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BOOLEAN VALUED ANALYSIS:

SOME NEW APPLICATIONS

A. G. Kusraev, S. S. Kutateladze

The term Boolean valued analysis signi�es the te
hnique of studying properties

of an arbitrary mathemati
al obje
t by 
omparison between its representations in

two di�erent set-theoreti
 models whose 
onstru
tion utilizes prin
ipally distin
t

Boolean algebras. As these models, the 
lassi
al Cantorian paradise in the shape

of the von Neumann universe and a spe
ially-trimmed Boolean valued universe

are usually taken. Comparison analysis is 
arried out by some interplay between

these universes. We survey here some new appli
ations of Boolean valued analysis

that 
on
ern operator theory.
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1. Boolean Valued Requisites

The term �Boolean valued analysis� appeared within the realm of

mathemati
al logi
. It was Takeuti, a renowned expert in proof theory,

who introdu
ed the term. Takeuti de�ned Boolean valued analysis

in [27, p. 1℄ as �an appli
ation of S
ott�Solovay's Boolean valued models

of set theory to analysis.� Vop�enka invented similar models at the same

time. The needed information on the theory of Boolean valued models

is brie�y presented in [15, Chapter 9℄ and [19, Chapter 1℄; details may

be found in [5, 17, 29℄. A short survey of the Boolean ma
hinery is also

in [21℄.

Throughout the sequel B is a 
omplete Boolean algebra with unit 1

and zero O. A partition of unity in B is a family (bξ)ξ∈Ξ ⊂ B su
h that∨
ξ∈Ξ bξ = 1 and bξ ∧ bη = O whenever ξ 6= η. We let := denote the

assignment by de�nition, while N, Q, and R symbolize the naturals,

the rationals, and the reals. Re
all also that ZFC is an abbreviation for

Zermelo�Fraenkel set theory with the axiom of 
hoi
e.

1.1. Boolean valued universe and Boolean valued truth

[19, � 1.2℄. Given a 
omplete Boolean algebra B, we 
an de�ne the univer-

se V(B)
, the 
lass of B-valued sets. For making statements about V(B)

take

an arbitrary formula ϕ = ϕ(u1, . . . , un) of the language of set theory and
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repla
e the variables u1, . . . , un by elements x1, . . . , xn ∈ V(B)
. Then we

obtain some statement about the obje
ts x1, . . . , xn. There is a natural
way of assigning to ea
h su
h statement an element [[ϕ(x1, . . . , xn)]] ∈ B

whi
h a
ts as the �Boolean truth-value� of ϕ(u1, . . . , un) in the univer-

se V(B)
and is de�ned by indu
tion on the 
omplexity of ϕ, assigning

truth-values [[x ∈ y]] ∈ B and [[x = y]] ∈ B, where x, y ∈ V(B)
. We say that

the statement ϕ(x1, . . . , xn) is valid within V(B)
if [[ϕ(x1, . . . , xn)]] = 1.

In this event, we write also V(B) � ϕ(x1, . . . , xn).

1.2. As
ending�des
ending ma
hinery [19, �� 1.5, 1.6, and 2.2℄.

No 
omparison is feasible without some dialog between V and V(B)
.

The relevant te
hnique of as
ending and des
ending bases on the opera-

tions of the 
anoni
al embedding, des
ent, and as
ent.

(1) The 
anoni
al embedding. There is a 
anoni
al embedding

of the von Neumann universe V into the Boolean valued universe V(B)

whi
h sends x ∈ V to its standard name x∧ ∈ V(B)
. The standard name

sends V onto V(2)
, where 2 := {O,1} ⊂ B.

(2) Des
ent. Given a member x of a Boolean valued universe V(B)
,

de�ne the des
ent x↓ of x by x↓ := {y ∈ V(B) : [[y ∈ x]] = 1}. The 
lass x↓
is a set; i. e., x↓ ∈ V for every x ∈ V(B)

.

(3) As
ent. Assume that x ∈ V and x ⊂ V(B)
. Then there exists

a unique x↑ ∈ V(B)
su
h that [[u ∈ x↑]] = ∨{[[u = y]] : y ∈ x} for all

u ∈ V(B)
. The member x↑ is 
alled the as
ent of x.

The operations of des
ent as
ent and 
anoni
al embedding 
an be

naturally extended to mappings and relations, [19, Chapter 1℄.

1.3. Prin
iples of Boolean valued set theory [19, � 1.4℄.

The main properties of a Boolean valued universe V(B)
are 
olle
ted

in the following four propositions:

(1) Transfer Prin
iple. All theorems of ZFC are valid within

V(B)
; i. e., [[ϕ]] = 1 for every ZFC theorem ϕ, or, in symbols, V(B) |= ZFC.
(2) Maximum Prin
iple. To ea
h formula ϕ of ZFC there is

a member x0 of V
(B)

satisfying [[(∃x)ϕ(x)]] = [[ϕ(x0)]].
(3) Mixing Prin
iple. For every family (xξ)ξ∈Ξ in V(B)

and every

partition of unity (bξ)ξ∈Ξ in B there is a unique x ∈ V(B)
satisfying

bξ 6 [[x = xξ]] for all ξ ∈ Ξ. This unique x is 
alled the mixing of (xξ)
by (bξ) and is denoted as follows: x = mixξ∈Ξ(bξxξ) = mix{bξxξ : ξ ∈ Ξ}.

(4) Restri
ted Transfer Prin
iple. Given a restri
ted formula

ϕ of ZFC and a 
olle
tion x1, . . . , xn ∈ V, the ZFC-equivalen
e holds:

ϕ(x1, . . . , xn)↔ V(B) |= ϕ(x∧

1 , . . . , x
∧

n).



272 Kusraev A. G., Kutateladze S. S.

A formula is 
alled restri
ted if ea
h of its quanti�ers o

urs in the

form (∀x ∈ y) or (∃x ∈ y) or if it 
an be proved equivalent in ZFC to

a formula of this kind.

The transfer prin
iple reads sometimes as `V(B)
is a Boolean valued

model of ZFC'; the maximum prin
iple guarantees the existen
e of

various `Boolean valued obje
ts'; the mixing prin
iple shows how these

obje
ts may be 
onstru
ted.

1.4. Boolean valued te
hnology. To prove the relative 
onsisten
y

of some set-theoreti
 propositions we use a Boolean valued universe

V(B)
as follows: Let T and S be some enri
hments of Zermelo�Fraenkel

theory ZF (without 
hoi
e). Assume that the 
onsisten
y of ZF implies

the 
onsisten
y of S . Assume further that we 
an de�ne B so that S |=
�B is a 
omplete Boolean algebra� and S |= [[ϕ]] = 1 for every axiom ϕ
of T . Then the 
onsisten
y of ZF implies the 
onsisten
y of T . That is

how we use V(B)
in foundational studies.

Other possibilities for applying V(B)
base on the fa
t that irrespe
tive

of the 
hoi
e of a Boolean algebra B, the universe is an arena for

testing an arbitrary mathemati
al event. By the prin
iples of transfer

and maximum, every V(B)
has the obje
ts that play the roles of

numbers, groups, Bana
h spa
es, manifolds, and whatever 
onstru
ts of

mathemati
s that are already introdu
ed into pra
ti
e or still remain

undis
overed. These obje
ts may be viewed as some nonstandard

realizations of the relevant originals.

All ZFC theorems a
quire interpretations for the members of V(B)
,

attaining the top truth value. We thus obtain a new te
hnology

of 
omparison between the interpretations of mathemati
al fa
ts in

the universes over various 
omplete Boolean algebras. Developing the

relevant tools is the 
rux of Boolean valued analysis.

A general s
heme of the method is as follows; see [18, 19℄. Assume

that X ⊂ V and X ⊂ V(B)
are two 
lasses of mathemati
al obje
ts.

Suppose that we are able to prove

The Boolean Valued Representation: Ea
h X ∈ X embeds into a

Boolean valued model, be
oming an obje
t X ∈ X within V(B)
.

