dZ`^h]h�lbiZ�^Zgguo��bkihevamy�ij_^klZ\e_gb_�bo�\�wfibjbq_kdbo�
ZdkbhfZlbq_kdbo�l_hjbyo��hlghkysb_ky�d�gbf�j_amevlZlu�l_hjbb�baf_j_gbc��Wlb�j_amevlZlu�
\dexqZxl� \� k_[y� kbkl_fu� Zdkbhf� \� yaud_� i_j\h]h� ihjy^dZ� b� l_hj_fu� ij_^klZ\e_gby� b�
_^bgkl\_gghklb�� mdZau\Zxsb_�� dZdb_� qbkeh\u_� ij_^klZ\e_gby� ^ey� ^Zgguo� kbkl_f� Zdkbhf�
kms_kl\mxl��Ijbf_gyy�f_lh^�h[gZjm`_gby� aZdhghf_jghkl_c�d�^Zgguf��ij_^klZ\e_gguf� \�
jZfdZo� wfibjbq_kdbo� ZdkbhfZlbq_kdbo� l_hjbc�� fh`gh� hij_^_eylv� \uihegbfhklv� kbkl_f�
Zdkbhf� l_hjbb� baf_j_gbc� b� kljhblv� khhl\_lkl\mxsb_� wlbf� kbkl_fZf� Zdkbhf� qbkeh\u_�
ij_^klZ\e_gby�\_ebqbg��rdZeu��b�nmgdpbhgZevgu_�aZ\bkbfhklb��Ih�rdZeZf�\_ebqbg�fh`gh�
hij_^_eylv� ]jmiiu� ^himklbfuo� ij_h[jZah\Zgbc�� qlh� iha\hey_l� dhjj_dlgh� ijbf_gylv�
f_lh^u� ZgZebaZ�^Zgguo��bg\ZjbZglgu_�hlghkbl_evgh� khhl\_lkl\mxsbo� ]jmii�^himklbfuo�
ij_h[jZah\Zgbc� 

���>ey� dZ`^h]h� lbiZ�^Zgguo�ijb\_klb�hkgh\gu_� kms_kl\mxsb_� \�gZklhys__� \j_fy�
f_lh^u� bo� h[jZ[hldb�� >ey� wlbo� f_lh^h\� hij_^_eblv� h[eZklv� bo� ijbf_gbfhklb� b�
Zj]mf_glbjh\Zlv�� qlh� wlb� h[eZklb� g_� i_j_dju\Zxl� h[eZklv� ijbf_gbfhklb� f_lh^Z�
h[gZjm`_gby�aZdhghf_jghkl_c�� 

JZkkfhljbf� kgZqZeZ� ^Zggu_�� \� dhlhjuo� fgh]hf_klgu_� hlghr_gby� \hagbdZxl�
_kl_kl\_gguf� h[jZahf� \� kbem� ki_pbnbdb� kZfh]h� h[t_dlZ� bkke_^h\Zgby��DZd� hlf_qZ_lky� \�
jZ[hlZo� >�����@��bklhqgbdhf�bgnhjfZpbb�qZklh�y\eyxlky�km`^_gby�q_eh\_dZ��DZd�ihdZaZeb�
fgh]b_�wdki_jbf_glu��q_eh\_d�[he__�ijZ\bevgh�b�k�f_gvrbfb� aZljm^g_gbyfb�hl\_qZ_l�gZ�
\hijhku� dZq_kl\_ggh]h�� \� qZklghklb�� kjZ\gbl_evgh]h� oZjZdl_jZ�� q_f� dhebq_kl\_ggh]h�� <�
jZaebqguo�^bkpbiebgZo�q_eh\_d�gZau\Z_lky�ih-jZaghfm��dZd�wdki_jl�\�wdki_jlguo�hp_gdZo��
dZd�bkiulm_fuc�\�ikboheh]bb�b�ikbohnbabd_��dZd�j_kihg^_gl�\�khpbheh]bb��dZd�iZpb_gl�\�
f_^bpbg_�b�l�^� 

1. IZjgu_�kjZ\g_gby��J_amevlZlu��ihemq_ggu_�ih�f_lh^m�iZjguo�kjZ\g_gbc��fh`gh�
ij_^klZ\blv� \� \b^_� q_luj_of_jghc� fZljbpu� �[ijst�� >��@�� ]^_� L�M-� ghf_jZ� kjZ\gb\Z_fuo�
h[t_dlh\�� \ayluo� ba� g_dhlhjh]h� fgh`_kl\Z� $�  � ^D1,…,am}, s = 1,…,n -� ghf_j� wdki_jlh\��
kjZ\gb\Zxsbo�h[t_dlu�ba�$�� W� ���«�Us -�ghf_j�kjZ\g_gby� �iZju�h[t_dlh\�h^gbf�b�l_f�`_�
wdki_jlhf� fh]ml� kjZ\gb\Zlvky� Us� jZa���H[hagZqbf� h[t_dl� Di�� kjZ\gb\Z_fuc� wdki_jlhf� V� \�
kjZ\g_gbb� k�ghf_jhf� W�� q_j_a� Dst

i��L_f� kZfuf�fu�ij_^iheZ]Z_f��qlh� kZf� h[t_dl�b� wdki_jl�
fh]ml� baf_gylvky� hl� kjZ\g_gby� d� kjZ\g_gbx�� AgZq_gb_� [ijst  � ������ _keb� h[t_dl� D

st
i 

ij_^ihqlbl_evg__��q_f�h[t_dl�Dst
j.  

F_lh^u� iZjgh]h� kjZ\g_gby� bkihevamxlky� \� khpbheh]bb� \� wdki_jlguo� hp_gdZo��
ikboheh]bb�>��@�b�^jm]bo�h[eZklyo�� 



P_evx�wlbo�f_lh^h\�y\ey_lky�ihemq_gb_�ihegh]h�mihjy^hq_gby�h[t_dlh\�fgh`_kl\Z�
$�� >ey� ihemq_gby� lZdh]h� mihjy^hq_gby� \� jZaguo� f_lh^Zo� bkihevamxlky� jZaebqgu_�
Zijbhjgu_� ij_^iheh`_gby�� nhjfZebah\Zggu_� \� \b^_� fh^_e_c� iZjgh]h� kjZ\g_gby� >�����@��
Wlbfb� fh^_eyfb� b� hij_^_eyxlky� h[eZklb� ijbf_gbfhklb� khhl\_lkl\mxsbo� f_lh^h\��
Hij_^_ebf�� dZdb_� wfibjbq_kdb_� ZdkbhfZlbq_kdb_� l_hjbb� khhl\_lkl\mxl�f_lh^Zf� iZjgh]h�
kjZ\g_gby�� >ey� f_lh^h\� iZjgh]h� kjZ\g_gby� k^_eZ_f� wlh� ih^jh[gh��FZljbpm� �[ijst�� fh`gh�
ihgbfZlv�dZd�fZljbqgmx�aZibkv�agZq_gbc�bklbgghklb�Q�[bgZjguo�hlghr_gbc�ij_^ihql_gby�
P1,…,Pn�khhl\_lkl\mxsbo�ij_^ihql_gbyf�Q�wdki_jlh\��3s(a

st
i,a

st
j) ⇔ (xijst� �����Djhf_�lh]h��m�

gZk�hij_^_e_gh�hlghr_gb_�jZ\_gkl\Z� �f_`^m�h[t_dlZfb��JZ\_gkl\h�Dst
i = ast

j hij_^_e_gh�^ey�
h[t_dlh\�Dst

i, a
st

j��kjZ\gb\Z_fuo�wdki_jlhf� V�\�kjZ\g_gbb� W��b�bklbggh�lh]^Z�b�lhevdh�lh]^Z� 
dh]^Z�wlb�h[t_dlu�kh\iZ^Zxl�� 

Hij_^_ebf� _s_� hlghr_gb_� wd\b\Ze_glghklb� a�� mdZau\Zxs__�� qlh� \� jZaguo�
kjZ\g_gbyo�k�jZagufb�wdki_jlZfb�mqZkl\m_l�h^bg�b�lhl�`_�h[t_dl�ba�$� �^D1,…,am}, as1t1

i ~ 
as2t2

j ⇔� L M��Keh\Zj_f�gZ[ex^Z_fuo� l_jfbgh\� 9�� lZdbf� h[jZahf�� y\ey_lky�fgh`_kl\h� 9�  �
{=,~, P1,…,Pn`�� Hij_^_ebf� ijhlhdhe� SU

