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1. Introduction

Let H be a separable Hilbert space with the norm |- | and the inner product (-, - ),
X, X1, X5, ... be H-valued i.i.d. random variables with the covariance operator T
and EX = 0. Denote by o} > 07 > - - the eigenvalues of T, and by e). e, . .. the
corresponding eigenvectors. Put

1
ar=Tle}. o> =EIXP. g =Eix)",

li
ru.l = ,8/10'“//\5‘/ .

Let ®(- ) be the Gaussian distribution with the covariance operator T. Denote

n
Sn = n_l/ZZXj.
Jj=1

Let B(a,r) bethe ball {x : x € H. |x — a| < r}. Denote

An(a;r) = |P(S, € B(a.r)) = ®(Bla,r))|. A,(a)=supA,(a:r).

r>0
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It follows from the results of Bentkus and Gotze [4] that

A (0)<_<ﬂ4;+:33)

o6
with
C <exp{ca’/ofy}),

where ¢ 1s an absolute constant.
Let us formulate our result in this direction. Denote

3
L1= ax =
J

m T
1<j<! o;

where

Bs.; =E1(X-€j)|3-

THEOREM. There exists an absolute constant ¢ such that

(72 2 )
An(o)< l41?+rzlz T/() Lg .
A9

Using (1.1), we can obtain simpler bounds.

EXAMPLE. Notice that

B3
L<=.
O-[-

Therefore, we may replace the third summand in the bound (1.1)

o’ \’ a''By
‘3A%/ |/2 -

On the other hand,

11 11
r Pac 1‘2 Bao
4,13 < l/_2 . 313 < “A_l/z .
15 15

As a result, we obtain the bound

C,340'”
/2"
15

A 0) <

The latter is much simpler than (1.1) but, of course, rougher.
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_ We shall use the following notations: ' ~independent copy of X. X* = Z—Z’,
¥=¥- EY. Let

B(x; L) =E[(Z*,x)|Z| v|Z'| < L],

where Z is an arbitrary H-valued random variable, and crjz(L) j_Ll( L), j=

1, oc, are the eigenvalues of B(x; L).
Denote

9 /

“

!
2 2 L - oy
A(L)y= HO’,\T(L), S (L) = -A—zﬁ(—I; ZGJ'Z(L)’ f'\l(t) = E¢ . )
1 {

-

i

We shall use the notation / (A) to denote the indicator of the set A. The symbolg
¢(/) indicates a constant depending on /. Absolute constants wiil be denoted by c.

In the present paper, the results and the methods of the papers [1-7] are ap-
plied. On the other hand, some new ideas are used. In this connection, we draw the
reader’s attention to the key Lemmas 3.1, 3.3-3.6, 3.12, 3.13. It should be noticed
that we do not use the specific methods of the number theory in contrast with [4].

2. Bounds on Characteristic Functions in the Neighborhood of Zero

Let X, X;...., X,,...becasequence of i.i.d. H-valued random vectors. In contrast
to the 1ntroduct10n we do not suppose in this section that EX = 0. We shall use
notations Uy, 4, = Z,q X, Uy =Ujp.

LEMMA 2.1. Forevervl <m <n, L >0, teR

E[| f50 ™ @O} 1Unl v 1Uy| < V/3/811IL]

O (&WwY
< c(l)[(l + M@ (1mn—m)') ™ + (’—}#) ] 2.1)

 LEMMA 2.2, Let X and Y be independent H-valued random vectors. Then, for
everyr >0,a € H,t € R,

[Eexp{it|X +Y —al’}| < P(IX| > r)sup |Eexp{it]Y —b|*}| +
beH
+E[|fh.enl X vIX] <] (2.2)

Both lemmas are proved in [7].
Denote ¢g = +/3/8.

LEMMA 2.3, Let

BT < 2 (2.3)

B Vrf/L L
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and {; }'f be any sequence such that

(&1}

1< < WLl 24)

ZI‘ ([ML> n. (2.5)
Then

sup |Eexp {i1|U, —al*}| < c(/)|r|’/°D(1)Zl’/2/4J +47, (2.6)
where

D(l) = (@ LY*(B '+ (o L))/ A, (L). 2.7)

Proof. Define the sequence {m;}} by the formula

m; = [(co/2hio L1t))]. (2.8)
Notice that in view of (2.4) m; > 1. Let u; = Z,’ m;. Denote

q;(t) = sup |Eexp {it|Uy,+1.. — al*}|.

auel

Putting in Lemma 2.2 r = 20 . /m;, X = Upjovu; — EUW_].,“Y =Uyjs1n —
EU,LJ.* 1.1, We obtain the inequalities

1 :
qj-1(t) < Z‘[j([) +Q;. J=L...,k (2.9)

where
— Ll‘juu +In
We used here the bound P(|X| > r) < E|X[*/r® = ; and the equality U, +1.,,; —
d
F‘Uu,-_|+l./1j = Umj - EUmj-

Since by (2.4) and (2.8) r < +/3/8]t|L, we may apply Lemma 2.1 to estimate
Q;. As a result we have

@0)|: |0, | v [0, | < 20 g7} 0 =U ~EU.

