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Foreword to the English Translation

Academician Sergei L'vovich Sobolev (1908-1989), a great Russian scholar and
the founder of the Institute of Mathematics of the Siberian Division of the Rus-
sian Academy of Sciences at Novosibirsk which is now named after him, is world
renowned for his contribution to distribution theory, sharing the fame of its pro-
pounding with L. Schwartz. S. L. Sobolev successfully applied his new functional-
analytical technique not only to partial differential equations but also to computa-
tional mathematics, changing the layout of the field of numerical integration.

The present edition is a translation of the posthumous monograph finished by
V. L. Vaskevich, the last pupil of S. L. Sobolev, and published in Russian by the
Sobolev Institute Press in 1996. The book contains all contributions of S. L. Sobolev
to numerical integration as well as results of his students and followers on cubature
formulas, thus granting an updated definitive source of this direction in modern
mathematics. For the first time, the book includes recent data about invariant
cubature formulas exact for spherical harmonics up to a given degree and Sobolev’s
research on optimal cubature formulas and Euler polynomials.

This edition was typeset using ApS-TEX, the American Mathematical Soci-
ety’s TEX system.

S. L. Sobolev was one of my inspired teachers in mathematics and life although
I have never plunged into numerical integration before. Translating the book was
thus an imperative but onerous duty since it covers the field of research deeply
rooted in classical mathematics as well as in the brand-new applied sections of
functional analysis. One technicality needs explanation, namely, absence of the
term distrsbution which is in common parlance in the West. The competing term
generalized function proliferates in Russia and is reverently retained as coined by
the inventor as far back as in the thirties of this century.

It gives me a blended feeling of great pleasure and deep sorrow to invite the
reader to get acquaintance with this masterpiece which is a part of the memory of
S. L. Sobolev to whom I am greatly indebted.

S. Kutateladze



Chapter 1

Problems and Results of the Theory of
Cubature Formulas

This chapter is introductory. Here we state the problems under study, outline
the principal ideas behind our theory and make an overview of the most impor-
tant results. The intended conciseness of exposition results in making some proofs
schematic. The reader interested in more details may find them in the sequel.

§1. Exact Formulas

The main problem of numerical integration consists in approximating the in-
tegral

19) = [ ole)ds = [ xoalp(o)ds. (L)

Q

Here z is an n-dimensional coordinate vector, and xq(«) is the indicator of a con-
nected domain  with sufficiently smooth boundary. We seek for an approximant
by taking a linear combination of the values of ¢(z) at the N points

L, (1.2)
called nodes, namely,
N N
() =) exp(z®) = / > ed(z — 20)p(z) de, (1.3)
k=1 k=1

where §(z) is the conventional Dirac delta function. We call (1.3) a cubature formula
by analogy with a quadrature formula in the one-dimensional case.
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The theory of cubature formulas consists mainly of the three branches dealing
with exact formulas, formulas based on functional-analytical methods, and formulas
based on probabilistic methods. Here we abstain from pursuing the probabilistic
approach, addressing the reader to the articles [61, 72, 73, 298].

The main topic of the present book is the theory of formulas whose approxi-
mation properties lean on the technique of functional analysis.

To each cubature formula (1.3) we assign the error

N

(lp) = I(p) - I"(p) = / { Xa(®) = 3 cxblz w("))}v(w)dw- (1.4)

k=1

The error is a linear functional, therefore also referred to as error functional, since
we require that the rules for choosing the nodes z(*) and the weights ¢ be indepen-
dent of specifying an integrable function. Integrable functions are assumed to be
members of some Banach space B embedded into the space of continuous functions;
ie.,

B - C(Q). (1.5)

This assumption guarantees that (1.3) is defined at every function in B. We assess
(1.3) by estimating
sup (I, )|-
llelBll=1

It is natural to consider sequences of cubature formulas with errors (V) as
the number of nodes N, i.e., the size of the set of nodes, increases indefinitely.
Convergence of (V) to zero may be strong or weak.

We refer to a cubature formula (1.3) with the exact value of the integral (1.1)
at each member of a given set of functions

¢17¢27--'7¢M (16)

as exact for 11,s,...,9s. We denote the integral of 3; by b;, i.e.,

@:/%m,
Q

further arranging b; in the column-vector b. The column-vector c is formed by col-
lecting the weights c; of the cubature formula (1.3). The ezact integration condition
for (1.6) is the equalities

N

> eapi@®)=b;, j=1,2,...,M.
k=1
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These may be rewritten in matrix form

Se=1b (1.7)
with
1/,1(35(1)) ¢1($(N))
S o= . (1.8)
¢M($(1)) z,bM(x(N))

The problem of determining the weights ¢ of an exact formula is dual to the
interpolation problem of finding a linear combination of the functions (1.6) taking
preassigned values at the points (1.2). We now prove the preceding claim.

Let

Y=a1hr + a2 + - +amdym (1.9)

be a sought linear combination with its values at the points (1.2) making the row-
vector d = (d@,...,d™)). Also, let the coefficients of the linear combination (1.9)
form the row-vector a = (ay,...,apm). To determine a, we have the system of
equations

aS=d (1.10)

which is adjoint to (1.7); i.e., the two problems are dual to one another.

Most usual is the case in which (1.6) consists of polynomials ordered by in-
creasing degree. The classical statement of the problem reads: the number of nodes
in (1.2) equals M, the number of monomials in n variables of degree at most m for
which (1.3) is exact. Clearly, M = (n + m)!/(n!m!). In this case the interpolation
problem is as follows.

Find a polynomial P(z) of degree at most m agreeing with o(z) at the given
points,

P(z(k)) — ‘p(x(k)), k=1,2,...,N.

The polynomial P(z) may be written as P(z) = az®, with a a row-vector of
length M and z® a column-vector of the same height

o
(M)
xa

Here o, a®, ... o) are all integer vectors with nonnegative entries satisfying
the condition . .
la(])l = agj) + ag]) 4.4 aE{) < m.
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To each function ¢(z) we assign the row-vector

93 = (‘P(x(l)), o "p(x(N)))

of the values of ¢(z) at the points (1.2). The values of the polynomial P(z) at the
points (1.2) are written down on using the Vandermonde matriz

S= | oo , (1.11)

We have the equality .
P =aS.

The interpolation problem is uniquely solvable provided that the matrix S is
nondegenerate. The solution, the row of the coefficients of P(z), is determined by

the formula
a= @S (1.12)

whereas the polynomial itself, by the equality
P(z) = gS7 12" (1.13)

The formulas (1.12) and (1.13) are called interpolation formulas.
The solution to the dual problem is the cubature formula (1.3) exact for every
polynomial of degree m. For this formula,

c=8"1p, b,~=/x°"”dz, j=1,2,..., M. (1.14)
Q

Observe that, by linearity, a cubature formula exact for polynomials of degree
m is also exact for polynomials of degree at most m.

Considering a nonsquare matrix .S, with M # N, introduce the operators S
and S;, a right inverse and a left inverse of S; surely, if such inverses exist. Now
the interpolation formulas (1.12) and (1.13) become

a=935r—17 P("L‘):‘ﬁs:lxaa (115)
and the weights in the cubature formula (1.14) are determined from the equality

c= S (1.16)
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The right sides of the cubature formula (1.3) and the error (1.4) may be defined
not only for numerical functions but also for abstract functions with domain €2 of
the dependent variable z = (z1,22,...,2,) and codomain a Banach space X. We
agree to assume that the functions f from R™ to X comprise some Banach space B.
The space B may be composed of functions continuous in . Instead of the error
functional /(M) we now speak about the error operator 1) mapping B to X. The
quality of a cubature formula is again characterized in terms of the rate with which
the sequence (I(N), ) vanishes. We give an example of pursuing this approach.

Assume that the Banach space X consists of sequences a = (a1, az,...,an,...)
and the values of f(z) belong to X. Here and elsewhere we habitually abuse notation
by signifying a function f of a variable z simply as f(z), despite the latter symbol
also standing for the value of f at a point z of the domain of definition of f. We may
thus view f as countably many ordinary numerical functions. In the example under
consideration, each numerical function fi(z), expressing the kth component of f,
belongs to a finite-dimensional subspace of dimension ng. Integration of an abstract
function f reduces therefore to that of each of the functions fx. We also assume
that the spaces X and B are endowed with some Banach norms.

Consider a sequence of error operators I(N). Say that this sequence vanishes
uniformly provided that the norms of M) tend to 0 as N increases indefinitely. In
this event the sequence is also referred to as strongly convergent to zero. To an
arbitrary positive real ¢ we may further assign an integer N(¢) such that, for all
N > N(e) and every f with |[f|lB < 1, the inequality holds

1AM, Hllx <e. (1.17)

By linearity of (), instead of ||f||p < 1 we may require the condition |||l < C
with some C. Obviously, N(¢) is then replaced with Ny(e) equal to N(e/C).

It is thus possible, given an e-neighborhood of zero in X and a set bounded
in B, to find an N(¢) making valid (1.17) with N > N(e).

Endow the space X with some special topology called the T-topology. Assume
that a neighborhood of zero in X consists of

a= (0,...,0,aﬂ+1,aﬂ+2,...).

Varying f, find the whole system of neighborhoods in the T-topology. We call
a sequence of error operators I(V) convergent in prozimity order if to every S there
is an index N(B) such that, for all N > N(8) and f € B, the member (I, f)
of X belongs to the neighborhood in the T-topology with index #. This means
that, for N sufficiently large, any arbitrarily prescribed number of the components
of the sequence (I(N ), f) vanish. We thus see that convergence in proximity order
of the error operators () amounts to the fact that all sequences (I(V), f) converge
uniformly in f in the T-topology.
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If the norms of the error operators (V) acting from B to X = I, are bounded
uniformly in N and the sequence I(™) vanishes in proximity order then this sequence
is obviously weakly convergent.

Consider the set B of analytic functions f in two variables ¢ and y, we also
denote them by f(z,y), which are defined in the unit disk and admit the convergent
Maclaurin series

f(z,y) = ao + aroz + a1y + ag0z? + an1zy + agay? + ... (1.18)
We identify f(z,y) with the sequence
f= (a0, a10 + ao1y, azz’ + anry + a2y’ ... )

whose kth entry presents a homogeneous polynomial of degree £ — 1 in the ex-
pansion (1.18). Each component f;(z,y) of the vector f is thus a member of the
finite-dimensional space of homogeneous polynomials of a given degree. Introduce
the norms in X and B by the formulas

lallx = suplaxl, |Iflls = max [If(z,y)llx-

In this event a sequence of cubature formulas converges in proximity order if for
every natural m there is an index No(m) such that

(N, Py=0 (1.19)

with N > Ny(m) for every polynomial P of degree m. Under the condition that the
sum of the moduli of the weights of the cubature formulas under study is bounded
by some constant L, the sequence of I(V) converges weakly.

Indeed, using the convergence of the power series (1.18) in §, choose 3 so as
to ensure validity of the following inequality

§ .
e izl < 7. 52 A

Let m equal fy and N > No(m). Then from (1.19) we obtain the equality
(I(N),f) = (0’0, vy 0,@me1, Gmta, - - )

The coefficients ay are readily written down as

N
aj ==Y exfi(z®,y®).
k=1
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Therefore,

N
10, Pl < sup las| < sup Y feulf (=X, 59)
j2m izm k=1

N
S(Zlckl) sup |fi(z,y)l <6

P i>B1,22+y?<1

This just means that the sequence of I!N) converges weakly.
Assume that the original problem consists in approximate calculation of the
integral

/ f(z,y) dedy
r24y2<1
by means of a sequence of cubature formulas with increasing order. The last ex-
pression means that the successive formulas exactly integrate polynomials of degree
increasing with the index of the sequence. The above scheme reduces the prob-
lem to constructing a sequence of error operators which vanishes uniformly in the
T-topology. The algebraic approach to the problem of approximate integration is
thus replaced with the functional-analytical approach.

§2. Functional-Analytical Statement of the Problem

Specifying a cubature formula (1.3) amounts to specifying the respective error

N
I(z) = xq(z) — ché(:t — (),
k=1
The linear combination of Dirac delta functions in the above equality is called the
discrete component of l(z). We assume that the integrand ¢(z) is a member of
some Banach space B and [(z) is a bounded linear functional on B, i.e., a member
of B*. Consider the following two possibilities.
THE Lgm) SPACE. Let the function ¢(z) with domain R" have all derivatives
up to order m locally integrable and

e | L& = {/ > %|Dutp|2 dw}l/z < 400, (2.1)

|aj=m
The integral here spreads over the whole R™, and summation is taken over some
multi-indices a = (a1, @z,...,ay) with integer coefficients,
n
e
| — lavo ! ! = . D%y =
al = ajlaz!. .. ap! |a|—ZaJ Y= —.
’ = ’ 0z7'0z3* ... 0z
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The members of Lgm) are equivalence classes composed of functions differing from
one another by a polynomial of degree less than m and having the integral of (2.1)

finite. Clearly, (2.1) defines a complete norm in Lgm).
For the error ! to make sense on Lgm), the following conditions are necessary

(1,z*) =0, |aj<m. (2.2)

If in addition 2m > n, i.e., the hypothesis is satisfied of the First Embedding
Theorem [265]; then I(z) is bounded in Lgm).
By analogy, we define the Lgm)(ﬂ) space whose norm is given by the equality

le 1 8™ @]l = { D> %!ID%I"’dx}m- (2.3)

Q lal=m

THE ng) SPACE. Assume that a function ¢(z) has all derivatives up to order
m locally integrable in R" with the integral (2.3) finite for every bounded domain {2.
Also assume that 2m > n, and ¢(z) is a periodic function with period matriz some
matrix H, i.e.,

p(z+ Hy) = p(z), z€R" (2.4)

where v is an arbitrary integer column-vector (i.e., having integer entries). To the
matrix H we assign its fundaemental parallelepiped Qg by putting

QD={zeR":e=Hy, 0<y; <1, j=12,...,n}.

As a rule, we assume that H is an orthogonal matrix. The members of ng) are
equivalence classes composed of functions differing from one another by a constant

summand. The norm of ng) takes the form

F(m) ml e g
o1 571 ={ [ 3 Ziperas} .

Q, lal=m

To distinguish the spaces that correspond to different matrices H, we sometimes
use the notation fgm)(H ). Observe that Eg'") is a complete space.

The norm of Lgm) is invariant under arbitrary orthogonal transformations of
coordinates. In other words, if ¢ = Ay, with A an orthogonal matrix, and ¥ (y) =

¢(Ay) then
lle 1 25™) = [l 1 5™



Problems and Results of the Theory of Cubature Formulas 9

The reader can state analogous propositions for igm).

The varying parameters of a cubature formula are the nodes z(*) and the
weights cg. A cubature formula whose error has a minimal norm in B* subject to
the condition that the number of nodes N is fixed is called optimal in the space B or
B-optimal or simply optimal. We do not study the general problem with arbitrary
nodes, confining exposition to the case in which the nodes comprise a lattice; i.e.,
the nodes are the points 2(Y) = hH~. Here h is a small positive parameter called the
lattice mesh-size of the lattice of nodes hH«; the letter H is an n X n-matrix with
unit determinant referred to as the lattice matriz; and v is an integer column-vector.
In this event, we call a cubature formula a lattice cubature formula.

The error I(z) of a lattice cubature formula is the generalized function

(2) = xg(2) = Y h"clyl6(z — hH?Y). (2.5)
hH~€EQ

In the case of the space of periodic functions ng) the domain € in (2.5) is replaced
with the fundamental parallelepiped €2y. We also assume that the period matrix is
a multiple of the lattice matrix in this case.

Consider the behavior of the error at small h. To this end, we need the concept
of Epstein zeta function whose arguments are a matrix A and a natural s. The

Epstein zeta function is
1
((A]s) =

R
p#0 B

with rg standing for the distance from the point Af to the coordinate origin,
rg = |AB* = (AB)*(48) =) (4B)}.
=1

If A is the identity matrix then here and everywhere in the sequel the symbol
|8] = | AB| denotes the Fuclidean norm of a vector § € Z™. Only on a few occasions
the symbol |§| stands for the order of the multi-index |3|, i.e.,

The reader will always see what notation is implied from the context. We have the
following

Theorem 1.1. All weights c[y] of the error (2.5) corresponding to an Egm) -op-
timal cubature formula are equal, and the norm of the error is

11 ZS™*|| = Ba,mllxa, | L2l*2h™, (2.6)
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with

Bum= () VEETT2m)

Observe that for n = 1 the quantity ¢(1 | 2m) is expressed through the con-
ventional Bernoulli numbers By, by the formula

2 2m
0t 2m) = (-1 L B,
It is thus reasonable to call
2m)!
Bun(H) = (~1)" 25 0(# | 2m)

the generalized Bernoulli number with matriz H. Hence, (2.6) may equivalently be

rewritten as )
B2m(H—1* ) 1/

(2m)!
ProOOF OF THEOREM 1.1. Use the strict convezity property of the unit ball
in Lgm)*. We recall the property. Let l1,ls,...,[; be some functionals belonging

125 = A 2]

to the unit sphere of Zg"‘)*, and let yq, o, ..., pr be nonnegative reals with sum 1,
namely,
k
i >0, Zu; =1
Jj=1
Then the respective linear combination lies in the unit ball of ng)*, ie.,
k ~
dowili | I <1 (2.7)
j=1

Equality holds here if and only if all /; coincide.

From strict convexity it is immediate that there is a unique optimal error in
ng)*. For, were it otherwise, we would find at least two errors with the same
minimal norm. As follows from (2.7), their half-sum would then have the norm less
than each of them; a contradiction.

Now let the error I(z) in the shape of (2.5) with Q = Q4 have a minimal norm
for a fixed lattice of nodes hH7y. Then, every I(z — hH¥) with hHy € Qq clearly
has the same minimal norm as /(z). The arithmetic mean of these errors also has
a minimal norm by (2.7) and may be written as (2.5) with = Q. The weights
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c[y] of the arithmetic mean coincide, and the error (2.5) itself is exact for every
constant function. Consequently, c[y] = || for all 4. Optimality of {(z) implies
that this error coincides with the arithmetic mean, which proves the first part of
the theorem. _

Demonstrate (2.6). Observe that Lgm) is a Hilbert space whose inner product
is given by the formula

m!
e, ¥lm = / HZ DD d.
QU aj=m

By the Riesz Theorem every bounded linear functional ! on a Hilbert space may be
written as inner product

(1,9) = o, ¥tlm, @€ IL™. (2.8)

Here 9(z) is a uniquely determined member of Egm) called the eztremal function of

I(z) on, more verbosely, Zg"‘) -extremal function. Integrating by parts the expression
on the right side of (2.8) and using periodicity of ¢ and i;, derive the equality

(L) = (-1)" / A™py(z)p(z) da.
Qo

So, the function ¥;(z) is a weak solution to the equation
A™(z) = (~1)"I(z). (29)

If I(z) has a minimal norm in Eg"‘) then it is easy to construe a solution to (2.9)
as a Fourier series. Denoting the former by 1(z), we have

7 h 2m 1 : h—lH-l
¢($) = — (——-) Z —_—*—;8'2"ﬂ . (2.10)
2w ot |H-1*B|2

From (2.8) it follows that
111257 = @, 9). (2.11)

Inserting the expansion of (2.10) in (2.8), arrive at (2.6).

The proof of Theorem 1.1 is complete.

Assume that the closure of Q lies in the interior of @y, the fundamental par-
allelepiped of H. This agreement remains effective in what follows. Assume also
that the boundary of  is piecewise-smooth.
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We now explicate the last concept. Let T'®) be a closed part of the boundary
T of 2. Consider the set leo)v, h > 0, comprising the points of  at a distance less
than h from I'(®). Assume existent a one-to-one change of variables y = f(z) and
¢ = ¢g(y) with continuous derivatives up to some order which sends ng) to a part
of a polyhedra without selfintersections so that I'®) transforms into a part of the
boundary of the polyhedron. Clearly, if such mapping y = f(z) is available near to
I'®) at a given h, then we may use the mapping for all smaller values of h. In this
event we say that the domain § is bounded near to the part I'®),

Consider the indicator xq(z) of . This indicator decomposes in infinitely
many ways into the finite sum

N
XQ(:E) = Z Xj(SU),

whose every term has range the interval [0, 1] and is infinitely differentiable in the
closed domain Q. Each of the decompositions of the indicator of § is called an
(infinitely differentiable) partition of unity.

Consider the supports F; = supp xj(z) of the entries of a partition of unity.
The summand x;(z) is called bounding provided that F; NT' # &, with I standing
for the boundary of (2.

Put I'; = F; NT. This set is the part of the boundary of F; which is included
in the boundary of 2. Enumerate the members of the partition of unity under con-
sideration. Denote by xo(z) the sum of all “inner” terms and by xi1(z),... ,xn(z)
the bounding entries

N
xa(@) = xo(2) + ) xi(2)-

Suppose that Q2 possesses a partition of unity such that the support F; of each
member is bounded near to the part T'; for all j = 1,2,... ,N. In this case Q is
called a domain with piecewise-smooth boundary.

Theorem 1.2. The norm of an error of the shape (2.5) in Lgm)* satisfies the
inequality
11 LS| 2 Bam| Q20 + O(A™+), (212)
with B, n, the same constant as in (2.6).

We just sketch the proof, leaving exposition in more detail to Chapter 5. The
function ¢(z), given by (2.10), depends on the lattice mesh-size h as follows

Py = (),
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with u(z) standing for the function (2.10) taken at h = 1. Put
v(z) = u(z) — u(0).

Now the function h?™v(z/h) is extremal for the optimal error on ng). This func-
tion is 0 at every node. Define the function

o(z,h | Q) = 2™y (%) n(z,h | Q).

Here n(z, h | ) is a truncator for the domain §; the concurrent terms are a cut-off
function or a bump function. A truncator n(z,h | Q) is a function possessing the
following properties:

(a) n(z,h | ) = 1 at every point = in Q at a distance greater than 2k from
the boundary;

(b) n(z,h | ) = 0 at every point z outside Q and also at the points of Q lying
at a distance less than h/4 from the boundary of §;

(c) for all multi-indices @ such that || < m and all sufficiently small A the
estimates are valid

|D%n(z,h | Q)| < Koh™'el,

As a truncator we may for instance take the integral

/xgz(y)o(w, y | h)dy,

where (2}, comprises the points of 2 whose distance to the boundary of § is greater
than h, and the function o(z,y | k) is the standard averaging kernel [265, 266).
Calculation shows that

[pm0 (3) - e(@n 1 ) | (@) < KA,
with K independent of k. Therefore,
e,k | @) | LS| < Bomh™ /1] + O(R™ ).

Calculate the value of the initial error {(z) at the truncated function ¢(z,h | Q).
Observe that the nodal values of ¢(z,h | Q) are all 0. Therefore, the value of ()
at ¢(z,h | Q) does not depend on the choice of weights. Hence, it coincides with
the integral over {2 of the function under study. Basing on this, we may show that

(L o(z,h | Q) = By ,h*™|QI(1 + O(R)).
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By definition, the norm of {(z) is not less that the ratio

(la QO(IL‘,h | QZ?,,) — Bn’mhm|gll/2 + O(hm+1).

The proof of Theorem 1.2 is complete.
Fix two positive reals Ko and L. Consider a family I/,(z) of functionals de-
pending on an integer vector v and satisfying the conditions

li4(z) | C*|| < Ko, supply(z) C {z:|z| < L}. (2.13)

A functional of the shape l,(z/h — H7) is called an elementary error. Say that
an elementary error has order s, if it is exact for every polynomial of degree less

than s, namely,
(l.., (% - H'y) ,x“) =0, |a|<s.

Denote by By, the set of v such that the distance from the point ZH~ to the set Q
is at most Lh. Let the error in the shape of (2.5) be expressed as

e)= Y 1, (5 - H) = Z L (3 -Hy)+ Z L(3-Hy). @)

v€BL ~eB{! ~€B?

Here Bg) U Bg) = By, and every elementary error I, (z/h — Hv) has order m + 1
except possibly those with v belonging to B(Lz). In this event the functional cor-
responding to v € Bgl) has order m, and the total number of these I, as h — 0
does not exceed Koh!'~", with K, a constant independent of h. We call (2.14)
an equidistributed error.

Consider an equidistributed error with the set Bg) consisting of v such that
the points hH~ are at a distance at most Lk from the boundary of the domain Q.
The set B(Ll) comprises the points 4 of By such that hH« lie in Q at a distance
greater than Lh from the boundary of Q. Redenote Bg) and B(L2) by Bg) and B(LI) ,

respectively. Assume that all errors [,(z) with v € Bg) are the same. Then the
initial functional may be written as

@)= 3 b (%——Hy) + Y (——H7) (2.15)
v€BY) v€BY

We call it an error with reqular boundary layer.
Observe an important property of an error with regular boundary layer: Unity,
the number 1, is the common value of all its weights ¢[] corresponding to v such
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that the point hH+ lies at a distance greater than 2Lh from the boundary of 2.
Indeed, by (2.13) each of these weights ¢[y] appears from summing the same finite
number of the elementary errors ly (z/h — Hy). Since ly(z) is exact for a constant
function, all c[y] under consideration equal 1.

The way in which a given error I(z) with regular boundary layer decomposes
in the shape of (2.15) is not unique. We may take a decomposition (2.15) such that
lo(z) is an arbitrary preassigned functional of order at least m + 1 satisfying (2.13).
Note that in this event the constants K, and L depend on the order m + 1 and
tend to infinity as the order increases indefinitely.

We now describe a constructive method for making functionals with regular
boundary layer. Partition a given domain {2 into elementary parts 2., each of which
results from intersecting 2 with one of the meshes of the lattice with lattice matrix
hH, the latter presenting the translates of the fundamental parallelepiped of hH.
The indicator of Q decomposes into the sum

T

Xa(@) =Y Xa, (@) Xa, (@) =xal@)x, (7 — H7)-

Here x,(y) is the indicator of the fundamental parallelepiped of H. Arrange the
cubature formulas for integration over each part {2, and sum them.

