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1. Introduction

Let H be a separable Hilbert space with the ndrirand the inner produgt , - ),
X, X1, Xo, ... be H-valued i.i.d. random variables with the covariance operator
andEX = 0. Denote by? > 02 > - - - the eigenvalues df, and bye, ey, . . . the
corresponding eigenvectors. Put

l
A =[Jo? o*=EIX1% B, =EIXI",

j=1
_ N
F,u,l = ,BMO’ /Al .

Let ®(-) be the Gaussian distribution with the covariance operBtdenote

n
Sn = n_l/zz X/
j=1

Let B(a,r) betheballx : x € H, |x — a| < r}. Denote
An(a;r) = |P(S, € B(a,r)) — ®(B(a,r))

s An(a) = SUpAn(Cl§ I").

r>0
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It follows from the results of Bentkus and Goétze [4] that

2
@) < %(@ + ’3—3>

o4  of
with
C < eXp{caz/0123},

wherec is an absolute constant.
Let us formulate our result in this direction. Denote

THEOREM. There exists an absolute constarguch that
C 0’2 2
A0 < =T r2 — ) L?). 1.1
2(0) < n( 413+ 1313+ (A;w) 9) 1.1)

Using (1.1), we can obtain simpler bounds.

EXAMPLE. Notice that

B3
L <5
0;

Therefore, we may replace the third summand in the bound (1.1) by

<02ﬁ3)2 - oBy
023 AL2

15

On the other hand,

11 11
r Bao 2 Bao
4,13 < Al/z ) 3,13 < 1/2
15 15

As a result, we obtain the bound

01340,11
An (O) < —1/2
nAis

The latter is much simpler than (1.1) but, of course, rougher.
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_ We shall use the following notationX” —independent copy df, X° = X — X/,
X=X —EX. Let

B(x; L) =E[(Z°. )% |Z| v |Z'| < L],

whereZ is an arbitraryH-valued random variable, andf(L) > ¢?,,(L), j =
1, oo, are the eigenvalues @&(x; L).
Denote

1 2 1
L .
ML) =[Tof@), (L) = —7—) oXL), fI@t)=Ee™™.
1 AL
We shall use the notatioh(A) to denote the indicator of the sét The symbols
c¢(l) indicates a constant dependinglobsolute constants will be denoted by

In the present paper, the results and the methods of the papers [1-7] are ap-
plied. On the other hand, some new ideas are used. In this connection, we draw the
reader’s attention to the key Lemmas 3.1, 3.3-3.6, 3.12, 3.13. It should be noticed
that we do not use the specific methods of the number theory in contrast with [4].

2. Bounds on Characteristic Functions in the Neighborhood of Zero

LetX, X,,..., X,,...beasequence of i.i.# -valued random vectors. In contrast
to the introduction, we do not suppose in this section Ehgit= 0. We shall use
notationsUs, i, = Y32 Xj, Un = Upn.

LEMMA2.1. Foreveryl<m <n,L >0, teR

E [| fU}:;rln-%-l,n (2t)

I
< c(l)|:(1+ ALY (1tlm —m)) "+ (551%)) ] 2.1)

LEMMA 2.2. Let X andY be independent/-valued random vectors. Then, for
everyr > 0,a € H,t € R,

Ul VUL | < ~/3/8)1|L]

|[Eexp{if|X +Y —a|2}| < P(IX| > r) sup|E exp{it|Y — b|2}| +
beH
+EV[| L@ IXIvIX <] (22)

Both lemmas are proved in [7].
Denotecy = +/3/8.

LEMMA 2.3. Let

BY2 < |1 < 22 2.3
< 23
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and{/;}4 be any sequence such that
co

1< € —, 2.4

20 L|t| (2:4)

k

S t|o L2
> <2< ” >n (2.5)

i

Then
sup|E exp{it|U, — al?}| <c(l)|z|l/ZD(1)Zl”z/4/ 47k, (2.6)
acH

where
D) = (0 L)*(B™2 4+ (o L)!?) /A3 (L). (2.7)

Proof. Define the sequende:; }! by the formula
m; = [(co/Zli0L|t|)2]. (2.8)
Notice that in view of (2.4)n; > 1. Letu; = Y m;. Denote
q;(t) = sup|Eexp{it|U,, 1., — al’}|.

aeH
Putting in Lemma 2.2 = 20 /m;, X = Uy, , u; —EUu, ;Y = Upjin —

BU,,+1.., We obtain the mequalltles
1 .

where
Q,_E{|fU“f“” Oy, < 20 yi;}; U0=U-FEU.

