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0. Introduction

Let¢;,i = 1,---, 0o, be a sequence of identically distributed independent
random variables with distribution function F(x). We shall assume throughout
that D&, = 1. Let a = E¢; and ¢; = E|¢; — al®.

Let g(t),t = 0,i = 1, 2, be functions satisfying the conditions

g2(t) < g4(), g2(0) < 0 < g,(0),

gt + h) — g®)l < Kh, h >0, i=12,
where K is some constant.
Set
1 k
S = —#= Z & — a).
\/—'; i=1
Let

k k
VV”=P{g2(—)<Snk<g1(-—),k=1,-~-,n},
n n

W = P{g,(1) < &) — £(0) < g,(1),0 St < 1},

where &(f) is a Brownian motion process. The main result of the paper is the
following:

Theorem. There exists an absolute constant L such that
(K +1)
Jno

But first we shall state a few words about results obtained earlier.
Yu. V. Prokhorov [2] obtained the estimate

W, — Wl <L

log*n
W, — W=0|——+
= of )

Due to delay in the mail this article has not been edited after translation.
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164 S. V. Nagaev

for a slightly more general situation (non-identically distributed summands
having bounded absolute third moment).
A. V. Skorokhod [3] showed that

logn

Jn

under the conditions of our theorem and the additional assumption
] < C < o0, where L is a constant depending just on K, C, g;(0) and
g2(0).

The paper [4] is devoted to a review of results in the area of boundary
problems.

We now introduce some notation. Let

W, — W| < L

= Y&, S,=maxs;, F(x)=PES,<x),
i=1

F(x) = PG, <x), F(x)=Pmax[0,5,] < x)

and

(o)

=] ewarw,  e=] edbwm.

— 00

Set

dit,z) =1+ f @(t)z", Y(t,z) = (1 — f(t)2)D(t, z).

n=1

It is not hard to see that

O gpes(® — 00,0 = PGyey < 0) — fom e dF, (%)
and hence,

©0.2) W(t,z) =1 + il 3.0)7"

where "

o
@,(t) = P(S, < 0) — f | EUdR().

Further,
1 — f()z = B™(t,2)B(t, 2),
where
B*(t,z) = exp{ Z et dF,,(x)} ,
0+
0+

B (t,z) = exp{ i eltx dF,,(x)}.

:lN
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Speed of convergence in boundary problem. I 165

Clearly,

B(t,z) =1+ Y bi(r)",

n=1

where b, (t) (b, (¢)) is the Fourier-Stieltjes transform on (0, c0)((— oo, 0]).
Therefore,

(0.3) Y(t, z) = B (t, z)g(2),

where
gz)=1+ ) P, <0)"
n=1

Because of (0.2), W(0, z) = 1. Hence,

(0.4) g(z) = B(0.2)
From (0.3) and (0.4), we obtain
© Zn 0 )
0.5) Y(t,z) = exp{ Y —f (1 — ™) dF,,(x)} .
n=1M1J_

This incidentally leads right away to the well-known Spitzer identity [7].
Of course, it would be simpler to deduce (0.5) from that identity but we have
not resisted the temptation of taking the opportunity to give a proof here of a
relation equivalent to Spitzer’s identity. A similar (unpublished) proof was
found earlier by A. A. Borovkov.

Since
Y@, 2)
q)(ta Z) - 1 _ Zf(t),
it follows from (0.2) that
(0.6) @ut) = Zof “OPu-il2)
k=

if we define @,(t) = 1. Using (0.1), we obtain
[ee) 0-
wwf wwmm=%m+f ¢t dF,(x) — P(S, < 0) = f(D)pu_r(0).

From (0.6) and (0.7) it follows that

0.8) [ emar = 3 rws 0.
— 0 1

k=

This relation will play an important role in the proof of Lemmas 5 and 6.



166 S. V. Nagaev

If E¢; = 0, we shall sometimes use the notation F,(x, ¢) for

P ( max (S; + kc) < x).

1<k=n

Throughout the entire paper the symbol O will be used only when the
corresponding constant is an absolute constant.

