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In this work we investigate the first initial-boundary value problem in a cylinder

QT = {(t, x) ∈ Rn+1
+ : t ∈ (0, T ), x ∈ G ⊂ Rn}

for an equation unsolvable with respect to the highest-order time derivative:

(a0I + a1∆+ a2∆
2)D2

t u+ (b0I + b1∆+ b2∆
2)Dtu

+(d0I + d1∆+ d2∆
2 + d3∆

3)u = f(t, x),
(1)

where a21−4a0a2 < 0, a2b0 ⩾ 0, a2b1 ⩽ 0, a2b2 ⩾ 0, a2d0 ⩾ 0, a2d1 ⩽ 0, a2d2 ⩾ 0,
a2d3 < 0.

The equation under consideration belongs to the class of pseudohyperbolic
equations introduced in [1].

[1] Demidenko G.V., Uspenskii S.V.Partial Differential Equations and Systems
Not Solvable with Respect to the Highest-Order Derivative. Nauchnaya Kniga,
Novosibirsk, 1998. [In Russian]; English transl. Marcel Dekker, New York and
Basel, 2003.
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The equation

L(Dt, Dx)u = f(t, x), (1)

where

L(Dt, Dx) = a2∆
2D2

t + d3∆
3+a0D

2
t + a1∆D2

t + (b0I + b1∆+ b2∆
2)Dt

+d0I + d1∆+ d2∆
2 = L0(Dt, Dx) + L′(Dt, Dx)

is strictly pseudohyperbolic, because the following conditions are met for the
operator L0(Dt, Dx) = a2∆

2D2
t + d3∆

3 :

Condition 1. The symbol L0(iη, iξ) is homogeneous with respect to the vector
(α0, α) = (1/6,1/6, . . . ,1/6), i.e.

L0(cα0iη, cαiξ) = α2(c
α0iη)2|cαξ|4 − d3|cαξ|6 = cL0(iη, iξ), c > 0.

Condition 2. The operator with the highest-order derivative of t: a2∆
2 —

elliptic.

Condition 3. The equation L0(iη, iξ) = 0, ξ ∈ Rn\{0}, has real different roots

η1,2(ξ) = ±
√
−
d3
a2

|ξ|2 if a2d3 < 0.
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The equation

L(Dt, Dx)u+∆g(u) = 0, (2)

where the operator L(Dt, Dx) is defined in (1), in literature it is called the
generalized Boussinesque equation [2–5]. In the one-dimensional case, it describes
propagation of surface water waves.

[2] Umarov Kh.G. Blow-up and global solvability of the Cauchy problem for a
pseudohyperbolic equation related to the generalized Boussinesq equation //
Siberian Math. J. 2022. Vol. 63, no 3. P. 559–574.

[3] Zhang Z., Huang J., Sun M.Well-posedness and decay property for the
generalized damped Boussinesq equation with double rotational inertia // Kodai
Math. J. 2016. Vol. 39, no 3. P. 535–551.

[4] Polat N., Piskin E. Existence and asymptotic behavior of solution of Cauchy
problem for the damped sixth-order Boussinesq equation // Acta Math. Appl.
Sin. Engl. Ser., 2015, Vol. 31. P. 735–746.

[5] Pereira P.J.S., Lopes N.D., Trabucho L. Soliton-type and other travelling
wave solutions for an improved class of nonlinear sixth-order Boussinesq equations
// Nonlinear Dynamics, 2015, Vol. 82. P. 783–818.
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We consider the first initial-boundary value problem for a strictly pseudohyperbolic
equation in a cylinder QT = {(t, x) ∈ Rn+1

+ : t ∈ (0, T ), x ∈ G ⊂ Rn}:

(a0I + a1∆+ a2∆
2)D2

t u+ (b0I + b1∆+ b2∆
2)Dtu

+(d0I + d1∆+ d2∆
2 + d3∆

3)u = f(t, x),

u

∣∣∣∣∣
t=0

= φ1(x), Dtu

∣∣∣∣∣
t=0

= φ2(x),

u

∣∣∣∣∣
Sside

= 0, ∂u
∂ν

∣∣∣∣∣
Sside

= 0, ∂2u
∂ν2

∣∣∣∣∣
Sside

= 0,

(3)

where a21−4a0a2 < 0, a2b0 ⩾ 0, a2b1 ⩽ 0, a2b2 ⩾ 0, a2d0 ⩾ 0, a2d1 ⩽ 0, a2d2 ⩾ 0,
a2d3 < 0. Here G is a bounded domain with smooth boundary ∂G, ν is the unit
vector of the outer normal to ∂G,

Sside =
{
(t, x) ∈ QT : t ∈ (0, T ), x ∈ ∂G

}
.

