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INTRODUCTION

Nonstandard methods of analysis in the modern sense of this term consist in using two
different models, i.e., ‘standard’ and ‘nonstandard’, of the theory of sets for studying
concrete mathematical objects and problems. Such methods have been substantially
developed in the last thirty years and have resulted in several trends, the principal ones of
which, named infinitesimal analysis and Boolean-valued analysis, are the subject of the
present monograph.

The former of these trends is often referred to, following its founder A.Robinson, by
an expressive though slightly awkward term, nonstandard analysis (nowadays, however,
they often say classical or Robinson nonstandard analysis). Infinitesimal analysis is
characterized by a wide use of long-known in natural sciences but long-prohibited in the
mathematics of the 20th century concepts pertaining to the notions of actually infinitely large
and actually infinitely small magnitudes. The Robinson nonstandard analysis has been
rapidly developing and has already introduced dramatic changes in the system of general
mathematical notions. This is first of all associated with the fact that this method has both
offered a new understanding of infinitesimal methods of indivisibles which stem from the
ancient time and implemented a synthetic approach to the differential and integral calculuses
originating from its founders. Nowadays infinitesimal analysis is being widely used and has
penetrated all branches of modern mathematics, especially such as nonsmooth analysis,
probability theory, the qualitative theory of differential equations and mathematical
economics.

Boolean-valued analysis is characterized by extensive use of such terms as descents and
ascents, cyclic envelopes and mixings, and B-sets and presentation of objects as models.
The development of this trend which originated from the famous P.J.Cohen elaborations of
the continuum hypothesis, has resulted in principally new ideas and data in a number of
branches of functional analysis, and primarily in the theory of Kantorovich spaces, in the
theory of von Neumann algebras, in convex analysis and the theory of vector measures.

When writing this monograph, we basically oriented ourselves to the reader who is
striving, like ourselves, to acquire new methods for solving analytical problems, which has
resulted in some peculiarities both in the structure and way of presenting the material. Taking
into consideration the difference in the level of formal requirements for acquiring infinitesimal
and Boolean-valued ideas, we found it necessary to divide the monograph into two parts,
having ensured their relative independence, which fact is stressed by the independent
enumeration of both parts. Our primary intention was to embrace synthetic nonstandard
methods and to essentially increase the number of concrete analytical applications. The
rapidly increasing volume of the monograph made us, however, shelve these ideas for the
time being. In the reference section, which in no way claims completeness, we, however,
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preserved the references that pertain to the previous intentions. We also did our best to
include all the references known to us which contain both historical and reference data of
importance.

Studying nonstandard methods of analysis has given us plenty of positive emotions,
which accounts for the fact that when presenting the material we sometimes try to avoid
traditional dry formalized way of doing it. We bring our apologies beforehand to those who
might be irritated by such passages. As an excuse, however, we would like to point out that
emotional presentation not only leaves the mathematical facet of the subject intact, but
sometimes, in our opinion, even facilitates its better understanding.

We wish to express gratitude to all our colleagues and friends whose interest and
valuable advice helped us in our work on this monograph.

A.G.Kusraev
S.S Kutateladze



PART 1

INFINITESIMAL ANALYSIS

The idea of an infinitesimal, i.e., of an infinitely small magnitude, can be traced as far
back as the ancient time. Nowadays, after approximately half a century of neglect, modern
mathematics has started paying rapt attention to infinitesimal notions. Infinitely big or
infinitely small numbers, mathematical atoms, i.e., ‘indivisible’ monads, are oftener
encountered in various publications, becoming part and parcel of mathematical practice. A
turning point in the evolution of infinitesimal concepts is associated with an outstanding
achievement of A.Robinson who created nonstandard analysis.

For a prolonged period of time nonstandard analysis has been viewed as a quite subtle
and even exotic logical technique designed for substantiating the method of actually infinitely
large and infinitely small numbers. This technique has also been considered to be of restricted
applicability and, in any case, to be principally unable to result in any serious
reconsiderations of general mathematical notions. By the end of the 1970s, after the
E.Nelson internal set theory (and, some time later, the external set theories propounded by
K Hrbacek and T.Kawai) was made public, the views on the place and role of nonstandard
analysis had been dramatically enriched and changed. In the light of new discoveries it
became possible to view nonstandard elements not as ‘imaginary, ideal or surd entities’
appended to common sets by considerations of formal convenience, but as indispensable
parts of any routine mathematical objects. There arose a doctrine the essence of which was
that every set is composed of both standard and nonstandard elements. Standard sets, in turn,
form a kind of a frame of reference net densely located in the totality of all objects
investigated by mathematics. It was discovered that in this case such objects of nonstandard
mathematical analysis as monads of filters, standard parts of numbers and vectors, operator
shadows, etc., form ‘Cantorian’ sets, which are not described by any of the canonized
pictures drawn by known formal set theories. The von Neumann universe does not exhaust
the world of classical mathematics, that was one of the obvious conclusions of the new
approaches. Therefore, traditional views on nonstandard analysis started requiring at least a
revision, a reconsideration of the infinitesimal concepts.

An important advantage of the new approaches originated was the axiomatic approach
which made it possible to master the apparatus of nonstandard mathematical analysis without
preliminary studying either the techniques of ultraproducts or Boolean-valued models, or



their analogues. The axioms put forward are simple and precisely motivated at the semantic
level within the framework of the ‘naive’ set-theoretical stances analysis commonly used. At
the same time, they essentially broaden the number of mathematical objects, open up
possibilities for developing a new formal apparatus, and enable one to significantly decrease
dangerous gaps between the presentations, methodical doctrines and levels of rigour adopted
in mathematics and its applications to natural and social sciences. In other words, the
axiomatic set-theoretic foundation is of a general scientific significance.

In 1947 K.Godel wrote: “There might exist axioms so abundant in their verifiable
consequences, shedding so much light upon a whole discipline, and furnishing such
powerful methods for solving given problems (and even solving them, as far as that is
possible, in a constructive way) that quite irrespective of their intrinsic necessity they would
have to be assumed at least in the same sense as any well established physical theory.” [61,
p-521]. This prediction by K.Godel is becoming true.

The purpose of the present work is to make new roads to nonstandard analysis more
accessible. To this end, we start with presenting the semantic qualitative views on standard
and nonstandard objects, on the apparatus of nonstandard analysis at the ‘naive’ level of
rigour, which is absolutely sufficient for effective applications without appealing to a logical
formalism. Then we give a brief but sufficiently complete reference material pertaining to
modern axiomatic constructions of nonstandard analysis within the Cantor doctrine. In this
case we found it appropriate to pay special attention to the ideological and historic facets of
the matter, which determined the peculiarities of our working plan. The historic data, the
qualitative motivations of the principles of nonstandard analysis and the discussion of their
simplest corollaries for differential and integral calculuses presented in the first and second
chapters form the ‘naive’ foundation of infinitesimal analysis. Formal details of the
corresponding apparatus of nonstandard set theory are given in the third chapter. A weighty
argument in favour of a certain concentricity in our presenting the material are the remarkable
words by N.N.Luzin: “Mathematical analysis is far from being an absolutely completed
science, as it is sometimes inclined to be viewed, with once and forever found principles
which are good only for further corollaries to be drawn from... Mathematical analysis is not
different from any other science, and it has its own motion of ideas which is not only
translational but also rotational, constantly returning to a group of former ideas which are
always, however, newly lit” [160, p.389].

In the fourth and fifth chapters concluding the first part of the monograph we present
infinitesimal methods under general topology and differential calculus. The choice of these
topics from the variety of modern applications of nonstandard analysis has been basically
determined by the personal preferences of the authors.



CHAPTER 1
EXCURSUS INTO THE HISTORY OF MATHEMATICAL ANALYSIS

The ideas of differential and integral calculuses can be traced as far back as the ancient time
and are associated with the most fundamental mathematical concepts. Any detailed
presentation of the history of the evolution of interpreting mathematical objects, of calculation
and measurement processes determining modern views on infinitesimals, would require
special efforts which are beyond our possibilities and intentions. The situation is significantly
complicated by the fact that the history of mathematics has been subjected to well-known
negative processes which arise under constant attempts to apologize some up-to-date views.
In particular, the evolution of the apparatus of a mathematical analysis is far from always
being presented sufficiently completely and objectively. One-sided views on the essence of a
differential and an integral, hypertrophying the role played by the notion of limit, and neglect
of actually infinitely large and infinitely small numbers have been so widely spread during the
last fifty years that their existence cannot be shammed.

It has become a truism to say that “the very foundations of analysis have been for a
long time surrounded with mystery as a result of unwillingness to admit that the notion of a
limit enjoys an exclusive right to be a source of new methods.” [30, p.562]. However, as
has been justly noted by L.S.Pontryagin: “In a historical sense, integral and differential
calculuses had already been well-developed fields of mathematics before the theory of limits
appeared. The latter originated as a superstructure over the existing theory. Many physicists
opine that the so-called rigorous definition of derivatives and integrals is not at all necessary
for satisfactory comprehension of differential and integral calculuses. I share their
viewpoint.” [213, pp. 64-65].

Taking into account all these facts, we found it necessary to brief the reader about some
turning points of the history of analysis, as well as about the ideas expressed by classics in
the evolution of modern views. The choice of the corresponding fragments is certain to be
subjective. We nevertheless hope that it will be sufficient to develop a critical attitude to one-
sided and distorted delineations of the evolution of infinitesimal methods.

1.1 G.W.Leibniz and I.Newton

The ancient name for differential and integral calculuses is ‘infinitesimal analysis’. It is this
title that was used for the first textbook on mathematical analysis published as far back as
1696. The textbook was written by G. de I’'Hopital as a result of his contacts with I.Bernoulli
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(senior), one of the most famous disciples of G.W.Leibniz.

“Of all theoretical achievements of cognition hardly any other but the invention of
calculus of the infinitely small in the second half of the XVII century can be considered the
highest triumph of human spirit. If we are to have any pure and exclusive creation of human
spirit somewhere, it is in this sphere”, that was a high estimate given by F.Engels [44,
p.582] to this new branch of mathematics.

The scientific legacy, the creative work and personal relations between the founders of
mathematical analysis, G.W.Leibniz and I.Newton, have been subjected to a detailed, one
may say, thorough examination. An attempt to restore the train of thought of the men of
genius, to elucidate the ways resulted in the discovery of new truths, is both justified and
understandable. One, however, should bear in mind that there is a principal difference
between draft papers and notes, personal letters to colleagues and the works especially
designed for publications. It is, therefore, first of all necessary to consider the ‘official’
presentations of the G.W.Leibniz’s and I.Newton’s views on infinitely small we are
interested in.

The first work on differential calculus ever published was the paper by G.W.Leibniz
“A new method of maxima and minima, as well as of tangents which is hampered by neither
fractional or irrational quantities, and a special type of calculus for it” (see [152]). In this
paper published in the Leipzig magazine ‘Acta Eruditorum’ in 1684, more than three
centuries ago, Leibniz gives the following definition of differential. Considering a curve Y'Y
and an interval of the tangent passing through a fixed point of the curve Y, which
corresponds to a chosen coordinate X on the axis A X, and denoting the point of intersection
of the tangent with the axis considered by D, he writes: “Now some straight line selected
arbitrarily is called dx, while another one whose ratio to dx is the same as that of ...y... to
XD, will be called...dy, or difference (differentia) of ...y... .” This text is accompanied by a
drawing whose essential features (with Leibniz’s written explanations) are reproduced here

(Fig.1).
Y
. y /

| |




CHAPTER 1 5

Therefore, according to Leibniz, at a point x, given an arbitrary dx, for the function

x— y(x), we obtain
dy:= rx dx
XD

In other words, the differential is determined as a corresponding linear mapping, i.e.,
in the manner which is readily recognized by the majority of modern specialists.

G.W.Leibniz is a thorough thinker who considered the “invention of the syllogistic
form to be one the most beautiful and even important discoveries of the human spirit. This is
a sort of universal mathematics the significance of which has not yet been completely
realized. It can be said to contain the art of being faultless...” [151, pp. 492-493]. Realizing
undoubtedly that the description and substantiation of the algorithm of differential calculus (in
that way G.W.Leibniz referred to the rules of differentiation) suggested by him required the
notion of a tangential to be refined, he further explains: “...to find a tangent means to draw a
line that connects two points of the curve at the infinitely small distance, or the continual side
of a polygon with an infinite number of angles which for us takes the place of the curve.”
Hence, Leibniz rests his calculus on the appeal to the structure of curves ‘in the small’.

At that time there were practically two points of view as regards the status of
infinitesimals. According to one of them, which seemed to be shared by G.W.Leibniz, an
infinitely small number was thought to be less that any other ‘arbitrarily given quantity’.
Actually existing ‘indivisible’ elements which form quantities and figures are the images
corresponding to the concept of the infinitely small in question. For G.W.Leibniz the
existence of “simple substances incorporated into the structure of complex ones”, i.e.,
monads, is doubtless. “It is these monads that are true atoms of nature, or, to put it short,
elements of things” [150, p.413].

For another founder of the analysis, I.Newton, infinitesimals are related to the idea of
vanishing quantities [194, 277]. He viewed indeterminate quantities “not as made up of
indivisible particles but as described by a continuous motion”, “... as increasing or
decreasing by a perpetual motion, in their nascent or evanescent state”. The famous ‘method
of prime and ultimate ratios’ in his classical treatise “Mathematical Principles of Natural
Philosophy” (1687) is formulated as follows.

“Quantities, and the ratios of quantities, which in any finite time converge continuously
to equality, and before the end of that time approach nearer to each other than by any given
difference, become ultimately equal” [277, p.101].

Pursuing the ideas which are nowadays closely associated with the theory of limits,
[.Newton exhibited insight, prudence and wisdom in estimating the concurrent views
inherent in true scientific workers. He wrote: “... to institute an analysis after this manner in
finite quantities and investigate the prime or ultimate ratios of these finite quantities when in
their nascent or evanascent state is consonant to the geometry of the ancients, and [ was
willing to show that in the method of fluxions there is no necessity of introducing figures
infinitely small into geometry. Yet the analysis may be performed in any kind of figure,
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whether finite or infinitly small, which are imagined similar to the evanescent figures, as
likewise in the figures, which, by the method of indivisibles, use to be reckoned as infinitely
small provided you proceed with due caution” [194, p.169].

G.W.Leibniz’s views were as much pliable and in-depth dialectic. In his well-known
letter to P.Varignion of February 2, 1702 [277], stressing the idea that “... it is unnecessary
to make mathematical analysis depend on metaphysical controversies”, he points out to the
entity of concurrent views on the objects of the new apparatus: “... if any opponent tries to
contradict this proposition, it follows from our calculus that the error will be less than any
possible assignable error, since it is in our power to make this incomparably small magnitude
small enough for this purpose, inasmuch as we can always take a magnitude as small as we
wish. Perhaps this is what you mean, Sir, when you speak on the inexhaustible, and the
rigorous demonstration of the infinitesimal calculus which we use undoubtedly is to be found
here. ... So it can also be said that infinites and infinitesimals are grounded in such a way that
everything in geometry, and even in nature, takes place as if they were perfect realities.
Witness not only our geometrical analysis of transcendental curves but also my law of
continuity, by virtue of which we may consider rest as infinitely small motion (that is, as
equivalent to a particular instance of its own contradictory), coincidence as infinitely small
distance, equality as the limit of inequalities, etc.”

Similar views were expressed by G.W.Leibniz in the quotation to follow, the italicized
end of which is, according to A.Robinson [222, pp. 260-261], often cited in works on
nonstandard analysis: “... it is not necessary here to view the infinite in the strict sense of the
word, but only in the sense in which in optics they say that the rays of the sun are emitted
from an infinitely distant point and can therefore be considered parallel. When there are
different orders of the infinite and infinitely small, they are understood in the same sense in
which Earth is considered to be a dot as compared with the distance to the fixed stars, while a
ball in our hands is viewed as a dot as compared with the semi-diameter of our planet, so that
the distance from the fixed stars is infinitely infinite or the infinity of the infinity as regards
the ball diameter. The point is that, instead of the infinite and infinitely small, the values are
chosen to be as big or as small as it is necessary for the mistake to be less than the given one
and, therefore, the difference from Archimedes style is only in expressions which in our
method are more straightforward and more applicable to the art of invention” [152, p.190].

1.2 Karl Marx on Mysterious Differential Calculus

The high level of the requirements on the soundness and rigour of their methods
characteristic of the works by G.Leibniz and [.Newton was not, unfortunately, taken up by
their followers who contributed a lot to make the mysterious mist surrounding the nontrivial
as they were abstract ideas even thicker. It suffices to say that in the textbook by de 1’Hopital
mentioned above the definition II says: “... an infinitely small part, which a variable value
increases or decreases by is called its differential.”
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One can see that a colossal step back from the initial definition by G.Leibniz was made
here. It is not incidentally that K.Marx called the mathematical analysis of the XVII century,
while making first acquaintance with it, the ‘mysterious differential calculus’.

Of interest is the fact that when interpreting the draft papers by K.Marx [176], a
somewhat dramatized criticism of the actually infinitely small is sometimes derived from
them. For instance, in one of the textbooks on the fundamentals of nonstandard analysis a
known statement is quoted: “The consolation some rationalizing mathematicians are tightly
holding at, that in the qualitative sense dy and dx are in fact only infinitely small, that their

ratio] is only approaching o’ is a chimera...” [176, p.33]. In this case omitted is the

. e . ) d 0
following principal observation: “...in fact d_y does not denote the extravagant -(-)— but, on the
x

contrary, it is a festive uniform for d_y when the latter is functioning as a ratio of infinitely
x

small differences ...” [176, p. 71].

Therefore, in order to elucidate the details, let us give a complete quotation of one of the
abstracts of K.Marx’s manuscripts often cited but with blanks distorting the sense.

“We therefore have nothing else to do but to view increments of the variable & as
infinitely small and to ascribe to them, as such, independent existence, in, for instance,
symbols x, y, etc., or dx, dy [etc.]. Infinitely small magnitudes, however, are as much
magnitudes as infinitely large ones are (the word infinitely [small] denotes in fact only
indefinitely small); these dx, dy, etc., or x, y, [etc.] are also functioning in calculus as
common algebraic magnitudes, and in the equation given above,

(y+k) -y ork =2xdx+ dxdx,

the term dxdx has the same right to exist as 2xdx does. But the most astonishing statement is
the one by virtue of which this term is forced to be omitted due to relativity of the notion of
the infinitely small; dxdx is omitted since it is infinitely small as compared with dx and,
hence, with 2xdx or 2xx. Or, if in

V=Uuz+ U +uz

[the term] #z is omitted since it is infinitely small as compared with 4z or zu, then
mathematically this can be justified only by referring to the fact that iz + zu has for us an
approximate value which can be thought to be any close to the exact one. A maneuver of the
kind can be encountered in common algebra as well. In this case, however, we face a greater
wonder: due to this method for an arbitrary function [in] x we obtain not approximate but
absolutely exact values (though, as above, only symbolically correct), as in the example
y=2xx + xx. Neglecting here xx , we obtain
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j=2x%,

X-Zx,
X

which is the correct first derivative function of x*> which has already been proved by the
binom([ial theorem].

But this miracle is far from being a miracle. On the contrary, it would be a miracle if the
forced omission of xx did not give an exact result. It is a certain mistake in calculations that
is omitted, which is an inevitable consequence of the method making it possible to introduce
an indefinite increment, for instance, &, of the variable immediately as the differential dx or
x, as a ready-made operation symbol and, therefore, differential calculus also immediately
appears to be an independent way of calculus, other than conventional algebra” [176,
pp-151-153].

1.3 L.Euler

In the history of mathematical analysis the eighteenth century is rightfully called L.Euler’s
century. Everyone who will get acquainted with his textbooks will be staggered by his subtle
technique and in-depth penetration into the essence of the matter. One can recall that an
outstanding engineer-scientist A.N.Krylov was in rapture seeing in the famous Euler formula

eF=-1a symbol of the entity of the whole of mathematics. He, in particular, noted that “...
here —1 presents arithmetics, i algebra, x geometry, and ¢ analysis”.

L.Euler is characterized by a many-sided approach, a ‘systemic’ one, as might be put
today, to studying mathematical problems, he widely used the whole of the apparatus
developed by that time. It should be stressed that he was constantly making effective and
productive use of the infinitesimal concepts, and, first of all, infinitely large and infinitely
small numbers. L.Euler gave a sufficiently detailed explanations of the methodological
foundation of his ideas, called ‘calculus of zeros’. There is a tendency to look for spots on
the sun (other than the existing ones) and, analogously, for weak points in men of genius.
For many years L.Euler had been incriminated ‘incorrect’ treatment of diverging series, until
his ideas were accepted. At present you can encounter such a phrase: “As to the problem of
diverging series, Euler was sharing quite an up-to-date point of view... .” It would be more
correct to topsy-turvy the phrase and say that modern mathematicians have finally caught it
up with Euler’s ideas. As will be shown in the sections to follow (see 2.2, 2.3), the opinion
that “... we cannot admire the way Euler corroborates his analysis by introducing zeros of
various orders” is as self-assured as the statement that “... the giants of science, mainly,
Euler and Lagrange, have laid false foundations of analysis.” It must be admitted once and
for ever that Euler was in full possession of analysis and completely aware what he had
created.
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1.4 Statement by G.Berkeley

In their general form the ideas of analysis greatly affected the character of the ideological
outlook in the XYIII century. Vivid examples of the depth of penetration of the notions of
infinitely large and infinitely small quantities into the cultural media of that time are, in
particular, “Gulliver’s Travels” by Jonathan Swift published in 1726 (Lilliput and
Brobdingnag!) and the famous “Micromegas 1752” written by bright and venomous
F.M.Arouer, i.e., Voltaire. Of interest is the fact that as an epigraph for his classical treatise
[222], A.Robinson chose the beginning of the following speech of Micromegas:

“Now I see clearer than ever that nothing can be judged by its visible magnitude. Oh,
my God, who granted reason to creatures of such tiny sizes! An infinitely small thing is equal
to an infinitely large one when facing you; if living beings still smaller than those were
possible, they could have reason exceeding the intellect of those magnificent creatures of
yours which I can see in the sky, and one foot of which could cover the earth” [266, p.154].

A serious ‘reverse’ impact on the development of mathematical analysis was made in
1734 by a publication of a great church figure and theologian, bishop G.Berkeley, a
pamphlet “The Analyst, or a Discourse Addressed to an Infidel Mathematician, wherein it is
examined whether the object, principles and inferences of the modern analysis are more
deduced than religious mysteries and points of faith” [11, pp.396-422]. The antihumanistic
spirit of the paper by G.Berkeley is combined with aphoristicity, subtle observations and
killing precision of expression. “... By inconsistent supposition truth may be obtained, but
not science though”, this is the basic idea of his criticism of analysis. G.Berkeley’s challenge
was addressed to the whole of natural science: “I have no controversy about your
conclusions, but only about your logic and method. How do you demonstrate? What objects
are you conversant with, and whether you conceive them clearly? What principles you
proceed upon; how sound they may be; and how you apply them?”

V.I.Lenin, exposing the venomous plot of G.Berkeley, wrote: “Assume the external
world, nature to be a ‘combination of perceptions’ brought to our minds by a god. Admit it,
refuse the idea of looking for ‘the basis’ of these perceptions outside your consciousness,
outside the human being, and I will accept all natural sciences, all the significance and
validity of its conclusions within the framework of my idealistic cognition theory. It is this
framework and only this framework that I need for my deductions in favour of ‘peace and
religion’.” This is Berkeley’s idea” [153, p.22].

G.Berkeley’s challenge could not but be answered by advanced representatives of the
scientific thought of the X VIII century, the encyclopedians.
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1.5 J.D'Alambert and L.Carnot

A turning point in the history of formulating the basic notions of analysis is associated with
the ideas and activities of J.D'Alambert, one of the initiators and leading authors of the
immortal masterpiece of the thought of the Age of Enlightment, “Encyclopedia or
Explanatory Dictionary of Sciences, Arts and Crafts”. In the article “Differential” he wrote:
“Newton never considered differential calculus to be calculus of the infinitely small, but he
viewed it as the method of the first and last relations” [277, p.157]. D’ Alambert was the first
mathematician who declared that he had found the proof that the infinitely small “... do exist
neither in the nature nor in the assumptions of geometricians” (a quotation from his article
“Infinitesimal” of 1759). It is the J.D’ Alambert’s viewpoint presented in “Encyclopedia ...”
that contributed much to the formulation by the end of the XVIII century of the understanding
of the infinitely small as a magnitude tending to zero. In all probability, one should recall in
this respect a paper by L.Carnot “Considerations on metaphysics of the infinitely small”
where he remarks “... the notion of infinitesimal is less clear than that of limit since it is
nothing else but the difference between such a limit and the quantity the ultimate value of
which it is.”

1.6 B.Bolzano, O.Cauchy and K.Weierstrass

The XIX century was the century of the foundation of analysis by means of the theory of
limits. An outstanding contribution to this process was made by B.Bolzano, O.Cauchy and
K.Weierstrass, their achievements mirrored in any traditional textbook on differential and
integral calculus. The new canon of rigour forwarded by B.Bolzano, the definition given by
O.Cauchy to an infinitely small quantity as a variable with zero limit and, finally, the & - 6 -
technique suggested by K. Weierstrass are indispensable part of the history of mathematical
thought, part and parcel of modern culture. It should be emphasized (see 2 [76]) that, while
giving a verbal characteristic of continuity, both O.Cauchy and K.Weierstrass used
practically the same expressions:
“an infinitely small increment of a variable always results in that of the function itself”,
O.Cauchy;
“infinitely small variations in the argument correspond to those of the function”,
K. Weierstrass.
The coincidence under discussion emphasizes the necessity shared by the cited authors and
worthy of respect to interrelate the new ideas with the viewpoints of their great predecessors.
Speculating about significance of the reconsiderations of analytical views in the XIX
century, one should bear in mind the important observation made by F.Severi [229, p.113]
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in this respect: “The reconsideration that has been mostly completed nowadays has, however,
no definite value most scientists believe in. Rigour itself is, in fact, a function of the total
volume of knowledge at every historic period which corresponds to the way of the scientific
treatment of the truth.”

1.7 N.N.Luzin

The beginning of the XX century in mathematics was marked by a further growth of distrust
to the concept of infinitesimal. This tendency grew stronger as mathematics was being
reconsidered on the basis of the set theoretical credo which gained the key strongholds in the
thirties.

In the first edition of the “Great Soviet Encyclopedia” in 1934, N.N.Luzin wrote: “As
to a constant infinitely small quantity distinct from zero, modern mathematical analysis,
without discarding the formal possibility of determining the idea of a constant infinitesimal
(for instance, as corresponding length in non-Archimedean geometry), views this idea as
absolutely fruitless, since it has proved to be impossible to introduce such an infinitesimal in
calculus” [160, pp. 293-294]. At that time the publication in the USSR of a textbook by
M.Ya.Vygodskii “Fundamentals of Infinitesimal Calculus” became a noticeable event and
gave rise to a serious and sharp criticism. M.Ya.Vygodskii tried to preserve the concept of
infinitesimals by appealing to the historical practice. He, in particular, remarked: “If it were
only the problem of creating a logical apparatus which could work by itself then, having
eliminated infinitesimals from considerations and having driven differentials out of
mathematics, one could celebrate a victory over the difficulties that have been hampering the
way of mathematicians and philosophers during the last two centuries. Infinitesimal analysis,
however, originated from practical needs, its relations with natural sciences and technology
(and, later, with social sciences) becoming increasingly strong and fruitful in the course of
time. Complete neglect of infinitesimals would incidentally make these relations extremely
difficult, not to say impossible” [271, p. 160].

Giving his estimate to the textbook by M.Ya.Vygodskii, N.N.Luzin wrote in the
forties: “This course, being internally both integrated and lit by the great idea the author
remains faithful to, goes beyond the framework of the style in which modern mathematical
analysis has been developed for 150 years and which is now nearing its completion” [160,
p.398].

The attitude of N.N.Luzin to infinitesimals deserves a special attention as an important
manifestation of a hidden drama the history of any profound idea inspiring people is usually
filled with. N.N.Luzin had a unique gift of penetration into the essence of the most intricate
mathematical problems, and he might be said to possess a remarkable gift of foresight [147,
148, 259]. The idea of actual infinitesimals seemed to be extremely appealing to him
psychologically, as he emphasized: “... the idea about them has never been successfully
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driven out of mind. There are, obviously, some deeply hidden reasons still not completely
revealed that make our minds to be predisposed to treat infinitesimals seriously” [160,
p.396]. In another of his publications N.N.Luzin remarks sorrowfully: “When the mind
starts getting acquainted with analysis, i.e., during its spring season, it is the actually small,
which can be termed the ‘elements’ of quantity, that it starts with. Gradually, however, step
by step, as it is accumulating knowledge, theories, surfeit of abstraction and tiredness, the
mind starts forgetting its primary intentions, it starts smiling at their ‘childishness’. To put it
short, when the mind is in its autumn season, it allows one to be convinced in the uniqueness
of the correct foundation by means of limits” [264]. The latter point of view was energetically
developed by N.N.Luzin in his textbook “Differential calculus”, where he in particular
emphasized the idea that “to understand correctly the very essence of the matter, the student
should first of all understand that an infinitesimal is always, by its very definition, a variable
quantity and, therefore, no constant number, however small it be, is ever infinitely small.
The student should beware of using comparisons or resemblances of such, for instance, kind
as ‘One centimeter is a magnitude infinitely small as compared with the diameter of the sun’.
This phrase is absolutely incorrect. Both magnitudes, i.e., a centimeter and the diameter of
the sun, are constant values and, hence, they are finite, one being much smaller than the
other, though. Incidentally, a centimeter is not a small value at all when, for instance,
compared with the ‘thickness of a hair’, while for a moving microbe a centimeter is a vast
space. In order to get rid of any risky comparisons and random subjective resemblances, the
student must remember that no constant value is infinitesimal, as well as no number
however small it might be. Therefore, it would be more correct to use not the term "an
infinitesimal", but the term ‘an infinitely decreasing variable’, as it expresses the idea of
variability most vividly” [161, p. 61].

1.8 A.Robinson

The seventh (posthumous) edition of the textbook by N.N.Luzin under discussion was
published in 1961 simultaneously with the A.Robinson’s “Nonstandard Analysis” which laid
an up-to-date foundation for the method of the actually infinitely small. A.Robinson based
his work on the local theorem by A.I.Mal’tsev, stressing its significance as that of the
‘fundamental importance for our theory’ [222, p. 13] and giving direct references to an
A.I.Mal’tsev’s work dated as far back as 1936. The Robinson’s discovery both elucidates
the ideas of the founders of differential and integral calculus and gives a further confirmation
of the dialectical character of the evolution of mathematics.
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One of the most widely spread prejudices as regards the infinitely small and the constructions
related to them through is the opinion that the apparatus of nonstandard analysis is extremely
difficult to master. Moreover, it is usually emphasized that nonstandard analysis is based on
the advanced sections of the modern formalized set theory and mathematical logic. Actually,
the existence of this relation, although irrefutable, in no way hampers either understanding or
handling infinitesimals. The purpose of the present chapter is to corroborate the above
statement by way of presenting the methodology of nonstandard analysis at the level of
rigour accepted in the modern system of mathematical education which is based on the ideas
of the naive set-theoretic stance proposed by G.Cantor. Alongside with elucidating the
essence of the concepts of nonstandard set theory and the principles of transfer, idealization
and standardization adopted in it, certain attention will be also paid to paralleling quite recent
ideas on the objects of elementary mathematical analysis and the approaches of classics. In
doing so, we would like to confirm the continuity in the evolution of the ideas of differential
and integral calculuses which nonstandard analysis sheds new light upon.

2.1. The Notion of Set in Nonstandard Analysis

In this section we will expose a fragment of the foundations of nonstandard methods at the
level of rigour close to that adopted in introducing the elements of mathematical analysis.

2.1.1. Modern courses of mathematical analysis are often based on the notion of set.

2.1.2. Examples
(1) L.Schwartz “Analysis™ “A set is the collection of certain objects.
Examples:

the set of graduates in one class,
the set of points on a plane,

13
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the set of nondegenerate second-order surfaces in a three-dimensional space,
the set N of nonnegative integers,

the set Z of arbitrary integers,

the set Q of rational numbers,

the set R of real numbers,

the set C of complex numbers” [228, p. 9].

(2) V.A.Il'yin, V.A.Sadovnitchii, Bl.Kh.Sendov “Mathematical Analysis”:

“...for studying real numbers the notion of set is of importance. It should be
emphasized that we view a set a an initial notion not determined from other ones.

In this section we shall study sets of an arbitrary nature. They are often called abstract
sets, which implies that the objects comprising the set in question or, as they say, elements of
the given set, do not necessarily have to be real numbers. Elements of an abstract set can, for
instance, be functions, letters of the alphabet, figures on a plane, etc.” [89, p.69].

(3) Yu.G.Reshetnyak “Introduction to Mathematical Analysis”:

“The notion of a set belongs to primary mathematical notions and cannot be determined
by reduction to any other simpler notions.

A set is any collection of subjects considered as a whole entity. The word ‘set’ is a
mathematical term used to denote some objects denoted in everyday speech by such words as
a totality, a pack, a system, a cortege, an assembly, a family, etc.. For instance, we can
speak about the set of solutions to an equation, about the set of pictures in a museum, the set
of points of an interval, etc.

The objects comprising one set or another are called its elements. A set is considered to
be given if for any object it is possible to determine whether it is an element of the set or not”
[217, p.3].

(4) V.A.Zorich “Mathematical Analysis”:
“The basic suppositions of the Cantor (or, conditionally speaking, ‘naive’) theory of
sets are as follows:

1* a set can be composed of any different objects;
2% aset s uniquely determined by the collection of objects comprising it;
3* any property defines the set of objects that have this property.

If x is an object, P is a property, P(x) is the notation that x has the property P, by
{xl P(x)} we shall denote the whole class of objects with the property P.

The objects comprising a class or set are termed elements of the class or set.

In the framework of naive set theory the terms ‘class’, ‘family’, ‘union’, ‘collection’
are treated as synonyms of the word ‘set’.
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The following examples demonstrate the application of this terminology:

the set of letters ‘a’ in the word ‘I’;

the set of Adam's wives;

the set of ten digits;

the legume set;

the set of grains of sand on Earth;

the totality of the points on a plane equidistant from its two given points;
a family of sets;

the set of all sets.

The difference in the possible degree of definiteness in constituting sets leads one to the
conclusion that the notion of a set is not as simple and harmless as it might seem.

Indeed, the notion of the set of all sets is, for instance, just contradictory” [284, pp.17-
18].

2.1.3. Nonstandard analysis or, in more detail, nonstandard mathematical analysis is a
branch of mathematical analysis, and, therefore, it obviously adopts the accepted views on
sets. In other words, nonstandard analysis views as sets only those collections that the
classical ‘standard’ theory operates with. It should be emphasized that this statement is
also valid when reformulated in the following way: nonstandard analysis does not view as
sets only those unions that conventional mathematics does not accept as such. At the same
time, nonstandard analysis is related to refined views on sets, i.e., it is, as they often say,
constructed within the framework of nonstandard set theory.

2.1.4. Naive set theory is based on the classical G.Cantor's formulation: “A set is any many
which can be thought of as one, that is every totality of definite elements which can be united
to a whole through a law”, and a set is “every collection to a whole of definite, well-
differentiated objects of our intuition or our thought” [102, p.173]. Such concepts are well-
known to be far too broad, this drawback by-passed by a certain detalization of the difference
between sets and nonsets. For instance, in order to define inappropriate, ‘too big’ collections
of sets the term “class’ is being used, just to denote the fact that the class does not have to be
a set. In other words, when formalizing the notions of naive set theory, the procedures
allowing one to introduce any ‘Cantorian’ set into mathematical operations are more fully and
thoroughly regulated. All the sets allowed into mathematics enjoy the same rights. This in no
case implies that they all are equal or have no distinctions. This implies that the sets are of
one type, that they share a common status since they are elements of the ‘class of all sets’.

2.1.5. The cornerstone of nonstandard set theory, its underlying principle is extremely



16 NONSTANDARD METHODS OF ANALYSIS

simple: sets can be different. standard and nonstandard. It would therefore be more correct
to speak not of the nonstandard theory of sets, but of the theory of sets, standard and
nonstandard. The intuitive concept revealed by the phrase ‘a set A is standard’ implies that A
has been described in plain and definite terms, has become an ‘artefact’ of the cognition
activity of human beings. The term ‘standard’ draws a borderline between the objects
determined from explicit mathematical constructions, using, for instance, theorems of
existence and uniqueness, and called standard sets, and the objects originating in the course
of investigation in an implicit, indirect way, those called nonstandard sets.

Such objects as the numbers &, e, sin81 that are given unambiguously as the sets of
natural and real numbers that have been described in detail, are standard objects. Within the
framework of the set-theoretic stance, however, an arbitrary ‘abstract’ real number arises in
an indirect manner, being introduced as an element of the set of all real numbers mentioned
earlier. A similar method of introducing objects into consideration is widely spread: a vector
is an element of a vector space, a filter is a set of subsets of a given set with, incidentally,
specific properties, etc.. Hence, among real numbers there are standard and nonstandard
ones, there are standard and nonstandard vectors and filters, and, generally speaking, there
are standard and nonstandard sets.

As an example, let us consider the multitude of sand grains on Earth. In his classical
work “Psammiths” Archimedes wrote: “... of the numbers named by me and given in the
work which I sent to Zeuxippes, some exceed not only the numbers of the mass of sand
equal in magnitude to Earth filled up in the way described but also that of a mass equal in
magnitude to the universe” [5, p.358]. Therefore, the number of the sand grains on Earth is a
concrete natural number. It is, however, impossible either to give a direct definition of this
number or to determine it. A sequential count of the sand grains is obvious to be impossible
for implementation. Hence, the number of the sand grains on Earth is expressed by a
‘nonrealizable’, ‘nondefinable’ nonstandard natural number and, thus, the multitude of the
sand grains is nonstandard.

It goes without saying that the presented views on the difference between standard and
nonstandard sets are of an auxiliary value for mastering the rules of applying them into
practice. One can find here an analogy with the situation in geometry where the intuitive
visual presentation of spatial forms helps in elaborating the skills of using axioms which, in
the long run, result in strict definitions of points, straight lines, planes, etc.. According to
A.D.Alexandrov, one should remark that “axioms by themselves need no substantiation ,
they only sum up other data and give rise to a logical construction of a theory” [3, p. 51].
Therefore, the formal introduction of the axioms of nonstandard set theory should be
preceded by their qualitative discussion.

As we already know, the nonstandard theory of sets begins with the primary
observation: sets can be different, i.e., standard and nonstandard. Alongside with this
postulate, the following ones are adopted (or, to be more exact, variations of the following
postulates).
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2.1.6. Transfer principle: a conventional mathematical statement claiming the existence
of a certain set simultaneously determines a standard set.

In other words, the theorems of existence and uniqueness accepted in classical
mathematics are considered to be direct explicit definitions of mathematical objects. An
equivalent reformulation of this principle, elucidating the essence of its name, is as follows:
in order to prove a statement on all sets, it suffices to prove it only for standard ones. An
intuitive substantiation of the transfer principle is the evident fact that the statements
pertaining to arbitrary sets are made when operating with the sets which have been in fact
described, i.e., with standard sets.

If you think about the essence of the transfer principle, you will see that it deals with
two aspects of presenting standard objects. The first is that new standard objects arise from
existing ones in a deductive way, using descriptions of the kind of the existence and
uniqueness theorems. This peculiarity can be expressed by the assertion that in a standard
nonempty set there is a standard element, and that the object which is being constructed from
or determined by existing standard elements is standard itself. The second aspect of the idea
of being standard expressed by the transfer principle is continuously related with the former
one and implies presentability of the world of standard objects in the universe of all sets
under investigation. One can say that here postulated is the possibility of induction, i.e., of
the cognition of ideal constructions by studying really accessible standard objects.

2.1.7. Idealization principle: in every infinite set there is a nonstandard element.

This statement certainly conforms with general ideas about infinity. The idealization
principle is often given below in stronger forms which reflect the inexhaustible variety of
ideal objects. For instance, the idea that all standard sets are elements of a finite set is often
accepted. The number of the elements of such a ‘universal’ set is huge and, which is most
important, it is not ‘realizable’, i.e., nonstandard, the nonstandardness of the universal set
itself being, therefore, no surprise.

It should be emphasized that when working with the first two postulates presented
above (not only with them though) one should be careful. Thus, for instance, by virtue of the
transfer principle, a standard set is uniquely determined with its standard elements in the
medium of its family, i.e., standard sets. The set under study is not however reduced to,
generally speaking, the standard elements belonging to it. There can exist other nonstandard
sets containing all the stock of the standard elements of the initial set and having no other
standard elements. There is another peculiarity worth mentioning: the notion ‘statement’
should be used with caution, as though is the case in the conventional set theory as well.
The transfer principle should deal with common mathematical propositions not appealing to
the new property of sets which has been described at the semantic level, i.e., to be or not to
be standard. In the opposite case we would, stemming from the fact that all standard sets are
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standard, come to the conclusion that an arbitrary set is standard which contradicts the
idealization principle. Hence, the statement that a certain set is standard is not a conventional
one.

2.1.8. Standardization principle: any standard set and any property determine a new
standard set which is a subset of the initial set, with its standard elements possessing the
property under study.

In more detail: let A be a standard set in question, and let P be its property. The
standardization principle states that there is a standard set commonly denoted by

*{x € A: P(x)} and obeying the relation
y E*{x EA P(x)} & yE{xEA: P(x)}

for any standard y. The set *{x € A: P(x)} is often referred to as standardization, omitting
the parameters that participate in its definition. An intuitive substantiation of the
standardization principle lies in the fact that, having at our disposal implicit descriptions of
mathematical objects, we can operate with new quite concrete sets composed of them by
some definite laws. Standardization extends the conventional method of formation of
subsets by selecting elements with a given property When thinking over the standardization
principle you would reasonably pay attention to the fact that it says nothing about the
nonstandard elements of the arising set. [t is not by chance since such elements can possess
or cannot possess the property under discussion. It should also be emphasized that the
standardization principle must be used with due caution. Attempts to standardize a ‘universal’
set containing all standard sets would result in an immediate contradiction.

2.1.9. The postulates considered above give grounds for the axiomatic presentation of set
theory. They will be discussed in detail below, and meanwhile we would like to share the
V.A.Zorich point of view: “As a whole, any of the existing axiomatics is such that, on the
one hand, it eliminates the known contradictions of the naive theory, and, on the other hand,
it ensures freedom of operation with concrete sets arising in various sections of mathematics,
and, before all, in mathematical analysis understood in the broad sense of the word” [284,
pp. 18-19].

2.2. Simplest Properties of Standard and Nonstandard Real Numbers

Let us now go over to getting acquainted with new properties of the classical real axis which
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can be studied with the principles of nonstandard analysis.

2.2.1. For a set A we shall write a € °A instead of the expression ‘a is a standard
element of A°.
2.2.2. The following statements are valid:

(1) the principle of induction over standard natural numbers is valid, i.e., if A is a set
for which 1EA and for n€°N n€EA—>n+1€EA, then A contains all standard natural
numbers: "NC A;

(2) a finite set (i.e.,one not allowing one-to-one mappings on its own subsets)
composed of standard elements is standard,

(3) a standard finite set has only standard elements;

(4) if a set has only standard elements, it is finite,

(5) for an infinite standard set A (i.e., not finite, (see (2)) the union °A is not a set.

< (1) Using the standardization principle, let us form the following (standard) subset
of the set of natural numbers:

B:= *{n EN:n EA}.

Let us assume B= . Then B has the least element m standard by transfer. By condition,
m =1 (since 1 EA). Moreover, m&A, and hence, m - 1€ A. According to the transfer
principle, m ~1€°N, i.e., m -1EB. We get m-1=m, a contradiction. Hence, B=(,
i.e., (YnE€ N)n €A, which implies the inclusion °NC A.

(2) An obvious corollary to the transfer principle.

(3) A singleton standard set has the only (and, hence, standard) element. The number
of the elements of a finite standard set A is standard. Moreover, A= (A-{a}) U {a} for
every a €EA. Making use of the fact that the number of elements A - {a} is also standard, we

can apply the induction principle (1).

(4) A direct corollary to the idealization principle.
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(5) Let us assume that °A is a set. By virtue of (4) we conclude that °A is finite.

According to (2) °A is a standard set. In line with the transfer principle A = “A and, hence,
A is finite, which is a contradiction. >

2.2.3. A natural number N is nonstandard (i.e., nonrealizable) iff N is greater than any
standard natural number. Or, in symbols,

NEN-°"N<e (VneN) N>n.

< It suffices to remark that by virtue of, for instance, 2.2.2, the condition n> N
yields for a realilizable number 7 that N is realizable: NE°N. >

2.2.4. According to 2.2.3, nonstandard natural numbers are termed actually infinitely
large or, to put it shortly, infinite.

Despite the following widely spread statement: “Euler claimed quite light-mindedly that
1/0 stands for infinity, though he did not find it necessary to define what the infinity is, but
only introduced its notation, c”, in fact L.Euler directly pointed out [48, p. 89]: “...an
infinite number and a number greater than any arbitrarily given one, are synonyms.”

The fact that the number N is infinite is expressed by a symbol N = or, in more
detail, N ~ +00. It should be emphasized that the use of the term ‘an infinite number’ can
result in a contradiction. Indeed, if we strictly follow the set-theoretic stance, we will see that
in the set-theoretic sense the corresponding set N is finite (compare with 2.2.2 (2)). The use
of the phrase ‘N is an infinite number’ must, therefore, be in no case associated with the
infiniteness of N as a set. In fact, N is a finite set whose number of elements is nonstandard.
Itis this and only this sense that is inferred in the notion of an infinitely large natural number
N (within set-theoretic stance).

2.2.5. The following statements are valid.
(1) N=+o, M=+0—>N+M=+0 NM=~ +x;
(2) N=+0,nE N> N+n~+0, N-n=+0, nN=+0:
(3) for every n€°N,

N=-5+00<—>N"ns+w 5
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(4) an infinite large composite number has infinitely large divisors;

(5) Ns+o, Ma2N—-> M=+

2
(6) “...if % denotes an infinitely large number, then, since 5 is undoubtedly a

1 . .
doubled 0’ it is clear that a number, be it even infinitely large, can become still two or

several times greater” (L.Euler [176, p.620]);

(7) let t be a real positive number. The integral part of t is infinitely small iff so is
(ie., (V, E°R)t 2rl);

(8) let Y:N — N be a strictly increasing standard function. Then for N €N we have
Ns+0oe w(N) =~ 400,
< Let us prove only (7) and (8), since the other statements are easier to check.

(7) If the integral part s of a number ¢ is infinitely small and (3, ER)t<r, t<n fora

certain n €°N. Hence, we get n+2 <5 <t sn, which is ridiculous. Therefore, ¢ ~ +. But
if £~ +o0, then s + 121, where s is the integral part of #. Hence, s +1 = +%, which yields,
by virtue of 2.2.5 (2), s = +%.

(8) <« Let first 9(N) =~ + and n €°N. Then the number ¥ (n) is realizable, i.e.,
Y (n) E°N and, hence, ¥ (N) > (n). Since ¥ is strictly monotonic, we deduce: N >n,
i.e., N=+o,

— Let us assume that N~+o. Then for n€°N we get N>n and, hence,

P(N) > ¢p(n)=n. Thus, P(N) = +o. >

2.2.6. Let R be the extended numerical straight line, i.e., R:= R U{-,+ o}, where
-0+ are the largest and the least elements adjoined to R. It would be convenient to term
the set o0:={+0,—} the (symbolic) potential infinity, or to speak about +% (or —) as
about the positive (or negative), respectively, (symbolic) infinity.

The number ¢ ER is called finite, limited, or accessible provided there is a standard
number n €°N, for which Itls n. The condition that ¢ is finite is presented in symbols as
follows: 1€ R. The elements of R which are not finite are called infinite, or, in more
detail, actually infinite numbers. For t € R and t >0 we write f ~ +%, The presentation
t =~ - is understood in an analogous way. The notation ¢ =% means that ¢ is infinite.
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Frequently used are also the convention f =~ +% <> tEu(+%) and the phrases like ‘the
number belongs to the monad of an infinitely distant point (in the monad of plus-infinity)’.

The number tER is termed infinitesimal, or infinitely small or, in more detail,
actually infinite small if for any realizable n €°N we have lfl<1/n. In this case we write
t=0, or tEu(R) and say that ¢ is in the monad of zero. (The symbol u(R) is used
alongside with the notation p(0) to stress an obvious relation with the only separated vector
topology on R.) Positive infinitely small numbers are often called infinitesimals, the
unsuccessful term differentials being of a more restricted use.

2.2.7. The term monad (uoval) goes as far back as the ancient times and has been
traditionally translated, with no sufficient ground for that, as a unit. By the primary definition
of Book VII of the Euclid's “Elements”, a monad “...is <that> by virtue of which each of the
things that exist is called one” [47, p.9].

Let us recall here some quantitative elucidation for views of the structure of a monad
expressed by Sextus Empiricus:

“...Pythagoras used to say that the origin of the existing is a monad, by relation to
which each of the existing is referred to as a unit” [230, p.361];

“...a point is structured as a monad, since as a monad is a certain origin of numbers, so
a point is a certain origin of lines” [230, p.364];

“...a whole, as it is whole, is indivisible, and a monad, since it is a monad, is not
divisible. Or, if it is partitioned into many parts, it becomes a union of many monads, not just
a [simple] monad” [230. p.367].

Below we shall study monads, their status and structure in detail. Let us start with
considering the elementary properties of the infinitesimals or, which is equivalent, the monad
of the infinitely small.

2.2.8. The following statements are valid:
1) s=0,t=0—->s5s+t=0;

(2) =0, sER—> st =0;

3) z=0e1/z7=o (for z=0):
“...if 7 becomes a quantity less than any quantity that might be given, i.e., infinitely

1 . .
small, then the value of the fraction — must become greater than any quantity that might be
Z

given, i.e., an infinitely large quantity” (L.Euler [48, p.93]).

(4) (t=0 andt is standard) = t= 0.
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< (1) Let n €°N. Obviously, lsls(2n)—1 and Itls(2n)'1. Hence, s +tislsl+ltls
@n + @) =n7!, ie., s +1 is infinitely small.

(2) Let s €'R and s = 0 (otherwise there is nothing to prove). Let us assume n €°N .

By condition, for some m €°N we have Isls m. Therefore, Itls(nm)'l, and, hence,

Istl<lslitls m(nm) ™ =n”!

, 1.e., st =0,

(3) Let z be a finite nonzero number, i.e., 0 <lzlsInl, where n €°N. Obviously, we
getll/zl=1/n, i.e, 1/ z is not an infinitely small number. On the contrary, if z=~ %, then
for any finite n we get Izl= n, which implies 7™ ~0.

(4) We have ltl< 27Nl iff ¢ s standard, which is impossible for [fl=n. Hence, ¢ = 0.

2.2.9. The monad u(R) is not a set.

< Let us assume that the opposite is valid. Then u(R) is a subset of R. For every
t>0, tE°R we get 1= u(R). Hence, 1 =s:=supu(R). The number s is, obviously,
infinitely small. Moreover, 2s = s —> s = 0, but this contradicts the existence of nonstandard
(actual) infinitely small numbers. >

2.2.10. When we work with real numbers, it is convenient to single out various cases of
their mutual location.

For s,t,r ER we write s =; ¢, or s =t(modr) provided (s =)/ r =0 (here r # 0). In
this case the numbers s and r are called r -close, or infinitely close modulo r. Whenr =1,
we simply write s =7 and say that s and ¢ are infinitely close.

The founders of infinitesimal analysis often made no distinction between the numbers
infinitely close to a certain number and the number itself. L.Euler expressed this in the
following way: “...an infinitely small quantity is exactly zero” [48, p.92]. That was why for
x€ER, yE°R the expression x = y used to be employed instead of x ~ y. In this respect

G.W.Leibniz remarked: “...I consider equal not only those quantities the difference between
which is absolutely nothing, but also those the difference between which is incomparably
small” [152, p.188], emphasizing that “...the error is undetectable and cannot be found by
means of whatever construction” [278, p.195].

For 5,1 ER we write s = 0(2) fors/tE"R;if s = 0(f) and ¢ = ((s) , then we say that s
and ¢ have the same order; if sft =~ 0, then we write s = o(f) and say that s has higher order
of smallness than t; and, finally, if s —2=o0(f) and s -t = 0(s), then s and t are called
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equivalent and we write s ~ ¢ .

Presenting his views on higher order infinitesimals, G.W.Leibniz wrote: “I would like
to add one more remark in order to prevent all arguments against the reality of differences of
any orders, and, namely, that they can always be represented as conventional intervals of a
straight line proportional to them... . I have already explained how to present first-order
differences with conventional straight intervals of a straight line, when first presenting the
elements of this calculus in ‘Acta’ in October 1684” (see [278, pp.188-190, cf. 1.1).

2.2.11. Let us introduce for s,t ER the following natural abbreviations:
SEO:=0() «=s=0(); sEo:=0(1)«> s=0(1).

The E.Landau rules hold:

0+0Co; 0+0C0O; 0+0CO0;
00C 0, 00CO;, ooCo.

< Let us check, for definiteness, the relation 0+0 C0. So, denote s = () and
r=o(t). Thens/tE R andr/t=0. Hence, (s +r) /tE"R, i.e., (s +1) =O(1). >

2.2.12. For the numbers st ER the following statements are equivalent:
(1) s andt are equivalent,
(2) s-t=0(t) ort-s=o0(s);
B)s/t=lort/s=1,
(4)s/t=1andt/s=1.

<« It is clear that (1) — (2). If, for instance, t-s=o0(s), (t-s)/s=0, i.e.,
t/s-1=0. Hence, fore>0 and ¢eE°R we have 1-est/s=<1+¢. Therefore,
(A-e) asit=(+e)” and e/(1-¢e)2s/t-12¢/(1+¢), i.e., s/t=1. Hence, (2) =
(3) = (4), and the implication (4) — (1) is obvious. >

2.2.13. Let NEN and a;.B, €o(1) be infinitely small, and a;, ~ B, for k:=1,....N. The
Jfollowing statements are valid.
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N N
) 2o~ Z or a,, 0;
( )k-lak k_lﬁkf Bz
N -~
(2) 2 =loy10Q1), (i.e., if the sum under discussion is in "R ), then
k=1

N N
Sap~ 3 B,
k-lk k-lk

< To prove this, let us remark that by virtue of 2.2.12, for every standard £ > 0 we

N
get eay + oy < B s oy + g0y, which yields (1). Moreover, if : = kE la | E™R, then
-1

|2 < 3 £ 5
-Bls -Bls— X
P 1(Ol/c By Zlo Bd o ay

as soon as a standard n €N is such that ldsn. >

2.2.14. There is such a natural number N that for any standard number t in R the product
Nt is infinitely close to a certain natural number.

< Let us choose in R a finite subset {x,..., x,} containing all standard real numbers,
and an infinitely small positive number ¢ > 0, ¢ =0. In the theory of numbers there is a
theorem, ‘the Dirichlet principle for sets’, which states: for any £ >0 and arbitrary
X,...,X, ER there is such an integer NEN that the numbers N, ,...,N, differ from

integers by for most €. Now one has to apply this theorem to the parameters in question. >

2.2.15. It would be useful to remark that infinite closeness (as well as equivalence) of
numbers cannot be called a subset of the product R x R. Indeed, in the opposite case the
image of the element zero under this relation, i.e., the monad u(R), would become a set.
We, however, have already established the monad u(R) not to be a set. It should be also
emphasized that the monad u(R) is indivisible in the following implicit sense: for every
standard n we have: n_lu(R) = u(R).

When thinking over the role of the monad u(R) in constructing the system of integers,
for us it would be advisable to address Definition 2 of Book VII of the Euclid's “Elements™:
“A number is a set composed of monads” [47, p.9]. Analogously, the whole ‘nonstandard’
extended number straight line R and, which is most nontrivial, its accessible part "R are
ensembles of monads located at standard points. A more rigorous formulation of this
statement rests on the following fundamental fact, the proof of which is essentially based on
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the standardization principle.

