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Introduction: Fredholm theory of regular hypoelliptic
operators

The class of regular hypoelliptic operators is an important subclass of
H�ormander's hypoelliptic operators. These operators were introduced in
60s-70s and have been studied by many authors: Nikolsky 1962, Mikhailov
1967, Friberg 1967, Cattabriga 1970, Volevich, Gindikin 1983 and others.
The corresponding characteristic polynomials of regular hypoelliptic
operators are ¾multi-quasi-elliptic¿, so they are natural generalization of
elliptic, parabolic, 2b−parabolic and quasielliptic polynomials with many
applications in various anisotropic models.

The analysis of normal solvability and the Fredholm
properties of regular hypoelliptic operators has
certain di�culties - characteristic polynomials of
such operators are not homogeneous as in the
elliptic case and Fredholm theorems for compact
manifolds cannot always be used in this case.

R
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Basic concepts and de�nitions (1)

De�nition 1

A bounded linear operator A, acting from a Banach space X to a Banach
space Y , is called Fredholm operator, if the following conditions hold:

1 Im(A) = Im(A) (normally solvable);

2 dimKer(A) < ∞;

3 dim coker(A) = dimY /Im(A) < ∞.

De�nition 2

The di�erence between the dimensions of the kernel and the cokernel is
called index of the operator:

ind (A) = dimKer(A)− dim coker(A).
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Basic concepts and de�nitions (2)

Let N ⊂ Zn
+ be a �nite set of multi-indices, R = R(N ) be a minimum

convex polyhedron containing all the points N . In this case R is called

Newton polyhedron for the set N .

De�nition 3

A polyhedron R is called completely regular if the following holds:

1 R is a complete polyhedron: R has a vertex at the

origin and further vertices on each coordinate axes

in Rn;

2 all components of the outer normals of

(n − 1)�dimensional non-coordinate faces of R are

positive.

R
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Basic concepts and de�nitions (3)

Let R be a completely regular polyhedron.
Denote by Rn−1

j (j = 1, . . . , In−1) (n − 1)�dimensional non-coordinate

faces of R with corresponding outer normal µj such that all multi-indices

α ∈ Rn−1
j satisfy (α : µj) = α1

µj
1

+ ...+ αn

µj
n
= 1, ∂R =

In−1⋃
j=1

Rn−1
j .

For k ∈ R+ denote kR := {kα = (kα1, kα2 . . . , kαn) : α ∈ R}.

Let
P (x ,D) =

∑
α∈R

aα(x)D
α, (1)

where Dα = Dα1
1 ...Dαn

n , Dj = i−1 ∂
∂xj

, x = (x1, ..., xn) ∈ Rn, aα(x) are

de�ned in Rn.

Denote
P (x , ξ) =

∑
α∈R

aα (x) ξ
α. (2)
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Regular hypoelliptic operators

De�nition 4

A di�erential operator P (x ,D) is called regular at a point x0, if there exists a

constant δ > 0 such that:

1+ |P (x0, ξ)| ≥ δ|ξ|R,∀ξ ∈ Rn, where |ξ|R =
∑
α∈R

|ξα|.

A di�erential operator P (x ,D) is called regular in Rn , if P (x ,D) is regular at
each point x ∈ Rn.

Examples of Newton polyhedrons for n = 2 case:

(0,m)

(m, 0)

Isotropic

(0,m2)

(m1, 0)

Anisotropic

µ1

µ2(0,m2)

(m1, 0)

Multianisotropic
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Regular hypoelliptic operators

Elliptic operators:

P (x ,D) =
∑

|α|≤m

aα(x)D
α,

where m ∈ N, α ∈ Zn
+, |α| = α1 + · · ·+ αn.

Quasielliptic operators (parabolic, 2b-parabolic, etc):

P (x ,D) =
∑

(α:ν)≤m

aα(x)D
α,

where

m ∈ N, ν ∈ Nn, α ∈ Zn
+, (α : ν) = α1

ν1
+ · · ·+ αn

νn
.

