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Ìîäåëè íåéðîííûõ ñåòåé

Â íàñòîÿùåå âðåìÿ àêòèâíî ðàçâèâàþùèìñÿ íàïðàâëåíèåì ÿâëÿåòñÿ ìàòå-

ìàòè÷åñêîå ìîäåëèðîâàíèå íåéðîííûõ ñåòåé.

Ñðåäè íàèáîëåå ðàñïðîñòðàíåííûõ ìîäåëåé ìîæíî âûäåëèòü ñëåäóþùèå:

• ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

Hop�eld J.J. Neural networks and physical systems with emergent collect computational

abilities // Proceedings of the National Academy of Sciences of the USA. 1982. V. 79. P. 2254�

2558.

• ìîäåëü íåéðîííîé ñåòè Êîýíà � Ãðîññáåðãà

Cohen M.A., Grossberg S. Absolute stability of global pattern formation and parallel memory

storage by competitive neural networks // IEEE Trans. Syst., Man, Cybern. 1983. V. SMC-13,

No. 5. P. 815�826.

• ìîäåëü íåéðîííîé ñåòè Êîñêî

Kosko B. Adaptive bidirectional associative memories // Appl. Optics. 1987. V. 26. P. 4947�

4960.
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Ìîäåëè íåéðîííûõ ñåòåé

Â ïîñëåäíèå ãîäû ïðè ìîäåëèðîâàíèè íåéðîííûõ ñåòåé øèðîêî èñïîëüçó-

þòñÿ äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì, â òîì ÷èñëå óðàâ-

íåíèÿ íåéòðàëüíîãî òèïà:

• ìîäåëü Õîïôèëäà íåéòðàëüíîãî òèïà

Wan L., Zhou Q., Fu H., Zhang Q. Exponential stability of Hop�eld neural networks

of neutral type with multiple time-varying delays // AIMS Mathematics. 2021. V. 6, No. 8.

P. 8030�8043.

• ìîäåëü Êîýíà � Ãðîññáåðãà íåéòðàëüíîãî òèïà

Wan L., Zhou Q. Exponential stability of neutral-type Cohen�Grossberg neural networks with

multiple time-varying delays // IEEE Access. 2021. V. 9. P. 48914�48922.

• ìîäåëü Êîñêî íåéòðàëüíîãî òèïà

Liu G.-Q., Zhou S.-M., Li Y.-Z., Cai T.-C. Stability conditions concerning neutral-type

BAM neural networks with in�nite distributed delay // International Journal of Computer

Mathematics. 2020. V. 98, No. 3. P. 502�516.
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Ìîäåëü Õîïôèëäà íåéòðàëüíîãî òèïà

d

dt
xi(t) = −ai0xi(t) +

n∑
j=1

aijfj(xj(t)) +
n∑

j=1

bijgj(xj(t− τij(t)))

+
n∑

j=1

cij
d

dt
xj(t− ξij(t)) + ui, i = 1, . . . , n, t > 0,

xi(t) � ñîñòîÿíèå i-ãî íåéðîíà â ìîìåíò âðåìåíè t,

ïàðàìåòðû çàïàçäûâàíèÿ τij, ξij îòâå÷àþò çà âðåìÿ çàäåðæêè ñèãíàëîâ

ìåæäó íåéðîíàìè,

êîýôôèöèåíòû ai0, aij, bij, cij, ui è íåëèíåéíûå ôóíêöèè fj, gj îïèñûâàþò

ïðîöåññ âçàèìîäåéñòâèÿ íåéðîíîâ ìåæäó ñîáîé.

Ïîñêîëüêó çàïàçäûâàíèå âõîäèò â ïðîèçâîäíóþ îò íåèçâåñòíîé ôóíêöèè,

ñèñòåìà ÿââëÿåòñÿ ñèñòåìîé íåéòðàëüíîãî òèïà.
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Ìîäåëü Õîïôèëäà íåéòðàëüíîãî òèïà

d

dt
xi(t) = −ai0xi(t) +

n∑
j=1

aijfj(xj(t)) +
n∑

j=1

bijgj(xj(t− τij(t)))

+
n∑

j=1

cij
d

dt
xj(t− ξij(t)) + ui, i = 1, . . . , n, t > 0,

τij(t), ξij(t) ∈ C1(R+):

0 ≤ τij(t) ≤ τij,
d

dt
τij(t) ≤ τ̄ij < 1,

0 < ξij(t) ≤ ξij,
d

dt
ξij(t) ≤ ξ̄ij < 1,

fj(x), gj(x) ∈ C(R):

|fj(x)− fj(y)| ≤ µj|x− y|, x, y ∈ R,

|gj(x)− gj(y)| ≤ νj|x− y|, x, y ∈ R.
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Ìîäåëü Êîýíà�Ãðîññáåðãà íåéòðàëüíîãî òèïà

d

dt
xi(t) = βi(xi(t))

−αi(xi(t)) +
n∑

j=1

aijfj(xj(t)) +
n∑

j=1

bijgj(xj(t− τij(t))) + ui


+

n∑
j=1

cij
d

dt
xj(t− ξij(t)), i = 1, . . . , n, t > 0,

τij(t), ξij(t) ∈ C1(R+):

0 ≤ τij(t) ≤ τij,
d

dt
τij(t) ≤ τ̄ij < 1,

0 < ξij(t) ≤ ξij,
d

dt
ξij(t) ≤ ξ̄ij < 1,

αi(x), βi(x) ∈ C(R):