2.2.16. For every finite number there is a standard (and, moreover, unique) number
infinitely close to it.

< By virtue of the standardization principle one can, given €™ R, organize a standard
set A:= *{a €R: a < t}. Obviously, A = J and A <n, where the standard number n €°N is
such that —n = < n. Indeed, for every standard a €EA we have a <t =< n. By the transfer
principle, we deduce A <n. Since R is complete, we have s:=supAER. Obviously, s is a
standard number. Let us show that s =~ ¢. In the opposite case we get, for a certain standard
€>0,Is-1l> €. If s 21, then for every standard a EA we gets 2t +¢, i.e, sza+e¢. In
this case, however, we would get s =5 + £, which is impossible. The remaining possibility,
s <t also results in a contradiction, since then we would get f >s + €, and, again, s 25 + €.
>

2.2.17. The standard number infinitely close to a finite number t€"R is called the
standard part, or the shadow of t, and is denoted by st(z) or °t. For the sake of
convenience it is also assumed that °z=st(f)=+© if ?=~+® and, respectively,
°t =st(#)= - for t =~ - (under the obligatory supposition that + © =~ +% and —o ~ -®),
Therefore, every (standard) tER is put into correspondence with its monad u(?), i.e., all
the elements s of R for which s =¢.

Thus, in nonstandard analysis an extended straight line should be visualized in
connection with the scheme presented in Figure 2. Choosing a standard number °¢ on the
axis R, we draw a big dot, a blob, a monad u(°t), which is an ‘indivisible implicit
presentation of °¢’. If we view the region of the point °¢ with a powerful microscope, we will
see a smeared small cloud with a blurred boundary, which is the image of u(°?).

te™R  stit)e'R

L 9
IR

— L
=3 ]

J

p o) b Jl+e0)

Fig. 2

When using a more powerful microscope, the portion of the ‘point-monad’ under
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observation would enlarge, reveal more details and partially disappear from the view. In this
case, however, we again would deal with the same standard real number, which is, if you
please, described by the process of ‘studying the microstructure of a physical straight line’
presented above.

2.2.18. The following statements are valid:
(1) for sER, tE™R,
st(s +t) =st(s) +st(r); st(st) =st(s)st(?),
(2)ifst ER ands st, then °s <°t;
3) for s,t E€R we have

B'=t)t'z2se s<ste(Ve>0, e ER) s<’t+¢;
(Vi'=0)t'2ses<°t IER);

(4) the transition from a real number to its standard part is not a set (nor a function, in
particular).

< (1) Let us, for instance, prove that the transition to the standard part is multiplicative.
We have s=st(s) > is=1st(s). Besides, =st(f)—> st(s)!=~st(f)st(s). Finally,
st =st(s)st(?) . It now remains to recall that the product of standard numbers is standard.

(2) Let s <t (otherwise everything is obvious). If s =¢, then st(s) =st(f). In the
opposite case the monads u(s) and u(f) do not intersect. Hence, °s< °f.

(3) In the initial equivalence the implication to the right is obvious, while the reverse
one is ensured by the fact that for s < °z we get s < °t+5 - °s. Besides, s <? + ¢ = st(s) <
st(2) +st(g) = °t + ¢ for every £ >0, ¢ €°R. By transfer this implies that for an arbitrary
positive ¢ we get °s=<°f+ ¢, and, hence, °s=<°f. In turn, if °s < °t, then, making use of
the fact that the monads p°(s) and u(°?) are disjoint, we deduce s <°t+¢ for any
£>0,eE°R.

In order to check the arrow to the right in the lower equivalence, let us note that s does
not lie in the monad u(#) of the number ¢. Hence, the whole of the monad of s lies to the left
from the monad of 1, i.e., u(s)< u(t). Therefore, °s <°t. And, finally, to prove the
remaining implication let us remark that for °s = —o we get either u(z) >°s or t€"R. But if

°sE€°R, then pu(°s) < °t. Hence, for ¢’ = ¢ the condition ¢’ = s is met.
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(4) If the law t — st(#) were a set, then the monad u(R) would also be a set (since
tEu(R) < °t=0). Now we have to make use of 2.2.9. >

2.3. Primary Notions of Mathematical Analysis on a Real Line

Let us now discuss the fundamental notions pertaining to differential and integral calculus of
functions in a single real variable.

2.3.1. Nonstandard criteria of limits. For a standard sequence (a,) and a standard
number a ER the following statements are valid:

(1) the number a is a partial limit of (a,) iff for a certain infinitely large N the

condition a = “ay, is met,

(2) the number a is the limit of (a,,) iff for all infinitely large numbers N the term ay
is infinitely close to a, i.e.,

a=lima, < (VN=+x)ay=~a.

< These statements are checked in an analogous way. Therefore, let us prove one of
them, for instance, (2). So, leta, — a, and let, for the sake of definiteness, assume a ER
(the cases a = +® and a = - are proved by the same scheme). By condition, for an
arbitrary positive number € > 0 and a certain n EN we have lay - als € as soon as NEN
and n < N . Hence, by the transfer principle, for a standard ¢ > O there is a standard n with
the same property Every infinitely large N majorizes the obtained n, i.e., lay - al< ¢. Since
¢ is arbitrary, this impliesay ~ a.

Let it, in turn, be known that for all N =+ we have °aN = a. For the sake of
definiteness and diversity, let us assume a:= - Let us choose an arbitrary standard number

n€°N. Obviously, for all N= M, where M is an infinitely large number, we have
ay s -n. Hence, for every standard n we have proved ‘something’ (namely, ‘something’:

= (AMXVN = M) (ay < -n)). By the transfer principle, this ‘something’ is valid for every
n €N. Itis the latest fact that, as is well known, signifies a, — - . >

2.3.2. Let us emphasize the merits of the criteria obtained. We have seen that the partial
limits of a standard sequence are exactly those ‘realizable’ numbers which correspond to
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infinitely large indices. In other words, the partial limit is an ‘observable’ value of a certain
infinitely far term of the sequence. The statements under consideration have an implicit
intuitive foundation and differ drastically from conventional definitions of partial limit as a
number to which a subsequence of the initial sequence is tending, or as such an element of a
straight line that every interval containing it intersects with any remainder, i.e., ‘any tail’, of
the sequence in question.

It would be useful to get acquainted with a clarification of the notion of partial limit for
a [generalized] sequence with which N.N.Luzin furnished the formulation of the
conventional definition (see [162], [169]). “At first the reader will undoubtedly view this
formulation as cumbersome and abstract. But the sense of ambiguity would disappear if the
reader recalls the conventional notions of a ‘variable’ and ‘time’. Indeed, what is the intention
of this formulation when translated into the language of a ‘variable’ and ‘time’? In order to
understand this, let us consider a variable x which runs through a given numerical sequence
M, going over from preceding numbers to succeeding ones ... in the language of a variable
and time this formulation means that the ([partial]) Jimit of a numerical sequence M is such a
number a that the variable x cannot get completely detached from, since ‘at certain periods of
time’ the value of the variable x gets ‘any close’ toa.”

Using the same images, in nonstandard analysis we can still be more presentable and
clear: ‘if at a certain infinitely distant moment of time a variable x is infinitely small different
from a, then a is the [partial] limit of M.

Going now over to considering the nonstandard criterion of the limit of a sequence, let
us recall the following statements by R.Courant.

“Motivation of the implicit definition of limit. [t is no wonder that nobody
who hears the abstract definition of the limit of a sequence for the first time can at once
understand it completely. The definition of limit mimics a game between two persons, A and
B: A demands that a constant value a be approximately presented by a value a,, in such a
way that the deviation be less than an arbitrary bound ¢ = ¢;, set by A himself. B fulfills his
requirements by proving the existence of such an integer number N = N, that all a,,, starting
from the element ay , obey the requirement of £;. Then A wants to set a new, smaller
bound, ¢ =¢,, while B, in turn, fulfills this requirement by finding a new integer number
N = N, (possibly, much greater), etc.. If B is always ready to meet the requirements set by
A, whatever small bound A could set, then we have the situation that is symbolically
expressed as a, —> a.

There is, no doubt, a psychological difficulty in mastering this exact definition of
passage to the limit. Our visual presentation imposes upon us a ‘dynamical’ idea of passage
to the limit as a result of motion, i.e., we ‘run’ through the sequence of numbers
1,2,3,...,n,... observing on our way the behavior of the sequence a,. We have a feeling that
while ‘running’ we must observe this approximation. This ‘natural’ formulation, however,
does not allow a rigorous mathematical one. In order to get an exact definition, the order of
consideration should be reversed: instead of first watching the argument n followed by
considering the dependent variable a,, associated with it, we base our definition on steps
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which make it possible to subsequently check the statement a, — a. Under such an approach
one has to first choose whatever small interval surrounding a, and then to check if the
condition is fulfilled by choosing the variable n to be sufficiently large. In this way we come
to the exact definition of limit denoting the expressions ‘whatever small boundary’ and ‘a
sufficiently large n’ by ¢ and N” [31, pp.66-67].

It goes without saying that the criterion formulated in 2.3.1 (2): “if for all infinitely
large N the general term ay, is impossible to be distinguished from a standard number a,
then a is declared (and, in fact, is) the limit of (a,)” successfully expresses the dynamic idea
of passage to the limit.

In this case one should always bear in mind that the nonstandard criterion of limit is
applicable only to standard sequences and is not, generally speaking, valid for nonstandard,
ill-described sequences. Thus, if a, : N/ n, where N =+, then a, — 0 and, at the same
time, ay = 1. In other words, criterion 2.3.1 supplements the up-to-date views on limit
without rejecting or abolishing them. Or, more exactly, when determining the limit only for
standard sequences, we therefore automatically form the standard set of all converging
sequences by employing the standardization principle. To state it otherwise, both the
conventional &€ — N -definition and the unusual definition with the actual infinitely large and
infinitely small are closely interrelated, tightly interwoven.

It would be useful to put special emphasis on the fact that in concrete applications (in
particular, in physics) one often has to face real, explicitly described, i.e., standard
sequences. Moreover, under such conditions ‘the infinitely large’ has an exact (physical)
sense, i.e., the horizon, or the boundary beyond which the numbers are declared
indiscernible, is given overtly. Bearing in mind that in practice the problems of existence are
also solved on the ground of semantic considerations (if there is no physical speed, it is not
worth while looking for), there arises a problem of recognizing the limit of a standard
sequence known beforehand. Nonstandard analysis gives a simple receipt: “Take a general
term of your sequence with any (no matter which) infinitely large index; it is the number
determined by this term (up to infinitesimal) that is the sought limit”. In this respect more
understandable becomes the background of the methods of the founders of differential and
integral calculuses who were seeking the answers to the problems on the exact values of
concrete ‘standard’ objects: areas of figures, equations of tangents to ‘named’ curves,
integrals of implicitly written analytical expressions, etc..

2.3.3. An important new contribution of nonstandard analysis is the formulation of the
notion of limit for a finite sequence a[N]=(a,.....ay), where N is an infinitely large
natural number. The intuitive idea melted in the foundation of of the definition to follow, well
reflects practical techniques of finding numerical characteristics of indiscernible discrete
unions, such as thermodynamic parameters of fluid media, estimates for the population
demand, etc..
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2.3.4. The number a is called the microlimit or the nearlimit value of a sequence a[N]
provided, for all infinitely large M less than N, we have a, =a. In this case we also say

that a[N] converges nearly to a. When a is a finite number, the standard part °a is termed
the limit (or the S -limit) of the sequence a[N] and we write either °a= "lim a[N] or

‘a =S -1lim a,. Therefore,
n<N

‘a="lima[N] »a€E"RA(VM ~+0,Ms N) ay ~a.

2.3.5. Let (a,) be a standard sequence, N =+ and a €"R. The following statements are
equivalent:

(1) a is the microlimit of a[N] ;
(2) the sequence (a,) converges 1o °a.

< The implication (2) — (1) is contained in 2.3.1 (2). To prove (1) — (2), let us
choose an arbitrary standard ¢ > 0 and consider the set

A:={mEN:(Vn)(ms ns<N)-la, - “als €}

The set A is nonempty as NEA. Hence, A contains the least element m . If m =~ +o, then
m -1= +», and, by condition, m - 1€A. Therefore, m is standard. Moreover, if n2m
and n is standard, then nsN and la, - *al< e. Hence, (Ve €°R,£>0) (AmE°N)
(Vrn€EN)nzm —>la, - “als €. Using the transfer principle, we deduce that (a,) converges
to°a. >

2.3.6. The criterion just stated gives an exact foundation for the principle of a granted
horizon, which states that in concrete investigations one indicates a ‘physical’ or ‘economic’
actually infinitely large number which serves both as a measure of presentability of the
collection under study and its natural bound from above.

2.3.7.Examples

) im =L o1
n
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° j - 1 o 1 .
< Let us choose an infinitely large i. We have (l——) = (1 —7) = 1. In more detail
i i

(L.Euler): “Since i is an infinitely large number, d = 1; and indeed, obviously, the greater
i
number is put instead of i, the closer the value of l—_—l will be to 1; if i becomes greater than

i

. =
any given number, then the fraction l— will become equal to 1” [S0, p.116]. >
i

. n
(2) llm-57=0.

< For every infinitely large N we have 2N=(1+1)N2N(N—1)/2, i.e.,
0sN/2¥ <2/(N-1)~0. Hence, N/ 2V ~0. >

(3) limsin(2anle) =0.
< For any natural n, we have

O<e g L 3
- _— .
l?-:lk! (k+1)!

From here we deduce, for an infinitely large N ;

osmle-F L3N _ 3
U k) TN+ N+l

N
Let x:=2aN!n and y:= 2aN! kEll /k!. Then x = y, in which case y = 0. Obviously,

Isinx—sinyl-zlcosx—;y sinx—;)’lslx— yl,

i.e., sinx=0. >

(4) Let (a,) be such that the sequences (a,,), (a,,,;) and(as,) converge. Then (a,)
converges, 100.

< One can consider (a,,) to be a standard sequence. For an infinitely large N we have
2N =+, 2N +1=~+0 and 3N=+0, ie., ayy=~a, ayy, =b, azgy ~c for some
standard numbers a,b,c , respectively. In particular, agy = a ~c and agy,; =b = c. Hence,
a = b = c, which was required. >
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(5) Let (a,) vanish. Then

apt...+a,

lim =0.

n

< By transfer, the sequence (a,) can be considered standard. Let us choose N =+ .
Let M be the integral part of /N . It is obvious that M is an infinitely large number. In this
case for every standard n €°N we have layls n! , and, hence,

aj+...Hay l< !a1+...+aM I+ Ayl +...+aN|

N
M 1 N-M-1
s—supla,l+ - ——.

n n N

sy=1

Since 1/ N ~0 and sup ¢y |a,/E°R, we come to the conclusion that the number sy is
infinitely small. >

(6) There is a Banach limit, i.e., such a continuous linear functional | in the space
lo:=Io,(N,R), that for any sequence a:= (a,) of l, we have:

(Ilima,)—> l(a)=lim a,;
lim inf a, <l(a) < limsupa,,;

(a)(n):=a,,,— l(a) = 'a).

< To prove this statement, choose an infinitely large natural number N. For every
standard sequence a of l,, the value

KR
J(@):= N k-EN %

is finite. Indeed, as a is standard, the value llall,: = sup,ey la,| is standard. Moreover,
s 225 1a1"S llall, <lal
(a)ls — a llall, <llall, .
4 N oy >

Let us now consider (making use of the fact that the set [, xR is standard) the
standardization

I:="{at)€El, xR: 1= "f(a)}.
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First we prove that / is the sought object, starting with the statement that / is a function. We
have to show that

(Va EL,)(Vt,t, ER)(a}))ElA (aty) El =1 =1,.

It suffices, according to the transfer principle, to check this property for standard a,t;,Z,. In
this case, however, by the definition of standardization, we have ¢, =°f(a) and t, =°f(a).
Now we recall (see 2.2.16) that the standard part is unique. The linearity of / is checked by
a similar consideration. It is also obvious thata =2 0— Il(a) 2 0, i.e., that [ is positive.

Let a be a standard sequence converging to @ . Then, by virtue of 2.3.1 (2) for any
standard ¢ > 0 we have lay -als¢,...|la,y_1 - als €, as for M2 N all a,, are infinitely
close to @ . Hence,

@) -l=1L"S (g, -)!
f(a) ~al= Wng(ak—a) seg,

i.e., @ ="f(a). It is the obtained property combined with the positiveness of / that ensures
the sought estimates.

We now have to establish that the functional constructed is invariant under shifts, i.e.,
that I('a) = l(a) for all a €l,,. And again, the sequence a can be considered standard, in
which case the element 'a is also standard and, hence,

i(a) = °/iﬂ§_la ) =SUN N ayo1 + Qoo+ +a9x)
\N k&N k+1) N+1 'N+2 2N
=St(lﬂ§]ak +—1—a2N _l'aN) =°(f@+N'ayy) -N ay)
N k= N N

= °f(@)+ (N ay) =" (N 'ay) = °f(a) = ().

Here account has been made of the finiteness of the numbersa,y / N and ay / N, as well as
of 2.2.18. >

2.3.8. Nonstandard criterion for continuity. Let f be a standard real function and
x be a standard point of its standard domain of definition, dom(f). Then the following
statements are equivalent:

(1) f is continuous at the point x;
(2) f maps the points infinitely close to x into the points infinitely close to f(x), i.e.,

x'=x, x' €dom(f) = f(x')= f(x).
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< (1) = (2). Let £€>0 be a standard number. There is a 6 >0, such that for
Ix'-xl<d and x' Edom(f) we have |f(x")- f(x)ls €. By transfer, there also is a
standard & with the same property. If x’ = x and x’ Edom( f), then, obviously, Ix' - xI< §

(since 6 €°R and, hence, |f(x) - f(x')Is €). Since ¢ €R is arbitrary, this implies
F(x) = f(x).

(2) = (1) Let us choose an arbitrary £ > 0. Now we have to find a § which is also
participating in the ‘¢ - 6 -definition’. By transfer, it suffices to find such a 4 only for the
standard ¢ . In the latest case, however, instead of § we can take any actually small positive
number. >

2.3.9. According to 2.3.8 (2), the function f:dom(f)—> R is called microcontinuous at
the point x of domf provided for x’ €dom f and x' =~ x, we have f(x') =~ f(x).

2.3.10. When discussing the nonstandard criterion obtained, i.e. that ‘for standard
functions at a standard point both continuity and microcontinuity coincide’, we can repeat the
argumentation that was given in 2.3.2. One should emphasize, following R.Courant, that
“as was the case for the limit of a sequence, the Cauchy definition rests, so to say, on the
reversion of the intuitively acceptable order in which we would like to consider variables.
Instead of first considering the independent and then dependent variable, we first direct out
attention to ‘the boundary of accuracy’ of €, and then try to to restrict the corresponding
‘arena’ of § for the independent variable” [31, p.73]. The nonstandard criterion makes us
free from the unpleasant reversal of quantifiers for all functions and points accessible for us,
i.e., standard. At the same time, the £ — d -definition in its full scope is only indirectly
restored through microcontinuity at a point, using the standardization procedure. In this way
the standard and nonstandard approaches again, as has to be expected, demonstrate their
intricate but genuine unity. A new mathematical property, microcontinuity of the function at a
point, seems to be an interesting acquisition. The following statements will facilitate our
understanding of microcontinuity on a greater scale.

2.3.11. Examples
(1) The function x — x% is not microcontinuous at every infinitely large point t ER.
< Indeed, t + 1wt and, at the same time, (¢ + t_l)2 2.

(2) Let b be a strictly positive infinitely small number. Let us consider the function
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x> dsinx”" which is additionally defined to be zero at zero . This function is
discontinuous at zero and microcontinuous.

< It suffices to remark that sinx € "R for x ER and refer to the properties of infinitely
small numbers in 2.2.8. >

2.3.12. Nonstandard criterion of uniform continuity. For a standard
numerical function f determined on a standard set dom(f) the following statements are
valid:

(1) f is microcontinuous, i.e., f is microcontinuos at every point of dom(f) or, in
symbols,

(Vx,x" €dom(f))x" = x— f(x')= f(x);
(2) f is uniformly continuous.

< (1) = (2). Let £>0 be a standard number, and let 6 >0 be infinitely smalil.
Obviously, for |x - x'|s 6 we have x = x'. Therefore,

(Ve €°R,e >0) (36 >0) (Vx,x' Edom(f)) lx-x1s o
= f(x) - f(x")Is .

Applying the transfer principle, we see that f is uniformly continuous.

(2) = (1) By the transfer principle, for every standard £ > O and some standard 6 > 0
we get lx-x1sd—lf(x)-f(x')lse for all x,x'Edom(f). By remarking that
x=x"—x-x'I< 8, we obtain the required result. >

2.3.13. Nonstandard criterion of a derivative. Let f be a standard function given

in a standard neighbourhood of a standard point x of °R. The following statements are
equivalent:

(1) f is differentiable at the point x and f'(x) =t;
(2) for every nonzero infinitely small number h we have:

1 =SS +h) - f(2)) 1 h).
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< The result required is a direct corollary to 2.3.8. >

2.3.14. Let y be a standard function given in a neighbourhood of a standard point x and
differentiable at this point. Let, then, dx be an arbitrary nonzero infinitesimal. Let us denote
(following G.W.Leibniz) by the symbol dy the differential of the function y at the point x
applied to the element dx . In this case

L

dy =~ y(x +dx)- )(%),
dx

=y'(x).
< By the Leibniz definition, making use of 2.3.9, we get:

dy = y’(X)dx, y'(_x) -st(W) .

Hence,

LY +dx) - (%)

d
Y dx

dx=y(x + dx) - y(x),

which proves the first part of the statement. The second part follows from 2.3.10. >

2.3.15. The nonstandard considerations of the role of infinitesimals when determining
derivatives, differentials and increments given in 2.3.13 and 2.3.14 complement the
following statement by L.Euler.

“I have already remarked that in differential calculus the problem of finding differentials
should be understood in relative rather than absolute sense; this means that if y is a function
of x, then it is not its differential but rather its relation to the differential dx that should be
determined . Indeed, since all differentials are exactly equal to zero, then, whatever the
function y of the quantity x might be, dy is always equal to zero; therefore, in the absolute
sense there is nothing here distinct than that to be sought for. The correct formulation of the
problem is as follows: x gets an increasingly small, i.e., vanishing [=evanescent, the actual
number that ‘is exactly zero’] increment dx ; the task is to determine what is the relation to dx
of the increment that the function y finally gets. Though both increments are zero, there is a
certain relation between them which is found out duely by differential calculus. Since if

d . .
y= x2, then, as is proved in differential calculus, d_y = 2x, and this ratio of the increments is
x

valid only if the increment dx which dy is generated by, is considered to be equal zero.
Nevertheless, after this warning on the true notion of differential has been made, it is allowed
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to make use of conventional expressions which treat the differential as in the absolute sense,
provided, though, the truth is constantly borne in mind. For instance, we have the right to

say: if y= xz, then dy =2xdx. In fact, if somebody said that dy =3xdx or that dy = 4xdx,
then it would also be true, since even these equalities are valid as dx =0 and dy =0. Only

. . d
the first equality, however, agrees with the true ratio d_y =2x"[49, p.9].
x

It would be useful to remark that L.Euler used the sign ‘=" at the place where we write
‘=’ (see 2.2.10). Moreover, it should be emphasized that he was seeking for the differential
that was considered as existing, while working with concrete (differentiable) functions.
Therefore, it would be quite legitimate to use for finding the differential any infinitely small
dx chosen in any way,.

Therefore, L.Euler had no doubts that the differential dy (calculated for an infinitely
small dx) “is exactly zero”, the differential dy is exactly the increment, i.e., “the absolute
differential”, and at the same time the differential dy is “the fourth proportional” for infinitely
small increments, i.e., in up-to-date notation:

*dy=0, °(dy-(y(x+dx)-yx)=0;
a(ﬂ_ y(x+ dx)—y(x)) -0
dx dx )

The analysis carried out demonstrates the soundness of the ideas and techniques used
by L.Euler when working with explicitly set, i.e., standard, objects. Repeating the aphoristic
expression by F.Engels, one can say that “... dx is infinitely small but is, nonetheless, active
and productive of everything” [44, p.580].

In the limelight of the above-said the following statements by R.Courant should be
treated at a certain critical angle: “...if we would like to understand the essence of differential
calculus, we should beware of viewing a derivative as a ratio of two actually existing (actual)
‘infinitely small values’. The point is that first we must always form a ratio of the increments
Ay/Ax, where the difference Ax is not equal to zero. Then we should imagine that either by
way of transforming this ratio, or by some other way passage to the limit has been
accomplished. But in no case you should imagine that at first there is a transition from Ax to
an infinitely small value dx, which is in any case is other than zero, and from Ay to dy,
followed by dividing these ‘infinitely small values’ one by the other. Such a viewpoint on the
derivative is absolutely incompatible with the requirement of the mathematical clarity of the
notions, and it has hardly any sense at all” [31, p.126-128]. The excessive rigidity of the last
phrase is but partially smoothed down by the clarification that follows: “A physicist, a
biologist, a technician or any other specialist who has to deal with these notions in practice,
has, therefore, the right to identify, within the accuracy required, the derivative with the ratio
of the increments...

...‘physically infinitely small’ values have an exact sense. They are, undoubtedly, finite
and distinct from zero values, chosen though to be sufficiently small in the problem under
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discussion, less, for instance, than a certain portion of the wavelength, or smaller than the
distance between two electrons in an atom, etc., generally speaking, less than a certain
required degree of accuracy” [31, p.135].

2.3.16. Nonstandard presentation of the Riemann integral. Let f:[a,b] = R be
a standard continuous function, and let a = % < X, <...< Xy < Xy,1 = b be a partition of
[a,b], such that &, €[x, x,1] and x; = xp,1 for k:=1,...,N. In this case the following
equality is valid:

b / N
freas=( (-0}

< It should be first of all observed that N is infinitely large, and use should be made
of the definition of the integral, as well as of the nonstandard criteria on 2.3.1 and on that of
uniform continuity 2.3.12. >

&

2.3.17. Basic principle of integral calculus. “...When calculating the sum of an
infinitely large number of infinitely small addends (of the same sign) it is possible to subtract
Jrom every addent a higher-order infinitesimal.”

N
< Consider a sum °X a;=t, where a;=~0. By condition, we have
k=1

B = o —o(ay). By 2.2.13 (2), we deduce B ~ o, and, hence,

2.3.18. The above statements give a formal foundation of presenting the integral as a finite
sum of infinitely small elements, i.e., it justifies the position of viewing integration as a
specific process of summation, which dates back to the ancient time. In this respect it would
be useful to quote here the following definition of the integral (‘with a variable upper limit’)
suggested by L.Euler:

“Integration is usually defined in the following way. It is said to be a summation of all
the values of the differential expression Xdx provided the variable x sequentially assumes all
the values that differ by the difference dx, starting from a certain given value up to x, this
difference being considered infinitely small... . From the method presented it is, in any case,
clear that integration can be obtained, within any accuracy, from summation; it is also
obvious that integration can be accomplished in no other way but by setting these differences
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to be infinitesimals, i.e., zeros” [49, p.163].

It is worthwhile again to emphasize that in order to find the integral of a standard
continuous function one should, by virtue of the facts presented above, calculate the exact
value (= the standard part) of only one finite sum of an infinitely large number of infinitely
small addends, in which the higher-order small values can be neglected. For nonstandard
functions this technique does not work in general. In other words, we again discover, as has
been repeatedly the case in the material presented above, that nonstandard ideas on the objects
of mathematical analysis are supplementing, refining and developing (but in no case
abolishing) their classical analogues.

2.3.19. All these facts manifest the nonstandard analysis in its contemporary forms to be a
direct descendent of calculus of infinitesimals. That is why the term ‘infinitesimal analysis’
has been lately gaining in popularity; it is more exact in presenting the essence of the matter
than a somewhat extravagant term ‘nonstandard analysis’ which often causes an irritation
quite understandable in the long run.

Special attention should be paid to the fact that the concept of actually infinitely large
and infinitely small quantities has never been abandoned as a working tool in natural sciences
but was just absent from mathematics for nearly thirty years. This makes it possible for us
not to go into details as regards the importance of nonstandard methods.



CHAPTER 3
SET-THEORETIC FORMALISMS OF NONSTANDARD ANALYSIS

The ‘naive’-level discussion of differences between the standard, i.e., realizable, and
nonstandard, i.e., indirect, methods of introducing objects conducted in Chapter 2, has
enriched our notions of actually infinitely large and actually infinitely small numbers with a
sense agreeable with intuition. A remarkable acquisition is that the understanding of the
methods of consideration adopted when formulating mathematical analysis has been
extended. At the same time, we face serious complications even in simple examples. First of
all, the method of distinguishing standard objects from nonstandard ones is still open to
argument, which makes us admit the possibility of incorrectly applying the principles of
nonstandard analysis. Growing alarm has been caused by the appearance of objects formed
with mathematical constructions which, at first sight, seem to be quite legitimite but cannot
unconditionally be given the status of the ‘naive’ sets. Such are, for instance, all kinds of

monads, families of standard elements, and objects like =, "R, 0,0, etc.. Still more

unpleasant is the fact that the ‘mathematical law’ x — °x, acting from R to R, is not a
function. The point is that the notion of function had been formed in mathematics long before
the set-theoretic stance was developed. Thus, as far back as in 1775 L.Euler wrote: “When
certain quantities depend on other ones in such a way that when the latter are changed the
former are also subject to changes, then the former are called functions of the latter. The
application of this term is extremely wide; it embraces all the methods by which one quantity
can be determined with the help of others. Therefore, ... all quantities which are dependent
on x in one or another way, i.e., determined by x, are called functions of x” [48, p.38]. The
dynamic idea of transforming some objects into other ones is not embraced completely by the
‘stationary’ set theoretical view of a function as a set reigning now. This presentation is a
“formal set-theoretic model of the intuitive idea of a function, a model, which embraces only
one aspect of the idea but not its importance as a whole” [63, p.32]. It should be recalled in
this respect that for s,t €[0,1] we have

‘+0="s+°, °0=0, °l=1,

and, moreover, °t = 0 in a certain subinterval ¢ €[0,h ], where & is a strictly positive number
(any actually infinitely small number). The presence of such a ‘numerical’ function is a sure
sign of a contradiction or, to put it delicately, implies the presence of antinomes.

41
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All these circumstances require immediate and implicit elucidation of the concepts and
means we are using, outlining the grounds which they are built on.

As has been earlier remarked, nonstandard analysis is substantiated within the set-
theoretic stance. To be more exact, it appears that the ideas of the ‘naive’ nonstandard set
theory developed above can be placed on the same solid foundation on which the Cantor
theory or, strictly speaking, axiomatic set theories on the same foundation, rest.

In order to bring into focus the relations between mathematical analysis and set theory,
the following statements are worth comparing.

“... analysis ... is the science of infinity by itself”
(G.W.Leibniz),

“Leibniz is the founder of mathematics of the infinite”
(F.Engels),

“... mathematical analysis is just the science of the infinite. This old definition has been
living through ages ...”
(N.N.Luzin),

“SETS, THEORY OF, a branch of mathematics studying general properties of sets,
basically of infinite ones”
(The Soviet Encyclopedic Dictionary).

The very notion, ‘the infinity’, is seen to be tightly associated with set theory. One
should not forget, however, that the classical works by G.Cantor appeared two centuries
after the invention of mathematical analysis. The laying of the set-theoretic foundation under
mathematics could be compared with a modern method of erecting buildings, rack mounting,
when a house is assembled starting with upper stores, ‘from attic to cellar’. Of interest is the
fact that in this case the foundation of the building is laid beforehand. The initial foundation
of mathematical analysis was likewise laid by practical activities of people.

The present day mathematics is essentially resting on set theory, or, to be more exact,
the set-theoretic foundation has been floated under the main stores of modern mathematics.
What is going to happen next will be shown by the future. By now we can only state that the
process of erecting the building of the future mathematics is going on, and that this process is
fraught with dramatic changes. This accelerated development has been revealing itself
through aggravation of the situation, collision of opinions, a fierce struggle of ideas. The set
of citations to follow (far from claiming for completeness) will illustrate the process of
polarization now in progress.
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Pro:

“After the initial period of incredulity there began a triumphal march of the created
theory of sets in all branches of mathematics. Its influence on the mathematics of our
century manifests itself both in the choice of modern problems and in the methods of
their solution. Set theory is being applied everywhere.”

K Kuratowski and A.Mostowski, [112, p. 7]

“One of the creations of George Cantor is the theory of sets, some of whose elements are
nowadays taught in senior grades of high schools, and even earlier. It is one more field of
mathematics which used to be thought of as having no practical application whatsoever.
What a fallacy! Elements of set theory are now being used even by the authors of
detective novels. Well known is the use of set theory in making programs for computers,
the latter servicing an innumerable host of practical projects.”

L.Young {276, p.154]

Contra:

“... it is claimed that the theory of sets is important for scientific-technological

progress and is one of the newest achievements in mathematics. In fact the theory of sets
has got nothing to do with scientific-technological progress and is not one of the

newest achievements of mathematics.”

L.S.Pontryagin [212, p.6]

“The mathematics based on Cantor set theory has turned into that of Cantor set theory... .
Therefore, modern mathematics is studying a construction whose relation to the real
world is at least problematic... . This questions the validity of mathematics as a scientific
and useful method. The role of mathematics can be reduced to a simple game played in a
certain specific artificial world. This is not a danger facing mathematics in the future but
an outright crisis of modern mathematics”.

P.Vopenka [268. p.14]

By way of concluding the preliminary discussion it should be emphasized that only
now, having dispelled the illusion that it is possible to provide some final ‘absolute’
foundation of nonstandard analysis (as well as the whole of mathematics) by set-theoretic
stance, we can get down to implementing this project.

3.1. The Language of Set Theory

Axiomatic set theories regulate legitimate ways of set formation in exact terms. Figuratively
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speaking, axiomatics describe worlds, i.e., universes, of sets which are to serve adequate
presentations of our intuitive ideas about the ‘Cantor paradise’, the universe of the naive
theory of sets. The axiomatics of interest for us are built and studied as formal theories. It
should be specially emphasized that, despite obvious limitations (mathematics cannot be
reduced to the syntax of its texts) and in many respects thanks to them (singling out semiotic
aspects clarifies the problem of meaning), the formal approach has proved ito be exclusively
fruitful (the Godel theorem, independence of the continuum-hypothesis and of the axiom of
choice, Boolean-valued analysis, etc.).

The cornerstone of a formal theory is its language. The exact description and study of
such a language is, if required, carried out by means of a certain, generally speaking,
different language which is usually called a metalanguage. A metalanguage is commonly a
collection of fragments of natural languages limited and regulated in a certain way and
enriched with various technical terms. The means allowed in a metalanguage are important
from the mathematical point of view. Taking into account the fact that we are interested not in
mathematical but in applied set-theoretic aspects of formal set theory, we do not impose
extremely rigid constraints on the metalanguage. In particular, conventional expressive means
and the level of rigour employed by conventional meaningful mathematics will be widely
used further on.

3.1.1. Any axiomatic set theory is a formal system. The components of any system of the
kind are its alphabet, formulas, axioms and rules of inference. As an alphabet, a fixed set A
of symbols of arbitrary nature, i.e., a Cantor set, taken. Finite sequences of elements of A
are called expressions and, sometimes, texts. If in some way (by prescriptions, algorithms,
etc.) a certain set of ‘well-formed’ expressions ®(A) has been chosen, then we say that a
language with alphabet A is given, the chosen expressions called formulas. After that fixed
are certain finite (or infinite) families of formulas called axioms, and implicitly described are
the admissible rules of inference, i.e., relations in ®(A). Formulas obtained from axioms in
a finite number of steps by rules of inference are called theorems. There is a more free and
convenient way of expression which is often used (we will do the same). Namely, they say
that the theorems of a formal system comprise the least set of formulas which contains all the
axioms and is closed relative to the rules of inference.

3.1.2. Of interest for us will be a special type of formal language, i.e., a first-order
language (of the predicate logic) (with equality). The signature o is a triplet (F,P,a), where
F and P are some sets called the set of operation symbols and that of predicate symbols,
respectively, while a is a mapping of FUP into a set of natural numbers. They say that
u € FU P is an n -ary symbol provided a(u) = n. The alphabet of a first-order language of
signature o consists of the following terms:

(1) a set of symbols of signature o, i.e., the set FUP;
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(2) a set of variables. small or capital Latin letters; possibly, with indices;

(3) propositional connectives: A is conjunction, v is disjunction, — is implication, =
is negation;

(4) quantifiers: ¥ is the universal quantifier, 3 is the existential quantifier;
(5) equality sign, =,

(6) auxiliary symbols: ( is the opening parenthesis, ) is the closing parenthesis, , is a
comma.

3.1.3.
(1) A term of signature o is an element of the least set of expressions of the language
(of the same signature) obeying the following conditions:

(a) any variable is a term;
(b) any nullary operation symbol is a term;
(e)if fEF,a(f)=nandt,...t, are terms, then f(#,....t,) is a term.

(2) Atomic (= atom) formulas of signature o are all expressions of the kind

t1=t2’ p(ylv"':yn);q,

where 4, I, }.,...,Y, are terms of signature o, p is a certain n -ary predicate symbol, and ¢q
is a nullary predicate symbol.

(3) Formulas of signature o constitute the least set of expressions obeying the
following conditions:

(a) the atomic formulas of signature o are formulas of signature o';

(b) if @ and 9 are formulas of the signature o, then (@ A ¥),(@V P), (¢ = ¢), =@
are formulas of signature o, too;

(c) if @ is a formula of signature o, and x is a variable, then (Vx)¢ and (Ix)@ are
formulas of signature o, too

The occurrence of the variable x in the formula @ is bound in @, or belongs to the
domain of a quantifier, provided x is incorporated into a subformula of ¢ of the kind (Vx)g
or (Ax) . In the opposite case the occurrence of x into ¢ is free. They say that x is free
(bound) in ¢ if all occurrences of x in ¢ are free. When we like to stress that only the
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variables xj,...,x, are free in the formula ¢, we write ¢ = ¢(x,,...,x,), or simply
@(x),...,%,). A formula with no free variables is called a sentence.

3.1.4. The language of set theory is a first-order language whose signature contains but
one binary predicate symbol € and has neither other predicate nor functional symbols. We
usually write x Ey instead of €(x,y), and say that x is an element of y. Therefore, the
formulas of set theory are formal texts composed of atomic formulas x €y and x = y by way
of propositional connectives and quantifiers.

Set theory is built on the basis of the laws of classical logics. In other words, it accepts
conventional logical axioms and rules of inference of the propositional calculus with equality,
which can be found in nearly every manual on mathematical logic (see, for instance, [27, 45,
232]). Besides, accepted are some nonlogical and special axioms reflecting the adopted
presentation of sets and classes. When being varied within reasonable limits, special axioms
result in axiomatic systems for set theory, different in their expressive forces. In the present
chapter we shall describe three systems of the kind: the set theory of Zermelo-Fraenkel, the
theory of internal sets by Nelson, and the theory of external sets by Kawai-Hrbacek. The
theory of classes by von Neumann-Godel-Bernays will be presented for discussion in the
first chapter of the second part of the present monograph.

3.1.5. One of the most important functions of a metalanguage is the introduction of new
abbreviating symbols and the establishment of new corresponding syntax. The point is that
formalization of even simple fragments of meaningful mathematics results in cumbersome
texts, the writing and reading of which are problematic by both physical and psychological
reasons. That is why we have to introduce a great number of abbreviations and, in fact, build
a more convenient abridged variation of the initial symbolic language. A necessary
requirement is in this case the principal possibility of a one-to-one translation of a reduced
presentation into a formalized language. In accordance with our intentions, we will not
expatiate on the ways of introducing reductions, exact descriptions, functional expressions,
etc.. For instance, henceforth, as before, we use the term the assignment operator or
definor: =, without going into corresponding subtleties.

3.1.6. We will give some examples of abbreviating formal texts in set theoretic language,
semantic expressions of such texts appealing to intuitive naive presentations of sets. First of
all we recall the following conventional abbreviations:

@'x) @(x)=3x) @(x) A (VR(Vy) @) A @(y) 2> x=Y);
3x) Ey) g:= Ax)(xEy A @);
(Vx) Ey) ¢:= (Vx) (xEy— @),
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where @ is a formula. We also set x = y:=~ (x =) and xEy:=" (xEy). For the simplest
set-theoretic operations the following conventional abbreviation are adopted:

xCy.=(V2) (zEx = zEY);
u=Ux=Ux):=(V2)(zEue (AyEx)z EY);
u=Nx=Nx):=(Vz)(zE€Eu< (VyEx) zEy);
U=y-x=y\ xi=(V2)(2Eu « (ZEy A 2 EX)).

If @ is a formula, then a family ‘Ow (%) of all x subsets obeying the condition ¢ is
described by the expression

u=P,(x):=(Vz) 2 Eu = (2 Cx) A (¢(2)).
The empty set & contains no elements, so
U=D.= (Vx) (xEue x x).

In the texts presented above use has been made of one of the most wide-spread
methods of abbreviation, the removal of part of the parentheses.

3.1.7. The statement that x is an unordered pair of elements y and z is formalized as
follows:

(Vuy(uEx e u=yvu=1z).

In this case we set {y,z}:= x. It should be remarked that braces do not belong to the initial
alphabet and thus they are metasymbols.
An ordered pair and an ordered n -tuple are introduced by the Kuratowski trick:

(x.y):=<x,y> = {x{xk{x, y}};
(X e s X =< Xy ey Xy DI=<< Xy ey Xy >, X, >,

where {x}:= {x,x}. The overuse of round brackets is inevitable and should not be regarded as
a pretext for introducing new symbols.

Using the agreements made, a formalized sense can be attributed to the expression ‘X
is the Cartesian product of ¥ x Z’. Namely, according to the definition, we assume that

X:={y2:yEY,2EZ}.
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3.1.8. Let us consider the following statement:
(1) Rel(X), i.e., X is a correspondence (= relation),
(2) Y =dom(X);

(3) Z=im(X).

Therefore, in (1) - (3) we state that elements of X are ordered pairs, Y being the
domain of definition of X, Z being the range of values or the image of X .
The corresponding formal texts are as follows:

(1) (Vu)(uEX = () (Aw) u = (v,0);

(2) (Yu) (uEY © (Fv) Fw) 0 = (uv) A 0 EX);

(3) (Yu) (EZ « (Fv) (Fw) w = (v,4) A0 EX).

The functionality of X , or Un(X) , is expressed by the formula
Un(X):= (V) (Vo) (Y,) (1,0,) EX A (1,0,) EX = vy = 1y).

A single-valued relation is termed functional. We set Fnc( X): = Func(X):=Un(x) A Rel(X).
In this case, in order to express (4,v) EX, we write v = X(u), X:u — v, etc.. Then the
phrase F is a mapping (=function) from X in Y implies that F is a subclass of Xx Y, F is
functional, and the domain of F coincides with X :

F:X—=Y:=FCXxY AFunc(F)Ardom(F)=X.

The restrictionof X to U is, by the definition, X N(U x Z), and is denoted by XIU .

If there is, and the only one, Z for which (Y,Z)EZ, then we set X'Y:=Z. In all the
remaining cases we set X'Y:=J. And, finally, by definition, X"Y: =im(X1Y). Instead of
X'"{z} we write X(x), or even Xx if it does not result in misunderstanding. It is worth
emphasizing that henceforth we adopt a free point of view on placing and removing
parentheses. In other words, both their introduction and elimination are as a rule governed by
considerations of convenience and by requirements on the level of formalization of the
fragment of the text under discussion.

3.1.9. The superposition (or composition) of relations X and Y, denoted by the symbol
Yo X, consists exactly of ordered pairs (z,x) such that (x,y) €X and (y,z) €Y for a certain
y:
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(Vu)(u€Y o X« (I) Ay) ) (LY)EXA(,)EY Au=(x,2).
The relation X™*, inverse to X , is defined as

(Vi) WEX" < @n)(F) (x)EXru=(y2).
The symbol Iy denotes the identity relationon X , i.e.,
(Vu) (w€Ely o (Ir) (XEX Au=(x1x)).

3.1.10. When Rel(X) A((X NY?)o(X N Y2)C X), we say that X is a transitive relation
on Y. This X is called reflexive (over Y) if Rel(X)a(IyC X). And, finally, if
Rel(X) A((X N X_l) ny’c Iy) the term “X is an antisymmetric relation on Y’ is used.
Here, of course, a standard abbreviation Y%= YxY is used. An antisymmetric, reflexive
and transitive relation X on Y is termed an order (or order relation). Another terminology
standard under these conditions is also used. It should, in particular, be recalled that an order
X on Y is-called linear, while Y itself is called a chain (relative to X) provided
r’cxuxlis any nonempty subset of the set Y has the least (relative to the order of X)
element, then we say that X well-orders Y, or that Y is well-ordered (by the understood
order of X).

3.1.11. Quantifiers are termed restricted or bounded, if they appear in the text as (Vx €y)
or (Ax Ey). There is a classification of the formulas of set theory (and, generally speaking,
of any first-order theory) based on the way of using restricted or unrestricted (i.e., those not
restricted) quantifiers. In our further discussions of special importance will be two classes of
formulas: restricted or bounded formulas (= Y, -formulas) and ¥ ;-formulas. We say that the
formula @ is restricted if any quantifier encountered in it either has the form (Vx €y) or the
form (Ix Ey) (see abbreviations 3.1.6). The formula ¢ is of class 3; and is called an Y-
Jormula, if it is constructed from atomic formulas and their negations, using only logical
operations A, v, (Vx €y) and (3x) . Clearly, every restricted formula belongs to the class ¥ ;.
Not every ¥ ;-formula is, however, restricted, and there are formulas not belonging to the
class 3 ;. Let us consider corresponding examples, starting with restricted formulas.

3.1.12. The proposition z = {x,y} is equivalent to the restricted formula

XEZAYEZA(VuEZ) (u=xvu=y).
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An ordered pair is seen from here to be introduced by a restricted formula. The same is true
as regards a Cartesian product, since Z = X x Y can be written as

(VIEZ)(IEX) IYED) (2=(x,))
AVZEX) (VY ED) (F2€Z) (z=(x.))).

One more restricted formula results from the notion ‘a mapping F from X to Y’ (see
3.1.8). Indeed, it follows from the above that FC X x Y is a restricted formula, and that,
moreover, the expressions dom(F) = X and Un(F), which are equivalent to the respective
formulas

(VxEX) AyEY) (AzEF) z=(xy),
(V7 €EF)(Vz, EF) (VxEX) (Vy, €EY) (Vy, €EY)
a=y)A=(xY)>y =¥,

are restricted, too.

3.1.13. The statement ‘the sets x and y are equipotent or have the same cardinality or, in
other words, ‘there is a bijection between x and y’, or, symbolically, x = y, is presented by
the following Y ;-formula:

AN(f: x> yaim(f)=yaUn(f ™).

This peculiarity is not, however, expressed by a restricted formula. One more Y,;-formula
can be given by the notion of a relation:

Rel(X):= (Vu€X) 3v)(Aw) u-=(v,0).

The following formula, stating that the set y is equal to none of its elements, is not of class

PIE

(VxE€y) “(x=y).

Remarks.

(1) It goes without saying that not only special axioms of a first-order theory (see
3.1.4) can be varied but also its logical part, i.e., logical axioms and rules of inference. A
great number of theorems obtained in this way can essentially differ from each other. Thus,
for instance, eliminating the law of the excluded middle from the axioms of propositional
calculus, we obtain the intuitionistic calculus of propositions. The intuitive calculus of
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predicates (see [63,97]) is constructed in an analogous way.

(2) The modern formal logic has been with great difficulties formed in the course of the
evolution of philosophical and mathematical thought. The classical calculus of predicates
stems from the Aristotle syllogistic, while the origin of the intuitionistic logic is related to
other philosophical ideas. Logical systems essentially different from both systems mentioned
were created in various periods of times for various purposes. Thus, the ancient Indian logic
had three types of negation: something has never been and cannot be, something has been but
is now absent, something that is now but will soon disappear.

(3) As is seen from 3.1.6 and 3.1.7, abbreviations can be encountered in formulas,
in abbreviations, in abbreviations of abbreviations, etc.. The invention and introduction of
abbreviating symbols is an art of its own, and as any art, it cannot be completely formalized.
Nevertheless, systematization and codification of the rules of determining abbreviations is
necessary from both theoretical and practical points of view. Some of such systems of rules
(exact descriptions, introduction of functional letters, etc.) can be found in literature {26, 27,
60].

3.2. Zermelo-Fraenkel Set Theory

As has been noted in 3.1.4, the axioms of set theory include the general-logical axioms of
first-order theories with equality, which fix the classical rules of logical inference. Below we
shall enumerate special axioms of set theory ZF,-ZF¢ and AC. If ZF,-ZFg are assumed as

special axioms, then the arising axiomatic system is called the Zermelo-Fraenkel set theorem
(or system) and is denoted by ZF. When ZF is modified with the axiom of choice AC then
there arises a wider theory which is conventionally denoted by ZFC. It should be remarked
that the parallel verbal formulations of the axioms are motivated by the Cantor ideas on sets.

3.2.1. In studying ZFC the terms ‘a property’ and ‘a class’ are often used. Let us
elucidate their formal status. Consider a formula ¢ = @(x) of ZFC (in symbols, ¢ € (ZFC)).

Instead of the text ¢(y) we write y €{x : ¢(x)}. Therefore, the so-called Church scheme for

classification works:
YEX @)= 9(y).

In the language of ZFC the expression y E{x: ¢(x)} implies that y has the property ¢, or



52 NONSTANDARD METHODS OF ANALYSIS

that y lies in the class {x: @(x)}. In this sense the property, the formula and the class mean
the same in ZFC. The Church schema has been already practically used in 3.1.6 and 3.1.7.
When working with ZFC, it would be convenient for us to make use of many widely-spread
abbreviations and, in particular, of the following:

V:={x x = x} is the universe of discourse, or the class of all sets;
{x @(x} EV:=(2) (Vy) p(y) = yEz;
xUy=Ufx,y}, xNyNz=N{x,y,z}....

Let us now go over to formulating special axioms of ZFC.

3.2.2. The Axiom of Extensionality, ZF{: two sets are equal iff they consist of

the same elements:

(V0)(Vy)(Vz2) (zE€Ex< xEy) e x=y.
It should be remarked that the last equivalence can be replaced by — without loss of scope,
since the reverse implication is the theorem of predicate calculus with equality.
3.2.3. The Axiom of Union, ZFy: a union of a set of sets is also a set.
(V) @Ay)(V2)(u) (uEz A 2 EX) > ZEY.
Using the abbreviations of 3.1.6 and 3.2.1, the axiom ZF can be presented as
(Vx) Ux€EV.
3.2.4. The Axiom of Powers (of Powersets), ZF3: all subsets of a given set
constitute a certain set, i.e.,
(Y0)@EN(V2) (2 €y < (Vu) (uEz—> u€yx),
or, in an abbreviated form,

(Vx) P(x)EV.
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3.2.5. The Axiom of Replacement, ZF{ : an arbitrary one-to-one image of a set is a
set, 100:

VOV (V) (@) A@p(x,2) = y=2)—>
— (Va)(Ab) (AsEXA1) g(s,) < 1 Ey).

And now in a contracted form:

(V2)(Vy)(V2) @(x,y) A @(x,2) > y=12) —
- (Ya) {v: Qu€a) p(u,v)}EV).

Here ¢ is a formula of ZFC containing no free occurrences of a . It should be remarked that

ZFY is a schema for an infinite set of axioms, since for any appropriate ¢ €(ZFC) its own
axiom is formed. Nevertheless, for the sake of brevity and uniformity, we speak about the
axiom of replacement, bearing in mind the peculiarity mentioned above.

Let us now formulate some useful corollaries to ZFy .

3.2.6. Let ¥ = y(z) be a formula of ZFC. Given any set x, we can compose its subset, by
choosing the elements of x with the property ¥, i.e.,

(Vo) {zEX Y ()}EV.
This statement is the axiom ZE{ , where the formula () A (4 = v) is used instead of ¢.
The situation under discussion is often called the axiom of separation, or comprehension.
3.2.7. Applying the axiom ZFJ to the formula

U, v)=U=C—>v=)Au=rJ—>v=y)
of a set zz= £ (£ (D)), we make sure that the unordered pair {x, y} of two sets (cf. 3.1.7)

is also a set. The preceding statement is often referred to as the axiom of pairing.

3.2.8. The Axiom of Infinity, ZF5: there is at least one infinite set.

@Y (@ Ex A (¥y) (yEx > y U{)} Ex)).
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Therefore, there is such a set x, that GE€x, {B}Ex, {(T{DNEx, {T{D} DD Ex,

etc..

3.2.9. The Axiom of Foundation (of Regularity), ZF¢: any nonempty set has an
element non-intersecting with it

(V) (x =D = Ty)yExa yNx=02)).

Applying the axiom ZFg to a unielement set x:={y}, we get y&y. It should be
remarked, speaking a bit beforehand, that by an analogous reason (if we take x:= {x;,...,x,})
there are no infinitely decreasing €-sequences x; 3 x, 3...3 X, 3... .

3.2.10. The Axiom of Choice (of Multiplication), AC: the product of a set of
nonempty sets is nonempty:

(Vx) @f) (Func(f) A x Cdom(f)) A (VyEx) y= T— f(y)Ey.

The function f is, under the circumstances, called a selector for x.

There is a great number of mathematical statements equivalent, within the framework of
the theory under consideration, to the axiom of choice (see [95]). Let us recall the
formulations of the two most popular among them.

Zermelo theorem (the well-ordering principle). Any set can be well-ordered.

Kuratowski-Zorn lemma (the maximality principle). Let M be a (partially) ordered
set whose every chain has an upper bound. Then for every x EM there is a maximal
element m €M such thatm = x.

3.2.11. On the basis of the axiomatics discussed above we get an exact presentation for the
class of all sets as the ‘von Neumann universe’. An initial object of construction is the empty
set. An elementary step of introducing new sets from those already constructed consists in
forming the union of sets of the subsets of available sets. Transfinite repetition of such steps
exhausts the class of all sets. Classes (in the ‘Platonic’ sense) can be viewed as external
objects relative to the elements of the von Neumann universe. Within this approach a class is
a family of sets obeying a set-theoretic property described by a formula of Zermelo-Fraenkel
theory. Therefore, the class consisting of elements of a certain set is (according to the axiom
of replacement) also a set. A formally correct definition of the von Neumann universe
requires preliminary acquaintance with the notions of ordinal and cumulative hierarchy.
Below we give the minimum of information on these objects necessary for a ‘naive’
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definition, a more detailed presentation can be found in the first chapter of the second part of
the book.

3.2.12. A set x is called transitive if every element of x is a subset of x. A set x is called
an ordinal if x is transitive and linearly ordered by the relation € These definitions in
symbolic form are as follows:

Tr(x):=(Vy Ex) (yC x): = ‘x is a transitive set’;
Ord(x): =Tr(x) A (Vy€Ex)(VzEX)
(yEz vzEYyvz=y):= ‘x isanordinal’.

Ordinals are commonly denoted by lower-case Greek letters. Every ordinal is considered
with a natural order: for B,y Ea we designate

yspeyEpvy=4.

The class of all ordinals is denoted by the symbol On , and, thus, On:={a: Ord(a)}.
The ordinal is a well-ordered set; i.e., it is linearly ordered and its every subset has the
least element (which is ensured by the axiom of foundation). We can easily see that

a€0n ABEON »aEfva=PpvPEn;
a€0n A BEa—f EOn;

a€O0n —» a U{a}c0n ;

Ord(9).

The ordinal a + 1:= aU{a} is called the successor of a. An ordinal which is not equal to
zero and not a successor is termed a limit ordinal. The following notation is used:

K;={a€EOn:(AB) Ord(B)ra=PF+1va =0T}
Kj:={a €0n: a is alimit ordinal};

0:=, 1:=0+1, 2:=1+1,...,
w:={0,1,2,...}.