1. Estimates Related to the Distribution of the Maximum of Sums of Identically
Distributed Independent Random Variables

Let

0
by = [ e ar,

0 ~ 0

a, = f x dF,(x), a, = J x dF,(x),

B 0 ~ 0

b= warw, by =[x dr,

1 e X —m
O(x) = e "2 du, ®(x, m,0) = ®© .
A/ 2n Y -o o

Lemma 1.

k 2
ka, = —/ S ak®(—a./k) + O(cs).

Proor. By (0.5),
e} Zk © Zk 0 .
L) Wez)=- Y w;,(t);exp{z = a—em dFk(x)}.
k=1 k=1 —©
Hence
(1.2) Yi(0,z) = —i Z ai —.

Clearly,

1 0 0
13) a = f x e xTak gy 4 J x d(F(x) — ®(x, ka, k)).
A/ 2nk J - ©

- 0

Further,

(1.4) Fx/k + ak) — ®(x) = 0(

C3
1+ |x|3)ﬁ)
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(see [5], Theorem 1). Therefore,

fi}w x d(F(x) — ®(x, ka, k)) = f

(D(x, ka, k) — F(x))dx
(L.5) i )
= ﬁf (@(x) — F(x/k + ak))dx = O(cs).
Clearly,

1

0
(1.6) 5 kf X e xTak2k gy —\/2z e k12 4 ak®(—a/k).
T — o T

By virtue of (0.2), W/(0, z) is the generating function for a,. Therefore (1.2)
leads to

_
1.7 =k
(1.7) i k
The assertion of the lemma easily results from (1.3) and (1.5)—(1.7).
Lemma 2. If a = O(1), then
1

e ka?2 _ ad)(—a\/E) = rix + T
N/ 2nk

a; +

where

z Iriel = 0(c§)- Foae =0 EﬂLll)
k=1

k
ProoF. Clearly, \/—
(18) [ emxanm = o0,
On the other hand, -
on e*x d(F,(x) — ®(x, ka, k))
(1.9) - . s
| ea | yakak - o).

Using the inversion formula and then integration by parts, we find from (1.8)
and (1.9) that

ap 1[°
G _ 2 dd(x, ka, k
P _wx (x, ka, k)
1 T ) L. dt
——dim | (PO + (& — ai) ey D
27'CT—>00 -T t
(1.10) | o dt 1 [®Ref")
_ ’ k—1 _ 7) piakt—kt2/2\ _ dt
o A AR e e

Re f¥6) 1 (*coskat w2 coskad .,
- - | = dt + ———e k2,
k6 mk), 2 ° ¢
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Let us first consider the integral

5 ey pk—1 o piakt —kt2/2
J0) = J S @f @) + (t —ai)e i,
First of all,
f(t) = ai — t + it*(R(t) + il(t)),
where
R(t) = :—2[0 x(cos tx — 1)dF(x),
I(t) = :—2f_ao x(sin tx — tx) dF(x).
Therefore,
o — 1w2 R
o= e"“““ﬂ(exp {i(k ~ Dt — %} e l(t))t iy
F .
(1.11) + f (eiat—t2/2 _ l)fk_l(t)t tal dt
-5
5
+ iJ tf* 1) (R(t) + il(t)) dt.
—-d
Further,
)
(1.12) f tf () (R(t) + il() dt = dy) + dyy,
-5
where

o 2]
dyy = f t(fH(t) — e* M) (R(1) + il(t) dt + f tI(¢) ek k12 gy,

d
dyy = f tR(t) e 12 dt.
-9

As we know (see, for example, [9], Sec. 40, Theorem 2),

(1.13) |f4(0) e Het — eTH2] < Feaklel e TR
for |t| < 1/5¢;. On the other hand,

(1.14) IR@)| + ()] = O(cs)-
Therefore,

f 6 H(fH(e) — ™MK (R(e) + () dt

(1.15) 5 2
= 0(c§k fo te k4 dt) = 0(',;3%)
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At the same time,

lsm xt — xt| |smu — u[ ®|sinu — u|
—————du.
u

0
Therefore,

(1.16) f I—I%t—)ldt = O(c).
0

Using (1.16), we obtain

o0

)

k=0

14
J tl(t) eikat-t2/2 dt
-0

0( 0] dt)