Qi < c(l)(a; + by), 2.10)

where

= (14 ALY (t1mitn = mn) )%,

y (A"
r \/E .
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In view of (2.1)

2L%7
A (L)

Therefore

2L 72 .
h< (=) <o,
ALy ym;

where

b = (Lo/A)Y.
By (2.5) and (2.8)

Wi < px S /2.

Hence, taking into account (2.3) and (2.8), we deduce

cLol; i /2=
a <\ =7 < ch)Ui)'<ay,
A/ (Lyn

where

- ( Lo )’/2
q=\—7— .
BA,)(L)

It follows from (2.10), (2.11), (2.14), that

1 ~ -
4i1(1) < 761D + D)@ + b)) Ui [2])!2.

Subsequently applying this inequality fori = 1, .... k we conclude that

k
1 .. .
qo(t) < Jrqu() + eI @ + b Y 1714/,
!

193

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

It remains to use the trivial bound ¢;(t) < | and to insert instead a; and [;, the

expressions (2.15) and (2.12).

LEMMA 2.4. If
[y}
8oL’

Bn='2 < 1] <

then

sup | exp {it|U, — al*}| < c() D[]~

acH

(2.16)

(2.17)
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Proof. Put
17 = 42028 - 1Y (eo 21010 Ln) " + 1, (2.18)
ko = s N l,' < - 219
0 max{z 28L|t|} (2.19)
Then =
1?52"/’2/(42/’ — 1)(co/2ltlo L/n) .
chce

Zz (" '“) (2.20)

Further, by (2.18)

N w__\" +1 2.21)
< T E———— . .
Nl Lvn

2
According to (2.19),

47

! - 2.22
Y7 2 L] (2.22)
It follows from (2.16), (2.18) and (2.22) that
. . 172
o o - ko/! 2 €0
—2 < [l< 4k 1) —2
doLlt] S 2oL ST T (4’// ) AtloLJn
Hence 9
. ( w )1/2 12
470 <« ——— ) n7Ve, : . (2.23)
a1 2 45)~(2.14)

Putting k = ko in Lemma 2.3 and taking into account (2.19), (2.20) and (2.23) we
obtain the bound

1 12
. _ . 172 —1/2
sup [Bexp firlU, —all] <‘(”("' DU)((MoL\/Tz) +1>+" )

< a2 DUY + 171 < (O D).

This completes the proof of Lemma 2.4.

LEMMA 2.5. If|t| < ¢o(2? Lo (L)~/2n)7", then
c(l)
T+ AL (tln)

(2.24)

E exp[ztlU,, alz} <

aefl
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3. Some Preparation Bounds

LEMMA 3.1. Let Ay be the set of vectors a = (ay, aa, . . ., ay) such that

laj| <A;j/2N, j#k, I <lal < (1+ &)k (3.1
Then, for every x = (x1, X2, ..., Xn),
N
Zl:alenAfA(x a)? > —ZAJ X2, 3.2)
N
m,flxus;ﬁ(x a) < N(1 +¢)? Z)\ 12 3.3

Proof. Let k be fixed and
Aeleel 2 Ajlel. j #k. (34)

Then by (3.1), for every a € Ay,

|Gl > baarl = Y 1] > Ml = o me > helxel/2.
J#Ek JFk

Hence,
inf (x, a)?> > inf (x,a)® > A3x2/4> — ) Alx
ZulenAj(x a): > alen/‘k(x a)s > ,\xk/ > Z

Obviously, for every x there exists k for which (3.4) holds. It means that (3.2) is
valid for every x.
Now prove (3.3). By (3.1) for every a € U’IV A

N
(k@) < (1+6) ) hilxel.
1
On the other hand,
N 2 N
(Zka[) <N Mx.
i I
Thus
sup sup (x. a)’ < (1+¢) NZ)\/J‘A-

Jj a€A; |

This completes the proof.
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The following inequality is proved in [6].

