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A NON-UNIFORM BOUND OF THE REMAINDER
TERM IN THE CENTRAL LIMIT THEOREM FOR
BERNOULLI RANDOM VARIABLES

S.V. Nagaev! V.I. Chebotarev? and A. Ya. Zolotukhin?

A bound for the remainder in the Esseen expansion is obtained in the case of Bernoulli random
variables. The bound consists of two parts, uniform and non-uniform. The uniform part depends
only on n and p, and the non-uniform part depends also on . This bound is compared with other
known bounds. It is shown how this result can be applied to the problem of the absolute constant in
the Berry—Esseen inequality.

1. Introduction

Let Z be a two-point random variable with the distribution

PZ=1)=p, P(Z=0)=q, p+qg=1, (1)
and Zq,Zs, ..., Zy, be independent copies of Z. Denote
Zi—p . B3(p
X =AZE 1 e B =EXE, ) = 22 ) = BXE, @)

Jn
Fo(z) = P(% ZX]- < w>, o(t) = \/% e /2, O(x) = / o(t)dt, An(p) = sgp]Fn(x) — P(z)].
j=1

—00
(3)
It was proved in [1] that for alln > 1 and 0 < p < 0.5

An(p) < 042151, (p).

As is well known [2], the constant in the Berry—Esseen inequality is no less than Cp = 3(;’\/\%_0 =
= 0.409732 .... To date, the following bound is obtained,
Ay (p) < 0.4099539 1, (p). (4)

The proof of this bound required, in particular, rather time-consuming computations, and the authors
thank the Department of Mathematical Statistics of the Faculty of Computational Mathematics and
Cybernetics, Lomonosov Moscow State University, for support in the organization of their access to the
supercomputers of Moscow State University.

The aim of the present paper is to obtain the non-uniform bound for F),(z) — ®(x). Using the results,
methods, and techniques from [1], we deduce the bound of the type

[Fa(2) = ()] < La(p) Golp. @) + E(0) (G1 (p.2) + ¢+ 1 (p) Calp ) ). (5)
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where Gy(p, x), G1(p,z), and Ga(p, z) are functions which for every fixed p exponentially decrease in z,
and c is a sufficiently small constant.

The starting point of our reasoning is the statement that can be called the smoothing equality. For
arbitrary distribution function ¥(z) and Borel bounded function f(z), denote

~ [ fe-vavy). (6)

Let G(z) be a left-continuous non-decreasing step function, h > 0 be the least distance between the
discontinuity points of G, P(x) be the uniform distribution on [—h/2,h/2], and Go(z) be a continuous
function. Denote

5(x) = G(z) — Go(z), BE(h,z)

D*IF—‘

h
/Go a::l:s) GO( )]
0

Lemma 1. Let zg be a discontinuity point of the function G. Then
8(zok) = (P 8) (o + h/2) + BE(h, x0). (7)

Remark 1. Note that the first summand in (7) is a continuous function in contrast to the initial
difference (x). The second summand in (7) plays the role of the rate of smoothing. The simplicity of
this exact result is due to the fact that just the uniform distribution is used as the smoothing one. Also
note that, as a rule, the known statements associated with the smoothing distributions take the form of
inequalities (see, for instance, [3—6]). All these claims require much more complicated proofs than that
of Lemma 1; see Section 2.

In what follows we denote the discontinuity points of the function F,, by the symbol zp, k =
0,1, ... ,n. Obviously,
k—np
N

and the distance between the neighboring points is equal to
1
Nz

Ty = k=0,1, ... ,n,

Introduce the following notation:

Qulpr) = -5 ot (o ﬁl Galp,) = & Qulp, 7en), ®
By (p,2) = ©(2) + Qulp,x),  Sulp Fu(z) = @u(p, @),

Pn(x) = (Cn < x)u

where (;, has the uniform distribution on [—h, /2, h,/2].
Using the method and the results of [1], in Section 3 we prove the following statement.

Lemma 2. Under the conditions

0.02<p <05, n>200, (9)
the following bound holds:
4
(P % 8,) ()] < T(p,m) = Y Ty(p,m), (10)
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where T (p,n) and Ty(p,n) are the functions defined by formulas (64) and (67) respectively, and
Ta(p,n) = Ka(p,n), T3(p,n) = Ks(p,n)
are the functions defined in [1, pp. 217, 218]. Moreover, nT (p,n) decreases in n for every p,
T(p,n) < 0.246 13 (p), (11)

and if n = 500, then
T(p,n) < 0.160212(p). (12)

Remark 2. Some comment on the behavior of T'(p,n). Using the explicit form of the functions
included in T'(p,n) it is not difficult to verify that

3|1 — 6pg| +4(1 —2p)2 +3
367 (1 — 2pq)?

lim L@ n)

