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d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)
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Boundary value problem



d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t), t > 0,

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t), t > 0,

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t), t > 0,

x(t) = ϕ(t), t ∈ [−τ,0], x(+0) = ϕ(0), ϕ ∈ C([−τ,0]),

y(t) = ψ(t), t ∈ [−τ,0], y(+0) = ψ(0), ψ ∈ C([−τ,0]),

z(0) = z0

A solution is exists and unique.
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Nonnegativity of solutions

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

If x(t) ≥ 0, y(t) ≥ 0 for t ∈ [−τ,0], then x(t) ≥ 0, y(t) ≥ 0 for all t > 0. If

z(0) ≥
0∫
−τ

bpecξx(ξ)y(ξ)dξ,

then z(t) ≥ 0 for all t > 0.
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Boundness of solutions

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

Solutions are limited:

x(t) ≤M1, y(t) ≤M2, z(t) ≤M3.
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Equilibrium points

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

Case bpe−cτK ≤ d

2 equilibrium points: (0,0,0), (K,0,0)

Case bpe−cτK > d

3 equilibrium points: (0,0,0), (K,0,0),

(x0, y0, z0) =

(
d

bpe−cτ
,
r

p

[
1−

d

bpe−cτK

]
,
d

c

r

p

[
1−

d

bpe−cτK

]
[ecτ − 1]

)
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Predator � prey model

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

Aim:

study of stability of equilibrium points of the system,

obtaining estimates of solutions characterizing

the rate of convergence to equilibrium points,

�nding attraction domains.
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Linear system

d

dt
~y(t) = A~y(t) +B~y(t− τ)

Criterion for asymptotic stability.

The zero solution to linear system is asymptotically stable ⇐⇒ all root of

det
(
λI −A− e−λτB

)
are in the left-half plane {λ ∈ C : Reλ < 0}.

Su�cient condition for instability.

If there exists a root λ0 such that Reλ0 > 0, then the zero solution is unstable.
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Nonlinear system

d

dt
~y(t) = A~y(t) +B~y(t− τ) + F (~y(t), ~y(t− τ)),

F (~y1, ~y2) ∈ C1(R2n),
‖F (~y1, ~y2)‖
‖(~y1, ~y2)‖

→ 0 as (~y1, ~y2)→ 0

Stability in the �rst approximation.

I) If all roots of

det
(
λI −A− e−λτB

)
are in the left-half plane, then the zero solution is asymptotically stable.

II) If there exists a root λ0 such that Reλ0 > 0, then the zero solution to

nonlinear system is unstable.
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Instability of equilibrium point (0,0,0)

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

Linearized system 

d

dt
x(t) = rx(t),

d

dt
y(t) = −dy(t),

d

dt
z(t) = −cz(t)

Equilibrium point (0,0,0) is unstable
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Stability of equilibrium point (K,0,0)

Change of variables x(t) = K + x̃(t). Linearized system

d

dt

x̃(t)
y(t)
z(t)

 =

−r −pK 0
0 −d 0
0 bpK −c


x̃(t)
y(t)
z(t)

+

0 0 0
0 bpe−cτK 0
0 −bpe−cτK 0


x̃(t− τ)
y(t− τ)
z(t− τ)



det
(
λI −A− e−λτB

)
= (λ+ r)

(
λ+ d− bpe−cτKe−λτ

)
(λ+ c)

bpe−cτK < d =⇒ (K,0,0) is asymptotically stable

(system has 2 equilibrium points)

bpe−cτK > d =⇒ (K,0,0) is unstable

(system has 3 equilibrium points)
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Stability of equilibrium point (x0, y0, z0)

Change of variables x(t) = x0 + u(t), y(t) = y0 + v(t), z(t) = z0 + w(t).

