
Êîíôåðåíöèÿ "Æåíùèíû â ìàòåìàòèêå”

Ñâåðõóñòîé÷èâûå ãèïåðáîëè÷åñêèå ñèñòåìû:

ñâîéñòâà è ïðèëîæåíèÿ

Í.A.Ëþëüêî

Èíñòèòóò Ìàòåìàòèêè èìåíè Ñ.Ë. Ñîáîëåâà,

ã. Íîâîñèáèðñê, 12 ìàÿ 2021 ã.

1



X - áàíàõîâî ïðîñòðàíñòâî, A: X → X - ëèíåéíûé îïåðàòîð

Ëèíåéíàÿ àâòîíîìíàÿ ñèñòåìà

dx

dt
= Ax, x(0) = x0 ∈ X

íàçûâàåòñÿ ýêñïîíåíöèàëüíî óñòîé÷èâîé, åñëè

ñóùåñòâóþò γ > 0 è M = M(γ):

||x(t)|| ≤Me−γt||x(0)||, t ≥ 0

Ñèñòåìà íàçûâàåòñÿ ñâåðõóñòîé÷èâîé

(superstable), åñëè îíà ýêñïîíåíöèàëüíî óñòîé÷èâà

ñ ëþáûì ïîêàçàòåëåì γ > 0
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Àëåêñàíäð Ìèõàéëîâè÷ Ëÿïóíîâ (1892)
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Anant Balakrishnan (1999)
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Ïóñòü A - çàìêíóòûé îïåðàòîð â áàíàõîâîì ïðîñòðàíñòâå X

R(λ;A) = (λI −A)−1 ∈ L(X),−ðåçîëüâåíòà îïåðàòîðàA

Ñèñòåìà ñâåðõóñòîé÷èâà ⇒ ðåçîëüâåíòà R(λ;A) - öåëàÿ ôóíê-

öèÿ ïàðàìåòðà λ è ñïåêòð îïåðàòîðà σ(A) = ∅

��∗ A.V. Balakrishnan, On superstability of semigroups. Systems

modelling and optimization, CRC, Research Notes in Mathematics,

Chapman and Hall, 1999, pp. 12-19.
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X - êîíå÷íîìåðíîå áàíàõîâî ïðîñòðàíñòâî ⇒

σ(A) 6= ∅, γ = max{<λ : λ ∈ σp(A)}

X - áåñêîíå÷íîìåðíîå áàíàõîâî ïðîñòðàíñòâî

A ∈ L(X) ⇒

σ(A) 6= ∅, γ = max{<λ : λ ∈ σ(A)}
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Ïðîñòåéøèé ïðèìåð ñâåðõóñòîé÷èâîé

ñèñòåìû â ïîëóïîëîñå Π = (0,1)× (0,∞) ∗

∂u

∂t
= −

∂u

∂x
, (x, t) ∈ Π,

u(0, t) = 0, u(x,0) = u0(x).

ðåøåíèå óðàâíåíèÿ

u(x, t) =

{
u0(x− t), åñëè x > t,
0, åñëè t > x.

(1)

������� ∗ Ý.Õèëëå, Ð.Ôèëëèïñ, Ôóíêöèîíàëüíûé àíàëèç

è ïîëóãðóïïû, Ìîñêâà, 1962.
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A : L2(0,1)→ L2(0,1), Au = −
du

dx
,

D(A) = {u ∈W1
2 (0,1) : u(0) = 0}

ñïåêòð îïåðàòîðà σ(A) = ∅ è

ñèñòåìà èìååò êîíå÷íîå âðåìÿ

ñòàáèëèçàöèè (�nite time stabilization -

FTS), ò.å. ñóùåñòâóåò T0 òàêîå, ÷òî äëÿ

ëþáîãî u0

u(x, t) = 0, t > T0
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Ïðèìåð ñâåðõóñòîé÷èâîé ñèñòåìû, íî

íå îáëàäàþùåé ñâîéñòâîì FTS

X = L1(R+, e
−x2

dx) - âåñîâîå áàíàõîâî ïðîñòðàíñòâî, A : X → X

Au = −
du

dx
, D(A) = {u ∈ ACloc(R+) : Au ∈ X, u(0) = 0}

u(x, t) =

{
u0(x− t), åñëè x > t,
0, åñëè t > x.

