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In this work we investigate the first initial-boundary value problem in a cylinder

Qr ={(t,z) eRYT 1t € (0,T),z € GCR"}
for an equation unsolvable with respect to the highest-order time derivative:
(agl + a1 + asA?)D7u + (bol + b1 A + boA?) Dyu (1)
+(dol + di A+ do A2+ d3ADu = f(t, z),

where CLl dapgar < 0, arbg = 0, asby <0, asby > 0, ardg = 0, andy <0, andy > 0,
ansdz < 0.

The equation under consideration belongs to the class of pseudohyperbolic
equations introduced in [1].
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T he equation

K’(Dta D:I:)U — f(t,il?), (1)

where
L(Dy, Dz) = axA°D? + d3A3+agD7? 4 a1 AD? + (bol + by A + bo A?) Dy

+dol + di A + doA? = LO(Dy, Dy) + L' (Dy, D)

is strictly pseudohyperbolic, because the following conditions are met for the
operator LO(Dy, Dy) = asA?D7 + d3 A3

Condition 1. The symbol £9(in, i) is homogeneous with respect to the vector
(apg, ) =(1/6,1/6,...,1/6), i.e.

£0(c™in, c*ig) = ap(c0in)?|c*¢|* — dalc¢|® = cLO(in,if), ¢> 0.
Condition 2. The operator with the highest-order derivative of t: a2A2 —
elliptic.
Condition 3. The equation £9(in,i¢) = 0, ¢ € R™\{0}, has real different roots

d3 .
mo(§) ==+ _£|§|2 if andz < 0.



T he equation
L(Dy, Dz)u + Ag(u) = 0, (2)

where the operator L(Dy, D;) is defined in (1), in literature it is called the
generalized Boussinesque equation [2—5]. In the one-dimensional case, it describes
propagation of surface water waves.
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We consider the first initial-boundary value problem for a strictly pseudohyperbolic
equation in a cylinder Qp = {(t,x) € Ri"’l te (0, T),z e GCR"}:

[ (apl + a1 + asA?)D2u + (bgl + b1 A + boA?) Dyu
+(dol + d1 A + dp A2 + d3A3)u = f(t, ),

! u = g01(ai‘), Dyu — 902(33)7 (3)
U =0 Ou =0 0%y =0
- ov - o2 T
\ Sside Sside Sside

where al dapgao < 0, axbg = 0, asby <0, axby > 0, axdg = 0, andy < 0, axdy = 0,
a>d3 < 0. Here G is a bounded domain with smooth boundary 90G, v is the unit
vector of the outer normal to 0G,

Scide = {(t,a:) ceQr: te(0,T), =z¢c aG}.

Our goal is to prove the existence and uniqueness of a generalized solution to
the first initial-boundary value problem (3), to obtain estimates for the solution.



Definition 1. The function u(t,z) € L>(Q7) belongs to the anisotropic Sobolev
space W21’3(QT), if there are generalized derivatives

DEDfu € Lo@r), 1 '5 |

with the norm

lu, W2 (Qp)|| = S|P DBu, La(Qr)]).
o, 3

Let's denote

W5 add(QT> = {u(t,z) ¢ W. (QT) AD:Au(t,z) € Lo(Q1)}-



@) o
Definition 2. Let f(t,2) € Lx(Qp), ¢1(z) € WS(Q), ¢va(z) € W5(GR). Then
u(t,z) € W2 add(QT) such that
0%
o2

ou

=0 —| =0, =0, (4
- (4)

t=0 Sside Sside Sside
Is called the generalized solution to the first initial-boundary value problem (3),
if for any v(t,z) € W2 add(QT) satisfying the conditions:

ul = p1(x), u

. o
o2

Ov

=0, =
ov

Sside
the following equality holds (6):

= 0, v
t=T

=0, (5)
Sside

Sside



/<_<MI+ |a2|A>Dt“<MI+ |a2|A)Dtv

Qr

+ (al — 2\/aoa2> DNV uDiVv + |bg|Diuv + |b1| Dt VuVo 4 |bo| DiAuAv

n
+|doluv + |d1|VuVv + |do| Aulv 4 |d3] D DmiAquiAv> dzx
1=1

— /ffudz+/(\/@l+ |a2|A> po() (MH IazlA)v(O,x)dx
QT G

—(al — 2\/CLOTQ> /Vgog(ac)Vv(O,at)da:, dr = (t,x).
G

(6)



Theorem 1. The first initial-boundary value problem (3) cannot have more
than one generalized solution.

o o
Theorem 2. Let f(t,z) € La(Qr), v1(z) € W5(Q), va(z) € W5(GR). Then the
initia/—boundary value problem (3) has a unique generalized solution
u(t,z) € W2 add(QT) moreover, the estimate holds

lut, =), Wy > (Qr)|| + [ DeAu(t, ), Lo(Qr) |

< c(nf(t,x),Lz(QT)n e (@), WA | + llga(a), W%(G)H),

where ¢ > 0 is a constant independent of f, 1, ©o.



