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Let ~n (n-- I, ~} be a sequence of independent identically distr ibuted random quantit ies with M~i~ 0 
and D~l= o~ < ~,~. We s e t  

r = MI~ , I ;  s~ = ~ ~,, s .  - -  m.x s .  e ( z ) - -  P ( ~  <=) ,  
t w t  

# .  (z) = p ( s .  < =), P .  (z) = e (~r < =), ~'. (=) = P (max[0, .r < =). 

As ghOWn by Erd~s and Kate [11 

@ 

Chung [31 obtained the es t imate  e i < ~ for the ra te  of convergence ~n(a,rn xl given the condition O(Inn 
/nW2b. 

The problem of est imating the rate  of convergence of'Fn(a,/'n x) is t ied up with the so-ca l led  boundary- 
value proble.~.s for  the sums of independent random quantities.  Yu. V. Prokhorov [101 obtained the es t i -  
mate O~tn-~a/n~/a)in a problem with two curved bounchries,  assuming that e~< ~. A. V. Shorokhod refined 
the es t imate  in this problem to O(ln n/n 1/2), butat  the p r i ce  of a very  great  res t r ic t ion  on l~il < c < ~'. 

A detailed survey  of resul t s  .applying to this group of problems can be found in [51. 

This  study is devoted to a proof of the following theorem.  

T~EOREM. The re  exis ts  an absolute constant L such that 

< ~ r a i a l  O. 
. , ~']r - ~. 

Note that it is much eas ie r  to obtain an es t imate  O(lnn/n tie) uniform with respect  to x. A discussion 
ts given at the end of this ar t ic le  af ter  the proof  of the theorem.  

Proof .  We shall consider  the notation which shall be used below. F i r s f ,  the symbol O will be r e -  
qu i red  only when the corresponding constant does not depend on the distr ibution F(x). The t e rm S(G(x)) 
will r ep resen t  the opera to r  convert ing the bounded-variat ion function G(x) into the Four ie r -S t i | t j e s  t r ans -  

o o  

form ~ eitxdG(x); the t e r m  El{g(• will r epresen t  the ope ra to r  converting the absolute integrable function 

g(x) into the F o u r i e r - L e b e s g u e  t r ;msforra I eitXg(x)dx" The s2~a'nbols S - i  and St "t wilt r epresen t  the in- 

ve r s e  ope ra to r s  of, respect ively ,  S and S t. 

We set  f(t) = S(F), en(t)  = S(t~n). Let r be the cha rac te r i s t i c  function of [0, Sn]. As Is known (see 

[31), 

Translated from Sibirskt l  Matematlcheskil Zhurnal, VoL 10, No. 3, pp. 6i4-633, May-Jime, 1969. 
Original ar t ic le submitted September 18, 1907, 

443 



We set 

Clearly, 

Therefore, 

m 

|  ~ ~,,(t)z., 
m,,,~ 

#B 

Y,(t,z)'~ ( | - t (0: )  ~ V,,(Or'. 
m-,4  

[P.(z) ,  z>O; 
P.(z)~. t O, z ~ O, 

whence 

It IS not difficult to see that 

P,,..(z)= ~ F, , (z-v)~(v)= S' [',,(z-v)~(v), 

S(P.+O - - .  r 

r = P+S(,~.) + p(s. < o), 
where P+ ts the projector (in the space of the Fourler-Stllt jes transforms) of the bounded-variation func- 
tions converting 

g(f)--~ S" e~txdG(z) into P+g( t )~  ~ e"'tdG(z). 

Thus. 

and, consequently, 

where 

We set 

O - -  

~+t(t)--l(t)+=(t) = P ( ~ i  < 0)-- S e~',dP,~+~(x) 

+(t ,z)= t + ~ - ~ . ( t ) : ,  
n m t  

O -  

;p-(O = p(s~ < o ) -  ~ ~"'dr,( , ) .  

0 

~q~ e 

B,~ = ~ .~ dP., (z), b,~ + = z ~ dF. (x). 

Without loss of generality we shall henceforth assume that cr ~= 1. 

LEM~_A 1. % = ~ + / n ,  n > 0. 

