VIK 517.98

BOOLEAN VALUED ANALYSIS:
SOME NEW APPLICATIONS

A. G. Kusraev, S. S. Kutateladze

The term Boolean valued analysis signifies the technique of studying properties
of an arbitrary mathematical object by comparison between its representations in
two different set-theoretic models whose construction utilizes principally distinct
Boolean algebras. As these models, the classical Cantorian paradise in the shape
of the von Neumann universe and a specially-trimmed Boolean valued universe
are usually taken. Comparison analysis is carried out by some interplay between
these universes. We survey here some new applications of Boolean valued analysis
that concern operator theory.
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1. Boolean Valued Requisites

The term “Boolean valued analysis” appeared within the realm of
mathematical logic. It was Takeuti, a renowned expert in proof theory,
who introduced the term. Takeuti defined Boolean valued analysis
in [27, p. 1] as “an application of Scott—Solovay’s Boolean valued models
of set theory to analysis.” Vopénka invented similar models at the same
time. The needed information on the theory of Boolean valued models
is briefly presented in [15, Chapter 9] and [19, Chapter 1]; details may
be found in [5, 17, 29]. A short survey of the Boolean machinery is also
in [21].

Throughout the sequel B is a complete Boolean algebra with unit 1
and zero Q. A partition of unity in B is a family (b¢)cez C B such that
\/EEE be = 1 and bg A b, = O whenever £ # 1. We let := denote the
assignment by definition, while N, @, and IR symbolize the naturals,
the rationals, and the reals. Recall also that ZFC is an abbreviation for
Zermelo—Fraenkel set theory with the axiom of choice.

1.1. Boolean valued universe and Boolean valued truth
[19, § 1.2]. Given a complete Boolean algebra B, we can define the univer-
se V) the class of B-valued sets. For making statements about V(®) take
an arbitrary formula ¢ = ¢(uy, ..., u,) of the language of set theory and



Boolean Valued Analysis 271

replace the variables u1, ..., u, by elements z1,...,z, € V®_ Then we
obtain some statement about the objects x1,...,z,. There is a natural
way of assigning to each such statement an element [o(z1,...,2,)] € B
which acts as the “Boolean truth-value” of ¢(uq,...,uy) in the univer-
se V®) and is defined by induction on the complexity of ¢, assigning
truth-values [z € y] € B and [z = y] € B, where 2,y € V®). We say that
the statement p(z1,...,x,) is valid within V&) if [p(zy,... z,)] = 1.
In this event, we write also V®) & o(z1, ..., z,).

1.2. Ascending—descending machinery [19, §§1.5, 1.6, and 2.2].
No comparison is feasible without some dialog between V and V®).
The relevant technique of ascending and descending bases on the opera-
tions of the canonical embedding, descent, and ascent.

(1) THE CANONICAL EMBEDDING. There is a canonical embedding
of the von Neumann universe V into the Boolean valued universe V(®)
which sends z € V to its standard name =" € V), The standard name
sends V onto V(®) | where 2:= {0, 1} C B.

(2) DESCENT. Given a member x of a Boolean valued universe V(&)
define the descent x| of x by x| := {y € V® : [y € ] = 1}. The class z
is a set; i. e., 2} € V for every z € VB,

(3) ASCENT. Assume that x € V and # C VB, Then there exists
a unique x1 € V® such that [u € 2] = V{[u = y] : y € x} for all
u € VB The member z1 is called the ascent of z.

The operations of descent ascent and canonical embedding can be
naturally extended to mappings and relations, [19, Chapter 1].

1.3. Principles of Boolean valued set theory [19, §1.4].
The main properties of a Boolean valued universe V®) are collected
in the following four propositions:

(1) TrRANSFER PRINCIPLE. All theorems of ZFC are valid within
VE: i e, [¢] = 1 for every ZFC theorem ¢, or, in symbols, V®) |= ZFC.

(2) MaxiMmuM PRrINCIPLE. To each formula ¢ of ZFC there is
a member zq of V® satisfying [(3z) o(z)] = [(z0)].

(3) MixiNG PRINCIPLE. For every family (z¢)ecz in V® and every
partition of unity (b¢)eecz in B there is a unique » € V®) satisfying
be < [x = z¢] for all £ € Z. This unique z is called the mizing of (z¢)
by (b¢) and is denoted as follows: x = mix¢ez(bexe) = mix{bexe : € € E}.

(4) RESTRICTED TRANSFER PRINCIPLE. Given a restricted formula
@ of ZFC and a collection z1,...,z, € V, the ZFC-equivalence holds:

o1, ) & VE o), . x)).
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A formula is called restricted if each of its quantifiers occurs in the
form (Vo € y) or (3z € y) or if it can be proved equivalent in ZFC to
a formula of this kind.

The transfer principle reads sometimes as ‘V®) is a Boolean valued
model of ZFC’; the maximum principle guarantees the existence of
various ‘Boolean valued objects’; the mixing principle shows how these
objects may be constructed.

1.4. Boolean valued technology. To prove the relative consistency
of some set-theoretic propositions we use a Boolean valued universe
V®) as follows: Let .7 and .# be some enrichments of Zermelo-Fraenkel
theory ZF (without choice). Assume that the consistency of ZF implies
the consistency of .. Assume further that we can define B so that . |=
“Bis a complete Boolean algebra” and . = [¢] = 1 for every axiom ¢
of 7. Then the consistency of ZF implies the consistency of .7. That is
how we use V) in foundational studies.

Other possibilities for applying V) base on the fact that irrespective
of the choice of a Boolean algebra B, the universe is an arena for
testing an arbitrary mathematical event. By the principles of transfer
and maximum, every V® has the objects that play the roles of
numbers, groups, Banach spaces, manifolds, and whatever constructs of
mathematics that are already introduced into practice or still remain
undiscovered. These objects may be viewed as some nonstandard
realizations of the relevant originals.

All ZFC theorems acquire interpretations for the members of V(&)
attaining the top truth value. We thus obtain a new technology
of comparison between the interpretations of mathematical facts in
the universes over various complete Boolean algebras. Developing the
relevant tools is the crux of Boolean valued analysis.

A general scheme of the method is as follows; see [18, 19]. Assume
that X ¢ V and X ¢ V® are two classes of mathematical objects.
Suppose that we are able to prove

The Boolean Valued Representation: Each X € X embeds into a
Boolean valued model, becoming an object 2" € X within V(®).