0 < αi ≤
αi(x)− αi(y)

x− y
, x, y ∈ R,

0 < βi ≤ βi(x) ≤ βi, x ∈ R.
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Ìîäåëü Êîñêî íåéòðàëüíîãî òèïà

d

dt
xi(t) = −a0i xi(t) +

m∑
j=1

aijfj(yj(t)) +
m∑

j=1

bijfj(yj(t− τij(t)))

+
n∑

l=1

εil
d

dt
xl(t− ξil(t)) + ui, i = 1, . . . , n,

d

dt
yk(t) = −α0

kyk(t) +
n∑

l=1

αklgl(xl(t)) +
n∑

l=1

βklgl(xl(t− σkl(t)))

+
m∑

j=1

δkj
d

dt
yj(t− ωkj(t)) + vk, k = 1, . . . ,m,

σkl(t), ωkj(t) ∈ C1(R+):

0 ≤ σkl(t) ≤ σkl,
d

dt
σkl(t) ≤ σ̄kl < 1,

0 < ωkj(t) ≤ ωkj,
d

dt
ωkj(t) ≤ ω̄kj < 1.
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Èçâåñòíûå ðåçóëüòàòû

Ñèñòåìà íåéòðàëüíîãî òèïà

d

dt
y(t) = Ay(t) +By(t− τ) + C

d

dt
y(t− τ), t > 0

Íà÷àëüíàÿ çàäà÷à
d

dt
y(t) = Ay(t) +By(t− τ) + C

d

dt
y(t− τ), t > 0,

y(t) = φ(t), t ∈ [−τ,0], y(+0) = φ(0), φ(t) ∈ C1([−τ,0]).

Ðåøåíèå y(t) ñóùåñòâóåò è åäèíñòâåííî.

Åñëè ïðè ýòîì

d

dt
φ(0) = Ay(0) +Bφ(−τ) + C

d

dt
φ(−τ),

òî y(t) ∈ C1([0,∞)).
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Óñòîé÷èâîñòü

Îïðåäåëåíèå 1. Íóëåâîå ðåøåíèå óñòîé÷èâî ïî Ëÿïóíîâó, åñëè

∀ ε > 0 ∃ δ > 0 : max
t∈[−τ,0]

∥φ(t)∥ < δ =⇒ ∥y(t)∥ < ε ∀t > 0.

Îïðåäåëåíèå 2. Íóëåâîå ðåøåíèå àñèìïòîòè÷åñêè óñòîé÷èâî, åñëè

1) íóëåâîå ðåøåíèå óñòîé÷èâî ïî Ëÿïóíîâó,

2) ∃ ρ > 0 : max
t∈[−τ,0]

∥φ(t)∥ < ρ =⇒ ∥y(t)∥ → 0 ïðè t → ∞.

Îïðåäåëåíèå 3. Íóëåâîå ðåøåíèå ýêñïîíåíöèàëüíî óñòîé÷èâî, åñëè

1) íóëåâîå ðåøåíèå àñèìïòîòè÷åñêè óñòîé÷èâî,

2) ∃σ > 0 ∃M,γ > 0 : max
t∈[−τ,0]

∥φ(t)∥ < σ ⇒

∀t > 0 ∥y(t)∥ ≤ max
t∈[−τ,0]

∥φ(t)∥ ·Me−γt.
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Ðåçóëüòàòû îá óñòîé÷èâîñòè

Â 1950-å ãîäû Í.Í. Êðàñîâñêèé ïðåäëîæèë ìåòîä èññëåäîâàíèÿ óñòîé-

÷èâîñòè ðåøåíèé ñèñòåì ñ çàïàçäûâàíèåì, îñíîâàííûé íà èñïîëüçîâàíèè

ôóíêöèîíàëîâ (àíàëîãîâ ôóíêöèé Ëÿïóíîâà). Òàêèå ôóíêöèîíàëû ñòàëè

íàçûâàòü ôóíêöèîíàëàìè Ëÿïóíîâà � Êðàñîâñêîãî.

Îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ íà áåñêîíå÷íîñòè,

äëÿ ðàçëè÷íûõ êëàññîâ íåàâòîíîìíûõ ñèñòåì íåéòðàëüíîãî òèïà áûëè ïî-

ëó÷åíû ñ èñïîëüçîâàíèåì ìîäèôèöèðîâàííûõ ôóíêöèîíàëîâ Ëÿïóíîâà �

Êðàñîâñêîãî:

1. Demidenko G.V. Stability of solutions to linear di�erential equations of neutral type //
Journal of Analysis and Applications. 2009. V. 7, No. 3. P. 119�130.

2. Äåìèäåíêî Ã.Â., Ìàòâååâà È.È. Îá îöåíêàõ ðåøåíèé ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé íåéòðàëüíîãî òèïà ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè // Ñèáèðñêèé ìàòåìà-
òè÷åñêèé æóðíàë. 2014. Ò. 55, � 5. Ñ. 1059�1077.

3. Ìàòâååâà È.È. Îá ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ïåðèîäè÷åñêèõ ñèñòåì
íåéòðàëüíîãî òèïà // Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë. 2017. Ò. 58, � 2. Ñ. 344�352.

