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Two applications of combined nonstandard methods to positive operators and vector mea-
sures are presented.

I ivrnooucrroN

Nonstandard methods of analysis split presently so as to form two main 'disciplines:

'infinitesimal analysis (Robi,nson's nonstandard analysis) and Boolean-ualued analysis. The
common feature of the disciplines is as follows: either executes a comparative study of two
interpretations of a mathematical claim or construction considered as a formal symbolic
expression by means of two different set-theoretic models, one standard and the other
nonstandard, see [1] and the literature cited therein.

In studying the problems of functional analysis which are motivated by the theory
of vector lattices, it is necessary to combine theoretical and technical methods that are
offered by the two nonstandard disciplines. It is worth emphasiz\ng that the Boolean-
valued and infinitesimal versions of nonstanda,rd analysis differ principally in their content
and tools. Therefore, many ways are open to their simultaneous application. One g{.the
simplest approaches consists in studying a standard Boolean-valued model in the universe
of Nelson's internal set theory (or in the universe of Kawai's external sets). In this case
specific infinitesimal methods are used in a world external to the Boolean-valued universe,
see [2]. In some cases it is better to use a different approach, i.e., to apply infinitesimal
methods to objects within a Boolean-valued universe, see [3].

In the present note we briefly outline two applications of combined nonstandard methods
to positive operators and vector measures which are intended as invitation to further
research
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1.  Boot  EAN-vALUED MoDELS

The Boolean-valued approach is less popular than its infinitesimal counterpart. Thus,
it stands to reason to sketch the former. Details can be found in [1,4]. A Boolean-valued
model y(m) is constructed from a complete Boolean algebra IE. The elements of y(m)
are thought as lB-valued sets. Given a proposit ion 5 '-  s(",  ) . . .)r ' )  with parameters
rtt " ' ,rn € yB one defines its Boolean ir"it, ualue fsn e yr]u.'rrr" proposition ,S is said
to be true ;n y@) if [Sn - 1.

1'1' Boolean-valued transfer principle. For every theorems(", j ... jrn) of ZFC, the
equality

[5(" r  ) .  .  . ) r , )n  :  1
holds,  i .e . ,  S(r  1 , . .  .  , rn)  is  ual id ,  ins id,e y(m).

I .2 .  Max imum pr inc ip le .  For  every  fo rmu la  S( r ,  f r l t . . . : , , , t rn )  ( " ,  , . . . t rn  €  y (m)  
)  o f

ZFC with one free variable u there exjsts an element r E y(m)' fo, which

[ ( ] u ) S ( u , r t t . . . , r n ) l  :  [ S ( "  , 1 7 , . . .  , r , ) n .

In particular, y(m) contains some object R that plays the role of the reals IR inside y(m) .
1'3' Restricted transfer principle. There is an important procedure for passing toy(m) from the ordinary von Neu*.rrn universe I/. It is defined as follows: Given r e V,
denote by the symbol ? the standard, name of r in y@); i.e., the element defined by the
following recursion schema:

7= z,  dom (?)  : -  {1 |  y  e r } ,  im(?)  ,_ 1.

For every S(rr , . . . )  un) and elements r t t . . . t rn 6 y(m) the equivalence holds:

5 ( " t  ) .  . ) r , - )  #  [S ( " ,  , . . . , n *n )n  :  t .

L'4' Descent functor. There is a functorial procedure, calle d. d,escenf and denoted by
(')J' which assigns to each mathematical objectlnside a Boolean-valued model a standard
object of a similar type. Given an element.r 6 lz(m), its descent is defined by r !:- {t e

" : : ]  
l [ t  e  r ]  and i sase t .  r f  x ,Y , f  e  y (m) l r r a / ' ; amapp ing f romX in toy ins i de

Ij*', then /{ is a mapping from X} into Y}. The same is true for a relation inside y(m).
Therefore, the descent of an algebraic system is again an algebraic system of a similar
type. The following result is basic for what followr, r"" [1, b].