The Boolean Valued Transfer Principle tells us then that every theo-
rem about 2 within Zermelo—Fraenkel set theory has its counterpart
for the original object X interpreted as a Boolean valued object 2 .

The Boolean Valued Machinery enables us to perform some transla-
tion of theorems from 2 € V® to X € V by using the appropriate
general operations and the principles of Boolean valued analysis.
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2. Vector Lattices and Positive Operators

The reader can find the relevant information on the theory of vector
lattices and order bounded operators in [4, 15, 24, 31, 32].

DEFINITION 2.1. A wector lattice is a vector space over the reals
that is equipped with a partial order < for which the join = V y and
the meet = Ay exist for all vectors x,y € X, and such that the positive
cone Xy :={z € X : 0< z} is closed under addition and multiplication
by non negative reals. A subset U C X is order bounded if U is contained
in an order interval [a,b]:= {x € X : a < x < b} for some a,b € X.

In the sequel, we assume that all vector lattices X are Archimedean,
i. e, for every pair z,y € X it follows from (Vn € N) nz < y that 2 < 0.

Most of the vector spaces that appear naturally in analysis (LP, [P,
C(K), ¢, co, etc.) are Archimedean vector lattices with respect to point-
wise or coordinate-wise ordering.

DEFINITION 2.2. Say that two elements x,y € X are disjoint and
write © L y if |z| A Jy] = 0 where the module |z| of z is defined as
|z| := & V (—z). A band in a vector lattice X is a subset of the form
B:=At:={z € X: (Va € A)|z| Ala| = 0} for a nonempty A C X.
Clearly, BN B+ = {0}. A band B in X whith satisfies X = B® Bt is
referred to as a projection band, while the associated projection (onto B
parallel to BL) is called a band projection. The inclusion-ordered sets of
all bands and all band projections in a vector lattice X form complete
Boolean algebras, which are denoted by B(X) and P(X), respectively.

DEFINITION 2.3. A vector lattice X is said to be Dedekind complete
(vesp. laterally complete) if every nonempty order bounded set (resp.
every non-empty set of pairwise disjoint positive vectors) U in X has the
least upper bound sup(U) € X. A vector lattice that is at the same time
laterally complete and Dedekind complete is referred to as a universally
complete vector lattice.

EXAMPLE 2.1. Assume that a measure space (€2, X, i) is semi-finite,
that is, if A € ¥ and p(A) = oo then there exists B € ¥ with B C A and
0 < u(A) < oo. The vector lattice L°(Q, 3, i) (of p-equivalence classes)
of p-measurable functions on ) is universally complete if and only if
(Q,%, 1) is localizable. In this event LP(2, X, i) is Dedekind complete,
see [8, 241G]. Observe that P(L°(Q, %, p)) ~ X/u~1(0).

EXAMPLE 2.2. Given a complete Boolean algebra B of projections in
a Hilbert space H, denote by (B) the space of all selfadjoint operators
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on H whose spectral resolutions are in B; i. e., A € (B) if and only
if A= [;AdE\ and Ey € B for all A\ € R. Then (B) is a universally
complete vector lattice and P({B)) ~ B.

The fundamental result of Boolean valued analysis is the Gordon
Theorem which describes an interplay between R, R*, #, and R = Z|:
Each universally complete vector lattice is an interpretation of the reals
in an appropriate Boolean valued model, see, [19, §§2.2-2.4].

Theorem 2.1 (Gordon Theorem). Let B be a complete Boolean
algebra, Z be a field of reals within V®, Then

(1) The algebraic structure R (with the descended operations and
order) is an universally complete vector lattice.

(2) The internal field # € V® can be chosen so that

[R" is a dense subfield of the field Z] = 1.

(8) There is a Boolean isomorphism x from B onto P(R) such that

DEFINITION 2.4. A complex vector lattice is the complexification
Xc:= X ®iX (with ¢ standing for the imaginary unity) of a real vector
lattice X; i. e., the additive group of X x X is endowed additionally
with the scalar multiplication (a+i8)(z,y) = (ax — By, ay + Bz) for all
a,f € R and z,y € X. Identifying € X with (2,0) € X and iy with
(0,y), we will write = + iy instead of (z,y).

Often it is additionally required that the modulus
|z|:=sup {(cos0) z + (sinf) y: 0 <O <2}

exists for every element z := x + iy € X @ iX. This requirement is
automatically satisfied in a uniformly complete vector lattice.
The version of the Gordon Theorem for complexes is also true.

Theorem 2.2. Let ¥ be the field of complex numbers in the
model VB, Then the algebraic system €| is a universally complete

complex f-algebra. Moreover, €| the complexification of the universally
complete real f-algebra Z|;i.e., €l =% ®i%#|.
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The two particular cases of Gordon’s Theorem, corresponding to
Examples 2.1 and 2.2, were studied independently by Takeuti [27].

DEFINITION 2.5. Let X and Y be vector lattices. By L(X,Y) we
denote the space of all linear operators from X to Y. An operator
T € L(X,Y) is positive provided that T'(X;) C Y,, while T is regular
provided that T can be presented as a difference of two positive linear
operators, and T is order bounded or shortly o-bounded provided that T
sends each order bounded subset of X to an order bounded subset of Y.

The sets of all regular, order bounded, and positive operators from X
to Y are denoted by L"(X,Y), L~(X,Y), and L1 (X,Y):= L~(X,Y )4,
respectively. Clearly, L"(X,Y) and L~(X,Y) are vector subspaces
of L(X,Y). The ordering in the spaces of regular and order bounded
operators is defined by the following relations:

T>0«— TeL (X)Y), S2T<<S-T2>0.

The celebrated Riesz—Kantorovich Theorem tells us that L~(X,Y) is
a Dedekind complete vector lattice and, in particular, L~(X,Y) =
L"(X,Y), whenever Y is Dedekind complete.

The fact that X is a vector lattice over the ordered field R may
be rewritten as a restricted formula, say, ¢©(X,R). Hence, recalling the
restricted transfer principle, we come to the identity [¢(X",R*)] =1
which amounts to saying that X" is a vector lattice over the ordered
field R* within V®). The positive cone X is defined by a restricted
formula (X, X1)= Ve e X))z e X)AVr e X)(x € Xy < x> 0).
Hence (X")4 = (X4+)” by restricted transfer. By the same reason

|xA|:|x|A7 (x\/y)A:x/\vy/\7 (x/\y)A:x/\/\y/\

for all z,y € X, since the lattice operations V, A, and |- | in X are defined
by restricted formulas.