Operators with completely regular Newton

polyhedron:

P (x ,D) =
∑
α∈R

aα(x)D
α.
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Examples: regular hypoelliptic operators

1 Let m ∈ N and R be a Newton polyhedron for the points
(0, 0, . . . , 0), (m, 0, . . . , 0), . . . , (0, 0, . . . ,m). In this case regularity
conditions coincide with ellipticity.

2 Let ν ∈ Nn and R be a Newton polyhedron for the points
(0, 0, . . . , 0), (ν1, 0, . . . , 0), . . . , (0, 0, . . . , νn). In this case regularity
conditions coincide with quasiellipticity.

3 Let n = 2 and R be a Newton polyhedron for the points (0, 0), (8, 0),
(0, 8) and (6, 4). Then

P(x ,D) = a1D
8
1 + a2D

6
1D

4
2 + a3D

8
2 + q(x)

is a regular di�erential operator in R2 with some a1, a2, a3 > 0 and
q ∈ C (R2).

4 Let n = 3 and R be a Newton polyhedron for the points (0, 0, 0),
(8, 0, 0), (0, 8, 0), (6, 4, 0), (6, 0, 6), (0, 6, 6) and (0, 0, 12). Then

P(x ,D) = D8
1 + D6

1D
4
2 + D8

2 + D6
1D

6
3 + D6

2D
6
3 + D12

3 + q(x)

is a regular di�erential operator in R3 with q ∈ C (R3).
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Fredholm theory of hypoelliptic operators

Quasielliptic/Semielliptic operators:

Fredholm property of the special classes of quasielliptic operators in
anisotropic Sobolev spaces with certain weights.
(Rabinovich V. S. 1971, Bagirov L. A. 1985, Karapetyan G. A.,
Darbinyan A. A. 2008)

Isomorphism properties in special weighted Sobolev spaces for
quasielliptic operators with constant coe�cients.
(Demidenko G. V. 1998�2016)

Necessary and su�cient conditions for the Fredholm property of
quasielliptic operators with special variable coe�cients in Rn and for
constant coe�cients in bounded domains.
(Karapetyan G. A., Darbinyan A. A., Tumanyan A. G. 2008�2020)

Research on index stability on the scale of anisotropic spaces in Rn.
(Darbinyan A. A., Tumanyan A. G. 2016�2017)
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Fredholm theory of hypoelliptic operators

Regular hypoelliptic operators:

Fredholm criteria for an algebra of ΨDOs generated by smooth and
suitably restricted at in�nity functions and regular hypoelliptic
operator with constant coe�cients. (Cordes H. O., Taylor M. E. 1971)

Fredholm properties and spectrum are studied for special ΨDOs in
multianisotropic spaces with polynomial weights.
(Rodino L., Boggiatto P., Schrohe E., Buzano E. 2000-2008)

Fredholm and correct solvability of regular hypoelliptic operators with
constant and special variable coe�cients in multianisotropic Sobolev
spaces in Rn and Rn

+. (Karapetyan G., Darbinyan A., Tumanyan A.,
Petrosyan H., Khachaturyan M. 2008�2023)
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Covering of Rn

Let {ai}∞i=0 ⊂ R+ be such that
∑∞

i=0 ai diverges and ai+1 < γai , where

γ > 0, i = 0, 1, . . ., {bi}∞i=0 be such that b0 = 0, bi =
i∑

j=0
aj , i = 1, 2, . . ..

Denote

V0 =

{
r : |r − b0| <

2γ + 1

γ + 1
a0

}
,

Vi =

{
r : |r − bi | <

γ

γ + 1
ai

}
, i = 1, 2, . . . .

The system {Vi}∞i=0 is an open covering for R+. Denote by

Uj (j = 1, . . . , s) a system which covers a unit sphere |x | = 1. Denote

Wm = V[m−1

s ] × Um−[m−1

s ]s , m = 1, 2, . . . .

