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It is convenient to study Clarke~s tangents by means of infinitesimals~ It turns out 
that the most important properties of such tangents are preserved under a restriction of the 
set of infinitesimal numbers in question [1]. In this paper we establish that in a finite- 
dimensional space Clarke's cone admits convenient definitions by means of an arbitrary se- 
quence of scalars that converges to zero. 

i. Working in the standard environment, we consider a set F in a finite-dimensional 
space X, a point x' of F, and a norm H'II in X. For an infinitesimal strictly positive number 

we put 

CI~(F, x ' ) : =  *{h" ~ X: ( v x  ~ x ' ,  x ~ F) (~h  ~ h')  x + ~h ~ F}. 

Here, as usual, the symbol z denotes infinite closeness in X, and * is the symbol of stan- 
dardization. 

Now if A is an (external) set of infinitesimals, we define the set CIA(F , x') by the 
relation 

C1A (f,  x') :=* n CI~ (f,  x'). 

In particular, if A is the monad of the filter~r~:=*{A c X: A ~A}, then 

s > 0  6>0  xEF 
Ae~z-_ tlx--~']]~6 

where Bx :={ll.llx ~ I} is the unit ball in X. 

In the case when ~-A is the filter of a neighborhood of the origin on the semiaxis R +, 
we omit the symbol A and talk about the usual Clarke cone (the set F at the point X')o 

2. For a closed not necessarily convex cone F we have 

CL(F, 0)= el(F, 0). 
First of all we observe that the following relation is satisfied: 

CI~(F, 0)+ F oF. 

In fact, for 1~ F we put x:=~]. Clearly, x z 0 and x E F . Thus, by definition, for some 
h infinitely close to h' we have x+~hEF on condition that h'~Cl=(F, 0). Since =(/+h)~F 
and F is a cone, we conclude that /+h~F. Hence hEF--] and therefore h' lies in the 
microclosure of F - f. Since F is closed and standard, we see that /-Fh'~F. 

We now take h'E C]=(F, 0), and suppose that x ~ F and x ~ 0. For any infinitesimal $ > 0 
we have 

x +  ~h" = ~(x/~ + h ' ) ~  ~(F + CI~(F, 0))= ~F c F 

by what we have already proved. In other words, h ' ~  CI(F, 0). Since CI(F, 0)c CI~(F, 0)~ from 
obvious circumstances we conclude that the sets in question are equal. 

3. In the condition of Proposition 2 CI~(F, 0) is the maximal convex cone H such that 
H+FcF (cf. [12]). We note that in the proof of Proposition 2 we did not use the fact that 
X is finite-dimensional. In a finite-dimensional space a much stronger assertion holds. 

4. THEOREM. Let A be an (exterior) set of strictly positive infinitesimals containing 
an (interior) sequence that converges to zero. Then 
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C1A(F, x ' ) =  CI(F, x ' ) .  

By L e i b n i z '  p r i n c i p l e  we can  work i n  t h e  s t a n d a r d  e n v i r o n m e n t .  S i n c e  t h e  i n c l u s i o n  
CIA(F, x ' ) ~ C ] ( F ,  x ' )  i s  o b v i o u s ,  we t a k e  a s t a n d a r d  p o i n t  h '  f rom C1A(F, x ' )  and e s t a b l i s h  t h a t  
h '  l i e s  i n  t h e  C l a r k e  cone  C I ( F ,  x ' ) .  By a t h e o r e m  o f  C o r n e t  [3 ,  4] we h a v e  

C1 (F, x') = L i x ~ ,  K (~, x), 
x E  F 

where Li symbolizes the lower Kuratowski limit, and K(F, x') is the contingency of the set 
F at the point x', that is, 

n d( u q q 
~>0 \0<8~<8 v ] 

Since 

L i x ~ , K  (F, x) = *{h': (Vx ~ x ' ,  x ~ F) (~th ,~ h ' )  h ~ K(F ,  x) }, 
x ~ F  

we verify that when x:x" and x EF we have hEK(f, x) for some element h infinitely close 
to h'. 

If (an) is a sequence of elements of A that converges to zero, then by hypothesis we 
have 

(Yn E N) (~Ihn) x + anh,  ~ f A hn .~ h'.  