1'5' Gordon's Theorem. Let R be the fietd of reals inside I/(B) . The algebraic system
Rt is a universally complete Kantorovich space. Moreover, thereexists an isomorphism y
of lE onto the Boolean algebrary@J) of bind projections of R{ such that

x(b),  -  x(b)y,
x(b)* S x(b)iy

b<[*-yns
b<[*<yne>

for all r,U e RI and b e B.
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2.  THp FRAGMENTS oF A postr rvE opERAToR

The first example concerns a class of positive operators, see [6]. Preliminary definitions
and facts can be found in 17-10]. Let.E and F be vector lattices and let .9 : E + F
be a positive linear operator. A positive operator ,R : E -+ F is called a fragment or
corlponent of .9 if fi A (S - n) - 0. If F is a Kantoroutich space, i.e. an order complete
vector lattice; then every fragment of ,5 can be obtained in the form R - P r,S by applying
the band projection P 7 of S onto the principal band TLL generated by a positive operator
T : E -+ F. Now, the problem consists in finding some explicit representation for the band
projection P 7.

Infinitesimal approach: First we consider the case of functionals and derive a formula
for P 7.

2,L. Theorem. Let g and I,t be positive functionals on a vector.lattice E and. e be
a positive element of E. The following representation holds for the band projection P*
onto the principal band ?tL t

P*rb ( " )  i i n f  * { rb j ) lp ( " -  
f )  -0 ,  0  S  /  ( ' } ,

where the sign ̂  symbolizes the exacfness of the formulafrom the right, i.e., the attain-
ability of equality at some element of the set on the right-hand side.

Proof. Put p,:P*rh. If 0 < / < e and Vk - fl = 0, then, since

p("):  au) + ak _ f)  s.b0 + ak _ f)
and g e gtr, w€ see that aG - /) = 0. Therefore, p(e) S "|,ff). To establish exactness,
note the equality g A 0h - p). This equality ensures the validity of the following claims:
p (e -  f )  *  0  and  aU)  x$ ( / )  f o r  ce r ta in / f rom theo rde r in te rva l  [ 0 ,e ] .  S ince  pe  gLL ;
therefore, p( e) x AU) and we come to desired equality p(e) - "?h(/).n

2.2. The formula obtained in 2.1 can be easily expanded by application of the lrlelson
algorithm. Thus, one may conclude that Q : Ps$ if and onl;' if

(V r  >  0 ) ( l d  >  0XV0  <  /  <  
" )  

p ( "  -  f )  (  d  -+  p ( ' )  <  rb j ) *6 ,

(v : t0xvd>0)( :0< f  <")vG-f )56 k rhf f )  <s( ' )  *e.

Boolean-ualued approach: Now, we are in a position to interpret the results for functionals
in a Boolean-valued model. In the sequel we assume a vector lattice r' to be a universaily
complete Kantorovich space. In addition, we agree that its filter of order units is denoted
by t and the Boolean algebra of band projections in it is denoted by B'- lB(F). Further,
we may presu'me in virtue of 1.5 that F - R+. Let Lr(E,F) denote the space of regular
operators, with a linear operator called regular whenever it is representable as difference of
positive operators. The following theorem enables us to scalarrze an operator under study.

2.3. Theorem. For eachT e Lr(E,F) there is a uniqde elentent qt g y(m) such that

f fee  L , (^E,R) ] : I  and [p( " )  -Trn-1

for all r € X. The mappingT e g implemenfs a linear and Latticial isomorphjsm between
L"(8 ,  F)  and L , (^E,R)J .

The functional p inside y(m) is often denoted bv ?1.
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2.4. Theorem. Let S andT be positive operators from E into F and let R be the band
projection of S onto the principal ba,nd Trr. The following representation is vaJid for
apos i t i vee€E :

Be:  supinf {zrSf  +rLsel  0  < /<  e,  n  e lB(F) ,  nT(e -  f )  !e} .
eee

Proof. We pass to the Boolean-relued universe over the Boolean algebra B:: B(,8), while
putt ing 9: :Tl , t : :  SL and p::8f .  Then e:Pelb inside V(B) and we may apply 2.1.
Computing the truth walues, we obtain

(Ve e t)(ld € t)(VO < / < e)(Vzr e IB)

nT(e - f) 1 5 -+ Re < rS f I nrS" + e,
(ve e t)(vd € t)(:(/€)Xl(r€)XV€)

n1T(e- f )56 k  neS( /e)  <  nsRe*e

for a certain family (/6) of elements of the order interva"l [0, e] and a certain pa,rtition of
unity (r'6) in the algebra IB. Whence the sought representation is immediate.E

Using the infinitesimal technique within a Boolean-valued universe and descending The-
orem 2.1, in the natural notation we arrive at

