ESTIMATING THE RATE OF CONVERGENCE FOR THE
DISTRIBUTION OF THE MAXIMUM SUMS OF
INDEPENDENT RANDOM QUANTITIES

S. V. Nagaev VDC 519.21

Let £, (n=1. =) be a sequence of independent identically distributed random quantities with M{;=0
and D¢j= < e, We set

a=ML]3 S 3 78 Sn-~=  Dax Sy, F(@)=PEi<3),

fomi

Pulz) = P(Sn < 3), Fa(z) = P(Sa < 2), F,.(z) =P(max[0, §.} < 1).

As shown by Erdds and Katz [1]

— 9 \Vh ®
PP;F“(O Yrz)= (—;—) S ew2dy, z320.
4 ,

Chung [3] obtained the estimate cy< = for the rate of convergence Fn{mnx) given the condition O{lnn

/ut/28,

The problem of estimating the rate of convergence of Fy(oVnx) is tied up with the so-called boundary-
value pmbiems for the sums of independent random quantities. Yu.V. Prokhorov [10] obtained the esti-
mate O(Xn n/ n’fa)m a problem with two curved boundaries, assuming that e;3< <, A, V. Shorokhod refined
the estimate in this problem to O(In n/n‘/z) but at the price of a very great restriction on J§jl<c< =,

A detailed survey of results applying to this group of problems can be found in [5].
This study is devoted to a proof of the {ollowing theorem.

THEOREM, There exists an absolute constant L such that

|ratsorm— (2 )" § evraa] < 22 maf1un, 132
L]

s min{ lnn,
- N

] ;x>0
Note that it is much easier to obtain an estimate Ofln n/n’/z) uniform with respect to x. A discussion
is given at the end of this article after the proof of the theorem.

Proof. We shall consider the notation which shall be used below. First, the symbel O will be re-
quired only when the corresponding constant does not depend on the distribution F(x). The term S(G(x))
will represent the operafor converting the bounded~variation function G(x) into the Fourier-Stiltjes trans-

form 5 .e“xd(}(x); the term 8,(g(x)) will represent the operator converting the absolute integrable function

- o
g(x) Into the Fourier-Lebesgue transform S eitXg(x)dx. The symbols §~! and S,™! will represent the in-

verse operators of, respectively, S and §,.

We set f{{)=5(T), <pn(t) S(Fp). Let Yn(t) be the characteristic funcsion of [0, S,}. As is known (see
(30,

Ser=onp{ 200} gpes. W
Rl Rt
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We set

Ot 5)= Dgalt)zn, W)= (1—/(1)2) D ga(t)e™.
Rwed

Ny
Clearly,
Pu(z), 2>0;
’! (:)m . o‘ z < 0'
Therefore,
s b4 .
Pan(2)= § Foe—p)aF ()= § Faz—nyar ),
whence

S(Fau) = @u(t)f(t).
1t is not difficult to see that
oalt) = P.S(F.) + P(5. < 0),
where P, is theprojector (in the space of the Fourier-Stiltjes transforms) of the bounded~variation func-
tions converting

g)=§ erdG(z) ino Pg(t)= § e=dG().
Thus. - .

) o
Onst (1) = ()3 () = P(Suns <0) = § e*dFuna(z)

-—

" and, consequently,

W(tz) =142 §a{t)zn,

Asaf
where
0-
() =P(3. <0)— | e dF.(2).
We set
[} o
= zdFa(@), avr = zdfu(a),
—y ]

4. o
o= § 2dFa(z), bat={ 22dFa(a).
- [ ]

Without loss of generality we shall henceforth assume that ¢?= 1.
LEMMA 1. G,=3,"/n, n> 0.
Proof. From (2), the generating function for ay is {§' (0, z). Clearly,

v =(1—10 I e rs) 0.

Therefore,

. ..
¥/0.0) = 11— 900.5) B2 s =t T2 o,

At Ny
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@
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Th¢ statement of the lemma now easily follows,
LEMMA 2. an* == ]/—-2-’:;- O(cs), bo*= % +0(es V).
Proof, Clearly,
8at = S. (1= Fu(2))dz, bot=2 f (1= Fu(z))zdz.
[ ?

