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1. Introduction

Let X,, X,, '+ be independent identically distributed random variables
(r.v.’s) in a real separable Hilbert space H, EX, =0, 8;=E|X,|* <. Here and
below, the symbol |x|, x € H, denotes the norm in H.

Set o> =E|X,|>. Let A denote the covariance operator of the r.v. X,. Let
oiz o= = 0oLz - denote the eigenvalues of A.

Let Z,, Z,, - - - take values in H, be independent and have Gaussian distribu-
tion with covariance operator A, where EZ, =0.

The goal of the present paper is estimation of the distance

P(}?j X,/VieS(a, r)) —P(}':; Z/VieS(a, r))

’

A,(a)=sup

where S(a, r) is the sphere {x: |[x+a|=r,xc H}.

This problem has been taken up by many authors (see [1]-[18]). The estimates
improved steadily; however, for a long time it was unclear whether the estimate
A, (a) = O(1/v/n) was valid—the best one in the sense of dependence on n. Such
an estimate was first derived in 1978 (see [12]) under the condition H =, (this
of course is no loss in generality), a =0, while the coordinates of the random
vector X, are mutually independent. More precisely, the estimate derived in [12]

has the form
4 3/4
s0<e(s /(1) +imegrsar) /v,

where ¢ is the jth coordinate of X,, o} =E|&/|?, and c is an absolute constant.

In[13], [16] this estimate is generalized to the case when the first 7 coordinates
are independent of the others and a # 0.

As for the general case, in 1979 Gotze [14] obtained the estimate A,(0) <
c(Bs/ 05:)°n""?, where Bs=E|X|°.

Finally, in 1981, Yurinskii [17], combining the methods of [13] and [14],
obtained the estimate

(1) An(a) <c(A)Bs(1+|al’/a)n™2,
where c(A) is a constant depending only on A.
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20 S. V. NAGAEV

A somewhat less accurate estimate O(n~"/?log n) was announced in [18].

The drawback of estimate (1) is the fact that the explicit dependence of ¢(A)
on A is not indicated in it.

In the present paper we study the dependence of A,(a) on the covariance
operator of the r.v. X, truncated on a certain level L.

Let the operator Ay(L) be defined by the relation

(Ao(L)x, x) =E{(X, “E{X1"X1| =L}, x)2||X1| =L}

Set A(L) = p; Ao(L), where p, =P(|X,|=L).Leto}(L) = o3(L) - - -Z o3(L) =
- - - be the eigenvalues of the operator A(L). We shall now formulate the main
result.

Theorem. There exists an absolute constant ¢ such that, for 0< L <oo,

6/7
A (a)= C<B3/(T7[ tf;(L)> + L/vzalaz)(03+ lal)n=1"2,

The proof is based on the method of estimating the characteristic function
of the r.v. Y| X suggested in [14].

Now let us agree on some notation to be used throughout the paper. We
shall denote one-dimensional r.v’s by & n, {, - -+, other r.v.’s by X, Y, Z, W,
-+ If X is a r.v., then X' denotes an independent copy of X, while X* denotes
the symmetrization of X, i.e., X*= X — X'. The symbol n, denotes the r.v. with
density p(u) = c,((60/u) sin (4/60))*°, where c, is a normalizing factor. It is
important for us that E e"™=0 for |t|= 1.

Let x(t) denote the indicator of the set {t:|f|=1}. For any r.v. X, set
X (L) = x(|X|/L)X. The symbol ¢ stands for various absolute constants. We shall
also use Vinogradov’s symbol « (A<« B if there exists an absolute constant ¢
such that |A| = c¢B). If a constant depends on some parameter a, then we shall
use the notation ¢(a). Whenever the symbol O is used, the corresponding constant
is absolute.

2. Ancillary Results

First of all we shall prove a special variant of a smoothing lemma.

Lemma 1. For i=1,2, let X, Y, n be mutually independent and Z,(a)=
X +Y+a, Vi(a, v) =|Z(a)’+(n - 0)|X|, F(r,a) =P(Z(a)l’<r), Gi(r, a,v) =
P(Vi(a, v)<r), A=sup (|Fi(r, a) - Fy(r, a)|/ (B +|al*)),

A(‘D) = S}:lap (IG](", aa U) - GZ(r’ aa v)l/(B +|a|3))a
8=sup (P(|Y,+af’<r)=P( Yz +al <nl/(B+]al)),
where B =E|X|*. Then (V&> 0)

A<a'max[A(e), A(—e)]+88a"'(1—a)+2qeB'E|X|, where a =P(|n|=¢),
q= sup h'P(r=|Y,+al’=r+h).
r,a,h>0
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Lemma 1 is not entirely traditional in the sense that the operator carrying
out the smoothing is not convolution.