The system {Wm}∞m=1 is an open covering for Rn and min
x∈Wm

|x | → ∞ when

m → ∞.
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Weight functions (1)

Denote

Q := {g ∈ C (Rn) : g(x) > 0,∀x ∈ Rn} .

For k ∈ Z+, completely regular polyhedron R, denote Qk,R:

1 g ∈ Q, 1
g(x) ⇒ 0 when |x | → ∞;

2 for β ∈ kR, β ̸= 0 Dβg(x) ∈ C (Rn) and there exists Cβ > 0 s.t.
|Dβg(x)|

g(x)1+(β:µj )
≤ Cβ for all x ∈ Rn, j = 1, . . . , In−1;

3 for any ε > 0 there exists δ = δ(ε) > 0 and m0 = m0(ε) > 0 s.t. for

all m > m0 and max
j=1,...,s

diamUj < δ the following holds:

max
x,y∈Wm

|g(x)− g(y)|
g(y)

< ε, max
x,y∈Wm

1

g(x)
1

µmax a[m−1

s ]

< ε,

where µmax = max
1≤i≤In−1

max
1≤j≤n

{
µi
j

}
.

Tumanyan Ani Fredholm properties for hypoelliptic ... November 23-24, 2024 18 / 40



Weight functions (2)

For k ∈ Z+, ν ∈ Nn, denote Q̃k,ν :

1 there exists a constant C > 0 such that 0 < g(x) ≤ C for all x ∈ Rn;

2 for β ∈ Zn
+, (β : ν) ≤ k , β ̸= 0 Dβg ∈ C (Rn) and there exists Cβ > 0

such that |Dβg(x)|
g(x)1+(β:ν) ≤ Cβ for all x ∈ Rn;

3 for any ε > 0 there exist δ = δ(ε) > 0 and p0 = p0(ε) > 0 such that

for all p > p0 when max
j=1,...,l

diamUj < δ the following holds:

max
x,y∈W p

|g(x)− g(y)|
g(y)

< ε, max
x,y∈W p

1

g(x)
1

νmin a[ p−1

l ]

< ε,

where νmin = min
1≤i≤n

{νi}.

Qk,R examples: (1+ |x |R)s , exp (1+ |x |R)r , where s, r > 0 and

|x |R =
∑

α∈R |xα|. Q̃k,ν examples: (1+ |x |ν)l , where − νmin

νmax
< l ≤ 0.
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Weighted multianisotropic spaces

For k ∈ Z+, 1 < p < ∞, a completely regular polyhedron R and q ∈ Q
denote

Hk,R,p
q (Rn) :=

{
u : ∥u∥k,R,p,q :=

∑
α∈kR

∥∥∥∥Dαu · q
k− max

1≤j≤In−1

(α:µj)
∥∥∥∥
Lp(Rn)

< ∞

}

For p = 2 denote Hk,R
q (Rn) := Hk,R,2

q (Rn) and for q ≡ 1 denote by
Hk,R,p(Rn).

Hk,R,p
q (Rn) spaces are generalization of multianisotropic Sobolev spaces.

The functions from Hk,R,p
q (Rn) have di�erent regularity in di�erent

directions.
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Operators in weighted multianisotropic spaces

Let k ∈ Z+. Consider the di�erential operator P(x ,D):

P(x ,D) =
∑
α∈R

aα(x)D
α =

∑
α∈R

(
a0α(x)q(x)

1−max
i

(α:µi )
+ a1α(x)

)
Dα, (3)

where Dβ(a0α(x)) = O

(
q(x)

min
i
(β:µi )

)
,

Dβ(a1α(x)) = o

(
q(x)

1−max
i

(α−β:µi )
)

as |x | → ∞ for all α ∈ R, β ∈ kR.

P(x ,D) generates a bounded linear operator from Hk+1,R,p
q (Rn) to

Hk,R,p
q (Rn).