We now specify the way of constructing cubature formulas for integration
over {2,,. First, find some error

lo(y) = xo) = Y, clv16(y — HY')
IvI<L

of order 2m+2 for the fundamental parallelepiped €2y. This is possible to accomplish
at sufficiently large L. More precisely, L, being at least (n+2m+2)!/n!(2m+2)!, will
do. Further, for all 4 to which there corresponds the elementary error lo (z/h — Hy)
with support in Q, put

()= (3.

We agree that the set of such v comprises B(Li). For the remaining nonempty meshes
2, we take the error in the shape

T
L (G- B) =xe, @)= ¥ Wellee -~ hHG =1
[v' ~¥I<L
hRH~' €Q

The weights c,[y'] should be taken so that I,(z) has order m.

Summing the elementary errors over all v € Bg) U Bg), we clearly obtain
the error of a cubature formula with regular boundary layer.
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Theorem 1.3. The norm of each equidistributed error is bounded from above
by K1h™, namely,
11 LS| < Kah™, (2.16)

with Ky a constant depending on 2, m, n, and | but not on h.

Theorem 1.4. The norm of every error with regular boundary layer satisfies
the inequality
11 ZS™*|| < Ba,mh™ |2 + Kh™H, (2.17)

Here By, is the constant of (2.6) and K is independent of h.

Comparing Theorems 1.2 and 1.4, we see that an error with regular boundary
layer given a lattice of nodes hH+vy and a sufficiently small mesh-size h has the
norm different from its lower bound by a higher order infinitesimal. We call such
a cubature formula asymptotically optimal.

We now sketch the proof of Theorems 1.3 and 1.4. Our argument grounds on
a detailed study of (2.9). The solution to (2.9) is written down as convolution of
the right side with the fundamental solution G n(z) to the polyharmonic equation.
In odd-dimensional space, G n(T) = 5m,n|z|>™ ", where

_(=)"T(n/2-m) (—=1)(n=1/2
Hmn = T (my2Eman/t | D(m)D(m — n/2 + 1)22mgn/2—1°

These descriptions for the constant sm » involve the familiar rule
I'(n/2—m)[(m—n/2+1)= (_1)("_1)/2+m7r.

In even-dimensional space, there are two different expressions for Gm,»(z). For
2m < n,

Gmn(2) = tm,n|zP™ 77, (2.18)
with
(=1)"T(n/2 —m)
J{ﬂ'! n = )
’ I‘(m)22m7rn/2
and, for 2m > n,
Gmn(T) = s n)z|*™ " log |z| (2.19)
with the constant
(_1)(n—2)/2

#man = D) (m — n/2 + 1)22m—1gn/2’
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In these formulas, it is surely assumed that |z|* = }~7_; 2. Each of the two forms

of expressing the constant s¢m » in (2.18) and (2.19) is applicable only if 2m > n
or 2m < n, respectively. For n odd or for |a| > 2m — n the derivative of order « of
Gm,n(z) satisfies the estimate

|D*Grmn(2)| < Ke[m71e,

with K a constant independent of z. If n is even and |a| < 2m — n, then we have
the inequality
D% Gon ()] < Klaf*™" 1 [log Jo].

Further estimation of possible solutions to (2.9) is based on the following

Lemma 1.1. The convolution of Gm n(z) with an elementary error I(z) of
compact support and order s > 2m — n admits the estimate

1
(1 + |£I)l2)("_2m+3)/2 '

|G xl(z)] < K (2.20)

At sufficiently large |z|, the lth order derivative of the convolution under study is
O(|z|>™—"=!1=2) if I+ s > 2m —n or n is odd; it is O(|z]|*™~"~!=* log |z|) otherwise.

To check the validity of Lemma 1.1, it suffices to expand G, n(z — y) in the
Taylor series in the powers of y with a remainder and insert this expansion in the
definition of convolution

Gmn(z)*l(z /Gmnz— y)l(y)dy.

Further estimates are given in Chapter 5.

Write a solution ¢;(z) to (2.9) as

Yi(z) = (=1)"Gm,n(z) xl(z) = (-1)™ / Gman(z —y)l(y)dy.
Inserting (2.14) or (2.15), find that

z)= Y ty(z—hHy), (2:21)

Y€BL

where ¢¥,(z) = (=1)"Gm,n(z) * Iy (z/h). We dominate every term .,(z) of the
series (2.21) by Lemma 1.1. Then by the integral test for series we estimate the
norm of the total sum ¢;(z). Recalling that ;(z) is the extremal function of I(z)
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and so its Lgm) norm coincides with the Lgm)* norm of I(z), obtain the sought
estimate (2.16) of Theorem 1.3.
The proof of Theorem 1.4 is more involved. Let I(z) be an error with regular

boundary layer in Q expanded as in (2.15). Compare its Lgm)* norm with the value

of the simplest fgm)-optimal error

loo(2) = xgq,(2) = Z h"8(z — hH7) (2.22)
hHYEQ,

at the truncated extremal function x, (z)(3(z) — $(0)), where %(z) is determined
from (2.10). The extremal function ;(z) of I(z) is a solution to equation (2.9) and

LS| = (), (=)

Write down the right side of this equality as

U, ) = / loo(2)0(x) dz+ / (U(z) =l ())5(2) dz— / (2)[5(z) —i(z)] dz, (2.23)
Q Q Q

with ¥(z) standing for the difference 3(z) — %(0). It may be shown that the first
summand in (2.23) has the form

/loo(-’ll')’l\)/(.’ll) dr = Bi’mhzmlgl + O(h2m+l).
Q

The second summand in (2.23) is small since the support of the difference loo(z) —
I(z) intersects the domain 2 by a thin layer. More exactly, we have the following

Lemma 1.2. The difference of loo(z) and l(z) is an error with regular bound-
ary layer for the domain Qg \ Q.

Check the validity of Lemma 1.2. The value of the simplest functional at each
function ¢(z) in Lgm)(H ) may be written as

(loo, ) = Z (lo (% - H’Y) vﬂo(‘”)) )

hH~€ERy

with lo(z) the error in the expansion (2.15). Therefore, in the difference

*(z) =lo(z) = I(2)
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all summands Iy (z/h — H7) are cancelled out when v € Bg); whereas the elemen-
tary errors ly (z/h — H+) remain unchanged which correspond to 7 such that the
points hH~ lie in Q at a distance greater than Lh from the boundary of Q. For

all y € Bg) the elementary errors in the expansion of [*(z) take the form

o (5m) 1 5

The proof of Lemma 1.2 is complete.
Using Lemma 1.2, it is easy to estimate the second summand in (2.23)

< Kh2m+1 .

[ [ ttelo) - 1) (0)
Q

The third summand in (2.23) is also O(h2™*1). The remaining estimates are given
in Chapter 5. Combining the estimates of the three summands on the right side
of (2.23), arrive at (2.17) and so obtain Theorem 1.4.

We have demonstrated how to construct a family of errors with regular bound-
ary layer. It turns out that, with a fixed matrix H and the vanishing lattice mesh-
size h, these errors are asymptotically optimal. In this event the constant By, m,
occurring in the asymptotic expansion of the norm of an error with regular bound-
ary layer, varies with H. The definition of B, ,, implies that it stands to reason to
choose the lattice matrix H so that at a given m the corresponding Epstein zeta
function attain its minimal value.

The problem of finding such H is a hard problem of number theory. At m
large, the Epstein zeta function coincides asymptotically with the ratio K/r2m
where K is a constant independent of H and rnin, 1S a minimal distance from the
points H~'*v, 4 # 0, to the coordinate origin. This ratio becomes a minimum
at the choice of the matrix H~!* maximizing the value of ryin. The nodes of the
corresponding lattice are the centers of the spheres comprising a closest packing in
n-dimensional space [191]. Consequently, the best matriz H is the inverse of the
transpose of the lattice matrix corresponding to the lattice of the closest packing of
spheres. G. F. Voronoi proposed an algorithm for finding such packings in space of
arbitrary dimension. His algorithm is, however, hard to implement. In fact, these
lattices were discovered by various scientists in dimension n < 8. The reader may
find an overview of relevant results in [294].

In closing, we note that to determine the norm of an error by (2.6) given
n, m, H, and h it is necessary to be able to calculate the values of the Epstein
zeta function. In this connection, we refer to the articles [86, 208, 293] proposing
appropriate algorithms.
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§3. The Order of a Cubature Formula on Infinitely
Differentiable Functions

Until now we study function spaces, not assuming that their members have
derivatives of arbitrary order. Now we consider cubature formulas in the classes of
infinitely differentiable functions assumed periodic for the sake of simplicity.

Say that a function ¢(z) belongs to the class C(B | A), provided that, first, it

is periodic with period matriz H, i.e.,
p(z+Hy)=¢(z), z€R", yeZ,

and, second, the sequence of its derivatives has definite growth with increasing order
of differentiation

sup |D%p(z)] < KalAl®|o|B+1/Dlalg=al2|g|k |a| > 0. (3.1)
IEQO

The constant K can depend on ¢ but not on a. The class 5(,8 | A) is a specification
of the Gevrey classes [211, 274].

A linear change of variables, in particular, a scaling, sends the class C (B A4),
to a generally new class C(8 | A;). Moreover, the number 3, called the order
of every member, remains unchanged and the number A, called the type of every
member, may change. The class C(8 | A) is, however, given so that the sequence of
estimates (3.1) remains unchanged under arbitrary orthogonal transformations of
the independent variable z. In other words, orthogonal transformations send this
class into itself; i.e., we have

Theorem 1.5. Let T be an orthogonal square matrix. If a function ¢(z)
belongs to C(B | A), then the function (y) = ¢(T'y) belongs to the same class.

Certainly, 4(y) is a periodic function with period matrix the product T*H
rather than the period matrix H.
The proof of the theorem leans upon estimation of the shape

Bo(r) = 3 L
laj=m

at every natural m.

Lemma 1.3. If the derivatives of a function ¢(z) satisfies the inequalities
(3.1), then ®,,(z) admits the estimate

|®m(z)| < KA™mPmm " |z|™ (3.2)

for all complex x and A = p.
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Lemma 1.4. If o(z) is a periodic function and for all z¢ in the fundamental
parallelepiped Qg the estimates (3.2) hold for ®,,(z — z¢), then ¢(z) belongs to the
class C(B | A) and the inequality (3.1) holds for p = A + n.

An orthogonal change of coordinates transforms ®,,(z) in the Taylor series for
a function ¢(z) into the same form in new variables. Using this and successively
applying Lemmas 1.3 and 1.4, we derive Theorem 1.5.

The functions of the classes C(B | A) at different 3 and A behave differently.
Let 5 equal § + 1 and consider the following five cases.

1. 3¢ < 0. The class C’(ﬂ | A) comprises constant functions.

2. » = 0. Each member of C(ﬂ | A) is a trigonometric polynomaial, that is

a (finite) trigonometric series
E a[,y]ei27r'yH‘1z

[H-1*y|<KA

The order of such polynomial is finite and depends on A. Namely, as A increases,
it grows. _

3.0 < » < 1. The class C(B | A) contains the entire analytic functions
meeting the periodicity condition and having order p and type o, where p = —1/8
and o = A?/(pe).

4. s = 1. The class 5(0 | A) consists of analytic functions whose power series
expansion at every point of {2y has the radius of convergence bounded below by the
ratio 1/A.

5. % > 1. The class C(8 | A) contains periodic functions that in general are
not analytic, in particular, various quasianalytic functions.

The spaces C(, 4, \), C(x, A), and C() analogous to C( | A) are considered
in Chapter 7.

Estimate the value of the error I(z) of a given cubature formula at some function

o(z) € C(B | A) to obtain
1) < LIS e 1 287 (3.3)

This estimate holds for an arbitrary m, and so we may choose the fittest value of m.
Such is the number my = mq(k) at which the right side of (3.3) attains a minimal
value provided surely that the respective minimum exists.

Consider a particular example in which the expression on the right side of (3.3)
admits a dominant in the shape of an explicit function of the arguments m and h.

Theorem 1.6. The norm in Egm) of an arbitrary function p(z) € C(8 | A)

admits the estimate B
Hcp | Lg'")|| < KA™mB+Ompm A (3.4)

with K and X\ constants independent of m.
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The inequality (3.4) is easy to derive from the definition of the norm in ig’")
on using the series of estimates (3.1) and the Stirling formula.
Set in (3.3) the error [(z) equal to loo(z) and use the formula (2.6) for the norm

of lo(z) in ng)*. Then, considering (3.4), infer that
[(loo, )| < KBy Q0| /2R™ A™m>™+2, (3.5)

The function ((H~1* | 2m) obviously decreases and vanishes as m increases indefi-
nitely. At m large this function admits an asymptotically exact expansion

oy K 1
= (10 (2)

with rmin the minimal distance between the nodes H~'*y and K the number of
nodes at the minimal distance from the coordinate origin. At m large, (3.5) thus
implies that

Ah

27 P min

(oo < K (G0 0™ = m, ),
A minimum of ¥(m, k), with h fixed and m varying, is easy to find. As a result,
arrive at the relation

[(loos )| < KR ™Mo /M™,

_ x (2mermin 1/
s = S 1 .

Consequently, for m however great, the accuracy of the cubature formula is
O(h™) uniformly in all ¢ satisfying (3.1) with a fixed K. In this event we say that
the corresponding error has infinite order.

The number my at which (m, h) attains a minimum given & coincides with

the integer closest to
l 27 e min 1/
e hA '

Observe that, although the cubature formula with equal weights has infinite
order for periodic functions, this is of no avail for any finite A > 0 with the exception
of the case » < 0 in which every function in C(s | A) each of which integrates
exactly starting from some h.

" Experimenting with numerical integration of functions by means of formulas
of various order leads to results rather reminiscent of those described just away.

where




Problems and Results of the Theory of Cubature Formulas 23

Namely, increasing the order of a formula at a fixed & leads to improving the
accuracy of results only up to some mg. Further increase in order involves no
perceptible changes. The smaller h is, the higher order becomes beneficial.

We estimated the rate of convergence of cubature formulas on periodic func-
tions because we knew the expression for the norm of errors as an explicit function
of the order m and the mesh-size h. In the case of aperiodic functions, we un-
fortunately lack similar information. However, in Chapter 7 we obtain a needed
expansion for the error of Gregory quadrature formulas.

§4. Errors in Wz,(m)

In practice it is important that calculation of an integral uses as few operations
as possible while providing preassigned accuracy. Therefore, it is convenient to pose
the problem as follows: at the first step, fixing the cost of calculations, i.e., the
total amount of operations, provide possibly maximal accuracy; at the second step,
choosing the scheme of operations as shown best at a fixed cost, find the actual
number of operations.

To construct a sought approximation to a function ¢ or to the integral I(yp),
some job should be carried out. We assume that the cost of calculations is propor-
tional to the number of points at which we are to know ¢. The problem posed above
reduces to studying the approximation methods that provide the best accuracy at
a given number of nodes N. We treat these formulas as optimal.

Considering a cubature formula (1.3) with N fixed, we are free to choose the
nodes z(¥) and the weights cx. Choosing weights at given nodes is a linear problem
which we inspect completely. On the other hand, the choice of nodes is by far a
harder problem. We do not address it in full generality, confining exposition to
the case in which the system of nodes K is a parallelepiped lattice and only the
parameters of this lattice vary.

In a functional-analytical setting, the quality of a cubature formula is charac-
terized by the B* norm of the error. The choice of the initial space B, as is most
often in the theory of computations, is arbitrary to some extend and depends in
practical situations on the intuition and taste of the user. Unfortunately, this choice
is partially dictated by a wish to have a problem solvable by the very method that
the author invented since the most natural statement may seem to be too hard.
We state here only two conditions that in our opinion should be imposed on the
space B in general.

1. The value of the error

N

I(z) = xg(z) = Y ckb(z — z*) (4.1)

k=1
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is determined at every function ¢(z) in B only in the case when ¢ is continuous.
We therefore naturally require that B be embedded in C(£).

2. The presence of an embedding of B in C(2) is insufficient if only we want
to have a possibility of controlling the quality of a cubature formula by increasing
the number of nodes N. Indeed, if B coincides with C({2) then the norm of (4.1)
is given by the expression

N
e =190+ lexl.
k=1

This quantity is bounded from below by a positive real, i.e., it does not vanish as N
increases indefinitely. To obviate similar nuisances, we require that the embedding

of B to C(f2) be compact.

Lemma 1.5. Let the embedding operator of B to C() be compact. Then
there is a sequence of errors like (4.1) whose norms may become however small as
N tends to infinity.

PRrOOF. By hypothesis, the closed unit ball of B becomes a subset of a compact
set in C(?). As is known, in this case the ball consists of equicontinuous functions.
In other words, to an arbitrary positive ¢ there is a § = §(¢) such that, for every
function ¢ in B with norm at most 1, the inequality holds

(@) — o) <& if [z -yl < 6(e). (4.2)

Using such 6(¢), find N points (1), ..., z(™ in Q such that the union of the balls
{y : ly — 2®| < 8(¢)} over all k from 1 to N covers the whole domain Q. These
points we take as the nodes of the sought error. Further, the balls centered at z()
of radius 6(¢) obviously induce a partition of {2 into some elementary portions £;.
We let the weight ¢; equal the volume of €. Then for all functions ¢ in the unit
ball B we obtain from (4.2) that

N
| [ ode=3 Iouliela®)
Q k=1

N
<y / lo(y) — p(a®)]dz < €],
k=l Qk

Hence, |(I, )| < €|€| uniformly in ¢ belonging to the unit ball, i.e., ||{ | B*|| < ¢|].
The prove of Lemma 1.5 is complete.

To find the explicit B* norm of the error [y we use the concept of extremal
function. A function v in B is B-eztremal for a given error Iy provided that the

equality holds
(Inv,u) = [liv | B[|||u | B]-
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Choosing an extremal function u with norm 1, for ||{x | B*|| we obtain the following
expression

x| B*)| = (v, w)-

Existence of an extremal function should be proven in general. Most convenient
for this purpose are the Hilbert spaces. In these spaces, each extremal function
is expressible through the given functional by virtue of the Riesz Theorem on the
general form of a bounded linear functional.

Along with the spaces Lgm), Ef;"’, and Lgm)(Q) introduced in § 2, we are also
interested in the spaces Wz,(m), ng), and Wém)(Q). Recall the definitions of the
latter. ~ _

The space W(2m) is the direct sum of Lgm) and R!, since in the set of periodic

functions each element with zgm) norm 0 is a constant function. We introduce the

norm in ng) by the equality

ke |57 = {lu(o) + e | E|}7,

where p is an arbitrary norm on L. We may for instance put
1/2

1 2
M) =3 Q/ (@) de

In this case the norm of an element ¢ in W (™ is easy to express through the
Fourier coefficients of ¢. Assume that

o(z) = Y cp[Ble2mPH 2, (4.3)
B
Then . ,
e IWEI" =3 leolBIP (1 + [2nH 1 B12™). (4.4)
B8

The space Wém)(Q) is the direct sum of Lgm)(ﬂ) and the space P,,_; of poly-
nomials of degree less than m. In the case when §) coincides with R", we simply
write W2(m) instead of WQ(m)(R"). Assume that there is an operator II project-
ing Wz(m)(Q) to the subspace P,—1. Then the norm of an arbitrary function ¢
in Wz(m)(ﬂ) may be written down as

o | W@ = {ITe | Prcal® + o | L@} (4.5)
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Interpolation operators are natural projections of Wém)(ﬂ) to P,,. We con-
structed one of such operators in § 1, by assigning to each continuous function ¢(z)
a polynomial P(z) of degree m taking the values ¢ = (p(z1), ..., p(z(M)) at the
given nodes z(1, ..., z(M_ Recall that

P(z) = S 'z*. (4.6)

This polynomial is defined and solves the interpolation problem if the dimension
M of the space P,, equals the number of nodes N, and S, the Vandermonde
matriz (1.11), is nondegenerate.

If the number of points N in (1.2) is not less than M then, generally speaking,
given the system of the values @ of a function ¢ at the nodes of (1.2), it is possible
to construct infinitely many operators mapping ng)(Q) somehow to the space P,
of polynomials of degree m. All these operators have the form

P(z) = gY 2 (4.7)

where Y is a matrix of size N x M. Each of these operators is called an interpolation
operator; and (4.7), an interpolation formula.

Assume that we are to find an interpolation operator that serves as the iden-
tity operator in the space P, of polynomials of degree m. Clearly, this operator
recovers each polynomial az® of degree m from the given nodal values at (1.2).
This condition may be written as

aSYz%* = az®, =z €R",

or, in equivalent form, as

aSY =a.

Since a is arbitrary, this is possible only if the matrix Y is a right inverse of .S, which
in turn happens only when N < M. If N < M then the matrix Y is nonunique in
general. In this event, (4.7) is written as

P(z) = ¢S 2™ = TIp. (4.8)

When M = N the polynomial (4.8) coincides with the given formula (4.6).

We exhibit an example of the system of points such that the Vandermonde
matrix S has a right inverse, implying that (4.8) gives a projection of ng)(Q)
to P,,. We need some elementary facts from interpolation theory which we expose
below.
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In the case of one variable ¢, given an integer k¥ > 0, we call the Newtonian
power [k] the function t*! defined by the equality

=1, M =gt—1).. . (t—k+1), E>1
In the case of n variables, the Newtonian power y* is defined as
ylel = ylmlyledl L yleel,

Denote by A the finite difference with mesh-size 1 for a function of one variable,
and by AF, the taking of the difference k times, i.e.,

Af(t) = f(t+1) = f(t), A*f=A(AM).
Then in the case of n variables, put
A f(z) = AMA%? LAY f(z1,T2,...,Tn)-
We have the following
Lemma 1.6. Each polynomial P(z) expands uniquely in Newtonian powers

P(z) = Z PalT — :E(O))["]. (4.9)

|a|<m
In this event, the coefficients p, are defined from the formulas

_ AQP(.’E())

a!

Pa , lal <m. (4.10)

PROOF. For a function of one variable we have

k-1
=tk 1) at).

j=1

Therefore, the transition matrix from the system {t¥}¢_, to the system {t(*1}¢_,
is triangular with 1s on the main diagonal and nondegenerate. Consequently, t* =
S 5_o lktlkl. In the case of n variables, we have the equalities

o;

n n J
Yo = H Y = H Z bkj,jyg‘kj] - E 15yl7!
j=1 J7=1

kj=1 0<p<La
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which immediately entail (4.9). ‘

We establish uniqueness by proving the formula (4.10) for coefficients. Apply-
ing to both sides of (4.9) the finite difference A* at the point z(%), observe that
A°ylBl|,_o = a!68 where 62 is the Kronecker delta. The proof of Lemma 1.6 is
complete.

We call Newtonian the system of points

28 = 5O 4 &) (4.11)

where the entries of y(¥) are integers satisfying the inequalities
n
o<y’ <m, Yy <m.
Jj=1

Show that the Vandermonde matriz S corresponding to a Newtonian system
s a nonsingular square matriz.

To begin with, the number of points z(¥) in (4.11) clearly equals M, since it
coincides with the number of integer vectors a subject to the condition |a| < m.
Further, every polynomial z% is uniquely determined from its values at the points
(4.11). Indeed, instead of the values of a function at the nodes of a Newtonian
system we may introduce the finite differences that are connected with these values
via linear transformations and expand each polynomial P(z) in Newtonian powers

P(z)= ) ——_(x_z(zO))[a]A["]P(w)

lal<m z=2(®

This expansion is clearly unique. Therefore, S is actually a nondegenerate square
matrix.

If the system of nodes K includes a Newtonian subsystem then there is always
a right inverse S; ! to S. We may by analogy consider a system of the shape

2 4 hy®) (4.12)

and any other that results from (4.12) by an arbitrary affine transformation. Ob-
serve in particular that the matrix S has a right inverse if the system K consists
of all nodes of the lattice z(®) + RHB which lie in the ball of radius L > mh with
center (%),

Return to the space ng)(Q) and define a projection II of it to P,_; by the

equality (4.8). An arbitrary functional [(z) € ng)*(Q) may be written as

(la QO) = (I,H‘P) + (l"P - H‘P) = (ll’(lo) + (12"?),
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where [; is the composition of II and ! and [; is the composition of I — II and [.
Clearly, I, vanishes at all polynomials in P,,—;. Hence, l5 belongs to Lgm)*(Q).
The norm of / in ng) *(2) may be obtained from the formula
m)x « )2 « 2y1/2
W @) = (i Py P+ [l | IS @Y (413)

This equality follows from a more general proposition, Lemma 1.7.

Lemma 1.7. Assume that a Banach space X is the direct sum of its subspaces
X,,Xs,...,X,, namely,

X=X16X:0 -0 X,.
Let the spaces X, 1 < j < o, be endowed with the norms ||- | X;|| so that

e | XN = g(ller | Xall oz [ Xall,- .- lleo | Xoll)

where the elements ¢; € X;, 5 =1,...,0, appear in the unique decomposition of ¢
into the sum ¢y + @3 + -+ + ¢4, and ¢ stands for a norm of the o-dimensional
Euclidean space. Then the space X* is the direct sum of X}, X3,..., X%, namely,

X'=X19X0 - -®X}, (4.14)

with
1] X*|| = g* (||l | X} v lle | X2 (4.15)

where [; is the restriction of | to X;, and ¢* is the dual norm of g, i.e.,

Itz 1X3

9 (B1,B2,...,8s) = sup (1P + azB2 + - + asfs).

g(o1,a,..,a0)=1

PROOF. Relation (4.14) is obvious. Prove (4.15). Assume for simplicity that
the functional [ possesses an extremal function ¢, ||¢ | X|| = 1. (The general case is
settled by the limit argument and we leave the relevant calculations to the reader.)

