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I. Ðàññìîòðèì ñèñòåìó ëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé

xn+1 = A(n)xn + fn, n ∈ Z+ = {n = 0,1,2, . . .}. (1)

Áóäåì ïðåäïîëàãàòü, ÷òî ìàòðè÷íàÿ ïîñëåäîâàòåëüíîñòü {A(n)} èìååò

ïåðèîä N , ò. å.

A(n+N) ≡ A(n), n ∈ Z+,

ìàòðèöû A(n) ðàçìåðà m×m, íåâûðîæäåííûå è ïîñëåäîâàòåëüííîñòü {fn}
îãðàíè÷åíà, ò. å.

sup
n∈Z+

∥fn∥ < ∞.

Ïóñòü çàäàíî íà÷àëüíîå óñëîâèå

x0 = b. (2)

Èçâåñòíî, ÷òî äëÿ ëþáîãî ÷èñëîâîãî âåêòîðà b = (b1, . . . , bm)T çàäà÷à (1),

(2) èìååò åäèíñòâåííîå ðåøåíèå {xn}.

Ïîñòàíîâêà çàäà÷è I: Ïðè êàêèõ íà÷àëüíûõ óñëîâèÿõ (2) ñóùåñòâóåò

îãðàíè÷åííîå ðåøåíèå {xn}:

sup
n∈Z+

∥xn∥ < ∞ (3)

ñèñòåìû (1)?
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II. Ðàññìîòðèì ñèñòåìó ëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé

xn+1 = A(n)xn + fn, n ∈ Z = {n = 0,±1,±2, . . .}. (4)

Áóäåì òàêæå ïðåäïîëàãàòü, ÷òî ìàòðè÷íàÿ ïîñëåäîâàòåëüíîñòü {A(n)} èìå-
åò ïåðèîä N , íî óæå ïðè n ∈ Z, ò. å.

A(n+N) ≡ A(n), n ∈ Z,

ìàòðèöû A(n) ðàçìåðà m×m, íåâûðîæäåííûå è ïîñëåäîâàòåëüííîñòü {fn}
îãðàíè÷åíà, ò. å.

sup
n∈Z

∥fn∥ < ∞.

Ïóñòü çàäàíî íà÷àëüíîå óñëîâèå (2):

x0 = b.

Ïîñòàíîâêà çàäà÷è II: Ïðè êàêèõ íà÷àëüíûõ óñëîâèÿõ (2) ñóùåñòâóåò

îãðàíè÷åííîå ðåøåíèå {xn}:

sup
n∈Z

∥xn∥ < ∞ (5)

ñèñòåìû (4)?
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Áóäåì ïðåäïîëàãàòü, ÷òî äëÿ ñïåêòðà ìàòðèöû ìîíîäðîìèè

UN = A(N − 1)A(N − 2) · · ·A(0)

ñèñòåìû ðàçíîñòíûõ óðàâíåíèé èìååò ìåñòî äèõîòîìèÿ îòíîñèòåëüíî

åäèíè÷íîé îêðóæíîñòè S = {τ ∈ C : |τ | = 1}. Ñëåäîâàòåëüíî, ïðè ðåøå-

íèè êðàåâûõ çàäà÷ íåîáõîäèìî ðàññìîòðåòü 3 ñëó÷àÿ:

1) Ñîáñòâåííûå çíà÷åíèÿ τ1, . . . , τm ìàòðèöû ìîíîäðîìèè UN òàêèå, ÷òî

|τj| < 1, j = 1, . . . ,m,

ò. å. ñïåêòð ìàòðèöû UN ïðèíàäëåæèò åäèíè÷íîìó êðóãó

B(0,1) = {τ ∈ C : |τ | < 1}.

2) Ñîáñòâåííûå çíà÷åíèÿ τ1, . . . , τm ìàòðèöû ìîíîäðîìèè UN òàêèå, ÷òî

|τj| > 1, j = 1, . . . ,m,

ò. å. ñïåêòð ìàòðèöû ëåæèò âíå åäèíè÷íîãî êðóãà B(0,1).