Proof.  From (2), the generating function for ~n is i~g t' (0, z). Clearly, 

Therefore,  

w ( , : ) =   I(o) v,,'(,).. , -  _ r(,).) |  
m,,,-| 

y , ' (o , z )=  J ( t - z ) |  ~ a"+=e, ~-t  ~ ~ ..z . 
�9 /1; /15 

(2) 

(3) 

(4) 



The statement of the lemma now easily followtJ. 

LEMMA 2. a . + ~  Olcs), b, ,+~-~+ O(r 

Proof. clearly,  

Moreover, 

4,,+ ffi f ( i -F . (~ ) )~ ,  
0 

b . + = 2  ~ ( i--r,,(x,))xdx. 
0 

I F . ( ~ ' ) .  r I < 
Les 

0 + I=I~).P ' '  

t i ~','adu (see [81, Theorem 1). Therefore. where L is an absolute constant, and $ ( x ) = ~ . ~  

0 �9 ~-'n 

0 

which we were required to prove. 

l t ~ !  

Proof: Clearly, 

On the other hand, 

S e"xxdF. (x) = -- in/" (t)~-' (t). 

Using the inversion formula and Lntegrating by parts we obtain 

n e 2g T-,~ "fr | 

Clearly, 

- - ,  8 > 0 .  

where 

�9 ( x , n ) = ~ S ~  x-.'a"du. 

�9 In this article by Rosen [,~]. convergence of t h e s e r i e s  M/jI= O, D~I < ~, was proved for the condition ~ 

1/nlP(S n < 0 ) -  l/~l. The method involved in proving Lemma 3 Is a modification of the Rosen method. 

(s) 

(s) 

(7) 

(8) 

(9) 
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It follows from (8) and (9) that 

~ +  
o=m 

I " l b l " ( = )  , . r"~ .~  - ~ ! - - V -  B~P_(~ )+  t " 
,, ,-t- n8 ~ !  T ~ 

To begin with, we use the Integral 

First ,  

where 

I " - - - " ~  

t / , . (a )=  S~ ~.r'-"= + f(q/"- , (O ~. 
- 4  

f i t )  + tf-t~= =~ ~ (R( t )  + l I ( t)  ) + t(e- '~ - -  1), 

t ]'z(sia tx- tx)~(z). tit) =-b- 

Therefore. 

a i 6 

I , .  = ~ ~ ' . , ( ~ . - , ~ " -  l . - ' (t)  )d~ + ~ (~ '~  - t)t.-,(t)at + l ~ q"-'(O ( R ( = ) +  a ( O ) a t .  
--8 - 6  - 6  

Furthermore, 

tl.(t) (RIO+ ~/(O )dt -= I t(l .  i t)-- e--.,'~) (R(t) + ~/(t) )ez + ~ ~ t /( t)r . , '~at .  

As is known (see. for example. [91. 940. Theorem 2). 

7 3 l / " ( t ) -e-" "~ l  < ~- caqtl ~--',', - > 0. 

for ~[-< !i/5c 3. CLearly. 

R ( t ) + / / ( t )  = 0 ( c 3 ) .  

Therefore, 

is uniform for 5-< 1/5c a. 

a 6 

Clearly, 

dr. 
O ~ Q 

On the other hand, 

Therefore, 

t = dt = :d - "us du < zz i -us - du. 
t ~ e 

i • =  = o(~). 
$ 

Using (17), we have 

!S =o( 
t --6 \ ~  i - - t t -~a  1 . ,  

{to) 

in) 

(12) 

it3) 

04) 

Os). 

06) 

07) 

its) 
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Clearly, 

Moreover, 

R-4 

t" ( t) - r , " ~  .= if(t)- r-,'~) ~ ~ " , V , - ~  ( t), 

where 

Therefore 

Clearly, 

, ( , , - ~  =-~, . , .  + ~(.,c,, + ~ , , , ,+( ,  " --y--r~), 
ttxt 

's( +~) I~(0 = --g sia t z - , ~  ~ ( x ) ,  

~s = ~ x~dFlx). 

if(t) - e-t'~) e-~,',~l.-~ (t) = ~ (u) ~e-.'~: + t' (a, (t) + ~I~ (t) ) e-":',: 

+ q ( t ) -  t-",=) (I.-~ ( t ) -  t-("-~",~) e-~":: + (  t -  T ~- 

Therefore, 

IRt(t) [dt <~ i dF(x) I ;c~stz--pl -- t'-zz/2] dt = 0 (c~).  

