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C O N V E X  A N A L Y S I S  I N  M O D U L E S  

S. S. K u t a t e l a d z e  UDC 513.38 

The aim of the present  ar t ic le  is to give a complete descr ipt ion of those ordered universal  modules over  
l a t t i ce -ordered  rings which can have convex analysis.  The problem of construct ion of convex analysis in mod- 
ules a r i ses  f rom the essential  requi rements  of the c lass ica l  sca la r  theory of extremal  problems.  It is con- 
cerned with the fact that the Young t ransformat ions  of convex opera tors  [1] have the property of module con-  
vexity over  the ideal center  of the ranges of the considered opera tors .  The reflection of this fact se rves  as 
the opera tor  convexity of subdifferentials.  It is c lea r  that each problem of convex analysis in modules is ulti- 
mately a problem of dominated extension of a module homomorpbAsm [2]. There are  severa l  theorems of this 
type (see [3, 4] and the bibliography given there). Let us take special  notice of [5], where a complete solution 
of the corresponding problem for  the r ing Z of integers  is given. 

In the present article we establish a common defect of the existing Hahn-Banach type theorems for mod- 
ules. Namely, we establish that there simply does not exist any specific "module" convex analysis. More pre- 
cisely, to within elementary stipulations, convex analysis exists precisely in the case of the Kantorovich 
spaces, considered as modules over the algebras of their orthomorphisms. Moreover, in this connection the 
additive minorants of the module-sublinear operator automatically turn out to be module homomorphisms. The 
last statement constitutes, in essence, the main result of this article. The idea of its proof is quite clear. 
Indeed, it is almost obvious that the extreme points of subdifferentials must commute with the multipliers. 
Besides this, each subgradient is obtained by the "integration" of the extreme points. It remains to observe 
that the corresponding integrals, i.e., the elements of the subdifferential of a canonical operator, commute 
with orthomorphisms. Unfortunately, the realization of this idea is made difficult by the fact that K-spaces, 
considered as modules over the rings of their orthomorphisms, are, as a rule, not injective. This difficulty 
is overcome, since its essential part occurs only in the "group part" of these modules. However, in this con- 
nection, we cannot avoid verification of small, but necessary, facts. 

It should be observed that the facts, proved in this article, have a definite qualitative significance for 
optimization theory, since they put precise meaning in Hurwicz's words [6] ~The investigation of the phenome- 
non of 'indivisibility' has led us beyond the bounds of linear spaces. But... in this connection we cannot expect 
the majority of the important results that hold for linear spaces to remain valid."* 

In conclusion, I express deep gratitude to the participants of the seminars of A. D. Aleksandrov and V. L. 
Marker for valuable discussion of the results of this article. 

&Translator's note: This quotation is a retranslation from the Russian. 

Institute of Mathematics, Siberian Branch, Academy of Sciences of the USSR, Novosibirsk. Translated 
from Sibirskii Matematicheskii Zhurnal, Vol. 22, No. 4, pp. 118-128, July-August, 1981. Original article 
submitted March 3, 1980. 
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I .  S u b l i n e a r  O p e r a t o r s  in M o d u l e s  

Let A be an arbitrary lattice-ordered ring with a positive identity IA. Further, let X be an A-module 
and Y be an ordered A-module. All modules are naturally assumed to be unitary. Let us adjoin a greatest 
element + = to Y, set Y" = YU {+~}, and equip Y" with the natural structure of an A+-semimodule. Here, as 
usual, A + is the semigroup of the positive elements of A. 

An operator p : X --  Y" is said to be A-sublinear with the effective domain dora (p) = {x ~ X : p(x) < +~}, if 

p(~,x,  + n~x~) <. ~,p(x~) + n~p(x2) (x,, x~ ~ X; ~,, ~z ~ A + ). 

In the c a s e  w h e r e  dom  (p) = X,  the o p e r a t o r  p : X  ~ Y  (the dot over  Y is omit ted)  is ca l led  s imp ly  an A - s u b -  
l i nea r  o p e r a t o r .  Le t  us o b s e r v e  that  p(0) = 0 fo r  each  A - s u b l i n e a r  o p e r a t o r  p : X ~ Y. Indeed ,  p(0) = p(0 �9 0) -< 
0; in addit ion,  p(0) = p(0 + 0) -< 2p(0). An o p e r a t o r  p is sa id  to be A+-homogeneous ,  i f  p(~x) = 7rp(x) for  all 
x ~ X  and ~ A  +. 

Let  the s y m b o l  Horn A (X, Y) denote  the s e t  of  all  the A - s u b l i a e a r  o p e r a t o r s  T : X  --* Y" such  that  d o m (T) 
is an A - s u b m o d u l e  of X and the t r a c e  of T on dom (T) is an A - h o m o m o r p h i s m ,  i . e . ,  belongs to HomA(dom (T), 
Y') .  The se t  HomA(X, Y')  is a l so  equipped wi th  the na tu ra l  s t r u c t u r e  of  an A + - s e m i m o d u l e .  

F o r  each  sub l i nea r  o p e r a t o r  p : X --- Y" we define the subdi f fe ren t ia l  and the subdi f fe ren t ia l  at a point,  
r e s p e c t i v e l y ,  as fol lows:  

OZ'(p) = {T ~ HomA(X, Y') : Tx <~ p(x) (x ~ X)}, 

O~ (p) = { T ~ 0 a (p) : Tx  ---- p (x) (:r ~ dora (p))}. 

Let  us o b s e r v e  that  0A(p) = 80A(p) and, m o r e o v e r ,  

0~ (p) = [ T ~ HOmA (X, Y') : T (x - -  x) • p (x) - -  p (z) (x ~ X)}. 

Since X and Y a re ,  in pa r t i c u l a r ,  Z - m o d u l e s ,  the subdi f fe ren t ia l s  0Z(p) and 0Z(p) a re  defined and a r e  denoted 
by O(p) and 0x(p), r e s p e c t i v e l y .  

An A - m o d u l e  Y is sa id  to have the p r o p e r t y  of  A-ex t ens ion  if the fol lowing a s y m m e t r i c  H a h n - B a n a c h  
f o r m u l a  holds f o r  se t  A - s u b l i n e a r  o p e r a t o r  p : X  - - Y  and each  A - s u b m o d u l e  X 0 of X: 

O'~(p + 6~.(X0)) = O~(p) + O~(6Y(Xo)), 

w h e r e ,  as usual ,  5y(X 0) is the ind ica to r  o p e r a t o r  of X0, i .e . ,  5y(X 0) : X - - Y "  and 5y(X0)x = 0 fo r  x ~ X o ,  and 
5y(X0)x = + ~ in the c o n t r a r y  c a s e .  If ,  bes ides  this ,  the subd i f fe ren t i a l  ~xA(p) is nonempty  fo r  each  x ~ X,  then 
the module  Y is sa id  to admi t  convex ana lys i s .  

P r o p o s i t i o n  1.1. If  an A - m o d u l e  Y has the p r o p e r t y  of A-ex tens ion  and p :X - - Y  is an A - s u b l i n e a r  o p e r -  
a to r ,  then the fol lowing s t a t e m e n t s  a r e  valid:  

(1) T h e r e  ex is t s  an o p e r a t o r  T~O~'(p) such  that  Tx = y  if and only if ~y -< p(~x) f o r  all a ~ A .  

