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THE BERRY-ESSEEN BOUND
FOR SELF-NORMALIZED SUMS

: S. V. Nagaeuv *

Abstract

In the article we first estimate a constant in the Berry—Esseen bound for
self-normalized sums of independent identically distributed (ii.d.) random vari-
ables. We obtain different versions of the Berry-Esscen bound, namely, under
the assumption of the third or sixth moments and for bounded random variables.
Our approach to proving the Berry-Esseen bound differs principally from that
accepted by Bentkus and Gétze. In the case when the sixth moment is finite, we
compare our result with that which can be derived from bounds on the reminder
in the two-dimensional central limit theorem (CLT).

Key words and phrases: Berry-Esseen bound, self-normalized sum, Student’s
statistic, central limit theorem.

1. Introduction and results

Let X, X1, Xs,..., X, be independent, identically distributed (ii.d.) ran-
dom variables with EX = 0" =EX? Bi =E|X|. Put S, = 1 X and
Y2 o S X7 and consider the statistic
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Denote by @ the standard normal law.
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Bentkus and Gotze proved in [1] that an absolute constant ¢ exists such
that

i |P(Vntn < r) — d(r)| < ;f;ﬁ. (1.1)

The article [1] also contains a survey of the previous results.
As the authors of [1] observed, the (1.1) is valid for the statistic T as
well. Put
A, = sup |]P’(Tn <r)-— <I)(r)|.
i

The purpose of the present article is to estimate a constant ¢ in the Berry—
Esseen bounds for A,. Observe that this problem is not considered in [1].
Our main result is stated as follows:

Theorem 1. There exist absolute constants ¢; and cz such that
Pl (Clgg + cz> n_l/z, (1.2)

where
c1 <36, <9 (1.3)

Of course, the value of ¢; in Theorem 1 looks very large, especially in
comparison with that in the classical Berry-Esseen bound or with the Edge-
worth expansion for Student’s statistic (see, e.g., [2,4]). Unfortunately, we are
not able to say anything definite on accuracy of the bounds (1.3). However,
we can decrease the constant in the Berry-Esseen bound if the moments of
order higher than 3 are recruited. We will obtain one such bound on assuming
B < 0o. On the other hand, the additional restriction gives us an opportunity
to some extent to describe our approach to the proof of Theorem 1 in Section 3.
Observe that our approach differs radically from that in [1]. Denote
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(nr) = X - 5(X* - %),

3;1 b= ZXk(na T‘),
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a?,(r) = ]EX2(n, T),
1

n = Z(XI% o 02)-‘
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It is easily seen that

; {Snx/ﬁ< rV”} = {Sn<r\/02+77n}

e T
2
o ( o2+, + 0’)
Hence, for every ¢ > 0,
InT 2
]P’(Sn = or(1 -5)) - ]P’<g'45 > 6)
nT
<P(S, <1V,) < ]P’(Sn et 7;0 < o—r>. (1.4)
Assume that ¢ = ;;% Then
2
n B
IP(—" = e) < -
ot B/’ o
/
2 = sup P(ﬁ . T,) o q(t’\) o BBl8)
i o Vi) | < R 1O

where S3(n,r) = E| X (n, r),s.
It is known that ¢y < 0.7655 (see (6,7]).

Clearly,
i 3 B
lElz\(n,r)l < <ﬂ3+ 27/j03> <1
no

7 3 o 2 3
where S = IE'X — 02l - Furthermore,

o2(r) > o? — TP,
no

r < nd/ 0_3\/0_53
Bz By

Bs B3\ 1
(Z'E \% J—3> 7_; < 0.23.

ol(r) > 0.5202.

Assume that
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It follows from (1.6)~(1.10) that
Al <4.1(@+0.24&>n_1/2. (1.11)
n 03 0,6
Next,
ro T
() ()
I (ﬁan(r)) vn
T o —op(r) r* ( o )
< —lexpd —— ([ —Z_ A1) 4. (1.12)
V2rn Un(r) p{ 2n G’n(T)
Clearly,
A B e ) (1.13)
on(r) on(r) (a + an(r))
It is easy to verify that
2 A 3
2 2y T E(X® 022 EX
O'n(T) ! ¢ ('l‘) = m 02 = ETI (114)
Hence, under the condition (1.9), we obtain
2 2 rbs Gl § Ths 1.15
lo2(r) — o (r)| < e (1 + 4nﬁ30) <1.12 i (1.15)
It follows from (1.10), (1.12), and (1.15) that
ro T B3
———— Ol e 19
i (I)(\/ﬁan(r)) (ﬁ) vames/no Aoy(r)(o+on(r))
bs 1.16
< 0.2103\/5. (1.16)
Under the condition (1.9), we have
Y r(l—¢) TE { (7‘—6)2}
it omssepe i BV RSO (R Ui 0
Q)(a\/ﬁ) ( ov/n ) R i 20%n
€
(1-¢e)v2me
B 1.17
<0075 (1.17)

Collecting the bounds (1.4), (1.5), (1.11), (1.16), and (1.17), we conclude that,
under the conditions (1.8) and (1.9),

|P(Tn < 7) - d(r)| < (4.4@ + e + %) w2 (1.18)
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It (g; v ‘%) B2 S pog iy

[P(Ty, < r) — P(r)| <1<4.35 (% Vv U%) R (1.19)

Finally, consider the case

3
3/4 |0 o3 (53 54) -1/2
Sirl — Mi——, —V — < 0.23.
. V& B o)

It is easy to see that

%5 A ) V2 3
{U—4<0_37}C{7>0' <l—<0’3\/ﬁ> C{7>0.520}.

Hence, by (1.5),

Ve 2 B4
P<7>O.520) L (1.20)

On the other hand,

Sn 3 o3 S, o3
Pleromitel 2 Lo ga2) o p L e
<Vn \ 55 Ve, " YA

B3

03\/ﬁ

< 1.93 : (1.21)

It follows from (1.20) and (1.21) that

Sn 34 |08 Bs B ;

under the condition (Uﬁ% \Y% %) n~1/2 < 093, Comparing (1.18), (1.19), and
(1.22), we conclude that the estimate (1.18) is valid without restrictions on r
and the moments B3 and ;.

Similar arguments were used recently by S.Y. Novak (see [5)). Combining
them with the preliminary truncation of summands he obtained the estimate

81r1p ]P(tn <r)-— <I>(r)] < cl% +62\~Vz‘1/r_75X2) + o(%),

where
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This estimate is intermediate between the Berry-Esseen bound and asymp-
totic expansion. It is difficult to compare this estimate with the bound (1.18)
until the constant in the remainder is computed. Assuming only that 83 < oo,
S.Y.Novak obtain the bound A, = O(n=2/7) without evaluating the con-

stants.
Observe that, in the case 84 < 0o, we can obtain the bound for A, with

explicit constants using S. Y. Novak’s results (see [5]).
If random variables X; are bounded then we can take a smaller value of

the absolute constant c.
Theorem 2. Let |X| < L < co. Then

L
ANV et 1.23
< 50\/5 ( )

It is tempting to use the two-dimensional CLT for estimating A,,.
We try to realize this idea in the case f5 < oo, EX3 =0.
It is easily seen that

P(|Tn| < 7) =1P(<' f/_ f/_) Gn ) e (1.24)

ani:(xf—
i

TJ ~2 4
Gar=da 12’ < ~—+r G°=ps—o.
\/_

Let @3 be a standard normal law in Ry. Assume for simplicity that 0% =]
According to (13.44) in [3], we have

where

2 I'(3/2
lim $up v/ | Py — B (G| < [a1(2)+ﬁﬂ—1/324/3M}p3, (1.25)
L 3 (D)
where o (X2 ¥ 02)4 3/2
3= ]E<—2‘ i ) ) )

a1(2) = ( )72 (4732 + 1)
i g( /2y ~lg1/2 (1 > %)

- 2(93/2 (23/2 —-3v2 + 2)
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Clearly,
e Bl

Denoting by ¢(2) the coefficient of p3 in (1.25), we obtain

c(2) < 65.5136. (1.26)

Put

{xy) (,9) € Gnp, 0< y < vVInn }

,”:{xy) (2,9) € Gny, —VInn <y<0}
Obviously,
e G e~ 254,
27 Jez,
1

2
e~ 24y, (1.27)

eV /2, /
—VInn<y<o |z|<rn(y)
where r,,(y) = r{/1 + y/V/n. It is easy to see that, for 0 > y > — /.