The Boolean Valued Transfer Prin
iple tells us then that every theo-

rem about X within Zermelo�Fraenkel set theory has its 
ounterpart

for the original obje
t X interpreted as a Boolean valued obje
t X .

The Boolean Valued Ma
hinery enables us to perform some transla-

tion of theorems from X ∈ V(B)
to X ∈ V by using the appropriate

general operations and the prin
iples of Boolean valued analysis.
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2. Ve
tor Latti
es and Positive Operators

The reader 
an �nd the relevant information on the theory of ve
tor

latti
es and order bounded operators in [4, 15, 24, 31, 32℄.

Definition 2.1. A ve
tor latti
e is a ve
tor spa
e over the reals

that is equipped with a partial order 6 for whi
h the join x ∨ y and

the meet x ∧ y exist for all ve
tors x, y ∈ X , and su
h that the positive

one X+ := {x ∈ X : 0 6 x} is 
losed under addition and multipli
ation
by non negative reals. A subset U ⊂ X is order bounded if U is 
ontained

in an order interval [a, b] := {x ∈ X : a 6 x 6 b} for some a, b ∈ X .
In the sequel, we assume that all ve
tor latti
es X are Ar
himedean,

i. e., for every pair x, y ∈ X it follows from (∀n ∈ N) nx 6 y that x 6 0.
Most of the ve
tor spa
es that appear naturally in analysis (Lp

, lp,
C(K), c, c0, et
.) are Ar
himedean ve
tor latti
es with respe
t to point-
wise or 
oordinate-wise ordering.

Definition 2.2. Say that two elements x, y ∈ X are disjoint and

write x ⊥ y if |x| ∧ |y| = 0 where the module |x| of x is de�ned as

|x| := x ∨ (−x). A band in a ve
tor latti
e X is a subset of the form

B := A⊥ := {x ∈ X : (∀ a ∈ A) |x| ∧ |a| = 0} for a nonempty A ⊂ X .
Clearly, B ∩B⊥ = {0}. A band B in X whith satis�es X = B ⊕ B⊥

is

referred to as a proje
tion band, while the asso
iated proje
tion (onto B
parallel to B⊥

) is 
alled a band proje
tion. The in
lusion-ordered sets of

all bands and all band proje
tions in a ve
tor latti
e X form 
omplete

Boolean algebras, whi
h are denoted by B(X) and P(X), respe
tively.

Definition 2.3. A ve
tor latti
e X is said to be Dedekind 
omplete

(resp. laterally 
omplete) if every nonempty order bounded set (resp.

every non-empty set of pairwise disjoint positive ve
tors) U in X has the

least upper bound sup(U) ∈ X . A ve
tor latti
e that is at the same time

laterally 
omplete and Dedekind 
omplete is referred to as a universally


omplete ve
tor latti
e.

Example 2.1. Assume that a measure spa
e (Ω,Σ, µ) is semi-�nite,
that is, if A ∈ Σ and µ(A) =∞ then there exists B ∈ Σ with B ⊂ A and

0 < µ(A) <∞. The ve
tor latti
e L0(Ω,Σ, µ) (of µ-equivalen
e 
lasses)
of µ-measurable fun
tions on Ω is universally 
omplete if and only if

(Ω,Σ, µ) is lo
alizable. In this event Lp(Ω,Σ, µ) is Dedekind 
omplete,

see [8, 241G℄. Observe that P(L0(Ω,Σ, µ)) ≃ Σ/µ−1(0).

Example 2.2. Given a 
omplete Boolean algebra B of proje
tions in

a Hilbert spa
e H , denote by 〈B〉 the spa
e of all selfadjoint operators
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on H whose spe
tral resolutions are in B; i. e., A ∈ 〈B〉 if and only

if A =
∫
R
λdEλ and Eλ ∈ B for all λ ∈ R. Then 〈B〉 is a universally


omplete ve
tor latti
e and P(〈B〉) ≃ B.

The fundamental result of Boolean valued analysis is the Gordon

Theorem whi
h des
ribes an interplay between R, R∧
, R, and R = R↓:

Ea
h universally 
omplete ve
tor latti
e is an interpretation of the reals

in an appropriate Boolean valued model, see, [19, �� 2.2�2.4℄.

Theorem 2.1 (Gordon Theorem). Let B be a 
omplete Boolean

algebra, R be a �eld of reals within V(B)
. Then

(1) The algebrai
 stru
ture R (with the des
ended operations and

order) is an universally 
omplete ve
tor latti
e.
(2) The internal �eld R ∈ V(B)


an be 
hosen so that

[[R∧

is a dense sub�eld of the �eld R ]] = 1.

(3) There is a Boolean isomorphism χ from B onto P(R) su
h that

χ(b)x = χ(b)y ⇐⇒ b 6 [[x = y ]],

χ(b)x 6 χ(b)y ⇐⇒ b 6 [[x 6 y ]]

(x, y ∈ R; b ∈ B).

Definition 2.4. A 
omplex ve
tor latti
e is the 
omplexi�
ation

XC := X ⊕ iX (with i standing for the imaginary unity) of a real ve
tor
latti
e X ; i. e., the additive group of X × X is endowed additionally

with the s
alar multipli
ation (α+ iβ)(x, y) = (αx− βy, αy+ βx) for all
α, β ∈ R and x, y ∈ X . Identifying x ∈ X with (x, 0) ∈ X and iy with
(0, y), we will write x+ iy instead of (x, y).

Often it is additionally required that the modulus

|z| := sup
{
(cos θ)x+ (sin θ) y : 0 6 θ < 2π

}

exists for every element z := x + iy ∈ X ⊕ iX . This requirement is
automati
ally satis�ed in a uniformly 
omplete ve
tor latti
e.

The version of the Gordon Theorem for 
omplexes is also true.

Theorem 2.2. Let C be the �eld of 
omplex numbers in the

model V(B)
. Then the algebrai
 system C ↓ is a universally 
omplete


omplex f -algebra. Moreover, C ↓ the 
omplexi�
ation of the universally

omplete real f -algebra R↓; i. e., C ↓ = R↓ ⊕ iR↓.
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The two parti
ular 
ases of Gordon's Theorem, 
orresponding to

Examples 2.1 and 2.2, were studied independently by Takeuti [27℄.

Definition 2.5. Let X and Y be ve
tor latti
es. By L(X,Y ) we
denote the spa
e of all linear operators from X to Y . An operator

T ∈ L(X,Y ) is positive provided that T (X+) ⊂ Y+, while T is regular

provided that T 
an be presented as a di�eren
e of two positive linear

operators, and T is order bounded or shortly o-bounded provided that T
sends ea
h order bounded subset of X to an order bounded subset of Y .

The sets of all regular, order bounded, and positive operators from X
to Y are denoted by Lr(X,Y ), L∼(X,Y ), and L+(X,Y ) := L∼(X,Y )+,
respe
tively. Clearly, Lr(X,Y ) and L∼(X,Y ) are ve
tor subspa
es

of L(X,Y ). The ordering in the spa
es of regular and order bounded

operators is de�ned by the following relations:

T > 0 ⇐⇒ T ∈ L+(X,Y ), S > T ⇐⇒ S − T > 0.

The 
elebrated Riesz�Kantorovi
h Theorem tells us that L∼(X,Y ) is
a Dedekind 
omplete ve
tor latti
e and, in parti
ular, L∼(X,Y ) =
Lr(X,Y ), whenever Y is Dedekind 
omplete.

The fa
t that X is a ve
tor latti
e over the ordered �eld R may

be rewritten as a restri
ted formula, say, ϕ(X,R). Hen
e, re
alling the
restri
ted transfer prin
iple, we 
ome to the identity [[ϕ(X∧,R∧) ]] = 1

whi
h amounts to saying that X∧
is a ve
tor latti
e over the ordered

�eld R∧
within V(B)

. The positive 
one X+ is de�ned by a restri
ted

formula ϕ(X,X+) ≡ (∀x ∈ X+)(x ∈ X) ∧ (∀x ∈ X)(x ∈ X+ ↔ x > 0).
Hen
e (X∧)+ = (X+)

∧
by restri
ted transfer. By the same reason

|x∧| = |x|∧, (x ∨ y)∧ = x∧ ∨ y∧, (x ∧ y)∧ = x∧ ∧ y∧

for all x, y ∈ X , sin
e the latti
e operations ∨, ∧, and | · | in X are de�ned

by restri
ted formulas.