V
�� y\eyxsbcky� ij_^klZ\e_gb_f� fZljbpu� �[ijst�� \�

wfibjbq_kdhc� ZdkbhfZlbq_kdhc� l_hjbb��Imklv A = {ast
i}. Lhevdh� h^gh� hlghr_gb_� a� ba� 9�

hij_^_e_gh�gZ�\k_f�fgh`_kl\_�$��Hlghr_gby�3s�hij_^_e_gu�lhevdh�gZ�lZdbo�iZjZo�h[t_dlh\�
as1t1

i, as2t2
j�� ^ey� dhlhjuo� W��  � W��� V��  � V��� <\_^_f� ^ey� hlghr_gbc� ba� 9� lj_lv_� agZq_gb_�

bklbgghklb� �g_� hij_^_e_gh���>hhij_^_ebf� hlghr_gby�  �� 31,…,Pn� gZ� \k_f�fgh`_kl\_� $� k�
ihfhsvx�wlh]h�agZq_gby��L_f�kZfuf�fu�hij_^_ebeb�ij_^bdZlu�ba�9�gZ�\k_f�fgh`_kl\_�$��
qlh� ^Z_l� gZf� \� dZq_kl\_� ijhlhdheZ� gZ[ex^_gby� SUV fh^_ev� SUV�  � �$�9!�� Bgkljmdpby� d�
gZ[ex^_gbyf�2EVV

� ��^ZxsZy�\�j_amevlZlZl_�gZ[ex^_gby�gZ^�fgh`_kl\hf�$��ijhlhdhe� SUV, 
ObsV (A) = prV��khklhbl�\�lhf��qlh[u�ijh\_klb�\k_�gZ[ex^_gby��g_h[oh^bfu_�^ey�ihemq_gby�
fZljbpu� �[ijst���b�ij_h[jZah\Zlv� __� \�fh^_ev� SU

V
��Keh\Zj_f�:�[m^_l�fgh`_kl\h�:�  � ^ �≈, 

P1,…,Pn`�� Fgh`_kl\Z� Zdkbhf� 6V
� b� 6W

� kh^_j`Zl� Zdkbhfu�� dhlhjuf� m^h\e_l\hjyxl�
hlghr_gby�ba�9�b�:��Wlb�fgh`_kl\Z�fh]ml�hlebqZlvky�^jm]�hl�^jm]Z��ihkdhevdm��gZijbf_j��
k\hckl\h� ljZgablb\ghklb� fh`_l� \uihegylvky� ^ey� hlghr_gby� ≈� b� g_� \uihegylvky� ^ey�
hlghr_gby�a��:dkbfhfu�ba�6V∪W

�^he`gu�ke_^h\Zlv�ba�l_o�agZgbc�b�ij_^klZ\e_gbc�h[�mq_l_�
lhqghklb� baf_j_gby�� \hafh`ghklyo� b^_ZebaZpbb�� dhlhju_� keh`bebkv� \� jZkkfZljb\Z_fhc�
h[eZklb�� 

BlZd�� fu� hij_^_ebeb� wfibjbq_kdb_� ZdkbhfZlbq_kdb_� l_hjbb� ^ey� f_lh^h\� iZjgh]h�
kjZ\g_gby��J_amevlZlu�l_hjbb�baf_j_gbc��hlghkysb_ky�d�keh\Zjx�9��[m^ml�ijb\_^_gu�\�i���� 

2. Fgh`_kl\_ggu_� kjZ\g_gby� >��������@�� Imklv� ^Zgh� fgh`_kl\h� h[t_dlh\� $�  �
{a1,…,am} ��=jmii_� ba� Q� wdki_jlh\� ihhq_j_^gh� ij_^ty\eyxlky� \k_� \hafh`gu_� gZ[hju� ba� N�
h[t_dlh\�fgh`_kl\Z�$��DZ`^uc�wdki_jl�^he`_g�mihjy^hqblv�dZ`^uc�gZ[hj�\�khhl\_lkl\bb�k�
g_dhlhjuf�ij_^ihql_gb_f��H[hagZqbf�q_j_a�Di

ts
l�lhl�nZdl��qlh�h[t_dl�k�ghf_jhf�L�\�gZ[hj_�k�

ghf_jhf� W� wdki_jlhf� V�[ue�ihklZ\e_g�gZ� O-_�f_klh�� L�  � ��«�P�� V�  � ��«�Q�� W�  � ��«�&m
k; l = 

��«�N�� Fgh`_kl\h� ihemq_gguo� mihjy^hq_gguo� gZ[hjh\� h[hagZqbf� q_j_a� 5�  �

{<ai1
ts

1,ai2
ts

2,…,aik
ts

k >}. 
P_evx� f_lh^h\� fgh`_kl\_ggh]h� kjZ\g_gby� y\ey_lky� ihkljh_gb_� j_amevlbjmxs_]h�

mihjy^hq_gby�h[t_dlh\�ih�ihemq_gguf�mihjy^hq_gbyf�ba�5��Wlb�f_lh^u�lZd`_�hibjZxlky�
gZ� hij_^_e_ggu_� Zijbhjgu_� ij_^iheh`_gby� \� \b^_� fh^_e_c� fgh`_kl\_ggh]h� kjZ\g_gby�
>��������@��Wlbfb�fh^_eyfb�aZ^Z_lky�l_f�kZfuf�bo�h[eZklv�ijbf_gbfhklb�� 
IhklZ\bf�\�khhl\_lkl\b_�dZ`^hfm�wdki_jlm�V�hlghr_gb_�ij_^ihql_gby�3s(ai1

ts
l1,ai2

ts
l2 ) ⇔ l1 < 

O���Hij_^_ebf�^\Z�hlghr_gby�wd\b\Ze_glghklb�a�b�at:  
ai1

t1s1
l1 ~ ai2

t2s2
l2 ⇔ i1 = i2;  

ai1
t1s1

l1 ~t ai2
t2s2

l2 ⇔ t1 = t2;  
b�hlghr_gb_�jZ\_gkl\Z� � 

ai1
ts

l1 = ai2
ts

l2��bklbggh_�lh]^Z�b�lhevdh�lh]^Z��dh]^Z�\�kjZ\g_gbb�h[t_dlh\�ba�gZ[hjZ�k�
ghf_jhf�W�wdki_jlhf�V�h[t_dlu�k�bf_gZfb�Di1

ts
l1�b�Di2

ts
l2�jZ\gu�f_`^m�kh[hc��Ihemqbf�keh\Zjv�



gZ[ex^Z_fuo� l_jfbgh\� 9�  � ^ �a�at,P1,…,Pn`� ^ey� f_lh^h\� fgh`_kl\_ggh]h� kjZ\g_gby��
Ij_^klZ\e_gb_�^Zgguo� 5�\� wfibjbq_kdbo� ZdkbhfZlbq_kdbo� l_hjbyo� aZ^Z_lky�fh^_evx� SUV, 
hij_^_e_gghc� gZ� fgh`_kl\_� $�  � ^Di

ts
l}, s = 1,…,n; s = 1,…,Cm

k; i = 1,…,m; l = 1,…,k. 
Hlghr_gby� ba� 9� ^hhij_^_eyxlky� gZ� \k_f� fgh`_kl\_� $� k� ihfhsvx� agZq_gby� �g_�
hij_^_e_gh��� J_amevlZlu� ba� l_hjbb� baf_j_gbc�� hlghkysb_ky� d� keh\Zjx� 9�� lZd`_� [m^ml�
ijb\_^_gu�\�i����� 

3. FZljbqgh_� ij_^klZ\e_gb_� [bgZjguo� hlghr_gbc�� ;bgZjgh_� hlghr_gb_� 3�D�E���
hij_^_e_ggh_�gZ�fgh`_kl\_�h[t_dlh\�$� �^D1,…,am`��aZ^Z_lky�fZljbp_c��Hij���L�M� ���«�P��]^_�
eij� ������hagZqZ_l��qlh�3�Di,aj��bklbggh��eh`gh���LZdhc�fZljbp_c�fh`gh�aZ^Zlv�ijhba\hevgh_�
[bgZjgh_�hlghr_gb_�gZ�fgh`_kl\_�$��LZdh_�ij_^klZ\e_gb_�rbjhdh�bkihevam_lky�\�jZ[hlZo�
>����������������������@� \\b^m� _]h� ijb\uqghklb� b� ijhklhlu��GZb[he__� qZklh� bkihevamxlky�
hlghr_gby� wd\b\Ze_glghklb�� d\Zabihjy^dZ�� qZklbqgh]h� ihjy^dZ� b� e_dkbdh]jZnbq_kdh]h�
ihjy^dZ��>Zggu_��\dexqZxsb_�wlb�hlghr_gby��\klj_qZxlky�\�ke_^mxsbo�aZ^ZqZo��� 