Proof of the existence of a generalized solution to the initial-boundary
value problem (3)

Step 1: Construct a sequence of approximate solutions {u'"} using the Galerkin
method )

Let {v,(z)} be the basis of W3(G). Using the Gram-Schmidt orthogonalization process, we
assume that

/QH%H+v%dAMA@MH%H+vWMAmeM
G

— (al — 2\/aoa2> Z/Dmivk(:n)Dxivl(m)da; =0, kil1=1,2,...,
i=17,

where 6! is the Kronecker symbol.

We will look for the sequence of approximate solutions u™(¢,z) in the form

m

Wt a) =3 (), (7)

p=1



in this case, the coefficients ¢J'(t) € WZ(0,T) are determined by the following ratios:

/ [(\/|ao I+ V/]ao| A)?D2u™ + (a1 — 2y/aoaz) AD2u™ + (bol + b1A + b2A%) D™

G
+(dol +di A + do A + d3A3)um] vip(z)de = /f(t, z)v,(z)dz, (8)
k=1,...,m, and initial conditions
' limo = 91 (9)
Dy (1) |, = (p2(), vp(rc)>W2(G) (10)

_ / (VIaoll + v/Taa| &) () (V]aoll + /azl A)vy(a)da — (al _ 2Woaz) [ Ve vonerds,
G

vvhere @, are coefficients in the representation of functions

P1'(2) =) prup(a), (11)
p=1
such that
o7 (x) — p1(z), W3 (G)|| — O, m — oo, (12)

10



Step 2: From {u™} we will construct a strongly converging sequence

Lemma 1. For any m > 1 the following estimates hold

L[‘ (\/@Hr |a2|A> D™ (t, z)

¢
—I—Q\bo\//‘DTum(T,x)
0 G

-I—|do\/
G

2
dx

2
dx — (al — 2\/aoa2> / 'DtVum(t,x)
G

2
dxdr

2 ¢ 2 ¢
dxdr + 2|b1] // 'DTVum(T, x)| dxdr + 2|b2|// 'DTAum(T, x)
0 G e

2 13
u(t, ) da:]

2 2 2 n
d:c—|—|d1\/‘Vum(t,x) d:c—|—]d2\/‘Aum(t,a:) dx+|d3|2/|D%Aum(t,a:)
G G =1g

< ( [ 1562, L2(@ldr + 167, WE + lle2(). W§<G>||),
0]

where ¢ > 0 is a constant independent of m, f, 1, @>.

Lemma 2. There is a natural number mg, such that the inequality holds:

[u™(t, ), Wy (Qr) || + | DeAu™(t, ), La(Qr) |

<c(G,T) (Ilf(t,x), L2(Qr)| + lle1(2), W3 ()| + [[2(), WQQ(G)H)'
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Taking into account the weak closure theorem of the generalized differentiation operator, we
obtain, that from {u™} we can distinguish a subsequence that converges weakly at Wzlfdd(QT)

to some function u € ngdd(QT).

Using Mazur’'s theorem and the weakly converging Galerkin sequence, we construct a strongly
converging sequence {u"} of convex combinations:

N N
ﬂN(t,x) — Z Ai,Nui(taaj)a >\i,N = 07 Z )\i,N — 17 (13)
i:mo izmo
TN (t, ) — u(t, ), Wy>(Qr)| — O, N — oo, (14)
| D:AUN (t, ) — DiAu(t, x), L2(Qr)|| — O, N — 0. (15)
By virtue of (14), the limit function u(t,z) has a zero trace u| =2¢ =24 =0,
Sside Sside Sside
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Step 3: Let's study some properties of the limit function u(¢, x)

To prove that u|,_, = ¢1(z), we need the following lemma:

Lemma 3. Ifv(t,z) € W21’3(QT), then for any T € (0,T) the following inequality holds

T T

|v(0, ), La(G) % < g//‘v(s,x}|2d:r;ds—|—7//‘st(s,x)‘deds.
TO G 0 G

Let us show that the limit function u € Wzl’fdd(QT) IS the generalized solution
to the initial-boundary value problem (3).
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Theorem 3. Let u € Wzl(QT), there is the following assessment:

luli=0, L2(@)| < Cillu(t, =), W5 (Qr)|-

Theorem 4. Let u € W21’3(QT), if

8l 1
1—a—21_Z30,
*T 376

then D§D§u| g € Lo(S) exists, and there is the following assessment:

IDEDBulg, La(S)|| < Callult, =), Wa > (Qr)|l.
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