Let X∧∼ := L∼
R∧(X∧,R) be the spa
e of regular R∧

-linear fun
tionals

from X∧
to R. More pre
isely, R is 
onsidered as a ve
tor spa
e over the

�eld R∧
and by the maximum prin
iple there existsX∧∼ ∈ V(B)

su
h that

[[X∧∼
is a ve
tor spa
e over R of R∧

-linear order bounded fun
tionals

from X∧
to R whi
h is ordered by the 
one of positive fun
tionals ]] = 1.

A fun
tional τ ∈ X∧∼
is positive if [[(∀x ∈ X∧)τ(x) > 0]] = 1.

Definition 2.6. Let X ∈ V and Y ∈ V(B)
be su
h that X 6= ∅ and

[[Y 6= ∅]] = 1. Given an operator T : X → Y ↓, there exists a unique
T ↑ ∈ V(B)

(
alled themodi�ed as
ent of T ) su
h that [[T ↑ : X∧ → Y ]] = 1



276 Kusraev A. G., Kutateladze S. S.

and [[T ↑(x∧) = T (x)]] = 1 for all x ∈ X . Given a member τ ∈ V(B)
, there

exists a unique operator τ↓ : X → Y ↓ (
alled the modi�ed des
ent of τ)
su
h that [[τ(x∧) = τ↓(x)]] = 1 for all x ∈ X .

Theorem 2.3. Let X and Y be ve
tor latti
es with Y universally


omplete and represented as Y = R↓. Given T ∈ L∼(X,Y ), the modi�ed
as
ent T ↑ is an order bounded R∧

-linear fun
tional on X∧
within V(B)

;

i. e., [[T ↑ ∈ X∧∼ ]] = 1. The mapping T 7→ T ↑ is a latti
e isomorphism
between the Dedekind 
omplete ve
tor latti
es L∼(X,Y ) and X∧∼↓.

Definition 2.7. A linear operator T from X to Y is a latti
e

homomorphism whenever T (x1∨x2) = Tx1∨Tx2 for all x1, x2 ∈ X . Say
that T is disjointness preserving if |x|∧|y| = 0 implies |T (x)|∧|T (y)| = 0
for all x, y ∈ X . Two ve
tor latti
es X and Y are said to be latti
e

isomorphi
 if there is a latti
e isomorphism from X onto Y .

It 
an be easily seen that a linear operator is disjointness preserving

if and only if |T (x)| = |T (|x|)| for all x ∈ E, while T is a latti
e

homomorphism if and only if |T (x)| = T (|x|) for all x ∈ E.
Let Hom(X,Y ) and L∼

dp(X,Y ) stand for the sets of all latti
e

homomorphisms and all disjointness preserving operators from X to Y ,
respe
tively. Put X∼ := L∼(X,R) and X∼

a := L∼
a (X,R).

Corollary 2.1. Consider S, T ∈ L∼(X,Y ) and put τ := T ↑, σ := S↑.
The following equivalen
es are ful�lled:

(1) T ∈ Hom(X,Y ) ⇐⇒ [[ τ ∈ Hom(X∧,R) ]] = 1;

(2) T ∈ L∼

dp(X,Y ) ⇐⇒ [[ τ ∈ (X∧∼)dp ]] = 1.

3. Sums of Disjointness Preserving Operators

In this se
tion we examine the problem of �nding 
onditions for a sum

of �nite 
olle
tions of order bounded disjointness preserving operators to

be n-disjoint. In the 
ase of fun
tionals, the problem is easily settled.

Definition 3.1. A linear operator T : X → Y is said to be n-disjoint
if, for every 
olle
tion of n+1 pairwise disjoint elements x0, . . . , xn ∈ E,
the meet of

{
|Tx1|, . . . , |Txn|

}
equals zero:

(∀x0, x1 . . . , xn ∈ X) xk ⊥ xl (k 6= l) =⇒ |Tx0| ∧ . . . ∧ |Txn| = 0.

Thus 1-disjoint is the same as disjointness preserving; see De�nition 2.7.
The sum of n order bounded disjointness preserving operators a
ting

between ve
tor latti
es is n-disjoint, see [6, Proposition 2℄. The following
result states that the 
onverse is also true.
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Theorem 3.1. Let X and Y be ve
tor latti
es with Y Dedekind


omplete and let T : X → Y be an order bounded n-disjoint operator.
Then there exist n latti
e homomorphisms T1, . . . , Tn from X to Y with

T = T1 + · · ·+ Tn. Moreover, T1, . . . , Tn 
an be 
hosen pairwise disjoint.

⊳ The �rst assertion is obtained in Bernau, Huijsmans, and de Pagter

[6, Theorem 6℄; the se
ond one in Radnaev [25℄. ⊲

It is easy to see that the representation of the n-disjoint operator
as a sum of n disjointness preserving operators is not unique, see

[6, Example 7℄. So, the question arises: In what exa
t sense should

uniqueness be understood? To answer this question, we need the

following 
on
ept.

Definition 3.2. A linear operator T : X → Y is 
alled purely n-dis-
joint if n is the least natural for whi
h πT is n-disjoint for all nonzero
π ∈ P

(
T (X)⊥⊥)

. Two linear operators S1, S2 : X → Y are said to be

purely disjoint if S1 ⊥ S2 and S1(X)⊥⊥ = S2(X)⊥⊥
.

Clearly, if an operator is purely n-disjoint and purely m-disjoint
then n = m. Moreover, an order bounded n-disjoint operator uniquely
de
omposes into a sum of purely k-disjoint 
omponents, k 6 n.

Theorem 3.2. Let X and Y be ve
tor latti
es with Y having

the proje
tion property, n ∈ N, and T an n-disjoint linear operator
from X to Y with Y = T (X)⊥⊥

. Then there exist a unique 
olle
tion

(k1, π1), . . . (kl, πl) with naturals 1 6 k1 < · · · < kl 6 n and a partition

of unity {π1, . . . , πl} in P(F ) with nonzero terms su
h that πiT is purely

ki-disjoint for all i := 1, . . . , l.

⊳ A

ording to Theorem 2.2 τ := T ↑ is a linear fun
tional on X∧

within V(B)
where B = P(Y ). Moreover, τ is n∧

-disjoint as 
an be seen

from Theorem 3.1. It is 
lear from De�nition 3.1 that there is the least

natural k 6 n∧
for whi
h the fun
tional τ is k-disjoint, that is, the

following set-theoreti
 formulae holds:

φ(τ, n∧) := (∃k 6 n)(τ ∈ Dk) ∧ (∀l 6 n∧)(τ ∈ Dl → k 6 l),

where τ ∈ Dk means that τ is k-disjoint. By the transfer prin
iple we

have [[φ(τ, n∧)]] = 1. An elementary 
omputation with truth values yields
a partition of unity ρ1, . . . , ρn su
h that [[τ is purely k∧

-disjoint]] > ρk
for all k 6 n or, equivalently, ρkT is purely k-disjoint for all k 6 n. It
remains to separate nonzero terms {ρk1

, . . . , ρkl
} of the partition of unity

{π1, . . . , πl} with 1 6 k1 < · · · < kl 6 n and denote πj := ρkj . ⊲
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To des
ribe the stru
ture of purely n-disjoint operators we need one
more 
on
ept whi
h, in 
ase F = R, is just the usual permutation.

Definition 3.3. Given two 
olle
tions T := (T1, . . . , TN) and

S := (S1, . . . , SN) of linear operators from X to Y , say that S is

a P(Y )-permutation of T whenever there exists an N × N matrix

(πi,l) with entries from P(Y ), whose rows and 
olumns are partitions

of unity in P(Y ), su
h that Si =
∑N

l=1 πi,lTl for all i := 1, . . . , N (and so

Tl =
∑N

i=1 πi,lSi for all l := 1, . . . , N).