(2)

||u(., t)||X ≤ e−t
2
||u0||X

�- ∗ Âó Íãóåí Øîí Òóíã, Ïðèìåðû ñóïåðóñòîé÷èâûõ ïîëó-

ãðóïï â òåîðèè îáðàòíûõ çàäà÷ äëÿ ýâîëþöèîííûõ óðàâíåíèé,

òåçèñû êîíôåðåíöèè, Ñàðàòîâ, 2018
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Ñìåøàííàÿ çàäà÷à äëÿ ðàñïàâøåéñÿ

íåàâòîíîìíîé ãèïåðáîëè÷åñêîé

ñèñòåìû

∂tu+ a(x, t)∂xu+ b(x, t)u = 0, (x, t) ∈ Π, (3)

Äèàãîíàëüíàÿ ìàòðèöà a ∈ C1 ñ ýëåìåíòàìè

ai(x, t) > Λ0, (i = 1, ...,m) ai(x, t) < −Λ0, (i = m+ 1, ..., n)

0 ≤ m ≤ n, n ≥ 2, b ∈ C1 - äèàãîíàëüíàÿ ìàòðèöà ñ ïðîèç-

âîëüíûìè êîýôôèöèåíòàìè bi i = 1, ....n; Λ0 > 0 - íåêîòîðîå

ôèêñèðîâàííîå ÷èñëî.

u(x, t) = (u1(x, t), ..., un(x, t)) -íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ
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Ãðàíè÷íûå óñëîâèÿ îòðàæåíèÿ

uj(0, t) =
m∑
k=1

pjkuk(1, t) +
n∑

k=m+1

pjkuk(0, t), 1 ≤ j ≤ m, (4)

uj(1, t) =
m∑
k=1

pjkuk(1, t) +
n∑

k=m+1

pjkuk(0, t), m < j ≤ n,

pij- ïðîèçâîëüíûå êîíñòàíòû.

uout(t) = Puin(t), (5)

uout(t) = (u1(0, t), ..., um(0, t), um+1(1, t), ..., un(1, t)),

uin(t) = (u1(1, t), ..., um(1, t), um+1(0, t), ..., un(0, t)).

Íà÷àëüíûå äàííûå u(x,0) = ϕ(x), x ∈ [0,1]. (6)

12



Çàäà÷à Êîøè

du

dt
= A(t)u, u(0) = ϕ ∈ L2(0,1) (7)

,

A(t) : L2(0,1)→ L2(0,1),

A(t)v = −(a(x, t)∂xv+b(x, t)v), D(A) = {v ∈W1
2 [0,1] : vout = Pvin}.

Îïðåäåëåíèå. Ñèñòåìà (7) îáëàäàåò ñâîéñòâîì ñòàáèëèçà-

öèè, åñëè ñóùåñòâóåò òàêîå ÷èñëî T0 ≥ 0, ÷òî äëÿ ëþáîé ôóíê-

öèè ϕ ∈ L2(0,1) L2-ðåøåíèå u çàäà÷è (7)

u(x, t) = 0, x ∈ [0,1], t > T0.

×èñëî T0 íàçûâàåòñÿ êîíå÷íûì âðåìåíåì ñòàáèëèçàöèè.
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Îïðåäåëåíèå. Ñèñòåìà (7) îáëàäàåò ñâîéñòâîì ðîáàñò ñòà-

áèëèçàöèè, åñëè îíà îáëàäàåò ñâîéñòâîì ñòàáèëèçàöèè äëÿ ëþ-

áûõ ìàòðèö a, b.