Moreover,

Ley

—-—s 3
TENEETTN )

[Fafayn)—®(2) | <

]
"where L is an absolute constant, and m(;)=~_—_2i_“—:- S ew2dy (see [8], Theorem 1). Therefore,

ag:y’ES(i-—d)(z))dx-f— 0(c3) =‘V£’£_+0(c,), 6)
¢
bt =2n { (1~ ®(2)) 2dz + O(cyy) :‘%-g.O(c,ﬁ), (7
1
which we were required to prove.
LEMMA 3.+ ot ——1—_—, =0(c).
‘ et V2nn!

Proof. Clearly,

S eitszdF, (z) = — inf (1) fr-1(1).
On the other hand,
§ eizdro(z) =it § eitedz § yaFa ().

Using the inversion formula and integrating by parts we obtain

17 T S ¥ Vit )
‘,;S“"'"""’" ﬁi‘f‘;}, R
1 & Py 1 T Refr(r) Rej"(6)
a—agd——-‘————-dt—-;’;% Tl dt O, 33> 0. (8)
Clearly,
1 4 &
= 2 9
| 7_2_;” - Soz ®(z,n), ()]
where

E
Q(z,n) = _Y?-in—;i_ S ewitn dy,

-0

i ————— 20

*In this article by Rosen {4} convergence of the series M{;=0, D{; < = was proved for the condition 2‘
Nas

1/n[P(S, < 0) ~ 1/2|, The method involved in proving Lemma 3 {8 a modification of the Rosen method.



it follows from (B} and (9) that
ot 1 ""‘"‘E‘S' et 4 )

n Yem t
Re In (6) rﬁ 3 e-nE
an - nd

_ A1 TRes(t)
;-ns raala

To begin with, we use the integral

1..(5) S bt 1: Ofr1 4
pry
First,
{(‘) + et = R’(R(t) + (I(t)) 4+ tv(e-(q: —_ i),
where
R(t “-—:-t—‘- S :C()stzdp('x)' I(t):: 53(5113‘1—!:)&5'(:)
Therefore,
Foi = S R (e noh — frot(t))dt S (e — t) f(t)dt -4 S trt(e) (R(1) + i (1)) dt.

Furthermore,

4

s :
Y@+ a)a = § gy —enomy Ry + a@))de+ 1 fu@yenra,
-8 s

-3
As is known (see, for example, [9], §40, Theorem 2),

!!n (l) --.e—-vm/zl << %__eanlzlje-n‘z"’ 2> 0'

for It|=<1/5¢;. Clearly,
’ R(t) + i (t) = O(cs).

Therefore, ,
4 a
e
St(fﬂ(t)-— ety (R(t) + il (2))dt = O(c,an fent'idt) = 0(;;,:)
- . 4.
is uniform for 6 =1/5¢c;. Clearly,

|sin 2t — z1| i,

S II( Kol S |z|dF(:)S
On the other hand, )

£ oin 2t — i X g P
it WY LAl WY 1 L Ll Y
1 t u g®

Therefore,

Using (17), we have

{— et

s §tl(t)e—""ﬂdt!uO(S‘Mdt)—_-—O(§-'—I-—§-‘)—id¢)=0(q), st
nemt' -8 ° Yo

(10)

{an

(12)

(13)

(1)

(15)

{16)

(17)

(18)



Clearly,

L
(l)—- "I o ([ (1) — e~t'R) 2 N (q),

Moreover,
1Hy— e-c'nu%'.(u)'+c¢(n,(:) +u',(c-))+( t --%-— r”‘).
where
i -
RBy(y=— i(coslz—— 14— )d{"(z),
, 17 £
L) = 7£(sm::—zz+~—)¢r(:),
= S PdF(z).
Therefore
(f(1) — e~PR)e-RCafn-R (1) == —%’-(iz)’r""ﬁ + B8Ry () + iy (t) ye-nen
+U(t)"‘ c—f"z) (/n—k (;)._ e—{n—-k)tY; ’)c"‘”’ +( f— _‘_:._ — e‘—l’!z) =Rtz
Clearly,
g fx — § — $222/2
§ lRt(t){dt<S dF (z )'S fgos tz x 2l 41 — 0(cy).
Therefore,
- &
, et LAQNA
Einit‘iﬂ'l(t)lr gt = (§ SO 1)2) O(cs) B L.
Moreover,
8 v
{ perordt=0
-8
and

.
§ an(yenrrar=o,
-8

since I, {t) = ~I,(~t}.

