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Preface

As the title implies, the present book treats Boolean valued analysis. This term
signifies the technique of studying properties of an arbitrary mathematical object by
means of comparison between its representations in two different set-theoretic models
whose construction utilizes principally distinct Boolean algebras. As these models,
we usually take the classical Cantorian paradise in the shape of the von Neumann
universe and a specially-trimmed Boolean valued universe in which the conventional
set-theoretic concepts and propositions acquire bizarre interpretations. Usage of two
models for studying a single object is a family feature of the so-called nonstandard
methods of analysis. For this reason, Boolean valued analysis means an instance of
nonstandard analysis in common parlance.

Proliferation of Boolean valued analysis stems from the celebrated achievement of
P. J. Cohen who proved in the beginning of the 1960s that the negation of the con-
tinuum hypothesis, CH, is consistent with the axioms of Zermelo—Fraenkel set theory,
ZFC. This result by Cohen, together with consistency of CH with ZFC established
earlier by K. Goédel, proves that CH is independent of the conventional axioms of
ZFC.

The genuine value of the great step forward by Cohen could be understood better
in connection with the serious difficulty explicated by J. Shepherdson and absent from
the case settled by Godel. The crux of the Shepherdson observation lies in impossi-
bility of proving the consistency of (ZFC) + (- CH) by means of standard models
of set theory. Strictly speaking, we can never find a subclass of an arbitrary chosen
representation of the von Neumann universe which models (ZFC) 4+ (- CH) provided
that we use the available interpretation of membership. Cohen succeeded in inventing
a new powerful method for constructing noninternal, nonstandard, models of ZFC.
He coined the term forcing. The technique by Cohen invokes the axiom of existence of
a standard transitive model of ZFC in company with the forcible and forceful transfor-
mation of the latter into an immanently nonstandard model by the method of forcing.
His tricks fall in an outright contradiction with the routine mathematical intuition
stemming “from our belief into a natural nearly physical model of the mathematical
world” as Cohen phrased this himself.

Miraculously, the difficulties in comprehension of Cohen’s results gained a perfect
formulation long before they sprang into life. This was done in the famous talk “Real
Function Theory: State of the Art” by N. N. Luzin at the All-Russia Congress of
Mathematicians in 1927. Then Luzin said: “The first idea that might leap to mind is
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that the determination of the cardinality of the continuum is a matter of a free axiom
like the parallel postulate of geometry. However, when we vary the parallel postulate,
keeping intact the rest of the axioms of Euclidean geometry, we in fact change the
precise meaning of the words we write or utter, that is, ‘point,’ ‘straight line,” etc.
What words are to change their meaning if we attempt at making the cardinality of
the continuum movable along the scale of alephs, while constantly proving consistency
of this movement? The cardinality of the continuum, if only we imagine the latter
as a set of points, is some unique entity that must reside in the scale of alephs in
the place which the cardinality of the continuum belongs to; no matter whether the
determination of this place is difficult or even ‘impossible for us, the human beings’
as J. Hadamard might comment.”

P. S. Novikov expressed a very typical attitude to the problem: “...it might be (and
it is actually so in my opinion) that the result by Cohen conveys a purely negative
message and reveals the termination of the development of ‘naive’ set theory in the
spirit of Cantor.”

Intention to obviate obstacles to mastering the technique and results by Cohen led
D. Scott and R. Solovay to constructing the so-called Boolean valued models of ZFC
which are not only visually attractive from the standpoint of classical mathematicians
but also are fully capable of establishing consistency and independence theorems.
P. Vopénka constructed analogous models in the same period of the early sixties.

The above implies that the Boolean valued models, achieving the same ends as
Cohen’s forcing, must be nonstandard in some sense and possess some new features
that distinguish them from the standard models.

Qualitatively speaking, the notion of Boolean valued model involves a new con-
ception of modeling which might be referred to as modeling by correspondence or
long-distance modeling. We explain the particularities of this conception as compared
with the routine approach. Encountering two classical models of a single theory, we
usually seek for a bijection between the universes of the models. If this bijection exist
then we translate predicates and operations from one model to the other and speak
about isomorphism between the models. Consequently, this conception of isomorphism
implies a direct contact of the models which consists in witnessing to bijection of the
universes of discourse.

Imagine that we are physically unable to compare the models pointwise simulta-
neously. Happily, we take an opportunity to exchange information with the owner of
the other model using some means of communication, e.g., by having long-distance
calls. While communicating, we easily learn that our interlocutor uses his model to
operate on some objects that are the namesakes of ours, i.e., sets, membership, etc.
Since we are interested in ZFC, we ask the interlocutor whether or not the axioms
of ZFC are valid in his model. Manipulating the model, he returns a positive answer.
After checking that he uses the same inference rules as we do, we cannot help but
acknowledge his model to be a model of the theory we are all investigating. It is worth
noting that this conclusion still leaves unknown for us the objects that make up his
universe and the procedures he uses to distinguish between true and false propositions
about these objects.

All in all, the new conception of modeling implies not only refusal from identi-
fication of the universes of discourse but also admission of various procedures for
verification of propositions.
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Chapter 1. Elements of Set Theory

The credo of naive set theory cherishes a dream about the “Cantorian paradise”
which is the universe that contains “any many which can be thought of as one, that is,
every totality of definite elements which can be united to a whole through a law” or
“every collection into a whole M of definite and separate objects m of our perception
or our thought.”

The contemporary set theory studies realistic approximations to the ethereal ideal
which are appropriate formal systems enabling us to operate on a wide spectrum of
particular sets not leaving the comfortable room of soothing logical rigor. The essence
of such a formalism lies in constructing a universe that “approximates from below”
the world of naive sets so as to achieve the aim of current research. The corresponding
axiomatic set theories open up ample opportunities to comprehend and corroborate
in full detail the qualitative phenomenological principles that lie behind the standard
and nonstandard mathematical models of today. ZFC, Zermelo—Fraenkel set theory, is
most popular and elaborate. So, it is no wonder that our exposition proceeds mostly
in the realm of ZFC.

In Chapter 1 we consider the formal technique for constructing universes of sets
by some transfinite processes that lead to the so-called cumulative hierarchies. This
technique is vital for Boolean valued analysis. Of profound importance is the detailed
description of how the von Neumann universe grows from the empty set. So, we thor-
oughly analyze the status of classes of sets within the formal system stemming from
J. von Neumann, K. Gédel, and P. Bernays and serving as a conservative extension
of Zermelo—Fraenkel set theory.