3.2.13. It should be remarked that within ZFC one can prove the possibility of using well-
known (at a ‘naive’ level) properties of ordinals, and, in particular, the validity of transfinite
induction and recursive definitions. Let us define the von Neumann universe, so far
purposefully omitting formal validation for such definitions. For every ordinal o,

V.= U V),
a ﬁ<ap( ﬂ)
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ie,V, ={x(3B)(BEanrxC V)}. Or, in more detail,

%:=®;
‘/a-g.]:'= p(Va);
Vg:= aL<J‘ﬁ V., provided B EK;.

Of principal importance is the following theorem ensured by the axiom of foundation:
(Vx) Aa) (Ord(a) A xEV,),
which can be presented in the form

V= U V,.
aEOna

In words this can be expressed as ‘the class of all sets is the von Neumann universe’, or,
using the terminology stemming from Mirimanoff, ‘any set is well-founded’.

Graphically the von Neumann universe can be depicted as shown in Figure 3, the
‘lower’ levels of the universe being as follows:

Ww=03, =}, V,={3{3}...
V, ={3,{}L{<C.{D}}... .}.... .
3.2.14. The representation of the universe V as the ‘cumulative hierarchy’ of sets
(Va)aeon Mmakes it possible to relate rank to any set:
rank (x): = aleast ordinal a such that x €V, ;.
We can readily prove that
a €b — rank (a) < rank (b);
Ord(a)—> rank (a) = a;

(Yx)(Vy) rank (x) = (¢(y) = @(x) = (Vx) @(x) ,

where @ is a formula of ZFC. The preceding theorem (or, more precisely, the schema of
theorems) is called the principle of induction on rank.
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Fig. 3

3.2.15. Remarks.

(1) The first system of axioms for set theory (together with the B.Russel theory of
types) suggested by E.Zermelo in 1908, essentially coincides with ZF; - ZF3, ZF5, 3.2.5,
3.2.6. The axiom of extensionality ZF; and union ZF, were proposed earlier by G.Freget
(1883) and G.Cantor (1899), respectively. The idea of the axiom of infinity ZFg belongs to
R.Dedekind.

(2) The axiom of choice AC had, in all probability, been implicitly used for a long time
before it was noticed by G.Peano in 1890 and B.Levy in 1902. This axiom was introduced
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by E.Zermelo in 1904 and for many years remained most disputable. The axiom of choice is
the cornerstone of many important fragments of modern mathematics and there is no wonder
that it is being accepted by the majority of the mathematicians working at present.
Discussions of the place and role of the axiom of choice can be found elsewhere [28, 56, 61,
95, 98].

(3) The system of ZFC was completely elaborated at the beginning of the 1920s. By
that time the formalization of the set theoretic language had been completed, which made it
possible to clarify the vague description of the type of properties admissible in the axiom of
comprehension. On the other hand, Zermelo axioms do not yield as a corollary the Cantor
statement that each one-to-one image of a set is a set. This drawback was eliminated by
A Fraenkel in 1922 and T.Scolem in 1923, who suggested variations of the axiom of
replacement.

(4) The axiom of foundation ZF¢ was in fact suggested by von Neumann in 1925.
This axiom is independent of the other axioms of ZFC.

(5) The system of the axioms of ZFC is not infinite, as noted in 3.2.4. Nonfinite
axiomatizability for ZFC was proved by R.Montague in 1960 (see [75, 56, 155]).

3.3. Nelson Internal Set Theory

The preliminary analysis of the properties of standard and nonstandard sets carried out above
showed that in the von Neumann universe there is a place for infinitely small numbers but
there is no place for the whole of their union. In other words, nonstandard analysis points
out that Zermelo-Fraenkel theory, while describing the classical world of ‘standard’
mathematics, singles out a proper internal part of the universe of ‘naive’ sets. In order to
emphasize this peculiarity, in the nonstandard theory of sets, the elements of the von
Neumann universe are called internal sets. Therefore, a set in the sense of Zermelo-Fraenkel
theory and an internal set are synonyms. A convenient foundation for the nonstandard
analysis is given by internal set theory IST suggested by E.Nelson.

3.3.1. The alphabet of formal IST is obtained by adjoining the only one new symbol to that
of ZFC, the symbol of the unary predicate St that expresses the property of being a standard
set. In other words, the number of admissible fragments of the texts of IST is enlarged by
expressions of the type St(x), or, in more detail, ‘x is standard’, or, finally, ‘x is a standard
set’. Therefore, the semantic domain of definition for variables of IST is the Zermelo-
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Fraenkel universe, i.e., the von Neumann universe, in which standard and nonstandard sets
are now distinguished.

3.3.2. The formulas of IST are defined by a conventional procedure. In this case the
number of atom formulas is modified by the texts St(x), where x is a variable. Each of the
formulas of ZFC is a formula of IST, the converse statement being obviously not valid. In
order to distinguish the formulas, the following terminology is used: the formulas of ZFC are
called internal, the formulas of IST that are not ZFC are called external. Hence, the text ‘x
is standard’ is an external formula of IST.

Sometimes, in our further discussions it would be convenient to use the following
abbreviations: we shall write ¢ €(IST) instead of ¢ is a formula of IST and, respectively,
@ &(ZFC) instead of ¢ is a formula of ZFC, i.e., @ is an internal formula of IST.

3.3.3. The difference between the formulas of IST results in singling out external and
internal classes. If @ is an external formula of IST, then the text ¢(y) is described with the
following words: ‘y is an element of the external class {x. p(x)}’. The term internal class is
used in the same sense as the term class in Zermelo-Fraenkel theory. In the cases in which
this does not result in misunderstanding, both external and internal classes are called simply
classes.

3.3.4. The external classes composed of elements of an internal set are termed external
sets, or, in more detail, external subsets of the given set. It would useful to recall again that
the internal class composed of elements of an internal set is also an internal set. Alongside
with the abbreviations assumed in ZFC, in internal set theory some additional agreements are
concluded. A list of them follows:

v {x:St(x)} is an external class of standard sets;
xEV™ = x is standard = (3y) St(y) A y = x;

(V*'%) @:=(Vx) (x is standard = @);

3™ @:= (3x) (x is standard A @);

(Vi) @i= (V') (x is finite — Q);

3@y = (@) (x is finite A Q)

°x:={yExy is standard}.

The external set °x is often called the standard core of x.
The collision of notation arising by virtue of the traditional terminology (for x € "R the

symbol °x denotes the standard part, st(x) , of this number as well) results in no significant
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controversy.

3.3.5. The axioms of IST are obtained by supplementing the list of axioms of ZFC with
three new schemata, bearing, as we have remarked earlier, the name of the principles of
nonstandard set theory:

(1) the transfer principle,

V') (V') .(Vo'5,) (V)@ (2,310 X,)
= (Vx) p(x,%,,...,%,))

for every internal formula ¢ ;
(2) the idealization principle,

(V) (Vx,)...(Vx,) (V' T2 @) (Vy E2) @(x, Y, Xp,e.. X))
< (YY) @lx,y.xp, 7)),

where @ &ZFC) is an arbitrary internal formula;
(3) the standardization principle,
(Vx)...(Vx,) (V') @ W)V 52 2 Ey «> 2EX A @(3,275e.. %))

for every formula ¢ .

3.3.6. Powell theorem. IST is a conservative extension of ZFC.

< A proof is given in [187]. >

3.3.7. The above theorem implies that the internal theorems of internal set theory are
theorems of Zermelo-Fraenkel theory. In other words, when proving ‘standard’ theorems on
sets we are rightful to use the formalism of IST to the same degree of validity we enjoy while
working within ZFC. One should not, however, forget that ZFC is, in the long run,
substantiated with its practical infallibility and semantical justification.

3.3.8. When thinking about the sense of the formal expression of the axioms of IST, one
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cannot help but notice that the presentation of the idealization principle is somewhat
cumbersome. While the refined rules of transfer and standardization presented above quite
adequately portray the naive concepts put forward earlier, the position of the idealization
principle formulation is controversial. Therefore, let us first of all prove that the idealization
principle 3.3.5 (2) guarantees the presence of nonstandard elements.

3.3.9. There is a finite internal set, among whose elements every standard set is
encountered.

< Let us consider the following formula: @:=(x is finite ) A (yEx). Note that
@ € (ZFC). Obviously, for every standard finite z we can find an x such that for all y€Ez

we have @(x,y) . If we choose 7 itself as such an x and use the idealization principle, then
the proof will be completed. >

3.3.10. When applying the idealization principle, it is useful for us to bear in mind that
standard finite sets are exactly the sets whose every element is standard, which fact has been
proved earlier (2.2.2). It would be instructive to consider its formal inference based on the
idealization principle.

3.3.11. For an internal set A,
A="A < (Aisstandard) A (A is finite).

< Let us construct the formula @:=x EAA x= y. No doubt, ¢ &ZFC). Then, by
virtue of the idealization principle,

(vefinzy (3x) (VyE7) @(x,y,A) <> @)V 'y)xEArx=Y
<> (Ix EA) (x isnonstandard) <> A\ A=,

In other words, we get
A=A e @My (Vx)(FyEr) x EAvx = y

o (3 (Wr eA)@FyE x =y« (3 ") A€ b

3.3.12. Let X,Y be standard sets, and ¢ = ¢(x,y,2) be a formula of IST. The rule of
introduction of standard functions (= construction principle) is valid:
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(V5 (3%y) (xEX = YEY A @(x,),2)
< 3F() (V*'xX¢) is afunction from X to Y A (x EX — @(x,y(x),2)) .

< Let us consider the standardization F(x): =" {yEY: p(x,y,2)}. Applying 3.3.5 (3)
again, we form a standard set

F:="{(x, A)EXx P (Y):F(x) = A

(here we use the fact that £(Y) is standard, ensured by the supposition that Y is standard).
By hypothesis, (V*'x €X) F(x)= . In this case, by the definition of F, F(x) = F(x).
Hence, by virtue of the transfer principle, we get

(VX EX) F(x) = @ — (VXEX) F(x) = D .
Using now the axiom of choice, we can conclude:
3y(+)) (¥() is a function from X in ¥) A (Vx EX) (y(x) E F(x)).

Applying the transfer principle, we deduce that there is a standard function y(-), determined
on X with the values in Y, for which y(x) €EF(x) forall x EX . If we recall the definition of
F once again, we shall see that y(-) is the sought function. >

3.3.13. From now on, as above, it would be convenient to use some symbolic
presentations of the rules deduced, making certain infringements to the agreements concluded
earlier. Thus, the rules for introducing standard functions from 3.3.12 can be conveniently
rewritten as follows:

M (V") 3%) px,y) < (3*y0)(V*x) @(x,y(x)) ,

(2) @ (YY) @(x,y) < (V%N A*X) @(x,y(x)),

where @ €(IST), i.e., an arbitrary formula of IST. In other words, we neglect the
requirements of possible presence of free variables in ¢ and of necessary assumption of the
‘limitedness’, which implies that x and y are considered ranging over given standard sets. In
the same way, if ¢ = @(xy,...,x,) and Y = ¢(y;,...,y,) , then we shall write ¢ — 9 when

V) (V) (V) (YY) @K X)) < Y Oaee- V)

and say that the formulas ¢ and 9 are equivalent (though if one of the formulas ¢ and ¥ is
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external, the formulas @(xy,...,x,) and ¥ (¥....y,) can be not equivalent for a certain choice

of variables!) Using the new means, we can present the transfer principle in a reduced form
by the symbols:

(3) (V™) @(x) < (V) g(x),

@) @ g(x) = @) ¢(n),

always keeping in mind that the formula ¢ must be internal in such a presentation:
@ &ZFC). It would be useful to give here some elementary rules valid for any formula @,

(5) (Y2 (V") @(x,3) = (VN (VD) @(x.y),

6) @n 'y g(xy) <= @ I) @(xy),

as well as new presentations of the idealization principle:
(1) (V*™"2) (I (Vy €2) 9(x.) < @) (V) @(x.1),

(8) @"2) (V1) By €2) 9(x,y) < (VU T'y) ¢(x,),

pertaining, obviously, only to internal formulas ¢ &(ZFC).

3.3.14. The rules discussed above enable one to transfer many (though, obviously, not all)
notions and suppositions of the nonstandard analysis into equivalent mathematical definitions
and statements appealing to standardness. In other words, the formulas of IST expressing
‘something unusual’ about standard objects can be transformed into equivalent formulas of
ZFC, which are conventional mathematical records of the propositions under consideration.
The procedure by means of which we get the described result is called the Nelson algorithm,
rules 3.3.13 (1) - 3.3.13 (8) being parts of this procedure. In qualitative terms the essence
of the ‘decoding’ algorithm is as follows: introducing standard functions, applying
idealization and permutations of quantifiers, we reduce the statement to a form adopted for
the transfer. In the long run, the transfer is reducing a formula to the form convenient for
eliminating the external notion of standardness. It should be emphasized that in all cases of
practical application of any statements 3.3.13, the requirements mentioned above which
ensure the legitimacy of their application, must be set beforehand.
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3.3.15. The Nelson algorithm consists of the following steps:

(1) a statement of the nonstandard analysis is presented as a formula of IST, i.e., all
the abbreviations are decoded;

(2) the obtained formula of IST is reduced to a normal prenex form
@Q1%1).. (@ x,) P(1y,...,%,),
where @ is a ZFC formula, while Q;:=V v3ivV 'vI'fork=1,....n;

3) if Q, is an ‘internal’ quantifier,i.e., V or 3, then we set @:= (Q,%,) P(x1,....%,)
and go over to step (2);

(4) if Q, is an ‘external’ quantifier, i.e., ¥*' or 3%, then there can be found the first
internal quantifier when looking through the quantifier prefix (Q,x;)...(Q,x,) from right to
left;

(5) if there are no internal quantifiers in step (4), then, by virtue of 3.3.13 (3) and
3.3.13 (4), the quantifier Q, is replaced by the corresponding internal quantifier, and then
we go over to step (2) (i.e., going from right to left, we step by step ‘erase’ the super index

st over each quantifier);

(6) let Q,, be the first internal quantifier encountered. Let us assume Q,,,; to be an
external quantifier of the same type as Q,, (i.e., Q, =V and Q,,,=V*, or Q,, =3 and
Q1 = 3°Y). Now we use rules 3.3.13 (5) and 3.3.13 (6) and then return to (2);

(7) if all the quantifiers Q,,,1....,3, are of the same type, then we apply the
idealization principle in the form 3.3.13 (7) or 3.3.13 (8), and go over to (2);

(8) if the quantifiers alternate, i.e., Qp,; is of the same type as Q,,, while all
quantifiers Q,,1,...,Q,, are of the opposite type, then we can apply 3.3.13 (1) or 3.3.13
(2), under the assumption that x:= (x,), +1,...,,vcp), Yi=Xp4- Then we go over to (2).

3.3.16. One should bear in mind that the same statement can be expressed in different
ways, including the form absolutely blocking any comprehension. In this respect, when
applying the Nelson algorithm, one should take into account concrete possibilities of
reducing the procedure of ‘dragging external quantifiers out’. In particular, it is not always
expedient to consider the formulas reduced to a normal prenex form from the onset (i.e. to
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carry out step (2) of the algorithm to its completion).

3.3.17. Examples
(1) In nonstandard analysis the principle of external induction is valid, i.e., for an
arbitrary formula ¢ € (IST),

(@) A (VRE'N) @(m)e(n+1)) = (VnE'N) @(n).

< We cannot directly apply the Nelson algorithm to the formal presentation of the
principle under study, since the formula ¢ may be external. Therefore, let us consider the
standardization A: = {n EN: @(n)}. Obviously, we get 1 EA, and for every standard n €A

we have n + 1 EA. The task is to prove that "N C A. Let us write out the required formula
and apply the Nelson algorithm to it:

(1EAANY"REN)(NEA—>(n+1)EA)—>°"NCA
(V') (V') (MENARENALEAAREA - (n+1)EA)
—>mEA < (IEAAN(VREN)(nEA—> (n+1)EA)) > NC A. >

(2) The sum of infinitesimals is an infinitesimal.

a4 (VSsER)(VIER) s=0At=0—>5+1t=0
< (Vs ER) (VI ER) (s =0 At ~0—> (Ve > 0)Is+1l<e)
< (V™ > 0)(Vs ER) (V1 ER) ((V*'8, >0)
A(V*'8, > 0) (Isl< 8Altl< &, SIs+1l<€)
< (V¥ > 0) (Vs ER) (V2 €R) (T8, > 0) 3%8, >0) (I51< 8,
Altl< 8, =I5 +1tl< £) < (V'e)(Vs)(Vr)(3*'6,)3¥8,)(£ >0
<. ABy > OAlsl< OjAltl< 6, s +1l<€)
o (V%) (Vs) (V)@ *'0,)(3%6,)(IsI< 0,a Il < 6, s+ 1< £)
< (V)@ )@ 1A ,)(Vs)(V1)(38, EA)EB , EA,)
(Isl< d;Altl< &, —Is +tl<€)

< (V¥)@%8,) (3%6,X VIsl< 6,)(Vitl< b,) Is+11s &
> (Ve >0)(36 > 0)(VIsl< 8)(Vitl<d)Is+tls e. >

(3) Robinson lemma. Let a, be an internal sequence of numbers, and a, ~0 for
alln €°N. Then there is an N =+, such that a, ~0 foranyns< N .

< Let us apply the Nelson algorithm to the required conclusion:

(AN ~+®)(Vn<N) a,~0 <
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o (AN EN)(V*m EN) N2m) A(VREN)(n< N

- (Ve > 0)la,l< &) & ANV *'m) (V')
(Vn)(N2ma (n< N —la,l<ey))

< (V¥%my,.m,}) (V¥{ey .6 ,}) @N) (VE =1,...,p)
NzmyansN—>la,l<¢g)

o (Vm) (V') (IN) (N2ma(ns N-lgl<e)) <
< (V¥m) (V%) (mENA £>0—la,l<c).

Let us now apply the Nelson algorithm to the premises of the statement in question:

(VREN) a, ~ 0« (V'n) (nEN = (Ve >0)la,l<¢)
< (Vn) (V') (nENA e>0—>lg,l<¢).

Therefore, both the premises and the conclusion are equivalent. >

3.4. External Set Theories

The basic statements of nonstandard analysis are adequately reflected in the formal apparatus
of Nelson internal set theory. The Powell theorem makes it possible to view IST as a
technique of studying the von Neumann universe. At the same time, the presence of external
objects completely undermines the widely-spread opinion that Zermelo-Fraenkel formalism
ensures a sufficient operational freedom from the viewpoint of the naive set theory.
Remaining within the approach of IST, we cannot ask even such, for instance, a question as:
‘Is it possible to single out such numbers that every element of R could have a one-to-one
presentation in the form of their certain combination with standard coefficients, since R can
be considered a vector space over "R?’ The quantity of such inadmissible questions,
undoubtedly mathematical from the semantic point of view, is great to the extent that the
necessity of extending the limits of IST becomes vitally important. The a priori prohibition
against formulating problems is nothing but imposing arbitrary restrictions on the reason.
The introduction of the ad hoc dogma, “the explicitly expressed prohibition against thinking”
(as was aphoristically remarked by L.Feuerbach) is the way a afortiori unacceptable when
searching for the truth. A practical solution of the problem of returning to the ‘Cantor
paradise’ is, in particular, in finding a formalism which enables one to work with external, as
regards the von Neumann universe sets, with conventional mathematical means. Now we are
going to get acquainted with axiomatic approximations to studying external sets. The first
variation of the appropriate formalism, EXT, was suggested by K.Hrbacek. A close
variation, NST, was constructed later by T.Kawai. The nonstandard set theories mentioned
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above demonstrate, semantically speaking, the universe of external sets to be, from the
viewpoint of a mathematical pragmatist-Philistine, constructed in the same way as the
universe of naive sets. In other words, it allows classical set-theoretic operations, including
singling out subsets using the properties (the axiom of comprehension) and putting arbitrary
sets into complete order (the choice axiom). At the same time, among external sets there is a
whole set of standard and nonstandard internal sets, which obey variations of the principles
of transfer, idealization and standardization close to their intuitive formulations. In more strict
terms, one may say that internal sets are included into the number of external ones by the
definition.

From the standpoint of practical requirements of conventional (standard and
nonstandard) mathematical analysis, both EXT and NST furnish us with practically equal
means which are more than enough for a substantiated use of common analytical
constructions. It is, however, necessary to go through details of the axiomatics of the
external set theory under discussion, armed with attention and a certain degree of criticism, in
order to avoid illusions pertaining to the euphoria of omnipotence. For instance, it should be
emphasized that the universe of external sets is not the von Neumann universe (the axiom of
foundation is absent, which is of importance). Moreover, the exact formulations of the
principles of nonstandard analysis in EXT have technical differences from their analogs in
IST. Therefore, EXT is not an extension of Nelson’s IST, though EXT is a conservative
extension of ZFC. This gap was filled by T.Kawai, whose NST enriches the formal
apparatus of IST and, alongside with IST and EXT, provides a reliable technique for
studying ZFC.

3.4.1. The alphabet of formal EXT is obtained by adjoining to the of alphabet IST the only
new symbol, the symbol of a unary predicate, Int, which expresses the property of being an
internal set. In other words, allowable for consideration are texts containing records of the
type Int(x), or, in more detail, “x is internal’, and finally, ‘x is an internal set’. It is
intuitively considered that the contextual domain of changing the variables of EXT is the
universe of all external sets V Ext. . {x: x = x}, which contains both the universe of standard
sets V3= {x €VE™:St(x)} and the universe of internal sets V'™ = {x €VE"Ini(x)} that
includes the universe V>'.

3.4.2. The conventions of EXT are analogous to those of ZFC and IST. In particular, we,
by all means, are going to use in EXT the ‘classifiers’, i.e., braces (see 3.3.3) and
conventional symbols for denoting the simplest operations with classes of external sets.
Following the previous samples, for a formula ¢ of EXT (or, symbolically, ¢ & EXT)) we
shall write:

(V)@= (Vx) (St(x)—> ):=(VxEV) g,
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A™) @:= () (Int(x) A @)= (I EV™) .

Rules of the kind, i.e., understandable from the context, will be further on used without
further specifications. Besides, we will need a special new notion and a corresponding

notation. We shall say that an external set A has standard size (symbolically, A EV*), if
there is a standard set a and an external function f such that (VX)(XEA « 3*x €a)
X=f(n).

3.4.3. Let ¢ € (ZFC) be a formula of EXT which is also a formula of ZFC (i.e., ¢

contains no symbols St and Int). Let us replace every quantifier Q in the presentation of ¢
by Q*'. The formula obtained is denoted by q)st and is termed the standardization of ¢, or
the relativization of @ to v, Analogously, replacing every quantifier @ with Ql“t, we
obtain the formula q)]m which is termed the internalization of ¢ or relativization of ¢ to

V™ It should be emphasized that in this case nothing happens to free variables in ¢. This
rule is also valid for abbreviations. For instance, for external sets A and B we write:

ACS B.a(V*'x)(xEA— xEB)
=(V0) (xEA—-x B> =(AC B,
AE™B:=(A€B)™ - AEB - AEYB=- (AR

3.4.4. Special axioms of EXT fall into three groups. The first group is the rules of the
Jormation of external sets, the second group is the axioms interrelating the universes of sets

v, V™ and VEX, and, finally, the third group is formed by the principles of transfer,
idealization and standardization.

3.4.5. In EXT valid are the laws of Zermelo set theory (the theory Z), i.e., the following
axioms of constructing external sets are accepted:
(1) the axiom of extensionality:
(VA)(VB)(ACBABCA) < A=B,
(2) the axiom of pairing:
(VA)(VB) {4, B}EV *,

(3) the axiom of union:
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(VA) UAEVER,
(4) the axiom of powersets:
(V4) P(aEVH,
(5) the axiom schema of comprehension:
(VA) (VX))...(VX){XEA ¢(X,X,,.... X, )} EVF
for an arbitrary formula ¢ &EXT);
(6) the axiom of well-ordering: every external set can be well-ordered.
The last property, the Zermelo theorem, ensures, as is known (cf. (3.2.10)), the
axiom of choice either in the conventional multiplicative form or in the form of the

Kuratowski-Zorn lemma. It should be also remarked here that the axioms of Z commonly
include the axiom of infinity, which in EXT will appear below.

3.4.6. The second group of the axioms of EXT contains the following statements:

Int .

(1) the modelling principle: the universe of internal sets V" is the von Neumann

universe, i.e., for every @ axiom of Zermelo-Fraenkel theory the internalization (pI"t is an
axiom of EXT;
(2) the axiom of transitiveness:
(Vxevi™ xcvin
i.e., internal sets are composed of only internal elements;
(3) the axiom of embedding:

VSt C VInt’

i.e., standard sets are internal.

3.4.7. The third group of the axioms of EXT includes the following statements:
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(1) the transfer principle:
(V*'x)...(V'x,) (pSt(xl,...,x,,)e q)]m(xl,...,x,,)
for every formula ¢ € (ZFC);
(2) the idealization principle:
V"), (VI ) (VAEV ) (V") 2 C A

- 3" (VyEr) (plm(x,y, XpyeeeXp))

Int

AR AR T EAE )
for an arbitrary ¢ € (ZFC);
(3) the standardization principle:
(VA3 a)(V*Y) (x EA <> xEa),
i.e., for any external set A there is its standardization “A.

3.4.8. A simplest useful corollary to the above axioms worth mentioning is that the
bounded formulas ZFC are absolute. To be more precise, for ¢ €(Z;) we get

V). (V%) @(xy,x,) < @™ xyenx,)
(V) (V) 07 (Xpe 1) < @ (Kphenx,) < @y, X,).

Hence, any ‘bounded’ property of standard sets can be safely expressed both in terms of

external and internal or standard elements. For instance, xC y < xc™ ye xc™

standard sets x and y.

y for

3.4.9. Hrbacek theorem. EXT is conservative over ZFC, i.e., for every ¢ € (ZFC)
we have

Int .

(@ is a theorem of ZFC) <> (¢ is a theorem of EXT) <> ((pSt is a theorem of
EXT).

< The proof of this theorem can be found in [85].
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3.4.10. When thinking over the axiomatics presented above, it would be first of all useful
to realize that EXT is not an extension of IST. In other words, the universe of internal sets
V'™ is not a model of the Nelson internal set theory, since the idealization and
standardization principles in these theories are formulated in a different way. In the universe
V™ standardization is allowed under essentially less strict propositions than that in IST.
Thus, for any ¢ € (IST) and an arbitrary AEV™ we can organize *{x EA: p(x)} since
{x €EA: p(x)} is an external subset of A. In this case in EST an additional requirement that A
be standard is, generally speaking, necessary since in IST one cannot standardize a set that
contains all standard elements. In EXT, in turn, the union of all standard elements VSt is not
included in an external (to say nothing of an internal) set at all. Then, indeed, the following
statement is valid.

Ext

3.4.11. There is no external set, a element of V=", which contains each standard set.

< Let us, on the contrary, assume that for a certain X EVEXt we have VSt CX. By
virtue of the axiom of comprehension of 3.4.5 (5), for the formula @(x) = St(x) we
conclude that V' is an external set, i.e., (AY)(VZ) CZEY <> St(Z). If we consider the
standardization a‘VS', it appears to be a standard finite set containing every standard set. The
last is, obviously, impossible. >

3.4.12. The above proposition shows the idealization principle in EXT (‘relativized’ to

VI“') to be different from its analogue in IST not only in the form but also in the essence. At

the same time, these differences should not be absolutized. The following facts will help to
elucidate this statement.
3.4.13. The following statements are valid:

(1) external natural numbers and standard natural numbers coincide;

(2) a finite external set is standard iff it consists of only standard elements;

(3) for an arbitrary external set A its standard core °A:={a EA: St(a)} is a set of
standard size;

(4) every infinite internal set contains a nonstandard element.
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< (1) By the principle of induction on standard natural numbers (which is, obviously,
valid in EXT (cf. 2.2.2 (1))), for a set NE*! of external natural numbers we have
NE*' °N . Moreover, itis clear that @ = @ and ‘1= *{Q} ={J}= 1. Hence, by virtue of
induction on external natural numbers (a conventional theorem of Z), we get NEX 5 °N ,
and, finally, °N = NEX,

(2) A standard set is internal. Hence, making use of 3.4.6 (2), we can use the
argumentation of the proof of 2.2.2 (3). According to 2.2.2 (2), a finite set composed of
standard elements is standard.

(3) Let *A be the standardization of A. Let us set f(a):=a for a E°A. Obviously,
(VX)(XEAe Ax€°4) f(x)=X).

(4) Let us denote the internal set under discussion by A. By virtue of (3), °A is of
standard size. Hence, we can apply the idealization principle for ¢(x,y):=y = x A x EA.
Since A is infinite, for every finite zC °A we, obviously, get (Ax EA)(VyE2) x = y. And,
finally, AxEA)(VyE°A) x= y. >

3.4.14. As regards 3.4.13 and 3.4.9, it would be convenient a variation of INT which is
a conservative extension of ZFC and such that EXT, in turn, is an extension of INT. The
difference between INT and EXT in adopting the idealization and standardization principles is
as follows:

(1) (VA)Y(Vx))...(Vx,) (V*EN) zC A@x)(Vy E2)
P, Y, X500, %) < () (VY EA) 9(%,7,5,0..,%,)

for every @ € (ZFC);
(2) (VAE™" "A)(V'H) (xEA o x € AN (1))
for an arbitrary @ € (INT).

It should be remarked that the Nelson algorithm is, in its essential features, operative in
INT.

3.4.15. Let us now go over to the description of NST in a variation most close to EXT and
IST (in fact, T.Kawai has constructed a somewhat different scheme, enabling one to consider
the classes of the von Neumann-Godel-Bernays theory as external sets).
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3.4.16. The alphabet and conventions in formal NST coincide with those of EXT.
Moreover, NST adopts all the axioms of constructing external sets, all the axioms
interrelating the universes of sets, and the transfer principle of EXT. The differences between
NST and EXT are in the ways of formulating the idealization and standardization principles,
as well in the following supplementary postulate.

3.4.17. The axiom of acceptability, V' €VE™

the Kawai theory is an external set.
In line with the axiom formulated, in NST the external set A is called a set of

, i.e., the universe of standard sets of

a-size

appropriate size, and we write A EV provided there is an external function f mapping

v on A. It should be emphasized that VS is of appropriate size. It should be also
remarked that in the sequel the presentation a - fin(A) implies that there is a one-to-one
external A mapping on a standard finite set.

3.4.18. The standardization principle in NST is as follows:
(VA(E*X) ACX » 3 "A(V'¥) (xEA o x € A)).
In other words, in NST only external subsets of standard sets can be standardized, not
arbitrary external subsets, as is the case in EXT.
3.4.19. The idealization principle in NST is as follows:
(V™). (V™) (VA EVA™1%) (V2) 2C A A a = fin(2)
- @A"Yy ED) ¢™ Xy, xp.00Xy)
- @")V™y€4) o™ (ry 110 2)

for an arbitrary formula ¢ € (ZFC).

3.4.20. Kawai theorem. NST is a conservative extension of ZFC.

< The proof can be found in [104]. >
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Int in the

3.4.21. Let us again pay attention to the fact that the world of the internal sets V
universe of NST with the standardization, idealization and transfer principles relativized, is a
model for IST. In other words, the technical means employed by NST to work with external
sets arising in IST can be surely used to obtain the statements of ‘standard’ mathematics. It
should be also remarked that the proof of the Kawai theorem, as well as that of the Hrbacek
and Powell theorems is essentially based on the application of appropriate analogues of the
Mal’tsev local theorem, or, to be more exact, on the technique of ultraproducts and
ultralimits. A detailed presentation of the aforementioned apparatus is beyond the scope of the
present book, the second part of this work, however, dealing with nonstandard methods of
analysis which consider every possibility of understanding and constructing the proofs of the

theorem in question.

3.4.22. Taking liberties with notations, we denote the universe of external sets by vE
(irrespective of whether NST or EXT is in question). Analogously, let us use the notation \A
(and, respectively, Vs) to denote the world of internal (and, respectively, standard) sets.
Repeating the scheme of constructing the von Neumann universe, i.e., iterating step-by-step
the operations of taking unions and powersets of all external subsets of a given set, we see
that the empty set can give rise to the world VE, ie., the universe of ‘classical’ sets. In
more detail, we set

Vii={x(Pacp) xep Vi),

C.
Vo= ﬂELéJnS' V‘f’

where On>' is the class of all standard ordinals. Therefore, an empty set is “classical’, and
every ‘classical’ set is composed of ‘classical’ elements’ only.

3.4.23. Using recursion, i.e., a walk about the stores of the universe of ‘classical’ sets, one
can determine the Robinson standardization or the *-map.

A standard set *A is called the Robinson standardization or the *-image of a
‘classical’ set A iff every standard element of *A is a *-image of a certain element of A. Or,
symbolically.

*D=J, *A:= a‘{*a: aEA}.

It should be remarked that within EXT the legitimacy of applying the conventional
standardization gives rise to no ambiguity. In NST the admissibility of employing this
operation in determining the Robinson standardization results from the method of
constructing ve. Analogous considerations (cf. 3.2.12) prove that that the *-map
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identifies, and does it in a one-to-one manner, the worlds VC and Vs. Moreover, the
Robinson standardization ensures the validity of the transfer principle

(VAEVO)...(VA, EVE) ¢C(Ay... A) < @ (*Ap,... ¥ A)

for an arbitrary formula ¢ of Zermelo-Fraenkel theory (as usual, q)c and <ps are @
relativizations on V< and V s’ respectively).

3.5. Set-Theoretic Stances on Nonstandard Analysis

The considerations carried out in the preceding paragraphs have enriched and extended the
initial naive ideas of a set used in nonstandard analysis. We have passed from the

conventional von Neumann universe, V, to the world VI of internal set theory with its
points of reference, standard sets, comprising the class v (Fig. 4). Further analysis has
shown V/ to belong to a new class, the universe VE of external sets (comprising the
Zermelo world). In VE we have singled out the universe of ‘classical’ sets VC, which is
another implementation of the world of standard sets, V3. To be more exact, we mean the
Robinson *-standardization which identifies VE and V3 in the elementwise manner. In this

case, by virtue of the transfer principles, vE, V5 and V/ can be viewed as ‘hypostases’ of
the von Neumann universe, V (Fig. 5).

3.5.1. The presented picture of the location as well as the other known interrelations
between the worlds VZ , VI, V5 and V result in three general set-theoretic stances on
nonstandard analysis. These stances, which are called classical, neoclassical and radical, fix
the presentation of the subject and the means of its investigation. The acceptance of this or
that stance determines, in particular, the way of presenting the mathematical results obtained
with nonstandard methods. Therefore, acquaintance with the aforementioned stances are to
be considered a must.

3.5.2. The classical stance on nonstandard analysis corresponds to the methods
employed by its founder A.Robinson, the corresponding formalism being most widely-
spread nowadays. Under this stance the world of classical mathematics identified with the
universe of ‘classical’ sets, VE, is declared to be the principal object to be studied. The
latter is considered to be ‘a standard universe’ (in practice, however, the object of
investigation is the so-called ‘superstructure’, i.e., a sufficiently large fragment of ve
containing all necessary objects of study). As the technique of investigating the initial, i.e.,
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standard, universe, viewed are the ‘nonstandard universe’ of internal sets, v/ (or its
appropriate part) and the *-map, pasting conventional standard objects to their images in

zev®

prev?t

2z

Von Neumann universe Universe of internal sets

Fig. 4

Universe of external sets

Fig. 5
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the ‘nonstandard universe’. It would be expedient to note a peculiar use of the words
‘standard’ and ‘nonstandard’ in the approach under discussion. Robinson standardizations,
i.e. elements of the universe Vs, are viewed as ‘nonstandard’ objects. A ‘standard’ set
which is, by definition, an arbitrary representative of the world of ‘classical’ sets VC, is a
member of the ‘standard universe’. The *-map adds, as a rule, new ‘ideal’ elements into the
set, which implies that *A = {*a a €A} iff a ‘classical’, i.e., ‘standard’, set A is finite. For
instance, putting R in Vand studying its *-image *R in accordance with what have been
discussed above, we see that *R plays the role of the field of real numbers in the sense of the
universe of internal sets, i.c., ‘in the inner sense of the nonstandard universe’. At the same
time, *R is not reduced to the set of its standard elements, *(*R) = {*#.1 ER}. Making use of
the fact that *R is the ‘internal set of real numbers R’, while °(*R) is its standard core, it
would be a certain excessive liberty to assume °R:= {¥#.¢ ER}, or even R:={*1: ER}. The
presence of ‘new’ elements in *R is expressed by the symbol *R-R =J, and we say
about the construction of the system of ‘hyperreal’ numbers ¥R which extends the
conventional field of real numbers R. An analogous policy is pursued when considering an
arbitrary classical set X. Namely, it is assumed that X = {*x: x €EX} and, hence, X C*X. If
X is infinite, then *X — X = . In other words, through the Robinson standardization all
infinite sets are saturated with new elements. Moreover, a large quantity of ‘ideal” objects is
added, since in V' operates the idealization principle which is often called the technique of
concurrence and saturation within the stance under consideration.

3.5.3. Let U be an arbitrary correspondence, and A and B be sets. We say that U is
concurrent from A to B if for every nonempty finite subset Ay in A there is an element

b €B such that (ag,b) €U forall ay EA,.

3.5.4. Weak concurrence principle. For any correspondence U concurrent from A to
B there is an element b €* B, maintaining the relation (*a,b) € *U for everya €EA.

3.5.5. It is obvious that the validity of the concurrence principle ensures, in turn, a natural
equivalent of the weak idealization principle, i.e., that which is ‘relativized for standard sets’.
In this respect in applications distinguished are conservative extensions of the classical set
theory using both the possibility of weak idealization mentioned earlier and conventional
formulations ensuring additional possibilities of introducing nonstandard elements which are
more adequate to the contents of the idealization principle in its complete expression.
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3.5.6. Strong concurrence principle. Let a correspondence U be such that *U is
directed from A to *B. Then there is an element b €*B for which (*a,b) €U for all
acA.

3.5.7. Saturation principle. Let A/ D A, D... be a decreasingly nested sequence of
nonempty internal sets. Then N ,eNA, = D .

3.5.8. It would be expedient to recall that in the ‘extended’, ‘nonstandard’ world, i.e., in

the universe of internal sets V', there operates the transfer principle. Thus, making use of the
Robinson standardization we may write

(Vx EVE)..(Vx, EVE) ¢ (xenxy) © @ (Fxy.n0 )

for every formula ¢ of Zermelo-Fraenkel set theory. The transfer principle in such a form is
often referred to as the Leibniz principle.

3.5.9. When working with the ‘nonstandard universe’, special use is sometimes made of
the ‘technique of internal sets’, i.e., the way of proving based on the fact that external sets
defined in the ‘set-theoretic fashion’ are internal. Here is one of the possibilities of applying
this technique.

3.5.10. Let A be an infinite set. For every set-theoretic property of ¢ the following
statement is invalid:

{(x¢'(D}=*4-A.

< Let us assume that the opposite statement is valid. Then the class {x: q)l(x)} is an
internal set * A. Hence, A is an internal set. For a finite A, however, the external set ¥*A- A
is not internal. >

3.5.11. Summarizing, one can say that under the classical stance two universes are being
worked with, i.e., standard and nonstandard. There are formal possibilities of interrelating
the properties of standard and nonstandard objects by the procedure of ‘starring’, i.e., using
a *-map. In this case we enjoy the right of freely transferring the statements on objects from
one world to another through the action of the Leibniz principle. The nonstandard world is
abundant with ideal elements, and all possible transfinite constructions are actually
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implementable there since valid is the concurrence principle. The sets falling beyond the
limits of the nonstandard universe are called external (here the peculiarity of the assumed
terminology is revealing itself: internal sets are not external under the approach in question).
The technique of internal sets is an expedient method of investigation.

The principal merit of the classical stance is the presence of the *-map, which makes it
possible to apply the apparatus of nonstandard analysis to common arbitrary sets. For
instance, one can claim that the function f:[a,b] = R is uniformly continuous iff
* f:¥[a,b] — *R is microcontinuous, i.e., if *f does not loose infinite proximity of
hyperreal numbers. The basic difficulty hampering the way to understanding the phenomena
under discussion is related with the necessity to imagine a colossal host of new ideal objects
joining common sets. Noticeable complications result from a natural desire to work (at least
at initial stages) with two sets of variables pertaining, respectively, to the standard and

nonstandard universes. (When constructing the internalization q)l of the formula ¢ we, in
fact, presuppose such a procedure). To put it short, the bilingual basis and Robinson
standardization that are indispensable attributes of the classical stance determine all the
peculiarities of the latter, as well as the merits and demerits of its apparatus.

3.5.12. The neoclassical stance on nonstandard analysis corresponds to the technique
suggested by E.Nelson. Under this stance the principal object of investigation is the world
of mathematics viewed as a universe v! lying in the medium of external sets that are
elements of VE. “Classical’ sets are not analysed separately. Standard and nonstandard
elements are given in conventional mathematical objects comprising V', For instance, as the
field of real numbers used is R from the world V/ which, obviously, coincides with the
field *R of hyperreal numbers which is, in its turn, an ‘ideal’ object of the classical stance.
The statements considered in Chapter 2 correspond to the neoclassical stance. Its basic
advantage is the possibility of studying sets which are already well-known and to find new
features in their construction using additional language means. As has been remarked by
E.Nelson, “... really new in nonstandard analysis are not theorems or proofs but the notions,
i.e., external predicates ...” [188, p. 134]. The drawbacks of the neoclassical stance are
caused by necessity to implicitly transfer the definitions and properties from standard objects
to internal ones, which peculiarity we have already observed.

3.5.13. The radical stance on nonstandard analysis is that the object of mathematical
investigation is the universe of external sets in all the completeness and complexity of its
structure. Under the radical approach the classical and neoclassical ideas of nonstandard
analysis as of a technique for studying mathematics (based on the Zermelo-Fraenkel
formalism) are declared to be ‘narrow’, ‘shy’ and brushed away. At first sight this approach
seems to be very radical and not serious. Upon proper thinking, however, the ideas about the
extremity of the radical stance on nonstandard analysis should be abandoned. This
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‘extremity’ is just a seeming one. Both a widely-spread viewing mathematics as a science
about forms and relations taken irrespective of their contents, and even less imposing
classical set-theoretic stance stemming from G.Cantor, embrace, undoubtedly, the ‘extreme’
thoughts about the subject of the nonstandard analysis. Therefore, the most ‘intrepid’ views
on sets arising as a result of rather laborious investigations have finally become a comprising
part of the initial point, having enriched it with new contents. And the initial point for us was
a modest statement that nonstandard analysis operates with exactly the same sets as the whole
of mathematics (see 2.1.3).

It would be expedient to recall here the aphoristic observations, made by V.I.Lenin,
which pertain to the dynamics of the cognition process:

“Every shade of a thought is a circle on the great circle (spiral) of the development of
the human thought in general” [154, p. 221].

“Cognition of a man is not (not goes along) a straight line, but a curve infinitely
approaching a number of circles, a spiral” [154, p.322].



CHAPTER 4
MONADS IN GENERAL TOPOLOGY

Within the set-theoretic stance on mathematics, at the beginning of the XX century a
universal approach was developed to study the structure of continuity and proximity which
was formulated in general topology. When considering the microstructure of the numerical
line we have already seen that from the viewpoint of nonstandard analysis a set of
infinitesimals arises as a monad, i.e., the external intersection of standard elements of the
filter of zero neighbourhoods of the only separated topology that agrees with the algebraic
structure of the field of real numbers. One can say that through the notion of the monad of a
filter a certain synthesis of general topological and infinitesimal ideas is implemented, the
corresponding relations being the basic objects of investigation of the present chapter. We
will focus our attention on the most elaborated ways of studying classical topological
concepts and constructions that group around compactness which is allowed into the
nonstandard set theory through idealization. The contribution of the new approach to the
problem under discussion is basically associated with the elaboration of a new principally
important notion, that of a nearstandard point. The corresponding criterion of compactness of
a standard space, i.e., the nearstandardness of its every point, demonstrates the value and
essence of the concept of nearstandardness which carries out a certain individualization for
the points of the conventional notion of compactness pertaining to sets. Similar techniques of
individualization comprise an important and characteristic part of the arsenal of the
nonstandard methods of analysis.

4.1. Monads and Filters

A simplest example of a filter is, as is known, the family of supersets of a certain nonempty
set. Nonstandard analysis makes it similarly possible to study an arbitrary standard filter as
the standardization of the filter of external supersets of an appropriate external set, i.e., as the
monad of this filter. The method of introducing such monads and their simplest properties are
to be considered in the present section.

4.1.1. Let X be a standard set and .B be a standard filter base in X . Therefore, B = &,
BcpPX),2¢8 and B,B,€R - (3IABEPR) BC BN B,. The symbol u(F) denotes

81
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the monad of B , i.e., the external set determined by the relation

u(B)y=N{B:BE*B}.
4.1.2. An internal set is a superset of a certain standard element of a standard filter base B
iff it contains the monad p(B).

< If ADB and BE° R, then AD u(B) by definition. Conversely, if AD u(B)
then by virtue of the idealization principle there is an internal set BEE for which
BC u(®), and we deduce ADB. >

4.1.3. Every standard filter § is the standardization of the principal external filter of
supersets of the monad u(B).
< Symbolically, we have to establish
(V74) AEF < ADu(¥).
The preceding relation is obviously contained in 4.1.2. >
4.1.4. The monad of a filter § is an internal set iff the former set is standard. In this case
the initial standard § is the filter of supersets of u(¥ ).

< If u(¥) is an internal set, then, taking into account 4.1.3 and the idealization
principle, we get

F4) (V'F) (FEF o FD A) < (V' )34
(VFEH) (FEF & FDA) «(Y'U)(A4) (UEF <UD A).

Using the transfer principle, we come to the conclusion that § is the filter of supersets of a
certain set A. Since such a set A is unique, A = u(¥ ) with A being standard here. >

4.1.5. For a standard filter base .B the elements of u(») are termed infinitesimal or
distant, or remote, or astray (relative to B ). Analogously, an element BEEZ such that
BC ;4(.3 ) is also called infinitesimal or distant, or remote, or astray. The union of all
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infinitesimal sets of B is denoted by * B .

4.1.6. Examples.

(1) The monad u(R) is the monad of the filter of zero neighbourhoods for the natural
topology on R.

(2) Let B beafilter base, and .B be the filter generated by B , i.e., the collection of
supersets of the elements of B , or, symbolically,

2o {FC X: (3BEXB)BCF}.

In line with the transfer principle, if B is a standard filter (in a standard set X ), then B is
also a standard (base of the) filter. In this case u(B) = u(B). It should be remarked that
further on it would be more convenient to operate with the monad of an arbitrary internal
filter ¥ which is determined in an obvious way: u(J ):= N°J . It should be emphasized
that in a standard set X the monad of the filter §' is obligatory an external superset of an
internal element of ¥ .

(3) Let E be a standard direction, i.e., a nonempty directed set. According to the
idealization principle, in Z there are internal elements majorizing all standard points of =.
Such EZ elements are called distant, remote, infinitely large, or astray in E. Let us

consider a standard base of the tail filter B:={&€,—):={nEE:n=2&}: EEE}. By

definition, n Eu(B ) « (V'& €E) n= &, i.e., the monad of the tail filter is, as was to be
expected, composed of distant elements of the direction considered. We shall use the notation

‘T =u(d).

(4) Let & be a standard cover of a standard set X, i.e., X C U . Let us consider the
family (& ) of standard finite unions of elements of & . Therefore, Z(& ):= {UF o
E ) €L in(& )}, where £,,;,(F) is the set of standard finite subsets of & . The external

collection of distant elements of Z(& ) is termed the monad of & and is denoted by u(& ).
Hence,

u(&)=WE: EE°F }.
One can analogously determine the monad of any family of sets filtered upwards.

(5) Let fC XxY and § is a (base of a) filter in X such that f meets §, i.e.,
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(VFEF )domf N F=@. Let us, as usual, assume
f(F):={BCY-3F €EF) BD f(F).

Therefore f(¥), afilterin Y, is the image of § under the correspondence f. In ‘standard
entourage’, i.., assuming that X, ¥, f and § are standard objects and employing the
idealization principle, we get

YER(S(F) < (V'BESF) yeB- (V' FEF)yEf(H
< (V'FEF)@x) xEF A yEf(x)

< (V¥ C F)@x) (VFEF,) x EFnyEf(x)

< @) (V'FEF)xEFryEf(x)

<> @Iend ) yEf(x) < yEfUF)).

Therefore, the image of the monad of a filter is the monad of the image of this filter:
r(fE) = f(u(F)).

Let now & be a base of the filter in Y, and let f_1 meet & . Let us consider the
preimage or inverse image f '1(@ ) of the filter & f (i.e., the image of this filter under the

correspondence f~'). Obviously, in line with the above-proved, u(f"}(8)) = i u@d)).
It would be expedient to remark that the last relation can be proved without using
‘saturation’. Indeed, strictly by definition, we deduce

-1 _ Loy _ ¢l _ ¢l
u(f (@))—Ggef G)=f (Ger),eG) [ (w@é)),

i.e., the monad of the preimage of a filter is the preimage of the monad of the initial filter. It
is worth to emphasize that when deducing this statement we have made use of the fact that the
correspondence f allows one to define external preimages of external sets Y as well.

4.1.7. Let B and B, be two standard filter bases in a certain standard set. In this case

< — If B, is standard and B, D u(J2,), then, by 4.1.2, B, EF, and, hence,
B, € 8. Therefore, B, D u(B)), and finally, u(8;)C u(8,).

< Let B, be a standard element of B,, i.e., a superset of a certain standard B, €B,.
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By hypothesis, B, contains the monad u(B;). Hence, by virtue of 4.1.2, B, €58, and,

thus, F; €B,. Now we are to use the transfer principle. >

4.1.8. Let f:X =Y, and let A be a base of a filter in X, while B be such of that in Y. If
the parameters are standard, then the following statements are valid:

(1) f(.‘lj)a.é;
@ i@,
(3) u(fE&))Cud);

4) f(u() Cu(d).

< The following argument proves the equivalence (1) < (2):

f(21)3.2§ < (VBeB)3A€d) f(ACB i
< (VBEB)YAAEY ) Acf B« i B)cd.

Equivalence between (1) and (3) is ensured by 4.1.7. To complete the proof, it should
be remarked that by 4.1.6 (5) we get

Frd ) Cu(B) < pd)C [ uB))
< pd)cu(f(Bye BT >

4.1.9. Assuming the classical stance, we can reduce the formulation of 4.1.8. Namely, we
can omit the words ‘if the parameters are standard’, presenting 4.1.8 (4) as
* f(u(d ) C u(B), where * is the Robinson standardization. Common practice is to silently
accept f:= *f, which results in the most presentable and easily memorizable formulation.
The same formulation is also often used under neoclassical and radical doctrines. In other
words, if nonstandard analysis is used as a technique of studying the von Neumann
universe, the ‘given’ parameters are, if not otherwise stated, considered standard sets, while
the term an ‘internal’ set is replaced with a more common one, ‘a set’. This convenient
agreement, obviously, correlates with the qualitative ideas on standard objects. From now
on, we shall continue sharing this free point of view, omitting, wherever possible,
indications as to the type of the sets arising in all cases when it should not result in any
serious misunderstanding.
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4.1.10. The following statements are valid.
(1) filters ¥, and §, have the least upper bound iff u(¥,) N u(F,) =3 ;
(2) for any set of filters & bounded from above we have

usup&)=N{u§ ) § €€},
i.e., the monad of the intersection of filters is the intersection of their monads.

< Statement (1) results immediately from 4.1.7. To prove (2), let us first remark that
for § €°F we have § ssupf and, hence, u(sup& ) C u(¥). This ensures the
inclusion u(sup& ) CN{u(F):F €°F }. Let now F E°sup . By virtue of the properties
of the filter, there is a standard finite set & ; C& such that FEsupf ;. According to
4.1.3, with (1) taken into account, we deduce F D u(sup& ;) = N{u(F): § €F ;}. And,
finally,

u(sup& ) D{u(F ). §F €&, & g€l @E N =N F)rF € &y >

4.1.11. Let A be an ultrafilter, i.e., one maximal by inclusion in the set of filters J' (X)
of the set X under discussion, and § be a filter: ¥ €5 (X). Then either

nEHNWE) =3, or pd) ().

< If ud)NuF)=, then, by 4.1.10 (1), there is a least upper bound
I vEF =& Hence, ¥ CI,and, by 4.1.7, valid is u(F ) Cu(F ). >

4.1.12. Nonstandard criterion for an ultrafilter. A filter 5 in X is an ultrafilter iff
its monad is easy 1o catch, i.e., for any standard subsets A and B in X such that
AU B = X, then we have either n(¥) C A or u(¥)C B.

< — Assoon as u(§ ) C AU B, we can assume u(J )N A= . Since A= y({;i}),
therefore, by 4.1.11, u(§¥)C A.

< Let& D F. Then, according to 4.1.7, u(@ ) Cu( §F). If A is standard and
ADu(@ ), then either ADu(F), or A:= X- AD u(¥), by hypothesis. The case
A D u(¥) is impossible, since in that case we would get u(F)Nu@)CANA' =@.
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Hence, AD u(¥ ), i.e., AEY (by 4.1.2). Therefore, for any standard AEE we have
AEJY . Inline with the transfer principle, & C J ;i.e., ¥ isan ultrafilter. >

4.1.13. Standard criterion for an ultrafilter. A filter ¥ is an ultrafilter iff

AUBEY - A€y vBEYF.

< = If AUBEY, then the monad is caught; u(F)CAUB. If u(F)NA=J,
thenu(F)CAand AEF . If w(F)NB =D, then u(F)C Band BEF .

< Let AUB=X.If AEY , then AD (¥ ). If BEY, then BOu(¥), i.e., the
monad is easily caught. >
4.1.14. Every limit of a filter is one of its adherent points. An adherent point of an
ultrafilter is one of its limits.

< It suffices to work in ‘standard entourage’. Obviously, § — x & u(¥) Cu(x):=
pu(7(x). Besides, xEd Y :=N{dF. FEF} = (VFEY) (VUEWY) UNF=P o
uFP)Nux) =2, by 4.1.10 (1). Therefore, the first part of the statement has been

proved. If now ¥ is an ultrafilter, and x &l ¥ , then p(¥) N pu(x) = . Based on the
alternative described in 4.1.11, we deduce u(¥) Cu(x), ie, §F = x. >

4.1.15. Let & be the cover of X . The following statements are equivalent.

(1) there is a standard finite subcover €  in , such & y €L (& ) that X CUE ;

(2) the monad u(& ) coincides with X ;

(3) the monad u(& ) is a standard set;

(4) the monad p(E ) is an internal set,

(5) for every standard ultrafilter §* in X thereisan EEE lyingin § .

< Implications (1) = (2) = (3) — (4) are obvious. If u(& ) is an internal set, then
by 4.1.6 (4) and 4.1.4 we conclude that u(¥ ) is standard, i.e., there is a standard finite

& ,CE& such that u(&)=UE,DX. Hence, (4) — (1). Implication (1) = (5) is
obvious. To prove (5) = (1), let us assume that, on the contrary, (Vs'fm@ 0) UE 0= X.
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Let us consider & ":= {E":= X - E: EEE }. The family & ' can obviously be considered as
generating a filter base in X. Let § be an ultrafilter containing this base. In this case there is
an EEE such that EEY . Besides, by construction, E'EJF . Thus, we come to a
contradiction. >

4.1.16. By way of concluding the present section, let us give some useful characteristic
features based on the ‘technique of internal sets’.

4.1.17. Cauchy principle. Let § be a standard filter in a standard set. Let, then,
@.= @(x) be a certain internal property (i.e., ¢ = (pl for a set-theoretic formula ¢ ). If for
every remote element x we have @(x), then there is a standard set such that (Nx €F) ¢(x).