0 1 - e—tz/z
(2|1t
B I
0

From (1.15) and (1.17) it follows that

(1.17)

(1.18) 2 ldid = 0(c3).
k=1
By virtue of (1.14) and the evenness of R(t),

de = 0(

4
J tR(t) eiakt—t2/2 dt
-0

|

]
= O(c3|a|kj 2 e k2 dt) = O(cSlal).
. NG

(1.19)

Clearly,

k=1
(1.20) fk(t) _ eiakt—-kt2/2 — (f(t) _ ei“t_tz/z) 2 fk_m(t) eiamt—mﬁ/Z'
m=0

Further,

2

(121) [ = ™72 = (*Ry(0) — i*13(0) — €~ 4 1+ dat —

where

1 0 t2 2
Ry(t) = t—J (cos ix — 1 + —2x~ dF(x),

I1,(t) = :—3ij (sin tx — tx) dF(x).
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Therefore,

(f(t) _ eiat—t2/2) eiamt—mt2/2fk—m(t)
i 2 t? . 2 . N
(122) = (t4R1(t) _ itsll(t)) elakt——kt /2 + (1 + iat — _2_ — glat—t /2) emkt—kt /2

+ (f(t) — eiat-t2/2)(fk—m(t) _ e(k—m)(iat—t2/2)) plamt—mt2/2

Clearly,
1 <] 1 2.2
f R (1) dt = f dF(x)f t *lcostx — 1 + N dt = 0(c3).
0 — 0
Hence
© d
Y k f t*R, (1) e ¥ dt
k=0 Y-
(1.23) 5
= OU R,(t)t*(1 — e“’/z)‘zdt) = 0(c;), 0 £ 1.
0
Further,
(1.24) I,(t) = I,(—1).
Thus
® 3 iakt —kt2/2 g k ° 4 o= k22 | |a|c3
(1.25) —at Ii(t)e t = Ollalcs Ot e t)] =0 =Eik
Clearly,
A t?
U2 — ar + 5= O(lalt® + t*).

Therefore,

7] 12

f 1+ iat — — — eiat—12/2 eikat—kt2/2 dt

_s 2

(1.26)

° 3 4\, —kt2/2 Ia' 1
=Of0(|a|t+t)e dt=0P+W'

Finally by virtue of (1.13),
k d
Z f (f(t) _ eiat—t2/2)(fk—m(t) _ ei(k—m)at+(m-—k)t2/2) eiamt—mt2/2 dt
m=0vY —¢
k - &
= O(C% mgo (k - m) JL) t6 e_’“ 4 dt) = O(k_g'/—i) .

From (1.20), (1.22), (1.23) and (1.25)«1.27) it follows that

(1.27)

]
(1.28) f (™R — fHD) €72 dt = ey + e
-0
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and in addition,
ad alc
Z el = 0(c3), C =0 la 3)
k=1
By (1.13),
S ) dt o R cs
(129) I elat—t /Z(elakt—kt 12 —-fk(t))-? =0 C3kf t2 e—kt /4 dtl = 0 ﬁ .
-5 0

For |t| < 3/2¢5,

. e
lf(t)e"“' -1+ 71<7
and hence,
(1.30) @) < e™.
Therefore,
(131) f (212 — 1)f4(0) di = U (Ialt + ) “hse dt) 0('2' + p%)

In a similar way,

(1.32) f:(e"“‘—"/2 nl () (% £).

From (1.11), (1.12), (1.18), (1.19), (1.28), (1.29), (1.31) and (1.32) it follows that

1
(1.33) J1(d) = Ly + Ly, 0 < _—
S5¢y’

where

d c5lal
Yol = 0(3),  lu = 0(3—)-
k=1

We can now estimate the integral

= Re f4()
i) = [ =5
9
Clearly,
CoS Xt
20 < f dFk(x)f X
For x > 0,

© cos xt ®cost
5 dt = x 5 dt.
t t

3 x
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Further,
® cost Ko cos ¢t ©  cost
f 2dt=f 2dt+f ——dt,
t t t
dx ox k(ox)m

where

ox

k(6x) = [—— + 1.