0< / e~$2/2d.77 ——/ e“z2/2d_ < Iy L —ri(y)/2
[z]<r |z]<rn(y) T (T Tn(y))e - (1.28)

Using the identity

T“”‘T“§F1+VTIW‘*

il
. = g, (129)

we conclude that, for —/Inn < y <0,

and the inequality

Ty

r—ra(y) < m_ (1.30)

On the other hand, by (1.29),

™a(y) >rvV1—e1, (1.31)

Combining (1.30), (1.31), and the inequality

2 1
re T

¥
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we obtain, for —vInn <y <0,

(r — ra(y))e 0 < i th}ej)\/ét—l l\% (1.32)

It follows from (1.27), (1.28), and (1.32) that, uniformly with respect to 7,

0 < 83(D5y) — ®2(G) < T (1.33)
where

D;={m,y:|m|<r, —\/1_n_7_1<y<0}.

Similarly,

0 < ®2(GE,) — P2(D3,) < 0—\2/—11; , (1.34)
where

Dt edegilai sy —Inn<y< 0},
Next, for n > 3 and every r > 0, we have

¥ e i
(I)Z(Gn,r) < \/;T_ﬁ, Gn,r =Ry — Gn,r .

Collecting the bounds (1.25)-(1.27) and (1.33)~(1.35) and taking account
of (1.24), we conclude that, forn= 3,

o] i
sup |P(|Tn| < r) - ®(r)| < (le}% + cz> e (1.35)
T
where ¢; > ¢(2) and c2 < 1.3.
Comparing (1.2) and (1.18) with (1.35), we see that both bounds are
sharper than (1.35). _
The case B4 = oo is most difficult since we do not have an appropri-

ate estimate for ]P’(% Xt > 5). We will briefly describe how this

difficulty can be overcome. The main idea consists in reducing the general
case to that of bounded summands. We may represent the distribution of
every summand as a mixture of two distributions, the first of which is concen-
trated on the interval (—L,L). As a result, the distribution of Tp i written
as a mixture of distributions of self-normalized sums consisting of summands
of two types described above. Given the values of the second type summands,
we obtain the self-normalized sum of bounded i.d.d. random variables. Using
the same approach as in proving (1.18), we approximate the distribution of
every such statistics with a Gaussian law whose shift and variance depend on
the above condition.
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It means in turn that P(7, < r) is approximated for every 7 with the ex-
pectation of the smooth functional of the sum of a random number of i.i.d.

random variables (r.v.’s) of the second type (see (3.84) and (3.108)). In the

sequel, we apply the Berry-Esseen bounds to the summands of the second type
and for the number of successes in the Bernoulli trials.

2. Auxiliary results. Proof of Theorem 2

Throughout this section, we suppose that |X| < L < co. In contrast to
Section 1, we do not require that EX = 0. Denote a = EX and b*> = EX2.
We begin with

Lemma 2.1. For every z, y, and z such that y +z >0 andz+2z >0
we have

i iifeng
Vo+z—\y+z= s 5L P 2o 0) . (2.1
2tz Syra(VrTrz+viFE) )
Proof. Obviously,
Vz+z—Vy+z= . : 2.2
A Vetztytz o
On the other hand,
i} i 1 i Vy+z—vTtz
Vetz+Jy+tz 2/y+z \/y+z(\/m+z+\/y+z)
0 y—2z
JiTz(Va T+ viTE)"
Combining these two identities, we obtain the desired result. O
Denote
1o r(X2 - %)
==Y (K-8, Xalr) =X - — s,
n ; /i on/a?b? + y?
02 (r) = Var Xn(r), o?=VarX, o= E
n
Lemma 2.2. Let
b\
r < ayn®/* (—) ; (2.3)
L
Then
A2
o2(r) > o — 2vb? <—l;> il (2.4)
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Proof. Tt is easily seen that
o — o2(r) = m/_;,%—:_—ygm(x alah B - 4—:; I%_’j;. (2.5)
Notice that
|E(X — a)(X* - b%)| = |EX3 — ab?| < 263 < 2Lb". (2.6)
Combining (2.5) and (2.6), we come to the desired result. U
Lemma 2.3. Under the condition (2.3), the following inequality is valid:

2r B3 ¥y L vl
2 — 2 — —_—
lan(r) o | S (1 + 5 (bﬁ) : (2.7)
Proof. Observe that
E(X2 - Pi< EX* < LBs. (2.8)

Combining (2.3), (2.5), (2.6), and (2.8), we obtain the desired result. O
Lemma 2.4. Let the condition (2.3) and the inequality

;e
—_ 2 <l 2.9
7(1)\/5) < QPO <]y (2.9)

hold. Then

0“3(7‘)IE

n

12\~ 172
A’H(T) == (L|3 < <1 s 27’2_22 (b—L\/_T_l> ) gliy)o’iﬂ (210)

Proof. Tt is easy to verify that

rX? b2

Ul L b R T N T R ¢
on+/a?b? + y? il on+/a2b? + y? )
By (2.3) and (2.9), we have

dad (2.12)

— <1
2n/a2b? + y?

It follows from (2.11) and (2.12) that
| Xn(r)| < (1+2)|X].

Furthermore,

3
1E|X,,(r) - a| . sup IXn(T)l + |al
galr) 7 on(r '
The last bounds and (2.4) yield the inequality (2.10). O

~
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Lemma 2.5. Under the conditions of Lemma 2.4,

@(T a2b2+3/2+z>_(1)(r a?? +y2 + 2
le(r)\/E ovk

2 1/2 1/2 —-1/2
<\/i_ﬁg_2 e 1ol .
T nob o 8\ by/n by/n )

x (-2\//;+e—1/2|§,<2—27(%)1/2%2)_1/2). (2.13)

Proof. 1t is easy to see that

A:: @(T a2b2+y2+2>_¢(r a2b2+y2+z
an("')\/]; U\/E
N I e
exp { — 1
V21k(04(r) +0)on(r)o p TVoIE (- (2.14)
Clearly,
2
raforlE Lyey ’ 252 102
rlr a2b2+y2+zl < ( ) Z) 2 z(T‘ atb?+y +z) i
Vol 432 o7 e SR 0 il
Furthermore,
2
(7‘ a2b2+y2+z) (7" a2b2+y2+z)2

77 exp { — 2PV 2 () < Z\/E(a2 Vai(r)), (2.16)