Let X"~ := Lgs (X", Z) be the space of regular R"-linear functionals
from X" to Z. More precisely, Z is considered as a vector space over the
field R" and by the maximum principle there exists X"~ € V®) such that
[X"~ is a vector space over # of R"-linear order bounded functionals
from X" to % which is ordered by the cone of positive functionals] = 1.
A functional 7 € X"~ is positive if [(Vz € X*)7(x) > 0] = L.

DEFINITION 2.6. Let X € V and Y € V® be such that X # @ and
[Y # @] = 1. Given an operator T : X — Y, there exists a unique
T1 € V®) (called the modified ascent of T) such that [T1: X" — Y] =1
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and [T1(z") = T(z)] = 1 for all z € X. Given a member 7 € V®  there
exists a unique operator 7| : X — Y| (called the modified descent of 7)
such that [r(z") =7](z)] =1 for all z € X.

Theorem 2.3. Let X and Y be vector lattices with Y universally
complete and represented asY = #/. Given T € L~ (X,Y), the modified
ascent T is an order bounded R"-linear functional on X” within V®;
i.e, [Tt € X*] = 1. The mapping T — T4 is a lattice isomorphism
between the Dedekind complete vector lattices L™~(X,Y) and X"~|.

DEFINITION 2.7. A linear operator T from X to Y is a lattice
homomorphism whenever T'(x1Vx2) = Ta1VTxo for all 1,25 € X. Say
that T is disjointness preserving if |z|A|y| = 0 implies |T'(z)|A|T (y)] =0
for all x,y € X. Two vector lattices X and Y are said to be lattice
isomorphic if there is a lattice isomorphism from X onto Y.

It can be easily seen that a linear operator is disjointness preserving
if and only if |T(x)] = |T(Jz|)| for all z € E, while T is a lattice
homomorphism if and only if |T'(z)| = T'(|z|) for all x € E.

Let Hom(X,Y) and L7,(X,Y) stand for the sets of all lattice
homomorphisms and all disjointness preserving operators from X to Y,
respectively. Put X~ := L~(X,R) and X ":= L (X,R).

Corollary 2.1. Consider S,T € L~(X,Y) and put 7:=T7, 0:= ST.
The following equivalences are fulfilled:

(1) T e Hom(X,Y) < [r € Hom(X", Z)] = 1;

(2)TeLz,(X)Y) <= [te(X")ap] =1

3. Sums of Disjointness Preserving Operators

In this section we examine the problem of finding conditions for a sum
of finite collections of order bounded disjointness preserving operators to
be n-disjoint. In the case of functionals, the problem is easily settled.

DEFINITION 3.1. A linear operator T : X — Y is said to be n-disjoint
if, for every collection of n 4 1 pairwise disjoint elements zg, ..., z, € E,
the meet of {|T'z1],...,|Tz,|} equals zero:

Vao,x1...,en € X) ap Lag (K #1) = |Taxo|AN...N|Tzy| =0.

Thus 1-disjoint is the same as disjointness preserving; see Definition 2.7.

The sum of n order bounded disjointness preserving operators acting
between vector lattices is n-disjoint, see [6, Proposition 2|. The following
result states that the converse is also true.
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Theorem 3.1. Let X and Y be vector lattices with Y Dedekind
complete and let T : X — Y be an order bounded n-disjoint operator.
Then there exist n lattice homomorphisms T4, ..., T, from X toY with
T=1T,+---+T,. Moreover, T, ..., T, can be chosen pairwise disjoint.

<1 The first assertion is obtained in Bernau, Huijsmans, and de Pagter
[6, Theorem 6]; the second one in Radnaev [25]. >

It is easy to see that the representation of the n-disjoint operator
as a sum of n disjointness preserving operators is not unique, see
[6, Example 7]. So, the question arises: In what exact sense should
uniqueness be understood? To answer this question, we need the
following concept.

DEFINITION 3.2. A linear operator T : X — Y is called purely n-dis-
joint if n is the least natural for which 7T is n-disjoint for all nonzero
7 € P(T(X)*+). Two linear operators S1,S2 : X — Y are said to be
purely disjoint if S; L Sy and S1(X)++ = SQ(X)J_J—.

Clearly, if an operator is purely n-disjoint and purely m-disjoint
then n = m. Moreover, an order bounded n-disjoint operator uniquely
decomposes into a sum of purely k-disjoint components, k < n.

Theorem 3.2. Let X and Y be vector lattices with Y having
the projection property, n € N, and T an n-disjoint linear operator
from X toY with Y = T(X)*t. Then there exist a unique collection
(k1,m1), ... (ki,m) with naturals 1 < k1 < --- < k; < n and a partition
of unity {m1,...,m} in P(F) with nonzero terms such that m; T is purely
k;-disjoint for all i:=1,...,1.

< According to Theorem 2.2 7:= T'7 is a linear functional on X"
within V(® where B = P(Y"). Moreover, 7 is n”-disjoint as can be seen
from Theorem 3.1. It is clear from Definition 3.1 that there is the least
natural £ < n” for which the functional 7 is k-disjoint, that is, the
following set-theoretic formulae holds:

o(r,n)i=Fk<n) (Tt € D) AV <n")(T€ D — k<),

where 7 € 9 means that 7 is k-disjoint. By the transfer principle we
have [¢(7,n")] = 1. An elementary computation with truth values yields
a partition of unity p1,...,p, such that [r is purely k"-disjoint] > px
for all k& < n or, equivalently, piT is purely k-disjoint for all £ < n. It
remains to separate nonzero terms {p, , . . ., pr, ; of the partition of unity
{m1,...,m} with 1 <k <--- <k <n and denote m;:= p,. >
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To describe the structure of purely n-disjoint operators we need one
more concept which, in case F' = R, is just the usual permutation.

DEFINITION 3.3. Given two collections .7 := (T1,...,Tn) and
& = (S1,...,Sn) of linear operators from X to Y, say that . is
a P(Y)-permutation of .7 whenever there exists an N x N matrix
(m;,1) with entries from P(Y'), whose rows and columns are partitions
of unity in P(Y), such that S; = Zfil miyDy for all i:=1,..., N (and so
T =N 7S foralll:=1,...,N).

Theorem 3.3. Given 7;,0; € V® with [r;,0, € (X")~] = 1,
i€ {1,...,N}», put T, := m»] and S; := oj~]. Then (o1,...,0NA)
is a permutation of (1, ..., 7n~) within V® if and only if (S, ...,SN)
is a P(Y)-permutation of (T1,...,Tn).