We used here the bourRi|x| > r) < E|X|?/r? = ; and the equality/,,_,41,, —

d
EU,uj_1+1,,uj == Umj - EUmj
Since by (2.4) and (2.8) < +/3/8|t|L, we may apply Lemma 2.1 to estimate
Q;. As a result we have

Qi <c)(ai +by), (2.10)

where

= (14 M@ (ley/min = )')

IO
-y
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In view of (2.1)
82(L) 21262
< —5.
l AL

Therefore

2Lo 72 ~
bi < (1/,7> < e Uilt) by,
Al (L)A/mi

where
b= (La/A/?)
By (2.5) and (2.8)
Wi < pg < nj2.
Hence, taking into account (2.3) and (2.8), we deduce
ai < (ﬁ—ali)l/z < c(HUin'"?a,
AV (L) n

where

. ( Lo )1/2
ag=|\—1 -
BA' (L)

It follows from (2.10), (2.11), (2.14), that

. } . a0 b (1 1£]1) /2
qi-1(t) < 7qi(t) + c)(@ + b) G |r) ™.

Subsequently applying this inequality fioe= 1, . . ., k we conclude that

k

1 B ~ .

Qo) < Zxax(®) +cWI1*@ + by Y 12 /4).
1

193

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

It remains to use the trivial boung,(r) < 1 and to insert instead, andb, the

expressions (2.15) and (2.12).

LEMMA 2.4. If
Bn 21 < =2,
8oL
then

sup| exp{it|U, — al?}| < c)D)]t]"">.
aeH

(2.16)

(2.17)
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Proof. Put
12 = 422/ 80" — 1) (co/2tlo L/n)? + 1, (2.18)
. co
ko =maxjii: [; < . 2.19
0 {’ 28L|t|} 19
Then

1242112 (43" — 1) (co/2ltlo L/n)’.

Hence

00 SL 2
Y07 < 2('” ) n. (2.20)
1 o

Further, by (2.18)

0 /2 co 1/2
— — 1. 2.21
2%~ (2|r|oLﬁ> " 22
According to (2.19),
co
l -1 2.22
ko = Du L] (2.22)
It follows from (2.16), (2.18) and (2.22) that
1/2
Co Co ko/! 2 co
-2<l 4ol — -1 ———.
doLlt] ~2oL)] ST T (42/1 ) Dltlo Ly
Hence
2«/2 1/2
—ko —1/2
4750 < (42/1_1) n='e (2.23)

Puttingk = kg in Lemma 2.3 and taking into account (2.19), (2.20) and (2.23) we
obtain the bound

1/2
sup|E exp{it|U, —al}| < c(l)<|t|'/2D(l)<<m> +1>+n’/2>
aeH

< aa(ItI”*DO) +n7?) < c2O1t2D ).

This completes the proof of Lemma 2.4.
LEMMA 2.5. If |7| < co(2/2Lo (L)~/2n)7 1, then

E explit|U, —al?} < cd)

. 2.24
e VI+ ALY (It (229
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3. Some Preparation Bounds
LEMMA 3.1. LetA; be the set of vectows = (aq, ao, . .., ay) such that

lajl < Aj/2N, j#k, A <lax] < A+ &) (3.1)
Then, for every = (x1, x2, ..., xy),
N 1 N
: 2 = 2,2 P
> 0> g 3 @2
maxsup(x, a)> < N(L+ )2y  A%x (3.3)
k aeAE) Z

Proof. Let k be fixed and
Aelxel = Ajlx;l, J #k. (3.4)
Then by (3.1), for every € Ay,

1
|G @)l > barl = D lxjajl > Alxid = 5= 3 Ajlx1 > Al /2.

j#k J#k
Hence,
1 N
Zalenf](x a)? > Inf (x, a)? > \2x2/4 > N lexfxf..

J

Obviously, for everyx there exists for which (3.4) holds. It means that (3.2) is
valid for everyzx.
Now prove (3.3). By (3.1) for every € |} A;

N
(@) < (L48) Y hulxel.
1
On the other hand,
N
(me) < NZ,\kxk
1
Thus
supsup(x, a)® < (1+¢) NX:A2 2

Jj a€A;

This completes the proof.
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The following inequality is proved in [6].

LEMMA 3.2. Let random variableg > 0 and F(r) be the distribution ot. If
F(r) < Qrlforr > ¢ > 0, then

Eexp{ — 2%} < (cOt™' +1")0Q,
wherec(l) < I'(l/2+ 1), I'(p) being the Euler function.

