
Ñïåêòð: âèçóàëèçàöèÿ è ëîêàëèçàöèÿ
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−287 −16 1712 −128 1968 −30 2032

−2176 −287 −1565 −512 −541 −1152 −289



12 ìàÿ, 2021 2 / 40



Ïàðàäîêñû ìàòðè÷íîãî ñïåêòðà
289 2064 336 128 80 32 16

1152 30 1312 512 288 128 32
−29 −2000 756 384 1008 224 48
512 128 640 0 640 512 128

1053 2256 −504 −384 −756 800 208
−287 −16 1712 −128 1968 −30 2032

−2176 −287 −1565 −512 −541 −1152 −289



12 ìàÿ, 2021 3 / 40



×òî òàêîå ñîáñòâåííîå çíà÷åíèå?

λ = λj(A) ⇔ det(A− λI) = 0

m

||(A− λI)−1|| =∞

m

σmin(A− λI) = 0

m

log(σmin(A− λI)) = −∞

Çàìåòèì, ÷òî ôóíêöèÿ

f(A, λ) = log(σmin(A− λI))

íåïðåðûâíà è îãðàíè÷åíà âåçäå, êðîìå òî÷åê λ = λj(A)
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Ñïåêòðàëüíûå ïîðòðåòû

- ñïîñîá âèçóàëüíîãî âûäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé è èõ îêðåñòíîñòåé.
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Ñïåêòðàëüíûå ïîðòðåòû

- ñïîñîá âèçóàëüíîãî âûäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé è èõ îêðåñòíîñòåé.

Íàïðèìåð, ýòî ìîæåò áûòü èçîáðàæåíèå ãðàôèêà ôóíêöèè

f(A, λ) = log(σmin(A− λI))

12 ìàÿ, 2021 6 / 40



Ñïåêòðàëüíûå ïîðòðåòû, ïðèìåð


1 7 8 9 8
0 1 8 7 6
0 0 2 −1 9
0 0 1 2 7
0 0 0 0 3
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Ñïåêòðàëüíûå ïîðòðåòû, ïðèìåð
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Ñïåêòðàëüíûå ïîðòðåòû, ïðèìåð
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Ðîëü ñïåêòðàëüíûõ ïÿòåí

A =
−0.5 15

−0.5 15

−0.5 15

−0.5 15

−0.5


B =

−0.5 15

−0.5 15

−0.5 15

−0.5 15

5 · 10−6 −0.5


Ñïåêòðàëüíûé ïîðòðåò Íîðìà ìàòðè÷íîé ýêñïîíåíòû
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Ðîëü ñïåêòðàëüíûõ ïÿòåí

 Im 

Re 

ÍÅ ???óñòîé÷èâîñòü ðåøåíèé ñèñòåìû d
dt
y = Ay
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Ïðàêòè÷åñêèå âîïðîñû - êëàññè÷åñêèå îòâåòû

* Âñå ëè ñ.çí íàõîäÿòñÿ â îá-
ëàñòè óñòîé÷èâîñòè?

* Êàê âëèÿåò íà óñòîé÷èâîñòü
ðàñïîëîæåíèå ñïåêòðàëüíûõ
ïÿòåí?

* Íàñêîëüêî òî÷íûì ìîæåò
áûòü îòâåò?

* Âû÷èñëåíèå îòäåëüíûõ ñîá-
ñòâåííûõ çíà÷åíèé (âñåõ)

* Íå äàåò èíôîðìàöèè î ñïåê-
òðàëüíûõ ïÿòíàõ

σmin(A− λI) < ε

* Íåò óäîâëåòâîðèòåëüíûõ
îöåíîê òî÷íîñòè

ÂÛÂÎÄ: ïîñòàíîâêó çàäà÷è íåîáõîäèìî ìåíÿòü!
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Àëüòåðíàòèâà ñòàíäàðòíîé ïîäñòàíîâêå

ÄÈÕÎÒÎÌÈß - äåëåíèå ñïåêòðà íà äâå ÷àñòè â çàâèñèìîñòè îò
ðàñïîëîæåíèÿ îòíîñèòåëüíî çàäàííîé êðèâîé.
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Ñâîéñòâà è âîçìîæíîñòè ìåòîäà äèõîòîìèè