n -

It is not hard to see that
®  cost kGx)+ DT cog ¢ T
koxm L K(ox)m t 0*x
But this same estimate is also the value for
k(dx)
cos t
f S—dt
ox t
Moreover, the integrals
®  cost Ko™ oo t
f 3 dt and 3
k@exm T bx t

have opposite signs.
Therefore,

j“’ COSXtdt < T
5 t? |x|6"

© cos xt ©dt 1
f 3 dt | < - =
s t st 0

Using these two estimates we obtain

On the other hand,

1 !
(134)  [u®) <= dF(x) + — fl ~_dF ().

0 |x] <ki/4c3/2 o x| 2k1/4ci/? |X|

Applying the well-known estimate of Esseen for the remainder in the central
limit theorem (see, for example, [9], Sec. 40), we obtain

j dF(x) = O(cy/*k~1* — a./k)
x| <kl/4cy/2

— O(—clPk — a k) + 0(—‘1)

NG
(1.35) chi? cs
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From (1.34) and (1.35) it is easy to deduce the estimate
1
(1.36) JZk(—) = O(c3?k™1/%).
5S¢y
Finally, by virtue of (1.31),

(1.37)

= —log(l —

= O(log c5).
= 1 k g¢C3
The assertion of the lemma follows from (1.10), (1.6), (1.33), (1.36) and (1.37).
Lemma 3. If a = O(1), then
1
=0 cz(——— + Ial)).
[

ProOOF. First of all,

© k 2
() = [( ¥ wio%| - 3 o ]exp{ = f e dFk(x)}.

Therefore,
s} b— 0 - 2
(1.38) Pi0,2) = Y Eok — ( y “izk) .
k=1 k k=1 k
Clearly,
1 0 0
by = f ~x—ka2 gy 4 f x2 d[F(x) — ®(x, ka, k)]
«/27Ik —
Further,
e~ X TRa22k gy — —f_ (x + Vka)? e ¥*/12 dx
»\/2TC J‘—czo A/ 2T Y - w \/—
—Jka
= k (f x2e ¥ dx — 2\/I;a e ka?/2
A/ 2n -0
+ ka?, /2n®(—ﬁa)) )
—Jka
x2e 2 dx = Jkae 2 + \/2n0(—/ka)..
Therefore, B
1 J‘O 2 —(x- k)2/2kd (k2 5 " k)q)( ﬁ) ak3'? e_kaz/z
x“e 74 x = (k*a —a - — .
2k Y - /2n
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Using the estimate (1.14), we obtain

0

%fo x2 d[F(x) — ®(x, ka, k)] = f x[D(x, ak, k) — F(x)] dx

— 00

—aJk
~ Jk f (/K + ak)[@(x)

— F(xJk + ak)] dx

= O(cs(/k + lalk)).
Thus

3/
(139) by = (k*a® + k)®(—ay/k) — \/57_1 e~ 2 4 O(ca(/k + lalk)).

By (1 7), the coefficient of z* in the expansion of (3.2, (aj/j)z)* is
Z1a;a,._;. Set

1 _ _
@ = a®(—a/k) — ———e ¥y =g — a.

</ 27nk

Then

k-1 k-1 k-1 k-1
(1.40) Z ajak_J = ﬁ?c_l,?_J + 2 Z Zl?rk_j + Z rjrk_j.

j=1 j=1 j=1 j=1
Clearly,

—o 1
(1.41) a; = O|—=+ lal].
Ji
At the same time, by Lemma 1,
C3

1.42 = 0|=2].
( ) Ty ( k )
Therefore,

§ e, =0[
air,_.=0 ————+Ia|c).
= jlk—j \/7{ 3

On the other hand, Lemma 2 and (1.41) imply that

k—1 1
a%r_; = 0(02(—— + Ial)).
j-‘;c:/z Tk ’ Jk

Thus

(1.43) g %, —0(c3(\/—+|al))
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By (1.42),
k—1 2
(1.44) Y r, = 0(c3 log k)‘
=1 k
Let us now consider the sum
k—1
adag_;.
j=1