2
r/a2b? 42 r/a?b? +y2+
rvaPEie Wt S
vk 2(a2 v ol(r))k Rl

It follows from (2.14)-(2.17) that

|oa(r) — o]

o
abry/27 (on(r) + 0) o0y, (r)
(VR V o3 + el (o Vo)) 19
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Taking account of (2.4), we infer that
o’V ol(r) " 1 L 1
oon(r) (Un(’l‘) Hi a) o A oy(r) A )
gl 27(1:\/17> o7
SFEL) otk : (2.19)
oon(r) g Aaop(r) Y
1-2(k) %
By (2.7),
2 2 1/2
loa) -] _26s (,  2( L
—_— < — |14+ = —= : 2:20
T el by/n 220

The claim of the lemma is immediate from (2.14)-(2.16). O

Lemma 2.6. For every 0 <€ < 1,

ovk

g

£

: x/2_7r<\/5(11—e) *J\z/lE)'

Proof. Tt is easy to see that

q)(r(l—e) a2b2+y2+z> _q)<r\/a2b2+y2+z

T

(2.21)

A::@(TO_E) a2b2+y2+z>_(b<r a2b2+y2+z>
: a\/E o\/E
ery/b? + y? ((1 —e)ry/a?h? + +z>
< —f——expq — .
2k ok

Using the identity

rvalb? +y? = (r a?b? + 2 + z) -

we obtain
€

\/ﬁ<\/5(11— €) 0'\"/’_)

This completes the proof. O

A<
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Lemma 2.7. Let (2.3) and (2.9) hold and 0 < bf(i < 1. Then, for
every x and y > 0, we have

k
! - Va2 +y? —z — ka
Plsia e 2 4142 | = o J e
R R
1/2
G (1+v)L + |af g4 2\/@3 8 ( )
o2 /2y e k ob? 1/2
k(1208 (%) ") - 218 (%)
16 LB  4+/nps 1 6L
9 bk " 9 Gk +,/—2,,e(1 i),
- ih)vn
Ll
o | Vorbvnk V2re 12
L
Bs 1+3 (i)
i e

08 (o)) 8 ) )

where ¢y < 0.7655 and z = z + ka.

Proof. Without loss of generality we may confine exposition to the case
r > 0. Denote

1 [~
n:EZ(Xizhbz)v S=5—ka, z=z+ka, (y?:ﬁ.
n

:{S<rm—z}

Il

v
. <7 [ Vah? + 42

2,/a2? + 2

2
- ' . S| -2%. 223

Va2b? +y? (\/a2b2 +y2 +/a?b? + 12 + n)
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Employing the Berry-Esseen bound and Lemma 2.4, we conclude that, under
the conditions (2.3) and (2.9),

Pl S — __._T____ 3 u) — (I)( - >
) a?b? Ak y2 Gn(T)\/E

E| Xa(r) — a|3
a3 (r)Vk
(1+v)L+]q| . (2.24)

< Cp ; 12
|(-5(e)"):

< Co

Therefore,

(1L+v)L +lal . d2.25)

i COU\/(T_ 2’Y%(EI_J—\/;l)l/Q)k

Similarly,

PlSg+z<rT

% ]P’(S————UL—_ < r(1—5)\/a2b2+y2—z>
2/ a2b?+y?

2
Ui
-P
(\/m(\/mmwm)z

Ifn> —%a2b2 then

> e\/m) - (2.26)

az 2
o?b? +y?+n> ik
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Taking account of (2.8), we infer that

kLps
n?

k
En’ < EX* <
n

Therefore,

P i >€
2
(@02 + 1) (Va2 + y2 + 0+ /o202 + y?)
9 4 . 2
= IP’(n2 > —a—b45> +]P’<n e —3ib2>
4 4
9 9 /ot

4 1\ LS
<9(4+6)W

It follows from (2.24), (2.25), and (2.27) that

P|Si+z<r
. q)(r(l —&)yv/a?b? +y? — z)
on(r)Vk
(1+v)L + |a 4 1\ Lfs
L B Y0 S .
i 05 s> kb

V(128 () e

Combining (2.13), (2.23) and (2.28), we obtain

(D(r(l — )/ + 42 — z)
=&

ovk

k
<]P(Sk+:1:<r ZX?—FyZ)
1

A T .
<<I>(T ey z)+52,
ovk

S|+

93

(2.27)

(2.28)
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where
(1+v)L + |al

Sy =
2 600\/;(1_27%(%)1/2)

e ( disi . il ) :
SOt T \U—ove  ovk
Letting € = l—%, we arrive at the claim of the lemma. [J

Lemma 2.8. Forevery 0 <& <1,

= W
P(Z Xl <« nb25> < exp{—(l — 5)2;—,3:}. (2.29)

1

Proof. For every h >0 and z > 0, we have

1

h2 h2 9
e 5 2 2 A A :
Ee X" =1+E(e™ —1)<1-hb L ﬁ4<exp(—2ﬁ4 hb
These inequalities imply that

]P’( _5_ A= z) < exp (h(z —nb?) + n——2—[34>. (2.30)
1

It is clear that, for z < nb?,

2 — nb?)?
m}}n (h(z — nb?) + 712—[34) == —(—$—2B7:—n——. (2.31)
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Combining (2.30) and (2.31), we conclude that

P (ZXE < T) < exp(—(xT_ﬁn;leE)
4

1

Putting z = nb%e, we obtain the bound (2.29). O
Notice that Lemma 2.8 is valid without the restriction |X;| < L.
Corollary. Forevery 0 <e <1,

n 2
I[“(E:Xi2 & nb2£> = exp{——(l - 5)2%}. (2.32)
1

Remark. From Lemma 12 in [5], we easily derive the inequalities

n 2 4 2
nb nb nb

f=]

Putting € = % in (2.29), we obtain the sharper bound

n
b? onb?
]P’(ZX,-2 < n_) < exp<——).
i=1 4 9pa

Lemma 2.9. Forevery 0 <e <1,
n
| e 3 bC\
P ZXIQ <neb? | < exp(—w ;
: 2783
Proof. 1t is easy to see that
Ee™ =1- n? +E(e*" - 1+hx?).

It is obvious that

1E(e-’“"2 wn hX2> i IE:(e—’lX2 _14+hX% AX%< \/5)

+E(eX 14 hX% hX2 > V3
= F1 + Es.
The bounds

e h;]E(X“; hX? < \/5) < %EOXP; hX? < \/5)

By < h]E(XQ;. hX? > \/5) < %E(]Xﬁhxz > V3)
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hold. Thus,

Ee "X’ <1-0h+ ﬂ—:;h‘"*/?.

Hence,
- -2 np
IP’(Z X :v) < e (]Ee—”)‘ )" < exp ((z — nb*)h + —\/—§h3/2>.
1

Notice that, for z < nb?,

ol (2 — by + P2 302
mlin<(:c nb*)h + \/ih )

is achieved at the point hg satisfying the equation

(z — nb?) + E%nﬁghlﬂ =0.

Clearly,
’ 3.

As a result, we obtain the bound

= 8(z — nb?)*
P X2 <z <exp (————— :
(3 <2) T

We are left with putting z = neb?. O

We are able now to prove Theorem 2. To this end, put kK = n, a = 0,
b=o0,y=0 and z = 0 in Lemma 2.7. Let the condition (2.3) hold for

v = 0.51. Without loss of generality we may assume that

L 1
—— < — < 0.286. 2.33
3.5 g

ay/n

L \/2
——— < 0.273,
”(oﬁ)

Therefore,

i.e., the condition (2.9) holds with » = 0.137. Hence,

L \'/2
1—27(;%) > 0.674.
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97
As a result, we obtain the bounds
1.275L
cp e 1.3—,
o4/l = 27(01‘”> i
/2
L 2.34
2 \/5 1+3(:5%) .
TAli= <091
eV L 1/
1-2(;%)
Furthermore, by (2.33),
168 16 L* i
T < gm = 051m (235)
Putting 6 = 1, we have
bl Iy ,__1 o 0 78L
9509 5 (1 7 6_L)J <0.78—. (2.36)
ovn
It follows from (2.22) and (2.34)~(2.36) that, for [u| < 0.51n'/%,/Z,
n <u) —®(u)| <35 (2.37)

ad\/n’
In the case |r| > 0.51n3/4\/z, we apply Lemma 2.8 and the Chebyshev in-
equality.
According to (2.32),

P il _no
(<7 <ol i)

Thus,

n 9 9 5
P §:x2<ﬂ)<exp{_"i}<8b L
Sty T I
( : i 2 812 G\/ﬁ (2.38)

eno?