2.5. Theorem. The following exact formula holds:

Be  +  i n f  { z r "S f  +nLSe l rT (e -  f )  x0 , ,  0  <  /  <  
" }

3. Arorr,rrc DECoMposrloN or,' vocroR MEAsuREs

Now we apply the above-mentioned nonsta^nda.rd methods to the problem of atomic
decomposition of a finitely additive measure. Let ",4 be a Boolea,n algebra and iet F be
a vector lattice. By a uector rneds'urc, we mearr an arbitrary mapping p : u4, -+. F such that

p . (a1Y  a2 )  :  u (d r )  +  p@r )

for all disjoint al, a2 €.4. Denote by ba(A, F) the space of all bounded F-va.lued measures
andpu tba ( ,4 )  : : ba ( .A , ,R ) .  Ameasure  p .€ba ( ,A ,F )  i ssa id tobepos i t i ue i t p . (a )2  0
for all a € .,4. It is well known that ba (,4, F) is a Kantorovich space whose positive cone
coincides with the set of positive measures. An atom of a measure ;,1 e ba (r4) is an element
ao €,4suchthat p(as) l0 and for every a€.A,,a !  ae, ei ther p(a):0,  or p(ae \a) -  0.
We say that a measure p is atomic if it belongs to the band in ba ("4) generated by discrete
elements, and is d,iffuse if it belongs to the complementary band.

.Infinitesitnal approach: We shall use in this section Loeb's [11] concept of infinitely fine
partition.

3.1, By a finite partition in a Boolean algebra ,4, we mean a finite collection {ot, . . . , on} C
Aof nonzeto elements with \ r / [ - r ,  a1 :  l  and apAa1 :0lor le I  / .  Denote byP:-p(/)  '

the collection of all finite partitions in ,4. Take p1,p2 e P. We say that p1 is finer than
pz if a: V{b e pt | 6 S o} for each o € pr. The idea,lization principle (in Nelson's
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credo) or the saturation principle (in Robinson's credo) guarantees that in every standard
Boolean algebra we can find a hyperfinite partition which is finer than each standard finite
partition. We call such a partition an infinitely fine partition (i.f.p.).

3.2. TroitskiY (in his Master thesis) noticed that an i.f.p. possesses some additional
properties that can be used for a nonstandard approach to atomic decomposition. Two
elements of an i.f.p. are said to be equiualent if the partition remains infinitely fine after
substituting the join of the two elements for each of them. Two elements are equivalent if
and only if they cannot be separated by . standard element of ,4. Call each collection of
mutually equivalent elements a monadic i.f.p.

Among the elements of a monadic i.f.p.) one is distinguished; we call it central. Each
element of an i.f.p. generates some standard zero-one measure that assigns 1 to every
standard set containing this element. Equivalent elements generate the same zero-one
measure. This measure takes value 1 on the central element of the corresponding monad
and vanishes on all the other elements of the i.f.p.

Lemma. For the central element p € P of a monadic i.f.p. the inequalitv p@) > " p(p)
holds.

Now we are ready to give a nonsta,nd.ard proof of the Hammer-Sobczik Decomposition
Theorem.

3.3. Ffammer-Sobczik Decomposition Theorem. Let pt be a finite finitely additive
positive measute on a Boolean algebra A. Then there exist a sequence (l,')neN of distinct
zero-one measures on 4,, a sequenc" (rr)zeN of positive reals, and a strongly continuous
positive measure Fo on A, such that IL, rn l oo and

\....-€
I t :  p o  +  )  r n 6 n .

t _ J  n - l

Furthermore) this decomposition js unique.

Proof . Let P be an i.f.p. of A. Take as pr an element of P of greatest measure. Let rr :
" l t(pt) and d1 :60,,.  I f  p, is strongly continuous, then 11 - 0. Otherwise, pi is central
and, by the Lemma, w€ have 11
standard measure. Now we may apply this procedure to p, and obtain p,2 : lrt - rz6z,
etc. Iterating the process, we obtain the decreasing sequence (rrr)ra.N of standard positive
reals, the sequence (dr)",e"x of standard distinct zero-one measures., and the sequence
(pr, )",e "N of sta,ndard measures such that

t t ,n :p- f i_ r r r6o

for every n € oN.. By the transfer principle we may extend these sequences to some
standard sequences indexed by N with the same properties. In particular,

p(I )  > t ; :  , r r ,6*(1)  
:  L"*_rro

for every natural n; it follows that IL, r7, ( oo.
It is easily verified that pr6 defined by

37
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is a standa.rd positive measure, and po S pl,, for all n € N. Assume that ps is not strongly
continuous; then there exists p € P such that " p(p) > 0. Since r," converges to zero, we can
find n € oN such that rn 1" p@); bV the definition of r," it follows that "p,'(p) < . p(p),
but this contradicts the fact thi* p, < pn.