4. Ìàòâååâà È.È. Îöåíêè ðåøåíèé êëàññà íåàâòîíîìíûõ ñèñòåì íåéòðàëüíîãî òèïà ñ
íåîãðàíè÷åííûì çàïàçäûâàíèåì // Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë. 2021. Ò. 62, � 3.
Ñ. 579�594.
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Öåëü ðàáîòû

Â íàñòîÿùåé ðàáîòå áóäóò ðàññìîòðåíû âîïðîñû óñòîé÷èâîñòè ñòàöèîíàð-

íûõ ðåøåíèé ìîäåëåé íåéðîííûõ ñåòåé íåéòðàëüíîãî òèïà.

Áóäóò óêàçàíû óñëîâèÿ íà ïàðàìåòðû ìîäåëåé, ãàðàíòèðóþùèå ýêñïîíåí-

öèàëüíóþ óñòîé÷èâîñòü ñòàöèîíàðíûõ ðåøåíèé.

Áóäóò ïîëó÷åíû îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé

íà áåñêîíå÷íîñòè.

Ïðè èññëåäîâàíèè ìîäåëåé áóäóò èñïîëüçîâàòüñÿ ìîäèôèêàöèè ôóíêöèî-

íàëîâ Ëÿïóíîâà � Êðàñîâñêîãî.
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Ñèñòåìà íåéòðàëüíîãî òèïà
d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0, (1)

A(t), B(t), C(t) ∈ C(R+):

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t), C(t+ T ) ≡ C(t).

Ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) = ⟨H(t)y(t), y(t)⟩+
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds

+

t∫
t−τ

〈
L(t− s)

d

ds
y(s),

d

ds
y(s)

〉
ds.

Ìàòâååâà È.È. Îá ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ïåðèîäè÷åñêèõ ñèñòåì íåé-

òðàëüíîãî òèïà // Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë. 2017. Ò. 58, � 2. Ñ. 344�352.
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Îáîçíà÷åíèÿ

Ïóñòü ìàòðèöû H(t) ∈ C1([0, T ]), K(s), L(s) ∈ C1([0, τ ]) òàêèå, ÷òî

H(t) = H∗(t), t ∈ [0, T ], H(0) = H(T ) > 0, (2)

K(s) = K∗(s) ≥ 0,
d

ds
K(s) ≤ 0, s ∈ [0, τ ], (3)

L(s) = L∗(s) ≥ 0,
d

ds
L(s) ≤ 0, s ∈ [0, τ ]. (4)

Îïðåäåëèì ìàòðèöó

Q(t) =

Q11(t) Q12(t) Q13(t)
Q∗

12(t) Q22(t) Q23(t)
Q∗

13(t) Q∗
23(t) Q33(t)


ñ ýëåìåíòàìè

Q11(t) = −
d

dt
H(t)−H(t)A(t)−A∗(t)H(t)−K(0)−A∗(t)L(0)A(t),

Q12(t) = −H(t)B(t)−A∗(t)L(0)B(t), Q13(t) = −H(t)C(t)−A∗(t)L(0)C(t),

Q22(t) = K(τ)−B∗(t)L(0)B(t), Q23(t) = −B∗(t)L(0)C(t), Q33(t) = L(τ)− C∗(t)L(0)C(t).
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Ñèñòåìà íåéòðàëüíîãî òèïà
d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0, (1)

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t), C(t+ T ) ≡ C(t).

Òåîðåìà 1 (Ìàòâååâà È.È., 2017). Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàò-

ðèöû H(t) ∈ C1([0, T ]), K(s), L(s) ∈ C1([0, τ ]), óäîâëåòâîðÿþùèå óñëîâèÿì

(2)�(4), òàêèå, ÷òî âûïîëíåíî íåðàâåíñòâî〈
Q(t)

u
v
w

 ,

u
v
w

〉 ≥ ⟨P (t)u, u⟩ , u, v, w ∈ Cn, t ∈ [0, T ],

ãäå P (t) ∈ C([0, T ]), P (t) = P ∗(t) > 0. Åñëè ñóùåñòâóþò k, l > 0 òàêèå, ÷òî

d

ds
K(s) + kK(s) ≤ 0,

d

ds
L(s) + lL(s) ≤ 0, s ∈ [0, τ ],

òî íóëåâîå ðåøåíèå ñèñòåìû (1) ýêñïîíåíöèàëüíî óñòîé÷èâî.
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Ñèñòåìà íåéòðàëüíîãî òèïà
d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0,

y(t) = φ(t), t ∈ [−τ,0], y(+0) = φ(0), φ(t) ∈ C1([−τ,0]),

(5)

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t), C(t+ T ) ≡ C(t),

d

dt
φ(0) = A(0)φ(0) +B(0)φ(−τ) + C(0)

d

dt
φ(−τ).

Òåîðåìà 2 (Ìàòâååâà È.È., 2017). Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (5) ñïðàâåäëèâà îöåíêà

∥y(t)∥ ≤

√√√√ V (0, φ)

λmin(H(t))
exp

−1

2

t∫
0

γ(s)ds

, t > 0,

ãäå

γ(t) = min

{
λmin(P (t))

∥H(t)∥
, k, l

}
> 0.
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Ñèñòåìà íåéòðàëüíîãî òèïà

d

dt
y(t) = A(t)y(t) +

M∑
i=1

Bi(t)y(t− τi) +
N∑

j=1

Cj(t)
d

dt
y(t− ξj), t > 0, (6)

A(t), Bi(t), Cj(t) ∈ C(R+):

A(t+ T ) ≡ A(t), Bi(t+ T ) ≡ Bi(t), Cj(t+ T ) ≡ Cj(t).

Ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) = ⟨H(t)y(t), y(t)⟩+
M∑
i=1

t∫
t−τi

⟨Ki(t− s)y(s), y(s)⟩ ds

+
N∑

j=1

t∫
t−ξj

〈
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

〉
ds.

Ìàòâååâà È.È. Îá ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ïåðèîäè÷åñêèõ ñèñòåì íåé-

òðàëüíîãî òèïà ñ íåñêîëüêèìè çàïàçäûâàíèÿìè // Äèôôåðåíöèàëüíûå óðàâíåíèÿ. 2017.

Ò. 53, � 6. Ñ. 730�740.
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Îáîçíà÷åíèÿ

Ïóñòü ìàòðèöû H(t) ∈ C1([0, T ]), Ki(s) ∈ C1([0, τi]), Lj(s) ∈ C1([0, ξj]) òàêèå,

÷òî

H(t) = H∗(t), t ∈ [0, T ], H(0) = H(T ) > 0, (7)

Ki(s) = K∗
i (s) ≥ 0,

d

ds
Ki(s) ≤ 0, s ∈ [0, τi], i = 1, . . . ,M, (8)

Lj(s) = L∗
j(s) ≥ 0,

d

ds
Lj(s) ≤ 0, s ∈ [0, τ ], j = 1, . . . , N. (9)

Îïðåäåëèì ìàòðèöó

Q(t) =



Q00(t) Q0τ
1 (t) . . . Q0τ

M (t) Q
0ξ
1 (t) . . . Q

0ξ
N (t)

(Q0τ
1 )∗(t) Qττ

11(t) . . . Qττ
1M(t) Q

τξ
11(t) . . . Q

τξ
1N(t)

... ... . . . ... ... . . . ...

(Q0τ
M )∗(t) (Qττ

1M)∗(t) . . . Qττ
MM(t) Q

τξ
M1(t) . . . Q

τξ
MN(t)

(Q0ξ
1 )∗(t) (Qτξ

11)
∗(t) . . . (Qτξ

M1)
∗(t) Q

ξξ
11(t) . . . Q

ξξ
1N(t)

... ... . . . ... ... . . . ...

(Q0ξ
N )∗(t) (Qτξ

1N)∗(t) . . . (Qτξ
MN)∗(t) (Qξξ

1N)∗(t) . . . Q
ξξ
NN(t)


.
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Ýëåìåíòû ìàòðèöû Q(t)

Q00(t) = −

[
d
dt
H(t) +H(t)A(t) +A∗(t)H(t) +

M∑
i=1

Ki(0) +A∗(t)

(
N∑

j=1
Lj(0)

)
A(t)

]
,

Q0τ
q (t) = −

[
H(t) +A∗(t)

(
N∑

j=1
Lj(0)

)]
Bq(t), q = 1, . . . ,M,

Q0ξ
r (t) = −

[
H(t) +A∗(t)

(
N∑

j=1
Lj(0)

)]
Cr(t), r = 1, . . . , N,

Qττ
qq (t) = Kq(τq)−B∗

q(t)

(
N∑

j=1
Lj(0)

)
Bq(t), q = 1, . . . ,M,

Qττ
µq(t) = −B∗

µ(t)

(
N∑

j=1
Lj(0)

)
Bq(t), µ, q = 1, . . . ,M, µ ̸= q,

Qτξ
µr(t) = −B∗

µ(t)

(
N∑

j=1
Lj(0)

)
Cr(t), µ = 1, . . . ,M, r = 1, . . . , N,

Qξξ
rr(t) = Lr(ξr)− C∗

r(t)

(
N∑

j=1
Lj(0)

)
Cr(t), r = 1, . . . , N,

Qξξ
νr(t) = −C∗

ν(t)

(
N∑

j=1
Lj(0)

)
Cr(t), ν, r = 1, . . . , N, ν ̸= r.
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Ñèñòåìà íåéòðàëüíîãî òèïà

d

dt
y(t) = A(t)y(t) +

M∑
i=1

Bi(t)y(t− τi) +
N∑

j=1

Cj(t)
d

dt
y(t− ξj), t > 0, (6)

A(t+ T ) ≡ A(t), Bi(t+ T ) ≡ Bi(t), Cj(t+ T ) ≡ Cj(t).

Òåîðåìà 3 (Ìàòâååâà È.È., 2017). Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàò-

ðèöû H(t) ∈ C1([0, T ]), Ki(s) ∈ C1([0, τi]), Lj(s) ∈ C1([0, ξj]), óäîâëåòâîðÿþ-

ùèå óñëîâèÿì (7)�(9), òàêèå, ÷òî âûïîëíåíî íåðàâåíñòâî〈
Q(t)

u
v
w

 ,

u
v
w

〉 ≥ ⟨P (t)u, u⟩ , v =

 v1
...

vM

 , w =

w1
...

wN

 , t ∈ [0, T ],

ãäå P (t) ∈ C([0, T ]), P (t) = P ∗(t) > 0. Åñëè ñóùåñòâóþò ki, lj > 0 òàêèå, ÷òî

d

ds
Ki(s) + kiKi(s) ≤ 0, s ∈ [0, τi], i = 1, . . . ,M,

d

ds
Lj(s) + ljLj(s) ≤ 0, s ∈ [0, ξj], j = 1, . . . , N,

òî íóëåâîå ðåøåíèå ñèñòåìû (6) ýêñïîíåíöèàëüíî óñòîé÷èâî.
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Ñèñòåìà íåéòðàëüíîãî òèïà

d

dt
y(t) = A(t)y(t) +

M∑
i=1

Bi(t)y(t− τi) +
N∑

j=1

Cj(t)
d

dt
y(t− ξj), t > 0,

y(t) = φ(t), t ∈ [−Tmax,0], Tmax = max {τ1, . . . , τM , ξ1, . . . , ξN} ,

y(+0) = φ(0), φ(t) ∈ C1([−Tmax,0]),

(10)

A(t+ T ) ≡ A(t), Bi(t+ T ) ≡ Bi(t), Cj(t+ T ) ≡ Cj(t),

d

dt
φ(0) = A(0)φ(0) +

M∑
i=1

Bi(0)φ(−τi) +
N∑

j=1

Cj(0)
d

dt
φ(−ξj).