Consider the decomposition

p=¢p1+p2t-tovs ¢;€Xj

By the definition of the norm of a functional

I e tay
B a1
o1,009,...,00 “alﬂol + -t asps l X”
ar(ly, 1)+ + ag(ls, 00)
= sup .
an,az,.a,  9larllerll, -, asllpol])
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It is easy to show that each element ¢; is an X j-extremal function for the functional
lj, i-e., (I, 05) = lljllll;l]. Consequently,

alllflllell +-- - + aolilolllleo|

171 X5 =

1,y...,0q g(al”(PIH’ M ’aa'”<P0”)
arlllill + -+ aollloll _
= su = L, .-l |D-
R T rseses AT RO )

The proof of Lemma 1.7 is complete.
Putting 0 = 2 and g(a1,a2) = v/a? + o2 in the hypotheses of Lemma 1.7,
obtain (4.13).

So, the space ng)*(Q) splits into the direct sum of subspaces
Wi Q) = Py @ L (9)

in much the same way as ng)(Q) before. Consequently, every element [ in
ng)*(ﬂ) may be written as | = I + I where [; in P},_; and /3 in Lgm)*(ﬂ),
with (4.13) holding.

Using the above decomposition, we may simplify the problem of minimizing
the norm of an error. We assume that the number of nodes N is sufficiently large so
that there exist a matrix S;!. Considering that the projection Il is chosen to be
the interpolation operator constructed from the nodes of the cubature formula (1.3),
derive the equality

N
L = Zaké(x - .’L‘(k)).
k=1

We presume this in what follows.

Minimizing the ng)* norm of the error I(z), we may separately minimize the
norm of each of the corresponding functionals {IT and {(I — II). If the number of
nodes in (1.2) is sufficiently large then we may nullify the norm of the first of the
functionals, by taking as IT the interpolation operator constructed at the nodes of
the cubature formula (1.3).

Reformulate the result in a slightly different fashion. We proved that to each
cubature formula in Wz(m) there corresponds a cubature formula of the same shape

which is exact for all polynomials of degree less than m. In this event the er(m) *
norm of the error of a formula in Lgm) * does not exceed the Wém)* norm of the
error corresponding to the initial cubature formula. This circumstance allows us to
search optimal formulas in Lgm).

Consider Wém) and inspect the norm of an error {(z) in this space.
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Assume first of all that the number of nodes N in the cubature formula in
question is sufficiently large for the matrix S to have a right inverse. As we have
seen, this is always so if the nodes of the lattice in the simplex (4.12) are included
in the whole system of nodes.

Using (4.8), construct a projection II of W2(m) to P;—y. Clearly, Iy = ¢ for
all p € Py,

The norm of Py,_; may be given arbitrarily. According to (4.13), this may
change only that part of the norm which needs no approximation. Put

N
1P| Pros]l® =3 IPED)P.
k=1
Then the norm of a function ¢(z) in Wém) is expressed as
m) |12 —y— . y— * m' o
lo WP = (57)(6578)" + [ 30 Dot (416)

|a|l=m

This norm makes WQ(m) into a Hilbert space. The inner product on W;m) 1s given
by the formula

—o— * o—1% % m! a a
{SOHL’}Wz(m) = @STiSS* ST +/ Z JD e D% dz. (4.17)

le|=m

By the main property of Hilbert space, Wz(m)* may be identified with Wém), and,
by the Riesz Theorem, every bounded linear functional [ on Wz(m) may be written
by means of the inner product (4.17) as follows

(L) = {¢,¢1}W§m>- (4.18)

Here ¢, is a function uniquely determined from the functional I. In particular,
each [ in Wz(m)* decomposes into the sum

(Le) = (l1,) + (I2, ), (4.19)

where

(hi,¢) = ($S71S) ($iS;'S)", (4.20)
m!
(I, ) = / > — D*p Dy da. (4.21)

lal=m
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Clearly, l; coincides with the composition /II. Indeed, for every function ¢ € Wém)

by (4.18) we have

(l) H‘P) = {H¢7¢I}W§m) = (llaSO)

Whence and from (4.19), conclude that I, = (I —II).
Using (4.19)—(4.21), we may derive the following important theorem.

Theorem 1.7 (I. Babuska). Assume that an error l(z) is defined on Lgm),
i.e. l(z) vanishes at every polynomial of degree less than m. If l(z) is Lgm)-op-
timal, i.e. l(z) has a minimal Lg’"’* norm among all errors with a given system
of nodes £, ..., &(™); there exists an extremal function of I(z) belonging to Lgm)
and vanishing at every node z(®.

Proo¥r. Using the given system of nodes, arrange the projection
My = @S 'z

and the respective inner product (4.17). Now Wz(m) is a Hilbert space.
As is well known, the projection g; of an element ¢ in a Hilbert space H to
a closed subspace H; C H serves as the best approximant to ¢ among the elements
of H;. In this event, the difference g — g; is orthogonal in H to every element of Hj.
Take as H the space W2(m), and as Hj, the subspace of linear combinations
}:fcvzl cruk(z), with ug(z) the function in Wém) corresponding to the functional

8(z — £(®)) by the Riesz Theorem. For every function ¢ € Wz,(m) we now have
{00t} m = (8(z — 29),0(2)) = p(a®),

The subspace H; is clearly closed in H.

By the Riesz Theorem, to the indicator x,(z) there corresponds g € H. More-
over, for each g1 € H; the difference g — g1 defines the error of some cubature
formula. The norm of this error is minimal if the function 1; = g — ¢, is orthogonal
to all functions ux(z), k=1,...,N, ie, if

{L/’z,Uk}Wém) = thi(zx) = 0.

In this event, ¥;(z) is the extremal function for I(z) in Wz(m). It turns out that the

same function represents [(z) in Lgm).
Indeed, by condition, the functional I(z) vanishes at every polynomial of degree
less than m. Therefore, the superposition /; = lII coincides with the zero operator
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in Wém). Whence and from (4.19)-(4.21) it follows that for every ¢ € W2(m) the
next equality is valid

(9)=(9) = [ 3 ZD%p(e)D%i(z) b

laj=m

The proof of Theorem 1.7 is complete.
It is worth observing that Theorem 1.7 ensues from a more general duality
theorem for functionals by S. M. Nikol'skii (see, for instance, [101, p. 26]).

'§5. Expansion of the Lgm)* Norm of an Error with
Arbitrary Nodes

As we have already noted, in practice it is useful to know the norm of the
error of a cubature formula for every fixed number of nodes N. Then we may find
an approximate value of an integral with prescribed accuracy without redundant
operations. In the current section we give two expressions for the norm of an error
acting on Lgm). These expressions may in particular be used for computations. By
means of these expressions for the norm, we also obtain a system of linear equations
for determining the weights of Lgm)—optimal cubature formulas and inspect the
simplest properties of the system.

A cubature formula with the error I(z), if considered in Lg’"), may be charac-
terized in two ways.

This cubature formula is determined by the extremal function () that results
as solution to the equation

A"y = (-1)"(z). (5.1)
The function ;(z) belongs to Lgm) and may be written down as the convolution
Yi(z) = G(z) * l(z) + P(z). (5.2)

Here G(z) stands for the function (—1)™ Gm n(), where Gm n(z) is the fundamental
solution to the polyharmonic equation; an explicit expression for G, »n(z) is given
in § 2. The second summand P(z) in (5.2) is an arbitrary polynomial of degree less
than m. The norms of /(z) and ¢(z) are related as follows

!
LS| = / > Dl de. (5.3)
|a|=m

The integral on the right side of (5.3) is taken with ¥;(z) a polyharmonic function
at all points of R” except for the boundary of Q and the nodes z(1),z() ... (M.
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If m = 1, then it coincides with the conventional Dirichlet integral. The difference
between the extremal functions of the errors l1(z) and l2(z) is a function poly-
harmonic everywhere in R™ except for the union of nodes corresponding to /;(z)
and lz(z).

The cubature formula is determined by its weights ¢k, 1 < k < N, connected
with the extremal function ¢;(z) by (5.2). Inserting (5.2) in (5.3), we see that the
norm square of the error is a quadratic form in its coefficients

N
1 = 3 6 - s
k,k'=1
N

-2 Z Ck / G(z —z®)dz + / / Xo(Z)xq(¥)G(z — y) dzdy = ¢(c). (5.4)
Q

k=1

Recall that the weights cx in (5.4) obey the linear system (1.7) which is equiv-
alent to the requirement that the cubature formula be exact for all polynomials of
degree less than m,

((z),z*) =0, |af<m. (5.5)

We now formulate the conditions under which the quadratic form (c) attains
a minimum on the set of vectors c subject to the constraints (5.5). To this end, we
apply the Lagrange method of multipliers. Consider the auxiliary function

M )
Pi(e,v) = (o) +2 ) v;(l(z),2°)

j=1
M & () i)
= 9(c) — 2221) e (2R’ +2Zv]/ «P 4.

J=1k=1 =1 Q

Equating to 0 the partial derivatives of 44 (c,v), obtain the system of equations

N M

k=1 j=1

(5.6)
al )
Y @)y Tea=f, 1<i<M.

k=1

Here

mg = /G(:c —2®)dz, f;= /x"(j) dz.
Q

Q
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A solution to (5.6) which we denote by cgco) and v;o) is a stationary point of ¢ (c,v).
From the theory of local extrema, we know a sufficient condition under which this
solution provides a local minimum of ¥(c) on the manifold (5.5). This condition is
positive definiteness of the quadratic form

3

k,k'=1

ackack CkCr! (5.7)

on the set of vectors ¢ subject to the constraint
Sc=0. (5.8)
Check that this condition is satisfied in the case under study.
Lemma 1.8. For every nonzero vector ¢ € R" lying in the subspace Sc = 0,

the function ®(c) is strictly positive.
PROOF. From the definition of 4;(c) and (5.7) it follows that

N
&)= Y Ga® —2®)erep. (5.9)
k,k'=1

Consider the linear combination of delta functions
N

Se(z) =) cxb(z — a¥). (5.10)
k=1
By (5.8) this functional belongs to Lgm)*. It thus has the extremal function
uc(z) € Lgm) serving as a solution to the equation

AMu(z) = (-1)" (). (5.11)
Clearly, we may take as u.(z) the next linear combination of translates of the

fundamental solution N

uc(z) = Z erG(z — =),

k=1

The square of its norm in Lgm) coincides with <I>(c), namely,

[|e | L(m)“ = (6c(2),uc(z)) = Z G(z® — £k Nexerr.
kk'=1
This readily implies that, for ¢ nonzero, ®(c) is a strictly positive function. The
proof of Lemma 1.8 is complete.
If the nodes 2,z ... (™ are chosen so that the matrix S has a right
inverse, then (5.6) has a unique solution.
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Lemma 1.9. If the matrix S has a right inverse then the matrix Q of (5.6) is
nondegenerate.

PROOF. Denote the matrix of the quadratic form (5.9) by G, and write the
homogeneous system that corresponds to (5.6) as

()= (515) ()= 512

Check that the sole solution of (5.12) is identically 0.
So, let ¢ and v make a solution to (5.12). Using (5.10), arrange the generalized
function é.(z) that corresponds to the vector ¢. This function obviously belongs to

Lgm)*. As the extremal function for é.(z) take the following natural spline
N M )
uc(z) = Z G(z — z)ey + E vz .
k=1 Jj=1

This is correct since u.(z) belongs to Lgm) and solves (5.11). The first N equations

of (5.12) mean that u.(z) vanishes at every node z(¥). Using this, find the Lgm)*
norm of é.(z), namely,

N

I8 1 LE7)* = (8o ue) = 3 eau(a®) = 0,

k=1
which is possible only when ¢ = 0. Considering this, from the first N equations
of (5.12) find

S*v = 0. (5.13)

By hypothesis, the matrix S has a right inverse, but then S* has a left inverse.
Whence and from (5.13) infer that the solution v is also equal to zero. The proof
of Lemma 1.9 is complete.

So, (5.6) has the only solution ¢( and v(?). In this event, c(®) gives a local
minimum to the quadratic form ¢(c) on the solution set of (5.5). The entries of this
solution are thus coincident with the weights of an Lgm) -optimal cubature formula.

The norm of the optimal error is a function of the number of nodes N and
the order m. It is a hard problem to find explicit expressions for this function
which are at least asymptotically exact as N and m tend to infinity. While the
problem remains unsolved, we have no grounds for deciding on how worse a concrete
cubature formula is as compared with an optimal formula. Observe that in the
case of the cubature formulas corresponding to the lattice of nodes hH7y, we may
obtain (see Chapter 5) an expansion of the norm of the Lgm)-optimal error which
is asymptotically exact as h — 0 at a fixed m. In the case of m tending to infinity,
we expose (see Chapter 7) only upper bounds on the norm of the optimal errors
and only in the one-dimensional case.
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§6. The Weights of Optimal Cubature Formulas on
a Given Lattice

We have shown in § 2 how to construct asymptotically optimal cubature formu-
las on a given lattice of nodes hH+~. Using our approach to constructing formulas
with regular boundary layer, we obtain the number of operations required for finding
weights which is 1/h times less than the number of operations needed for fulfilling
approximate integration.

In some cases, for instance when ) is a rational polyhedron, this number of
operations remains finite even as h — 0. However, this approach does not show the
asymptotic behavior of the genuine optimal weights co[y] as h — 0.

To clarify the question, consider the linear system for the weights of an Lgm)-op-
timal cubature formula on a given lattice of nodes. In this case (5.6) takes the shape

~Y'€B || <m

1 Y ll6tH -7~ Y valhHy)? = [GOEr-9dy, € B,
Q

R Y eoly')(hHY') = /y" dy, |a| <m,
Y €B Q
(6.1)
where B is the set of multi-indices  such that hH~ lies in the closure .
This is a system with the number of indeterminates which grows like A~ as
h — 0. The coefficients of (6.1) do not vanish and straightforward solution of the
system becomes complicated; the same applies to other study of the system. We
thus propose another, nonalgebraic, approach to solving (6.1).
Extend ¢o[7] to a function of a discrete argument ranging over all y by setting
it 0 for v not in B. Assume further that G[y] = G(hH7v). Then (6.1) may be

rewritten in convolution form as

heoly) * GY) = wly], v € B,
RS o (hHY)® = fay  lal <m, (6.2)

where

W[7]=/G(hH7—y)dy+ > va(RHY)", fa=/y“dy-
Q

laf<m Q

We find it convenient to consider a more general problem. In addition to co[v],
introduce one more unknown function w[y], and replace (6.2) by a similar system
with an arbitrary right side.
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PROBLEM B;. Find a solution to the system of equations

h"c[y] * G[v] = w[y], hHy € R",
cfy]=0, hRHy¢Q,

R" Zc[7l(hH7)a = fﬂ'a IO{' <m, (63)
whl = fll+ Y va(hHY)%, hHy€Q,
jal<m

with unknowns c[y], w[y], and vo. In this system f, are given numbers and f[y] is
known in the closure ) of Q.
In , the function c[y] and the polynomial

Plyl= ) va(hHY)"

|a|<m

are unknown. The function w[y] in @ is expressed through the polynomial P[y] and
the function f[y] by means of the last of the relations (6.3).

Problem Bj; admits a continuous analog whose inspection yields a key to solving
the system (6.3).

Replace c[y] and w[y] with some functions of a continuous argument ¢(z) and

w(z), and instead of G[B] and f[B] use G(z) and f(z). Then arrive at the next

PROBLEM A;. In a domain (2, find a generalized function ¢(z) and a polynomial
P(z) = 32|a|<m VaT®; in the complement Q* of {1, find a function w(z) satisfying
the system of equalities

c(z) * G(z) = w(z), z€R",
c(z) =0, z¢Q,

/c(z)x"‘ dz = fo, |a| <m,
w(z) = f(z) + P(z), z €N

(6.4)

A solution of Problem A; is not unique, nor is a solution to Problem B;. To
obviate this, we impose additional conditions on the functions. These conditions
allow us to consider Problem A; in a sense as a limit case of Problem B;. In
particular, we may make conclusions about asymptotic behaviour of the weights of
optimal formula as A — 0.

We require that the derivatives of order m of w(z) be square integrable over
every bounded domain (2. The second of the equalities (6.4) gives some constraints
on the behavior of w(z) in a neighborhood about the point at infinity.
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Since w(z) is a polyharmonic function in the exterior of 2, it follows that w(z)
grows at infinity not faster than |z|2™ " log |z|. The second of the equalities (6.4)
now yields an explicit expression for a few first terms of the expansion of w(z) in a
series in the decreasing powers of |z|.

Indeed, w(z) in the exterior of {2 may be written as convolution

u(e) = [ (e - velw) dv.

Expanding G(z — y) in a power series in y, find that

w(z) = Z /D"G(m)(_y!)a c(y) dy + wy(z). (6.5)

o
|a|<m

The Taylor series for G(z — y) converges when y €  and z is sufficiently large.
With the aid of (6.4), we may rewrite (6.5) as

w(e) = | lZ (—1)“"faP—Z{C—i(—m2 + wi(2). (6.6)
a|l<m

For n odd or n > m, the function wy(z) in a neighborhood about the point at
infinity does not exceed K|z|™™"; i.e., for all z € R", the inequality holds

()] < K(1 +[ef*)mm/2, (6.7)

If n is even and n < m then the factor log |z| appears in the right side of (6.7).
Clearly, w;(z) has the derivatives of order m square integrable in a neighbor-
hood about the point at infinity.
Therefore, the function w(z) is a solution to the next eztension problem.
PROBLEM T.. Find a function w(z) satisfying the conditions:
(1) in the exterior of Q, the function w(z) is polyharmonic,

A™w(z) =0, ¢ (6.8)

(2) in the domain 2, the equality holds

w(z) = f(z) + Z VaZ®,

ja|<m

where f(z) is a known function;
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(3) in the exterior of 2, the function w(z) may be written as the sum (6.6)
with the summand w(z) satisfying (6.7).

According to the routine Embedding Theorem, all derivatives of w(z) up to
order m — 1 remain continuous in crossing the surface 9. This gives rise to the
boundary conditions that must be fulfilled on 092 by the function w;(z) polyhar-
monic in the exterior of Q. It is easy to check that these conditions take the form

Dﬂw1|39=-—Dﬂ{ Z( 1)""f D~ G(x)}

|a|<m

+D"{f(w) s }

la|<m

o

1Bl <m. (6.9)
N

The theory of the polyharmonic equation establishes that a function wi(z),
satisfying (6.8) in the exterior of Q and (6.9) on the boundary 89, exists only
at a special choice of v, in which case wi(z) is unique. The coefficients v, are
determined uniquely. Consequently, Problem T. is solvable.

We find the function ¢(z) by applying the operator A™ to w(z). The function
¢(z) is as a rule a generalized function even if f(z) has continuous derivatives of
arbitrary order and vanishes on the boundary of the domain 2.

Indeed, the derivatives of w(z) of order at least m jump in crossing 2. There-
fore, the polyharmonic operator A™ acts on w(z) as follows

AMw(z) = A™f(z) + Z aq(z)D% 650 (), (6.10)
la|<m

where dsq () is the Dirac function supported by the boundary of Q, and A™ f(z) is
a continuous function in Q.

Formula (6.10) prompts us the reason for appearance of a boundary layer in
the problem of optimal cubature formulas, thus providing a natural explanation
for asymptotic optimality of formulas with regular boundary layer. Indeed, the
first summand in (6.10) is a smooth function and in our particular case it is close
to a constant function. The summands containing the derivatives of §sq(z) are
approximated by finite differences, i.e., oscillating quantities.

We now turn to considering problems with functions of a discrete argument.

The operator of convolution with G[(] admits an inverse which is also a con-
volution but with the function o[3] computable by using the Fourier transform.
The function o[f] depends not only on the discrete argument 8 but also on the
matrix H and the mesh-size h. We list the main properties of o[3].

1. As |B| tends to infinity, the function o[3] decreases exponentially

lo[B]| < Ke~™Al.



Problems and Results of the Theory of Cubature Formulas 41

Here the constants K and 7 are positive and independent of 3.
2. The convolution of ¢[3] with G[f] exists and coincides after multiplication
by h=2™ with the function 6[8], a discrete analog of the Dirac delta function,

h="o[] * G[B] = 614].

3. The convolution of A=?™¢[f] exists with an arbitrary function ¢(hHp)
growing at infinity not faster than every polynomial (i.e. with a tempered func-
tion), and the limit of this convolution as h — 0 coincides with the value of the
polyharmonic operator at ¢(z), namely,

lim h=2"o[§) x p(hHB) = A™p(hH).

4. The function ¢[3] admits an ezpansion of “divergence” type, namely,

olfl= > L) x L[-g],

la=m

where the functions L(®)[] decrease exponentially at infinity. The limit of the
convolution L(*)[B] with ¢(hHB) as h — 0 equals the partial derivative D*¢(z),
namely,
lim A= L[] * p(hH ) = D*o(hHB).
5. The next formula is valid which is analogous to Green's identity for the
polyharmonic operator

Y olBlalBl* B =Y Y (L8] * o[B8, LIV [B] * o[B)).
B

B laj=m

The properties of o[f] show that the operator of convolution with this function
is a discrete analog of the taking of the polyharmonic operator. We have thus indi-
cated a new method for introducing a difference approximation to the polyharmonic
operator which is a contrast with those used in theoretic research. It is customary
to take as approximation to the polyharmonic operator a difference scheme with
finitely many nodes. In other words, there is constructed a compactly-supported
function o*[3] of a discrete argument such that the convolution with it transforms
into A™ as h — 0. Our approach differs in the fact that we begin with constructing
not a difference approximation to A™ but rather a discretization of the correspond-
ing potential G(z). In this event the convolution of continuous functions with G(z)
is replaced by the convolution of discrete functions with G[3]. Only after that we
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do invert the discrete potential. This approach leads to not-compactly-supported
approximation A™.

We now state the problem that is a discrete analog of the extension Problem T..

PROBLEM Ty. Find a function w(y] satisfying the three conditions:

(1) for v € B the function w[y] assumes values that are given to within a poly-
nomial summand, i.e.,

W[7]=/G(hH7—y)dy+ Y vez®;
Q Jal<m

(2) in the complement of B, the function w(y] satisfies the convolution identity

olyl*wly] =0, ~¢B;

(3) at infinity we have the inequality valid

‘wm - [atrEr-y) dy{ < K|hHy ™,
Q

To Problem T4 we may translate all research methods that we use in the
continuous case. In particular, we may prove existence and uniqueness for a solution
to Problem Ty.

Thus, the problem of determining optimal weights of cubature formulas on a
fixed lattice of nodes reduces to a discrete analog of one of the classical boundary
value problems of the theory of the polyharmonic equation. Inspecting the problem
of optimal weights on the basis of the above-suggested approach prompts us their
possible asymptotic behavior. Emphasize that we speak of asymptotic behavior as
h — 0 at a fixed m. Our hypothesis is as follows: In the interior points of Q the
weights co[7] are close to a constant, differing from the latter by a quantity with
exponential decay in the domain as the discrete variable ¥ becomes more distant
from the boundary of (2. Moreover, the exponent of the exponential depends only
on h. Therefore, as h decreases, the width of the boundary layer in an Lgm)-optimal
cubature formula decreases in all probability in proportion to h. In the case when
m and h change agreeably, for instance, when mh = ¢ < 1, the hypothesis we stated
must be substantially improved.
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Cubature Formulas of Finite Order

In the theory of computations we traditionally consider two problems, interpolation
and approximate integration of functions. We have seen that these problems are
tightly woven with one another if addressed in a purely algebraic manner. In this
case the problem of approximate integration reduces to construction of cubature
formulas exact for polynomials of degree m. The cubature formulas arising on this
way are often called formulas of interpolatory type. We consider them in §1.

If the integration domain admits a sufficiently simple finite group of transfor-
mations to itself, we may pose a problem of seeking for cubature formulas invariant
under this transformation group. Calculation of the nodes and weights of these for-
mulas may be very economical which allows us to attain high accuracy at a given
cost. Below in §2 and §3 we study exact formulas that are invariant under finite
groups of space rotations.

§1. Formulas of Interpolatory Type

Assume that ¢(z) is a function continuous in some domain 2 in R™ and inte-

grable over a bounded subdomain  with Q C Q. We approximately replace the
integral over § of ¢(z) by a linear combination of the values of ¢(z) at the points

of the set K = {«W,2® . (M} ¢ Q. We do not exclude the case in which
some of the nodes of K lie outside 2.
A cubature formula for approximate calculation of the integral

) = [ ple)ds (1.1)
Q

1s the sum
N

In(p) = Y cxp(a®), o € K, (1.2)

k=1
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that provides the approximate equality

I(p) = In(p).

The points of K are the nodes of the cubature formula, and the numbers
c1,...,cN are its weights. The error of this cubature formula is given by the
difference

(In, ) = I(9) — In(¢p). (1.3)

We say that a cubature formula is ezact for o(z) provided that (1.3) equals 0.
Thus, the functions for which the cubature formula (1.2) is exact span the kernel
of the error .

It seems natural to consider sequences of cubature formulas indexed with the
number of nodes N rather than individual formulas. In this case we speak of
a cubature process. We say that a cubature process with somehow defined nodes
and weights converges, if for every function ¢ continuous in £ and integrable over
) the quantity In(y) converges to I(p) as N — oo.

In an algebraic setting, various approaches are used for determining the nodes
and weights of cubature formulas. We describe those that are in most frequent use.

PROBLEM 1. Given a system of nodes K find the weights c1,¢c2,...,cn of
a cubature formula so that it be exact for all polynomials of degree m (the space
they span we denote by P,,) with m as large as possible.

PROBLEM 2. Find the weights ¢1,¢s,...,cn and nodes ¢, z®) . 2(V) ¢ K
of a cubature formula so that it be exact for all polynomials in P,, with m as large
as possible.