Linearized system

d

dt


u(t)

v(t)

w(t)

 =



−
rx0

K
−px0 0

0 −d 0

bpy0 bpx0 −c




u(t)

v(t)

w(t)

+



0 0 0

y0

x0
d d 0

−
y0

x0
d −d 0




u(t− τ)

v(t− τ)

w(t− τ)



det
(
λI −A− e−λτB

)
=
[(
λ+

rx0

K

)
(λ+ d)− de−λτ

(
λ+

rx0

K
− py0

)]
(λ+ c)

d < bpe−cτK ≤ 3d =⇒ (x0, y0, z0) is asymptotically stable

bpe−cτK > 3d =⇒ there exists τ0 > 0 such that:

if 0 ≤ τ < τ0, then (x0, y0, z0) is asymptotically stable

if τ > τ0, then (x0, y0, z0) is unstable
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Predator � prey model

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

Aim:

obtaining estimates of solutions characterizing

the rate of convergence to equilibrium points,

�nding attraction domains.
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System of ordinary di�erential equations

d

dt
y = Ay

Theorem (A.M. Lyapunov).

The zero solution to linear system is asymptotically stable ⇐⇒ there exists a

solution to matrix Lyapunov equation H = H∗ > 0:

HA+A∗H = −I.

Theorem (M.G. Krein).

Let there exist a solution to matrix Lyapunov equation H = H∗ > 0. Then

‖y(t)‖ ≤
√

2‖A‖‖H‖ exp

(
−

t

2‖H‖

)
‖y(0)‖.
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Linear system with delay

d

dt
y(t) = Ay(t) +By(t− τ)

Theorem (N.N. Krasovskii).

Let there exist matrices H = H∗ > 0 and K = K∗ > 0 such that(
HA+A∗H +K HB

B∗H −K

)
< 0.

Then the zero solution is asymptotically stable.

Lyapunov � Krasovskii functional

V (t, y) = 〈Hy(t), y(t)〉+

t∫
t−τ
〈Ky(s), y(s)〉ds

Using Lyapunov � Krasovskii functional, it is unable to obtain estimates that

are analogues of the Krein's estimate.
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Linear system with delay
d

dt
y(t) = Ay(t) +By(t− τ), t > 0,

y(t) = ϕ(t), t ∈ [−τ,0], y(+0) = ϕ(0),

ϕ(t) ∈ C([−τ,0])

Modi�ed Lyapunov � Krasovskii functional

V (t, y) = 〈Hy(t), y(t)〉+

t∫
t−τ
〈K(t− s)y(s), y(s)〉ds

Theorem (G.V. Demidenko, I.I. Matveeva).

Let there exist matrices H = H∗ > 0 and K(s) ∈ C1([0, τ ]) such that K(s) =

K∗(s) > 0, d
dsK(s) < 0, and

C = −
(
HA+A∗H +K(0) HB

B∗H −K(τ)

)
> 0.

Then

‖y(t)‖ ≤
√
h−1

minV (0, ϕ)e−εt/2,

ε = min

{
cmin

‖H‖
, k

}
,

d

ds
K(s) + kK(s) ≤ 0.
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Estimates of the rate of convergence to (K,0,0)

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

bpe−cτK < d =⇒ (K,0,0) is asymptotically stable

Notation. Let θ > 0 and æ > 0 such that

d̃ = d− bpe−cτ(K + θ)eæτ > 0,

δ0 = min
{
d̃,æ

}
, δ1 = min

{
d̃,æ, r

}
, δ2 = min

{
d̃,æ, c

}
.