For  any  s t a n d a r d  e > 0 we_ h a v e  H_h~--hql ~ e. T h e r e f o r e ,  s i n c e  X i s  f i n i t e - d i m e n s i o n a l ,  we can  
t r y  t o  f i n d  s e q u e n c e s  ( a  n ) and (h n)  such  t h a t  

a~ -+ 0, h , - ~  h, [Ih--h ' l l  < e, x+ ~ h ~  F (n ~ N). 

Us ing  t h e  p r i n c i p l e  o f  i d e a l i z a t i o n  in  t h e  s t r o n g  f o r m ,  we c o n c l u d e  t h a t  t h e r e  a r e  s e -  
q u e n c e s  (~n)  and  (h  n)  t h a t  s i m u l t a n e o u s l y  s e r v e  a l l  s t a n d a r d  p o s i t i v e  numbers  ~. C l e a r l y ,  
t h e  c o r r e s p o n d i n g  l i m i t i n g  v e c t o r  h i s  i n f i n i t e l y  c l o s e  t o  h '  and a t  t h e  same t i m e  h ~ K ( F ,  x)  
by t h e  d e f i n i t i o n  o f  c o n t i n g e n c y .  > 

5. For  t h e  s e t  h in  t h e  t h e o r e m  we can  t a k e  t h e  monad o f  any  f i l t e r  c o n v e r g i n g  t o  
z e r o ,  f o r  e x a m p l e ,  t h e  f i l t e r  o f  t h e  t a i l s  o f  a f i x e d  s t a n d a r d  s e q u e n c e  ( a  n ) f o r m e d  f rom 
s t r i c t l y  p o s i t i v e  numbers  and t e n d i n g  t o  z e r o .  We g i v e  c h a r a c t e r i z a t i o n s  o f  C l a r k e ' s  cone  
r e l a t e d  t o  t h i s  c a s e  and a d d i t i o n a l  t o  t h o s e  g i v e n  in  [ 4 ] .  For  t h e  f o r m u l a t i o n  l e t  us  a g r e e  
t o  d e n o t e  by d F ( x )  t h e  d i s t a n c e  f r o m  a p o i n t  x o f  X t o  t h e  s e t  F. 

6.  THEOREM. For  a s e q u e n c e  ( a  n)  o f  s t r i c t l y  p o s i t i v e  numbers  t h a t  c o n v e r g e s  t o  z e r o ,  
t h e  f o l l o w i n g  a s s e r t i o n s  a r e  e q u i v a l e n t :  

( i )  h '  ~ CI(F, x ' ) ;  

(2) lira sup dr (,  + anh') -- d F (,) ~-~ 0; 
X-}~r  ~Z n 

(3) l im sup l im sup a~  1 (dF (x + anh ')  - -  dF (x)) ~.~ 0; 

(4) lira lira sup aT*d; (x + unh') = O; 
x,->x r n--+~ 
x E F  

(5) lira sup lira inf a'~ 1 (dF (x + a,~h') - -  d;  (x)) <~ 0; 

(6) lira lira inf dF (x + =,h') = 0. 
X-~X t n--> oo ~ n  
x E F  

"~ F i r s t  o f  a l l  we o b s e r v e  t h a t  when a > 0 we h a v e  t h e  e q u i v a l e n c e  

~ + ~zh') = 0 ~ (~h  = h')  x + ~zh ~ F, 

where  ~  i s ,  as  u s u a l ,  t h e  s t a n d a r d  p a r t  o f  t h e  number  t .  

In fact, to establish the implication to the left we put g : - - - - x + ~ h ' .  Then 

d~(x + r <~ IIx + ah" - -  gil/~z <~ [lh - -  h'H. 

To verify the opposite implication, invoking the principle of idealization in the strong 
form, we obtain successively 
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~ + ah') = 0 -~ (V~te > 0) d~(x + ah') la < e -~ (V~te > 0) ( g y  ~ F) Ilx + ah' -- ylllcr < e 

.-+(~y~F) (V~te > 0 )  IIh' - - ( y  - -  x)lal l  < s - + ( ~ y , ~  F) IIh' - - ( y  - -  x)/al l  ~ O. 

