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Preliminaries

ε(w) = {εij(w)} – strain tensor, εij(w) = 1
2
( ∂wi
∂xj

+
∂wj
∂xi

), i, j = 1, 2

σ = {σij(w)} – stress tensor;

σν = (σ1jνj , σ2jνj), σν = σijνjνi, στ = σijνjτi

A = {aijkl} – elasticity tensor:

aijkl = ajikl = aklij ; aijkl = const, i, j, k, l = 1, 2

aijklξklξij > c|ξ|2 for all ξij , ξij = ξji; c = const > 0

f – external forces

Some more notations:

[h] = h+ − h−; uν = uiνi, uτ = uiτi; w,1 =
dw

dx1
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Equilibrium problem in differential form

Find functions u = (u1, u2), σ = {σij}, i, j = 1, 2, w, v и ϕ, such that
equilibrium equations and Hooke’s law

−divσ = f, σ −Aε(u) = 0 in Ω \ γ

w,11 = σ−τ , v,1111 = [σν ] on γb

βw,11 = σ−τ , −αv,11−αϕ,1 = [σν ], −βϕ,11 +αv,1 +αϕ = 0 on γt

boundary conditions on Γ and γ

u = 0 on Γ, u−τ = w, u−ν = v on γ

[uν ] ≥ 0, σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [uν ] = 0 on γ

conditions at the free ends of inclusions

w,1 = v,111 = v,11 = 0 for x1 = −1

w,1 = v,1 +ϕ = ϕ,1 = 0 for x1 = 1

junction conditions

w(0−) = w(0+), v(0−) = v(0+), v,1 (0−) = −ϕ(0+)

w,1 (0−) = w,1 (0+), −v,111 (0−) = (v,1 +ϕ)(0+), v,11 (0−) = −ϕ,1 (0+)

are satisfied 4



Variational formulation of the problem

Set of admissible displacements

K = {(ū, w̄, v̄, ϕ̄)| ū ∈ H1
Γ(Ω \ γ)2, w̄ ∈ H1(γ), v̄ ∈ H1(γ), v̄ ∈ H2(γb),

ϕ̄ ∈ H1(γt); [ūν ] ≥ 0, ū−τ = w̄, ūν = v̄ on γ; v̄,1 (0−) = −ϕ̄(0+)}

Variational inequality

Find (u,w, v, ϕ) ∈ K, such that for all (ū, w̄, v̄, ϕ̄) ∈ K

∫
Ω\γ

σ(u)ε(ū−u)+

∫
γb

w,1 (w̄,1−w,1 )+

∫
γb

v,11 (v̄,11−v,11 )+β

∫
γt

ϕ,1 (ϕ̄,1−ϕ,1 )

+ β

∫
γt

w,1 (w̄,1−w,1 ) + α

∫
γt

(v,1 +ϕ)(v̄,1 +ϕ̄− v,1−ϕ) ≥
∫

Ωγ

f(ū− u)

A.M. Khludnev and T.S. Popova, Junction problem for Euler-Bernoulli and
Timoshenko elastic inclusions in elastic bodies, Journal: Quart. Appl. Math. 74
(2016), 705–718 5



Uniform estimates for α ≥ α0 > 0

‖u‖H1
Γ(Ω\γ)2 ≤ c, ‖w‖H1(γb)

≤ c, ‖v‖H2(γb)
≤ c

‖(w, v, ϕ)‖H1(γt)3 ≤ c

moreover,

∫
γt

(v,1 + ϕ)2 ≤ c

αv∞(x1) = c∞ −
x1∫
0

ϕ∞; c∞ ∈ R


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Limit problem as α→∞ (β = 1)

Find functions u = (u1, u2), σ = {σij(u)}, i, j = 1, 2, w, v и ϕ, such that
equilibrium equations and Hooke’s law

−divσ = f, σ −Aε(u) = 0 in Ω \ γ, v,1111 = [σν ] on γb, w,11 = σ−τ on γ

boundary conditions on Γ and γ

u = 0 on Γ, u−τ = w on γ, u−ν = v on γb, u
−
ν (x1) = c∞ −

x1∫
0

ϕ on γt (c∞ ∈ R)

[uν ] ≥ 0, σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [uν ] = 0 on γ

conditions at the free ends of inclusions

w,1 = v,111 = v,11 = 0 for x = −1, ϕ,1 = w,1 = 0 for x = 1

junction conditions

w(0−) = w(0+), v(0−) = v(0+), v,1(0−) = −ϕ(0+)

w,1(0−) = w,1(0+), v,11(0−) = −ϕ,1(0+)

equilibrium conditions for inclusion γt∫
γt

[σν ]− v,111(0−) = 0,

∫
γt

[σν ]

x1∫
0

ϕ̃+

∫
γt

ϕ,11ϕ̃ = 0 for all ϕ̃ ∈ H1(γt)

are satisfied
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Equivalent formulation for limit problem as α→∞

