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%az(t) = rz(t) <1 — %) — px(t)y(t),
< %y(t) = bpe” “z(t — T)y(t — 7) — dy(?),
d

\ az(t) = bpz(t)y(t) — bpe “x(t — )yt — 1) — cz(t)




p

\

A solution

Boundary value problem

%x(t) = ra(t) (1 - i;) —pr(y(t), t>0,
%y(t) =bpe “x(t —T)y(t — 1) —dy(t), t>0,
%z(t) = bpx(t)y(t) — bpe” Tx(t — )y(t — 1) — cz(t), t> 0,

z(t) = ¢(t), te€[-7,0], =x(4+0)=¢(0), ¢eC([-7,0]),
y(t) — w(t)a t € [_7_7 O]a y(—I—O) — ¢(0)7 TP S C([_Ta O])a

2(0) = 20

IS exists and unique.



Nonnegativity of solutions

%x(t) = rx(t) <1 — %) — pz(t)y(t),

d

L) = bpe Tt — Tyt — ) — dy(D),

d

\ az(t) = bpx(t)y(t) —bpe “Tx(t — )yt — 1) — cz(t)

If z(t) > 0, y(t) >0 for t € [—7,0], then =(¢t) > 0, y(t) > 0 for all ¢t > 0. If

o)
2(0) > [ boeta(©)y(&)de,

then z(t) > 0 for all ¢t > 0.



Boundness of solutions

%x(t) = rxz(t) <1 — %) — pz(t)y(l),

d

{2 () = bpe Tt — Tyt — ) — dy(D),

d

\ az(t) = bpx(t)y(t) —bpe “x(t — )yt — 1) — cz(t)

Solutions are limited:

z(t) < My, y(t) < Mp, =z(t) < Ms.



Equilibrium points

%x(t) = ra(t) <1 — %) — pz(t)y(t),

d

L) = bpe Tt — Tyt — ) — dy(D),

%Z(t) = bpx(t)y(t) — bpe™ “a(t — 7)y(t — 7) — cz(t)

Case bpe  “"K < d

2 equilibrium points: (0,0,0), (X,0,0)

Case bpe K > d

3 equilibrium points: (0,0,0), (K,0,0),

d d d d
(20, Y0, 20) = o1 oo [ — 1)
bpe—¢T " p bpe—¢TK cp bpe— T K




Predator — prey model

%x(t) = rx(t) <1 — %) — pz(t)y(t),

d

{2 () = bpe Tt — Tyt — ) — dy(D),

%z(t) = bpz(t)y(t) — bpe™ " x(t — T)y(t — 7) — cz(?)

Aim:

study of stability of equilibrium points of the system,

obtaining estimates of solutions characterizing
the rate of convergence to equilibrium points,

finding attraction domains.



Linear system

5t = A + By(t — 7)

Criterion for asymptotic stability.
The zero solution to linear system is asymptotically stable «<— all root of

det (/\1 _A— e—/\TB)
are in the left-half plane {A € C : Re A < 0}.

Sufficient condition for instability.
If there exists a root \g such that Re g > 0O, then the zero solution is unstable.



Nonlinear system

©5(6) = AG() + Bt — ) + F@(0), 5 7)),

L F(y1,92) L
F(i1,72) € CH(R?"), | | >0 as  (y1,92) =0

(71, ¥2) ||

Stability in the first approximation.

I) If all roots of
det (A — A — e *"B)

are in the left-half plane, then the zero solution is asymptotically stable.

II) If there exists a root \g such that ReXg > 0, then the zero solution to
nonlinear system is unstable.