Äèõîòîìèÿ ïðåäïîëàãàåò ðàçäåëåíèå ìíîæåñòâà ñîáñòâåííûõ çíà÷åíèé
{λj(A,B)} çàäàííîãî ìàòðè÷íîãî ïó÷êà A− λB íà äâå ÷àñòè â çàâèñèìîñòè
îò ðàñïîëîæåíèÿ îòíîñèòåëüíî ôèêñèðîâàííîé êðèâîé γ.
Ìàòðè÷íûé êðèòåðèåì äèõîòîìèè ìîæíî ïðåäñòàâèòü â âèäå èíòåãðàëà

H =
∫
γ

(A∗ − λ̄B∗)−1C(A− λB)−1dλ, C = C∗ > 0
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¾ÑËÎÆÍÎÑÒÜ¿ áàçîâîãî àëãîðèòìà äèõîòîìèè

Íà÷àëüíîå çíà÷åíèå

H(0) = (A0 − B0)−1(A0A
∗
0 + B0B

∗
0)(A0 − B0)−∗,

ãäå A0 − λB0 = A− λB.
Èòåðàöèè

V(k+1) = (Ak + Bk)−1Ak, U(k+1) = I−V(k+1)

H(k+1) = U(k+1)H(k)U(k+1)∗ + V(k+1)H(k)V(k+1)∗

qr

([
−Bk Ak 0
Ak 0 −Bk

])
=
[
∗ ∗ ∗
0 Ak+1 −Bk+1

]
Ïîñëå òîãî, êàê èòåðàöèè ñîøëèñü, âû÷èñëÿåòñÿ ïðîåêòîð

P = (Ak − Bk)−1Bk;
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Ñâîéñòâà è âîçìîæíîñòè ìåòîäà äèõîòîìèè - áàçèñû

èíâàðèàíòíûõ ïîäïðîñòðàíñòâ

Àëãîðèòìû äèõîòîìèè ïîçâîëÿþò âû÷èñëèòü ìàòðèöó P - ïðîåêòîð íà
îäíî èç ýòèõ ïîäïðîñòðàíñòâ L1, òî ïðîåêòîðîì íà âòîðîå ïðèâîäÿùåå
ïîäïðîñòðàíñòâî L2 áóäåò ìàòðèöà I− P (I � åäèíè÷íàÿ ìàòðèöà). Ñëåäû
ïðîåêòîðîâ l = tr(P) è m = tr(I− P) ñîâïàäàþò ñ ÷èñëîì ñîáñòâåííûõ
çíà÷åíèé ïó÷êà, îêàçàâøèõñÿ ïî îäíó è äðóãóþ ñòîðîíó êðèâîé γ
ñîîòâåòñòâåííî. Ñèíãóëÿðíûå ðàçëîæåíèÿ

P = [U1|W1] =
[

Σ1 0
0 0

]
V∗1, I− P = [U2|W2] =

[
Σ2 0
0 0

]
V∗2

ïîçâîëÿþò ïîëó÷èòü îðòîãîíàëüíûå áàçèñû U1 è U2 â ïðèâîäÿùèõ
ïîäïðîñòðàíñòâàõ L1 è L2.
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Ñâîéñòâà è âîçìîæíîñòè ìåòîäà äèõîòîìèè -

îäíîìåðíûå ïîðòðåòû

Ïóñòü γ(r) - îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî êðèâûõ.
Îïðåäåëèì ôóíêöèþ ω(r) = ‖H(r)‖.
Ãðàôèê ýòîé ôóíêöèè íàçûâàåòñÿ îäíîìåðíûì ñïåêòðàëüíûì ïîðòðåòîì.
Îí ïîçâîëÿåò âûäåëèòü íà êîìïëåêñíîé ïëîñêîñòè îêðåñòíîñòè êðèâûõ
γ(ri), â êîòîðûõ íàõîäÿòñÿ ãðóïïû ñîáñòâåííûõ çíà÷åíèé. Òàêæå ìîæíî
âû÷èñëèòü ïðîåêòîðû Pi íà èíâàðèàíòíûå ïîäïðîñòðàíñòâà,
ñîîòâåòñòâóþùèå ýòèì ñîáñòâåííûì çíà÷åíèÿì, âû÷èñëèòü áàçèñû
èíâàðèàíòíûõ ïîäïðîñòðàíñòâ, ïðèâåñòè ïîäîáíûì ïðåîáðàçîâàíèåì
ìàòðèöó A ê êëåòî÷íî-äèàãîíàëüíîìó âèäó.
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Ñâîéñòâà è âîçìîæíîñòè ìåòîäà äèõîòîìèè -