Find functions u = (u1, u2), σ = {σij(u)}, i, j = 1, 2, w, v и ϕ, such that
equilibrium equations and Hooke’s law

−divσ = f, σ −Aε(u) = 0 in Ω \ γ, v,1111 = [σν ] on γb, w,11 = σ−τ on γ

v,1111 = [σν ] on γt

boundary conditions on Γ and γ

u = 0 on Γ, u−τ = w on γ, u−ν = v on γb, u
−
ν = v on γt

[uν ] ≥ 0, σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [uν ] = 0 on γ

conditions at the free ends of inclusions

w,1 = v,111 = v,11 = 0 for x = −1, w,1 = v,111 = v,11 = 0 for x = 1

junction conditions

w(0−) = w(0+), v(0−) = v(0+), v,1(0−) = v,1(0+)

w,1(0−) = w,1(0+), v,11(0−) = v,11(0+), v,111(0−) = v,111(0+)

are satisfied
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Uniform estimates for β ≥ β0 > 0

‖u‖H1
Γ(Ω\γ)2 ≤ C, ‖w‖H1(γb)

≤ C, ‖v‖H2(γb)
≤ C

‖(w, v, ϕ)‖H1(γt)3 ≤ C

moreover,

∫
γt

w,1w,1 +

∫
γt

ϕ,1ϕ,1 ≤
C

β

(w∞ = c1, ϕ∞ = c2; c1, c2 ∈ R)
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Limit problem as β →∞ (α = 1)

Find functions u = (u1, u2), σ = {σij(u)}, i, j = 1, 2, v, w and c1, c2 ∈ R such
that
equilibrium equations and Hooke’s law

−divσ = f, σ −Aε(u) = 0 in Ω \ γ
v,1111 = [σν ], w,11 = σ−τ on γb, −v,11 = [σν ] on γt

boundary conditions on Γ and γ

u = 0 on Γ, u−τ = w on γb, u
−
τ = c1 on γt, u

−
ν = v on γ

[uν ] ≥ 0, σ+
τ = 0, σ+

ν ≤ 0, σ+
ν [uν ] = 0 on γ

conditions at the free ends of inclusions

v,111 = v,11 = w,1 = 0 for x = −1, v,1 + c2 = 0 for x = 1

junction conditions

w(0−) = c1, v(0−) = v(0+), v,1(0−) = −c2
−v,111(0−) = (v,1 + c2)(0+)

equilibrium conditions for inclusion γt∫
γt

σ−τ + w,1(0−) = 0,

∫
γt

(v,1 + c2)− v,11(0−) = 0

are satisfied
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Strong convergence

when α→∞
uα → u∞ stronly in H1

Γ(Ω \ γ)2

wα → w∞ stronly in H1(γb), v
α → v∞ stronly in H2(γb)

wα → w∞ stronly in H1(γt), v
α → v∞ stronly in H1(γt)

ϕα → ϕ∞ stronly in H1(γt)

when β →∞
uβ → u∞ stronly in H1

Γ(Ω \ γ)2

wβ → w∞ stronly in H1(γb), v
β → v∞ stronly in H2(γb)

wβ → w∞ stronly in H1(γt), v
β → v∞ stronly in H1(γt)

ϕβ → ϕ∞ stronly in H1(γt)
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Geometry for optimal control problems
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Griffith’s criterion

The derivative of the energy functional with respect to the crack length

G =

∫
Ω\γc

(
1

2
θ,1σij(u)εij(u)− σij(u)ui,1θ,j

)
−
∫

Ω\γc

(θfi),1ui

Here θ is a smooth finite function, θ = 1 in a small neighborhood of the crack
tip (1 + a, 0).

−G ≥ 0 – rate of energy influx into the crack tip

Condition of crack growth:
−G > 2ζ

ζ – specific surface energy of a crack
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Optimal control problems

G(α∗) = sup
α∈[α0,∞]

G(α)

G(α) =

∫
Ω\γc

(
1

2
θ,1σij(u

α)εij(u
α)− σij(uα)uαi,1θ,j

)
−
∫

Ω\γc

(θfi),1u
α
i

G(β∗) = sup
β∈[β0,∞]

G(β)

G(β) =

∫
Ω\γc

(
1

2
θ,1σij(u

β)εij(u
β)− σij(uβ)uβi,1θ,j

)
−
∫

Ω\γc

(θfi),1u
β
i

Optimal control problems have solutions.
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Results

• Limit problems

• Strong convergence

• Optimal control problems
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Thank you for attention!