2By W

Indeed, this formula is a consequence of the equalities

i D) wap) |1 Gpg| i Ba@.n) _ 1
n—oo I2(p)  12m(1—2pg)?  127(1 — 2pq)*’ n—oe (p)  12m(1 —2pg)*’
i Ben) - wi) . (1=2p)° i Taein)
oo 12 - —2pq)? —2pq)?’ noeo 2(p)
B(p)  9m(1—2pg)*  9In(1 - 2pq) I (p)

Note that max J8) < 01602 if n > 500 while max W (p) = W(0.5) = 2 = 0.159154. .
pe0.02,0.5] n(P) p€[0,0.5] ™

Graphs of the functions % Tpn) ‘ and W (p) for p € [0.02,0.5] are shown in Fig. 1. Note

‘n=200’ 12 (p) In=>500
that in this figure the origin is shifted to the point (0.02,0).

025+

T(p,n)
12 (p) In=200

0.20

T(p,n)

0.15
i 12 (p)

‘n:500

010

- W(p)
011 o‘.z o‘.3 0‘.4 0‘.5 P
Fig. 1.

Let us introduce the function )

S@) =[] -2~ 3, (13

where [z] is the least integer that is no less than x.

The main statement of this work is
Theorem 1. Let the condition (9) be fulfilled. Then for every point x: z_1 <z < xR, k=1, ... ,n

we have
Fo(z) — B(x) = On(p,7) + \/%pqsmp + o TB) () + Ra(p,n, ), (14)
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where

1 /7 1—2p
Ri(p,n,z)| < T(p, +—(— "(y)| +
[Ba(pms 2)| S T(pym) + (6 max [ (y)l

the function T(p,n) is defined in Lemma 2 and satisfies the bounds (11) and (12).

Note that (14) is similar to the known result by C.-G. Esseen for lattice distributions [7]. To formulate
it we introduce the following notations: X, X7, X5, ... , X, is a sequence of i.i.d. random variables
with zero mean, unit variance, and finite third moment,

max | (y)]); (15)

4 Tp—1<YSTg

Golz) = P(% S Xi<a), ax=EXY Q)= _6‘% (). (16)
=1

It was proved in [7, p. 56] (see also [8, p. 228]) that if X is a lattice random variable taking values
of the form w + kh, £k =0,+1,4+2,... | then

() +o( =) (a7)

Gn(z) — () = Qn(2) + Jn NG

Ty\/N—nw

uniformly in z, where ¢, () = S1(25—") (z), and Si(z) = [2] — 2 + 3, [z] is the integer part of z.
Note that in his work Esseen considers distribution functions that are defined in discontinuity points
as the half-sum of the left and right limits (see [7, p. 9]). In our work, the distribution functions are
left-continuous by definition. Therefore, Eq. (17) is not true in discontinuity points of such functions
G,,. However, the problem disappears if the function 1, is slightly changed, namely, if S;(+) is replaced
by the function S(-) defined in (13). In what follows we will consider (17) with such a correction.

We can see that (14) has the form of (17) in the particular case of Bernoulli random variables with
the replacement of 0(%) by Ri(p,n,z). Moreover, the difference is that instead of Q,(x) in (17) we

have @n (p,x) in (14). This is due to the fact that, in particular, we use the Bergstrom method (compare
(51) and [9, pp. 2,3]). One can say that Theorem 1 gives the bound of the remainder in the so-called
short Bergstrom expansion. In the following statement we pass over to the function @, (p,z) and get
the bound in the short Edgeworth expansion. We shall use the notation w(p) = p? + ¢>.

Corollary 1. Let

0.02<p<05, n>500. (18)
Then for every point x : 1 < x <z, k=1, ... ,n, we have
1
Fu(z) — ®(z) = Qn(p,z) + \/?pqS(np + z/npq) (x) + Ra(p,n, x), (19)
where
T(p,n) 1 /7 1-2p
< ]2 ) L / (3)
[Ra by 2)l < 0p) | =03+ 2 (6 o max )+ ——  max o (y)l) +

4 12p) I 2P (1

125%(p) 99 (9] + 363" (zen)] ), (20)

n
le|<[yl<|zlen

T(p,n) satisfies the bound (12).

Introduce the special notations for the intervals of two types:
J+(h,$):(ﬂj‘,l‘—|—h), J_(h,l‘):(l‘—h,ilﬁ).