PrOOF. It is not hard to see that P(|Z,(a)P+(n—¢)|X|<r, |n|=¢)=
P(|Z,(a)]> < r)P(|n| = €). On the other hand, P(| Z,(a)*+ (n —&)| X|<r|n|=¢)=
P(|Z,(a) <r+2¢|X)P(|n| = &) =P(|Z,(a)]* < r)P(|n| = &) +2q¢E|X|P(|n| = &)
Thus,

(P(Z\(a)P<r)=P(Z(a)?<r))P(n|=¢)
(2 =P(Vi(a, e)<r|n|=e)—P(Vy(a, e)<r|n|=¢)
+2qeE|X|P(|n| = ¢).
Further,
(3) P(Vi(a, e)<r|n|>¢elX)= J P(1Z(a)l < r+(e—u)|X||X)Q(du),

ul>e
where Q is the distribution of 5. By definition of §,
[P(|1Zy(a)]? <r+ (e —u)|X||X) —P(|1Zy(a) < r+ (e - u)| X|| X)|
=8(B+|a+XP)=48(B+]|al’+|XP).
From (3) and (4) it follows that
(5) [P(Vi(a, &) <r,|n|>e) =P(Vy(a, &) <r,|n|> &)| =45(2B +|al’)P(In|> e).

Combining (2) and (5), we arrive at the inequality a(F(r,a)—Fy(r, a))=
Gi(r,a,€)—Gy(r,a,€)+486(1—a)(2B +]|al’) +2qeaE| X|.
Hence we have:

4

sup ((Fy(r, @)= Fy(r, 2))/ (B +lal®)

=a'A(e)+88a7'(1-a)+2qcE|X|/B.
Analogous arguments show that
sup ((Fy(r, a) = Fy(r, @))/ (B +|af"))

=a 'A(—€)+88a"'(1—a)+2qcE|X|/B.
The assertion of the lemma follows from the last two inequalities.

Lemma 2. Let X, Y, V, 0 be mutually independent, Z=X+Y, Ee"" =0,
V|t|Zw, Im t=0. Then (Ve >0)

Eexp {it(|V+Z+(n+¢)|X|)}
= (1+itE| V") E exp {it(|Z]"+ (n + &)| X|)}
+2it E(Z, V) exp {it(|Z]*+ (n + £)|X|)}
—212E (Z, V)*exp {it(|Z|*+ (9 + )| X|} + R(t),
where
R(t) < E|VPEY?| fi=(20)|x(1, X, X', 0)(|t}*/*+EV?| Y1)
+ 2 EV XX fx=(20)|x (1, X, X', w)



22 S. V. NAGAEV
+HeP T EVAYP EVAXNXK S (20X (8 X, X, 0)],
j+k=3

x(4, X, X', w) = x(t max [|X|, |X"|)/ @),
f(t) =Eexp{it(Y, x)}.
Proor. For brevity, we shall use the notation s=it. We start from the
representation
Eexp {s(|1Z+ V|*+(n+e)|X|)}

=Eexp {s(Q+|V|")}

=E exp {sQ}+ sE| V> exp {sQ} +Er(s, V) exp {sQ}

=A,+A,+ A,

where Q=|Z*+2(Z, V)+(n+¢)|X|, r(s, V) =exp {s|V]’} -1 —s|V]*.
It is not hard to see that

(6)

(7) r(s, V)= O(|s?| VP).
Obviously,
(8) A;=Er(s, V) E {exp {sQ}| V}.