< There is an internal set F' with the required property (such is any distant element of
the filter §° ). Hence, in line with the transfer principle, there is a standard F sought. >

4.1.18. Principle of a granted horizon. Let X and Y be standard sets, § and & be
standard filters in X and Y, respectively, in which case u(§)N° X = @. Let us now fix a
remote set, a ‘horizon’, F in °Y . For a standard correspondence f C X xY meeting ¥,
the following statements are equivalent:

1) fu(F)-FCF)Cud);
(2) (VFEF)f(F-F)Cu@);

@3) fu(F))Cu@).

< Obviously, (3) = (1) = (2). Hence, we have only to establish the implication (2)
- (3).

Choose a G € 8 . Assume that for every standard F” of °§ there isan x of F” - F,
for which f(x) G. According to the idealization principle, in this case there is an
x' €u(F) such that x' €F and, at the same time, f(x') &G. Now consider F:= FU{x'}.
Obviously, F'€®¥ , which results in a contradiction implying that for a certain standard
F"€J wehave f(F" - F)C G. Making use of the fact that there no standard elements X
in F, we deduce:

(V'GEB)TFEF)(V'XEF) f(x)EG.
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Now the transfer principle is to be used. >

4.2. Monads in Topological Spaces

In this paragraph we shall study the properties of the monads of the filters of neighbourhoods
in topological spaces.

4.2.1. Let (X,t) be a standard pretopological space. Therefore, to every (standard) x of X
a (standard) filter T(x) is assigned in X. Let us denote p(x): = p (x): = u(7(x)). The
elements u(x) are called infinitely close to x. Obviously, u(x) is the monad of the
neighbourhood filter T(x) of the point x. The pretopological space (X,t) is termed
topological if every neighbourhood of a point in X contains an open neighbourhood of this

point. In other words, any x € °X has an infinitely small neighbourhood U €1(x), for
which u(x")C u(x) forall x' €U.

4.2.2. Let G be a (external) set in a topological space (X,7). Let us set
h(G): = U{u(x): x €E°G}. The set h(G) is called the halo of G in X. The set GNA(G) is
called the autohalo or nearstandard part of G and is denoted by nst(G). If G D k(G), then

G is called saturated or, in more detail, T -saturated. If for any x EG we have u(x) CG,
then G is called well-saturated (well-t -saturated).

4.2.3. A standard set is open iff it is saturated.

< If G is open and xE€°G, then G D u(x). Hence, G contains its halo. On the
contrary, if G D h(G), then, choosing a distant element U, of the filter 7(x) for xE°G, we
see that G D U,.. Then by the transfer principle, G is open. >

4.2.4. A standard point x of X is called a microlimit point of U provided u(X) NU = 3.
A standard set formed by all microlimit points of U is termed the microclosure of U and is
denoted by d _U.

4.2.5. The microclosure cl_ U of an arbitrary internal set U is closed. If U is a standard
set, then the microclosure ¢l . U coincides with the closure AU of the set U .
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dletAi=d U =*xEXu(x)NU=» I} and yEclA. The task is to establish that
y€A. According to the transfer principle, y can be considered as standard element. Let us
choose a standard open neighbourhood V' of the point y. By hypothesis, there is a standard
point x €V such that x €A. From the definitions of standardization and a monad, we deduce

that VO u(x) and p(x)NU=. Hence, (VS‘VE‘z(y)) VNU= Q. Then by the
idealization principle we deduce u(y) NU=J, i.e., y&l  U.

Let now U be standard. Obviously, ‘UC d_ U. Hence, in line with the above-proved,
UCd,_U and dUCd_U. If we choose yEclU, then (V'VEWy) VNU=J.
Hence, by the idealization principle, u(y) N\U= @, i.e., yEcl_  U. >

4.2.6. For a point x and a nonempty set U the following statements are equivalent:
(1) x is an adherent point of U ;
(2) x is amicrolimit point of U

(3) there is a standard filter § whose monad u(§ ) lies in the monad u(x) ;

(4) there is a standard net (x¢)gez of the U point such that its elements with infinitely
large indices are infinitely close to x, i.e., x; €Eu(x) for all § e*E.

< (1) = (2). If xEcl U, then there is a least upper bound 7(x) v {U}. By 4.1.10 (1),
we get

@ = p(w(x) v {U}) = p(o(x) NpUP = p(x NU,
the last implying x Ecl | U .

(2) = (3). If x&cl_ U, then UNu(x) = . Hence, on the basis of 4.1.10 (1) we
can construct a filter § such that AEF <> ADUNu(x). Obviously, this is the filter
sought.

(3) = (4). Let us set Z:=1(x) and §; <&, « £, D &,. Let us define Xg as an
arbitrary point of a FEF such that FC &. Obviously, (*g)gez is the sought net. Indeed,
by construction, x € u(x) for § €°E.

(4) — (1). Let V be a standard neighbourhood of x, and n be an arbitrary large index
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of E. Obviously, xz €V for & = n, since u(x) CV and & €' E. Hence, VN U = (since,
by hypothesis, xz €EU).

4.2.7. Nonstandard criteria for continuity. Let (X,7) and (Y,o0) be standard
topological spaces, f:X — Y be a standard mapping, and x be a standard point in X . The
Jollowing statements are equivalent:

(1) f is continuous at the point x;

(2) the function f sends points infinitely close to x to points infinitely close to f(x),
ie.,

(Vx') x'€pg(x) = f(x)Epug(f() -
< It suffices to refer to 4.1.8. >
4.2.8. For a set A in X by the symbol u(A) we shall denote the intersection of standard

open sets containing A. The set u(A) is termed the monad of A. It should be remarked that
w(d)=3.If A= D, then u(A) is the monad of the neighbourhood filter of the set A.

4.2.9. Let (X,T) be a standard topological space. Then
(1) (X,t) is a separated (= T;) space iff "u(x) ={x} for any point x €°X;

(2) (X,t) is a Hausdorff (= Ty) space iff u(x;) Nu(xy) =D for x,x, €°X;

(3) (X,7) is regular if it is T;-spaced and satisfies axiom T;: for every closed
standard A C X and a standard point x ¢ A the following relation holds p(x) Nu(A) =3,

(4) (X,T) is normal if it is separated and satisfies axiom T: for any two disjoint
closed sets A and B in X we have u(A) N\ u(B) = &.
4.2.10. The following statements are valid.

(1) a standard set is well-saturated iff it is open;
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(2) the monad of an arbitrary set is well-saturated,
(3) the monad of a standard filter § is well-saturated iff § has a base of open sets;

(4) the monad u(A) of an arbitrary open A is the least well-saturated set containing
A, in which case the presentation u(A) = U{u(a):a €A} is valid.

< (1) If A is standard and well-saturated, then it is saturated and, hence, A is open
(see 4.2.3). If we know beforehand that A is standard and open, then, by the definition of
monad, fora EA we get u(a)C A, i.e., A is well-saturated.

(2) The monad of a set is, by definition, the intersection of standard open sets. Hence,
with (1) taken into account, it is well-saturated.

(3) If ¥ has a base of open standard sets then the proof follows from (1). If u(¥) is
well-saturated and V is a standard § element, then VD u(¥ ) D U{U,:a EF}, where F is
an infinitely distant § element, and U, is an infinitely small neighbourhood of the point a.
Since U{U,:a EF}EY , the required result follows from the transfer principle.

(4) By (2), u(A) is well-saturated. Moreover, according to (3) well-saturated is
B:=U{u(a):a €EA}. We have to check if B = u( A). The inclusion B C u(A) is obvious. Let
us assume, contrary to what has been proved, that B = u(A), i.e., there is an x Eu( A) such
that x & B. Therefore, for every a €A there is a standard neighbourhood U, of the point a
with the property x &U,. In other words, (Va €A)(F tUa) U, €1(a). Employing the
idealization principle, we see that there is a standard finite set {a;,...,a,}C A such that
ACU, U...Ul, . Hence, x€u(A)CU, U...UU, , which is a contradiction. >

4.2.11. Let (X,t) be a separated topological space. The mapping f:(X,t)— (Y,0) is
continuous at the point x iff f(u (x)\U)C puy(f(x)) for an infinitely small
neighbourhood U of the point x.

< By axiom Ty, p(x)- U = u(x) -U, where u(x) is the monad of the filter T(x) of
the deleted neighbourhoods of x, i.e., VEz(x)e VU{x}Er(x). Obviously,
u(x) = p(x) - {x}, in which case U - {x} is an infinitely small element of 7(x). Using the
principle of a granted horizon 4.1.18, we see that f(u(x)-U) Cus(f(x) <
< f(u®) Cpus(f(x) < f(u(0) C py (f(2) . >

4.2.12. Let (Yg,0¢)eez be a family of topological spaces. Let, then, (fg: X = Yg)eez be
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a family of mappings, and T:= supgez f¢ 1(a;;) be the initial topology in X, i.e., the

weakest topology in which the mappings fg are continuous for all & €E. In this case, for
every standard point x €EX ,

Hen) = 0_f (@)

< The required result is obtained from 4.1.8. >

4.2.13.A point x' of a Tychonoff product is infinitely close to the given point x provided
the standard coordinates of x' are close to the corresponding standard coordinates of x.

< Let, formally speaking, (Xg,T¢)eez be a standard family of standard topological
spaces. Let, then, (X,7) be the Tychonoff product of (Xe Te)eez, 1€,

Ki= [ Xe; 7:=supPri'(7:),
§l<_£[E§ T zlég re (Tg)

where Pr is the projection operator of X on Xg. Making use of 4.2.11 and 4.1.6 (5), for

XxE°K, we deduce

_ -1 _ -1 .
p(x) = 52"5”(13% (Tg(xg))) 52"513[5 (#(Tg(xg)))

It should be remarked that for £ €°E we have x’ GPrgl(u(rg(xg ))) < Pre x' € u(te (xg)),
i.e.,

Prs (u(Te(x)) = pq, (xe) x 1 X,
t (u(Te(xg)) = py, (xg) nl:lé n
Therefore, for every standard & €EE (cf. 4.1.6 (5)), we have
Prg (1(x)) = (7 (xg)),

which completes the proof. >
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4.3. Nearstandardness and Compactness

Proximity to a standard point arising in topological spaces makes it possible to give
convenient criteria of compact spaces. Obtaining these criteria is the basic topic of the present
section.

4.3.1. A point x of the topological space (X,7) is called nearstandard or, in more detail,
T-nearstandard, if x €Enst(X), i.e., if for a certain standard x’ €°X we have x Eu(x').

4.3.2. A point xEX is nearstandard iff for every standard open cover E of the set X we
have x Eu(E ). In other words,

nst(X) = N{u(& ): & is an open cover of X}.

< Let first x Enst(X) and x' €°X be such that x Eu(x'). For an open cover &
there is a standard element EEF such that x' €E | i.e., u(x')CE (see 4.2.3).

Therefore, x Eu(x')C EC u(&). Let now x&nst(X). Then for any x' €°X we have
x&u(x"). Hence, there is a standard open neighbourhood U, of the point x’ for which

x@&U, . The standardization & :=*{U,:x'€°X} is an open cover of X for which
x¢Eu&). >

4.3.3. Every nearstandard point is infinitely close to the only standard point iff the space
considered is Hausdorlff.

< If 7 is a Hausdorff topology, and x', x"" €°X, then u(x" )N u(x")= @— x' =x".

Let, on the contrary, x Eu(x") N u(x") for x', x" €°X. Since x is nearstandard, x’' = x"’ by
hypothesis. Hence, x' = x" — u(x") N u(x")= &. >

4.3.4. Let us determine the external correspondence st(x):= {x' €°X: x Eu(x’)}. In the
Hausdorff case st is a mapping of nst(X) on °X.

4.3.5. For every internal U, the following presentation holds cl. U =*s(U). In
particular, a standard set U is closed iff U = *st(U).

< The proof is in 4.2.5. >
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4.3.6. Nonstandard criteria for compactness. For a standard space X the following
statements are equivalent:

(1) X is compact,
(2) every point of X is nearstandard,

(3) the autohalo of X is an internal set.

< (1) = (2). Let & be an open cover of X. The monad u(& ) coincides with X by
4.1.15 (since X is compact). By virtue of 4.3.2 we come to the conclusion:
nst(X) = Ng (&) =X.

(2) = (3). This is obvious.
(3) = (1). Let & be an open cover of X. Since (Vx€Enst(X)) (F'EcF )x€E,

according to the idealization principle, (3*"& , C & YU & , D nst(X) D °X. Hence, by the
transfer principle, & ; is a cover of X. >

4.3.7. Let C be a setin a topological space X . The following statements are equivalent:
(1) C is compact in the induced topology;
(2) C lies in the halo k(C);
(3) the monad u(C) coincides with the halo h(C).

< (1) = (2). As C is compact in the induced topology, we have C C nst(C) C A(C)
(see 4.3.6).

(2) = (3). It is obvious that we always have A(G) = U{u(x): x €°G}C u(G). By
hypothesis, for every x €C there is a y €°C which obeys the relation x Eu(y). By 4.2.8
(2), u(x) Cu(y). Therefore, making use of 4.2.8 (4), we get u(C) =U{u(x): x€C}
CU{():yE Cr=h(C).

(3) = (1). Let & be a standard cover of C. By definition, C C u(C) Ch(C).
Therefore (cf. 4.3.2), C C u(& ). Hence, in line with 4.1.5, there is a finite subcover of
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Cin¥.>

4.3.8. Nonstandard criterion for relative compactness. For a regular space X
and a set C in X the following statements are equivalent:

(1) C is relatively compact (i.e., cIC is compact);

(2) C lies in the nearstandard part of X .

< (1) = (2). With no additional hypotheses, 4.3.7 obviously yields:
CCdCCh(CIOCHX)=nX)N X =nsi(X).

(2) = (1). Let us consider the closure cIC, and let & be an open cover of clC.
Hence, for every ¢ €C thereisan E cF containing c. Let E, be a closed neighbourhood of
¢ contained in E. Obviously, the family & ":= {E,:c EC} comprises a standard cover of
dC. The family & 'U{X - d C} forms a cover of X and, hence, from 4.3.1, we deduce
C Cns(X) C u(E ") U{X - cIC}. By virtue of 4.1.15, there is a finite set & y C& ' cover
C. Obviously, UE ; is closed, i.e., &, is a cover of dC. Every element of &, is, by
construction, a subset of an element of & . Therefore, it is possible to refine a finite subcover
of d C from the initial & . >

4.3.9. Criterion 4.3.8 allows strengthening. Namely, the microclosure of an arbitrary
internal subset of the nearstandard part of an arbitrary Hausdorff space proves to be compact.

4.3.10. Let k:= ngs X: be a standard product of standard topological spaces. A point
x €K is nearstandard iff nearstandard are its standard coordinates xg Enst(X¢) for & €°E.

< If xEnsyR), then, by 4.1.12, for a certain yE°KX and any £ E°E we get
xg €Eu(yg). Now we have to remark that, by the transfer principle, yg E"Xg. Assume that

we know beforehand that xg €nst(Xg) for & €°E. Consider the external function
y:§ =>st(xg) from °E to Ugcg "Xg. Obviously, by virtue of 4.1.12, for the
standardization *y we get *y €K and x Eu(*y). >

4.3.11. Tychonoff theorem. The Tychonoff product of compact sets is compact.
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< According to the transfer principle one can assume that a standard family of standard
spaces is considered here. In this case, making use of 4.3.10, we conclude that every point
of the product is nearstandard. >

4.3.12. Further on we will, as a rule, consider Hausdorff compact spaces. In conventional
terminology such spaces are referred to in brief as compacta.

4.4. Infinite Proximity in Uniform Spaces
In uniform spaces there arises a symmetric, reflexive and transitive relation between internal

points, i.e., their infinite proximity. Let us now study the most important constructions that
pertain to this notion.

4.4.1. Let (X,Il ) be a uniform space. This implies that U:={J} if X = &. When X = &,
then If isa filterin X* with the following properties:

) H c{yy;

@) (YUell) U'ell ;

3) (VVEll) QU U-UCV.
4.4.2. Luxemburg criterion. The filter If in X* is a uniformity on a (nonempty) set X
iff the monad (Il ) is an external equivalence.

< We have

pdy=nNlft= N U= N U =pd)™;
ve°ll ve'll

pdl)DIy;
pll)y=NUU:UE U }Dp(l)oul YD u(l)oly D udl).

Here we have made use of the fact that U™ and UoU are standard under the condition
that U is standard. Besides, by the definition of monad, U D u({f ) for U €Il .



98 NONSTANDARD METHODS OF ANALYSIS

By virtue of 4.1.4, the filter I{ is the standardization of all the supersets of its monad,
i.e.,

UE’l « UDudl).

This implies #f C{Iy} and U €Il = U™ €Il . Let us consider an infinitely small element
W of the filter I . By virtue of the above, U:= W™ N'W €l . Moreover, UoU C pu(lf)o
p(ll ) = u(Il ). Hence, for every standard V €I , there isa U €Il such that UoU C V. By
the transfer principle we conclude that I is a uniformity. .

4.4.3. When applying the Luxemburg criterion it is expedient to bear in mind that not every
equivalence relation on X? is a monad (i.e., it produces a uniformity in X'). For instance, if
we assume that x,y ER are equivalent for x - y €°R, then points equivalent to zero will

compose the set R which is not a monad of any filter. This, in particular, implies that such
an equivalence is produced by no standard uniformity.

4.4.4. If x,y are points of the space X with uniformity I , then we call x and y infinitely
close (relative to Il ) and write x =~ ;; y, or simply x =y, provided (x.y) Eu(ll ). For an
arbitrary set A in X (possibly, external) the set py; (A) is called the microhalo of the set A
in X and denoted by "A. If the set A is standard, then, taking the liberty of being
inconsistent, the symbol ~A can be also used to denote the halo h( A) of the set A, meaning
the equality #( A) = ~ A. It goes without saying that in this case the halo is calculated relative
to the uniform topology 7;; generated by I . It should be remarked that in such a topology
the monad of a standard point x consists, as it might be expected, of all the points infinitely
close to it i.e., it is the microhalo “x:= "{x} of this point. Sometimes, when a terminology

less adequate to the essence of the matter is used, the microhalo ~x of an internal point x is
called the monad of this point.

4.4.5. A function [ acting from a uniform space X into a uniform space Y and transferring
infinitely close points into infinitely close ones, is termed microcontinuous over X .
4.4.6. The following statements are valid.

(1) a standard function is microcontinuous iff it is uniformly continuous;

(2) a standard set consists of microcontinuous functions iff this set is (uniformly)
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equicontinuous.

< (1) The uniform continuity of f: X — Y implies that f*({ y) D Ify, where If , I,
are the uniformities of X and Y, respectively, and f™(x,x"):= (f(x),f(x")) for x,x' €X.
Taking into account 4.1.8, we deduce

Fdlg) DMy < u(f*d y) Cpdly).

(2) The set & CYX is, as is known, termed equicontinuous, if (VV€Elly)
F'v) = f 1oV of €Il . Therefore, for such an & , by the transfer principle, we have
(VW Ell,) x(FUEll ) (Vf EE )(Vx,x' EU)(f(x),f(x') EV . In particular, if x =~ x',
then for every fEE for any VE If, we get (f(x), f(x)) €V, ie., f(X)= f(x).
Therefore, an equicontinuous standard set has only microcontinuous elements.

In order to prove the reverse implication, let us, for the sake of diversity, make use of

the Cauchy -principle (4.1.17). Indeed, for VE°ll ; and an arbitrary remote element

U€’lly we have (Vf €E ) f*(U)C V. Hence, the same internal property is also valid for
a certain standard U €I 5. Now we are to apply the transfer principle. >

4.4.7. Let (XUl x),(Y Il y) be standard uniform spaces, and let f be an internal function;
[:X—>Y. Let, then, Elly, Elly be the filters of external supersets of °ll v, “Il y,
respectively. In this case the following statements are valid:

(1) f is microcontinuous;

@) fu(x, kit ¥) =, Elt y) is uniformly continuous,

(3) (VVElly) FUElly) fUCv.

< (1) = (3). Let VE'lly. For any remote element UE°lly we have
(x,x)EU = x=~x' = f(X)=~ f(x'), i.e,, f(U)CV. By the Cauchy principle (4.1.17),

there is a standard U with the same property.

(3) = (1). Let us set x ~x’ and a standard element V €Il ;. By hypothesis, for a
certain standard U €Il y, we obtain f*(U)CV. In particular, (f(x), f(x)) EV. Hence,
F(x)= f(x").

(3) = (2). This is obvious. >
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4.4.8. Examples

(1) Let X be a set, and d be a semimetric (= deviation) on X . In other words, there
are (standard) objects X and d: X — R such that

d(xx) =0 (x€X);
d(xy)=d(yx) (x,yE€X);
d(xy) sd(xz2) +d(z,y) (x,y,2€EX).

Let us consider the cylinders {d se¢}={x)y) €EX,:d(x,y) s¢} and the family
Il ;:={{d s €}: € ER, £ > 0}. Obviously, I, provides X with the structure of a uniform
space, i.e., the conventional uniformity of a semimetric space (X,d). It should be remarked
that the monad of this uniformity is defined by the following equivalence relation:

x=; yed(xy)=0<dxy EnR).

(2) Let (X,JN ) be a multimetric space, i.e., M is a multimetric (= a nonempty set of
semimetrics on X). The monad u(fM) is defined as the intersection of the monads of
(standard) uniform spaces (X,d), where d €° 1 . Namely,

x=gpye (Vde'M)d(xy) ~0.

The monad (1) is, undoubtedly, the monad of the uniformity f gy : = sup{dl ;:d €M} of
the multimetric space (X, 0 ) under consideration. It would be expedient to recall that every
uniform space (X,{l ) is multimetrizable, i.e., {f =1 g for a suitable multimetric .77 .

(3) Let (X, ) be a uniform space. Let us endow the space £(X) with the Vietoris
uniformity, whose neighbourhood filterbase is composed of the sets:

{ABEP(X)*: BCU(4),ACUB)},
where U €Il . Obviously, the monad p,,: = u,, () of the Vietoris uniformity has the form:
u, ={(A,B): AC"B, BC "4.

(4) Let (X,7) be a compactum, i.e., a Hausdorff compact space. This space is
(uniquely) uniformizable, i.e., a filter of #f such that the uniform topology Ty coincides

with T is the neighbourhood filter of the diagonal in X*. Therefore, u({f ) = Ponr(Ix). In
other words, x = x' <> st(x) =st(x'), since py, 7 (X, x) = uy(x) x u(x) for a standard point
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x (see 4.2.1) and every point of X? is nearstandard (see 4.3.6).

(5) Let X,Y be nonempty sets, I, be a uniformity in ¥, and B be a family of
subsets of X filtered upwards by inclusion. Let us consider the uniformity #f in ¥ X which

is called the uniformity of uniform convergence on the sets of B . The family of I is a
union of the supersets of the following elements:

Vaui={(f.8)EY* xYX:golyo f CU}
where BEE and U E€ll . It is obvious that

(f.8) En(ll) « (V*'BEB) (VU EUy) (VX EB) (f(x).8(x) EU
< (V'BEB)(Vx EB) f(x) ~g(x) < (VxEuB)) f(x)~g(»),

where, as usual, u(B):=U °Z is the monad of the family B . If B = {X}, then we speak
about the strong uniformity Il ; on X . The following relation is obvious:

(f.8) Endly) < (VxEX) f(x) ~g(x).

If B = P;;,(X), then u(F) = °X and, hence, for the corresponding weak convergence Il ,
(or, which is the same by definition, for the uniformity of pointwise convergence), we get

(f.8) Enl ,) < (V'x EX) f(x) ~g(x).

4.4.9. A set A is called infinitely small (relative to the uniformity If ), provided
AZCull), i.e., if any two points of A are infinitely close.
4.4.10. For a standard filter § in (X,I{ ) the following statements are valid:

(1) the monad u(¥) is infinitely small,

(2) the filter § is a Cauchy filter;

(3) for any U E€°ll there isan x €°X such that u(§ )> C U(x).

4 (1) = (2). Let uF)>Cpudl). Obviously, u(F)>=puF>), where
¥ -{F2:FeF}, as
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(xy) EM(F ) < (VF EF)xEF n yEF > x€uF )y ENI).
Therefore, u(§ ) Cu(ll), i.e., § D If . The last result implies that § is a Cauchy filter.

(2) = (3). For U€E°ll there is a standard element FEJ for which Fx FCU. If
xE°F, then (VSty €F) yEU(x). Hence, FC U(x) , and, moreover, u(§ ) C U(x).

(3) = (1). Applying idealization, we see that (Ix EX) w(¥F)C "x. Hence, u(¥) is
infinitely small. >
4.4.11. A Cauchy filter converges iff its monad contains a nearstandard point.

< = If ¥ is the filter under consideration, then u(¥ ) C u(x) as soon as § — x.
Any point of u(¥) is nearstandard.

<« Let u(F)N "x= B. For yEu(F) and z€EUF)N “x we get y~z=~1x, i.e.,
y= x. Hence, u(¥) Cu(x) and now we have to appeal to 4.1.7. >

4.5. Pre-Neartandardness, Completeness and Total Boundedness
As is known, in uniform spaces a convenient indication of compactness, the classical

HausdorfT criterion, is ensured. In the present section we consider its nonstandard analogues
and the criteria of prenearstandardness pertaining to them in spaces of continuous functions.

4.5.1. For an (internal) point of a (standard) uniform space X the following statements are
equivalent:

(1) the microhalo of x is a monad of a certain (standard) filter in X ;

(2) the microhalo of X is a monad of a certain Cauchy filter in X ,

(3) the microhalo of x coincides with a monad of a minimal (by inclusion) Cauchy
Silter;

(4) the microhalo of x contains a certain (infinitely small) monad,
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(5) There is a standard generalized sequence (xg)eez of X elements microconverging

10 x, i.e. such that for all remote elements & €°E we have xg =~ x.

< (1) = (2). If "x = u(F) for a certain standard filter §°, then u(J¥’) is infinitely
small (since the microhalo ~x is infinitely small).

(2) = (3). Let "x=pu(¥), §F' isa Cauchy filter and §' C ¥ . Then, by virtue of
4.1.17, u(F")Ou(F)="x. If yEu(F'), then since u(F"') is infinitely small, we get
yex,ie, p(F ') =ux)=pu(F). Hence, F' = F (see 4.1.4).

(3) = (4). It is obvious.
(4) = (1). Let us assume that “x D u(¥ ) and the filter ¥ isa Cauchy filter. Let us set
¥ ={UWF):Uelly, FEF }. For Il := I y we have the following relations:

W) =ud)y(wEN=pd)(n_F= 0_pdlXF)
re°y Fe*¥

'Fqusz UF)=N{F.F €'F}=nF".

Obviously, ~u(¥ )D "x. Hence, u(¥F) = "x = u(F").

(4) = (5. If ¥ isafilter and u(F ) C "x, then, choosing in a conventional way one
point from each standard F€° ¥ and applying standardization, we construct the sequence
required. Conversely, if (xg)gez microconverges to x, then the monad of the tail filter of

this sequence is contained in the microhalo ~x. >

4.5.2. A point x obeying one (and, hence, all) of the equivalent conditions 4.5.1 (1) - (4),
is called prenearstandard in X . The external set of all prenearstandard points in X is denoted
by pst(X).

4.5.3. Nearstandard points (relative to the uniform topology) are prenearstandard.

< Let xEnst(X) for the space under study (X, ). Hence, for a certain yE°X we
have x € "y. Therefore, "x D "y = u(ty (y)) . In line with 4.5.1, x Epst(X). >
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4.5.4. The image of a prenearstandard point under a uniformly continuous mapping is
prenearstandard.

<Let¥ bea Cauchy filter and uw(¥) C "x. Obviously, f ¥)isa Cauchy filter in the
image of X under the mapping f. Hence, u(f(F)C"f(x), ie., f(x) is a
prenearstandard point (see 4.5.2). >

4.5.5. A point of the Tychonoff product of uniform spaces is prenearstandard iff its
standard coordinates are prenearstandard.

< Let R:=[[g ez X; and Ify:=supseg Prg'l(ﬂ g) be the Tychonoff product of
standard spaces (X¢ ’Hg)ges- Let us choose an x Epst(X) . According to 4.5.1, in (X, If3)
there is a Cauchy filter §' such that "x = u(¥'). For any standard & €Z we get, since Prg is
continuous and by virtue of 4.4.6, Pr; CncC” g, ie, 'xE D Prg(y(j’ )) = u(Prg(j’ ).
Therefore, x, is a prenearstandard point in X for § €°E.

If for any & €°E we have “x; = u(f;) for a suitable choice of the filter 3"5, then we
can consider a filter

o= sup P (Fe).
5 §eg 3 (5 g)
Obviously, the filter § is standard and

w3)- §Q,EM(Pr§1(5§)) -0, Pr; (u(Fe))
-1, = . o= -~ -~
=§Q.EPI'§ ( X§)={YEK(V§E _-)yg X§} x. b

4.5.6. Nonstandard criterion for completeness. A standard space is complete iff
each of its prenearstandard points is nearstandard.

< — Let X be a complete space, i.e., such that every Cauchy filter in X converges.
Let us choose an x Epst(X) . By 4.5.2, for a certain Cauchy filter § we have u(J) = “x.
According to completeness, there is a yE°X such that u(y)D u(§). Hence,
"y =u(y) Du(¥F) D "x. Therefore, "y = “x, i.e., xEnst(X).

<« Letnst(X) = pst(X) and § be a Cauchy filter in X . Let us choose an reul¥).
Then "x D u(¥) (as u(¥) is an infinitely small set). By 4.5.2, x Epst(X). Hence,
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x €nst(X). Now we have to use 4.4.11. >

4.5.7. The Tychonoff product of complete uniform spaces is complete.

< By virtue of the transfer principle, it suffices to consider the case of standard
parameters. If standard factors are complete, then their every prenearstandard point is
nearstandard (see 4.5.5). We now have to recall that nearstandard points are those with
nearstandard standard coordinates (see 4.3.10), while prenearstandard points are those with
prenearstandard standard coordinates (by 4.5.5). Besides, we make use of the fact that the
uniform topology of a product is the product of the uniform topologies of factors. .

4.5.8. The space of functions acting into a complete space becomes complete when
endowed with the strong uniformity.

< Let (Y,Il) be a complete standard uniform space, X be a standard set. Choose a
prenearstandard point f erX. By virtue of 4.5.2 and 4.4.8, this implies that there is a
standard sequence (f¢)gez Of the elements of Y X for which

(VEEE)(VXEX) fi(x) = f(x).

According to 4.5.7, f is nearstandard in the weak uniformity, i.e., there is a standard
element g eY¥ such that

(VEED) (VA EX) f (1) ~g(x).

Hence, for every standard x €X the sequence ( Je(x))zez converges to g(x) . By the transfer
principle, (Vx€X) fi(x) — g(x). Hence, (YU €Il )(Vx €EX) (f(x).g (x))EU, which

insures the fact that f is infinitely close to g in the strong uniformity. The proof is completed
by referring to 4.5.6 and the transfer principle. >

4.5.9. Let E be a set in a uniform space (Xl ). The following statements are equivalent:

(1) the set E is totally bounded, i.e., for every U €Il there is a finite set E, C E
such that E C U(Ey) (for every U €Il there is a finite U -net);

(2) there is an internal finite cover of E by infinitely small internal sets;
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(3) the set E has a finite skeleton, i.e., there is an internal finite set E in X such that
E lies in the microhalo " E ;

(4) the set E lies in the microhalo of an internal totally bounded set.
< (1) > (2). Using the definition and principle of idealization, we deduce:

(VU €Il ) BEy) (Ey C E A By EPg,(X) A EC U(K))

< (V'L C 1) 3E,) (YU EIl,y) (Ey C E A Ey €P5,(X) A E
CU(Ey) < 3E,) (YU CIl) (Ey CE A Ey €F5;,(X) A EC U(Ey)
< (3E, C E) (Eg€ Py X) A EC "Ey).

(1) «> (3). Obviously, E is totally bounded iff for any standard U €Il there is a finite
cover {E;,....E,} of the set E such that E; xE, CU (i.e., E, is small of order U) for
k= 1,...,n. Now the idealization principle is to be used.

(3) < (4). This is selfevident.

(4) < (1). Let U be a standard entourage. There is a symmetric element V e°ll for
which VoV C U. Obviously, for a finite E' in X we have V(E') D E,,, where E is a given

totally bounded set with the property “E, D E. Hence, U(E') D Vo V(E") DV(Ey) DE. >
4.5.10. In every standard uniform space there is a universal finite skeleton, i.e., a common
internal finite skeleton for all totally bounded standard sets of the initial space.

< Recalling that the union of a finite number of totally bounded sets is totally bounded

and making use of 4.5.9, for a space X, a finite standard family & of totally bounded sets
and a standard finite family I, C{ y one can choose a common finite set in X which serves

asa U-netof any EEE forany U €l ;. Now employ idealization. >
4.5.11. Nonstandard criteria for total boundedness. For a uniform space X the
Jollowing statements are equivalent:

(1) X is totally bounded,

(2) every point of X is prenearstandard,

(3) the set pst(X) is internal,
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(4) the set X has a finite skeleton.

< (1) = (2). Let x €EX . For any standard U €I{ there is a standard point x' €°X for
which x€U(x') is an element of the finite standard U-net for X. Let us set
F-xUG) UETD. Obviously, F is a Cauchy filter (see 4.4.10). In this case, by
construction, xEu(¥ ), i.c., xEpst(X).

(2) = (3). This is obvious.

(3) = (1). Let us assume that for a certain standard U €/l and any finite standard
EC X the inclusion pst(X) C U(E) is not valid. According to the idealization principle this
implies that there is an internal point x € pst(X) with the property x €U(y) for any y €°X.
By definition 4.5.2, we have “x = u(§') for a suitable Cauchy filter ¥ . Let us choose
FE'Y in such a way that FxF CU. Then for any y E°F we get xEu(§ )C U(y),
which contradicts the assumption. Therefore, (VU €lf ) @*™E C X) U(E)D pst(X).
Now we have to recall that pst(X) D °X.

(1) = (4). For the proof see 4.5.9. >

4.5.12. Hausdorff criterion. A uniform space is compact iff it is complete and totally
bounded.

< — If aspace X is compact (and standard), then every point in it is nearstandard and,
hence, prenearstandard (by 4.5.3), X is totally bounded (by 4.5.11), and X is complete
(by 4.5.6).

Since X is totally bounded; therefore, according to 4.5.11, X = pst( X). Since X is
complete, by 4.6.6, pst(X) = nst(X). And, finally, X = nst(X), i.e., X is compact (see
4.3.6). >

4.5.13. Let X be an arbitrary set, Y be a uniform space, and f:X —Y be a (standard)
Jfunction. The following statements are equivalent:

(1) f is a totally bounded mapping, i.e., imf is totally bounded in Y ,

(2) there is an internal finite cover & of the set X such that f(E) is infinitely small
for every EEE | i.e., f is a nearstep function relative to E ,
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(3) there is an internal n €N and a set{X,,...,X,} of external mutually disjoint sets
such that X,U...UX, = X and f(x) = x' forall x,x' = X, and every k:=1,...,n.

< (1) = (2). In line with 4.5.9, there is an internal finite cover & of the set imf such

that EEE — E, C u(lly). Let us set & "= {f(E): EEE }. Obviously, &' is the
sought cover of X.

(2) = (3). This is obvious.

(3) = (1). Let us choose y, €f(X;) and set E:= {y;:k =1,...,n}. Obviously, E is a
finite internal set. By hypothesis, E is a skeleton of f(X). Hence, according to 4.5.9, imf"
is totally bounded. .

4.5.14. The space CB(X,Y) of totally bounded mappings from X to Y is complete in the
strong uniformity.

< By virtue of 4.5.8, it suffices to establish that CKX,Y) is closed. Hence, let a
standard f:X —Y be such that for a certain totally bounded function g we have
(VxEX) f(x) =~ g(x). Obviously, imf C “img. Making use of the fact that img is
completely limited, and taking into account 4.2.5 and 4.5.9, we deduce:
JEICBX,Y)— fECBX.)Y). >

4.5.15. A finite cover & of the set X is called finy if it is refined into every standard finite

cover & ; of the standard set X, i.e., if every set of & is contained in a certain set of & .
The mapping which acts from X into a uniform space and is nearstep relative to every tiny
cover of X, is called microstep on X .

4.5.16. Criterion for prenearstandardness in CRX.Y). A function f:X—Y,
where Y is a complete uniform space, is prenearstandard in CBX,Y) (relative to the strong
uniformity) iff f is microstep on X and the image of f is composed of nearstandard points
of Y.

< On the basis of 4.5.11 and 4.5.6 we conclude that f is nearstandard in the strong
uniformity. Therefore, for a certain g E°CRX,Y) we get f(x)=~g(x) for all xEX.

Obviously, imf C “img. Besides, img Cpst(Y) (see 4.5.13). If now & isa tiny cover,
then, making use of the definition of total boundedness, for every standard V €If y one can

find a standard finite cover &’ in X such that g(E)2 CYV for any EEE . Therefore,
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(VEEE) gE)’ CV,ie., g isnearstepon & . Hence, for EEE and x,x' EE we have

g(x) = f(x) = f(x') =~ g(x'), i.e., f is also nearstep relative to & . Since & is arbitrary, the
mapping f is microstep.

<« Since imfCnsiY), we have (Vx€X)F'y€EY) (V'W E1(y)) f(x) EW.
Applying the rule for introducing standard functions, we get (Y*'W())(Vx €X) 3*y€Y)
f(x)E EW(y). According to the idealization principle, we conclude (V*W()) (3"
Opseee¥nd) (YXEX) (k) f(x) EW(Y). Let us now choose V €Il . By hypothesis, for

every tiny cover & of the set X and for EEE we have f (E)2 C V. Applying the Cauchy
principle 4.1.17 (taking it into account that tiny covers are remote elements of the directed

set of finite covers), we see that there is a standard finite cover & v such that f (E)2 CV for
EEE .

Let us choose a corresponding standard cover & and a standard finite set ¥, of ¥
elements, for which imf C V().

Using &, and ¥,, we can easily construct a standard step function f, such that
(VxEX) (fy(x),f(x) EV. Obviously, for U E°lly obeying the conditions U = U 1 and
UoeUCYV we get (fy(x), fy(x)) EV' V' lcUUCY for any V',V" CU. Therefore,
the standard net (fy )yeyy, (in more detail, *{fy: V €°lly}) is fundamental. Let us denote by
g its standard limitin CB(X,Y) . As above, we have (V*'V €ll}) (¥, € X) (g(x), f(x)) EV.
And, finally, g = f in the strong uniformity. Therefore, f is nearstandard, and, hence, also
prenearstandard by virtue of completeness of CB(X,Y) discussed in 4.5.14. >

4.5.17. Nonstandard criteria for relative compactness. In a complete separated
space X the following statements are equivalent for a set E:

(1) E is relatively compact;

(2) E is precompact (i.e., the completion of E is compact),

(3) E is totally bounded,

(4) ECpst(X);

(5) ECnst(X);

(6) E lies in the microhalo of a finite set;

(7) d U has a finite skeleton.
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< Since X is complete, by 4.5.6, pst(X) = nst(X). Therefore, (5) = (1) —= (4) (see
4.3.8). Obviously, (7) = (6) = (3) — (1) = (2). If (2) is fulfilled, then d E is complete
and totally bounded by the Hausdorff criterion. Making use of 4.5.11, we deduce (2) —
. >

4.5.18. Criteria for prenearstandardness in C(X)Y).Let X be a compact set, Y be
a complete uniform space, and C(X,Y) be the space of continuous functions from X to Y
endowed with strong uniformity. For an internal element f €EC(X,Y) the following
statements are equivalent:

(1) f is prenearstandard,
(2) f is nearstandard,

(3) f is microcontinuous and transforms standard points into nearstandard points.

< (1) = (2). Obviously, f is prenearstandard in Y¥ in the strong uniformity by virtue
of 4.5.4, while by 4.5.8 and 4.5.6 f is nearstandard in YX, i.e., there is a standard
g EYX, for which f(x)=g(x) forall x€X. Let (fg)ge:a be a standard sequence in C(X,Y)
microconverging to f. Let us choose an x'~x and remark that f¢(x") = fe(x) for all
standard £ €EZ (as f§ is continuous and X is compact). Then (cf. 3.3.17 (3)) for a certain
nE’E we get Sa(x') = f(x). Hence, we deduce g(x") s f(x) = fo(x) = [fo(x)=
f(x)= g(x) . Therefore, the standard function g is microcontinuous and, hence, by 4.4.6,
gEC(X)Y).

(2) = (3). By hypothesis, for a certain continuous function g it is fulfilled that

g(x) = f(x) forall xE€X. Therefore, f(°X)C ~g( °X) C ~g(X) C nsy(¥). Moreover, by
4.5.6, g is microcontinuous and, hence, for x’ = x we get f(x)= g(x) = g(x').

(3) = (1). By 4.5.3, we are to make sure that (3) — (2). Let us choose a
microcontinuous f for which f(°X)C nst(X). According to the construction principle, there
is a standard g such that g(x) €°f(x). Let us check that g is uniformly continuous. To this
end, choose a standard entourage V €l y, and a standard W €Il y from the condition
WoWoW C V. Making use of 4.5.7, find a standard U of the unique uniformity If y (see
4.4.8 (4)), so that f*(U)CW. At (x,x')EU for standard x,x' €X we get

(f(®), f(x") EW,(f(x").g(x")) EW, (g(x), f(x)) EW. Therefore, (g(x),g(x)) EWo Wo
W C V. And, finally,

(YV'VElly) @FUEI ) (V¥'x,x' EU) (g(%), 8(x)) EV.
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Therefore, by the transfer principle, we get g €C(X,Y) . Now for an arbitrary xEX we

deduce f(x)= f(x') = g(x')=~ g(x), where x" is the only standard point infinitely close to x.
Hence, f is infinitely close to g in the strong uniformity. >

4.5.19. Ascoli-Arzela theorem. Let X be a compact set, Y be a complete separated
uniform space, and EC C(X,Y). The set E is relatively compact in the strong uniformity iff
E is equicontinuous and uniformly (totally) bounded (i.e., for a certain totally bounded C in
Y we have f(X)CC forall fEF).

< The proof follows from 4.5.18, 4.5.17 and 4.4.6 (2). >



CHAPTER §
INFINITESIMALS AND SUBDIFFERENTIALS

The nonstandard methods of analysis have been applied to various fields of mathematics. In
the present chapter we shall consider the use of infinitesimals in subdifferential calculus, one
of the new branches of functional analysis which originated from evolution of the theory of
extremal problems. When studying optimization problems, a significant attention is paid to
the search for convenient convex approximations to rather arbitrary functions and sets. The
point is that for convex problems a quite powerful and effective technique of theoretical
analysis has been developed and the corresponding calculation algorithms have been
constructed. The ways of local approximation to sets and functions being developed in
subdifferential calculus are related to constructing quite complex and often cumbersome
formulas. The arising notions such as hypertangents, Rockafeller limits, and Clarke
derivatives, seem to be difficult to understand when first encountered, since it is too
complicated to comprehend the sense of their formal definitions.

Nonstandard analysis offers effective simplifying procedures since the use of the
external notions legalized by it ‘kills quantifiers’ essentially simplifies the complexity of
perception of the standard constructions described. Below we shall basically study the
evolution and examples of these operations for classifying one-sided tangents to arbitrary
functions and sets.

It should be emphasized that many constructions described in the present chapter have a
wider range of applicability than subdifferential calculus in the context of which the
presentation below will be given.

5.1. Topologies in Vector Spaces

Studies of local approximations in vector spaces are associated with the characteristic features
of the monads that introduce topologies agreeable with the structure available. It is these
topologies that we shall study in the present section.

5.1.1. Let U be a star-like set in a vector space, i.e., [0,]JU CU. The set U absorbs a set

112
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V iff for any (and then for all) positive infinitesimal o we have aV CU .

< As U absorbs V, by definition, there isa > 0 for which BV C U. By the transfer
principle, making use of the fact that both U and V are standard, we can conclude that

@*"B>0) BYCU. If now a>0 and a=~0, then aV = o/B(BV)Ca/BUCU. The
remaining part of the statement is obvious. >

5.1.2. Let x be a standard element of the standard vector space X under consideration. An
external set {ax: a >0, a =0} is called the radius-monad of x, or the infinitely small
pointer to x, or, finally, the direction of x. The family of the radius-monads of all the
standard elements of X is termed the direction monad of this space and is denoted by

md(X).

5.1.3. A standard star-like set is absorbing in X iff it contains the direction monad md(X)
of the space X .

5.1.4. Nonstandard criterion for a vector topology. Let X be a standard vector
space over the basic field F, and J1 be a standard filter in X . There is a vector topology T
on X suchthat 11 = ©(0) iff the monad u(M) of the filter 11 contains the direction monad
md(X) and, besides, constitutes an external " F -submodule of X .

(Here, as usual, "F:={ EF: F'neN) ltis n} is the finite part of the field F
endowed with the natural structure of an external ring.)

< — Since addition is continuous at zero, u(J1) + u(J1) = u(J1); ie., u(J) is an
external subgroup of X. Let « €°F and & be a base of /1 consisting of balanced sets. If
n €N is such that lals n, then for G € 8 and x Eu(J1) we have a/n x EG. Therefore,
a/nxEN{G:GE ' B}=nu@B)=uM); hence, ax€nu(M)=u(M); and, finally,
au(M) = u(M) for a €°F. We should observe that J7 has a base of absorbing sets and
recall 5.1.3 in order to conclude u(J7) D md(X).

< Letus choose a U €' 71 . By 4.1.4, this implies U D u(M). If W is an infinitely
small element of J7, then its balanced hull V is also infinitely small (as V C u(Jy).
Besides, V+ V C u(M) + u(1) Cu(M1) CU. Hence,
(VMUEN)@AVEN) (V isbalanced AV +V CU).

By the transfer principle, we conclude that /1 + /T = /1 and, moreover, that /1 has a base
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of balanced sets. By virtue of 5.1.3, we also obsreve that N s composed of balanced
standard sets. Therefore, J7 , indeed, determines a vector topologyon X . >

5.1.5. For every point x of the monad u(X):= u(t(0)) of a topological vector space there
is an infinitely large natural number N €N —°N such that NxEu(X).

< If V is a standard neighbourhood of zero and n €°N, then (see 5.1.4) the set
AnV ). ={m EN: m=z n A mxEV} is nonempty (since u(X) C V). According to the transfer
principle, there is an element N for which (V*n EN)(V*'U Et(0)) N EA®V). It is
obvious that the element N is the sought one. >

5.1.6. In applications it is sometimes convenient to consider nearvector topologies. Such a
topology T in the space X is characterized by the following properties: first, multiplication of
the vectors of X by every scalar of the basic field is continuous and, second, addition is also
continuous in both variables. The pair (X,7), as well as X itself, is in this case called a
neartopological vector space. This notion is natural, which can be easily understood from
the following obvious statement.

5.1.7. Nonstandard criterion for a nearvector topology. Let X be a vector space
over F. There is a nearvector topology T on X such that ©(0) coincides with a fixed filter
N iff the monad u(JN) is an external vector space over the external field of standard scalars
°F.

5.1.8. In relation to 5.1.7 we should remark that the monad of the neighbourhood filter of
zero of a nearvector space is an external convex set. An internal convex set U contains,
obviously, arbitrary convex combinations of its elements, i.e., for finite sets {ay,...,a 5} of
positive scalars comprising unity as a sum, and a set {1;,... #y} of the U elements we have
b3 ,ﬁ 1034, €EU. Here N is an arbitrary (internal !) element of N. The formulated property
termed hyperconvexity is not valid for external convex sets (since in the world of external
sets the induction on internal natural numbers completely fails). The examples confirming the
above statement can be easily found by making use of the following expedient proposition.

5.1.9. Nonstandard criterion for a locally convex topology. A vector topology
is locally convex iff the monad of its filter of zero neighbourhoods is hyperconvex.

< — Standard neighbourhoods of a locally convex topology contain standard convex
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and, hence, hyperconvex neighbourhoods. The intersection of hyperconvex external sets is
also hyperconvex.

< Every standard neighbourhood of zero of the topology in question T contains the
convex hull of an infinitely small neighbourhood (this hull as a whole lies in the monad ©(0)
due to its hyperconvexity). By the transfer principle, we conclude that any neighbourhood in
7(0) contains a convex neighbourhood of zero. >

5.1.10. By way of concluding this section, let us, deviating a bit from the basic direction of
presenting the material, remark that the nonstandard analysis of topological vector spaces and
operators in them is associated with studying the location of points of different types. In this
case, alongside with nearstandard and prenearstandard points we have already encountered,
an important role is played by specific notions of a ‘bornological type’. Let us recall here
only the simplest notions of the kind.

5.1.11. Let (X,t) be a locally convex space, and x be an internal point of X. The
Jollowing statements are equivalent:

(1) for any infinitely small o €F the relation ax ~_ 0 is valid,

2)yxe N U nV,
Ver(0)nEN

(3) for any standard continuous seminorm p (an element of the spectrum of t) we
have p(x) €E"F.

< (1) « (2). Let us make use of the Nelson algorithm:

(VaE€F) (a=~0-> ax=~0)

o (V' €1(0)) (Va) (V'nEN) lalsn™ = ax€V)
< (V'V €1(0)) (Va) A EN) (lalsn™! = ax €V)
o (V''V €1(0)) 3*n EN) x€Env.

(1) « (3). If p is a continuous seminorm, then for any tE"R we have
ld p(x) = p(1tlx) =0 (see 4.2.7). Hence, p(x) E"R.

(3) < (1). For every standard continuous seminorm p we have p(ax) =l alp(x) =0
as soon as lal=0. Now we have to obsrve that the last fact implies that ax is infinitesimal in
the topology t. >
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5.1.12. A point x satisfying the equivalent conditions 5.1.11 (1)-(3) is called finite (or
accessible) in (X,7). In this case we write x Efin(X,), or simply x Efin(X) if there is no
necessity to indicate the topology, and say that x belongs to the finite (or accessible) part
of the space X .

5.1.13. Nonstandard criterion for boundedness. Let X be a standard locally
convex space. A standard set U in X is limited iff it is composed of finite points of X, i.e.,
if U Cfin(X).

< — If U is bounded, then there is a standard  €°R such that p(U) < ¢t for a chosen
continuous seminorm pem,. Therefore, for a=0 and x€U we get p(ax) sto, ie.,
ax~0.

Let us now make use of the sequential criterion of boundedness (for diversity). Hence,
let (a,) be a standard sequence of scalars convergent to zero, and (#,) be a standard
sequence of the points of U. We have to show that a,u, = 0 Let N be an infinitely large
number. Then ay =0 and, hence, by condition 5.1.11 and (1), we get ayuy =0. >

5.1.14. A point x of a space X is called bounded and we write x €Ebd(X) provided there
is a standard bounded set containing x.

5.1.15. Nonstandard criteria for seminormability. Let X be a (separeted) locally
convex space. The following statements are equivalent:

(1) X is normable;

(2) bd(X) = fin(X) ;

(3) m(X)C bd(X).

< (1) = (2). Obviously, bd(X) = fin(X) with no hypotheses on X . If X is normable,

then fin(X) = {x €EX: || E™R}, where Il 1l is a suitable norm. Therefore, fin(X) lies, for
instance, in the ball By:={xEX:llxlIs 1}.

(2) = (3). Since u(X) always lies in fin(X), the required result is obvious.

(3) = (1). Let U be an infinitely small neighbourhood in X . By condition, for every
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X EU there is astandard set V such that V is bounded and x €V . Therefore, according to
the idealization principle, U lies in a certain bounded set. All we have to do now is to recall
the Kolmogorov classical criterion. >

5.1.16. The above statement demonstrates, in particular, that in a general (not necessarily
normable) case in a space there are more finite points than those bounded, while in a
normable spaceX we, obviously, have fin(X) = bd(X).

5.2. Classical Approximating and Regularizing Cones

In nonsmooth analysis there has been intensive search of convenient ways for local one-sided
approximation to arbitrary functions and sets. A principal starting point of this search was the
definition of subdifferential for a Lipshitz function given by F.Clarke [121]. Tangent cones
and the corresponding derivatives constructed and studied in this respect are often defined by
cumbersome and bulky formulas. Here we shall apply the nonstandard analysis as a method
of ‘killing quantifiers’, i.e., simplifying complex formulas. Under a conventional
supposition of standard entourage (in case when the free variables are standard (see 4.1.9))
the Bouligand, Clarke and Hadamard cones and the regularizing cones pertaining to them
prove to be determined by explicit infinitesimal constructions which appeal directly to
infinitely close points and directions.

5.2.1. Let X be a real vector space. In this space let us, alongside with a fixed nearvector
topology o:= gy with the neighbourhood filter of zero J1 ;: = o(0), single out a nearvector
topology T with a filter /7 := %(0). Following common practice, we introduce a relation of
an infinite proximity associated with the corresponding uniformity: x; =, x, < x; - x,
Eu(ﬂ o) » an analogous rule acting for 7. Below, if not otherwise stated, T is considered to
be a vector topology. In this case the monad of the neighbourhood filter o(x) will be denoted
by u(o(x)), while the monad u(o(0)) simply by u(o).

5.2.2. In subdifferential calculus for fixed sets F in X and a point x' €X the following
Hadamard, Clarke, and Bouligand cones are, in particular, considered:

, ) F-x
Ha(F,x':= U int; N ;
UEa‘(x’) xEFNU
a

O<asa'
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AF.xy= N U n &=
Vel . Uss(x)xEFNU @

O<asa’

F-
Bo(Fx'y= N d, U —2
UEo,(x’) xXFNU o

O<asa’

+V);

where, as usual, o(x').= x'+ f1 . If h €Ha(F,x') then we sometimes say that F is epi-
Lipshitz in x' along h. Obviously,

Ha(F,x") CCI(F,x") CBo(F,x").

5.2.3. We also distinguish the cone of hypertangents, a cone of feasible directions and the
contingency of F at the point x' by the following relations:

F-x
H(F,x'y= U ;
UEa(x’)xOEFsr\I/ a
F_ !
Fd(Fx')y:= N ——;
a'>0 a

K(F.xy=nd, n =X

a O<asa’

For the sake of economizing words it is expedient to assume x’ €F . For instance, one can
obviously say that the cones F(F,x") and K(F,x') are the Hadamard and Bouligand cones,
respectively, for the case in which T or o is the discrete topology. Therefore, below we
always assume x' €F with the following abbreviations taken to save the space:

(V0@:=(Vx=,x) @:=(VX) (xEF A x =~ ,X') > @,
(Vh)g:=(Vh= K) @:=(Vh) hEX A h=~ }) > @,
V'a)p:=(Va=0)p:=(Va)(a>0ra=0)—>¢.

The quantifiers 3x, 34, Ja are determined in the natural way by duality, i.e., we assume
that

AxNg:=Ax =~ x)@:=Ax) (xEFAx =~ ,x) A @,
Ahg:=Gh=~ 1) @:=Gh) REXAh=~_h)A @,
Fa)g:=Fa=0) p:=(Fa)(a>0ra=0)Arg.

Let us establish that the cones under discussion are defined by simple infinitesimal
constructions.
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5.2.4. The Bouligand cone is the standardization of the 333-cone; i.e., for a standard
element h' we have:

h'EBo(F,x") (Ix) a) (k) x + ahEF.

< The following equivalences follow from the definition of the Bouligand cone:
h' EBo(F,x")
< (VU Eo(x'))(Va' ER)(VVEN ) @xEFNU)
F0<asa)(3hEW +V)x+ah EF

< (YU)(Va') (VW) (3x) 3a) (3h)
(xEFNUAREK +VAO<asa' A x+ah€EF).

By virtue of the transfer principle we deduce:

h' €EBo(F,x") « (V*'U) (V*'a') (V*'V) @%'%) 3%'a) (3¥h)
(xEFNUARERN +VAO<asa' A x+ah€EF).

Let us now use the weak idealization principle and obtain:

k' €Bo(F,x") = (Ax) (Fa) (X V*'U) (V'a’) (V *'V)
(xEFNUARER +VAO<asa'Ax+ah€EF)

= (Ir=;x)YFa=0)(Ih=~, h)x +ah EF
—=((3Ax3a)@h x+ah€EF.