Theorem 1 implies
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Corollary 2. Let condition (18) be fulfilled. Then for every k=0, 1, ... ,n, we have
- 1
Fo(zp£) — ®(ar) = Qn(p, ox) zk) + Ry (p,n, k),
(zpt) — (k) (P, ) NG e(xr) + Ry ( )
1
Fo(apt) — ®(2) = Qnlp, ax) £ > (p,m, m1),
(zrE) — (7x) = Qun(p, 7x) NG p(zg) + Ry (p,n, xy)
where Rfc (p,n,x) and R;E (p,n,xy) satisfy the inequalities
1 /7 1—-2p 3
REpoa0] < B oo+ (5 s )+ s 1901)| =
' w?(p) <6 YETE (hn,2k) 4 yesE (hnan) )
= Ry (p,n, ),
= 1 —2p)
RE(p,n,zp)| < Rf(p,n,x +l$’L L(m ci max 3) —|—30§L "(zren)|).
B3 2| < B o on) + 00) P 5 (el ama (o) )]+ 3l ()

(21)

(22)

(23)
(24)

Estimating the right-hand side of the inequality (24) we obtain the following simpler version of
Corollary 2. Denote the greatest root of the equation ¢(*) (y) =0 by

yo=13+v6=2334 ... .

We shall also use the functions

2 5y 1 4 2 pq(1 —2p)
Gi(p,x) = |z| <Z + ﬁ> w2—@ p(z), Ga(p,z) = 0.084(z" +0.0031z" — 3) w3(p)
N Gi(p, z), if >0, Gi(p,x = hy), if >0,
Gl (p,ﬂj‘) = Gl (p7$) =
Gi(p, |z — hy), if z <0, Gi(p, @), if z<0.

Corollary 3. Let 0.02 < p < 0.5, n > 500, x be a discontinuity point of the function F,.

|z| > yo + hn, then
F.(z%) — ®(z) = Qun(p,x) +

where

1
2,./npq

o(z) + Ry (p,n, ),

1B (p,m, )| < E2(p) (G (p.2) +0.1602 + 1 (p) G (p, ) ).

o(),

If

(25)

Proof. Note that under the condition |z| > g, the function |¢®)(z)| decreases in |z|. Considering,

for instance, the case x > yo + h,, we have

7 1—2p 7 1
5 s [P+ sup | (y)] < AR @ (2)| =
yeJt (hn,z) yeJt (hn,x)
7 |23 — 3| 2 5
= (glal + =) el@) = Il (F + 55 ) ¢,

1
= (Blal 169 @)| + 3¢} 1" ()]

12 12

2
= 22 (2% 4 3(cn — 1)a? = 3¢, ) plx) < 0.084(x +0.00312% - 3) ().

The last inequality holds because n > 500. The statement of the corollary in this case follows from these
bounds and (22)—(24). In other cases, the proof is similar. Thus, for example, if z + h,, < —yo, then

sup
yeJt (hn 71')

1@ ()] = [e® (z + ha)| = [e® (|z] — )],



88 S.V. Nagaev, V.I. Chebotarev, and A. Ya. Zolotukhin

1B ()] = @ (2)].

lz|<|y|<|z|cn

Remark 3. Note that the following simpler bound is true: for |x| > yo + hy,

B (p,n,2)| < E(p) (Gr(ps o] = o) +0.1602 + 1 (p) Ga(p, ). (26)

Denote

1—2p 1

B 2—p . _
) = 3v2r [p2 + (1 —p)?’ b1lp) = 6(p? + ¢2)V2r’ &lp) = 2V2r(p® + ¢%)

The Esseen function £(p) is connected with the problem of finding the absolute constant in the Berry—
Esseen inequality (see [1]). It is easy to see that

E(p) = &1(p) + &2(p), max&(p) = Cg. (27)

p
It is not hard to verify that
L ) =), PO gy,
In(p) B3(p)2y/Pq

1 ~ 2.2
- — % /2 31 _ 2.2
) Qn(p,z)=e (1 —zc;) E1(p).

Using these equalities, from Theorem 1 we obtain
Corollary 4. Let condition (18) be fulfilled. Then for every k=0,1, ... ,n

Fuler) = () = la(p) (792 (1 - 2fed) €10) £ H260) ) + RE(in,an) = (28)
= 1(p) e~ (1 = a}) E1(p) £ E(p) ) + B3 (., 0), (29)

where Rf(p,n,xk) and R;E(p,n,xk) satisfy inequalities (23) and (24) respectively.

It is known that there exists a discontinuity point xj of the function F}, such that
An(p) = Fp(zp+) — O(xg) or Ay(p) = O(xk) — F(zk).

Corollary 4 implies the following representation of the quantity m A, (p) as the sum of the main
term and the remainder, while Theorem 1.1 from [1] gives only the inequality for this quantity.

Corollary 5. Let condition (18) be fulfilled. Then for some k =0, 1, ... ,n either the equality

An(p) = la(p) e H2 (1L = 28) £1(p) + E2(p)) + B3 (po o) (30)

or the equality
Au(p) = bp) e (= (1= ) E1(0) + E20) ) = B3 (pom,0) (31)

holds, where Rf(p,n,xk) and R;E(p,n,xk) satisfy the inequalities (23) and (24) respectively.