Further, (Vxe H)
E\(x)=Eexp {s(1Z"+2(Z, x) + (n +&)|X])}
=E exp {s(| Y*+2(Y, x))} E {exp {s(IX[*+2(X, x+ Y) +(n +&)| X} Y}.
Using Cauchy’s inequality, we have:
|E, (x)| =E"?[E {exp {s(|X|*+2(X, x + Y) +(n +2)| X|)/ Y}’
=E"?E {exp {s(| X*=|X'P+2(X - X', x+Y)
+(n+e)|X|-(n'+e) XDHY}
Changing the order of integration, we get
|E1(x)| = E"?E {exp {sn| X[} X} E exp {~sn'| X" X"}
-E{exp {2s(Y +x, X - X"} X, X'}|.
Since E exp {s|y|n} =0, E exp {s|y|n'} =0, V|s|> w/|y|, y € H, this means that
By ()| = EV?| fie- (20)|x (1] X |/ @) x (1] X'|/ )
=E"?|fi-(20)|x(1, X, X', @).
From (7)-(9) it follows that
(10) As< [t E|VPEV? S 20)Ix(8 X, X', @).
Let us now turn to the estimation of A,. It is not hard to see that
A, =Ee* M +2sE(Z, V)e*M+25’E(Z, V)?e*™

9

(11) .
+E(Z, V)'R(s, V, Z)e*" =T A, ,,
1
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where
Q,=|Z+(n+e)|X]|,
R(s, V, Z) = (" -2(Z, V)s—25%(Z, V)))/(Z, V).

Writing R,(s, V, Z) in integral form, we have

t

Ri(s, V,Z)=—4i J exp {2iu(Z, V)}(t—u)? du.

0

Consequently,

A =—4i J’t E(Z, V)’ exp {sQ,+2iu(Z, V)}(t—u)* du
(12) °

t

= —4i§ Cck I E(X, V)*(Y, V)* % exp {sQ, +2iu(Z, V)}(t—u)* du.
0

0

Now let us estimate
E,;(x)=E(X, x)*(Y, x)’ exp {sQ, +iu(Z, x)}, xe H.
Obviously,
Ey(x) =E{(Y, x)’ exp {s| Y|*+iu(Y, x)}
-Eexp {s(| X|*+2(X, Y)+(n+¢&)|X])+iu(X, x)}(X, x)¥| Y}.
Whence
(13)  [Eg(x)|=EY?(Y, x)|YEVE{(X, x)* exp {sQ,+ iu(X, \)}| Y}I’,

where Q,=|X|*+2(X, Y)+(n+¢)|X|.
Using the same arguments as in the derivation of (9), we arrive at the estimate

E[E{(X, x)* exp {sQ,+ iu(X, x)}| Y}|?
=E(X, x)"(X", x)* exp {s(IX|’~ | X"
+2(X =X, Y)+(n+e&)|X|-(n'+&)|X')+iu(X-X', x)}

= xPEIX X e 20 (1 X, X, 0) = A(K)|x
From (13) and (14) it follows that
(15) B (x)| = [x|[“VE"?| YAV (k).
Combining (12) and (15), we obtain
(16) A< |tPE| VP ~+§ . AV (K)EV?| Y.

k=

(14)

From (11) and (16) it follows that

3
17) A,=zAl,,.+o(|t|3E|v|3 Y E‘/2|Y|21'A‘/2(k)).
1 jtk=3
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Now let us get an estimate for A,. Evidently,
A= sE exp {s(|Z]’+ (n + )| X )}E| V]’
(18) +2siE exp {sQ,}(Z, V)| V|*R,(s, V, Z)
=A,,+A,,,

where

t

Ry(s, V,Z) = J exp {2iu(Z, V)} du.

0

The same arguments as in the derivation of (16) lead to

(19) A< PEIVP T EVYPA2(k).

jtk=1
From (6), (10), (11), (17)-(19) follows the assertion of the lemma.

Lemma 3. Let X, Y, V, n satisfy the conditions of Lemma 2. Then (Ve >0,
m>0)

[E(Z, V)™ exp {it(| Z]*+ (n + &) X )}
sc(mE[VI" T EVIYPEVIX[IX| feo 20X (4 X, X', @)