Let, in turn, a standard element A’ belong to the standardization of the ‘333-cone’
Since standard elements of a standard filter contain the monads of this filter, we get

(VU €Eo(x")) (Vo' ER)(Y'VEN.)
@xeFNU)(P<a<a')(FhEN +V)x + ahEF.

By virtue of the transfer principle, we conclude A’ €Bo(F, x'). >

5.2.5. The just proved statement can be rewritten as
Bo(F,x")=*{' €X: () Fa)(3N) x + ahEF},

where, as usual, * is the symbol of standardization. In this respect the expressive notation is
used:
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J33(F, x'). = Bo(F,x').

Further we shall use such notation without additional specification.

5.2.6. The Hadamard cone is the standardization of the YV Y-cone:
Ha(F,x') = VVV(F,x').
In other words, for standard h', F and x', we have
h'EHa(F.x')e (X" + w(o) NF+uR,) (W +u(r))CF,
where u(R ) is the external set of positive infinitesimals.
< The proof is obtained from 5.2.4 by duality, provided (which is by all means

legitimate) we forget that F is present in Ix. >

5.2.7. From the statements deduced above we can derive the following relations:

h'EH(F,x") < (Vx)(Va)x+ah'EF,
W EKF,x)Ye (Ax)Fa)x' + ah EF.

5.2.8. For standard h', F and x' (under the conditions of weak idealization) the following
statements are equivalent:

(1) h'€CI(F,x");

(2) there are infinitely small U €o(x"),V €M _ and o' >0 such that

F-

e N (—=
O<asa’ Q
xXFNU

+V);

3) QUEOo(x")(Aa") (VxEF NU)(VO0<asa')(Tr=~_h")x + chEF.

< Using obvious abbreviations, we can write
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h'EeCI(F,x")
o AV EAD)YBa)Y (VxeFNU)(V0<a sa')(ThER +V)
x+ah€F .

Applying the transfer principle and weak idealization, we get

h' ECI(F,x") = (V*'V) (FU)(T'¢') (VxEFNV)
(VO<asaY(@hEh +V)(x+ah EF

- (V'(¥.... Vi) 3*U) @) @V) (Vk = 1,....n)

V. DVA(VXxEFNU)(VO<asa’)(FhER +V)x + ahEF
- @) 3a) @AV YV V' DV A(VXEFND)
(V0<as=sa)Y@heh'+V)x+ahEF.

Hence, we can obviously deduce that for some V en » ¥V Cu(r) and U€Eo(x"),
U Cu(o)+ x', as well as for an infinitesimal a we have (2) and, moreover, (3).

If, in turn, (3) is fulfilled, then, taking into account the definition of the relation =, we
get

V*'V)(3U)(3a") VxEFNU) (V0 < asa')FhEH +V)
x+ah€F.

Thus, by the transfer principle, i’ ECI(F,x'). >
5.2.9. The Clarke cone is (under the conditions of strong idealization) the standardization
of the Y'Y 3-cone
CI(F,x"y = YVI(F,x").
In other words,
B ECI(F,x)ye (Vx)(Va)(Th)x+ah EF .

< Let first h' ECI(F,x"). Choose arbitrarily x~; x' and a>0, a =0. For any

standard neighbourhood of V', which is an element of the filter n - there is, by virtue of the
transfer principle, an element h for which h€h'+V and x+ ah €F . Applying strong
idealization, we obtain

(V¥V)(3h) (hER +V Ax+ah €F)— 3R (V*'V) hER
+VAax+ah €EF—3h)x+ah EF,
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ie., h"EVVI(F,x").

Let now h' EVVI(F,x'). Choose an arbitrary standard neighbourhood V of the filter
J1 .. Let us fix an infinitesimal neighbourhood U of the point x' and a positive infinitesimal
a'. Then, by condition, for a certain h ~_ &', we obtain

BxeFNU)(V0<asa')x+ahEF.

In other words,

(V*'V)(AU)(3a’) (VXEFNU)(V0< asa') ALER +V)
x+ah€F .

Then we apply the transfer principle and find 2’ €CI(F,x"). >

5.2.10. Let us give an example of applying the obtained nonstandard criterion for the
elements of the Clarke cone in order to deduce one of its basic (and well-known) properties.
A more general statement will be derived below.

5.2.11. The Clarke cone of an arbitrary set in a topological vector space is convex and
closed.

< By virtue of the transfer principle, it suffices to consider the situation in which the
parameters (space, topology, set, etc.) are standard. Thus, take A, Ecl .CI(F,x"). Choose a

standard neighbourhood V of J7 and standard elements V,V, €1 such that V; + , C V.
There is a standard element &' ECI(F,x") such that k' - hy EV'. Besides, for any x ~, x'
and a> 0,0 =0 and for a certain i we have h€h'+V, and x+ ah €F . Obviously,

hE€h'+Vy Chy +V, +V, Chy+V and, hence, hy ECI(F,x").
In order to prove that the Clarke cone is convex it suffices to observe that
u(t)+ pu(R,)u(r) C u(7), since the mapping (x,a,h) = x + ah is continuous. >
5.2.12. Let 0 be a vector topology and 6 = T Then
VV3(clgF.x) CVYVI(F,x).

Moreover, if 6 = o, then

VV3I(cgF,x') = VVI(F,x").



CHAPTER 5 123

< Let h' €VVI(clgF,x") be a certain standard element of the cone in question. Let us
choose elements xEF and o> 0 such that x~; x' and a =0. Obviously, x &l 4F.
Hence, for a certain h €. h' we get x+ ah &l gF. Let us choose an infinitely small
neighbourhood W from u(0). The neighbourhood aW is also an element of 8(0) and,
hence, for a certain x" €EF we have x" - (x+ah) EaW. Let us set i":=(x"" - x)/a.
Obviously, x+ah"€F and, moreover, ah'’'€ah+aW. Therefore,
h"ER+WCH +u()+WC CH+u(t)+u@)CH +u(®)+pu(T)CH +u(t), ie.,
h" =~ i . Hence, h' EVVI(F,x").

Let now 0 = o and h' EYVI(F,x'). Choose an arbitrary infinitely small @ and an
element x Ecl g F such that x= jx'. Find an x" €F for which x-x" EaW, where
W C u(6) is an infinitely small symmetric neighbourhood of zero in 8. Since 6 =z o, we
have u(8)C p(o), i.e.,, x-x" €Eu(6)C u(o) or, in other words, x =, x' =, x"". By
definition (the element &', as usual, is considered standard!), for a certain A~ jh' we have
x" + ah€F. Let us set h":= (x" - x)/ a + h. Obviously, in this case we have

h"Eh+WCh+u(0)CH +u(8)+u(t)
Ch +u(t)+u(T)CH + u(r),

i.e,, h" =~ _h'. Besides,
x+ah" =x+(x"-x)+ah=x"+ah€EdyF.

And, finally, ' EVVI(cl F,x'). >

5.2.13. From the presentation obtained we can, in particular, deduce:
Ha(F,x") C H(F,x")CCI(F,x") CK(F,x") Cc Fd(F,x').
Under the condition o = 7 for a convex F we obtain
Fd(F,x")C CI(F,x")C clFd(F ,x");
CI(F,x")= K(F,x") = dFd(F,x").
5.2.14. The nonstandard criteria of the Bouligand, Hadamard and Clarke cones presented
above show these cones to be chosen from the list of eight possible cones with the

infinitesimal prefix (Qx)(Qa)(Qh) (here Q is either V or ). For a complete description of
all these cones it obviously suffices to characterize ¥33-cones and V3V -cones.
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§.2.15. The following presentation is valid:

VIXFx)=N U N <V+ U
V‘EZ!IT UEo(x') xeFNU O<asa’ o

F- x)
< In order to prove this statement one should first of all realize that the required

equality is an abbreviated presentation of the following statement: for standard &'.F ,x', we
have:

(Vx) (3a)@h) x+ ah€F
< (YWWel,)(Va') QUEa(x)) (VxEFNU)
F0<asa’y(IhE +V) x+ ah€EF.

Therefore, for k' €V33(F,x’), and standard VEJ! . and a >0 we can choose an
internal subset of the monad u(o(x")) as the required neighbourhood of U. The consecutive
application of transfer and strong idealization affords

(V*'V)(V'a') (Vx~ ,x) F0<asa’)FhEN + V) x + ahEF

= (Vx =5 x) (VYoo VD (VK0 e an])

@1 Jo) (Ve =1,....n) O<asa’'AhER +V, Ax+ah EF)

= (Vx~,x)(F) Q) (V'V) (hER + V)A (V'a')O<asa’ A x
+ah €F)— (YVx) (3 h) (Ja ~0) x + ah EF

s hneh:(Vx)Fa)Fh x+ah€F}— k' EVIXF,x).

Therefore, the proof is complete. >

5.2.16. Alongside with the eight infinitesimal cones of the classical series discussed above,
there are nine more pairs of cones containing the Hadamard cone and lying in the Bouligand
one. Such cones are evidently generated by changing the order of quantifiers. Five out of
these pairs are constructed in a complex way by the type of the Y3V-cone, the remaining

pairs generated by permutations and dualizations of the Clarke and V33 cones. For instance,
in natural notation we have

F-x

VaVh3Ix(F.x)= N Uint, N
U€o(x')a’ O< asa’xEF NU

F—
IhwVa(Fx)=U N d, U n —=
a'UEo(x') xEFNUO<asa’ a

F-
IVrVa(Fx)= N d, U —2
Ueo(x") O<asa’ Q

a' xXSFNU

’
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The last cone is narrower than the Clarke cone and is convex when (o) + (R Hu(nC
u(o), in which case it is denoted by Ha*(F,x"). It should be observed that

Ha(F,x") CHa*(F,x")C Cl(F,x").
Also convex is the V¥ a3hVx -cone denoted by the symbol In(F, x") . Obviously,
Ha*(F,x")C In(F,x")C CI(F,x").
5.2.17. When calculating tangents to the composition of correspondence, use is made of
special regularizing cones.
Namely, if F C X x Y, where the vector spaces X and Y have topologies 0,7y and

Oy, Ty, respectively, and a”: = (x',y') EF, we set 0:= 0y x oy and

F-a

R(F.ay= 0 (
vell,, Weo(a')agW NF

Q<asa’

+{O}xV),

QFdy= 0 U N (F"”+{x}xv),

ven ., Weo(a)aEWC FL @
vens x&
F-a
QR (F.d):= U ( . (x,O)) .
Weo(a)a€EWNF\

Ocasa’
UERly €U

The cones R*(F ,a'), QZ(F ,a') and QRI(F ,a') are determined by duality. Moreover,
analogous notation is used for the case of product of more than two spaces, bearing in mind
that the upper index over the symbol of an approximating set denotes the number of the
coordinate on which the condition of the corresponding type is imposed. It should be also
remarked that in applications we usually consider pairwise coinciding topologies: oy = Ty
and oy = Ty. Let us give obvious nonstandard criteria for the regularizing cones described.

5.2.18. For standard vectors s' €X andt’ €Y we have:

(s'.t"YERNF.a")

< (Va= ,a,a€EF)(VaEuR,) (A~ la+a(s ) er,
(s'.1')EQ'(F,a)

(Vas=,da',a€F) (Va€EpuR,)) (Vs ~1ys) (At ~ i) (a+a(st)EF,
('.1)EQRY(F,a)

o (Va~ ;a',a€F) (Va€uR ) (Vs =1ys") a+a(st')EF.
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5.2.19. As seen from 5.2.18, the cones of the type QR‘" are variations of the Hadamard
cone, while the cones R’ are particular cases of the Clarke cone. In this case the cones R/ are
also obtained by specialization of cones of the type Q’ by appropriate choice of discrete
topologies. Under conventional suppositions the cones under discussion are convex. Let us

prove this statement only for the cone Q’ , which is quite sufficient by virtue of what has
been said above.

5.2.20. If the mapping (a,a,b) —=>a+ab is continuous as acting from
(X xY,0) x(R,7R) x(Xx Y, Ty x Ty) to (X xY,a), then the cones Q’(F,a') are convex
Jor j:=12.

< By transfer, the proof can be carried out in standard entourage, i.e., the parameters
considered can be assumed to be standard, and use can be made of criterion 5.2.18. So, let

(s',t") and (s",2") lie in Ql( F.x"). For a=~ ,a' and a€€F, for a positive a=0 and
S =, (s"+5"), we get, by virtue of 5.2.18, ag=a+a(s-s",1;)EF for a certain
=g, t'. By condition, u(o) + a(u(ty) x u(zy)) C u(0o). Therefore, a;~ ,a and a; EF.
Applying 5.2.18 again, we find 1, ~; 1", for which g, + a(s", ,) EF. Obviously, for
L=t +1, we get Is_ (t'+1") and a+a(s,)=a+a(s-s",4)+a(s", ;) =a,+
+a(s",1,) EF, which was required, since the homogeneity of Q(F,a’) is ensured by
stability of the monads of nearvector topologies under multiplication by standard scalars (see
5.1.4). >

5.2.21. The analysis conducted shows that it is worthwhile introducing into consideration

the cones P/ and §’ that employ the following direct standardizations:

(s',t"YEPXF,a)

3s zrxs’) (Vt =~ 1Y (Va=,a',a€F)(Va€EuR,)) a+a(st)EF,
(.1 ES(F,a) = (Wt ~, 1) (3s~, ') (Va~, a', a EF)
(Va€EuR,)) a+a(st)€EF.

The explicit forms of the cones P’ and §/ can, in principle, be written out (this
problem will be discussed in the section to follow). It is, however, little use of the arising
formulas (especially of that for s/ ) since they are enormously cumbersome. But, as we have
already convinced ourselves, formulas of the type obscure analysis by hiding the transparent
‘infinitesimal’ essence of the constructions.



CHAPTER 5 127

5.2.22. For j:=12 we have
Ha(F,a")C P/(F,a')C §/(F,a")C Q/(F,a") C R'(F,a')C CI(F,a').

In this case the cones in question are convex as soon as p(0) + a(u(Ty) x u(ty)) C u(0o)
Joralla>0,a =0.

< The inclusions to be proved are obvious from the nonstandard definitions of the
corresponding cones. We have already pointed out that the majority of these cones is convex.
Let us, to make the picture complete, establish that 52 (F,a') is convex.

The fact that §°(F ,a") is stable under multiplication by positive standard scalars results
from indivisibility of a monad. Let us check if 52 (F,a") is a semigroup. Hence, for standard
(s',t") and (s",1") of S*(F,a'), let us choose 1=y, (¢'+1"). Then t-1" =~ 1’ and there is
ans; =, s' which serves - 1" in accordance with the definition of S%(F,a'). Let us choose
an s~ . s" which serves 1" in the same obvious sense. It is clear that
(8; +8) =, (s'+5"). In this case forany a €EF and @ > 0 suchthata ~; a' and @ ~0 we
geta:=a+a(s,t-t")EF. Since a; is seen to be infinitely close (in the sense of o) to a’,
from the choice of s, we conclude that a; + a(s,,t") EF . Hence, we can directly deduce
a+a(s +5, )EF, ie., (s +5",t' +1")ES*(F,a).

An analogous straightforward consideration can prove that P (F,a') is convex. >

5.2.23. From the proof of 5.2.22 one can deduce that it is possible to consider convex
extensions of the cones P/ and 87, i.e., cones P*/ and S*/ obtained by ‘leapfrogging the
quantifier Vo ’. For instance, the cone P+2(F ,a') is determined by the relation

(" 1YEP?(F.a') & Va EpR,)) (Fs =, s (Vi =~ 1)
(Va=, a', a€EF) a+a(st)EF.

Obviously, it is also expedient (see 5.2.19) to use the regularizations obtained by the
specialization of the cone Ha* when choosing discrete topologies, the corresponding explicit
formulas omitted. The importance of regularizing cones is associated with their role in
subdifferentiating composite mappings which will be discussed in Section §.5.
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5.3. Kuratowski and Rockafeller Limits

In the preceding section we have seen many constructions of interest for us to be associated
with the procedure of transposing quantifiers in infinitesimal constructions. Similar
constructions arise in various problems and pertain to certain facts of principal importance.
Now we are going to discuss those which are most often encountered when
subdifferentiating. Let us start with general observations concerning the Nelson algorithm.

5.3.1. Let ¢ = @(x,y) E(ZFC), i.e., @ is a certain formula of Zermelo-Fraenkel theory
containing no free variables but x,y. Then

(VxEuF ) p(x,y) < (FFEF) (VxEF) ¢(x,y),
Axeu()) p(x,y) < (Y'F EF) (I EF) g(x,y)

(here, as usual, u(¥ ) is the monad of a standard filter ¥ ).

< It suffices to prove the implication — in the first of the equivalences. By hypothesis,
for any remote element F of the filter § the internal property 9:=(VxEF) ¢(x,y) is
fulfilled. Hence, by the Cauchy principle,  is valid for a standard F. >

5.3.2. Let ¢ = ¢(x,y,2) E(ZFC) and ¥ ,8 be certain standard filters (in some standard
sets). In this case

(VxEuF ) Ay En@®)) o(x,.2)

< (V'GEB) FF €F)(VxEF) (I EG) p(x.y,2)
< (FFO)(V'GEB ) (VxEFG) (I EG) p(x,y.0)
Axen(¥ ) (Yy EWB)) 9(x,y,2)

< (F'GEB)(V'F €F) (A EF) (VY EG) p(x.y.0)
< (V'F) (TG €8 ) @x EF(G)) (VY EG) g(x,y.2)

(here the symbol F() denotes a function from & to J).

< The proof consists of appealing to the idealization and construction principles with
use made of 5.3.1. v

5.3.3. Let ¢ = ¢(x,y,2,u) E(ZFC) and let § 8 ,§} be three standard filters. When the
set u is standard, the following relations are fulfilled:
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(VxeuF ) @y Ep®)) (VzEnd)) o(x,y.2.4)
< (YG()AFEF) @G, C ) (Vx€F)
@HEP ) By EG(H)) (V2 EH) g(x,yz,u),
@ren@ ) (VyEn@)) (I En(d)) o(x, y2.4)
< (3GO)(VFEF) (V"G c §)AUEF)
(VHEP ) (Vy EG(H)) (AzEH) p(x,y.2.u) ,

where G() is a function from § to @, and the superscript ™™ labelling a quantifier
denotes its restriction to the class of nonempty finite sets.

< By the Nelson algorithm, we deduce:

(VxenF ) Ayen®) (Vzeud)) ¢

< (VxepF)N(V'60) F'HEH) FyEGH) (V2 EH) ¢
< (Y'6() (Vx) FFEF) F'HEP)

(x€F - Iy EGH)) (V2 EH) ¢)

< (Y'G() @F"F,) FFFo) (Vx) @F €F) GHES )
(FEY A HE$ A (xEF = (I EG(H)) (VZEH) p))

« (V'6() @FF, cF)(FTg,C ) (W) @F EF,)
(x&€F - AHEP,) (3y EG(H)) (Vz EH) ¢)

< (VGe) AT, c ) @G c ) (V)

(YF €F,) x €F — 3H € o) (H EG(H)) (VZEH) ¢)

< (VGO A™F, ¢ F) @, H) (vreng,)
AHEP ) AyEGH)) (VzEH) ¢.

Now we have to observe that for a nonempty finite 5, lying in § the relation Ny €F is
valid by necessity. >

5.3.4. The discussed statement makes it possible to characterize explicitly the ¥3V-cones
and similar constructions. The arising standard descriptions are obviously cumbersome. Let
us now discuss the constructions most important for applications and pertaining to the
prefixes of the type V3, VYV, 3V and 33. Let us start with certain means allowing one to
use the conventional language of infinitesimals for analyzing such constructions.

5.3.5. Let Z be adirection, i.e., a nonempty directed set. In line with the idealization
principle, in E there are internal elements majorizing “E. Let us recall (4.1.6 (3)) that they
are called remote or infinitely large in E. Let us consider a standard basis of the tail filter
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B:= {o(§).E EZE}, where o is the order in E. The monad of the tail filter is obviously
composed of the remote elements of the direction considered. The following presentations are

used: “E = pu(B) and E~ +0 < EE’E.

5.3.6. Let E,H be two directed sets, and &:= E(-): H— E be a mapping. The following
statements are equivalent:

(1) E*H) CE;

(2) (VE EE) GnEH) (Vn' = n) E(n) =&

< Indeed, (1) implies that the tail filter of E is coarser than the image of the tail filter of

H, i.e., that in each tail of the direction of E lies an image of a tail of H. The last statement is
the contents of (2). >

5.3.7. When equivalent conditions 5.3.6 (1) and 5.3.6 (2) are fulfilled, H is said to be a
subdirection of Z (relative to &(*)).

5.3.8. Let X beacertain set, and x: = x(-): Z— X be a net of elements of X (we also write
(xg)gez or simply (xg)). Let, then, (y,) e be another net of elements of X. We say that
(¥y) is a Moore subnet of the net (xg), or a strict subnet of (xg), if H is a subdirection of

E relative to such a §() that y, =xg,, for all n€H, ie., y=1xo§. It should be
emphasized that by virtue of 4.1.6 (5) we have y(*H) C x(*Z) fulfilled.

5.3.9. The last property of Moore subnets is a cornerstone of a more free definition of a
subnet which is attractive by its direct relation with filters. Namely, the set ( Yn)neu of X
elements is termed a subnet (or a subnet in a broader sense) of the set (% )ge= of X

elements, provided
(VEED) (AEH)(Vn'2n) 3E' 28E) x(§')=y(n),

i.e., in the case when every tail of the net x contains a certain tail of y. It goes without

saying that in terms of monads the condition y(*H)C x(°E) is fulfilled, or, in a more
expressive form,

(V= +) (I~ +%) Y, = xg.
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In this case, for the sake of expressiveness it is often written that (x,,),EH is a subset of the
net (xg)gez (Which can result in ambiguity). It would be expedient to emphasize that in a

general case subnets are not obligatorily Moore subnets. It should also be stressed that two
nets in one set are called equivalent if each of them is a subnet of the other, i.e., if their
monads coincide.

5.3.10. If ¥ isafilterin X, and (xg) is a net of elements in X, then we say that the
considered net is subordinate to § under the condition Ext+o—> Xg €u(¥). In other
words, the net (xg) is subordinate to & provided the tail filter is finer than § . In this case a
certain abuse of language is allowed when we write xg | (§¥) meaning an analogy with

topological notations of convergence. It should also be remarked here that when J is an
ultrafilter, §° coincides with the tail filter of any net (xg) subordinate to it, i.e. such a (xg)
net is itself an ultranet.

§.3.11. Theorem. Let ¢ = ¢(x.,y,2) be a formula of Zermelo-Fraenkel theory containing
no free parameters but x,y,z, where z is a standard set. Let, then, § be a filter in X, and
8 beafilterin Y. The following statements are equivalent:

(1) (VGEB)(FFEF ) (VxEF)AYEG) 9(x,y,7);
(2) (VxeuF ) Ayen®B)) o(x,y,2);

(3) for any set (xg)gez of elements of X subordinate to § we can find a net

(Yn)nen Of elements of Y subordinate to 8 , and a strict subnet (Xg(n))nen of the net
(x£)ge= such that for all n €EH, we get @(Xg(n)> Yy 2) s Le., symbolically,

(Vx§ lsl) (3)’1, le) ¢p(x§(r,)ryrpz) N

(4) for any net (xg)eez of elements of X subordinate to ¥ there is a net ( Yn)neu of

elements of Y subordinate to 8 , and a subnet (xy)net of the net (xg) = such that for all
n€EH @(x,,y,.2); i-e., symbolically,

(Vx4 3) @y 4 8) (x40

(5) for any ultranet (xg)eez of elements of X subordinate to 5 there is an ultranet
(y,) subordinate to , and an ultranet (x,)yen equivalent to (xg)ecz Such that for all
Yn)nen n A=
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n€H we have ¢(x,.,y,.2).

< (1) = (2). Let xEu(F ). By the transfer principle, for every standard G there
is a standard F such that (VxEF)(Jy EG) ¢(x,y,z) . Therefore, for xEu(¥ ) we get
(VGE'8)(FyEG) p(x,y,2) . Applying the idealization principle, we deduce:
3y) (VGE B) yEG A @(x,y,7) . Hence, yEu(B) and ¢(x,y,2).

(2) = (3). Let (xg)gez be astandard net in X subordinate to § . For every standard
G of & let us set

Acey={E2E(VE"2E")(HEG) p(xg 3.0}

By 4.1.8,°EC AG,g)- Since A, is an internal set, we use the Cauchy principle and
conclude: “A (g gy . Therefore, on the direction H:= &8 x E (with the natural order) there
are standard mappings §&:H = E and y: H—Y such that §(n)€Agg) and y, EG for
G EB and & EE, such that nE(G, £). Obviously, for n= + we have &(n) ~+® and
Y En@).

(3) = (4). This is obvious.
(4) — (1). If (1) is not fulfilled, then, by hypothesis,
AGEB)(VFEF )(AxEF)(VyEG) -~¢(x,,2),

For FEF we choose xz EF in such a way that we had - @(x,y,z) for all y EG. It should
be remarked that the obtained net (x5 ) Fe¥ of the elements of X, as well as the set G, can be

considered standard by virtue of the transfer principle. No doubts, xz | ¥ and, hence, by
virtue of (3), there is a direction H and a subnet (Xp)pen of the net (x¢) Fe¥ such that for a
certain net (y,)pey We get ¢(xy,y,,2) for any n€H. By definition 5.3.9, for any
infinitely large 7, Xy coincides with xr for a certain remote F, i.e., Xy end). By
condition, y, €u(®) and, moreover, Yy €G. In this case it appears that @(x,),y,, x) and
~@(x,, Yy, X), which is impossible. The contradiction obtained proves that the assumption
made is false. Therefore, (1) is fulfilled (as soon as (4) is valid).

(1) = (5). In order to prove the equivalence required, it suffices to remark that the

equivalence becomes evident in the case when § and @ are ultrafilters. Now we have to
remark that every monad is a union of the monads of ultrafilters. >
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5.3.12. In applications it is often convenient to consider concretizations of 5.3.11
corresponding to the cases when one of the filters is discrete. Thus, using natural notation,
we deduce:

AxEpF)) o(x,y) < (I | §) 0(xg,);
(VxEF ) o(x.y) < (Vxg | §)3xy L F) (2. 0)

5.3.13. Let FC X x Y be an internal correspondence from a standard set X to a standard

set Y. Let us assume that in X there is a standard filter J7 , while in ¥ there is a topology .
Let us set

VY(F): =" (VxEp(S1) N dom(F))(¥y ~y) (x,))EF},
AV(F):=*{y" @xEp() Ndom(F)) Yy =y) (xy) EF},
Va(F): =¥y (Vx €p(f) Ndom(F)) @y~y') (x,)) EF},
33(F): =¥y (I En(I) Ndom(F)) Iy ~y) (1Y) EF,

where, as usual, ¥ is the symbol of standardization, while the expression y = y' means that
yEu(w(y)). The set Q0 (F) is called a QQ,-limit of F (here Q is one of the quantifiers,
VY or 3).

5.3.14. In applications they usually confine themselves to the case in which F is a standard

correspondence determined on a certain element of the filter 1, and then the 33-limit and the
V3-limit are studied. The former is termed the limit superior or upper limit, the latter is
called the limit interior or lower limit of F along 11 .

If we consider a net (xg ) = in the domain of the definition of F then, bearing in mind

the tail filter of the net, we assign

Li EEF =lim lnfge F(XE) = VB(F),

In such cases we speak about Kuratowsky limits.

5.3.15. For a standard correspondence F we have the following presentations:

J3(F)= N d U F(x),
UeN x&u

Vi(F)= N_d U F(x),
vefl x<&U
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where ﬂ is the grill of 11, i.e., the family composed of all the subsets of X meeting the
monad ,u(ﬂ ). In other words,

n =XU'CXUNuI)=}={U CX:(VUEMUNU' = 2}.
In this respect the following relations must be recalled:

Vi(F)= N_int U F(x),
venl x=U

VVY(F)= UQII int ngF(x) .

5.3.16. Theorem 5.3.11 immediately yields a description for limits in the language of
nets.

5.3.17. An element y lies in the ¥ 3-limit of F iff for every net (x)gez of elements of the
dom(F) subordinate to J1 there is a subnet (%y)nen of the net (g )eez and a net (o) nen

convergent to y such that (x,,y, ) EF forall n €H.

n>Yn

5.3.18. An element y lies in the 33-limit of F iff there is a net (xg)gez of elements of the
dom(F) subordinate to §1, and a net (Yg)eez convergent 10y, for which (xg.ye) EF for
any § €EE.

5.3.19. For any internal correspondence F we have
VY(F)CIV(F)C VI F) C3A(F).
In this case 33(F), VX(F) are closed, while YN(F),AV(F) are open sets.
< The inclusions sought are obvious. Therefore, taking into account the considerations
of duality, let us, for the sake of definiteness, establish that the ¥ 3-limit is closed.
If V is a standard open neighbourhood of a point y' of dV3(F), then there is a
y EVA(F) for which yEV . Foran x Eu(J1) let us find an y” so that we had y" Eu(t(y))

and (x,y") EF. Obviously, y” €V since V is a neighbourhood of y. Therefore,

(Vxeu(1)) (VVERY)) @y’ EV)(x,y") EF .
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Using now the idealization principle, we deduce: y' EVI(F). >

5.3.20. The general statements given above make it possible to characterize the elements of
many approximating or regularizing cones in terms of nets which is common practice (see
[121], [115)). It should be, in particular, observed that the Clarke cone CI(F,x') of F in X
is obtained by means of the Kuratowski limit:

CI(F,x') = Uf(x')xrk+ (O)FF >

where Iz is the homothety associated with F | i.e.,

(x,0,h) E'p ehEF_x
a

(x.h €X,a >0).

5.3.21. In convex analysis use if often made of special variations of Kuratowski limits
pertaining to the epigraphs of functions which operate into the extended numerical straight

line R. Let us, first of all, recall important characteristics of the upper and lower limits.

5.3.22. Let f:X—> R be a standard function defined on a standard X, and let § be a
standard filter in X . For every standard t ER, we have

supinf f(F) st < AxEu(¥)) fix) st,
Fig{, supf(F) st < AxEuF)) f(x) st.

< Let us first check the first equivalence. Applying the transfer and idealization
principles, we deduce:

;ue? inf f(F)st—>(VFEY)inf f(F)st—

(VFEF) (Ve > 0)inf f(F)<t+¢e—>(Ve)(VF)(EF) f(x)<t+
+e—> (V%) (V') @x) (x EF A f(x) <t +5)

— () (V') (V'F) (xEF A f(x) <t+5¢)

= (I euF)(Ve>0) f)<t+e—(Iend) fx)st

(here use was made of 2.2.18 (3)). Let us now remark that for any standard element F of
the filter § we have xEu(F )C F. Hence, inf f(F)st (as inf f(F)s f(x) <t+ ¢ for
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every ¢ > 0). Therefore, by virtue of the transfer principle, for an internal F of ¥ we have
inf f(F)st, which was required.

Taking into account the above-proved statements and the fact that - f and ¢ are
standard, we deduce

Sup inf f(F) 2t < -Fleng, supf(F)s -t <> Sup inf (-f)(F)=1
> (I eI (-f(0) s -t @IeuF)fwat.

Therefore, we get

, ol \
;éffsupf(F)d \;gfssupf(F)zt/
o ~(FIeuF)Nf@Wazne Vxend) fx)st.

And, finally, from the above, we conclude

z-i*gfysqu(F) st ¢->(Ve>0)Fi£1‘:‘7supf(F) <t+€
o (Ve > 0)(VxeEuF ) f(x)<t+e
< (Vx €p(F) (Ve > 0) f(x) <+ & < (VxenF)) f(x) st,

since the number °f(x) is standard. >

5.3.23. Let X,Y be standard sets, f:X xY = R be a standard function, and § ,8 be
standard filters in X and Y, respectively. For any standard real number t we have

sup il supinf f(x)s 1> (¥x EuF )@y EWB) Y(x. ) 5.

< Assign fg(x):=inf{f(x,y): yEG}. Observe that f; is a standard function only if
G is a standard set. Now successively make use of the transfer principle, proposition

§.3.22 and (strong) idealization, and deduce:
Sup an suplnf f(x,y)ste (VGEB) 1nf sugfc(x)st
(VG eé?);gfy sup fg () s 1 <> (vS‘G ee ) (VxEF)) fo(x)
ste (VxeuF)(V'GEB) (Ve >0) iyenfo(x,y)< t+e

— (Vx €u(F)) (Ve > 0)(V'GEB)(JEG) f(x,y) <t+¢
- (VxEnF)) @yEn®)) (Ve >0) f(xy)<t+e
= (Vx €Eu(¥)) AyEn@®)) f(xy)st.
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For an internal element F C u(¥ ) of the filter § and a standard element G of the filter &
the last relation yields (by virtue of the transfer principle):

f}elgyiengf(x,y)s I*Figfy %p;gfcf(x,y)st
- st 6 . :

(V°Ge );gfyigg;engf(x,y)st
—’(VGE@);gng;ngf(x,y)st.b

§.3.24. In relation with 5.3.23 the quantity
li infg f:= inf inf
imsupy infg f Sup Aol igg;ecf(x,y)

is often referred to as the Rockafeller limit of f .

If f:= (f¢)gez is a family of functions operating from the topological space (X,0) in
ﬁ, and if 71 is a filter in =, then we determine the limit inferior or lower limit at the point
x' of X of the family f, and its limit superior or upper limit, or the Rockafeller limit

li x"):= sup sup inf inf f:(x),
nf ()= S0P Su oot ol Je ()

Is Y:= sup inf sup inf .
n f(x) veo(x) UEN E€ xevfg(x)

The last limits are often termed epilimits. The essence of this term is revealed by the
following obvious statement.

5.3.25. The limit inferior and the limit superior of a family of epigraphs are the epigraphs
of the respective limits of the family of functions under consideration.

5.4. Approximations determined by a set of infinitesimals

In this section we shall study the problem of analysis of classical approximating cones of
Clarke type by detalizing the contribution of infinitely small numbers participating in their
definition. Such an analysis enables one to single out both new analogues of tangent cones
and new descriptions for the Clarke cone.
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5.4.1. Let us again consider a real vector space X with a linear topology o and a nearvector
topology T. Let, then, in X there is a point x' of F. In line with 5.2, these objects are
considered as standard sets.

Let us fix a certain infinitesimal, a real number o for which & >0 and a ~0. Let us
set

Ha,(F,x"): =*{h' €EX: (Vx =, x',xEF)(Vh~_I') x+ ah EF},
In (F,x"):=%h €X:(@Fh ~_ h') (Vx=, x',x EF) x + ahEF},
Cl (F,x): =*{h' €EX: (Vx =, x',xEF)(Fh=~_h") x + ah EF},

where, as usual, * is the symbol of taking the standardization of an external set.
Let us now consider a nonempty and, generally speaking, external set of infinitesimals
A, assigning
Ha,(F,x"):=* N Ha,(F,x"),
a€A
In,(F,x'):=*% N In,(F,x),
AF.x) A o(F.X")
Cly(F.x"):=* N Cl,(F,x").
a€A

Let us pursue the same policy as regards notation for other types of the approximations
introduced. As an example, it is worth emphasizing that by virtue of the definitions for a
standard &’ of X we have

h'Eln, (F,x")
<> (Va€A)@h=, W)(Vx=, x',xEF) x+ah EF .

It is expedient to remark that when A is the monad of the corresponding standard filter
F, where F5:=*{AC R: AD A}, then, say, for Cl, (F,x') we get:

F-x

C (Fx)=N U N (
VEN Ueo(x') xFNU
AEJA a€A,a>0

+V).
a

If A is not a monad (for instance, a singleton), then the implicit form of Cl , (F,x') is
associated with the model of analysis which is in fact under investigation. It should be
emphasized that the ultrafilter #{ (a):= *{A CR: @ €A} has the monad not converging to the
initial infinitesimal a, i.e., the set Cl (F,x') is, generally speaking, broader than
Cl y(ll(,,))(F ,x"). At the same time, the introduced approximations prove to possess many
advantages inherent to Clarke cones. When detalizing and corroborating the last statement, let
us, without further specification, use, as was the case in 5.2, the supposition that the
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mapping (x,8,h) — x + ph of the space (X x R x X, 0 x Tz x T) in X is continuous at zero
(which ‘in standard entourage’ is equivalent to the inclusion u(o) + u(R,)u(t) C p(0)).
5.4.2. Theorem. For every set A of positive infinitesimals the following statements are
valid:

(1) Hap (F,x"), Iny (F,x"), CL5\(F,x") are semigroups and, moreover,

Ha(F,x") CHa, (F,x") CIn, (F,x") CCl, (F,x") CK(F,x'),
CI(F,x") CCl,(F,x);

(2) if A is an internal set, then Ha \(F,x') is T-open;

(3) Cl,(F,x") isa t-closed set and, for F convex, we have K(F,x") =Cl,(F,x') as

soonaso=1;
(4) if o = T, then the following equality is valid:
Cl\(F,x") = ClA(clF,x");
(5) the Rockafeller formula holds
Ha, (F,x") +Clo(F,x") =Ha, (F,x");
(6) if x' is a T-boundary point of F, then, for F.=(X - F)U{x'},
Ha, (F,x') = -Ha,(F',x).

< (1) Let us make sure that In, (F,x’) is a semigroup. If standard A’ and A" belong to
In, (F,x"), then, for every a €EA and acertain hy ~; h', we get x":= x + ah | EF as soon
as xEF and x ~, x'. By hypothesis, there is an hy ~; k" for which x" + ah, EF , as
x"=; x. Finally, W+h=_h'+h" and Mh+h, ‘serves’ the membership
h'+h" €Eln, (F,x").

If h' €Cl ,\(F,x') and k' is standard, then x’' + ah €F for some a EA and h=_h’',
which implies &' EK( F,x") . The rest of the inclusions written in (1) are obvious.

(2 If k' is a standard element of Ha , (F,x’), then

(Vx=~,x', xEF)(Vh=~, k'Y(Na EA)x+ ah EF.
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Taking into account 5.3.2 and using the fact that A is an internal set, we deduce:

@V EN,) U Eo(x)) (VxEUNF)(VRER +V)(Va EA)
X+ ah€F .

Let us choose standard neighbourhoods V;,V, €J1 _ in such a way that we had V; + V, C V.
In this case, for all standard " €h' + V] it s fulfilled that

(VxEUNF)(VRER" +V,)(VaEA) x + ahEF,
i.e., h" EHa,(F,x") forany h" €K' + V].

(3) Let now A’ be a standard element of ¢l ;Cl,(F,x"). Let us choose an arbitrary

standard neighbourhood V of the point &' and again choose standard V,,V, €J1_ by the
condition ; +V, C V. By definition, there is an A" €Cl,(F,x") such that 1" €R’ + V;. By
5.4.1 and 5.3.2, we have

(Va €A) @¥UEa(x')) VxEFNU) (L ERL" +Vy) x + ahEF.

In thiscase hER" +V, Ch'+V, +V, Ch' + V. In other words,

(VVEN )(Va€EA) @YU ES(x)) (Vx EFNU)(FhER +V)
X+ah€F.

Therefore, h' €Cl, (F,x") forevery a EA, i.e., h' ECl ,(F,x").

If now h' €Fd, (F,x") and k' is standard, then for a certain standard @' >0 we have,
by the transfer principle, x' + a'h' EF. If x =, x' and xEF, then (x- x")/a' ~, 0. For
hi=h +(x-x")a' we get h~_ k' and, moreover, x + a'h €F . Taking into account the fact
that F is convex, we have x+(0,a'Jh€F. In particular, x+ AhC F. Hence,
(Vx=gsx', xEF)(Va€A) (Fh=~_h')x +ah EF, i.e, ' €CI1 \(F,x'). Therefore,

Fd(F,x")C Cl,(F,x')C K(F,x')C d Fd(Fx).
Taking into account the fact that Cl , (F,x") is 7-closed, we conclude: K(F,x') = Cl, (F,x').
(4) The proof is carried out as in 5.2.11.

(5) For standard k' €Ha,, (F,x') and h' €C1 ,(F,x'), for every a EA and any xEF
such that x=, x', we get, having chosen % that enjoys the conditions h~_k' and
x+ah€F,
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x+al +k'+u(t)) =x+ah+ak +(h-h)+u(r)
C(x +pu(@) NF +a(k'+p(7) + p(v))
Cx+u(o)NF+a(k'+u(r)CF,

which implies the membership of &'+ k' in Ha , (F,x").

(6) Let ~hHa, (F',x"). Then for a certain a €A there is an h=~_ k', so that for an
appropriate x ~, x', xEF, we have x - ah €F . While if h €EHa, (F,x"), in particular,
h€E€Ha,(F,x") and x =(x-ah) + ah€F, since x-ah=~, x. Hence, xEFNF', i.e.,
x=1x'. Besides, (x' — ah)+ a(h+ u(r)) C F, since h + u(t) C u(z(h')). Therefore, x' is a
T-internal point of F, which contradicts the condition. Hence, h ¢Ha, (F,x'), which
ensures the inclusion —Ha, (F,x") C Ha, (F',x"). Substituting in the above considerations
F=(F") for F', we come to the sought conclusion. >

5.4.3. It is important to emphasize that in many cases the described analogues of the
Hadamard and Clarke cones are convex. In fact, the following propositions are valid.

5.4.4. Let T be a vector topology and tA CA for a certain standard t €(0,1). Then
Cl,(F,x") is a convex cone. If in this case A is also an internal set, then Ha , (F,x') is a
convex cone as well.

< Let us assume that we consider Ha , (F,x") and that h €Ha, (F,x") is a standard
element of this set. By virtue of 5.4.2 (2), Ha, (F,x) is open in the topology .
Moreover, th €Ha, (F,x'), where ¢ is the standard positive number mentioned in the
hypothesis. >

5.4.5. Let tA CA for every standard t €(0,1). Then the sets Cl 5 (F,x"), In,(F,x") and
Ha, (F,x") are convex cones.

< Let us assume, for definiteness, that we consider Cl , (F,x"). Let &’ be a standard
vector of the set under discussion, and 0 <# <1 is a standard number. Let x ~, x', xEF
and o €A. For x and fa €A let us choose an k, for which h~_h' and x+ h €EF. As
long as th=~_th' (see 5.1.7), we have th' €Cl,(F,x'). In other words, by the transfer
principle, (0,1)Cl 5 (F,x") C Cl,(F,x"). Now we are to recall 5.4.2 (1). >
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5.4.6. A set A is called representative, provided Ha , (F,x') and Cl ,(F,x") are (convex)
cones, the propositions 5.4.4 and 5.4.5 giving examples of a representative A .

5.4.7. Let X —> R be a function acting into the extended real line. For an infinitesimal «,
apoint x' of dom(f) and a vector h' €EX, we set:

f(Hay)(x")('): = inf{t ER: (K';t) EHa(epi( /), (x', f(x")},
Sf(ng}(x')(h'): =inf{t ER: (K1) Elng (epi(f), (x", f(xM)},
SF(Cl)(x")(h'): = inf{t ER: (k') EC ,(epi(f), (x', fF(x)))}.

The derivatives f(Ha,), f(In,) and f(Cl,) are introduced in a natural way. It should be
remarked that the derivative f(Cl):= f(Cl, g, ) is called the Rockafeller derivative and is

denoted by the symbol f r Therefore, we write:

L= £@ XD, AN )= F(CXX).

If T is the discrete topology, then Ha, (F,x") = In,(F,x")= Cl,(F,x'). In this case the
Rockafeller derivative is termed the Clarke derivative and the following notation is used:

LEG=L100, A=A,

For A = u(R,), the indications of A are omitted.

When considering epiderivatives, the space X x R is assumed to be endowed with the
conventional product topologies o x Tg and T x Ty, Where 7y is the conventional topology
inR. It is sometimes convenient to furnish X x R with the pair of the topologies o x 7, and
T X Ty, where 7 is the trivial topology in R. When using such topologies, we speak about
the Clarke and Rockafeller derivatives along effective domain dom(f) and add the index d

in the notation: f;°, f) 'df , etc..

5.4.8. The following statements are valid:

Lrawmy st

o (Vx=, x',t= f(x'),tz f(0)) (Fn=_ ) (f(x+ah)-1)] a)st’;
f(x\(h") <t

o (Vx=g x't= f(x'),tz f(x)) (Vh=_K)(f(x+ah)-1)] a)<l';
faal )<t

o (Vx=, x', xEdom(f)) Fh =~ b")°(f(x+ah)-t)] o) st';
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f(:'d(x')(h') <t
o (Vx =, x', xEdom(f)) (Vh= k") ((f(x+ah)-t)] a)<t'

< For the proof, appeal to 2.2.18 (3). >

5.4.9. If f is a lower semicontinuous function, then

flawyse

o h b
- (Vx Sg X”f(X) Sf(x')) (3h =, h’) (M) st
fox () <t

e(‘v'x =5 x"f(x) ~f(x')) (Vh ~, h') o(w) <t

< Itis only the implications to the right that have to be checked. Since such checks are
identical, let us carry out the first of them. As f is lower semicontinuous, we can deduce:
x' =5 x->"f(x) 2 f(x'). Therefore, for xt such that t= f(x") and ¢z f(x), we have
t2°f(x) = f(x") ="t. In other words, °f(x) = f(x') and f(x)= f(x'). Choosing a suitable
h from the conditions, we come to the conclusion

(@ (f(x+ah)-1) <" (@ (f(x+ah)- f(x)) st

which ensures the sought result. >

5.4.10. For a continuous function f the following equalities are valid.:

ey = e, fah= R,

< It suffices to remark that the continuity of f at a standard point yields
(x =4 x', x Edom(f)) = f(x) = f(x') (see 4.2.7). >.

5.4.11. Theorem. Let A be a monad. Then we have the following presentations:
(1) if f is a lower semicontinuous from function, then

J(x+ ah) - f(x)

YN . .
h')=1 nf
O =t sup ok T

a€EyA
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fG+ab)-f)

INCR LT li;xl s;xlp -

a&JA
where x—> ; x" implies x>, x' and f(x)—> f(x');
(2) for a continuous function f we have

. . 7Y —
fAT.d (Y H) = IH;LS;’IP hﬁl,&ﬂ_)_ﬂ_xl,

aefa a
feg (V) = lim sup LE =T
acTA a

< For the proof we have to recall the criterion for the Rockafeller limit 5.2.23, as well
as 5.4.9 and 5.4.10. >

5.4.12. Theorem. Let A be a representative set of infinitesimals. The following
statements are valid:

(1) if f is a mapping directionally Lipshitz at the point x', i.e. such that
Ha(epi(f), (¥, f(x'))) = D, then

JNCIETNCRT

if, moreover, f is continuous at the point x', then

o =l = 00 = RN

(2) if f is an arbitrary mapping, and the Hadamard cone of the effective domain of f
at the point x' is nonempty, i.e., Ha(dom(f), x') = &, then

Gy = fLax).

< The proof of both statements sought is carried out in the same pattern as that of
theorem 5.4.2. Let us consider in detail the case when f is directionally Lipshitz.

Let us set & :=epi(f), a"=(x',f(x"). By hypothesis, both Cl, (¥ ,a') and
Ha,(d ,a’) are convex conmes. In this case Ha, (& ,a’)D Ha(d ,a’) and, hence,
i Ha A(?f ,a') = . On the basis of the Rockafeller formula we deduce:

int gy 7
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d oxg Hap (& ,a") = Clx (& ,a").
This equality implies the required statement. >

5.4.13. Theorem. Let f;, f: X = R be arbitrary functions, and let x' Edom(f) N
dom(f,) . In this case

i+ a0 = (D) + (A ().

If, moreover, f, and f, are continuous at the point x', then

i + I\ s DL + ()W ().

< Let a standard element ' be chosen in the following way:

h' €dom(( ) 4) Ndom((f)} 4)-

If there is no such an &', the estimates sought are obvious.

Let us choose t' 2 (fl)kd(x')( h') and s’ > (fz)kd(x')(h’). Then, by virtue of 5.4.8,
forevery x =, x', x Edom(f;) Ndom(f,) and any @ EA there is an k for which h=_h',
and, moreover,

Op:="((fi(x+ ah)- fi(x)/ @) st';
Oy:="((f(x+ah)- fo(x)/ a)<5s'.

Hence, we deduce: 8, + 6, <t' +s', which ensures (1). If f; and f, are continuous at the
point x, then we apply 5.4.10. >

5.4.14. By way of concluding the present stage of discussion, let us consider special
presentations of the Clarke cone which arise in a finite-dimensional space and pertain to the
following remarkable result.

5.4.15. Cornet theorem. In a finite-dimensional space the Clarke cone is the
Kuratowski limit of contingencies.

CI(F,x') = Li,_, ,K(F,x).
xEF
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5.4.16. Corollary. Let A be an (external) set of strictly positive infinitesimals,
containing an (internal) sequence convergent to zero. Then the following equality is valid.

ClA(F,x") = CI(F,x").

< By the Leibniz principle, we can work in standard entourage. Since the inclusion
Cl,(F,x") DCI(F,x') is obvious, let us choose a standard point &' from Cl, (F,x") and
establish that 2’ lies in the Clarke cone CI(F,x").

Since use is made of 5.3.13, the following presentation is valid:

Li,,  K(Fx)=*{h":(Vx=~ x',xEF)(Gh=h)hEK(Fx)};

x€F

let us make sure that for x = x’, x €F we have h EK(F, x) for a certain element % infinitely
closeto h'.
If (a,,) is a sequence of A elements convergent to zero then, by hypothesis,

(VrnEN)@3h,) X+ a,h, EFAh, =h'.

For any standard £ >0 and the conventional norm |||, in R" we have "IT—h'ﬂs €.
Therefore, taking into account finite dimensions, we can find sequences (&,) and (l?,,) such
that
@, =0, h,—>h, |p-n|se, x+@,hEF (neN).
Applying the strong idealization principle, we come to the conclusion that there are
sequences (a,) and (En) serving simultaneously all standard positive numbers €.

Obviously, the corresponding limiting vector & is infinitely close to k', and, at the same
time, by the definition of contingency, # EK(F, x). >

5.4.17. In the theorem given above we can use as a set A the monad of any filter
convergent to zero, for instance, of the tail filter of a fixed standard sequence (a,) composed
of strictly positive numbers and vanishing. Let us recall the characteristics of the Clarke cone
pertaining to this case and supplementing those already considered. For the formulation let
use the symbol d(x) to denote the distance from the point x to the set F.

5.4.18. Theorem. For a sequence (a,) of strictly positive numbers convergent to zero
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the following statements are equivalent.
(1) k' €CI(F,x"),

dp(x+ a,h’) - dp(x) <
a

(2) lim sup 0,
X—>X

n

n—»0

(3) lim sup lim supa;l(dp (x+a,h")-dp(x) <0,
X=X n—» o

(4) lim limsup o, dp(x +a,h') =0,
XX n—»w

xEF

(5) limsup lim inf a;l(dp(x +a,h")-dp (%) <0,
X—>Xx n—»>w

(6) lm lim inf EE*%t) _

x—>x' n—o a
xEF

0.

n
< Let us first of all observe that for o > 0 the following equivalence is valid:
°(a-ldp(x +ah))=0e (3h=h"Yx+ahEF,

where °t is, as usual, the standard part of the number ¢.
Indeed, in order to establish the implication to the left, set y: = x + ak'. In this case

de(x+ah)/ a=|x+ah'-y|/ a s||h-1.

When checking the reverse implication, we get, applying the strong idealization
principle, the following result:

(@ 'dp(x +al')) =0 = (Ve >0)dp(x+al) | a <e
= (Ve >0 (IEF) |x+ah’ -yl a<e

> (HERN(Ve>0) W -(y-x/d|<e

= (HEF|-(y-x/a]=0.

Setting now h:= (y - x) / a, we see that h = k', in which case x + ah €EF .

Let us now go over to the proof of the sought equivalences.

Since the implications (3) = (4) — (6) and (3) — (5) — (6) are obvious, we only
establish that (1) = (2) — (3) and (6) = (1).

(1) = (2). Working in standard entourage, let us choose x ~ x' and N ~+ €. Choose
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an x" EF in such a way that we had || = x"|| <dp(x") + a3 Since the inequality
dp(x + ayh') —dp (x" + ayh') s |lx - x"|,
is valid, we can deduce the following estimates:

(dp(x+ayh')—dp(%) | ay s (@dp(x" + ayh’) +|x - x| -
—dF(x)) / Ay < dF(x" + aNhl) / Ay +Qay.

As h'€CI(F,x'), and by the choice of x” and N, for a certain h=h' we get
x" + ayh €F. Therefore, from the above, we infer *(dp(x"' + ayh)/ ay) = 0. Hence,

(Vx=x") (VYN = +x) °(a;,1(d,.-(x +ayh')-dp(x)) s 0.
This is, by 5.3.22, the nonstandard criterion for (2) to be valid.

(2) = (3). It suffices to remark that for f: UxV — R, as well as for the filters § in
U and & inV, we have

lim Sups limsupg f(x,y)st
< (Vx Ep(F)) limsupg f(x,y) st
- 3 t 1
(Vx Ep(F)) (Ve >0) nf, ;ng(x,y)« +E

o (VxreuF)) (Ve > 0)(3G E@);g%f(x,y) <t+g
< (VxEuF ) (AGEB) (Ve >0)sup f(x.y)1+e
o (VxreuF ) (IGEB) (Ve >0)§é%f(x,y) st+e
< (Vx En(¥)) (3G €B) (VyEG)f(x.y)st.

Here, as usual, u(J’) is the monad of the filter § .

(6) = (1). Let us start with the remark that in the notation of the preceding
fragment of the proof, we have

limsups limsupg f(x,y)st

< (Vxeud)) sup ygg flxy) st

o (Vx eu(F)) (Ve > 0) (VG e@)yigfcf(x,y) St+e
o (Vx€u(F)) (VG EB) (Ve >0)yigf6f(x,y)<z+ €
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< (VxeuF)) (VG EB) (Ve >0)(JEG) f(x,y) <t +e
< (Vx Eu(F))(VGEB)(FEG) f(xy)st.

Using the conditions, from the established characteristic we deduce:
(Vx=~ x'x €F) (Vn) (N 2 n °(ay dr (x + ayh’)) = 0.

In other words, for a certain hy such that iy =~h', we get x+ ayhy EF. Taking into
account the considerations presented, we can, as was the case in 5.4.16, deduce that &' lies

in the lower Kuratowski limit of the contingencies of the set F at the points close to x’, i.e.,
in the Clarke cone CI(F,x'). >

5.5. Approximation to the Composition of Sets

Let us now go over to studying tangents of the Clarke type and compositions of
correspondences. In this case we have to start with some topological considerations
pertaining to open and nearly open operators.

5.5.1. Take, alongside with the vector space X with topologies oy and 7y under
consideration, another vector space Y with topologies oy and Ty . Let us consider a linear
operator T’ from X to Y and study, first of all, the problem of the relation between the
approximating sets F' at the point x’, where F C X, and the image T(F) at the point Tx'.
§.5.2. The following statements are valid:

(1) the inclusion

T(u(ox(x)) N F) D p(oy(Tx)) N T(F)

is equivalent to the relation

(YU Eay(x) (AV Eay(Tx)) TU N F)DV NT(F),

which is the condition of (relative) preopenness, or condition (p_) (for the parameters T, F
and x' ),
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(2) condition (p_) combined with the requirement that T be continuous as a mapping
Jrom (X,0y) to (Y,0y) is equivalent to the following condition (p_), the condition of
(relative) openness:

T(u(ox(x") NF) D p(oy(Tx' )N T(F);

(3) the operator T obeys the condition of (relative) near-openness, or condition (p_),
ie.,

(VU Eoy (x))(FV Eoy((Tx')) d, T(UNF)DVNT(F)
iff
(YWenN ) T((ax(x)) N F)+ W D u(oy(Tx")) NT(F).