In addition, as will be shown below, Corollary 4 can be used to optimize the algorithm for computing
the quantity ﬁ A, (p) when the parameter n is large.

It follows from [1, Theorem 1.1] that for every £ > 0 there exists N such that for n > N > 200

<
0020 5 1) An(p) < Cp +e. (32)
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To obtain the bound (32) for all n, it suffices to calculate 0,058 ln(p) Ay (p) for 1 <n < N —1. How-

ever, if ¢ is small enough, the number N may be rather large, and this can lead to long calculations. For

example, if ¢ < 0.00022, i.e., Cp+¢e < 0.409953, then N > 5-10°. And when n takes values, for instance,

in the range from 145000 to 181000, it took about 30 hours to calculate quantities maxﬁ A, (p) on
p n

one of the supercomputers of Moscow State University.
For fixed n and p the procedure for computing the quantity ﬁ A, (p) is reduced to the computation

of = |Fo(xpt) — ®(x)| for k€ I(n), where I(n) is the set of all integers from the interval [0,n]. The
non-uniform nature of the bounds obtained in Corollary 4, instead of I(n) allows one to use a more
narrow interval (see Corollaries 6 and 7).

Corollary 6. Let the condition (9) be fulfilled, and x be the discontinuity point of the function F,.
Ifre A={z: x>yo+ hy orx < —yo— hy}, then

1

O] |F(a+) — ®(z)| < 0.222. (33)

Proof. Denote
g 2) = A2 (1222 ) &) £ &), ga(pin) = 02461, (p),

1 7 1—2p
+ _ ! ’ (3)
g3 (1, %) = —F5—5 [ sup ¢’ (y)| + sup o™ (y)]].
8 VvV 1pq (p2 + q2) 6 yeJ*E (hn,z) 4 yeJ=E (hn,)

Note that under condition (9) the inequality holds which differs from (23) only by replacement of
0.1602 by L™ Using this inequality and (11), (28) as well, we get:

15(p)
5 1Fa(e) = 9@ <6 (.. + o) + 6., )
It is easily seen that
g92(p,n) < % < % < 0.1196. (35)
Moreover, for |z| > /3
95 (s, )| < e 2 (@ = 1)E1(p) + e Ex(p) <

200 3/2
x2/2< 199 (2% — 1)&(0.02) +52(0-5)> = v1().

The function v (x) decreases for x > 0. Consequently,

|93 (p,n, )| < 01(yo + hn) < v1(yo) < 0.046. (36)

Let j =1 or 3. Since

sup oW (y)] < [oW (yo)| if z € A,
yEJi(h'm )

using the bounds o)l <0. o)l <0. we obtaln
ing the bounds [¢'(yo)| < 0.06106, |¢®) (yo)| < 0.1496, we obtai

1 7 1-2p
+
g5 (p,n, ) < ——5——5+ | = 0.06106 + 0.1496| .
spme) < e T ) 6
The right-hand side of this inequality decreases in p € (0.02,0.5]. Calculating it for p = 0.02, we obtain
0.797
g7 (p,n, ) < ——=— < 0.0564. (37)

NLD
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It follows from (34)—(37) that under the condition (9) and z € A, the bound

1
) |y (zt) — @(z)] < 0.1196 + 0.046 + 0.0564 = 0.222
holds. Thus, Corollary 6 is proved.

Denote

1
D = — | F () — P .

Corollary 7. The equality

1
sup  D(p,n) = sup max —— |Fy(xpt) — P(ay)]
0.02<p<0.5,n 0.02<p<0.5,n k€I(p,n) lp(n)

is valid, where
I(p,n) = {k s mp —yo/npq — 1 < k < np+ yo/npq + 1}.

Proof. Since sup D(p,n) > Cg, the statement of Corollary 7 follows from Corollary 6.
p,n

Example 1. Let n = 5-10°, p = 0.4. It follows from Corollary 7 that, when finding D(p,n), we can
use only 1618 values of k instead of all k € I(5-10%): 199191 < k < 200809.

Comparison with the known bounds. 1. Although the limiting properties of the binomial
distribution have been studied for more than three centuries, until now this field still attracts the
attention of specialists in probability theory. For instance, in 2012 A. M. Zubkov and A. A. Serov [10]
obtained very precise lower and upper bounds for F, (zx+), simplifying a result obtained in 1984 by D.
Alfers and H. Dinges [11]. Introduce the notation

11—z

x
Hz,p)=zln—+(1—2z)In ,
(@p) = +(1=2) g

Wyop,z) =I(x=0)¢"+I1(0<z < n)@(sgn (% —p) 2nH(%,p)) +I(x=n)(1—-p").
Here I(x € A) =1, if z € A, and I(x € A) = 0 otherwise.
Theorem A [10]. For every k=0,1, ... ,n—1 and p € (0,1) the following inequality is true:
Wa(p. k) < Fp(zpt) < Walp, k +1). (38)

k—np
Vv npq

Consider, for example, the case k > np. Let n — oo, where ¢; < < ¢o for some constants cq,

¢o. Then one can show that

Walp. ) = <1>< ontt (£.p) ) ~ () Cgiﬁ? 22 pla).