Jjtk=

Proor. Introduce the notation
E, =E(Z, V)" exp{it(|Z|*+(n +¢)|X|)},
Ey(x, X, Y) =E(x, X)“(x, Y)’ exp {it(|Z]*+ (n + )| X])}.
Setting s = it, we have the following chain of inequalities:
[Ey(x, X, Y)|=|E(Y, x)’ exp {s| YI}E{(X, x)*
-exp {s(|X*+2(X, Y)+(n+&)| X)}| Y}
=EV(Y, x)YEE{(X, x)* exp {s(|X|*+2(X, Y)
+(n+e) XDH Y
=|x|/E" YIYEVE{(X, x)* (X", x)*
-exp {s(|X]*—|X'*+2(X", Y)
+e(IX|-1X"D+ 0 X| -7 XDH Y}
=|x]’E"? YIVE"*(X, x)“(X", x)"
-exp {s(IXI*~ X"+ e(|X]| - X))}
- Efexp {s(2(X", Y) +n[X|-'|X'D}X, X'}
= x| EV YIPEY X[ X “|E{exp {sn| X[} X}
- Efexp {sn'| X'|| X "}E exp {25(X", Y)} X, X'}
=[x FEYAX X fier (201X (8 X, X, 0)EVA Y,
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It remains to apply the identity

Em = Z ClanEk]( ‘/s X’ Y)

k+j=m
Lemma 3, just as the preceding Lemma 2, is a variant of Lemma (3.37) in[14].
Lemma 4. Let X, Y, i=1,2, be independent and

Fi(r,a)=P( X, +a|<r),

Gi(r,a)=P(X;+Y+a|<r),

A(a)=sup |Fi(r, a) = Fy(r, a)],

§=sup|G(r, a)— Gy(r, a)|.

Then (Ve>0, a>1)

A(a) < (5+2aqe)/(2a -1),
where

a=P(Y|=¢),4=sup h Y (Fy(r+h, a) -I:"2(r, a)).

r,h>0
Proor. By the independence of X, and Y,
P(| X+ Y+a|<r+eg|Y|=¢)
ZP(|X,+a|<r|Y|=e)=P(X,+a|<rP(Y|=¢).

Analogously,

P(X,+Y+a|<r+eg|Y|=¢)
=P(|X,t+a|<r+2e|Y|=e)
=P(|Xo+a|<r+2e)P(|Y|=¢)
=(P(|X,+a|<r)+24e)P(|Y|=e).

Thus,

(Fi(r,a) = Ey(r,a))a=G\(r+e,a)- Gy(r+e a)
+2Gea+P(|X,+ Y+a|<r+eg|Y|>e)
—-P(|X,+ Y+a|<r+eg,|Y|>¢).
On the other hand,
[P(|X,+ Y+a|<r|Y|>e)-P(X,+ Y+a|<r|Y|>e¢)

L ' (Fy(r, a+y) = Fy(r,a+))Q(dy)| <A(a)(1-a),

where Q is the distribution of Y. Consequently,

sup (Fi(r, a)— Fy(r,a)) =8/ a+24e +A(a)(1—a)/a
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Similarly,

sup (Fy(r, a) = Fi(r, a)) =8/ a +24e +A(a)(1—-a)/ a.

The assertion of the lemma follows from the last two estimates.

Lemma 4 carries over the corresponding assertions for R* to Hilbert space

(e.g., see [6],[20]).

Lemma 5. Let £, and ¢, be independent and normal, respectively, N(a,, a,)

and N(ay, a5), let p(r) be the distribution density of £+ £.
Then (Vals Qa, 04, 0-2)

(20) p(r)<min[(1/oy+1/03)/Vr, 1/ 0y05).
ProoF. It is not hard to see that

2mrlazp(r)§j (r—p) ?p 2 exp{-((r—p)"*—|a,|)*/20}
0

r/2 r
—(p"*=|ay|)*/205} dp = I +J. .

(4] r/2

Further,

r/2 r/2

j <@/ J p~ 2 exp {~(p"*~|a,l)*/203} dp < o/ r'/%.

0 0

Similarly,
J < oy /rV2
r/2

Consequently,

p(n< (1/ay+1/0y)/r'>
On the other hand,
J < J (r=p) ?p " dp=c
0 0

This means that p(r)« 1/ 0,0,.
The lemma is completely proved.

Lemma 6. Let X ={¢&}7, X € l,, where the ¢ are mutually independent and
normal N(0, o), p(r, a) is the distribution density of |X +a|, acl,, k=1,2.