Il >ir = 051024 /T and Y1 X2 > 2ot 5
; 7 1 X > Fo“ simultaneously then, b
the Berry—Esseen bound, ; : i g

P(Sn > g\/ﬁ)< IP’(Sn > Ur—\%) < 1—@( i ) +c00\l}ﬁ. (2.39)

oVv?2n
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Using the inequality

1 2 1
1— () < —e /2 < ——, 2.40
() V2 u % V2me u? 240
we obtain
Tn 2 m
1—-& <3/ ——. 241
(7)< Vmer 1)
Hence,
T 0.49 L L
1-0| = ) < <189——. 2.42
() < SFovm <95 2
It follows from (2.38), (2.39), and (2.42) that

]P’(Sn > %,/Z Xf) < 3.50—%. (2.43)

On the other hand, by (2.40), for u > 0.51n1/4\/%, we have

1 L
< 0.94—. 2.44
V2meu? ov/n ( )

Combining (2.43) and (2.44), we obtain

1—(u) <

|P(Tn < uw) — ®(u)| < 3‘50_Lﬁ‘ (2.45)

The bounds (2.37) and (2.45) imply the claim of the lemma. O

3. Proof of Theorem 1

Let a random variable (r.v.) X be defined as

i { X, |X‘ < 0\/5’
" | ovan, |X|>ovn
Let o satisfy the condition
el . 1
aP(|X| < L) +P(IX| > L) = 5 (3.1)

Here and in the sequel L = 257.3. Without loss of generality we have

L < ov/n.
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Therefore, we may replace X with X in (3.1). Notice that

P(|X|>L)=1P’(|XI>L)<&<§ (3.2)
Consequently,
1 I —P(X|>1L) 1 3
— 200 = — =1 — A
2 P(|X| <L) 2P(|X| < L) i (£4)
Put

Fi(A) =2(1 — aq)P(X € 4; |X| < L),
Fy(A) = Q(aolf»()?e 4;|X| < L) +P(X € 4; |X| > L)).

Let X(’l),Xl(l),... be iid. r.v.’s with distribution Fj(-). Accordingly,
X(2), X1(2), X2(2), ... are defined as i.i.d. r.v.’s with distribution F(-).

ﬁs_sume the sequences {Xj(l)};’o and {Xj(Q)}cl’o independent. Let X,
J = 1,n, have the same distribution as X and be independent.

Put
k
Sk(l) :ZX]'(I)’ S k ZX
1 k+1
7 _1 o -2 ral s =
nZA Up—i 2)_;ZA].(2), D M
k+1 1
Consider the statistic
Al e
1 2
o e g
Obviously,
P(Z,) —P(Z,)| < nP(X # X) < By
| P(Z0)| < nB(X # X) <~ (3.4)

It is easy to see that

P(Z,<z)= zinz (Z)IP’ ( Se(l) + Snk(2) x) / (3.5)

Ur(1) + Up—i(2)

In what follows, we use the notation
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In these terms, we may rewrite (3.5) as
]P’(Z" < 7“) = Ean’k(T) + 2_"Gn,0(7‘),

where

Shigl2
Ee :H,,( Sk(1) + Su-k( )) <T>,

Uk(l) e Un—k(2
Denote

= 2 b2 (2
o) =EXG), #G) =X, 57=TUEE,
P3(j) =E

b2 (k) = ko*(1) + (n —
s ')+

g = ————2——, An(k) = ka(l) == (TL =

k)o?(2),

S. V. Nagaev

(3.6)

o%(j) = Var X(j),

xG)F, Bsl) =EXG) -EXG),

k n
Dn,k = \/%Iﬂ(l) ~+

£() = X2() - G, &) = X20) - 00 Tk =

X(©2) = X(©2) -a@), X =X;2)-a@), S

Lemma 3.1. The following inequality holds:
2
< =0.
a(0)] < 5

Proof. It is easy to see that
a(1) = 2(1 — a)E{ X;|X| £ L}.
Obviously, :
E{ X;|X| < L} = -E{X;|X| > L}.
Furthermore,
Ps

(XX > L < <7

Infer from (3.8)—(3.10) that

la1)| < (1 -—ao)%.

To complete the proof, it remains to use the bound (3.3).

k
kb2(2)a D;z,k 7 \/:)2(1) + Un—k(2),

Zél

= Sk(2 )—ka( )-

O

(3.7)

The Berry-Esseen Bound for Self-Normalized Sums 101

Lemma 3.2. The inequality

|a@)] < 5o + 5> (3.12)

is valid.
Proof. 1t is clear that

@ = E{X; [X|> L} + 0oE{X; [X| < L}.

On the other hand, we have

|E{X;X > L} - E{X; |X|>L}| ﬂ‘“’

Thus,
1a2)] .
2
Hence, combining (3.9), (3.10), and (3.3), we obtain the desired result. O
Lemma 3.3. The following inequalities hold:

(1~ o0) [B{ X; |X| < L} + -5~ 53

o

8
HAIER b2 1 i 2. |
5 ) <o (3.13)

Proof. 1t is easy to verify that

2
E{X%|X| < L} = o® —E{X%|X| > L} > %
Hence, by (3.3),
2
(1) = 2(1 — ag) E{ X% |X| < L} > "7 (3.14)
According to (3.3), we have 1 — o < 47. Therefore,
2 2 8,
b*(1) < 2(1 — ap)o” < 20
The lemma is proven. 0O
Lemma 3.4. The inequalities
O 9 By 2 3 o’
= - 2 .
7(0 \/_><b() 39 (3.15)

are valid.
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Proof. First, observe that
b2(2 S
: ; ) zlE{X2; |1X]| < L}a0+]E{X2;|X| > L}
o2

< ago® 4 (1 — ao)]E{Xz; | X > L} <ogol+(1-— ao)?

1 5
= —4——%02 < 20’2-

2
Hence,
v2(2) <
We see that
IE{X IX| > L} > E{X%|X|> L} - f‘}
Consequently,

b—zéa>ao<02—aﬂ\/iﬁ) >%(a2—a—ﬂ\;—ﬁ>.

We have used here (3.3) as well. Lemma 3.4 is proven. 0
Lemma 3.5. The following inequality holds:

2(1) o %0,2 (3.16)

Proof. Using (3.11) and (3.14), we obtain
2 2 2 7’ 20"
a“(1} =b(1) —a (1)>2(1—a0)-§——(1—a0) T
2
8

o i
=(1-o)@+a0)p > g7 U

Lemma 3.6. The inequality

JklU‘

is valid.
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Proof. We easily deduce that

1]E
2

X(2)| = E(IX}; |X| < L)oo + E(IX};1X| > L)
< E(|X; 1X| < L)ao +E(|X]; |X| > L)
= aoE| X| + (1 - ag)E(|X; |X| > L)

holds.
Proof. 1t is easy to see that

Ba(1) < |L+ a(1)|a2(1) < 2([3_3 on z)(72(1).
o
Hence, applying (3.16), we obtain

Bya) 2 +5
&n<(dna<¢*ﬁ+0'm

Lemma 3.8. The following inequality is valid:

Bs(2) < 203.