LEMMA 3.3. Let F be the discrete positive measure concentrated on the union
of two finite disjoint set®\ = (x1, x5, ..., x,) andB = (y1, ..., y»). Then there

exists the nonnegative matey, i = 1,m, j = 1, n, such thatF is represented as
the mixture
m n
F= Z Z &ij Fij, (3.5)
i=1 j=1

whereF;; are two-point probability measures,

1 _F(A)

a
Fij(x) = —— Fji(y)) = —, = —,
;i (xi) ; () e F(B)

+1
and, in addition,

Y eijFii(x) = F(A), > &;F;(y) = F(B).
ij ij
Proof. Denotep; = F(x;), g; = F(y;). Without loss of generality; > p, >
2 Pmaq1 = q2 = - = qp. 1T p1 < aqa, then puter; = (@ + 1)g;. As aresult

F =¢11F11+ F1, (3.6)

whereFi(x1) = 0, F1(y1) = q1 — ap1, Fi(x;) = F(x;),i > 1, F1(y;) = F(y)),
Jj > 1. SoF; is concentrated on the union of the séts:= (x5, x3, ..., x,,) andB.

If p1 > agy, theneyy = (a + Dg;, Fi(x1) = p1 — q1/a, Fi(y1) =0, Fi(x;) =
F(x;),i > 1,Fi(y;) = f(y;),j > 1,i.e.,F1in (3.6) is concentrated on theU By,
B1 = (2, ..., y»). Inthe casep; = aq, we haveF;(x1) = Fi(y1) = 0 andFy is
concentrated or; U B;. Repeating this procedure at mast- n steps we come
to representation (3.5).

LEMMA 3.4. Let random vectoX take two values; andx,, x; # xp, P(X =
x1) = p, P(X = x2) = ¢q. Then

N 02w oy 8p’q’
B+ X))/ X = X =0} = - mpu -’ (B7)

E{((X+ X, y)°/X’ = (X*) =x;—x1} =0. 3.7)
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Proof. It is easily seen that

’ 14
P(X + X' =2x/X' =0) = =2
( + l/ ) p2_|_q2
q2
P(X+ X =2x/X*=0) = ———.
( + 2/ ) 2+ 2

Therefore
P(X+X) = 21 —x) /X =(X*) =0)
= P(X+X) =20 —x1) /X' = (X*) =0)
PP
(p*+4%)%
Obviously (3.8) implies equality (3.7). It is sufficient to remark thé&t =
(X*) = x, — xy implies (X 4+ X")* = 0 in order to prove (3/7.

(3.8)

LEMMA 3.5. Let (X, Y3), k = 1,n, be the sequence of independent random
variables taking values ifif x H. Then, for every Borel functiop(- ) on H,

E][IE(eX0)/Ye)| = [ [EIE(ex0)/¥i)-
1 1

Proof. Random variables

& = [E(p(X0)/Ys)|

are independent. Therefore

E][& =]]E&
1 1

Call the random vectoX’ by a conditionally independent copy &f relative to
o-algebra® if, for every Borel functionsp, (- ) andgs(-),

E(p1(X)@2(X")/B) = E(p1(X)/B)E(p2(X)/B).

Let the sequenceX;, ¥;) be the same as in Lemma 3.5. As above, we use the
notationd,m = Zzl Xj, Vk,m = Vk,m — EVk’m, Vi = Vim-

Let B, ,, be o-algebra generated by random variables j = k,m, B,, =
B1.,,. Denote

@i (t; By) = sup|E{ explir|Vi - bI%) /By,

(1) = Egp(t; By),



198 S. V. NAGAEV AND V. I. CHEBOTAREV

fu@s x, y) = E{ explit (X, x))/ Vi = y}.

LEMMA3.6. Foranyr > 0,t e Randl <k <n

0n (1) < P(1Virnl > r)e(®) +

k
+ EW{ TTEw /5@ Vip e YOU (Werrnl ¥ Vip,l < 7)/Biran } (3.9)
1

Proof. Using Lemma 2.2, we have

@u(t;B,) < P(IViswnl > 1/Biran)oe(t; Br) +

k
+ El/z{ TT16@e Ve YU (Vieanl V Vi | < r)/aml,n}
j=1
— Dy + D>. (3.10)
By Lemma 3.5,

ED, < EY?D2

k
< E”Z{ TTEv1f52t: Vi YU (Wiranl V IV | < r)/%k+1,n}.(3.11)

j=1
On the other hand
EDy = P(|Virsal > r)en(0). (3.12)
Combining (3.10)—(3.12) we obtain the bound (3.9). Lemma 3.6 is proved.
LEMMA 3.7. For every real random variablé with E¢ = 0, E|£|° < oo
E(1—cosf) > E€%/2 — E|¢[°/4v/3
(se€e[7, Lemma 1]).