Then
pi(r, a)< (B+|al)/ o104, p(r, a) < min [(B+|a|)/Vr, 1]/ 0y0,,

0
where B>=Y o?.
1
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PrROOF. Let a={a;}?. Let us represent | X + a|* in the form
lX + alz =(&+ a1)2+ (&+ 02)2+| le, where Y ={&+a;}3.
Obviously,

pa(r,a)= L p(r—p) dP(|Y*<p),

where p(r) is the density of (£, +a;)*+ (& + a,)*. Using the estimate (see (20))
p(r)« 1/o,0,, we get from here that p,(r, a) < 1/ 0,0,
Further,

r/2
J p(r—p) dP(| Y <p)«< (1/ay+1/a))/Vr,

0

since, due to Lemma 5, p(r) <(1/o,+1/a,)/Vr.
On the other hand, by the same Lemma 5,

J «o7'o;'P( Y] > r/2).

r/2
Obviously,
P(| Y>> r/2)« (B+]a|)r /2
Therefore,
pa(r, a) < min [(B+|a|)/Vr, 1]/ 010,
Finally,

pi(r, @) =2rp,(1?, a) < (B+|a|)/ 10,

Lemma 7. Let the r.v’s Yy, Yo, - - -, Y, take values in R* and be identically
distributed, 6 = {Gj}i‘,

B exp i(¥,, O exp { -3 o703},

max |g|=y, S=YY;+Z
J 1
where Z does not depend on Y, j=1,---,m,
k
E exp {i(Z, 0)} =]:[ ©(6;), where ¢;(6;) =0 for |6;| > .

Then there exists a distribution density p(u,, u,,- - -, u.) of the r.v. S and
P(“h Uy, ** uk) = c(k)/mk/znfa.j'

ProoF. By the inversion formula,

(21) p(uy, g, - -+, ) = (2mi) ™" I ,exp {=i(u, 0)}/™(0)e(0) do,
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where
k
f(0)=Eexp{i(Yls 0)}’ ‘P(0)=l:[‘p](0})a do:l;ldoja 0={0}};‘9

u= {uj}f.
From the conditions of the lemma it follows that

o

(22) I £ (0)¢(0)] do gj

—00

k k
exp {—m 3 a'fof} do=c(k)/m**T] o,
1 1
Combining (21) and (22), we get the assertion of the lemma.
3. Proof of the Main Theorem

Let us choose in H an orthonormal basis {¢;}7" so that in it the covariance
operator A(L) has diagonal form. Below, when referring to the coordinates of a
vector x € H, we shall always mean the coordinates with respect to this basis.

Introduce the notation X, =X;(ov/n). Let P, be the distribution of

‘1/221 . @, be the dlstnbutlon of n'”zzl Z, For even n,

(23) P,—®,=(P,)s=D,/2) % Pyt (Prja—P@,/0) * P, 0.

Now let us introduce a smoothing r.v. W not depending on {X;}7 and {Z;}7.
Let W= Zl m;¢;, Where the 7; are mutually independent and coincide in distribu-
tion with 41;0L/ Vn, Py is the distribution of the r.v. W.

Set

Pn= S}lap |(Pn/2_q)n/2) * P,/» * Py(S(a, r))|/(a-3+|a|3).

Obviously, P,* Py is the distribution of n™"?%7 X;+ W, while
®,,,* P,/» * Py is the distribution of

"/2(2 X+ z z)+w

n/2+1

under the condition that {X;}?” does not depend on {Z}{".
Let us estimate p, by means of Lemma 1, setting

X=n""Y% X+W,

n/2+1
2"l 128
Y1="_/ z X, Y,=n / x Z, "I=6710L/‘/;~
1 1

First let us estimate A(e). Set

2

(zz+ ) X) 2+ Wa

j+1

o a¢)=( +-elxI<r)

j=0,---,n/2.
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Obviously,
Qu(r, a,e)= Gy(r, a, €),
Q./xr, a, €)= Gy(r, a, €).
Therefore,
n/2-1
(24) G(r,a,e)—Gy(r,a,¢e)= % (Q(r, a, €)= Qj11(1, a, €)).