Chapter 2. Elements of the Theory of Boolean Algebras

The key role of Boolean algebras in this book is clear from the title. In fact, the in-
fluence of Boolean algebras spreads far beyond the theme under presentation. Boolean
algebras penetrate into not only every section of mathematics but also practically all
chambers of the mental treasure trove of mankind. There are ample grounds to assert
that the concept of Boolean algebra reflects something general that is omnipresent in
all spheres of human life.

There is a wonderful immanent connection between the “events” of physics and
the “sentences” of logic which was revealed by G. Boole (1815-1864) whose name is
made immortal by the term “Boolean algebra.” Boole algebraized the tribes of events
and sentences in a form so terse and lapidary that it has enjoyed everyone from novice
to master for more than 150 years.

It is impossible to appraise Boole’s contribution to culture better than this was
done by his famous compatriot, contemporary, and elder friend A. De Morgan: “Boole’s
system of logic is but one of many proofs of genius and patience combined.... That the
symbolic processes of algebra, invented as tools of numerical calculation, should be
competent to express every act of thought, and to furnish the grammar and dictionary
of an all-containing system of logic, would not have been believed until it was proved.”

This chapter contains the relevant preliminaries to Boolean algebra including the
celebrated Stone Theorem. For the sake of diversity, we demonstrate it by using the
Gelfand transform.
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Chapter 3. Elements of Category Theory

Set theory rules in the present-day mathematics. The buffoon’s role of “abstract
nonsense” is assigned in mathematics to category theory. History and literature
demonstrate to us that the relations between the ruler and the jester may be totally
intricate and unpredictable. Something very similar transpires in the interrelations of
set theory and category theory and the dependency of one of them on the other.

Alongside set theory, the theory of categories serves as a universal language of
the modern mathematics. Moreover, it is category theory that one of the most ambi-
tious projects of the twentieth century mathematics was realized within, the project
of socializing set theory. This evoked topos theory which provides a profusion of cat-
egories of which classical set theory is an ordinary member. It is worth noting that
Boolean valued models were extra stimuli in search of a category-theoretic foundation
of mathematics.

In Chapter 3 we restrict exposition to sketching the prerequisites of category theory
up to the key concepts of topos and Boolean topos.

Chapter 4. Boolean Valued Universes

It is the use of various rather unconventional models of set theory that unifies the
available nonstandard methods of analysis. In particular, the technique of Boolean
valued analysis bases on the properties of a certain cumulative hierarchy V(5) whose
every successive level comprises all functions with domain in the preceding levels and
range in a complete Boolean algebra B fixed in advance.

Our main topic in Chapter 4 is the construction and study of this hierarchy; i.e.,
the Boolean valued universe V(5.

The idea behind the construction of V(&) is very simple. We first observe that the
characteristic function of a set is a good substitute for the set itself. Travelling across
the levels of the von Neumann universe and carrying out successive substitutions, we
arrive to another representation of the von Neumann universe which consists only of
two valued functions. Replacing the two element Boolean algebra 2 with an arbitrary
Boolean algebra B and repeating the above construction, we arrive at the desired
v,

The subtlest aspects, deserving special attention, relate to elaboration of the sense
in which we may treat V(%) as a model of set theory. We expose in full detail the basic
technique that lay grounds for Boolean valued analysis; i.e., the transfer, mixing, and
maximum principles.

Considerations of logical rigor and expositional independence have requested an
ample room for constructing a separated universe and interpreting NGB in V(5). The
reader, interested only in solid applications to analysis, may just cast a casual glance
at these rather sophisticated fragments of exposition while getting first acquaintance
with the content of this book.

Chapter 5. The Apparatus of Boolean Valued Analysis

The transfer and maximum principles enable us to carry out various construc-
tions of the conventional mathematical practice inside every Boolean valued universe.
Therein we encounter the fields of real and complex numbers, Banach spaces, different
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operators, etc. The objects, representing them, may be perceived to some extent as
nonstandard representations of the original mathematical entities.

Therefore, viewing the model V() as a nonstandard presentation of the mathe-
matical universe of discourse and recalling that V(#) is constructed within the von
Neumann universe, we may peek in the Boolean valued world, discovering nonstan-
dard objects in a standard disguise.

Skipping from one B to another, a keen researcher sees many hypostaces of a sole
mathematical idea embodied in a set-theoretic formula. Comparing observations is
a method for studying a concealed meaning of the formula. The method often shows
that essentially different analytical objects are in fact just various appearances of the
same concept. This reveals the endoteric reasons of many facts and enables us to
clarify the internal reasons for many vague analogies and dim parallelism and also to
open new opportunities to study old objects.

This reminds us of the celebrated cave of Plato. If a casual escapee decided to
inform his fellow detainees on what he saw at large, he might build a few bonfires in
the night. Then each entity will cast several shadows on the wall of the cave (rather
than a single shadow suggested by Plato). Now the detainees acquired a possibility
of finding the essence of unknown things from analyzing the collection of shadows
bearing more information than a sole shadow of an entity.

Comparative analysis with the help of Boolean valued models proceeds usually in
two stages which we may agree to call syntactic and semantic.

At the syntactic stage, the mathematical fragment under study (a definition, a con-
struction, a property, etc.) is transformed into a formal text of the symbolic language
of set theory, or, to be more precise, into a text in a suitable jargon. In this stage we
often have to analyze the complexity of the text; in particular, it matters whether the
whole text or some of its parts is a bounded formula.

The semantic stage consists in interpretation of a formal text inside a Boolean
valued universe. In this stage we use the terms of the conventional set theory, i.e. the
von Neumann universe V, to interpret (decode or translate) some meaningful texts
that contain truth about the objects of the Boolean valued universe V(). This is
done by using especial operations on the elements and subsets of the von Neumann
universe.

In Chapter 5 we consider the basic operations of Boolean valued analysis, i.e., the
canonical embedding, descent, ascent, and immersion. The most important proper-
ties of these operations are conveniently expressed using the notions of category and
functor.