P u t t i n g  h : = ( y - - x ) / a . ,  we s e e  t h a t  h = h '  and  x + a h ~ F .  

We now turn to the proof of the required equivalences. 

Since the implications (3) + (4) + (6) and (3) § (5) § (6) are obvious, we merely estab- 
lish that (i) + (2) + (3) and (6) + (i). 

(i) + (2). Working in the standard environment, we take x z x' and N = +~. We choose 
x" '~ f so that IIx- x"H~dF(x ) + ~. Since 

d~(x + a~h')-- d~(x" + ~h')<~ Ilx -- x"ll, 

we derive the following estimates: 

(d~(x + aNh ' ) -  dF(X) )/aN ~ ( 4 ( X "  + a~h')+ Ilx - -  x"ll - -  dF(x) )/aN <~ d~(x" + a~.h')/(z~ + a~. 

S i n c e  h ' , ~ C l ( F ,  x ' )  , t a k i n g  a c c o u n t  o f  t h e  c h o i c e  o f  x"  and  N, f o r  some h z h '  we h a v e  
x" + a . ~ h ~ F .  So,  on t h e  b a s i s  o f  w h a t  we h a v e  a l r e a d y  p r o v e d ,  ~ + a ~ . h ' ) / a ~ = 0 .  Hence  

(Vx ~ x')  ( V N  ~ + oo) ~ (d~ (x + a~,h') -- d~ (x)) ~ O. 

As we know,  t h i s  i s  a n o n s t a n d a r d  c r i t e r i o n  f o r  t h e  t r u t h  o f  ( 2 ) .  

( 2 )  § ( 3 ) .  I t  i s  s u f f i c i e n t  t o  o b s e r v e  t h a t  f o r / :  U X V ~ R  and  t h e  f i l t e r s  ~" i n  U 
and  ~] i n  V we h a v e  

]ira s u p ~  l im sup~  / (x, y) ~ t ~-~ (Vx ~ ~ (aj-)) Oli m sup ~ / (x, y) < t 

~-~ (Vx ~ ~ (~')) (VSte > 0) inf sup / (x, y) < t + e ~-~ (Vx ~ ~ (gr)) (V st e > 0) (~G ~ if) sup / (x, y) < t + 
G~ ,~ y~G y~G 

( w  ~ ~ (~)) ( ~ v  ~ ~ )  ( v  ~t ~ > 0) sup / (x, y) < t + ~ ~ (Vx ~ ~ (~)) ( ~  ~ ~) ( v  ~t ~ > 0) sup ] (x, y) < t + 
y~G y~G 

Here, as usual, ~(~) is the monad of the filter ~-, that is, the exterior of standard elements 
of~ r . 

(6) + (I). First of all, in the notation of the previous fragment of the proof, we 
have 

lira sup~  lira inf~ / (x,y) ~ t ~-~ (Vx ~ 9 (~z-)) ~ inf / (x, y) ~ t 
G~- ~ y~G 

~-~ (Vx ~ ~ (~'))  (V st e > 0) (VG ~ if) inf / (x, y) ~ t + e ~-~ (Vx ~ ~ (~-)) (VG ~ ~ )  (V st e > 0) inf ] (x, y) < t + e 
lEG lEG 

Invoking the conditions from the criterion we have established, we deduce that 

(Vx ~ x ' ,  x ~ F) (Vn) (~N >1 ~ ~  F (x + ~Nh') = O. 

I n  o t h e r  w o r d s ,  f o r  some h N s u c h  t h a t  h N z h '  we h a v e  x +  aNhN ~F.  On t h e  b a s i s  o f  t h e  p r e -  
v i o u s  a r g u m e n t s ,  a s  i n  t h e  p r o o f  o f  T h e o r e m  4,  we c a n  d e d u c e  t h a t  h '  l i e s  i n  t h e  l o w e r  K u r a -  
t o w s k i  l i m i t  o f  t h e  c o n t i n g e n c i e s  o f  t h e  s e t  F a t  p o i n t s  c l o s e  t o  x ' ,  t h a t  i s ,  i n  t h e  C l a r k e  
c o n e  C I ( F ,  x ' ) .  > 
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