Òåîðåìà 4 (Ìàòâååâà È.È., 2017). Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (10) ñïðàâåäëèâà îöåíêà

∥y(t)∥ ≤

√√√√ V (0, φ)

λmin(H(t))
exp

−1

2

t∫
0

γ(s)ds

, t > 0,

γ(t) = min

{
λmin(P (t))

∥H(t)∥
, k1, . . . , kM , l1, . . . , lN

}
> 0.
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Ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

d

dt
xi(t) = −ai0xi(t) +

n∑
j=1

aijfj(xj(t)) +
n∑

j=1

bijgj(xj(t− τij(t)))

+
n∑

j=1

cij
d

dt
xj(t− ξij(t)) + ui, i = 1, . . . , n, t > 0.

Ïóñòü (x∗1, . . . , x
∗
n) � ñòàöèîíàðíîå ðåøåíèå ñèñòåìû. Çàìåíà

yi(t) = xi(t)− x∗i , i = 1, . . . , n,

ïðèâîäèò ñèñòåìó ê âèäó

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aij

[
fj(yj(t) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
yj(t− ξij(t)),

i = 1, . . . , n, t > 0.
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Ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aij

[
fj(yj(t) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
yj(t− ξij(t)),

i = 1, . . . , n, t > 0,

|fj(yj + x∗j)− fj(x
∗
j)| ≤ µj|yj|,

|gj(yj + x∗j)− gj(x
∗
j)| ≤ νj|yj|.

Öåëü ðàáîòû � óêàçàòü óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íó-

ëåâîãî ðåøåíèÿ è ïîëó÷èòü îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå ñêîðîñòü

óáûâàíèÿ íà áåñêîíå÷íîñòè.
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Ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aij

[
fj(yj(t) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
yj(t− ξij(t)),

i = 1, . . . , n, t > 0.

Ëèíåéíàÿ ìîäåëü ñ ïîñòîÿííûìè çàïàçäûâàíèÿìè

fj(x) = x, gj(x) = x, τij(t) ≡ τij, ξij(t) ≡ ξij :

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aijyj(t) +
n∑

j=1

bijyj(t− τij) +
n∑

j=1

cij
d

dt
yj(t− ξij),

i = 1, . . . , n, t > 0.
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Ëèíåéíàÿ ìîäåëü

d

dt
yi(t) = −ai0yi(t)+

n∑
j=1

aijyj(t)+
n∑

j=1

bijyj(t−τij)+
n∑

j=1

cij
d

dt
yj(t−ξij), i = 1, . . . , n.

Ìîäåëü â ìàòðè÷íîì âèäå

d

dt
y(t) =

−A0 +
n∑

i,j=1

Aij

 y(t) +
n∑

i,j=1

Bijy(t− τij) +
n∑

i,j=1

Cij
d

dt
y(t− ξij),

y(t) =


y1(t)
y2(t)
...

yn(t)

 , A0 =


a10 0 . . . 0
0 a20 . . . 0
... ... . . . ...
0 0 . . . an0

 ,

ìàòðèöû Aij, Bij, Cij èìåþò ïî îäíîìó íåíóëåâîìó ýëåìåíòó aij, bij, cij â

i-îé ñòðîêå è j-îì ñòîëáöå, ñîîòâåòñòâåííî, ò. å.

Aij =


0 0 ... 0
. . . . . . aij . . .
0 0 ... 0
0 0 ... 0

 , Bij =


0 0 ... 0
. . . . . . bij . . .
0 0 ... 0
0 0 ... 0

 , Cij =


0 0 ... 0
. . . . . . cij . . .
0 0 ... 0
0 0 ... 0

 .
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Ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) = ⟨Hy(t), y(t)⟩+
n∑

i,j=1

t∫
t−τij

e−ε
ij
1 (t−s)

〈
Kijy(s), y(s)

〉
ds

+
n∑

i,j=1

t∫
t−ξij

e−ε
ij
2 (t−s)

〈
Lij

d

ds
y(s),

d

ds
y(s)

〉
ds, H =


h1 0 . . . 0
0 h2 . . . 0
... ... . . . ...
0 0 . . . hn

 ,

Ki1 =


ki1 0 . . . 0
0 0 . . . 0
... ... . . . ...
0 0 . . . 0

 , . . . , Kin =


0 0 . . . 0
0 0 . . . 0
... ... . . . ...
0 0 . . . kin

 , i = 1, . . . , n,

Li1 =


li1 0 . . . 0
0 0 . . . 0
... ... . . . ...
0 0 . . . 0

 , . . . , Lin =


0 0 . . . 0
0 0 . . . 0
... ... . . . ...
0 0 . . . lin

 , i = 1, . . . , n.
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Ôóíêöèîíàë â ìàòðè÷íîì âèäå

V (t, y) = ⟨Hy(t), y(t)⟩+
n∑

i,j=1

t∫
t−τij

e−ε
ij
1 (t−s)

〈
Kijy(s), y(s)

〉
ds

+
n∑

i,j=1

t∫
t−ξij

e−ε
ij
2 (t−s)

〈
Lij

d

ds
y(s),

d

ds
y(s)

〉
ds.