3.1. Hlghr_gb_�wd\b\Ze_glghklb��AZ^Z_l�g_dhlhjh_�jZa[b_gb_�fgh`_kl\Z�h[t_dlh\��K�
_]h�ihfhsvx�aZ^Zxl��ghfbgZevgu_�ijbagZdb��ijbagZdb�\�rdZe_�gZbf_gh\Zgbc���\�qZklghklb�
ijbagZdb�� hij_^_eyxsb_� ijbgZ^e_`ghklv� d� h[jZam� \� jZkihagh\Zgbb� h[jZah\�� j_amevlZlu�
deZkkbnbdZpbb�� lZdkhghfbb� b� deZkl_jbaZpbb�� ihemq_ggu_� dZd� hijhkhf� wdki_jlh\�� lZd� b�
ijbf_g_gb_f�fZrbgguo�f_lh^h\�� 

3.2. Hlghr_gby�ihjy^dZ�b�d\Zabihjy^dZ��Ex[hc�ijbagZd�baf_jbfuc�\�rdZe_�ihjy^dZ��
aZ^Z_l� g_dhlhjh_� hlghr_gb_� ihjy^dZ�� gZijbf_j�� rdZeZ�FhjkZ� l\_j^hklb� fbg_jZeh\� beb�
rdZeZ� kbeu� \_ljZ�� Mihjy^hq_gby� h[t_dlh\� wdki_jlZfb�� Mihjy^hq_gby�� ihemqZ_fu_�
f_lh^Zfb�jZg`bjh\Zgby�� 

3.3. Hlghr_gby�qZklbqgh]h�b�^j_\h\b^gh]h�ihjy^dZ��<hagbdZxl� \�ebg]\bklbd_�ijb�
ihkljh_gbb�^_j_\Z�k\ya_c��<�b_jZjobq_kdhc�deZkkbnbdZpbb��ijb�aZ^Zgbb�\eh`_gguo�deZkkh\�
beb�lZdkhgh\��<�ikboheh]bb�b�^jm]bo�h[eZklyo��ijb�aZ^Zgbb�^_j_\Z�p_e_c��<�khpbheh]bb�>��@�
hlf_qZ_lky��qlh�^ey�khpbheh]bq_kdbo�^Zgguo�[he__�lbibqgu�hlghr_gby�qZklbqgh]h�ihjy^dZ�
b� lhe_jZglghklb�� q_f� ihjy^dZ� b� d\Zabihjy^dZ�� <� ikboheh]bb� >�����@� lZd`_� \hagbdZxl�
g_ljZgablb\gu_�ij_^ihql_gby�� 

FZljbpZ�[bgZjgh]h�hlghr_gby�nbdkbjm_l�g_dhlhjh_�[bgZjgh_�hlghr_gb_�3��dhlhjh_�
\dexqZ_lky� \� keh\Zjv� 9�  � ^3`� wfibjbq_kdhc� ZdkbhfZlbq_kdhc� l_hjbb� 0�� Ijhlhdhe�
gZ[ex^_gby� SUV� hij_^_ebf� dZd� fh^_ev� SUV�  � �$�3!�� <� dZq_kl\_� keh\Zjy� l_hj_lbq_kdbo�
l_jfbgh\�\havf_f�keh\Zjv�:� �^3`� 

Ijb\_^_f� j_amevlZlu� l_hjbb� baf_j_gbc�� hlghkysb_ky� d� keh\Zjyf� 9�� \dexqZxsbf�
h^gh�[bgZjgh_�hlghr_gb_�3�� 

3.4. Hlghr_gb_�lhe_jZglghklb:  
I. P(a,a); 
II. P(a,b) ⇔ P(b,a). 

 
3.5. Hlghr_gb_�wd\b\Ze_glghklb: 
I. P(a,a); 
II. P(a,b) ⇔ P(b,a); 
III.P(a,b)&P(b,c) ⇒ P(a,c). 

 
3.6 Hlghr_gb_�qZklbqgh]h�ihjy^dZ��^ey�ex[uo a,b,c ∈ A: 
I. P(a,a); 
II.P(a,b)&P(b,c) ⇒ P(a,c). 
 Qbkeh\h]h�ij_^klZ\e_gby�g_�kms_kl\m_l� 

 
3.7. Hlghr_gb_�bgl_j\Zevgh]h�mihjy^hq_gby��^ey�ex[uo�D�E�F�G�∈ A: 
I. P(a,a); 



II.P(a,b)&P(c,d) ⇒ (P(a,d) ∨P(c,b)). 
Qbkeh\h_�ij_^klZ\e_gb_�kms_kl\m_l� >���k���@��Kms_kl\mxl�^\_�\_s_kl\_gghagZqgu_�

nmgdpbb�8�b�V��8�V�$�→ Re+
���lZdb_��qlh�^ey�ex[uo�D�E�∈ A. 

P(a,b) ⇔ (U(a) + s(a)) < U(b). 
 

3.8. Hlghr_gb_�ihemihjy^dZ��Hlghr_gb_�3�gZau\Z_lky hlghr_gb_f� ihemihjy^dZ��
_keb� hgh� y\ey_lky� hlghr_gb_f� bgl_j\Zevgh]h� ihjy^dZ� b� ^ey� ex[uo a,b,c,d ∈ A 
m^h\e_l\hjy_l�Zdkbhf_� 

III. P(a,b)&P(b,c) ⇒ P(a,d)∨P(d,c). 
Qbkeh\h_�ij_^klZ\e_gb_�kms_kl\m_l��Kmr_kl\m_l�\_s_kl\_gghagZqgZy�nmgdpby�8��$�→ Re 
lZdZy��qlh�^ey�ex[uo�D�E�∈ A,  

P(a,b) ⇔ (U(a) + 1) < U(b). 
 

3.9. Hlghr_gb_� ^j_\h\b^gh]h� ihjy^dZ�� Hlghr_gb_� 3� gZau\Z_lky� hlghr_gb_f�
^j_\h\b^gh]h�ihjy^dZ�� _keb� hgh� y\ey_lky� hlghr_gb_f� kljh]h]h� qZklhqgh]h�ihjy^dZ�b� ^ey�
ex[uo�D�E�F�∈�$�m^h\e_l\hjy_l�Zdkbhf_� 

III.P(a,b)&P(a,c) ⇒ (P(b,c)∨P(c,b)). 
Qbkeh\h]h�ij_^klZ\e_gby�g_�kms_kl\m_l� 

 
3.10. Hlghr_gb_�d\Zabihjy^dZ��^ey�ex[uo�D�E�F�∈�$�m^h\e_l\hjy_l�ZdkbhfZf� 
I. P(a,a); 
II.P(a,b)&P(b,c) ⇒ P(a,c). 

Qbkeh\h]h�ij_^klZ\e_gby�g_�kms_kl\m_l� 
 

3.11. Hlghr_gb_� keZ[h]h� ihjy^dZ� �d\Zabk_jbb� >��k���@�� ij_^ihjy^db� >���k���@���>ey�
ex[uo�D�E�F�∈�$�m^h\e_l\hjy_l�ZdkbhfZf� 

I. P(a,b)∨P(b,a); 
II.P(a,b)&P(b,c) ⇒ P(a,c). 

?keb� mihjy^hq_ggZy� kbkl_fZ� �$�3!� bf__l� kq_lgmx� [Zam�� lh� qbkeh\h_� ij_^klZ\e_gb_�
kms_kl\m_l�>���k���@� 
 

G_� \k_� ba� ijb\_^_gguo� hlghr_gbc� bf_xl� qbkeh\u_� ij_^klZ\e_gby�� Ihwlhfm� g_�
\k_]^Z�^Zggu_��kh^_j`Zsb_�[bgZjgu_�hlghr_gby��fh`gh�ij_^klZ\blv�\�g_dhlhjhf�qbkeh\hf�
ijhkljZgkl\_�� 