Applying Euler’s summation formula with remainder (see, for example, [10],
p. 297, (66)),” ~! we obtain

k-2 k=1
e, = [ od+ otk — 1) - pl)

j=1 1
(1.45) k-2 pt
+ 0( Y| o(+1- t)dt),
j=190
where
I ..
o) = p:()@i(k — 1), @(t) = a®(—ay/1) — T a2,
TT
Clearly,
1 2
W) = ————e""/2
#il 2/ 2nt??
Hence,

k—1
[ ok — v

1

k—1 k—1
= O(e—kamf t~ 12k — )73 dt) + 0(|a|f =312 p—ta?2 gy

1 1
= Ok~ 12 e7*2 L |g| e=9*/2),

This estimate is clearly valid also for

k—1
j ook — 0)d.

1
Thus

k=2 p1l k—1
146) ¥ | @G+ 1—0ndt= J S0 dt = Ok~ 12 =2 4 |g =),
j=1v0 1

T-1 Reference [10] was omitted in the listed references in the Russian original.
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Clearly,
o(kt) = a2<I>(—a\/E)CD(-—a« /k(1 — t)) — \/—;_I;—e_'“'z‘/z(l)(—a« /k(1 — 1))
TIKL
a —ka2(1 —1)/2 1 —ka2/2
—_————p O(—a/kt) + ———————¢ .
2nk(l — t) \/_ 2ntk /(1 — 1)
Therefore,

k—1 1-1/k
f ot)dt =k o(kt) dt

1 1/k

(1.47) 1

= kf o(kt)dt + Ok~ 12 e™*2 1 |g| + 4?).
0

It is not hard to see that

1
(1.48) kf olkt) dt = I,(a /k),
0

where
1

|
Ii(x) =—e™~ /Zf t712(1 — )"V de
2n 0

- \/gx e X2 fl d)(—x\/?) e’ 2(1 — 1)~V 4t
n 0
+ xzfl O(—x/)D(—x./1 — t)dt.

From (1.40) and (1.43)—(1.48) it follows that

k-1

(1.49) S 4, ; = Li(a/k) + O3k + |a])),
j=1
since a*> = O(|d|) for a = O(1). Comparing (1.38), (1.39) and (1.49), we find
(1.50) b = —11(a/k) + I (a/k) + O3k~ + |a)),
where

I(x) = (x* + 1)O(—x) — _xz_e—xyz'
n

We now show that

lim b, =0
k— o
ifa= d/\/E and c¢§ = O(1), where d is a constant.

Indeed,

0 -M
b, = f x? dF(x) + f x? dF,(x), M > 0.
._M p—

o0
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Clearly, Fi(x) < F(x). Therefore
-M _ -M
f x2dF(x) £ f x% dF(x).
On the other hand,
(o] _ (0]
f x? dF(x) < —Mf x dF(x) = — Ma,.
-M - ©
From the last two estimates and Lemma 1 it follows that
lim Ek = 0.
k—
On the other hand,
lim b, = —I,(d) + I,(d).
k—
Hence
(1.51) —1,(d) + I,(d) = 0.
The assertion of the lemma follows from (1.50) and (1.51).
Lemma 4.
1
a, = 0(— + Ial).
Jn
ProoF. Clearly,
0 1/2
la, | < (f x? dF,,(x)) = /n(1 + a*n)'2,
The assertion of the lemma now results from (1.7) and the inequality
A+ V2 <14y, y > 0.
Let
3 (- in u/4\* © o
H(x) = — f sin u/ ) du,  h(t) = f e dH(x).
8nJ_,\ u/4 .
Observe that h(t) = O for |t| = 1.
Lemma 5.
_ _ 1
F(x + I) — F(x) = 0((c3l + c%)(lal + ——)) , I>0.

N

Proor. Using (0.8), we easily show that

%wnsfwﬁw+l—w—ﬂu~wMH€ﬂ
© 3

(152) 1 n © e-itx _ e—it(x+l)
> | : W(Scat) fH0OG—i0) dt .

27'Ck:1
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Clearly,
(1.53) @,(t) = —ita, + O(b,t?), n=1.