This class generalizes so-called Schr�odinger-type operators, associated with
multi-quasi-elliptic symbols.
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A priori estimates in multianisotropic spaces (1)

Theorem 1

Let k ∈ Z+, q ∈ Qk,R and P(x ,D) be the di�erential operator (3) with the
coe�cients that satisfy lim

m→∞
max

x ,y∈Wm

|a0α(x)− a0α(y)| = 0 for all α ∈ R.

Let there exist a constant κ > 0 such that:

∥u∥k+1,R,p,q ≤ κ
(
∥Pu∥k,R,p,q + ∥u∥Lp(Rn)

)
,∀u ∈ Hk+1,R,p

q (Rn).

Then P (x ,D) is regular in Rn and there exist constants δ > 0 and M > 0
such that∣∣∣∣∣∑

α∈R
a0α(x)λ

1−max
i

(α:µi )
ξα

∣∣∣∣∣ ≥ δ(λ+ |ξ|∂R), ∀ξ ∈ Rn, λ > 0, |x | > M.

Tumanyan A.G. A priori estimates and Fredholm criteria for a class of regular

hypoelliptic operators. Siberian Advances in Mathematics, 33:2 (2023), pp. 87�100
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A priori estimates in multianisotropic spaces (2)

Theorem 2

Let k ∈ Z+, q ∈ Q̃k,ν and P(x ,D) be the di�erential operator (3) with the
coe�cients that satisfy lim

m→∞
max

x ,y∈Wm

|a0α(x)− a0α(y)| = 0 for all

α ∈ Zn
+, (α : ν) ≤ 1. Let there exist constants κ > 0 and N > 0 such that:

∥u∥k+1,ν,p,q ≤ κ
(
∥Pu∥k,ν,p,q + ∥u∥Lp(KN)

)
,∀u ∈ Hk+1,ν,p

q (Rn).

Then P (x ,D) is regular in Rn and there exist constants δ > 0 and M > 0
such that∣∣∣∣∣∣

∑
(α:ν)≤1

a0α(x)λ
1−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν), ∀ξ ∈ Rn, λ > 0, |x | > M.

Tumanyan A.G. Normal Solvability and Fredholm Properties for Special Classes of

Hypoelliptic Operators. Electronic Journal of Di�erential Equations (in press).
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A priori estimates in multianisotropic spaces (3)

Theorem 3

Let conditions from Theorem 1 hold, P (x ,D) be regular in Rn and there
exist constants δ > 0 and M > 0 such that∣∣∣∣∣∑

α∈R
a0α(x)λ

1−max
i

(α:µi )
ξα

∣∣∣∣∣ ≥ δ(λ+ |ξ|∂R), ∀ξ ∈ Rn, λ > 0, |x | > M. (4)

Then there exist constants κ > 0 and N > 0 such that:

∥u∥k+1,R,q,p ≤ κ
(
∥Pu∥k,R,q,p + ∥u∥Lp(KN)

)
,∀u ∈ Hk+1,R,p

q (Rn). (5)

Corollary 1 (normal solvability)

Let operator P(x ,D) : Hk+1,R,p
q (Rn) → Hk,R,p

q (Rn) satisfy the conditions
from Theorem 1. Then it is an n−normal operator: normally solvable
(Im(P) = Im(P)) and kernel is �nite dimensional.

Tumanyan Ani Fredholm properties for hypoelliptic ... November 23-24, 2024 25 / 40



A priori estimates in multianisotropic spaces (3)

Theorem 3

Let conditions from Theorem 1 hold, P (x ,D) be regular in Rn and there
exist constants δ > 0 and M > 0 such that∣∣∣∣∣∑

α∈R
a0α(x)λ

1−max
i

(α:µi )
ξα

∣∣∣∣∣ ≥ δ(λ+ |ξ|∂R), ∀ξ ∈ Rn, λ > 0, |x | > M. (4)

Then there exist constants κ > 0 and N > 0 such that:

∥u∥k+1,R,q,p ≤ κ
(
∥Pu∥k,R,q,p + ∥u∥Lp(KN)

)
,∀u ∈ Hk+1,R,p

q (Rn). (5)

Corollary 1 (normal solvability)

Let operator P(x ,D) : Hk+1,R,p
q (Rn) → Hk,R,p

q (Rn) satisfy the conditions
from Theorem 1. Then it is an n−normal operator: normally solvable
(Im(P) = Im(P)) and kernel is �nite dimensional.

