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Introduction

The subjects of study

are two unexplored optimization problem. These problems are
induced by the variants of segregation problem for the sequence being
the sum of two independent quasiperiodic sequences.

The goal of the study

is to find out the problems complexity and to propose an efficient
algorithms for them.

The research is motivated by

the lack of results on the problems and their relevance to some
applications, connected with distant monitoring of a group of close
objects in the case when it is impossible to separate a signal from a
single isolated object.
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Introduction

Quasiperiodic sequence, unformal definition

Quasiperiodic sequence is any sequence that includes
subsequences-fragments (subsequences formed by concequitive
sequence elements) such that

o the fragments have some predetermined characteristic properties;
o the fragments do not intersect each other;
o the fragments are included in the sequence as a whole;

o the interval between their initial positions is limited from below
and from above by the given constants.
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Introduction

Variability of quasiperiodic sequences
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Introduction

Segregation problem — unformal statement
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Segregation problem is to restore the signals (quasiperiodic sequences)
on the base of their noisy sum. In the case of identical fragments in
the sequence it is equivalent to finding out the collections of initial
instants of the fragments
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Introduction

Possible approaches

o Using a posteriori quasiperiodic sequence processing algorithms.

o Sequential (traditional). The segregation problem allows
interpretation as a Blind Signal Separation (BSS) problem. Due
to only one observation such methods as Independent Component
Analysis (ICA) and Principal Component Analysis (PCA) are
not applicable. This variant of BSS is known as one-microphone
signal/source separation problem. Traditional approach is
multistage, it is based on statistical principles, spectral analysis,
time-frequency mask estimation, accompanied with noise filtering
and further analysis of every unmixed signals.

]
e the lack of optimality guarantees

e A posteriori (non-traditional). The solution process is not
divided into stages.

e every new problem includes solving a unique, as a rule unexplored
optimization problem
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Segregation problem.

o UM = (Y, ..., @ ) and U® = @®, ... u®)), UD £ U,
° Tr(nll)n, Trglla)xa Tr(,izl, T2, be positive integers:

2 < TH <TG e {1,2};

o MO = . n® 3 M ={nP . n?, ..}, be the
collections of positive integers with sizes M1 and Ms:

Trg‘fi)n S n'E’VZL) - n',(qi)_]_ S Tr(rfz)))n m = 27 .. 7Mi7

: ief{1,2). (1
nf) <N-g, e
In order for (1) to be compatible, we need
(i ) (@)
< < max 3
2¢ < T <18, < N; o e,

1< M; < [(N—¢q)/T% | = M%),

min
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Segregation problem

The sequences X (1) = (x(()l), e ,x%ll) and X® = (x(()z) 2R ):

o) = SO WO, 70, T0,) = 3 o
m=1 "
are quasiperiodic sequences engendered by UM and U®). Here
(a:(l()i),...,x(l()%r ) =UD, m=1,..., M, i€ {1,2}, while the
remaining values are zero.
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Segregation problem

o fragments (x(i()i), .. ,x(i)v 1) =UD m=1,...,M;,ic{1,2},

correspond to active states;
o the fact that the duration of any passive state is greater than an
active state duration is guaranteed by:

2¢ < TH < T e {1,2};
o the quasiperiodicity of states is reflected by:

TH <nf) —n® | <TH, m=2,...,M;,

min n i€ {1,2}.

A A A A A
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2. Segregation Problem

Data generation Model

Fix U® = (uél), e ,ugl,)l), T Téfix, 1 € {1, 2}, satisfying

2q < Téfi)n < TS If we assume that the sizes of the desired
collections are given, additionally fix M; and Ms, such that

1< M; < Mk

Let XMZ.(U(”,T&)H,TS;X), i € {1,2}, be the sets of all possible
N-length quasiperiodic sequences engendered by U@, i € {1, 2}, for
known collections sizes. And let X(U(i)7 Tr(nii)I17 TISQX) be these sets for
unknown sizes. It is easy to see that

i
X(U(l)y Tg)m Trgazgxx) = U XM (U(1)7 Tr(nl)n7 TI&QEK)
M=1
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Segregation Problem

The size of X,
If M < |N/(q+1)], which is common for applications, then

||XM(U7 Tmina Tmax)” > 2M

If M = O(N), then Xpr(U, Trins Tmax) 1 exponentially sized.

