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1. Introduction

Let X1, X2, be independent identically distributed random variables
(r.v.’s) in a real separable Hilbert space H, EX =0,/33 EIX]3<. Here and
below, the symbol [xl, x H, denotes the norm in H.

Set 0-2= EIXI_. Let A denote the covariance operator of the r.v. X. Let
0- >- 0- =>. _>- 0--. denote the eigenvalues of A.

Let Z, Z2, take values in H, be independent and have Gaussian distribu-
tion with covariance operator A, where EZ 0.

The goal of the present paper is estimation of the distance

A,(a)=sup P X/x/-ff S a, r) P Z/v/-ff S a, r)

where S(a, r) is the sphere {x: Ix + al--< r, x H}.
This problem has been taken up by many authors (see 1 ]-[ 18]). The estimates

improved steadily; however, for a long time it was unclear whether the estimate
A, (a) O(1/v/if) was validuthe best one in the .sense of dependence on n. Such
an estimate was first derived in 1978 (see [12]) under the condition H 12 (this
of course is no loss in generality), a 0, while the coordinates of the random
vector X1 are mutually independent. More precisely, the estimate derived in [ 12]
has the form

where is the jth coordinate of X, 0-}= El&I:, and c is an absolute constant.
In 13], 16] this estimate is generalized to the case when the first 7 coordinates

are independent of the others and a 0.
As for the general case, in 1979 G6tze [14] obtained the estimate A,(0)<

C([6/O’361)3 n -1/2, where 6 EIXI6.
Finally, in 1981, Yurinskii [17], combining the methods of [13] and [14],

obtained the estimate

(1) A. (a) < c(A),B3(1 + [a[3/0"3)n-/2,
where c(A) is a constant depending only on A.
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20 s.V. NAGAEV

A somewhat less accurate estimate O(n-1/2 log n) was announced in [18].
The drawback of estimate (1) is the fact that the explicit dependence of c(A)

on A is not indicated in it.
In the present paper we study the dependence of A.(a) on the covariance

operator of the r.v. X1 truncated on a certain level L.
Let the operator Ao(L) be defined by the relation

(Ao(L)x, x)-- E{(X1- E{X1]]X1] <= L}, x) llx, <-_ L}.

Set A(L) pao(L), wherep P([X] =< L). Let cr(L) _-> r(L)... -> r,(L) _->

be the eigenvalues of the operator A(L). We shall now formulate the main
result.

Theorem. There exists an absolute constant c such that, for 0 < L

A,(a) <-c 3 tr(L) +L/tr20qtr2 (0"3+]al3)n -1/2.

The proof is based on the method of estimating the characteristic function
of the r.v. YI X suggested in [14].

Now let us agree on some notation to be used throughout the paper. We
shall denote one-dimensional r.v.’s by , r/, st, ..., other r.v.’s by X, Y, Z, W,.. If X is a r.v., then X’ denotes an independent copy of X, while X denotes
the symmetrization of X, i.e., Xs= X- X’. The symbol r/o denotes the r.v. with
density p(u)=co((60/u)sin (U/60))6, where Co is a normalizing factor. It is
important for us that E e it"o 0 for tl->- 1.

Let X(t) denote the indicator of the set {t’lt[-<_l}. For any r.v. X, set
x(z) x(IXl! L)X, The symbol c stands for various absolute constants. We shall
also use Vinogradov’s symbol << (A << B if there exists an absolute constant c
such that IAI--< cB). If a constant depends on some parameter a, then we shall
use the notation c(a). Whenever the symbol O is used, the corresponding constant
is absolute.

2. Ancillary Results

First of all we shall prove a special variant of a smoothing lemma.