Chapter 6. Functional Representation of
Boolean Valued Universes

Various function spaces reside in functional analysis, and so the intention is natural
of replacing an abstract Boolean valued system by some function analog, a model
whose elements are functions and in which the basic logical operations are calculated
“pointwise.” An example of such a model is given by the class V? of all functions
defined on a fixed nonempty set @@ and acting into the class V of all sets. Truth
values in the model V? are various subsets of Q and, in addition, the truth value
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[e(ui, ... un)] of p(ty,...,t,) at functions uy, ..., u, € V¥ is calculated as follows:

[e(ut, ... ,un)] = {q eqQ: gp(ul(q), .. 7un(q))}

In Chapter 6 we give a solution by A. G. Gutman and G. A. Losenkov to the above
problem. To this end, we introduce and study their concept of continuous polyverse
which is a continuous bundle of models of set theory. It is shown that the class of
continuous sections of a continuous polyverse is a Boolean valued system satisfying
all basic principles of Boolean valued analysis and, conversely, every Boolean valued
algebraic system can be represented as the class of sections of a suitable continuous
polyverse.

Chapter 7. Analysis of Algebraic Systems

Every Boolean valued universe has the collection of mathematical objects in full
supply: available in plenty are all sets with extra structure: groups, rings, algebras,
normed spaces, etc. Applying the descent functor to the established algebraic systems
in a Boolean valued model, we distinguish bizarre entities or recognize old acquain-
tances, which leads to revealing the new facts of their life and structure.

This technique of research, known as direct Boolean valued interpretation, allows
us to produce new theorems or, to be more exact, to extend the semantical content of
the available theorems by means of slavish translation. The information we so acquire
might fail to be vital, valuable, or intriguing, in which case the direct Boolean valued
interpretation turns out to be a leisurely game.

It thus stands to reason to raise the following questions: What structures significant
for mathematical practice are obtainable by the Boolean valued interpretation of the
most common algebraic systems? What transfer principles hold true in this process?
Clearly, the answers should imply specific objects whose particular features enable
us to deal with their Boolean valued representation which, if understood duly, is
impossible to implement for arbitrary algebraic systems.

In Chapter 5 we have shown that an abstract B-set U embeds in the Boolean
valued universe V(#) so that the Boolean distance between the members of U becomes
the Boolean truth-value of the negation of their equality. The corresponding element
of VB) is, by definition, the Boolean valued representation of U. In case the B-set U
has some a priori structure we may try to furnish the Boolean valued representation
of U with an analogous structure, intending to apply the technique of ascending and
descending to studying the original structure of U. Consequently, the above questions
may be treated as instances of the unique problem of searching a well-qualified Boolean
valued representation of a B-set furnished with some additional structure.

Chapter 7 analyzes the problem for the main objects of general algebra. Located at
the epicenter of exposition, the notion of an algebraic B-system refers to a nonempty
B-set endowed with a few contractive operations and B-predicates, the latter meaning
B-valued contractive mappings.

The Boolean valued representation of an algebraic B-system appears to be a con-
ventional two-valued algebraic system of the same type. This means that an appro-
priate completion of each algebraic B-system coincides with the descent of some two-
valued algebraic system inside V(B). On the other hand, each two-valued algebraic
system may be transformed into an algebraic B-system on distinguishing a complete
Boolean algebra of congruences of the original system. In this event, the task is in
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order of finding the formulas holding true in direct or reverse transition from a B-
system to a two-valued system. In other words, we have to seek here some versions of
the transfer principle or the identity preservation principle of long standing in some
branches of mathematics.

Chapter 8. Analysis of Groups, Rings, and Fields

This is a continuation of the previous chapter. We illustrate the general facts of
Boolean valued analysis with particular algebraic systems in which complete Boolean
algebras of congruences are connected with the relations of order and disjointness. We
restrict exposition mainly to the descents of the systems under study and demonstrate
the opportunities that are opened up by Boolean valued analysis.

Chapter 9. Analysis of Cardinals

This chapter occupies an especial place in the whole book. By now we only consid-
ered the Boolean valued universe V(5) over an arbitrary complete Boolean algebra B.
Moreover, we discussed only those properties and constructions that are practically
independent of the choice of B. In actuality, many delicate mathematical properties
of the members of V(&) depends essentially on the structure of B. We show here how
the choice of a Boolean algebra affects the specific properties of cardinals (and not
only cardinals) in the corresponding Boolean valued universe.

It is shown in Chapter 5 that the canonical embedding of the von Neumann uni-
verse V to V(B) sends ordinals to Boolean valued ordinals, preserving the order on
ordinals. The same happens to cardinals provided that B enjoys the countable chain
condition. However, the choice of B is available such that the canonical embedding
“glue together” infinite cardinals; i.e., the standard names of two distinct infinite car-
dinals may have the same cardinality in an appropriate Boolean valued model. There
are various mathematical constructions distorted under the canonical embedding. We
discuss a few of them but focus exposition on the classical Gédel-Cohen solution of
the continuum problem.

Chapter 10. Analysis of Vector Lattices

The Boolean valued inverse V(5 associated with a fixed Boolean algebra B is one
of the arenas of mathematical events. Indeed, by virtue of the transfer and maximum
principles, V) contains numbers and groups as well as the Lebesgue and Riemann
integrals, with the Radon—Nikodym and Hahn-Banach theorems available by virtue
of the transfer and maximum principles.

The elementary technique of ascending and descending which we become ac-
quainted with when considering algebraic systems shows each of mathematical objects
in V() to be a representation of an analogous classical object with an additional struc-
ture determined by B. In particular, this is also true in regard to functional-analytical
objects. In Chapter 10 we expose the facts that are associated with Boolean valued
representation of the latter objects.

Our main topic is Banach spaces in Boolean valued universes. It turns out that
these spaces are inseparable from the concepts of the theory of ordered vector spaces
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and, above all, with the Dedekind complete vector lattices which were introduced by
L. V. Kantorovich at the beginning of the 1930s under the name of K-spaces. They
are often referred to as Kantorovich spaces nowadays.

The fundamental result of Boolean valued analysis in regard to this aspect is Gor-
don’s Theorem which reads as follows: Each universally complete Kantorovich space
is an interpretation of the reals in an appropriate Boolean valued model. Conversely,
each Archimedean vector lattice embeds in a Boolean valued model, becoming a vector
sublattice of the reals viewed as such over some dense subfield of the reals.

Moreover, each theorem about the reals within Zermelo—Fraenkel set theory has an
analog in the original Kantorovich space. Translation of theorems is carried out by ap-
propriate general operations of Boolean valued analysis. We illustrate then technique
of Boolean valued transfer by deriving the basic properties of Kantorovich spaces:
representation as continuous or spectral functions, the Freudenthal spectral theorem,
spectral integration, the functional calculus, etc.