By means of (1.53) and (1.30), equation (1.52) can be rewritten in the following
form:

1 n—1 . .

Afx, 1) = — Z f (e +D _ p=ity £k(p) gy
= [tz 1/5¢3

1

(1.54) + 5

e—ztx _ e—zt(x ]
| e
lt]<1/5¢c3 u

(l Z b, k t2e M4 gt

|t <1/5c3

By virtue of (1.13),

J (e7* — e~ #x+D) fK(p)h(5¢c,1) dt
lt|1£1/5¢c3

(1‘55) — f (e—itx _ e—it(x+l)) eiakt—ktz/zh(scat) dt
lt|<1/Sc3

+ O(Iclc3 f t* e k24 gy
lt1<1/5¢3

Clearly,
(1.56) f " e M4 gy = Ok~ /2,
0
Further,
Ik = f (e—itx - e—it(x+l))e—kt2/2+iakth(5c3t) dt
(1.57) o ]
= o(lf te k2 dt) = 0(-).

o k

On the other hand,

(1.58) I, = o(foo e~ k2 dt) = 0(-\}-}2).
0

Using the expansions
h(5c3t) = 1 + O(c3t?)
and

e-—itx _ e—it(x+l) = jtl + O(IZIZ),



Speed of convergence in boundary problem. I

179

we obtain

I, = —lf t (sin akt) e **12 dt + O(cglf 13 e k2 dt)
— 0 0
+ O(l2 fw 12 e~M?/2 dt) )
0

o0
J t(sin akt) e ¥*12 dt = . /2mak ™% e ka2,
— oo

Further,

Therefore, taking (1.56) into account, we obtain
(159) Ik — O(Iallk—1/2 e-—ka2/2 + cglk——z + lzk—s/z).
From (1.57)~(1.59) it follows that

n—1 net
Z |l = 0(|a|l Z k=12 e—ka2/2)
k=1

k=1
2] 1 n/2 1 n/2 1
+ 0 Z———+1223/2+lz +c§lz
k=1/k ik wa k B

since there is no loss of generality in assuming that I < \/n/2. Further,

na2 —u/2
Z k12 —kaz/2<\/’J~ -1/2 —nazu/zdu_ J
lal

|“|~/_—2
J e " du.
Ial
Clearly,
Yooy ¥ L-on
= =007, — = 0(),
[12] k2 k= \/7
n/2 1 1) L
—5 = 0|-], - = 0(1).
2. 7 ( , Zip=om
Thus
n—1
(1.60) Z L) =03l + 1) = O()
k=1

since there is no loss of generality in assuming that | = c;. Further,

I, = lf it e~ k2T iaktpy(Sc 1) dt + 0(12f t2 =42 dt)
o 0

@ , 1
- 0((|a|kl + IZ)J 2 e~H12 dt) - o(k"l’/'z) (k3/2)’
0
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since
f te *12p(5c,t)dt = 0.

This estimate together with (1.57) and (1.58) implies that
n—1 L] 2]

N e Zﬁ(n_—?) o

2 n2oq 1
(1.61) + \/;Zk“ +1 Z )1/2)

[2] n/2

l

Applying Lemma 4 to (1.55) and (1.56), we obtain

n—1 <]
Y a,,_kf (e™ — e~ #xFD) fk(t)h(5c,t) dt
k=1 0

= 0( Y | lal +

i
n —k
(1.62) w2 .
+les Yk t e ei4 dt(:/—- + Ial)
n

k=1 “n<1/5cs

i 1
+ lc + Ia\)k"3/2).
’ k=zn/2 Jn—k
Observe that
n—1
Z k 3/2 __ O(n—1/2)
k=n/2
and
n—1
z k—3/2(n k)—l/z O(n——l)
k=n/2

In addition, there is no loss of generality in assuming that c¢5 < ./n. Therefore,

n-1 1 n—1
e T kr-oli). T kre-ne o
C

k=n/2 3 k=n/2

1

Further,

M=

4
kf t4 e kM4 gp — O(J —-_2——~dt)
k=1 |t|<1/5¢3 lt|S1/5¢3 1-e /2)2

B 0(£t|§1/5c:, dt) = o/ea),
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Thus,
[( n/2 . /e nil 1 1
lal + —) t* e M4 gt + (__ n |a|) ]
|t|<1/5¢c3 k=2 \/n——l; K302