PROBLEM 3. Given the weights ¢ = |Q|/N, k£ = 1,..., N, find the nodes
e 2@ (M) ¢ K of a cubature formula so that it be exact for all polynomials
in P, with m as large as possible.

PROBLEM 4. Given the nodes (¥ € K, 7 =1,2,...,N;, with 1 < N; < N,
find the weights ¢y, ca, . .., cy and the nodes z(V1+1) | 2(N) of a cubature formula
so that it be exact for all polynomials in P, with m as large as possible.

By analogy with the one-dimensional case the cubature formulas, if they exist
and solve Problems 1-4, are called the cubature formulas of Newton—Cotes, Gauss,
Chebyshev or Markov type, respectively.

Stating Problems 1-4, instead of P,, we may take another finite-dimensional
function space, for instance, the space of trigonometric polynomials of a given
degree m. In this event the dimension of the space is also uniquely determined
from m.

Cubature formulas for approximate calculation of the integral (1.1) are not
exhausted by the expressions like (1.2). Also under consideration are the Hermitian
cubature formulas in which to the sum (1.2) some summands are added that contain
the nodal values of the derivatives of ¢(z).
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An integer m is called the order of a cubature formula (1.2) if, first, the cor-
responding error is exact for the polynomials of degree less than m, and, second,
there is a polynomial of degree m at which the error (1.3) is other than 0.

In the case when we consider a cubature process, the order m depends on the
number of nodes N, i.e., m = ¥(N). As a rule, the function m = ¥(N) increases
and tends to infinity as N — oo.

We now state a criterion for convergence of the errors of cubature formulas on
continuous functions.

Theorem 2.1. A cubature process (1.3) converges for every function ¢ in
C(Q) if and only if
(1) there is a constant L > 0 such that

N

Z lex| < L (1.4)

k=1

uniformly in N,
(2) the sequence In(y) converges to I(yp) for all ¢ in some everywhere dense
subset of C(12).

The proof is simple, basing on appeal to the classical Banach-Steinhaus The-
orem [265).

In the case when to the cubature process under study there corresponds the
function m = ¢(N) assigning to a given N the corresponding order, as a subset
dense in C(Q) we may take the space of polynomials. Inequality (1.4) amounts now
to estimation of the norms of the sequence of errors Iy in C(2)*.

Theorem 2.2. For the system of nodes ¥, k= 1,..., N, to admit of a cuba-
ture formula (1.2) exact for all polynomials P in P,,, it is necessary and sufficient
that the integrals be 0 of all those polynomials P that vanish at every point (¥,

PROOF. The necessary and sufficient condition for the system (1.1.7) to be
solvable is the orthogonality of b to all solutions of the homogeneous adjoint system

aS =0. (1.5)

The set of such solutions a defines the subspace of polynomials P of degree m.
By (1.5) each of these polynomials vanishes at all nodes z(¥). The orthogonality
condition for the vectors a and b in RM means the vanishing of the integrals I(P).
The proof of Theorem 2.2 is complete.

The rank r(S) of the matrix S may equal M or be less than M. In the first
case of r(S) = M, the problem of determining the weights ci of a cubature formula
is always solvable. This follows from Theorem 2.2, since the sole solution of (1.5)
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is zero in the case under consideration. If r(S) = M then the size of K is at least
M,ie, N> M.

In the second case of r(S) < M, it is natural to construct cubature formulas on
assuming that r(S) = N. Then the solvability condition for (1.1.7) is the equality

r(S x b) = r($) = N, (1.6)

with S x b the augmented matriz. As is known, the condition (1.6) amounts to the
vanishing of M — N determinants of the matrix S x b and so yields M — N conditions
on by,bs,...,bp. The reals b; are the system of moments of the indicator of the
domain . If n = 1 and the domain Q is an interval, then the reals b; are readily
written down as functions of the endpoints of the interval. In this case the set of
all b is a 2-dimensional manifold in the M-dimensional space; some of the vectors b
may satisfy (1.6).

EXAMPLE 1. Assume that n = 1, @ = {z : -1 < z < 1}, m = 3, and
2 = -1, 2@ =0, £®) = 1. The system of equations (1.1.7) takes the form

g + ¢ + ¢z = 2,
—C + ¢ = 0,
c1 + c3 = 2/3, (17)
—-C1 4+ ¢35 = 0.

The rank of S equals 3, the number of nodes of the set K, and is less than M = 4.
Nevertheless, the system (1.7) is solvable. Moreover, ¢; = 1/3, ¢ = 4/3, and
¢z = 1/3. We thus obtain the customary Simpson formula

[ #l@)de = 3o(-1)+ 50(0) + 50 1),

which is exact for polynomials of degree 3.

In the case when the dimension of the space is greater than 1, to find the
vector b becomes more difficult. This is a problem of many-dimensional moment
theory. Nevertheless, for a given domain €2, especially when ) possesses some
symmetry, it is often possible to find the set of nodes of size N < M such that
the system (1.1.7) is automatically solvable. In many dimensions, this problem
was addressed by various authors, among which we mention I. Radon [168], [103,
Chapter 22, §4] and I. P. Mysovskikh [133].

Stated as one of its instances, Problems 2-4, the problem of determining the
weights and nodes of a cubature formula as solutions to (1.1.7) is harder, since it
becomes nonlinear. For instance, Problem 2 has N(n+1) undetermined parameters
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of a cubature formula (1.2). This size of the set of undetermined parameters enables
us to increase essentially the degree of a cubature formula with a given number of
nodes.

Systematic study of interpolatory type formulas was accomplished in the ar-
ticles by I. P. Mysovskikh. The reader may get acquaintance with his results and
the relevant references in the monograph [133).

§2. Rotation Invariant Cubature Formulas

Let G be a rotation group in R™ comprising the elements ¢1,¢g2,...,9Mm, with
M the order of G. For every z(F) € R™ all points of the shape g;z(¥) (some of them
may coincide) make an G-orbit.

A cubature formula (1.2) is invariant under G or, simply, G-invariant if the
integration domain § is invariant under G and the set of nodes z(¥) is the union of
G-orbits and to the nodes £(¥) of the same orbit there are assigned equal weights c.

Let L be an N-dimensional linear subspace in C({2) spanned by linear com-
binations of continuous functions ¢;(z). Assume that ¢;(z), ¢ = 1,2,...,N, are
linearly independent. We have the following

Theorem 2.3. Let G be a rotation group and let L be some finite-dimensional
space invariant under G. A G-invariant cubature formula (1.2) is exact for all func-
tions in L if and only if its error ly vanishes on the subspace comprising G-invariant
functions in L.

PROOF. Take an arbitrary function ¢ € C() and put

M
1
valz) = o7 2 p(9;2)- (2.1)
]=
The set comprising g1z, g2z, . . . , gm T goes into itself under multiplication from the

left by an arbitrary element g, of G. Consequently, we have the equality

M M
> #(952) =D ¢(9a952)-

Therefore, the mean function pg(z) is G-invariant, i.e.,
va(gr) = pa(z), g€G.
Let a cubature formula (1.2) be invariant under G. Then we have the relations

I(¢) = I(¢a), In(v) = INn(vG)-
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Hence, the error of the formula at a function ¢ coincides with that error at the
corresponding mean function pg, i.e.,

(In,¢) = (In, 96)- (2.2)

If the error Iy is exact for all G-invariant functions then it also vanishes at ¢gq.
This, together with (2.2), entails our claim. The proof of Theorem 2.3 is complete.

Corollary 2.1. If the mean of a continuous function ¢, taken over a subgroup
G* of G, equals zero then an arbitrary G-invariant error Iy is exact for .

Indeed, the error Iy, being invariant under G, remains the same under G*.
This means that for ¢+ we have an equality analogous to (2.2), which completes
the proof of Corollary 2.1. »

It is convenient to view a rotation group as a group of transformations of the
unit sphere S, of R™ into itself. As is well known (see, for instance, [59]), there is
an infinite series of cyclic groups Cy of orders @ which are composed of rotations
of S,. For n > 3 there are finite rotation groups of regular polyhedra, the finite
polyhedral groups. We denoted the group that corresponds to an n-dimensional
N-hedron by G¥.

For n = 3 we have the following nonequivalent finite rotation groups of the
sphere S3 which keep invariant some regular polyhedron: the tetrahedral group Gj,
the octahedral group GS and the icosahedral group G2° [59, Chapter II1, §20]. The
cubical group G$ is equivalent to GS, and the dodecahedral group G32%, is equivalent
to G2°.

%‘or n = 4 we have the tetrahedral group Gj, the octahedral group G3® and
the cubical group G, with G§ = G1%. Moreover, we also consider the groups G4,
G12° and G8%°, with G}?° = G&°°.

For n > 5 there are only three groups: the tetrahedral group G*t1, the cubical
group G2*, and the octahedral group G2", with G2" = G2".

Denote by P, the space of G-invariant polynomials of degree at most m.

If in Problems 1-4 we additionally require that a formula be invariant under
a rotation group G, then the problem of determining the nodes and weights of the
formula becomes much simpler. Two reasons are behind this. First, the number of
independent parameters of an invariant cubature formula with the number of nodes
fixed in advance is less than in the general case. Second, the number of linearly
independent polynomials for which our cubature formula must be exact equals Mg,
the dimension of Py, i.e., it is less than M.

Let us find the dimension Mg of the space P, for several rotation groups G.
We find it convenient to use the notion of a solid spherical harmonic in a variable z
in R™. Recall that the homogeneous harmonic polynomial Z,(z) of degree s is also
termed the solid spherical harmonic of degree s. In this event, the restriction of
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Z,(z) to the unit sphere is the spherical harmonic of degree s. To learn more about
the properties of spherical harmonics, the reader could consult the book [5].
We have the following

Theorem 2.4. Every homogeneous polynomial v of degree k is uniquely
expressed as the sum

(k/2] 2s
@ =Y (4) zewte) 3)

=0

with Zy_o4(z) the solid spherical harmonic of degree k —2s, s = 0,1,....

(The brackets stand for the taking of the integral part of a real.)

We call (2.3) the Gaussian decomposition of a homogeneous polynomial. To
find a proof of Theorem 2.4, the reader may for instance consult [250].

By (2.3) an arbitrary homogeneous polynomial of degree k may be written on
the unit sphere as a linear combination of spherical harmonics of degree k. Knowing
the number of linear independent G-invariant spherical harmonics of degree ¥ and
using (2.3), we may find the dimension Mg.

We fulfill this plan of actions in the case of 3-dimensional space and the cyclic
group Cy of order a. This group is composed of powers of rotations of the sphere
about a fixed axis by the angle 27 /a. In this event, two points of the sphere remain
fixed, Py and Ps. One of them, the point Py, we treat as the north pole; the other,
Pg, the south pole. Introduce the polar coordinates 8 and ¢ on the sphere. Then
every transformation ¢,, a member of Cy, is determined from one of the equalities

2
gﬁ(Q,tp):(G,cpﬁ-—?), s=12,...,a. (2.4)

As is known, we may make a basis for the space of spherical harmonics of
degree k from the functions

P{™(cos6)e™®, m=0,41,..., £k, (2.5)

with P,E'ml)( -) an adjoint Legendre function. Under every transformation of (2.4),
each of the functions (2.5) is multiplied by an exponential of the shape gi2emm/a
Consequently, invariant under the transformations of (2.4) are those and only those
of the spherical harmonics (2.5) for which a divides into m. This observation enables
us to find the total number S(k) of linearly independent C,-invariant spherical
harmonics. We have
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Theorem 2.5. The number S(k) of linearly independent spherical harmonics
of degree k invariant under the cyclic group C, of order a is expressed by the
formula

S(k)=2 [2] + 1. (2.6)

Before calculating S(k) for the case of the rotation groups of regular polyhedra
in the 3-dimensional space, we consider some simplest properties of these groups.

Every finite group G of rotations of a regular polyhedron, surely containing the
identity, consists of rotations about axes passing through a vertez of the polyhedron,
rotations about axes passing through the centers of its faces, and finally rotations
about axes passing through the midpoints of its edges. Assume that the number of
the vertices of the polyhedron equals #;; the number of faces is t;, and the number
of edges is t3, with the rotation angles given by the reals 2rk; /g1, 27ks /g2, and
2mk3 /g3 respectively, where k; ranges from 0 to ¢; — 1. We have the following

Lemma 2.1. The order of G may be found by multiplying the parameters t;
and g; that correspond to one another

M = t1q1 = taqa = t3gs. (2.7)

ProOF. We may implement a rotation of G as follows: first, we translate
a given vertex (face, or edge) to its terminal position; then, rotate the polyhedron
about the axis passing through this vertex (the center of the face, or the midpoint
of the edge). The rotation angle coincides with 27k;/g;, where k; may assume one
of the values from 0 to ¢; — 1. Consequently, all possible rotations in G may be
implemented in exactly ¢;q; different ways. The proof of Lemma 2.1 is complete.

In 3-dimensional space, we may check (2.7) by straightforward calculation. We
list the values of the relevant parameters:

for the tetrahedral group Gj:

t :47 q1 =3y
t2=4, =3, M=12,
t3=6, q3 =2;

for the octahedral group GS:

t1=6, (73] =4,



Cubature Formulas of Finite Order 51

for the icosahedral group G2°:

t = 12, Q= 5,
t2 = 20, q2 = 3, M = 60.
t3 = 30, q3s = 2

The order of G may be also computed in another way.

Lemma 2.2. The total number of the vertices, edges and faces of a regular
polyhedron is greater than the order of its group G by 2, namely,

th+ta+ts=M+2. (2.8)

PROOF. The group G consists of the identity transformation and the rotations
by nonzero angles about each of the axes passing through the vertices, centers of
faces and midpoints of the edges of the polyhedron in question. To every pole there
correspond ¢; — 1 such rotations. The total number of the latter is thus given as
Y (g; — 1)/2, with summation taken over all possible poles (to half is necessary:
indeed, every rotation is counted twice for each axis has two poles). Therefore, the
order of G is given by the formula

3
1
M=1+-2-th(qj—1).

J=1

Whence and from (2.7) we derive (2.8). The proof of Lemma 2.2 is complete.

The number M always divides by 2¢;. Indeed, the group G contains the
subgroups of order 2¢; which are generated by the elements of the cyclic subgroup
of G of order ¢; and the rotation transposing the north and south poles of the
rotation axis. Furthermore, the order of a subgroup of a group is always a divisor
of the order of the group; i.e., M is divisible by 2¢;.

We now turn to deriving explicit formulas for the function S(k).

Theorem 2.6. The number of linearly independent G-invariant spherical har-
monics of degree k equals

S(k) = [qﬁl] + [ﬁ] + [ﬁ} +1—k. (2.9)

q2 a3

PRrOOF. To derive (2.9) we use the representation theory of groups. An ele-
mentary exposition of prerequisites is for instance in [77].

As the representation space of G we take the space Rag41 of spherical harmonics
of degree k. To each rotation ¢g in G we put in correspondence the linear operator
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Ty on Ryiy1, making its value at a spherical harmonic Y(6,¢) of degree k equal
to the harmonic Y (g(8,¢)). We thus obtain a representation of G of order 2k + 1.
Choosing a basis for Rzr+1, we find the respective matrix form of T,. Denote this
matrix by Ag.

As is well known, every finite-dimensional representation decomposes into #r-
reducible representations. In our case, this means that Ryr4; splits into the direct
sum of subspaces each of which is invariant under all linear operators T,, g € G,
namely,

Ryky1=R1® Ry ®---® Ry. (2.10)

Moreover, it is impossible to find in any of the subspaces R;j, 1 < j < I, a nontrivial
subspace also invariant under all operators Ty, g € G. Accordingly, the matrix A,
also splits into the direct sum

A, = Agl) ® A§2) DB Ag-’)_ (2.11)

Generally speaking, among R; there are listed several one-dimensional subspaces.

The corresponding matrix Agj ) reduces then to a real, now 1. The number of such
summands in (2.11) is exactly S(k). Using this, we now derive the needed formula.
The trace of Ay, denoted by x(A,), may be written in view of (2.11) as the

sum of the traces X(Ags)), namely,

I
x(4g) =Y x(4%). (2.12)

Recall that X(A(gj)) is called the character of the representation of G in R;,
and the theorem is valid asserting the orthogonality of the characters corresponding
to distinct representations. We state it more exactly.

Let
j G j k k
x(450) x(AF)), - x(AG)),  x(45), x(AR),. ., x(45)
be the sets of the characters of irreducible representations of G in R; and Ry

respectively. Two representations are called equivalent, if all matrices AE,J;) and
Ag,’f), s=1,2,..., M, have the same order and are similar to one another

j k) p—-1
AY) =BAP B

The following equalities hold

. ] k .
Z X (A(j)> Y(A(k)) _ )M, i {Agj)} and {A§ )} are equivalent, (2.13)
e g g 0, otherwise.
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Let the space R; be one-dimensional implying that the character X(Agj )) equals 1.
Considering this and summing both sides of (2.12) over all g € G, we come to the

equality
I
3wt = L{ T ala)na) ) @19

g9€G s=1 " geG

By (2.13), the inner sum on the right side of (2.14) equals M at s such that R, has
dimension 1, while vanishing for all remaining s. The number of one-dimensional
subspaces R in the sum (2.10) equals S(k). Consequently, we have the formula

S(k) = 2= 3" x(4y). (2.15)

g€qG

This method for determining S(k) and the formula (2.15) were suggested by
D. K. Faddeev at the authors’ request.

We now calculate the expression on the right side of (2.15). The idea behind
the subsequent reasoning is that, given a specific rotation g € G, we should choose
a basis for the representation space Ry41 so that the matrix A, take the simplest
form; then we find its trace explicitly.

Introduce cartesian coordinates (z,y,2) in R?, traversing the axis z along the
rotation axis of g. To the chosen system we assign the spherical coordinates (r, 8, ¢)
and a basis (2.5) for the space Rai41. Calculate the matrix A4 in this basis. Assume
that g is a rotation by the angle 27s/q;, with s = 0,1,...,¢; — 1; assume also that
Yk m(0, ) is the spherical function (2.5). Then the harmonic Yk m(g(6,¢)) may be
found by the formula

Yi,m(9(8,9)) = e2™™ /% Yy (6, ).

This meant that A, is the diagonal matrix with entries e'2™™m3/4;  Tts trace is thus
equal to the sum of these exponentials over all m from —k to k, namely,

k

X(Ag) — Z ei2m™ms/qj _

m=—k

sin((2k + 1)7s/q;)
sin(rs]4;)

. (2.16)

Using (2.16), transform the right side of (2.15). Summation in the latter is
carried out over the matrices A, corresponding to all possible elements g € G.
Recall that G consists of ¢; rotations about axes passing through vertices of an
invariant polyhedron, of ¢; rotations about axes passing through the centers of its
edges, and, finally, of t3 rotations passing through the midpoints of edges. About
each axis, exactly g¢; distinct rotations are possible by the angles 27s/q;, with
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s=0,1,...,¢; — 1. We take into account all these rotations and sum the traces of
the corresponding matrices Ay. In this event, to every element of the group but the
identity there correspond two summands: the first appears in counting up rotations
about one pole; the second, in counting up rotations about the other pole. To the
identity of the group G in the sum we are counting up there correspond t; + 2 +t3
summands. The trace of the matrix Ay assigned to the identity transformation
equals 2k + 1 by (2.16). Therefore, (2.15) may equivalently be written as

S(k):zll-{-;-[gtj(’zl > '2’”"’/%> 2k+1)(t1+tz+t3)}+2k+1}. (2.17)

$=0 m=—k

The double sum in parentheses is easy to calculate, which yields the value

Cla]+)s

Inserting this expression in (2.17) and also recalling (2.7) and (2.8), we arrive at
(2.9). The proof of Theorem 2.6 is complete.

We infer one more description for S(k). Denote by Q* the set of those ¢; that
do not divide k.

Theorem 2.7. The number S(k) is the integral part of

%(21“ M

¢ €EQ*

t,-) +1. (2.18)

PROOF. Expressing in (2.9) the integral part [k/g;] through its fractional part
{k/q;}, find
3
S(k)=2(5~{f}) +1—kF
=AC C?
In virtue of (2.7) and (2.8) we have

ye-rten) 22l ni g

=1 =1 4 €Q 4 €Q* 4 €Q*

Here 0 < n; < q; — 2. Consequently,

S(k)=1+$<2k— > t,»)— > Z—j

4 €Q* g €EQ*
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Moreover,

3
0< i« 4% =2 =1 4 1.
B qg. 4G - 2 gi M =
Hence, S(k) is an integer smaller than (2.18), with the difference between (2.18)
and S(k) not exceeding unity. Therefore, S(k) is the integral part of (2.18). The

proof of Theorem 2.7 is complete.
One more property of S(k) is immediate from the description of S(k) as the
integral part of (2.18), namely,

i=1

M
S(k+—2—> = S(k)+ 1.
Hence, we particularly derive the formula

p for2k+1< 3 ¢,
S(k) = { g; €Q* (2.19)
p+1 otherwise.

Here p stands for the integral part of the whole quotient (2k + 1)/M.

With this we finish deriving various presentations of the number S(k) and
address the question of how to construct all spherical harmonics of given degree k
invariant under a group G in 3-dimensional space.

To this end, we need a special system of harmonic polynomials. Alongside
the original coordinates (z,y, z), we choose some cartesian coordinates (zk, yx, zk)
in R3. At every choice of the axes z, y, zx and every natural n the functions

Cr = (zx +iyx)"” (2.20)

are homogeneous harmonic polynomials of degree n in the initial variables (z,y, z).
Their restrictions to the unit sphere define a collection of spherical harmonics of
degree n. We have the following

Theorem 2.8. Any 2n + 1 polynomials of the shape (2.20) taken arbitrarily
are linearly independent provided that the directions of their axes z1,22,. .., 22n+1
are distinct.

PROOF. Use the trick of complex analysis of presenting the points of the unit
sphere S3 by stereographic projection. Issuing half-lines from the south pole of the
sphere, map the latter in a one-to-one fashion onto the plane passing through the
equator. Introduce the polar coordinates (6,¢) on S3. Then, given a point (z,y, 2)
of the sphere, we have the equalities

T =cospsinf, y=singsinf, z=cos. (2.21)
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Assign to the vector (z,y,2) the complex number w
9 H
w = tan 3¢ . (2.22)

When the point (z,y, z) ranges over the unit sphere, the number w determined from
(2.22) ranges over the whole complex plane. This correspondence is one-to-one.
Every rotation of the sphere determines a linear-fractional transformation of
the plane which has the form
aw —¢

cw+a’

with the numbers a and ¢ meeting the normalization condition
ad + cc = 1. (2.24)
We express the function (z +1y)" via w. From (2.21) and (2.22) it follows that

2mw™

Trwo (2.25)

(z +1iy)" =
Let the coordinate system (1,1, 21) result from rotating the system (z,y, z)
by some angle. To this rotation there corresponds some linear-fractional transfor-

mation of the complex plane which meets (2.23) and (2.24). Using this, we express
the function ({* = (z1 + 731)" through w. From (2.25) and (2.23) we have

) 2w, _(ww = 1)+ w/w® - ww®
B Ty, T+uw

, (2.26)
with w(®) the ratio ¢/a. Raising both sides of (2.26) to the nth power, find

n " ww — —w) ™ (w®ym-
= @ L @ 0w @2

Arranging the summands on the right side of (2.27) in increasing order of the powers
of w(%), after easy calculations come to the equality

w200 5 om (Y™ i
G L > @O (-2) e, e

(14 ww w
m=-n
with the function ng)(wﬁ) standing for the sum

n!

lslst:sn =G+ G =T
j=s(mod?2)

)" (—ww)?/2.
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Observe that, for all s = —n,—n + 1,...,n, the function

z\ /2 ol
) (i) = 2" (-2 Qn " (ww)
Ry (ww) =2 ( w) e (2.29)

when expressed in the variables § and ¢, differs only by a constant factor from
the spherical harmonics e‘is“’P,glal)(cos 0). Thus, the system of functions (2.29)
generates a basis for the space of all spherical harmonics of degree n.

Let a; and cp denote the parameters of the linear-fractional transformation
(2.23) corresponding to the coordinate system (z,yk, zx). Then, using (2.29), we
may expand the function (i by (2.28) to obtain

=Y ap gt RIM (ww). (2.30)

m=—n

Linear independence of ([',...,(,,; takes place if and only if other than 0 is
the determinant A of the matrix (a;" %), k = 1,2,...,2n4+1, ¢ = 0,1,...,2n,
corresponding to the expansion (2.30). We may readily reduce the determinant A
to the Vandermonde determinant, factoring the constant multiplier a2™ out of every
row. We thus readily infer that

A= H(aféi — aiCj). (2.31)

i<j

The product in (2.31) is zero only if there are distinct integers k and ! such that

So were the product zero, the same linear-fractional transformation of the shape
(2.23) would correspond to two distinct coordinate systems. This is impossible,
implying that the determinant (2.31) is other than 0. The proof of Theorem 2.8 is
complete.

Using harmonic polynomials (2.20), we construct a basis for the space of
G-invariant spherical harmonics of degree n.

Denote the integral part of the ratio (2n + 1)/M by p; and the difference
(2n 4+ 1) — pM, by q. Consider an arbitrary set of points (¥, ..., z(?) on the unit
sphere which are not equivalent under G. Arrange the union of the orbits of these
points

gz, gz ... gz® g€ G. (2.32)
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Obviously, the set (2.32) consists of pM distinct vectors. Also enlist the ¢ points
gt g(n) g (pM41) (2.33)

The choice of the latter depends on whether or not the number 2n + 1 is greater
than the sum } co.t;. Conditions on the vectors (2.33) are specified in more
detail in the sequel

Given each of the points z(*), s = 1,2,...,p, find a rotation h(s) such that the
vector h(s)z(*) has the direction of the axis z. Consider the system of harmonic
polynomials

C(X) =z+ iy, X= (.’l}, Y, Z), ;,3 = C"(h(s)g—lx), g€ G. (234)

The mean function of (7 ,(x) over G, defined by the formula

1
M E C;,s(glx)’

1 EG

is independent of the element g. This follows from the chain of equalities

MZCg’ g1x MZCyI gs Mzcga,()’

91€G 91€G 93€G

the first of which ensues from the definition (2.34); and the second, from the obser-
vation that the element g3 = gi'g, with g; ranging over the entire group G, also
becomes each member of this group. Thus, we independently of ¢ € G define the
collection of spherical harmonics

Y(6,0) = Z (ro(g1%); s=1,2,...,p, (2.35)
91€G

each of which is G-invariant. These functions constitute a sought basis. (Here and
in what follows we certainly assume that these and analogous equalities are valid
only for the points in the unit sphere S3.)