Theorem 3.3. Given τi, σi ∈ V(B)
with [[τi, σi ∈ (X∧)∼]] = 1,

i ∈ {1, . . . , N}∧, put Tl := τl∧↓ and Sl := σl∧↓. Then (σ1, . . . , σN∧)
is a permutation of (τ1, . . . , τN∧) within V(B)

if and only if (S1, . . . , SN )
is a P(Y )-permutation of (T1, . . . , TN ).

⊳ See [19, Proposition 3.8.5℄. ⊲

We now present a 
hara
terization of the 
olle
tions of order bounded

disjointness preserving operators S1, . . . , SN with purely n-disjoint sum
|S1| + · · · + |SN |. It 
an be easily observed that if S1, . . . , SN are

fun
tionals then |S1|+ · · ·+ |SN | is n-disjoint if and only if there exists
a permutation (T1, . . . , TN) of (S1, . . . , SN ) su
h that T1, . . . , Tn are

pairwise disjoint and, whenever n > N , ea
h of Tn+1, . . . , TN is represen-

table as Ti = λiSκ(i) with some κ(i) ∈ {1, . . . , n} and λi ∈ R, |λi| 6 1.
Having settled the s
alar 
ase, the desired 
hara
terization is the matter

of Boolean valued te
hnology.

Theorem 3.4. Let X and Y be ve
tor latti
es with Y Dedekind


omplete and n,N ∈ N with n 6 N . For a 
olle
tion of order bounded

disjointness preserving operator T1, . . . , TN from X to Y the operator

|T1| + · · · + |TN | is purely n-disjoint if and only if there exists a

P(Y )-permutation S1, . . . , SN of T1, . . . , TN su
h that S1, . . . , Sn are

pairwise purely disjoint and, whenever n < N , ea
h of Sn+1, . . . , SN

is representable as Sj =
∑n

k=1 αj,kSk for some pairwise disjoint

0 6 αj,1, . . . , αj,n ∈ Z (Y ) (j := n+ 1, . . . , N).

⊳ We 
an assume that Y = R↓ and put τl := Tl↑. Moreover,
there is no loss of generality in assuming that T1, . . . , TN are latti
e

homomorphisms so that τ1, . . . , τN are also assumed to be latti
e homo-

morphisms within V(B)
. We 
on�ne ourselves to the �only if� part.

Supposing T1+ · · ·+TN is purely n-disjoint and working within V(B)
,

observe that τ1+ . . .+τN is n∧
-disjoint and so there exists a permutation

ν : {1, . . . , N}∧ → {1, . . . , N}∧ su
h that τν(1), . . . , τν(n) are nonzero
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pairwise disjoint latti
e homomorphisms and, whenever n < N , ea
h
of the homomorphisms τν(n+1), . . . , τν(N) is proportional to some of

τν(1), . . . , τν(n) with a 
onstant of modulus 6 1. The latter is formalized
as follows:

Φ ≡ (∀ i ∈ {n+ 1, . . . , N}∧)(∃ j ∈ {1, . . . , n}∧)
(∃β ∈ R)(|β| 6 1 ∧ τν(i) = βτν(j)).

Put Si := τν(i∧)↓ (i := 1, . . . , N). Then (S1, . . . , SN ) is a P(Y )-permutati-
on of (T1, . . . , TN) by Theorem 3.3 and (S1, . . . , Sn) are pairwise disjoint
by Corollary 2.1. Moreover, [[Φ]] = 1 by transfer. Hen
e,

1 =

N∧

i=n+1

n∨

j=1

[[(∃β)(β ∈ R)(|β| 6 1 ∧ τν(i∧) = βτν(j∧))]].

It follows that for ea
h n + 1 6 i 6 N there is a partition of unity

{bi,1, . . . , bi,n} in B su
h that bi,j 6 [[(∃β)(β ∈ R)(|β| 6 1 ∧ τν(i∧) =
βτν(j∧))]]. A

ording to the maximum prin
iple there exists βi,j ∈ R↓
with bi,j 6 [[|βi,j | 6 1]] ∧ [[τν(i∧) = βi,jτν(j∧)]]. Observe that for ea
h
x ∈ X we have

bi,j 6 [[τν(i∧) = βi,jτν(j∧))]] 6 [[τν(i∧)(x
∧) = βi,jτν(j∧)(x

∧)]]

∧ [[τν(i∧)(x
∧) = Six]] ∧ [[τν(j∧)(x

∧) = Sjx]] 6 [[Six = βi,jSjx]].

Putting πi,j := χ(bi,j) and αi,j := πi,jβi,j and using the Gordon Theorem,
we see that πi,jSix = αi,jSjx, when
e Si =

∑n
j=1 αi,jSj as required. ⊲

Definition 3.4. A 
olle
tion (k1, π1), . . . , (kl, πl) is said to be a

de
omposition series in P(Y ) whenever 1 6 k1 < · · · < kl are naturals
and {π1, . . . , πl} is a partition of unity in P(Y ) with nonzero terms. We

say that an n-disjoint operator T : X → Y has a de
omposition series

(k1, π1), . . . , (kl, πl) in P(Y ) if, in addition to the above, kl 6 n and there
exist order bounded disjointness preserving operators T1, . . . , Tkl

from E
to F su
h that T = T1+ · · ·+Tkl

and πiT1, . . . , πiTki are pairwise purely

disjoint for every i = 1, . . . , l.

Putting together Theorems 3.2 and 3.4 we get the following result.

Theorem 3.5. Every order bounded n-disjoint operator T from a

ve
tor latti
e X to a Dedekind 
omplete ve
tor latti
e Y has a unique

de
omposition series (k1, π1), . . . , (kl, πl) in P(T (X)⊥⊥).
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4. Classi�
ation of Inje
tive Modules

In this se
tion, K is a 
ommutative semiprime ring with unit, and

X be a module over K. Boolean valued analysis provides a transfer

prin
iple from the theory of ve
tor spa
es over �elds to the theory of

modules over rings. Below we des
ribe the 
lass of modules for whi
h

this transfer works perfe
tly. Further details 
an be found in the book

by Lambek [22℄. Theorems 4.1-4.4 below are due to Gordon; see [10, 11℄.

Definition 4.1. An annihilator ideal of K is a subset of the form

S⊥ := {k ∈ K : (∀ s ∈ S)ks = 0} with a nonempty subset S ⊂ K.

A subset S of K is 
alled dense provided that S⊥ = {0}; i. e., the equa-
lity k · S := {k · s : s ∈ S} = {0} implies k = 0 for all k ∈ K.

Definition 4.2. A ringK is said to be rationally 
omplete whenever,

to ea
h dense ideal J ⊂ K and ea
h group homomorphism h : J → K
su
h that h(kx) = kh(x) for all k ∈ K and x ∈ J , there is an element r
in K satisfying h(x) = rx for all x ∈ J .

A ringK is rationally 
omplete if and only ifK is sel�nje
tive (
p. [18,

Theorem 8.2.7 (3)℄). The in
lusion ordered set A(K) of all annihilator
ideal of a 
ommutative semiprime ring K is a 
omplete Boolean algebra.

Theorem 4.1. If K is a �eld within V(B)
then K↓ is a rationally


omplete 
ommutative semiprime ring, and there is an isomorphism χ
of B onto the Boolean algebra A(K ↓) su
h that

b 6 [[x = 0]] ⇐⇒ x ∈ χ(b∗) (x ∈ K, b ∈ B).

⊳ See [18, Theorems 8.3.1℄. ⊲

Theorem 4.2. Assume that K is a rationally 
omplete 
ommutative

semiprime ring and B = A(K). Then there is an element K ∈ V(B)
su
h

that [[K is a �eld ]] = 1 and the rings K and K ↓ are isomorphi
.
⊳ See [18, Theorems 8.3.2℄. ⊲

Definition 4.3. A K-module X is separated provided that for every

dense ideal J ⊂ K the identity xJ = {0} implies x = 0. Re
all that a K-

module X is inje
tive whenever, given a K-module Y , a K-submodule

Y0 ⊂ Y , and a K-homomorphism h0 : Y0 → X , there exists a K-homo-

morphism h : Y → X extending h0.
The Baer 
riterion states that aK-moduleX is inje
tive if and only if

for ea
h ideal J ⊂ K and ea
h K-homomorphism h : J → X there exists

x ∈ X with h(a) = xa for all a ∈ J ; see Lambek [22, � 4.2, Lemma 1℄. All
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modules under 
onsideration are assumed to be faithful, i. e., Xk 6= {0}
for any 0 6= k ∈ K, or equivalently, the 
anoni
al representation of K by

endomorphisms of the additive group X is one-to-one.