Erom {14),
n—k
(F@)— e (t)—e T )= 0l (n—k)|t]*e ™),
<< /53¢,
We now have
® B -k l+‘¢- " . c' .
é_s'l(i(t)—-r"n)(in—t(t)—-e Y- ae=o(¢;§(,._,¢,n ")=0(3‘3:)’ PN

1t follows from (19)-(24) that

2 \ S (y-(:)-r-t'n)c—ma:! = 0(ca).

Rt -8

(19)

(29)

21)

(22)

)]

(24)

(25)
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Finally

@
S (.-l'n ..1)[;- (‘)d‘ o 0( S.‘fewamtd‘)w 0("-%)
" wly

is uniform with respect to § = 3/2cy, since for [t] = 3/2c, we have
) —1+e/2l < /4
and, therefore,
M) <ets, |t] <3/2
From (12), (13), (16), (18). (25}, and (26) we see that
S H1a(8) | = O(cs?)

Rt

is uniform for & < 1/5¢;.

We now evaluate the integral
T Refr(t
La(®)=§ _..g;(_!dz.
8

Clearly,
H ‘cas;rz
@< § Fa(e) | § 2254
- 8
For x>0,
[QRackip Py gL
12
& ax
Moreover,
Sxy
Scostd _ S costdt+ cosi a,
I 2
) &= dx R{8x)n
~here ki{x) = [x/7]+ 1.
It is not difficult to see that _—
r cost “”H'cstdt n
| § E YT
Adxit : h(éx):r
hex & cost ° cos il
This estimate is also valid for S v————dt Moreover, S ———-dz d
dx A(dx)x
Therefore,
€ coszt i
dt ! .
l PRl NPT

On the other hand,

l"coj:tdt!<§£='%"-

Using these two estimates we obtain

O <X @t | TerdFa)
Vu@i<y | dme@+g ey

M(" /Cc"ll N)" kg

(28)

tg)

(2)

—-«—dz have different signs.

(29)



Now applying the familiar fsscen eatimnte for the remalning term in the central limit theorem (see,
for exnmple, (8], $40), we have

S dF (@) = O (fn i) — O (— ") + 0 wV n) = 0(e"n'") + O (cy/¥ 0. (30)
;q(ni'ng"h
From (29) and (30), it is easy to obtain the estimate
T3a (1] 5¢5) = O(cs¥n="). @n
Finally, from (27),
< 4 1 {
Sl ==u(t-|i( ) =owe. @

The statement of the lemma now follows from (10), (28), (31), and (32).
LEMMA 4. By, =0(cs?/¥n).
Proof, Using (4), it is not difficult to show
14 .( n' 0 : < n” 0 . hod n 2 < byt 4
¥"(0,2) = [(( z!——-;‘(-—)-z") + 2"?;’—}——)—.:“) (1—2) ]CD(O,z)z — (Za,,z") - == +——-—-—~. (33)
R f L7141

Numef R B -3

In view of I,emngs 1-3,

za,,zn ——— 2 _+ 3 rac, (34

nsi s
where Iral=0(cs®) and ry=0(cy/n).
wowd .

Employing the asymptotic expansion of the remaining term in the local limit theorem of De Moivre-
Laplace (see [9], §51, Theorem 1), we have

‘1-3-...-(211--1)_ 2m)t 1 0( 1)

2»n! T2 (nl): T yam n'h
Therefore,
—— —_— e (] — = n 35
m 2‘,_“ = R L t-2)- +,§op‘ ™ (35)
where pm=0(n"/2). From Lemma 2, we have
o bn+
2=y (1 —2) + 2 panz™, (36)
n=si nwl
where p,n=0(cy/¥n). Moreover,
E {n 2 Irul + "g Anl _O(ff_)+0(_€a_)__o(csz) 5
._IYR— /zﬂy—k \Ya wl f;l:’ e
E {raflra-sl= (f-‘)
- t S A &
S aazt ) = —( D =) + D penz, (38)
. (-—1 ) 2“ (u-l vn ) Rax(}
where p;n"—'O(c,’/fn). From (35), we have
1 - "
(= --(1--:)-'+29»=" @)
(25 ) oy

where p, =0(1/Vn). The statement of the lemma.easily follows from (33), (36), (38), and (39).
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let
0, B>
h(!)aIZ(i--“l)’, 12t t;
t—6o8lep, Oy <12