Lemma 2.3. If S(n) = p then every G-invariant spherical harmonic Y,}(0,¢)
of degree n may be written as a linear combination of the functions (2.35).

PROOF. Take as (2.33) the vertices of the polyhedron in question, the centers
of its faces and the midpoints of its edges such that ¢; € Q*. This is possible since
by hypothesis S(n) = p, i.e., as follows from (2.19),

2n+1< )t

g €Q*
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To each of the points z(*) for s = p+1,...,2n + 1, we put into correspondence the
harmonic polynomial

Hx)=("(h(s)x), s=p+1,...,.2n+ 1. (2.36)

Here the rotation h(s) sends the vector z(*) to the generator of the z axis, and the
function ((x) is defined by the relation (2.34).

To each point z(*) for s > p+ 1 there corresponds the cyclic subgroup Cqof G
comprising the rotations about the axis with the endpoint z(*) by the angles 27k /q,
with k =0,1,...,¢9—1. The rotation of the system (z,,ys,z,) about the z, axis by
the angle ¢ multiplies ("(x) by e™™*. Calculate the mean value of (*(x) over the
cyclic subgroup C, to obtain

S (ex) = Z e2mkn/e (7 (x) = 0. (2.37)

9€Ca

Choose the subset K of G which is composed of the elements ¢*), k = 1,... ,M/a,
such that G splits into the disjoint cosets ¢¥)Cq,k = 1,... ,M/a, of G by C,.

Then
Y e =D Y (Hai(gax)) =0.

9geG 92€K 91€C,

Therefore, the mean over the whole group G of every function of the shape
(2.36) vanishes
> (Ggx) =0. (2.38)

ge€EG

To the set (2.36) of ¢ homogeneous harmonic polynomials of degree n, we
append the pM functions ([ ,(x) that are defined by (2.34). We thus obtain p+¢ =
2n+1 harmonic polynomials. Each of them is easily written as (2.20), with the axes
zx of the corresponding coordinates (zx, yk, zx) distinct for all k¥ ranging from 1 to
2n + 1. By Theorem 2.8 the initial harmonics Y;7(, ) may be written as a linear
combination of the polynomials under consideration

14 2n+1
Yr(0,0) =D > ag.(F,(x)+ > ar(P(x). (2.39)
s=1g€qG k=p+1

By hypothesis the harmonic Y;}(6,¢) is invariant under G. Thus, the mean of Y}
over G is this harmonic itself. Considering this, from (2.39) we obtain the equality

2n+1

Y (6,¢) = ZZaga Y ¢ (aix) +— Yoow Y Har)  (240)

s—l geG n€G k=p+1 91€G
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or, involving (2.35) and (2.38), the equality

Y7(6,9) = Z(Z o )10,

s=1 “g€eG

The proof of Lemma 2.3 is complete.

Consider the case in which S(n) = p+ 1. Let 2(?™+1) be an arbitrary point of
the unit sphere distinct from each of the vectors (2.32). Find a rotation h(pM + 1)
sending z(PM+1) to the generator of the z axis, and put

Cpa1(x) = C"(R(pM + 1)x). (2.41)

We denote the mean of this function over G by Y,SPH)(O,go), ie.,

Y P9, ) = Z Cora(9%)- (242)
yGG

Clearly, this is an invariant spherical harmonic of degree n.

Lemma 2.4. If S(n) = p+ 1 then every G-invariant spherical harmonic

Y¥(8,p) of degree n may be written as a linear combination of Y,gs)(G,cp), with
s=12,...,p,p+ 1.
PROOF. Take as (2.33) the system of equivalent points

gPMAD g, gWMAD) g g (PMFD), (2.43)

Let the elements g3, ¢3,..., g, be chosen arbitrarily in G. Appending to them the
identity of G, obtain the set K of ¢ elements. Note that the rotation h(g) =
h(pM +1)g~ ! sends the point gz(PM+1) to the vector generating the z axis. Define
the harmonic polynomial {;}(x) of degree n as

(H(x) = ("(M(pM +1)g7'x), g€ K. (2.44)
The mean function of (J(x) over G, defined by the formula
1 n
M Z Cg (g*x)’ (245)
'e €G

does not depend on ¢ in K. This ensues from the chain of equalities

Yo e =Y (R () = D).

9+ €G g+ €G geG
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The first of them follows from (2.44); and the second, from the observation that
the element ¢g;1g becomes every element of G when g ranges over G. Therefore,
the function (2.45) is indeed independent of ¢ € K.

If g coincides with g1, the identity of G; then (7 (x) = (;'y1(x) and so, for
every g € G, we have the equality

1 n 1 n
T 2 G =35 Y Gralgx) =Y (6,0). (2.46)
9+« €G g+ €G

The G-invariant spherical harmonic Y} (6, ¢) may be written as a formula anal-
ogous to (2.39)

Yr(0,0) =3 a5l (x)+ Y aglr(x).

s=1g€eG geEK
Averaging over G both sides of these equalities, obtain

P

V00) = 37 (X a0 JT600+ 57 D Y Glorn)

s=1 ‘ge€G geEK ¢q1€G

Using (2.46), we see that Y,5(6,¢) is actually representable as a linear combination
of Y,Ss)(G,cp), s=1,...,p+ 1. The proof of Lemma 2.4 is complete.

We have just considered only the groups of proper rotations of a polyhedron
excluding reflections. The transformation of reflection assigning to a point of the
unit sphere with coordinates (6, ¢) the point (6;, ¢1), with §; = 7—6 and ¢; = 7+¢.
A group G with the appended reflection generates the full group G* which contains
twice as many elements as G.

Theorem 2.9. The set of G*-invariant spherical functions of even order n
coincides with the set of G-invariant spherical functions. The group G* has no
invariant harmonics of odd order n.

PRrROOF. The transformation of reflection amounts to the change of variables
' = —z,y = —y, and 2/ = —2. A homogeneous polynomial of even degree k
remains unchanged under this transformation, whereas a homogeneous polynomial
of odd degree changes sign. Therefore, a function of the basis (2.5), for n even,
is invariant under reflection and, for n odd, it changes sign. The mean over G*
of a harmonic of even degree, i.e., an invariant harmonic of even degree, coincides
with the mean function over G. For every harmonic of odd degree, this mean is
zero. The proof of Theorem 2.9 is complete.
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G. N. Salikhov conducted analogous research in the spaces of dimension greater
than 3 [200]. He obtained formulas for linear representations of groups, for rota-
tion angles and for the dimension S(k) in the case of a regular polyhedron in
4-dimensional and 5-dimensional spaces. For example, for a 600-hedron in 4-di-
mensional space and k even, the function S(k) may be calculated by the formula

S(k) = {1207y (k) + 2472(k) + 2473(k) + 4074(k) + 75(k)},

240

- G[8] ) g ) e8] ) el
G Gl
= (S(52] ) (- 4])
)([f5) res
e[ e

m3(k) = (2(k 4) — 5[
ms(k) = 13(k + 1)2 — 4(k + 1) (59+48 [ k ] + 40 [k] +30 [g]) + 15.

5
) = (20e-2)-3 23|

If k is odd then S(k) equals zero.

The problem of constructing cubature formulas invariant under rotation groups
was also considered by V. I. Lebedev [105-112], I. P. Mysovskikh [132-134] and
S. I. Konyaev [96-99]. V. L. Lebedev suggested to use the system of G-invariant
generators of the algebra of polynomials on inventing several original tricks. First,
as a new system of indeterminates he suggested to take the set of values of the gen-
erators of the algebra at the nodes of a cubature formula. Second, he specifically
selected those among all invariant polynomials which vanish on the axes and sym-
metry planes of G. Transition from the values of such “symmetric” polynomials at
the nodes of a lattice to the values of the elementary symmetric functions allowed
him to simplify the nonlinear system (1.1.7) significantly and to diminish its size
substantially. He also suggested a certain method for calculating the dimension of
the space of G-invariant polynomials.

EXAMPLE 2. In the space R™ consider the octahedral group with reflection
(G2 ) The generators of the algebra of polynomials invariant under this group
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are the following elementary symmetric function

n

_ 2 _ 2.2 2 _ 2.2 2
U]—E z3, 02—2 TiTjy ...y Op=2T1T5...Tp.

i=1 1<)

Each polynomial P(z) invariant under (Gfln)* is uniquely representable as a poly-
nomial in 61,039, ..,0,, namely,

P(z) = Q(01(z), 02(2), ... ,0u(z)).

In this event, the dimension of the space of invariant polynomials of degree k coin-
cides with the number of integer solutions to the following equation

201 +4a2 + -+ 2na, = k.

Each polynomial P(z) = Q(o(z)) on the unit sphere of R" is obviously a func-
tion of 09,03,...,0,. Therefore, the dimension of the space of invariant spherical
harmonics of degree k coincides with the number of solutions to the equation

4og+ -+ 2na, =k

in nonnegative integers. In this case the system of equations (1.1.7) is equivalent

to the next system
In(Q(0)) = I(Q()) (2.47)

for the unknowns ¢; and o = (01(z®),...,0,(z®)), k = 1,2,...,N. A finite
set to which a polynomial @(o(z)) may belong should be chosen so that the cor-
responding set of polynomials P(z) = @Q(a(z)) be a basis for the space P,,. The
number of equations in (2.47) is much far less than in (1.1.7).

E*XAMPLE 3. In the space R® consider the icosahedral group with reflection
(G%O) . The system of generators of the algebra of invariant polynomials is given

by the functions
3
-3y
=1

I = 5322 + 5z3a2 + 25 + 10232222 — 52lah — 52223 + 2232,

+10z; r5z3 — 2023 22z3;

Lo = (42% — 62123 + 22)(2] + 523 + 25 + 20325 — 22,23 — 102322
—z222 — 30z 2223 — 252322 )(z} + 573 + «3 — 8zixs + 8z,23 — 10222)
+14z222 — 102223).
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The number of linearly independent spherical harmonics of degree k in this case is
equal to the number of integer solutions to the equation

66!2 + 10013 = k.

The system of generators of the algebra of polynomials invariant under the
tetrahedral group G*+! is given in [133)].

§3. Rotation Invariant Cubature Formulas on
the Sphere in R

In this section we expose some simplest cubature formulas on the unit sphere of
the 3-dimensional space R? which are invariant under the group G* coincident with
G§* or G%%*. Moreover, we derive some asymptotic relations between the number
of nodes of a cubature formula and the number of linearly independent spherical
harmonics integrated exactly by this formula.

Denote by S the unit sphere of R} § = {(z,y,2) : 22 + y? + 22 = 1}. The
integral I(f) of a continuous function f(z,y, z), calculated over S, is approximated

by a linear combination
N

In(f) = Z cx f(z®),

k=1

with z(® a node located on S. We construct a cubature formula

I(f) = / F(2,3,2)dS = In(f) (3.1)
S

so that it be G*-invariant. In other words, the set of nodes z(¥), k =1,2,..., N,
which must be the union of the orbits of G*, and the weights of the formula which
correspond to the points z(*) of the same orbit coincide.
Denote by 9 the regular polyhedron whose rotations generate G*. If 9 is the
octahedron, then we write its vertices in the spherical coordinates (6, ¢) as
™ 3r

9:0’ 9:1’ "on,_,ﬂ,

5 5T 5 6=m. (3.2)

If 9 is the icosahedron, then its vertices have the following spherical coordinates

2r 4n 6w 8«
6=0; 6=tan"'2 —0 2= = 27 27,
) an ) LP 0’5’5)5)57
3r i 97
6=7m—t _12 -—z__ _— . = .
™ an ) ‘10 5’5’7[-’5’5’ 0 ™
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Note that not only the set of all vertices of 9t remains invariant under G* but
also the set of all centers of faces of 9 as well as the set of all midpoints of edges
of <M. We omit the coordinates of the corresponding points.

Consider two methods for constructing the nodes of (3.1). Note that the surface
of the polyhedron 9 consists of the isosceles triangles contiguous to the vertices of
M (at each vertex there are touching 4 triangles in an octahedron and 5 triangles
in an icosahedron). We call every of these triangles principal.

METHOD 1. Let k be a natural, k£ > 2, and let A be a principal triangle of
the polyhedron 9. On each of the sides of A we allocate k — 1 equidistant points.
Through each of these points lying at one side of A, we draw two inner straight line
segments in parallel to the other two sides of A. As a result, we obtain a partition R
of the triangle A into tiny parts. The vertices of these tiny triangles constitute the
lattice R(k). The form of this lattice depends on the magnitude of the remainder of
division k by 6. The center of the principal triangle and the midpoints of its sides
can be included or not included in R(k).

Repeat the same procedure for each of the principal triangles covering the
boundary of 9 to obtain some set R(k) of points lying on the surface of the poly-
hedron 9. Clearly, this set is invariant under G*. We draw from the center of the
sphere S half-lines passing through the points of R(k), and take as the set of the
nodes z(*) of (3.1) the intersection points of these half-lines with the sphere S. We
say that the resultant cubature formula (3.1) has lattice of type L

METHOD 2 for prescribing the nodes z(®, k = 1,..., N, differs little from the
first. Given a natural k > 2, a principal triangle A and the partition of every side
of A into k — 1 equal parts, from every point of this partition we draw two straight
line segments in parallel to the height of the principal triangle rather than to its
sides as in Method 1. The form of the resultant partition B depends on evenness
of k.

Projecting by half-lines the lattice R(k) which we have on the surface of the
polyhedron 9 to points of the sphere S, we obtain a cubature formula with lattice
of type II. Clearly, as k increases, the sets of nodes of type I as well as those of
type II become thicker.

Let us calculate the number of nodes N = N(k) of (3.1), and the num-
ber L = L(k) of distinct G*-orbits which constitute the set of these nodes. For
a G*-invariant cubature formula the number L(k) coincides obviously with the
number of independent weights cy.

For a lattice of type I, there are S points in a principal triangle, the vertices
of the latter inclusively, with

Si= (k41 bk (koo g1 = EEDEED)
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For the group G* elementary calculations give the relations

M
NI - t251(k) - tg(k - ].) - tl(ql - ].) - ?kz + 2,

[ (s+1)(k=3s)+1, ifk=6s, (33)
L (s + 1)(k - 3s), if k # 6s.
Similar formulas are true for a lattice of type II
3k? + 3k +2
Su = —
The same ca.lculaﬁons as a.bovp lead to the formulas
“ M
Nip= thH(k) - t3(k - 1) - tl(ql - 1) = ?k2 + 2,
(3.4)

_{(s+1)2, if k =2s,
T2V s+1)(s+2), ifk=2s+1.

Eliminating L (with a subscript) from (3.3) and (3.4), we express N (with the same
subscript) as a function of L, namely,

Ni(L) =2M(L—V3L'? +...), Nup(L)=2M(L-2L"*+...).  (3.5)

These formulas are asymptotically accurate as L — oo or, which is the same, as
k — oo.

Let the set of nodes of (3.1) be constructed by one of the above methods.
Require that (3.1) be exact for all polynomials of degree n or, which is the same
by Theorem 2.4, at all spherical harmonics of degree at most n. Among these
harmonics there are (n + 1)? linearly independent. Choosing a respective basis,
write the requirement that the formula under study is exact for the members of the
basis as simultaneous linear equations for its coefficients. This system consists of
(n + 1)? equations. Solving it, we may obtain a final form of (3.1).

Note, however, that, pursuing the above approach, we in no way use the invari-
ance of a cubature formula under G*. Incidentally, as we now show, this condition
enables us to diminish considerably the size of the linear system to be solved.

According to Theorem 2.3 a cubature formula (3.1) exact for G*-invariant
spherical harmonics of degree at most n is also exact for all spherical harmonics
of degree at most n. The total number 6*(n) of linearly independent G*-invariant
harmonics of degree at most n is considerably less than (n + 1)2. This quantity
may be calculated by the formula

o*(n) = 3 S*(k),
k=0
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with S*(k) the total number of G*-invariant spherical harmonics of degree k. By
Theorem 2.9 S*(k) coincides with S(k) for k even and is 0 otherwise. Consequently,
to count o*(n) up, we may use all formulas for S(k) which were derived in the
previous section. In particular, from the equality

S<k+ %) = S(k)+1

we readily infer the next relation

o*(n) = (k- 1)&(%1— - 1) +0*(A24— —2 + 1) + E(k—;i)% —k(G—1) (3.6)

which is valid for n = kM/2 - 2j + 1 and j = 1,2,...,[M/4].

Taking now some system of o*(n) linearly independent G*-invariant harmonics
of degree at most n, write the condition that (3.1) is exact for these functions. As
a result, obtain a collection of 0*(n) equations. The G*-invariance of (3.1) means
that it has not more than L distinct coefficients. Therefore, the matrix of the
resultant linear system has size 0*(n) X L. Assume that it is a square matrix, i.e.,
o0*(n) = L. Denote by n*(L) the greatest number n that satisfies the preceding
equality.

As an instance of perfect implementation of the suggested algorithm, we expose
an invariant formula under the icosahedral group G2%°*. Its nodes are located at
the vertices of the icosahedron and at the centers of its faces. Moreover, L = 2,
and if the coefficient ¢; of every “vertex” node equals 57 /42, and the coefficient ¢,
of the other nodes equals 97/70, then the corresponding formula (3.1) is exact for
polynomials of degree 9. (In this case the solution n* to the equation ¢*(n) = 2 is
equal to 9.) The cubature formula we discuss was proposed by V. A. Ditkin and
L. A. Lyusternik in the article [55].

The nodes of the second cubature formula are the vertices of the icosahedron,
the projections to S of the midpoints of edges, the centers of its faces and the points
dividing the median of a principal triangle in proportion of 1 to 2. Moreover, L = 4
and the formula is exact for polynomials of degree 15 if the weights of the formula
are given by the equalities

c; 20.01543247, c; =2 0.03649687, cg =2 0.03810047, ¢4 = 0.03263157.

The further properties of this cubature formula and some of its natural generaliza-
tions are exposed in {200, 307].

We now suggest some quantitative criterion for assessing the properties of (3.1).
Complete use of all of its free parameters that include two coordinates of each of the
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TABLE 1
Parameters of a Cubature Formula Invariant Under G§*

I II

L[ ND)] o @) [+1?| | LT N@)[ n*(@) [ (n*+1)?
1 6 3 16 2| 14 5 36
2| 18 5 36 4| 50 9 100
3| 38 7 64 6| 10| 11 144
a| 66 9 100 9| 194 | 15 256
51 102 11 144 | 12| 302| 19 400
7 146 13 196 16 434 23 576
8| 198 | 15 256 | |20 | 590 | 25 676
10 258 17 324 25 770 29 900
12| 326 | 19 400 | |30 | 974 | 33 | 1156
14 | 402 | 21 484 | |36 | 1202 | 35 | 1296
16 | 486 | 23 576 | |42 | 1454 | 39 | 1600
19| 578 | 25 676 | |49 | 1730 | 43 | 1936
21 | 678 | 27 784 | | 56 | 2030 | 47 | 2304
24 | 786 | 29 900 | | 64| 2354 | 49 | 2500
27| 902 | 31 | 1024 | | 72| 202 | 53 | 2916
30 | 1026 | 32 | 1089 | | 81| 3074 | 57 | 3364
33 | 1158 | 35 | 1296

nodes z(¥) and the weights cx allows us to achieve exactness of a cubature formula
for all polynomials of degree n, with n satisfying the equality

(n+1)% = 3N.

In this connection, given a cubature formula having N nodes and exact for polyno-
mials of degree n., we introduce the ratio

_ (n*+1)2
T="3N

which is further referred to as efficiency.

We may evaluate the efficiency of the G*-invariant formulas corresponding to
small L on appealing to Tables 1 and 2. If L is large then it stands to reason to
use the asymptotic expansion of the coefficient  which we are about to derive.
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TABLE 2
Parameters of a Cubature Formula Invariant Under G2%*

I 11
L ND)| n(@) [ +12| | L] NI n*@) | (n*+1)?
1 12 5 36 2 32 9 100
2 42 9 100 4 122 15 256
3 92 11 144 6 272 19 400
4 162 15 258 9 482 25 676
5 252 17 324 12 762 29 900
7 362 21 484 16 | 1082 35 1296
8 492 23 576 20 | 1472 41 1764

10 642 27 784 25 | 1922 47 2304

12 812 29 900 30 | 2432 51 2704

14 | 1002 33 1156 36 | 3002 57 3364
16 | 1212 35 1296
19 | 1442 39 1600
21 | 1692 41 1764
24 | 1962 45 2116
27 | 2252 49 2500
30 | 2562 51 2704
33 | 2892 55 3136
37 | 3242 59 3600

Let n = kM /2 — 1. Then (3.6) implies that

o) = b (2 1) M0

2 4

In this event, we have the equalities

k2M? L2M? M M2
(n+1)* = 1 2Mot(n)=——+ <2Mcr* (— — 1) - —) k.

2 4

Eliminating the parameter k in these equalities, we arrive at the asymptotic formula

(n+1)? = 2Mao*(n) + <—A2£ — 40" (% - 1)) (2Mo*(n))""* + O(1).
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For n = n.(L) the quantity o*(n) “almost” coincides with L and so it is large at
large L. In the case of the octahedron when M = 24, we have

(n« +1)? = 2M(L — \/4/3L*? +
In the case of the icosahedron when M = 60, the equality holds

(ny +1)% = 2M(L — \/49/30 L% +

Whence and from (3.5) it is easy to derive an asymptotic presentation of the effi-
ciency for formulas with lattice of type I and of type II.

We describe a scheme for constructing cubature formulas that possess the high-
est degree and are invariant under G§*. Assume that the vertices of the octahedron
M lie on the coordinate axes; i.e., they are given by (3.2). A sought cubature
formula takes the form

)2 In() = A3 S(a) + 42 3 (7) + 45 3 £

N,
+ZB Zf(b(k))+ZC Zf (t) +ZD Zf @®). @37

The nodes a( ) are at the vertices of I, the points a( ) and a(a) result from
projecting to S the midpoints of edges and the centers of faces The inverse images
of the points b( ) and c(k) belong to the bisectrices of the angles of principal triangles

and to the edges of M, respectively. The points dE ) are nodes of general position.
For a given k, each of the sets {agk)}, {bgk)}, {csk)}, and {dgk)} is invariant
under G§*. This means that

bfk) € {(:tlk, ilk, :tmk)a (:tlk, :tmk, ilk’)’ (imk’ :tlka ilk)}’

with 212 + m? = 1. Furthermore,

¢t € {(£px, £ax,0), (£px,0, £a1), (0, £k, 2x), (Eqk, £k, 0),
(:tqka Oa ipk)’ (Oa i(Ik, ipk)}a

where p? + ¢2 = 1. Moreover,

dSk) = {(£rx, fuk, twg), (£re, Twk, Fug), (Luk, £r, £wi),
(:l:uk, twg, £rk), (Fwk, ug, :i:rk), (:I:wk, +r, :tuk)}.
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Thus, the set of the sought parameters of a cubature formula (3.7) is completely
determined. We should find them from the system of nonlinear equations which is
equivalent to the condition that (3.7) is exact for the chosen basis functions.

In the case under study we may considerably specify the form of basis elements.
In doing so, it is convenient to use the fact that the restriction to the sphere S of
each G3*-invariant polynomial is a polynomial in the variables o, and o3, with

oy = 22y? + 2222 +y?2?, oy = 2iyll.

We mention in passing that the general theorem on representation of invariant
polynomials via basis polynomials was established by C. Chevalley [45].

We define a basis for the space P, .. when n > 6 as the union of the four sets
A, B, C, and D. The set A consists of the functions

W >

a1 =903 —402+1, a; =09 —903, a3z =

o
(03 +2(1- 402)) . (398)
The set B is composed of the elements

b4,’+6 - 40’31)2, b4j+12 = 40‘3b6bi, (39)

4 /1 4 2
b4:§<§—02), b6=§<903—30'2+§>,

and the indices 7 and j ranging from 1 to (n — 6)/4 and from 1 to (n — 12)/4,
respectively. The set C' comprises the elements

with

c4i = oherz, (8.10)

with ¢12 = 02(1 — 403) — 03(4 + 2703 — 1802), and the index : ranges from 0 to
(n —12)/4. The members of the set D are of the shape

dij = 0303c12, j>1, 6<4i+6j <n-—12. (3.11)

We obtain the sought system of nonlinear equations on substituting the func-
tions (3.8)—(3.11) for f in the equality I(f) = In(f). Because of the particular
choice of basis elements, the system splits into triangular subsystems.