Moreover, 

and 

~ i (~ ) la~(t) l t 'dt  
n tqRl(t)le-"e,"dt=-O (t_e_,,:~) 2 =0(c~) ~<~1. 

e 

i t~e'-"t'~t - - - - -  0 
.-.a 

since It(t)=-li(-t ). 

From (14), 

# 

e.lt(t)~,-: ~- et = O, 
. -a 

( f( t )--~-, '~)( l .~(O--e , e)e:-t*'~-__O(c~(n_k)ltl.~"t'a). 
I t l < t ; 5 c , .  

We now have 

~i "-'" '"" ( "  ) (~) l ( / ( t ) - -e - tvqq~-~( t ) - - i "  ~ ) l . i ' - ' i -  d t = O  r ~, , (n--kln-v.  = 0  
lt=~ 4 I~- [ 

It follows from (19)-(24) that 

(19) 

(.2o) 

(21) 

{23) 

(24) 

(2s) 
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Finally 
J * 

I 
- 4  -4  

Is uniform with respec t  to 6-< 3/2e~, since for [ t [~  3 /2e  I we have 

It(t)- i +~/21 ,~ t~l~. 
and, therefore, 

I/(OI <r I,ti ~312c,. 

From (12), (13), (16), (18), (25), and (26) we see  that 

)~ I/,,,(~)!-- o(~,,) 

Is uniform for 5 < 1/Se~. 

We now evaluate the integral 

Clearly, 

For x > O, 

Moreover,  

"[ Rej~(t 
6 

~*c:~s x t  

~ cos zt ~' cos t 
- - ~ -  dt = ~ 3 ---g- ~ .  

='here k(Sx) = [Sx/Tr] + 1. 

It is not difficult to see  that 

cos t r cos ~ cos t 
l - - i ;  - et = 3 - - g -  et + - -g - -a t ,  
g t  gz k(13x)zt 

,~. C ~  (~ox)+x~.~ 1 

~e-6=m cos I t 
This est imate  is also valid for ~ - - ~ d .  

6= 
Therefore ,  

On the other hand, 

Moreover, ~ ---~-dtC~ t and ]~ --~---d~c~ t 
,t(,~)..T e= 

~ cos xt dt 

[Vcos=t , ~ * d t _ i  
-ir-d,I <  ir-T. 

Using these  two es t imates  we obtain 

t ,,IA~,.~z~dF,(z)" [J=. (~) [ < - ~  $ dg.(x).-k 6--Tlxl > 

have different signs. 
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o 
Now applying the familiar Esseen estimate for the remaining term In the central limit theorem (see, 

for example, lab 140), we have 

I dF.  (z) = r r ( -  ~"."~ + o ~ . /F~)  = o(~PI.';,) + o(,./F;O. (~o) 
lq< al/'c~' ' 

From (29) and (30), it is easy to obtain the estimate 

Finally, from (27), 

/=,,(t/So.) = O(c=~.n-'~.). 

The statement of the lemma now follows from (10), (28), (31), and (32). 

LEMbIA 4. ~n = O(c==/vrn) �9 

Proof. Using (4), it is not difficult to show 

(31) 

(a,z) 

�9 
l e v i  n ~ |  I t ~ |  IS==I 

In view of Lemmas 1-3, 

~,a,.=. - -  _-E- 2J . ~ +  2.J r . , ,  (34) 
a--t r~nn=t[n  ~--t 

where ~ Jrnl=O(% 2) and rn=O(cJn  ). 

Employing the asymptotic expansion of the remaining te rm in the local limit theorem of De Motvre- 
Laplace (see [91, w 51, Theorem I), we have 

t - 3 . . . . .  ( 2 n - -  1) 
2"n! 

(2n) t i ! 