LEMMA 3.8. If |t| < +/3/2L|x| then, for every. > 0,

B(x; L)t2
) .

|FXoff <1- (3.13)
Proof. First

17X = Efexp(X*, x)it); 1X| VX' <L} +
+E{ exp(X*, x)it); 1X| vV |X'| > L} = E1 + Eo. (3.14)
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Applying Lemma 3.7, we have
Eix < P(IX|VIX'| <L) — B(x; L)t?/2 +
+E(IX, 0% 1X| v X' < L)Ie*/4V3

2
< P*(1X| < L) - B(x; L)(% — L|x||t|3/2\/§>.

Therefore, forz| < +/3/2L|x]|,

Ey < P*(|X| < L) — B(x; L)t?/4. (3.15)
On the other hand,

E; <1-P*(|X|<L). (3.16)
Combining (3.14)—(3.16), we obtain the bound (3.13). Lemma 3.8 is proved.

Denote

f(t;x,y) = E{explit (X, x))/Y =y},

B(x,y; L) = E{(X*,x)’I(IX| vV |X'| < L)/Y = y}.

LEMMA 3.9. For every|t| < /3/2L|x],
Elf(t;x,Y)| < exp| —’EB(x,Y; L)/8}. (3.17)
Proof. Using the Cauchy inequality and the bound (3.13) we have
E’| f(;x, V)| < Elf(:x, V)P

t? 1?
< 1-EB(x,7,; L)Z < exp{ —EB(x,7Y; L)Z}.

Taking the square root, we obtain the bound (3.17).
Denote byo2(k1, ka; L) > 62(k1, k2; L) > - - - eigenvalues of the form

k2
Bky, ko; x; L) = > EB(x, Y;; L).
Jj=k1

Put

1
Ay koi L) = [ [ 62 (ke ko L), 62(k; L) = 67(L. k; L),
1

A(k; L) = Ay(L ks L).
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LEMMA 3.10. Let Vi, Vs, ..., V, be R'-valued random variables which con-
ditionally independent with respect to-algebrag, X = > 'V;, B, bel x [
nonnegative symmetric matrix with eigenvalugs> --- > b?. Then, for every
L > 0andr > 0,

I
EP(B/(X*) < r/) < c)(r +&)'/ A *(m: L) [ | b;. (3.19)
1
where

I
ef =321 b7
1

Lemma 3.10 generalizes Lemma 2 from [7]. The proof is quite similar and
therefore is omitted.
The following bound generalizes Lemma 5 from [7].

LEMMA 3.11. For every realr

k
E[]‘[ Ev, 1£5 (2 Ul YDU (10ksral V10,1 < ~/§/8|z|L)/%k+1,n}
1

1 _
<c(l)( _ _ +5;(k,n;L)), (3.20)
1t/ Ayk; LYA(k + 1, n; L)
where
_ L2y 52(k; L
Pk 1) = 0D

(Ar(k; YA (k+1,n, L)
Proof. Using Lemma 3.9, we conclude that fof < ~/3/4L |x|

k 2 k
t
UEYﬂf/(Zﬁx, Yyl < exp{ ~ 8 Xl:EB(x, Yy L)}-
Without loss of generality, one may assume that
k oo !
> EB(x.Y;iL) =Y 62(ki L)x5 > Y 52(k; L)x3,
1 1 1

wherex; = (x, e(j; L)), e(j; L) are eigenvectors corresponding&tﬁ(k; L).
Puttingbjz. = ‘]?(k; L) in Lemma 3.10, we obtain

[
EP( 26]2(k’ L)(UliJrl,n’ e(k; L))2 < rz/%kJrl’n)
1

(r+¢&)
VA DA k+1n: L)

< cl)
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where

I
= 32L226j2(k; L).

j=1

Letting
I
£2= &2(k; L)(U},q,. e(k: D)%,
1
we obtain the bound on left side of (3.24):
Eexp{ — 552}
g5 [

It remains to apply Lemma 3.2 witif = 3} a2(k; L) (Ugg1ns e(ks L))2.
DenoteB;(x; L) = EB(x, Y;; L).