It {s not difficult to verify that

s = § (2204

We set
Ex(t) = (P(t) — e ") h(5cat),  Cu(z) = S-4(ga (1))
LEMMA 5. G,'(z)= 0( cemin (i- —:;(1 +5"-:- )

Proof. Clearly,

§ e, () dz = — g, (1)

Moreover,
iy 9o P iy
8" (t) = thk di* (f(t)—en3) diz—r h(Sest).
ka0
Clearly,

a
= (PO =) = n (7 @O =4 (1) + ten02),

o (M) = ) = L ()1 (0) + e + (3= DO = niene

It follows from (42), {(11), (14), (15), and (27} that
2 (= ey = O((mit + ey )
for |t]|=1/5¢c;. Note that
f(t) = —1 + Ocst).

Therefore, ‘
@A)+ e = (1 (0 + ) 2 (8)

e e it (1) O (sl sl ) ), £

Similarly, we obtain
PR () — e == (f () 4 2 T) frot (1) + Bt (frr ()

—2

At

— T T =0 (n] P+ ¢ Ry, [E]< 15,
From (43), (46), and (47) it follows that
‘é‘.:z’ (I () — eR) = O(cs (1P|t} + n2|t]* +-n|t])envs), |t]< 1/5cs

From (40) we have

S ’n” (t) e—itz d¢.

1
3G, (%) = — o
[t

(40)

4

(42)

43)

4

(46)

(47)

(48)

(49)



Using estimates (14), (44), and (48), equations (49) and (41) yleld

£#6,'(z) = 0O (c, g (n%® 4 1 4 nt A CR(nY - ) ) e-rrs dt) =0 (c,(i + 5";’-)) . (50)

Moreover,

. .
’ — — [1 8
Gu'(2)= 5 m<S ga(t)ett=dt,

Now, in view of (14), it is easy to obtain the estimate
R e
Gy (z) == O{con ) ettt )= 0( — ). (51)
* ( § ) ( N )

The statement of the lemma follows from (50) and (51).
We shall now directly prove the theorem.
From the identity &{t, z) = ¥, 2)/(1 ~{{t)z) it follows that

[
Palt) = (1} + 2 () @nar(t). 2)
A0
We write (52) as
| o] n—-q
erlf) =" () + D e 2 qaa(t)+ D (F(8)— €% Gaun(8). (53)
R Ra=f
Clearly,
galt) = —itdr + qa ()8, 54)
where
- | o
aye=§ (et — 1 — itz)dF,\(z).
It is not difficultllo see that
ite 2 = Syl —— exh )
‘( Von ks ) (55)
Let
e
O (z)= S (ﬂg‘ﬁ' 5 Yn k).
Note that
S ue R dy — ke~*2, (56)
pt
From (55) and (56) we obtain
- a~-t ~nx¥i2k
O (00) = Ou(zTr) = — S 67
2n,_ Vk(n—k)
It is not difficult to show that
i . 1 1,1 oty - )
o= e (4 — Y~ — — i+ §, 58
Pk(ﬂ_-) .5,. w = du+o(}/k(n-—-ls)(k+n-—k+ k’) * 58)
In addition,
b |

§. =)o = §unt(a — 1) oo da = 240 ) e W (%)
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{see {12],p. 333, formula 4). Moreover,

V:—ffr"?‘du e § e 20 (n) "Wy Yy (f)e"'f‘
®, N2

(see [12], p. 1077, 9.236, formula 1). Thus,

f u-h(] —u)-t e P dy == n(i“v—g— § r-'l!du):-__ 2“(}‘“0(1))'
Y [

It follows from (56)-(59) that

0.(00)-—0.(11;)=1..¢(3)+6 ( (__
l’k(n - k)
Let
net
He(z) =5 ite~*izp,
(Zuerern)

where ri=-a— 1/Vrk.
In view of Lemmas 1-3 and relationships (55) and (56), we have