(2) The o p e r a t o r  p is A+-hom oge ne ous  if and only if OxA(p) ~ 0 for  any x ~ X .  

(3) The equal i ty  OA(po T) = ~A(p) o T holds fo r  each  A-modu le  X 1 and each  A - h o m o m o r p h i s m  TEHomA(X,, 

X). 

P roo f .  S t a t emen t  (1) is obvious .  

(2) If  T ~ O A ( p )  and z r ~ A  +, then 7rp(x) = rTx  = Tnx <_ p(rrx) _< ?rp(x); whence  p is A*-homogeneou s .  But 
if  it is known beforehand  that  A is an A - s u b l i n e a r  A+-homogeneous  o p e r a t o r ,  then 

~p(x) = ~+p(x) - n -p(x )  = p(~+x) - p (n-x )  <~ p(n+x - n -x )  = p(nx).  

fo r  each  n ~ A .  Thus ,  oA(p) ~ 0 by v i r tue  of  (1). 

(3) This s t a t e m e n t  is e s tab l i shed  in the s a m e  m a n n e r  as the L e v i n e - R o c k a f e l l e r  l e m m a  in [1]. 

2. K r e i n - M i l ' m a n  T h e o r e m  f o r  G r o u p s  

Let Y be an ordered Abelian group (a Z-module). Let us set Yb = Y+ - Y+ and assume that Yb is an 
obliterated K-space. Let us recall that the groups obtained from K-spaces by ignoring the multiplications by 
real numbers are called obliterated K-spaces. The following theorem holds. 
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B i g a r d  T h e o r e m  [5]. An o r d e r e d  Z ' m o d u l e  Y has  the  p r o p e r t y  of Z - e x t e n s i o n  i f  and only if Yb is an 
o b l i t e r a t e d  K - s  pace .  

R e m a r k .  In the  s e q u e l ,  w e  wi l l  u s e  on ly  the  t r i v i a l  p a r t  of  the  above  t h e o r e m ,  w h i c h  s t a t e s  that  K-  
s p a c e s  have  the  p r o p e r t y  of Z - e x t e n s i o n .  The  B i g a r d  t h e o r e m  fo l lows  in ful l  f r o m  the  r e s u l t s  g iven  be low.  

P r o p o s i t i o n  2.1.  Le t  p :X  --*Y be  a Z - s u b l i n e a r  o p e r a t o r .  Then 0(np) = n0(p) fo r  e ach  n ~ N .  

P r o o f .  The i n c l u s i o n  nO(p)~ O(np) i s  obv ious .  L e t  us now a s s u m e  tha t  T ~  O(np). We t ake  any o p e r a t o r  
To ~ O(p). Then T--nTo ~ O(n (p -  To)). S i n c e  p(x) - T0x ~ 0 fo r  aH x ~ X, the  i m a g e  i m  ( T -  nT 0) is  con ta ined  in 
Yb. T h e r e f o r e ,  the  o p e r a t o r  B = ( l / n )  ( T -  nT 0) has  been  p r o p e r l y  de f ined .  In add i t i on ,  B ~ O ( p -  To). We now 
s e t  C = B + T 0. It i s  c l e a r  t ha t  CeO(p) ,  and, in add i t i on ,  nC = n ( ( 1 / n ) ( T -  aT0)) + nT 0 = T. F i n a l l y ,  T~nO(p) .  

C O R O L L A R Y  2.2.  The  e q u a l i t y  ~ O(p)=nO(p)  holds  fo r  e ach  n ~ N .  

P r o o f .  I t  is  s u f f i c i e n t  to  o b s e r v e  tha t  the  s e t  on  t h e  l e f t - h a n d  s i d e  of the r e l a t i o n  u n d e r  c o n s i d e r a t i o n  
i s  o b v i o u s l y  c o n t a i n e d  in 0(rip). 

P r o p o s i t i o n  2.3.  Le t  T,, T= ~ O(p), be s u c h  tha t  nT 1 = a T  2 f o r  a c e r t a i n  n ~ N .  Then T 1 = T 2. 

P_.sroof. S ince  T, - Tz E O(p - Tz) and T~ ~ O(p), i t  fo l lows  tha t  irn (T, - Tz) ~ Yb. Hence  the d e s i r e d  r e s u l t  
f o l l ows .  

P r o p o s i t i o n  2.4.  L e t  p :X  - * Y  be  a Z - s u b l i n e a r  Z + - h o m o g e n e o u s  o p e r a t o r  and l e t  z ~ X .  Then the  o -  
l i m i t  

p~ (y)  = o -  l i m  (p (nx q- y) - -  p (nx)) = i n f  (p (nx + y) - -  p (nx)) 
n n ~ N  

e x i s t s  f o r  e a c h  y ~ X .  In add i t i on ,  O(p x) = 3x(p) .  

Proof__:. Se t t i ng  z n = p(nx + y) - p(nx),  we g e t - p ( - - y )  _< Zm -< z n f o r  m _> n. M o r e o v e r ,  O(p~)cO(p) and 
Px(X) = - px(-X) = p(x). 

C O R O L L A R Y  2.5.  The  equa l i t y  (no) x = nPx is va l id  fo r  e a c h  n ~ N .  

Le~ us a l s o  note  the fo l lowing  obvious  p r o p o s i t i o n .  

P r o p o s i t i o n  2.6.  Se t  h,,(x) = sup {Tx : T ~ O(p)} f o r  e ach  Z - s u b l i n e a r  o p e r a t o r  p : X - -  Y. Then hp is  the  
g r e a t e s t  Z - s u b l i n e a r  Z + - h o m o g e n e o u s  o p e r a t o r  d o m i n a t e d  by p. M o r e o v e r ,  3(hp) = ~)(p). 

L e t  us r e c a l l  tha t  an o p e r a t o r  T f r o m  O(p) i s  s a i d  to  be e x t r e m e  if  the  r e l a t i o n  T,, T ~ O ( p )  and T 1 + T 2 = 
2T  i m p l y  tha t  T = T 1 = T 2, The s e t  of the  e x t r e m e  o p e r a t o r s  in O(p) is  deno ted  by Ch(p). L e t  us  a l s o  r e c a l l  tha t  

the  s y m b o l  ( Y ~ ) ~ ,  w h e r e  ~ is  an a r b i t r a r y  s e t ,  deno te s  the  s e t  of  a l l  bounded Y - v a l u e d  func t ions  on zg. [iBis 
s e t  i s  equ ipped  wi th  the  s t r u c t u r e  of an o r d e r e d  Z - m o d u l e  (of a s u b m o d u l e  of the  p r o d u c t  Y sr ). The s y m b o l  
e ~  d e n o t e s  the  c a n o n i c a l  Z - s u b t i n e a r  o p e r a t o r  

8 ~  : ( Y ~  ~ Y, ~ (/) = sup i f  (a) : a ~ r  

If ,  in add i t i on ,  ~ i s  a w e a k l y  o r d e r - b o u n d e d  s e t  of  h o m o m o r p h i s m s  of X into Y, then  the  h o m o m o r p h i s m  

< ~ )  : X - +  ( Y ~ ) ~  is  de f ined  by the  r e l a t i o n  <,~>x : a - ,  ax. 

K l e i n - ) J I i l ' m a n  T h e o r e m .  The fo l lowing  equa l i t y  is  fu l f i l l ed  f o r  each  Z - s u b l i n e a r  o p e r a t o r  p : X  ~ Y: 

O(p) = O(echtp)) ~ (Ch(p)). 