Â ðàáîòå I. Kmit, N. Lyul`ko, Finite time stabilization of nonauto-

nomous �rst-order hyperbolic systems äëÿ ñèñòåìû (7) íàéäå-

íû

- ñïåêòðàëüíûé êðèòåðèé ñòàáèëèçàöèè

(àâòîíîìíàÿ ñèñòåìà) ;

- àëãåáðàè÷åñêèé êðèòåðèé ðîáàñò ñòàáèëèçàöèè

(íåàâòîíîìíàÿ ñèñòåìà) ;

- êîìáèíàòîðíûé êðèòåðèé ðîáàñò ñòàáèëèçàöèè

(íåàâòîíîìíàÿ ñèñòåìà).
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Ñïåêòðàëüíûé êðèòåðèé ñòàáèëèçàöèè (àâòîíîìíûé ñëó÷àé

a(x, t) ≡ a(x), b(x, t) = b(x))

∆(λ) = 0 − õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿλ ∈ σ(A)

∆(λ) = 1 +
M∑
k=1

e−λrkRk − ïîëèíîì Äèðèõëå

0 < r1, ... < rM - îïðåäåëÿþòñÿ ÷åðåç ýëåìåíòû ìàòðèöû a, b; Rk
îïðåäåëÿþòñÿ ÷åðåç ýëåìåíòû ìàòðèö a, b, P .

Òåîðåìà (êðèòåðèé ñòàáèëèçàöèè). Ñèñòåìà (7) îáëàäàåò

ñâîéñòâîì FTS ⇔ σ(A) = ∅⇔∆(λ) ≡ 1.

Ñëåäñòâèå. Ñèñòåìà (7) ñâåðõóñòîé÷èâà ⇔ êîãäà îíà îá-

ëàäàåò êîíå÷íûì âðåìåíåì ñòàáèëèçàöèè.
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Íåóñòîé÷èâîñòü êðèòåðèÿ ñòàáèëèçàöèè ïî îòíîøåíèþ

èçìåíåíèÿ ìàòðèöû a

ut + ux = 0, vt − vx = 0, - íåâîçìóùåííàÿ ñèñòåìà

u(0, t) = u(1, t)− v(0, t), v(1, t) = u(1, t)− v(0, t),

∆(λ) = det(I2−diag(e−λ, e−λ)P ) = 1−e−2λ+e−2λ ≡ 1⇒ σ(A) = �,

ut + (1 + ε)ux = 0, vt − vx = 0, - âîçìóùåííàÿ ñèñòåìà

u(0, t) = u(1, t)− v(0, t), v(1, t) = u(1, t)− v(0, t)

∆(λ) = det(I2 − diag(e
−λ

1+ε, e−λ)P ) = 1 + e−2λ − e
−2λ
1+ε ⇒ σ(A) 6= ∅
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Íåóñòîé÷èâîñòü êðèòåðèÿ ñòàáèëèçàöèè ïî îòíîøåíèþ

èçìåíåíèÿ ìàòðèöû b

ut + ux = 0, vt − vx = 0, - íåâîçìóùåííàÿ ñèñòåìà

u(0, t) = u(1, t)− v(0, t), v(1, t) = u(1, t)− v(0, t),

∆(λ) = 1− e−2λ + e−2λ ≡ 1⇒ σ(A) = �,

ut + ux + εu = 0, vt − vx = 0, - âîçìóùåííàÿ ñèñòåìà

u(0, t) = u(1, t)− v(0, t), v(1, t) = u(1, t)− v(0, t),

∆(λ) = 1 + e−λ − e−λ+ε ⇒ σ(A) 6= ∅
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Àëãåáðàè÷åñêèé êðèòåðèé ðîáàñò ñòàáèëèçàöèè

Òåîðåìà. Äëÿ íåàâòîíîìíîé ñèñòåìû (7)

∂tu+ a(x, t)∂xu+ b(x, t)u = 0, (x, t) ∈ Π,

uout = Puin, u(0) = ϕ ∈ L2(0,1)