< See [19, Proposition 3.8.5]. >

We now present a characterization of the collections of order bounded
disjointness preserving operators S1, ..., Sy with purely n-disjoint sum
|S1] + -+ 4+ |Sn|. It can be easily observed that if Si,...,Sy are
functionals then |S1| + --- + |Sn| is n-disjoint if and only if there exists
a permutation (T4,...,Tn) of (Si,...,Sn) such that Th,...,T, are
pairwise disjoint and, whenever n > N, each of T}, 41, ..., T is represen-
table as T; = A\;Sy(;) with some (i) € {1,...,n} and \; € R, [\ < 1.
Having settled the scalar case, the desired characterization is the matter
of Boolean valued technology.

Theorem 3.4. Let X and Y be vector lattices with Y Dedekind
complete and n, N € N with n < N. For a collection of order bounded
disjointness preserving operator Ty, ..., Ty from X to Y the operator
|T1| + -+ + |Iw~| is purely n-disjoint if and only if there exists a
P(Y)-permutation Si,...,Sy of Ti,...,Tn such that Si,...,S, are
pairwise purely disjoint and, whenever n < N, each of Sp41,...,SN
is representable as S; = Y.;_ a;rS, for some pairwise disjoint
0< Qj1y---,Qjn € f‘ép(Y) (j::n—f—l,...,N).

<1 We can assume that ¥ = Z| and put 7, := T;T. Moreover,
there is no loss of generality in assuming that T3,...,Tn are lattice
homomorphisms so that 71, ..., 7x are also assumed to be lattice homo-
morphisms within V®) ., We confine ourselves to the “only if” part.

Supposing T +- - -+ Ty is purely n-disjoint and working within V(®),
observe that 7 +. ..+ 7y is n"-disjoint and so there exists a permutation
v {l,...,N}» = {1,...,N}" such that 7,(1),...,T,(,) are nonzero
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pairwise disjoint lattice homomorphisms and, whenever n < N, each

of the homomorphisms 7,(,41),...,7,(n) is proportional to some of
Tu(1)s -+ +» Ty(n) With a constant of modulus < 1. The latter is formalized
as follows:

d=WVie{n+1,...,N}")3je{l,...,n}")
(3B € Z)(|1B] < LAT,i) = BTu(y))-

Put S;:= 7,71 (i:=1,...,N). Then (S1,...,Sn) is a P(Y)-permutati-
on of (T4,...,Txn) by Theorem 3.3 and (51, ...,S,) are pairwise disjoint
by Corollary 2.1. Moreover, [®] = 1 by transfer. Hence,

N n
1= A\ VIGHEB B8l <1ATn) = Brugm)]-

i=n+1j=1

It follows that for each n + 1 < i < N there is a partition of unity
{bi,lwuabi,n} in B such that b; ; < [[(Hﬂ)(ﬂ e Z)(B] < 1A Tu(r) =
B7,(j~y)]- According to the maximum principle there exists f;; € Z|
with b; ; < [[|ﬁi,j| < 1) A IITV(iA) = ,817]'7'1,(]%)]]. Observe that for each
r € X we have

bij < [mary = BiiTuin))] < [moan) (@) = Bijmugny ()]
A IITV(iA)(l‘A) = Six]] A IITV(jA)(xA) = ij]] < [[Szl‘ = Bi,ijx]].

Putting m; ;:= x(b; ;) and o, j:= m; ;5 ; and using the Gordon Theorem,

we see that m; ;S;x = a4 ;5;x, whence S; = ijl «; ;S; as required. >

DEFINITION 3.4. A collection (ki,m1),..., (ki,m) is said to be a
decomposition series in P(Y) whenever 1 < k1 < --- < k; are naturals
and {m,...,m} is a partition of unity in P(Y") with nonzero terms. We
say that an n-disjoint operator T : X — Y has a decomposition series
(k1,7m1),..., (k;,m) in P(Y) if, in addition to the above, k; < n and there
exist order bounded disjointness preserving operators 11, ..., Ty, from E
to F'such that T'= T, +-- -+ T}, and w11, ..., 7Ty, are pairwise purely
disjoint for every i =1,...,1.

Putting together Theorems 3.2 and 3.4 we get the following result.

Theorem 3.5. Every order bounded n-disjoint operator T' from a
vector lattice X to a Dedekind complete vector lattice Y has a unique
decomposition series (k1,71), ..., (ki,m) in P(T(X)+1).
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4. Classification of Injective Modules

In this section, K is a commutative semiprime ring with unit, and
X be a module over K. Boolean valued analysis provides a transfer
principle from the theory of vector spaces over fields to the theory of
modules over rings. Below we describe the class of modules for which
this transfer works perfectly. Further details can be found in the book
by Lambek [22]. Theorems 4.1-4.4 below are due to Gordon; see [10, 11].

DEFINITION 4.1. An annihilator ideal of K is a subset of the form
St:={k € K: (Vs € S)ks = 0} with a nonempty subset S C K.
A subset S of K is called dense provided that S+ = {0}; i. e., the equa-
lity k- S:={k-s: se S} ={0} implies k =0 for all k € K.

DEFINITION 4.2. A ring K is said to be rationally complete whenever,
to each dense ideal J C K and each group homomorphism h : J — K
such that h(kx) = kh(z) for all k € K and = € J, there is an element r
in K satisfying h(x) = rz for all x € J.

A ring K is rationally complete if and only if K is selfinjective (cp. [18,
Theorem 8.2.7 (3)]). The inclusion ordered set A(K) of all annihilator
ideal of a commutative semiprime ring K is a complete Boolean algebra.

Theorem 4.1. If % is a field within V®) then J#] is a rationally
complete commutative semiprime ring, and there is an isomorphism x
of B onto the Boolean algebra A(J¢|) such that

b<[z=0] <= zex(") (zr€K, beB).

< See [18, Theorems 8.3.1]. >

Theorem 4.2. Assume that K is a rationally complete commutative
semiprime ring and B = A(K). Then there is an element # € V® such
that [ ¢ is a field | = 1 and the rings K and | are isomorphic.

< See [18, Theorems 8.3.2]. >

DEFINITION 4.3. A K-module X is separated provided that for every
dense ideal J C K the identity zJ = {0} implies = 0. Recall that a K-
module X is injective whenever, given a K-module Y, a K-submodule
Yy C Y, and a K-homomorphism hg : Yy — X, there exists a K-homo-
morphism h : Y — X extending hyg.