< Statements (1) and (2) are obtained by specialization of 5.3.2.. To prove (3), let us
denote

U :=T(ox(x")NF), B:=o0p(Tx')NT(F),
N:=NCY%@AWEN,) NO{OLY)y -y, EWR,

i.e., J1 is the uniformity in Y corresponding to the topology in question. Using the
introduced notation and applying 5.3.2, as well as the principles of idealization and transfer,
we get:

(YNEN) Nu@ ) D u(B)

< (WeN) (Vbeu k) Gaeud)) bENa)

< (VNEN) V*AEd ) (3"BEB) (YbEB)(F EA) bEN(a)
o (V'A€d)(YNEN)(FBEB) BCNA)

o (V'A€d ) F'BEB)(YNEN) BC NA)

o (Vaed)F'BeB)BCdA

< (VAEX )3BEXB) BC clA,

where the closure is calculated in the corresponding uniform topology. >

5.5.3. Theorem. The following statements are valid:

(1) if the operator T obeys condition (p) and is continuous as a mapping from
(X,ty) to (Y,Ty), then

T(ClA(F,x") CCl,(T(F),Tx",
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T(Inp (F,x") Clnp(T(F),Tx");

if, moreover, T is an open mapping of (X,ty) in(Y,ty), then
T(Ha,(F,x")) CHa,(T(F),Tx));

(2) if Ty is a vector topology, the operator T: (X,tx) —> (Y, Ty) is continuous and
obeys condition (p), then

T(ClA(F,x") CClIA(T(F),Tx)).

< (1) Let us, for instance, check the second of the required inclusions. To this end,
having fixed 2’ €Iny (F,x"), for a €A, we choose an A~ h' such that forall x~, x',

xEF we have x+ah€F. Obviously, Th~ (,XTh’ and Tx+aThET(F). Applying
condition (p) , we conclude: Th' €In, (T(F), Tx').

Let now be known that T obeys the additional condition of openness, i.c., on the basis
of §.5.2 (1), T(u(tyx)) D u(ty). Combined with the continuity of T, this implies that the
obtained monads coincide. If now y ET(F), y=~, Tx': then by condition (p), we get
y=Tx, where x€F and x ~; x'. In this case for z~ ; Th' we can find an h ~ o, ', for
which z = Th. Therefore, forall a EA we have x+ ah €F , i.e., y + az = Tx+ aThET(F)
as soon as a standard k' is such that i’ €Ha y (F,x").

(2) Let us choose an infinitesimal & €A and any standard element &' €Cl ,(F,x'). Let
W is a certain infinitely small zero neighbourhood of 7y . Then, by hypothesis, aW is also a
zero neighbourhood. On the basis of (p), having taken y=q,Ix', yET(F), we find
xEu(oy(x')) N F in such a way that y = Tx+ aw and w =, 0. By the condition of the
containment of A" in the Clarke cone, there is an element h” ~ k' for which x + ah” EF.
Hence, y+ a(Th" - w) =y - aw + aTh" = T(x + ah")ET(F). Indeed, from here we
deduce: Th" - w ETH + pu(ty) - w ETH + u(ty) + u(zty) = Th' + p(ty). Therefore, we
have established: Th' €C1 (T(F),Tx"). >

§.5.4. Let us now consider vector spaces X,Y,Z furnished with topologies
Ox,Ty; Oy, Ty, respectively. Let, then, FC X x Y and G C X x Z be two correspondences,
and let the point d":=(x",y',z)EXxYxZ be such that a"=(x',y)EF and
b"=(x',z")EG. Introduce the following notation: H:=XxGNFxZ, c"=(x",7). It
should be remarked that G o F = Pry, , H, where Pry, , is the operator of natural projection.
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Let us introduce the following abbreviations:

Opi= 0y X0y, Op:=0y X0z, O=OxX0z, O.=0yXO0yXOgz;

Ti=Ty X Ty, Try=TyX Ty, T=Ty XTy, T= Ty XTy X T7.
It would be expedient to recall that the operator Pry,  is continuous and open (when ‘same-

letter” topologies are used). Still fixed is a certain set A composed of infinitesimals. Let us
also recall a property of monads we need.

5.5.5. The monad of a composition is the composition of monads..

< Letd isafilterin X x Y, while B isafilterin ¥ x Z. We have
Bodl:={BoA AEXN |BEDX],

in which case the sets operating in the definition of B eJ can be considered to be

nonempty. It is obvious that Be A = Pry, -(Ax ZN X x B). Therefore, the filter under
consideration, B o , is the image Pry,;(@ ), where T :=T, v&, and T: =& x{Z},

&, ={X}x.B . Since the monad of a product is the product of monads, and the monad of
the least upper bound of filters is the intersection of their monads, then, making use of 4.1.6

(5), we come to the relation

#(E o )= Pryy 7 (A ) xZO X x p(B)) = w(B)ou(d ),

which was required. >

5.5.6. The following statements are equivalent.

(1) for the operator Pry, -, the correspondence H and a point ¢', condition (p) is

Julfilled,

(2) GoFN p(a(c))= GNu(ay(b") o F N p(0y(a);
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(3) (VVEoKy")) AU Eoy(x) (AW Eaz(z")
GoFNUxWCGolyoF,

where Iy is, as usual, the identity relation on'V .
< Applying 5.3.2, let us rewrite (3) in equivalent form:

(YV Eon(y") (30 Eat(c)) (V(x,2) EO,(x,2) EG o F)
(FYEV) (1,y) EF A(y,2) EG = (V(x,2)= 4¢',(x,2) EGoF)
Ay =~6,¥) (%) EF A (,2)EG <> p(0(c)NGo F
Cu(oy(b))NGop(oy(a)NF.

Now we have to observe that

Pry, z(u(G(d")) N H)
={(x,2) EGoFix =, x'Az =5, Ay sayy') (x,¥) EF A (y,2) EG}
= u(op(bN)NGop(oa')NF.>

5.5.7. The following statements are equivalent:

(1) for the operator Pry, ; , the correspondence H and a point ¢’, condition (p) is
Julfilled,

@) (VWEN,) u(oy(b))N Gop(oya’) NF+ WD u(a(c')) NGoF;

(3) (VV Eay(b')) (VU Eay(a)) AW Ea(c'))
WNGoFCd (VNGeUNF);

(4) (VYU Eoy(x) (YV Eoy(y) (YW Eoz(2") (IV Eol(c")
ONGoFCd (Gol,oFNU x W);

(5) ift=z 0, then

(VV EoKy") AU Eoy (x) (AW Eay(2)))
GoFNUxWCcl (GolyoF),
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i.e., condition (pc) is said to be fulfilled for the point d':= (x',y',2").

< From supposition 5.5.2 (3) and the proof of 5.5.2 (3) we directly conclude: (1)
< (2) = (3).
In order to prove the equivalence (3) <> (4), it suffices to remark:

(VxW)NGe(UxV)NF
={(x,2) EXXZ xEUAZEWA (T EV) (x,y) EF A (y2) EG}
=Golyo FNUxW

forany UCX,VCY,WCZ.

Therefore, it now remains to be established that (4) <> (5), this implication, however,
being obvious, since (5) is obtained by a specialization of (4) for U:= X and W: = Z.

In order to check (5) «» (4) let us, having set V Eoy(y'), choose an open
neighbourhood C €o(c¢'), so that we had Go F N CC cl A, where A:= Go Uy o F. Having
chosen open U Eoy(x") and W Eoy(z'), letus set B:=U x W and O:= BN C. Obviously,
Go FNO C(cl,A)N B. Working in standard entourage, for an a €(cl ;A) N B let us find a
point a €A such that a’ =~ a. Obviously, a’ ~; a, since u(7) C u(o) by condition. As B
is o-open, we geta'€B, i.e., a'€EANB and a€Ed (ANB). Finally,
GoFNO Ccd (AN B), which was to be ensured. >

5.5.8. The following inclusions are valid:
(1) Ha,(H,d)DXxHa,(G,b')NHa,(Fa')xZ;
(2) Ri(H,d')D XxR\(G,b)NRA(F,a)xZ;
(3) Cl,(Hd")DX xQII\(G,b’) NCl,(Fa'YxZ;
(4) Cl\(H,d)DXxCHG,D") ﬂQi(F,a’) xZ,

(5) CI%(H,d")D Xx PXG,b')NS*(F,a') xZ, where the cone CI*(H,d') is
determined (in standard entourage) by the relation
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CI2(H,d")y:=*{(s',I',1)EX x Y xZ: (Vd~5 d’,d EH)
(Va Eu(R,) s, 8) (V1 mp, 1) (G =, 7)) d+ a(str) EH).

< Only (1) and (5) are to be checked, the remaining statements proved by the same
scheme.

(1) Let the element (s",t',7") be standard and a member of the right-hand side of the
relation under study. Let us choose a d ~; d’ and a €A, where d:=(x,y,z) €H.
Obviously, a:= (x,y)EF and a ~, a’, while b:= (y,2) €G, b S5, b'. In this respect, for
a €A and (s,1,r)~; (s',1',r") wegeta + a(s,t)EF and b + a(t,r ) EG . Hence,

d+a(str)y=(a+a(st), 2+ ar)EFxZ,
d+a(str)y=(x+as, b+a(tr)EXxG,

ie., (5,1, r) EHa,(H,d").

(5) Let us take a standard element (s',¢,7") from the right-hand side of (4). By
, 7 andall
a=, a’ and b=,, b', we have a+a(st)EF and b+a(tr)EG. Obviously, we get

d+a(str)EHassoonas b=~z d andd €EH. >

definition, there is an element s = s" such that for any ¢ ~, , I foracertainr =~

5.5.9. It should be emphasized that the mechanism of ‘leapfrogging’ demonstrated in
5.5.8, can be modified in accord with the purposes of investigation. Such purposes include,
as a rule, the estimates of the approximation to the composition of sets. In this case it would
be most convenient to use the scheme based on the use of the method of general position
[115, 121], as well as the results discussed above, both detalizing and generalizing this
scheme. Let us formulate one of the possible results.

5.5.10.Theorem. Let T be a vector topology, t = o, and correspondences FC X x Y
and G CY xZ be such that Ha(F,a") =& and the cones Q,(F,a'yx Z and X x CI(G,b)
are in general position (relative to the topology T ), then

CI(GoF,c'")D CI(G,b")o CI(F,a'),
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provided condition (pc) is fulfilled at the point d' .

< The proof is carried out by the scheme of 5.3.13 in [121], and consists in verifying
if the (primarily-set) conditions ensuring validity for the following statements:

Cl(G oF,c') = Cl(Pryxz H, Pry, 7 d") D, Py, ,CI(H,d')
D Py, 7 d=(X xCI(G,b") N Q*(F,a') x Z)

= Pry, z(cl 3(X x CI(G,b')) Nd 5(Q*(F.d') x Z))
= Pry, (X x CI(G,b') NCI(F,a') x Z) = CI(G,b") o CI(F,a"). >

§5.6. Infinitesimal Subdifferentials

In the theory of extreme problems some attention is paid to the problem of taking into account
the accuracy of observing optimality criteria in practical calculations. The adopted qualitative
approach to the problem in question has been implemented in the so-called convex ¢-
programming which ensures an apparatus for estimating approximation to an optimum
relative to a functional. The apparatus developed within this approach is quite specific and
proves, in a certain sense, to be artificially complicated. At the same time, it is not quite well-
correlated with the conventional techniques based on the search for the ‘practical optimum’
with the help of ‘practically exact’ satisfaction of complementary slackness, which
correspond to the classical case £ =0. As a result, we have to state a certain discrepancy, and
even a gap between theoretical and practical viewpoints.

In this section we shall discuss an approach to overcome the present difficulties within
the radical stance on nonstandard analysis. The approach is based on the introduction of the
notion of an infinitesimally optimal solution, i.e., a feasible point, the value of the goal
function in which is infinitely close to the ideal, i.e., to the value of the program not
obligatory assumed. Therefore, infinitesimal optimum becomes a suitable challenger for the
role of ‘practical’ optimum, since no feasible procedures are able to distinguish it from the
conventional ‘theoretical’ optimum. The basic formulas of the calculus of infinitesimal
subdifferentials corresponding to the concept of optimum presented above are given. The
rules for external sets obtained coincide in form with their classical analogues of conventional
convex analysis. In this case in the criteria of infinitesimal optimality there indeed arises
approximately met complimentary slackness.
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5.6.1. Let X be a vector space, E an ordered vector space with the greatest element +

adjoined. Let us consider a convex operator f:X —> E, and a point ¥ of the effective domain
dom(f):={x€EX: f(x) < +} of the operator f. For an element £ = 0 (of the cone of

positive elements E* of the space E) let us use the conventional definition of the ¢ -
subdifferential of f at the point X, i.e., the set

. f(x)x={TELX.,E):(VxEX) Tx-Tx=< f(x) - f(X) + &},

where L(X,E) is the space of linear operators acting from X to E.

5.6.2. Let a family & of positive elements filtered upwards be chosen in E. Viewing E
and & as standard sets, let us determine the monad u(&) by the relation
p(E ):= N{[0,e]: £ € & }. The elements of u(& ) are termed (positive) infinitely small or
infinitesimal (relative to & ). Henceforth it will be implied without further specifications
that E is a K-space, the monad y(tf ) is an external cone over ‘R and, besides,

u(& )N°E = 0. (In application, as a rule, & is the unit filter of E). Use also will be made
of the relation of infinite proximity between the elements of E, i.e.,

g =e > -6 EH(‘E )Aez—eIEp.((E )

5.6.3. The following equality is valid:

°

n_a = N_ 4,.f(X).
GG Sf(f) EE‘L(G) Ef('x)
< For T €L(X, E) we deduce:

T€ N, 0./ > (Ve €F)(VxEX)Tx-Tx s f(x)- f(F) +¢
o (V%e€f) f(T):= asiup(f)(Tx—f(x))s TF - f(F)+¢

o (Ve €F)0s f(T)-(Tx - f(F) s—¢ « f (T)-(T% - f(F))=~0
o (Fe€E ) e~O0n f(T)=TF- f(X) +¢
eTE U_ d,f(F). >

c€n(E)

5.6.4. The external set occurring in both parts of equality 5.6.3 is called the infinitesimal
subdifferential of the function f at the point X and is denoted by Df(X). The elements of
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Df(X) are called infinitesimal subgradients of f at the point X¥. The possibility of
ambiguity being in this case insignificant, no additional specifications of the set & are made.

5.6.5. Let the assumption of standard entourage be fulfilled, i.e., the parameters X, f, ¥ are
assumed to be standard sets. The standardization of the infinitesimal subdifferential of f at
the point X coincides with the (zero) subdifferential of f at X, i.e.,

*Df(X) = 9f(X).
< By virtue of the transfer principle, for a standard T €°L(X,E) we have:

T E*Df (%) < TEDf(X)

o (Ve €F)(VxEX)Tx-TF < f(x)- f(F) + ¢
< (Ve €B)(VxEX) Tx-Tx < f(x) - f(F) +¢
< T €3f(%);

forinf & =0 by virtue of the relation u(& ) N\"E=0. >

§.6.6. Let F be a standard K -space, and g: E— F be an increasing convex operator. If
the sets X x epi(g) and epi(f) x F are in general position, then

D(go )(X)=__ U  D(Te fXX).

TEDg(f (X))

If, moreover, the parameters (except, possibly, the point X ) are standard, then the following
presentation is valid for standard cores:

‘D(gof)(F)=___ U _°D(To f)¥).
D(g o /)(X) repvt sy D¢ D)

< It should be remarked that by condition the monad u(¥ ) is a normal external
subsemigroup in F, i.e.,

e€EuE )= [0,e]1CuE),
(&) +puE )CuE).

Taking into account this peculiarity and 5.6.3, as well as the rules of calculating ¢-
subdifferentials, we get:

D(ge f)(X) =£E’t‘J(f)0£(g°f)(7)
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- Uy U 4, (Tef)F
seuE) exrerme TEH, 2(f(D) &

- U U Tof)(F
8,20.6 20 T3, 8( /(D) % (T )
£ =0

- U U U 3, (TefX¥)
£,20,8,~0 T€d, g(f()) 220,62 ~0

- U U DT ).

£ 20,60 T€3d, 2( /(%))

Let now the assumption of standard entourage be fulfilled, and let S € °D(g o f)(X).
Then for a certain infinitely small ¢ we have

g°f)*(S)- SUP (Sx—gof(x))sS' 8f(X) +e.

By the change-of-variable formula for the Young-Fenchel transform, and making use of the
transfer principle, we infer that there is a standard operator T €°L(E, F) such that T is

positive; i.e., TEL"(E,F ) and, moreover,
e N*¥(S) =(To f)*(S)+g*(D).
This givess

€ z sup (Sx— To f(x) + sup (Te -g(e))- Sx+ g(f(x))

= sup (Sx Sx - (Tof(x) T°f(f)))
xedom(

Let us set:

ep=_sup (Te-To f(X)-(g(e) - g(f(TN),

eE€dom(g)
erim Sup ($x=5%~(Te f(x)~To f(D)).

x &dom( f

Obviously, SE&SZ(Tof)()T), i.e., SEDTofXX), and Teaslg(f(f)), i.e.,
TE€Dg(f(%)),since &;~0 and ¢, =0. >

5.6.7.Let f,..., f,: X = E be convex operators, and n be a standard natural number. If
Jis++ s [ are in general position, then for a point X Edom (£ )N...Ndom( f,) we have

D(fi+...+ [,XX) = D(X)+...Df,(%).
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< The proof consists in applying 5.6.3 and the rule of & -subdifferention for sum,
with use made of the fact that the sum of a standard number of infinitely small addends is
again infinitely small. &.

5.6.8. Let f,,..., f,: X = E be convex operators, with n a standard number. Assume that
S+ [y are in a general position, E is a vector lattice, and X Edom (fjv...v f,). If F isa

standard K -space and T EL*(E,F) is a positive linear operator, then an element
S E€L(X, F) is an infinitesimal subgradient of the operator T o( iv...v f,) at a point X iff
the following system of conditions is compatible:

n
T-k}: T, ELY(EF) (k:=1,...n);
=]

n n
,21 T X =sT(X)V...v fu(X)); § EkEID(Tic ° fi)(¥).
< Let us determine the following operators:

Froweos S X (E")y (fioeees )@ = (D) e [o (1)) 5

R E" = E, R(€y,---€,): = €V...Ve,.
In this case the following presentation is valid:
Tofiv..vf, =T oRo(f,....[).
From now on, allowing for 5.6.5 and recalling that T oX is a sublinear operator, we deduce

the required result. >

5.6.9. Let X be a vector space, E be a certain K-space and &7 be a pointwise order-
bounded set in L(X,E) . Let us consider a convex operator f:= € ;. (T7 )°, where, as usual,
egr is the canonical sublinear operator

eg l, (W, E)=> E, e (f)=supfr),

and the affine operator (I7)° for e:L,(I7,E) acts by the rule (I7 ) x:=(@ )x +e,
(U )x TEV —Tx.
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5.6.10. If g: E— F is an increasing convex operator acting into a standard K -space F,
and the image f(X) contains an algebraic interior point dom(g), while an element X of X is
such that f(x) Edom(g), then the following presentation is valid:

D(go f)(X)
= {To(U ) ToAy EDg(f(F), T20, ToAyfE ~To{M) 1.

< If SED(go fXX), then, by 5.6.3, S Ed,(go f)(¥) foracertain ¢ ~0, and all we
have to do is to apply the corresponding rule of e-subdifferentiation. Whereas if
T=20,ToAgy €EDg(f(X)) and ToAUf(f)zTo(U)ef, then for a certain e~0 we
obviously get ToAgy €4d,8(f(¥)). Let us, in addition, assign 6:=To Ay f(¥)-

T o{T? )°X. Then, by hypothesis, 6 =0 and 6 ~ 0. Therefore, T o{I7 )Ed,, 5(g o /)(¥).
Now we have to remark that £ + 6 = 0. >

5.6.11. Under condition 5.6.5 let the mapping g be a sublinear Maharam operator. Then

D(go f)(X) = TED;{M» hogé_oT(ﬂof(f))-

< By virtue of 5.6.5, we can assume g:=T. If for any x€X we have
Cx-Cxs< f(x) - f(T)+6 and Té=~0, then, obviously, TCEdrs(Te f)(X)C
C D(To f)(X). To complete the proof, let us take S ED(To f)(X). By virtue of 5.6.3,
there is an infinitely small €, such that S €9, (T o f)(X). Applying the corresponding rule of
¢ -subdifferentiation, we find 6 2 0 and C €d4f(¥) such that Té s ¢ and § = TC, which
was required. >

5.6.12. Let E be a set and (f¢)ecz e a uniformly regular family of convex operators. The
Jollowing presentations are valid:

D(X fi) @)= U X9 (x);
D X
(sup /6 )¢9)
=U{ 2 7] x):0 lg, Z =g,
{gesag 6(5)(1’) sags E gesag E

< The proof results immediately from 5.6.11 with the rule of disintegration taken into
account (see [115]). >
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5.6.13. It is expedient to remark that the formulas 5.6.7 - 5.6.12 allow one to introduce
refinements analogous to the case of standard entourage in 5.6.6 (which, possibly, does not
include the point X ). It should be also emphasized that the given patterns enable one to
deduce the whole spectrum of all possible formulas of subdifferential calculus (convolutions,
Lebesque sets, etc.).

5.6.14. Let, as above, f: X — E be a convex operator acting into a standard K -space E,
and let 3 := () be a generalized point in dom(f), i.e., a net of elements of the dom(f).
The operator T €L(X, E) is said to be an infinitesimal subgradient of f at the generalized
point X , if for a certain infinitely small ¢ we have

f¥(T) sliminf(TX - f(X ) +¢
(here, of course, the rule TX :=ToX isin action). Therefore, in standard entourage the
infinitesimal subgradient is a common support operator at a generalized point (see [1, 115]).
Let us denote by the symbol Df(3 ) the union of all infinitesimal subgradients f at % .

This set is termed, by well-understandable reasons, the infinitesimal subdifferential of f at

3 . Let us deduce the two basic rules of subdifferetiation at a generalized point, which are of
interest since no exact formulas for ¢ -subdifferentials are known.

5.6.15. Let fi,..., f, be a standard set of convex operators in general position, and let a
generalized point X lie in dom(f;)N...Ndom(f,). Then

D(fi+...+f, XX )= Df(X )+...+Df(X).

< letT, EDf(X ) fork:=1,....n, ie.,

fe @) s liminf (X - f(X )+ g

for a suitable infinitely small ¢,,...,&,. In this case
L
(it o+ f) ¥ (G +...+T) skglfk(Tk)
n
< kEI(lim if(T3% - fi () + &)

< lim inf kgl(Tk‘w - ﬁc(.h’ N+ 21 &
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by virtue of conventional properties of the Young-Fenchel transform and the lower limit.
Now we have to remark that ;+...+¢, = 0 and conclude that the inclusion D is valid for the
sets considered in the equality we are interested in.

In order to check the reverse inclusion, let us, having reduced the case to n = 2, choose
aTED(f + /,)(X ). Then, for some ¢ ~0 and T;,T,, such that T, + T, = T, we get

Qi+ f*(D =L @)+ 5B,
A @)+ fi(B)-liminf(TX - (f+ HN(X Nse.

Let us, by definition, assign

dy:= £ (T) - liminf (X - £;(X)),
dy:= f5 () - liminf (5X - £(X ).

Obviously, for k:=12 we have

0s (T = () ~lim sup(T X, = (X)) % .

su
deOﬂIl) (ke

Therefore, we now have to make sure that 8, and 6, are infinitesimals. We consequitively
derive

6,+0,
2
< e+ liminf (T3 - (/i + /) ’))-kEIIiminf(Tk.Y - X))
< (¢ +limsup(f,X - (X)) -lim inf(EX - (X))
A(e + limsup(TL X - (X)) - liminf(LX - (X))
s (e + f{ ()~ lim inf (G ~ (X))
A+ f3 (Iy) - liminf (X - /(X))
se+0; AD,.

Hence, 0 < 9, v 4, s &, which completes the proof. >
5.6.16. Let F be astandard K -space, and let g: E— F' be an increasing convex operator.
If the sets X x epi(g) and epi(f) x F are in general position, then, for a generalized point

X indom(go f), we have

D X )= DT X).
8o /XX)=, U DT e X)
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< If it is known that

(Tof)*(S) s lminf (SX -To f(X)) +¢,
g¥(M) sliminf(To f(X )-go fX))+¢,

for some infinitely small €, and ¢,, then

(goN*(S)s(To f)*(8) +g* (D)
<liminf (S -T o f(X)) + & +liminf (T o f(X ) - go f(HK)) + &,
<liminf (S§3 -go f(X )+ ¢ +¢,.

Therefore, S ED(go XX ) and the right-hand side of the formula under study symbolize
the set incorporated in its left-hand side.

To complete the proof, let us take S ED(g o fXX ). Then there is an infinitely small ¢
and an operator T, such that

@oNN*¥()=(To )*(S)+g*(N)sliminf (SH -go f(X)) +e¢.
Let us set

8y:=(T o f)*(S) - lim inf (SX -To f(X)),
8y:= g*(T)-lim inf(T o f(X )-go f(X)).

By the properties of the upper and lower limits, we deduce, first,

8 2(Tof)*(S) -limsup(SX -To f(X))=0,
02 g*(T)-limsup(To f(X)-go f(X))=0,

and, second,

6,+0, s

<liminf (S -go f(X )+ e~lim inf(SX -To f(X))
~liminf(To f(3 )- go f(X )(= (limsup(SXK -To f(X))
~liminf(S3 - To f(X )) +¢&) A (limsup(T o f(HK )-go (X))
~liminf(To f(X)-gf( X)) +e)sd A dy+e,

since the following obvious equalities are valid:

lim sup(T o (X' ) - go f(X)) sg*(T),
limsup(SX - To f(X)) <(To f)*(S).
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Therefore, 0<8, vd,s¢ and 6;~0,0,~0, which implies TEDg(f(X)) and
SED(Tof)(X). >

5.6.17. The point X Edom(f) is called an infinitesimal solution of the unconstrained
program f(x) — inf , where f: X— E’, provided 0 EDf(X), i.e., if X is feasible and
J (%) =inf {f(x): x €X}. The infinitesimal solution of an arbitrary program is understood in
the natural way.

5.6.18. In a standard unconstrained program f(x)—> inf there is an infinitesimal solution
iff, first, the image f(X) is bounded from below, and second, there is a standard
generalized solution (x,) g of the program under consideration, i.e., x, €dom(f) and

es f(x,)s e+ ¢ forall e EE , where e:= inf f(X) is the value of the program.

< By virtue of the idealization and transfer principles, as well as of 5.6.3, we deduce:

(3% €X) 0EDf(X) < (I €X)(V's € ) 0E 4, f(x)
o (Vg CE)@xeX) (Ve€E ) 07, f(x)
< (V' C&)@x, EX)0EJ,f(x,)

o (Ve CE)(3x, €X)(Vx EX) f(x)= f(x,)-€. >

5.6.19. Let us consider a regular convex program
g0 0, f(x)—>inf.
Therefore, g,f: X — E’ (for simplicity, dom(f) =dom(g) = X), for every x EX we have

either g(x) < O or g(x) = O and, moreover, for a certain x, €EX the element -g(x,) is a unit
inE.

5.6.20. In standard entourage a feasible interior point X is an infinitesimal solution of the
regular program under consideration iff the following system of conditions is compatible:

a,BE’[0,1z], a + P =1L, ker(a) = 0;
Bog(®) ~0,0€D(a o f)(¥)+ D(Bog)(P.

< < When the system of conditions is compatible, for a feasible x for some infinitely
small £, and g, we have
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of (X) < af(x) + Bg(x) -Pg(X) + €, + &, saf(x) + ¢

for every standard ¢ €& . In particular, a(f(x)- f(x)) s ae for eE€"F | since a is a
standard mapping. By condition, ker{a) = O and the general properties of multipliers we see
that ¥ is an infinitesimal solution.

— Lete:= inf {f(x): x EX, g(x) < O} be the value of the program under discussion. By
hypothesis and by virtue of the transfer principle, e is a standard element. Therefore, again
applying the transfer principle, by the vector minimax theorem we can find standard
multipliers &, €°[0,15 ] such that

a+p=lg, 0= inf (a(f(x)-e)+fog(x).

Using conventional considerations (see [1]), we can check if ker(a) = 0. Moreover, since
is an infinitesimal optimal solution, for a certain infinitely small ¢ we get f(¥)-e =¢.
Hence, for any x EX the estimates —ae s af(x) — af (¥) + fg(x) are valid. In particular,
0=zpg(x)z -ae = -¢, i.e., Bg(¥)~0 and

0E€d e 4pg(xy (@0 f +Bog)X)C D(ao f+og)X),

as ae +Pg(¥)=0. >

5.6.21. Let us consider a program regular in the Slater sense
Ax= Ax, g(x)s0, f(x)—inf,

i.e., first, AEL(X,K) is a linear operator with values in a certain vector space X, the
mappings g:X—E and f:X—E are convex operators (for convenience,
dom(f) =dom(g)= X); second, F is an Archimedean ordered vector space, E is a standard
K -space of bounded elements; and, finally, for a certain feasible point x, the element
~g(xg) is a strong unitin F.

5.6.22. Criterion for infinitesimal optimality. A feasible point X is the
infinitesimal solution to a Slater-regular program iff the following system of conditions is
compatible:

y EL'(F,E), nE€LRX.E), yg(¥) =0,
O0EDf(X) +D(y og)(X) + o A.
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< <« When the system of conditions is compatible, for a feasible x and some
infinitely small £, and &, we have

F(3) s f(x)+ & +y8(x) - y8(X) + &5 — u(Ax) + u(AX)
sf()+e+8-y8(X)s f(x)+¢€

for any standard ¢ €°& .

— If X is an infinitesimal solution, it is also an & -solution for a suitable infinitely small
£. Now we have to apply the corresponding criterion of ¢ -optimum. >

5.6.23. A feasible point X is called infinitesimal Pareto-optimal in the program 5.6.21,
provided X is Pareto-¢ -optimal for some infinitely small € (relative to the (strong)order unit
1z in the space E), i.e., if for a feasible x we have f(x)- f(¥)s¢€lg, then
F(x)- f(%) =€l for e Eu(R,).

5.6.24. Let a point X be infinitesimal Pareto-optimal in a Slater-regular program. Then for
certain linear functionals a,B,y on the spaces E,F and X, respectively, the following
system of conditions is compatible:

a>0, B=0, Bg(x)=0,
0ED(ao fXX)+D(fog)(X)+yoA.

If, in turn, the above relations are valid for a certain feasible point X, and a(lg) =1,

ker() N E* =0, then X is an infinitesimal Pareto-optimal solution to the program under
consideration.

< The first part of the statement being proved results from the well-known
characteristic of Pareto-¢ -optimum with the properties of the infinitely small discussed earlier
taken into account. If the hypothesis of the second part of the statement under discussion is
fulfilled, then, making use of the definitions, for any feasible x EX we deduce:

0= a(f(x)- f(X) +Pg(x) -Pg(X)+ & + &
sa(f(x) - f(X) + & +&, - Pg(x)

for an appropriate infinitely small &),6,. Let us set &:= & + &5 — fg(¥). Obviously, ¢~ 0
and, moreover, € 2 0. If now for a feasible x valid is f(x)- f(¥) s-¢1, then we get the
equality a(f(x)- f(¥))=¢. In other words, oa(f(x)- f(¥)-¢lg)=0 and
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J(x)- f(x) = €lg. This implies that X is a Pareto-¢ -optimal solution. >

5.6.25. Using the pattern described above, one can obtain the properties of infinitesimal
solutions for other basic forms of the problems of convex programming. One can, for
instance, deduce nonstandard analogues of the theorem on characteristics of naturally defined
infinitesimal optimal paths of finite-stage terminal dynamic problems.



PART 2

BOOLEAN-VALUED ANALYSIS

Boolean-valued analysis owes its origination to an outstanding achievement by P.J.Cohen
who in the beginning of the sixties established that the addition of the negation of the
continuum-hypothesis, CH, to the other axioms of Zermelo-Fraenkel set theory, ZFC, is
consistent. Combined with an earlier result by K.Godel on the CH-ZFC consistency, the fact
proved by P.J.Cohen implies that CH is independent of the other ZFC axioms.

The discovery made by P.J.Cohen is associated with his overcoming a principal
difficulty marked by G.Sheperdson and absent in the case considered by K.Godel. The proof
of (ZFC) +(~CH) consistency is impossible by means of standard models. To be more
exact, having chosen a realization of the von Neumann universe, we cannot find a subclass in
it which serves a (ZFC) +(-~CH) model, if we make use of THE available interpretation of
the predicate of containment. P.J.Cohen managed to propose a new powerful method of
constructing non-internal, i.e., nonstandard, ZHC models which he termed the forcing
method. The techniques used by P.J.Cohen, such as the use of the axiom of the existence of
a standard transitive model for ZFC and a forced transformation of the latter into a principally
nonstandard model with the constraint method contradict the conventional mathematical
intuition stemming, by the words of P.J.Cohen himself, “from our belief into a natural nearly
physical model of the mathematical world” [28, p.202].

The difficulties hampering the understanding of the results by P.J.Cohen were, long
before their origination, well expressed by N.N.Luzin in his famous report ‘The present state
of the theory of functions in a real variable’ made by him at the All-Russian Congress of
Mathematicians in 1927: “The first idea that occurs is that the determination of the cardinality
of a continuum is a matter of a free axiom, as for parallel lines in geometry. At the same time,
both when all other Eucledean axioms in geometry are presented, and we vary the axiom on
parallel lines, the very sense of the uttered or written terms undergoes changes: ‘a point’, ‘a
straight line’, etc., the sense of which words should change when we make the cardinality of
the continuum moving along the alephic scale, proving all the time the consistency of this
motion? The cardinality of the continuum, if only viewed as a set of points, is a unique
reality, and it should have a specific location on the alephic scale, irrespective of the fact that
the definition of the location is difficult or, as J.Hadamard would add, “even impossible for
us, people” [163, pp. 11-12].

A typical viewpoint has been offered by P.S.Novikov: “...it is plausible (I share this
opinion myself) that the Cohen result has purely negative value and exposes the end of the

169
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evolution of the ‘naive’ set theory in the Cantor sense” [200, p. 209].

The desire to eliminate the afore-mentioned difficulties in the understanding of the
results and methods by P.J.Cohen led D.Scott and P.Solovay to the construction of
Boolean-valued models for ZFC both possessing an appealing visualization from the
standpoint of classical mathematicians and, at the same time, suitable for obtaining theorems
on independence. Analogous models were also constructed by P.Vopenka at the same
period, i.e., at the beginning of the sixties.

From all the above-said, the Boolean-valued models which achieve the same aims that
those constructed by P.J.Cohen via forcing should be, in a sense, nonstandard, i.e., they
should possess features not characteristic of conventional models.

In a qualitative sense, the notion of Boolean-valued model includes a new concept of
modelling, which could be termed modelling by communication, or modelling by telephone.
Let us clarify the essence of this concept by way of comparing it with traditional approaches.
In a classical sense, when comparing two models of the same theory, we try to establish a
one-to-one correspondence between the universes involved. Once such a bijection has been
found by transferring the predicates and operators of one model into their analogs in the other
one, we say that the models are isomorphic. Therefore, the presentation of isomorphism
described implies a visual comparison of the models, i.e., the presentation of a bijection of
the universes.

Let us imagine that we are deprived of the possibility of comparing models
simultaneously physically element-by-element, but can exchange information with the owner
of the counter-model by, for instance, telephone. In the process of communication we could
easily establish that our counter-partner uses his model for studying objects which he calls by
familiar terms when speaking about sets, their comparison and membership. As long as we
are interested in ZFC, we ask him if the axioms of ZFC are true. Having worked with his
model, he answers us in the affirmative. Having also checked that he is using the same
deduction rules as adopted by us, we must admit that the model at his disposal is a model of
the theory we are interested in. It would be expedient to emphasize that having come to this
conclusion we have known nothing either about the objects comprising his model, not about
the procedures he uses to distinguish true statements from false ones.

Therefore, the new concept of modelling is associated with both the refusal to identify
universes of discourse and the acceptance of new procedures for verifying statements. In
particular, when considering a Boolean-valued model VB for ZFC, to each formula ¢ we
assign an element [¢] € B lying in a given Boolean algebra B. The quantity [¢] is called the
truth-value of the formula @ . In this case a theorem of ZFC obtains the truth-value 15. In
Boolean-valued models the construction starts with a fixed complete Boolean algebra B
which serves as a base for constructing the Boolean-valued universe V® and the domain of
arrival to the truth-value by putting a certain element of the algebra B in correspondence to a
formula of ZFC.

A detailed presentation of the afore-mentioned constructions can be found in Chapters 1
- 3 of this part of the book. The presented constructions and, first of all, the procedures of
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ascent and descent implementing the functorial relations between the von Neumann universe,
V, and the Boolean-valued universe, V2, comprise a technical foundation of applying
Boolean-valued models to the problems of analysis. In the concluding chapters we we shall
demonstrate the most important possibilities provided by Boolean-valued analysis, such as
methods of transforming functional spaces into numerical sets, operators into functionals,
vector-functions into conventional mappings, etc.. And again, as was the case in the first part
of the present book, the choice of the circle of applications to the problems of functional
analysis has been basically prompted by out personal scientific interests.

CHAPTER 1
UNIVERSES OF SETS

The credo of naive set theory includes, as is known, the dream about the ‘Cantor paradise’,
i.e., about the universe, the world of sets, containing all possible formations that can be
thought of as distinct. Realistic approximations to the unattainable ideal, i.e., adequate formal
schemes making it possible to present a large spectrum of concrete sets while remaining
within comfortable conditions of sufficient logical accuracy, are the subject of the modem set
theory. In the first part of the book we have already encountered the ideas underlying a
number of axiomatic set theories, such as Zermelo-Fraenkel set theory, the theories of
external and internal sets.

The essence of these theories is the construction of universes ensuring ‘approximations
from below’, to the world of naive sets, satisfactory for some specific purposes. It is within
the frameworks of the corresponding axiomatics that we can exactly substantiate and realize
in detail the qualitative phenomenological principles on which the standard and nonstandard
mathematical models are based. In the present chapter we consider the formal apparatus of
constructing universes of sets by transfinite processes of creating the so-called cumulative
hierarchies. We are going to concentrate on a detailed description of the construction of the
von Neumann universe, which often occurred in the first part of the present monograph. In
this respect a thorough analysis will be carried out as regards the classes of sets within the
formal system stemming from J.von Neumann, K.Godel and P.Bernays and serving as a
conservative extension of Zermelo-Fraenkel set theory.

1.1. Boolean Algebras

In this section we shall schematically present only those facts about Boolean algebras which
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are needed in the sequel. A more detailed presentation can be found in a number of
monographs [74, 233, 265].

1.1.1. With the view of fixing terminology, let us recall some well-known notions partly
used in the preceding sections.

An ordered set is a pair (M,<), where < is an order relation on M (see 1.3.1.10).
An upper bound of a subset X in the ordered set M is an element a €M such that x<s a for
all x EX. The least element of the set of upper bounds of the subset X is called its least
upper bound or its supremum and is denoted by supX. In other words, a = sup X iff a is
an upper bound of X and a < b for any upper bound b of the set X. By reversal, i.e., by
passing from < to <!, we determine a lower bound or a greatest lower bound, inf X,
termed the infimum of the set X . If either the least upper or the greatest lower bound of a
given set exists, it is unique and thus deserves the definite article Either of the bounds, inf X
and sup X, is referred to as exact.

A lattice is an ordered set L in which any two-element set {x,y} has the supremum
x v y:= sup{x,y} and the infimum x A y: =inf {x, y}. For lattices the following notation is
used:

vX=supX, AX=infX,

V X,:=V{x :a €A}, A x,:=A{x,.aEA},
aEAa {a } aGAa {a }
n

V X=XV V= sup{xy,... X, ),
k=1

n
A X=X A A X =i1nf {xy,...x, ).
k=1

The binary operations (x,y) = x v y and (x,y) — x A y arising in any lattice L satisfy
the following laws:

(1) commutativity:

XVYy=YyVX, XAYy=YAX;

(2) associativity:
xv(yvy =(xvy)vz, xA(YAD=(XAY)AZ.
By induction, from (2) we deduce that any nonempty finite set in a lattice has exact bounds.

If every subset of a lattice has such bounds, the lattice is called complete.
A lattice L is said to be distributive, provided the following relations hold in it:
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3) xA(yv)=(xayv(xaz),
4 xv(yadd=(xvy)a(xva).

If there exists the least (greatest) element of the lattice, it is called zero (unity, or unit),
respectively. The zero and unity in the lattice L are denoted by the symbols 0;,1;,
respectively, or simply by 0,1, provided it is clear what lattice L is discussed. It should be
remarked that both 0 and 1 are neutral elements:

(5) Ovx=x, 1Aax=ux.

According to conventional definitions, v = sup@:=0,A & =inf &:= 1. A complement

x* of the element x in the lattice L with zero and unity is determined as such an element of
L that

(6) xAx*=0, xvar=1.

Since the elements x and y in L are called disjoint, if x Ay =0, we see that each
element x is disjoint to each of its complements x* . It should be, finally, remarked that if
each element in L has at least one complement, then L is said to be a lattice with
complements.

1.1.2. A Boolean algebra is a distributive lattice with complements. In particular, in a
Boolean algebra B there is, by definition, zero, 0: = 0, and unity, 1:=1p.

At a first glance, the above definition might seem a bit strange, as it does not reveal
why and what for a distributive lattice could be termed an algebra, since the term ‘algebra’
refers to conventional objects (cf.: a Lie algebra, a Banach algebra, a C * -algebra, etc.). The
arising ambiguity is easily eliminated, since in fact a Boolean algebra is an algebra over the
two-element field. The principal importance of this peculiarity will be partially discussed in
the section to follow. At the same time, it would be quite natural to view Boolean algebras in
different contexts at different angles. Below we shall consider a Boolean algebra primarily as
a distributive lattice with complements. It should be emphasized that concrete Boolean
algebras important for functional analysis often arise as distributive lattices with
coriplements.

It should be remarked that a formal example of a Boolean algebra is the one-element
lattice, i.e., a singleton of the type {x} with the obvious order x < x. This algebra is termed
degenerate. A simplest nondegenerate Boolean algebra is the two-element lattice {0,1} with
the order 0 <1,0 < 0,1=<1. A degenerate Boolean algebra is natural as an algebraic system
but absurd in the context of Boolean-valued analysis we are interested in. At the same time,
being the simplest algebraic system of little interest, the two-element lattice plays an important
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role in the chapters to follow. Therefore, let us make an agreement: speaking about a Boolean
algebra B we shall always assume 05 = 15, i.¢., the degenerate algebra will be excluded
from considerations.

In a Boolean algebra B each element x EB has the unique complement denoted by the
symbol x*. The arising mapping x— x*(xEB) is idempotent (i.e.,
(VX EB) (x**:= (x*)* = x)) and it presents a dual isomorphism (=antiisomorphism) onto
itself (i.e., it is an isomorphism of the ordered sets (B,<) and (B,s'l) ). In particular, the De
Morgan formulas are valid:

* x

(vxa)=/\xa, (Axa>=vxa,
a€A

where x, EB(a €EA).

1.1.3. Thus, in an arbitrary algebra B the three operations v,A and * are given; we call
them Boolean. It is possible to give an equivalent definition to the Boolean algebra B,
characterizing it as a universal algebra (B,v,A, ¥,0,1) with two binary operations v and A,
one unary operation ¥, and two chosen elements 0 and 1 obeying the conditions:

(1) the operations v and A are commutative and associative (1.1.1 (1,2));

(2) the operations v and A are dually distributive relative to one another (1.1.1 (3,4));

(3) the elements x and x* are mutually complementary (1.1.1 (6));

(4) 0 and 1 are neutral elements for the operations v and A, respectively (1.1.1 (5)).

Having determined such a universal algebra B, we can introduce in it a relation of
order, setting x < y if x A y = x. In this case it appears that (B,<,0,1) is a distributive lattice
with complements, where v and a coincide with the lattice operations, ¥ is
complementation, and 0 and 1 are the least and the greatest elements, respectively. In

literature one can find many equivalent systems of axioms which characterize Boolean
algebras.

1.1.4. Using the basic operations v, A and *, other operations are introduced:
X-y=XAY*, x=>y=x*%vy,

XAy:=(x=y)A(y=x)=(x A y*)v(yAx¥),
xey==2PA=x)=(x*vy) A(y*vx).
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Let us consider some easily checkable relations which will be repeatedly used below:
(1) x=>y=(x-y* xey=(xAy*

2 x=@(y=0=(xry)=1=(xAy)=(xA2);

B) rxsy>zexaysze y-z<x¥;

4 rsyer=y=lex-y=0

5) x=yeoxsey=1exAy=0.

It should be emphasized that the operation A, termed the symmetric difference, has the
properties of a metric:

(6) xAy=0e x=1y,
(7)  xAy=yAx;
(8) xAy=<(xAz)v(zAy).

In this case, relative to such a metric the lattice operations become contractive, while
complementation becomes an isometry:

(x v Y)A(u v v) < (xAu) v (yAv),
(x A Y)A(u A V) s(xAu) v (yAv),
x* Ay* = xAy.

1.1.5. A Boolean algebra B is called complete (o -complete), if any set (any countable
set) in B has exact bounds. Instead of o-complete algebras we often simply use the term
o-algebras. Associated with a Boolean algebra B are the mappings v,A: £ (B)— B,
putting into correspondence to the set in B its supremum and infimum, respectively. These
mappings are sometimes termed infinite operations. For these operations we have important
relations such, for instance, as the distributive laws:

1) XV A xg= A XxVxy;

a€A a€A
(2) XA V X5 =V XA Xy
aEA a€A

From (1), (2) the following often used relations ensue:
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@ (L)=re pfre =
@ (4)= 5 e

6) x= (a/éAxa) = a/é(x=- Xg)-

Ensured are also the commutativity and associativity of the exact bounds, recalled
earlier in some particular cases in 1.1.1 (1,2):

7 V V X,8=V V X,8;
M acapeB ®P " pepoca *P

8 A ANX,g=A A X, g
@) acapeB ®P  pepaca P

9 (ux)= X,
()VaEAa av64va

10 ( U X ) - A AX,,
( ) A aEA ¢ aEA @
where X, C B(a €A). It should be emphasized that rules (1) - (6) are valid in an arbitrary

Boolean algebra, while rules (7) - (10) hold in any ordered set under the obvious
assumptions of existence of exact bounds.

1.1.6. Let us consider some ways of forming Boolean algebras.

(1) A nonempty subset B, of a Boolean algebra B is termed a subalgebra of B, if R,
is closed relative to the Boolean operation v,A and *, i.e., {x vy, x A y, x*}C By, whatever
x,y €B,,. Concerning the order induced from B, the subalgebra R, is a Boolean algebra
with the same zero and unit that B has. In particular, By:={0p,15} is a subalgebra of B.

A subalgebra By C B is termed regular (o-regular) iff for any set (any countable set)
A C B the exact bounds v A and A A existing in B are in B,. The intersection of an arbitrary
family of subalgebras is a subalgebra as well. The same is also true for regular (o -regular)
subalgebras, which makes the definition to follow sound. The least subalgebra of the algebra
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B containing a nonempty subset M C B is called the subalgebra generated by the set M.
The regular (o -regular) subalgebra generated by the set M is introduced in an analogous
way.

(2) An ideal of a Boolean algebra B is any nonempty set JC B obeying the
conditions:

xEJAyeEJ—>xvy€EJ,
xEJAysx—=>y€ElJ.

Examples of such ideals are sets B,:={xEB:x=<a}, where a €EB. Those are called
principal. If 0 = e €B, then the principal ideal B, is an independent Boolean algebra relative
to the order induced from B. In B, the role of unit is played by the element e. The lattice
operations are inherited from B, while the complementation of B, has the form
x—> e-x(xEB). Theideal J is termed proper provided J = B.

(3) Let us choose Boolean algebras B and B'. The mapping h: B— B’ is called a
(Boolean) homomorphism, if for any x,y €EB the following equalities are fulfilled:

h(x v y) = h(x)v h(y),
h(x A'y) = h(x) A h(y),
h(x*) = h(x)*.

The homomorphism £ is isotonic (x sy —> h(x) < h(y)). If h is a homomorphism,
then the image i(B) of the algebra B is a subalgebra of B'. If & is bijective, then it is called
an isomorphism, while the algebras B and B’ themselves are called isomorphic. An
injective homomorphism is usually called a monomorphism.

Let C be an arbitrary set, and let a bijection #: B— C be given. Then we can introduce
an order in C by setting h(x) < h(y) iff x<y. In this case C turns into a Boolean algebra,
while & becomes an isomorphism of Boolean algebras.

(4) Let J be a proper ideal of a Boolean algebra B. Let us introduce an equivalence
relation ~ by using the rule

x~ye xAy€EJ (x,yEB).

Let us denote by ¢ the canonical (factor-) mapping of the algebra B on the factor-set
B/ J:= B/ ~. For the equivalence classes (cosets) u,u EB/J we denote u < v if there are
elements x€U and yEv such that x<sy. An order relation in B/J has thus been
determined. In this case B/ J becomes a Boolean algebra which is termed the factor-algebra
of B by J. The Boolean operations induced in B/J are such that ¢ becomes a
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homomorphism. If h: B— B’ is a homomorphism, then ker & = {x €B: h(x) = 0} is an ideal,
and there is a unique monomorphism g: B/ kerh—> B’ for which go@=~h, where
@:B— B/ kerh is the factor-homomorphism. Therefore, any homomorphic image of a
Boolean algebra is isomorphic to its factor-algebra by a suitable ideal.

(5) Let us choose a family of Boolean algebras (B, ) 4. Let us supply the product
B: =114 B, with coordinatewise order, setting x<y for x,yEB if x(a)s y(a) for all
a €A. In this case B is a Boolean algebra. The Boolean operations in B coincide with the
corresponding coordinatewise operations in the algebras B, . The zero 6 and unity e in B
are determined by the equalities 8(a):= 0, and e(a).=1, (a €EA), where 0, and 1, are
the zero and unity in B,. The Boolean algebra B is termed the Cartesian product of the
family of Boolean algebras (B, ), e4-

(6) Let us again consider a family of Boolean algebras (B, ),c4- There is a Boolean
algebra B and a family of monomorphisms t,: B, = B (a €A) obeying the following
conditions:

(1) the family of subalgebras (i, (B,))qe4 Of the algebra B is independent, i.e., for
any finite set of nonzero elements x; €, (B,,), where a;,....a, €A and a; = a; for

k=1, fulfilled is x;A...AX, = 0;
(2) the subalgebra in B generated by the union of all ¢, (B, ) coincides with B.

If a Boolean algebra B’ and a family of monomorphisms u,: B, = B (a €EA) obey the
same conditions, (1) and (2), then there is an isomorphism % of the algebra B on the algebra
B' such that t, oh =ty (a €EA). The pair (B, (t,)qey) is called the Boolean (or tensor)
product of the family (B, ), e4 and is denoted by the symbol ®, <4 B, .

(7) A completion of a Boolean algebra B is a pair (¢,A) provided the following
conditions are met:

(a) A is a complete Boolean algebra;

(b) ¢ is a monomorphism from B to A preserving the exact bounds of all sets;

(c) the proper algebra in A generated by the set ¢(B) coincides with A.

The pairs (t,A) and (i',A") are said to be isomorphic if there is an isomorphism

h: A— A’ such that ho 1= ¢'. For any Boolean algebra B there is a completion unique up to
isomorphism (and thus referred to as the completion of B), which can be, for instance,
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obtained by the classical method of sections (stemming from Dedekind).

1.1.7. Examples

(1) For a nonempty set X, the set of subsets £(X) ordered by inclusion is a complete
Boolean algebra, sometimes called the Boolean of X . In this case the Boolean operations
coincide with the set-theoretic operations of union, intersection and complement.

(2) Let X be a topological space. The set of all clopen (i.e., open and closed
simultaneously) subsets of the space X ordered by inclusion is a subalgebra of the Boolean
P(X). Let us denote this subalgebra by the symbol F(X). The Boolean operations in
F(X) are inherited from £(X) and, hence, coincide with the set-theoretic ones. However,
B(X) is not a regular subalgebra, i.c., the infinite operations in £(X) and F(X) can differ
essentially.

(3) A closed subset F of a topological space X is called regular if F=clintF, i.e., if
F coincides with the closure of the set of its interior points. Analogously, a regular open set
G is defined by the relation G = intclG. Let RC(X) and RO(X) be sets of regular closed
subsets and regular open subsets, respectively, of the topological space X . The sets RC( X)
and RO(X) ordered by inclusion are complete Boolean algebras. The mapping F — int F
(F €RC(X)) establishes an isomorphism between them. The algebras of RC(X) and RO(X)
are contained in the Boolean £( X), not being, however, its subalgebras. Thus, for instance,
in RC(X) the Boolean operations have the form

EvF=FEUF, EAF=cdintENF, Ff=cl(X-F).

(4) Let B(X) be the Borel o-algebra of a topological space X (= o-regular
subalgebra of the Boolean £( X) generated by the topology). In B(X) let us consider an
ideal JT consisting of all meager sets (= first-category sets). Then the factor-algebra
B(X)/ 7 is a complete Boolean algebra termed the algebra of Borel sets modulo meager
sets. An isomorphic algebra is obtained if instead of .B(X) we take an o -algebra with the
Baire property. (A set M C X has the Baire property if for a certain open G C X the
symmetrical difference MAG is a meager set). If the space X is a Baire one, i.e., if in it there
are no nonempty open meager sets, then the algebra in question is isomorphic to the algebra
of regular closed sets RC(X).

(5) Let B be a o-complete Boolean algebra, and let a positive countably additive
function u: & — R be given. Countable additivity, as usual, means
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) S

n=1

for any sequence (x,) of mutually disjoint elements of B. Let us set
N:={x€B: u(x) =0}, in which case JT is a o-complete ideal. On the factor-algebra
B:= B | N there is a unique countably additive function &, for which u = o @, where
@: B — B is a factor-homomorphism. The algebra B is complete, while the function B is
strictly positive, i.e., g(x) =0—>x = 0. If p(x,y): = u(xAy), then p is a metric, and the
metric space (B,p) is complete.

Let (X,.B ,u) be a space with finite measure, i.e., X is a nonempty set, Bisao-
complete subalgebra in £(X), and p is the same as above. Then the algebra B is termed an
algebra of measurable sets modulo sets of measure zero.

(6) Let (X,B ,u) be the same as in (5), and let us denote by the symbol
M(u). = M(X,ZB ,u) the space of equivalence classes of u -measurable functions almost
everywhere finite on X . The measurable functions are equivalent provided they can assume
different values only on the set of measure zero. In the space M(u) an order is introduced by
setting f < g iff f(x)= g(x) for almost all x EX . Here f is the class of equivalence of the
function f. Then M(pu) is a lattice. Let 1 the equivalence class of the function identically
equal to unity on X . Let us set B: = {eEM(u): e A (1 - €) = 0}. In this case B is a complete
Boolean algebra with respect to the order induced from M(u)

cve=c+e-ce, che=c'e, e¥=1-¢ (ce€EB),

where +, -» - are the signs of addition, multiplication and subtraction, respectively, in the ring
M(p).

(7) Let H be a complex Hilbert space, and B(H) be the algebra of all bounded linear
operators in H. The commutant I{' of a set i{ C B(H) is introduced by the formula
Il'": = {T €B(H): (VSEIl)(TS= ST)}, while the bicommutant is introduced by the rule
" =U"). The von Neumann algebra is any selfadjoint (T €If — T* €Il ) subalgebra
If C B(H) which coincides with its bicommutant. Let us choose a commutative von
Neumann algebra I{ . The set of all orthoprojections contained in f will be denoted by the
symbol By, . The order relation in By is introduced as follows:

xsp<a(HCp(H) (mp€EBy).

In this case By is a complete Boolean algebra, the Boolean operations having the form:
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AVPp=A+p-Tmop, TAP=mop, A*¥=Iy-um.