P r o o f .  The p r o o f  fo l lows  a w e l l - k n o w n  p a t t e r n  (cf. [7]); h o w e v e r ,  i t  c o n t a i n s  c e r t a i n  s m a l l  n u a n c e s .  

L e t  us c o n s i d e r  the  s e t  P of  a l l  the  Z - s u b l i n e a r  o p e r a t o r s  Pl such  tha t  Pl(X) <-- p(x) f o r  a l l  x ~ X  and,  
m o r e o v e r ,  Pl is  e x t r e m a l  fo r  p. The l a s t  cond i t i on  m e a n s  tha t  i f  T,, T= ~ 0(p) a r e  s u c h  tha t  T, + T= ~ 2a(p~), 
then T~, I'~ ~ O(p~). It is clear that p ~ p. Let us order P in the natural manner and consider an arbitrary chain 
P0 in P. It is clear that p(--x) + p~(x) --- pl(x) + p~(-x) -> 0. Thus, the element po(X)=inf{p,(x):p~Po} is de- 
fined. Since addition is o-continuous, the operator P0 is Z-sublinear. It is also directly verified that p0 ~p. 
Thus, by the Zorn lemma, P contains a minimal element q. By virtue of its minimality and Proposition 2.6, 
q = hq. Therefore, by Proposition 2.4, the operator qx is defined for each x~X. In addition, if T,, T2~O(p) 
are such that T, + Tz ~ 20(q~), then T,, T2 ~ O(q) by virtue of extremality of q. By virtue of Proposition 2.4 and 
Corollary 2.5, we have T~x + T2x = 2q(x). Since T1x _< q(x) and T2x _< q(x), we conclude that T,, T~O~(q) =0(q~). 
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Thus ,  qx is e x t r e m a l  f o r  p, i . e . ,  q = qx fo r  all x ~ X .  The las t  s t a t e m e n t  impl ies  that  q is a h o m o m o r p h i s m ,  
i . e . ,  q ~ C h ( p ) .  Thus ,  the s e t  Ch(p) is nonempty  fo r  each  p. 

To c o m p l e t e  the p roo f  it is suf f ic ien t  to c o n s i d e r  the c a s e  whe re  p is a Z + - h o m o g e n e o u s  o p e r a t o r .  In 
this c a s e ,  as a l r e a dy  o b s e r v e d ,  f o r  each  x ~ X the o p e r a t o r  Px is e x t r e m a l  fo r  p and,  t h e r e f o r e ,  Ch (p~)~ Ch (p). 
Now, us ing  P r o p o s i t i o n s  1.1 and 2.6,  we obtain the d e s i r e d  r ep re sen t a t i on .  The t h e o r e m  is proved.  

P r o p o s i t i o n  2.7. The equal i ty  Ch(np) = n Ch(p) is fulf i l led for  each  Z - s u b l i n e a r  o p e r a t o r  p : X - ~  Y and 
each  n ~ N .  

P roof .  At f i r s t ,  suppose  that  T~Ch(np) .  Then,  by P r o p o s i t i o n  2.1,  T = nS, w h e r e  S~O(p). Let  us ve r i fy  
tha t  S ~ Ch (p). Indeed,  if  2S = S~ + S~, w h e r e  S,, S~ ~ 0(p), then 2T = 2nS = nSt + nS 2. Thus ,  nS = nS~ = nSz. By 
P r o p o s i t i o n  2.3,  we ge t  S = S~ = S~, which  was  r equ i r ed .  

Now, if  T ~ C h ( p )  and 2nT  = T~ + I72, w h e r e  T,, T ~ ( n p ) ,  then,  by P ropos i t i on  2.1,  T~ = nS~ and T 2 = n S  2 

f o r  c e r t a i n  S,, S~O(p ) ,  M o r e o v e r ,  2nT  = n(2T) = n(S~ + $2). Using P ropos i t i on  2.3,  we have 2T = S t + $2; 
whence  T = S~ = S 2. Consequen t ly ,  T~ = nS~ = nT = nS 2 = T 2. Thus ,  nT ~ Ch (rip). The propos i t ion  is proved.  

3 .  O r t h o m o r p h i s m s  

Now let Y be a K - s p a c e  and I y  be the ident i ty  o p e r a t o r  in Y. The componen t  gene ra t ed  by I y  in the K- 
s p a c e  of  r e g u l a r  o p e r a t o r s  L r ( y )  is denoted by Orth(Y).  The e lement s  of Orth(Y) a re  ca l led  o r t h o m o r p h i s m s .  
The p r o p e r t i e s  of  o r t h o m o r p h i s m s  in K - s p a c e s  have been s tudied in deta i l  in [8]. We i so la te  the s m a l l e s t  n o r -  
mal  s u b s p a c e  Z (Y) of Orth(Y) that  conta ins  I y .  This s u b s p a c e  is ca l led  the ideal  c e n t e r  of Y. Let  us o b s e r v e  
tha t  Or th  (Y) and Z (Y) a r e  funct ion a lgeb ra s  wi th  r e s p e c t  to the na tu ra l  r i ng  and o r d e r  s t r u c t u r e s .  In addit ion,  
Z(Y) s e r v e s  as the foundat ion o f  Orth(Y) and Orth(Y) is the c e n t r a l i z e r  of  Z(Y) in the r ing  L r ( y ) .  In the sequel  
we  wil l  need the fol lowing fac ts  about o r t h o m o r p h i s m s .  

P r o p o s i t i o n  3.1. The fol lowing s t a t e m e n t s  a r e  equivalent  fo r  each  posi t ive  o p e r a t o r  T ~ L~(Y) : 

(1) T is an o r t h o m o r p h i s m .  

(2) T + I y  is a l a t t i ce  h o m o m o r p h i s m .  

(3) T '+  I y  has the M a g a r a m  p r o p e r t y ,  i . e . ,  it  p r e s e r v e s  o r d e r  in t e rva l s .  

P roo f .  We wil l  e s t ab l i sh  that  (2) =~ (1) and (3) =~ (1), s ince  the r e v e r s e  impl ica t ions  a re  obvious.  

(2) :*- (1). We know [1] that  the equal i ty  [0, S] = [0, Iy]S  of  o r d e r  i n t e rva l s  in the space  of o p e r a t o r s  
is a c r i t e r i o n  f o r  S to be a l a t t i ce  h o m o m o r p h i s m .  T h e r e f o r e ,  s i nce  I y  -< T + I y ,  t h e r e  exis ts  a mul t ip l i e r  7,  
0 -< 7 -< I y ,  such  that  7T  = I y  - 7 .  Hence 7 ( T P r -  P r  T) = 0 fo r  each  p ro jec t ion  P r  in Y, s ince  o r t h o m o r p h i s m s  
c o m m u t e  wi th  each  o ther .  In p a r t i c u l a r ,  f o r  the p ro jec t ion  P r  7 on the ke rne l  ker  (7), which  is obviously  a 
componen t  of  Y, we get  7 T P r  7 = 0. Bes ides  th is ,  7 T P r  7 = (Iy - T)Pr  7 = P r  7. Thus,  ke r  (7) = {0}. T h e r e -  
f o r e  T P r  = P r  T fo r  each  p ro j ec t ion  P r .  The las t  s t a t e m e n t ,  as we know [8], impl ies  that  T is an o r t h o m o r -  

phis m. 