Ôóíêöèîíàë â ðàçâåðíóòîì âèäå

V (t, y) =
n∑

i=1

hiy
2
i (t) +

n∑
i,j=1

t∫
t−τij

kije
−ε

ij
1 (t−s)y2j (s)ds

+
n∑

i,j=1

t∫
t−ξij

lije
−ε

ij
2 (t−s)

(
d

ds
yj(s)

)2
ds.
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Ëèíåéíàÿ ìîäåëü

d

dt
yi(t) = −ai0yi(t)+

n∑
j=1

aijyj(t)+
n∑

j=1

bijyj(t−τij)+
n∑

j=1

cij
d

dt
yj(t−ξij), i = 1, . . . , n.

Ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) =
n∑

i=1

hiy
2
i (t) +

n∑
i,j=1

t∫
t−τij

kije
−ε

ij
1 (t−s)y2j (s)ds

+
n∑

i,j=1

t∫
t−ξij

lije
−ε

ij
2 (t−s)

(
d

ds
yj(s)

)2
ds.

Öåëü � óêàçàòü óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðå-

øåíèÿ è ïîëó÷èòü îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ

íà áåñêîíå÷íîñòè.
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Ëèíåéíàÿ ìîäåëü

d

dt
yi(t) = −ai0yi(t)+

n∑
j=1

aijyj(t)+
n∑

j=1

bijyj(t−τij)+
n∑

j=1

cij
d

dt
yj(t−ξij), i = 1, . . . , n.

Òåîðåìà 5. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò âåëè÷èíû lij > 0, i, j = 1, . . . , n,

òàêèå, ÷òî âûïîëíåíû íåðàâåíñòâà

n∑
j=1

ljq(aq0)2 −

 n∑
i=1

lij

 n∑
s=1

(|ajs|+ |bjs|)

 (|ajq|+ |bjq|)

×

1+
n∑

r=1

(
n∑

i=1
lij

)
|cjr|2(

ljr −
(

n∑
i=1

lij

)(
n∑

s=1
|cjs|

)
|cjr|

)

> 0, q = 1, . . . , n.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû ýêñïîíåíöèàëüíî óñòîé÷èâî.
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Îáîçíà÷åíèÿ

Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 5. Òîãäà ñóùåñòâóþò âå-

ëè÷èíû ε
ij
1 , ε

ij
2 > 0, i, j = 1, . . . , n, òàêèå, ÷òî âûïîëíåíû íåðàâåíñòâà

σq =
n∑

j=1

ljq(aq0)2 −

 n∑
i=1

lij

 n∑
s=1

|ãjs|

 |ãjq|

×

1+
n∑

r=1

(
n∑

i=1
lij

)
|c̃jr|2(

ljr −
(

n∑
i=1

lij

)(
n∑

s=1
|c̃js|

)
|c̃jr|

)

> 0, q = 1, . . . , n,

|ãjr| = |ajr|+ |bjr|eε
jr
1 τjr/2, j, r = 1, . . . , n,

|c̃jr| = |cjr|eε
jr
2 ξjr/2, j, r = 1, . . . , n.
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Ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) =
n∑

i=1

hiy
2
i (t) +

n∑
i,j=1

t∫
t−τij

kije
−ε

ij
1 (t−s)y2j (s)ds

+
n∑

i,j=1

t∫
t−ξij

lije
−ε

ij
2 (t−s)

(
d

ds
yj(s)

)2
ds,

ãäå

hj =
n∑

i=1

lijaj0> 0, j = 1, . . . , n,

kjq =

(
n∑

i=1

lij

)(
n∑

s=1

|ãjs|

)1+
n∑

r=1

(
n∑

i=1
lij

)
|c̃jr|2(

ljr −
(

n∑
i=1

lij

)(
n∑

s=1
|c̃js|

)
|c̃jr|

)
 |bjq|eε

jq
1 τjq/2≥ 0,

j, q = 1, . . . , n,

lij > 0, i, j = 1, . . . , n, îïðåäåëåíû â òåîðåìå 5.
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Ëèíåéíàÿ ìîäåëü

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aijyj(t) +
n∑

j=1

bijyj(t− τij) +
n∑

j=1

cij
d

dt
yj(t− ξij), t > 0,

yi(t) = φi(t), t ∈ [−Tmax,0], Tmax = max
i,j=1,...,n

{
τij, ξij

}
,

yi(+0) = φi(0), φi(t) ∈ C1([−Tmax,0]), i = 1, . . . , n,

d

dt
φi(0) = −ai0φi(0)+

n∑
j=1

aijφj(0)+
n∑

j=1

bijφj(−τij)+
n∑

j=1

cij
d

dt
φj(−ξij), i = 1, . . . , n.

Òåîðåìà 6. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 5. Òîãäà äëÿ

ðåøåíèÿ íà÷àëüíîé çàäà÷è ñïðàâåäëèâû îöåíêè

|yi(t)| ≤
√
V (0, φ)

hi
e−γt/2, i = 1, . . . , n, t > 0,

ãäå

γ = min
i,j=1,...,n

{
σi
hi
, ε

ij
1 , ε

ij
2

}
> 0.
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Ëèíåéíàÿ ìîäåëü

d

dt
yi(t) = −ai0yi(t)+

n∑
j=1

aijyj(t)+
n∑

j=1

bijyj(t−τij)+
n∑

j=1

cij
d

dt
yj(t−ξij), i = 1, . . . , n.