1.1.8. Remarks

(1) The theory of Boolean algebras originated from the classical work by G.Boole ‘An
Investigation of the Laws of Thought, on Which Are Founded the Mathematical Theories of
Logic and Probabilities’ [17]. The purpose of this monograph was formulated by the author
in the following way: “In the treatise offered to the attention of the reader we intend to
investigate the fundamental laws of those operations which refine the reason in the process of
consideration, in order to express them in a symbolic language of calculus and on this
foundation to construct the science of logic and its method.” Following this doctrine,
G.Boole carries out, in fact, algebrization of the logical system that underlies classical
mathematical considerations. As a result, he has become the author of the algebraic system
termed a Boolean algebra.

(2) One of the most important examples considered in the afore-mentioned book is the
propositional algebra. In modern terms, the propositional algebra is a Boolean algebra
arising as a result of identifying the equivalent formulas in a set of all formulas of the
propositional calculus.

The above-said can be in general general formalized as follows. Let & be a first-order
theory based on the classical (two-valued) logic. In the set of all formulas ® in the theory &
let us introduce a relation of preorder, setting @ < v iff the formula @ — 1 is a theorem of
the theory & . Let us consider the equivalence relation ~ in ®:

P~y @sPryse (py €ED).

Let {{ = ®/~ be the corresponding factor-set supplied with the induced order. In more detail,
if 1¢l is the equivalence class of the formula g E®, then |@lslyl implies ¢ < 9. The arising
ordered set {{:= f{ (T ) is a Boolean algebra, which is sometimes termed a Lindenbaum-
Tarski algebra of the theory & . The Boolean operations in the algebra {f (Z ) have the form

lplvlyl=lp v I,
lplalpl=lp A yl,
lpl*=l " @l

The translation of the logical problems of formal theories into the language of the
corresponding Boolean algebras, the Lindenbaum-Tarski algebras, is called the Boolean
method.

(3) The classical ways of making conclusions (syllogisms, the excluded middle,



182 NONSTANDARD METHODS OF ANALYSIS

modus ponens, generalization, etc.) are abstractions originated as a result of idealization of
those real operations carried out in the brain in the process of reasoning. Inevitably making
the reality rougher, the two-valued logic gives, strictly speaking, only a hardly approximate,
incomplete description of the laws of reasoning, which explains the interest to non-classical
logical systems. One of such systems has been elaborated within the framework of the
intuitionistic approach. Without going into details, let us briefly describe the corresponding
propositional algebra.

The pseudo-Boolean algebra is a lattice L with zero and unity, where for any x,y EL
there is a pseudo-complement x => y of the element x relative to y. By definition, the

pseudo-complement x =y is the greatest of the elements zEL obeying the inequality
Z A x <y. Hence, the following equivalence is valid (cf.: 1.1.4 (3)):

Isx=yexazsy (xy2€EL),

which may be also considered as the definition of x=>y. A pseudo-Boolean algebra is a
distributive lattice. A complete lattice is a pseudo-Boolean algebra iff the following
distributive law is fulfilled in it:

XAV Xo=V XAX, (xx,€EL).
aEA a€A

An example of a complete pseudo-Boolean algebra is the set of all open subsets of a
topological space ordered by inclusion. Pseudo-Boolean algebras are termed Brouwer
lattices or, most often, Heyting algebras.

We can demonstrate that the Lindenbaum algebra of the intuitionistic logic is a Heyting
algebra. Therefore, Heyting algebras characterize the intuitionistic logic is the same way as
Boolean algebras characterize the classical logic (for details, see [13, 214, 215]).

(4) Investigation of certain types of nonclassical logics results, as was in the case of
the intuitionistic logic, to various classes of algebraic systems which are distributive lattices.
The most well-known varieties are as follows: an implicative lattice (= the lattice with relative
pseudo-complements), a topological Boolean algebra (= a Boolean algebra B with the
operation I: B— B, obeying the internal axioms: L:(xAy)=Ixaly, xsy—Ix=<ly,
. I, 10=0, I1=1), a Post algebra, etc. (see [13, 72, 214, 215]). A general theory of
lattices is an individual branch with its numerous and in-depth relations with various sections
of mathematics.

(5) The origination of the above-mentioned logics (=lattices) is associated with ‘the
investigation of the laws of thought’ in the sense of the the Boole’s program we discussed
above. The analysis of the laws of microworld has given rise to a principally different type of
logic. The logic of quantum mechanics differs significantly from the classical, intuitionistic
and modal logics.
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The ortholattice is a lattice L with zero, unity and a unary operation (of ortho-
complementation) OhL-L obeying the following conditions:

xAxJ'-O, xvxlnl;
11 1.1
X Tim(xT) =x;

(xvy)l -xl/\yl, (x/\y)l =xlvyl.

The distributive ortholattice is a Boolean algebra. The elements x and y are called

orthogonal, and we write xLy if x< yl or, which is equivalent, y < x*. The ortholattice L
is termed an orthomodular lattice or a (quantum) logic, provided for any x,yEL,xsy
there is an element z €L such that x1z and x v z = y. The last peculiarity is equivalent to the

fact that from x<y wegety=xv(yaA xl). An example of the quantum logic is a lattice of
all closed subspaces of a Hilbert space with the operation of orthogonal complementation.

1.2. Representation of Boolean Algebras

A principally important possibility of representing a Boolean algebra as an algebra of clopen
subsets of a compact space is guaranteed by the Stone theorem. The basic goal of this section
is to prove the theorem and to describe some opportunities that are granted by it.

1.2.1. Let 2:=Z,:= P({D)):={0,1} be a two-element set with the field structure
determined by the relations:

0+0=0 0+1=1+0:=1, 1+1:=0,
0:1=1-06=0, 0:0:=0, 1-1:=1

It should be remarked that all the elements of the field 2 are idempotents. Let us now
consider an arbitrary set B with the structure of an associative ring whose elements are
idempotents: b €EB—> b =b. In this case B is called a Boolean ring. Such a ring is
commutative and obeys the identity b = ~b for b €B. The Boolean ring is obvious to be a
vector space over the field 2 and, moreover, a commutative algebra over this field.

It should be recalled that the unity of an algebra is by definition different from zero. The
field 2 can be naturally identified with the subring of a Boolean ring composed of the zero
and unity of the latter. This fact is reflected in the notation: for the zero of any ring, use is
made of the symbol 0, whereas for the unity, of the symbol 1. Such an agreement, naturally,
results in a quite common collision of notation (in the field 2 the addition and multiplication
can be redefined, in which case 0 starts playing the role of 1, and vice versa).

A Boolean ring B is always considered with the order relation determined by the rule:



184 NONSTANDARD METHODS OF ANALYSIS
bzby <bby=b (5,5 €B).

The ordered set (B,s) can be directly proved to be a distributive lattice with the least element
0, and the greatest element 1. In this case the lattice operations are related with the ring ones
in the following way:

XVY=X+Y+X), XAYy=X)
Moreover, each element b €B has a unique complement, i.¢. such an element b * , that
b*vb=1, b*Ab=0.

Obviously, b* =1+ b. Hence, any Boolean ring is a Boolean algebra provided the order in it
is determined in the way just discussed.
In turn, we can introduce the structure of a ring in the Boolean algebra B, setting

x+y=xAy, xy=xAy (x,yEB).

In this case (B,+,,0,1) becomes a Boolean ring with unity, for which the newly-arisen order
relation coincides with the one available.

Therefore, a Boolean algebra can be viewed as an algebra with unity over the ring 2,
whose every element is idempotent.

1.2.2. Let B be an arbitrary Boolean algebra.

(1) A character of the algebra B is a (Boolean, or, which is the same, ring)
homomorphism x: B— 2. By the symbol X(B) we shall denote a set of all the characters of

B with the topology of pointwise convergence. In more detail, the topology in X(B) is
induced by the product topology of 2%, in which case 2 has a unique compact Hausdorff
(discrete) topology. The arising space 22, a Cantor discontinuum, is compact and totally
disconnected. The last fact implies that any two different points in this space have disjoint
clopen neighbourhoods. It is also evident that X(B) is a closed subset of 2% Therefore,
X(B) is compact and totally disconnected. The set X(B) is termed the character space of the
Boolean algebra B.

(2) As is known, a nonempty set § C B is called a filter provided

1EF AYEF - xryEF,
xEF rxsy—>yeEF.
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A filter different from B is termed proper. Elements of the set of all proper filters that are
maximal by inclusion are called ultrafilters. Let U(B) be the set of all ultrafilters in B, and
let U(b) be the set of ultrafilters containing b. Let us supply U(B) with a topology, having
chosen the system of sets {U(b):b €B} to be the basis of the topology. Such a definition of a
topology is sound since, as can be easily checked, U(x A y) =U(x) NU(y) (x,yEB). The
topological space of U(B) is often referred to as the Stone space of the Boolean algebra B
and is denoted by & (B).

(3) Let M(B) be a set of all maximal (proper) ideals of the algebra B. An ideal here
can be understood both in accordance with 1.1.6 (2) and in the standard sense of the theory
of rings. A set JCB is an ideal iff J*={*:xEJ} is a filter in B. Moreover,
J EM(B) < J* €U(B). Therefore, the mapping J — J* presents a bijection between

M(B) and U(B). The set M(B) is usually called the space of maximal ideals and is assumed
to have the induced topology, the one which turns the mapping J—J¥* into a
homeomorphism.

1.2.3.
(1) A Boolean ring B is a field iff it contains exactly two elements 0 and 1. Hence,
2 is a Boolean field unique up to isomorphism.

< Indeed, a nonzero element x €B is invertible, and, hence, the following implications
are valid:

- -1 -
xx1=1—>xxx -l—>xx1=x—>x-1.l>

For x €X(B) by the symbol x * we shall denote the mapping x — x(x)* (x EB). As
is seen, ker y:= {x €EB: x(x) = O} is an ideal, while ker y ¥ is a filter.

(2) The mappings x> ker(}) (xEX(B)) and x-—>kerx* (xEX(B) are
homeomorphisms of X(B) on M(B) and U(B), respectively.

< The mapping x + ker(y) is injective. If JEM(B), then B/J is a field and,
according to (1), it is isomorphic to 2. Let us set x:=A o ¢, where ¢: B— B/ J is a factor-
homomorphism, while A: B/ J — 2 is an isomorphism. Obviously, ker ¥ = J and, hence,
the mapping under discussion is bijective. The remaining statements are obvious. >

(3) The element x €B is equal to zero iff x(b) = 0 for all x EX(B).

< Let us assume x = 0. Then the principal ideal {y €B: y < x*} is proper, and it can be
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extended to a maximal ideal J EM(B) . This statement, the Krull theorem, is directly deduced
from the Kuratowski-Zorn Lemma (see 1.2.3.9). By virtue of (2), J = kery for a certain
x EX(B). Since x ¢J , we must get x(x) =0. >

1.2.4. Stone theorem. Every Boolean algebra B is isomorphic to the Boolean algebra of
clopen sets of a totally disconnected compact set unique up to homeomorphism, the Stone
space of the algebra B.

< Let C( X(B),2) be the algebra of continuous 2-valued functions determined on a
totally disconnected compact X(B) . The Gelfand transform & p assigns to an element x €B
the 2-valued function

xx—=x(®) (XEX(B).

It is obvious that & g B— C(X(B),2) is a homomorphism which is injective (by 1.2.3 (3))
Let us take an f €EC(X(B),2) and set Vf: ={x €EX(B). f(x) =1}. The set Vf is clopen. By
the definition of the topology, of X(B) there are b,,...,b; €B and c,...,c; €EB such that

Vf:={x€X(B): x(b,)=1(nsk),xc,)=0(msl)}.

Let us set by:= b A...Ab,, Coi=cyv...vc; and b:= By A cg. The set V; can be presented as
follows:

Vi ={x EX(B): x(&) =14 x(cp) =0} =
={x EX(B): x(b)= I} = { EX(B): b(x) = 1.

Therefore, f = 13 and, hence, & g is an isomorphism.

Let us assume now that @y and Q, are totally disconnected compacta, and that the
mapping i: C(Q,,2) = C((,2) is an isomorphism of the algebras. If y is a character of the
algebra C((,,2), then x oh is that of C((,,2). In this case the mapping x — x oh
implements the homeomorphism of the character spaces. On the other hand, the character
space of the algebra C(Qy,2) is homeomorphic to the compactum Q. Therefore, the

compacta Q) and Q, are homeomorphic. Now we have to notice that the algebra C( X(B),2)
is isomorphic to the algebra of clopen sets of the space X(B) and, hence, of the space U(B)
as well. >

1.2.5. Further on we, as a rule, shall consider complete Boolean algebras. The notion of a
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complete Boolean algebra is closely associated with extremal compacta, i.e., compacta
which are totally disconnected spaces. It should be recalled that a topological space is termed
totally disconnected or extremally disconnected or, to put it short, extremal, if the closure of
its every open subset is open.

Ogasawara theorem. A Boolean algebra is complete iff its Stone space is extremal.

< Let B be a complete Boolean algebra, and / be an isomorphism of B on the algebra
of clopen sets of the compactum Q: U(B) . Let us choose an open set G C Q. As Q is totally
disconnected, then GU If , where If is the union of the clopen sets contained in & . Let
I = (U):UENY and b: =vI{'. It is the clopen set i(b) that is the closure of G.
Indeed, dGC h(b) and h(b)\clG is open. If the latter set is nonempty, then
h(c) Ch(b)\ clG fora certain 0 = ¢ €B. This, however, implies that h(c) v h(u) s h(b) for
allu €Il ', which contradicts the equality b = vI{ . Therefore, d G = h(b) is an open set.

Let us now assume that the compactum Q is extremal. Let & be the collection of
clopen subsets of @, and let G:= U& . The set G is open and its closure ¢l G must also be
open, since Q is extremal. Obviously, clG is the least upper bound of the set & in the
Boolean algebra of clopen sets B(Q). >

1.2.6. Examples
(1) The Stone space of the algebra {0,1}is a singleton. If a Boolean algebra is finite, it

has 2" elements for a certain # EN, and its Stone space contains exactly # points.

(2) Let us choose a nonempty set X. The Stone space of the Boolean P(X) isa
Stone-Cech compactification B(X) of the set X which is viewed as a discrete topological
space.

(3) If Q is a totally disconnected compact space, then the Stone space of the algebra
B (Q) is homeomorphic to Q.

(4) Let B,B' be Boolean algebras, and i:B—> B’ be a homomorphism. Let
:B— B (@ (B)) and . B — B (& (B')) be the Stone presentations of the algebras B and
B'. There is a unique continuous mapping 8 :© (B') —& (B) such that

h(x) =07 (x)) (xEB).

The mapping h — & (k). = 0 is a bijection between the sets of homomorphisms from B to
B’ and the continuous mappings from & (B') to & (B). If B" is another Boolean algebra,
and g:B —B” is a homomorphism, then & (goh) =8 (h)o& (g). Moreover,
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& (Ip) = I ()- Let Boole be the category of Boolean algebras and homomorphisms, while

Comp be a category of compacta and continuous mappings. Then the above statements can
be formulated in the following way.

Theorem. The mapping & is a contravariant functor from the category Boole to the
category Comp.

Two important particular cases of the situation under consideration deserve special
attention.

(5) A Boolean algebra B, is isomorphic to the subalgebra of a Boolean algebra B iff
the compact set & (By) is a continuous image of the compact set G (B).

(6) A Boolean algebra B’ is a homomorphic image of the algebra B (or isomorphic to
the factor-algebra B) (see L.1.1 (4)) iff the compact set & (B') is homeomorphic to a closed
subset of the compact set & (B).

(7) Let B:=I1,c4B, , where (B, ),c4 is a nonempty family of Boolean algebras. The
Stone space (B) of the algebra B coincides with the Stone-Cech compactification of the
topological sum U,e,& (B, ) x {a} of spaces & (B,).

(8) Let B:=®,c4 B, be the Boolean product of a nonempty family of Boolean
algebras (I.1.6 (6)). Then the Stone space & (B) of the algebra B is homeomorphic to the
product IT, & (B,).

(9) An absolute of a compact set X is such a compact set X that meets the following
conditions: (a) X is a continuous irreducible preimage of X (i.e., there is a continuous
surjection of X on X, and X is not a continuous image of any proper closed subset of X );
(b) any compact continuous irreducible preimage of the compactum X is homeomorphic to
X. If B is the completion of a Boolean algebra B, then & (B) =& (B), i.e., an absolute of
the Stone space of the algebra B is homeomorphic to the Stone space of its completion B.

1.2.7. An atom of a Boolean algebra B is a nonzero element a of it such that
{xE€B:0 < x sa}={0,a}, or, which is equivalent, a = 0 is an atom of the Boolean algebra
B if for any x €B we have either a < x or a < x *. The algebra B is said to be atomic if for
any nonzero element x EB there exists an atom a<x. A Boolean algebra is termed
atomless if it contains no atom.

Let us call the Boolean algebra B fully distributive if
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AV X,,= V_ AZX ,
memmeN ™" feNM mep’ ™M

where Xonn EB(mMEM,n€EN), M and N are arbitrary sets, and NM.- {f:f:M— N}.
Theorem. Let B be a complete Boolean algebra. The following statements are equivalent:
(1) B is isomorphic to the Boolean £( A) for a nonempty A;
(2) B is fully distributive;
(3) B is atomic.

< (1) = (2) It suffices to remark that both the set-theoretic union (join) and intersection
(meet) obey full distributivity.

(2) = (3) Let us consider a double family {x,, €EB b EB, 1 €2}, where 2:={0,1},
Xp0:=b* and x, ;: = b. In this case

1= AX,gVXp1= A V Xp,.
pep B0 BT ep ey O

Since the Boolean algebra B is fully distributive, we have
1=vi(f) f:B—2},

where c(f): = A{xb'f(b): bEB}. This implies that for b €B valid is b= v{b Ac(f). f GZB}.
Hence, for a non-zero b EB there isa g €22 such that b A ¢(g) = 0. On the other hand, for
arbitrary b €B and f e2? only the two following cases are possible:

(@) f(D)=0—> X, sy =b* = c(f)sb* = bac(f)=0,
(b) f(b)=1_’xb,f(b) =b—c(f)sb.

Therefore, if b = 0, then either b Ac(g)=0 or ¢(f) < b, i.e., c(f) is an atom of B provided
¢(f)= 0. However, since there are sufficiently many nonzero c(f), then B is atomic.

(3) = (1) Let A be a set of all the atoms of the Boolean algebra B. For x €EB let us
denote by the symbol A(x) the set of all atoms a €EB such that a<x. The mapping

h: B— £ (A) can be easily checked to be an isomorphism of the Boolean algebras. >
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1.2.8. Remarks

(1) As is seen from theorem 1.2.4, a Boolean algebra is completely determined by its
Stone space. To be more exact, any property of the Boolean algebra B can be translated into
the topological language, after which it becomes a property of the Stone space & (B). This
method of studying Boolean algebras is called the realization method.

(2) The basic idea underlying the Stone theorem 1.2.4 is also valid for the case of
distributive lattices. For a distributive lattice L the role of the Stone space & (L) is played by
the set of all simple ideals (or filters) topologized in a special way. The proper ideal J C L is
called simple when

XAYyEJ=>xEJVyEJ.

The Stone spaces of distributive lattices can be used either for constructing new lattices or for
the topological description of lattice-theoretical properties (the realization method!) (see [13,
72, 214]).

1.3. Von Neumann-Gédel-Bernays Theory

As has been earlier remarked in 1.3.2.5, the axiom schemata of replacement ZF;’ embraces
an infinite number of axioms due to arbitrariness in the choice of a formula ¢. One,
however, can try to introduce new undefinable primitive objects which can be determined by
formulas @ of ZF;’ . Then a great deal of the statements contained in the schemata ZF; could
be formulated as a single axiom on such objects. In this case required are the axioms that
could imply existence for an object corresponding to the formula. Since all the formulas are
constructed by the same procedure within a finite number of sets, we cannot exclude the
possibility of managing with a finite number of axioms. It is this basic idea stemming from
von Neumann, that became a cornerstone of the axiomatics of set theory developed by Godel
and Bernays and designated by NBG.

The initial undefinable object (notion) of NBG is a class. A class which is an element of
a class is called a set, the other classes termed proper. It is turning classes into objects that
constitutes the basic difference between NBG and ZFC, the metalanguage of the latter
treating ‘a class’ and ‘a property’ as synonyms.

When presenting the axiomatic theory NBG use, as a rule, is made of one of the two
available modifications of the language of ZFC. The first modification consists in adding a
new unary predicate symbol M to the language of ZFC, with M(X) semantically implying
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that X is a set. The second modification uses different types of variables for sets and classes.
It should be emphasized that the techniques mentioned are not obligatory for describing
NBG, but are rather used for convenience.

1.3.1. The system NBG is a first-order theory with equality. Strictly speaking, the language
of NBG does not differ from that of ZFC. However, capital Latin letters, X,Y, Z,... (with
indices) are commonly used for variables, while lowercase Latin letters are left for the argo
arising as a result of introducing abbreviated symbols which are not used in the language of
NBG.

Let M(X) be an abbreviation of the formula (3Y) (X E€Y) (read as ‘X is a set’). Let us
introduce lowercase Latin letters x,y, z... (with indices) for the variables bounded by the sets.
To be more exact, the formulas (Vx) ¢(x) and (3x) ¢(x) are abbreviations of the formulas
(VX) (M(X) = ¢(X)) and (3X) (M(X) A ¢(X)), respectively. Semantically these formulas
imply: ‘for any set @ is valid’ and ‘there is a set for which ¢ is valid’, respectively. When
using these abbreviated denotations the variable X must not enter the formula ¢, as well as

in the formulas comprising these abbreviations. The above rules of using uppercase and
lowercase letters will, however, be observed only within the present section. After we have
proved that the theory of classes is, in principle, formalizable, we will gradually retumn to the
conventional and, hence, freer mathematical language.

Let us now get down to formulating special axioms of NBG.

1.3.2. The axiom of extensionality (for classes), NBG: two classes coincide if

(and only iff) they consist of the same elements

(VX) (VY)(X =Y <> (VZ)(ZEX < ZEY)).

1.3.3. The axioms for sets:
(1) the axiom of an (unordered) pair, NBG,:
V) (VY @) (Vu)(uEz <> u=xvu=y);
(2) the axiom of union, NBGj3:

(Vx) Ay)(V2) (zEy < () (kEXAZ EY));
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(3) the axiom of powersets, NBG4:
(Vx) @) (V2)(zE€Ey < zCx);
(4) the axiom of infinity, NBGs:
(Ax) (0Ex A (Vy) (yEX < yU{y}EN).
These axioms are seen to coincide with their analogues of ZF formulated in 1.3.2.3,
1.3.2.4,1.3.2.7 and 1.3.2.8. One should, however, bear in mind that in verbal
formulation the word ‘set’ can already mean here a class which is an element of the class,

while in symbolic presentations of the axioms small Latin letters denote abbreviations (see
1.3.1). Thus, for instance, a partially expanded axiom of powersets, NBGy4, has the form

(VX) (M(X) = @3Y) (M(Y) A(VZ)(M(Z) > (ZEY < ZC X)))).
In the presentation of the axiom of infinity use has been made of the following abbreviation:

0Ex = 3y) (YEXA(Vu)(u &y)).

The existence of an empty set is not assumed beforehand but results from the axiom of
infinity. Nevertheless, this statement is sometimes included into the list of NBG as a separate
axiom:

(5) @y) (Vu) (u &y).

1.3.4. The axiom of replacement, NBGg;: if the class X is single-valued, then for any
set y the class of the second components of those pairs of X, whose first components
belong to y, is a set:

(VX) (Un(X) = (V) () (Vi) (u €z < () (v, 2) EX A v Ey))) .

As it has been assumed, the schema ZFZ‘J has turned into a single axiom. Let us here

remark that the axiom schemata of replacement of ZF (see 1.3.2.5) is also corresponded to
by a single axiom, the axiom of replacement. This axiom states that for any set x and any
class Y there is a set which consists of the elements common for both x and Y, i.e.,

(V) (VY)32)(Vu) (uEz <> uExAu€Y).
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This axiom is weaker than the axiom of replacement (deduced from NBGg and theorem

1.3.14 to be proved below), but is in many cases more convenient for practical purposes.
The group of axioms to follow, NBGg-NBG 3, is designated for the formation of

classes. These axioms state that for certain properties expressed by formulas there exist
classes of all sets possessing the required properties. In this case uniqueness results, as
usual, from the axiom of extensionality, NBG.

1.3.5. The axiom of E€-relation, NBGr: there is a class which consists exactly of

those ordered pairs of sets whose first component is an element of the second one:

@AX)(Vy)(V2) (,2) EX <> yE2).

1.3.6. The axiom of intersection, NBGg: for any two classes there is their

intersection:

(VX)(VY)(AZ)(Vu) (u EZ < uEX A UEY).

1.3.7. The axiom of complementation, NBGq: for any class there exists a class

complementing it:
(VX)@AY)(VYu)(u EY < u &X).
This implies the existence of the universal class U:= @ which is the complement of the

empty class &.

1.3.8. The axiom of domain, NBG): for every class X of ordered pairs there is a

class Y:= domX, whose elements are exactly the first elements of the class X :

(VX)@N)(Vu) (u EY < () (u,v) EX)).

1.3.9. The axiom of the Cartesian product, NBG{: for every class X there is a

class Y:= XxU consisting of all possible ordered pairs whose first components are
elements of the class X
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(YX)@AY)(Vu)(Vv) ((u,v) EY <> uEX).

1.3.10. The axioms of permutation, NBG{5 and NBGj3. Let o:=(ij,i,i;) be

permutations of the set {1,2,3}. The class Y will be called the o -conjugation of the class X
provided (x;,x,,%3) €Y iff (xil,x&,xB)EX. For any class X there is its (23,1)- and

(1,3,2) -conjugations:

(VX)@N)(Yu)(Vv) (Vo) (k,v,0) EY < (v,0,u) EX);
VX)@YV)(Vu)(Vv)(Vo) ((#,v,0) EY © (1w, v) EX).

1.3.11. The axiom of foundation, NBGy4: in every nonempty class there is an

element having no common elements with it:

(VX)X %D —>(H) (YEXAYNX = D)),

1.3.12. The axiom of choice, NBG 5: for every class X there is a selecting function,

i.e., a single-valued class assigning an elemeny of X to each nonempty set of X :
VX)@N(Vu)(u= D rueX—> (3Av)(v Eun(u,v)EY)).

This is a very strong form of the axiom of choice. It is equivalent to the existence of a
simultaneous choice of one element from every nonempty set.

The above axiom makes the list of the axioms of NBG complete. The system NBG,
unlike the theory ZFC, is seen to have a finite number of axioms. Another convenient feature
of NBG is that in fact it treats sets and properties of sets as formal objects, thus implementing
objectivization inaccessible to the expressive means of the language of ZFC.

1.3.13. From the group of the axioms on the formation of classes let us deduce some
statements to be used to prove general theorems on existence of classes.
(1) For any class there is its (2,1)-conjugation:

(VX)(3Z)(Vu) (Vv) (u,0) EZ <> (v,u)EX).
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< The axiom of the Cartesian product guarantees existence for the class X x U. If we
consecutively apply the axioms of the (2,3,1)-conjugation and (1,3,2) -conjugation to the
class X x U, we getaclass Y of all triplets (v,u,w) such that (v,#) €EX. Now we make use
of the axiom of domain to see that Z:= dom(Y) is the sought class. >

(2) For any two classes, there is their Cartesian product:
(VX (VN(IZ) (Vo) (w €EZ < (A EXYNFvEY) (0 = (4,v))) .
< To prove the above statement we shall consecutively use the axiom of the Cartesian
product, statement (1), the axiom of intersection, and set Z:=(Ux ¥) N(X x U). >
By virtue of 1.3.13 (2) for n=2 determined is the class U" of all ordered tuples.

(3) For any class X there is a class Z:=(U" xU™)N(X xU™):
y

(YX)@E2) (Yx1)...(Vx,) (V3)...(V )
(X s X Moo V) EZ < (xy,..., %) EX).

(4) For any class X there is a class Z:= (U™ x U")N(U" x X):

(VX)(3Z)(Vxy)...(Vx,) (Vy)..(Vy,,)
((Poees Yo Koo Xy) EZ & (x1,...,X,) EX).

< In order to prove (3) and (4) we should apply the axiom of the Cartesian product
and the axiom of intersection. >

(5) For any class X there is a class Z such that

(Vxl ).. .(Vxn)(Vyl).. .(Vym)
((xl,...,xn_l,yl,...,ym,xn)EZ «> (xl,...,xn)EX).

< Use should be made of the axiom of permutation and of the axiom of the Cartesian
product. >.

1.3.14. Theorem. Let @ be a formula in the construction of which only variables of
Xy, Xy, K.Y, occur, and which is predicative, i.e., all bound variables of ¢ are
restricted to sets. Then in NBG the following statement is provable:
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(VR)...(VY,)3Z)(Vx,)...(Vx,)
(x)pee 0 X)) EZ & @(Xp,..., %, 1,00 X))

< Let the formula ¢ be written, with the adopted abbreviations taken into account, in

such a way that the only bound variables of ¢ are those for sets. It suffices to consider only
@ containing no subformulas of the type Y EW and X €X, since the latter are replaced with

equivalent ones, (3x) (x=Y A xEW) and (Ju) (4 = X Au €EX). Moreover, the symbol of
equality can be eliminated from @ by substituting, in line with the axiom of extensionality,
the expression (Vu)(u €EX <> u€Y) for X =Y. The proof is carried out by induction on
length k of the formula ¢, i.e., by the number & of logical connectives and quantifiers
belonging to ¢ .

For k =0 the formula @ is atomic and has the form x; Exj, or x; Ex;, or
X €Y (i <jsnl<m). If ¢:= x; Ex;, then, according to the axiom of €-relation, there is a

class W, for which
(Vx)(Vx;) (x;, %) EW, < x; Ex)).

If @:= x; Ex;, then we first, using the same axiom, find a class W, with the property
(Vx)(Vx;) ((x), x,) EW, <> x; Exy),

and then apply 1.3.13 (1). As a result, we choose a class W for which
(Vo)) (Vx;) (%, %)) EW > x; Exy).

Hence, in any of these two cases there is a class W such that the following formula is valid:
<I):(Vx,-)(‘v'xj ) (%3, %) EW < @(x1,....%, K,...1p).

By virtue of 1.3.13 (4), in the formula ® we can replace the subformula (%;,x;) EW with
(X15e.0, % _1, X;) €Z; for a certain other class Z;, and add the quantifiers (Vx)...(Vx;_;) in
the beginning of the formula. Let ¥ be the formula obtained in this case. According to
1.3.13 (5), in the formula ¥ for a certain other class Z, it is possible to write
(Xpeees X2 Xy 1000, X ) EZ, instead of the subformula (xy,...,x;_1,%;, ;) €Z; and to add the
quantifiers (Vix;,;)...(Vx;_;) at the beginning of the formula ¥'. And, finally, applying to
Z, 1.3.13 (3), we find a class Z for which the following formula is true:
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(V). (V) (X1, . %) EZ & @(X15000, X, Yoo 1))

For the remaining case, x; EY] the sought requirement follows from the existence of the
Cartesian products W: = U™ x Y, and Z=W x 1§ Therefore, the theorem has been
proved fork = 0.

Let us assume that for all k < p the theorem has been proved and the formula ¢ has p
logical connectives and quantifiers. It suffices to consider the cases when @ is obtainable
from some formulas using negation, implications and the universal quantifier.

(a) @:="19 . By the induction hypothesis, there is a class V such that
V) (V) (X0, ) EV & P (g, X . 1, 1))

In accordance with the axiom of complement, there is a class Z:= U - V:= U\ V obeying the
required conditions.

(b) @:= 9 — 6. Again, by the induction hypothesis, there are classes V and W, such
that for V and 4 all the statements of (a) are valid and, moreover,

(V) (V) (X100, % ) EW & O(x5ee X, Kool 1))

The sought class, Z:= U - (VN (U-W)) does exist by virtue of the axiom of intersection
and that of complementation.

(¢) ¢:=(Vx)p.Let V and 9 be the same as in (a). If we apply the axiom of the
domain to the class X:= U -V, then we obtain the class Z; for which

(V). .(Vx,) (1,0, %, ) EZ & (Fx) “P(x1e s Xy, Boeen X))
The class Z:= U - Z, that exists by virtue of the axiom of complementation is the sought one,

since (Vx)p isequivalentto ~(Ix)(" ). >

1.3.15. Each of the axioms for the formation of classes, NBG;-NBG; 3, is a corollary to

theorem 1.3.14, provided the formula ¢ is chosen in an appropriate way. On the other
hand, the theorem itself is seen from the proof to be deduced from the axioms of the
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formation of classes. It is remarkable that instead of an infinite number of statements in
1.3.14 we can manage with a finite number of the axioms NBG7-NBG 3.

Theorem 1.3.14 allows one to prove the existence of various classes. Thus, for any
class Y there exists class of all its subsets £(Y), as well as the union of all elements of the
class U(Y) determined by conventional formulas

(Vu)(uEL (V) & uCY),
(Vu)(ueU(Y) « () (vEY A uEv)).

The above statements can be easily proved if we choose @(X,Y):=XCY and
@(X.Y): =(qu) (xEu r u €Y). By analogous considerations sound are the definitions of

Z_l, imZ, Z1Y, Z'"Y, XUY, etc., where X, Y and Z are some classes.

1.3.16. Theorem. Every theorem of ZFC is a theorem of NBG.

< All the axioms of ZFC are theorems of NBG. Let us prove the only not obvious part
of this statement which concerns the axiom of replacement ZF{ . Let the formula ¢ contain
no free occurrences of the variable y, and let {x,,z;,...,2,,} be complete set of variables used
in constructing ¢ . Let us then assume that, for all xu,v,z;,...,2,, the following relation
holds:

Q(XM,21,0 00 20) N P(X, V0,200, 2,,) U= V.

The formula ¢ is predicative as all the variables in it are restricted to sets. By theorem
1.3.14, there is a class Z such that

(V) (Vi) (x,u) EZ < @(xu,2,e0r2,))-

This property of ¢ shows that the class Z is single-valued, i.e., that Un(Z) is provable
within NBG. By virtue of the axiom of replacement, NBGg, there is a set y for which

(Vv) (v Ey < (Ju) (u,v)EZ Au Ex)).
Obviously, for y the required relation
Vz)...(¥2,,)(Vv) (v Ey < (u Ex) ¢(x,0,2;,...,2,))

is fulfilled. >
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1.3.17. Theorem. Every theorem of NBG dealing with sets is a theorem of ZFC.

< The proof can be, for instance, found in [28]. It requires the use of some facts of
model theory which go beyond the framework of the present book.
Statements 1.3.16 and 1.3.7 are often formulated in the following form.

1.3.18. Theorem. Von Neumann-Gddel-Bernays set theory NBG is conservative over
Zermelo-Fraenkel set theory ZFC.

1.3.19. Among the other axiomatic set theories we should mention the Bernays-Morse
theory that extends the theory NBG. The theory in question has special axioms, NBG1-

NBGs, NBG14, and the following schemata of the axiom of comprehension:
@AX)(VY) (YEX < M(Y) A @(Y,X,.....X,)),

where @ is an arbitrary formula containing no occurrences of the variable X .

It is obvious from 1.3.14 that if in the formula ¢ all the domains of the definition of
quantifiers is restricted to sets, then the axiom schema of comprehension is a theorem of
NBG. The Bernays-Morse set theory allows quantification over arbitrary classes in the
schemata of axioms of comprehension. This theory can be also modified by the axiom of
choice, NBGy 5.

1.4. Ordinals.

The concept of an ordinal is the key one in studying infinite sets. It is designated for
transfinite iteration of various mathematical constructions, or considerations, as well as for
measuring cardinality. The topic of the present section is to consider how to do it.

1.4.1. Let us consider classes X and Y. We say thatX is an order relation, or simply an
order on Y provided X is an antisymmetric, reflexive and transitive relation on Y. The
antiasymmetry, reflexivity and transitivity of a relation are written in the same way as in the
language of ZFC (see 1.3.1.10). The order of X on Y is called linear or total if
YxYCXU x!. The relation X is said to well-order Y or to be well-ordering, or Y is
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said to be well-ordered (sometimes an abusive term totally-ordered is used, too), provided
that X is an order on Y and any nonempty subclass of the class ¥ has a least element
(relative to X). Classes X, andX, ordered by the relations R; and R,, respectively, are
termed similar or equipotent if there is exists a bijection 2 from X; on X, such that
(x.y) ER, <> (h(x),i(y)) ER, forall x,y EX;.

1.4.2. Let us introduce the relation E by the formula
(xY)EE< (xEy)vx=Yy.

The class E does exist by virtue of the axiom of E-relation, NBG~, and theorem 1.3.14.
As is seen, E is an order relation on the universal class U .

The class X is called transitive (not to be mixed up with a transitive relation!) if each
of its elements is also its subset:

Tr(X):= (Vy)(yEX— yC X).

An ordinal class is the name of any transitive class well-ordered by the relation E. The
record Ord(X) implies that X is ordinal. The ordinal class that is a set is termed an ordinal
(or an ordinal number, or a transfinite number). The class of all ordinals is denoted by On .
It should be recalled that ordinals are, as a rule, denoted by lowercase Greek letters, the
following abbreviations used in this case:

a<fBi=a€f, asP:=(a€P)v(a=p), a+l:=aU{a}.

If a< B, then a is said to proceed 8, while B is said to succeed . Using the axiom of
foundation, NBGj 4, we can easily prove the following statement.

1.4.3. A class is ordinal iff it is transitive and well-ordered by the relation E.

< Let a transitive class X be totally ordered by the relation E. Choose a nonempty
subclass ¥ C X and show that Y has a least element. There is at least one element y €Y. If
y=0, then y is the sought least element in Y. If y= O, then, according to the axiom of
foundation, we can find an element x €y such that xNy= 0. In this case x is the least
element of the set y, since y is totally ordered. As the class Y is totally ordered by the
relation E, the element x will be the least in the class Y as well. Hence, X is an ordinal
class. The sufficiency of the given condition is thus proved, its necessity being obvious. >

Therefore, both in NBG and ZFC use can be made of a simpler definition of ordinal:

Ord(X) « Tr(X) A(VueX)(VvEX) uEvvu=vVvvEw).
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It would be expedient to emphasize that the equivalence of the definitions of ordinal
considered can also be established without the axiom of choice.

The majority of the properties of ordinals given below can be deduced without
employing the axiom of foundation, making use only of the initial definition of ordinal. This
peculiarity which is important to, for instance, substantiate consistency of the axiom of
foundation with the remaining axioms of ZF, is insignificant for our further purposes.

1.4.4. Below we shall require some additional facts. Let X and Y be arbitrary classes.

(1) If X is ordinal, Y is transitive, and X = Y, then the relations Y C X and Y €X
are equivalent.

< For YEX theclass Y is a set, and YC X since X is transitive. Let us, in turn,
assume that YC X. Since X =Y, then Z:= X - Y = . The class Z has the least element,
X EZ (in the sense of the order relation E). This implies that x N Z = & or xC Y. Besides,
xC X, since x€X and X is transitive. Let us choose an element y €Y. Since X is linearly
ordered, then xEy or x =y, or, finally, y Ex. With transitivity of ¥ taken into account, the
first two relations yield x €Y, which contradicts the membership x €Z. Therefore, yEx
and, hence, Y C x. Taking into consideration the inclusion x C Y proved above, we get
x=Y and, finally, x =Y Ax EX—> YEX. p.

(2) The intersection of any two ordinal classes is an ordinal class.

< This is obvious. >

(3) If X and Y are ordinal classes, then

XEYvX=YVYEX.

< Let the intersection X NY = Z coincide with none of the classes X and Y. Then,
according to (1) and (2), ZE€EX and Z€Y, i.e., ZEXNY =Z. For the set ZEX,
however, the relation Z €Z is impossible. Hence, either Z= X and then YC X, or Z=Y
and then X C Y. Now we have to refer to (1). >

1.4.5. Theorem. The following statements are valid:

(1) only ordinals can be elements of any ordinal class;
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(2) the class On is the only ordinal class that is not an ordinal,

(3) for any ordinal o, the set o +1 is an ordinal, and the least one of all the ordinals
succeeding o ;

(4) whatever the nonempty class of ordinals X COn might be, the union \U(X) is an
upper bound of the set X in the ordered class On .

< (1) Let us choose an ordinal class X and an element x €X . Since X is transitive, we
have x C X and, hence, x is linearly ordered by the relation E. Let us prove Tr(x). If
ZEYEux, then zEX since X is transitive. Of three possible cases, z= x, x€z and zEx,
the first two result in closed cycles, zEy€z and zEyExEz, respectively, which
contradict the axiom of foundation. Therefore, zEx and, hence, zEy—>z€Ex, i.e., yCux,
which proves Tr(x) and, at the same time, Ord(x).

(2) By 1.4.4 (3), the class On is linearly ordered, by (1), it is transitive, and, hence,
Ord(On). If On is a set, then On is an ordinal, which results in a contradiction, On €0n .
Hence, On is an ordinal class but not an ordinal. For an arbitrary ordinal class X X ¢On
yields X = On. Indeed, statement 1.4.4 (3) opens only one possibility, On €X which
contradicts the fact that On is a proper class.

(3) If a is an ordinal, then, obviously, the set a + 1: = a U{a} is linearly ordered. For
xEa + 1 we geteither xEa or x = a, and in both cases x C a. However, a C a +1 and,
hence, x C a +1, which proves that « +1 is transitive. And, finally, a +1 is an ordinal and
a<a+l. If a<p foracertain ordinal B, then « €8 and a C B, i.e., a U{a} CB. By
1.4.4 (1), we have either a U{a} EB or a U{a} =8 . Hence, a+1<p8.

(4) Let us assume X COn and y €Y:= UX, and choose such an element x €EX that
y Ex. Since x is an ordinal, then y C x and, moreover, y C Y. As the class On is transitive
(see (2)), x EX yields xC On and, hence Y C On. Therefore, Y is a transitive subclass
On and, hence, Y is an ordinal. If a €X, then a CY and, in accord with 1.4.4 (1),
o< Y. Whileif § is an ordinal and 2 a for all a €X, then YC B and, again by 1.4.4
(1), Y<p . Hence, Y =supX. >

1.4.6. The least upper bound of a set of ordinals x is usually denoted by lim (x). The
ordinal a is called limiting if a @ and lim(a)= a.The term ‘limit ordinal’ is also
employed. In equivalent words, a is a limiting ordinal if it is not presentable in the form
a =f+1 witha g €O0n . The class of all limiting ordinals is designated by the symbol Kj;.
The ordinals not belonging to Kj; form a class of nonlimiting ordinals
Kj:=On - Kj; = {&a €On (3B EOn)(a = B+ 1)}. Let us denote by the letter w the least
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limiting ordinal (whose existence is ensured by theorem 1.4.5 and the axiom of infinity).
We can show that @ coincides with the class of nonlimiting ordinals o such that each
predecessor of a is also nonlimiting:

o ={0 E0n: a U{a}EK]}.
The w elements are called finite ordinals, or natural numbers, or positive integers.
The least ordinal, the zero set 0:=J, is contained in w. The successor
L=0+1=0U{0} ={} contains the only element 0. Then, 2:=1U{l}={0}U{l} =
{0, 1}={0,{0}}, 3: = 2U{2} ={0, 0}, {{0, {O}}}, etc.. Therefore,
w: ={0,{0}, {0, {0}}, ...} ={0,1,2,...}.
The following notation is also used:
Ni= 0w -{0}={1,2,...}.
The next statement enumerates the basic properties of a set of natural numbers w
known as a whole as the system of Peano axioms.
1.4.7. Theorem. The following statements are valid:
(1) zero is a natural number, i.e., 0 Ew ;
(2) for every natural number o Ew the successor o +1 is also a natural number;
(3) 0= a +1 for any natural number o ;
(4) for natural numbers o and B o +1= B +1 implies o = ;
(5) if the class X contains an empty set and is such that for every ordinal, its

successor is also in X, then w C X .

1.4.8. Theorem (the principle of transfinite induction). Let G be a certain class with the
Jollowing properties: (1) 0€X ; (2) if a is an ordinal and a €X, then a +1€X; (3) if
X is a set of ordinals contained in X, then lim (x)EX . Then On C X.

< Let us assume On  X. Then the nonempty subclass On - X of the well-ordered
class On has the least element a €0n - X, in which case this implies that a N(On-X) =0
or aC X and a =0 (see (1)). If a€K], i.e., a=p+1 for a certain $ EOn, then
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BEaC X— BEX and, by condition (2), o =f+1EX. While if a €EK};, then, by
condition (3), we deduce a =lim (&) €EX . In both cases we have a €X, which contradicts
the inclusion a €0n - X. >

1.4.9. Theorem (the principle of transfinite recursion). Let G be a certain class which is
a function. Then there is a unique function F for which

(1) dom(F)=0On;

(2) F(a) = (Fla) for any a €On, where Ra:= F N(a xU) is the restriction of F
oa.

< Let us determine the class Y by the relation
f €Y < Func( f) A dom(f)EOn A (VaEdom(f))(f(a)= G(fla)).

If f,g€E€EY, theneither fC g or g C f.Indeed, if B:= dom(f) and y:= dom(g), then either
Bsy or ysB. Assuming, for instance, y <, let us set z={a €EOn: a <y A f(a)=
g(a)}. If z=0, then there is the least element & €z. In this case for all < § we get
fla)=g(a), i.e., fldo=ga. By the definition of the class ¥, however, we also have
f(8) = G(f16) and g(0) = G(gl d), and, hence, f(6) = g(6) and 6 &z. This contradicts the
choice of & and, thus, z=0, i.e., f(a)=g(a) for all a <y, which yields the required
inclusion g C f. Let us set F=UY. Obviously, F is a function, dom(F)COn and
Fla) = G(Fla) for all a Edom(F). If a €Edom(F), then a,G(Fla)Ef for a certain
fEY. Then a €B:=dom(f)C dom(F) and, since B is transitive, we get a C domF.
Therefore, the class domF is transitive and, according to 1.4.4 (1), we have either
domF=0On or domF€EOn, the latter being impossible. Indeed, it follows from
4:= domF €0n that the function f:= FU{(8,G(F))} is included in Y, and, hence, fC F,
which results in a contradiction, f C F — dom (F) C dom(F)— d &dom(F) =4. >

1.4.10. A binary relation R is termed well-founded if for any x EV the class R'l(x) isa
set and for any nonempty x €V there is an element y Ex such that x N R-l(y) = 0. The last
condition (assuming the axiom of choice) is equivalent to the fact that there is no infinite
sequence (x,) with the property x,, ER(x,,;) for all n Ew. An example of a well-founded
relation is the relation €. It is often more convenient to apply the principles of transfinite
induction and recursion in the following form.
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1.4.11. Theorem. Let R be a well-founded relation. Then the following statements are
valid:

(1) (induction on R) if the class X is such that for any xEV the relation
R™'(x) C X implies xEX, then X = V;

(2) (recursion on R) for any function C:V — V there is such a function F that
dom(F)=V and F(x) = G(FIR™(x)) forall xEV .

1.4.12. Two sets are said to be equipotent (or of the same cardinality) if there is a one-to-
one mapping of one onto the other. The ordinal which is equipotent to no preceding ordinal is
termed a cardinal, any natural number being a cardinal. The cardinal that is not a natural
number is called infinite. Therefore, w is the least infinite cardinal. For any ordinal a by the
symbol w, we shall denote the infinite cardinal for which the ordered set of all infinite
cardinals less than w,, is similar to a . If such a cardinal exists, then it is unique.

1.4.13. Theorem (the principle of measuring cardinality). The following statements are
valid:

(1) infinite cardinals form a well-ordered proper class;

(2) for any ordinal o there is a cardinal w,,, in which case the mapping a —> w, is a
similarity of the class of ordinals and that of infinite cardinals;

(3) there is a mapping || from the universal class V on the class of all cardinals such
that the sets x and | x| are equipotent for any x €V .

< The proof can, for instance, be found in [180]. >

The cardinal |x is called the cardinality or cardinal number of the set x. Hence, any
set is equipotent to a unique cardinal, namely, to its cardinal number. The set x is countable
provided | x= wy:= w, and it is at most countable if | i< wg.

1.4.14. For an arbitrary ordinal o by the symbol 2 we shall denote the cardinality of the
set P(wg), ie., 2°? =1 (v, ). Such a denotation is justified by the fact that 2* and

£ (x) are equipotent for any x where 2” is the class of all mappings from x t0 2. A theorem
proved by Cantor states that | x1</2*| whatever the set x is. In particular, o, < 2“® for any
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ordinal . In this case, by theorem 1.4.13, we get w,,; <2”¢. Whether there are

intermediate powers between w,,; and 2”* or not, i.e., whether the equality w,,; =2%*
holds or not, that is the contents of the generalized problem of the continuum. For a =0 this
is a classical problem of the continuum. The continuum hypothesis, CH (generalized
continuum hypothesis, GCH) is the equality w; = 2” (or, respectively, the equality

(0]
wa+1=2 a).

1.4.15. In the class On x On let us introduce an order which will be called canonical. Let
us consider ay,0,,8;,8, €O0n . Let us also assume that for (a;,a,)=<(f;,8,) one of the
following conditions is fulfilled:

(1) a; =P and a; = 5 ;
(2) sup{a,,a,} <sup{B;.p,};
(3) sup{ajy,a,} =sup{B,.f,} and a; < B;;

(4) sup{a,,a,} =sup{B,B,} and o; = B; and a, < B,.

Therefore, the pairs (a,8) are compared relative to sup{a,8}, while the set of ordered
pairs (a,f) with the same sup{c,B} has the lexicographic order. We can easily prove that
the class On x On with the canonical order is a well-ordered class. In an analogous way it
can be checked that the class On x On x On is canonically well-ordered, etc..

1.4.16. Remarks

(1) The idea of transfinite iteration is one of the most fundamental and original
discoveries made by G.Cantor. Based on it, he created a powerful method of the qualitative
analysis of the notion of infinity and penetrated into the essence of the infinite. The notion of
infinity can be traced in religious and philosophical doctrines since the ancient times. The
whole totality of the ideas on the infinite was, however, preferably a humanitarian subject
before G.Cantor, who made the very notion of the infinite a subject for mathematical
investigation.

(2) The problem of the continuum stems from G.Cantor and was the first to be
formulated in the famous report by D.Hilbert. Remaining unsolved for decades, this problem
gave rise to in-depth studies of the fundamentals of set theory. In 1939 K.Godel established
consistency of the generalized continuum hypothesis with ZFC [60]. In 1963 P.J.Cohen
proved that the negation of the generalized continuum hypothesis is also consistent with
ZFC. Both these results brought about new ideas, methods and problems.
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(3) Following G.Cantor, an ordinal is the order-type of a certain well-ordered set x;
i.e., the class of all ordered sets similar to x. All the order-types, however, except for that of
the empty set, are proper classes. This peculiarity makes it impossible to develop the theory
of order-types (within NBG) since it is impossible to consider the class of order-types. The
definition of ordinal 1.4.2, by J.von Neumann, singles a canonical representative out of

every order-type.

(4) In this section we have given only the basic facts on ordinals, a more detailed
information can be found in [112, 180].

1.5. Hierarchies of Sets

The recursive definitions based on theorem 1.4.9 or its modifications give, in particular,
decreasingly (or increasingly) nested transfinite sequences of sets called cumulative
hierarchies. Of a special interest for us are the hierarchies resulting in the models of set
theory.

1.5.1. Let us consider a certain set x; and two single-valued classes Q and R. Starting
with them, let us construct a new single-valued class G. Let us first set G(O).= x,. Then, if
x is a function and dom(x) = +1 for a certain & €0n , then G(x): = Q(x(a)), while if
dom(a) = a is a limiting ordinal, then in order to obtain G(x) let us first accumulate the set
of the values of x(8) for B<a, and then apply R to the obtained set, i.e.,
G(x): = R(Uim(x)) . In all the remaining cases we assume G(x) =0. By theorem 1.4.9 on
transfinite recursion, there exists a single-valued class F satisfying the conditions:

F(0) = xo,
Fa+1)=Q(F(a)),

Fla) = R(ﬂgaF(ﬁ)) (@ €Ky).

Such a function F is often called a cumulative hierarchy. The union of the elements of the
class im(F), i.e., the class

U F(a).=Uim(F),
a€On

is often termed the limit of the cumulative hierarchy (F(a)) geon -
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1.5.2. Further on we shall be interested only in a special case when x; is the empty set, R
is the identity mapping of the universal class U, and Q is a class-function, dom(Q) =U. In
this case cumulative hierarchies are constructed inductively, starting with the empty set, by
successively applying the operation Q. Varying Q, we get different cumulative hierarchies.

The least ordinal a for which xEF(a +1) is called the (ordinal) rank of the set x
relative to the hierarchy (F( &)),e0, and is denoted by rankx. This definition is obviously
determined by theorem 1.3.14, according to which there we can find the class ‘rank ’
obeying the condition

(V) (¥y)((x.y) Erank <> ¢(x,y,F ,0n)),

where @ is a predicative formula
(AaEOn)(y=arxEF(a+1)A(VBEON)(xEFP+1)— asp)).

In this case Un(rank), dom(rank)=UimF and im(rank)C On hold, i.e., rank is a

function from Uim(F) to On . The notation of the rank will not include F since we know
which hierarchy is considered.

1.5.3. As the simplest, let us consider the case when (¥, = 0,R=I)Q: = £,,, where £,
put into correspondence to any x €U a class £, (x) of all transitive subsets of the set x. As
long as a transitive subset of an ordinal is an ordinal, then Q(a)= a U{a}=a +1 and
Fla+1)=a +1 for every ordinal a. If a is determined, then

Fa)= pL<Ja F(B) -ﬂ+L1J<a Fp+1) -p+L1J<aﬁ+1=a.

Therefore, the limit of the increasinly nested cumulative hierarchy is the class of ordinals On .

1.5.4. If the role of Q is played by the operation of taking powersets £, then we obtain a
familiar (see 1.3.1) cumulative hierarchy (we put x, = 0,R=I):

Vo:=0,

Vosri=F (V) (a EOn),

Va:=‘ U %(aEKH).
B<a



CHAPTER 1 209

The class V:= g)n V, is the von Neumann universe. It should be recalled that its lower
a

levels have the form V, = 2(0) = {0} =1, V; = P () = {0, P} = 2, V3 = £ (V,) = = {0,{0},
{03}, {0,{0}}} = 3, etc..
1.5.5. The following statements are valid.

(1) V,, is a transitive set for every o €0n |

(2) Vg EV, and Vg C V,, for any a fEON, < a;

(3) if xEy EN, then rank(x) < rank(y);

(4) the class of ordinals On is contained in the universe V

(8) rank(a) = a for a €0n ;

(6) ifxisasetand xC V, then xEV .

< (1) Let us proceed by transfinite induction. For & =0 the class V; = 0 is a transitive
set. Assume that the set V,, is transitive. As V,,,; = #(V,,), we set that V,,, is a set and for
any x and y it follows from xEy€V,,; that yCV, and x€V,. By the induction
hypothesis, either xCV,, or x€V,,;, and, hence, yEV,,;. If a €Ky and Vg is a
transitive set for all 8 < o, then for any x €V, we get

@B < a)x EVp) > (I <a)(xC i) xCY,.
Besides, V,, is a set as the union of a set of sets.

(2) We have established in (1) that V,, is transitive. Therefore, it suffices to demonstrate
that Vg €V, (B < a). Let us carry out transitive induction on . For a =1 we have nothing
to prove. Let > 1 and Vg €V, for all B < a. The inequality B < a +1 holds only when
a=Borf<a.lfl a=4,then

Vg =V, EL (V) =V,

If B < a, then, by the induction hypothesis we have Vg €V, , while by (1) we get V, C V.,
and, hence, Vg €V,,,;. Now we have to remark that for 8 < a with the limiting ordinal
a €Ky we always have Vg €V, since
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VBEVELC UV, =V,.
y<a
(3) It is obvious that a = rank(x) iff xE€V,,; and x&V,. Hence, if xEy, then
y@ 'V, and, therefore, y T V,,,. By definition, rank(y) > a.