3) ×àñòü ñîáñòâåííûõ çíà÷åíèé τ1, . . . , τµ ìàòðèöû ìîíîäðîìèè UN ïðèíàä-

ëåæèò åäèíè÷íîìó êðóãó B(0,1), à ÷àñòü ñîáñòâåííûõ çíà÷åíèé τµ+1, . . . , τm
ëåæèò âíå åäèíè÷íîãî êðóãà B(0,1).
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Ðàññìîòðèì çàäà÷ó I:

xn+1 = A(n)xn + fn, n ∈ Z+ = {n = 0,1,2, . . .}, (1)

x0 = b, (2)

sup
n∈Z+

∥xn∥ < ∞. (3)

Âûïèøåì ðåøåíèå íà÷àëüíîé çàäà÷è (1), (2), èñïîëüçóÿ ôóíäàìåíòàëüíóþ

ìàòðèöó ðåøåíèé {U(n)}, n ∈ Z+ ñèñòåìû îäíîðîäíûõ óðàâíåíèé

xn+1 = A(n)xn, n ∈ Z+, (6)

êîòîðàÿ îïðåäåëÿåòñÿ ñëåäóþùåé íà÷àëüíîé çàäà÷åé

U(n+1) = A(n)U(n), n ∈ Z+,

U(0) = I.

Òàêàÿ ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé íàçûâàåòñÿ ìàòðèöàíòîì.

Äëÿ âñåõ ìàòðèö U(n), n ∈ Z+, èìååò ìåñòî ðåêóððåíòíàÿ ôîðìóëà: åñëè

n = kN + l, 0 ≤ l ≤ N − 1, òî

U(n) = U(l)(UN)k, (7)

ãäå UN = A(N − 1)A(N − 2) · · ·A(0) � ìàòðèöà ìîíîäðîìèè.
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Èñïîëüçóÿ ôîðìóëó (7) äëÿ ìàòðèöàíòà {U(n)} è ïðèìåíÿÿ ìåòîä âàðèàöèè
ïðîèçâîëüíîé ïîñòîÿííîé, ìîæíî âûïèñàòü ðåøåíèå {xn} íà÷àëüíîé çàäà÷è
(1), (2) â ñëåäóþùåì âèäå: ïóñòü n = kN + l, 0 ≤ l ≤ N − 1, òîãäà

xn = U(l)(UN)kb+ U(l)(UN)k(U(1))−1f0 + U(l)(UN)k(U(2))−1f1

+ . . .+ U(l)(UN)k(U(n− 1))−1fn−2 + fn−1, n ∈ Z+. (8)

Ó÷èòûâàÿ ôîðìóëó (8), à òàêæå êðèòåðèé Ëÿïóíîâà, ìîæíî ïîëó÷èòü ðå-

øåíèå çàäà÷è I.

I. Ïðè ðàññìîòðåíèè ïåðâîãî ñëó÷àÿ íàïîìíèì, ÷òî ñïåêòð ìàòðèöû UN
ïðèíàäëåæèò åäèíè÷íîìó êðóãó B(0,1) òîãäà è òîëüêî òîãäà, êîãäà äèñ-

êðåòíîå óðàâíåíèå Ëÿïóíîâà

H − (UN)∗HUN = C, C = C∗ > 0 (9)

èìååò ðåøåíèå H = H∗ > 0.

Îòìåòèì, ÷òî, èìåÿ ðåøåíèå H = H∗ > 0 óðàâíåíèÿ (9) ïðè C = I, ìîæíî
âûïèñàòü îöåíêó Êðåéíà

∥(UN)k∥ ≤
√
ν(H)

(
1−

1

∥H∥

)k/2
, k ∈ Z+, (10)

ãäå ν(H) = ∥H∥∥H−1∥ � ÷èñëî îáóñëîâëåííîñòè ìàòðèöû H.
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Òåîðåìà 1. Ïóñòü ñïåêòð ìàòðèöû ìîíîäðîìèè UN ïðèíàäëåæèò åäèíè÷-

íîìó êðóãó B(0,1). Òîãäà äëÿ ëþáîãî íà÷àëüíîãî âåêòîðà x0 = b êðàåâàÿ

çàäà÷à (1), (2), (3):

xn+1 = A(n)xn + fn, n ∈ Z+,

x0 = b,

sup
n∈Z+

∥xn∥ < ∞,

îäíîçíà÷íî ðàçðåøèìà.