Chapter 11. Analysis of Lattice Normed Spaces

In this chapter we consider the structure and properties of a vector space with some
norm taking values in a vector lattice. Such a vector space is called a lattice normed
space. The most important peculiarities of these spaces are connected with decom-
posability. Use of decomposability allows us in particular to distinguish a complete
Boolean algebra of linear projections in a lattice normed space which is isomorphic to
the Boolean algebra of band projections of the norm lattice. Most typical in analysis
are the lattice normed spaces of continuous or measurable functions.

In much the same way as many structural properties of a Kantorovich space are
some properties of the reals in an appropriate Boolean valued model, the basic prop-
erties of a lattice normed space presents the Boolean valued interpretations of the
relevant properties of normed spaces. The most principal connections are reflected by
the three facts:

(1) The internal Banach spaces and external universally complete Banach-
Kantorovich spaces are bijective under the procedure of bounded descent from a
Boolean valued model.

(2) Each lattice normed space is realizable as a dense subspace of a Banach space
viewed a vector space over some field, e.g. the rationals, in an appropriate Boolean
valued model.

(3) Each Banach space X is a result of the bounded descent of some Banach space
in a Boolean valued model if and only if X includes a complete Boolean algebra of
norm one projections which possesses the cyclicity property. In other words, X is a
Dedekind complete lattice normed space with a mixed norm.

These facts lie behind the approach to involutive algebras which we pursue in
Chapter 12.

Chapter 12. Analysis of Banach Algebras

The theory of Banach algebras is one of the most attractive traditional sections of
functional analysis. Chapter 12 presents the basic results of Boolean valued analysis
of involutive Banach algebras and Jordan Banach algebras.
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The possibility of applying Boolean valued analysis to operator algebras rests on
the following observation: If the center of an algebra is properly qualified and perfectly
located then it becomes a one dimensional subalgebra after immersion in a suitable
Boolean valued universe. This might lead to a simpler algebra. On the other hand,
the transfer principle implies that the scope of the formal theory of the initial algebra
is the same as that of its Boolean valued representation.

Exposition focuses on the analysis of AW *-algebras and JB-algebras, i.e. Baer
C*-algebras and Jordan-Banach algebras. These algebras are realized in a Boolean
valued model as AW *-factors and J B-factors. The problem of representation of these
objects as operator algebras leas to studying Kaplansky—Hilbert modules.

The dimension of a Hilbert space inside a Boolean valued model is a Boolean
valued cardinal which is naturally called the Boolean dimension of the Kaplansky—
Hilbert module that is the descent of the original Hilbert space. The cardinal shift
reveals itself: some isomorphic Kaplansky—Hilbert modules may fail to have all bases
of the same cardinality. This implies that a type I AW*-algebra may generally split
in a direct sum of homogeneous subalgebras in many ways. This was conjectured by
I. Kaplansky as far back as in 1953.

Leaning on the results about the Boolean valued immersion of Kaplansky-Hilbert
modules, we derive some functional representations of these objects. To put it more
precisely, we prove that each AW*-module is unitarily equivalent to the direct sum
of some homogeneous AW *-modules consisting of continuous vector functions rang-
ing in a Hilbert space. An analogous representation holds for an arbitrary type I
AW*-algebra on replacing continuous vector functions with operator valued functions
continuous in the strong operator topology.

We call an AW *-algebra embeddable if it is *-isomorphic with the double commu-
tant of some type I AW *-algebra. Each embeddable AW *-algebra admits a Boolean
valued representation, becoming a von Neumann algebra or factor. We give several
characterizations for embeddable AW *-algebras. In particular, we prove that an AW *-
algebra A is embeddable if and only if the center valued normal states of A separate A.
We also consider similar problems for the JB-algebras, a kind of real nonassociative
analogs of C*-algebras.

Audience

The book is intended for the classical analyst seeking new powerful tools and for
the model theorist in search of challenging applications of nonstandard models of set
theory.
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BBenenue

Kak ciemyer u3 Ha3zBaHUsl, HACTOMAIIAS KHUTA HOCBSIIEHA OYAEB03HAUHOMY GHA-
au3dy. Tak Ha3BIBAIOT AIIapaT UCCJIEIOBAHUS ITPOU3BOJIBHBIX MATEMATHIECKHX 00Db-
€KTOB, OCHOBAHHBIII HA CPABHUTEJHLHOM H3yYE€HUU UX BUJA B JBYX MOJEJSAX TEOPUU
MHO>KECTB, KOHCTPYKIIMH KOTOPBLIX OCHOBAHBI Ha MPUHIMIINAJIBLHO PA3IHIHBIX Oyire-
BBIX ajrebpax. B kadecTBe 3TUX MOjeel GUrypupyoT KIacCUIecKuil KaHTOPOB pail
B (hopme yHuBepcyMma hon Helimana u crieraabHO TOCTPOEHHBIN OYIeBOZHATHBIN yHI-
BEPCYM, B KOTOPOM TEOPETHKO-MHOYKECTBEHHBIE ITOHATHSI U YTBEPXK/CHHUS [OJIYIAIOT
BeCbMa HETPAIUITMOHHBIE TOJKOBaHUsI. O THOBPEMEHHOE NCITOIb30BAHNE IBYX MOJIE/IEM
JJIsT U3y YIEeHUs OJHOTO 00beKTa — (DaMIIbHAS YePTa TAK HA3IBAEMbBIX HECTAHIAPTHBIX
METO/IOB COBPEMEHHON MaTeMaTuku. B 3Toil cBsa3m Oy/IeBO3HAYHBIN aHAJIU3 MTPUHATO
OTHOCUTH K Pa3HOBHIHOCTSM HECTAHIAPTHOIO aHAJII3A.