The Baer criterion states that a K-module X is injective if and only if
for each ideal J C K and each K-homomorphism A : J — X there exists
x € X with h(a) = za for all a € J; see Lambek [22, § 4.2, Lemma 1]. All
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modules under consideration are assumed to be faithful, i. e., Xk # {0}
for any 0 # k € K, or equivalently, the canonical representation of K by
endomorphisms of the additive group X is one-to-one.

Theorem 4.3. Let 2 be a vector space over a field # within V®)
and let x : B — B(#]) be a Boolean isomorphism in Theorem 4.1. Then
2’} is a separated unital injective module over |, such that b < [z = 0]
and x(b)x = {0} are equivalent for all x € 2| and b € B.

< See [18, Theorems 8.3.12 |. >

Theorem 4.4. Let K be a rationally complete semiprime ring, let
X be as in Theorem 4.1, and B:= A(K). Then for every unital separated
injective K-module X there exists an internal vector space 2~ € V®)
over ¢ such that the K-module X is isomorphic to % |. Moreover if
7: K — ] is an isomorphism in Theorem 4.2, then one can choose an
isomorphism 1 : X — 2| such that 1(ax) = j(a)i(x) (a € K, x € X).

< See [18, 8.3.13]. >

Theorem 4.4 enables us to apply Boolean valued approach to unital
separated injective modules over the rings described in Theorem 4.3.

DEFINITION 4.3. A family & in a K-module X is called K-linearly
independent or symply linearly independent whenever, for all n € N,
ay,...,an € K and e, ..., e, € &, the equality 22:1 aier = 0 implies
a1 = ... = ay = 0. An inclusion maximal K-linearly independent subset
of X is called a Hamel K -basis for X.

Every unital separated injective K-module X has a Hamel K-basis.
A K-linearly independent set & in X is a Hamel K-basis if and only if
for every x € X there exist a partition of unity (7y)ken in P(K) and
a family (Ax.e)renece in K such that

T = Ze€£ )\]“eﬂ'ke (k S N)

and for every k € N the set {e € & : A\ # 0} is finite.

DEFINITION 4.4. Let v be a cardinal. A K-module X is said to
be Hamel vy-homogeneous whenever there exists a Hamel K-basis of
cardinality v in X. For 7 € P(X) denote by () the least cardinal
v for which 7.X is Hamel «-homogeneous. Say that X is strictly Hamel
~v-homogeneous whenever X is Hamel y-homogeneous and »(w) = v for
all nonzero m € P(X).

Theorem 4.5. Let K be a semiprime rationally complete commuta-
tive ring and let X be a separated injective module over K. There exists
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a unique partition of unity (e, ) er in P(K) with T a set of cardinals such
that e, X is strictly Hamel y-homogeneous for all v € I'. Moreover, X is
isomorphic to [, . e4 X and the partition of unity (e,)er is unique up
to permutation.

<1 According to Theorems 4.2 and 4.4 we may assume that K = .#|
and X = 27|, where 2 is a vector space over the field % within V(®),
Moreover, dim(2°) € V&) the algebraic dimension of .2’, is an internal
cardinal and, since each Boolean valued cardinal is a mixture of some
set of relatively standard cardinals [19, 1.9.11], we have dim(Z2") =
mixyer byy" where I' is a set of cardinals and (b,),er is a partition
of unity in B. Thus, for all v € T' we have e, < [dim(Z") = "],
whence e, X is strictly Hamel y-homogeneous. The remaining details
are elementary. >

yer

DEFINITION 4.5. The passport for X is (ey)er in Theorem 4.1.

Theorem 4.6. Two separated injective modules over a semiprime
rationally complete commutative ring are isomorphic if and only if their
passports coincide.

< The passport I'(X) is the interpretation of the algebraic dimension
dim(2°) in V® with B = A(X). Therefore, the required result follows
from the fact that two vector spaces are isomorphic if and only if their
algebraic dimensions coincide. >

REMARK 4.1. Recently, Chilin and Karimov [7, Theorem 4.2],
without using the Boolean valued approach, obtained that particular
case of Theorem 4.5 when K = L°(Q,% u) is a real or complex
universally complete f-algebra of measurable functions, see Example 2.1.
Another particular case of Theorem 16 when 2" is a vector subspace of
Z (considered as a vector space over R") was examined by Kusraev and
Kutateladze [19, Chap. 4]. Chilin and Karimov [7, Theorem 4.3] also
proved Theorem 4.6 for K = L°(Q2, %, u).

5. The Radon—Nikodym Theorem for JB-Algebras

In this section we sketch some further applications of the Boolean
value approach to nonassociative Radon—Nikodym type theorems.

DEFINITION 5.1. Let A be a vector space over some field F. Say
that A is a Jordan algebra, if there is given a (generally) nonassociative
binary operation A x A 3 (z,y) — a2y € A on A, called multiplication
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and satisfying the following for all x,y,z € A and « € F:
ry =y, (z+y)z=1z2+yz,
a(zy) = (ax)y, (2*y)r = 2*(yx).

An element e of a Jordan algebra A is a unit element or a unit of A,
ife#0and ea =a for all a € A.

DEFINITION 5.2. Recall that a JB-algebra is simultaneously a real
Banach space A and a unital Jordan algebra with unit 1 such that

(D) Nyl < [l - [lyll, =,y € A,

(2) ||x§|| = IIxJZIQ, z €4,
B3) =2l < ll2® + ¢7l], @,y € A
The set A, := {2? : © € A}, presenting a proper convex cone,

determines the structure of an ordered vector space on A so that the
unity 1 of the algebra A serves as a strong order unit, and the order
interval [-1, 1] := {z € A: —1 < x < 1} serves as the unit ball.
Moreover, the inequalities —1 < x < 1 and 0 < 22 < 1 are equivalent.

DEFINITION 5.3. The intersection of all maximal associative sub-
algebras of A is called the center of A and denoted by Z°(A). The
element a belongs to Z°(A) if and only if (ax)y = a(xy) for all x,y € A.
If Z(A) =R -1, then A is said to be a JB-factor.

The center Z°(A) is an associative .JB-algebra, and hence is
isometrically isomorphic to the real Banach algebra C(Q) of continuous
functions on some compact space Q.

DEFINITION 5.4. The idempotents of a JB-algebra are also called
projections. The set of all projections P(A) forms a complete lattice with
the order defined as m < p <= mwo p = w. The sublattice of central
projections P.(A):=P(A) N Z(A) is a Boolean algebra. Assume that B
is a subalgebra of the Boolean algebra P.(A). Then we say that A is a
B-.JB-algebra if, for every partition of unity (e¢)eecz in B and every family
(x¢)eez in A, there exists a unique B-mixing x := mixeez (egcze), 1. €., a
unique element « € A such that egze = ecx for all { € . If B = P,(A),
then a B-JB-algebra is also referred to as centrally extended JB-algebra.