Instability of equilibrium point (0,0,0)

%x(t) = rz(t) <1 — %) — px(t)y(t),

d

< ay(t) = bpe Tx(t — )yt — ) — dy(t),

d

\ az(t) = bpx(t)y(t) —bpe “x(t — )yt — 1) — cz(t)

Linearized system

(d
—o(t) = ra(t),

< %y(t) = —dy(1),

d

—2z(t) = —cz(t
\ dtZ( ) cz(t)
Equilibrium point (0,0,0) is unstable



Stability of equilibrium point (KX,0,0)

Change of variables z(t) = K 4+ z(¢). Linearized system
d z(t) —r —pK O x(t) 0 0 0\ [/z(t— 1)
p” y(t) ] =10 —-d O y(t) |+ 10 bpe K O] |y(t—7)
z(t) 0 bpK —c) \z(t) O —bpe “"K 0] \z(t—171)

det ()J — A e—/\TB) = (\+7) (/\ +d— bpe_CTKe_/\T) (A~ ¢)

bpe“TK <d == (K,0,0) is asymptotically stable
(system has 2 equilibrium points)

bpe “"K >d =—— (K,0,0) is unstable
(system has 3 equilibrium points)
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Stability of equilibrium point (xg, yo, z0)

Change of variables z(t) = zqg + u(t), y(t) = yo + v(t), 2(t) = z0 + w(t).
Linearized system

0 0 0
W) (-2 g 0 fu)) | | futt -\
Yo
% o) =] o a4 ol||v®]|+]|w’ ¢ ||ve-m
\w(?)/ \ bpyo  bpro —c) \w(®)) ~Nq 0) \w(t_T))
o
det (\[ — A— e *B) = K,\+m—0> (A +d) — (A+7—pyo>](A+c)

d < bpe “"K <3d == (x0,90,20) is asymptotically stable

bpe  “"K > 3d = there exists g > 0 such that:
if 0 <7 <719, then (x0,y0,20) is asymptotically stable
if 7 > 19, then (zg,yg, z0) IS unstable
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Predator — prey model

%x(t) — Tx(t) (1 — %) — pCE(t)y(t)a

d

< %y(t) = bpe Tx(t — )yt — ) — dy(t),

d

\ az(t) = bpzx(t)y(t) —bpe “x(t — )yt — 1) — cz(t)

Aim:

obtaining estimates of solutions characterizing
the rate of convergence to equilibrium points,

finding attraction domains.
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System of ordinary differential equations

d
Tu=A
dty (7

Theorem (A.M. Lyapunov).
The zero solution to linear system is asymptotically stable < there exists a
solution to matrix Lyapunov equation H = H* > O:

HA+ A*H = —1.

Theorem (M.G. Krein).
Let there exist a solution to matrix Lyapunov equation H = H* > 0. Then

) IO

t

Il < 2l Al e (-5
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Linear system with delay

Cy(t) = Ay(®) + By(t - 7)

Theorem (N.N. Krasovskii).
Let there exist matrices H = H* > 0 and K = K* > 0 such that

HA+A*H+ K HB
B*H K < 0.

Then the zero solution is asymptotically stable.

Lyvyapunov — Krasovskii functional
t

V(ty) = (Hy®),y®) + [ (Ky(s),y(s))ds

t—T1

Using Lyapunov — Krasovskii functional, it is unable to obtain estimates that
are analogues of the Krein's estimate.
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Linear system with delay
Ly@ = Ay + By -, 10,
{ So(t> S C([_Ta O])
L y(t) — Sp(t)v t S [_7_7 0]7 y(—I—O) — 90(0)7

Modified Lyapunov — Krasovskii functional

t
V(t,y) = (Hy(®),y®) + | (K= $)y(s), y(s))ds
t—T1

Theorem (G.V. Demidenko, I.I. Matveeva).
Let there exist matrices H = H* > 0 and K(s) € C1([0,7]) such that K(s) =
K*(s) > 0, %K(S) < 0, and

_ (HA+ A*H+K(0) HB
C=- ( B*H —K(7)> > 0.