Ñëåäñòâèå 1. Ïðåäïîëîæèì, ÷òî âûïîëíåíû íåðàâåíñòâà

(aq0)
2 −

n∑
j=1

 n∑
s=1

(|ajs|+ |bjs|)

 (|ajq|+ |bjq|)

×

1+
n∑

r=1

n|cjr|2(
1− n

(
n∑

s=1
|cjs|

)
|cjr|

)
> 0, q = 1, . . . , n.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû ýêñïîíåíöèàëüíî óñòîé÷èâî.

Äîêàçàòåëüñòâî âûòåêàåò èç òåîðåìû 5, åñëè ïîëîæèòü

lij = 1, i, j = 1, . . . , n.
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Ëèíåéíàÿ ìîäåëü (ñëó÷àé n = 1)
d

dt
y(t) = −a0y(t) + by(t− τ) + c

d

dt
y(t− ξ).

Ñëåäñòâèå 2. Ïðåäïîëîæèì, ÷òî âûïîëíåíû íåðàâåíñòâà

a0 > 0, |c| < 1, (a0)
2 −

|b|2

(1− |c|2)
> 0.

Òîãäà íóëåâîå ðåøåíèå óðàâíåíèÿ ýêñïîíåíöèàëüíî óñòîé÷èâî, ïðè ýòîì

èìååò ìåñòî îöåíêà

|y(t)| ≤

√
V (0, φ)

h
e−γt/2, t > 0,

γ = min

{
1

a0

(
(a0)

2 −
|b|2eε1τ

(1− |c|2eε2ξ)

)
, ε1, ε2

}
> 0,

V (0, φ) = hφ2(0) +

0∫
−τ

keε1sφ2(s)ds+

0∫
−ξ

leε2s
(
d

ds
φ(s)

)2
ds,

h = la0, k =
l|b|2eε1τ

(1− |c|2eε2ξ)
, l = 1.
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Ëèíåéíàÿ ìîäåëü (ñëó÷àé n = 1)
d

dt
y(t) = −a0y(t) + by(t− τ) + c

d

dt
y(t− ξ).

Çàìå÷àíèå. Ïóñòü

a0 > 0, b > 0, 0 < c < 1, (a0)
2 −

|b|2

(1− |c|2)
= 0.

Òîãäà ñóùåñòâóþò ïàðàìåòðû çàïàçäûâàíèÿ τ > 0 è ξ > 0 òàêèå, ÷òî íóëå-

âîå ðåøåíèå óðàâíåíèÿ íå ÿâëÿåòñÿ ýêñïîíåíöèàëüíî óñòîé÷èâûì.

Äåéñòâèòåëüíî, ïóñòü

τ =

√
1− c2

a0c
(2π − arcsin(c)) , ξ =

√
1− c2

a0c
arccos(c).

Òîãäà óðàâíåíèå èìååò ðåøåíèå

y(t) = sin

 a0c√
1− c2

t

 .
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Ïðèìåð (ñëó÷àé n = 2)

d

dt
y1(t) = −a10y1(t) + b12y2(t− τ12), t > 0,

d

dt
y2(t) = −a20y2(t) + c21

d

dt
y1(t− ξ21), t > 0,

A0 =

(
a10 0
0 a20

)
, B12 =

(
0 b12
0 0

)
, C21 =

(
0 0
c21 0

)
.

Ñëåäñòâèå (èç òåîðåìû 5). Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ

a10 > 0, a20 > |b12||c21|.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû ýêñïîíåíöèàëüíî óñòîé÷èâî.
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Ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) = h1y
2
1(t) + h2y

2
2(t) +

t∫
t−τ12

k12e
−ε1(t−s)y22(s)ds

+

t∫
t−ξ21

l21e
−ε2(t−s)

(
d

ds
y1(s)

)2
ds+

t∫
t−ξ21

l12e
−ε2(t−s)

(
d

ds
y2(s)

)2
ds,

ãäå

h1 = l21a10, h2 = l12a20,

k12 = l21|b12|2eε1τ12,

âåëè÷èíû l12, l21 > 0, ε1, ε2 > 0, îïðåäåëÿþòñÿ èç íåðàâåíñòâ

a20
|b12|

e−ε1τ12/2 >

√
l21
l12

> |c21|eε2ξ21/2.
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Ïðèìåð (ñëó÷àé n = 2)

d

dt
y1(t) = −a10y1(t) + b12y2(t− τ12), t > 0,

d

dt
y2(t) = −a20y2(t) + c21

d

dt
y1(t− ξ21), t > 0,

A0 =

(
a10 0
0 a20

)
, B12 =

(
0 b12
0 0

)
, C21 =

(
0 0
c21 0

)
.

Ñëåäñòâèå (èç òåîðåìû 6). Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ

a10 > 0, a20 > |b12||c21|.