LEMMA 3.12. Let the setsA; be the same as in Lemm3al, N =,
On(y; k) = {j3 1<j<n, Bj(X; L) = y(aj,x)z, aj € Ak},

ng = card,,(y: k), ng= min ny.
k n(Y3 k) 0= min n

If
no>nn, 0<n<1l/I, (3.21)
and
l
Zkiz < y102, (3.22)
1
A; satisfying(3.7),then for
con ~1/2
t|> B
2o L] > |t| > Bn

@u(t) < () D|t|'"?, (3.23)

((1 - s>2y1>’/“
yn?
where

1

D() = (o L)/* (B2 + (cL)?) /T ] 1.

1
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Proof. Let/; be defined by (2.17) and, in addition,

_ con
" doL|t]

(3.24)

Further letm; satisfy (2.8) ande; = 1 m;.
Denote

mi = Carc(Q,,(y; KYN{j:u <j< Mi+1})-

Notice thaty, (1) does not depend on the order of summakids
Therefore, taking into acount (3.21), we may assume without loss of generality
thatm;;, > [pm;], k = 1, 1. It follows from (2.7) and (3.24) that

m; = 2/n.
Hence,[nm;] > 2. It means in turn thdtym;] > nm; /2, i.e.,

mix > nm;, k=1,1. (3.25)
Denote

qi (1) = Qn—y,; (1).
Takingn — p;—1 instead ofz in Lemma 3.6 and putting = n — u;, r = 20 \/m;,
we conclude that

i1 < %éi + 0;, (3.26)

where

n—{i;

Qi =EYV2 [ Ex | £52 Upyy 1 Y1),

j=1

(100 11| VO ai| < 20 /mi /B, 4 )-
Applying Lemma 3.12, we have
1

|:|t|l/2]\5/4(,uil’ Mis L)/_\f/‘l(” — mis L)

Here we took into account that by (2.17),> 1 and, consequently;../m; <
V3/8|t|L.

Using (3.25) and Lemma 3.1, we get the inequalities

Q; <cl)

+872(n — i L)]. (3.27)

[ Wi 1

Yy nm; =

— E A?sz. < E Bi(x; L) <ym;(1+ £)? E )\?x]z..
1 mi—1+1 1
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Hence

11

1 _ .
Symmi; < &7 (i + 1 s L) < ymil(L+ )5,

Consequently

2

Similarly

1 2 -2 2,2
S¥n =)A< oj(n —pis L) <y = i)l (1 + €)7A75,

ynn—pm)\
2

It follows from (3.28)—(3.30) that

(1+e)2L2 Y1 22
l .
yn?l Ty )"?mi

combining (3.27), (3.28), (3.30) and (3.31) we get

82(n — i3 L) < c(l)

0; < c)(a; + by),
where
1
G = A 1Ay m2TTE 3
|t12m " (n — )74y )2 11 4

- ((1 +e)2L2Y /\1.2)’/4.
miyn? [Ty 24

It follows from (2.7), (2.12) and (2.15)

oLl \'"?( -
ai<c<yn ﬁ) (]‘[AA,) < cym 20" a,
1

where

l —l
a = (LU/B)I/Z(HAj> :

1

11 [
m; -
(V” ) [1% < M+ 1 s L) < rmi) A+ ) [ ] 43,
1 1

l
) < A — i L) < (vl — w)) A+ e)? [ 22
1

203

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)
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Further, by (2.7) and (3.26)

1 2 -
bi < c(b%(linn”%, (3.34)

where
N I
b= L)/ ]
1
Combining (3.26) and (3.32)—(3.34), we obtain the inequality

_ 1_ .
Gi1 < 28 + (@ + br) Gl
Hence, by (3.24),

- 1 12(% o4 T

go < %‘Fc(mll (a + b)),

where

ko = max{k: [, < —21
4o L|t]

Subsequent arguments coincide with those proving Lemma 2.4.
LEMMA 3.13. Let the conditions of Lemn#a13hold and

|t] < co/2"%c L/n.
Then

14 ey2\VA[ ! /2
wn<t)<c<l>(”((y+f)) (ml‘[x]) .

1

4. Estimation of a Characteristic Function in the Neighborhood of the Unit

Let X1, X5, ..., X,, ... be independent random variables, taking valuesiin
U, = Y1 X;. DenoteX? = X; + X/, U = Y] X9. Let 2, be ac-algebra
generated by random variabl, j =1, n.

Define

W, (t; t;a) = |[Eexplit|U, — al}| [Eexp{i(t + 01U, — al?}],
W(r; b; 2,) = |[E{explit|U° - b|*}/2.}.
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LEMMA4.1. Foranyr € R,a € Handt > 0,

W, (t;t;a) < Esup¥(t/4; b, A,). (4.2)
beH

(See the proofifl].)