= 2z~ (n,) ,  = ~---~+ ~ (n,T,)  �9 

The refo re, 

t ~_j z n i 

where pm=O(n-S/~). From Lemma 2, we have 

(3,5) 

~b~+ t ~ P~- zn, =" ---- - -  ( t  - = ) - l  + 
n 2 

where pm=O(cJvrn). Moreover, 

" "  

p'd Ir--~l-- xy~," 
b. , - t  

. _ ,  

where p• = O(e31/C'n). From (35), we have 

2n ( ~_,_~)" =" ' _ ~ ( 1 - - = ) - ' +  ~p,.z",,,. 

where pin = O(1/(n). The statement of the l e m m a e a s l l y  follows from (33), (36), (38), and (39). 

(36) 

(37) 

(39) 
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Let 
I 0, I t l > l ;  

h(t),~ z ( l - l t l )  ' ,  I / 2 < l t l < l ;  
I t - -  st,+ 01tg, O~t l<t t2 .  

Rlm not difficult to verify that 

.. X ~ /  " 

We set  

tr.(t) = ( P ( t ) - F - - ~ ) h ( s c r  G. ( . )  == s - q g .  (=) ). 

_, (, 

Proof .  Clearly, 

Moreover, 

S' Ct. . t .~, , ' ( . )  ~ = - -  r  

2 n ~ d~ 
h " l t )  = ~ , C ? - ~  ( l " ( t ) - -  ~- ' " )  -~=ih(Sc~t). 

Clearly, 

d 
(p  (t)--r-" ' . :)  =- n(f(t)/"-qt)+ te'-~::-), 

d~ 
~ -  ( t " ( O -  : %  = n [F(OI"-* (0 +. r " ' ~  + ( -  - i) / '=(:)l .-=(t)- nt~F.",q. 

It follows f.rom (42), (11), (14), (15), and (27) that 

for I t [ -  < 1/5c 3. Note that 

d (p (t)  - -  r '-':~) = 0 ( (n- '~ + ntis) :~ ' : ' )  

Therefore, 

Similarly,  we obtain 

F(t) = -| + O(c:). 

l "  ( t ) l~-qt)  + e-.t'~ = (F  (t) + e--t'~2) l.-~ (t) 

+ ~-""~'-  r"~'  1"-'(0 = o ( ( m l t l  , + ~=ltl) - : ' %  
! 

t <  

/'1/"-' (t) - -  t '  f-~'/, = (/" (t) + : ~ )  # - '  (:) + : : "  (/"-, (0 
It--I 

_ 7 - r t ' )  = O(c~(nltt ~ + itl 5 : , , / , ) ,  t t l <  i/,~,. 

From (43), (46), and (47) it follows that 

From (40) we have 

d 2 
~ -  (r  ( t ) -  e-'"~)= O(c,(-'Itl ~ + -'Itl ~ + ,  iti) ~-'").  Itl < i/5~,. 

i 
�9 ~.'(.)=-~- ~ r,,"(t)r-"=dc 

lll,~ 

(4O) 

(41) 

(42) 

(43) 

(44) 

(4s) 

(4s) 

(47) 

(48) 

(49) 
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Using estimates (14), (44), and (48), equations (49) and (41) yield 

Moreover ,  

&'~.e(Z) ~= 0 (CI ~ (~l|S .jff rtt~ -'~/11.3L Cat(ttl| s ~-/ l t  :l) )~"*~t*'~ t~)== 0 (t 'Z( |  - ~- ~ - ) ) .  
t 

P 
G,'(z)  = ~ ~.~,,. r , , _  (t) ~". dr. 

Now, in view of (14), it  is easy  to obtain the es t imate  

G." (z) =.= O (can ~ tse-"t'~"dt ) = O ( ~ ). 
o 

The statement of the Iemma follows from (50) and (51). 

We shall  now di rec t ly  p rove  the theorem.  

F r o m  the identity @{t, z)= #.(t, z) / (1--f( t )z)  it follows that 

r p ( : )  + ~ p(t)@._~(t). 
k~O 

We ~,Tite (52) as 

Clearly,  

where  

It is not difficult to see  that 

tz-4 m,.-[ 

~ (t) = / .  (t) + ~ e-w,,,~.,i. ~-~ (t) + ~ (/~ (t) - ~--~.~) r (t). 
k-~O Jk~! 

e#~ ( t) = --u~A "t" "~ * ( t ) t', 

S (e,t,, -- 1 -- Ltz)dFh (::). 