Let N stand for the total number of the nodes of (3.7). The values of N, Ny,
N,, and Nj should be chosen so that the total number of the sought quantities be
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TABLE 3
Parameters of a Cubature Formula of Highest Degree n
Invariant Under G§*

n Nl N2 N3 N n

9 0 1 0 38 0.877
11 1 0 0 50 0.960
13 1 1 0 75 0.928
15 2 1 0 86 0.992
19 3 0 1 146 0.913
21 3 1 1 170 0.949
23 4 1 1 194 0.990
25 5 2 1 230 0.980
27 5 1 2 266 0.982
29 6 2 2 302 0.993
31 6 2 3 350 0.975
33 6 3 3 386 0.998
35 7 2 4 434 0.995
37 7 4 4 482 0.999
39 8 3 ) 530 1.006
41 9 3 6 590 0.997
43 9 3 7 650 0.998
45 9 5 7 698 1.011
47 10 3 9 770 0.997
49 11 5 9 830 1.004
51 11 5 10 840 1.013
53 12 4 12 974 0.998
59 13 4 16 1202 0.998

equal to the number of equations in the system. To this end, in some cases we are
to set the coefficient A2 equal 0.
In Table 3 we gather the values of the efficiency of a cubature formula (3.7).
We may conveniently give the degree n of a cubature formula (3.7) as expanded
in the sum

n=12m+2l+1, [=0,1,...,5. (3.12)

In the cases of | = 2 and [ = 5, we obtain especially simple expressions for the



Cubature Formulas of Finite Order 73

parameters N and N;. Namely, if [ = 2 then

24+2m 47
N1 =3m, N2 =m, N3 :m(m— 1), N = %, A2 =0.

Here m is the parameter of the expansion (3.12). If { = 5 then
Ni=3m+1, Ny=m, N3y=(n’>+2n+7)/3.

It is worth noting that at these values of [ the set of nodes of a cubature formula
(3.7) coincides with a lattice of type II described at the beginning of the current
section to within a G§*-invariant continuous transformation.

Recently, V. I. Lebedev and A. L. Skorokhodov have found G§*-invariant cu-
bature formulas of degree 41, 47, 53 and 59 [112].

A. D. McLaren obtained a G3%-invariant cubature formula of Gauss type with
72 nodes of degree 14. Formulas invariant under the icosahedral group were also
dealt with by S. I. Konyaev. He found formulas of degree 29.

G. N. Salikhov [192-200] obtain cubature formulas for the 4-dimensional and
5-dimensional spheres which are invariant under finite rotation groups. In particu-
lar, for the 4-dimensional sphere S he derived the formula

120

n? :
/f(xl,zg,xg,m)ds =% Z;f(w)), (3.13)
s =

invariant under the rotation group G§°° of the 600-hedron. This formula exactly
integrates all spherical harmonics of degree at most 11, i.e., 650 harmonics. The set
of nodes z(/) at that comprises the vertices of the 600-hedron and 24 points that
result from all possible permutations of signs in the vector

(£, £, 1/, +£1k), (£1,0,0,0), (0,4+1,0,0), (0,0,%+1,0), (0,0,0,%1)

and also 96 points that results from even permutations of the entries of the vector

t 1 7!
(hda0),
with ¢ standing for some root of the equation t? +¢~2 = 3.

The cubature formulas constructed by G. N. Salikhov have high efficiency and
integrate all harmonics of degree at most 19 exactly. The efficiency 7 of a formula
of degree 19 equals 0.9965.

I. P. Mysovskikh found cubature formulas invariant under the group G7*!
of the n-dimensional simplex [133]. The tables of parameters of various invariant
cubature formulas are exposed in the monographs by I. P. Mysovskikh [133] and
A. N. Stroud [269].



Chapter 3

Formulas with Regular Boundary Layer
for Rational Polyhedra

Construction of asymptotically optimal formulas is one of the main achievements
of the theory we develop.

As was mentioned above and is rigorously proven in Chapter 5, asymptotically
Lgm)—optimal are the errors with regular boundary layer. The definition of these
functionals in Chapter 1 is constructive and proposes a method for deriving cor-
responding formulas. To this end, it is necessary to find a finite set of elementary
errors [,(y) whose size is in general the same as the number of nodes in the bound-
ary layer. For piecewise-smooth boundaries, this quantity is O(h'~"). So is the
number of distinct weights of a cubature formula.

To calculate an integral, we need to know the values of the integrand ¢(z)
at all nodes of a lattice. The number of nodes is O(h~™") which is higher than
O(h~™*1). Therefore, the determination of elementary errors and weights of a cu-
bature formula in a boundary layer requires operations whose cost is negligible at
small h as compared with the total amount of operations used in integration. The
determination of all weights still remains a rather bulky problem.

There are cases in which the construction of cubature formulas may be sim-
plified considerably, since it turns out possible to restrict examination to seeking
only a finite set of distinct functionals I,(y) whose size is in general independent
of the mesh-size h. The number of distinct weights of such formulas and the cost
of their determination are also independent of &. This happens for certain special
polyhedra and is the topic of the current chapter. For these polyhedra we may also
find the weights of cubature formulas straightforward, skipping the intermediate
stage of determining elementary errors.
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§1. Rational Polyhedra

In what follows we deal only with convex polyhedra. However, most of the
results below may be translated to the case of nonconvex polyhedra.
A convez polyhedron M is the set of points satisfying compatible simultaneous
linear inequalities
AkEakI—-kaO, k=1,2,...,M, (11)

with ap a row-vector of dimension n and z a usual column-vector. We call (1.1)
an admaissible system if there is at least one point at which all inequalities become
strict. The set of points 9 at which all inequalities of (1.1) are strict presents the
interior of the polyhedron.

If the set of vectors z satisfying (1.1) is bounded then we call the polyhedron
a bounded or compact polyhedron.

From a given system of inequalities (1.1) we may always select in a unique
fashion some independent subsystem, a set of inequalities none of which can be
eliminated without changing the initial polyhedron.

In the theory of linear inequalities there is an algorithm reducing (1.1) to an
independent subsystem. This algorithm is essentially as follows: The left side of
every inequality of (1.1) is considered in turn as some function given in the domain
determined by the other inequalities. We seek for the maximum and the minimum
of this function. If the minimum is nonnegative then the corresponding inequality
may be eliminated. If the maximum is nonpositive, then the system is inadmissible.
In the remaining cases, the inequality under study must be preserved. Eliminating
redundant inequalities one by one, we arrive at an independent subsystem.

In the sequel, we presume that (1.1) is an independent system.

The set of points z at which several of the functions Ay vanish and the others
are nonnegative is a face of the polyhedron 9. The dimension of a face is the
number s = n — r, with r the rank of the matrix comprising the weights of those
functions A that vanish at every point of the face. In other words, s indicates the
number of independent variables on which the points of the face depend.

Clearly, all faces of each dimension of a convex polyhedron 901 are also convex
polyhedra in subspaces of lesser dimension. We treat a polyhedron itself as face of
dimension n.

Denote by u(s) the number of faces of dimension s. Enumerate these faces,
denoting each by M; ,, s =0,1,...,n,j =1,2,...,u(s). Denote by K; , the set of
the indices of those functions Ay in (1.1) that vanish on the whole face 31; ,, and
let L; ; stand for the set of all remaining indices

Lj,sz{kllskSM}\Kj,s.
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Then the face 91; , is determined by the system of relations

Ar=0, k€K, (1.2)
Ak >0, ke L]‘,s. (1.3)

In case s = n—1, each function Ag, k € K 4, corresponds to a face of dimension
n—1, and so K »,_; is a singleton for every j. For other s the size of K;, may vary
but it is at least n — s. The conditions of (1.2) may fail to be independent in this
event. For instance, 0-dimensional faces, i.e. vertices, of a regular octahedron in R3
are determined each by 4 equations of the faces touching at this vertex, any three
of the equations sufficient for finding the vertex. The affine variety (1.2) is called
the plane R;, of the face M;,. In the plane R;,, the inequalities of (1.3) define
a convex polyhedron which is M ,. Obviously, the system of inequalities (1.3) is
not always independent and part of the inequalities may be eliminated.

In practical search for an independent system of inequalities for a face, we may
use the above-mentioned trick for finding an independent system of inequalities
describing an n-dimensional polyhedron M.

The inequalities Ay > 0, k € L; ,, determine the set of interior points of the
face 9M; s, i.e. the interior of the s-dimensional polyhedron 9; .

Consider one more system resulting from (1.2) by making each equality the
inequality

AL >0, keKj,. (1.4)
The system of strict inequalities corresponding to (1.4) takes the form
Ar>0, keKj, (1.5)

The relations (1.4) determine the set which we call the closed solid angle Q;
of the polyhedron 9. The inequalities (1.5) determine the set ;s of the interior
points of Q;, which we call a solid angle of M. The plane R;,, is the blade of the
solid angle. The order of the solid angle Q;  or ; , is the number n — s.

As an example, we consider the plane triangle

ﬁ:{x:x:(wl,m), A =321-22020, Ay =25 >0, A3 = -3z, —22+3 > 0}.

The three vertices O, A, and B of 901 are the 0-dimensional faces {gﬁjyg}gﬂ; the

three sides of 91 are the one-dimensional faces {9;,1}3_,; whereas the triangle 9

itself is identical with its 2-dimensional face 9y 5 (see Table 4).
The alternating sum of the numbers u(s) plays an important role in character-
ization of the properties of a polyhedron. Put x(n) = 1 and arrange the sum

#(0) = (1) + -+ (=1)"u(n) = Y (=1)°u(s). (1.6)

s=0
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TABLE 4
J
s
1 2 3
M = {0} Mao = {A} M; o = {B}
0 Ql,g =/0 ngo =/A 93,0 = /B
Ry = {0} R0 = {A} Rso = {B}
M, 1 = [AB] M,,1 = [OB] My 1 = [0A]
Ql,l, the half- 92’1, the half- Q3,1, the half-
1 plane AB(O) plane OB(A) plane OA(B)
Riq, Ry, R3,
the line AB the line OB the line OA
M, » = NOAB
2 Q2=R?
Ri2=0

Theorem 3.1 (Euler). For every compact convex polyhedron the alternating
sum (1.6) equals unity, i.e.,

n

S (-1)uls) = 1. (17

s=0

The proof of the theorem may be found, for instance, in [188].

Let a polyhedron 9 be somehow partitioned into finitely many smaller convex
polyhedra. The boundaries between these parts consist of polyhedra of dimension
less than n. By a complez we mean the set of all polyhedra and all faces of the
polyhedra that participate in such partition of M. A complex contains all polyhedra
that coincide with the boundaries between smaller polyhedra of dimension n newly
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born in partitioning M and also the old faces of M or the parts into which they are
partitioned.

Given such complex, let us calculate the number of elements (faces) of each
dimension from 0 to n. Denote the number of elements of dimension s by u(s) in
much the same way as in the case of a sole polyhedron. Then we have

Theorem 3.2. The following equality holds

> (-1)'u(s) = 1. (1.8)

Observe that (1.7) is a particular instance of (1.8).
We also state one more theorem which relates to noncompact polyhedra.

Theorem 3.3. Assume that a noncompact convex polyhedron contains no
infinite straight line. Further assume that it is partitioned into finitely many convex
polyhedra as in Theorem 3.2. The alternating sum (1.6) for this polyhedron is then
zero, in symbols,

Y (=1yu(s)=o. (1.9)

Denote by XJ—S(.’L') the indicator of the closed solid angle ; , containing the

points of its faces of every dimension

1, z€ ﬁj’ 3y
X;’-;(-’E) B { 0, Z ¢ ﬁj’s.
The Euler Theorem and its generalizations entail the following theorem which

we find beneficial.

Theorem 3.4. The indicator Xﬁ(z) of a compact polyhedron 9t decomposes
as follows

n u(s)
Xa(@) = 31 Y x() (1.10)

In other words, the indicator of a polyhedron equals the alternating sum of the
indicators of all its solid angles of various order.

PROOF. Let a point z belong to the polyhedron 9. Insert z into the right
side of (1.10). Then every indicator X]—s(z) becomes equal to 1. The number of the

functions Xj_s(x) pertinent to the faces of dimension s equals p(s). Therefore, the
right side of (1.10) equals the sum Y »_o(—1)°u(s) and by (1.7) it is 1.
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Consider now the case in which a point z lies outside the set 9. Inserting z
into the right side of (1.10), observe that some summands equal 1 and the others
vanish. Denote the number of the latter by u;(s). Rewrite the sum of (1.10) as

S (1)) — pr(s)] = S =1 (5) = 3 (1) as)

Show that the right side of this equality is equal to 0.
Indeed, by the Euler Theorem

S (1) u(s) = Y1) () = 1— 3 (=1 ()

Consider the alternating sum on the right side of this equality. Clearly, the indicator
X]_;(a:) of a solid angle vanishes if and only if we may directly see its blade from

the point z, i.e., the line joining each point of the blade with z lies outside ; .
Draw the pencil of all lines passing through z and meeting the polyhedron Ot.
Intersect this pencil with some (n — 1)-dimensional plane. The pencil projects
the whole polyhedron 9 to this plane, giving in result a new (n — 1)-dimensional
polyhedron ;. This projection transforms those faces that were seen from the
point z to some partition of 9, into finitely many polyhedra with preservation of
dimension. Consequently, y;(s) coincides with the number of faces of dimension s
in some complex constructed for a polyhedron of dimension n — 1. In virtue of
Theorem 3.2, we have

S (1) pals) = 1

Whence (1.10) follows. The proof of Theorem 3.4 is complete.

Corollary 1.1. The indicator xgy () of the interior of a polyhedron M equals
the alternating sum of the indicators x; ,(z) of the interiors of its solid angles,

n r(s)

(@) =3 (=1)" D xja(@): (111)

8=0

Indeed, every interior point of a polyhedron is an interior point of all its solid
angles. At these points, the formula is checked in the same way as (1.10). At the
boundary points, the formula is checked in the same way as (1.10) in the case of an
exterior point z.
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It is worth observing that in the alternating sum of the indicators of closed
solid angles we may count up the elements of the boundary which belong to some
closed face M; , by using the Euler formula. Subtracting (1.11) from (1.10), we
find an expression for the indicator of the boundary of 9. Moreover, for every face
9M; s the sum of the indicators of solid angles in the plane of this face yields the
indicator of the face. In the other points the sum vanishes, which the reader is
welcome to check.

Now we return to studying cubature formulas. Let {(z) stand for the error
of such formula. Implement an affine change of independent variables by letting
z = By, with the determinant of B equal to 1. Then the error transforms by the
rule

i(z) = U(By) = (y),
with I(y) again the error of a cubature formula. In this event, the lattice of nodes
may change in general. We have

Theorem 3.5. An affine transformation makes a formula with regular bound-
ary layer of order m into a formula with regular boundary layer of the same order
but possibly with other constants L and A.

PROOF. Under the affine transformation £ = By the error

(2)= Y 1y (7~ HY) = xq(e) = Y. A"elrld(a — hH7),

YEBL hH~EQ

with 1y(t) = xq, (t) — 3. ¢"[']é(t — HY'), becomes
) =1(By) = Y 1, (BY - Hr).

Let I,(z) = I,(Bz) and H = B~'H. Then
T_ -1.(Y_7/
l7(h HV)"”(h H7)'

Since Xa, (t) transforms to g (2), and 6(z) is a homogeneous generalized function
Y

of order —n, the error I,(2) is again written as

1,(2) = Xm(z) - Z 'y'16(z = HY').

Thus, the elegentary error [, with matrix H transforms to the elementary error 7.,
with matrix H. Clearly,

112(2) | C*(R™)|| = |14(2) | C*(R™)]| < 4,
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and the support of 1, lies in the domain |Bz| < L. We also check that [, is
orthogonal to all polynomials of degree less than m. We have

(I4(2), Pm-1(2)) = (I5(t), Pm-1(B7't)) = 0,

since Pp,—1(B~!t) is a polynomial of degree less than m. The proof of Theorem 3.5
is complete.

The property that a boundary layer remains regular under an affine transfor-
mation allows us to reduce the construction of a cubature formula with a lattice
matrix H to the construction of a cubature formula with a cubic lattice. Therefore,
throughout this chapter we always consider formulas with a cubic lattice unless it
is otherwise stated.

Our nearest aim is to make calculation of the weights of cubature formulas as
standard and routine as possible. To this end, we should chose possibly concomitant
elementary errors that compose I(z). Concomitance for these functionals means
that they result from one of them by application of a member of the group Gy
comprising the translations of R™ which preserve the lattice under study. In the
sequel we consider the subgroups G;, of Gy the action of each of which keeps
invariant the plane R; ¢ of some face. If such subgroup depends on s parameters
then the elementary errors supported closely to the face may be obtained from a few
of them by applying the members of G;,. We now begin implementing this idea.

Consider an arbitrary system of integer column-vectors Uy, Us, ..., Us compris-
ing the matrix U of size n x s. Let the rank of U equal s. The vectors U; belong

to the hyperplane
z=U), (1.12)

with A an arbitrary s-dimensional vector. In this hyperplane there are infinitely
many integer points that obviously generate the sublattice 'y of the main cubic
lattice I'. For instance, I'y contains all vectors that result from applying (1.12)
with integer A. It may happen that the hyperplane (1.12) has no other points of
the main cubic lattice. Then the vectors Uj, j = 1,2,...,s, constitute a basis for
the sublattice I'y. However, this may fail in general. Nevertheless, using a simple
process, we may always construct a basis system U() for Ty which contains s
vectors.
The group Gy of translations, given by the formula

y=z+UWB, BeZn (1.13)

is a subgroup of the group Gy of all translations keeping the lattice I' invariant.
An arbitrary transformation belonging to Gy has the form

y=z+p, BeZ"
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We are interested in the polyhedra in which the s-dimensional plane R;,
of a face 9M;, remains invariant for s = 1,...,n — 1 under the action of some
s-parameter subgroup G, of the translation group Gyp. Clearly, the plane R;, of
a face in such polyhedron may be given by the relations

z=Uj A+ f,

with the matrix U;, determining the translation group G;, under which R;, is
invariant. The entries of the matrix U; , are integers. Hence, all components of the
vector ai in the system of inequalities (1.1) determining the face R;, may be set
integers. Let us demonstrate why this is so.
For definiteness, assume that s = n — 1. Then the plane Rj,_1 of 9 ,_1 is
given by the relations
t=Ujn1r+ f. (1.14)

Whence we obtain a system of relations of the shape (1.2) between the independent
variables z,...,z, which is equivalent to (1.14). To this end, write the solvability
condition on the simultaneous equations (1.14) for the unknowns A.

From linear algebra we know that (1.14) is solvable for A if and only if the
value of a special matrix Ry, called a left annihilator for Uj,—_1, at the difference
of the vectors ¢ and f is zero,

Riz = Rif. (1.15)

By hypothesis, the rank of U ,—1 equals n—1, and so there is a left inverse U ]T;—l, !
of Uj n—1. The annihilator R; now takes the form

Ri=1I- Uj,n—lU]T;—l,z-
All entries of R, are rational and, after eliminating the denominators in the equal-
ities of (1.15), we arrive at a system of equations with integer coefficients.

For simplicity, in what follows we consider only those polyhedra that have
points of the initial cubic lattice on faces of every dimension. Qur supposition
implies that the vertices of the polyhedron, i.e. its 0-dimensional faces, are also
points of the initial lattice. In this event, each plane Rj, clearly includes the
s-dimensional sublattice I', and the plane of every face is expressed by equations
with integer coefficients. These polyhedra we call rational.

§2. Constructing Formulas for Rational Polyhedra

In the current and subsequent sections we give a detailed exposition of a method
for constructing cubature formulas with regular boundary layer for rational poly-

hedra.
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To begin with, we show that it is possible to standardize the elementary func-
tionals that compose the errors I(z) of a cubature formula, which makes it possible
to use only a few distinct elementary errors l,(z). Moreover, it turns out that if we
obtain new lattices by refining old lattices then the number of different small func-
tionals as well as the number of different weights of the resulting cubature formulas
remains the same, i.e., independent of the number of nodes.

The weights of a sought formula are the sum of some functions ¢/*[f] of a dis-
crete argument which correspond to the faces I; , of the initial polyhedron. The
support of ¢/*[8] is included in the sublattice lying in the plane R; , and in several
sublattices parallel and close to I'; ; and meeting the initial polyhedron 90, i.e.,
located in a sense on the inner side of the plane R;,. In this event, the function
¢*[B] is given only at the points lying in the polyhedron, taking a constant value
at each sublattice parallel to R; ,.

It is convenient to slightly generalize the concept of a cubature formula with
regular boundary layer which was given in Chapter 1.

Once again we consider elementary errors

L) =x,)— >, W8y HY),
|H~'|<L

satisfying the conditions

lLv(w) | C*(R™)[| < 4; supply(y) C{y: [yl <L} (L(y),y*) =0, |af <k(y).

Assume that the domain 2 has a piecewise-smooth boundary. Assume also that
on this boundary there are given finitely many piecewise-smooth manifolds S; , of
various dimension s, with s = 0,1,...,n — 2. In our case, as S;, we may take the
faces of the polyhedron 9. Encircle each of these manifolds with the neighborhood
wj,e, comprising all points at a distance less than Lh from Sj,. Arrange the set
Bj s of v at which hH~ lies in w;, 1 and does not belong to any neighborhood
wj,s—1,0- The number of these v is O(h™"%*).

Suppose that for all ¥ € Bj, the order k(y) equals m — n + s. This means
that for all v such that the points 2 H+ lie in the neighborhood of S; 1, the order
k() equals m — 1; in the neighborhood of S; »_2 it equals m — 2, and so on. Recall
that in Chapter 1 the order k(7y) of the elementary error /,(z) equals m — 1 near
the whole boundary of 2. We assume that this is the only distinction from what
was considered before. In particular, for all v in Bg), i.e., for v such that the point
hH~ is at distance greater than Lh, from the boundary, the elementary errors result
from one of them by the formula

() =0 G-,
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The sum of all elementary errors is the error of some cubature formula in the

domain 2, namely, .
(e)= Y 1, (E - H7) .

YEBL
As above, we call it an error with regular boundary layer.

Thus, we have abstracted the concept of an error with regular boundary layer,
allowing that part of elementary errors with support near to the boundary may have
less order. The proof of asymptotic optimality of errors with regular boundary layer
we give in Chapter 5 makes use of this expanded definition.

Revert to considering rational polyhedra. In the class of errors with regular
boundary layer we distinguish subclasses that possess even much more standardized
elementary errors.

Let T'; s be a sublattice of a cubic lattice I' which comprises integer points
in the plane R;, and let U,41,...,U, be a system of vectors complementing the
system Uy,...,U, to a basis for I'. Then we may write down I' as the union of
sublattices each of which is a translate of I'; ; by an integer linear combination
of the vectors Ugy1,...,U, and so lies in a plane parallel to R;,. Obviously, the
error I(z) may be constructed so that all elementary errors l,(z) be concomitant
for 4 € B;, at the points belonging to the same sublattice parallel to I'; ,. If this
condition is fulfilled for all s =n,n—1,...,kand j = 1,..., u(s), then we say that
the error I(z) has regular boundary layer up to dimension k. The regular boundary
layer defined in Chapter 1 was regular only up to dimension n.

Theorem 3.6. Consider a cubature formula with regular boundary layer up
to dimension k for a polyhedron 9. The weights of the formula at the points lying
in the neighborhood of an s-dimensional face M; 4, s = k,k +1,...,n, comprising
the points at a distance greater than Lh from all faces of dimension k — 1 depend
only on a sublattice parallel to the face. At each of these sublattices, the weights
are constant.

PROOF. At each point of the lattice which lies in the neighborhood of I; ,,
s = k,k+1,...,n, comprising the points at a distance from all faces of lesser
dimension, the value of the weights ¢[f] results from summing the corresponding
weights of I,(z/h — ), with hy belonging to the same neighborhood. However,
these errors are invariant under the translation of 4 by each vector of the sublattice
I'; ;. Consequently, the weights c[f] at the points located on the same plane parallel
to R; , are invariant under such translation, simply presenting the sum of the same
quantities.

Obviously, the number of the planes parallel to R; ,, lying in the neighborhood
of the face M; ; and including sublattices of the cubic lattice depends only on L
but not on k. Therefore, the number of distinct weights in the neighborhood of the
face M1; , is independent of h. The proof of Theorem 3.6 is complete.
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From this theorem it follows that for ¥ = 0 the number of distinct weights
of such formula is independent of the parameter h, i.e., of the number of nodes.
Indeed, the number of distinct weights near all faces of arbitrary dimension does
not depend on h. Since the number of faces is also independent of k, our claim is
proven.

Consider all solid angles of various order of a rational polyhedron and construct
for each of these angles the error of a cubature formula with regular boundary layer.
Assume that the construction is performed in the same manner for each angle. This
means that if some s-dimensional plane participates in several solid angles, then we
take equal elementary errors supported near to this plane at a distance of Lh from
every face of dimension s — 1.

Theorem 3.7. The error of a cubature formula with regular boundary layer
in a rational polyhedron 9 may be written as

n n(s)
I(a) = 3 (-1)" 19 a), (21)

with 10:%)(z) standing for the errors with regular boundary layer constructed in the
same manner for all solid angles of various dimension in M.

PROOF. Denote by M the set of elementary errors composing [(z); and by
M; s, the set of elementary errors composing 13:9)(z). To every integer vector 7
there may correspond several distinct elementary errors. For instance, to the point
h~ lying near to the plane of some (n — 1)-dimensional face, there corresponds the
functional lo (z/h — ) entering the formula for the angle of order zero, that is for
t(he wl;ole space, and the functional I (z/h — v) participating in the expansion of
1Gn=1)(g),

Lai)e)l with the index t all elementary errors that correspond to the same +,
denoting them by I (z/h —v). On the set of pairs (v,t) define the indicators of
the polyhedron and its solid angles

1, ifll(c/h—7)€ M,
xam(7:1) = { 0, ifli(z/h—7)¢M, 22
(1, ifli(z/h—7) € Mj,
Xja(0:t) = { 0, if l(z/h—7) ¢ Mj,. (2:3)

For these indicators we have the identity

n pu(s)

m(1,0) =Y > (—1)°X;,4(1,1) (24)

s=0 j=1
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which follows from Theorem 3.4. We clarify the formula (2.4) by example. The sim-
plest case corresponds to an interval [a, b] with equidistant nodes hy, ¥ = 0,+1,....
Here, possible are three types of elementary errors differing in the manner of their
intersecting the elementary meshes {z : ¥ < z/h < 4 + 1} with the interval (a, b).
To the meshes lying in (a,b), there corresponds an elementary error ly. If a mesh
contains the point a, then we denote the elementary error by [;; and if it contains
the point b, then we denote the elementary error by l;. The index ¢ may assume
one or two values. At each vy the functional /y belongs to the set {l } Given «,
put l1 = ly. For simplicity, set L = 1. Then for ¢t = 2 we have

2 l; at a point Ay on the right of q,
Y | I, ata point hy on the left of b.