JZkkfhljbf�� dZdb_� \� gZklhys__� \j_fy� kms_kl\mxl� f_lh^u� h[jZ[hldb� [bgZjguo�
hlghr_gbc��;hevrbgkl\h�f_lh^h\�bkihevam_l�^ey�h[jZ[hldb�fZljbp�jZkklhygby�beb�f_ju�
[ebahklb�f_`^m�fZljbpZfb��Wlb�jZkklhygby�b�f_ju�\\h^ylky�eb[h�bkoh^y�ba�kbkl_f�Zdkbhf�
>��@�� eb[h� ba� klZlbklbq_kdbo� ij_^iheh`_gbc� b� k\hckl\� kZfbo� hlghr_gbc�� dZd�� gZijbf_j��
dhwnnbpb_glu�KlvxZjlZ��jZg]h\hc�dhjj_eypbb�D_g^ZeZ��Kibjf_gZ��XeZ��bgnhjfZpbhggu_�
f_ju� b� l�^�� <\_^_gb_� jZkklhygbc� b� f_j� [ebahklb� k\yaZgh� k� hij_^_e_ggufb�
^hihegbl_evgufb� ij_^iheh`_gbyfb�� dhlhju_�� \� k\hx� hq_j_^v�� hij_^_eyxl� h[eZklb�
ijbf_gbfhklb�khhl\_lkl\mxsbo�f_lh^h\��D�f_lh^Zf��bkihevamxsbf�jZkklhygby��hlghkylky�
f_lh^u� ZgZebaZ� kljmdlmju� k\ya_c� f_`^m� h[t_dlZfb�� f_lh^u� deZkkbnbdZpbb�� f_lh^u�
ihkljh_gby�j_]j_kkkbb�b�^jm]b_� 

���FZljbpu�mihjy^hq_gbc���Uij ), i = 1,…,m; j = 1,…,n; rij  -�hp_gdZ�L-]h�h[t_dlZ�ih�M-fm�
ijbagZdm��LZdb_�fZljbpu�fh]ml�\ujZ`Zlv�eb[h�mihjy^hq_gby�N�h[t_dlh\�Q�wdki_jlZfb��eb[h�
mihjy^hq_gby� N� h[t_dlh\� ih� Q� jZg]h\uf� ijbagZdZf� >�����������@�� LZdb_� fZljbpu�
h[jZ[Zlu\Zxlky�f_lh^Zfb�fgh]hf_jgh]h�rdZebjh\Zgby�>��@�b�f_lh^Zfb�jZg`bjh\Zgby�>��@��



Z�lZd`_�g_dhlhjufb�ba�f_lh^h\�h[jZ[hldb�fZljbqgh]h�ij_^klZ\e_gby�[bgZjguo�hlghr_gbc�
�kf�i����� 

IhklZ\bf�\�khhl\_lkl\b_�dZ`^hfm�ijbagZdm�M�hlghr_gb_�3j hij_^_e_ggh_�ke_^mxsbf�
h[jZahf� 

Pj(ai1,ai2) ⇔ ri1j < ri2j . 
Ihemqbf�kh\hdmighklv�[bgZjguo�hlghr_gbc��h[jZamxsmx�keh\Zjv�gZ[ex^Z_fuo�l_jfbgh\�
V = {P1,…,Pn`��Imklv�$� � ^D1,…,am} - �fgh`_kl\h�h[t_dlh\��gZ�dhlhjuo�ihemq_gZ�fZljbpZ�
mihjy^hq_gbc�� Lh]^Z� ijhlhdhehf� SUV� gZ[ex^_gby� gZ^� fgh`_kl\hf� $� \� keh\Zj_� 9� [m^_l�
fh^_ev�SUV = <A;P1,…,Pn>. 

<� l_hjbb� baf_j_gbc� jZajZ[hlZgh� fgh]h� kbkl_f� Zdkbhf�� hij_^_eyxsbo�
\aZbfh^_ckl\b_�g_kdhevdbo�hlghr_gbc�ihjy^dZ�� 

5. FZljbpu� [ebahklb�� Imklv� ^Zgh� g_dhlhjh_� fgh`_kl\h� h[t_dlh\� $�  � ^D1,…,am}. 
FZljbp_c�[ebahklb�^ey�wlbo�h[t_dlh\�gZau\Z_lky�fZljbpZ� �Uij  ), i,j = 1,…,m; rij  -�qbkeh\u_�
hp_gdb�f_ju� [ebahklb� �koh^kl\Z�beb� jZaebqby�� \� ihjy^dh\hc�rdZe_� �bf__l� kfuke� lhevdh�
kjZ\g_gb_� \_ebqbg� Ui1j1 < ri2j2��� LZdb_� fZljbpu� \hagbdZxl� \� jZaebqguo� h[eZklyo� ijb�
kjZ\g_gbb�beb�hp_gd_�wdki_jlhf�^\mo�h[t_dlh\�\�g_dhlhjhf�hlghr_gbb�� 

FZljbpu� [ebahklb� h[jZ[Zlu\Zxlky� f_lh^Zfb� fgh]hf_jgh]h� g_f_ljbq_kdh]h�
rdZebjh\Zgby� �kf�� h[ahju� >����@� b� jZ[hlu� >�����������@��� P_evx� wlbo� f_lh^h\� y\ey_lky�
ij_^klZ\e_gb_�h[t_dlh\�lhqdZfb�\�g_dhlhjhf�f_ljbq_kdhf�ijhkljZgkl\_� �?\deb^h\hf�beb�
JbfZgh\hf��fbgbfZevghc�jZaf_jghklb�lZd��qlh[u�jZkklhygby�Wij f_`^m�gbfb�k�lhqghklvx�^h�
ihjy^dZ�khhl\_lkl\h\Zeb�[u�\_ebqbgZf�Uij��G_dhlhju_�ba�wlbo�f_lh^h\�\�lhf�`_�f_ljbq_kdhf�
ijhkljZgkl\_�� gZau\Z_fhf� \� wlhf� kemqZ_� h[t_^bg_gguf� ikboheh]bq_kdbf� ijhkljZgkl\hf��
ij_^klZ\eyxl�lZd`_�b�wdki_jlh\��Wdki_jlZf�khihklZ\eyxlky�lhqdb��ijyfu_�beb�dZdb_-eb[h�
^jm]b_�ih^fgh`_kl\Z�f_ljbq_kdh]h�ijhkljZgkl\Z�>��@��DZ`^uc�f_lh^�bkoh^bl�ba�g_dhlhjhc�
fh^_eb� \aZbfh^_ckl\by� h[t_dlZ� b� km[t_dlZ�� Wlb� f_lh^u� h[eZ^Zxl� ke_^mxsbfb� h[sbfb�
g_^hklZldZfb��<h-i_j\uo�� g_l� djbl_jb_\� ijh\_jdb� ijbf_gbfhklb� lhc� beb� bghc�fh^_eb� d�
bf_xsbfky� ^Zgguf�� <h-\lhjuo�� g_� dZ`^mx� fZljbpm� [ebahklb� fh`gh� \eh`blv� \�
dhg_qghf_jgh_�?\deb^h\h�beb�^Z`_�=bev[_jlh\h�ijhkljZgkl\h�� 

Ihke_�ijbf_g_gby�f_lh^h\�fgh]hf_jgh]h�rdZebjh\Zgby�fu�ihemqZ_f�ij_^klZ\e_gb_�
^Zgguo�\�f_ljbq_kdhf�ijhkljZgkl\_��Wlb�^Zggu_�fh`gh� aZibkZlv�\�\b^_�fZljbpu�h[t_dl-
ijbagZd��dhlhju_�[m^ml�jZkkfZljb\Zlvky�gb`_�� 

Hij_^_ebf�gZ�fgh`_kl\_�$�hlghr_gb_� 
P(ai1,ai2,ai3,ai4) ⇔ ri1i2 < ri3i4. 
LZd�dZd�wlh�hlghr_gb_�hij_^_e_gh�gZ�\k_f�fgh`_kl\_�$��lh�ijhlhdhehf�SUV�\�keh\Zj_�

9� �^3`�[m^_l�fh^_ev�SUV = <A;V>.  
<�l_hjbb�baf_j_gbc�wfibjbq_kdb_�kbkl_fu��\dexqZxsb_�ih^h[gu_�q_luj_of_klgu_�

hlghr_gby�� h[hagZqZxlky� dZd� 0�  � �$
*; ≤� !�� ]^_� $* ⊂ AxA, ≤ -� [bgZjgh_� hlghr_gb_�

mihjy^hq_gby�� hij_^_e_ggh_� gZ� $*
�� Ijb\_^_f� g_dhlhju_� j_amevlZlu� l_hjbb� baf_j_gbc�

hlghkysb_ky�d�lZdbf�wfibjbq_kdbf�kbkl_fZf� 
 
5.1. RdZeZ�iheh`bl_evguo� jZaghkl_c� >��k����@��Kms_kl\m_l� ]hfhfhjnbaf�N�� $* → 

Re, A ≠ ∅��lZdhc��qlh�^ey�ex[uo�iZj��D�E���E�F���F�G��ba�$*: 
Z) (a,b) ≤ (c,d) ⇔ N(a,b) ≤ N(c,d) 
[) N(a,c) = N(a,b) + N(b,c). 