(3) =~ (1). We know [8] that  the fol lowing p r o p e r t y  is a c r i t e r i o n  fo r  an o r t h o m o r p h i s m :  If  a, v ~  Y and 
n a y = 0 ,  then TaAv-----0. Thus ,  le t  ~ A v - - 0 -  Then T a A v ~ T a ~ T a q - a = ( T ' b l r ) a .  Since T + I y  has the 

M a g a r a m  p r o p e r t y ,  it fol lows that  Ta A v = Tz-b z fo r  a c e r t a i n  z in the o r d e r  in t e rva l  [0, u]. We have the e s t i -  
ma te s  v > ~ T ~ A v = T z §  z->  0. TherefOre  O = - a A v ~ z A z > ~ O .  Thus, z = O ,  and consequent ly  

Tu Av---O. 
P r o p o s i t i o n  3.2. Le t  A be a sub r i ng  and sub la t t i ce  of Orth(Y).  F o r  e l ement s  ~, ~ ~ A  + such  that  ~ -> I y ,  

s e t  

[n-l] ('f) = inf {~ ~ A  + : ~u ~ ~}. 

Then [lr-~] : A  ~ Orth(Y) ~ is an i n c r e a s i n g  A - s u b l i n e a r  o p e r a t o r  and, m o r e o v e r ,  T = [7r-1](~/) fo r  all ~ ~ A  +. 

P roo f .  F i r s t  of  all ,  le t  us o b s e r v e  that  n (~  A 8~) = ~8~ A n ~  i> ~ fo r  7r51 -> 3/and u52 -> 7. Hence [a -~](?) ~ 
and :~[a-~](?) ~ ~. If 72 -> T~, then ~([~-~](~2) A ~ ) / >  ?-~ A u?~ ~ ~f~ A ~ = x~. T h e r e f o r e  [a-q(~2) A ~ ~ [~-~](~l). Thus,  
the  o p e r a t o r  [~r -~] is i n c r e a s i n g .  

Le t  us now o b s e r v e  that ,  by what  we have a l r eady  p roved ,  ~([~-~] (~h) -F [u-q (?~)) >~ ~ + ?~ fo r  ~,  72 ~ A + . 
Consequent ly ,  [~-~](?~-~ ~)  ~ [~-~](~,) § [~-q(?~). M o r e o v e r ,  if  ~t, ~ ~ A  +, then n~[~-~](~) ~ ~n[n-~](~) ~ ~t?, i .e . ,  
[u-~](~1) ~/~[u-~J(?). In o the r  w o r d s ,  the o p e r a t o r  [~r -~] is A - s u b l i n e a r .  
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To c o m p l e t e  the p roo f ,  l e t  us o b s e r v e  tha t  [n-q(nT)~< 7 and : , [=- '1 ( :~) />  a~. Hence  ~ = a [ a - q ( a ~ ) .  Now, 
s i n c e  k e r  (~r) = {0}  by v i r t u e  of the  cond i t ion  ~r _> I y ,  i t  fo l lows  t ha t  7 = [a-q(nT) ,  w h i c h  was  r e q u i r e d  to be  
p r oved .  

of  wha t  we  have  a l r e a d y  p r o v e d ,  
t ion 4 .1 ,  we  have  

4 .  C o n s t r u c t i o n  o f  t h e  S u b d i f f e r e n t i a l  o f  a 

M o d u l e - S u b l i n e a r  O p e r a t o r  

In th is  s e c t i o n  i t  is  a s s u m e d  tha t  the  o r d e r e d  A - m o d u l e  Y is  such  tha t  Yb = Y+ - Y+ is  an (ob l i t e r a t ed )  
K - s p a c e  and tha t  the  r i n g  A is a s u b r i n g  and s u b l a t t i e e  of the  r i n g  of o r t h o m o r p h i s m s  Orth(Y b) and ac t s  na t -  
u r a l l y  in  Yb  o 

P r o p o s i t i o n  4.1.  L e t  Y -- Yb and a t  be an a r b i t r a r y  s e t ,  i f  the  g roup  ( Y ~ ) =  is equipped  wi th  the n a t u r a l  
s t r u c t u r e  of a Z (Y) -modu le ,  then  

e (%) Ho z( , r).  

P r o o f .  Le t  P r  be an a r b i t r a r y  p r o j e c t i o n  in Y and a ~ 0 (ea~). Then - -  Prea~ ( - -  g) ~< CPrg ~< e%t (Prg) = 

Preat (g) f o r  a l t g  ~ (YSr [Vtms, p r d c ~ p r  = 0 f o r  the  e o m p I e m e n t a r y  p r o j e c t i o n  p r d  = I y -  P r .  T h e r e f o r e  

o, Pr = Pr~Pr. In spite of this Pr~prd = 0. Finally, ~Pr = Prc~Pr + Pr~Pr d = Pr~. It follows from the last 

relation that the operator ~ commutes with finite-valued elements of the form tl Pr I + . . . + tmPrm~ where 

t~R +, and Pr k are projections in Y. Since for each =~Z(Y) and each n~N there exist finite-valued ele- 

ments c~ n and 3n such that 0 <~ ~ - a~ <~ (I/n)fy and 0 ~ }= - a ~< (I/n)I~, it follows from the relations ~ ~< ~n ~< }~ 

that ce is a Z (Y)-homomorphism. 

Proposition 4.2. Let p be an A-sublinear operator. Then 0 Anz(Yb) (p) c O -~ (p). 

P___roof. Let us take n~A + and set ~,=~/~nIy~ for each n~-IN. Consider T~0 ANz(Yb)(p) and apointx 

from the domain of the operator p. Then 

(a -- a~)p(x) > p( (n -- a~)x) > T(~  -- o:~)x = Tz~x -- ~,~Tx. 

Thus ,  up(x) - Tax _> a n(P(X) - Tx).  S ince  p ( x ) -  T x  ~ Yb, i t  fo l lows  f r o m  the  l a s t  i n e q u a l i t y  t ha t  up(x) - T~x =~ 
~p(x) - ~Tx. S ince  x is  a r b i t r a r y ,  we  ge t  T u =  7rT, i . e . ,  T ~ a a ( p ) .  T h e  p r o p o s i t i o n  is  p rove d .  

THEOREM 4.3.  a(p) = 0A(p) f o r  e a c h  A - s u b l i n e a r  o p e r a t o r  p : X  ~ Y .  

P r o o f .  F i r s t  of a l l ,  l e t  us e s t a b l i s h  tha t  if  T ~ Ch (p), then T ~ 0 i n z f f b )  (P). We t a k e  ~ ~ A + N Z(Y~). L e t  

us  o b s e r v e  tha t  ~ - n l  A f o r  a c e r t a i n  n ~ N ,  s i n c e  1A = I y  b. S ince  1A ac t s  in X as  w e l l  as  in Y as  the  c o r r e -  
s p o n d i n g  identity operator, we get 

n T  = n i ~ T  = n T  + ( n l a  - ~ ) T ;  n T  = T ~  + T ( n i x  - ~); 

2nT  = ( a T +  T ( n t x  - n)) + ( T n +  (nl~ -- g)T). 

By v i r t u e  of the  obvious  r e l a t i o n s  

n T  + T(ni.~ - a) ~ O(np), T g  + (nl~ - u ) T  ~ O(np) 

and P r o p o s i t i o n  2 .7 ,  by w h i c h  n T ~ C h ( n p ) ,  we g e t  nT = vT + T ( a l A  - ~r). Thus ,  T~r = uT. 