ñëåäóþùèå ñâîéñòâà ýêâèâàëåíòíû:

i) ñèñòåìà îáëàäàåò ñâîéñòâîì ðîáàñò ñòàáèëèçàöèè;

ii) âñå ãëàâíûå ìèíîðû ìàòðèöû P íóëåâûå;

iii) ìàòðèöà Pabs, ñîñòàâëåííàÿ èç àáñîëþòíûõ çíà÷åíèé

ìàòðèöû P , ÿâëÿåòñÿ íèëüïîòåíòíîé, ò.å. Pnabs = 0.
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Êîìáèíàòîðíûé êðèòåðèé ðîáàñò ñòàáèëèçàöèè

Íàïðàâëåííûé ãðàô

P = (pjk)1≤j,k≤n → GP − íàïðàâëåííûé ãðàô:

- {1,2, .., n} - ìíîæåñòâî âåðøèí ãðàôà;

- âåðøèíû j è k ñâÿçàíû çâåíîì (j, k) â GP ⇔ pjk 6= 0

Àöèêëè÷íûé íàïðàâëåííûé ãðàô - íàïðàâëåííûé ãðàô áåç

öèêëîâ

Òåîðåìà. Íåàâòîíîìíàÿ ñèñòåìà (7) îáëàäàåò ñâîéñòâîì ðî-

áàñò ñòàáèëèçàöèè ⇔ íàïðàâëåííûé ãðàô GP , ñîîòâåòñòâó-

þùèé ìàòðèöå P , ÿâëÿåòñÿ àöèêëè÷íûì.
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Êðèòåðèé ðîáàñò ñòàáèëèçàöèè äëÿ íåàâòîíîìíîé

ñèñòåìû ñ íåàâòîíîìíûìè ãðàíè÷íûìè óñëîâèÿìè

Ìàòðèöà ñìåæíîñòè W íàïðàâëåííîãî ãðàôà G ñ n âåðøèíàìè

W = (wjk)1≤j,k≤n : wjk = 0èëèwjk = 1

wjk = 1, åñëè âåðøèíû j è k ñâÿçàíû çâåíîì

wjk = 0, â ïðîòèâíîì ñëó÷àå.

Èçâåñòíî: ãðàô G àöèêëè÷åí ⇔ W íèëüïîòåíòíà (Wn = 0).

Òåîðåìà. Ïóñòü W = (wjk) -n× n ìàòðèöà èç 0 è 1. Äëÿ ëþáûõ

gjk ∈ C1(R+), ãäå 1 ≤ j, k ≤ n , çàäà÷à (7) ñ pjk = gjk(t)wjk ðîáàñò

FTS ⇔ ìàòðèöà W íèëüïîòåíòíà.
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Ïðèìåðû ìàòðèö W , ïîðîæäàþùèõ ðîáàñò

ñòàáèëèçèðóåìûå ãèïåðáîëè÷åñêèå ñèñòåìû

W =


0 1 1... 1
0 0 1... 1
.. .. ..... ..
0 0 0... 1
0 0 ..... 0

 , W =


0 0 ..... 0
1 0 0... 0
1 1 ... 0
.. .. ..... ..
1 1 1 0



21



Çàäà÷è Êîøè

Íåâîçìóùåííàÿ: du
dt = A(t)u, u(0) = ϕ ∈ L2(0,1),

A(t) : L2(0,1)→ L2(0,1),

A(t)u = −(a(x, t)∂xu+ b(x, t)u), uout = Puin

Âîçìóùåííàÿ: du
dt = Ã(t)u, u(0) = ϕ ∈ L2(0,1),

Ã(t) : L2(0,1)→ L2(0,1)

Ã(t)u = −(a(x, t) + ã(x, t))∂xu+ (b(x, t) + b̃(x, t))u), uout = Puin
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Ñâîéñòâà âîçìóùåííûõ ñèñòåì â ñëó÷àå, êîãäà

íåâîçìóùåííàÿ ñèñòåìà îáëàäàåò ñâîéñòâîì

ñòàáèëèçàöèè

I. Kmit, N. Lyul`ko, Perturbations of superstable linear hyperbolic

systems, Journal of Mat. Anal.and Appl., v.460, N 2, p. 838-

862, (2018).