Hlh[jZ`_gb_� N� _^bgkl\_ggh� k� lhqghklvx� ^h� iheh`bl_evgh]h� fgh`bl_ey� �rdZeZ�
hlghr_gbc�� 
 

5.2. RdZeZ�Ze]_[jZbq_kdbo�jZaghkl_c�>��k����@��$* = A×$��Kms_kl\m_l�]hfhfhjnbaf�
N��$�→�5H�lZdhc��lh�^ey�ex[uo�D�E�F�G�∈ A: 



Z)(a,b) < (c,d) ⇔ (N(a) - N(b)) < (N(c) - N(d)). 
Hlh[jZ`_gb_�N�� h[eZ^Zxs__� wlbf� k\hckl\hf�� _^bgkl\_ggh� k� lhqghklvx� ^h� eh]-ebg_cguo�
ij_h[jZah\Zgbc��rdZeZ�bgl_j\Zeh\�� 
  

5.3. RdZeZ� jZaghkl_c� jZ\guo� dhg_qguo� ijhf_`mldh\� >��k�� ���@�� $* = A×A, A - 
dhg_qgh��$* ≠ ∅��Kms_kl\m_l�]hfhfhjnbaf�N��$�→�1� �gZlmjZevgu_�qbkeZ���lZdhc�qlh�^ey�
ex[uo�D�E�F�G�∈ A: 

(a,b) ≤ (c,d) ⇔ N(a) - N(b) ≤ N(c) - N(d). 
 Hlh[jZ`_gb_�N�_^bgkl\_ggh�k�lhqghklvx�^h�ebg_cguo�ij_h[jZah\Zgbc��rdZeZ�bgl_j\Zeh\�� 
 

5.4. RdZeZ� Z[khexlguo� jZaghkl_c�� >��k����@�� $* = A×$�� Kms_kl\m_l� ]hfhfhjnbaf�
N�$�→�5H�lZdhc��qlh� 

(a,b) < (c,d) ⇔ |N(a)-N(b)| < |N(c)-N(d)|. 
Hlh[jZ`_gb_�N�_^bgkl\_ggh�k�lhqghklvx�^h�ebg_cguo�ij_h[jZah\Zgbc��rdZeZ�bgl_j\Zeh\�� 
 

6. FZljbpZ� h[t_dl-ijbagZd. (xij),i = 1,…,m; j = 1,…,n; xij  -� qbkeh\h_� agZq_gb_� M-]h�
ijbagZdZ� gZ� L-hf� h[t_dl_�� IjbagZdb� fh]ml� [ulv� kZfufb� ijhba\hevgufb�� dZd�
dhebq_kl\_ggufb��lZd�b�dZq_kl\_ggufb��Lhl�nZdl��qlh�lZdZy�fZljbpZ�ihemq_gZ�\�j_amevlZl_�
g_dhlhjuo� baf_j_gbc� �hijhkh\�� wdki_jbf_glh\�� h[ke_^h\Zgbc� b� l�^���� ]h\hjbl� h� lhf�� qlh�
kms_kl\m_l� Q� ijb[hjh\� beb� baf_jbl_evguo� ijhp_^mj�� khihklZ\eyxsbo� dZ`^hfm� ba� P�
[t_dlh\�qbkeh\u_�agZq_gby�[ij  = xj(ai��khhl\_lkl\mxsbo�ijbagZdh\�� 

>Zggu_� lZdh]h� lbiZ� bf_xl� gZb[hevr__� jZkijhkljZg_gb_�� Zgd_lbjh\Zgb_��
l_klbjh\Zgb_�� jZaghh[jZagu_� khpbheh]bq_kdb_� hijhku�� wdki_jlgh_� hp_gb\Zgb_�� dZjlu�
h[ke_^h\Zgbc�� ]_heh]hjZa\_^dZ�� wdki_jbf_glZevgu_� ^Zggu_� b� l�^��;hevrbgkl\h� ba\_klguo�
f_lh^h\� ij_^gZagZq_gh� ^ey� h[jZ[hldb� bf_ggh� lZdbo� ^Zgguo�� H[sbf� h]jZgbq_gb_f� wlbo�
f_lh^h\� y\ey_lky� lh�� qlh� hgb� hjb_glbjh\Zgu� gZ� qbkeh\u_� ^Zggu_�� \dexqZsb_� ijbagZdb��
baf_jy_fu_�lhevdh�\�kbevguo�rdZeZo�� 

KhihklZ\bf�dZ`^hfm�ijbagZdm�[i�keh^Zjv�9i��JZkkfhljbf�^\Z�kemqZy� 
��� Ijb[hj� [i� y\ey_lky� ohjhrh� bamq_gguf� ijb[hjhf�� gZijbf_j�� baf_jyxsbf�

g_dhlhjmx�nbabq_kdmx� \_ebqbgm�� b� j_rZ_fZy� aZ^ZqZ� hlghkblky� d� h[eZklb�nbabdb��Lh]^Z��
keh\Zjv�9�b�wfibjbq_kdb_�ZdkbhfZlbq_kdb_�l_hjbb�wlbo�\_ebqbg�ba\_klgu�>�@�� 

��� Wfibjbq_kdZy� kbkl_fZ� ijb[hjZ� [i� g_� iheghklvx� beb� g_� ^hklZlhqgh� lhqgh�
hij_^_e_gZ�� eb[h� j_rZ_fZy� aZ^ZqZ� g_� fh`_l� [ulv� hibkZgZ� \� jZfdZo� nbabdb�� LZdb_�
baf_j_gby� gZau\Zxl� ijb[hjgufb� >�@� beb� dhk\_ggufb� baf_j_gbyfb�� Ijbf_jZfb� lZdbo�
baf_j_gbc� y\eyxlky� jZaebqgu_� j_amevlZlu� l_klbjh\Zgby�� khpbheh]bq_kdh]h� hijhkZ��
[Zeevgu_�hp_gdb��km[t_dlb\gu_�hp_gdb�b�l�^��<k_�wlb�\_ebqbgu�oZjZdl_jbamxlky�l_f��qlh�
ij_^f_lgZy� h[eZklv� \� jZfdZo� dhlhjhc� hgb� jZkkfZljb\Zxlky�� g_^hklZlhqgh� jZajZ[hlZgZ� b�
ihwlhfm� wfibjbq_kdb_� kbkl_fu� \_ebqbg� g_� iheghklvx� ba\_klgu� �ohly� kZf� ijb[hj�� dZd��
gZijbf_j��nbabq_kdb_�ijb[hju�ba\_klgu�ohjhrh���<�wlhf�kemqZ_�ijb[hj�beb�l_klbjh\Zgb_�
^Zxl�gZf�dhk\_ggu_�baf_j_gby�bgl_j_kmxsbo�gZk�\_ebqbg�� 

DZd� kijZ\_^eb\h� hlf_qZ_lky� \� >��k���@�� �_^bgkl\_gghklv� ihdZaZgby� ijb[hjZ�
hij_^_ey_lky� _^bgkl\_gghklvx� bkihevam_fuo� i_j\bqguo� beb� ijhba\h^guo� qbkeh\uo�
ij_^klZ\e_gbc�� Z� kh\k_f� g_� f_lh^hf�� dZd� wlh� h[uqgh� dZ`_lky�� dZeb[jh\db� ijb[hjZ�� Lhl�
nZdl��qlh�ijb[hjgu_�baf_j_gby�fZkku�ijb\h^yl�d�rdZe_�hlghr_gbc��k\yaZgh�\h\k_�g_�k�l_f��
qlh�gZ�pbn_j[eZl_�gZg_k_gu�jZ\gu_�^_e_gby��� 

JZkkfhljbf��dZd�fh`gh�hij_^_eblv�keh\Zjv�9i�ijb[hjguo�baf_j_gbc�� 
>ey� ex[h]h� qbkeh\h]h� hlghr_gby� 5�\1,…,yk��� hij_^_e_ggh]h� gZ� 5H� �fgh`_kl\_�

^_ckl\bl_evguo� qbk_e��� fh`gh� hij_^_eblv� ke_^mxs__� wfibjbq_kdh_� hlghr_gb_� gZ�
fgh`_kl\_�h[t_dlh\�:� 



PR
j(a1,…,ak) ⇔ R(xj(a1),…,xj(ak)). 