Theorem 5.1. The restricted descent of a JB-algebra in the model
V®) is a B-JB-algebra. Conversely, for every B-JB-algebra A there exists
a unique (up to isomorphism) JB-algebra </ within V® whose restricted
descent is isometrically B-isomorphic to A. Moreover, A is centrally
extended if and only if [/ is a JB-factor] = 1.

< See [18, Theorem 12.7.6] and [16, Theorem 3.1]. >
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Now we give two applications of the above Boolean valued represen-
tation result to B-JB-algebras. Theorems 5.3 and 5.5 below appear by
transfer of the corresponding facts from the theory of JB-algebras. Let
A be a B-JB-algebra and A := A(B) stand for a Dedekind complete
unital AM-space with B ~ P(A). Denote by A* the Banach space of all
bounded linear operators from A to A commuting with projections in B.

DEFINITION 5.5. An operator ® € A* is called a A-valued state if ®
is positive (®(A4+) C A4) and ®(1) = 1. A state (or a weight) ® is said
to be normal if, for every increasing net (x,) in A with the least upper
bound z := sup x4, we have ®(z) = o-lim ®(z,,).

If o and A are as in Theorem 5.1, then the ascent ¢ := &7 is
a bounded linear functional on 7 by [19, Theorem 5.8.12]. Moreover,
@ is positive and order continuous; i. e., ¢ is a normal state on <.
The converse is also true: if ¢ is a normal state on &/] = 1, then the
restriction of the operator ¢ | to A is a A-valued normal state. Now we
will characterize B-JB-algebras that are B-dual spaces. To this end, it
suffices to give Boolean valued interpretation for the following result.

Theorem 5.2. A JB-algebra is a dual Banach space if and only if it
is monotone complete and has a separating set of normal states.

< See [26, Theorem 2.3]. >

Theorem 5.3. Let B be a complete Boolean algebra and let A be
a Dedekind complete unital AM-space with B ~ P(A). A B-JB-algebra
A is a B-dual space if and only if A is monotone complete and admits
a separating set of A-valued normal states. If one of these equivalent
conditions holds, then the part of A* consisting of order continuous
operators serves as a B-predual space of A.

< See [18, Theorem 12.8.5] and [16, Theorem 4.2]. >

DEFINITION 5.6. An algebra A satisfying one of the equivalent
conditions 5.3 is called a B-JBW-algebra. If, moreover, B coincides with
the set of all central projections, then A is said to be a B-J BW-factor.

It follows from Theorems 5.1 and 5.3 that A is a B-JBW-algebra (B-
JBW -factor) if and only if its Boolean valued representation <7 € V(&)
is a JBW-algebra (JBW-factor).

DEFINITION 5.7. A mapping ® : Ay — AU {+oc} is a (A-valued)
weight if the conditions are satisfied (under the assumptions that A +
(400) := +00+ A := 400, A-(+00) =: Afor all X € A, while 0-(+00) :=0
and +o0o + (400) := +00):
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(1) ®(z +y) = ¢(z) + P(y) for all x,y € A.

(2) ®(A\x) = A®(x) for all x € A4 and X € Ay.

A weight ® is said to be a trace if the additional condition is satisfied

(3) ®(z) = ®(Usz) for all z € A} and s € A with s? = 1.

Here U, is the operator from A to A defined for a given a € A as Uy, :
x + 2a(ax) — a® (x € A). This operator is positive, i. e., U,(Ay) C Aj.
If a € Z(A), then U,z = a’z (z € A).

DEFINITION 5.8. A weight (trace) @ is called: semifinite if there exists
an increasing net (aq) in A4 with sup, aq = 1 and ®(a,) € A for all o;
bounded if ®(1) € A. Given two A-valued weights ® and ¥ on A, say
that ® is dominated by U if there exists A € Ay such that ®(x) < AU (x)
forall z € Ay.

We need a few additional remarks about descents and ascents. Fix
400 € VB and put A*:= (Z U {+00})} = mix(#] U {+oc}). Clearly,
A= 2Z| and A* = Z], while A* consists of all elements of the form
A i= mix(7\, 7 (+00)) with A € A% and 7 € P(A). At the same time,

(A" U {+oo})t = (AU {+oo})T = AT U{+oo}t = Z U {+0o0}.

Thus, A* U {4+o0} is a proper subset of A*, since z, € AU {+oo} if and
only if 7 = 0 or m = I5. Assume now that A = &/ with & a JB-algebra
within V® and B equal to P(A). Every bounded weight ® : A — A is
evidently extensional, that is [z = y] < [®(z) = @(y)] for all z,y € A.
But an unbounded weight may fail to be extensional: if ®(xzg) = +o0
and ®(z) € A for some zg,z € A and b € P(A) then

®(mix(bx, bt x0)) = mix(b®(z), b (+00)) ¢ AU {+00}.

DEFINITION 5.9. Given a semifinite weight ® on A, we define its

extensional modification ® : A — A* as follows: If ®(z) € A then ®(z):=
®(z). Otherwise z = sup D with D := {a € A:0<a <z, P(a) € A}.
Let b stand for the greatest element of P(A) such that ®(bD) is
order bounded in A* and put A := sup ®(bD). Define </I\>(x) =X\ =
mix(bX, bt (+00)); i. e., b®(z) = A and b-®(z) = b (+o0).
It is easy to check that d is an extensional mapping. Thus, for ¢:=
Ot we have [p : & — Z U {+o0}] = 1 and, according to [19, 1.6.6],
® = | # ®. But if we define o as ol (x) = pl(z) whenever pl(x) € A
and @l(z) = +oo otherwise, then ® = @T)l}.
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Theorem 5.4. Let A be a JBW-algebra and let T be a normal
semifinite real-valued trace on A. For each real-valued weight ¢ on A
dominated by T there exists a unique positive element h € A such that
v(a) = 7(Ujpr/2a) for all a € Ay. Moreover, ¢ is bounded if and only if
7(h) is finite and ¢ is a trace if and only if h is a central element of A.