Proof. Obviously,

ﬁs()< oE{|X]° % 1X| < L} + E{|X % |X| > L}

= aoBs + (1 — a)E{|X*;|X| > L} < Bs.

Lemma 3.9. If :
B3

o3n T

522§<33§§+16

gk
32

then

O

103

(3.18)

(3.19)

(3.20)

(3.21)
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Proof. First of all, we observe that
Ba(2) < B3(2) + 30*(2)|a(2) (2)]a*(2) + |a* (2)]- (3.22)
Clearly,
2 2
20) _ @0
a*(2) a*(2)
By Lemma 3.2, under the condition (3.20), we have
|a(2)] < 0.2860. (3.23)
It follows from (3.23), (3.15), and (3. 20) that
3
a%(2) > 31502 0.0820% > 0.7480>. (3.24)
Combining (3.23) and (3.24), we obtain
a’(2)
kil 3.25
Hence,
P(2a(2) _ a(2) @)
ZASAT) - 2 =0 < 0.37. 3.26
A o0 PO o
It ensues from (3.17), (3.24), and (3.25) that
1
_—E| X(2)|a®(2) < 0.147. 3.27
SR XN (327
Finally, by (3.25),
3
|a(2)]
=i0.037. 3.28
232) 0.0 (3.28)

The claim of the lemma is immediate from (3.22) and (3.26)—(3.28). O
Lemma 3.10. The following relation holds:

Var p An(k) = %(a(l) o)y (3.29)

Proof. It is easy to see that

Var A, (k) = Var Z s

where (; are i.i.d. r.v.’s taking two values a(l) and a(2) with probability 1 /2.

On the other hand,

(a(1) - a(@)*

Var (1 = 1

This completes the proof. [
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Lemma 3.11. Under the condition (3.20),
By A2(k) < 0.09n02. (3.30)
Proof. Obviously,
Ey A2 (k) = Var Ay (k) + E2 A, (k). (3.31)
Furthermore,
n
E; An(k) = E(a(l) +a(2)).
By Lemmas 3.1 and 3.2,

a(l)+a(2) _, B3
N o e

Hence, by (3.20), we have

E An(k)| = 0= < —/—
|Ex An(k)| = o 5 < 32 : (3.32)
Lemmas 3.1 and 3.2 and (3.20) 1mply that

la(1) — a(2)| < 0.580. (3.33)

Combining (3.29) and (3.31)-(3.33), we obtain the claim of the lemma. O
Lemma 3.12. Under the condition (3.20),

1 A2
B il Sl
‘BT i+ Din+2) (3.34)
Proof. Since .
(o) <%
we have the bound i Kl
o—n n i 2kln2n—n
k Rl
If
i n
klngn < 3 (3.35)
then
afn 9—n/2
; (k) ST (3.36)

Under the condition (3.20 8 !
Rldi et < 16 i.en.,( .20), we have n > 2°. Therefore, the inequality (3.35)

16
s S
: Z(k)k ey (3.37)

1
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Furthermore, i . 3k 492

B Gh+D)k+2)  BE+DE+2)
For k > 17, we have
3k +2 53-20

(3.38)

< : (3.39)
k2(k+1)(k+2) = 289(k+1)(k+2)(k +3)
n view of (3.27), we infer that
% [n el
2 (k)z K2
1%
n n 1
ST . e (”) oor
= ; <k>2 DRt T ; k) D) (k+2)(k+3)
=¥ +-3s. (3.40)
t is easy to see that 5 4 . i
(n+1)(n+2)
3y (3.39),
s 8-3.667 0.1 (3.42)

< .

(n+1)(n+2)(n+3) (n+1)(n+2)

’sing (3.37) and (3.40)—(3.42), we arrive at the claim of the lemma. O
Lemma 3.13. Under the condition (3.20),

E| X (2)£(2)] < 285 + 203. (3.43)

Proof. Lemmas 3.2, 3.4, and 3.8 imply that
E|X(2)£(2)| <E|X(2)X%(2)| +E
<E|X@)| +8(2) +*(2)]a(2)]

X(2)[*(2)

9
< 2083+ ZJB. O
Lemma 3.14. The following relation holds:
2k 44
Enqy < Waﬂ& (3.44)

Proof. Taking the inequality |X (2)| < o4/n into account and employing
.emma 3.8, we infer that

k 2k
En?; < lEé (2) < EEX‘l(?) <ol 1

The Berry-Esseen Bound Jor Self-Normalized Sums

Lemma 3.15. The estimate

52 k(n —k
ES, @), < 3%03,33

takes place.

52 .
Proof. Since S,,_.(2) and 77721,15 are independent, we have

&2 =2
E Sn—k(z)n?l,k =k Sn—k(z)ET/TQL,k 2
Using Lemma 3.4, we obtain

E5 4(2) = (n-K)o*(2) < Sn—k)o?.
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(3.45)

(3.46)

(3.47)

Combining (3.44), (3.46), and (3.47) we come to the desired result. [J

Lemma 3.16. The following relation is valid:

- k(n — k)1/2
Sn-k(2)|1 1 < ‘/E%—U%&

E

Proof. In view of independence of gn_k(2) and 7, ., we have

B|Snr (Dl =E|Sn s (D72, < EV2S%_ ()ER2, .

From (3.44), (3.47), and (3.49) we derive the bound (3.48). O
Lemma 3.17. Under the condition (3.20),

P03

Al Rl
]Ekk 2]ESn—k( )nnk sl T

Proof. By Lemma 3.15,

Woiiticg —k
ErkT*E S, (2 )Unk oo B 0 i o3ps.

Lemma 3.12 yields the inequalities

1/2
1/2 aml/2 1 4.12 1.015
" ( — k)°E, k2<(—4 < 1.015.

Combining (3.51) and (3.52), we obtain (3.50). O

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)
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Lemma 3.18. Under the condition (3.20),
i (72
Bk~ E| Sp(2)|in . < 35—

Proof. Using Lemma 3.16, we have

(”“k)l/z 2
k

Bk 2E| Sk (2) |02 < VB 3By o2 Bs.

" On the other hand, Lemma 3.12 implies that

SN 1/2
b kk) <En-k) i”kl? < (4212> a2 < 1430 2

" From these inequalities we derive the bound (3.53). [
Lemma 3.19. Under the condition (3.20),

2
2 o“ B3
kB/ZIE]Sn k(2)|m g < 2.5——n3/2.

Proof. Applying Lemma 3.16 yields the relation

| . s
Ekk—mmsn—k(?)\ﬂi,kﬁ 6n B/QEk< - > o2 Bs.

By (3.52), we have

By ("

The inequalities (3.56) and (3.57) imply the bound (3.55). ¢
Lemma 3.20. Under the condition (3.20),

EE, ———i"(k)

e i 1/4
k) gk (111—2> < 1.008.
2 1

62ﬁ3

2
Tk < 0.860° 375

Proof. According to Lemma 3.14,

An(k) o _ ,0Ps
k3/2 Mk 2 3n

An(k)
k12

EE —
From Lemmas 3.11 and 3.12 we deduce

Ex k1(/’;) E}cﬂ/t /A%, < (4.12)40.30 < 0.430.