(si) 

(52) 

(53) 

(54) 

Let 

( -  ) i t s  -~ t ' t z  = S l  - -  e " - ~  . .  

y2n k'1, 

- -  k . . ( . ) =  s - ,  . ) .  

(55) 

Note that 

F r o m  (55) and (56) we obtain 

It is not difficult to show that 

i ue--,,v'--t du .~- k~ -~t~. 

tv--t 

fae) 

(57) 

In addition, 

e - ' ~  1 t / !  + i 

| g 

O ! 

(58) 
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(see [12].p. 333, formula 4). Moreover, 

~ ] 4  S r "  ~'du == l - -  2'r.(~x)-'/.W_,,. ,t. ( ~ ) e  -x't' 
X O 

{see [12l, p. 1077, 9.236, formula I}. Thus. 

, -! 
s . -~ . , , _ . , - ,~r .~ .~ .= . ( , _V~  ~.o~)=,.,-o,~,,. 
$ 

It follows f r o m  (56)-(59) that 

" ' ' + ~ ) )  oct).,. r  , - . , . , + o  , ~.~~~-; =, _ o,., + 

~ - t  

",,(x) = S-.'( ~ ,te-'V~'-r,_h), 

where rk  = -'-a k -  1 / J '~ .  

In view of Lemmas 1-3 and relationships (55) and (56), we have 

m/2 ~ --t 

..(zr '- )+o(  y, r._~_~ _,c.~ 
, .=.~k(,v-/ ,~ .=,,~=+, ~k I=~ 

We set  
t t - I  

Clearly,  

dx~ t 2a k / "  

Therefore ,  

Note that 

m _  

t z ~ ,  | n r ,  , , 

o'~ (;:) 
F-- 7 u Z e - - ~ ' ~ d u = O  , x > 0 ;  

Clearly, 

k'~, e -''~z~'-k du = O~z.n ~ , Jr > O. 
m 

Using Lemma 4 and (62)-(64), we obtain 

v.~ s-'(;~(t))= ~'. 

Moreover,  

452 

O,.(,=)--O,.(.Vn~=O(• z>0. 
" ~ n  , _ ,  . '~.-'e Fn l 

k~--~ " z e - ' " ~ d u - -  k ' k'/, " ~ = "~ ' "  
l 0 

(Go) 

(61) 

(62) 

(63) 

(e4) 

(6s) 



Consequently, 

We set 

Clearly. 

n . , ( |  u , , , ( ,  y~').= 0 �9 o ~,' = o  
i_ i  k ~ - "  ~ 

o,.(,) = s--,( y (~(,)-,-,,',,)h(5,.,)~._,(,)). 
- k m i  

z;~O. 

s- ,  ((.~ ( , ) -  e-",'~) h (5.,,) ~ ._ ,  (t))  = c , . s - '  (~._. (0 ) = c .  (=)p._.  ( o ) -  ~ c ,  (= - .) ~ . _ .  (.) = ~ A.c,  ( .)  ~ t ._ ,  (.), 

where AuC~x(x) -- Gk(X ) - Gk(x-  u). Therefore,  

l-4 I-- 
n,,(,O= ~ ~ A.c,(=)ar._,(,) 

Ln view of [.emma 5, for u ~ O, x -> 0 we have 

,.o.(.,;,=o(.~o,~ , ~)~J) 
8~oe we can assume e{2< V~n without loss of generality. 

Lemma I and the inequality l~[[~l{ _< (M~{2) {/2 lead to the estimate 

~. = O ( t  l y ; ) .  

From (67)-(69) it follows that 

I~et 

We set 

Clearly, 

We set 

I.,E M I ~  6. 

- '  

o...,~-);o(~._.~ ,o~_.,o.o['j~§ _o~o,OL~.~o. r ,  , .~ 
~,}/n Jk,,=t 

sl-.-{ 

l - ,  (t 3- '(~,  

~ ( x )  = 9.=. (x) + 3 - ' ( p ( / ) ( t  -- h(5c~))). 

q,,(t) = ( / - ( t ) -  r-, '~) ( t - -  h(sc~t)), n > o. 

9 , - . , ( t ) q , ( O  = p ( t ) r  - (p(t)h-5ca) + e -~"~( t  - -  h(Sca))~,_,(t). 