Theorem 4.3. Let X be a ve
tor spa
e over a �eld K within V(B)
,

and let χ : B→ B(K ↓) be a Boolean isomorphism in Theorem 4.1. Then
X ↓ is a separated unital inje
tive module overK ↓ su
h that b 6 [[x = 0]]
and χ(b)x = {0} are equivalent for all x ∈ X ↓ and b ∈ B.

⊳ See [18, Theorems 8.3.12 ℄. ⊲

Theorem 4.4. Let K be a rationally 
omplete semiprime ring, let

K be as in Theorem 4.1, and B := A(K). Then for every unital separated
inje
tive K-module X there exists an internal ve
tor spa
e X ∈ V(B)

over K su
h that the K-module X is isomorphi
 to X ↓. Moreover if

 : K → K ↓ is an isomorphism in Theorem 4.2, then one 
an 
hoose an
isomorphism ı : X → X ↓ su
h that ı(ax) = (a)ı(x) (a ∈ K, x ∈ X).

⊳ See [18, 8.3.13℄. ⊲

Theorem 4.4 enables us to apply Boolean valued approa
h to unital

separated inje
tive modules over the rings des
ribed in Theorem 4.3.

Definition 4.3. A family E in a K-module X is 
alled K-linearly

independent or symply linearly independent whenever, for all n ∈ N,

α1, . . . , αn ∈ K, and e1, . . . , en ∈ E , the equality
∑n

k=1 αkek = 0 implies
α1 = . . . = αn = 0. An in
lusion maximal K-linearly independent subset

of X is 
alled a Hamel K-basis for X .
Every unital separated inje
tive K-module X has a Hamel K-basis.

A K-linearly independent set E in X is a Hamel K-basis if and only if

for every x ∈ X there exist a partition of unity (πk)k∈N in P(K) and
a family (λk,e)k∈N,e∈E in K su
h that

πkx =
∑

e∈E
λk,eπke (k ∈ N)

and for every k ∈ N the set {e ∈ E : λk,e 6= 0} is �nite.
Definition 4.4. Let γ be a 
ardinal. A K-module X is said to

be Hamel γ-homogeneous whenever there exists a Hamel K-basis of


ardinality γ in X . For π ∈ P(X) denote by κ(π) the least 
ardinal
γ for whi
h πX is Hamel γ-homogeneous. Say that X is stri
tly Hamel

γ-homogeneous whenever X is Hamel γ-homogeneous and κ(π) = γ for
all nonzero π ∈ P(X).

Theorem 4.5. Let K be a semiprime rationally 
omplete 
ommuta-

tive ring and let X be a separated inje
tive module over K. There exists
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a unique partition of unity (eγ)γ∈Γ in P(K) with Γ a set of 
ardinals su
h

that eγX is stri
tly Hamel γ-homogeneous for all γ ∈ Γ. Moreover, X is

isomorphi
 to

∏
γ∈Γ eγX and the partition of unity (eγ)γ∈Γ is unique up

to permutation.

⊳ A

ording to Theorems 4.2 and 4.4 we may assume that K = K ↓
and X = X ↓, where X is a ve
tor spa
e over the �eld K within V(B)

.

Moreover, dim(X ) ∈ V(B)
, the algebrai
 dimension of X , is an internal


ardinal and, sin
e ea
h Boolean valued 
ardinal is a mixture of some

set of relatively standard 
ardinals [19, 1.9.11℄, we have dim(X ) =
mixγ∈Γ bγγ

∧
where Γ is a set of 
ardinals and (bγ)γ∈Γ is a partition

of unity in B. Thus, for all γ ∈ Γ we have eγ 6 [[dim(X ) = γ∧]],
when
e eγX is stri
tly Hamel γ-homogeneous. The remaining details

are elementary. ⊲

Definition 4.5. The passport for X is (eγ)γ∈Γ in Theorem 4.1.

Theorem 4.6. Two separated inje
tive modules over a semiprime

rationally 
omplete 
ommutative ring are isomorphi
 if and only if their

passports 
oin
ide.

⊳ The passport Γ(X) is the interpretation of the algebrai
 dimension
dim(X ) in V(B)

with B = A(X). Therefore, the required result follows
from the fa
t that two ve
tor spa
es are isomorphi
 if and only if their

algebrai
 dimensions 
oin
ide. ⊲

Remark 4.1. Re
ently, Chilin and Karimov [7, Theorem 4.2℄,

without using the Boolean valued approa
h, obtained that parti
ular


ase of Theorem 4.5 when K = L0(Ω,Σ, µ) is a real or 
omplex

universally 
omplete f -algebra of measurable fun
tions, see Example 2.1.
Another parti
ular 
ase of Theorem 16 when X is a ve
tor subspa
e of

R (
onsidered as a ve
tor spa
e over R∧
) was examined by Kusraev and

Kutateladze [19, Chap. 4℄. Chilin and Karimov [7, Theorem 4.3℄ also

proved Theorem 4.6 for K = L0(Ω,Σ, µ).

5. The Radon�Nikod�ym Theorem for JB-Algebras

In this se
tion we sket
h some further appli
ations of the Boolean

value approa
h to nonasso
iative Radon�Nikod�ym type theorems.

Definition 5.1. Let A be a ve
tor spa
e over some �eld F. Say

that A is a Jordan algebra, if there is given a (generally) nonasso
iative

binary operation A × A ∋ (x, y) 7→ xy ∈ A on A, 
alled multipli
ation



Boolean Valued Analysis 283

and satisfying the following for all x, y, z ∈ A and α ∈ F:

xy = yx, (x+ y)z = xz + yz,

α(xy) = (αx)y, (x2y)x = x2(yx).

An element e of a Jordan algebra A is a unit element or a unit of A,
if e 6= 0 and ea = a for all a ∈ A.

Definition 5.2. Re
all that a JB-algebra is simultaneously a real

Bana
h spa
e A and a unital Jordan algebra with unit 1 su
h that

(1) ‖xy‖ 6 ‖x‖ · ‖y‖, x, y ∈ A,
(2) ‖x2‖ = ‖x‖2, x ∈ A,
(3) ‖x2‖ 6 ‖x2 + y2‖, x, y ∈ A.
The set A+ := {x2 : x ∈ A}, presenting a proper 
onvex 
one,

determines the stru
ture of an ordered ve
tor spa
e on A so that the

unity 1 of the algebra A serves as a strong order unit, and the order

interval [−1, 1] := {x ∈ A : −1 6 x 6 1} serves as the unit ball.

Moreover, the inequalities −1 6 x 6 1 and 0 6 x2 6 1 are equivalent.

Definition 5.3. The interse
tion of all maximal asso
iative sub-

algebras of A is 
alled the 
enter of A and denoted by Z (A). The
element a belongs to Z (A) if and only if (ax)y = a(xy) for all x, y ∈ A.
If Z (A) = R · 1, then A is said to be a JB-fa
tor.

The 
enter Z (A) is an asso
iative JB-algebra, and hen
e is

isometri
ally isomorphi
 to the real Bana
h algebra C(Q) of 
ontinuous
fun
tions on some 
ompa
t spa
e Q.