LEMMA 3.2. Let random variable & > 0 and F(r) be the distribution of &. If
F(r) < Qrl forr > & > 0, then

Eexp{ - Ezf} < (c(l)r_[ +£’)Q,
where c(l) < T'(I/2 4+ 1), I'(p) being the Euler function.

LEMMA 3.3, Let F be the discrete positive measure concentrated on the union
of two finite disjoint sets A = (X1, X2, ..., Xpn) ai_ld_B =(,..., yn). Then there

exists the nonnegative matrix &;;, i = 1,m, j = 1, n, such that F is represented as
the mixture

F=Y % &k (3.5)

i=| j=1
where F;; are two-point probability measures,

Fii(x) a Fo(yi) 1 F(A)
ixi)=——, i(y;) = —— ] = —,
J a+1 sV =TT 4T s

’

and, in addition,

Y e Fyx) = F(A), D e Fi(y) = F(B).
ij i
Proof. Denote p; = F(x;), q; = F(y;). Without loss of generality p; > p, >
e Z Pt Z24q2 2 2 gy If py < aq, thenpute)) = (a + I)E‘.' As aresult

a.
F:811F11+F1, (36)

where Fi(x;) =0, Fi(y1)) = q1 — algl, Fi(xj) = F(x;), i > 1, Fi(yj) = F(yj),
j > 1. So F| is concentrated on the union of the sets A| := (x3, x3, ..., x,;) and B.

It pr > ag), then ey = (a + Dy, Fi(x)) = pr —qifa, Fi(y) =0, Fi(x;) =
F(xp),i > 1, Fi(y;) = ﬂyj),j > 1,1.e., F) in (3.6) is concentrated on the AU B,
By = (v, ..., yn). In the case p; = aq, we have Fi(x)) = Fi(y;) = O0and Fj is
concentrated on A; U B;. Repeating this procedure at most m + » sleps we come
to representation (3.5).

LEMMA 3.4. Let random vector X take two values x| and x», x| # x2, P(X =
x1)y=p, P(X =x3) =q. Then

. , " 8 2,2
E{((X + X%, y)"/ X = ¢y =0} = —21

= m()ﬂ — x2, ¥)%, (3.7

E{((X + XY, y)/X* = (X*) =x, —x1} = 0. (3.7)
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Proof. It is easily seen that

)

: . p
P(X + X =2x/X' =0) = :
(X + xi/ ) pEpp

: . 4
P(X +X =20/X =0) = ——.
(X + x2/ ) s

Therefore
P((X+X) = 200 —x) /X' = (X*) =0)
= P((X + XY’ =2(xs —x))/ X* = (X*) =0)
2.2
P4
= ———=. (3.8)
(p* + 4%
Obviously (3.8) implies equality (3.7). It is sufficient to remark that X* =

(X*)Y = xp — x; implies (X + X')* = 0 in order to prove (3.7).

LEMMA 3.5. Let (Xi, Vi), k = 1,n, be the sequence of independent random
variables taking values in H x H. Then, for every Borel function ¢(-) on H,

E[]|E(exa/ Y| =]]E
1 1
Proof. Random variables

& = |E(e(X0)/ i)

are independent. Therefore

EJ & =]]Es&.
1 1

Call the random vector X' by a conditionally independent copy of X relative to
o-algebra B if, for every Borel functions ¢, (- ) and ¢»(- ),

E(p1(X)p2(X")/B) = E(p1(X)/B)E(¢2(X)/B).

Let the sequence (X4, ¥;) be the same as in Lemma 3.5. As above, we use the
notation Vi = D ¢ Xjs Vien = Viom — EVies Vin = Vi
Let B, ,, be o-algebra generated by random variables Y;, j = k,m, B, =
B .. Denote
o (1: By) = sup |[E{ exp(it|Vi — b|*) /B }
b

el

E(p(X0)/ )|

L]

i (1) = Egi (15 By),
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filt; x. y) = E{exp(it(Xy, x))/ Yi = y}.

LEMMA 3.6. Foranyr > 0,t € Rand1 <k <n

@n(t) < P(|Vicral > r)en(t) +

k
+E”2{ [TEw £ @0 Ve YU (1Werral V IV Ll < r)/%k+1_n]. (3.9)
1

Proof. Using Lemma 2.2, we have

ou(t; By) < P(IVk-H.nI > r/%k-—l.n)‘pk(l; By) +

k
+E1/2[ l_[ 1120 Ve YU Vil VIV ] < r)/sBk+Ln]
=1

=D, + D.. (3.10)
By Lemma 3.5,

ED, < E'/?D3

k
< E‘”I [TEx 1528 Vi e YU (Werral V1Vl < 7)/Bisin ].(3.11)

j=1
On the other hand
EDy = P(|Vieinl > r)gi(0). (3.12)

Combining (3.10)—(3.12) we obtain the bound (3.9). Lemma 3.6 is proved.

