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Ïóñòü (X1, v1), (X2, v2), . . . � áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ïàð
ñëó÷àéíûõ âåëè÷èí òàêèõ, ÷òî äëÿ âñåõ k = 1, 2, . . .

EXk = 0, 0 < σ2
k := DXk < ∞ è vk > 0 ï.í.. (1)

Ïîëîæèì S0 = V0 = A0 = B0 = 0 è

Sn = X1 + . . .+ Xn, Vn = v1 + . . .+ vn, An = EVn, B2
n = DSn, n = 1, 2, . . . .

Ïðè t ≥ 0 ðàññìîòðèì ñëó÷àéíûé ïðîöåññ

S(t) = SN(t), ãäå N(t) = max{k ≥ 0 : Vk ≤ t}.

N(t) � ïðîñòîé ïðîöåññ âîññòàíîâëåíèÿ, ïîñòðîåííûé ïî ñëó÷àéíûì âåëè÷èíàì
v1, v2, . . ., à S(t) íàçûâàþò îáîáùåííûì ïðîöåññîì âîññòàíîâëåíèÿ (ÎÏÂ) [1].

[1] A.A. Borovkov, Compound Renewal Processes, Russ. Acad. Sci., Moscow, 2020, p. 455
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Ââåäåíèå

Ïðèìåð (ðàáîòà ñòðàõîâîé êîìïàíèè)
Ïóñòü V1,V2, . . . � ìîìåíòû íàñòóïëåíèÿ êðóïíûõ âûïëàò ïî ñòðàõîâûì ñëó÷àÿì,
à X1,X2, . . . � ñîîòâåòñòâåííî, ðàçìåðû ýòèõ âûïëàò. È ïóñòü r � ñðåäíÿÿ
"ñêîðîñòü"ïîñòóïëåíèÿ ñòðàõîâûõ âçíîñîâ. Òîãäà, åñëè x - íà÷àëüíûé êàïèòàë
êîìïàíèè, òî åå êàïèòàë â ìîìåíò âðåìåíè t áóäåò ðàâåí x + rt − S(t). Ýòî çíà÷èò,
÷òî åñëè infu≤t(x + ru − S(u)) < 0, òî êîìïàíèÿ ê ìîìåíòó t ðàçîðèòñÿ. Äðóãèìè
ñëîâàìè, âåðîÿòíîñòü ðàçîðåíèÿ çà âðåìÿ t ðàâíà P(supu≤t(S(u)− ru) > x).
Çàäà÷è òàêîãî ðîäà íàçûâàþòñÿ ãðàíè÷íûìè äëÿ ÎÏÂ.

Øåëåïîâà Àíàñòàñèÿ On the asymptotics in a boundary problem 2 / 8



Ïîñòàíîâêà çàäà÷è

Ïóñòü g(t) � ôóíêöèÿ, îïðåäåëåííàÿ ïðè t ≥ 0 . Ðàññìîòðèì ñëó÷àéíóþ âåëè÷èíó

τ := inf{t > 0 : S(t) ≤ g(t)} = inf{t > 0 : Z (t) := S(t)− g(t) ≤ 0}, (2)

ðàâíóþ ïåðâîìó ìîìåíòó ïåðåñå÷åíèÿ ñâåðõó âíèç óðîâíÿ g(t) íàøèì
îáîáùåííûì ïðîöåññîì âîññòàíîâëåíèÿ S(t).
Îñíîâíàÿ öåëü � íàéòè àñèìïòîòèêó äëÿ âåðîÿòíîñòè

P(τ > T ) = P
(
Z (T ) := inf

0<t≤T
(S(t)− g(t)) > 0

)
ïðè T → ∞, (3)

êîãäà
g(0) < 0 è g(t) = o(

√
t) ïðè t → ∞ (4)

è
P(τ > T ) > 0 ïðè âñåõ T > 0. (5)
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Ïðåäøåñòâóþùèå ðåçóëüòàòû

Â ÷àñòíîì ñëó÷àå, åñëè ïàðû â óïðàâëÿþùåé ïîñëåäîâàòåëüíîñòè îäèíàêîâî

ðàñïðåäåëåíû è EX 2
1 = 1 = Ev1, Ev

3/2
1 < ∞, òî, êàê ïîêàçàíî â [2],

√
T P(τ > T ) ∼

√
2/πU⌊T⌋ ïðè T → ∞, (6)

ãäå
Un := E [Sn − g(Vn); τ > Vn] , n = 1, 2, . . . .

Ïðè ýòîì U⌊T⌋ ÿâëÿåòñÿ ìîíîòîííî íåóáûâàþùåé ïîëîæèòåëüíîé ôóíêöèåé,
êîòîðàÿ ìåäëåííî ìåíÿåòñÿ ïðè T → ∞.

[2] A.I. Sakhanenko, V.I. Wachtel, E.I. Prokopenko, A.D. Shelepova, On the asymptotics of the

distribution of the exit time beyond a non-increasing boundary for a compound renewal process,
Siberian Electronic Mathematical Reports, 18:1 (2021), 9�26.
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Ïðåäøåñòâóþùèå ðåçóëüòàòû

Â åùå áîëåå ÷àñòíîì ñëó÷àå, åñëè âñå vi ≡ 1 íå ñëó÷àéíû, íàø ïðîöåññ
S(t) = S⌊t⌋ = X1 + . . .+ X⌊t⌋ � ýòî ñëó÷àéíîå áëóæäàíèå. È åñëè g(t) = g(⌊t⌋) �
íåâîçðàñòàþùàÿ êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ, òî τ = τ̃ , ãäå

τ̃ = inf{k ≥ 1 : Sk ≤ g(k)}.

Êàê ïîêàçàíî â [3]

√
nP(τ̃ > n) ∼

√
2/π Ũ(n) ïðè n → ∞, (7)

ãäå
Ũ(t) = E [S(t)− g(t); τ̃ > t]

ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ ïðè t → ∞.

[3] D. Denisov, A. Sakhanenko, V. Wachtel, First-passage times for random walks with

non-identically distributed increments, Ann. Probab., 46:6 (2018), 3313�3350.
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Ïðåäïîëîæåíèÿ

(A) Âåëè÷èíû {Xi} óäîâëåòâîðÿþò êëàññè÷åñêîìó óñëîâèþ Ëèíäåáåðãà, è ïðè
íåêîòîðûõ c ∈ (0,∞) è q ∈ (3/2, 2] âåðíî

An ∼ c2B2
n ,

∑n

k=1
Evqk

/
A
q−1/2
n → 0, êîãäà n → ∞.

(G) ôóíêöèÿ g(·) � ìîíîòîííî íåâîçðàñòàþùàÿ,

g(0) < 0 è g(t) = o(
√
t) ïðè t → ∞.
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Îñíîâíîé ðåçóëüòàò

Ïðè 0 ≤ T < ∞ îáîçíà÷èì

n(T ) := max{n > 0 : An ≤ T}. (8)

Òåîðåìà 1

Ïóñòü âûïîëíåíû óñëîâèÿ (1), (A), (G). Òîãäà

Bn(T ) P(τ > T ) ∼
√
2/πUn(T ) ïðè T → ∞. (9)

Êðîìå òîãî, ôóíêöèÿ Un(T ) ≥ U1 > 0 ìîíîòîííî íå óáûâàåò è ÿâëÿåòñÿ ìåäëåííî

ìåíÿþùåéñÿ ïðè T → ∞.
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