Òîãäà ñïðàâåäëèâû îöåíêè

|yi(t)| ≤
√
V (0, φ)

hi
e−γt/2, i = 1,2, t > 0,

ãäå

γ = min

a10, a20
1−

l21
l12

(
|b12|
a20

eε1τ12/2
)2 , ε1, ε2

 > 0.
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Ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aij

[
fj(yj(t) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
yj(t− ξij(t)),

i = 1, . . . , n, t > 0,

τij(t), ξij(t) ∈ C1(R+):

0 ≤ τij(t) ≤ τij, 0 ≤ ξij(t) ≤ ξij,
d

dt
τij(t) ≤ τ̄ij < 1,

d

dt
ξij(t) ≤ ξ̄ij < 1,

fj(x), gj(x) ∈ C(R):

|fj(yj + x∗j)− fj(x
∗
j)| ≤ µj|yj|,

|gj(yj + x∗j)− gj(x
∗
j)| ≤ νj|yj|.
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Ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aij

[
fj(yj(t) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
yj(t− ξij(t)),

i = 1, . . . , n, t > 0.

Òåîðåìà 7. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò âåëè÷èíû lij > 0, i, j = 1, . . . , n,

òàêèå, ÷òî âûïîëíåíû íåðàâåíñòâà

n∑
j=1

ljq(aq0)2 −

 n∑
i=1

lij

 n∑
s=1

µj|ajs|+ νj|bjs|(
1− τ̄js

)1
2


µj|ajq|+ νj|bjq|(

1− τ̄jq
)1
2



×

1+
n∑

r=1

(
n∑

i=1
lij

)
|cjr|2

(
1− ξ̄jr

)−1

ljr −
(

n∑
i=1

lij

) n∑
s=1

|cjs|

(1−ξ̄js)
1
2

 |cjr|

(1−ξ̄jr)
1
2




> 0, q = 1, . . . , n.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû ýêñïîíåíöèàëüíî óñòîé÷èâî.
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Îáîçíà÷åíèÿ

Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 7. Òîãäà ñóùåñòâóþò âå-

ëè÷èíû ε
ij
1 , ε

ij
2 > 0, i, j = 1, . . . , n, òàêèå, ÷òî âûïîëíåíû íåðàâåíñòâà

σq =
n∑

j=1

ljq(aq0)2 −

 n∑
i=1

lij

 n∑
s=1

|ãjs|

 |ãjq|

×

1+
n∑

r=1

(
n∑

i=1
lij

)
|c̃jr|2(

ljr −
(

n∑
i=1

lij

)(
n∑

s=1
|c̃js|

)
|c̃jr|

)

> 0, q = 1, . . . , n,

|ãjr| = µj|ajr|+
νj|bjr|(
1− τ̄jr

)1
2

eε
jr
1 τjr/2, j, r = 1, . . . , n,

|c̃jr| =
|cjr|(

1− ξ̄jr
)1
2

eε
jr
2 ξjr/2, j, r = 1, . . . , n.
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Ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) =
n∑

i=1

hiy
2
i (t) +

n∑
i,j=1

t∫
t−τij(t)

kije
−ε

ij
1 (t−s)y2j (s)ds

+
n∑

i,j=1

t∫
t−ξij(t)

lije
−ε

ij
2 (t−s)

(
d

ds
yj(s)

)2
ds,

ãäå

hj =
n∑

i=1

lijaj0> 0, j = 1, . . . , n,

kjq =

(
n∑

i=1

lij

)(
n∑

s=1

|ãjs|

)1+
n∑

r=1

(
n∑

i=1
lij

)
|c̃jr|2(

ljr −
(

n∑
i=1

lij

)(
n∑

s=1
|c̃js|

)
|c̃jr|

)
 νj|bjq|

(1− τ̄jq)
1

2

eε
jq
1 τjq/2≥ 0,

j, q = 1, . . . , n,

lij > 0, i, j = 1, . . . , n, îïðåäåëåíû â òåîðåìå 7.
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Ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aij

[
fj(yj(t) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
yj(t− ξij(t)), t > 0,

yi(t) = φi(t), t ∈ [−Tmax,0], Tmax = max
i,j=1,...,n

{
τij, ξij

}
,

yi(+0) = φi(0), φi(t) ∈ C1([−Tmax,0]), i = 1, . . . , n,

0 ≤ τij(t) ≤ τij, 0 ≤ ξij(t) ≤ ξij,
d

dt
τij(t) ≤ τ̄ij < 1,

d

dt
ξij(t) ≤ ξ̄ij < 1,

|fj(yj + x∗j)− fj(x
∗
j)| ≤ µj|yj|, |gj(yj + x∗j)− gj(x

∗
j)| ≤ νj|yj|,

d

dt
φi(0) = −ai0φi(0) +

n∑
j=1

aij

[
fj(φj(0) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(φj(−τij(0)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
φj(−ξij(0)), i = 1, . . . , n.
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Ìîäåëü íåéðîííîé ñåòè Õîïôèëäà

d

dt
yi(t) = −ai0yi(t) +

n∑
j=1

aij

[
fj(yj(t) + x∗j)− fj(x

∗
j)
]

+
n∑

j=1

bij

[
gj(yj(t− τij(t)) + x∗j)− gj(x

∗
j)
]
+

n∑
j=1

cij
d

dt
yj(t− ξij(t)),

i = 1, . . . , n, t > 0.

Òåîðåìà 8. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 7. Òîãäà ñïðà-

âåäëèâû îöåíêè

|yi(t)| ≤
√
V (0, φ)

hi
e−γt/2, i = 1, . . . , n, t > 0,

ãäå

γ = min
i,j=1,...,n

{
σi
hi
, ε

ij
1 , ε

ij
2

}
> 0.
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Ñïàñèáî çà âíèìàíèå!
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