However, in view of (22),

Fn(l'k"i‘) = (I)(xk) + a (P(wk) + R;(pvnw%k)? (39)

1
+
2./npq
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where according to (24) we have R;’ (p,n,xp) = O(%) with the bound in the explicit form. Consequently,
Theorem A gives an approximation to Fy,(zx+) of the form O(ﬁ) while (39) is a more accurate

approximation of the form O(%)
2. Let us compare Corollary 1 with the following result from the monography by J. V. Uspensky
published in 1937 [12]. We formulate it using our notations and with more accurate constants.

Theorem B [12]. The quantity U from the representation
1
F,(x) —®(z) = Qun(p,z) + —=S(np + z/npq) p(z) + U 40
(@) = B(2) = Qu(p.) + =S (np + /) () (40)

satisfies the inequality

U < 01809 + 2’5594“’ —dl +0.9742 ¢~3VPI/2 (41)
provided that npq > 25.
Remark 4. Note that instead of (41) the bound
U < 0.2+ 0.25|p — ¢q| o3/ (42)

npq
is in [12, p. 130]. However, there is a mistake in [12] when deducing the factor 0.25.

Let us compare the summand 7T'(p,n) from the right-hand side of (20) with the right-hand side of
(42). Show that under the conditions

0.02<p<0b, n=>200, npg=>2>5
the following bound is valid:
npqT(p,n) < 0.1809 + 0.2694 |p — q| + 0.9742npq e~ >V™P4/2, (43)

Using the notation and formulas (63), (64), (67) and [1, p.219], as a result of elementary but rather
bulky calculations (which we omit here), we obtain the bound

o2 T(p,n) < T(p) + 0.00462 g2 e=37n/2, (44)
where
wy(p) 2002 ws(p) £200\5/2  we(p) £200\3 9
T(p) = =) B (=2 ~— ) 4+0.01223 0.03006
) = Tor (199) 4()«/—%5(199) 907 25 (199) * wp)+ *
5 ~
w(p)ws(P)V2 (200\3 1~ 7545 Aj5(200) Vigs(p) 2%j+5 6/3
00533 R8IV E (SN~ : 1 .
L T (199) +7rj§::1 pi—1 o9 eXp{251/34w4/3(p)}

Comparing the right-hand side of inequality (44) with the right-hand side of (43), we can see that
the summand with the exponential dependence on o, is included in (44) with the coefficient which is
almost 60 times less than the factor on the right-hand side of (43). Moreover, in Fig. 2 one can see that
the graph of T'(p) is significantly lower than the straight line u(p) = 0.1809 + 0.2694 [p — ¢|.
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0.4}

: u(p)
0'3j
oaf
0'1f T(p)
0_07"“\““\““\““\““\‘p
0.0 01 0.2 03 0.4 05

Fig. 2. Graphs of the functions T'(p) and u(p).

3. Compare Corollary 3 with the current best non-uniform bound of a general type obtained by
I. G. Shevtsova in [13]. In the particular case of Bernoulli random variables considered here the bound
proved in [13] for arbitrary independent random variables has the form

17.37 2@ if B3(p) < 6.07
1 + 3 Fn - q) g \/ﬁ : ’ 45
(1 + |z[) | Fn(z) — @ (2)] {15_7 BPLO8I i fy(p) > 6.07. )

Note that £3(p) is a decreasing function on (0, 0.5]; therefore, 83(p) < 53(0.02) < 6.87, when p €
[0.02,0.5]. We compare (25) and (45) in the case f3(p) < 6.07. Note that the root of the equation
B3(p) = 6.07 is equal to 0.02517 ... . One can show that under the condition 0.0252 < p < 0.5 the
bound (25) is more accurate than (45) if v6 < x < 2.36 7'/ and n > 200. In view of limitations on the
size of the paper, we skip these arguments.

4. Now we mention one result of W. Feller [14] and C. Lenart [15], which we formulate in our
notations and for the case of Bernoulli summands.