< This fact was proved in [14]. >

Theorem 5.5. Let A be a B-JBW -algebra and let T be a normal
semifinite A-valued trace on A. For each weight ® on A dominated by
T there exists a unique positive h € A such that ®(x) = T(Uy1/2x) for
all x € A;. Moreover, ® is bounded if and only if T(h) € A and @ is a
trace if and only if h is a central element of A.

< We present a sketch of the proof. Taking into consideration
Definition 5.9 we define ¢ = ® and 7 = T1. Then within V® the
following hold: 7 is a semifinite normal real-valued trace on & and ¢
is real-valued weight on & dominated by 7. By transfer we may apply
Theorem 5.4 and find h € & such that p(z) = 7(Up1/22) for all x € o7, .
Actually, h € A and @l(z) = 7Y (Up1/22) for all € A4. It remains to
note that ® = ¢} and T = 7J}. The details are left to the reader. >

REMARK 5.1. JB-algebras are nonassociative real analogs of C*-al-
gebras and von Neumann operator algebras. The theory of these algebras
stems from Jordan, von Neumann, and Wigner [13] and exists as a branch
of functional analysis since the mid 1960s. The class of AJW -algebras
was firstly mentioned by Topping in [30].The main areas of research are
reflected in the works by Ajupov [1, 2]; Hanshe-Olsen and Stérmer [12].
The Boolean valued approach to JB-algebras was charted by Kusraev
in the article [16] which contains Theorems 5.1 and 5.3 (also see [16]).

6. Transfer in Harmonic Analysis

In what follows, G is a locally compact abelian group and 7 is the
topology of G, while 7(0) is a neighborhood base of 0 in G and G’ stands
for the dual group of G. Note that G is also the dual group of G’ and
we write (x,v):=v(z) (x € G, v € G").

By restricted transfer, G* is a group within V®)_ At the same time
7(0)* may fail to be a topology on G*. But G" becomes a topological
group on taking 7(0)" as a neighborhood base of 0:= 0. This topological
group is again denoted by G” itself. Clearly, G may not be locally
compact. Let U be a neighborhood of 0 such that U is compact.



Boolean Valued Analysis 287

Then U is totally bounded. It follows by restricted transfer that U”
is totally bounded as well, since total boundedness can be expressed by
a restricted formula. Therefore the completion of G* is locally compact.
The completion of G* is denoted by ¢, and by the above observation ¢
is a locally compact abelian group within V&),

DEFINITION 6.1. Let Y be a Dedekind complete vector lattice and
let Y¢ be the complexification of Y. A vector-function ¢ : G — Y is said
to be uniformly order continuous on a set K if

Uiegf(o)sur){lw(gl) —@(g2)|: g1,92€ K, g1 —g2 €U} =0.

This amounts to saying that ¢ is order bounded on K and, if e € Y is an
upper bound of ¢(K), then for each 0 < £ € R there exists a partition of
unity (o )aer(o) in P(Y') such that w4 |@(g91) —(g2)| < e for all o € 7(0)
and g1,92 € K, g1 — g2 € a. If, in this definition we put go = 0, then we
arrive at the definition of mapping order continuous at zero.

DEFINITION 6.2. A mapping ¢ : G — Y is called positive definite if

Z V(g5 — gk) ¢k 2 0
7,k=1
for all finite collections ¢g1,...,g, € G and ¢1,...,¢, € C (n € N).

For n = 1, the definition implies readily that ¢ (0) € Y;. For n = 2,
we have |¢(g)| < ¥(0) (g € G). If we introduce the structure of an f-
algebra with unit ¢(0) in the order ideal of Y generated by (0) then,
for n = 3, from the above definition we can deduce one more inequality

2

[¥(g1) — (g2)|” < 2¢(0)(¥(0) = Reyp(g1 — g2)) (91,92 € G).
It follows that every positive definite mapping ¢ : G — Y¢ o-continuous
at zero is order-bounded (by (0)) and uniformly o-continuous.

DEFINITION 6.3. A mapping ¢ : G — Y is called dominated if there
exists a positive definite mapping 1 : G — Y¢ such that

n
< Y v(gy — gk)estr

J,k=1

n

Z QO _gk CjCk

J.k=1

for all g1,...,9n € G, c1,...,¢, € C (n € N). In this case we also say
that ¢ is a dominant of ¢. It can be easily shown that if ¢ : G — Y¢
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has dominant order continuous at zero then ¢ is order bounded and
uniformly order continuous.

We denote by ©(G, Y) the vector space of all dominated mappings
from GG into Y whose dominants are order continuous at zero. We also
consider the set ©(G,Yr)+ of all positive definite mappings from G
into Y¢. This set is a proper cone in ©(G,Yc) and defines the order
compatible with the structure of a vector space on D(G, Yr). Actually,
D(G, Ye) is a Dedekind complete complex vector lattice; cp. 6.3 below.
Also, define D(¥4,%) € V® to be the set of functions ¢ : 4 — € with
the property that [¢ has dominant continuous at zero] = 1.

Theorem 6.1. Let Y = #|. For every ¢ € D(G,Y¢) there exists
a unique @ € V® such that [p € D(4,%)] = 1 and [p(z") = ¢(z)] = 1
for all x € G. The mapping ¢ — ¢ is an linear and order isomorphism
from ®(G,Y) onto D(¥,%)l.

Define C(G) as the space of all continuous complex functions f on G
vanishing at infinity. The latter means that for every 0 < € € R there
exists a compact set K C G such that |f(x)| < € for all x € G\ K. Denote
by C.(G) the space of all continuous complex functions on G having
compact support. Evidently, C.(G) is dense in Cy(G) with respect to
the norm || - ||. Introduce the class of dominated operators.

DEFINITION 6.4. Let X be a complex normed space and let Y be
a complex Banach lattice. A linear operator 7' : X — Y is said to
be majorizing if T sends the unit ball of X into an order bounded
subset of Y. This amounts to saying that there exists ¢ € Y such that
|Tz| < ¢||z||oo for all z € Cy(Q). The set of all dominated operators from
X to Y is denoted by L, (X, F). If Y is Dedekind complete then

IT|:={|Tz|: v e X, ||lz| <1}

exists and is called the abstract norm of T. If X is a vector lattice and Y
is Dedekind complete then L,,(X,Y") is a vector sublattice of L™(X,Y).

Given a positive T € L,,(Co(G"),Y), we can define the mapping
¢ : G =Y by putting p(x) = T({(z,-)) for all x € G, since v — (x,7)
lies in Cy(G’) for every x € G. It is not difficult to ensure that ¢ is order
continuous at zero and positive definite.