Wlh� hlghr_gb_� fh`_l� g_� bf_lv� wfibjbq_kdhc� bgl_jij_lZpbb�� Ijb[hj� [j�D�� bf__l�
wfibjbq_kdmx�bgl_jij_lZpbx��gh� k\yav� _]h� agZq_gbc� hlghr_gb_f� 5�fh`_l� m`_�g_�bf_lv�
wfibjbq_kdmx�bgl_jij_lZpbx��Ihwlhfm�gm`gh�gZclb�lZdb_�qbkeh\u_�hlghr_gby�gZ�5H��^ey�
dhlhjuo� hlghr_gb_� 3R

j� bf_eh� [u� wfibjbq_kdmx� bgl_jij_lZpbx�� Ij_^iheh`bf�� qlh� fu�
i_j_[jZeb� g_dhlhju_�� gZb[he__� jZkijhkljZg_ggu_� qbkeh\u_� hlghr_gby� b� gZreb�� qlh�
hlghr_gby�3R1

j,…,PRk
j�bf_xl�wfibjbq_kdmx�bgl_jij_lZpbx��>Zggh_�fgh`_kl\h�hlghr_gbc�

g_�imklh��lZd�dZd�ih�djZcg_c�f_j_�hlghr_gb_�3=
j�bf__l�wfibjbq_kdmx�bgl_jij_lZpbx��?keb 

bf__l�kfuke�\_ebqbgZ�[j(a1���lh�kfuke�hlghr_gby 
P=

j(a1,a2) ⇔ xj(a1) = xj(a2) 
khklhbl� \� lhf�� qlh� gZ� h[t_dlZo� D1� b� D2� \_ebqbgZ� [j� ijbgbfZ_l� h^gh� b� lh� `_� agZq_gb_��
Hlghr_gb_� 3=

j�� dZd� ijZ\beh�� y\ey_lky� hlghr_gb_f� wd\b\Ze_glghklb��<� l_hjbb� baf_j_gbc�
ba\_klgh�fgh]h�kbkl_f�Zdkbhf��bkihevamxsbo�^ey�g_dhlhjuo�\_ebqbg�lhevdh�hlghr_gb_�3=

j 
b�ijb\h^ysbo�� l_f�g_�f_g__��d� kbevguf�rdZeZf��Ihwlhfm�gZebqb_�\� yaud_� wfibjbq_kdbo�
kbkl_f� h^gh]h� ebrv� hlghr_gby� 3=

j�fh`_l�fgh]h� ^Zlv��Hij_^_ebf� keh\Zjv� 9i� ijb[hjgh]h�
baf_j_gby�[j�dZd�fgh`_kl\h�^3

R1
1,…,PR1

j}.  
<� dZq_kl\_� keh\Zjy� gZ[ex^Z_fuo� l_jfbgh\� ^ey� \k_c� fZljbpu� h[t_dl-ijbagZd�

\havf_f�keh\Zjv�9� 91U…UVn.  
Ijhlhdhe� SUV� j_amevlZlh\� gZ[ex^_gby� \� Feh\Zj_� 9�� khhl\_lkl\mxsbc� fZljbp_�

h[t_dl-ijbagZd��hij_^_ebf�lZd�`_��dZd�b�\�ij_^u^msbo�imgdlZo�� 
��� Ba� ijb\h^bfuo� ijbf_jh\� fh`gh� ihgylv�� dZd� ^jm]b_�� g_� jZkkfhlj_ggu_� a^_kv��

kihkh[u� ij_^klZ\e_gby� ^Zgguo� fh]ml� [ulv� ij_^klZ\e_gu� \� jZfdZo� wfibjbq_kdbo�
ZdkbhfZlbq_kdbo�l_hjbc�� 

H[sbf�Zj]mf_glhf�\�ihevam�mgb\_jkZevghklb�wfibjbq_kdbo�ZdkbhfZlbq_kdbo�l_hjbc�
y\ey_lky�f_lh^heh]bq_kdbc�ijbgpbi� l_hjbb�baf_j_gbc�� khklhysbc� \� lhf��qlh�hlghr_gby�

i_j\bqgu�� Z� k\hckl\Z� �qbkeh\u_� ij_^klZ\e_gby�� \lhjbqgu. K\hckl\Z� -� wlh� k`Zlh_��
aZdh^bjh\Zggh_�qbkeZfb�ij_^klZ\e_gb_�hlghr_gbc. 
 

���Mkeh\by�mgb\_jkZevghc�ZdkbhfZlbabjm_fhklb� 
�wdki_jbf_glZevghc�aZ\bkbfhklb� 

 
Ih^�wdki_jbf_glZevghc�aZ\bkbfhklvx�[m^_f�ihgbfZlv�kh\hdmighklv�\k_o�nhjfme�\�

yaud_�i_j\hc�klmi_gb�\�keh\Zj_�9��bklbgguo�gZ�ex[hf�j_amevlZl_�gZ[ex^_gby�SUV = Obs(A).  
<� ^Zgghf� iZjZ]jZn_� fu� jZkkfhljbf� \hafh`ghklv� ihkljh_gby� ^hklZlhqgh� h[s_]h�

f_lh^Z�h[gZjm`_gby�aZdhghf_jghkl_c�\�yaud_�i_j\h]h�ihjy^dZ��JZkkfhljbf�\�h[s_f�kemqZ_�
fgh`_kl\h� aZdhghf_jghkl_c� \� yaud_� i_j\h]h� ihjy^dZ�� ;hevrbgkl\h� ba\_klguo� aZdhgh\� b�
aZdhghf_jghkl_c�fh`gh�\ujZablv�mgb\_jkZevgufb�nhjfmeZfb� �nhjfmeZfb�� kh^_j`Zsbfb�
lhevdh�d\Zglhju�\k_h[sghklb���Djhf_�lh]h��mgb\_jkZevgu_�nhjfmeu�h[eZ^Zxl�_s_�h^gbf�
\Z`guf�k\hckl\hf�-�hgb�aZ\_^hfh�ih^^Zxlky�wdki_jbf_glZevghc�ijh\_jd_�>�@��l�_��bo�fh`gh�
hijh\_j]gmlv� \� dhg_qghf� wdki_jbf_gl_�� _keb� hgb� g_� \_jgu�� Lj_lvbf�� \Z`guf� ^ey� gZk�
k\hckl\hf� mgb\_jkZevguo�nhjfme�� y\ey_lky� bo� jZaeh`bfhklv� gZ� [he__� ijhklu_�nhjfmeu�
g_dhlhjh]h� ki_pbZevgh]h� \b^Z�� dhlhju_� iha\heyxl� jZajZ[hlZlv� ^hklZlhqgh� wnn_dlb\guc�
f_lh^�h[gZjm`_gby�aZdhghf_jghkl_c�� 