Ïóñòü BC1 - ïðîñòðàíñòâî íåïðåðûâíî äèôôåðåíöèðóåìûõ â ïî-

ëóïîëîñå Π ôóíêöèé u(x, t), îãðàíè÷åíííûõ âìåñòå ñî ñâîèìè

ïåðâûìè ïðîèçâîäíûìè, ïðè÷åì ||u||BC1 = sup(x,t)∈Π)(|u|, |ux|, |ut|).
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Òåîðåìà 1. Ïóñòü íåâîçìóùåííàÿ çàäà÷à îáëà-

äàåò ñâîéñòâîì ðîáàñò ñòàáèëèçàöèè. Òîãäà äëÿ

ëþáîãî ε > 0 ñóùåñòâóþò ÷èñëà γ > 0 è M = M(γ)

òàêèå, ÷òî äëÿ ëþáûõ ìàòðèö ã, b̃ ∈ BC1, ||ã||BC1 < ε,

||̃b||BC1 < ε, âîçìóùåííàÿ çàäà÷à áóäåò ýêñïîíåí-

öèàëüíî óñòîé÷èâà, ò.å. äëÿ ëþáîé ôóíêöèè ϕ ∈

L2(0,1) ñïðàâåäëèâà îöåíêà

||u(., t)||L2(0,1) ≤Me−γt||ϕ||L2(0,1), t ≥ 0,

ãäå u(x, t) - ðåøåíèå âîçìóùåííîé çàäà÷è.
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Òåîðåìà 2. Ïóñòü íåâîçìóùåííàÿ çàäà÷à

îáëàäàåò êîíå÷íûì âðåìåíåì ñòàáèëèçàöèè.

Tîãäà äëÿ ëþáîé ìàòðèöû b̃ ∈ BC1, ÷üè

äèàãîíàëüíûå ýëåìåíòû íóëåâûå è êîòîðàÿ

óäîâëåòâîðÿåò óñëîâèþ òèïà Ëåâè:

äëÿ âñåõ 1 ≤ j 6= k ≤ n

ñóùåñòâóþò βjk ∈ BC1 : b̃jk = βjk(ak − aj),

ñîîòâåòñòâóþùàÿ âîçìóùåííàÿ çàäà÷à îáëàäàåò

ñâîéñòâîì ïîâûøåíèÿ ãëàäêîñòè ðåøåíèé èç

ïðîñòðàíñòâà L2(0,1) â ïðîñòðàíñòâî C1[0,1].
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Òåîðåìà 3. Ïóñòü íåâîçìóùåííàÿ çàäà÷à

îáëàäàåò ñâîéñòâîì ðîáàñò ñòàáèëèçàöèè è

ìàòðèöà b̃ ∈ BC1 óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû

2. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóþò ÷èñëà γ > 0 è

M = M(γ) òàêèå, ÷òî äëÿ ëþáûõ ìàòðèö ã, b̃ ∈ BC1,

||ã||BC1 < ε, ||̃b||BC1 < ε, âîçìóùåííàÿ çàäà÷à áóäåò

ýêñïîíåíöèàëüíî óñòîé÷èâà èç L2(0,1) â C1[0,1],

ò.å. ñóùåñòâóåò T > 0 òàêîå, ÷òî

||u(., t)||C1[0,1] ≤Me−γt||ϕ||L2(0,1), t ≥ T,

ãäå u(x, t) - ðåøåíèå âîçìóùåííîé çàäà÷è.
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Ïðèëîæåíèÿ

Êàòàëèòè÷åñêèå ïðîöåññû â õèìè÷åñêîì ðåàêòîðå

1. Õèìè÷åñêàÿ ðåàêöèÿ íóëåâîãî ïîðÿäêà (ñêîðîñòü ðåàêöèè íå

çàâèñèò îò êîëè÷åñòâà ðåàãèðóþùåãî âåùåñòâà)

β∂tΘ + ∂xΘ = QKeΘ − γ(Θ−Θr),

∂tΘr − ∂xΘr = γ(Θ−Θr), (x, t) ∈ Π,

Θ(0, t) = Θr(0, t), Θr(1, t) = ϑ0, t > 0,

Θ, Θr - òåìïåðàòóðà â ðåàêòîðå è, ñîîòâåòñòâåííî, â õîëî-

äèëüíèêå; β, γ, K, Q, ϑ0 - ïîëîæèòåëüíûå ïàðàìåòðû; Θ(x,0)
è Θr(x,0) çàäàíû.