L e t  us now c o n s i d e r  the  o p e r a t o r  p~ = p - T,  w h e r e  T ~ C h ( p ) .  I t  is  c l e a r  t ha t  i m ( p - T )  c Y~. By v i r t u e  

Ch (pl) c 0 ~ z ( ~ )  (P~). M o r e o v e r ,  by the K r e i n - M i l ' m a n  t h e o r e m  and P r o p o s i -  

0 (Pl) = 0 (ech(sl)) o<Ch (pl)>, 

0 = rb ) .  

Hence  i t  fo l lows  i m m e d i a t e l y  tha t  0 (p~) = oAnZ(rb)(P)l. NOW, if  S ~ P(p), then  S - T  ~ 0(p,) ,  and t h e r e f o r e  the  

o p e r a t o r  S - T  is an A ~ Z(Yb) - h o m o m o r p h i s m .  The o p e r a t o r  T is  of the  s a m e  t y p e ,  i . e . ,  S~O'~nz(YS)(p). A r e f -  
e r e n c e  to  P r o p o s i t i o n  4.2 c o m p l e t e s  the  p roof .  

C O R O L L A R Y  4.4.  E a c h  o r d e r e d  A - m o d u l e  Y has  the  p r o p e r t y  of  A - e x t e n s i o n .  
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COROLLARY 4.5.  Le t  Pl, P2 : X -  Y" be A - s u b l i n e a r  o p e r a t o r s .  If the  e f f ec t ive  d o m a i n s  d o m  (Pl) and 
dora  (P2)  a r e  s t r o n g l y  s i t u a t e d  in the  c o m m o n  p o s i t i o n ,  i . e . ,  

X0 = dora (p~) N Xo - dom (p~) fl Xo 

fo r  e a c h  A - m o d u l e  X 0 c o n t a i n i n g  dora (p0 fl dora (pz), then  the s y m m e t r i c  H a h n - B a n a c h  f o r m u l a  ho lds :  

a~ (p~ + p~) = o~ (p~) + a~ (p~) 

fo r  e a c h  x ~ dora (p~) N dora (p~). 

P r o o f .  If T~Oa , (p l )  and T2~Oa,(p2), then  d o m ( T 0 ~ d o m ( p , ) ,  d o m ( T ~ ) = d o m ( p P ,  and Tlx = pl(x) ,  T2x = 

P2 (x). T h e r e f o r e  dora (T~ + T2) ~ dora (p~) fl dora (P2) = dora (p~ + p2) and (T 1 + T2)x = (Pl + P2) (x). C o n s e q u e n t l y ,  
TI + T~ ~ O%(p~ + pp. Thus ,  to c o m p l e t e  the  p r o o f  we  should  v e r i f y  tha t  O~'(p~ + pP ~ O~'(p,) + O~(p~). 

L e t  T ~ O~(p~ +p~) and s e t  X 0 = d o m  (T). I t  is  c l e a r  t ha t  X0 ~ dora (p~) Adom (pP. By v i r t u e  of the  cond i t ions  
s a t i s f i e d  by  the  e f f e c t i v e  d o m a i n s  of the  c o n s i d e r e d  o p e r a t o r s ,  w e  have  

X0 X X0 ~-- dom (p~) fl Xo • dora (pz) A 3;o - i m  (h), 

w h e r e  Ax 0 = (Xo, x o) fo r  xo~Xo. I n d e e d ,  by the  c ond i t i on ,  fo r  xo~Xo ,  we have (xo, 0) = {xl, x2) - (x2, x2), w h e r e  
x0 ---- x, - x~; x~, x2 ~ X0; x, ~ dora (p0 and x~ ~ dora (pp. An ana logous  r e p r e s e n t a t i o n  holds  a l s o  f o r  the  e l e m e n t  
(0, Xo). Thus ,  f o r  a r b i t r a r y  x, y ~ X o  t h e r e  e x i s t  e l e m e n t s  h, g ~ X o  s u c h  tha t  

x + h ~ d o m ( p O ,  y + h ~ d o m ( p 2 ) ;  

- x  + g ~ dora (p~), - y  + g ~ dora (p2). 

In  add i t ion ,  Pl(x + h) + P2(Y + h) - Th >_ - p l ( - x  + g) + pl{h + g) - P2{-Y + g) + P2( h + g) - Th >- - p ~ { - x  + g) - 
P2~Y + g) + Tg. Thus ,  the  e l e m e n t  

p(x, y) = inf {p~(x + h) + p~(y + h) - Th : h ~ Xo, x + h ~ dora (p~) fi Xo, y + h ~ dora (p~) fi X0} 

i s  de f ined .  The r e s u l t i n g  o p e r a t o r  p : Xo • Xo ~ Y is  c e r t a i n l y  Z - s u b l i n e a r .  B e s i d e s  t h i s ,  u i n / U  = inf  u(U) fo r  e ach  
~t ~ A  + and e a c h  n o n e m p t y  s u b s e t  U of Y+. H e n c e ,  w e  s u c c e s s i v e l y  ge t  

~p(x, y) = inf {np~(x + h) + ~p~(y + h) - nTh : h ~ Xo, x + h ~ dora (p0, 

y + h ~ dom (p~)} i> inf {p~(r~x + ~h) + p..(~y + ~h) - T~h :h  ~ Xo, 

x + h ~ dora (pO, y + h ~ dora (p~)} >I inf {p~(nx + nh) + p~(~y + nh) - 

- T n h  : n h  ~ Xo ,  n x  + ~ h  ~ dom (pO, n y  + n h  ~ dom (p~)} >1 

/> iaf {p~(gx + h) + p~(ny + h) - Th : h ~ X~ .nx + h ~ dom (pl), 

ny + h ~ dora (p2)} = p(nx, ny). 

In o t h e r  w o r d s ,  the  o p e r a t o r  p is  A - s u b l i n e a r .  By C o r o l l a r y  4 .4 ,  a c e r t a i n  To E Homa(X0 • Xo, Y) be longs  to 1'0 
0A(p).  We s e t  Tlx  = T0(x, 0) and T2x = (0, x) f o r  x ~ X o  and Tlx = T 2 x  = + ~  f o r  x ~ X \ X o .  It is  c l e a r  tha t  d o m •  

(T 1) = d o m  (T 2) = X 0. M o r e o v e r ,  f o r  h ~ X0 we have  

T,h <~ p(h, O) <~ p,(h + O) +p2(O+O) - TO= p~(h), 

T~h <~ p(O, h) <~ p~(O + O) + p2(h + O) - TO = p2(h). 

Thus ,  Tt~O"(p,)  and T~O"(p2) ,  and,  m o r e o v e r ,  T = T 1 + T 2. The c o r o l l a r y  is  p rove d .  

5 .  M o d u l e s  T h a t  A d m i t  C o n v e x  A n a l y s i s  

In th is  s e c t i o n  we  g ive  f u n d a m e n t a l  r e s u l t s  on the  c h a r a c t e r i z a t i o n  of modu le s  tha t  a d m i t  convex  a n a l y s i s .  

THEOREM 5.1. If  an o r d e r e d  A - m o d u l e  Y has  the  p r o p e r t y  of  A - e x t e n s i o n ,  then Yb is  an o b l i t e r a t e d  K-  

s p a c e .  