LEMMA 4.2. Let u, be the number of successes in Bernoulli trigiheing the
probability of a succesgy =1— p, H(p,&) = ¢ln % +@1—-¢)ln i;; Then

(D P, 2n(l—¢)) < eXp{—nH(q, e)}, if 0<e <y, 4.2)
(2) P(u, < ne) < exp{—nH(p,e)}, if 0<e<p. (4.3)
Define

(Ie]A%72,if 1] < A7H,
Mi(t; A) = !
s 4) {|r|l/2, it 1] > AL

LEMMA 4.3. Letg(¢) be a continuous nonnegative function defined@rno),
¢(0) =1, and for everyr > 0

sup(¢ (e (t + 1)) < x,M(z, A),

t>0
wherexl > 1 does not depend on Then, forl > 9,

1
/ Mdtgﬁ.
A

4t A2

This bound is obtained in [3].

Let X, X4, X5, ... be i.i.d. random vectors satisfying the conditions of the theo-
rem. Without loss of generality, we may assum¢akes a finite number of values.
Define for every I< k <

A,:r = {x: or < (x,er) <20, 0< (x,e;) <0o;/2, j ;ék},
Ay ={—-200 < (x,e) < =0y, —0;/2 < (x,¢;) <0, j #k}.

Denoted; = A; v A;. Let F; be the restriction of to A;, k = 1,1, andFp

be the restriction of to H — | J} A;.
Thus

! !
F= ZO:Fk = ZO:SkPk, (4.4)

where

&= F(H), Po= F/&.
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According to Lemma 3.3
_ k ok
Fe=) efF}.
ij

whereF}; are distributions concentrated in two poinfs € Af, x; € A,

(4.5)

FE () = P(X € A)
v P(X € A{)+P(X € Ay)’

koo P(X e A))
Fiy) = P(X € Af)+P(X € A))’

Let § be the set of the distributionsi’;, k=11
It follows from (4.4) and (4.5) tha#"* can be represented as the expectation of

a convolution of random distributions

Fn*:EGl*GZ*"'*Gns (46)
where
P(G; €30 =P(Ap), k=1n,
I ~
PG, = Fo) = P(H -U Ak).
1
Denotep, = P(X € Ay), p = Minigi<y i,
Ny =cardG;: G, € i, 1< j <n},
No=cardG;: G; = Fp, 1< j <n}.
By (4.2), foreveryO< ¢ < p
I
P( 1211!21 N, > ne) > 1- Xl:exp{—nH(pk, z—:)}
> 1—lexp|-nH(p,e)}. (4.7
Denote
om, = {UGk:lrgnkIglNk > pl’l/Z}
By (4.7)
(4.8)

P(OM,) > 1—lexp{—c(p)n},
wherec(p) = H(p, p/2).
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Estimate nowy, (¢; 7; a) corresponding t [} G, € 9, with the aid of Lem-
mas 4.1, 3.13, 3.14. Notice that
o < |(x+ —x, ek)| < 20, |(x+ —x, e.,-)| <o/,
j#k, ifxteAl, x €A
Therefore we may assume that
[x" —x"ixT e Af, xT € AL} C A

whereA, is defined by (3.1) with; =0, N =1, e = 1.

Obviously ¥, (¢; t; a) does not depend on the order of summands. Therefore,
taking into account Lemma 3.4 and the bound (4.8), we may assume without loss
of generality that the condition (3.25) holds with

2.2
y = 8mjn%,
J (pj+q]')
where

P(X € A7) P(X € A7)
)7 =1-p = I
Pj =~ 4 Pj =
P(X € A)) P(X € A))

andn = p/3. The condition (3.26) is satisfied for = 1.
As a result, applying Lemmas 3.12 and 3.13, we obtain the bound

/4
|0, (15 75 0)| < c(1)<%) w()M(t, A), (4.9)

where
(L)
A= O’«/I;, U)(l) = T
AI

Let V; be independent random variables having distributibn(see formula
(4.6)) and2,, be the set of random sequenegs= {£1, &, ..., §,} suchthat; =i
if G; € §:. Sayw, € M,, if G; € M,. Denote

/)

gn(t;w,) = E<exp{

Estimate

I, (w,) = /8

wheretr < ¢ are arbitrary constants ang, € 9,.

nt;wn
gn( ) dr.
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Evidently

1
In(wn) = /
T/

Applying the bound (4.9) we get

gn(et; wy)
t

dr.

Y M(et; A
I,(w,) < c(l)w(l)f ydt. (4.10)
T/
It is easily to check that
M(et; A) = &°M(1; € A). (4.11)

If 7/e = (Ae)~¥! then it follows from (4.10), (4.11) and Lemma 4.3 that under
the conditionw,, € 9,

L(w,) < c(Dw()&"?(Ae)2.