îäíîìåðíûå ïîðòðåòû. Ïðèìåð


1 7 8 9 8
0 1 8 7 6
0 0 2 −1 9
0 0 1 2 7
0 0 0 0 3
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Ïðåèìóùåñòâà ìåòîäà äèõîòîìèè

1)íåñèììåòðè÷íàÿ ñïåêòðàëüíàÿ ïðîáëåìà ñâîäèòñÿ ê îïåðàöèÿì ñ
îðòîãîíàëüíûìè è ñèììåòðè÷íûìè ìàòðèöàìè;

2) ñóùåñòâóåò âàðèàíò àëãîðèòìà, íå èñïîëüçóþùèé îáðàùåíèÿ ìàòðèö âî
âðåìÿ èòåðàöèé;

3) ñõîäèìîñòü àëãîðèòìà áûñòðàÿ è ïðîãíîçèðóåìàÿ;

4) ñòðóêòóðà àëãîðèòìîâ ïîçâîëÿåò ïðîâåñòè îöåíêó òî÷íîñòè ðåçóëüòàòà

5) ìåòîä íå÷óâñòâèòåëåí ê êðàòíîñòè, âåùåñòâåííîñòè èëè êîìïëåêñíîñòè
ñîáñòâåííûõ çíà÷åíèé
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Îáëàñòè ïðèìåíåíèÿ ìåòîäà äèõîòîìèè

1) â çàäà÷àõ ëèíåéíîãî óïðàâëåíèÿ ( Godunov S.K. Ordinary Di�erential
Equations with Constant Coe�cient. AMS. 1997)

2) óñòîé÷èâîñòü ñèìïëåêòè÷åñêèõ ìàòðèö è ïàðàìåòðè÷åñêèé
ðåçîíàíñ(Godunov S. K., Sadkane M. SIAM Journal on Matrix Analysis and
Applications 28(4):1083-1096)

3) àíàëèç êîëåáàíèé ãèäðîäèíàìè÷åñêèõ ðåøåòîê (Êóðçèí Â.Á.
Ïðèêëàäíàÿ ìåõàíèêà è òåõíè÷åñêàÿ ôèçèêà. 2008, ò. 49, ¹ 1, ñ. 104-113.)

4) çàäà÷à î ôëàòòåðå êðûëà â ïîñòàíîâêå Ì.Â.Êåëäûøà (Áóíüêîâ Â.Ã.,
Ãîäóíîâ Ñ.Ê., Êóðçèí Â.Á, Ñàäêåéí Ì. Ó÷åíûå çàïèñêè ÖÀÃÈ, XL(6),
3-13)
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Îáëàñòè ïðèìåíåíèÿ ìåòîäà äèõîòîìèè

5) ðàçäåëåíèå ìíîãî÷ëåíà íà ìíîæèòåëè (Áèáåðäîðô Ý. À. Ñèá. æóðí.
èíäóñòð. ìàòåì., 3:1 (2000), 16-32)

6) óñòîé÷èâîñòü ïëîñêî-ïàðàëëåëüíîãî òå÷åíèÿ Ïóàçåéëÿ (Áèáåðäîðô
Ý.À., Áëèíîâà Ì.À., Ïîïîâà Í.È. ÑèáÆÂÌ, 2018, ò. 21, ¹ 2, ñ. 139-153.)