Lemma 1. For i= 1, 2, let X, Y, q be mutually independent and Zi(a)=
X/ Y,/a, V(a, v)-lZ,(a)l=/(w-v)lXl, F(r, a)-P(lZ(a)l=<r), G,(r, a, v)-
P(V,(a, v)< r), A--sup (IF(r, a)-Fz(r, a)l/(/lal3)),

A(v)-sup (IG(r, a, v)-Gz(r, a, v)[/(3 + lal3)),
r,a

-sup (IP(I Y / al = < r)- P([ Y= / a[2 < r)[/(fl + lal3)),
r,a

where/3 EIXI3. Then (Ve > O)

A < a-1 max A(e), A(- e)] + 88a-1(1 a) + 2qe/3-ElXl, where a P([ r/I -< e),

q= sup h-P(r<=lY+alZ<=r+h).
r,a,h>O
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Lemma 1 is not entirely traditional in the sense that the operator carrying
out the smoothing is not convolution.

PROOF. It is not hard to see that P(IZl(a)12+(’O-e)lXl<r, [rll<-_e) >-

P(IZ1 (a)l2 < r)P([ r/I --< e). On the other hand, P(]ZE(a)]2 / (r/- e)lXl < , I1 =< ) <--
a(lz=(a)l < r+ 2elxl)a(lTI <= e) _-< P(IZ=(a)l= < r)P(I r/[ _-< e) + 2qeElXla(ll <- e).
Thus,

(P(I/(a)] < r) P(lZ2(a)l2 < r))P(] I--< e)
(2) =< P(VI(a, e)<r,ll<-e)-P(V2(a, e)< r, I1-<- e)

+ 2qeEIXlP(ll <- ).

Further,

(3) P(V,(a, e)<r,ll>.elX)- fl>P(lZ,(a)l<r+(e-u)lXllX)Q(du),
where Q is the distribution of r/. By definition of ,

IP(I/(a)l2 < r + (e u)lXl Ix) P(I/=(a)l= < r / ( u)lX[ Ix)l
(4)

_-< (/3 + la + xl3) --< 4(/3 + lal + Ixl).
From (3) and (4) it follows that

(5) IP(VI(a, e)<r, lr/l> e)-P(V(a, e)<r, ir/l> e)l=<4(2/3/la[3)p(ll> e).

Combining (2) and (5), we arrive at the inequality a(Fl(r, a)-F2(r, a))<=
G(r, a, e)-G2(r, a, e)+4(1-a)(2fl +lal3)+2qeElXl
Hence we have:

sup ((F(r, a)- F=(r, a))/( + la13))
r,a

<= c-A(e) + 88a-1(1 a) + 2qeElX[/.
Analogous arguments show that

sup ((f=(r, a) F(r, a))/( + la13))
r,a

=< a-lA(-e) + 88a-1(1 a) + 2qeElXl/ft.

The assertion of the lemma follows from the last two inequalities.

Lemma 2. Let X, Y, V, rl be mutually independent, Z X + Y, Ee’n =0,
V >_- to, Im 0. Then (Ie > O)

E exp {it( V+ Z[ + (rl + e)lXl)}
1 / itEI El2) E exp { it(IZl2 / / )lxl)}
+2it E(Z, V) exp {it(lzl=/(/ )lxl)}
-2t= E (Z, V)= exp {it(lZl=/(/ )lXl}/ R(t),

vChere

R(t) << El VI3[E1/2lfx’(2t)lx( t, X, X’, o)(I tl/= + /=1 YI2t2)
+ = E1/=IXI IX’l Ifx,(2t)lx( t, x, x’, a,)
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+[tl Z E/2Iy[2 E/2[xlklx’[klfx(Et)lx(t, X, X’, w)],
j+k=3

X( t, X, X’, w) X( max [IX[, IX’l]/ w),
fx(t) E exp { it( Y, x)}.

PROOF. For brevity, we shall use the notation s it. We start from the
representation

E exp {s(lZ+ Vl2+ (r/+ e)[X[)}
xp {s(n + vl)}

(6)
E exp {sfl} + sE[ V[ 2 exp {sl’l} + Er(s, V) exp {sll}

A + A2+ As,

where 12 [Z[2+2(Z, V)+(r/+ e)[X[, r(s, V) exp {s[ V[2} 1-s[V[2.
It is not hard to see that

(7) r(s, V) O(]s[S/2[ VlZ).
Obviously,

(8) A3 Er(s, V) E {exp {sl’l}l V}.
Further, (Vx s H)

El(x) --= E exp {s(IZl = / 2(z, x) / (, / )lxl)}
E exp {s(I Vl+ 2( Y, x))} E {exp {s(lXl=+ 2(x, x + Y)+( + e)lXI)}l Y}.