Definition 5.4. The idempotents of a JB-algebra are also 
alled

proje
tions. The set of all proje
tions P(A) forms a 
omplete latti
e with
the order de�ned as π 6 ρ ⇐⇒ π ◦ ρ = π. The sublatti
e of 
entral
proje
tions Pc(A) := P(A) ∩Z (A) is a Boolean algebra. Assume that B
is a subalgebra of the Boolean algebra Pc(A). Then we say that A is a

B-JB-algebra if, for every partition of unity (eξ)ξ∈Ξ in B and every family

(xξ)ξ∈Ξ in A, there exists a unique B-mixing x := mixξ∈Ξ (eξxξ), i. e., a
unique element x ∈ A su
h that eξxξ = eξx for all ξ ∈ Ξ. If B = Pc(A),
then a B-JB-algebra is also referred to as 
entrally extended JB-algebra.

Theorem 5.1. The restri
ted des
ent of a JB-algebra in the model

V(B)
is a B-JB-algebra. Conversely, for every B-JB-algebra A there exists

a unique (up to isomorphism) JB-algebra A within VB
whose restri
ted

des
ent is isometri
ally B-isomorphi
 to A. Moreover, A is 
entrally

extended if and only if [[A is a JB-fa
tor ]] = 1.
⊳ See [18, Theorem 12.7.6℄ and [16, Theorem 3.1℄. ⊲



284 Kusraev A. G., Kutateladze S. S.

Now we give two appli
ations of the above Boolean valued represen-

tation result to B-JB-algebras. Theorems 5.3 and 5.5 below appear by

transfer of the 
orresponding fa
ts from the theory of JB-algebras. Let
A be a B-JB-algebra and Λ := Λ(B) stand for a Dedekind 
omplete

unital AM -spa
e with B ≃ P(Λ). Denote by A#
the Bana
h spa
e of all

bounded linear operators from A to Λ 
ommuting with proje
tions in B.

Definition 5.5. An operator Φ ∈ A#
is 
alled a Λ-valued state if Φ

is positive (Φ(A+) ⊂ Λ+) and Φ(1) = 1. A state (or a weight) Φ is said

to be normal if, for every in
reasing net (xα) in A with the least upper

bound x := supxα, we have Φ(x) = o-limΦ(xα).

If A and A are as in Theorem 5.1, then the as
ent ϕ := Φ↑ is
a bounded linear fun
tional on A by [19, Theorem 5.8.12℄. Moreover,

ϕ is positive and order 
ontinuous; i. e., ϕ is a normal state on A .

The 
onverse is also true: if [[ϕ is a normal state on A ]] = 1, then the

restri
tion of the operator ϕ↓ to A is a Λ-valued normal state. Now we

will 
hara
terize B-JB-algebras that are B-dual spa
es. To this end, it

su�
es to give Boolean valued interpretation for the following result.

Theorem 5.2. A JB-algebra is a dual Bana
h spa
e if and only if it
is monotone 
omplete and has a separating set of normal states.

⊳ See [26, Theorem 2.3℄. ⊲

Theorem 5.3. Let B be a 
omplete Boolean algebra and let Λ be

a Dedekind 
omplete unital AM -spa
e with B ≃ P(Λ). A B-JB-algebra
A is a B-dual spa
e if and only if A is monotone 
omplete and admits

a separating set of Λ-valued normal states. If one of these equivalent


onditions holds, then the part of A#

onsisting of order 
ontinuous

operators serves as a B-predual spa
e of A.

⊳ See [18, Theorem 12.8.5℄ and [16, Theorem 4.2℄. ⊲

Definition 5.6. An algebra A satisfying one of the equivalent


onditions 5.3 is 
alled a B-JBW -algebra. If, moreover, B 
oin
ides with

the set of all 
entral proje
tions, then A is said to be a B-JBW -fa
tor.

It follows from Theorems 5.1 and 5.3 that A is a B-JBW -algebra (B-
JBW -fa
tor) if and only if its Boolean valued representation A ∈ V(B)

is a JBW -algebra (JBW -fa
tor).

Definition 5.7. A mapping Φ : A+ → Λ ∪ {+∞} is a (Λ-valued)
weight if the 
onditions are satis�ed (under the assumptions that λ +
(+∞) := +∞+λ := +∞, λ·(+∞) =: λ for all λ ∈ Λ, while 0·(+∞) := 0
and +∞+ (+∞) := +∞):
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(1) Φ(x+ y) = φ(x) + Φ(y) for all x, y ∈ A+.

(2) Φ(λx) = λΦ(x) for all x ∈ A+ and λ ∈ Λ+.

A weight Φ is said to be a tra
e if the additional 
ondition is satis�ed

(3) Φ(x) = Φ(Usx) for all x ∈ A+ and s ∈ A with s2 = 1.
Here Ua is the operator from A to A de�ned for a given a ∈ A as Ua :

x 7→ 2a(ax)− a2 (x ∈ A). This operator is positive, i. e., Ua(A+) ⊂ A+.

If a ∈ Z (A), then Uax = a2x (x ∈ A).
Definition 5.8.A weight (tra
e) Φ is 
alled: semi�nite if there exists

an in
reasing net (aα) in A+ with supα aα = 1 and Φ(aα) ∈ Λ for all α;
bounded if Φ(1) ∈ Λ. Given two Λ-valued weights Φ and Ψ on A, say
that Φ is dominated by Ψ if there exists λ ∈ Λ+ su
h that Φ(x) 6 λΨ(x)
for all x ∈ A+.

We need a few additional remarks about des
ents and as
ents. Fix

+∞ ∈ V(B)
and put Λ⋆ := (R ∪ {+∞})↓ = mix(R↓ ∪ {+∞}). Clearly,

Λ = R⇓ and Λu = R↓, while Λ⋆

onsists of all elements of the form

λπ := mix(πλ, π⊥(+∞)) with λ ∈ Λu
and π ∈ P(Λ). At the same time,

(Λu ∪ {+∞})↑ = (Λ ∪ {+∞})↑ = Λ↑ ∪ {+∞}↑ = R ∪ {+∞}.

Thus, Λu ∪ {+∞} is a proper subset of Λ⋆
, sin
e xπ ∈ Λ ∪ {+∞} if and

only if π = 0 or π = IΛ. Assume now that A = A ↓ with A a JB-algebra
within V(B)

and B equal to P(A). Every bounded weight Φ : A → Λ is

evidently extensional, that is [[x = y]] 6 [[Φ(x) = Φ(y)]] for all x, y ∈ A.
But an unbounded weight may fail to be extensional: if Φ(x0) = +∞
and Φ(x) ∈ Λ for some x0, x ∈ A and b ∈ P(A) then

Φ(mix(bx, b⊥x0)) = mix(bΦ(x), b⊥(+∞)) /∈ Λ ∪ {+∞}.

Definition 5.9. Given a semi�nite weight Φ on A, we de�ne its
extensional modi�
ation Φ̂ : A→ Λ⋆

as follows: If Φ(x) ∈ Λ then Φ̂(x) :=
Φ(x). Otherwise x = supD with D := {a ∈ A : 0 6 a 6 x, Φ(a) ∈ Λ}.
Let b stand for the greatest element of P(Λ) su
h that Φ(bD) is

order bounded in Λu
and put λ := supΦ(bD). De�ne Φ̂(x) := λb =

mix(bλ, b⊥(+∞)); i. e., bΦ̂(x) = λ and b⊥Φ̂(x) = b⊥(+∞).

It is easy to 
he
k that Φ̂ is an extensional mapping. Thus, for ϕ :=
Φ̂↑ we have [[ϕ : A → R ∪ {+∞}]] = 1 and, a

ording to [19, 1.6.6℄,

Φ̂ = ϕ↓ 6= Φ. But if we de�ne ϕ⇓ as ϕ⇓(x) = ϕ↓(x) whenever ϕ↓(x) ∈ Λ

and ϕ⇓(x) = +∞ otherwise, then Φ = (Φ̂↑)⇓.
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Theorem 5.4. Let A be a JBW -algebra and let τ be a normal

semi�nite real-valued tra
e on A. For ea
h real-valued weight ϕ on A
dominated by τ there exists a unique positive element h ∈ A su
h that

ϕ(a) = τ(Uh1/2a) for all a ∈ A+. Moreover, ϕ is bounded if and only if

τ(h) is �nite and ϕ is a tra
e if and only if h is a 
entral element of A.