LEMMA 3.7. For every real random variable & with B = 0, E§° < oc
E(l —cos&) > E£2/2 — El§1? /43
(see |7, Lemma 1]).

LEMMA 3.8. If|t| < ~/3/2L|x| then, for every L > 0,

B(x; L)
4

o <1 - 2. (3.13)
Proof. First

17X = Efexp (X*.x)ir); 1X| v IX'| < L} +
+E{exp (X*, x)it); IX| VIX'| > L} = E| + En. (3.14)
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Applying Lemma 3.7, we have
E, < P(IXIVIX'| <L) - B(x; L)*)2 +
FE((X". 0P XV IX'| < L)t /43

< P(IX| <L) — B(x; L (— — Lix||tf /2f>

Therefore, for |t| < \/§/ZL|x|,

E; <P*(|X| < L) — B(x; L)t*/4. (3.15)
On the other hand,
E, <1-P(1X|<L). (3.16)

Combining (3.14)~(3.16), we obtain the bound (3.13). Lemma 3.8 is proved.

Denote

ft;x, y) =E{expir(X,x))/Y =y},

B(x,y: L) = E{(X*, x)*I(IX| v |X'| < L)/Y = y}.

LEMMA 3.9. Forevery |t| < +/3/2L|x|,
Elf(t;x,Y)| <exp| —t’EB(x,Y; L)/8). (3.17)
Proof. Using the Cauchy inequality and the bound (3.13) we have
E!f(tx, V)| < Elf(x, 1))

t? 1’
< 1 —EB(x,Y; L)Z < exp{ —EB(x.Y; L)Z}.

Taking the square root, we obtain the bound (3.17).
Denote by &f(kl, kr; L) > 622(kl, ky; L) > - .- eigenvalues of the form

Bki, ky:x; L) = > EB(x,Y;; L)
i=ki

Put

)
Aitkio ks Ly = [ [63 (ki kas L), 67(k; L) = 67(1,k: L),
1

Ajk; L) = Aj(1,k; L).
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LEMMA 3.10. Let V|, Vs....,V,, be Rl-valued random variables which con-

ditionally independent with respect to o-algebra § X = Y |'V;, By be | x |
nonnegative symmetric matrix with eigenvalues b> > --- > bf. Then, for every
L>0andr >0,
{
EP(B/(X") < r/3) < cl)(r + &)/ A2 (m: L) [ ] ;. (3.19)
1
where

!
& =32L2) bi.
1

Lemma 3.10 generalizes Lemma 2 from [7]. The proof is quite similar and
therefore is omitted.
The following bound generalizes Lemma 5 from [7].

LEMMA 3.11. Forevery real t

k
E E[ﬂEy,lijt; U rom YU (10ke1al V10| < ~/§/8|t|L)/93k+1,n}
|

| _
< c(l)( — = + &1 (k, L)), (3.20)
It/ Ak LYAj(k + 1,n: L)
where .
- L2Y°% &2(k; L)
8;(k.n; L) Zhi ’(

T Ak DA+ L, Ljie
Proof. Using Lemma 3.9, we conclude that for || < V3/AL|x|

k > Kk
[[Evlfix vp| < exp{ L Y EB(x.Y}: L)].
1 245
Without loss of generality, one may assume that
k oc {
D EB(x.Y;iL) = &}(kiL)x; > Y &7(k; L)x],
1 1 1

where x; = (x, e( ﬂ L)), e‘([; L) are eigenvectors corresponding to 61.2(&; L).
. _ o .
Putting b? = o*f(k: L) in Lemma 3.10, we obtain

{
EP( PBCHCE A7 5(1!; D) < rz/%k“‘,,)
1

(r +81)I
VA DA+ 1. L)

< ¢c()
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where
V&
& =32L7 ) 57 (k; L)
j=1
Letting

Za (ki LY(US,y 10 e(k; L)),

0
we obtain the bound on left side of (3.2%):

F{ew{ s}/ kam}

It remains to apply Lemma 3.2 with £2 = Zl] '2(k L)(VZH - e([ L))
Denote B i(x; L) =EB(x,Y;: L).
J

LEMMA 3.12. Let the sets A, be the same as in Lemma 3.1, N = [,

Sulyik)y= [j:1<j<n, Bi(x; L) = y(a;,x)% a; € Ail.
ng =card Q,(y; k), ng= Imklg .