Using Cauehy’s inequality, we have:

IE(x)l -<: E/IE {exp {s([X[+2(X, x+ Y) + (/+ e)[X])/
E’/E {exp {s(IXl--lx’l:+z(x-x’, x+ Y)

/( / )lxl-- (,’/ )lx’l)}l Y}.

Changing the order of integration, we get

[El(X)l =< E’/-IE {exp {s’rllXI}lX} E exp {-w’lx’l}lx’}
E {exp {2s( Y+ x, X X’)}IX, X’}I.

Since E exp {sllw} o, E exp {sll,’} 0, lsl > w/ll, H, this means that

(9)
E, (x)I-<- E’/=lfx(2t)lx( tlXI/ ,o )X( tlX’l/ ,,,

E’/:[fx(2t)lx(t, X, X’, w).

From (7)-(9) it follows that

(0) A << Itl/ E IVI E’/- Ifx(mt)lx(t, X, X’, ,o).

Let us now turn to the estimation of A. It is not hard to see that

A Ee,+ 2sE(Z, V)ea, + 2s:E(Z, V)2en,
()

4

+ E(Z, V)3R,(s, V, Z)em’ E AI.j,
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where

R,(s, V, Z)=(e2(z’v)-2(Z, V)s-2s2(Z, V)2)/(Z, V)3.

Writing R(s, V, Z) in integral form, we have

R(s, V, Z) -4i exp {2iu(Z, V)}(t u) du.

Consequently,

A1,4 -4i E(Z, V) exp {sl’l + 2iu(Z, V)}(t- u)2 du

(14)

From (13) and (14) it follows that

(15) IEkj (x)l--< Ixlk+JE1/21Ylva/2(k).
Combining (12) and (15), we obtain

(16) A1.4<<Itl3EIVI Y A’/2(k)E1/2IYIV.
j+k=3

From (11) and (16) it follows that

(17) A=A,+O(ItI3EIVI3 E
j+k=3

Using the same arguments as in the derivation of (9), we arrive at the estimate

EIE{(X x)g
exp {sfl2 + iu(X, x)} Y}I

E(X, x)(X’, x) k exp {s(IXl=-Ix’l
+2(x-x’, Y)+(,+ )lXl-(’+ )lx’l)+ iu(X-X’, x)}

<-Ixl-ElXl[x’l"[fx(2t)lx(t, x, x’, o)=- a(k)lxl.

E’/:I yIvA’/:(k)).

(12)
-4i C E(X, V)(Y, V)- exp {sll, +2iu(Z, V)}(t- u) du.

o

Now let us estimate

E(x) E(X, x)( Y, x) exp {sa + iu(Z, x)}, x e H.

Obviously,

E(x) E{( Y, x) exp {sl YI + iu( Y, x)}

E exp {s(IXl= + 2(x, Y) + n + e)lXl) + iu(X, x)}(x, x)l Y}.

ence
(13) IE(x)IE/=I(Y,x)I=E/=IE{(X,x) exp{s2+iu(X,x)}lY}[,
where == Ixl=+2(x, Y)+(+ )lxl.
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Now let us get an estimate for A2. Evidently,

A2= sE exp {s(IZ[2 + (q + e)IX[)}E[ V[2

(18) +2siEexp{sl}(Z, V)]V[2R2(s, V,Z)

A2,1 + A2,2,

where

R2(s, V, Z)= exp {2iu(Z, V)} du.

The same arguments as in the derivation of (16) lead to

(19) A2.2<<t2EIVI ., E’/2IYI2JAI/2(k).
j+k=l

From (6), (10), (11), (17)-(19) follows the assertion ofthe lemma.