⊳ This fa
t was proved in [14℄. ⊲

Theorem 5.5. Let A be a B-JBW -algebra and let T be a normal

semi�nite Λ-valued tra
e on A. For ea
h weight Φ on A dominated by

T there exists a unique positive h ∈ A su
h that Φ(x) = T(Uh1/2x) for
all x ∈ A+. Moreover, Φ is bounded if and only if T(h) ∈ Λ and Φ is a

tra
e if and only if h is a 
entral element of A.

⊳ We present a sket
h of the proof. Taking into 
onsideration

De�nition 5.9 we de�ne ϕ = Φ̂↑ and τ = T̂↑. Then within V(B)
the

following hold: τ is a semi�nite normal real-valued tra
e on A and ϕ
is real-valued weight on A dominated by τ . By transfer we may apply
Theorem 5.4 and �nd h ∈ A su
h that ϕ(x) = τ(Uh1/2x) for all x ∈ A+.

A
tually, h ∈ A and ϕ⇓(x) = τ⇓(Uh1/2x) for all x ∈ A+. It remains to

note that Φ = ϕ⇓ and T = τ⇓. The details are left to the reader. ⊲
Remark 5.1. JB-algebras are nonasso
iative real analogs of C∗

-al-

gebras and von Neumann operator algebras. The theory of these algebras

stems from Jordan, von Neumann, andWigner [13℄ and exists as a bran
h

of fun
tional analysis sin
e the mid 1960s. The 
lass of AJW -algebras

was �rstly mentioned by Topping in [30℄.The main areas of resear
h are

re�e
ted in the works by Ajupov [1, 2℄; Hanshe-Olsen and St�ormer [12℄.

The Boolean valued approa
h to JB-algebras was 
harted by Kusraev

in the arti
le [16℄ whi
h 
ontains Theorems 5.1 and 5.3 (also see [16℄).

6. Transfer in Harmoni
 Analysis

In what follows, G is a lo
ally 
ompa
t abelian group and τ is the

topology of G, while τ(0) is a neighborhood base of 0 in G and G′
stands

for the dual group of G. Note that G is also the dual group of G′
and

we write 〈x, γ〉 := γ(x) (x ∈ G, γ ∈ G′).
By restri
ted transfer, G∧

is a group within V(B)
. At the same time

τ(0)∧ may fail to be a topology on G∧
. But G∧

be
omes a topologi
al

group on taking τ(0)∧ as a neighborhood base of 0:= 0∧
. This topologi
al

group is again denoted by G∧
itself. Clearly, G∧

may not be lo
ally


ompa
t. Let U be a neighborhood of 0 su
h that U is 
ompa
t.
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Then U is totally bounded. It follows by restri
ted transfer that U∧

is totally bounded as well, sin
e total boundedness 
an be expressed by

a restri
ted formula. Therefore the 
ompletion of G∧
is lo
ally 
ompa
t.

The 
ompletion of G∧
is denoted by G , and by the above observation G

is a lo
ally 
ompa
t abelian group within V(B)
.

Definition 6.1. Let Y be a Dedekind 
omplete ve
tor latti
e and

let YC be the 
omplexi�
ation of Y . A ve
tor-fun
tion ϕ : G→ Y is said

to be uniformly order 
ontinuous on a set K if

inf
U∈τ(0)

sup
{
|ϕ(g1)− ϕ(g2)| : g1, g2 ∈ K, g1 − g2 ∈ U

}
= 0.

This amounts to saying that ϕ is order bounded on K and, if e ∈ Y is an

upper bound of ϕ(K), then for ea
h 0 < ε ∈ R there exists a partition of

unity (πα)α∈τ(0) in P(Y ) su
h that πα|ϕ(g1)−ϕ(g2)| 6 εe for all α ∈ τ(0)
and g1, g2 ∈ K, g1 − g2 ∈ α. If, in this de�nition we put g2 = 0, then we
arrive at the de�nition of mapping order 
ontinuous at zero.

Definition 6.2. A mapping ψ : G→ YC is 
alled positive de�nite if

n∑

j,k=1

ψ(gj − gk) cjck > 0

for all �nite 
olle
tions g1, . . . , gn ∈ G and c1, . . . , cn ∈ C (n ∈ N).

For n = 1, the de�nition implies readily that ψ(0) ∈ Y+. For n = 2,
we have |ψ(g)| 6 ψ(0) (g ∈ G). If we introdu
e the stru
ture of an f -
algebra with unit ψ(0) in the order ideal of Y generated by ψ(0) then,
for n = 3, from the above de�nition we 
an dedu
e one more inequality

∣∣ψ(g1)− ψ(g2)
∣∣2 6 2ψ(0)(ψ(0)− Reψ(g1 − g2)) (g1, g2 ∈ G).

It follows that every positive de�nite mapping ψ : G→ YC o-
ontinuous
at zero is order-bounded (by ψ(0)) and uniformly o-
ontinuous.

Definition 6.3. A mapping ϕ : G→ Y is 
alled dominated if there

exists a positive de�nite mapping ψ : G→ YC su
h that

∣∣∣∣∣

n∑

j,k=1

ϕ(gj − gk)cjck

∣∣∣∣∣ 6
n∑

j,k=1

ψ(gj − gk)cjck

for all g1, . . . , gn ∈ G, c1, . . . , cn ∈ C (n ∈ N). In this 
ase we also say

that ψ is a dominant of ϕ. It 
an be easily shown that if ϕ : G → YC
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has dominant order 
ontinuous at zero then ϕ is order bounded and

uniformly order 
ontinuous.

We denote by D(G, YC) the ve
tor spa
e of all dominated mappings
from G into YC whose dominants are order 
ontinuous at zero. We also


onsider the set D(G, YC)+ of all positive de�nite mappings from G
into YC. This set is a proper 
one in D(G, YC) and de�nes the order


ompatible with the stru
ture of a ve
tor spa
e on D(G, YC). A
tually,
D(G, YC) is a Dedekind 
omplete 
omplex ve
tor latti
e; 
p. 6.3 below.
Also, de�ne D(G ,C ) ∈ V(B)

to be the set of fun
tions ϕ : G → C with

the property that [[ϕ has dominant 
ontinuous at zero]] = 1.

Theorem 6.1. Let Y = R↓. For every ϕ ∈ D(G, YC) there exists
a unique ϕ̃ ∈ V(B)

su
h that [[ϕ̃ ∈ D(G ,C )]] = 1 and [[ϕ̃(x∧) = ϕ(x)]] = 1
for all x ∈ G. The mapping ϕ 7→ ϕ̃ is an linear and order isomorphism

from D(G, Y ) onto D(G ,C )↓.
De�ne C0(G) as the spa
e of all 
ontinuous 
omplex fun
tions f on G

vanishing at in�nity. The latter means that for every 0 < ε ∈ R there

exists a 
ompa
t setK ⊂ G su
h that |f(x)| < ε for all x ∈ G\K. Denote

by Cc(G) the spa
e of all 
ontinuous 
omplex fun
tions on G having


ompa
t support. Evidently, Cc(G) is dense in C0(G) with respe
t to

the norm ‖ · ‖∞. Introdu
e the 
lass of dominated operators.
Definition 6.4. Let X be a 
omplex normed spa
e and let Y be

a 
omplex Bana
h latti
e. A linear operator T : X → Y is said to

be majorizing if T sends the unit ball of X into an order bounded

subset of Y . This amounts to saying that there exists c ∈ Y+ su
h that

|Tx| 6 c‖x‖∞ for all x ∈ C0(Q). The set of all dominated operators from
X to Y is denoted by Lm(X,F ). If Y is Dedekind 
omplete then

T :=
{
|Tx| : x ∈ X, ‖x‖ 6 1

}

exists and is 
alled the abstra
t norm of T . If X is a ve
tor latti
e and Y
is Dedekind 
omplete then Lm(X,Y ) is a ve
tor sublatti
e of L∼(X,Y ).

Given a positive T ∈ Lm(C0(G
′), Y ), we 
an de�ne the mapping

ϕ : G → Y by putting ϕ(x) = T (〈x, ·〉) for all x ∈ G, sin
e γ 7→ 〈x, γ〉
lies in C0(G

′) for every x ∈ G. It is not di�
ult to ensure that ϕ is order


ontinuous at zero and positive de�nite.