P r o o f .  At  f i r s t ,  we  e s t a b l i s h  tha t  bounded s e t s  in Y have  s u p r e m u m s .  F o r  th i s  we should  show tha t  e ach  
f a m i l y  [a~, b~] ( ~ )  of p a i r w i s e  i n t e r s e c t i n g  o r d e r  i n t e r v a l s ,  i . e . ,  of i n t e r v a l s  [a 0 b~] such  tha t  a~ -<b~ fo r  

a l l  ~, ~ ~ E ,  has  a c o m m o n  point .  

L e t  us  c o n s i d e r  an A - m o d u l e  X t h a t  i s  the  d i r e c t  s u m  of E c o p i e s  of the  r i ng  A. F u r t h e r ,  l e t  X 0 be the  

A - s u b m o d u l e  of X def ined  as fo l lows :  
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Let  us c o n s i d e r  the o p e r a t o r  p : X ~ Y defined by the r e l a t i on  

p (=) = ~ ~(~)+ be -- ~ (~)-af = ~.] =(~)a~-~- = (~)+(b~--a~). 

I t  is c l e a r  that  the o p e r a t o r  p is A - s u b l i n e a r .  M o r e o v e r ,  by v i r tue  of  the defini t ion,  fo r  each e l emen t  
we have 

0 = ~ = (b = Y~ -+  ( b -  = - ( b  = ~ = ( ~ ) + -  ~ = (b- .  

Applying the l e m m a  about the double  decompos i t i on  of  the pos i t ive  e l emen t s ,  we  find a f ami ly  z~, (~, ~ ~ ~) o f  
pos i t ive  e lements  of A such  that  

(n) + - -  Y, ~ , ,  ~ ( b -  = Y~ ~ (~, n ~ a). 

Then fo r  each  n ~ X0 we have 

T h e r e f o r e ,  t h e r e  exis ts  an o p e r a t o r  T~O-~(fl) such  that  T~r = 0 fo r  n~X0.  We take any index ~ and s e t  
~(~) = 1A and ~07) = 0 fo r  ~ ~ 7. Then,  s ince  n ~ - n ~ X 0  fo r  all  ~ and ~, i t  follows that  TTr~ = TTr~ for  all ~ 
and a fixed ~ S .  In o the r  w o r d s ,  - P { - ~ 0  - TTr~ _ p0r~) fo r  a r b i t r a r y  ~, ~ ] ~ E .  It r e m a i n s  to o b s e r v e  that  
p0r~?) = b~ and p(-Tr~) = - a ~ .  

To prove  that  the condi t ional ly  comple t e  g roup  Yb is an ob l i t e ra ted  K - s p a c e ,  it is su f f ic ien t  to r e s t o r e  
the  ope ra t ion  of mul t ip l ica t ion  by 1 / 2  in Yb- 

Le t  us c o n s i d e r  a y ~ Y+ and se t  p(y) = inf {z ~ Y+ : 2z/> y}. Since the se t  on the r i gh t -hand  s ide  os the las t  
equat ion is f i l t e red  by descen t ,  the r e l a t ions  p{y) _ y and 2p(y) _> y a r e  fulf i l led by v i r t ue  of  the o -con t inu i ty  of 
addition., Hence 20rlp(y 0 + 7r2P(Y2)) _> 1by , + ~r2y 2 f o r  a r b i t r a r y  :~,, ~ A  + and a r b i t r a r y  y,, y ~  y+.  Consequen t ly ,  
P('xlYI + 7r2y2) - ~tP(Yl) + 7r2P(Y2). M o r e o v e r ,  p : Y +  --*Y is an i n c r e a s i n g  o p e r a t o r .  Indeed,  if  Y2 --> Yl, then 
2(p(y~) A y~) = 2p(y~) A 2y, >/y~ A 2y~ >I y2 A y, = y~ and t h e r e f o r e  p(y~) >1 p(y~) A y, >! p(y,), tn addit ion,  let  us ob-  
s e r v e  that  p(2y) = y  fo r  each  y ~  Y+. Indeed,  p(2y) -< y and 2p(2y) _> 2y.  T h e r e f o r e  2p(2y) = 2y; whence  ~ -  
p(2y)) = - ( y -  p(2y)). 

Let  us now c o n s i d e r  the o p e r a t o r  q : Yb - - 'Y defined by the r e l a t ion  q{y) = p{y+). By v i r t ue  of  what  we have 
a l r eady  es t ab l i shed ,  q is an i n c r e a s i n g  A - s u b l i n e a r  o p e r a t o r .  T h e r e f o r e  0A(q) x (b. Now, fo r  y ~ Y~ we s e t  

[ l /2]y = sup { Ty : T ~ 8~qq)}. 

We take y ~ Y+. Then 7ry = n+y - u-y  = p(2~r§ - p(n-y) = q(2u+y) - q(2~r-y) _< q(2~+y - 2~-y) = q(2~r) = q(~(2y)) 
f o r  each ~ ~ A .  T h e r e f o r e ,  by v i r tue  of P r o p o s i t i o n  1.1,  t he re  exis ts  an o p e r a t o r  7 ~  ~a(q) such  that  T2y = 
y -< q(2y) _< p(2y) = y.  T h e r e f o r e  2q(y) = q(2y) = y ,  s ince  q is a Z + - h o m o g e n e o u s  o p e r a t o r .  Thus ,  [1 /2](2y)  = y 
fo r  all y ~ Y+. Hence  it  fol lows i m m e d i a t e l y  that  the o p e r a t o r  [1 /2 ]  is an i n c r e a s i n g  A - h o m o m o r p h i s m .  It is 
c l e a r  tha t  this o p e r a t o r  is the d e s i r e d  one. The t h e o r e m  is proved.  

R e m a r k .  The s c h e m e  of p roof  of  the condi t ional  c o m p l e t e n e s s  of  Y is ,  in e s s e n c e ,  sugges t ed  by A. D. 
toffe in the f r a m e w o r k  of the t h e o r y  of  fans ,  developed by him. Hence  the d iv is ib i l i ty  of the g roup  Yb can  be 
deduced wi th  the help of a r e s u l t  of [5]. H e r e  we o b s e r v e  that  T h e o r e m  5.1 c l e a r l y  conta ins  the we l l -k~own 
B o n n i c e - S i l v e r m a n -  Tu t h e o r e m  [2]. 

THEOREM 5.2. Let  A be a d - r i n g ,  i . e . ,  (~u2) + = ~Tr 2 and {u2u~) + = ,x2u I fo r  a r b i t r a r y  ~, ~ A  and n ~ A  e .  

An o r d e r e d  A - m o d u l e  Y has the p r o p e r t y  of  A-ex t ens ion  if and only if Yb is an ob l i t e ra ted  K - s p a c e  and 
the  na tu ra l  l i nea r  r e p r e s e n t a t i o n  of A into Yb is a la t t ice  and r ing  h o m o m o r p b i s m  onto a sub la t t i ce  and sub r ing  
of the r ing  of o r t h o m o r p h i s m s  Orth(Yb). In addit ion,  0A(p) = a(p) f o r  each  A - s u b l i n e a r  o p e r a t o r  p :X  - - Y .  