Lemma 3. Let X, Y, V, q satisfy the conditions of Lemma 2. Then (re O,
m>0)

IE(Z, V) exp (it(IZI + (q + e

<- c(m)EIVI , E/2[YI2JE/2[xIklx’lklfx(2t)lX(t, X, X’, to).
j+k=m

PROOF. Introduce the notation

E,. =E(Z, V)" exp {it(IZl2+(q+

Eke(X, X, Y)- E(x, X)(x, Y) exp {it(lZl2+(r+
Setting s it, we have the following chain of inequalities"

IE(x, X, Y)I IE( Y, x) exp (s YI}E{(X, x)

exp (s(lXl=/2(x, Y)/(/ )lxl)}l Y}I

=< El/2( Y, x)2E/2IE{(X, x) k exp (s(IXl= / 2(x, Y)

/(, / )lxl)}l Y}I 2

__< IxlE’/= yIE’/E{(X, x)(X’, x)

exp (s(IXl=- IX’l = / 2(X, Y)

/ (IXl- IX’l) / ,lX[- ,’lX’l)l Y
IxlE’/= yI=E’/=(X, x)(X’, x)

exp (s(IXl=- IX’[ = / (IXl- IX’l)
E(exp (s(2(X, Y) / ,lXl- ,’lX’l)}lX,

E{exp {s,’lx’l IX’}E exp {2s(Xs, Y)}[X, X’}I
<-_ Ixl+E/=lxllx’llf(2t)lx( t, x, x’, ,o)E’/=l YI=.
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It remains to apply the identity
kE,. E C,EE(V, X, Y).

k+j

Lemma 3, just as the preceding Lemma 2, is a variant of Lemma (3.37) in 14].

Lemma 4. Let Xi, Y, i= 1, 2, be independent and

F/(r, a) P(IXi + a[ < r),

i(r, a)= P(lXi + Y+ a[ < r),

z(a)- sup I(r, a)-.(r, a)l,

g sup 1(1 r, a t2( r, a)l.

Then (re >0, a >1/2)

where

A(a) < (6 + 2a4e)/(2a 1),

c P([ YI--< e), sup h-(z(r+ h, a)-/3(r, a)).
r,h>O

PROOF. By the independence of XI and Y,

P(IX, + Y+al<r+e, lYl<=e)
>-- P(IX1 + a[ < r, lYI--< e) P(IX1 + a < r)P(} Y[ _-< e ).

Analogously,

Thus,

P([X2 + Y+al<r+e, lYl<=e)

P(IX+ al < r + 2e, YI <= e)

P(IX2 + a[ < r + 2e)P([ Y[-< e)
-< (P([X2 + al < r) + 2e)P([ Y[ _<- e).

(F(r, a)- F2(r, a))a <= Gl(r+ e, a)- G2(r+ e, a)

+ 2ea + P(IX_ + Y+ al < r + e, YI > e)

-P(IXI+ Y+al<r+e, lYl> e).

On the other hand,

IP(IX, + Y+ al r, YI > ) P(IX+ Y+ al r, YI > )1

f (ff’l(r, a+y)-2(r, a+y))Q(dy) <z(a)(1-a),
yl>e

where Q is the distribution of Y. Consequently,

sup (L(r, a)-/32(r, a))<--g/a+24e+TX(a)(1-a)/a.
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Similarly,

sup (/32(r, a)- l(r, a)) <- /t +2e + X(a)(1-t)/a.

The assertion of the lemma follows from the last two estimates.
Lemma 4 carries over the corresponding assertions for Rk to Hilbert space

(e.g., see [6], [20]).

Lemma 5. Let and 2 be independent and normal, respectively, N(a, 00)
and N(a2, 002), let p(r) be the distribution density of2 + 2.

Then (lal, a2, 001, 02)

(20) p(r) << min [(1/r, + 1/r)/47, 1/r,r].

PROOF. It is not hard to see that

27ro-1002p(r) <_ (r--p)-l/2p-1/2 exp{-((r--p)/2

-(p’/2-1a21)2/2tr} do +
0 r/2

Further,

r/2 r/2

<(2/r)/2 p
.o

Similarly,

la,I)2/2r21

Consequently,

On the other hand,

-1/2 exp {-(p’/2-1a21)2/2r} dp<< 0021r1/2.