We see that the reals rr. and measures d',. are determined by the values of pl at the central
elements of P up to permutation. Thus, the constructed decomposition is unique.!

Boolean-aalued, approach: Now we introduce a new notion of atomicity, and prove a corre-
sponding result on atomic decomposition. As above, we denote by B:: F(F) the Booiean
algebra of all band projections in F.

A positive measure p € ba(,4. -F) is called IB-discrete if for every measure / e ba(,4, F),
such that 0 I u I p, we have the representation u : a,pl for some operator a : F -+ F,
0 (  c r  I  I p .

We say that a measure p. is B-atomic if it belongs to the band in ba (r4, F) generated
by B-discrete elements, and is B-difzse if it belongs to the complementa"ry ba"nc.

The essential sta,rting point for the lB-atomic decomposition is the following result on
Boolean-valued representation of vector measutes, see [12].

3.4. Theorem . For every mea.sure p. e ba ("4, ,F') thete exists a unjque element m e V@)
- such that

fftn eba(,A, R)n : t and [m(a): m(")] : t

a e ,4. The conespondence p, r+ nr tepresents a lattice .isomorphism from ba(A, F) to
ba (,A', R) I. If F : RI then the isomorphism is a bijection.

It can be easily proved that
(1) p is B-discrete if and only if rn is discrete inside V(B);
(2) 1.t, ls B-atomic if and only if rn is atomic inside V(B);

.  .  !  t , / l D \(.t/ p ls rD-ollluse rI anc only lI rn rs drnuse rnstde y \-/.

Now we may prove the lB-atomic decomposition theorem and the fact that the B-atomic
fragment of a vector measure is the sum of a disjoint sequeflce of "spectral measures,"
see 1131.

3.5. Theorem. Let p, : "4 
-+ F be a positive bounded measure. Then there exist

a positive lB-difluse measure p,s : "4, 
-+ F, a decreasing sequence of positive elements

(F")"erv in F, and a sequence of pabwise disjoint Boolean homomorphisms hn : .A. -+ B,
n € N, such that the series ![, fn is order convergent and

r.r(o) : tro(o) + i n, (o)f, (a e A).
n : 1

The representation of fr in this form is unique.

The problem of extending a finitely additive vector measure can be treated anaiogously?
see [14] .

4 .  Co l lc luDrNG REMARKS

For applications in functional analysis and operator theory, it is highly desirable to
expound a synthetic theory in the framework of which all the nonstandard methods offered
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by Boolean-valued models and external set theories are available. Only preliminary results

have so far been achieved in this direct ion ([15], [16]).
In the previous sections we demonstrated that successive application of the two nonstan-

dard approaches is a powerful tool sometimes. In view of these facts one may suppose that

the above-presented combinations of nonstandard methods are not only highly desirable

but also manageable.

It seems reasonable'to develop and simplify the formal possibilities that appear along

the described path of combining the procedures of descent and ascent with an intermediate

application of the apparatus of Robinson's nonstandard analysis.

Roughly speaking, infinitesimal analysis allows one to sombhow consider an operator

as a matrix, i.e., to carry out d'iscretization of an operator under study. Boolean-valued

analysis makes it possible to treat the elements of some functional classes as reals, and

enabies one, in particular, to work with an operator as with a functional, i.e., to imple-

ment scalarization of the operator. Thus, it stands to reason to develop some combined

"discretization-scalarization" machinery in order to unify and simplify successive applica-
tion of different nonstandard methods.

As we already mentioned, there are at least two ways of combining nonstandard meth-

ods: first, to accomplish infinitesimal constructions in a Boolean-valued model,, and second,

to seek for the Boolean-valued interpretation of internal and external set theories. Each of

these approaches involves its own technical difficulties, merits and demerits.

The Loeb measure is proved to be a very useful tool in nonstandard analysis. This

construction can be generalized without difficulties to measures with values in a Banach

space. As far as measures with values in a vector lattice without a norm are concerned such

extension becomes more involved. Further progress requires developing a Boolean-valued

version of the Loeb measure technique.
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