I I - i  

w , , ( O =  ~ l ~ ( t ) h ( ~ , t ) r  
k,,- I  

sup l Wn' (x)[ = 0 (cs/V'n). 

P~L Firs t ,  

w,,(=) = S- l (w. ( t ) ) .  

, f  W . ' ( x ) =  ~ w . ( O r " ' ~ .  

(66) 

(67) 

(68) 

(69) 

r 

(71) 

02) 



Clearly, 

Fur f~e rn lo  re~ 

In v iew of ft4), 

~,,(0 "- - a , u  + oo;,t~). 

m m 

i 0 - ( , ) - o , , . ~ , , , { ~ . , ~ , - . , = o ( . , ~ ] , ' o . , ' . , ) = o { . ~ .  

U s i n g  the e s t i m a t e  h(t) - I = O(t~), we have 

F r o m  (27). we have  

I t ~ l t ) i ~ a t  = o{k~.). 
Itl~r~e~ 

It  fol lows f r o m  (73)-(77), (69) and L e m m a  4 that  

_' f~,,~.~,,~._.,,~, = o( ( .~*  -~'  z ~  r ' , lr  

Moreove r ,  

F r o m  (69), 

s 

~ . ( t )  = O ( l a J l )  = o ( I t l / ~ n ) .  

F r o m  the las t  two e s t i m a t e s  we have 

i. ~ }]~(t)h(Sc~t)~._,(t) id t _-- O(c3_Z(n _ k)-':,). 

Using est imates,  (78) and (80) and the inequal i ty  rain (a t + a 2, a3) ~.a i + min (a:, as), a i > 0 we obtain 

We f i r s t  e s t ima te  

m--i m--i o(y, 

03) 

(76) 

07) 

Ct8) 

(80) 

(81) 

k--! 

The function u-S/2(n- u)-l/2e "x2/m increases monotonically in the intervals (0, u m) and (u m, n), and decreases 
monof~nely in the interval (Uln, U2n) where Uln < Uzn are roots of the equation 4u z -  (3n +x2)u+xZn= 0, There- 
fore 

I~l t~maz It. Urn--t)  1 
r  

tmcd~r~ln ~m 

+ e ~ ' ( n - -  e , , ) - v ' i ' e ~ , , .  ~ .  = maxI t ,  u~,l, ~,, = mia [o.,, n-- iL 
~ , ,  = m i n [ ~ . ,  n - -  t ] .  

and 

54 



Thue~, 

I 

since {x[ e - x : h u  < ~ / e  and ~n ' t (n  -~n ) ' t /=<  (n - l) " l b .  Clearly, 

From (59), 

However,  for x ~ O, 

I ~ - 'T  U ) -V, e-=~'~= x~  = - ~ . ( l - = ) - " ~ - ~ ' ~ = =  ~ - ; ~  - ~  + = " ( l -  ~ .  

t / , ,  I 

Thi s  means that 

.~_ 'S~=-'t, ( t  _ = )-,,~ r d= ~< O. 
t 

R follows f rom (82) and (83) ~.hat 

We now est imate  

! 

,=--i 

w,  = ~, =in [c='k-~r c,-~](, - k)-'~.. 
Am! 

Without loss of generality we can assume that c 3 < ~ .  Then 

,,--4 

c ;  ~ ,  k- '~ , ( .  - k)-'~', = O lc ; - I , , )  = o ( cd~ '2 ) ,  
{v= n,~ 

e,-' ~ ( n -  t)-'s = 0(1/r 
k=e  

m/= 

w= = o(c, / y,,)--. 

The  s ta tement  of the lemma follows from (81), (84) and (85). 

We se t  

LEMMA 7. 

,,-4 

v. (0  = ~ ~-h,.t= ~._.  (t) (t - h (.~,t)), 

s=up{ vn' Ix) {-- o (c3/,rnl. 

V,,(x) = S-' (u,, (t)). 

Proof .  Clearly, 

i *m 
v. ' (= )  = ~ = - ~  (0 ~ '=  a,. 