It remains to combine these inequalities. [J

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)
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Lemma 3.21. Under the condition (3.20),

E 17
k7 k ——H4 ey (3.60)
Proof. For k > 17, we have
1 1 Iy (k + ) 15.84
______:H4:(k+j)<1_—l_____ ) : .
B HLE K4 m_, (k + 7)
Hence,

_:—l— . @ 9 A _—ﬂ— n (n)
15045l ouE )

17 17 =1

2
< 16( . _ )
H _(n+7) Hj=1(n+J)
. 16.9
I (n+j)

To complete the proof, it remains to combine this inequality with (3.37). O
Lemma 3.22. Under the condition (3.20),

E A% (k) < 0.011n%0*. (3.61)
Proof. Denoting A, (k) = An(k) — Ex An(k), we obtain
By, A% (k) = B Ap (k) + 4B, A (k) Eg An(k)
+ 6B A2 (k)E2 Ap (k) + EL Ay (K). (3.62)

It is easy to check that

ELASUC) o (a(l) T a(z))B

8 b
4
B, A1k = {20 —2)
16
Hence, by (3.33),
_3 Y
|Ex A, (F)| < 0.025n02, |BxAs (k)| < 0.007n%0% (3.63)

Combining (3.30), (3.32), (3.33), and (3.61)—(3.63), we come to the desired
result. O
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Lemma 3.23. Under the condition (3.20),

An(k) 2133
- L 22——.

Eg

Proof. In view of Lemma 3.14,

An(k) - fs o An(k)
Ek k2 'I]nk 2—3—/5 T

' Applying Lemmas 3.11 and 3.12 yields the relations

| An(k) EY/2 1 1/2 2 1/2 1/2 9 g
— A < (4.12 0.09)"/*— < 0.61—=.
B2 g Ll A < (41900 7 <00 E
These inequalities imply the desired result. O
Lemma 3.24. Under the condition (3.20),

(k) 2 3ﬂ3

Ex

ﬁ Proof. By Lemma 3.14, we have

L), 00 A% (k)
1y Tk s 2 st

‘ Applying Lemmas 3.12 and 3. 22, we conclude that

i Ex

2
A}i ) <2 LEV 44(k) < (4.12)12(0.011)%0% < 0.220”.

k k2
It remains to combine these inequalities. [
Lemma 3.25. Under the condition (3.20),

1 5 iy
Ey ']€_2]E77721,k (Sn—#(2) + An())? < 5. 6—?/53_

Proof. According to Lemma 3.16,
( k)1/2

= An
Ekmni,klsn—k(z)\ k(Q ) < V602830~ * By
Applying Lemmas 3.11 and 3.21, we obtain
i 1/2
Ey, (”—?)——An(k) <E?(n— k)EY? AL (K)
1
<En k)ZE}:/“FlEl/ZA?l(k)
1/4
< (1—4?> 0.30

< 0.430.
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(3.64)

(3.65)

(3.66)

(3.67)
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It follows from these inequalities that

An(k) Bso®
| e S0

Combining this bound and Lemmas 3.17 and 3.24 leads to (3.67)
Lemma 3.26. Under the condition (3.20),

IEkEnEz,k 18 k(2)

' 45
Dn,k + D;l,k > gé (oF,
Proof. First, we find
D+ Dl > 1 50200) + "= Ei2(a) 4 B
) ) n n ; ( )
By Lemma 3.4, under the condition (3.20),
v (2) > E02.

56
For every a2 and b% such that 2a2 > and0<z < 1, we have

Lt
a’z +1/a?z + 0%(1 —z) > \/(Qa — )z + b2 > ||,

Hence, putting z = b2
obtain (3.68). O
Return to (3.6). Clearly,

Sk(]-) + Sn—k(2)
VUL + Unk(2)

Suppose that r satisfies the condition

r < 0.2n%4 (@)” 2
7] .

Without loss of generality we may assume that

B3 1 i< 1
03\/_ Jn 45

Gl m»(

Therefore, for v = 0.3,

Sn_k<2>,Un-k<2>).

111

(3.68)

46’ and a? =3 L and taking (3. 13) into account, we

(3.69)

(3.70)



S. V. Nagaev
112

| k E> 4
Here we have used the bound (3.13). Observe that fy\/jl > 0.186 for = = 3-

4
From Lemma 2.7 with v = 0.043 we deduce, for & S

<=7

Snk(2) = 7, Un—k(2) = y)

<r kpr(1) +y2 -z — ka(l))
~ 3

P Sk(l) =+ Sn.—k(z)
VUe(1) + Un_i(2)

\ SV
1/2
o4 L
1.043L + |a(1)| 16 LBs(1 gt} o A S(b(l) =
Wi \/kIQn‘Jr 9 b‘*3 \[\/E N1 Vo
| 1 oL +4\/_ﬂ3(1
3

‘ r V2re (1 . b—(Ta)L\/ﬁ)b(l)\/— 9 dv3(1)k .

e oL 1 Al 1+%(b(1§ﬁ> > (3.71)

o) (ﬂ?ba Vnk T o)1)k o

‘ where

283
z=z+ka(l), L=—5,

/2
b2 (1 e R s 1‘
Ba=1 02((1)<()f> e "02(1)<b(1)\/ﬁ>

)
It follows from (3.7), (3.16), and (3.70) that
e A e
o) <0

Hence,
VO > 089, /S, > 0.94 (3.72)
Furthermore, by (3.16) and (3.72)

and, by (3.7) and (3.16),
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Thus,
LOdAL ()] 272[33 40.38 3.73
(1)< ; (3.75)

Furthermore, by (3.13) and (3.70), we infer that

€o

%(b(l)#\/ﬁ)m < 1.0L

On the other hand, by (3.16), we have

Bs(l) _ L _ 2B
a()B2(1) o(1). e(l)o?

1+

5 < 3. O3ﬂ—.

Consequently,

1/2
1+ 3 (52
)

It follows from (3.73), (3.74), and (3.34

that

1/2
L
i 1043L+[ \/7 +%(b(l)\/ﬁ)
. s ( an \/EU

B3 0.55
Ny (3.75)

Putting § = 1 and using (3.13) and (3.34), we obtain

4 Bs(1) B3
96b3(1)E <256 “ly

Taking (3.69), (3.34), and (3.13) into account, we infer that, for § = 1,

< 6.99

(3.76)

1 oL 1 2
gl B3 <o s

B e T

(3.77)

According to (3.13) and (3.69), we have

Il 162 1 ﬁ3 B3
L O (Tt P

(3.78)
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114
Collecting (3.79)—(3.82), we arrive at the relation