Hence,

f€ | 8. (1) "

: t
< E/S gn(t, wy)
~ . [

dt < c()yw(l)e2(Ae)"2 + P(w, ¢ 9M,) In % (4.12)

whereA = o L/n, w(l) = (6 L)' /A%, 1 > 9.
By (4.8)
P(w, € M,) < lexp{—nH(p, p/2)}. (4.13)

5. Termination of the Proof
Denotem,, = [7] +1
1 - . X, |X:/|<oym
Y — X ) X — J? J ~ ns
4/I’lo; J / {O’ |Xj| >O—\/mn1
whereng will be chosen later on.
LetY; are i.i.d. random vectors, L Y;. Clearly

n/ng

Y Xi=Vno) Y (5-1)
1 1

n=0 (modng).



ON THE ACCURACY OF GAUSSIAN APPROXIMATION IN HILBERT SPACE 209

In what follows we suppose, for simplicity, that this condition holds.
Further, letcy be an absolute constant in the Berry—Esseen version of a multi-
dimensional CLT. Put

L
1o = min {n: Co—ﬁl < q(l)/4}, (5.2)

the constang (/) being defined in Lemma 5.5.

Our aim is to apply the results of Sections 2 and 3 to the @Iﬁ"‘) Y;.
First we prove several lemmas.

LEMMA5.1. For everyk

E(Y, e0)| < 2./ 20,
n

Proof. It is easily seen that

E(Y, ek) = _\/n_OE{(X, Ek); |X| > vaiz}-
It remains to notice that by Cauchy inequality,

2
Oy

E2{(X, er); | X| > GM} < P(|X| > cn/mn)akz < _

n

LEMMA5.2. For everyk

E(Y, e)? < (1 + 4(%))0,3.

Proof. It is easily seen that
E(Y, er)? < o + E2(Y, e0).
It remains to refer to Lemma 5.1.
LEMMA5.3. The bound
ElYP? < <1+ 4@>a2
n
is valid.
Proof. It is easily seen that
EIY|? < o2+ noE?{|X]; |X| > m,o).

Hence, using the bound

2
E{|X; 1X] > myo) < =,

n

we obtain the desired result.
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LEMMA 5.4. For everyk

/ 1/
E{(Y, er); Y] < aa} < (2 @—i— - 1—1—4@)01“ a > 0.
n a n

Proof. Clearly
E{(Y.e); Y| <ac} =E,e) —E{(Y,e); |Y]| > ac}.
Hence, using the bound
E*{(Y,e0); |Y| > ao} < P(IY| > ac)E(Y, )?

and Lemmas 5.1-5.3, we obtain the desired result.

LEMMAS.5. If [(x,e;)| <o,/4, j =11, thenforeveryk, 1 <k <1,

DAL +x) >q) = Z(CDO(E> —CDO(— E)) X
Dol 2 1 Dol 1 1
(o) -o(-7))

whered is the standard Gaussian law.
Proof. Obviously

Ac+xDCpi= {x: [(x,e;)| <oj/4,

1 1
Jj #k, (1— E)O’j <|(x,e)] <2— 4—1}
It is easily seen that

P(C) > q).

Returning to the previous inclusion, we obtain the desired result.

LEMMA5.6. LetY be arandom vector iR" and the sets\; satisfy(3.1). Then

N
E(Y,x)?> > minP(Y € A 232 J4N.
(Y. 20)* > minP(Y € k);xmxm/ N
Proof. It is easily seen that, A, = &, k # . Therefore, by Lemma 3.1,

N N
E(Y,x)? > E{(Y,x)z; YeUAk} ZZE{(Y,X)Z; Y € Ayl
1 1

N N
> inf (a;, x)?P(Y € Ay) > minP(Y € A x2)2 JAN.
;wk( 1 X)2P( ©) > minP( u; 2)2)
Lemma 5.6 is proved.



ON THE ACCURACY OF GAUSSIAN APPROXIMATION IN HILBERT SPACE

LEMMAS.7. If L > ao,ngo/n < q(1)/20,
1 1
2 /M0 4 = J144"0 o =
n o a n 8l

then
s 82 / q() l 2 2
E{(r*,x)% |Y| VY| <L} > 721:01. (x,e))2.
Proof. It is easily seen that

E{(Y*, 0% [YIVIY| < L} = 2p E{(Y —ar, 0)% Y] < L},
where

ap =E{Y/|Y| <L}, pL=P(Y|<L).
If L > 20, then

Ay C {x: |x| < L}.
By Lemma 5.6 for sucli,

1

E{(r —ar, 0% Y] < L} > min P(Y —a; € &) ;o’f(x, e)’.