\\I

If
ng>nn, 0<n<l1/I, (3.21)
and
!
2 2
Zkf <V Yi 74, (3.22)
A; satisfying (3.7), then for
Con > |t] > Bn~'/?
4o L|t|
1 2 1/4 B
on(1) < ca)((“;%) D', (3.23)

where

{

D) = (o L)2(B™ + (o 1))/ ] 7

1
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Proof. Let [; be defined by (2.19) and, in addition,
con
S 4oLt

(3.24)

Further let m; satisfy (2.8) and p; = Z{ m;.
Denote

mix = card(Qu (v k) O{Jj s J < tigh)-

Notice that ¢, (¢) does not depend on the order of summands X;.
Therefore, taking into aétunt (3.21), we may assume without loss of generality
that m;; > [nm;], k = 1, 1. It follows from (2.Q) and (3.24) that

m; = 2/n.

Hence, [nm;] = 2. It means in turn that [nm;] > nm; /2, ie.,

my > gm;, k=1,1. (3.25)
Denote
(ii (t) = On—y; ().

Taking n — p;—; instead of n in Lemma 3.6 and putting k = n — u;, r = 20 /m;,
we conclude that

_ 1_ -
di-1 < 24i + 0, (3.26)
where

n—i;
Qi = El/2 l—[ Eyj‘fj(zf; U,u,'_|+1.ll-i’ Yj)"
j=1
(IUM |+14/u| v l[]lii |+1<#i| < 20\/%/%"""“i)'

Applying Lemma 3. 11 we have

- ] s
0 < c(l)[ . - + 8" (n — s L)]. (3.27)
V2N iy e YA (0 = i L)

Here we took into account that by (2.1%, l; > 1 and, consequently,{o ./m; <
V3/8ltIL.

Using (3.25) and Lemma 3.1, we get the inequalities

Hi

: A “< B(xL)<ym(1+8) A2x2
nm itit

i1
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Hence
1 2 =2 252 LT
Eynmik} <oi(uisr+ L L) <ymd(1+e)2;, j=1L1L

Consequently

2

Similarly

]
Sy — 1S < az(ﬂ —uis L) < y(n—ppl(1+£)°2%,

74,7
1 171/

(ﬂw%__>/<NM—u“M<(WW—M”(H”VTTk‘

It follows from (3.28)—(3.30) that

(1422 Y 22
yn? [T} Am;

combining (3.27), (3.28), (3.30) and (3.31) we get

84 n — iz L) < c(l)

Q; < c(l)(a; + by),

where
1
1/4 !
T 2w = ) ) AT A

) ((1 +e)2L2 Y] A,?)’/“
i = ] .
miyn? 1) A4

It follows from (2.3), (2.13) and (2.15)

oLl; \'? ! -
; i )\’ l —1/2 llr [/2"‘ ,
a <C(Vn«/f7) (U ,) <cDynm)~=Uir) g

where

I —l
a = (La/B)’ﬂ(]_[x,) :

1

[ [
nm; -
(y ) l—[)bi <A1(Mi—1+1,ﬂ,’;L) < (Vmil)[(l'i'&‘)zl_[)\?.
1 1

203

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Further, by (2.7) and (3.26)

(1 4+ &)y

2

bi < () (41t by, (3.34)

where
!
b = (oll)l/n)g,'.
I
Combining (3.26) and (3.32)—(3.34), we obtain the inequality
_ 1._ . ,
Gi1 < 24 + D@ + b)),
Hence, by (3.24),
_ 1 N -
qo < T + (‘(/)|T|//h(a/ + 1)1),

where

Subsequent arguments coincide with those proving Lemma 2.4.

LEMMA 3.13. Ler the conditions of Lemuma 3.13 hold and

1] < /2% L/n.

Then

i 2\ /4 l -l/2
0, (1) < (.'(D(%) (nt 1_[}‘/ .

1

4. Estimation of a Characteristic Function in the Neighborhood of the Unit

Let Xy, Xa, ..., X,, ... be independent random variables, taking values in H,
U, = Y\ X;. Denote X! = X; + X’ U) = Y] X). Let 2, be a o-algebra
gencrated by random variable X, j = 1.n.

Define

W, (t: T:a) = |[Eexp {it|U, — al}| [Eexp {i(t + ©)|U, — a|?}
W(t: b2, = |E{cxp {i'C|U,? - b|2}/91,,}|.

L]
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LEMMA4.1. Foranyt € R,ae€ Handt > 0,

W, ta) < EsupW(t/4; b; YU,). “.1
heH

(See the proof in M).)