[t is easy to see that

1/2
14 o CERN 0
1 B3(1) 8 (b(l)\/ﬁ) ]Ekl]E|Sn—k(2) a5 ka(1)|

) + ka(1)| < EY?|Sn-k(2) + ka(1)[’
B s B | i Jre 2A) /.
= ((n ~ K)o%(2) + (ka(1) + (n = K)a(2) ) g E|Sn—k(2) + ka(1)| < 7.29—"— bs (3.83)
3 k n—k(2) + ka(1)| < :
< o2V —k+|An(K)|- . Varb(1)o(1) " Vin oSy
Combining (3.71), (3.75)-(3.78), (3.83), and the bound
Hence, by Lemmas 3.4, 3.11, and 3.12, 1 Z (n> 81 “itg
’ = <= < —,
. 2 i k i
RS, _x(2) + ka(l o
o \/EE‘ Rl e )\ we conclude that ;
n—k |An(k)| ry/E02(1) + Un—t(2) — Snok(2) — ha(1)
< Fy g2 P(Z, <) —EzE® il
( % vk ( r) — By W
1
1/2 1/21 1/2 42 121
< [ OBy (n - WE L + B A (RET 2 Sigas o (3.84)
3.79 NN
< 1.240 +0.430 = 1.670. (3.79) .
forr < & (b(l)) . Now, estimate ]EkIE|An,1(k)|, where
S, rD!, ;= Sn_k(2) = An(k) Wl = S, ) )
: Ana(k) = o —™ i ) el :
= 2) + ka(l o
Ex kEl Su-k(2) + ka(1)] It is easy to see that
L mg(?) ke lAn(k)l :. S T(D;,k 7 Dn,k) Dn,k'r i gn—k(Q) T An(k) :
k 2 % | Agqlkl = o exp e
Vero(1)Vk c()VE
1 i 5 :
4 \/>0IE1/2( _ KEL 1/2 5 FEVZ A2 (K )E1/2E§ i 7"2(Dj1’,C — D",k)2q)”<Dn,k(9)T — Sak(2) — An(k)>
I i 20%(1)k c(1)VE
. _fn.(l.ma +0610) =237 (3.80) — 1 (k) + Qa(k), (3.85)
where Dy, 1,(0) = Dy, + B(D;%k —Baa =021
It follows from (3.74), (3.72), and (3.16) that First, estimate ExEQ; (k). For every 1 < j <n —k,
= 2
1/2 _3<Dn,kr”sn—k(2)_-4n(k)) }
L exp
1 e L %(b(l)ﬁ) P 53 =1 87ﬂ3. (3.81) { 2 N
Jre 2()2Q) /9, \/6 3me 0 | { 1 (Dn,kr — 51 (2) - Aulk) )2}
: B¢~
Furthermore, for 6 =1, 2 : U(l)\/E
X, ol e B3 foN T RN A (R
_ LB (3.82) 0 dic @"( k7 = 54 2) 12) ( )>, 0] <1,
e o2 o(1)Vk o)k
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where i 2

S‘;_k@) ZXI(Q) = Sn—k(‘?) g A](Q)

I#j
Notice that, by Lemma 2.1,
U Tk
Aond sk i . (3.86)
n,k Dn,k 2Dn,k Dn,k (Dn,k + Dil,k)2

Thus,

; x Dpr—5°_(2)—An(k) 2}
P 2v27 o(1)VknD nk;E& exp{ ( o()Vk >

ity " ( Dn,kr—Sf;_k(Z)—HX_j(2)—An(lc)>
* 202 (0)knDnk knan ;Eg’ o(1)Vk

a 2
e w {_<Dn,kr—sn_k<2)—An<k)> }
\/%O’(l)\/% Dn,k (Dn,k+D’rL,k)2 g 1)

Vk
3
=Y H;k. (3.87)
1
It is clear that &;(2) and Sfl_k(Q) are independent. Therefore,
Hi(k) = 0. (3.88)
Obviously,
Dok g (Dn,kr — 87 ,(2)-6X;(2) — An(k)>
c()VE o(1)Vk ! v
0% D"va—Si—k(Q)—GX]'@)_AH(]C) 3" (Dn,kT—Si_k(Q) —HXj(2)_A1L(k))
L o()Vk SR
S _1,(2)+6X(2)+An(k) o (Dn,kr—S;_k@)—ex,-(z)—An(k))
o(vE o()VE
3.89
=0 ;+ Q1 (3.89)
Clearly,
1 —g2pp 12
|9 < Zs=sup ite 8 Al (3.90)
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It follows from (3.90) and (3.43) that

n—k ’
lem X;(2)6(29,] < %\/E(n — k) (2@3 4 203) (3.91)

Using (3.43), (3.12), and the bound

1
V2Te :

we obtain the following estimates for the corresponding summands in (3.89):

... (n—k)(vn+0.29)0
ZE(X (2)¢;(2)2"(-+-)| < i E| X (2)¢(2)|

(n—k)(vn+029)0 9
> \/27rek o(1) (253 & ZO3>’

E|S,- 1 (D[E[X(2)¢(2)]
\/Ma

(1)
27rek0 <2ﬁ3 L >

Taking the last two bounds into account, we conclude that

I@"(m)l =

(3.92)

E|S]_4(2)X;(2)§(2)0"(--)| <

ZJE]X (2)€;(2)1 ;]

Ly k
V2mek o(1)

It follows from (3.87), (3.89), (3.91), and (3.93) that

n—=k g 3
e 20(1)v/2meknDZ <2ﬂ i >

(1 22 +

(a\/ﬁ+a(2)\/m+An(k)) (253+ga3>. (3.93)

()\/_((\/—+029)0\/TL———+A (k ))) (3.94)

Observe that, by Lemmas 3.3 and 3.4,

1
D2 vk > 20'2 (395)
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In view of (3.30), (3.34), and (3.95), we derive from (3.94) that

1 1 2f3 + 30°

Hence, using (3.15) and (3.16), we obtain the following estimate as a result of

routine calculations: :
3.075 + 3.46
Ex|Ha(k)| < ——"75— (3.96)

Estimate E H3 (k). Clearly,

—-———an’k exp{_(anT‘g i2) = An(k)>2}
o()Vk (v
_ Dugr =Sk — AnlB) {_(Dn,kr—gn_k@)—An<k)>2}
o()Vk o()VE

5@t Al ) Dot — Sni(2) — An(k) \*
O p{ e >}

s QIZ,IC -+ I2I,k (397)

By (3.92), we have
1

e

Consequently, by Lemmas 3.14 and 3.26 and the bound (3.95), we infer that

|2 k|<

1 |2 2.49 k Bs
al Lo : = Enly <1253
\/QWD%’k Tk [Dar nD 2 )" 2me o B S n3/2 g3

Hence,
Q/
: [ % 06122, (3.98)

—En,———— <0
\/_ D%k nk(an'*’D;l,k)? a3y/n
Furthermore, by Lemma 3.26 and the bound (3.95), we find

1 2 |2, 2.49 (lSn (2 )|+Aﬂ(k)).

<
\/Q;D,i)k nnk(D +D’ k)2 \/ZT‘U( ) 4\/— nnk

Using Lemma 3.16 and the bound (n — k)k < "Tz, we obtain

]EkTE]E”nk‘Sn (2)| < ‘[ o2 BsBy (n — k)/2KH? < 1. 23—\7[3—3.
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On the other hand; by Lemmas 3.14 and 3.11,

5 2
Epk™/? An(k)En? ), < i/ﬂj’ V2L E1/2 42 (k) < 0.4302B3n /2

As a result, we obtain the bound

2 <05

1
——E
Vo T B (B ] I
We use Lemma 3.5 to estimate o(1). It follows from (3.97)—(3.99) that

(3.99)

Ey|Hs(k)| < 3.11

o (3.100)
Combining (3.87), (3.88), (3.96), and (3.100), we conclude that

B3 316
NN

We now turn to estimating EzEQg (k). Obviously,

D?L,k(e)r2 " Dn,k(o)'r o gn—k(Q) 7 An(k)
e UV )
i (Dn,k(a)r gn—k(Q) = An(k)) (I)//<Dn,k(9)r o ‘§7l—k(2) = An(k)
o()Vk >
2(Dn7k(€)r = gn—k(Q) Gy An(k)) (gn—k(Q) = An(k))
a2(1)k
o (Dn’k(ﬁ)r 5L ) , (Buek(2) + 4n(®)’
o'(l)\/E 02(1)k
ool <Dn,k(9)r 5.0 An(k)>
a(l)\/E

=2 Qi(k). (3.102)

ExEQq (k) < 5.92 (3.101)

n, n, le+an ( 03)

It is easy to see that

1 5 3 3/2 1
Q1(k)| <« — 3=z /2 i i
l 1(K)] milipoxe < i
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Hence, by Lemma 3.14,
9 k
Enp | Q1(k)| < 093 =700
and, by (3.51), G
3
nErk T En . |Qi(k)| < 0. 937 (3.104)
Furthermore,
2 ey |Sai(2) + An(K)|
——supz :
(0] < 752 SV
Thus, s
4 . 4 E|Sar@)|nix +IEAn(k)77721,k.
Enl Q] < LT oV
Hence, employing (3.55), (3.58), and (3.16), we obtain -
af3
nExkEn2 1 1Q2|(k) < 37. (3.105)
Finally,

1
|Qs(k)| < %sg%me z*/2 |Sn—r(2 )+A"(k)1202(1)k'

Therefore, by (3.16),

2

16 nnk\Sn_ 2) + An(k )‘ .