<< 001/rl/2.
r/2

p(r) << (1/00, + 1/tr2)/r/2.

< (r--/9)-1/2/9 -1/2 d/9 < t7.

This means that p(r)<< 1/001002.
The lemma is completely proved.

Lemma 6. Let X {:i}, X 12, where the are mutually independent and
normal N(O, 00), pk(r, a) is the distribution density of IX + al, a l, k 1, 2.

Then

pl(r, a)<< (B +lal)/cr, cr, p(r, a)<< min E(B +lal)/x/7, 1]/00q002,

where B2= 00.
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PROOF. Let a {ai}. Let us represent IX + al2 in the form

IX+al:=(+a)+(g+a)2+lYI, where Y={i+a,}.

Obviously,

p2(r, a) p(r-

where p(r) is the density of (:1 +al)2+(:2+a2)2. Using the estimate (see (20))
p(r) << 1/2, we get from here that p2(r, a)<< 1/

Fuher,

"/p(r- p) dP(I YI < p)<< (1/, + 1/)/,
o

since, due to Lemma 5, p(r)< (1/ + 1/2)/.
On the other hand, by the same Lemma 5,

<< P(Igl2> r/2).
/2

Obviously,

Therefore,

Finally,

P([ YI:> r/2) << (B +lal)r-/.

p:(r, a)<< min [(B+lal)/, 1]/cr, cr:.

p(r, a)=2rp2(r2, a)<< (B +lal)/crcr2.

Lemma 7. Let the r.v.’s Y, Y2," ", Y,, take values in Rk and be identically
distributed, 0 { 0},

IEexp{i(Y,0)}l=<exp crOj

maxl0l</, S-E Ys+g,

where Z does not depend on Ys, J 1,. ., m,

E exp {i(Z, 0)} I’I (Os), whereos(Os)=OforlOjl> y.

Then there exists a distribution density p(UI, U2," "’, ilk) of the r.v. S and
p(u, u2,""", Uk)<----c(k)/mk/2IIko).

PROOF. By the inversion formula,

(21) p(u, u2,’’-, Uk)= (20ri) -k f exp {-i(u, O)}fm(o)o(O) dO,
R
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where

k

f(O)=Eexp{i(Y1, 0)}, q9(0) I-I j(0j),

From the conditions of the lemma it follows that

(22)

k

dO II d 0

If"(o)(o)l dO<= exp -m cr]O} dO<=c(k)/mk/EI- 07.

Combining (21) and (22), we get the assertion of the lemma.

3. Proof of the Main Theorem

Let us choose in H an orthonormal basis {ej} so that in it the covariance
operator A(L) has diagonal form. Below, when referring to the coordinates of a
vector x e H, we shall always mean the coordinates with respect to this basis.

Introduce the notation =X(crv:-ff). Let Pg be the distribution of
n-liE j, (k be the distribution of n -112 kl Zj. For even n,

(23) P,-ap, =(P,/E-aP,/2) P,/2+ (P,/E-dP,/2) dp,/2.

Now let us introduce a smoothing r.v. W not depending on {X} and {Z}.
Let W=7

r/e, where the r/j are mutually independent and coincide in distribu-
tion with 47oL/x/-ff, Pw is the distribution of the r.v.W.

Set

=sup * * Pw(S(a, r))ll(er3+lal3).
r,a

Obviously, P, * Pw is the distribution

f.12 * P./2 * Pw is the distribution of
of n-ll2 E1 + W, while

--1/2 X + w
./2+1

under the condition that {X}’ does not depend on {Z}.
Let us estimate p. by means of Lemma 1, setting

X n-1/2 j + W,
n/2+l

n/2 n/2

Y1 n-’/2 Y , Y2 n-112 X gj, r 6noL/#-ff

First let us estimate A(e). Set

Q;(r, a, e)= P( Zi .ii n -112 + W+ a +(n-e)lXl<r),
j=0,’’ .,hi2.
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Obviously,

Therefore,

(24)

Qo(r, a, e)= G,(r, a, e),

Q,/2(r, a, e)= G2(r, a, e).