Elaborate now the bound &Y € A, + a;). Denote
1 & -
Po= P<~/_”7021:Xj € Ay +aL).
According to the Berry—Esseen bound and definition (5.2),
|®(Ax +ar) — Po| < q(D)/4.

On the other hand, by Lemma 5.3,

211

(5.3)

(5.3)

(5.4)

IP(Y € A +ay) — Po| < noP(I¥] > m,o) < 4= <1+ 4@) <qh/4.
n n

Thus
P(Y € Ay +ar) > (A +ar) —q)/2.

Under conditions of the lemma, in according to Lemma 5.3,
1

L > 5-

2

(5.5)

(5.5)
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On the other hand, by Lemma 5.4,
Ok
E(Y, —.
|[E(Y, er)| < 3
Therefore,

(ag. )] < %. (5.6)

It follows from (5.5), (5.6) and Lemma 5.5 that
P(Y —ar € A) > q(D)/2.

Returning to(5.3) and (5.4) and taking into accou(#.5), we obtain the bound
(5.3).
Without loss of generality, we may assume the conditions of Lemma 5.7 to be
satisfied. Then, according to (5.3),
q()
of(L) > =07, (5.7)
Put

k]

An (0) = sup

1 -
P(ﬁ Zl:Xj € B(0, I")) - (D(B(O’ r))

)

n

2%

1

g, (t) = Eexp{it

g (t) :/ e d ().
H

By the Esseen bound for evesy> 0,

A, < J/m + 2n(tgo102) 2, (5.8)
where
g, (1) — t
J:f &) — g
It1<to t
Let
1/3
T = n—lA;l/l ﬂ /
I's;

Itis proved in [6] that for > 7

I f gu(t) — g(y/nt) c()
v O<|t|<m1 f

dr < T(Fil + F4,1). (59)
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Estimate now the integral

_I‘l t
J2:/ 8n (1) dr.
T1<|t|<T2 t
where
T = co/ZI/ZULﬁ, co = \/5/8.
Notice that

gn (t) = gn (nol),
where

n/ng

ZY/
1

gn(t) = exp{

2
ity.

213

(5.10)

Hence, applying Lemma 2.5 and taking into account (5.7), we get the bound

I c(l) foo dt _ 20 (Tsy 1/6
2 All/2n1/2 o tl/2+1 lA,l/Z Jn ’

Finally, put
1/1
to = A} /(0 L)no,
13 = to(Annoto) ™Y,

A, = oL\/n/n.

It is easily seen that

g, (t g, (t
3<|t|<tg ! T<|t|<e t
where
1/1
A 4
& = nothg = ——, T = not3 = e(A,8) Y,
oo = )2 o3 = £(A,€)

Using (4.12) and (4.13), we have

h<dmmwﬁaw2+Mm{—iH@jmﬁ,l>9
ng
Here

p= 1@,!21 P(Y € A;) > =q()

This bound follows from (5.2).

(5.11)

(5.12)

(5.13)

(5.14)
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We are to take into account that

inf P(Y € A7) > Zq(l)

1<

as well.
It is easy to check that
n oL \?
w()e'?(A,e)% = _°<T) . (5.15)
n Al

It follows from (5.13)—(5.15) that
nof oL 2
Jsy < C(l)_<T> , 1 =09 (5.16)
n AI
Using Lemma 2.4 and (5.10), we have

5 5 L 1 T
Js ;:f 8. (1) dt<f gn(t)'dt<c(l)(a ) f (1721,
<I<13 |t|<t 0

t All/z
By (5.12) and (5.15)
L) L\?
@L) 12 _ @("_> ,

A ~ A
Consequently,
L 2
I3 < c(l)((’T,> o, (5.17)
A n
Notice that
fo t I3 \"®
Js ;:/ g(f) dr <c(l)<%) . (5.18)
o n

Itis clear that

5
I<Y s,
1
Hence, collecting the bounds (5.9), (5.11), (5.16)—(5.18), we get

(1) oL \?
I<= <F§,Z+F4,I+”°<W> Lf), 1213729 (519)

It follows from (5.8), (5.2) and (5.19) that

_ 1.1 L\?
Ay < & )(rgl +Tay+ (%) Lﬁ), [>131'>0.
n ’ Ay
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Hence, puttingl. = ao and taking into account that

ALO) < A0 + P4
o*m?

we obtain the desired result.
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