By the inversion formula,

[ee]

(25)  Qi(r, a,&) = Qu(r, a, &) = (1/2mi) J_ (g(8) = gra()) (™" /it) dit,

where

gq;(1) = J e Q;(dr, a, ¢).
To estimate g;(t) — g;+1(t) we apply Lemma 2, setting

X=n_l/2 Z X_,+ ‘M

n/2+1
J n/2 _
Y= n“‘”(Z Z+Y X,~> +a,
1 Jj+2
V=n""?X, 0rn""?Z,,.
As a result we obtain:
qi() — g (t) = (El)sz'z - E|Z]+1|2)Ef( t, X, Y)im™
+2Ef( ta X9 Y)((‘ij+l’ Z) —(Zj+l9 Z))itn_l/2
+2Ef(t, X, Y)((Zj1, Z)* = (Xj1, Z)) 07"+ Ri(1) = Ry (1)
=A(t)+ R;(t) — Ry4(1),

(26)

where
f(t, X, Y) =exp {it(|Z]*+(n— )| X},

and R;(t) and R;.,(t) are the remainder terms in the expansion for g;(¢) and
q,~+1(t)-
By Lemma 3,

IE(X—}+1’ Z)f(t’ X9 Y)I = IE(X)+1 _X—j+la Z)
[, X, V)|« E[X =Xl ¥ EVYP

jtk=1
CEVIXPIX T fe 20X (8 X, X, @),
[Ef (1, X, V)| < EV?| fx«(20)|x (8, X, X', w).

(27)
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Further,
E(Xj11, Z)f(1, X, Y) =E(Xj11, Z)f(1, X, Y)
~E(Xj11~ X1, 2)f (1, X, Y).
It is not hard to see that
E(X41, Z)’f(1, X, Y) =Ef(t, X, Y)E{(X,.1, Z)| X, Y}
=Ef(t, X, Y)E{(Z.,, Z)"|X, Y}
=E(Z1, 2 (L X, Y).
On the other hand, by Lemma 3,
E(Xjs1— X1, Z)f(1, X, Y)
<EXu-Xl T EVYPEX[
Jjtk=2

X fer (201x (1, X, X, @),
Hence,
E(Xr1, 2’ =(Z111, Z2))f(1, X, Y)
(28) =E(Xj41, 2"~ (Z11, Z)* = (X1 = X1, 2D (4, X, Y)
« L EVIYPEYSe@)lIXFIXTX (L X, X, 0).
2

Obviously,

(29) E|X,|” - E|\X|* = B{| X, | X;|> ovV/n} = B/ ov/n,
E|X;— X,|=Bs/0’n, E|X;— X[ Bs/ovn.

Finally,

(30) E(Z.1, Z)f(1, X, Y) = Ef(t, X, Y)E{(Z.1, Z)|X, Y} =0.

From (27)-(30) it follows that
A() <« Bn (o HEY S 20)x (1, X, X', )
o ¥ oHPTEVYPEVXNX N fe 20X (8 X, X, ).

1sj+k=s2

@31)

Using the inequality for the moments of sums of independent r.v.’s with
values in a Banach space (e.g., see [19]), we have

E|X|'=c(t)(E|X,|'n'"?+E X, +E'|X - W|+E|W|'), t=1.
Further,
E|X,|'s0o'2n'?'E|X )P =0o'n"*", tz2.
It is not hard to see that

E|X — W|=(E|X,|*/2)"*+ B;/20*/n =20,
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since without loss of generality B85/ o*v/n =2. Finally,
E|W|'« (L/vVn)'sd', 0<t=58,

since without loss of generality Lo/o,0,Vn=1.
As a result we have:

(32) E|X|'=Sc(t)o, 1=t=58.
Similarly,
(33) E|Y|'=c(t)(o' +]|a|’).

Let us turn to estimation of f,(¢). In the case at hand,
(34) fe(1) = (E exp {it(X,, x)/n”z})”fz"j_1
- (E exp {it(Z,, x)/n"?}Y exp {it(a, x)}.
From the identity
E exp {it(X,, x)} = E{exp {it(X,, x)}; | X;|= L}
+E{exp {it(X,, x)}; | X;|> L}
it follows that
|E exp {it(X,, x)} =1+ (| ()| - p),
where
o(t)=E{exp {it(X,, x)}; | Xi|=L}, p=P(X,|=L).
Obviously,
p=lel=(p"—1el)/(p+lel) = (p*~le|")/2p,
|P*=le(0) =27 PE{(X], x)* | X, = L, | X} = L}
=67 |(PE{I(XT, x)P; | Xi| = L, | X1 = L}
=37"tP|x|LE{(X}, x)%; | X,|= L, | X}|= L}.
It is not hard to see that
E{(X}, )% | X\ = L, |Xi|= L} = 2(pE(X,(L), x)* = (EX,(L), x)?)
=2p(A(L)x, x).
As a result we obtain that (V|t| =3|x|L)
(35) |E exp {it(X,, x)}|=1-*(A(L)x, x)/4
=exp {—*(A(L), x, x)/4}.
Further,
E exp {it(Z,, x)} = exp {—1’E(Z,, x)*/2}
(36) =exp {—PE(X,(L), x)*/2}
<exp {—t*(A(L)x, x)/4}.
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From (34)-(36) it follows that (V|t| =3Vn/4|x|L, n=4)
(37) | £(1)| = exp {—(A(L)x, x)*1*/16}.
Let us estimate