P roof .  At f i r s t ,  suppose  that  Y has the p r o p e r t y  of A-ex tens ion .  Then,  by T h e o r e m  5.1,  Yb is an (ob- 
l i te ra ted)  K - s p a c e .  Le t  us c o n s i d e r  the na tu ra l  l i nea r  r e p r e s e n t a t i o n  r of  the r ing  A into the space  Yb defined 
by the r e l a t ion  ~(zr)y = ny, w h e r e  y ~  y~ and n ~A .  F i r s t  of all ,  we will  e s t ab l i sh  that  ~ is a la t t ice  h o m o -  
m o r p h i s m .  To this end, f o r  y ~ Y+ we define an o p e r a t o r  p : A -  Y by the r e l a t ion  p(u) = ,~+y. This o p e r a t o r  is 
an i n c r e a s i n g  A - s u b l i n e a r  o p e r a t o r .  T h e r e f o r e  if T~O*-(p), then 0 -< T1A ~ y. Thus ,  T~ = UT1A = ny~, whe re  
y~ = T1 A a n d  y , ~ [ 0 ,  y]. If, in its t u rn ,  the e l emen t  y , ~ [ 0 ,  y] is fixed and we se t  T ~ =  ny~fo r  g ~ A ,  t h e n w e  
obtain an e l emen t  of  ~A(p). Since the o p e r a t o r  p is A + - h o m o g e n e o u s ,  we get the fol lowing re la t ions  f r o m  P r o -  
pos i t ion  1.1: 
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(P(u+)Y = :~+y = p(n) = sup {Tn : T ~aA(p)} = sup hi0, y] -~ q~(n)+y. 

Le t  us now v e r i f y  tha t  im(cp) = 0 r t h  (Yb). To this  end ,  we fix e l e m e n t s  z r ~ A  + and z, y ~ Y +  such  tha t  0 --- z --< 

~y. Then ~lz ~< ~+z ~< ~+~y = (gl~) + y = p (~1~) fo r  e ach  ~i ~ A .  T h e r e f o r e ,  by P r o p o s i t i o n  1.1,  t h e r e  e x i s t s  an 
o p e r a t o r  T~OA(p )  s u c h  tha t  Tu = z.  Thus ,  z = ~ T I A ,  w h e r e  T I A ~  [0, y]. T h e r e f o r e ,  the  o p e r a t o r  ~(u) has  the  
M a g a r a m  p r o p e r t y .  S ince  u is  a r b i t r a r y ,  we  c o n c l u d e  f r o m  P r o p o s i t i o n  3.1 tha t  (p(u) is  an o r t h o m o r p h i s m .  

To c o m p l e t e  the  p r o o f ,  i t  i s  s u f f i c i e n t  to e s t a b l i s h  tha t  i f  ~v is  a l a t t i c e  h o m o m o r p h i s m  of  A into the  K-  
s p a c e  Orth(Yb) , then  ~(p) = 8A(p) fo r  e a c h  A - s u b l i n e a r  o p e r a t o r  p : X  ~ Y. At  f i r s t ,  l e t  us c o n s i d e r  the c a s e  
Y = Yb. We t ake  a T ~ O ( p )  and a po in t  x ~ X .  Let  us c o n s i d e r  the  o p e r a t o r  tu  = Tnx, w h e r e  g ~ A .  S ince  tu  _< 
p(~x) -< 7r*p(x) + r r -p ( -x ) ,  i t  fo l lows  tha t  ker ( t ) ~  ker (q~), and t h e r e f o r e  the  o p e r a t o r  t a d m i t s  a l o w e r i n g  ~ on the 
l a t t i c e - o r d e r e d  ring_.A = A / k e r  @). L e t  us equip Y wi th  the a s s o c i a t e d  s t r u c t u r e  of an e x a c t  modu le  o v e r  A. 
In th is  c o n n e c t i o n ,  A m a y  be c o n s i d e r e d  as  a s u b r i n g  and s u b l a t t i c e  of Orth(Y).  In add i t ion ,  l e t  us o b s e r v e  tha t  
p(Tr~x) = p(Tr2x) fo r  a l l  hi, n 2 ~ g  , g ~ A  , s i n c e  p(u~x) -- P(U2x) -< P((~I--  u2)x) -< ( '~1- u2)+P(x) + ( '71- ~2)-Pff-x). 
Thus the o p e r a t o r  p : A  ~ Y tha t  a c t s  by the  r u l e  ~(~) = p(nx) fo r  ~ ~ n- is  p r o p e r l y  def ined .  It is  c l e a r  tha t  the 
o p e r a t o r  p is  A - s u b l i n e a r .  H e r e  ~ O ( f i ) .  By v i r t u e  of T h e o r e m  4.3 ,  we have  0(p) = oA(p) ,  i . e . ,  t~ = u t l ~  fo r  
~ .  Hence  T,~x = 7rTx, i . e . ,  T~OA(p) .  

Le t  us now c o n s i d e r  the  g e n e r a l  c a s e  and aga in  t ake  a T E a ( p )  and a poin t  x ~ X .  Let  us o b s e r v e  that  f o r  
e ach  ~ ~ A we  have  

p(z~x) - ~Tx  = p(~+x - n-x)  - (~+ -- ~ - ) T x  <~ ~+(p(x) - Tx) + ~ - ( p ( - x )  - T(--x) ). 

Thus ,  the  r e l a t i o n  q(u) = p(wx) - uTx de f i ne s  an o p e r a t o r  tha t  ac t s  f r o m  A into Yb. It  is  c l e a r  tha t  th is  o p e r a t o r  
in  A - s u b l i n e a r ,  and t h e r e f o r e ,  by wha t  we have  a l r e a d y  p r o v e d ,  3(q) = ~A(q). The  o p e r a t o r  s~r = Tnx - ~Tx ob -  
v i o u s l y  be longs  to O(q), and t h e r e f o r e  s u  = ~rslA = u ( T x -  Tx) = 0. This  m e a n s  tha t  T ~ O A ( p L  The t h e o r e m  is  
c o m p l e t e l y  p r o v e d .  

R e m a r k .  The cond i t i on  i m p o s e d  e a r l i e r  by us on the  r i n g  A can  be a l t e r e d ;  howeve r ,  i r i s  i m p o s s i b l e  to 
c o m p l e t e l y  ge t  r i d  of th is  kind of cond i t i on  i f  we  d e s i r e  to p r e s e r v e  the  A + - h o m o g e n e i t y  of a Z + - h o m o g e n e o u s  
A - s u b l i n e a r  o p e r a t o r .  Le t  us h e r e  o b s e r v e  t ha t  T h e o r e m  5.2 shows  that  the p r o p e r t y  of ex t ens ion  n e c e s -  
s a r i l y  holds  in a s t r e n g t h e n e d  f o r m ,  i . e . ,  a g roup  h o m o m o r p h i s m  def ined  on a s u b g r o u p  and d o m i n a t e d  by a 
m o d u l e - s u b l i n e a r  o p e r a t o r  a d m i t s  an e x t e n s i o n  to a modu le  h o m o m o r p h i s m .  

We wi l l  need  the fo l lowing  de f in i t i on  in the  s e q u e l .  A s u b r i n g  A of the  r i n g  of o r t h o m o r p h i s m s  is  s a i d  to 
be a l m o s t  r a t i o n a l  i f  f o r  e ach  n ~ N t h e r e  e x i s t s  a d e c r e a s i n g  net  of m u l t i p l i e r s  (7rr f r o m  A such  that  ( i / n )y  = 
o-lira ~ y  = i~f n~y fo r  e ach  y ~ Y+. 