LEMMA 4.2, Ler u, be the number of successes in Bernoulli trials, p being the
probability of a success, q =1 — p, H(p,e) =¢€ln % + (

& P(u, >n( —s))écxp{—nH(q.s)}. if0<e<gq, 4.2)
@P(u" <ne) < exp{—nH(p, 8)}, if 0 <e<p. 4.3)
Define

Ay = | (AT if e < A,
MI(Z’A)_{ltV/Z- if |l|>A_l.

LEMMA 4.3. Let ¢(t) be a continuous nonnegative function defined on [0, oo),
©(0) = 1, and for every T > 0

sup (@(De(r + 1)) < x,Mi(1, A),
120

where x, > 1 does not depend on t. Then, for | > 9,

1
A4t t A-

This bound is obtained in [3].
Let X, X, X», ... be i.i.d. random vectors, satrsfymg-the-econditions-ofthe theor

rer] Without loss of generality, we may assume X takes a finite number of values.
- Define forevery | < k </

Af ={xiop < (xoer) <204, 0 < (x,¢)) < 0;/2l, j#k}.
A = { — 204 < (x,er) < —0, —0/2l < (x.e;) <0, j# k}.

Denote A, = A {/A; . Let F; be the restriction of F to A, k = 1.1, and Fy

be the restriction of F to H — [} Ay, F &W—J fle distri betip, of X,
Thus

! li
F = ; Fk = XO:SkPk, (44)

where

8k=Fk(H). Pk=Fk/8k.
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According to Lemma 3.3
Z e FE, (4.5)

where F}; are distributions concentrated in two points x;" € AJ, x; € A,

ket = P(X € Af) ’
P(X € A)) +P(X € A))
Fi’}(xj_) _ P(X € A))

P(X e AH)+P(X € A;)

Let 3 be the set of the distributions F,’; k=T1,1.
It follows from (4.4) and (4.5) that F"* can be represented as the expectation of
a convolution of random distributions

F™ =EG, %Gy % % G,, (4.6)
h
where F ) -
P(G; €3 =RA), k=TLn

Froo
PG, = F) = R(H - UAk).
1

Denote p, = P(X € /ik), p= minlg,\.gl Pk
Ny =card{G;: G; € Fr. 1 < j<n},
Ny = card{G‘,: Gi=F, 1< }

//\

By (4.2), forevery 0 <& < p

P( min Ny > ns) > 1 —Zexp{—nH(pk,a)}
1

1<k<!
> 1 —lexp{—nH(p,¢)}. 4.7
Denote
Mm, = ll—[G mm Ny > pn/2]
By (4.7)
PON,) > | —lexp{—c(p)n}, (4.8)

where ¢(p) = H(p, p/2).
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Estimate now W, (¢; T; a) corresponding to [} G; € MM, with the aid of Lem-
mas 4.1, 3.13, 3.14. Notice that

02 o < [(xJr —x_,ek)[ <Zé0k’ ](x* —x_’ej)‘ < Uj/A[l’
i#k, ifxT€Af, x €A
Therefore we may assume that {(Z te 96_1 CJ) J,,-Z‘
. («é_-—-”‘_—"_// J=L
[x"—x": xT e A}, x” € A{} C Ay

where Ay is defined by (3.1) with & ; =/o;, N =1, ¢ = 1.

Obviously W, (¢; T; @) does not depend on the order of summands. Therefore,
taking into account Lemma 3.4 and the bound (4.8), we may assume without loss
of generality that the condition (3.25) holds with

T _
y:Sﬂ!nm* 7= P/3 .
where
P(X € A7) P(X € A7)
P Rxedy TP T Ry

and-#==—p+43. The condition (3.28) is satisfied for y; ={.
As a result, applying Lemmas 3.12 and 3.13, we obtain the bound

/4
|, (t; T3 0)| < c(l)(—y%) w(l)AZ(‘E A), (4.9)

where

I}
A=ovi w) =00
A

Let V; be independent random variables having distribution G ; (see formula
(4.6)) and 2, be the set of random sequences w, = {£;, &, ..., &,} suchthat; =i
if G; € §;. Say w, € M, it G; € M,,. Denote

gn(t;wy) = E(exp ” 2": V; h]/w,,),
1

Estimate

ln(wn) = /

where T < ¢ are arbitrary constants and w, € IM,,.

nt;n
&n( w)dt’
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Evidently

1
ln(u)n) = f
T/8

Applying the bound (4.9) we get

gnlet, wy)
f

dr.