n/2-1
Gl(r, a, e)-G2(r, a, e)= 2 (Qj(r, a, e)-Qj+,(r, a, e)).

o

By the inversion formula,

(25)

where

Q(r, a, e)-Q+l(r, a, e)=(1/2zri) I_ (q(t)-tb+l(t))(e-"r/it) dt,

itr().qj(t)= e .j(dr, a, e)

To estimate q(t)-q/(t) we apply Lemma 2, setting

X= n-/2 .i-t- W,
n/2+l

-/2Y= n Z + X +a,
j+2

V n-/2,+ or n-1/2lj+l

As a result we obtain:

qj(t)--qj+l(t) (EI+a[Z-EIZ+alZlEf(t, X, Y)it.-
(26)

where

+ 2Ef(t, X, Y)((j+, Z)-(Zj+,, Z))itn-/

+2Ef(t, X, Y)((Zj+I, Z):-(j+, Z):)t-n-I + Rj(t)- Rj+(t)

A(t) + R(t) Rj+,(t),

f( t, X, Y) exp { it(lZI 2 + ( )IXI)),

and R(t) and Rj+(t) are the remainder terms in the expansion for q(t) and
+,(t).

By Lemma 3,

IE(X+,, Z)f(t, X, Y)[ IE(X+,- x,.+,, z)
f( t, X, Y)i << EIX+,- +,1 Y E’/2I YI2j

j+k=l
(27)

E’/=lXllX’llf(2t)lx(t, X, X’, to),

IEf(t, X, Y)I << E/=lfx(2t)lX(t, X, X’, o),
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Further,

E(j+,, Z)2f( t, X, Y) E(Xj+,, Z)2f(t, X, Y)

E(Xs+,- +,, Z)2f(t, X, Y).

It is not hard to see that

E(X+,, Z):f(t, X, Y)= Ef(t, X, Y)E{(Xj+,, Z)-IX, Y}

Ef(t, X, Y)E{(Zj+,, Z)-IX, Y}

E(Zj+,, Z)-f( t, X, Y).

On the other hand, by Lemma 3,

E(Xj+I- j+l, Z)2f(t, X, Y)

<< EIXs+,- +,1= Z E’/21YI=JE’/2IXI
j+k=2

Hence,

(28)

EIXI=-- EII= E{IXI=; IXl > ,/-} /3/0-r,
(29)

EIX. .l 3/=n, EIXj 1= /33/trJ-ff.
Finally,

(30) E(Zj+I, Z)f(t, X, Y) Ef(t, X, Y)E{(Zj+,, Z)IX, Y} O.

From (27)-(30) it follows that

A(t) << 3n-3/2(0--’ltlE’/=lfx,(2t)lx( X, X’, to)
(31)

+0"-3 tr+ltl+E’/-I gl2E’/=lXllX’llfx,(Et)lX(t, X, X’, to)).
lj+k2

Using the inequality for the moments of sums of independent r.v.’s with
values in a Banach space (e.g., see [19]), we have

EIXI’ <-- c(t)(ElC,l’n ’-’/= + E’/212,1= + E’IX Wl + El wl’), _--> 1.

Further,

EIJ711’ <-- cr’-zn’/=-’ElX,l== r’n ’/=-’, > 2.

It is not hard to see that

EIX Wl-<_ (EIX,1212) ’/2 + 3/20"2vrff <-- 20,

Ix’llf,(2t)lx(t, x, x’,

Obviously,
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since without loss of generality 3/O’3/- 2. Finally,

rl wl << /4-ff -< ,
since without loss of generality Lr/r,r2/-ff <= 1.

As a result we have"

(32) EIXI’ c(t)’,

Similarly,

(33)

(34)

0<t<--58,

El YI <= c( t)(o"t / lal’).
Let us turn to estimation of f(t). In the case at hand,

fx(t) (E exp { it(,, x)/n’/2}) "/=-j-’

(E exp {it(Z,, x)/n’/2}) exp {it(a, x)}.

From the identity

E exp {it(,, x)} E{exp {it(.l, x)}; I1 =< L}
+ E{exp {it(,, x)}; I,1 > L}

it follows that

where

IE exp {it(.,, x)}l =< 1 + (Iq(t)l

Obviously,

q(t) E{exp {it(.,, x)}; Ill <= L}, p-- P(l,l <= L).