(4), (5) Let us again make use of transitive induction. For a =0 we have 0 EV,; C 'V
and rank(0) =0, as 0 &V,. Put ¢ €V and rank(a) = a. Then a+1=aU{a}CV,,,, or
a+1EP(V,,)) =V,,,. On the other hand, if a +1€V,,;, then a U{a} CV, and we
come to a contradiction a €V, . Therefore, a +1€¢V,,; and, hence, (e +1) =a +1. Let us
assume that a €Kj;, and for all B < a we have B EV and rank () = 8. In this case

a={fEON:B<a}C U V,,CV,;
B<a

whence we deduce a €V, ,, . Besides, the relation a €V, implies that a EVg for a certain
B < a. Applying (3), and the induction hypothesis, we immediately arrive at a contradiction:

B = rank(f) <rank(a) < 8.

(6) Let us put o = sup{rank(y):y Ex}. Obviously, xC V,,;and xC V,,, CV. >

1.5.6. Theorem. The axiom of foundation, NBG g4, is equivalent to the statement
U ==V, i.e., to the coincidence of the universal class with the von Neumann universe.

< Let U=V and let us choose a nonempty class X . There is an element x €EX with
the least rank a, i.e., rank(x) = a and rank(x) < rank(y) for all yEX. If uE€xN X, then,
by virtue of 1.5.5 (3), rank(#) < a = rank(x), which contradicts the definition of a.
Hence, xN X = 0.

Let us now prove that U = V contradicts the axiom of foundation. Indeed, applying the
axiom to a nonempty class U -V we find a set yEU - V for which yN (U-V)=0. The
last relation yields y C V, while from 1.5.5 (6) we deduce y EV, which contradicts the
choice of y. >

1.5.7. Theorem. The following statements are valid:

(1) (E-induction): if the class X is such that for any set x it follows from x C X that
XEX, then X =V,

(2) (E-recursion): if G is a single-valued class, then there is a unique function F
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determined over V , for which F(x) = G(im(F1x)) for x€V ;

(3) (induction on rank): if for the class X and every set x it follows from
{y EV: rank(y) < rank(x)} C X that xEV , then V = X ..

< As has been established in 1.5.6, the universe V coincides with the class of all sets
U. Therefore, the required statements result directly from 1.1.11 under the condition that
the relation €= {(x,y) EV2:x€y} and R:={(x)y) EV2:rank(x) <rank(y)} are well-
founded. For €, the necessary property results from the axiom of foundation (see 1.4.10).
Let us now choose such a sequence (x,) <, of the sets x, €V, that x,,; ER(x,) (n E€Ew).
Then the sequence of the ordinals a,,:= rank(x,) obeys the condition a,,,; < o, (nEw)

(see 1.5.5 (3)). This contradicts the fact that the class On is well-ordered and, hence R is
well-founded. >

1.5.8. Let ~ be an equivalence on a class W. The union of all W elements which are
equivalent to a given x EW forms, generally speaking, a proper class, which hampers the
formation of a factor-class. This difficulty can be overcome by using the ordinal rank.

Frege-Russel-Scott theorem. There is a function F:W—V such that for all
x,y EW we have

F(x) = F(y) < x~y.
< By theorem 1.3.14, there is a class F such that for all x,y EW, we obtain
(x,y) EF < @(x,y,W,~rank),
where the predicative formula ¢ has the form
(V2)(z Ey «> xEW A x ~z A(Vu)(x~u — rank(z) < rank(u))).

Therefore, F is a function, and y = F(x) is the class of sets z equivalent to x and having the
least ordinal rank among such sets. If o = rank(x), then F(x) CW NV, and, hence, F(x)
is a set. Besides, dom(F)= W, and for any x,y EW we have x~y <> F(x) = F(y). Indeed,
if F(x) = F(y), then there is a w €W, for which x~w and y~w, i.e., x~y. The reverse
implication is obvious. >

If follows from the axiom of domain NBG (), and 1.3.13 (1) that there is a class

imF:={F(x). x EW}. Let us call this class the factor-class of the class W by the equivalence
~, i.e., W/~=imF'. In this case we say that F is the canonical factor-homomorphism or
the canonical projection.
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1.5.9. Let B be a fixed set containing more than one element. Let us put

0:= PPy B* (x€V), where B” is, as usual, the set of all mappings from x to B.
The cumulative hierarchy arising in this case (see 1.5.1, where x5 = 0,R=1Iy ) will be

denoted by the symbol (VéB) ) acon- 1t is Obvious that the B-valued universe

VO y v
a€0n

is a subclass of the class V and consists of B-valued functions determined on the sets of B-
valued functions. The standard interpretation of the symbol € in v® yields nothing of
interest, since for the B-valued functions #,v the relation # Ev is valid only in trivial cases.
The hierarchies (V,,) and (VOEB)) are, however, essentially different and this peculiarity can

give grounds for nonstandard interpretations of set theory in the universe V®  which will be
discussed in more detail in Chapter 2 below.

1.5.10. For the sake of completeness let us consider one more cumulative hierarchy. The
following operations with sets are called Godel operations (they are eight all in all): the
formation of an unordered pair, set-theoretic difference, Cartesian product; the (2,3,1)-,
(3,2,1)- and (1,3,2)-conjugations (see 1.3.10), as well as X — X’N€E€and X — dom(X).
For any set (sets) X the closure cl ;(X) is the least set containing X and closed relative to
the Godel operations. Let us now set Q(x):= £ (x) N d 5(x U {x}). The hierarchy resulting
in this case is termed the constructible hierarchy and denoted by (L,),en,- The

constructible universe is a class L: U L, ; the elements of L being constructible sets (for
a€0n

details see [96, 184]).

1.5.11. Remarks

(1) The cumulative hierarchy (V,,), 0, Was first considered by J.von Neumann. The
relativization of the axiom of foundation to the class V is provable in the theory NBG-
{NBG14}, which implies that NBG14 is consistent with the rest of the axioms of NBG.
Other means can be employed to show that - NBG14 is also consistent with the other NBG
axioms, i.e., that NBG14 is an independent axiom.

(2) If B is a complete Heyting lattice (see 1.1.8 (8)), then the universe v® can be
transformed into a model of intuitionistic set theory by using the structure of B and the
hierarchy (VofB’ ). In particular, if B is a complete Boolean algebra, then there arises a
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Boolean-valued model of set theory (for more details see 2.1.10 (3)).

(3) If B:=10,1] is the interval of a real line from zero to unity, then the class v® s
naturally called the universe of Zadeh-fuzzy sets [280]. This universe can serve a model for
a certain set theory with an appropriate many-valued logic, as well as constitute some basis
for studying indistinct sets.

(4) The constructible universe L is the least transitive model of ZFC containing all
ordinals. The class L satisfies the axiom of choice and the generalized continuum
hypothesis. Therefore, both AC and GCH are consistent with ZF. The statement that all sets
are constructible is termed the axiom of constructibility and is presented as V = L. The
relativization of the formula V = L to the class L is provable in ZF. Hence, V=L is
consistent with ZF. All these results, as well as the definition of constructible sets belong to
K.Godel [61] (see also [96, 184]). The corresponding statements on the consistency of the
axiom of choice and GCH are also valid for NBG (see [96, 29, 180, 184]).

(5) It has been proved [255] that if B is a quantum logic (see 1.1.8 (5)), then the
universe V& serves as a model for a certain quantum set theory in the sense analogous to
that discussed below in 2.4. Traeting quantum theories as logic systems, constructing
quantum set theory and developing a corresponding quantum mathematics, all these are
interesting and actual problems, and a lot has been done in this direction. Adequate
mathematical means and correct reference points can, possibly, be traced in the theory of von
Neumann algebras and in various ‘noncommutative’ trends that has arisen from it
(noncommutative probability theory, noncommutative integration, etc.).



CHAPTER 2
BOOLEAN-VALUED UNIVERSES

Various nonstandard methods of analysis are unified by studying special quite
unconventional models of set theory. In particular, the apparatus of Boolean-valued analysis
is based on the properties of a certain cumulative hierarchy V(B), with its every succeeding
layer composed of all possible functions departing from the preceding layers and arriving at a
complete Boolean algebra B chosen beforehand. The principal topics of the present section is
constructing such a hierarchy, i.e., the Boolean-valued universe V(B), as well as studying
the general properties of Ve,

Special attention will be paid to introducing truth-values for formulas and exactly
explaning the sense in which V® can be viewed as a model of set theory. Presented in detail
are the basic techniques that lay grounds for Boolean-valued analysis such as the principles
of transfer, mixing and maximum. Considerations of logical rigour and independence made
us pay special attention to constructing a separated universe and interpreting NBG in v,
The reader interested only in applications to analysis can, in the first reading, get acquainted
with these more sophisticated fragments but quite briefly.

2.1 The Universe Over a Boolean Algebra

In this section a Boolean-valued universe is determined, Boolean truth-values are constructed
for set-theoretical formulas and the simplest related facts are given.

2.1.1. Let us start with informal heuristic considerations which could facilitate acquaintance
with some features of Boolean-valued universes and Boolean truth-values. Let 2:= {0,1} be
the two-element Boolean algebra (it is customary to identify all of them). Let us choose an
arbitrary set x €V and associate with it a certain (characteristic) function x, with the values
in 2 determined (generally speaking, nonuniquely) by the conditions that x C dom(,) and
% (1) =1 whenever tEx. Clearly, there are sound reasons to identify x with any such
function y,. For these elements of the domain of definition dom(y,) of the two-valued
function ¥, to be interpretable as two-valued functions, we should, of course, have

214
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substituted all the elements on the level Vg, B < rank(x) where dom(y,) is located with

appropriate characteristic functions. If one wants to serve, in this sense, the whole world of
sets, i.e., the universe V , then one should start from the level zero . By formalizing these
observations, we come to the notion of the 2 -valued universe

VP (xQaeon)(xeVPy,

where V®: = @,Vl(z):= {2}, Vz(z): ={},({} 1)}, etc.. In more detail, by analogy with V,
by E-recursion we determine the cumulative hierarchy

VAP = {xFnc(x) Aim(x) C2 A (3B < a)(dom(x) EV.P)}.

Obviously, v consists of two-valued functions, in which case we associate with every
element x €V a unique set X:= {y ev?: x(y)} = 1. However, different elements of v

can correspond to the same set. Therefore, let us identify the functions x and y EV(Z), for
which ¥ = ¥, paying no attention to formal difficulties and restrictions which are to be met on

this way. Let us choose arbitrary x,y ev®, By virtue of the above identification, the
equality x = y is valid iff ¥ = y. At the same time, it is natural to assume that the formula
x€Ey istrueonlyif xE€Y. Let us put[x = y]:= 1, [x Ey]: =1 in the case when the formulas

X =y, xEy are valid, and let [x = y]:= 0, [xEy]: =0 in the opposite case. In this case the
following presentations are valid:

[xEyl= v y)altEx],

t Edom(y)
A xt)=[tEYIAn A WO)=>[tEx].
(x) t&dom (y)

X= =
L )’] tEdom om
It would be expedient to compare these relations with the tautologies of set theory
UEv <« (Aw)(w EEv Aw=1u),

u=ve (Yo)(wEu—> weEv)A(wEv—> wEu).

2.1.2. Let B be afixed complete algebra which is an element of the von Neumann universe
V. The Boolean-valued universe V® arises as the limit of the cumulative hierarchy (1.5.1)
provided x,:= 0, R:= Iy, while Q is determined by the formula

YEQ(x) <> Fnc(y) Adom(y) C x Aim(y) C B.

Therefore, the hierarchy (VO(,B)) «€on has the form
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VéB):-s 0,
VB = {y:Fnc(y) a dom(y) C V2 a im(y) C B},
ViD= VP < o} (a EKy).

Therefore, by definition we assign

v® oy VP,
acon *

Since the empty set is a function with the empty domain of definition, let us write down
the first and the second layers of the Boolean-valued universe: VI(B) = {0}, V2(B) = {0}V
{(0,b): b EB}. The ordinal rank of the element x €V® will be denoted by p(x).

2.1.3. Since the relation y Edom(x) is well-founded, the following induction principle
results from 1.4.11 (1) for V®;

(VxevV®)  (VyEdom(x) p(y) = ¢(x) = (¥xEVP) g(x),

where @ is an arbitrary formula of ZFC.

2.1.4. Our nearest task is to ascribe a truth-value to every formula of ZFC, where free
variables are replaced with elements of V® _ Such a value must be an element of B and have

the property that the theorems of ZFC become ‘true’ in \ A ). i.e., that that they get the
highest truth-value, unity.
Let us, before all, introduce the truth-value for atomic formulas x €y and x = y. This

is performed with two class-functions, €1 and [ =], from v® xv® o B. For
arbitrary x,y ev® we will set

1) [xEy]:= =x],

1) [x€y] zedgm(y)y(z)/\[z x]

@)[x=yl= A x=[zEx]n A x2)=[zEY]
z2Edom(y) zEdom(x)

By recursion on (p(x),p(y)), the above formulas determine the functions [ €1 and [ =],
provided On x On is canonically well-ordered (see 1.4.15). Indeed, at the level zero when

(p(x),p(y)) =(0,0) we get (see 1.1.1):

[OEO]=V®=OB,[O=O]= /\®=IB.
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Besides, for zEdom(y) (or zEdom(x)) we have (p(x),p(z)) <(p(x),p(y)) (and,

respectively, (p(2), p(¥)) <(p(x),p(¥)) ).
One can choose another way and make use of transfinite recursion 1.4.9. Namely, if

for all u,v EV,,(,B ) the values of [uE€Ev] and [u = v] are determined, then for x,y EVéf)l we
can calculate

Lx= )’] - quc;\m(x)(x(u) = quXm(y)y(v) A= U])

A A (y(v)=

v&dom (y)

v x(u)/\[u=v]),
x)

u&dom(

since dom(x) C VéB) and dom(y) C VéB’. Now the values of [x=z] for all zEdom(y).
Therefore, we can calculate

[xEy]= zGde(y)y(Z) Afz=x].

The case of a limiting ordinal causes no problem.

2.1.5. Let us consider the substantiation of the discussed recursive definition 2.1.4 in
more detail. For k&= 1,2,3,4 let us set

n’;(u,v):= V{DEB: (3c1,¢42,03,c4 EB) (1, v,61,65 ,€3,64) EX ACy = b)}.

Let #; and &, be functions putting into correspondence to every ordered hexad
(1,v,cy,¢4,¢3,¢4) the first and the second, respectively, components, # and v . Using this
notation, let us describe a certain single-valued class Q. For an arbitrary x €V the set Q(x)
consists of all possible hexads (u,v,c;,c; ,c3.c4) obeying the following conditions:

Fnc(u), Fne(v), im(u) Uim(v)C B,
dom(u) C njx, dom(v) Cmyx;
b= v u@)A(s2),

z&dom (v)
by= v u(z)AJti(v,z),

zE€dom(u)

=by = A uz:»nlz,vA A vz=n2u,z.
by = b4 zEdom(u) @) = (2, v) zEdom(v) (2)=> a5 (u.2)

By 1.5.1, there is a cumulative hierarchy (F()),e0, » for which

F(O) = (010’03’08a1B’1 B)’
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Fla+1)=Q(F(a)) (a€On),
F(a) = ﬁL<Ja F(B) (a€Ky).

The class X:= im(F) is obviously a function with im(X) C B* and dom(X) C v v®,
If B B* > Bisthek-th projection then, according to the definition, we put

[€ 1= B oX,[-="]:= B oX.

2.1.6. Let us now describe a way of considering any formula of set theory as a statement
about the elements of the Boolean-valued universe. In other words, we are going to define
the interpretation of set theory in v® by using the functions [-€ J, [ =] discussed in
2.1.4. Let us, first of all, determine the interpretation class I as a class of all mappings
from the set of symbols of the variables in the language of set theory into the universe v,
By the interpretation of a variable x we mean the evaluation that assigns to each vEI the
element X(v): = v(x). As interpretations of the formulas x Ey and x = y let us choose the
following functions:

v=>[X(v) E§(V)], v—=[3(v)=F(v)] (vEI]).

For every formula ¢(x,,...,x,) with n free variables let us now determine the interpretation
Y = [@(%(v),...,X,(v))]by induction on the length of the formula ¢, using the following

rules:

[p(®) A p(D]: v = [PV ALY (F(V)],
[p(x) v (D) v = [@FVDI v [ (F(V)],

[~ @(0)]: v = [@F(V)I*,

[@p(x) A p(D]: v = [pE(V)] = [y TV,

(V1) p(t, 0)): v—> M@ (V), XV )] V' EL,(x)},
(A1) e(t.0)): v— V@@ (V). E(V')]: v EIL (%)},

where x:= (X1,...,X,), Yi=(Voeeos¥m) > X(VY=(F(V)ser s, Xy (V)), F(V)= (Fp(V)yee e Y (VD) s
L(x):={v' €. v(x) = v'(x)}, and all free variables of the formulas ¢ and 1 are contained
within £,x,...,x, and t,y;,....y,,, respectively. It should be remarked that [@(X(v))]
depends only on the values X (v) = v(x;) ((k:=1,...,n) ; and, therefore, we shall write
[@(y,... u,)]instead of [@(E(V)] = [@(Fy(V),....p(%,(v))] provided u:= %, (v) EVD
(k=1...n.If g:= @(xy,...,x,) is aformula and u,...,u;, EV(B) then , by definition, we
put

VL o, ) < (@, ;)] =15.
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In this case we say that ¢ is true inside v® Jor the given values w,,...,u, of the variables

Xi,ee0, Xy, OF simply that @(i,...,u, ) is valid in v,

2.1.7. The introduced notion of interpretation makes it possible to judge the elements in
V®_ More convenient for this purpose proves, however, to be a somewhat different
language obtained by supplementing the alphabet of the language of set theory with one

constant for every element in V® In this case, as usual, the elements of V® are identified
with the corresponding symbols of the constants. The formulas and sentencess of the new
language will be called B-formulas and B-sentences. Then every B-formula (B-

expression) is obtained from a certain formula of set theory by inserting values of v® in
place of some (respectively, all) free variables. Let us now see in what way are the
definitions of Boolean truth-values from 2.1.6 simplified. Namely, the Boolean estimate for
any B-sentence can be obtained by letting

[oazl=[0]A [7],
[ovT]:=[o]v]r],
[-ol=[o]*,
[o—=t)=[o]=]7],

(V0@ (0= alpw)]:ueVP},
(@A)p)):= iig):ueV®},

where o and T are B-sentences, while ¢ is a B-formula with one free variable x. The B-
sentence o is said to be true in (inside) V(B), and we write V®i= o if [0l =1p.
Herefrom, unless otherwise specified, we shall use both the linguistic means of 2.1.6 and
2.1.7. We shall also use the same letters when denoting both variables and elements of the

universe VP If several Boolean algebras, B,C,... are considered simultaneously and there
is a necessity to go into details, then, alongside with [ @], we shall write [<p]B R [q)]c, etc..

2.1.8. Theorem. If the formula ¢(x,,...,x,) is provable in predicate calculus with
equality, then v @(xy,...,x,) for any xy,....x, ev®. In particular, the following
relations are valid:

(1) [x=x]=1;

(2) x(y) =[y€Ex] for all y Edom(x);

(3) [x=yl=[y=xl;
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@) [x=ylaly=2slx=zl;
(5) [xEylalx =z]s[z2EY];
(6) [yExla[x=z]s[y€Ezl;
(7) [x = y1 A @(x) s @(y) for any formula .

< The axioms of predicate calculus are easily checked to be true inside V(B ), while the
rules of inference preserve validity. To be more exact, if in predicate calculus the formula ¢
is deducible from the formulas ¢;.....¢,, then [@;]A...A[@,]1s[@]. Let us now prove

validity for (1) (7).

(1) This relation is established by induction on the well-founded relation y Edom(x).
Let us assume that [y = y]=1 forall yEdom(x). Then, by 2.1.4 (1), we get

DExI= v  x)alt=ylzx(y)aly=ylzx)),
t &dom(x)

and, hence, according to 1.1.4 (4) we have
[x=x]= A xy=[yEx]=1.
y &dom(x)

(2) Taking into account 2.1.4 (1) and what was proved in (1), for y Edom(x) we get
the following estimate:

yExlzx(y) Aly =yl = x(y).

(3) This relation results from the definition due to the symmetry of relation 2.1.4 (2)
which gives the truth-value for equality.
Statements (4)-(6) are established by a simultaneous induction. Let

p(x.y,2): =(a,B,y )EOn3 be such a permutation of the triple of ordinals p(x), p(y) and
p(z) that azB 2y. (The class On® is considered with the canonical well-ordering
1.4.15.) Let us assume that x,y,z ev® ,and for all u,v,0 ev® inequalities (4)-(6) hold
if p(u,v,0) < p(x,y,2) . The induction step will be analysed in each case separately.

(4) Let t €Edom(x) . Since [x = y]< x(1) =[t Ey], by 1.1.4 (3), we have

xW)af[x=yls[tEYy],
xt)alx=ylaly=zlsltEylaly=z].
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Having remarked that (¢, y,2z) < p(x,y,2) and applying the induction hypothesis for (6), we
get

EYINy=2lslt=2],
xt)aly=x]aly =zls[t€z].

Let us now again employ relation 1.1.4 (3). Then

[x=ylAly=2l=xt)=[t=2],
and, hence,
[x=ylAaly=2]l=s A xt)=[t€Ez].
tEdom(x)

Analogously,
[x=ylaly=2l=s A z(t)=>[tEx].
tEdom(z)

By virtue of 2.1.4 (2) we conclude: [x= y]A[y=2] <[x =2Z].

(5) Let us consider t Edom(y). Then p(2,x,2z) < p(x,y,2z) and so, by the induction
hypothesis for (6), we get

YE)Alt=x]alx=z]s () A [t =2]<[zEY].
By 1.1.5 (2), this gives

= t = 1zE€y],
[x z]Ated(\)/m(y))’()A[t x]=[lz€y]

or[x=z]A[xEy]l=[zEY].
(6) Let again t Edom(x) . In this case

xt)Alx=2]s[t €],
[t=ylax()Alx=z]<[t=Y]A [t EZ].

This time, once more, p(t,,2) <p(x,y,2) and, hence, by the induction hypothesis, for (5)
and formula 1.1.5 (2), we derive

) A[x=2]alt=y]l<[yEz],
[x=zln v xt)alt=yls[y€Ez].
t&dom (x)

Therefore, according to 2.1.4 (1), [x=z]A[yEx]s[yEz].
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(7) This relation is proved by induction on the length of the formula with the relations
established above taken into account. >

As a corollary to theorem 2.1.8, let us recall the following rules for calculating the
Boolean truth-values of bounded formulas.

2.1.9. For any B-formula @ with a single free variable x and for every u ev® the
Jollowing relations are valid:

[(AxEuw) p(x)]= ved\clym(u)u(v) Alp(v)],
[(Vx Ew) @(x)]= - )u(v)=>[(p(v)].

v&dom (4

< These formulas are mutually dual and, hence, it is sufficient to prove one of them,
for instance the first. By 2.1.8 (2) the following inequality holds

[(Ax€w) p()]= v u(v) al@(v)].
vEdom(u)
On the other hand, applying 2.1.4 (1) and 2.1.8 (7), we get

[(AxEw) p(x)]= WD)y ey ") AL = V1A [90)]

I ONCOIN

Remarks

(1) For u,....,u, ev® and bEB for every concrete formula @ of set theory, the
expression [uy,...,u,]= b is again a formula of set theory. In ZFC, however, the mapping
@ —> [¢] is not a definable class, allowing only a metalinguistic definition.

(2) The Boolean-valued universe V® is used for proving relative consistency of set-
theoretic propositions according to the following schema. Let& and ' be extensions of
ZF such that consistency of ZF implies that of & . Let us assume that B can be determined
in such a way that & 'I= ‘B is a complete Boolean algebra’ and T 'I= [q)]B =1 for every
axiom @ of the theory & . In this case the consistency of ZF implies that of & (see [10]).

(3) Let Q be a complete Heyting lattice (see 1.1.8 (3)). The pseudo-complement b *
of an element b €EQ is introduced by the formula x*:= x =0, where = is the operation of
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relative pseudo-complementation. An insignificant modification of the formulas 2.1.4
determines the truth-values [- € ]Q and [ = -]Q operating from V® «v® in Q. The truth
in V® is determined in the same way as in 2.1.6. In this case in V@ all the formulas of
the intuitionistic predicate calculus prove to be true (see [56, 73, 246, 247].

2.2. Transformations of Boolean-valued universes

Any homomorphism of a Boolean algebra B induces a certain transformation of the universe

VB, Studying such transformations and, in particular, elucidation of the problem how
Boolean truth-values of formulas are in this case transformed is the topic to be discussed in
this section.

2.2.1. Let & be a homomorphism of B in a complete Boolean algebra C. By recursion on a

well-founded relation y Edom(x) the mapping a*V® v is determined by the
formulas

dom(x * x): {m *y: yEdom(x)},
w*x v— v{m(x(2): z Edom(x) A T* 7 = v}.

If a homomorphism x is injective, then the mapping & * is also injective. In this case
a*xa*y—>m(xy)) (yEdom(x)).

< Indeed, it suffices to establish that for an arbitrary ordinal a, the restriction of & * to

V;B ) is injective. Let us assume that this statement holds for all < . Let x,y EVéB) be
such that w*x: & *z = w(x(z)) (zEdom(x)) and w*y: n* z— A(¥(2)) (zEdom(y)).
Therefore, we come to the inequality

{(w * 2, 7(x(2))). z Edom(x)} = {(= * u, w(y(w))): u Edom(y)}.

Since for a certain ff < a the sets dom(x) and dom(y) are contained in VéB ) ; therefore, 7 ¥

is injective on either of these sets. Since # is injective, we get
{(z, x(2)): z Edom(x)} = {(u, (y(u)): u Edom(y)},

or, which is the same, x = y. >
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A homomorphism z: B— C is called full if a(vM) = vx(M) for every set
M C B. From now on = is a full homomorphism from B to a complete Boolean algebra C.

2.2.2. Theorem. The following statements are valid:

(1) if p is a full homomorphism of an algebra C to a complete Boolean algebra D,
then (pom)*=p*om*

(2) if a homomorphism n is injective (respectively, surjective), then the mapping & *
is injective (respectively, surjective);

3) for all x and y eV® the Jollowing equalities hold:

[a* x = a*yI° = a(x=yP°),
[ * xEJr*y]C =a(x Ey]B);

(4) for any x eV® and1ev© the Jollowing equality holds.

[tEn*x]C- v Jt([uEx]B)A[t=n*u]C.
uev(B)

< (1) Let us assume that (pox)*y=(p*ox*)y for all yEdom(x). Then for
w=(pom)*y, where yEdom(x), we deduce (see 1.1.5 (9)):

((pom)*x)u

= v{(pom)(x(2)): zEdom(x) A (p*¥om*)z = (p * on*) y}

= v{p(v{m(x(2)): z Edom(x) A &* 7 = v}): vEdom(x* x) Ap* v

= (p*om*)y} = vip((n* x)(v)): v Edom(x* x) Ap* v =p* (x *y)}
=(p*(x*x) (p*(@*y))=(p*om®x)u.

Therefore, (pox) * x = p* (x *x), and the required result follows from 2.1.3.

(2) The case of an injective & has been discussed in 2.2.1. Let us assume that & is a
surjective mapping. In this case there is a principal ideal B, of a Boolean algebra B, and an

on
isomorphism pC—>R,, for which p'1 coincides with the restriction x, of the
homomorphism x to B. If z€V,  then, according to (1),
x=I-*x= (7 0p)*x =7y *(p* x) &m (my*). Hence, my* maps v on VO, Now

we have to remark that V(%) CV(B), and the restriction of 7 * to V%) coincides with
my ¥,
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(3) The proof is carried out by induction on (o(x),p(y)) when the class On x On is
canonically well-ordered (see 1.4.15). Let us assume that the required formulas are fulfilled
for any u,v ev® for (p(w),p(v)) <(p(x),p(¥)). If zEJom(x) or zEdom(y), then,
obviously, max{(p(z),p(x)),(p(2),p(¥)} < (p(x),p(y)) . Hence, the following expressions
are valid (see 1.1.5 (2,9)):

[x*xEx*y]

= V (@*y)@)Alt=a*x]= v (@*y)a*)Aala*z=n*x]
tEdom(a*y) zEdom(y)

= v (v{im(y(u)): uEdom(y)A x*u=na*})A[w*7=m7*x]
zEdom(y)

= v v{m(yu)a[r*z=a*x}u€dom(y) A x*u=m*z}
ZEdom(y)

= qu(\)/m(y)n(y(u)) Aa(u=x]) = Jt(
=a([x Ey].

AR COE x])

u

Analogous calculations are also used for the Boolean truth-values of equality (by
successively applying 2.1.4 (2), 2.2.1, 1.1.5 (10), and 2.1.4 (2):

[*x=m*y]

= vV @*y@)=>[t=a*x]A v
tEdom(a*y) z&dom (%

= A (@*yXn*)=[a*zEx*x]
zEdom(y)

A A (@Ex)N(m*)=>[n*zER*Y]
2Edom(x)

= A Aa(yw))=>za(uEx];uEdom(y) Ar*u=n*z}
zEdom(y)

A Ed/\ ( )A {m(x(u)) = a([u €Ey): uEdom(x) A x*u=7* z}
2 om(x,

- € €x]) = =Y]).
e (x)n(x(u)=>[u yDAuEdgm(y)n(y(u)=>[u x]) = a([x =y

, )(Jt* xX)=[tEx*y]

(4) By virtue of (3) and 2.1.8 (4), the following estimates are fulfilled for x ev®
and 1€V©;

[tEx*x]

= v  (mX*x)(s)Aals=tl= v (a*xXa*u)a[x*u=t]
5 Edom (7* x) uEdom(x)

< v _afu=x)alx*u=t]

uev®

= Vv _[x*u=g*x]a[n*u=t]s[tEx*x]. >
uev®
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2.2.3. Theorem. Let ¢(x,...,x,) be a formula of ZFC, w,... u, eV®, and x be a
Jull homomorphism from B to C . Then the following statements are valid:

(1) if @ is a formula of class Z | and the homomorphism x is arbitrary, then
n([lp(ul"" 9un)]B ) < [w(”* Up,e.. "7[* un)]c 5

(2) if @ is a bounded formula and = is arbitrary, or & is an epimorphism and @ is an
arbitrary formula, then

n([«p(ul,...,un)]BJ- [p(n*u,....w *un)]c.

< For atomic formulas this statement is ensured by 2.2.2. The general case is
established by induction on the complexity of the formula ¢. In this case the nontrivial
induction step arises only when @ has either the form (Ix)@, or (Vx)@,. It is in this case
than additional suppositions on ¢ and & are necessary.

(1) If in the induction step we have to do with a bounded universal quantifier, i.e., if @
has the form (VxEu)@y(x,u;,...,4,), then (see the definitions and 1.1.5 (3,10)), the
following chain of equalities holds:

[p(n*u,m*u,...,.m*% uy)]

= A T *u)(x)= x,x*u,.... t*u
x€dom(n*u)( Y(®) = [@o( | )]

= A a*u)(w*x)= x*x,x*u,....x*u
x(_—'_dom(u)( )7 * x) = [@o( | )]

= A Am))=>[py(x*x, x*u,...,n*u,)]:zEdom(u) A x*z
x€ dom(u)

=g *x}= xed(/)\m(u)n(u(x) = [@o(x,uy,....1,)])

= ﬂ'[( Vx Eu) (p()(x’ul e ’un)] = n[w(uaula' . '9un )] .
Then, for an unbounded existential quantifier we immediately deduce from the definition

[(AX@o(x.x*uy,.... 7w *u,)]

= v@o(x,m *uy,... . w *u,)] x Em(a*)

= v{{@o(@* u,m*u,...,v*u,)l: uEV(B’}

= v{n([(po(u,ul,. voslly )]): u EV(B)} = n([(ﬂx)tpo(x,ul,. . .,u,,)]).

(2) It should be, first of all, remarked that if & is a surjection, then x * is also a
surjection, i.e., im(x*) -v¢ (see 2.2.2 (2)). Therefore, for the formula @:= (Ax)p, we
get
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[p(x*u,...,t*u,)]

= v @o(x,7 *uy,..., w* )] xEVE = im(a*)}

= v{@o(* um *uy,...,w* ) u€VEOy

= v{n(lgo(uty,...u))): u €VPy= a(l@uy....u,)]).

The same considerations are also applicable to the formula ¢ of type
(VO @o(x,uy,ee5lty).

If the domain of the existential quantifier under consideration is bounded, i.e., if
@(uy,...,u,) has the form (Ix Eu)py(xuy,....u,) and wuu,,....u, EV(B), then (see the
definitions and 1.1.5 (2,9)) the following calculations hold:

[p(a*u,m*u,...,m*u,)]

= v (7 *u)(x) Al@o(x, m* uy,..., t* u,)]
xE dom(*u)

= dv ( )(n* w(w*x) Aleo(r* x,m* ... . w* u,)]
xE dom(u

= Vv n(u(z) A [(po(z,ul,...,un)])= n([(p(u,ul,...yn)]).
zEdom(u)

The case of a bounded universal quantifier has been considered earlier. >
2.2.4. Corollary. Let x,¢ and u,,...,u, be the same as in 2.2.3, and let one of the
Jfollowing statements be fulfilled:

(1) @(xy,...,x,) is a formula of class =, & is arbitrary;

(2) = is an epimorphism and @(x,,...,x,) is an arbitrary formula.

Then

v oGy ,... . u,) = vl o(r*u,.. . x%u,).

2.2.5. Corollary. Let n,p andu,,...,u, be the same as in 2.2.3, and, moreover, let
one of the following statements be fulfilled:

(1)@ is bounded and n is a monomorphism,

(2) & is an isomorphism and @ is arbitrary. In this case we have
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v®|. ouy,... 1) < v9|. o(m*uy,.. . w*u,).

2.2.6. Let us now consider a special case of the situation under study. Let B, be a regular
subalgebra of a complete Boolean algebra B. This implies that B, is a complete subalgebra,
and the exact bounds of any set in B, are independent of the fact whether they are calculated

in By or B. Under such circumstances v(&) CV(B), in which case if I is the identical
embedding of B, in B, then f * is an embedding of V® in V®)_ It follows from 2.2.5
(1) thatif @(x,,...,x,) is a bounded formula, and if #,...,u4, EV(B°), , then

V&)L Q... u,) < v\ o(uy,....u,).

Since the two-element algebra 2:= {0,1} can be viewed as a regular subalgebra of the
Boolean algebra B, then the above is also valid for the universe v®. Below we shall see
that V? is naturally isomorphic to the von Neumann universe V.

2.2.7. For an arbitrary set xEV let us determine an element x" ev?cv® by recursion
on the well-founded relation y €x. To this end let us put

dom(x"):={y":y€E€x}, im(x"):={lp}.
From 2.2.2 (3) for any x,y €V it follows:

xreyPer, pt-=yPea.

The mapping x — x* (x EV) is called the canonical embedding of the class of all sets
V in the Boolean-valued universe V(%) The elements of V® which have the form x" for a
certain x EV are termed standard. Sometimes x" is called the standard name of the set x in

v®.
2.2.8. Theorem. The following statements are valid:
(1) ifxev andyEV(B), then
yEx " =v{y=u"lu€x};

(2) if x,y€EV, then
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€y VOt eyt xayo VOt oy,
(3) the mapping x—> x" is injective;
(4) for any y €V thereisa unique element x €V such that VO|ax* - y:

(5) if mn is a full homomorphism from B to C, then for every xEV we have

A A
x*x" = x*, where ()* is a canonical embedding of V to v,
< Direct calculations with account taken of definitions 2.1.4 and 2.2.7 afford

Ex ]=tedm\;(xh)x O Alt=y]

= v x'eMAl =yl= v [ =yl
tEX tEx

(2) Let us assume that, for all zEV such that rank(z) <rank(y), the following
relations hold:

(Vx)(r€z o [x" €2"1=1),
(Vx)(x= e [x" =z"]= 1),
(Vx)(z Exe[" Ext]= 1).

According to (1), [x" Ey"] = v{[t" =x"]:t Ey}. Since rank(¢) < rank(y) for tEy, by the

inductive hypothesis we conclude that [x* €y"] =1 iff [* =x"]=1 or ¢t =x for some
tE€y. Then, by definition,

[x" = y'1= A [t" €y" 1A A [s" =x"]
te€x SEy

and rank (s) < rank(y) for s €y. Therefore, taking into consideration the above and the
inductive hypothesis, we deduce that the right-hand side of the last equality is equal to unity
ifft€Ey foralltEx, and s Ex forall s €y, i.e., if x = y. If we again use (1), we get

" €x*1=v{[y* =t"1:tEx}.

Hence, [y* €x"]=1 is valid only if [y" €"]=1 for some tEx . The last statement is, by
virtue of the above, equivalent to the relation (3t Ex)(t Ey), i.e., yEx.
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(3) This statement ensues from (2).

(4) Let us assume that ev® and for an tEdom(y) there are such u €V that
Yy y
[t =u"]=1. Letus determine x EV by the identity

x. ={uEV: (I &dom(y))(y(t)=1A[u" =1] =1)}.
In this case for u €Ex we get
A = = t t= A = 1
[w" =yl ted(\r,m(y)y( JAlt=u"]
Besides, using the inductive hypothesis, we deduce for t Edom(y):
yt)s[tE€Ex" = v [t=u].
uEx
Summing up the above, we can conclude
[x*=yl= A yt)=[Ex"]r A " Ey=1.
tEdom(y) u€x
(5) Let us carry out induction on the well-founded relation yEx. Let us assume
A
Yy Ex)(:r* y' = y"). In this case
N A A
dom(x * x") = {y*:y Ex} = dom(x*).
Therefore, for y Ex we have
A ( A\ A A
(mw*x )\y‘} =(x*x")x*y") =

= v{n(x"(y")):z Edom(x) A T* 7 = * y"}2

A N A A
2 n(x (y )) =1p =x"(y*).
A A
Therefore, & *x ™ = x* , which ensures the inductive step. >

2.2.9. Let w,....u, €Y, and @(x,,...,x,) be a formula of ZFC. Then the following
statements hold:
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(1) @loy,ee, ) EV Ol oo 1)
(2) if @ is a bounded formula, then
QU u,) < V(B)I-q)(u{‘ el )
) if @ is aformula of class X, then
@y ty) = VO = @(ul .. u).

< Let us remark that only statement (1) has to be proved, as both (2) and (3) result
from (1), 2.2.4 (1) and 2.2.5 (1). For the atomic formulas (1) is ensured by 2.2.8 (2).
Then, due to complexity of the formula ¢, a nontrivial step arises in induction only when the
existential quantifier appears. Let us assume that ¢ has the form (3x)y (x,u4,,...,4,) and

@[u",....un1=1,and let for y the statement (1) be fulfilled. In this case

1=v{ypuul,...uMFuev®}.

Therefore, [y (v,u7 ,...,u, )]=1 for a certain v ev?, By 2.2.8 (4), there is such an
Uy €V that [u(;‘ =u] = 1. Hence, according to 2.1.8 (7), we get

L=[yp@uf, ) AV =ug] <[P, 1))
By the induction hypothesis, we have ¥ (u,...,u,). Hence, @(u,...,u,) is also valid. Vice
versa, if @(u,...,u,), then for some uy EV we get 9 (up,u;,...,1,). And again, by the
induction hypothesis, [ (ug .47 ,....4p )1=1. Since, however, [(Ax)Y(x,u ,....1u0)]1=
2[y(ug.uy',... up)]; therefore, [@(u;,....u3 )] =1. >

2.2.10. Remarks

(1) Let 1l be an ultrafilter in a Boolean algebra B, while If ' be the ideal dual to it,
i.e., " ={b* bEIl}. Then the factor-algebra B/H' has two elements and can be
identified with the Boolean algebra 2: = {0,1}. The factor-homomorphism x:B— 2 is not,
generally speaking, full, and hence 2.2.4 and 2.2.5 cannot be applied to establish a

relationship between the truth-values in V® and v, 1f , however, x is full then, by virtue
of 2.2.5, it is evident that for any formula ¢(x;,...,,) and any set u,,...,u, ev® we get

VOl-px*uy,... n*u,) < [@,...u,)EN
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since for b €B the relations #(b) = 1 and b €Il are equivalent.

(2) By way of factorizing, a model other than V® can be constructed from the
universe V&) and the ultrafilter 1/ .
Let us introduce in V® the relation ~ 11 by the formula

~pi={xy) evV® xvB.[x = yell}.

It is obvious that ~; is an equivalence on v®, By the symbol V(B)/ll let us denote the
factor-class (see 1.5.8) of the universe v® by ~ , considered with the binary relation

& ={(%.9): x,yeVP A [xeyEll},
where x — ¥ is the canonical factor-mapping from V'® to V®/If . We can also show that
VOl 1= g(%,....5,) > [9(x,... 5 EX

for xy,...,x, €V® and the formula Q.

The reader familiar with the theory of ultraproducts will recognize in (2) a known Lo$
theorem (see [26,46, 96]). One can easily make sure in the in-depth relations between these
phenomena. In (3) and (4) ultraproducts are obtained by the factorization of an appropriate
Boolean-valued universe.

(3) Let T be a nonempty set of (not necessarily all) principal ultrafilters on a Boolean
algebra B, and V7 be, as usual, the class of all mappings from T to V. By virtue of 2.2.8
(4), for every x EV? there is a unique element x* €V such that [(x")" = x]=1. Let us
now determine a mapping #: VB vy , assuming

h(x): ={(t,x,*%): 1 ET} (x€VP),

where z, is the full homomorphism from B to 2 determined by the ultrafilter #, i.e.,
w,(b)=1 if b€Et, and #,(b) =0 if bE?'. It is also possible to demonstrate that & is a
surjective mapping. On the other hand, £ is injective iff any element b €B belongs to an
ultrafilter t €T, i.e., (VbEBYX 3 €T) (b Er) (which asserts that T defines a dense set of
points in the Stone space of the algebra B, or that B is atomic, or that B is isomorphic to the
Boolean £(T)). It is the last statement that is the Los theorem mentioned above. In this case
forany u,,....u, €V® and the formula @(xq,...,x,) we have

(@, u)) sb <> (VLET) ((@(m, *w,..., 7, *u,)] =1— bEL).
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(4) Let T be a set and Il be an ultrafilter in the Boolean £(T). Let V7 [Il be the
usual ultrapower of the class V over I{ with the canonical factor-mapping g: V7 — V7 /1f
(see 1.5.7). Let us put A(X): =goh(x), where h is determined in (3), while x — X is the
same as in (3). Therefore, a bijection A is determined between V(p(T))/II and VI /I . In
this case for any formula ¢(x,,...,x,) and functions #,...,u, ev’ we get

VI [l 1= @G,....0,) < LET: @(uy(D),....u, )} .

(5) It is expedient to compare 2.2.4 and 2.2.5 with the following statement. If M is
a transitive model of ZFC (i.e., if M is a transitive class which is a model of ZFC),
uy,....u, €M, @(x,,...,x,) is a bounded formula and (x;,...,x,) is a formula of class Z,,
then

M= g@(,....u,) < @(,...,.u,),
M= lp(ul,...,un)"‘" tp(ul,...,un).

2.3. Mixings and the Maximum Principle

Let us consider a family of functions (fg)gez With domain A. If (Ag)gez is a family of

pairwise disjoint subsets of A, then we can define on A the function f whose restriction to
Ag coincides with the restriction of f; to Ag for all &£ €E. This function can be naturally

called a disjunctive mixing of the family (f¢)zez - The Boolean-valued universe is complete
in the sense that it contains all disjoint mixings of families of its elements. This peculiarity

allows one to construct various special elements inside V. Now let us g0 over to a more
exact presentation.

2.3.1. A set consisting of mutually disjoint elements of a Boolean algebra is called an
antichain. To be more exact, the set A C B is called an antichain provided a; Aa, = 0 for
any distinct a;,a, €EA. If an antichain has the form A: ={a§: EEE}, then it is always

assumed that a; A a, = 0 as soon as § = 7. The antichain A C B is termed a partition of the

element b €B (or a partition of unity when b is the unity of the algebra B), provided
b=vA.
Let us consider an antichain (bg) gez in the Boolean algebra B and a family (xg)g ez

of elements of the universe V2. The disjoint mixing or simply the mixing of the family
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(xg) relative to the antichain (bg) (sometimes they say with probabilities (bg) or simply

8 meeting the conditions

by (bg) ) is an element x EV
dom(x): = U{dom(xg ): EEE},
xt): = v{bé- Axg(D):§ €E} (1 &dom(x)).

The last equality implies that xg(t)=0 for tEdom(x)-—dom(xg). As long as
Q: = SUPgez P(Xg) €0n, we have dom(x)EVfﬁ)l. Hence, the given relation indeed

determines a certain element x €V'®_ The following conventional symbolic notation is used:
MiX g ez (b xg ): = mix{bexg: & EE} x. In order to study the basic properties of mixings let
us prove an auxiliary fact.

2.3.2. Take x€V'®) and b €B. Determine the function bx by the following relations:
dom(bx):=dom(x), bx:t—=>bax(t) (t&Edom(x)).

Then bx €V'®, and Jorany x and y ev®  the Jollowing equalities are valid:
[xEbyl=bA[xEY], [bx=byl=b=[x=Y].

< The first relation can be checked by a direct calculation of Boolean truth-values using
the infinite distributive law 1.1.5 (2). Indeed,

[x€byl= v (b)) Alt=1x]
tE&dom (by)

=ba v yt)A[t=2x]=bA[xEY].
tEdom(y)

Then, using the preceding equality and successively applying 1.1.4 (2), 1.1.5 (6), 1.1.4
(4), 1.1.4 (2) and (1.1.5 (6), we deduce

[bx = by]

- A (by)(D)=>[tEbxIA A (X)) =>[tEDY]
tEdom(by) tEdom(bx)

= A (bay@)=>BAlteEXDA A (bAXD))=>(bA[tEY])
tEdom(y) 1E€dom (x)

= A ((bay)=b)a((bay@)=[tEX]
tEdom(y)

A A ((bax(n)=Db)A((DAX1)=[tEYD
tEdom (x)

= A b=>(O)=[EXNA A b= (A()=[tEY))
tEdom(y) t&dom (x)

=b=[x=y].>
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2.3.3. Theorem (the mixing principle). Let (bg) gz be an antichain in B and (% )eez be
a family of elements of V®_ Put x = mix gez(bgxg). Then

[x=x§]2b§ (EEE').

If, moreover, (bg)gez is a partition of unity and an element yEV(B ) obeys the relation
[y =xgl2b; forall§ €S, then [x =yl =1.

< By the definition of mixing, for any & EE we have bgx =bgxe. Applying 2.3.2,
we deduce

1 =[b§x= b§x§] =b§ =>[x§ =x].

Therefore, [xg = x]= bg (E €Z) (according to 1.1.4 (4)).
Let us now assume that (bg) is a partition of unity and [y = xg] 2 b (§ €E). Then by
2.1.8 (4), we get
by =[x =xg]alxg =)= [x= )1 €T).
Hence,

1=v{b :EE€EE}=<[x=)]=1,

which completes proof. >
2.3.4. Let x€V'® | and let us determine ¥ €V'® by the relations

dom(X):= dom(x), X(#):=[tE€x] (tEdom(x)).
In this case
Ve x =%,

< The aim can be achieved by performing the following simple calculations, making
use of the definition of 2.1.4, as well as of 1.1.4 (4) and 2.1.8 (2):
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[x=1X]

= A xH)=[EXIr A [tEX]=[tEX]
tEdom(x) t &dom(X)

= A x(t)=( v f(u)/\[u=t])
tEdom(x) uEdom(x)

2 A xt)=>xt)=[tEx]=1.>
tE&dom (x)

2.3.5. Let us choose a partition of unity (be)eez C B and a family (¥g)ee= C V®, Let
us set x: = mixg ez (bex g)- Then the following statements are valid:

M) if (34)eez C VP and VPl= x; = x; (& €E), then

VO®lox = mix(ngé);
=

(2) if an element ev® s such that dom(y) = dom(x) and
y

y(t):= gésbg Aft Exg] (t Edom(y)),

then V®)= x =Yy.
< Let x':= mix g =g xz). From the conditions we deduce
be s [xg -xé]/\[xg =x']A[x'§ =x'ls[x=1x'],

and, hence, [x = x'] = 1. The last claim (2) follows from claim (1) and 2.3.4. >.

2.3.6. For any b€B and x€V'® the following formulas are valid:
[bx=x]=bv[x=0), [bx=D)=b*v[x=T].

In particular,
VB\- bx = mix{bxb*,2}.

< It should be remarked that [tEbx—>tEx] =1, since, by virtue of 2.3.2,
[tEbx] =b A[t Ex]s[tEx]. Therefore, [bx=x < (ViXtEx— tEbx)] =1. With this
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equality taken into account, we calculate

[bx=x]= A _[tEx]=[tEbx]
ev®
[tEXT* v(bA[t Ex])

te&m
'Ecw)(b v[tEXI*) A ([t Ex]* V[t Ex])

= A _bv[tExPF=bv A_bv[tEx]*
tev® [ F tev® [ ]

=bv[(V)(&Ex)]=bv[x=0]

On the other hand, appealing to 2.3.2 again, and making use of the fact that b =,
we can write

b*vix=@)=b=[x =] =[bx=bd] =[bx=T]. >

2.3.7. Let us assume that (bg) is a partition of unity in B, and let a family (xg) C V& pe

such that V&= xg = x, for any & = . Then there is an element xev® ), Jor which
[x= x§]= bgforallg-‘.

< Letus put x:= mix(bgxg) and ag:= [x = x¢ ]. By hypothesis, we have
ag Aa, = [x=x§]/\ [x,, =x]s[x§ =x,,]* =0

for & = n. Moreover, due to the properties of mixing, bg < a, for all §. Therefore, (ag) is
also a partition of unity in B. On the other hand,

be= Vv b < Vv a =a‘,
T R
and, hence, b; < a; - bg za;. Therefore, the partitions of unity (bE) and (a;) coincide. >

The following fact, whose proof is based on a two-point mixing, often makes it
possible to reduce the amount of bulky calculations.

2.3.8. Let us consider B-formulas @(x) and 4 (x). Assume that for a certain u, ev® ye
have [@(uy)):=1. Then

(V) @(x) = p ()] = My @] u €VP Alp(u)] =1},
[AxX @(x) = p ()= v{[v @] wEVP A [pu)]=1}.
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< Prove the first equality. To begin with, it is evident (see 2.1.7) that

c:=[(Va(@() =yl = A loM]=[yp®)]
1€V

[eO1*vIp(D]= v [y )] =d.

< A
1€V [g(1)]=1 tev® (=1

In order to substantiate the reverse inequality d < ¢, let us choose an arbitrary element
1ev® and put u:= mix{bt,b *uo}, where b:=[@(#)]. Then, by virtue of 2.1.8 (7) and
2.3.3, we can estimate

b<lopOlr [t=uls[p@)],
b* <[@up)la [u =upls[@u)].

Therefore, [@(u)] = 1. In this case, by the same considerations,

baly@lslu=1]alpw]ls[yp@)].
Hence, the following estimates are valid:

[y@1sb*vb aly @D s b*[p)]
=b=[ypO] =leO]=[y ()]

As long as d s[y(u)], we have d s[@p(t)]=[y(1)] (tEV(E)) . Now, passing to the
infimum over ¢ on the right-hand side of the last inequality, we getd s c.

The last equality is dual to the previous one, since it is deduced from it according to the
De Morgan formulas (see 1.1.2). &

2.3.9. Let us now establish the central result of the present section, the maximum principle,
stating that in the formula

[A)e(0)]= v{lgw)]: u eV}

the least exact upper bound is attained at a certain element 1, ev®,

Let us first recall a fundamental property of complete Boolean algebras. Let B be a
complete Boolean algebra. A set EC B is called minorizing, or minorant, or coinitial in a
subset B) C B if forany 0 < bEB, thereissuchan xEF thatO < x < b.

(1) Theorem (the exhaustion principle). Let M be a nonempty set of elements of a
complete Boolean algebra B, and let E be a set minorizing in the component By C B
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generated by the set M. Then there is an antichain EqC E such that vEy = vM, and for
each x EE thereisa yEM for which x< y.

< Let us consider a set f{ of all antichains A obeying the following conditions: (1)
ACE; (2) for any x €A there is a yEM for which x<y. If 0= yEM, then, by the
condition of minorance, y2 x for some 0 = x EE. Hence, {x} €Il and [ is non-empty.

The set {{ ordered by inclusion is easily checked to obey the conditions of the Kuratowski-
Zorn lemma. Therefore, there is a maximal element F, €1l . The task is to show that the

elements by: = v Ej and b: = vM coincide. It follows from the definition of f that by < b. If
by = b, then there are such elements 0 = x, €B and x EM, that x5 A by = 0 and x; < x. By

the condition of minorance, 0 < y < x for some y EE. The set Ey U{y} is incorporated in

and is essentially wider than E;. This contradicts the fact that E, is minimal, and, hence,
bo - b. D

(2) Corollary. For any non-empty set M C B there is an antichain AC B with the
Jollowing properties: v A =v B, and for any x €A thereisa yEM suchthat x< y.

< We should choose a minorant set E: = U,en[0,y] and make use of (1). >

2.3.10. Theorem (the maximum principle). Let ¢(x,x,...,x,) be a certain formula, and
,...,.u, be arbitrary elements of VB Then there is a Uy evV® such that

[(ax)(p(xrula" . 1un)] = [¢(u0au1a' .. aun)]‘
In particular, ifV(B)|= ()@ (xuy,...,1,) , then v® . @(Uug,uy,...,ut, ) for some ug ev®,
< By definition, we have

b: =[@A0@(xuy,....u,)]
= ue“/,w)[(p(u’ul’“"un)]-

The class A: = {{@(uu;,... )} u EVP} is a subset of the algebra B. According to 2.3.9
(2), there is a partition (b§) &z of the element b and a family (uE )zjea of the elements of

V(B), for which the following relations hold:

b§ < [(1)(14§,u1,...,u,1 )] (§€EE),
b= v{[<p(u§ Mool (EEE)
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Let us set uy: l'niX§e(b§u§) and recall that by 2.3.3 we have bg <[ug = ug] (§ €E).
Obviously,

[@(ug.tey,e.. u,) S b.
On the other hand, applying 2.1.8 (7), we get
b§ <[ug = ug] A [¢p(u§ Mooty s [@(ug,e .. u,)].
Therefore,

yeuey b =b.
[‘P(uo un )]Z E\GIEE &

The second part of the theorem is a direct corollary to the first one. >

2.4. The Transfer Principle

In this section we shall check if the universe V) constructed over a complete Boolean
algebra B can serve, together with the Boolean truth-values [ €9 and [- =], a Boolean
model of ZFC. Or, more exactly, if the following fact is valid.

2.4.1. Theorem (the transfer principle). Any theorem of ZFC is valid in ve® or,
symbolically, v®i zFC.
The proof of this theorem consists in checking the relations v ZF, for

k=12,...61In v®- AC. In this case the greater part of the effort is to be spent on routine
calculations given below for the completeness of presentation.

2.4.2. The axiom of extensionality ZF is true in v®.
VB (Vx)(Vy) (x =y « (V2)(2Ex & 2EY)).

< The proof results immediately from the definition of the Boolean truth-value of
equality 2.1.4 (2) and from 2.1.9. Indeed, for any x and yEV(B) we put
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c=c(xy): =[(VZEXN(ZEY]= r xv)=[zEY].
zE€dom(x)

Obviously, ¢(x,y) A c(y,x) =[x = y] but, on the other hand,
c(x,y) Ac(y,x) =[(VzXz €Ex « zEY)].

Hence, by 1.1.4 (5), we conclude
[x=ye (V)zEX® EY]=1 (xyeV?D).

Now, taking infima over x and y, we complete the proof. >

2.4.3. The axiom of unionZF, is true in VB,
VB (Vx)@y) (zEy < <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>