Ñëåäñòâèå. Ïóñòü ñèñòåìà (1) èìååò ïîñòîÿííûå êîýôôèöèåòû, ò. å.

A(n) ≡ A, è ñïåêòð ìàòðèöû A ëåæèò âíóòðè åäèíè÷íîãî êðóãà B(0,1).

Òîãäà äëÿ ëþáîãî íà÷àëüíîãî âåêòîðà x0 = b ðåøåíèå {xn} êðàåâîé çàäà-

÷è (1), (2), (3) îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì, è îíî èìååò âèä

xn = Anb+
n−1∑
j=0

An−j−1fj, n = 1,2, . . . .
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Òåîðåìà 2. Ïóñòü ñïåêòð ìàòðèöû ìîíîäðîìèè UN ëåæèò âíå åäèíè÷íîãî

êðóãà B(0,1). Òîãäà ñóùåñòâóåò åäèíñòâåííûé íà÷àëüíûé âåêòîð x0 = b

òàêîé, ÷òî êðàåâàÿ çàäà÷à (1), (2), (3) îäíîçíà÷íî ðàçðåøèìà. Íà÷àëüíûé

âåêòîð b èìååò âèä

b = −
∞∑

j=1

(U(j))−1fj−1. (11)

Ñëåäñòâèå. Ïóñòü ñèñòåìà (1) èìååò ïîñòîÿííûå êîýôôèöèåíòû, ò. å.

A(n) ≡ A, è ñïåêòð ìàòðèöû A ëåæèò âíå åäèíè÷íîãî êðóãà B(0,1). Òîãäà

äëÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è (1), (2), (3) íåîáõîäèìî è äîñòàòî÷íî,

÷òîáû íà÷àëüíûé âåêòîð x0 = b èìåë âèä

b = −
∞∑

j=1

A−jfj−1. (12)

Ðåøåíèå çàäà÷è {xn} îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì è èìååò âèä

xn = −
∞∑

j=n+1

An−jfj−1.
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Ðàññìîòðèì òðåòèé ñëó÷àé.

Ïîñêîëüêó ÷àñòü ñîáñòâåííûõ çíà÷åíèé τ1, . . . , τµ ìàòðèöû UN ïðèíàäëåæèò

åäèíè÷íîìó êðóãó B(0,1), à ÷àñòü ñîáñòâåííûõ çíà÷åíèé τµ+1, . . . , τm ëåæèò

âíå åäèíè÷íîãî êðóãà, òî èìååò ìåñòî ïðåäñòàâëåíèå âñåãî ïðîñòðàíñòâà

Cm â ïðÿìóþ ñóììó äâóõ ïîäïðîñòðàíñòâ

Cm = V− ⊕ V+,

ãäå V− � ìàêñèìàëüíîå èíâàðèàíòíîå ïîäïðîñòðàíñòâî îòíîñèòåëü-

íî UN , ñîîòâåòñòâóþùåå ñîáñòâåííûì çíà÷åíèÿì τ1, . . . , τµ, à V+ � ìàêñè-

ìàëüíîå èíâàðèàíòíîå ïîäïðîñòðàíñòâî îòíîñèòåëüíî UN , ñîîòâåòñò-

âóþùåå ñîáñòâåííûì çíà÷åíèÿì τµ+1, . . . , τm. Òîãäà ïî òåîðåìå Ô. Ðèññà

êîíòóðíûé èíòåãðàë

P =
1

2πi

∫
S

(λI − UN)−1dλ, S = {λ : |λ| = 1} (13)