P -I1 (p2 i,,o i)/(p + I,1) --> (p2_ <,o 1:’)/2p,

Ip= I(t)l= 2-’t2E{( -s < <x,, x); I.11 L, I1 Ell
6-,it13E{i -(X1, x)13; [1 L, I1 L$

3-’ltllxlLE{(, x); I,1 L, Iil L}.

It is not hard to see that

E{(2:, x)=; 12,1 = L, 12;I = L}= 2(pE(XI(L), x)2-(EXI(L), x)2)

2p(A()x, x).

As a result we obtain that (Wltl lxlL)
[E exp {it(l, x)}l 1 t2(A(L)x, x)/4

(35)
exp {-t(A(), x, x)/4}.

Further,

(36)

E exp {it(Z,, x)} exp {-t=E(/1, x)=/2}

=< exp {- t2E(X, (L), x)=/2}

< exp {-t2(A(L)x, x)/4}.

1=<t<=58.
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From (34)-(36) it follows that (Vltl =< 3x/-ff/41xlL, n ->4)

(37) Ifx(t)l-<- exp {-(A(L)x, x)2t2/16}.

Let us estimate

Ek =- EIxIkIx’Iklfx,(2t)Ix(t, X, X’, to),

setting to 3v/-ff/16L.
By (37),

Ek <-- ElXlklx’l k exp {-t2(A(L)X, X’)2/4}.

Using H61der’s inequality now we have

(38) Ek E1/plxIkplx’IkpE1/q exp {-4-1qt2(A(L)XS, XS)}, l/p+ 1/q 1.

Further,

7

(39) Eexp{-4-1qtE(A(L)XS, XS)}<__Eexp{-4-qt2, try(L) r]},

where (Xs, ej).
Let j (X1, ej). Obviously,

E exp 0 E exp {i(X, 0)}, where 0 F 0e.

Hence by (35),

E exp li 0) <exp{-tr(L)O/4}
for ( 0)1/2 <L and consequently for maxl_<j=7101 <_-1/4L.

Applying now Lemma 7, we find that the density p(ul, u2,’", u7) of the
distribution of the first seven coordinates of X satisfies the inequality

p(u, u2," "’, u7) << (L)

Consequently,

(40) Ps(Ul, u2,’’’, u7)<< 1/711I %(L),
where ps(u, U2, UT) is the distribution density of the vector 7 e.

From (39) and (40) it follows that

7

(41) E exp {-4-’qt2(A(L)Xs, XS)} << 1/q7/2]t]7 lI try(L).

Combining (32), (38) and (41), we get

(42)
7 )--l/qEk << tr

2k qT/=l tl7 I] try(L) q> 19/18.
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Estimates (31), (33) and (42) give us

i3n_3i,ltllo’+E,_s+,<_: o’S+’’<-31 tP+’<(o’S +laP)IA(t)l<< (q714itl712I-I o’j(L))l/q+ 1

Similarly, using the estimate for the remainder in Lemma 2, we obtain

-3/2( t13/2 2R(t) << fl3n +(o’+lal)

+ltl E (o"+lal’)’ q7/41t17/2[I cri(L) +1
i+k =3

From the last two estimates, choosing q < 8/7, we obtain

IA( t)l tl at<</3n-/(,+lal)
(43)

I_<:X3oo (]iIgs()/tl dr<< l,-/(o-+ lal)

From (25), (26) and (43) it follows that

IQs(r, a, e)-Qj+,(r, a, e)[<< f13n-312(o’3+[al3) o)(L)

Whence, by (24),

(44) A(

Let us estimate ty3/ElXl3. To this end we note that EIXI >= (EIXI2)3/2. Further,
llxl- > rl E,,/2+1 g,l/n, since EW= O.