Consider a metric space (M,r). The definition of metric space
can be written as a bounded formula, say ¢(M,r,R), so that
[e(M*™, 7", R")] = 1 by restricted transfer. In other words, (M",r") is
a metric space within V). Moreover we consider the internal function



Boolean Valued Analysis 289

r: M» — R" C % as an #Z-valued metric on M". Denote by (.#, p) the
completion of (M",r"); i. e., [(.#,p) is a complete metric space] = 1,
[M* is a dense subset of . #Z]=1, and [r(z")=p(z")]=1 for all x€ M.

Now, if (X, ]| - ||) is a real (or complex) normed space then [X" is
a vector space over the field R* (or C*) and || - ||* is a norm on X"
with values in R" C #Z] = 1. So, we will consider X" as an R"-vector
space with Z-valued norm within V®) . Let 2~ € V® stand for the
(metric) completion of X” within V®) . Tt is not difficult to see that
[2 is a real (complex) Banach space including X* as a dense R"(C")-
linear subspace] = 1, since the metric (z,y) — ||z — y| on X" is
translation invariant. Clearly, if X is a real (complex) Banach lattice
then [2 is a real (complex) Banach lattice including X” as an R*(C")-
linear sublattice] = 1.

Theorem 6.2. Let Y = €| and Z"' be the topological dual of %
within V), For every T € L,,(X,Y) there exists a unique 7 € 2’| such
that [r(z") = T(z)] = 1 for all x € X. The mapping T — ¢(T):= 1
defines an isomorphism between the € |-modules L,,(X,Y) and Z"].
Moreover, |T| = |¢(T)| for all T € L,,(X,Y). If X is a normed lattice
then [2" is a Banach lattice | = 1, while 2’| is a vector lattice and ¢
is a lattice isomorphism.

< Suffice it to consider the real case. Apply [15, Theorem 8.3.2] to
the lattice normed space X := (X,|-|) with |z] = ||z||L. By [15, Theo-
rem 8.3.4 (1) and Proposition 8.3.4 (2)] the spaces 2] := .Z®( 2", %)]
and L,,(X,Y) are linear isometric. We are left with referring to [15,
Proposition 5.5.1 (1)]. >

Now we are able to state an operator version of the Bochner Theorem
describing the set of all inverse Fourier transforms of positive operators.

Theorem 6.3. A mapping ® : G — Y¢ is order continuous at zero
and positive definite if and only if there exists a unique positive operator
T € L, (Co(G"),Yc) such that ®(z) = T ({z,-)) for all (z € G).

<1 By transfer and Theorems 6.1 and 6.2, we can replace ® and T' by
their Boolean valued representations ¢ and 7. The norm completion of
Co(G")" within V®) coincides with Cy(%4”). (This can be proved by the
reasoning similar to that in Takeuti [28, Proposition 3.2].) Application
of the classical Bochner Theorem (see Loomis [23, Section 36A]) to ¢
and 7 yields the desired result. >

Denote by qca(Q,Y) the vector lattice of all o-additive Yg-valued
quasi-Radon measures on %(Q), see [15, 6.2.11]. Applying an integral
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representation result [15, Theorem 6.2.12 (2)] to T yields the following
version of the Bochner theorem.

Theorem 6.4. Let G be a locally compact abelian group, let G’
be the dual group of G, and let Y be a Dedekind complete real vector
lattice. For a mapping ¢ : G — Yg the following are equivalent:

(1) ¢ has dominant order continuous at zero.

(2) There exists a unique measure u € qca(G’, Y¢) such that

olg) = / X@) du(x) (g €G).

el

< This is immediate from Theorem 6.2 and [20, Theorem 2.5]. For
more details see [19, 5.14.B and 5.14.C]. >

Theorem 6.5. The Fourier transform establishes an order and linear
isomorphism between the space of measures qca(G',Y") and the space of
dominated mappings ©(G,Yc). In particular, ©(G,Yc) is a Dedekind
complete complex vector lattice.

REMARK 6.1. In [28] Takeuti introduced the Fourier transform for
the mappings defined on a locally compact abelian group and having as
values pairwise commuting normal operators in a Hilbert space. In case
Y := (B) (see Example 2.2) Theorem 6.2 is essentially Takeuti’s result
[28, Theorem 1.3]. Theorem 6.1 is due to Gordon [9, Theorem 2].
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BYJIEBO3HAYHBLINT AHAJIN3:
HEKOTOPBIE HOBBIE ITPUMEHEHI A

A. T. Kycpaes, C. C. Kyrarenanze

Tepmun 6y.ae603HawHbIT GHAAUS O3HATAET TEXHUKY HCCJIETOBAHUS CBOMCTB IPO-
HU3BOJILHOTO MAaTEMATHIECKOTO O0'bEKTA IIyTeM CPABHEHHUs €ro MPEeCTABJICHU B
ABYX PA3JIMYHBIX TEOPETUKO-MHOXKECTBEHHBIX MOIEJIAX, B IIOCTPOCHUN KOTOPBIX
UCIIOJIB3YTCA NPUHOUIINAJIBHO PAa3JINYIHbIE 6yJ'IeBbI a..TII‘e6pr. B KadeCTBe TaKUX
Mozeseil 0ObIYHO 6epyTCsl KJIACCHYeCKHil KaHTOPOB pait B dopMe yHHBEpPCyMa
dou Heiimana u crenmajbHO MOCTPOEHHBIN OysieBo3HA4HBIN yHuUBEpcyMm. Cpas-
HUTEJHHBIH AHAJIN3 TPOBOAUTCS C IOMOINBIO OMPEIEIEHHON TEXHOJIOTHH B3AMMO-
JeficTBUA MeXKJy 3TUMH yHHBEpCyMaMmu. B HacTOAIEeM MUHUKYPCE JIEKIIAH MBI
pPacCMOTPUM HEKOTOPBIE HOBLIE MPUMEHEHHUsI OYIEeBO3HAYHOrO AHAJIN3A B TEOPUU
0IIepaTopOB.

KiroueBble ciioBa: OyieBO3HAYHAS MOJEJb, OYI€BO3HAYMHLIE UHUC/IA, BEKTOPHAS
peIieTKa, MOJIOKUTEIbHBIN OIIepaTop, PAIMOHAILHO MOJHOE KOJIBIO, HHbHEKTUB-
HBI MOJyJIb, J B-asnrebpa, HeacconuaTuBHasi Teopema Pajgona — Hukoguma, rap-
MOHMYeCKHil anasnus, npeobpa3oBanue Pypre, Teopema Boxuepa.