Modi�ed Lyapunov � Krasovskii functional

v(t, y) = y2(t) + bpe−cτ(K + θ)eæτ
t∫

t−τ
e−2æ(t−s)y2(s)ds
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Estimates of the rate of convergence to (K,0,0)

Theorem 1. For solutions with initial conditions

0 ≤ x(t) ≤ K + θ, t ∈ [−τ,0], x(0) > 0,

y(t) ≥ 0, t ∈ [−τ,0], z(0) ≥
0∫
−τ

bpecξx(ξ)y(ξ)dξ,

the estimates hold

|x(t)−K| ≤
K exp

(
p
√
v(0, y)

/
δ0

)
min {K,x(0)}

[
|x(0)−K|+ x(0) p

√
v(0, y) t

]
e−δ1t,

y(t) ≤
√
v(0, y) e−δ0t,

z(t) ≤
[
y(0) + z(0) + max {c− d+ bp(K + θ),0}

√
v(0, y) t

]
e−δ2t.
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Estimates of the rate of convergence to (x0, y0, z0)

d

dt
x(t) = rx(t)

(
1−

x(t)

K

)
− px(t)y(t),

d

dt
y(t) = bpe−cτx(t− τ)y(t− τ)− dy(t),

d

dt
z(t) = bpx(t)y(t)− bpe−cτx(t− τ)y(t− τ)− cz(t)

d < bpe−cτK < 3d =⇒ (x0, y0, z0) is asymptotically stable

Change of variables x(t) = x0 + u(t), y(t) = y0 + v(t), z(t) = z0 + w(t):

d

dt

u(t)

v(t)

 = A

u(t)

v(t)

+B

u(t− τ)

v(t− τ)

+


u(t)

(
−
r

K
u(t)− pv(t)

)

bpe−cτu(t− τ)v(t− τ)

 ,
d

dt
(v(t) + w(t)) = bp(y0 + v(t))u(t) + (c− d+ bpx0)v(t)− c(v(t) + w(t)),

A =

−
rx0

K
−px0

0 −d

 , B =


0 0

y0

x0
d d

 .
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Estimates of the rate of convergence to (x0, y0, z0)

Modi�ed Lyapunov � Krasovskii functional

V (t, u, v) =

〈
H

(
u(t)
v(t)

)
,

(
u(t)
v(t)

)〉
+

t∫
t−τ

〈
K(t− s)

(
u(s)
v(s)

)
,

(
u(s)
v(s)

)〉
ds

Matrix H

H =

(
h11 h12
h12 h22

)
> 0, −HA−A∗H −B∗B − H̃∗H̃ > 0, H̃ =

(
0 0
h12 h22

)
:

h11 =
d2

py0

(
y0

x0

)2

, h22 = d, 0 < h12px0 <

√
d2py0

(
2rx0

K
− py0

)
+
(
rx0

K

)4
−
(
rx0

K

)2
.

Matrix K(s)

K(s) = e−ks
[
B∗B +

(
0 0
0 µ

)]
> 0 :

k > 0 : C = −HA−A∗H −B∗B − ekτH̃∗H̃ > 0, 0 < µ <
d2

‖H̃∗H̃‖
cmin.
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Estimates of the rate of convergence to (x0, y0, z0)

Theorem 2a. Let

max
t∈[−τ,0]

|u(t)| ≤
µx0

d2
e−kτ/2,

√
V (0, u, v) <

ε

q
,

1√
hmin

√
V (0, u, v)(

1−
q

ε

√
V (0, u, v)

) ≤ µx0

d2
e−kτ/2,

where

ε = min

{
1

‖H‖

(
cmin −

µ

d2
‖H̃∗H̃‖

)
, k

}
, q =

√
h11

hmin

 r

K
+

√(
r

K

)2
+ p2

 .
Then the estimate holds

u2(t) + v2(t) ≤
1

hmin

V (0, u, v)(
1−

q

ε

√
V (0, u, v)

)2 e−εt.
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Estimates of the rate of convergence to (x0, y0, z0)

Theorem 2b. Let the conditions of theorem 2a be ful�lled. then the estimate

holds

|w(t)| ≤

|v(0) + w(0)|+
1√
hmin

√
V (0, u, v)(

1−
q

ε

√
V (0, u, v)

)(1 + βt)

 e−γt,
where

γ = min
{
ε

2
, c

}
, β = bp

(
y0 +

µx0

d2
e−kτ/2

)
+ |c− d+ bpx0| .
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Thank you for your attention!

22