En%,leS(k)‘ 2\/-—'k 7

Applying now Lemma 3.25 implies

afs
nEkEn? . |Qs(k)| < 3.11—=- (3.106)
bl f
= 26
It follows from (3.102)-(3.106), the bound D%,k(B) > 5 and Lemma 3

that

2 B3
i “Eq2 4| Q; ; 3.107
EcE|Qa (k)| < go—7 0 Bek "B 5 |@Qi(R)| < 70475 (3.107)
i=1
Combining (3.85), (3.101), and (3.107), we obtain

3.16
EE| An (K)] < 12.54—7= f\?’r = (3.108)
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Letting

Analk)=E (q>( Do =$uk@)= ) _ g Paar = 8

o()Vk bn(k)v/n
and applying the Berry-Esseen bound and Lemma 3.9, we derive

B3 1.23

|Ana(k)| < 2'5303\/77 =

Hence, by Lemma, 3.12,

Bs 176
f \/_

Ex|An 2 (k)

Estimate

It is easy to see that

i \/% (bnék) %)

X (Dn,kr - An(k)) exp{—

2
(-Dn,kT i An(k))
2na2(0) ;
where
gn() = by (k)0 +(1—-0)5, 0<6<1.
Notice that, by (3.16) and (3.24),

1 7
2 9 :
gt> |08 el

2( 16) > 0.5920°2,

(k) > 0?(1) Ao2(2) > %0—2.
Using (3.111), we obtain
1 1 o2 — b2 (k)
ba(k) G| |5ba(k) (G + bu(k)) ‘
<191 (% — %) (o*(1) - o2(2)) |03

Obviously,
o?(1) — 0%(2) = b?(1) — b%(2) + a2(2) — a*(1).

121

)

(3.109)

(3.110)

(3.111)

(3.112)
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By definition,
%(19(1) _12(2)) = (1 - 200)E{ X% |X]| < L} - E{X%|X| > L}. (3.113)
According to (3.3) and (3.12),
2(1 — 2a0)E{ X% |X| < L} + gl < (% + 0.092> o’
On the other hand, by (3.7),

53
9E{ X% |X| > L} +a*(1) < L

49
Finally,
lo%(1) - 0*(2)] < 1ie% (3.114)
It follows from (3.110), (3.112), and (3. 114) that
21 on(®)|k _1
i na(k)] < Soeer el

Notice that, by (3.13) and (3.15),

Gn(0) < bn(k) V& < b(1)V b(2) < \/go.

Therefore,

k 1\ 0.32 (3.115)

By | Ana(k)| < 0.63Ek|~ — 5| < T

Analk) = ®<%¥ﬂ> < ‘I’GL?—F%@)'

It is clear that

—br 1 T61—9)+TDn,9~A"(k) g
Am(k):Mexp{—g( ( ﬁak )

2mno

Put

nk—b ( br—l—@anr—An(k))
(1—9b+6an)

i {_5 (rb(l —0) +\r/1;,;k9 . An(k)> }

An(k)(Dn — b)
V2 ((1— 6)b+60Dnk)

1/7b(1 — ) + Db — An(k) )2}
X exXp —5( \/55'

= wy n(k) +won(k), 0<0 <1 (3.116)
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From (2.2) we derive

e G

e (3.117)
By (3.13) and (3.15),
= 1 45
el < - %>— > 0.6502. (3.118)
It follows from (3.95) and (3.118) that
< = o
Dpr+b>15l0, (1—-60)b+6Dpy > —. 3.119
i: o, (i1 nk> 5 (3.119)
Combining (3.117) and (3.119), we infer that
| D — b]
win(k)| < S
2 = e (( —9)b+0Dn,k)
E_ (1) — v*(2
< 0.23l= —3lI¥C 2 @l (3.120)
o
Furthermore, by (3.111), (3.117), and (3.119), we obtain
Dy i — b||An (k)]
w k < ‘ n, | n
| 2in( )I \/27m(( —0)b+ HDn,k)c_f
<Y - )
< 0.5-2 C)|. :
3 |A(E)| (3.121)
In view of (3.113) and (3.3),
6%(1) — 8%(2)| < o (3.122)
By (3.120) and (3.122),
0.12
Ekl(dl’n(k‘)l < W
Employing Lemma 3.11 and (3.122), we obtain from (3.121) that
0.5 Loy 0.75
E k o il )V 2 B 1/2 42 ok
k|w2,n( )l < \/ﬁg]E (n 2) E Ak(n) < \/7_7:
Thus,
0.2
Ex | Ana(k)| < Ex|win(k)| + Ex|won(k)| < - (3.123)



S. V. Nagaev

Estimate Aps on using CLT. Recall that we may treat Ap(k) as the sum of
iid. &, i = 1,n, taking values a(1) and a(2) with the same probability 1/2
(see tl?e proof of Lemma 3.10). The corresponding Lyapunov ratio is equal
to 1. Applying the Berry— _Esseen bound, we obtain
0.8
Er | Ans (k)| < —=- (3.124)

Jn

124

Denote

We have taken it into account here that

((a(l);a@))z L ( By ) .

a2+ %Var s AR =520 p—

st -o(EE) -o(5)

we have, by (3.32) and (3.118),

p By 125)
EklA'n,G(k)1 < —\/—2_7}.'0327\/‘5 << 0.503\/5. (3 125)

Collecting the bounds (3.4), (3.84), (3.109), (3.115), and (3.123)-(3.125), we

Denoting

b(1
conclude that, for 0 <1 < 0.2n3/4 (—(fl)

\]P’(Zn <r)- @(\})

1/2
4 (1) . )
It remains to consider the case 7 = Tn > 0.2n%/ ( T ) . Applying the Berry

Esseen bound, we obtain

< 36— (3.126)

9
i

o wle rna>
IP’(Sn > vV Vo= 75) < b —_\/5
T B3
- =)+ . (3.127)
s @(\/2_5> Vo n

By (2.42) and (3.13), we find

1-@(&%) <25\/%(b(1§ﬁ> £3apn=t \F
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Hence, taking (3.127) into account, we obtain

‘IP’(Sn < V) - @(ﬁ) <P(Sn > Vi) V ( ( >>
&

<1“I’<\r>+°3\f 7( )

\f P<Vn < 0\/g> (3.128)

Estimate ]P’(Vn < %) Applying Lemma 2.9 yields
2 6
il e bl o 3.129
P(Vn - ) " exp( 275%) S e not e V/nod’ ( )
provided that —%—: < 3. It follows from (3.128) and (3.129) that, for

r > 0.2n3/4 (bS:_l))l/Q’

S

A

Q
et

B3

<35
od/n’

P(Zy > 1) — @(%)

This completes the proof of Theorem 1. O
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