U M(et: A)
I (w,) < cOhw(l) — dr. (4.10)
T/e
It is easily to check that
M(et; A) = P M(1; e A). 4.11)

If t/¢ = (Ae)™! then it follows from (4.10), (4.11) and Lemma 4.3 that under
the condition w,, € M,

I(w,) < chw(D)e'*(Ae)™2,

Hence,

/" |8 (1)] J
. 1

“lea(w,
gEf &u(t, wy)
T t

where A = o L J/n, w(l) = (s L) /A, 1 > 9.
By (4.8)

& < cOwd)e(Ae) 2 + P(w, € M) In S, (4.12)
T

P(w, ¢ M,) < lexp{—nH(p. p/2)}. (4.13)

5. Termination of the Proof
Denote m, = [7] + 1
_ XO:X ¢ X X< oym,
l’l() I 0’ Ile > 0 /My,
where n( will be chosen later on.
Let Y; are i.i.d. random vectors, Y 2 Y;. Clearly

n/ng

Zx _mZY (5.1)

n=0 (modny).
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In what follows we suppose, for simplicity, that this condition holds.
Further, let ¢y be an absolute constant in the Berry—Essecn version of a multi-
dimensional CLT. Put

np = min {n' “li < (l)/4} (5.2)
0= . \/E q , d.2

the constant ¢ (/) being defined in Lemma 5.5.
Our aim is to apply the results of Sections 2 and 3 to the sum Y7/ Y.
First we prove several lemmas.

LEMMA 5.1. Forevery k

IE(Y, e)] < 2./ 2o,
n

Proof. It is easily scen that

E(Y, &) = —/noE{(X, &); |X| > 0 /m,}.

It remains to notice that by Cauchy inequality,

2
Ez[(X. e): 1X| > o /m,} <P(|1X| > oJm,)ol < %
ny,

LEMMA 5.2. Forevery k

E(Y, ek)2 < <1 +4<@)>a,\_2.
n

Proof. It is easily scen that
E(Y. e,)* < (7,\.2 + EX(Y, er).
It remains to refer to Lemma 5.1.
LEMMA 5.3. The bound
E|Y? < (1 +4@)(;3
n
is valid.
Proof. It is casily seen that
ElY]F < o® +noE*{IX[; |X| > muo).

Hence, using the bound

(o}
E{IX]: |X| > m,o} < —.
my

we obtain the desired result.
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LEMMA 5.4. Forevery k

/ |
lE{(Y.ek); |Y|<ao}‘< <2 @4-— 1+4@>ak, a>0.
n  a n

Proof. Clearly
E{(Y.e): |Y| <ao} =E(Y.e) — E{(Y. e): |Y| > ac}].
Hence, using the bound
E*{(Y.e); |Y] > a0} < P(|Y| > ao)E(Y, )°

and Lemmas 5.1-5.3, we obtain the desired result.

LEMMA 5.5. If|(x,e;)| < a;/4l, j = 1,1, then for every k, 1 < k <1,

~ 1 1 1--1
DA+ x) > q() = 2((1)0(5) _c‘bo(_ﬂ)) .
bo(2- =) = (12
x(o( —41)— 0( —4—1)

where ®y is the standard Gaussian law.
Proof. Obviously

At xoChom {o}: Ul <04, 6

| i V,
Jj #k, <1 + ﬂ)ak< |(g:, el <L2 — 413}
It is casily seen that
S(Co) > q().

Returning to the previous inclusion, we obtain the desired result.

LEMMA 5.6. Let Y be a random vector in R and the sets Ay satisfy (3.1). Thei

N
E(Y.x)* > minP(Y € Ay) inkfn/4N.
Proof. 1t is easily seen that Ay A; = @&, k # [. Therefore, by Lemma 3.1,

N N
E(Y.x)? > E{(Y,x)z: YeUAkl =Y E{(r.0% ¥ € A}
1 1

N N
>y inf (a5, x)*P(Y € Ap) > minP(Y € Ay) D xZAL/AN.
1

ar€A; )
Lemma 5.6 is proved.
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LEMMA 5.7. IfL > ao, no/n < q()/20, @77

YR

then
g() <
s 2. l 2
E{(Y*, x)% |Y|\/|Y|<L}>—2—Za,. (x, ¢)%. (5.3)
Proof. Tt is easily seen that
E{(Y*.x)% [Y|VY'| <L} =2p E{(Y —ar, x)% |¥| < L}, (5.3)
where

ap = E{Y/IYI <L}, po=P(Y|<L).
If L > 20, then
A C {x: |x| < L}.