(83) 

(84) 

(85) 
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Using (/9) we obialn 
m m 

On the other .hand, 
ma 

..~ , k 

F r o m  e s t i m a t e s  (86) and (87) we ordain an es t imate  for  V~n(X): 

m-.I 

Since without loss  of genera l i ty  we ~ a s sume  that c a < n/2,  then 

o 

k=(n.k)~ 
= o 

t . = 0  ! ~ O( r ) 
k ( ~ -  k)'~, r",_, V "  - ~  " 

The s t a t ement  of the l e m m a  follows f rom (35) and (89). 

It is not difficult to see  t h a t  

F r o m  (52) we have 

In view of (27), 

Setting 

we have 

m-I[ 

d l 

a 

0 . ( z )  = w . ( x )  + v . ( = )  +s-t(l.(Oh(sc,t)), 

~ . ( z )  = P . ( ~ )  - Q . ( z ) .  

I t  foUows f r o m  L e m m a s  6 and 7 and es t imate  (90) that 

sup IQ'(z) [ = o ( c d ~ ) .  
s 

Clear ly ,  Qn(x) has bounded variat ion,  and, moreove r ,  Qn(-,~) = O. 

B y  employing a modificat ion of the F.sseen Theo rem (see [7], Theorem 2) we obtain 

where  W3n(t) = S(f~m). Clear ly ,  

(eG) 

(ST) 

(88) 

(S9) 

(90) 

(91) 
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I-=,,(i) I ~ Z lq, (lll,,--~ (q I +  i / "( t )  ( I  - / i  (5~=1)) [, 

F r o m  (14) and (/91 we have 

Moreover ,  

r t, 

l l l , i ; I /~ ,  

I ! ,''~">~'('>1~ - '  <:' ' ,~',-',-~) ' ' - ' : :  ~<:}). = ~,t ~ , , , ~ , , . , 1  = O i - - m i n i - - ,  
l l l , r  1 %~n-- k L /~= 

i 

s i.__ 
i l l ( t ,Sc l  I i I 

From (92)-(94) and estimate (69) we obtain 

I I ~ !~' ~(~, 
l l l ( I / ~ =  - ' ~  = 

Without loss of genera l i ty  we can assume c~!< n i l .  There fore ,  

~ t l l a ~ g - k =  o(~:/,:,1 = o@j~';) 

F r o m  (95) and (96) it follows that 

(92) 

(93) 

(94) 

(95) 

(96) 

t m - ~ n  " 

Substituting this es t imate  into (91) we obtain 

sup 1~-~. (z) l =  O(c,'/]/~). (97) 

Now emptoying Theorem 2 of {7} and es t imates  (90) and .(94) it is not difficult to show that 

==plS-,(/- it) (i - ~ ( ~ : ) )  I = o(cdl~ + c:/,,). (gs) 
z 

I t  follows from estimates (97) and (98) that 

sup l 0=. ix) [ ---~ 0 (c~/~n'). (99) 

Using identity (53) i t  is easy to obtain the representation 
I 

R. (=) = F . ( = ) +  q~. (z) + R. (=) + ~ 0, .  (z), = i> 0. 
t==t 

To complete the proof i t  is now sufficient to use estimates (60). (65), (66), (70), and (99) and the famil iar 
Berr i -Easeen estimate for the difference Fn(x ) -  ~(• (see, for example, [9], w 40. Theorem 1). 

In conclusion we shall show that the estimate O(c3=tnn/~rn) is derived in a much simpler manner. 

F i r s t  note that f rom (84) we have 

suplC~,/(x) l = O(IH~). (IOO) 

m--t 

,,;(t),,. s(r,,(~)- r r ) == 7, (~.-, + r~...(t)~,~* 
A=,-[ 

Moreover ,  

4S7 



st--! 

+ ~"(0+ ,~ (f~(t) - -  r'o~') ~,_~(0 + / ~  (,)-- ,-"e~. 

From (101L identity (54), and estimates (14), and (79) we have 
~It-4 

I r  S ,I I,,=o( 
III~,++~,, k - , l  

However.  

,R.-I 

a-I ~'yn/ 

(see (61)1. Moreover, in view of Lemma 4, 

(los) 

002) 

003) 

Finally, from (69) 

R follows from (I02)-(105)that 

m - i  

s =o, 
Using the above modification of the Esseen theorem 

p . r  , . r  = o 

It now remains to use equality (60). 

(104) 

(I05) 
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