The size of Xy

|

Since
M@

mch

? min’ max ’ min? max

the sets X(UD, T 7)) and X(U(z) T3, T are

min’ ) min’

exponentially-sized to.
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Segregation Problem

Depending on presence or absence of the information about the
collections sizes, designate by X and X(? the corresponding sets.
Consider two sequences XV € X1 and X® e x(?

Unobservable (initial) sequences

U X
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Y =(yo,...,yn—1) = XD + X® 1+ E, where E = (eg,...,en_1) is

additive noise.
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2. Segregation Problem

The segregation problem for the sum of two quasiperiodic sequences is
to restore the unobservable sequences X () and X when processing
the observable sequence Y. It means we have to determine two

collections M) and M) on the base of Y. )
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2. Segregation Problem

Induced approximation problem

|y — (X® + X)) — min ,
XWex®™, x@)ex(

XM and X®@ are the sets of admissible quasiperiodic sequences
generated by the reference sequences U and U respectively.

Remark 1.

Since X and X are exponentially sized and the sequences X (1)
and X are independent, the set X x X2 of admissible solutions
to the approximation problem is also exponentially sized.

Equivalent Form of the Optimization Problem

min’ Tnggx, and M; for the
variant of the known sizes, ¢ € {1, 2}, we have

Since X = X(M®) with fixed U®, 7

HY _ (X(M<1>) + X(M<2>)) H2 N

min .
MDD, M@
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3. Optimization problem.

Given: Positive integers N, ¢, My, My, T\ 72 1) and T2
such that 2¢ < Tr(rfi)n < T, 1< M; < [(N — q)/Tr(rfi)nJ, i € {1,2}, the
8

numerical sequences Y = (yo,...,yn_1), UD) = (uél), U ),
U® = (u(()2)7... u? ).

) qfl

u® u?|
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3. Optimization problem.

Find: the collections M) = (ngl), c ng\z) and
M3 = (n(2) 551)) of indices of the sequence Y that minimize the
objective funct1on

M; g—1
G(M M(2 Z Zynm)+z ( Zzy (2)+z J
m=1 =0 s=1j=0

M; My q—1

+ Z Z Zu( )uz+n§i) nf)
m=1 s=1 i=0

under the constraints
TH <n —nl) | <1, m=2,...,M;,

i i 1€ 11,2}, 2
n >0, ) <N g, L2y @)

on the elements of the sought collections M®) and M),
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Segregation problem

Problem 1a

Given: Positive integers IV, g, Tr(nlizl, Tﬁl, Ty, and TZy such that
2q < Trifi)n < T,gf;x, i1 € {1, 2}, the numerical sequences

Y = (o, yn—1), UD = (@f?,...,ul®), UD = w@,...,u@)).

@ u?|
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Segregation problem

Find: the collections M) = {ngl) RAON ..} c{o,.. —1} and
M3 = {n?), e ng), ...} c{0,...,N — 1} of indices of the sequence

Y and their sizes M7 and M that minimize the objective function

1) g2 R TS W (1)
GMD, M®) = 5 5 L@ —2uVy o, b+
2y = (mllou VR W, @)

Y {20 b+ S S S w0 o,

m=1 j=0 m=1 s=1 i= m s
under the constraints

T(z)n < n() ngy?_l < Trﬁfgx, m=2,...,M;,

mi , ie{1,2},

on the elements of the sought collections M) and M(?).
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3. Optimization problem

Auxiliary problem 1

7 7@

min?’ min?’

i€ {1,2},

Given: positive integers N, q, My, My, T Téllax, and Tmax

such that 2(] < T(l) < Trglg < N
1 S MZ S |_( )/ man

the numerical sequences f;(n), f2( ),neN={0,...,N — 1}, the
numerical sequence h(n), n = 0,41, £2, ..., such that h(n) =0, if

nf > g.