Theorem C. If0 < x < % \/% then

1—Fy(x) = e~ T2 Az /v/n)/2 (1 — B(z) + T /4 e_x2/2>’

np

where |1,| < 7.465, A(z) = > qu2", 1 = as(p) = 1_—\/1%’, lgu| < % (12\/g)y, v=23, ....
v=1
It follows from Theorem C that

Fo(z) — ®(z) = (1 - (IJ(a:)) (1 - e—rzm/ﬁw) _ /nip exp{—22/2 — 2®A(z/v/n)/2}.  (46)
The absolute value of the right-hand side of (46) for x > 0 and 0 < p < 0.5 is majorized by the expression

A= j% <(1 _62p) M (z) + TnQ\/%),

where M(x) = 1;21;(;0 ) is the Mills function. Compare this expression with the main term from (19)
which in turn is majorized by

2_1|1-2 1
_ p(@) (!w |(1 - 2p) +_>.
\/Npq 6 2
Put z = 3. If p — 0.5, then A/B — 7,,v/27 < 18.712, and if p — 0, then

A/B — (6Tn\/27T + 8.224)/11 < 10.96.
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Computations show that 10.9 < A/B < 18.712; for example, for p = 0.25 we have A/B ~ 12.6.
5. Note that in the work of V. V. Senatov [16, Theorem 5] the bound

Gn(z) — ®(2) = Qn(z) + R

is obtained for the case of lattice distributions, where x belongs to a special lattice, R = O(1/n), and
for R the bound is found in an explicit but rather complicated form.

2. Proof of Lemma 1

Let ¢ be a discontinuity point of the function G. Since G(z) is constant for g < x < xg + h and
o — h < x < x0, for 0 < s < h we have

G(I‘Q + S) = G(I‘Q:l:). (47)

Consider the case “+.” It follows from (47) that d(xo + s) = é(xo+) — [Go(:no +s) — Go(ajo)]. Then

h/2
(P e+ h/2) = [ San+h/2-y)dy -
—h/2
h/2 h
= §(zo+) — % / [Go(xo +h/2—y)— Go(xo)] dy = 0(zo+) — %/ Go (xo +s) — Go(xo))
—h/2 0

“__»

Similarly we obtain (7) in the case

3. Proof of Lemma 2

Lemma 3. Let U(x) be a distribution function, G(z) and Go(x) be some functions with the bounded
variations. Denote

5(x) = G(z) — Golx), T(t) = / ¢t U (),
a(t) = / 1 dG(z), Go(t) = / et dGo(x), (U +6)( / 5z — ) dU (y).
If
/ (U # 6)(2)| dz < oo, (48)
/ % (G(t) — Go(t)) T(1)] dt < oo, (49)
then for every x € R the following equality holds
o)) = 5= [ CI=R0 e g ar
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Proof. One can prove this lemma using, for example, [8, pp. 211, 212] or [17, p. 127]. We shall
follow [8]. Condition (48) ensures the possibility of integration by parts of [ e/ d(Ux8)(x). As a result

we obtain -
%MGO() Ut) = / (U x 6)(x) da. (50)

It follows from condition (49) that the right-hand side of Eq. (50), being the Fourier transform of the
function (U % 0)(x), is absolutely integrable. Therefore, the inversion formula holds:

(U *6)(x =5 /_m/ (U x 6)(y) dy dt,
T

which coincides with the equation to be proved.

Denote by f(t) the characteristic function of the random variable X = % (see (1)).

As in [1], we will use the algebraic equality

n—2
a” —b" =n(a— b + a—bzzj—Fl a2y, (51)
7=0

putting a = f(t/y/n), b = e—t2/(2n)
We shall also use the notation

1
v — i E(XJ _ / HtOX i _ ez’teyyj] do
J j! / (j— 1 ’

where Y is the standard normal random variable.

Lemma 4. The following equality holds:

.\3 5 ; 6
fn(t/\/ﬁ) o e—t2/2 _ M e—(n—l)t2/(2n) — <Z tji + t2 a6> —(n—l)tz/(2n)+

31y/n vt —145/2
n—2
(P — e em) SOG4 0 ) eI, (52)
j=0

Proof. By virtue of the Taylor formula for every k > 4

Flt)—e /2 = Zt]a + t* Gy (53)

Putting k = 6, we get from (53) that

. 5 ;
Ft)y/m) — =22 (i)g aslp) | gt UG (54)
\Wn 3! .4nj/2 n3 ¢
J:

Formula (52) is a consequence of equalities (51) and (54).
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Introduce the notation
~ T in(hnt/2)
Pn t) = it Pn — Sln( n
0= [ eapiia) = T, (55)
Fr(t/ /) — e—t2/2 _ as(PT)L (z‘t)3 e—(n=1)t%/(2n) R '
o(t) = m— o)™, (56)
I(z) = / o(t) dt (57)
(cf. [1, p. 217]). Note that
a3(p) .3 —(m—1)2/2n) _ 3 / it
NG (it)°e =c, [ e"dQn(p,xcy).
Putting in Lemma 3
G($) = Fn(l')a GO(:E) = <I>n(p,$), 5($) = 5n(p7$)7 U(:E) = Pn(l’),
we can verify that the conditions of the lemma are fulfilled, and consequently,
1
(Pox8)(@) = 5= I(z), w€R.
Using (52) we can write
v(t) = vi(t) + va(t),
where
() = - 25: B A P O AP (58)
R — — n—1+iz T 29 )¢ nitye o
‘7:
— e t?/2n)y2 o2 _ .
un(ty = UV =TT B 4y mite S 4 1) =2 1 ) e/ 20, (59)
j=0
1/3
Denote 7, = <§;@)) ,
ne) = [ v b@= [ wod o= [ (60)
[t|<Tn [t|<Tn [t|>Tn
It is not hard to verify that
I(x) = i(x) + Is(x) + I3(x). (61)
Hence,
(P x 00)(2) = — (Il(x) + IL(z) + Ig(ﬂ:)), zeR (62)
Denote (see [1])
Op = 0Op =\/npq, W =4q4—pD,
(p) = vnpg, ws(p)=q—p (63)

wi(p) = |¢* +p* = 3pgl, ws(p) =¢* —p*, we(p) = ¢ +p° + 15(pq)?,
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wi(p) 4 ws(p) 5 wep) g
T = —_— . 64
1(p,m) o2 12w ot 40V 2mo3 ot 907 o “n (64)
Note that the function T3 (p,n) is less than Kj(p,n) from [1, p. 218] by the quantity #ﬁp&_l) (1 +
1
4(n—1) ) )
Lemma 5. The following inequality holds:

- I1@)] < Ti(p,n) (65)

Proof. It follows from (58) and (60) that

]Iﬂx)\éZ 9] /\t\j—le—(n—l)t2/(2n)dt+‘7‘i_2’ / |t[Pe =D/ ) gy

—14+45/2
p n—1+3/ J
We have
. i/2 . 4 16
ti—Le=(n=DE/Cn) gy — ( n V2rE|Y[l, ElYP=-——, EY‘=3, E|Y]=_—>,
Jal ) Y| Vit = —— VP = o=
1 las(p)|  as(p) ~ EXS+EYS ag(p) 1
6 _ _ _ — -
EY® =15, |a4|= 1 las(p) — 3|, |as| = R lag| < Gl = =l + TR
Hence ) 5 5
_ |Il (ZL’)| < ‘044(])) — ’ 4 a5(p) 65 + 046(]?) + (§} (66)

120 " a0vor 2 T T 90r 2

Taking into account the notation (63), it is easy to verify that the right-hand side of inequality (66)
coincides with T3 (p, n).
The following statement is proved in [1, pp. 227-230].

2

Lemma 6. The bound 1
o 112(2)] < Ka(p,n)

holds, where Ko(p,n) is the function defined in [1, p. 253].
Lemma 7. Under condition (9) the following bound holds:

1
% |13(33')| < K3(p7n) + T4(p7n)7

where K3(p,n) is the function from [1, p. 219],

T4(p,n):Mc3r<§ (6”")2/3 1 ) (67)

6o, "\ 27 \w(p) 2¢2

o
and T(a,x) = [toLe~tdt is an incomplete gamma-function.
x

Proof. It was proved in [1, see p. 219 and pp. 230-237] that under condition (9)

n - —t2/2
% / |f (t/\f|7>5||+e |Po(t)] dt < Ks(p,m).

[t|>Tn
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Therefore, to obtain the statement of the lemma, it suffices to show that

_as(p) 2—(n—1)12/(2n) gy _
Siorvn ) L€ dt = Ty(p,n). (68)
[t1>7n
We have
2 sz T 2 3/2 2(p —1
/ 12,—12(n=1)/(2n) dt:( n ) / a:”%‘””dx:( n ) F<§7Tn(n )).
n—1 n—1 2 2n
[t|>Tn 2 (n—1)

2n

Taking into account the equalities

n=(5) " et =22

it is easy to prove the validity of (68).

Proof of Lemma 2. Inequality (10) follows from (62) and Lemmas 5-7.

Analyzing every summand on the right-hand side of (10), it is easy to verify that T'(p,n) = O(1/n),
decreasing in n, and moreover, the bounds (11) and (12) hold (see also Remark 2). These arguments
lead to the conclusion that nT};(p,n), j = 1, 2, 3, decrease in n as well (but do not converge to 0). It

60n )2/3 1 )

wp)/ 23
decreases. After elementary calculations we conclude that the function /2T (%, 3:) decreases for z > 2.2.

60n )2/3 n—1
w(p) 2n

remains to show the decrease of nTy(p,n) in n. To this end it suffices to prove that /nT (% , (

It remains to note that z = ( > 2.6 under condition (9).

