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Geometry of the problem




Preliminaries

e(w) = {ej(w)} ~ strain tensor, e;;(w) = (2% 4 9% 4 j = 1,2
J i

o = {o0i;(w)} — stress tensor;
oV = (Uljl/j,O'le/j), Oy = 04jVjVi, Or = O4jV;T;
A = {aijri} — elasticity tensor:

Qijkl = Qjikl = Qklij; Qijkl = const, 1,5, k, 1 =1,2

2
Gijki€ri€ij = C|f| for all &ij, &j =E&; c=const >0
f — external forces

Some more notations:

+ _ d'l,U
[l =h" —h™; wy =uilVs,ur = wiTs; W= ——
dml



Equilibrium problem in differential form

Find functions u = (u1,u2), 0 = {04}, 4,5 = 1,2, w, v n ¢, such that
equilibrium equations and Hooke's law

—divo=f, 0 —Ae(u)=0 in Q\~v
w1 =0;, V111 = [0v] on Y
fwar=0,, —av, —opa = [ou], —fp,a1+avy+ap=0 on
boundary conditions on T" and v
u=0 on I, uy =w, u, =v on v
[u,] >0, o =0, 0f <0, o [u,]=0 on =
conditions at the free ends of inclusions
w1 =v,111=v,11=0 for z3 =-1
w1 =v,1+p=p1=0 for z1=1
junction conditions
w(0—) = w(0+), v(0—=) =v(0+), v,1 (0—) = —p(0+)
w,1 (0—) = w1 (04), —v,111 (0-) = (v,1 +9)(0+), 0,11 (0-) = =1 (0+)

are satisfied 4



Variational formulation of the problem

Set of admissible displacements

K = {(a,w,9,¢)| u € HNQ\7)?, w € H'(y), v € H'(7), v € H*(m),
S Hl(’yt); [’U‘V] Z 07 ﬂ'r = ’LII, Uy = n vy 671 (0_) = _55(04_)}

<

®

Variational inequality

Find (u,w,v, ) € K, such that for all (a,w,7,p) € K

/ a(u)s(a—u)Jr/w,l (w,1 fw,1)+/v,11 (V11 *v,n)+3/%1 (@1 —p1)

Q\y R b vt

0 [wa @a—wn) +a [@ate)oate-va-o) > [ fa-u

Yt Yt Qy
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Uniform estimates for « > g > 0

HuHH%(Q\V)2 < wllgiy,) <6 lvllaze,) <c

H(w: v, @)HHl(%)S <c

moreover,
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Limit problem as o — o0 (6 = 1)
Find functions u = (u1,u2), 0 = {o4;(u)}, 4,7 = 1,2, w, v n ¢, such that
equilibrium equations and Hooke's law
—divoe=f, 0 —Ae(u) =0 in Q\ 7, v,1111 = [0v] on Y, w11 =0, on v

boundary conditions on T" and
T

u=0onT, ur =w on v, u, =v on 7, u;(ysl):c“—/gp on v (¢ €R)
0

[uy] >0, of =0, of <0, U{f[uu]zO on v
conditions at the free ends of inclusions
wi=v111=v11=0 for z=-1, p1=w1=0 for z=1
junction conditions
w(0—) = w(0+), v(0—) =v(0+), v,1(0—) = —p(0+)
w1(0-) = w1(04), v11(0-) = —p1(0+)
equilibrium conditions for inclusion ~;

T
/[Ul,] —v,111(0—) =0, /[al,] /{9—5— /,9 1p=0 forall ¢e Hl(%)
"'u, ".(1, 0 ':r’( 7
are satisfied



Equivalent formulation for limit problem as o — oo

Find functions u = (u1, u2), 0 = {04;(u)}, 4,5 = 1,2, w, v u ¢, such that
equilibrium equations and Hooke's law

—dive=f, 0 —Ae(u) =0 in Q\ v, v,1111 = [0v] On Y, w11 =0, on 7y
v1111 = [(Tz/] on
boundary conditions on T and
u=0onT, uy =w on v, u, =v on Y, u, =vV ON Y

[u)] >0, of =0, 0) <0, o)[us]=0 on v
conditions at the free ends of inclusions

w1 ="v111 = V11 = 0 for

z=-1, wi=v111=0v11=0 for

r=1
junction conditions

w(0—) = w(0+), v(0=) =v(0+), v,:1(0—) =v,1(0+)

w,1(0—) = w,1(04+), v,11(0—) =0v11(0+), v111(0—) =v,111(0+)
are satisfied



Uniform estimates for 5 > [y > 0

lull iz < O llwllmi,) <O, lvllaze,) <C

||(w, v, ‘P)HHl(w)s <cC

moreover,

C
wiwi+ [ p1e1 < E

Yt Yt

(Weo = €1, 900 = C2; c€1,c2 €R)



Limit problem as § — oo (v = 1)

Find functions u = (u1,u2), 0 = {oy;(uw)}, 1,7 =1,2, v, w and ¢1,c2 € R such
that
equilibrium equations and Hooke's law

—dive=f, 0 —Ae(u)=0 in Q\~y
v1111 = 0], wi1 =0, on 7y, —v11=][0o,] on
boundary conditions on T" and
u=0onT, uy =w on 7, u, =ci on Y, u, =v on 7y

[u,] >0, 0f =0, of <0, o [w,] =0 on ~

conditions at the free ends of inclusions
viin=v11=w1=0 for x=-1, vi+co=0 for z=1
junction conditions
w(0—) = c1, v(0—=) =v(0+4), v,:1(0—) = —c2
—v,111(0—) = (v,1 + c2)(0+)

equilibrium conditions for inclusion ~:

/O’; +w,1(0—) =0, /(U1 +c2)—v,11(0—)=0

e e 10

are satisfied



when o — oo

w® — w™

w® — w™

when 8 — o0

w” — Weo

w” = Weo

Strong convergence

u® — u™ stronly in  HA(Q\ 7)?

stronly in = H' (), v™ — 0™ stronly in
H'(v), v — 0™

H' ()

stronly in stronly in

"

©* — > stronly in

B

u” = us stronly in  HE(Q\ 7)?

stronly in - H' (), v — v stronly in

stronly in - H'(v¢), v° = ve stronly in

stronly in  H' ()

@ﬂ%@oo

H? ()

H ()

H? ()

H' ()
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Geometry for optimal control problems

'l%oé

Ye=(-1,14a) x {0},a >0 — crack
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Griffith's criterion

The derivative of the energy functional with respect to the crack length

G- /(910—” Yeus (1) — o (u )ui,le,j)f /(efi),lui

2\ Q\ve

Here 0 is a smooth finite function, # = 1 in a small neighborhood of the crack
tip (1 + a, 0).

—G > 0 - rate of energy influx into the crack tip
Condition of crack growth:

-G >2(¢

¢ — specific surface energy of a crack
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Optimal control problems

Ga™)= sup G(a)

a€lag,o0]

1 « (e « « (e
Gla) = [ (Goroutuen) ~ o yuio, ) = [ O
Q\"/c Q\'Yc
G(B")= sup G(B)
BE[Bo,<]
1
G(B) = / (59,10ij(uﬁ)€ij(uﬁ)—Uij(uﬁ)u?ﬁ,j)— /(9fi),1uf
Q\ve Q\ve

Optimal control problems have solutions.
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e Limit problems
e Strong convergence

e Optimal control problems

Results
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Thank you for attention!



