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Let X be a vector space, let Y be a K-space (condit ional ly complere vecror lar-

l t "  1 " r " ,  

l e t  F :  X - Y  u { * l  b e  a c o n v e x o p e r a t o r .  F o r a l i n e a r o p e r a r o r  A  e L ( X , Y ) ,

F'A :;up (.4c- F*) .

The operator F* is said to be rhe Young transt'ormation of the operator F.

In this note, we announce the rules for changes of variables in the Young transfor-

mation. Almost al l  of the formulas presented are new even for scalar-valued functions.

The results presented can be treated as duali ty theorems in the theory of extremal prob-

lems,  inc lud ing vector  prob lems [1 ] .

l .  The composit ion of convex operators. Let Fz X - Y u [*]  b. a convex operaror

acting into a part ial ly ordered vector space Y, and let G: Y - Z u l". l  b. un increas-

ing convex operator acting into a K-space Z. If the image F[dom (f)] of the effective

domain dom (f ' )  contains an interior point of dom (G), then the formula

(G"F)-y' : inf { (B.II) .A|G:B: BeL+ (Y, Z\)

holds for any A e L(X, Z). Moreover, i t  is an exacr formula, i .e. the inf imum in i ts

r ight-hand side is attained.

2. The composit ion of a eonvex operator with a subl inear operator. I f ,  under the

condit ions of $ 1, the operator F is subl inear, then the fol lowing exact formula holds:

(G.F).,4.: inf {G.B: Ae7 (B"F) ;  BeL+ (Y, Z)} .

3. The composit ion of a subl inear operator with a eonvex operator. I f ,  under the

condit ions of $1, the operator G is subl inear, then the fol lowing exacr formula holds:

(G"F)'  :  inf (B.F)'
a e a ( C )

This  fac t  is  the uector  min imax theorem.  Indeed,

- (G'F)'o :"=.t11", 
,!1,f, B"Ft'

(B.F) 'O:- ioj B"Fx.
r€dom(r )

Thus we have tlre equality l
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:

sup inf
Bea(G) r€dom(F)

An important particular case of this

by A. M. Rubinov.

BoFx: inf sup BoFr.
re i lom(F)  BeA(G)

assert ion was recently communicated to the author

4. The composit ion of a convex operator with an aff ine operator. Let X, and X be

v e c t o r s p a c e s ,  l e t  Y  b e a K - s p a c e r a n d l e t  F :  X - Y  U l - l  b e a c o n v e x o P e r a t o r w h o s e

effective domain contains an interior point of the image of the space X, under the af-

fine mapping

A*: t t-->Anr*r,

where A € L(X1, X) and x e X. Then the fol lowing exact formula holds for any B €

L (X  , ,  X ) :

(F"A-).B:inf {F.C-Ct: B:C"A; CeL(X, Y\\.

5. A sum of convex operators. Let F1, . .  .  ,  Fnz X -, Y u I* l  be convex oPerators

acting into a /(-space Y, where the cones dom (ru"r) '  .  .  .  '  dom (H"r) are in general po-

sit ion. Here, dom(;1") is rhe effect ive domain of the Hormander transformation of the

operator F, i .e.

dom (//") :{(r,  t leXXR+i ret dom (F)}.

Under the assumptions made above, the fol lowing formula holds:

(F t+  .  .  .  +F " ) * : .F , *o  . .  . 0F , , * ,  i n

where (E is the operation of inf.'conuolution, i.e.

F,.o . . .@F^.A: inr  t I  
Fo.Au: AneL(x,Y) '  

i  
o, :o\ .

6. The maximum of convex operators. Let F1, . .  .  ,  Fnz X',  Y u I* l  be convex op-

erators  act ing in to  a  vector  la t t ice  Y and such that  the cones dom(Htr ) '  r . .  '  dom(A{

are in  genera l  pos i t ion.  l f  Z  is  a  K-space,  and i f  A e  L+(Y,  Z) ,  then-

J - l
(/" (F,V . . . Vr' ') ) ' : inf t e, (Ao'Fo).: AneL+ (y,z) ; I Ar:Al'

This formula is also exacr. In other words, the fol lowing system.f . l"air ions is com-

patible for any B € L(X, Z)l

BneL (X, Z) , AneL l  (Y ,  Z)  ,

r:  i  4". a: i  a,.
=a

( / . (F,V .  .  .  V F,))* f i  - f  ,  rO,.ro).8o.
;=

In this connection, one should also note that a suff icient condit ion for the cones

dom(Har) ,  . . .  ,  dom (nr )  to  be in  genera l  pos i t ion is  that  the in tersect ion o f  dom(f r ) ,

. . .  ,  dom(f , )  conta in  an in ter ior  po in t  o f  each of  these sets  except ,  poss ib ly ,  one.
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7. The composit ion with a regular operator. Suppose the convex oPerator F is

regular, i .e. F =.u " 
(?IL, where 2I is a weakly order bounded set in L(X, Y), the ele-

ment y belongs ro the 
" iu." 

tVu)"" of bounded Y-valued functions on A, and eg is the

canonical operatot [Z]. Further, let G: Y - Z u {*} be an increasing convex oPerator

acting into a K-space Z. I f  the image F[X] contains an interior point of the effect ive

domain dom(G), then the fol lowing exact formula holds for any A e f(X, Z):

G"F)*A: in f .  {G.  (8"  La\  -BU: B"  (9I )  :A i  BeL* ( (Y*\  * ,  Z)} ,

.  where Au is the diagonal imbedding of Y into (yu).".

In part icular, the last formula disproves the conjecture on the structure of the cone

normal to the Lebesgue set of a composit ion that one encounters in the l i terature. I t  is

suf f ic ient  to  cons ider  the case where G is  a  Banach l imi t  on the sPace / -  and Fx:  x t

f .or x ,  l*.

B.  The Lagrange pr inc ip le .  Let  X and X,  be vector  spaces,  le t  Y,  be apar t ia l ly

ordered Arch imedean vecror  space,  and le t  Y be a K-space.  Let  A € L(X,  Xr)  and G:

X - Yt, Fz X - Y be convex operators, for the sake of simplici ty defined everywhere.

Assume that the Slater condit ion holds, i .e. the point -Gx0 is an interior point of yl+

for some x0 e X, and that Y is a K-space of bounded elements. Consider the vector

Program

and ret y € ybe the uatue^"i:J"*;,.r,::.1 .::" ;i subrinear operator or scatari-
zat ion r :  Y,  -  Y by the re la t ion i

ry  1 : in f  { t=R:  y  ,4- tGro] .  l ,

where I is a strong unit in Y. Let

ry:{aeX: Ar:Afro}

and let Fu be the restr ict ion of the operator F to this set.

Ve form the lot'fe Penalty

Q: rr* (F vs-i lY r"Gr.

Clearly, Q is a posit ive convex operator, and

o:in"f or:-(D-0.

Making use of the rules for changes of variables and of the Slater condit ion, we f ind

operators  o .  €  L* tYr  Y)  and p e  r (X l ,  y )  such that

, : 
:3j 

(Fr*a"Gr+P. (Ar-Ar')).

Thus the value of the vector program under consideration is the value of the un-

conditional program for the corresponding Lagrangian.
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