4. Proof of Theorem 1

The following Lemmas 8 and 9 are of a general nature. Therefore we will introduce special notations.
By Qn(x) we denote the first term of the Edgeworth expansion for the distribution function of
% Z?:l &, where 1, &2, ... areii.d. random variables with E{; = 0, E¢? =1, B = a3. Tt is known

that Q,(x) = —350:% ¢"(x). Denote @, (x) = ®(z) + Qn(z).
Lemma 8. Forallz € R and h > 0

h
1 h
. / (Bl +5) — Bu(a)) ds = & o(a) + 1 (b, ), (69)
0
where 2 o)
i (hoa)| < — sup  |d()] + sup [ (y)]. (70)
! 6 yest(ha) 12y/10 ye st (h,)
Proof. The lemma is easily derived from the representations
2

O(z+s) — O(x) = sp(z) + % x4+ Ns), 0< )\ <1, (71)
(x4 5) — " (x) = 5o (z + Nas), 0< A< 1 (72)

Let & be a discrete random variable. Denote
Golz) = P(i En:g- <2), 0u(@) = Gule) — By(a).
vn = ’

Let xg be a discontinuity point of the function G,,, and assume that the interval (zg — h, o+ h) contains
no other such points. As above, let P(x) be the uniform distribution on [—h/2, h/2].
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Lemma 9. For every x € J*(h,xq) the following equality holds:

h
bulx) = (P x8,)(@o + h/2) + (5 — 7 + 20 ) (@) + 7 (b, ), (73)
where - o
rT(h,2)| < <h* sup  |¢/(y)| + sup P (y)]. (74)
yeJ+(h,zo) AN ye gt (hoao)

Proof. Since the function G, is constant in the interval J* (h, ), Gp(x) = Gy (xo+). Hence,

Sn(@) = Oy (z0+) — (q)n(x) . @n(x0)>. (75)
In view of (71) and (72),
P, () — Pn(z0) = (T — 20) P(20) + 1r2(h, T), (76)
where )
T—x a
7"2(]1, gj) = % (’Dl(l‘o + /\(:E — l‘o)) — 3'% (:E — 3;0) (’0(3) (;1:0 + )\(l‘ — :E(]))
Obviously,
h2 h |Oé3|
ro(h, )| < —  sup  |o'(y)] + o3 (). 77
<y Wl E s 6O @
Using Lemmas 1 and 8 we get
h
dn(xo+) = (P ) (o + h/2) + 3 o(zo) + i (h, z0). (78)
It follows from (75), (76), (78) that
h
On(x) = (P * 8,) (0 + h/2) + o p(x0) + 1 (h,x0) — (& — x0) p(x0) — 75 (h, ). (79)

2
The lemma follows from (70), (77), (79) and the simple bound: for z € J*(h,z¢)

(2=t 20) (o) — ()| < 2 s G

Lemma 10. Let n > 1. For all x € J¥(hy,xy) the following equality holds,

(D, ) = (Po % 0n)(k + hn/2) + B S(np + /) 0(2) + RT (b, ), (80)
where . " ®)
n 3P (3)
R (hn, )| < <hy  sup ¢ (y)| + sup [0 (y)l. (81)
6 yeJ+(hn71'k) 4\/ﬁ y6J+(hn,xk)

Proof. According to Lemma 9,

hy,
Ou(p, ) = (Po* 00) (i + ha/2) + (5 =2+ 21) 0(2) + B (s ) (82)
for © € J* (hy,zy), where RT (hy,, ) satisfies the inequality (81).

Note that k < np + x/h, < k+ 1 for x € J*(hy,,zr). By the definition of the function S(z) for

x € J*(hy,xr), we have
hy,
hnS(np 4+ x/hy) = ), — x + 5

Proof of Theorem 1. The statement of the theorem follows from Lemmas 2 and 10.
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5.

Proof of Corollary 1
Lemma 11. The following bound holds:

~ as(p) 2 (3) 311
n\t» - Yn\M <7 n 3n n . 83
[@nlp,2) = Qulp )| < g (el | max 10 (w)] + 3l (wen)) (83)

Proof. Using the Taylor formula, it is easy to verify that

1
" (zen) — " () = x(cn — 1)) <a:(1 +0(cn, — 1)))7 0<0<1l, c¢,—1=¢, 0<e< %ci,

and ¢ =146y, 0<eg < % c3 as well. Hence,

CiQn(pa chn) - Qn(p7 x) = Qn(pa I'Cn) - Qn(p7 x) + 52Qn(pa chn) =

= _C;‘i;%) 3:5190(3) <3:(1 +0(cp, — 1))) - Ogiﬁ%) 9" (),

which implies the lemma.

Proof of Corollary 1. The statement of the corollary follows from Theorem 1 and Lemma 11.
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