By Lemma 5.6 for such L,

l
E{(Y —a;,x)% Y| <L} > min P(Y —a, € A) X‘:U}(x, e’ (5.4)

Elaborate now the bound on P(Y € fik + a;). Denote

1 Hy
PO X € Ak +a;
{E0s )

According to the Berry—Esseen bound and definition (5.2),
| (A +ar) — Po| < q(1)/4.

On the other hand, by Lemma 5.3,
- no ng
|P(Y € Ay +a1,) — PO‘ < noP(lYl > m,,a) < 47(1 +47) < q(l)/4.

Thus
P(Y € Ay +ar) > O(Ay +ar) — q)/2. (5.5

Under conditions of the lemma, in according to Lemma 5.3,

1
pL > 3 (5.5)
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On the other hand, by Lemma 5.4,
Oy
E(Y, e, —
[ECY, ex)| < ol
Therefore,

(az, e0)| < Z—l (5.6)

It follows from (5.5), (5.6) and Lemma 5.5 that
P(Y —a; € A) > q()/2.
Returning to (5.3") and (5.4) and taking into account (5.5"), we obtain the bound
(5.3).

Without loss of generality, we may assume the conditions of Lemma 5.7 to be
satisfied. Then, according to (5.3),

g() o2

oj(L) > T2,

(5.7

Put

( Z ; € B(0. r)) — (B(0. r))‘,

1
5
|

ZXJ
|

A, (0) = sup

%I

g’n(l) = Eexp {”

g(t) = / ¢/ o (dx).
H
By the Esseen bound nfor every fy > 0,
A, < J/m +2r(fho100)7", (5.8)

where

=
Ji<ty

Let
T = _11\_]/[

gn(t) — g(JCt)

\/— 1/3
Y
It is proved in [6] that for [ > 1__?)

o / AOETICIIN
= B —
O<lt]<T !

!
‘fl N2, 4 Ta). (5.9)
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Estimate now the integral

=
T <[|t|<T2

where

T = 6’0/2[/20'1,«/}_1. = \/5/8.

gn(t)
t

dr,

Notice that

8n(t) = gn(not), (5.10)
where
2
}

Hence, applying Lemma 2.5 and taking into account (5.7), we get the bound

ey [ dr 2e(l) [T\
— . 5.11
< A[]/an/z '/;I ll/2+| < ] 1 (ﬁ) ( )

1
v

n/ng

Y

1

gn(t) = exp [

Finally, put

11 2
= A,/ /(o L) ny,
—4/1
73 = fo(Aunote) .
A, =o0L\/n/nyg.

It is easily seen that

g, (t gn (1
J4=/ 5()dr=/ g()dt’
T3 <|t| <ty t t<|t|<e !
where
1/1
_ _ AI/ _ _ —4/1
£ =ngly = 5. T =not3 = £(A,¢€) . (5.12)
(UL)' &I £
Using (4.12) and (4.13), we have T
Jo < c(Do)e'*(A,e) 2 + Lexp { — " Hp, ,3/2)}, [>9. (5.13)
ny
Here
- . ~ 3
p= 12}2/P(Y €Aj) > Zq(l). (5.14)

This bound follows from (5.2).
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We are to take into account that

inf P(Y € A7 ) > %q(l)

1<j<!
as well.
It is easy to check that
w()e'?(Ane) 2 = —(—1/,) : (5.15)
n \ A,
It follows from (5.13)—(5.15) that
1\2
Js < c(z)@(“—w> , 1209 (5.16)
n\A,
Using Lemma 2.4 and (5.10), we have
_Il t ~I1 t ' -
J3:=/ —g()dt<f ——g()l < 1/2/#/2%1;.
TII<T3 t <1 0
By (5.12) and (5.15)
(L) ,n oL
AV = n Al/l :
!
Consequently,
oL
J3 < c(l)( 1/1) —. (5.17)
n
Notice that
fo t 5.\
Js :=f LEZ01 <c(1)(i) . (5.18)
Wl /i

It is clear that

5
J<ZJ5.
1

Hence, collecting the bounds (5.9), (5.11), (5.16)—~(5.18), we get

c, I ( oL \* 5
J < p <F3., + T4y +\N<W> LII), [>13,1'>09. (5.19)

It follows from (5.8), (5.2) and (5.19) that

_ N oL\’ :
AL (0) < C(n )(r§,+r4,+ (A”") L,%), I>13,1'>09.
I/
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Hence, putting L. = ao and taking into account that

A0) < A, (0) + P4

Lotm,

we obtain the desired result.
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