Our goal is to prove the existence and uniqueness of a generalized solution to
the first initial-boundary value problem (3), to obtain estimates for the solution.
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Definition 1. The function u(t, x) ∈ L2(QT ) belongs to the anisotropic Sobolev
space W

1,3
2 (QT ), if there are generalized derivatives

Dα
t D

β
xu ∈ L2(QT ),

α

1
+

|β|
3

⩽ 1,

with the norm

∥u,W1,3
2 (QT )∥ =

∑
α,β

∥Dα
t D

β
xu, L2(QT )∥.

Let’s denote

W
1,3
2,add(QT ) = {u(t, x) ∈ W

1,3
2 (QT ) : ∃Dt∆u(t, x) ∈ L2(QT )}.
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Definition 2. Let f(t, x) ∈ L2(QT ), φ1(x) ∈
◦

W3
2 (G), φ2(x) ∈

o

W2
2 (G). Then

u(t, x) ∈ W
1,3
2,add(QT ), such that

u

∣∣∣∣∣
t=0

= φ1(x), u

∣∣∣∣∣
Sside

= 0,
∂u

∂ν

∣∣∣∣∣
Sside

= 0,
∂2u

∂ν2

∣∣∣∣∣
Sside

= 0, (4)

is called the generalized solution to the first initial-boundary value problem (3),
if for any v(t, x) ∈ W

1,3
2,add(QT ), satisfying the conditions:

v

∣∣∣∣∣
t=T

= 0, v

∣∣∣∣∣
Sside

= 0,
∂v

∂ν

∣∣∣∣∣
Sside

= 0,
∂2v

∂ν2

∣∣∣∣∣
Sside

= 0, (5)

the following equality holds (6):
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∫
QT

(
−
(√

|a0|I +
√
|a2|∆

)
Dtu

(√
|a0|I +

√
|a2|∆

)
Dtv

+

(
a1 − 2

√
a0a2

)
Dt∇uDt∇v + |b0|Dtuv + |b1|Dt∇u∇v + |b2|Dt∆u∆v

+|d0|uv + |d1|∇u∇v + |d2|∆u∆v + |d3|
n∑

i=1

Dxi∆uDxi∆v

)
dx (6)

=
∫
QT

fv dx+
∫
G

(√
|a0|I +

√
|a2|∆

)
φ2(x)

(√
|a0|I +

√
|a2|∆

)
v(0, x)dx

−
(
a1 − 2

√
a0a2

) ∫
G

∇φ2(x)∇v(0, x)dx, dx = (t, x).
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Theorem 1. The first initial-boundary value problem (3) cannot have more
than one generalized solution.

Theorem 2. Let f(t, x) ∈ L2(QT ), φ1(x) ∈
o

W3
2 (G), φ2(x) ∈

o

W2
2 (G). Then the

initial-boundary value problem (3) has a unique generalized solution
u(t, x) ∈ W

1,3
2,add(QT ); moreover, the estimate holds

∥u(t, x),W1,3
2 (QT )∥+ ∥Dt∆u(t, x), L2(QT )∥

≤ c

(
∥f(t, x), L2(QT )∥+ ∥φ1(x),W

3
2 (G)∥+ ∥φ2(x),W

2
2 (G)∥

)
,

where c > 0 is a constant independent of f , φ1, φ2.
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Proof of the existence of a generalized solution to the initial-boundary
value problem (3)

Step 1: Construct a sequence of approximate solutions {um} using the Galerkin
method
Let {vp(x)} be the basis of

o

W 3
2 (G). Using the Gram-Schmidt orthogonalization process, we

assume that ∫
G

(
√

|a0|I +
√

|a2|∆)vk(x)(
√

|a0|I +
√

|a2|∆)vl(x)dx

−
(
a1 − 2

√
a0a2

) n∑
i=1

∫
G

Dxi
vk(x)Dxi

vl(x)dx = δlk, k, l = 1,2, . . . ,

where δlk is the Kronecker symbol.

We will look for the sequence of approximate solutions um(t, x) in the form

um(t, x) =
m∑

p=1

cmp (t)vp(x), (7)
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in this case, the coefficients cmp (t) ∈ W 2
2 (0, T ) are determined by the following ratios:∫

G

[(√
|a0|I +

√
|a2|∆

)2
D2

t u
m +

(
a1 − 2

√
a0a2

)
∆D2

t u
m + (b0I + b1∆+ b2∆

2)Dtu
m

+(d0I + d1∆+ d2∆
2 + d3∆

3)um

]
vk(x)dx =

∫
G

f(t, x)vk(x)dx, (8)

k = 1, . . . ,m, and initial conditions
cmp
∣∣
t=0

= φm
p , (9)

Dtc
m
p (t)