On the other hand,

E
n/2+l

2

>-r (-E) +4-1nEIEll2

n/2+l

2-1nEI21 E2,1’- + 4-’ n’lEJT,
2-’nEI211+(n/4-

It is easy to see that

EII=_-> =-/4-.
Without loss of generality, we may assume that [3/O’3/r-< 1/2. Thus,

v4E ,/2+1 3i > n2/4 and consequently

(45) 3/EIXI3 < 8.

From Lemmas 1, 6 and inequalities (44), (45) it follows that

sup (I(P./-./_) * P./ * Pw(S(a, r))ll(Elxl+lal))
r,a

(46) _<-- c-’ () 4-if+ wlxllWlxl,,:

+ 84-’(1 a) sup IP/:(S(a, r))-,,/2(S(a, r))II(ElXl + lal).
r,a
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Due to (32) and (45),

1/c(3) _-< (tr + al3)/(EIXI + al) _-< 8.

Hence (46) turns into the inequality

.=<ca- / r(L) 4-if+ e/rr:

+64c(3)na-(1-a),

where

=sup ([P,/(S(a, r))-,,/2(S(a, r))l/(r3+la[3)).

Now let us choose e so that 64c(3)a-l(1-a)=. It is not hard to see that for
such a choice

(47) e <<

As a result we get

(48) p,, <- cF/v/-ff+ 3,,/16,

where

F f13 o(L) + L/oqo’ztr2.

It is not hard to show that

P,,/2(S(a, r))- P v/-/n 2 Xj e S(ax/, rx) <fl3/3.

Consequently,

(49) 8n23/2An/2 + f13/6,
where

By (48) and (49),

(50) p, crib+ A/2/4.
Similarly,

(51) p;-sup ([(P./:-*./2) * ./2 " P(S(a, r))l/(3+lal))cr/+a./2/4.

By Lemmas 4 and 6,

sup IP.(S(a, r))-.(S(a, r))l

<< sup I(P. -*.) * Pw(S(a, r))l+ L(+la[)/2.

This means in view of (23) that

(52) a << p. + p; + L/2,2,
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where

A’, sup (IP,(S(a, r))-c,(S(a, r))l)/(r3+ la13)).
r,a

On the other hand,

sup IP(S(a, r))-,(S(a, r))l> An(a)--3/o’3wl-ft.

Therefore,

(53) A’, >= A, -/33/r6V/-ff.
From (50)-(53) it follows that A. < cF/,/-ff+ A,/2/2.

Hence, for n 2k,
(54)

Let 2k < n < 2k+l. Denoting by j the distribution of the r.v. EJl Xm//-ff, we
have

,(S(a, r))-,(S(a, r))= (2 -2k) ,_2k(S(a, r))
(55)

+ (*_2 -._2) * 2(S(a, r))= g -+- g2.

It is not hard to see that

f <*2-+2)<$<a, r)-x>*._2 <dx) << 2 f <3+lXl3+]al3)*n_2 <dx).
H H

Using the moment inequality from [19], we obtain

Ix13"._2 (dx) n-3/ZE << 3 +3/.
H

Since without loss of generality B3/< 3, we conclude in view of the two
preceding inequalities that

(56) K1 << A2(3+ [a[3).
It remains to estimate K2. We shall avail ourselves of the representation

Eexp it n-/ Z+ X +a -Eexp it n-/ Z + a
2+1

Eexp it n -/2 Z Xz +a
2

z+ x +a
j+2

Now we apply Lemma 2, setting
2-1 (J-/2X=n-/2 E Z,, Y=n E Z,+ X, +a,

2-+1 j+2

v .+,/, or z+,/, n 0

(the latter implies that m , i.e., X(t, m, X, X’) 1).
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Due to the normality of Zm we have

Ifx(t)[ <_- exp {- t2(Ax, x)/8} _-< exp {-t2(A(L)x, x)/8}

x,,()/8

where xi (x, ei).
On the other hand, [X[ has moments of all orders and EIXI’ =< c(t)tr’. Now

repeating the arguments which led us to (43), we see that

ly(t)/tl at<< fl3(0-3 + lal3) o)(L) n3/2.

Hence, by the inversion formula,

/(li1 )6/7(57) g<</33(3 / al (g) n/

The assertion of the theorem follows from (54)-(57).
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