7) óñòîé÷èâîñòü ïðèñòåíî÷íîãî òå÷åíèÿ Áëàçèóñà ( Áëèíîâà Ì.À., Ïîïîâà
Í.È., Áèáåðäîðô Ý.À. Òðóäû ìåæäóíàðîäíîé íàó÷íîé êîíôåðåíöèè
¾Ìàð÷óêîâñòêèå íàó÷íûå ÷òåíèÿ¿, 2017)

8)èññëåäîâàíèå ñïåêòðàëüíûõ ñâîéñòâ ìàòðèö äåëåíèÿ è ïîãëîùåíèÿ,
îïèñûâàþùèõ ñëàáîñâÿçíûå îáëàñòè, îïðåäåëåíèå ëîêàëüíûõ
êîýôôèöèåíîâ ýôôåêòèâíîñòè (Áèáåðäîðô Ý.À., Ìèòåíêîâà Å.Ô.,
Àòîìíàÿ ýíåðãèÿ, â ïå÷àòè)

9) óñòîé÷èâîñòè àâòîìàòè÷åñêèõ ñèñòåì óïðàâëåíèÿ (ÀÑÓ) (ìåòîä â
ðàçðàáîòêå)
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Ïëîñêî-ïàðàëëåëüíîå òå÷åíèå ïîëèìåðíîé æèäêîñòè

Ñèñòåìà óðàâíåíèé, ëèíåàðèçîâàííàÿ âîêðóã ñîñòîÿíèÿ ïîêîÿ:

Ut + BUx + CUy + R0U + F0 = 0,

∆x,yP = −2((α22)xx − (α12)xy),

ãäå U =


u
v
α12
α22

. Ïóñòü U(t, x, y) = Û(y) exp(λt + iωx),
P(t, x, y) = P̂(y) exp(λt + iωx), òîãäà

α̂′12 −
4iωκ20
λ+W−1 v̂′ = λû + iωP̂

κ20û
′ = λα̂12 − iωκ20v̂ + W−1α̂12

P̂ ′ = −λv̂ + iωα̂12
−λv̂′ − iωα̂′12 −

4ω2κ20
λ+W−1 v̂′ = ω2P̂.
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Ïëîñêî-ïàðàëëåëüíîå òå÷åíèå ïîëèìåðíîé æèäêîñòè

Az′ = Bz, ãäå z = (û v̂ α̂12 P̂)T,

A =

 κ20 0 0 0

0 −4iωκ20 λ+ W
−1

0

0 λ(λ+ W
−1) + 4ω2κ20 iω(λ+ W

−1) 0

0 0 0 1

 ,

B =

 0 −iωκ20 λ+ W
−1

0

λ(λ+ W
−1) 0 0 iω(λ+ W

−1)
0 0 0 −ω2(λ+ W

−1)
0 −λ iω 0



û = v̂ = 0, P̂ ′(y) = iωα̂12 ïðè y = 0, 1.
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Äèñêðåòèçàöèÿ

ẑ =
(
û2 · · · ûN−1 | v̂2 · · · v̂N−1 | (α̂12)1 · · · (α̂12)N | P̂1 · · · P̂N

)T
.

AD̂ẑ = Bẑ.

A(λ) =


A0 0 0 0
0 A1 A2 0
0 A3 A4 0
0 0 0 A5

 , B(λ) =


0 B0 B1 0
B2 0 0 B3

0 0 0 B4

0 B5 B6 0
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Êâàäðàòè÷íûé ìàòðè÷íûé ïó÷îê

AD̂− B = A1 + λB1 + λ2C1.

det(A1 + λB1 + λ2C1) = det
[(
A1 B1
0 I

)
− λ

(
0 C1
I 0

)]

A =
(
A1 B1
0 I

)
, B =

(
0 C1
I 0

)
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Ðàäèàëüíûé ïîðòðåò èñõîäíîãî ïó÷êà

W = 1/2, Re = 2

A− λB

N = 10 - ñïëîøíàÿ ëèíèÿ
N = 20 - øòðèõ
N = 30 - ïóíêòèð
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Èäåÿ ëîêàëèçàöèè ñïåêòðà èñõîäíîãî ïó÷êà

îòíîñèòåëüíî ìíèìîé îñè

ÑÒÀÍÄÀÐÒÍÛÉ øàã:

A− λB ⇒ B
−1
A− λI ⇒ eB

−1
A − λI

ÏÐÎÁËÅÌÀ â òîì, ÷òî detB = 0

ÐÅØÅÍÈÅ ïðîáëåìû: äèõîòîìèÿ åäèíè÷íîé îêðóæíîñòüþ

A = T

(
Λ 0
0 I

)
S, B = T

(
I 0
0 M

)
S

Ñâîéñòâà ñïåêòðîâ λ(Λ) = λ(A,B), åñëè |λ(A,B)| < 1
λ(M) = λ−1(A,B), åñëè |λ(A,B)| > 1
ÇÀÄÀ×À ñëåäóþùåãî øàãà: ëîêàëèçàöèè ñïåêòðà Λ è M îòíîñèòåëüíî
ìíèìîé îñè.
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Äèõîòîìèÿ åäèíè÷íîé îêðóæíîñòüþ

A− λB

Îòíîñèòåëüíàÿ òî÷íîñòü - ïàðàìåòð ñõîäèìîñòè èòåðàöèé ε = 10−10

×èñëî èòåðàöèé - 5
Ðåçóëüòàò: êàíîíè÷åñêîå ðàçëîæåíèå

A = T

(
Λ 0
0 I

)
S, B = T

(
I 0
0 M

)
S
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Ðàäèàëüíûé ïîðòðåò ìàòðèöû Λ

N = 10 - ñïëîøíàÿ ëèíèÿ
N = 20 - øòðèõ
N = 30 - ïóíêòèð
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Ðàäèàëüíûé ïîðòðåò ìàòðèöû M

N = 10 - ñïëîøíàÿ ëèíèÿ
N = 20 - øòðèõ
N = 30 - ïóíêòèð
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Ëîêàëèçàöèè ñïåêòðà Λ è M îòíîñèòåëüíî ìíèìîé îñè

ÇÀÄÀ×À ñëåäóþùåãî øàãà: ëîêàëèçàöèè ñïåêòðà Λ è M îòíîñèòåëüíî
ìíèìîé îñè.
ÏÐÎÁËÅÌÀ: àïðèîðè èçâåñòíî, ÷òî åñòü íóëåâûå ñîáñòâåííûå çíà÷åíèÿ
ÐÅØÅÍÈÅ ïðîáëåìû: ñ ïîìîùüþ äèõîòîìèè îêðóæíîñòüþ ìàëîãî
ðàäèóñà ρ ïîëó÷àåì

Λ = TΛ

(
Λ0 0
0 Λρ

)
T−1Λ , M = TM

(
M0 0
0 Mρ

)
T−1M

|λ(Λ0)| < ρ, |λ(M0)| < ρ

Äàëåå èññëåäóåì ðàñïîëîæåíèå îòíîñèòåëüíî ìíèìîé îñè ñïåêòðà Λρ,Mρ.
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Äèõîòîìèÿ îêðóæíîñòüþ ìàëîãî ðàäèóñà

Ìàòðèöû Λ,M; îêðóæíîñòü ðàäèóñà ρ = 0.003
Îòíîñèòåëüíàÿ òî÷íîñòü - ïàðàìåòð ñõîäèìîñòè èòåðàöèé ε = 10−10

×èñëî èòåðàöèé - 6, 7
Ðåçóëüòàò:

Λ = TΛ

(
Λ0 0
0 Λρ

)
T−1Λ , M = TM

(
M0 0
0 Mρ

)
T−1M
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Ëèíåéíûå ïîðòðåòû ìàòðèö Λρ è Mρ

N = 10 - ñïëîøíàÿ ëèíèÿ
N = 20 - øòðèõ
N = 30 - ïóíêòèð
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Ðåçóëüòàò

Äèõîòîìèÿ ìíèìîé îñüþ ñïåêòðîâ Λρ è Mρ

Îòíîñèòåëüíàÿ òî÷íîñòü - ïàðàìåòð ñõîäèìîñòè èòåðàöèé ε = 10−10

×èñëî èòåðàöèé - 4,5
ÐÅÇÓËÜÒÀÒ: 0 ñîáñòâåííûõ çíà÷åíèé â ïðàâîé ïîëóïëîñêîñòè.
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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