_ o(z(lﬁ 1)

Without loss of generality we may assume that |a| < 1. Applying Lemma 3,
we obtain

(1.64)

n—1 w2
L] e 0(c§(|a| +n1) ¥ (2 o7k dt)
k=0 It = 1/5¢s k=0 Y[t]<1/5c3

+ 0(c§(|al i k=32 4 i k=32 — k)'l/z)).

k=n/2 k=n/2
Observe that

Y f t2e M4 g = O(J dt) = 0(1/c3).
k=0 Y]t =1/5¢5 ltl<1/5¢

Taking this estimate as well as estimate (1.63) into account, we obtain

n—1

(1.65) LY Buoi f t> e dt = O(csl(lal + n™12).
[t/ =1/5¢3

k=0

Finally, by (1.30),

o —itx __ ,—it(x+1) ©
f — f"(t)h(SC3t)dt=0(l f '”'2/4dt) 0l/\/n).

0

The last estimate and (1.54), (1.62), (1.64) and (1.65) imply that
A,(x,1) = O(csllal + n™"%).
On the other hand,
Moo 2 (Fx +1 = e2) = Fx + ) | dH(—S_)c)_),
—c3 3

Therefore,

F(x + 1) — F(x) = O(A,(x,] + 2¢3)) = 0((031 + c%)(lal + _1_))

n
The lemma is proved.

Lemma 6.

F,_(x) — F(x) = ( (lal + \/_)) + O(C§Ial + %)
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Proor. Without loss of generality we may assume that m < n/4 and
la| £ 1. Taking (0.8) into account, it is not hard to see that

dut) = [ (B =~ Bt — man( 2]

(1.66) o gitxps n—m
— - [ S S 00 - B 0B
- k=1
Clearly,
n/2—m
Z FH OG- u(t) — Z S OPu-i-nlt) = Z SO @r-i(O) = Puem—il?))
(1.67) n/2
+ Z (5O = XN Pu-it) + Y S OPu-i1)-
k=n/2+1 k=n/2—-m+1
Further,
— — 0—
P+ (1) — @(t) = F 1 £0) — F{0) + f_ €' d(Fi(x) — Fy4 (%))
0—
= itf (Fi+ (x) — F{x)) €"** dx.
But
Fk+j(x) = Fj(x)'
Hence,

0
(1.68) @y, ft) — @) < |t f_ (F(x) — Fyy (x) dx = |t)(@+; — @)

By (1.13),
fk(t) _ fk_m(t) — ek(iat"tZ/Z) _ e(k—m)(iat—t2/2) + O(C3k|tl3 e—k12/4)
(1.69) + O(ca(k — mlef? e~ my
Clearly,
ek(iat—tz/Z) _ e(k—m)(iat—tz/Z) — e(k—m)(iat—t2/2)(e—mt2/2 _ 1)
(1.70)

4 ei(k—m)at—kt2/2(eiamt _ 1)
Applying (1.30) and Lemma 4 we obtain
= SO = 10 s
km = ———*t——

]

k k—m,
(1.71) =f S -0 e p,_ (1) dt
le| <1/5¢3 it

1 @ s
+ 0(c§(|a| + ) f t? g~ (kmmi%/4 dt).
n—klJo

" Pu—w(D(Scst) dt
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By (1.30), (1.53) and Lemma 3,

[ OSSO p ar
It <1/5¢s 2

1 @ )
+ 0(c§(la| + ) f t e kmmr/4 dt).
n—klJo

From (1.69) and (1.70) it follows that
[ ro-rrwesas
ltl<1/5¢3

ei(k—m)at—kt2/2 eiamt -1 e—itx dt
(1.73) [ =0

o) o0
+ o(cs(k - m)f (3 e gt 4 f (2 e~ miti2 dt).
(V] 0

It is not hard to see that

f ei(k—m)at—kt2/2(eiamt _ 1) e—itx dt
tI<1/5¢3

(1.74 . .
— J (ek(iat—tz/Z) _ e(k—m)iat—ktz/Z)e—itx dt 4 0( e—k/ZSc%) .
— 00 \/E
Clearly,
e o)
f (ek(iat—t2/2) _ e(k—m)iat—kt2/2) e—itx dt
— 00
(1.75) -
2n
— 7(e—(‘x—ka)Z/Zk _ e—(x—(k—m)a)z/Zk)'