Tumanyan Ani Fredholm properties for hypoelliptic ... November 23-24, 2024 25 / 40



A priori estimates in multianisotropic spaces (4)

Theorem 4

Let conditions from Theorem 2 hold, P (x ,D) be regular in Rn and there
exist constants δ > 0 and M > 0 such that∣∣∣∣∣∣

∑
(α:ν)≤1

a0α(x)λ
1−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν), ∀ξ ∈ Rn, λ > 0, |x | > M.

Then there exist constants κ > 0 and N > 0 such that:

∥u∥k+1,ν,p,q ≤ κ
(
∥Pu∥k,ν,p,q + ∥u∥Lp(KN)

)
,∀u ∈ Hk+1,ν,p

q (Rn).

Corollary 2 (regularity of solutions)

Let operator P(x ,D) : Hk+1,ν,p
q (Rn) → Hk,ν,p

q (Rn) satisfy the conditions

from Theorem 4. Then, if u ∈ Hk,ν,p
q (Rn),P(x ,D)u ∈ Hk,ν,p

q (Rn), then

u ∈ Hk+1,ν,p
q (Rn).
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Fredholm property in weighted multianisotropic spaces

Theorem 5

Let k ∈ Z+, q ∈ Qk,R and P(x ,D) be the di�erential operator with the

coe�cients aα(x) = a0α(x)q(x)
1− max

1≤j≤In−1

(α:µj )

+ a1α(x) that satisfy:

1 Dβ
(
a1α(x)

)
= o

(
q(x)

1− max
1≤j≤In−1

(α−β:µj )
)

as |x | → ∞ for all α ∈ R ,

β ∈ kR;

2 lim
m→∞

max
x ,y∈Wm

|a0α(x)− a0α(y)| = 0 for all α ∈ R.

Then P(x ,D) : Hk+1,R,p
q (Rn) → Hk,R,p

q (Rn) is a Fredholm operator i�
P(x ,D) is regular and there exist constants δ > 0 and M > 0 such that∣∣∣∣∣∑

α∈R
a0α(x)λ

1− max
1≤j≤In−1

(α:µj )

ξα

∣∣∣∣∣ ≥ δ(λ+ |ξ|∂R), ∀ξ ∈ Rn, λ > 0, |x | > M.
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Fredholm property in weighted anisotropic spaces

Theorem 6

Let k ∈ Z+, q ∈ Q̃k,ν and P(x ,D) be the di�erential operator with the
coe�cients aα(x) = a0α(x)q(x)

1−(α:ν) + a1α(x) that satisfy:

1 Dβ
(
a1α(x)

)
= o

(
q(x)1−(α−β:ν)

)
as |x | → ∞ for all (α : ν) ≤ 1 ,

(β : ν) ≤ k ;

2 lim
m→∞

max
x ,y∈Wm

|a0α(x)− a0α(y)| = 0 for all (α : ν) ≤ 1.