ÿâëÿåòñÿ ïðîåêòîðîì íà V−, à I − P � ïðîåêòîðîì íà V+, ïðè ýòîì

PUN = UNP .
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Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî ÷àñòü ñïåêòðà ìàòðèöû ìîíîäðîìèè UN

ïðèíàäëåæèò åäèíè÷íîìó êðóãó B(0,1), à ÷àñòü ïðèíàäëåæèò âíåøíîñòè

åäèíè÷íîãî êðóãà CB(0,1). Ïóñòü P � ïðîåêòîð Ðèññà (13):

P =
1

2πi

∫
S

(λI − UN)−1dλ.

Òîãäà äëÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è (1), (2), (3) íåîáõîäèìî è äî-

ñòàòî÷íî, ÷òîáû íà÷àëüíûé âåêòîð x0 = b èìåë âèä

b = Pb− + b+,

ãäå b− � ïðîèçâîëüíûé âåêòîð èç Cm, à âåêòîð b+ îïðåäåëÿåòñÿ åäèíñòâåí-

íûì îáðàçîì

b+ = −
∞∑

j=0

(I − P )(U(j +1))−1fj.
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II. Ðàññìîòðèì çàäà÷ó II:

xn+1 = A(n)xn + fn, n ∈ Z = {n = 0,±1,±2, . . .}, (4)

x0 = b, (2)

sup
n∈Z

∥xn∥ < ∞. (5)

Òåîðåìà 4. Ïðåäïîëîæèì, ÷òî ñïåêòð ìàòðèöû ìîíîäðîìèè UN ïðèíàä-

ëåæèò åäèíè÷íîìó êðóãó B(0,1). Òîãäà äëÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è

(4), (2), (5) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íà÷àëüíûé âåêòîð x0 = b
èìåë âèä

b =
−1∑

j=−∞
(U(j +1))−1fj.

Òåîðåìà 5. Ïðåäïîëîæèì, ÷òî ñïåêòð ìàòðèöû ìîíîäðîìèè UN ðàñïîëî-

æåí âíå åäèíè÷íîãî êðóãà B(0,1). Òîãäà äëÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è

(4), (2), (5) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íà÷àëüíûé âåêòîð x0 = b
èìåë âèä

b = −
∞∑

j=0

(U(j +1))−1fj.
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Òåîðåìà 6. Ïðåäïîëîæèì, ÷òî ÷àñòü ñïåêòðà ìàòðèöû ìîíîäðîìèè UN
ïðèíàäëåæèò åäèíè÷íîìó êðóãó B(0,1), à ÷àñòü ïðèíàäëåæèò âíåøíîñòè

åäèíè÷íîãî êðóãà CB(0,1). Ïóñòü P � ïðîåêòîð Ðèññà (13):

P =
1

2πi

∫
S

(λI − UN)−1dλ.

Òîãäà äëÿ ðàçðåøèìîñòè êðàåâîé çàäà÷è (4), (2), (5) íåîáõîäèìî è äî-

ñòàòî÷íî, ÷òîáû íà÷àëüíûé âåêòîð x0 = b èìåë âèä

b =
−1∑

j=−∞
P (U(j +1))−1fj −

∞∑
j=0

(I − P )(U(j +1))−1fj,

âåêòîð b îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì.

Òåîðåìà 7. Äëÿ ëþáîé îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòè {fn} ñóùå-

ñòâóåò åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå {xn} ñèñòåìû ëèíåéíûõ

ðàçíîñòíûõ óðàâíåíèé (4):

xn+1 = A(n)xn + fn, n ∈ Z = {n = 0,±1,±2, . . .},
ïðè ýòîì ðåøåíèå ìîæíî ïðåäñòàâèòü â âèäå

xn =
n−1∑

j=−∞
U(n)P (U(j +1))−1fj −

∞∑
j=n

U(n)(I − P )(U(j +1))−1fj,

ãäå P � ïðîåêòîð Ðèññà (13).
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Â ðàáîòå óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ íà íà÷àëüíûé