R, (xyn)= (c,z_ oy )+O(h:§“ i’_;/‘l:_'})=0(%)

We set
n—{
Qi (#) = .s~l( S i (£ e 2)
k=1
Clearly,
F?—Iu:;Z . S; ( & V_.L e-xrfzk) R
' 2ak
Therefore,
I 14/ n n
—.k2 = -1 (,_‘,V...._. ( 2 ) —nx’,'zk) .
rd U VS i G R
Note that
¥, =
—'i;- ute ek gy =— 0( -;i—-) . T>0;
k' % n
n% ¢ 1
nuitk —
o S’r du_o(r’n)' > 0.
Clearly,

Var S(@()= 2.
N 2
Using Lemma 4 and (62)- (64), we obtain

O (o)~ Qun 1) = O &= 3 50-0) = o =) >0
h 1
Moreover,
nh g . 1 7 O I 2=
w Jwemmaa= T8, gl eeman =T

(D(I)+0(;'§.x£ )

(59)

(60)

(61)

62)

(63)

(64)

{65)



Consequently,

- Qb N A eotinn
w{90)— Uin == v} = 2 - ———
Qi (00) — Qya (2 77) 0(5 =t ) o(c’..z.*m) of = ). =0
We set
i
Qun(z)= 5 3 (A= DA (Gest)aaa(t)).
foom i )
Clearly,

(66)

> *-
S (2} — e Ry R (Scst) Pas(f)) == CreS-1(Pn-a(t)) = Cr(z) Fas (0)— S Gr(z — u)dFaa(u) = S A.Gy(z)dP oy (u),

where AyGy(x) = G(x)~ G (x—u). Therefore,

Par
Qun(z)= 2 § AGr()dFucr(u).

Rounf —co
In view of Lemma 5, for u=<0, x>0 we have
- g f1/1 i n
AGx(zYn)=0 (C;Tn_mm [ﬁ(ﬁ + k—), -{«— ])
since we can assume c;?< v without loss of generality.
v Lemma 1 and the inequality M|¢,]= (M¢ 12)‘/ ? Jead to the estimate
@ = 0(1/¥n).
From (67)~(69) it follows that

Gune = 0(2 3 fewtoia] (£ +.£) 7)) _0(Zmia[ L, 10n]), 530
Ra=t

=y yn k ¥n
Let
a-d
N e B(5e)Bacr () + S74(8 (1),
Qsn(z) = Qua(z) + S~ (t) (1 — h(Scxt))).

We set

an(t) = (/" () — e ) (1— h(5cst}), n>0.
Clearly,

Qax (D) gu(t) = L()Pn-a(t) — (F(t)h-5cat) + e 2(1 — h(5cst)) Paalt).

We get

nq
wa(t)= J P (Oh(5cst)@anlt),  Wal(z)=S-1(wa(t)).
Amal

LEMMA 6. sup|Wy'(x)|=0(cs/Vn).
Proof. First,

o (%)= -2-:; § wa(t)eit=as.

(67)

(68)

(69)

(70)

(71)

(72)



Clearly,

@a(t) == —&,it + O(B,12). (73)
Furthermore,
S["(t)lh(fm,l)r"'dz - S (R ()— e*Pa) iR (Seyt)e~ttx dt — ¢ S €02 (Scpt) sin 2 dl, (74)
~—a HICye -
In view of (14),
S (A (t) — ) th(Scot)etsdt = O (c,k S fle-rest dt) = O(c k). (75)
LIL <= 0N L]

‘Using the estimate h(t) - 1=0(t2), we have
.