Ïðè ìàëûõ γ ñòàöèîíàðíîå ðåøåíèå ýêñïîíåíöèàëüíî óñòîé-

÷èâî
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2. Õèìè÷åñêàÿ ðåàêöèÿ ïåðâîãî ïîðÿäêà ïîðÿäêà (ñêîðîñòü ðå-

àêöèè ëèíåéíî çàâèñèò îò êîëè÷åñòâà ðåàãèðóþùåãî âåùåñòâà)

β∂tΘ + ∂xΘ = QKeΘ − γ(Θ−Θr),

∂tC + ∂xC = K(1− C)eΘ, (x, t) ∈ Π,

∂tΘr − ∂xΘr = γ(Θ−Θr),

Θ(0, t) = Θr(0, t), C(0, t) = 0, Θr(1, t) = ϑ0, t > 0,

Θ, Θr - òåìïåðàòóðà â ðåàêòîðå è, ñîîòâåòñòâåííî, â õîëîäèëü-

íèêå; C - êîíöåíòðàöèÿ ðåàãåíòà, β, γ, K, Q, ϑ0 - ïîëîæèòåëüíûå

ïàðàìåòðû; Θ(x,0), C(x,0) è Θr(x,0) çàäàíû.

Ïðè ìàëûõ γ,K ñòàöèîíàðíîå ðåøåíèå ýêñïîíåíöèàëüíî

óñòîé÷èâî
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Ñìåøàííûå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ

wtt − a2wxx + c(x, t)w = 0, (x, t) ∈ Π,

w(0, t) = p(wt + awx)(0, t), (wt + awx)(1, t) = 0, t > 0,

èëè

w(1, t) = q(wt − awx)(1, t), (wt − awx)(0, t) = 0, t > 0.

a > 0, p, q - ïðîèçâîëüíûå êîíñòàíòû, c ∈ BC2; w(0, t), wt(0, t) -

çàäàíû.

c = 0 - çàäà÷è ñâåðõóñòîé÷èâû, ||c||BC2 < ε - çàäà÷è ýêñïî-

íåíöèàëüíî óñòîé÷èâû.
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Îáðàòíàÿ çàäà÷à ñ ôèíàëüíûì

ïåðåîïðåäåëåíèåì ∗

d

dt
x(t) = Ax(t) + f (0 ≤ t ≤ T ), (8)

x(0) = x0, x(T ) = xT .

A - ëèíåéíûé çàìêíóòûé îïåðàòîð, ïîðîæäàþùèé ñâåðõóñòîé-

÷èâóþ C0 ïîëóãðóïïó V (t), x0, xT ∈ D(A). Ðåøåíèå çàäà÷è -

ïàðà (x, f) : x ∈ C1([0, T ], X), x(t) ∈ D(A), t ∈ [0, T ], f ∈ X.

�-∗ Âó Íãóåí Øîí Òóíã, Ðàçðåøèìîñòü ëèíåéíîé îáðàòíîé

çàäà÷è ñ ñóïåðóñòîé÷èâîé ïîëóãðóïïîé, Âåñòíèê ÐÓÄÍ, 2018.
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Êâàçèëèíåéíûå ãèïåðáîëè÷åñêèå ñèñòåìû

∂tui + fi(x, t, u)∂xui = 0, (x, t) ∈ Π, (9)

uout = Puin

ui(x,0) = ϕi(x), i = 1, ..., n.

31



32



Ñïàñèáî çà âíèìàíèå !

Âñåì òâîð÷åñêèõ ócïåõîâ !