<�l_hjbb�baf_j_gbc�nhjfmeu�k�d\ZglhjZfb�kms_kl\h\Zgby�qZklh�\\h^ylky�\�kbkl_fm�
Zdkbhf�g_�^ey�lh]h��qlh[u�hljZablv�wfibjbq_kdh_�kh^_j`Zgb_�bkke_^m_fuo�\_ebqbg��Z�^ey�
lh]h�� qlh[u� fh`gh� [ueh� ^hdZaZlv� khhl\_lkl\mxsb_� l_hj_fu� kms_kl\h\Zgby� b�
_^bgkl\_gghklb�� Kbkl_fu� Zdkbhf� \� l_hjbb� baf_j_gbc� ^he`gu� [ulv� ^hklZlhqgh� kbevgu��
qlh[u�ba�bo�bklbgghklb�gZ�g_dhlhjhc�fh^_eb�ke_^h\Zeh�[u�kms_kl\h\Zgb_� ]hfhfhjngh]h�
hlh[jZ`_gby� wlhc� fh^_eb� \� qbkeh\mx� kbkl_fm�� Z� lZd`_�� qlh[u� fh`gh� [ueh� hij_^_eblv�
fgh`_kl\h� lZdbo� ]hfhfhjnguo� hlh[jZ`_gbc� �fgh`_kl\h� ^himklbfuo� ij_h[jZah\Zgbc���



Kljh]h� hij_^_eblv�� bf__l� eb� dZdZy-gb[m^v� ZdkbhfZ� wfibjbq_kdh_� kh^_j`Zgb_� beb� g_l��
fh`gh�k�ihfhsvx�ke_^mxs_]h�ihgylby� >�@��:dkbhfZ�N�gZau\Z_lky�qbklh�l_ogbq_kdhc�\�
kbkl_f_� Zdkbhf� ^Ni} i∈I�� _keb� ba� ke_^mxsbo� ^\mo� kbkl_f� Zdkbhf� N8^Ni} i∈I� b� ^Ni} i∈I 
\ul_dZxl� h^gb� b� l_� `_�� ih^^Zxsb_ky� ijh\_jd_�� �mgb\_jkZevgu_�� \ukdZau\Zgby��Fgh]b_�
Zdkbhfu�� \klj_qZxsb_ky� \� l_hjbb� baf_j_gbc� b� \dexqZxsb_� d\Zglhj� kms_kl\h\Zgby��
y\eyxlky�qbklh�l_ogbq_kdbfb�� 

:gZeba� g_� qbklh� l_ogbq_kdbo� Zdkbhf� l_hjbb� baf_j_gbc� ihdZau\Z_l�� qlh� ^ey�
i_j_f_gguo�� k\yaZgguo� d\ZglhjZfb� kms_kl\h\Zgby�� ijZdlbq_kdb� \k_]^Z� kms_kl\mxl�
wfibjbq_kdb� bgl_jij_lbjm_fu_� kdme_fh\kdb_� nmgdpbb� >��@�� ih^klZgh\dZ� dhlhjuo� \�
nhjfmem�iha\hey_l�ba[Z\blvky�hl�d\Zglhjh\�kms_kl\h\Zgby�� 

>Zggu_� jZkkm`^_gby� ihdZau\Zxl�� qlh� fgh`_kl\h� mgb\_jkZevguo� nhjfme� y\ey_lky�
ijZdlbq_kdb�^hklZlhqguf�^ey�ij_^klZ\e_gby�aZdhghf_jghkl_c�� 

Hij_^_ebf� l_� wfibjbq_kdb� bgl_jij_lbjm_fu_� k\hckl\Z� baf_jbl_evguo� ijhp_^mj�
ObsV� �� [eZ]h^hjy� dhlhjuf� wdki_jbf_glZevgZy� aZ\bkbfhklv� fh`_l� [ulv� ij_^klZ\e_gZ�
kh\hdmighklvx� mgb\_jkZevguo� nhjfme� \� keh\Zj_� 9�� Wlb� k\hckl\Z� ^Z^ml�� \h-i_j\uo��
\hafh`ghklv�ihgylv��ihq_fm�[hevrbgkl\h�ba\_klguo�aZdhgh\�\ujZ`Zxlky�mgb\_jkZevgufb�
nhjfmeZfb�� Z�� \h-\lhjuo�� hij_^_eyl� h[eZklv� ijbf_gbfhklb� f_lh^Z� h[gZjm`_gby�
aZdhghf_jghkl_c� 

Mlhqgbf� ihgylby� baf_jbl_evghc� ijhp_^mju� 2EVV
� b� ijhlhdheZ� gZ[ex^_gby� SUV , 

dhlhju_� hklZebkv� g_� dhgdj_lbabjh\Zggufb� \� ��� ijb� hij_^_e_gbb� wfibjbq_kdhc�
ZdkbhfZlbq_kdhc�l_hjbb� 

Hij_^_ebf�ijhlhdhe�gZ[ex^_gby�SUV�dZd�fh^_ev�>��@�SUV = <B;V> = ObsV��$���]^_�$� �
{a1,…,am} - � fgh`_kl\h� baf_jy_fuo� h[t_dlh\�� 9�  � ^31,…,Pn} - � keh\Zjv� gZ[ex^Z_fuo�
l_jfbgh\��%� �^D1,…,am; b1,…,be} - �fgh`_kl\h�kbf\heh\�h[t_dlh\��Ihykgbf�wlh�hij_^_e_gb_��
DZ`^uc� ijhlhdhe� gZ[ex^_gby� ^he`_g� m^h\e_l\hjylv� kbkl_f_� Zdkbhf� 6V

�� LZd� dZd� \� wlhc�
kbkl_f_�Zdkbhf�fh]ml�[ulv�Zdkbhfu�k�d\Zglhjhf�kms_kl\h\Zgby��lj_[mxsb_�kms_kl\h\Zgby�
h[t_dlh\�k�hij_^_e_ggufb�k\hckl\Zfb��lh�^ey�lh]h���qlh[u�wlb�Zdkbhfu�[ueb�bklbggufb�gZ�
ijhlhdhe_�SUV� ��gm`gh�\�ijhp_kk_�ijh\_^_gby�baf_j_gbc�ijh\h^blv�ihkljh_gb_�g_dhlhjuo�
gh\uo� h[t_dlh\�� Ihwlhfm� fgh`_kl\h� kbf\heh\� h[t_dlh\� %� khklhbl� dZd� ba� kbf\heh\�
h[t_dlh\� ^ey�fgh`_kl\Z� h[t_dlh\� $�� lZd� b� ba� kbf\heh\� h[t_dlh\� E1,…,be�� ihkljh_gguo� \�
ijhp_kk_�baf_j_gby�ijhp_^mjhc�2EVV

��;m^_f�ij_^iheZ]Zlv� �qlh�gZf�ba\_klgZ�nmgdpby�π:A 
→ {a1,…,am`��\aZbfghh^ghagZqgh�khihklZ\eyxsZy�h[t_dlZf�ba�fgh`_kl\Z�$�bo�kbf\heu�\�
ijhlhdhe_� SUV�� ;m^_f� ij_^iheZ]Zlv�� qlh� bg^_dku� kbf\heh\� h[t_dlh\� gZqbgZxlky� k� �� b�
dhgqZxlky�P�[_a�ijhimkdh\�� 

Mlhqgbf� ihgylb_� bklbgghklb� nhjfme� gZ� ijhlhdhe_� gZ[ex^_gby� SUV�� LZd� dZd�
ijhlhdhe� y\ey_lky� fh^_evx�� lh� lZdbf� hij_^_e_gb_f� y\ey_lky� klZg^Zjlgh_� hij_^_e_gh_�
\uihegbfhklb�nhjfme�gZ�fh^_eyo�>��@� 

5.1. GZke_^kl\_gghklv� j_amevlZlh\� baf_j_gbc� dZd� g_h[oh^bfh_� b� ^hklZlhqgh_�
mkeh\b_�mgb\_jkZevghc�ZdkbhfZlbabjm_fhklb�wdki_jbf_glZevghc�aZ\bkbfhklb��Imklv�m�gZk�
_klv�g_dhlhjZy�wfibjbq_kdZy�ZdkbhfZlbq_kdZy�l_hjby�0� ���2EV

V
�9�:�6!��H[hagZqbf�q_j_a�

35�fgh`_kl\h�\k_o�dhg_qguo�fh^_e_c� �k�lhqghklvx�^h�bahfhjnbafZ���dhlhju_�fh]ml�[ulv�
ihemq_gu� \� dZq_kl\_� ijhlhdheh\� gZ[ex^_gby� ijhp_^mjhc� 2EVV