‘§c"‘"l’tk(5c,¢)sin trdz = fr"‘ﬂtsin tzdt 4+ O(c,’ .S e-*""l’dt)-—._- -"{2_; p e 4 0 (c;; . (76)

-

From (27) we have

{ 1r@ira=o0u). an

Jee/se;

It follows from (73)-(77), (69) and Lemma 4 that

i i:‘r“’fu _l' — -}
“‘2‘;2,‘(‘)}‘(5%:)@"-&(‘) |dt = 0(('—W—2§-+ etk ’) (n—k) ”) . (78)
Moreover,
45 1
S [P (8)th(5est) |dt = O( 3 tdt)z 0 (:;) .
1) eZ1/5es L]
From (69),
o (t) = O(lant|) = O({t| / Vn). (79)
From the last two estimates we have
o § 1A O Gast) g (1) 1dt = Ofert(n — ). (80)
Using estimates (78) and (80) and the inequality min (g, + a,, 2;) =g, + min (ay, a;), a; > 0 we obtain
n—i n-t
Wa'(z) = O( Z lzfk~(n — k)~ c“""”‘) + 0( Z min ek, ey Y(n — k)~ ) (81)
Rmat Pt .
We first estimate '
L S
Wy ==z} D) k=¥ (n — k)—h ek,
Romti

The function u=¥2(n - u)~1/ 2=X*/M {poreages monotonically in the intervals (0, uyp} and {usn, n), anddecreases
monotonely in the interval (ujn, uyn) Where uyp < upyy are roots of the equation 4u’~ (3n+x%)u+x%n=0. There-
fore .

mAX (1, uyp) n e-&'lhdl
s v {3
2 k ’(n~k)°"e“"‘"‘<( + )*““"‘—:
ICASTAX (1. ug,—t) H e u"{n—u)
Ugn ChSn—1
and
Vg
z k.:/, ('l . k)_l,.e,,cm < S u-lla (n —u 3y e-a‘ﬁu du +
'.<i<;p| ) 't

4 00 (n— 0" s, b, = max 1, uil, 9, = min[v,, B—1].

T = min{uz., n— t}.



Thus,
W (s f“'“’(" —uy e ™ du 4 {/yn -1, ‘
H

since |x| e X1/24 ¢ /i /e and Vo tn=Vp) V2% - /2, Clearly,

¢ k stun o
festomar i § i
' n o uh(t—u)

From (59),

1
—_ 4
x S g~ (1 — u)~h e 4y = 20 TR +E;‘IS‘ u~'a (i — u)~h = du,

Vs . [ ]
However, for x=9,

P
= L un(t — u)~"h == du < 0,
[ ]
This means that

Valz] § uts(n — u)h e du < Yomemeinn, (83)
1

It follows from (82) and (83) that

W, < 4/ fn. (84)
We now estimate
wn—i ]
Wy = E min [c*k~4, 65~ (n — k),

Aol

Without loss of generality we can assume that ¢;<Vn/2. Then

u-4
et ) k~(n — k)" = O(cy?/n) = O(cs/¥n),
Rexn/2 )
o _
et 3 (n— k)~ = O(1/¥n),
N0
ni n/2
et D k7(n—k)h= o(if: h3! k—‘f‘:) = O(es/Vn}.
hmcy? AL
Thus,
Wy = O(cs/ Yn). (85)
“The statement of the lemma follows from (81}, (84) and (85).
We set
' a~4
Ou(t)= D e MRPau(t) (1 —h(Sest)),  Valz)= 5 (va(t)).
Romi

LEMMA 7. B’\‘xp!Vn' (x) = O(cs/Vn).

Proof. Clearly,

Va!(2) == 5’; {on(gyeit=ar.



Using (79) we obtain

§ vt = A(s)) [9aa(t) 9t = O etfinat § r-umw:) o= O(cth-3(n — k) =%).,
- ]

On the other hand,

Se"m(i h(&g);(g,..(:,tamo(‘a“lS,.W,d,) 0(

-

From estimates (86) and (87) we obtain an estimate for V’n(xj.

1n-—-k) ‘

[ 2= 3
Va'(z) = o( S min (e, k-1) (n — k)= ).

[ 2]

Since without loss of generality we can assume that ¢; <n/2, then

c"z kz(n__k)'f- 0(%):0(-%!)