CBouM BO3HUKHOBEHUEM OyJIEBO3HAYTHBIN aHAJN3 00S3aH BBIIAIONIEMYCS JIOCTHZKE-
muo II. JIxx. Kosna, ycranoBuBiieMy B Hadaje 1960-X romos HEIPOTHBOPEYHMBOCTH
JobaBiienus oTpuilaHust runore3sl kKontuayyma CH kK akcnmomam Teopum MHOYKECTB
Hepmesio — Ppenkens ZFC. Bumecre ¢ 60ee pananm pesyiabratom K. I'énens o cos-
mectumoctu CH ¢ ZFC, ycranosnennsriit 1. JIxx. Kosaom dakr o3nadaer HezaBucu-
Moctb CH or obbrunbix akcuom ZFC. IMlar, coBepmiennsiii I1. Ixx. Kosnowm, cBsizan
C TIPEOJI0JIEHIEM UM MPUHIUIHAIBLHON TpyaHocTH, oTMedenton JIk. Ilenepconom
¥ OTCYTCTBYIOIIEH B ciry4dae, pazobparnaoM K. 'émenem. JlokazaTebCTBO HEIIPOTUBO-
peuansoctr (ZFC) 4 (= CH) HEBO3MOXKHO € HOMOIIIBIO CTAHIAPTHBIX Mo/eseil. Tounee
rOBOPSI, BLIOPAB KaKyIo-THO0 peann3anuio yHusepcyma ¢pou Helimana, MbI HE MOXKEM
yKasaTh B Hell mozkiace, cayxkammuii momensto (ZFC) + (- CH), ecim mpumeHsTH
y2Ke UMEIOILYIOCs] Y HAC MHTEPIIPETAINIO IpeiuKaTa npunaieskHoctu. 11, Jhx. Kosmy
YJIAJIOCH TIPEJTIOXKUTH HOBBIN MOIIHBIN CIIOCO0 IMTOCTPOEHHsT HEBHYTPEHHUX — HECTAH-
naprabix — mogeseit ZFC, nazBanubiit um memodom dopcunea (em. [204]). Tepmun
«(dOpPCUHT» YACTO MEPEBOIAT KaK <«BBIHYKJIeHHE». BO3MOXKHO, TOYHEe TOBOPUTH B
9TOM KOHTEKCTe O MeToje npuHyXkiaeHus. Vcmomb3osBaunbie 1. k. Kosnom mpu-
€Mbl — IPpUMEHEHHNE aKCHUOMbI CYyIIE€CTBOBaHMA CTaH‘JIapTHOI‘/JI TpaH3I/ITI/IBHOI71 MO/IeJin
ZFC u HaCUIBCTBEHHOE IIPEBPAIEHIE TIOCJIEIHE B IPUHITUIINAILHO HECTAHIAPTHYIO
MOJIETIb METOJOM IIPUHYKJIEHUST — BCTYHAIOT B IIPOTUBOPEUNE ¢ OOBIMHOM MaTeMaTH-
qecKoit mHTyunumeit, ncxozsimeit, mo ciaosam camoro 1. Jhx. Kosna, «u3 mameit Bepbl
B €CTECTBEHHYIO TIOUTH (DUBHIECKYIO MOJIETh MATEMATHIECKOTO MUDPay [84].

Tpymaoctu B Boctpusatun pedyabraros 11. /Ixx. Kosra 3a710/r0 10 UX MOSIBICHUS
npekpacuo Bbipasun H. H. Jly3un B 3Hamenntom jiokiaje «COBpeMEHHOE COCTOSTHYE
Teopun DYHKIHI TEHCTBUTEILHOTO IIEPEMEHHOTO», CJIeJIAHHOM UM Ha BcepoccuiickoM
cbe3ze MaTeMaTukoB B 1927 r.: «IlepBoe, 4To mpuxoauT HA yM, 3TO TO, YTO yCTa-
HOBJIEHIE MOIIHOCTHU continuum’a ecTb /1esi0 CBOOOIHON aKCHOMBI, BPOJIE AKCHOMBI O
napaJuresisix 1y reomerpun. Ho B TO ke BpeMsi, KaK IIPU HHBAPUAHTHOCTH BCEX IIPO-
quX aKkcmoM reomerpun EBKINIA M IPU BapbUPOBAHUHM AKCHOMBI O IapaJliIeJIbHBIX
MEHSIETCSI CAMBIN CMBICJI IPOU3HECEHHBIX MJIM HAIUCAHHBIX CJIOB: ,, TOUKA', ,,[IpSIMast’,
etc. — CMBICI KAKUX CJIOB JIOJI?KEH MEHSATDHCSI, €CJIM MBI JIeJIaeM MOITHOCTD continuum’a
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[IOJIBV2KHOM Ha aJre(pMIeCKoii IIKaJjie, Bce BpeMsl JI0Ka3bIBasi HEIIPOTUBOPEINBOCTD 9TO-
ro jBrkenusi? MomHOCTh continuum’a, €Cju TOJIBKO MBICJUTH €ro KaK MHOXKECTBO
TOYEK, €CTh erHAasi HeKasl PeaJbHOCTh U OHA JIOJIPKHA HAXOMUTHCS Ha ajeduaeckoit
[KaJje TamM, [jieé OHA Ha Hell eCTh; HyXKJbl HET, €CJIM ONpEeJeJIeHHEe ITOTO MeCTa 3a-
TPYAHUTEIbHO WM, Kak npubasmi 61 J. Hadamard, ,make HEBO3MOXKHO JIJIs HAC,
srozeits [136].

Becbma xapaktepnbiit B3risi copmysmpoan I1. C. HoBukos: «...BO3MOXKHO
(s1 caM TIpMJIEPXKUBAIOCh ITOTO MHEHUsi), UTO Pe3y/braT KOSHA MMeeT UHCTO OTPHU-
raTejbHOEe 3HAUEHNE U OOHAPYKMBAET KOHEI[ Pa3BUTHS ,,HAMBHONI TEOPUU MHOXKECTB
B nyxe Kanropa» [152].

CrpemjieHne 00JIErYUTh YKa3aHHbIE TPYJIHOCTH B BOCIIPUSITHH PE3yJILTATOB M Me-
toznos I1. /I:x. Kosna npusesio . Ckorra u P. ConoBest kK mocTpoeHuto 6yIeBO3HATHBIX
mogpeneit ZFC, obiragaonux mpuBIeKATEIbHON HATJISTHOCTHIO C TOYKY 3PEHUS KJIAC-
CHYECKUX MaTEMATHKOB U B TO YK€ BPEMsI MPUCTIOCODJIEHHBIX JIJIsT TIOJIY9€HUST TEOPEM
O HE3aBUCHUMOCTHU. AHaHOFI/IquIe MOJIeJIN 6bI.J'II/I HOCTpOGHbI B TOT 2Ke IIepI/IO,ZL H BO—
IIEeHKOIA.