∣∣
t=0

= ⟨φ2(x), vp(x)⟩ ◦

W 2
2 (G)

(10)

=

∫
G

(
√

|a0|I +
√

|a2|∆)φ2(x)(
√

|a0|I +
√

|a2|∆)vp(x)dx−
(
a1 − 2

√
a0a2

)∫
G

∇φ2(x)∇vp(x)dx,

where φm
p are coefficients in the representation of functions

φm
1 (x) =

m∑
p=1

φm
p vp(x), (11)

such that
∥φm

1 (x)− φ1(x),W
3
2 (G)∥ → 0, m → ∞, (12)
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Step 2: From {um} we will construct a strongly converging sequence

Lemma 1. For any m ⩾ 1 the following estimates hold[ ∫
G

∣∣∣∣ (√|a0|I +
√

|a2|∆
)
Dtu

m(t, x)

∣∣∣∣2dx−
(
a1 − 2

√
a0a2

)∫
G

∣∣∣∣Dt∇um(t, x)

∣∣∣∣2dx

+2|b0|
t∫

0

∫
G

∣∣∣∣Dτu
m(τ, x)

∣∣∣∣2dxdτ +2|b1|
t∫

0

∫
G

∣∣∣∣Dτ∇um(τ, x)

∣∣∣∣2dxdτ +2|b2|
t∫

0

∫
G

∣∣∣∣Dτ∆um(τ, x)

∣∣∣∣2dxdτ
+|d0|

∫
G

∣∣∣∣um(t, x)

∣∣∣∣2dx+ |d1|
∫
G

∣∣∣∣∇um(t, x)

∣∣∣∣2dx+ |d2|
∫
G

∣∣∣∣∆um(t, x)

∣∣∣∣2dx+ |d3|
n∑

i=1

∫
G

∣∣∣∣Dxi
∆um(t, x)

∣∣∣∣2dx]1

2

⩽ c

( t∫
0

∥f(τ, x), L2(G)∥dτ + ∥φm
1 (x),W

3
2 (G)∥+ ∥φ2(x),W

2
2 (G)∥

)
,

where c > 0 is a constant independent of m, f , φ1, φ2.

Lemma 2. There is a natural number m0, such that the inequality holds:

∥um(t, x),W 1,3
2 (QT)∥+ ∥Dt∆um(t, x), L2(QT)∥

≤ c(G,T )

(
∥f(t, x), L2(QT)∥+ ∥φ1(x),W

3
2 (G)∥+ ∥φ2(x),W

2
2 (G)∥

)
.
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Taking into account the weak closure theorem of the generalized differentiation operator, we
obtain, that from {um} we can distinguish a subsequence that converges weakly at W 1,3

2,add(QT)

to some function u ∈ W 1,3
2,add(QT).

Using Mazur’s theorem and the weakly converging Galerkin sequence, we construct a strongly
converging sequence {ũN} of convex combinations:

ũN(t, x) =
N∑

i=m0

λi,Nui(t, x), λi,N ⩾ 0,
N∑

i=m0

λi,N = 1, (13)

∥ũN(t, x)− u(t, x),W 1,3
2 (QT)∥ → 0, N → ∞, (14)

∥Dt∆ũN(t, x)−Dt∆u(t, x), L2(QT)∥ → 0, N → ∞. (15)

By virtue of (14), the limit function u(t, x) has a zero trace u

∣∣∣∣
Sside

= ∂u
∂ν

∣∣∣∣
Sside

= ∂2u
∂ν2

∣∣∣∣
Sside

= 0.
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Step 3: Let’s study some properties of the limit function u(t, x)

To prove that u
∣∣
t=0

= φ1(x), we need the following lemma:

Lemma 3. If v(t, x) ∈ W 1,3
2 (QT), then for any τ ∈ (0, T ) the following inequality holds

∥v(0, x), L2(G)∥2 ⩽
2

τ

τ∫
0

∫
G

∣∣v(s, x)∣∣2dxds+ τ

τ∫
0

∫
G

∣∣Dsv(s, x)
∣∣2dxds.

Let us show that the limit function u ∈ W
1,3
2,add(QT ) is the generalized solution

to the initial-boundary value problem (3).
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THANK YOU FOR ATTENTION!

14



Theorem 3. Let u ∈ W1
2 (QT ), there is the following assessment:

∥u|t=0, L2(G)∥ ⩽ C1∥u(t, x),W1
2 (QT )∥.

Theorem 4. Let u ∈ W
1,3
2 (QT ), if

1− α−
|β|
3

−
1

6
> 0,

then Dα
t D

β
xu|S ∈ L2(S) exists, and there is the following assessment:

∥Dα
t D

β
xu|S, L2(S)∥ ⩽ C2∥u(t, x),W

1,3
2 (QT )∥.
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