‘M 1 jzun
crikz(n,.k)ts. (‘ Zk ) (1,,)’

1 : 1 21 Ine ¢
2 "(n“k)‘;l-’»=0(~§_;2 ) -—0( 3) 0('-3:).
ot _ Rt L n
The statement of the lemma follows from (88) and (89).
It is not difficult to see that

n—t
Bin(e) = Faa)+ 54 DRG0~ Wale) = Vo) = S (118 (5ext)) ).
A==

From (52) we have
[ I

Fo(e)+ 5 B P0§a(0)) = Fate).
=]
In view of (27},

p fés~!(fn(:)k(s¢3x;){ - o(.g eneadt) = o(?:_:) :
Setting
0n(z) = Wa() + Valz) + 57 (h(5est)),

we have

Qun(2) = Fu(z) — Qul2).
It foliows from Lemmas 6 and 7 and estimate (90) that

SUPIQ '(#)| = O(cs/Vn).
Clearly, Qp(x) has bounded variation, and, moreover, Qu(~=)=0.

By employing a modification of the Esseen 'I'heorem {see [7], Theorem 2) we cbtain
sup !Qx..(x)[ ==0(-—~)+0( S ‘u;,.(t) !dt)

- iy,
where wg, {t)=S(y,). Clearly,
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(88)

(89)

(90)

o1



et
[ (< DO Gna ) |+ (A=A (Get)) ], go(t)mm 4, 92
2 ]

'From (14) and (79) we have
l § () 'd, 0(____)

1t Ct/3ey

orng Pk ) fer
m<v'ac,l . ¢ - ,d‘ 0( fi—_kmiux.m,‘ M‘Md‘) =90 (Vn-;k mm[f};’ k"’a})‘ (93

Moreover,

{ ?Wim G(c;’.s.te‘“'f‘dt)z()(”c;{). (94)

1%, [ ]
From (92)-(94) and estimate (69) we obtain ' '
a4

@3n (‘) n c” ! i C;:
i Wl == G 2nun[~—.kc,"](n—-k)~ﬁ + O {s +0{—1}. {95)
uzs<w! ‘ ! (u.: k2 ) ( "zﬁ) ( n )

Without loss of generality we can assume c;’< n/2. Therefore,

"“2,7,{:‘"“”0( ,z;,)
»/1 i "y

C:’E@W»O(vni%kz)=o(ff) ,

— .
o DA/KYn— k = O(cs¥/n") = O(es/¥n).

Re=n/2

(96)

From (95) and (96) it follows that

( mg,.(t)
m;usc,! ¢ ldt O(Vn

Substituting this estimate into (31) we obtain
3up |Qun () | = O(c/17). (87)
Now employing Theorem 2 of {7] and estimates (90} and (94) it is not difficult to show that
sup|S-t{f~(t) (1 — A(5cst)) | == O(cs/Yn + ¢st/n). (98)
It follows from estimates (87) an:l (98) that
sup|Qsa (2} | = Ofest/¥n). (99)
Using identity (53} it is easy to obtai; the representation
3

Pa(2)=Fu(2)+ Ou(d)+ Bu(n) + S Q). z0.

L}

To complete the proof it is now sufficient to use estimates (60), {65), (66), (70), and (99) and the familiar
Berri-Esseen estimate for the difference Fy(x)~ &(x//n) (see, for example, [9], §40, Theorem 1).

In conclusion we shall show that the estimate O(cs’Inn/Vn) is derived in a much simpler manner.
First note that from (84) we have
sup| v’ (z) | = O(1/1n). (100)
x

Moreover,

() == S(Fo(2)— Ou(z) — D(2/¥7)) = 3} (Urua + tfn-n(t) 42



| o ]
+ @a(t)+ 3 (h(h)— AN g a(8)+ () — 0B, - (101)

Reaf
From (101), identity (54), and estimates (14), and (79) we have

“ax{t) Wi €3
§ | =H]e= o( S (Iraalk% 4 Buakt cxfana [k + ). (102)
oahe At T
However,
3, |r.-.§k"'/~--0( ) (103)
Rent

(see- (61)). Moreover, -In view of Lemma 4,

-1 c”h n
Baaki=0 e {104)
25 ()
Finally, from (69)
ntf
Zk“’lau-al—-o(l“) (105)
f T 11

It follows from (102)~(105) that

S ‘,1"—“—)].1:=o(—‘-’3-‘_'1'~‘).

L e ¥n
Using the above modification of the Esseen thecrem

c}lnn).

Fo(2)— On(z)— O (z/yn) = 0( o

It now remains to use equality (60).
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