W3 yxe cKa3aHHOTO BUJIHO, YTO OYJIEBOZHAYHBIE MOJIEJIU, [IPUBOISIINAE K TEM Ke
neJisiM, 9To u nocrpoennsbie I1. /xx. KosnoMm ¢ momorpo GpopcuHra, JT0/KHbL ObITh B
KAKOM-TO CMBICJIE HECTAHJIAPTHBIMU, 0OsI3aHbl 00JIa[aTh Y€PTAMU, OTCYTCTBYIOIMME
y OOIIETPUHSTHIX MOJEJIeH.

KadecTBeHHO TOBOpSI, 8 NOHAMUL OYAEBO03HAUHOT, MOOEAU NPUCYMCNEYEM, HOBASA
KOHUENUUA MOJeAUPOBAHUA, KOTOPYIO MOYXKHO HA3BATH 3a09YHBIM MOJIEJIMPOBAHUEM
win MojesimpoBanueM 1o Tesedony. [losicHuM cyTh 9TOM KOHIENIMKA ee CPABHEHU-
eM C TPaJUIUOHHBIMY IOJIXOIaMU. B KJIACCUYECKOM CMBbICJIE, CTAJKUBAsICh C JIBYMsI
MOJIEJISIMY OJTHON TEOPUHU, MBI IIBITAEMCS YyCTAHOBUTH B3aMMHO OJIHO3HATHOE COOTBET-
cTBUE MEXTy (DUTypUPYIOIUMA B HUX yHUBEpcyMamu. Kciin Takyro ONeKIio yaaeTcs
10/106paTh, TEPEBO/IsI MTPEUKATHI U OTIEPAIIMU OJIHOM MOJIEN B UX aHAJIOIW B JIPYTOiA,
MBI TOBOPHUM 00 m30MOpdHOCTH Mojeeil. Takum 00pa30M, ONMMCAHHOE TTPEICTABICHIE
06 m3omopdu3Me HOAPa3yMeBAET OYHOE COIOCTABJIEHHE MOJEeil — MpebsBIICHIe
OMEKINYN YHUBEPCYMOB.

HpeﬂCTaBI/H\/I Ce6e, YTO MBI JIMIIIE€HBI BOSMOXKHOCTHU O):LHOBpe]\leHHOFO d)I/ISI/ILIeCKOFO
[103JIEMEHTHOT'O CPaBHEHUsI MOJIeJIel, OJIHAKO MOXKEeM OOMEHUWBAThCA MHMOpMAaIueil ¢
obJiaiaresieM JIpyroif Mofe/n, HanpuMep, mo Tejaedony. B mpomecce obiienust jrerko
YCTAHOBUTD, 9TO COOECETHUK C MOMOIIBIO CBOEH MOJETN U3y9aeT 00bEKThI, KOTOPhIE
OH MMEHYET 3HAKOMBIMH HAM CJIOBAME, TOBOPsI O MHOYKECTBaX, UX CPABHEHUU W IIPU-
Ha iexkHocTu. IlockoiibKy Hac unTepecyer ZFC, Mbl cipalimBaeM y HEIO — HUCTHHHBI
gu akcuombl ZEC? Tlopaboras B cBoeil Mojesin, OH COODIAET «J1a, UCTUHHBI». Y Oe-
JUBIIUCH TAKXKEe, 9TO OH UCIIOJIb3YET Te K€ IIPABUJIA BBIBOJA, UTO MPUHSITHL HAMU, MBI
JIOJIXKHBI TIPU3HATH, 9TO MMEIOIIAsICS Y HEr0 MOJEIb — 3TO MOJEIb UHTEpecyromeit
Hac Teopun. [1o/1e3HO MOTUEPKHYTH, YTO CJI€JIAB TAKON BBIBOM, Mbl HUIYETO HE y3HAJN
HI 00 0O'BEKTAX, COCTABJISIIONINX €r0 MOJIEJIb, HU O IIPOIEJYPaxX, ¢ MOMOIIBI0 KOTOPBHIX
OH OTJIMYAET MCTUHHBIE YTBEPKICHUS OT JIOKHBIX' .

Urak, n06as KOHUENUUA MOOJCAUPOBAHUSA CBA3AHA KAK C OMKG30M OM OMONC-
decmeaenus npedmemuux obaacmet, max u ¢ JONYCKOM HOBHLT MPouedyp eepudu-
Kauuy ymeepocoenusl.

[Tpu mocTpoenwn OyJIeBOZHAYHON MOJE/IN Mbl HAUNHAEM C BHIOOpa HEKOTOPOU MMOJI-

1“E, Biru Em” u3 suamenuroro Personal Pronoun Pronouncement nmpeacTaB/siioTCs CyIeCTBEHHO
Gouree JrydmuM HaBOPOM MeCTOMMeEHuil s maHHOro absana (cum. [380]).
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HOI1 OyJ1eBOI aIredphl, KPaeyroJbHOTO KaMHsl 0yJIEBOZHAYHOIO YHUBEPCYMa U 00JIaCTH
NpUOBITUSI ONIEHKU UCTUHHOCTH, cortocTasisomeil popmyste ZFC HEKOTOPBI 3/1eMeHT
anrebpsr B. Tounee roBopst, 3a1aB B, MBI CTPOMM YHUBEPCYM V(B) | npuspanuslit cIy-
KuTh yHUBepcyMoM paccmorpenus teopun ZFC. Kaxmoit dopmyse ¢, nepemennbie
kotopoii Teneps npoderaior V(F) | comocrapmserca snement [p], nexxammuit B mexoi-
Holi Gysesoii anrebpe B. Beanunny [¢] HasbBaooT ouenkot uemurrocmu bOpMyIIHI @.
Ol1leHKYM UCTUHHOCTH TTO3BOJISIIOT aHaju3uposarhk dopmysbl ZFC. Ilpu srom okas3bi-
Baercst, 9To Teopembl ZFC monydaror HanbOIBIIYIO BO3MOXKHYIO OIEHKY lp, U MBI
06 bsiBIsIeM UX BepHbIME BHyTpH V(5),