Then P(x ,D) : Hk+1,ν,p
q (Rn) → Hk,ν,p

q (Rn) is a Fredholm operator i�
P(x ,D) is regular and there exist constants δ > 0 and M > 0 such that∣∣∣∣∣∣

∑
(α:ν)≤1

a0α(x)λ
1−(α:ν)ξα

∣∣∣∣∣∣ ≥ δ(λ+ |ξ|ν),∀ξ ∈ Rn, λ > 0, |x | > M.
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Notes on proof

We consider the symbol of the operator in (n + 1)−dimensional space with
the weight function as an additional variable. Corresponding characteristic
polyhedron will be a hyperpyramid:

x
y

z

R

The proof is based on the special construction of regularizer/parametrix
and a priori estimates from Theorem 1 and 2.
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Fredholm criteria

Theorem

Let assumptions on the coe�cients from Theorem 1 hold. Then the
following statements are equivalent:

1 Operator P(x ,D) : Hk+1,R,p
q (Rn) → Hk,R,p

q (Rn) is a Fredholm
operator;

2 There exist constants C > 0 and N > 0 such that:

∥u∥k+1,R,p,q ≤ C
(
∥Pu∥k,R,p,q + ∥u∥Lp(KN)

)
,∀u ∈ Hk+1,R,p

q (Rn).

3 P(x ,D) is regular and there exist constants δ > 0 and M > 0 such
that∣∣∣∣∣∑

α∈R
a0α(x)λ

1−max
j

(α:µj )
ξα

∣∣∣∣∣ ≥ δ(λ+ |ξ|∂R),∀ξ ∈ Rn, λ > 0, |x | > M.

The isotropic case is studied by many authors: Grushin, 1970, Shubin 1970,

Bagirov 1975, Rabinovich 1980, Mukhamadiev 1981, Lockhart, McOwen 1983,

Schrohe 2000, Volpert 2010, Arutyunov 2013 etc.
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Properties on the scale of multianisotropic spaces

Corollary 3 (regularity of solutions)

Let q ∈ Qk,R and assume the conditions of Theorem 5 hold. If

u ∈ Hk,R,p
q (Rn),Pu ∈ Hk,R,p

q (Rn), then u ∈ Hk+1,R,p
q (Rn).

Corollary 4 (index invariance on the scale)

Let q ∈ Qk,R and assume the conditions of Theorem 5 hold.

Then, the kernel, cokernel and index of operator P(x ,D) : Hk+1,R,p
q (Rn) → Hk,R,p

q (Rn)

are independent of k and p.

Corollary 5 (spectral properties)

Let q ∈ Qk,R and P(x ,D) : Hk+1,R
q (Rn) → Hk,R

q (Rn) be an operator from Theorem 5,

considered as an unbounded operator in L2(Rn): Then one of the following is true:

σ(P) = C;

σ(P) is discrete and ind(P;Hk,R
q ) = 0.
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Properties on the scale of anisotropic spaces : q ≡ 1

Corollary 7 (index invariance on the scale)

Let q ≡ 1 and assume the conditions of Theorem 6 hold. Then, the kernel,
cokernel and index of operator P(x ,D) : Hk+1,ν(Rn) → Hk,ν(Rn) are
independent of k .

Corollary 8 (spectral properties)

Let q ≡ 1 and there exist constants ãα such that aα(x) ⇒ ãα when
|x | → ∞, (α : ν) ≤ 1. Consider P(x ,D) : Hk+1,ν(Rn) → Hk,ν(Rn) as an
unbounded operator in L2(Rn). Then, ind(P,Hk,ν) = 0, and for the
essential spectrum of the operator the following holds:

σess(P) =

 ∑
(α:ν)≤1

ãαξ
α, ξ ∈ Rn

 .
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ãαξ
α, ξ ∈ Rn

 .

Tumanyan Ani Fredholm properties for hypoelliptic ... November 23-24, 2024 34 / 40



Further Research Questions

1 A priori estimates and Fredholm property results for other weight
functions (particularly, q(x) → 0 as |x | → ∞) using integral
representation of functions in multianisotropic spaces 1.

2 Solvability conditions and spectral properties for Fredholm and
non-Fredholm operators.

3 Extension of the results to more general scales of multianisotropic
spaces.

4 Extension to non-linear operators and ΨDOs.

5 Applications of the results for speci�c boundary value problems.

1Karapetyan G. A. Fractional multianisotropic spaces and embedding theorems, Mat.
Tr., 22:2 (2019)
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Thanks for your attention!
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