E.=EX["[ X" f20lx(4, X, X', »),

setting w =3v/n/16L.
By (37),

E. =E|X|*|X'|* exp {-2(A(L) X*, X*)?/4}.

Using Hélder’s inequality now we have

(38) E.=EY?|X|®|X'|"E"9 exp {—47"qt*(A(L) X", X*)}, 1/p+1/q=1.
Further,

7
(39) Eexp {—47'qt*(A(L)X*, X*)}=E exp {—4“qt2§ ol (L),

where {; = (XS,_ej).
Let & = (X, ¢;). Obviously,

7 7
E exp {i Y. .5101} =Eexp {i(X,, 0)}, where =Y e;
1 1

Hence by (35),

<exp { —i a}(L)()f/4}

1

7

E exp {i Y gjej}
1

for (3] 62)"/2<3L and consequently for max, ;< |6;| =5L.

Applying now Lemma 7, we find that the density p(u,, u,, - - -, u;) of the
distribution of the first seven coordinates of X satisfies the inequality

7 -1
p(ub Uy, ©*°y u7)<< (l:[ U:,(L)) .
Consequently,
7
(40) P:(“l, u2’ T, u7) « I/H OIJ(L)a
1

where p,(uy, u,, - * -, u;) is the distribution density of the vector ZZ ge;
From (39) and (40) it follows that

7
(41) Eexp {—47'qt(A(L)X*, X*)} < 1/q"?|¢| T] o5(L).
1
Combining (32), (38) and (41), we get

7 -1/q
(42) E. .« aZk(qu[l] a}(L)) , q>19/18.
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Estimates (31), (33) and (42) give us
—3/2|t|/0+21§j+k§2 0'j+2k—3|t‘j+k(0j + Ialj)
(g1 11, o5(L)) V7 +1

Similarly, using the estimate for the remainder in Lemma 2, we obtain

|A(8)| < Bsn

R(1)< Bsn‘3/2(|tl3’2+(0+|al)t2

w3 @ +aet) /(o) T 1)

From the last two estimates, choosing q <8/7, we obtain

0o 7 -6/7
[ A/ i g +a) M)

(43) - ; &7
J [R;(t)/t| dt« ﬁ3n“3/2(o-3+|a|3)<]'[ aj(L)) .

From (25), (26) and (43) it follows that
7 —6/7
Q@ €)= Qs @, )< By (o +1aP) T yD))
1
Whence, by (24),
7 6/7
(44) Ade)« 3303/E|X|3(H oj(L)) Vi,
1
Let us estimate o/ E| X|*. To this end we note that E[X|* = (E|X[*)*/%. Further,
E|X]’>E|Y, .., Xi|*/n, since EW =0.
On the other hand,

2

=E

n 2
hy (X: —EXI‘) "'4_1”2|EX1|2
n/2+1

=2""nE|X,~EX,>+4'n’EX,|?
=2""nE|X,|*+ (n*/4-n/2)|EX,]>

Y X

n/2+1

E

It is easy to see that
EIX'1|250'2‘33/0"/5-

Witho_ut loss of generality, we may assume that B,/c’Vn<1/2. Thus,
E| Y. .., Xi|>> no?/4 and consequently

(45) o’ /E|X><8.
From Lemmas 1, 6 and inequalities (44), (45) it follows that
Sup (|(Pj2—=Pu/2) * Puya* Pw(S(a, 1))l/ (EIX ] +]|a’))

(46) = ca"</33 / (13[ a,.(L))m\/H + sE|X|/E[X|3o-,O'2)

+8a7'(1-a) sup | Pn/2(S(a, 1)) = ®n/2(S(a, I/ (EIX +|af).
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Due to (32) and (45),
1/c(3)=(a*+|al’)/(EBIX[*+|a)’) =8.