Consider a metri
 spa
e (M, r). The de�nition of metri
 spa
e


an be written as a bounded formula, say ϕ(M, r,R), so that

[[ϕ(M∧, r∧,R∧)]] = 1 by restri
ted transfer. In other words, (M∧, r∧) is
a metri
 spa
e within V(B)

. Moreover we 
onsider the internal fun
tion
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r∧ : M∧ → R∧ ⊂ R as an R-valued metri
 onM∧
. Denote by (M , ρ) the


ompletion of (M∧, r∧); i. e., [[(M , ρ) is a 
omplete metri
 spa
e]] = 1,

[[M∧
is a dense subset of M ]]=1, and [[r(x∧)=ρ(x∧)]]=1 for all x∈M .

Now, if (X, ‖ · ‖) is a real (or 
omplex) normed spa
e then [[X∧
is

a ve
tor spa
e over the �eld R∧
(or C∧

) and ‖ · ‖∧ is a norm on X∧

with values in R∧ ⊂ R]] = 1. So, we will 
onsider X∧
as an R∧

-ve
tor

spa
e with R-valued norm within V(B)
. Let X ∈ V(B)

stand for the

(metri
) 
ompletion of X∧
within V(B)

. It is not di�
ult to see that

[[X is a real (
omplex) Bana
h spa
e in
luding X∧
as a dense R∧(C∧)-

linear subspa
e]] = 1, sin
e the metri
 (x, y) 7→ ‖x − y‖ on X∧
is

translation invariant. Clearly, if X is a real (
omplex) Bana
h latti
e

then [[X is a real (
omplex) Bana
h latti
e in
luding X∧
as an R∧(C∧)-

linear sublatti
e]] = 1.

Theorem 6.2. Let Y = C ↓ and X ′
be the topologi
al dual of X

within V(B)
. For every T ∈ Lm(X,Y ) there exists a unique τ ∈X ′↓ su
h

that [[τ(x∧) = T (x)]] = 1 for all x ∈ X . The mapping T 7→ φ(T ) := τ
de�nes an isomorphism between the C ↓-modules Lm(X,Y ) and X ′↓.
Moreover, T = φ(T ) for all T ∈ Lm(X,Y ). If X is a normed latti
e

then [[X ′
is a Bana
h latti
e ]] = 1, while X ′↓ is a ve
tor latti
e and φ

is a latti
e isomorphism.

⊳ Su�
e it to 
onsider the real 
ase. Apply [15, Theorem 8.3.2℄ to

the latti
e normed spa
e X := (X, · ) with x = ‖x‖1. By [15, Theo-
rem 8.3.4 (1) and Proposition 8.3.4 (2)℄ the spa
es X ′↓ := L (B)(X ,R)↓
and Lm(X,Y ) are linear isometri
. We are left with referring to [15,

Proposition 5.5.1 (1)℄. ⊲

Now we are able to state an operator version of the Bo
hner Theorem

des
ribing the set of all inverse Fourier transforms of positive operators.

Theorem 6.3. A mapping Φ : G → YC is order 
ontinuous at zero

and positive de�nite if and only if there exists a unique positive operator

T ∈ Lm(C0(G
′), YC) su
h that Φ(x) = T (〈x, ·〉) for all (x ∈ G).

⊳ By transfer and Theorems 6.1 and 6.2, we 
an repla
e Φ and T by

their Boolean valued representations ϕ and τ . The norm 
ompletion of

C0(G
′)∧ within V(B)


oin
ides with C0(G
′). (This 
an be proved by the

reasoning similar to that in Takeuti [28, Proposition 3.2℄.) Appli
ation

of the 
lassi
al Bo
hner Theorem (see Loomis [23, Se
tion 36A℄) to ϕ
and τ yields the desired result. ⊲

Denote by qca(Q, Y ) the ve
tor latti
e of all σ-additive YC-valued
quasi-Radon measures on B(Q), see [15, 6.2.11℄. Applying an integral
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representation result [15, Theorem 6.2.12 (2)℄ to T yields the following

version of the Bo
hner theorem.

Theorem 6.4. Let G be a lo
ally 
ompa
t abelian group, let G′

be the dual group of G, and let Y be a Dedekind 
omplete real ve
tor

latti
e. For a mapping ϕ : G→ YC the following are equivalent:

(1) ϕ has dominant order 
ontinuous at zero.

(2) There exists a unique measure µ ∈ qca(G′, YC) su
h that

ϕ(g) =

∫

G′

χ(g) dµ(χ) (g ∈ G).

⊳ This is immediate from Theorem 6.2 and [20, Theorem 2.5℄. For

more details see [19, 5.14.B and 5.14.C℄. ⊲

Theorem 6.5. The Fourier transform establishes an order and linear

isomorphism between the spa
e of measures qca(G′, Y ) and the spa
e of
dominated mappings D(G, YC). In parti
ular, D(G, YC) is a Dedekind


omplete 
omplex ve
tor latti
e.

Remark 6.1. In [28℄ Takeuti introdu
ed the Fourier transform for

the mappings de�ned on a lo
ally 
ompa
t abelian group and having as

values pairwise 
ommuting normal operators in a Hilbert spa
e. In 
ase

Y := 〈B〉 (see Example 2.2) Theorem 6.2 is essentially Takeuti's result

[28, Theorem 1.3℄. Theorem 6.1 is due to Gordon [9, Theorem 2℄.
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ÁÓËÅÂÎÇÍÀ×ÍÛÉ ÀÍÀËÈÇ:

ÍÅÊÎÒÎ�ÛÅ ÍÎÂÛÅ Ï�ÈÌÅÍÅÍÈß

À. �. Êóñðàåâ, Ñ. Ñ. Êóòàòåëàäçå

Òåðìèí áóëåâîçíà÷íûé àíàëèç îçíà÷àåò òåõíèêó èññëåäîâàíèÿ ñâîéñòâ ïðî-

èçâîëüíîãî ìàòåìàòè÷åñêîãî îáúåêòà ïóòåì ñðàâíåíèÿ åãî ïðåäñòàâëåíèé â

äâóõ ðàçëè÷íûõ òåîðåòèêî-ìíîæåñòâåííûõ ìîäåëÿõ, â ïîñòðîåíèè êîòîðûõ

èñïîëüçóþòñÿ ïðèíöèïèàëüíî ðàçëè÷íûå áóëåâû àëãåáðû. Â êà÷åñòâå òàêèõ

ìîäåëåé îáû÷íî áåðóòñÿ êëàññè÷åñêèé êàíòîðîâ ðàé â �îðìå óíèâåðñóìà

�îí Íåéìàíà è ñïåöèàëüíî ïîñòðîåííûé áóëåâîçíà÷íûé óíèâåðñóì. Ñðàâ-

íèòåëüíûé àíàëèç ïðîâîäèòñÿ ñ ïîìîùüþ îïðåäåëåííîé òåõíîëîãèè âçàèìî-

äåéñòâèÿ ìåæäó ýòèìè óíèâåðñóìàìè. Â íàñòîÿùåì ìèíèêóðñå ëåêöèé ìû

ðàññìîòðèì íåêîòîðûå íîâûå ïðèìåíåíèÿ áóëåâîçíà÷íîãî àíàëèçà â òåîðèè

îïåðàòîðîâ.

Êëþ÷åâûå ñëîâà: áóëåâîçíà÷íàÿ ìîäåëü, áóëåâîçíà÷íûå ÷èñëà, âåêòîðíàÿ

ðåøåòêà, ïîëîæèòåëüíûé îïåðàòîð, ðàöèîíàëüíî ïîëíîå êîëüöî, èíúåêòèâ-

íûé ìîäóëü, JB-àëãåáðà, íåàññîöèàòèâíàÿ òåîðåìà �àäîíà � Íèêîäèìà, ãàð-

ìîíè÷åñêèé àíàëèç, ïðåîáðàçîâàíèå Ôóðüå, òåîðåìà Áîõíåðà.