� gZ^� \k_fb� \hafh`gufb�
fgh`_kl\Zfb� h[t_dlh\� $��H[hagZqbf� q_j_a� 7� Z[kljZdlguc� deZkk� \k_o� dhg_qguo�fh^_e_c�
kb]gZlmju� 9�� GZf� gm`ghgZclb� g_h[oh^bfh_� b� ^hklZlhqgh_� mkeh\b_� mgb\_jkZevghc�
ZdkbhfZlbabjm_fhklb� deZkkZ� 35� \� deZkk_� 7�� DeZkk� 35� gZau\Z_lky� mgb\_jkZevgh�
ZdkbhfZlbabjm_fuf� \� deZkk_� 7�� _keb� kms_kl\m_l� kh\hdmighklv�:� mgb\_jkZevguo�nhjfme�
kb]gZlmju�9��nhjfme��kh^_j`Zsbo�lhevdh�d\Zglhju�\k_h[sghklb��bklbgguo�gZ�l_o�b�lhevdh�
l_o�fh^_eyo�ba�7��dhlhju_�ijbgZ^e_`Zl�35��Lh]^Z�fgh`_kl\h�:�y\ey_lky�kbkl_fhc�Zdkbhf�
^ey�deZkkZ�dhg_qguo�fh^_e_c� 35�b�\ujZ`Z_l�\�yaud_�i_j\hc� klmi_gb� wdki_jbf_glZevgmx�



aZ\bkbfhklv�� ijhy\eyxsmxky� \� wdki_jbf_glZo�� ijh\h^bfuo� baf_jbl_evghc� ijhp_^mjhc�
ObsV . 

L_hj_fZ��LZjkdbc�Ehkv�>��@��>ey�lh]h��qlh[u�ih^deZkk�35�deZkkZ�7�[ue�mgb\_jkZevgh�
ZdkbhfZlbabjm_f� \� deZkk_� 7�� g_h[oh^bfh� b� ^hklZlhqgh�� qlh[u� deZkk� 35� [ue� ehdZevgh�
aZfdgml�\�7�� 

Mkeh\b_�ehdZevghc�aZfdgmlhklb�ljm^gh�wfibjbq_kdb�ijhbgl_jij_lbjh\Zlv��ihwlhfm�
fu�gZc^_f�[he__�ijhklh_�mkeh\b_�mgb\_jkZevghc�ZdkbhfZlbabjm_fhklb�� 

Hij_^_e_gb_� >��@�� Ih^deZkk� 35� gZau\Z_lky� gZke_^kl\_gguf� \� 7�� _keb� dZ`^Zy�
ih^fh^_ev�\�7�fh^_eb�ba�35�ijbgZ^e_`bl�35� 

K\hckl\h� gZke_^kl\_gghklb� bf__l� ke_^mxsmx� bgl_jij_lZpbx�� >ey� dZ`^h]h�
ijhlhdheZ�wdki_jbf_glZ�SUV� ��$�9!�ex[hc�ih^ijhlhdhe�SU� ��%�9!��%�⊂�$�k�lhqghklvx�^h�
i_j_bf_gh\Zgby�kbf\heh\�h[t_dlh\�lZd`_�fh`_l�[ulv�ihemq_g�\�j_amevlZl_�wdki_jbf_glZ� 

Ml\_j`^_gb_�>��@��>ey�deZkkh\�dhg_qguo�fh^_e_c�35�b�7�ba�gZke_^kl\_gghklb�deZkkZ�
35� \� deZkk_� 7� \ul_dZ_l� ehdZevgZy� aZfdgmlhklv� deZkkZ� 35� \� deZkk_� 7� b� \� kbem� l_hj_fu�– 
mgb\_jkZevgZy�ZdkbhfZlbabjm_fhklv�deZkkZ�35�\�deZkk_�7� 

Hij_^_e_gb_������>hklZlhqgu_�mkeh\by�mgb\_jkZevghc ZdkbhfZlbabjm_fhklb� 
�������>ey�ex[h]h�fgh`_kl\Z�$��SUV = <π(A);V> = ObsV (A); 
�������>ey�ex[h]h�ijhlhdheZ�SUV = <π(A);V> = ObsV��$��b�ex[h]h�ih^fgh`_kl\Z�%�⊂ 

$� ijhlhdhe� SU�  � �π'(B);V> = ObsV� �%��� ihemq_gguc� gZ� wlhf� ih^fgh`_kl\_� bahfhjn_g�
ih^fh^_eb��π�%��9!�ijhlhdheZ�SUV (π(B) ⊂ π(A)). 

Bgl_jij_lZpby� i_j\h]h� k\hckl\Z� khklhbl� \� lhf�� qlh� \� ijhp_kk_� wdki_jbf_glZ� g_�
ijhba\h^blky�ihkljh_gb_�gh\uo�h[t_dlh\� 

Bgl_jij_lZpby�\lhjh]h�k\hckl\Z�khklhbl�\�lhf��qlh�agZq_gby�bklbgghklb�hlghr_gbc�
ba� SUV��hij_^_e_ggu_�gZ�g_dhlhjhf�ih^fgh`_kl\_�%�h[t_dlh\�fgh`_kl\Z�$��g_� aZ\bkyl�hl�
k\hckl\� ^jm]bo� h[t_dlh\� b� bklbgghklb� hlghr_gbc� gZ� ^jm]bo� h[t_dlZo�� >ey� nbabq_kdbo�
wdki_jbf_glh\� wlh� k\hckl\h� ihqlb� \k_]^Z� \uihegy_lky�� gh� _keb� \aylv�� gZijbf_j�� j_Zdpbb�
bkiulm_fh]h� gZ� klbfmeu� ba� g_dhlhjh]h� fgh`_kl\Z� $�� lh� gZ� ih^fgh`_kl\_� %� ⊂� $� wlb�
j_Zdpbb�fh]ml�[ulv�^jm]bfb��q_f�gZ�wlbo�`_�klbfmeZo�\h�\k_f�fgh`_kl\_�$��<�wlhf�kemqZ_�
^h[Z\e_gb_� d� fgh`_kl\m� %� gh\uo� klbfmeh\� ba� $\%� fh`_l� baf_gblv� ij_`gb_� j_Zdpbb�
bkiulm_fh]h�gZ�klbfmeu�ba�fgh`_kl\Z�%� 

L?HJ?F:� �����Ba� k\hckl\� ������b� ������ hij_^_e_gby� ����� ke_^m_l�gZke_^kl\_gghklv�
deZkkZ�35�\�deZkk_�7� 

>hdZaZl_evkl\h�� <havf_f� ijhba\hevguc� ijhlhdhe� deZkkZ� 35�� Hg� bahfhjn_g�
g_dhlhjhfm�ijhlhdhem�SUV = <B;V> = ObsV��$���<�kbem�i_j\h]h�k\hckl\Z�%� �π�$���%havf_f�
ijhba\hevgmx� ih^fh^_ev� SU�  � �&�9!�� &� ⊂ π�$�� fh^_eb� SU�  � �π�$��9!�� >ey� fgh`_kl\Z�
kbf\heh\� h[t_dlh\� &� hij_^_ebf� khhl\_lkl\mxs__� _fm� fgh`_kl\h� h[t_dlh\� &�  � π-1(C). 
Ijh\_^_f� ijhp_^mjhc� 2EVV

� baf_j_gb_� gZ^� wlbf� fgh`_kl\hf�� Ihemqbf� ijhlhdhe� SU� �
<π��&��9!��<�kbem�k\hckl\Z� ��wlhl�ijhlhdhe�[m^_l�bahfhjn_g�ih^fh^_eb� SU
�ijhlhdheZ� SU��
Hlkx^Z�ke_^m_l��qlh�ih^fh^_ev�SU
�lZd`_�ijbgZ^e_`bl�deZkkm�35� 
 

����H[sZy�nhjfmebjh\dZ�f_lh^Z�h[gZjm`_gby 
aZdhghf_jghkl_c 

 
Imklv� m� gZk� _klv� g_dhlhjZy� wfibjbq_kdZy� ZdkbhfZlbq_kdZy� l_hjby� 0�  �

<ObsV�9�:�6!�� \� dhlhjhc� bgkljmdpby� d� gZ[ex^_gbyf� b� ihgylb_� ijhlhdheZ�
dhgdj_lbabjh\Zgu�lZd��dZd�wlh�k^_eZgh�\�����F_lh^�h[gZjm`_gby�aZdhghf_jghkl_c�ke_^m_l�
ihgbfZlv� dZd�f_lh^� bg^mdpbb�� khklhysbc� \� m\_ebq_gbb� gZrbo� agZgbc� h[� baf_jbl_evghc�
ijhp_^mj_� 2EVV
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