JleTa/ibHOE M3JIOYKEHNE YIIOMSIHYTHIX KOHCTPYKIWI 3aHUMAaeT TyiaBbl 1-6, cocras-
JISIONIUE TIEPBYIO 9aCTh 9TONW KHUTU. Mbl HAUMHAEM C M3JIO2KEHUs] HEOOXOMMMBIX HAM
CBEJICHUI U3 TEOPUHU MHOXKECTB U OYyJIEBBIX ajredp. DTOMY MOCBAIIEHBI TJIABBI 1 1 2.
[TousaTHO, ¥TO TOAPOOHOCTH U3 HA3ZBAHHBIX PA3/IEI0B MATEMATUKU COBEPIIIEHHO HEU3-
OexKHBI JIJIT PACKPBITUS BEIOpAHHON HaMU TeMbl. [yraBa 3 3aHMMaeT HECKOJIBKO 0coboe
mecro. OHa [OCBSIIIIEHA JIEMeHTaM Teopuu Kareropwuiil. [TloMumo u3ioxKeHus MUHUMY-
Ma CBEJICHUI O KaTeropusx u pyHKTOPAX, Mbl OTBEJIN 3HAYUTETBHOE MECTO OCHOBAM
Teopun TOmOCOB. Ham mpejicTaBiseTcs, 9TO B CBS3U C TOMOCAMHU YUTATENIO CTAHET
sICHEE MECTO, KOTOPOE 3aHUMAIOT OYyJIeBO3HAYHBIE MOJIEJIN B COBPEMEHHBIX BO33PEHUAX
Ha OCHOBaHUA MaTE€MAaTUKHU.

B raBax 4-6 npescrasien mHCTpyMeHTapuii Oy/IeBO3HAYHOrO aHasm3a. [IpuBoan-
Mbl€ KOHCTPYKIIUU ¥, IPEXKJE BCErO, MPOIEIYPHI CIIyCKa U MOIbEMA, OCYIIEeCTBIISIO-
e (QyHKTOPHbBIE CBsI3U MexK 1y yHuBepcyMoM ¢on Heiimana V u OysieBOZHAYHBIM
yrausepcyMoM V(B | cocTaBisiior TeXHIUECKYIO OCHOBY TIPHMEHEHHIT GyIeBO3HAYHBIX
MoOZeJIell K 3a1a9aM aHaJIn3a.

[napbr 7-12, cocTapJisioniye BTOPYIO YaCTh KHUTH, [TOCBSIIIEHbBI JIEMOHCTPAIMN 38~
MedaTebHBIX BO3MOYXKHOCTEH, KOTOPhIe OyJIeBO3HAYHBIN aHAJN3 MPEJIaraeT i UC-
CJIEIOBAHUsST PA3HOOOPA3HBIX MATEMATHIECKUX 00BEKTOB. 3/IECh MMPOKO TIPEJICTABIIE-
HBI CHOCOOBI IIPeBpaIeHuil pyHKIIMOHAIBHBIX IIPOCTPAHCTB B YHCJIOBbIE MHOXKECTBA,
o1epaTopoB — B (PYHKITMOHAJIBI, BEKTOP-(PYHKIUIT — B OOBIYHBIE OTOOPAKEHUS U T. TI.
Pasymeercsi, orbop 06beKTOB aHan3a U Kpyra MPUJIOXKEHUN K (DYHKIIMOHAJIBHOMY
aHaJIu3y BO MHOIOM OOYCJIOBJIEH HAIMMU JIMIHBIMU HAYIHBIMA WHTEDECAMU.

Mb1 HAUMHAEM C JETAJBHOIO U3ydeHUs OYJeBO3HAYHBIX Peasn3aliuii o0Immx aJ-
rebpamvyecKnx CUCTEM, KOTOPOMY IOCBsIeHa IyiaBa 7. Teopus ajrebpandeckux Cu-
creM, 3ajoxkenHas B TpyJdax A. . Mambnesa u A. Tapckoro, oTHOCHTCS K YUCITY
BaXKHEHIIX 0o0IeMaTeMaTHIeCKNX JOCTUKeHuit. B 9Toit CBA3W ICHO, ITO CBEIECHUS
0 OyJIEBO3ZHAYHOM M300PA’KEHUU TAKUX CHUCTEM HEOOXOIMMBI JJIs IPUJIOXKEHUN K JI0-
OOMY COJIEPXKATEILHOMY pa3Jiesly MaTeMaTuKu. HekoTopble U3 TaKuX IMPUJIOXKEHUN K
aHaJn3y M300parKeHUil IPYII, KOJIell U oJieil B OyJIeBOSHAYHOM yHUBEPCYMe COOPaHBI
B IJIaBe 8.

[napa 9 mocesimeHa aHaIN3y KapIUHAJBHBIX YUCE] B OYJI€BO3HAYHBIX MOJIEJISIX.
Ocoboe MecTo ymeseHO Tak Ha3biBaeMOMY 3(MMEKTY «CMEIeHUs KapIuHAJIOB», 00-
Hapykenne koroporo u mo3posmio 11. JIxk. Kosny mokaszars HETIPOTHBOPEUYMBOCTH
(ZFC) + (- CH).

UckimounTe IbHO yHUBEPCAIBHOE 3HAYEHIE UMEIOT KOHCTPYKIINY, ITPEICTABICHHBIE
B rase 10. MaremaTnka, moHIMaeMast Kak HayKa 0 OECKOHETHOM, HEMBICIUMA 0e3 Be-
II[ECTBEHHBIX YnCes. ByleBo3HAYHBIN aHAIN3 BCKPBLI MMMAaHEHTHYIO CBA3b II0JIS Be-
[IECTBEHHBIX YKCEJI M PACHINPEHHBIX IIpocTpaHcTB Kantoposuya. OOHAPYKUJIOCH, YTO
KaXKJIoe M3 TaKUX IMPOCTPAHCTB CJIYKUT PABHOIIPABHOMN MOJIEJIBIO TOJIsT BEIECTBEHHBIX
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vyuces. HarmroMHUM, 9TO YCJIOBHO IIOJIHBIE BEKTODHBIE PEIETKH, HA3bIBAEMbIE TaKKe
K -npocmpancmeamu wim npocmparcmeamy, Karnmoposuya, 66t BBeJieHbl B 1930-¢
romer JI. B. KanTopoBuuem kak moJie3Has abCTpAKIWs TOJIsT BEIECTBEHHBIX THUCE].
st HoBBIX 00beKkTOB JI. B. KanTopoBud BeIABUHYIT 28pucmuveckuti npuryun, COCTO-
AMUI B TOM, 9TO 3JIeMeHThI K -IpOCTpaHCTBA aHAJIOTUYIHBI BENIECTBEHHBIM YHC/IaM, a
YTBEPXKIeHusAM 0 (PYHKIIMOHAJIAX OTBEYAIOT TEOPEMBI 06 OIlepaTopax Co 3HAUEHUSIMHU B
K-npocrpancrBax. BpeMmst 103BOJINIIO BJIOKUATH TOYHBINA CMBIC/T B IpuHImn Ka#nTopo-
Buga. COOTBETCTBYIONINIT allllapaT U, B IEPBYIO OYEPEIb, OCHOBOIIOJIATAOIIAS TEOPEMa,
E. U. Topmona cocrapnsoT sapo riaassl 10.