Hence (46) turns into the inequality

N

+64c(3)6,a7'(1-a),
where

8, =sup (IP./2(S(a, 1)) = ®@,/5(S(a, )|/ (* +]al)).

Now let us choose ¢ so that 64c(3)a (1 —a)=1%. It is not hard to see that for
such a choice

(47) e« L/Vn.

As a result we get

(48) pn=cl'/Vn+8,/16,
where

7 6/7
I'= 33/(]_[ a'j(L)) + L/ oyo,07.

It is not hard to show that

Pua(S(a )= P(V2TR E X e S(av?, rﬁ))\ <V3B,/ V.

Consequently,
(49) 8,2>2A,,+V2B3/ Vn,

where A, =sup, (A,(a)/(c>+|al®)).
By (48) and (49),

(50) pn=cl/Vn+A,,/4.
Similarly,

(51) pn= sup (|(Poja=®@n)2) * @2 % Pu(S(a, )|/ (> +|al))=cT'/Vn+A,,/4

By Lemmas 4 and 6,
sup |P.(S(a, 1))~ @,(S(a, )|

«sup (P, —®,) * Pw(S(a, r))|+ L(o +|al)/ o10:/n.

This means in view of (23) that

(52) AL < putpntL/oPoon/n,
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where
A; =sup (IP.(S(a, 1) = ®.(S(a, 1))/ (o> +]al’)).

On the other hand,
sup |P.(S(a, r)) = @.(S(a, r)|>A,(a) —Bs/a*Vn.

Therefore,
(53) AL=A,—Bs/c%/n.

From (50)-(53) it follows that A, < cI'/vVn+A,,,/2.
Hence, for n =2

(54) A,<T/Vn.

Let 2% <n <2**!, Denoting by ¥, the distribution of the r.v. ¥’ X,,/vn, we
have

‘I’,.(S(a, r)) _q)n(s(a’ r)) = (‘PZ“ —q)2k) * \Pn—-Zk(s(aa r))
+(Waoot =@, %) * Dyx(S(a, r)) = K, + K.
It is not hard to see that

(55)

J (Wox —D,x)(S(a, r) = x)W, o+ (dx)| < Ay j (@ +|x+|al’)¥,_ox (dx).
H H
Using the moment inequality from [19], we obtain
n—2k

X 3« o’ +Bs/Vn.
1

J X[ ,_ox (dx) = n*/’E
H

Since without loss of generality B;/vn<a>, we conclude in view of the two
preceding inequalities that

(56) K1<< Azk(0'3+|a|3).

It remains to estimate K,. We shall avail ourselves of the representation

2} —E exp {it
)

2k-1 Jj n
X=n"?*} Z, Y=n"/2( Y Z.+Y X,,,)+a,
1 2

k=1n j+2

E exp {it

)

2k m
n"1/2(ZZm+ Y Xm>+a
1

2k41
n—1
=73 (E exp {it

2k

n'?*y Z.+a
1

J n
n“/z(Z Z,+ Y X,,,) +a
1

j+1

~1/2 j+1 n
n Y Z,+Y X, +a
1

Jjt+2

—E exp {it

Now we apply Lemma 2, setting

V=X, /Vn,ot Z,/Vn, n=0
(the latter implies that w =0, i.e., (4, 0, X, X")=1).
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Due to the normality of Z,, we have

|f(0)| = exp {—t*(Ax, x)/8} = exp {—t*(A(L)x, x)/8}
=exp {—t’ i x%cr%(L)/s},

where x; = (x, ¢;).
On the other hand, | X| has moments of all orders and E|X|' = ¢(t)o". Now
repeating the arguments which led us to (43), we see that

© 7 6/7
J ly;(2)/ 1] dt < B3(o” +|al’) / (H crj(L)> n?,
—00 1
Hence, by the inversion formula,
7 6/7
(57) K, « Bs(as+|a|3)/<ﬂ Uj(L)) n'/2,
1
The assertion of the theorem follows from (54)-(57).
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