P r o p o s i t i o n  5.3. The  r i n g  A i s  a l m o s t  r a t i o n a l  i f  and only  i f  e a c h  A - s u b l i n e a r  o p e r a t o r  is  A + - h o m o  - 
g e n e o u s .  

P r o o f .  At  f i r s t ,  we  a s s u m e  tha t  A - s u b l i n e a r  o p e r a t o r s  a r e  A + - h o m o g e n e o u s .  We t ake  y ~ Y+ and,  us ing  
P r o p o s i t i o n  3 .2 ,  c o n s i d e r  the  A - s u b l i n e a r  o p e r a t o r  T ~ [u-~](T+)Y, w h e r e  T ~ A .  By a s s u m p t i o n ,  th is  o p e r a t o r  
is  A + - h o m o g e n e o u s ,  i . e . ,  y = [~r-~](~rlA)y = ~r[u-~](1A)y. S ince  y i s  a r b i t r a r y ,  i t  fo l lows  tha t  [u-~] (1 A) = u -~. As 
u l e t  us c o n s i d e r  the  o p e r a t o r  n l A .  Then ,  by v i r t u e  of the  de f i n i t i on  of the  o p e r a t o r  [u-~], we ge t  

[nl~]-~(t~) = inf (~ ~ A  + : n8 >/1~}, 

whence  the r i n g  A is  a l m o s t  r a t i o n a l .  

Now, s u p p o s e  tha t  the  r i n g  A is  a l m o s t  r a t i o n a l .  Le t  us c o n s i d e r  an A - s u b l i n e a r  o p e r a t o r  p :X ~ Y. 
F i r s t  of a l l ,  we  o b s e r v e  tha t  f o r  e ach  u ~ A  such  tha t  0 -< ~--< 1A we  have p(~x) = up(x) f o r  a l l  x ~ X  even 
wi thou t  the  s u p p o s i t i o n  tha t  A is  a l m o s t  r a t i o n a l .  I ndeed ,  p(x) = p(,~x + ( 1 A -  u)x) -< up(x) + ( 1 A -  ~)p(x) = p(x). 
Thus ,  by v i r t u e  of P r o p o s i t i o n  4 .2 ,  to e s t a b l i s h  the  A + - h o m o g e n e i t y  of p i t  is  s u f f i c i e n t  to v e r i f y  that  p is  a 
Z + - h o m o g e n e o u s  o p e r a t o r .  To v e r i f y  the  Z + - h o m o g e n e i t y  of  p, we t ake  an n ~ N  and c h o o s e  a f a m i l y  of m u l t i -  
p l i e r s  (~r~) s u c h  that  u ~ A ,  and,  in add i t ion ,  0 <-- ,v~ _< 1 A and u~ i ( 1 / n ) l A .  Le t  us s e t  w~ = ( 1 A -  ( n -  1)~r~) +. 
I t  is  c l e a r  tha t  o ) ~ A  +. M o r e o v e r ,  1 A -  (n -1 )7 r~  _< 1 A -  ( ( n -  1 ) / n )1  A = (1 /n)1  A. Thus ,  x~ < ( 1 / n ) l A  and,  in 
add i t i on ,  ~ ~ ( 1 / n ) l A .  We t ake  an e l e m e n t  x ~ X .  Then n p ( x ) - p ( n x ) ~ Y  § and t h e r e f o r e  

0 <~ o~(np(x) - p(nx)) = no)~p(x) - p(no)~x) = O. 

Tak ing  l i m i t ,  we  v e r i f y  tha t  p is  a Z + - h o m o g e n e o u s  o p e r a t o r .  

THEOREM 5.4. An o r d e r e d  A - m o d u l e  Y a d m i t s  convex  a n a l y s i s  i f  and only  if  Yb is  an o b l i t e r a t e d  K-  
s p a c e  and the n a t u r a l  l i n e a r  r e p r e s e n t a t i o n  of A into Yb is a r i n g  and l a t t i c e  h o m o m o r p h i s m  onto an a l m o s t  
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rational ring of orthomorphisms. 

Proof. The operators u ~ ,x+y and z ~ z +, where ~ ~ A, y ~ Y+, and z ~- Yb, are obviously A-sublinear. 
Therefore, if the A-module Y admits convex analysis, then these operators are A+-homogeneous by virtue of 
Proposition I.I. By virtue of Proposition 3.1, this means that the natural linear representation of A into Yb 
is a ring and lattice homomorphism onto a subring and sublattice of Orth(Yb). By virtue of Proposition 5.3, 
this subring is almost rational. To complete the proof, it is sufficient to realize the necessary factorizations, 
as has been done in the proof of Theorem 5.2, and to refer to this theorem and Proposition 5.3. 

1| 
2. 
3. 

4. 

5~ 
6. 

7. 

8. 
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C O N S T R U C T I O N  OF T H E  m - J U M P  

A n .  A.  M a l ' t s e v  UDC 517.11:518.5 

The notion of the m- jump has appeared in Yu. L. E r shov ' s  works [1, 2] in connection with the h ie ra rchy  
of m-deg ree s ,  introduced by him, and turns out to be ve ry  natural  and useful. In the present  ar t ic le  we prove 
theorems ,  f rom which it follows, in par t icular ,  that the segments  of m-degrees  and pm-degrees  formed by a 
set  and by the m-jump of this set  are ,  in general ,  not i somorphic  (as semilat t ices)  for various sets .  Indeed, 
for  sets A and ]3 of natural numbers ,  let A be the complement  of A,  A �9 B ~ { 2 n j n ~ A }  U {2n+ i ln~B} ,  and a 
segment  of the m-degrees  be [a, b] ~ {ufu is an m-degree  and a _< u -< b}, where the m-degrees  a and b (the 
endpoints of the segments)  are  fixed. Any such segment  is a countable distributive upper s emilatt ice with 0 
and 1 [~, 3]. Consequently, an a rb i t r a ry  segment  of m-degrees  contains a countable number of initial seg-  
ments (with a grea tes t  element,  i .e. ,  these are  also countable distr ibutive upper semila t t ices  with O and 1). 
But there exists a continuum of nonisomorphic semilat t ices  of this kind (an example of a suitable family of 
semila t t ices  is given at the end of this art icle);  on the other  hand, each such semila t t ice  is realized in the 
fo rm of an initial segment  in a cer ta in  segment  of m-degrees  that is formed by a cer ta in  set  and its jump 
(Theorem 1). Consequently, for each fixed segment  of m-degrees  formed by a set  and its jump there  exists 
a continuum of segments  of m-degrees  of this type that are  not isomorphic to it. 

See, e.g., [4, 5] for the main definitions. Let �9 be a one-place  universal  p. r. function [5]. For  an arbi -  
t r a r y  set  A, its pm-cyl indri f icat ion AP m is ~-i(A) and the m-jump m]A ~ (A e~)pm. We always have A-<,~m]A 
and A r  See [1, 2] for these and many other  proper t ies  of pm and mj. 

Each denumerable distr ibutive upper semila t t ice  L with 0 and 1 is the direct  limit of a cer tain sequence 

~0 Zl 
Do-+ D 1 . . . .  

of finite distr ibutive lattices with the embeddings that p re se rve  unions, O, and 1; the converse  is also true [2]. 
In the sequel,  such a sequence for L is fixed for convenience of construction.  
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