In the example under consideration, the polyhedron 901 is the interval [a, b], the
solid angle Q; ¢ is the half-line [a, 00), the solid angle Q3 o is the half-line (—oo, 8],
and Q7,1 = R?; the formula (2.4) takes the form

X[a,b](% 1) = X[a,oo)(77 1)+ X(—oo,b](% 1) = xg (1, 1),
X[a,5(7>2) = X[a,00)(1:2) F X(—00,5(7>2)-

Both equalities are easy to check.
Continue proving Theorem 3.7. From (2.4) it follows that

n p(s)
1) = S (5 =7) = 2 32 -0 (5 =)
Tt vt 9=0 j=1
n #(2) n pls)
_ZZ( 1)° ZX“(’Y,t)lt (——7) ZZ( 1)° ](L-’)(z)
$=0 j=1 s=0 j=1

The proof of Theorem 3.7 is complete.

§3. A Formal Boundary Layer

Let I(z) be the error of a cubature formula for a bounded polyhedron 9t with
a parallelepipedic lattice, i.e. of the shape

m(z) = Y cly]h"8(z — hH7). (3.1)
~€EB

Assume additionally that the error is orthogonal to every polynomial of degree at
most m,

(I(z),a®) =0, o] <m. (3.2)
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Clearly, this property is preserved for arbitrary linear combinations of such errors.

For generalized functions like (3.1) we have a certain test for orthogonality to
polynomials (3.2) which is based on the Fourier transform. A necessary and suffi-
cient condition for orthogonality of {(z) to a polynomial consists in the requirement
that at the point £ = 0 all derivatives vanish of its Fourier transform up to order m.
We call the respective conditions formal orthogonality of I(z) to every polynomial
of degree m.

Using the concept of formal orthogonality to polynomials, we derive the con-
ditions under which the error of a cubature formula for ) presenting a rational
polyhedron is an error with regular boundary layer.

Construct the errors

U9(2)= Y 06 (3 - Hy)

hH~€ER;,,

for all solid angles Q; , of a rational polyhedron 9 so that they possess the following
properties:

(a) the weights c?*[y] at all points that lie near to some face of a solid angle
Q; s at a distance at most 2Lk from it and lie at a distance at least 2Lh from the
boundary of this face are constant on every hyperplane parallel to the face;

(b) if two solid angles (possibly, of different orders) have a common face then
the weights of the errors of both angles coincide near to this face.

Theorem 3.8. The alternating sum of the errors with the properties (a)
and (b) for the solid angles of a polyhedron I is the error of a cubature formula
for this polyhedron, i.e.,

n n(s)
> (-1 2 109 () = I(z). (3.3)

PROOF. Theorem 3.4 implies that it suffices to establish (3.3) for the discrete
components of the errors. An appropriate proof of this fact coincides with the
proof of Theorem 3.7, if in all arguments we replace the error I{(z/h —v) with the
generalized function c‘[y]6(z/h — 7). The proof of Theorem 3.8 is complete.

A cubature formula with error [(z) of the shape (3.3) is called a cubature
formula with formal boundary layer provided that each error 17%)(z) is formally
orthogonal to every polynomial of degree at most m —n + s.

From this definition it follows that every error with regular boundary layer
for a rational polyhedron is at the same time an error with formal boundary layer
provided that all elementary functionals lying in neighborhoods of its faces coincide.
We also prove a converse theorem, assuming (a) and (b) valid.
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Theorem 3.9. Every error of a cubature formula that possesses a formal
boundary layer is an error with regular boundary layer.

The usefulness of this theorem is apparent. It implies that errors with formal
boundary layer are asymptotically optimal. On the other hand, to construct them
is easier than to construct a formula with regular boundary layer.

The proof of Theorem 3.9 was given by L. V. Voitishek. It leans upon a suc-
cession of lemmas.

Lemma 3.1. Assume given a trigonometric polynomial Q(¥)(p') in k variables
?' = (p1,-..,px) such that its derivatives up to order r vanish at the coordinate
origin. Then the trigonometric polynomial

"n_n

Q(p) = 2™ P QW (p"

in the n variablesp = (p1,...,Pk,Pk+1,---,Pn) = (p',0"), with p" = (pk+1,---,Pn),
has the derivatives up to order r vanishing at the coordinate origin.

The validity of Lemma 3.1 is perfectly clear.

Introduce the concept of zero’s error. By the latter we mean a linear combi-

nation of the shape
z
m(z) = Y ellé (7 - H7)
~€EB

which vanishes at all polynomials of degree m. We speak of a zero’s error with
regular boundary layer provided that

m(z)= ¥ mo (%—H7)+ Y m, (%—H'y). (3.4)

+€B0) +eB{)

Here mo(z) and m,(z) are the local zero’s errors for the elementary meshes of the
domain M, with m.(z),y € Bj s, orthogonal to every polynomial of degree m—n+s
and mg(z) orthogonal to every polynomial of degree m. The number s stands for
the dimension of the face of 9 near which lies the part of the boundary layer
containing m.(z).

It i1s not hard to check that in a zero’s error with regular boundary layer all
weights vanish at the points hH+~ lying in 9 at distance greater than Lk from the
boundary of 9. (These weights are the sum of all weights of mq(z) orthogonal to
constant functions by definition.)

Lemma 3.2. The sum of every error of a cubature formula with regular bound-
ary layer and a zero’s error with regular boundary layer is the error of a formula
with regular boundary layer.
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PROOF. The sum
() o 5 0) =0 ()

is again an error of the type under consideration which is orthogonal to every
polynomial of degree m — n + s. We have the obvious equality

m(z) +1(z) = Y1 (3 - H),

entailing the claim of Lemma 3.2.
We speak of m(z) as of a zero’s error with formal boundary layer for a polyhe-

dron provided that
n u(s)

m(z) =y (-1)° Z m)(),

s=0

and, moreover, each error

mOd@) = Y @b (3 - Hr) (3:5)

hH~EQ;,,

is compactly-supported and formally orthogonal to all polynomials of degree m —
n+s.

Let a’*[y] satisfy conditions (a) and (b) of Theorem 3.8, and let a’"[y] be all
zero. We then have

Lemma 3.3. Each zero’s error with formal boundary layer is a zero’s error
with regular boundary layer.

PRroOF. Theorem 3.8 implies that is suffices to prove the lemma for the solid
angles of 9. We accomplish the prove by induction, starting from s = n. For
s = n the initial error m(™(z) is zero. Hence, it may be written as (3.4), with
mg")(x) = 0. Assume now that the errors mU»9)(z) for s = n,n —1,...,k 4+ 1,
j =1,...,u(s) may be written as (3.4). Consider the error m(**)(z) for the angle

Q& with k-dimensional blade. Denote by mgl’k)(:c) the sum of those elementary
€rrors mgj’s)(x), s =mn,...,k+1, whose supports are located in {; . The difference
mhk) (z) = mBR) () — mgl’k)(x) is again a zero’s error of the shape (3.5) for the
angle € ; which is formally orthogonal to every polynomial of degree m —n + k.
The support of the error 7("¥)(z) lies on finitely many planes parallel to the plane
Ry i serving as the blade of the solid angle ;. We are left with proving that

m "k)(m) may be written as sum of elementary errors.



90 Chapter 3

An affine transformation does not violate the regularity property of a boundary
layer and sends a formal boundary layer to a formal boundary layer. We may thus
conduct the proof only in the case of a cubic lattice when A =1 and the blade Ry
lies in the plane {z : z; =0, j = k+1,...,n}. In this event the formal boundary
layer in the error has weights depending only on 4" = (k41 ..,7vn) and (¥ (z)
may be written as

m(z) = e(z) = ) ) a6~ 7)8(=" ~ ")

7/ ‘YII

= 2o(z') ) | aP 8" ~7").
,YII

Here z = (z',2"), ' = (z1,... ,2zk), and v = (¥',7""), while ®¢(z') denotes the
generalized function ®o(z1)... Po(zx) with

Bo(wi) = Y 8(zi—j).

j=—o0

The functional ¢(z) is by hypothesis formally orthogonal to every polynomial
of degree m —n+k; i.e., its Fourier transform ¢(p) vanishes at the coordinate origin
together with all derivatives up to order m—n+k. Calculate this Fourier transform.
By definition

", n

&(p) = Bo(p') Y aPy"e™ " = &0 (p")QW (p").
711

Since we are to calculate the values of derivatives of &(p) only at the coordinate
origin, we may replace ®¢(p') with é(p’). The formal orthogonality condition is
written as

DoI5(0)QP (" lp=0 =0, o] <m—n+k. - (36)

Expressing the condition that the derivatives with respect to p’ vanish, obtain
DMIQ(k)(P”)lp“:O — 0’ |a"| <m-n+ k.

The other conditions (3.6) are fulfilled automatically for p” # 0, because the deriva-
tives D;‘,' D:,‘,'Q(k)(p" ) present derivatives with respect to p' of a function that is
actually independent of p' and so these derivatives are identically 0.

It is not hard to see that ¢(z) may be written as

(o) = S{ S et -} = (o)

,Yl ,YII
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Here every summand is an elementary error formally orthogonal to all polynomials
of degree m —n+k. Indeed, the Fourier transform of m./(z) equals ei2”7IP'Q(k)(p")
and by what was proven above vanishes at the coordinate origin together with all
derivatives up to order m — n + k. On the other hand, m..(z) is a compactly-
supported functional since its support is concentrated in the bounded domain
|z"| < L, z' = 4'. Consequently, m.:(z) is orthogonal to the polynomials in
question actually rather than just formally. Therefore, ¢(z) is written as the sum
of elementary errors orthogonal to all polynomials of degree m — n + k, i.e. it is
a zero’s error with regular boundary layer. The proof of Lemma 3.3 is complete.

We now proceed to proving Theorem 3.9. Let [ be the error of a cubature
formula with formal boundary layer for a polyhedron 9. Considering an arbitrary
error [p with regular boundary layer for this polyhedron, we have

Ir(z) = lr(z) + (Ir(z) — lr(z)). (3.7)

The difference {F(z) — [r(x) is obviously a zero’s error with formal boundary layer
which by Lemma 3.3 has a regular boundary layer. Further, by Lemma 3.2 the
sum in (3.7) is in turn an error with regular boundary layer for 9. The proof of
Theorem 3.9 is complete.

For solid angles we describe a method for explicit construction of cubature for-
mulas with formal boundary layer and, consequently, with regular boundary layer.
It is convenient to construct an error with formal boundary layer by successively
arranging boundary layers of various dimension, starting from n — 1 and proceeding
in decreasing order, i.e., forn —2,n —3,...,0.

Observe that an error for every solid angle may be written as the sum of the
indicator of this angle and a linear combination of the products of the functions of
one independent variable

6(zs —7s), ®olzk) = E 6(zk —J)

j=—o0

and

oo
(o — ) = 38— 70) + > blac=7e=3)

The construction of a needed error thus reduces to determining the weights of this
linear combination.

Now a few remarks are in order on the methods for calculating the Fourier
transforms of the errors dealt with.

Consider the Fourier transform of the indicator of a solid angle and of the
discrete component of this angle separately.
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For a start, we introduce the concept of simplest angle. Each solid angle of
order n — s generated precisely by s faces of dimension n — 1 we call a simplest
angle. In 3-dimensional space, the examples of polyhedra whose every solid angle
is simplest are the tetrahedron, the cube, the regular dodecahedron, etc. The
Fourier transform of the indicator of a simplest angle is very easy to fulfill. By
a linear change of variables we transform our simplest angle into the coordinate
angle, with the indicator becoming the product of the functions 12+ 1/2sgnz; whose
Fourier transforms are equal to 1/26(p;) +1/(:27p;). Whence we obtain an explicit
description of the sought transform as the product of §(px) and 1/26(p;)+1/(i27p;).
The Fourier transform of the discrete component of an error for a simplest angle is
readily calculated.

If a polyhedron includes not only simplest angles, then we may always split
it into parts possessing this property, for instance, into simplices. Then we should
separately transform the indicators of these simplices and sum the results. The
Fourier transform of the indicator of every convex polyhedron is thus implemented
explicitly.

Calculating the Fourier transform of the discrete component of an error for
a polyhedron, it is again convenient to split the polyhedron into simplest angles so
that proceed further with summing the errors for these angles.

To avoid appearance of boundary layers on the common boundaries of simplest
inner angles, while composing the error for each of them, we may use formulas with
outer boundary layer spreading beyond the simplest solid angle under consideration.
Moreover, we may readily guarantee that undesirable boundary layers cancel out
when we sum the corresponding errors. This approach was realized for a solid
angle presenting the sum of two simplest angles [35]. The problem of constructing
a cubature formula with formal boundary layer for an arbitrary rational polyhedron
in 3-dimensional space reduces to the case of the solid angles mentioned above.

The problems arising in actual numerical construction of cubature formulas
with formal or regular boundary layer for a polyhedron are dealt within [35]. This
article also contains a reduction of the problem of constructing a cubature formula
for a rational angle to that of constructing a cubature formulas for a coordinate
angle with the lattices of nodes which is a union of several cubic lattices. The latter
problem was solved in [292].

The weights of cubature formulas for a cube with centered cubic lattice are
calculated in the article [34]. A centered cubic lattice is composed of two.cubic
sublattices shifted with respect to one another by a half-mesh-size in every axis.
The found cubature formulas are implemented as computer software [30-31].
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The Rate of Convergence of Cubature
Formulas

In the current chapter we address the problem of the rate with which the norm of
the error decreases as the number of nodes of a cubature formula increases. For
the formulas with a given lattice of nodes hH~y we establish estimates exact in
order for strong convergence on the Banach space of periodic functions meeting
several natural conditions. We prove analogous results for periodic Banach spaces
without weight in Bessel scales. We also derive estimates for the norms of errors

with equidistributed nodes which act in the Lgm) space of aperiodic functions.

§1. A Universal Lower Bound on the Rate of
Convergence

We inspect the norm of an arbitrary error with a given lattice of nodes hH~
which acts in a Banach space B of periodic functions. This space satisfies the
following conditions. 5

1. We assume that B consists of periodic functions with orthogonal period
matrix H, i.e., of functions ¢(z) such that for every integer multi-index v the
equality holds

o(z+ Hy)=p(z), z€R™

In particular, every constant function belongs to B.
2. The norm of B is translation invariant. In other words, for all y € R"
and ¢(z) € B the function ¢(z + y) belongs to B and

le(z +y) | Bll = lle(z) | B- (1.1)

3. The space B admits a compact embedding into the space of continuous
functions C(£2y), with £ the fundamental parallelepiped of the matrix H.
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4. For every function ¢(z) with mean 0, i.e. with the mean ¢o over y equal 0,
namely,
]
= — z)dz =0,
¥o |QO| (P( )
Qo

and every constant C' the inequality holds
e | Bl <lle+C| Bl (1.2)

The space B may contain complex-valued members. In this event, we require
that, together with a function ¢(z), the space B contain the conjugate function

?(z) of p(z). The norms of these functions in B must coincide, namely,

le(e) | Bll = (=) | B (1.3)

In B we consider a cubature formula with lattice of nodes AH v and domain of
integration (2 lying in 2. We assume that, for a given h, among the corresponding
errors there is a B-optimal error, i.e., an error with a minimal B* norm.

Note that the conditions imposed on B are for instance met by the spaces

ng) defined in § 4 of Chapter 1 and also by their generalization, the space W;m),
1 < p < o0, which we discuss in the subsequent section.

Define a positive h so that the ratio 1/h be a natural and study the corre-
sponding value of the error

loo(2) = X, (x) = D>, h"6(z —hH?Y) (1.4)
hH~€EQo

at a function ¢(z) € B. Under the above hypotheses about the space B, we have

Theorem 4.1. The error l(z) is asymptotically optimal in B ie., the dif-
ference between the B* norm of loo(z) and the B* norm of an B- opt1mal error is
an infinitesimal as h — 0.

PROOF. By hypothesis, at a given h there exists a B-optimal error lo(z),1.e., an

error having a minimal norm in B*. Arrange the arithmetic mean of its translates,
the functionals ly(z — hH~), over all hHy € . In other words, put

(z) = % S lofe— hHy), (1.5)

hH~€ERo

with N the total number of the points AHvy in Qq, i.e., Nh™® = |H|. Owing to
the properties of the norm of B, particularly, its invariance under translations, the
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functional [°(z) is also B-optimal. Moreover, we may readily verify that ° (z) has
the next shape

) = Xq,(z) — h"co(h) Z 6(z — hH7) = (1 — co)xq, () + colootz). (1.6)
hH~€ER,

Examine how the function ¢y(h) in this equality behaves as h — 0.
The error lo(z) vanishes at the constantly-one function. Using this, from (1.6)
obtain

120/ |1 — co(R)] = [(I%=), 1)] < K||I° | B*|| < K||loo | B*|}. (1.7)

Since the embedding of BtoC () is compact, it follows in much the same way as

in Lemma 1.5 that the norm /o (z) in B* tends to 0 as the mesh-size h vanishes.
Whence and from (1.7) derive that

co(h) =1+ O(h). (1.8)

Compare the norms of I (z) and I°(z). By (1.6), we have

~ — ¢ z) + coloo(), (z
“10 IB*” — SUE |((1 )XQO( )+~ ( ) 99( ))l )
veB e | Bl

Take the supremum on the right side over the subset B composed of ¢ with the
mean @q over {1y equal to 0;

1
Yo = mﬂ/tp(z)dz =0.

We then derive

| (coloo(2), ()]
Iy | B*|| > su R . 1.9
Mol BTl= s = VB (19)

Considering that the cubature formula corresponding to l(z) is exact for the
constantly-one function, rewrite the least upper bound on the right side of (1.9) as

follows « () )|
009 r)—
|co| sup 14 Poll |co| sup

2 = _ M)l (1.10)
veB lle(z) — o | B ocB lle(z) = ¢o | B

The mean value of p(z) — ¢ over {4 equals 0. Whence and from (1.2) it follows
that B _
llp = o | Bl <ll¢ | BI|-
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Inserting this inequality in (1.10), from (1.9) obtain

o 1 B > feol sup 12Oy | 3.
e | Bl

Whence, from the §-optima1ity of Iy and from (1.8), infer

i | B

< 1+ O(h).
= i | B¥| Ic |~

Passing to the limit as A — 0 observe that l(z) is indeed an asymptotically E—op-
timal error. The proof of Theorem 4.1 is complete.
We are able to prove that, at sufficiently small h, the error l(z) is optimal but

not only asymptotically optimal when the norm of B satisfied a stronger condition
than (1.2). Namely, the claim just formulated is valid if the norm of each function

¢ € B maintains the relation

e | Bll = max{|lp — o | Bll, [ol}-

The fulfillment of this condition or the inequality (1.2) may be achieved on furnish-
ing B with some new norm by the formula

le | Blly = max{|lp — o | Bll, lpol}-

Consider the action in B of an arbitrary error I(x) with the lattice of nodes
hH~ and the integration domain 2 with €2 lying in the interior of Q. Let

I(z) = xg(x) — k™ ) c[1]6(z — hH7). (1.11)

hH~€EN

The concept of extremal function for /(z) is easy to define in B. However,
we must in general establish existence of an extremal function. To obviate the
difficulty, we introduce the concept of maximizing sequence for I(z) in B.

Say that {u;} is a mazimizing sequence for l(z) in E, if every u;j lies in the
unit ball of B and at least one of the equalities holds

180 = pim D = i )l (1.12)
 Juj | BI Ay 1B

Existence of a maximizing sequence is immediate from the definition of the
norm of B*. For I,(z) it is possible to choose such sequence in a special manner.
Demonstrate that the following claim is true.
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Lemma 4.1. The error l(z) has a maximizing sequence {v;} possessing the
properties:

(1) every function v;(z) has real values and is sent by lo(z) to a nonnegative
real, i.e.

(loos vj) 2 0; (1.13)

(2) the mean value of every function v; over § is equal to 0 and its. norm
in B is equal to 1

o [z =0, oy | Bl =1 (1.14)
Qo

(3) every function v;(z) is not only periodic with period matrix H but also
periodic with period matrix hH, i.e.,

vj(z + hHYy) =vj(z), z€R", ~y€Z% (1.15)

(4) the lower limit as j — oo of the difference between the function vj(z) and
its value at zero is nonnegative, i.e.,

lim (v;(z) - v;(0)) 2 0. (1.16)

J—0oo

ProoF. Consider a maximizing sequence {u;} for the functional l(z) in B
which satisfies the first of the equalities (1.12). Transform it so that all conditions
(1.13)~(1.16) be met.

Observe that every function u;(z) may be assumed real. Otherwise, it suffices
to take as {u;} the sequence of the real parts of u;(x) which is, as we show right
away, also a maximizing sequence for l,(z). Indeed, convexity of the unit ball in B

and (1.3) give
I Reu; | B|| =

5B < Bl <1,

implying in particular that

(oo, Reu)| 4 |(loo Rews)| _ IRe (looyu;)
| Rew; | B = fluj | B Juj | Bl

Passing here to the limit as j — oo and using the definition (1.12), obtain

o oo, Reuy)

liz L > |lloo | B*)l
1= || Reu, | BJ
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Hence, the sequence {Reu;} satisfies the second of the equalities (1.12) and so it is
a maximizing sequence for loo(z).

Considering that the uj(x) is a real function, construct three new maximizing
sequences by putting

Z;l)(l') = ’u,](.’L') sgn(loo, u])a

1
#(2) = 2 () - oAl / 2D(z) de,
Qo

z§-3)(:l;) =h" Z Z§2)($ — hH7).

hH~€ERQ

It is not hard to check that z§~3)(m) meets the conditions (1.13) and (1.15) and also
the first of the conditions (1.14). Estimate the norm of z§3)(x) in B. Convexity of
the unit ball of B implies that

157 1 B]| < || | B]. (1.17)
The condition (1.2) provides the estimate
15 1 B]| < 125" 1 BI| < llu; | BIl (1.18)

Combining (1.17) and (1.18), derive a sought estimate for the norm z§-3)(w).
The error lo(z) is obviously invariant under the translation by the vector
hH~ € 2y and vanishes at the constantly-one function. Therefore

(Iooy 2) = (loos 237) = |(lowy uj)- (1.19)

From (1.17)—(1.19) it follows that {zg-?’)(a:)} is a maximizing sequence in B for
loo(z). Consequently, so is the sequence

vj(@) =~ (1.20)
z

It is easy to check that {v;(z)} satisfies (1.13)—(1.15). We are left with validating
(1.16), thus proving that {v;} is a sought sequence.
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Take an arbitrary z €  and consider the function vj(y + ) — vj(z) of the
argument y € R™. By (1.15) this difference vanishes at the nodes hH7y and so loo(y)
sends it to the integral over (o, i.e.,

(loo(y),vj(y + ) — vj(z))
/ (v5(y + 2) — v(2)) dy = / vi(y) dy — [Rlvj (). (1.21)

Qo

The equality (1.21) is valid in particular at z = 0. Whence it follows that

(loo (), v5(¥)) = (loo(y), v;(y) — v;(0)) = /vj(y) dy — |So]v;(0). (1.22)

Qo

Expressing via this relation the integral of v;(y) over §p, inserting the result
in (1.21) and considering that the value of l(y) is equal to 0 at the function
vj(z) constant in y, obtain

(loo(y), v5(y + 7)) = (loo(¥), vi(y + 7) — vj(2))
= (loo(¥),v5(y)) = |Q0l(vj(2) — v;(0)). (1.23)

Estimate from above the left side of (1.23). From (1.1) and (1.14) derive

|(Too(¥), 05(y + 2))] < llso | B*|[ lvj(y + ) | Bl < llleo | B*.

Using this inequality together with the fact that {v;(y)} is a maximizing sequence
for lo(y) and passing to the lower limit over j on both sides of (1.23), arrive at the
sought relation (1.16). The proof of Lemma 4.1 is complete.

Return to the error {(z) defined by (1.11). Let the boundary of the integration
domain Q be piecewise-smooth. Then we have

Theorem 4.2. The norm of the error I(z) in B* admits the following lower

bound

i) | B> et | B0+ O(1) (1.24)

with O(1) vanishing as h decreases.

PROOF. Considering l(z), find a maximizing sequence v;(x) possessing the
properties that are listed in Lemma 4.1. From (1.22) and (1.14) it follows that

1 n*
95O < o) € el | 1
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As mentioned above, the last quantity vanishes with h approaching 0. Therefore,
llvi(@) = v;(0) | BIl < llv; | Bl + [o;(0)[ 11 | Bl = 1+ 0(1), (1.25)

with O(1) tending to 0 uniformly in j. Considering this, we readily estimate the
norm of /(z) in B* from below. By the definition of norm and (1.25) we have

111502 B [ (wi(e) - ;(0) del1 +0(1), (1:26)

Split the integral in (1.26) into the sum of two integrals over disjoint subsets of Q.
One of them, Q) is the union of all elementary meshes of the lattice of nodes hH 5y
which lie entirely in the interior of Q, and the other, Q(?), complements Q™) to Q.
By (1.16) and the Fatou Lemma, we have

T [ (0(0) - 0,0 do > [ B (o) - v;(0) do 2 0
j—o0 J—o0
Q(2) 0(2)

Consequently, discarding the integral over Q(?) may only strengthen (1.26). In turn,
the integral over Q) of the difference vj(z) — v;(0) is comparable with the integral
of the same function but now over {y. If N; is the number of elementary meshes
comprising Q) and N is the total number of such meshes in Qo; then, by the
periodicity condition (1.15),

N
[ i@ =i ds = T [(0560) - 00 (1.21)
Q@) Qo
Piecewise-smoothness of the boundary of 2y yields the equality

Nik™ = 10| = |Q/(1 + O(h)).