T hen

()| < VRt V(0,p)e e/,

£ = min { ”m'ﬁ k} diK(s) + kK(s) < 0.
S
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Estimates of the rate of convergence to (K,0,0)

%x(t) = rz(t) <1 — %) — pz(t)y(t),

d

{ ay(t) e bpe_CTCIZ(t — T)y(t — 7-) — dy(t)a

d

\ £z(t) = bpz(t)y(t) —bpe “x(t — )yt — 1) — cz(t)

bpe "K <d == (K,0,0) is asymptotically stable

Notation. Let 8 > 0 and 2 > 0 such that
d=d—bpe (K + 6)e®T > 0,

So = min {J, ae}, 51 = min {J, ae,r}, 55 = min {J, ae,c}.
Modified Lyapunov — Krasovskii functional

t
v(t,y) = (1) + bpe™T(K 4+ 0)e®7 [ e 2R=032(5)as
t—T
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Estimates of the rate of convergence to (K,0,0)

Theorem 1. For solutions with initial conditions
0<z(t) <K+60, te[-7,0], =z(0)>0,
0
y(1) 20, tel-n0l, 20> [ bpeta(Oy(©)d,
—T

the estimates hold

2(t) — K| < K exp(pyv(0,v)/do) 12(0) = K| +2(0) py/u(0, ) 1] =1,

min {K,z(0)}

y(t) < 4/v(0,y) e %0,

(1) < [y(O) + 2(0) 4 max {c — d + bp(K + 6,0} \/v(0, 1) t] e—52t
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Estimates of the rate of convergence to (zg,yo, z0)

%x(t) = rxz(t) <1 — %) — pz(t)y(l),

| %y(t) = bpe™ax(t —T)y(t — 7) — dy(1),
\ %z(t) = bpx(t)y(t) —bpe™ " (t — T)y(t — 1) — cz(t)

d<bpe "K <3d = (x0,v0,20) iS asymptotically stable

Change of variables xz(t) = xg + u(t), y(t) = yo + v(t), 2(t) = zg + w(t):

4 (uu)) . (ua)) L <u<t - ﬂ) L[ (—Cu() ~ po(®) |
dt v(t) v(t) v(t — 1) bpe—CTu(t — 7)v(t — 1)

k %w) + w(t)) = bp(yo + v(t))u(t) + (¢ — d + bpzo)v(t) — c(v(t) + w(t)),

T
TEO g 0 0
A= . B= .
D4 4

7\
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Estimates of the rate of convergence to (zg,y0, 20)

Modified Lyapunov — Krasovskii functional

t
_ [ (w®Y (u®) u(s)) (u(s)
V<t’“»”>—<H (v(t)>’<v(t)>>+t/ <K(t‘5) (v(8)> <<s>>>

T

Matrix H

—_—

H= (M1 M2) o _pa_am_pB-EHH>0 H=(° °9).
hi1o hoo h12 hoo

d? [y 2 2rxo reg\4 [rzo)2
hi1 = ( O) , hoo = d, O < hiopzo < \/dQPyo ( —pyo) + (?) —(7) :

pPYo \Zo K
Matrix K(s)
K(s) = e ks [B B+ (O 2)] >0:
NN d2
k>0: C=-HA-—A*H—B*B—e""H*H>0, 0<pu<———cmin-

| H*H]|
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Estimates of the rate of convergence to (zg,y0, z0)

T heorem 2a. Let

HIO k7 /2 <
max |u(t)| < —"e : V(O,u,v) < —,
max [u®)] < VV(0,u,v) <

1 \/V(O,U,’U) < lumoe—k:T/Q
. ST2 ,
hmin (1 _ 1 \/V(O,u,’u)> d
g

where

Cmind L (B _ v (7 \/L2 2
€_mm{||H|| (Cmm d2”H H||)7k}7 q= - (K_I_ (K) +p° .

Then the estimate holds

1 V(0,u,v)
fomin (1 —g \/V(O,u,v))2

—et

u?(t) + 02 (1) <

e
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Estimates of the rate of convergence to (zg,yo, 20)

T heorem 2b. Let the conditions of theorem 2a be fulfilled. then the estimate
holds

1 \/V(O,u,v)
hmin (1 —g \/V(O,u,v))

lw(t)] < [|v(0) +w(0)| + (L+8t)| e 7,

where

. € o _
7=mlﬂ{§,6}, ﬁ=bp<yo+%e kT/Q)—I-Ic—d-I-bpxol-
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Thank you for your attention!
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