âåêòîð ïðè êîòîðûõ çàäà÷à I:

xn+1 = A(n)xn + fn, n ∈ Z+ = {n = 0,1,2, . . .},

x0 = b,

sup
n∈Z+

∥xn∥ < ∞

è çàäà÷à II:

xn+1 = A(n)xn + fn, n ∈ Z = {n = 0,±1,±2, . . .},

x0 = b,

sup
n∈Z

∥xn∥ < ∞,

îäíîçíà÷íî ðàçðåøèìû ïðè ëþáûõ îãðàíè÷åííûõ {fn}.

Ïîëó÷åíà ÿâíàÿ ôîðìóëà ðåøåíèÿ çàäà÷è:

xn+1 = A(n)xn + fn, n ∈ Z = {n = 0,±1,±2, . . .},

sup
n∈Z

∥xn∥ < ∞.
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Îöåíêè ðåøåíèé óêàçàííûõ çàäà÷ ìîæíî ïîëó÷èòü, èñïîëüçóÿ ñëåäóþùóþ

òåîðåìó.

Òåîðåìà (Äåìèäåíêî, Áîíäàðü, ÑÌÆ-2016.) Ïóñòü {U(n)} � ìàòðè-

öàíò ñèñòåìû (4). Òîãäà äëÿ òîãî, ÷òîáû äëÿ ñïåêòðà ìàòðèöû ìîíîäðîìèè

UN èìåëà ìåñòî äèõîòîìèÿ îòíîñèòåëüíî åäèíè÷íîé îêðóæíîñòè S íåîá-

õîäèìî è äîñòàòî÷íî, ÷òîáû ñóùåñòâîâàëè ýðìèòîâû ìàòðèöû

H(0), H(1), . . . , H(N − 1)

è ìàòðèöà P , ÿâëÿþùèåñÿ ðåøåíèåì êðàåâîé çàäà÷è äëÿ ñèñòåìû äèñ-

êðåòíûõ óðàâíåíèé Ëÿïóíîâà

H(l)−A∗(l)H(l+1)A(l) = (U(l))−∗P ∗P (U(l))−1

−(U(l))−∗(I − P )∗(I − P )(U(l))−1, l = 0,1, ..., N − 1,

H(0) = H(N) > 0,

H(0) = (I − P )∗H(0)(I − P ) + P ∗H(0)P,

UNP = PUN , P2 = P.

(14)
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Ïóñòü P � ïðîåêòîð Ðèññà (13) è ýðìèòîâû ìàòðèöû

H(0), H(1), . . . , H(N − 1)

ÿâëÿþòñÿ ðåøåíèåì êðàåâîé çàäà÷è (14).

Ââåäåì îáîçíà÷åíèÿ

h = max{∥H(0)∥, ∥H(1)∥, . . . , ∥H(N − 1)∥},

ν(H) = max
l,m=0,...,N

∥H−1(l)∥∥H(m)∥.

Òåîðåìà 8. Ïóñòü

sup
k∈Z

∥fk∥ < ∞,

òîãäà äëÿ îãðàíè÷åííîãî ðåøåíèÿ {xn} ñèñòåìû óðàâíåíèé (4):

xn+1 = A(n)xn + fn, n ∈ Z = {n = 0,±1,±2, . . .},

âûïîëíÿåòñÿ îöåíêà

∥xn∥ ≤ 2ν(H)h

1+

√
1−

1

h

sup
k∈Z

∥fk∥

, n ∈ Z.
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Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìàòåìàòè÷åñêîãî öåíòðà â Àêàäåìãî-

ðîäêå, ñîãëàøåíèå � 075-15-2022-282 ñ Ìèíèñòåðñòâîì íàóêè è âûñøåãî

îáðàçîâàíèÿ Ðîññèéñêîé Ôåäåðàöèè.
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ÑÏÀÑÈÁÎ ÇÀ ÂÍÈÌÀÍÈÅ!
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