Further, setting x — ka = 4 and x — (k — m)a = B for brevity, we obtain

Bk~ 1/2
(176) e = e [Ty e dy = Omialk™ )

Ak~ 172

On the other hand,

1.77)

Ak~ 1/2 Ak—1/2 An-1/2
| ye‘y2/2dy[< [ merray<a " perray,

Bk=1/2 Bk~ 1/2 Bn—1/2

n=k=n/2,
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since e ™2k < 72,
Let

An—1/2
Qo = f Ve 2 dy,

Bn-1/2
It is easy to see that

n

n n k 0
Z dim = Z Z d11= Z Z d(k+j)1

k=n/2 k=n/2 j=k—m+1 k=n/2 j=1-m

<m Y d = mf lyle 2 dy = 2m.

i=—w

(1.78)

Lemma 4 and (1.75)—(1.78) imply that

n—1 ©
Z an—kf (ek(iat—t2/2) __e(k—m)mt—ktz/Z) e dt
k=n/2 —®©

ol 2.\ =) - ol

Applying estimates (1.71)~1.74), (1.56), (1.79) and Lemma 4, we obtain

(1.79)

n—1

1
3 =0 e 3 [

X ((m + c3)(k — m)™3% 4 k™12 g k253

(1.80)
+ (k — m)~Y(c3lal + ¢3 + c3(n — k)‘”z)])
1
= O(c% + %)(Ial + ﬁ)) ,
since

2
—k/25c% =0 C_3
‘ (k)

and in addition, there is no less of generality in assuming ¢3 < ﬁ
Observe that by (1.30),

v

fre) = f77"(0) = Ome™ "™ (jar] + 12)), t

IIA
[\S}
S
w

Therefore,

© 1
(181) I, = O(mf (e + 1) e~ -mss dt) - o(T(nai . _))
. AT
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It is not hard to show that

O(—ay/n — m) — O(—ay/n) = o('ﬁ'ﬁe-«zw—w/z).
Jn

These estimates and Lemma 1 imply that

2 s ¢
(1.82) Ay — Qg = 0(1 + _a_ﬁe—a n=—my2 _3) .

n3/? \/ﬁ n

Applying (1.30), (1.68), (1.71) and the estimate x e ** = O(1), we obtain

T = f 61 50 @ alt) — Bom D) dt
lt|=1/5¢c3
B m mla| + ¢; _1/2)
_0(((n—k——m)3/2+n—k—m)k '

n/2—m

(1.83) Y Jim =
k=1

Therefore,

0(—:%(|a| + \/i;) + —%)

From (1.30) and Lemma 4 it follows that

n/2
5 f 150G, (o) d
k=n/2-m¥|t|£1/5¢c3
(1.84) oo " )
=0 k~ _n— = 0|— —1.
(?3 g "‘) (ﬁ('a'+ﬁ))

From (1.66), (1.67), (1.80), (1.81), (1.83) and (1.84) we deduce
m

Falle+ )

A,(x) = 0((C§ +

On the other hand,

Anm(-x) g (Fn(x - CS) - Fn-m(x + C3)) dH(i) .
x| <c3 503

By virtue of Lemma 5,
_ = 1
F(x + 2¢3) — F(x) = 0(c§(|a| + 7)) .
n

The assertion of the lemma follows from the last three estimates.
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Lemma 7.

F0) = o((c§(|a| + ﬁ))

PRrOOF. Clearly,
-1
F(-1) < —f xdF(x) < —a,.

By Lemma 4,

= o(% 1.

On the other hand, by Lemma 5,

_ _ 1
F(0) — F(—1) = 0(c§(|a| + 7))
n
These three estimates easily lead to the assertion of the lemma.
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