I'maBa 11 mocssimiena mpobiieme OyTeBO3HATHON peaTn3aliuy eHTPAILHOI0 00beK-
Ta KJIACCHIeCKOTO (QyHKIIMOHAIBLHOIO aHaJIn3a — OaHaxoBa mpocTpaHcTBa. OKa3biBa-
€TCsl, ITO N300PAYKEHUSIMU TPAUIIMOHHBIX HOPMUPOBAHHBIX TPOCTPAHCTB CJIY2KAT TaK
Ha3bIBAEMbIE PEIIETOYHO HOPMHUPOBAHHBIE BEKTOPHBIE ITPOCTPAHCTBA, TAKYKE OTKPbI-
ThIe MPU 3aPOXKIECHUU Teopuu K-IIPOCTPAHCTB. 3eCh Pedb MUIET O HOPMUPOBAHUU
JIEMEHTOB BEKTOPHOI'O IIPOCTPAHCTBA HE C IIOMOINBIO YHUCEJI, KAK 9TO TPAJUIHOH-
HO JIeJIaeTCsl, a C IPUBJIEYEHIEM B Ka4eCTBE STAJIOHOB IIOJIOKUTEJIHHBIX BEKTOPOB U3
KaKOTo-HUOY/Ib MMpocTpancTBa KanTtoposuya.

Inapa 12 mocesiieHa Teopuu OIepaTOPHBIX ajredp. BysieBosHauHblil aHau3 Ta-
KUX ajredp — HaIpaBjeHUe MCCIeIOBAHUN, MHUIMUPOBAHHOE MTHOHEPCKUMU paboTa-
vu . TakeyTn, — MHTEHCHBHO PAa3BUBAETCH B MOCJEIHUE JecaTuaeTus. V3moxenne
CTPOUTCH Ha OCHOBE OYJIEBO3HAYHON peasin3alliy PEIeTOYHO HOPMUPOBAHHBIX IIPO-
crpancTB. Ha 3TOM 1yTH BO3HUKAET €IMHBII METO/| NCCIEJOBAHNS TAKUX AHAJIUTHAYIE-
CKUX OObEKTOB, KAK MHBOJIIOTUBHBIE DAHAXOBBI AJreOpbl, OAHAXOBBI MOJLYJIN, aJreOpbl
Noprana — Bamaxa, anre6pbl HEOrPAHIYIEHHBIX OEPATOPOB H T. II.

Hacrosmas kaura — 1101 HAIMAX Pa3MBIIIIEHTH 1 UCCIeI0OBaHnit B 0b1acTu OyJie-
BO3HAYHOI'O aHAJIN3A, TOABUBIIHUICA B PE3Y/ITATE JINTEIHHOM SBOIONUN U3 yIeOHOTO
mocobust «3auCKu 10 OyJIeBOZHATHOMY aHAJN3Y», HAIIMCAHHOTO HAMU JIJIsl CTYJEHTOB
HoBocubupckoro rocymgapcreersoro yuusepcurera B jajekoM 1984 romxy. Hemocpe-
CTBEHHBIM IIPEJIIIIECTBEHHUKOM JIAHHOTO U3JIAHUS TIOCTYXKUJIa KHUTA « ByJieBo3HAaUHBII
aHaJu3», BBINYINeHHAsT nByMs udfanusvmu Uuacturyrom maremaruku um. C. JI. Co-
6osieBa, Cudbupckoro oraenerns PAH B 1999 u 2003 romax. Msnanume 1999 roma 66110
ojiHOBpeMeHHO BocipoussegeHo Kluwer Academic Publishers na anrsmiickom si3bIKe.
Jlexkatmast niepej1 YuTaTesieM KHHUTA IOJHOCTBIO IepepaboTaHa M CTOJIb CYIIECTBEHHO
paciupeHa HOBBIMH MaTepUajaMU, 9YTO Mbl COUIN BO3SMOXKHBIM JATh TOMY BAPDUAHTY
HOBOe DoJjtee 00sI3bIBAIOIIEE Ha3BAHUE.

Monorpadust opueHTHPOBaHA HA IMIUPOKUI KPYT YUTATENeH, HHTEPECYIOIUXCS CO-
BPEMEHHBIME T€OPETUKO-MOJIETbHBIMIA METO/IAMHU B UX IIPUJIOKEHUU K (PYyHKITMOHAIIb-
HOMY aHaJju3y. MbI cTapajuch cejaTh KHUTY BO3MOXKHO 0oJiee HE3aBUCHMOMN, XOTSI
MTOJTHOCTBIO OCYIIIECTBUTD 3aMBbICEJI He YJIAJIOCh BBULY OOJIBIIIOIO KOJIMIECTBA MaTEMa-
TUYECKUX UJEeHl U OObEeKTOB, BOBJIEUEHHBIX B W3JI0XKeHWe. Hajeemcsi, 4TO duTare/b
OIMET HAIU TPODJIEMBI U IIPOCTUT TPOOEJIBI U HETOIHOCTH.

Bermostisis npusiTHBIR OJT, MBI BBIPaykaeM OJI1aro[apHOCTD 33 IIOMOIIb B IIOATO-
TOBKe KHUTH cBouM KoJuteram 1o Mucruryrty maremaruku um. C. JI. Cobosesa Cu-
o6upckoro otnesnenusi PAH u UHcTuTyTy IpUKI/IaIHON MaTeMaTuK U UH(MOPMATUKI
Buajukaskasckoro naygnoro nenrpa PAH u Ilpasurenscrsa Pectiybnuku Cepeprast
Ocerus- Ananus.

A. Kycpaes
C. Kymamenadse
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