Find: the collections M) = (ngl), . ,ng\i[)l) C N and

M3 = (n§2), . 7”5\2) C N that minimize the objective function
My M, My M

FMD M®) =37 [0D) + 3 o) + 30 Y hnly) —n?)
m=1 k=1 m=1s=1

under the (;onstraints ‘ .
TO <n® —n® <7l m=2.. . M,

) . ie{1,2}.
ngn ZO, ng\if)i SN_qa { }
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3. Optimization problem

Auxiliary problem la

mins Leins TSQX, and Tlfa?x such that
<TH < T, < N; i€ {1,2},

the numerical sequences f1(n), fa(n), n € N ={0,...,N — 1}, the
numerical sequence h(n), n =0,+1,+2, ..., such that h(n) =0, if
Inf =g

Find: the collections M) = (ngl) L .) C N and

M® =@® . nfP ) C N, their sizes M; and My, that
minimize the obJectlve function

F(M(l),./\/l(z) Zﬁ Jerz )+ ZZ}L (2)

m=1 s=1

Given: positive integers N, q, i) %)

under the constraints
TO <n® —n® <1, m=2,...

, M;, .
mim (,L) (3) ¢ 1€ {1,2}
nq Z 07 g, <N -—gq,
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3. Optimization problem

There exists an algorithm that finds the exact solution to Auxiliary
Problem 1 in O(M;MyApnaxN?) time, where
Amax = max{T — & — 1,78, — 73 _1}.

min min

The idea of the proof

The proof of this lemma is based on the direct derivation of recurrent
formulas. The finiteness of h(n) together with restrictions 2¢ < Trglllzl
and 2¢g < Tﬁ)n on the input parameters play the key role when
constructing the formulas. Thanks to them, it is possible to avoid

double summation in the right-hand side of the objective function.
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3. Optimization problem

There exists an algorithm on that finds the exact solution to
Auxiliary Problem 1a in O((M)2,(M2)2 . Amax N?) time.

max max

The idea of the proof

This algorithm finds the exact solution by trying all possible sizes of
the sought collections and selects the best result corresponding to the
value of the objective function

There exists an algorithm that finds the exact solution to Auxiliary
Problem la in O(ApaxN?) time.
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4. The main result

Theorem

There exists an exact algorithm solving Pr. 1 in O(MlMgAmaxN 2)
time, where A .« = maX{TISIQX W _ 1, Tr(nza)x = mm —1}

min

The idea of the proof

If we put
fl(n) Zs Ouszn+S7TL:O... N—q
f2(n) = = X125 uPynrs,

-1 (1) ( )
h(n) = DlecoUs Us{m, Nl <aq . _ 0,+1,£2,.
0, Inl > ¢

in the conditions of Lemma 1, the recurrent formulas solving Lemma
1 gives the exact solution to Auxiliary Problem 1.

Since Tiax < N, M7 < N, and My < N, the running time of the
algorithm is O(N®); thus, we have proved polynomial-time solvability
for Problem 1.
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4. The main result

Theorem

There exists an algorithm that finds an exact solution to Problem 1a
in O(AmaxN2> time, where
Apmax = max{T — 7O, - 1,18, - T®, — 1}

min min

The idea of the proof

If we put 7 )
filn) = 3020 { (W) = 2us My ¢

1
s=0
Fa(n) = 200 4 (@) — 20yt
—1, (1), (2)
h(n) = { 28sm0s apns IOy g 4y 4o
0, In| > g,

in the conditions of Lemma 2, the recurrent formulas solving Lemma
2 gives the exact solution to Auxiliary Problem 2.

Since Apax < N, the running time of the algorithm is O(N3)
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5. Examples of numerical simulation. Example 1
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5. Examples of numerical simulation. Example 1

Unobservable data

X®|,
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5. Examples of numerical simulation. Example 1

Observable and unobservable sequences
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5. Examples of numerical simulation. Example 1
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5. Examples of numerical simulation. Example 2
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5. Examples of numerical simulation. Example 2

Unobservable data
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5. Examples of numerical simulation. Example 2
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Conclusions

The polynomial-time solvability for two unexplored discrete
optimization problem is proven. These problems arise (in the
framework of a posteriori approach) when solving applied problem of
segregation of two quasiperiodic sequences on the base of their noisy
sum. Namely, the algorithm guaranteeing the obtained solution
optimality is constructed, and polynomial estimate for its complexity
is obtained.

The algorithm presented seems to be an appropriate tool for
processing signals obtained as a result of monitoring of a pair of close
sources with quasiperiodic structure. The results of numerical
simulation are given for illustration
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Thank you for your attention!