Considering that Nh"™ = || and the integral on the right side of (1.27) coincides
with the value of I(z) at vj(z) — v;(0), come to the relation

[ @) = vi(0))de = ,'Q%‘,(lw@), v;(2))(1 + O(h)).

Passing here to the upper limit as j — oo and using (1.26), obtain (1.24). The
proof of Theorem 4.2 is complete.
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REMARK. The claim of Theorem 4.2 remains valid if we replace the domain £
with a set of the shape of Q1) i.e., a union of finitely many meshes of the lattice
of nodes hH~. In other words, (1.24) holds for a sequence of errors like (1.11)
for which not only the lattice but also the integration domain may depend on A,
splitting into an integer number of elementary meshes at each h.

Theorem 4.2 also remains valid in the case when some nodes of the error in
question lie in Q¢ rather than only in Q, i.e., when

(@) = xo(@) = k" Y c[)é(e - hHY).

hH')‘EQo

We now define a Bessel scale of Banach spaces and estimate from below the
norm of loo(z) in each member B of such scale.

Let By be a Banach space of functions ¢(z) with orthogonal period matrix H,
e(z+ Hy)=¢(z), z€R", ~yeZ™

Suppose that an arbitrary function ¢(z) € c (Q), i.e. a continuous periodic func-
tion, belongs to By, satisfying the estimate

le | Boll < Kljp | C(Qo)|l. (1.28)

Suppose further that each function ¢(z) € Bo expands in the Fourier series

(z) =Y plyle e, (1.29)

Now, assume given a function p(€) of a variable £ in R™ which we call weight.
Say that (z) belongs to Bl provided that finite is the following quantity

le | Bt =

S ellu(H e | By (1.30)

If 4(€) # O then (1.30) determines a norm on B 5. We now say that the collection of
spaces B” constitutes the Bessel scale with mdem -zero space By and weight function

w(§)-

We impose a few conditions on the weight function pu(€).

1. Assume that u(€) is positive and grows at infinity as a power function. More
precisely, there exist positive constants K, my, and mg such that m; < my and
for all £ € R™ the inequality holds

KN+ D™ < p(€) < Ki(1+ €)™ (1.31)



102 Chapter 4

2. Assume that there is a positive constant K5 such that for ¢t > K, and 7 =1
the function

£(8) = 1+ min u(£) (1.32)

increases whereas for ¢ > K3 and j = 2 it decreases.
3. The function p(¢) agrees with the geometry of the lattice of nodes H~1*7.
Namely, there are constants R > 1 and K > 0 and nonzero integer multi-index 3o

such that 8 ¢
..ul < . s
o(r ) <5 i (7) (13%)

If we take as By the space ZP(QO), 1 < p < o0, and take the function p(§) equal

(1 + |27€[*)™/2 with m; < m < mg, then we obtain the space W,(,m). If the lattice
is cubic at that, i.e., H is the identity matrix; then all conditions (1.31)-(1.33) are
fulfilled.

Observe that (1.33) is the most restrictive among the conditions on the function
p(€). For instance, (1.33) is not met in the case of n = 2 when Bl coincides with

W;’2(Qo) and the matrix H corresponds to the rotation of the plane by the angle
7 /3 with the irrational tangent,

Hz(igmxﬁf)

Theorem 4.3. The norm of loo(z) acting in an arbitrary Banach space B* of
a Bessel scale admits the following lower bound

WA@@WDK%W@M (1.34)

with
1 1

p(€) [R(L+ [ED]I=m™ + [R(1 + [€])]—m=

PROOF. By hypothesis 1/h is an integer and every continuous periodic function

(& h) = (1.35)

belongs to the space By. A particular member of the latter is the exponential with
exponent 12 3H ~*z /h. Moreover, by (1.28) we have the relation

||6i21rﬂH‘lz/h | EO” < Kl,eiZwﬂH—lz/h | 6” — K, (136)
with K independent of h. By the definition (1.30) of the norm in B we have

(|2 P H ™ 2/% | BE|| = w(H™**B/R)||e?™8H " =/% | By (1.37)
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In the case when 3 is a nonzero integer multi-index, the value of [(z) at the
corresponding exponential equals —1. This, together with (1.36) and (1.37), implies
that the norm of () admits the following lower bound

|(loo(@), 281y K
||eizmpB=12/h | BE|| T p(H*B/h)’

Consider the function ¥(€, h) defined by (1.35). Elementary arguments show
that we have the estimate

lloo 1 B™|| 2 (1.38)

1
P& b < S A e )

(1.39)

with f;(t) given by (1.32). By hypothesis fi(t) increases and f2(t) decreases. Using
this, we readily obtain two estimates
1 h™2 1 hm2
<t R TR R i B® TG D) fll)
(1.40)

. 1 s h™ 1 < hm
u = }
oty B f (D) + hom2 () tty () 1+ (A(E+ D)™ 72 = fy(ko)
Choose a point tg so that the values of the functions h™™! f;(t) and h™™2 f5(t) at
to be the same. This is possible only if to = 1/h — 1. Then from (1.39) and (1.40)

it follows that
h™2
} -1 ! (1.41)

pm
sup (€, h) < max { filh)’ falto) [ min p(6) — min w(E/h)’

Using (1.33), at small h we obtain

. 6 . 6 ——1*/30
2) > >) > 2.
|5|12¥1h#<h = yr<<e\n) =¥ 25

This together with (1.38) and (1.41) entails (1.34), completing the proof of Theo-
rem 4.3.
§2. The Rate of Convergence of a Homogeneous Error

In R", assume given a lattice of nodes hH~, a set w with @ in the interior of
the fundamental parallelepiped gy corresponding to H, and the error /(z) resulting
from summation of a sole local error lo(y) over all translations by hHy € w, i.e.,

(a)= 3 Io (%—Hv). (2.1)

hH~Ew
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Assume that lo(y) is written as a linear combination of the indicator x,(y) of the
set o and delta functions, i.e.,

(y) =x,w)— Y aly18(y— HY). (2.2)
[Hy'|I<L

The error I(z) defined by (2.1) is called homogeneous of degree M, if lo(y) has
order M, i.e., ly(y) vanishes at every polynomial of degree M, i.e.,

(lo(y),y*) =0, la] <M.

Observe that L in (2.2) is independent of h, and @ lies in the interior of 4. Con-
sequently, the support of a homogeneous error (2.1) also lies in the interior of g
at sufficiently small h. Observe that a homogeneous error I(y) of degree M > m is
equidistributed in 2.

Below in §4 of the current chapter, we inspect the LgM)* norm of a more
general error than a homogeneous error (2.1) and, in particular, prove existence of

a constant K such that
111 L% < KrM (2.3)

for all sufficiently small h.

In the present section we study the action of a homogeneous error in the spaces
of periodic functions W/ﬁ,’”) which generalize the Hilbert spaces ng). Also, us-
ing (2.3), we prove validity of analogous inequalities for the norms of I(z) in the
dual spaces W{™*.

p P

Let 1 < p < oco. Then the set Wl(pm) consists of the functions ¢(z) with period
matrix H, i.e.,

(e + Hy)=¢(z), z€R”, yeZ™

Moreover, each element ¢(z) expands in the Fourier series

p(a) =Y eplrle

~

and has the following finite norm

o1 ={

Qo

P 1/p
dx} .

The so-defined ’Wvﬁ,m) is a Banach space and enters in a Bessel scale with index-zero
space L,(§).

E co[YI(1+ |27rH_1*7|2)m/2ei21r7H—1I
p”
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We are interested in upper bounds on the norm of the error (2.1) in the space
Wg,m)* dual to ng). To find them, introduce two important functions Gn,(z) and
C:'m(z), the first serving as an analog of the fundamental solution to the polyhar-
monic equation in Lgm) and, the second, the corresponding periodic function. Put
m > n and

G(e) = [(1-+[206) ™2 b, Gon(o) = Y G = HA).

The function G,,(z) is infinitely differentiable except the coordinate origin and
continuous everywhere for m > n. At infinity the function G,,(z) and all its
derivatives decrease exponentially [3, 41]. The derivatives of higher order of G, ()
at the coordinate origin have the same singularities as the fundamental solution to
the polyharmonic operator A™/2. Namely, if |a| > m — n then for all z € R™ the
inequality holds
|D*G(z) |< K|z|m o, (2.4)
If m is even, then G, (z) is the fundamental solution to the differential equation
(1= A)"2G () = é(z).
Under these suppositions, we prove the following

Lemma 4.2. Let an even m be greater than n and let the degree M of a ho-
mogeneous error l(z) be greater than 2m — n + 1. Then for every p, 1 < p < oo,
there is a constant K such that for all small h the inequality holds

|1 Wim*|| < Khm. (2.5)
PrOOF. Consider the convolution of G,n(z) and the error I(z), i.e., the function
(@) = Gm(e) xz) = 3 (1), Gm(z —y — H7)). (2.6)

B!

Check that the series over v converges. Denote the value of I(y) at Gn(z — y) by
u(z), i.e.,

u(z) = ((y), Gm(z — v));
and estimate the function u(z) at a point z lying outside (.

Take an infinitely differentiable function ((y) equal to 1 in a neighborhood
about the support of {(y) and 0 beyond some set @; in the interior of . We de-
fined a function with analogous properties in § 2 of Chapter 1, using the standard
averaging kernel. The following relations are valid

I(1(y), Gm(z = y))| = |(U(y), {(¥)Gm(z — )|
<L ¢ w) Gl = ) | LS (@1)]]- (2.7)
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By the definition of the norm of LgM)(wl), the second factor on the right side
of (2.7) may be written as

{ / > M 0g)Gnte - ) )} e9)

la|l=M

By hypothesis, z belongs to R™\ Q. For all y € w; we therefore have |z—y| > § > 0,

with 6 independent of h. Whence and from (2.4) it follows that the integrand in (2.8)

does not exceed the ratio K/(14|z|)*™~™+") with K a constant independent of A.
We thus established that, for all z outside @, the estimate holds

lu(e)| < K[| L&/ + JeyM ™+, (2.9)

The equality (2.6) amounts to the following

i(z) = ) u(z — Hy). (2.10)

5

Using (2.9) in estimating u(z — H~) at large v, obtain

(M)* 1

< —_

i) < X ute—E+ KN 8 Y o
[vI<N [vIZN

Observe that, at a given z, the series on the right side is dominated by the sum
1
o (F+n+ 4

Using the routine inequality between the arithmetic mean and the geometric mean

o (2.11)

2 2
7? +722 + - +’)’y2; > n71/n72/n'-'731/n7

we readily validate convergence of (2.11) and (2.6).
By hypothesis, 1 < p < co. Therefore, the exponent p' = p/(p — 1) also lies in

the interval (1,00). Moreover, uniform convexity of the unit ball of Lg,m) enables
us to prove that

11 W] = lli(z) | Ly (Q)]) (2.12)

Dominate the norm #(x) in Ly (£0) by the sum of the norms of the summands of
(2.10), which yields

I | Ly ()] < Y llu(e = Hy) | Ly ()l + lu(=) | Ly (Qo)I- (2.13)

¥#0
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Estimate each summand on the right side of (2.13) separately. If v # 0 then by
means of (2.9) and (2.3) obtain

1
_ , < M — M. )
D e = HO) | Ly (00l KR Y (s = KM (214

¥#0

To estimate the norm of u(z) in L,/ (), split the homogeneous error /(y) into two

summands
)= w(l-my)+ Z b (% - Hy).

'yEBg) 'yeB

The sets Bg) and Bg) depend on the point z taken in the interior of {2g. Namely,
Bg) consists of v such that hHy € w and |z — hH«v| < 2Lh. On the other hand,

if hHy € w but | — hHy| > 2Lk then the set of these v is B{). Recall that
constant L in accord with (2.2) characterizes the size of the support of ly(y). We
have

(@)l = [(1w),Gmz =) < Y (1o (£ = Hv) ,Gmlz—v))]

veBM

t Z \(lo (‘_H'Y) M(x”‘y))|521+22- (2.15)
‘YGB

The sum %, contains at most (2L + 1)” summands. Choose a maximal sum-
mand and pass to the maximum over all z € g to obtain

1 < L+1)" max [(l (%) ,G(z —y — th))i . (2.16)

z€Ro,Y

The function G,(z) possesses the property G,,(—z) = Gn(z). Using the latter,
transform the maximand in (2.16) as follows

(zo (%) Gl —y — th)) = h"(lo(y), Gm(hy — = + hHAY)). (2.17)

Intending to apply to the expression on the right side of (2.17) the Plancherel
identity, calculate the Fourier transform in y of G,n(hy — 2z). By definition

Fy[Gm(hy = 2)(€) = h7em /[ G )em/% dy
= h™ "™/ (1 4 |2n€ [R|2)~™/2. (2.18)
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Denoting by Iy(€) the Fourier transform of ly(y), from (2.17) and (2.18) obtain
2

(8-t 1) = 1+ 2

< hm / (R + 12m€ )™l £)] de. (2.19)

é —-m/2
) i0(£)€i2"£(z~hH7)/h df

The Fourier transform ly(€) of a compactly-supported generalized function
lo(y), equal 0 at polynomials of degree M, has a root of order M at the coor-
dinate origin and is bounded on the whole real space. In other words, we have the
inequality

llo(€)] < K min{1, |¢|M}. (2.20)

Split the dominating integral in (2.19) into the sum of two integrals: over the
ball |{] < 1 and over the exterior of the ball. Then apply (2.20) to obtain

(o (5) - Gnte =y = ti)|

m ¢|M 1
< Kh {/ RN Ra / (h2+|21r£|2)m/2d5}' (2:21)
l€1<1 [¢]>1

The expression in braces is bounded uniformly in k and z € Q. For the integral
over the exterior of the unit ball, this is obvious; whereas the integral over the
interior of the ball is bounded by the quantity

/ €M de
[¢1<1

finite by the hypothesis M > m. From (2.21) and (2.16) it follows that £; decreases
as h — 0 not slower than A™, i.e.,

o, < Kh™, (2.22)

with K a constant independent of h.
Consider the summand ¥, in (2.15). Recall that z in this formula is a point

belonging to §2g. Take an arbitrary v € B(L2). Then, for every point y in the support
of a local error ly(y/h — Hy), we have the inequality

|z —y| 2 |z — hHy| - |y — hH~y| 2 L1k, (2.23)
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with L, a constant independent of A. The point hH+~ lies in the support of lo(y/h—
H~). Whence and from (2.23) it follows that G,,(z — y) is infinitely differentiable
with respect to y in a neighborhood about yo = hHv. Consequently, Gn(z — y)
expands in the Taylor series with remainder in integral form [42]; i.e.,

(yO - y)a + RM(‘T, y)’ (224)
yo=hH~y

Gm(z—y)= Z D26m(z = o)

a!
|a|]<M

with Ry (z,y) written as
1
(M +1) /(1 —s)M Z (yo —y)*D*Gm(z — hHy + s(hHy —y))/al ds. (2.25)
0 |a|l=M+1
The equality (2.24) holds uniformly in y belonging to the support of the local

error lo(y/h — Hv). Whence and from the vanishing of ly(y) at all polynomials of
degree M, it follows that

y = y_
= h"(lo(y), Rm(z, hy + hHY)).
The decomposition (2.2) of lj(y) enables us to assert that

(0 (5~ 71) Gtz - )]

S hM(y) | C*|  max |Rm(w,hy + hH7Y)| (2.26)
y€Esupp lo(y)

Express the maximand as an integral by (2.25) to obtain
Ry(z, hy + hHy) = (M + 1)RMH!

x / (=M 3 (—y)*DGu(c — hHy — shy)falds.  (2.27)
0 la|=M+1

By (2.4), for || = M + 1 we have

|DGom (2 — hHy — shy)| < K|z — hHy — shy|™~"~M~1,
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The point y lies in the support of lo(y). Therefore |y| < v/n L. Whence and from
the containment of v in Bf) it follows that, for a given = € {0, we have inequalities

|o — hHy| > 2/ Th > 2Jyhl,
|z — hHy — shy| 2 |z — hH~y| - shly| > folz — hHy|.
Inserting the second of them in the estimate obtained for the modulus of the de-

rivative of G, and taking account of the condition M > m — n — 1, arrive at the
estimate

|D*Gm(z — hHy — shy)| < K|z — hH7|m_"_M_1’
from which by (2.27) it follows that

max _|Ry(z,hy + hH7)| < KhM¥! |z — RHA|M-mHnt1,
y€supp lo(y)

Using this estimate in (2.26) and summing both sides of the resultant inequality
over all v € B22)7 find a dominant of the needed shape for Xy as follows

Tp S KRYMAL N 1/|g — RHy| Mo, (2.28)
~€BY)
Observe that for a given z € 0 there is an index N such that, for all y, |y| > N,

the estimate holds
|z — RHy| > |RH~|/2.

If, on the other hand, |[y| < N and v € B?) then
|z — RHY| > 2L\/nh.

Inserting the last two inequalities in (2.28), obtain

m 1 ~ m
T2 <KR™Y T = Kyh™. (2.29)
¥#0

The series in 7 in this formula converges by the conditions M > 2m—n+1, m > n.
The inequalities (2.29), (2.22), and (2.15) allow us to estimate the function
u(z) at = € () and also its norm in L, () as follows

llu | Ly ()] < KR™.

This estimate, as well as (2.14) and (2.13), for M > 2m — n yields a dominant for
the norm in L,(§y) of d(z). Namely,

1a(z) | Ly (Ro)]| < KR™.
This, together with (2.12), entails (2.5). The proof of Lemma 4.2 is complete.
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Corollary 2.1. Under the hypotheses of Lemma 4.2 a homogeneous error ()

has an optimal mode of convergence in ng)7 which means that there are positive

constants Ky and K, such that, for all h, the inequalities hold
K h™ < 1| WEmH|| < Kyh™. (2.30)

PROOF. The upper bound of (2.30) coincides with the already-established re-
lation (2.5). Check that the lower bound on the norm is valid.
By Theorem 4.2 there is a constant K such that

[T W] > Koo | W™, (231)

with the error [, defined by (1.4). Find an asymptotically exact expansion of the
Wg’")* norm of I, as h — 0. To this end, write down the function 4(z) with
period matrix H, which is a solution to the equation (1 — A)™/2i(z) = l(z), as
convolution

@) = [ 1Bz - 9)dy (2.32)
Expand G, (z) in the Fourier series
C~¥m(x) = Z(l + !2%H“1*7|2)_m/2ei2"7H_11.
B!
Inserting this expansion in (2.32), obtain
i(z) = Y L)1+ [2rH Pty ™/ 2ei2miH e, (2.33)
2

Here, L[y] stands for the Fourier coefficient with indez v of loo(y), i.e., the value of
l(y) at the exponential with exponent :2ryH ~1y. It is not hard to see that in the
case when yh is a nonzero integer multi-index, the coefficient L[y] equals —1/|H|,
whereas for all other v the coefficient with index v vanishes. Thus, from (2.33) it
follows that

i(z) = —h™ Y (h? + |20 H 1 p2) /2O 2/
B0

Using the last equality, we readily find an asymptotically exact expansion of the
L, () norm of i(z) as h — 0. Namely,

lla(e) | Ly (o)l = KR™(1 4 O(1)).
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Considering this expansion, the equality (2.12) taken with {(z) = l(z), and (2.31),
we infer (2.30). The proof of Corollary 2.1 is complete.

We now generalize the result on an optimal mode of convergence of a homo-
geneous error (2.1) to the case of odd and fractional values of m. We need several
new definitions.

Let B be a space of functions with period matrix H which meets the conditions
of § 1 of the current chapter. A bounded linear operator M, acting from B to B by
the formula

MY ol 7 o 3 plylplyle ™ e, (2.34)
R v

is called a Fourier multiplier in B.

We call a ¢(§) a multiplier in ]EN?, if the operator (2.34) constructed from the
sequence 1[y] = $(H~1*y) is bounded in B.

Let a space Eg belong to a Bessel scale. Given an h > 0, define three auxiliary
functions by letting

1
v(&,h) = ,,(5) L+ B~ + (R ¥ e
e
2/)](67}1) - 'l»b({, h) (1 + |€I)m’ ) - 1,2

Assume that ¢1(£,h) and 9(€, k) are multipliers in _§0, and the norms of the
corresponding linear operators M1 and M) admit the estimate

M@ | By < K sup 5 (&, ), (2.35)

with K a constant independent of h. This property is fulfilled, for instance, in
the case when B coincides with L,,(Qo) and p(€) is a rational function subject to
(1.31)-(1.33).

Assume given a Bessel scale whose index-zero space By satisfies the conditions
of § 1 of the current chapter. We agree to denote by Bm the space B” corresponding
to the weight function

(&) = (L + [eF)m72. (2.36)

Assume that the space E{,‘ belongs to the scale under consideration, and the
action of I(z) € BY* on ¢(z) € Bl is given by the equality

((2),9(2)) = Y Llvle[], (2.37)
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where @[] is the Fourier coefficient with index v of ¢(z), and L[y] is the Fourier
coefficient with index 7 of [, i.e., the value of /(z) at the exponential with exponent
:2nyH ~'z. Using (2.37) and convergence of the Fourier series of () in the norm

of 56‘ , we readily see that Fourier series with coefficients L[] converges to I(z)
weakly in B0 , l.e.,

I(z) = Y Llyle™H ™=, (2.38)

Under the above assumptions, we have the following

Theorem 4.4. Assume that l;(z) is a bounded linear functional on 5(‘)‘, and
the weight function p(§) is subject to the conditions (1.31)—(1.33) with exponents
my and my and the condition (2.35). Assume further that the norms of l3(z)

in (Bg)™™" and (Bg)™™ satisfy the estimate
It 1 (B3) ™™ || < Kb, j=1,2. (2.39)

Then the (

6‘ norm of ly(z) decreases as h — 0 not slower than the norm of
loo(z) in (BY)", namely,

)1/#

1 1 (B < K i | BE*||. (2.40)

Here K depends neither on h nor on lj,.

PROOF. For j = 1,2 let the operator M; act from (ga)—m,- to Eg by the rule

. -1
ez27r'yH z

. 2nyH 'z
M; : 27: Llvle - ;Lh](l T

For the functional /,(z) expanded in the series (2.38) and belonging to (E;;) ,
we then have the equalities

I20) 1 B3| = [ltn 1 (Be) ™™ ||
1

(2.41)
- #(H‘l*v)LM

i 1 (B5)""*| = T | By

Using the definition of ¥(&, h), rewrite the second of them as

I | (B3)YH| = |~ ™ MO My (1) + k™2 M@ My(1h) | By|- (2.42)
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The operator M) acts from B} to B} in accord with (2.34) in which 1[y] =
¥;j(H™1*v,h). By (2.35) it is bounded and, moreover,

IMO|| < K sup(€, h),
¢

with K independent of h. Whence and from Theorem 4.3 derive
IMP|| < K ||loo(=) | BE"|)-

Now from (2.42), (2.41) and (2.39) it follows that

It | (B)YH) < h=™ | MO ||t | (B3)™™ ||
+hm2|| M@ |2 | (B;)‘""” < K|l | BY*| (2.43)

Thus, the estimate (2.40) is obtained, which completes the proof of Theorem 4.4.

Corollary 2.2. Let m > 2([n/2]+1). Then the norm of a homogeneous error
l(z) in ngm)*, 1 < p < o, satisfies the inequality

11 WEm|| < K |[loo | WE™*]. (2.44)

PROOF. Putting By = E,,(Qo), take m; equal to 2([n/2] + 1) and m equal to
any even number greater than m. It is well known that B} coincides with Zp/(Qo),
p' = p/(p — 1). Using this, we readily see that the series (2.37) converges and for
every m the equality holds

(By)™™ = By~
The norm of the homogeneous error () of degree M > 2m3 — n + 1 obeys (2.5)
with m = m; and m = my. In particular, this functional satisfies the estimate
(2.39). Assume that the weight function u(€) is defined by (2.36). Then, as is not
hard to note, all hypotheses of Theorem 4.4 are fulfilled. Consequently, we have the
inequality (2.40) now in the shape of (2.44). The proof of Corollary 2.2 is complete.

From (2.44) and Theorem 4.2 we infer that, for 1 < p < co and m > 2([n/2]+1),
a homogeneous error has an optimal mode of convergence in W,(,m .

Consider the family of errors

(z) = Xa(z) =" Y clyl6(z — hHy) (2.45)
hH~yEw

such that the sets  and @ are in the interior of the fundamental parallelepiped Q.
In particular, every homogeneous error may be written so.
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A family (2.45) has an optimal mode of convergence in Wﬁ,m)(Qo) uniformly
in Q, if there is a constant K such that, for all A > 0 and Q, the estimate holds

hm /K < WS < Kh™. (2.46)

Assume that the hypotheses of Theorem 4.4 are fulfilled and, in particular, the
function u(§) obeys (1.31)—(1.33) and (2.35) with exponents m; and ms. Then we
have the following

Theorem 4.5. If an error l(z) has an optimal mode of convergence in Wf,,m),
1 < p < o0, uniformly in Q for m = my,my, m3, where ms > mg, and the space By
coincides with Ly(§), ¢ > p; then the inequality holds

|11 By*|| < KIQM/?=Y4||1o, | BE*||(1 + O(h™s—™2)), (2.47)

with K a constant independent of Q and h.

PROOF. For By = L,(f), the space BX* coincides with (155)1/" and the space
B coincides with W.™. Applying (2.43) to I(z), arrive at

11 B < K | BT (1 O T e Ty 209

Here K is a constant independent of » and I. Dominate the sum in braces.
Suppose that m = my or m = m,. Put

iim(z) = (I(y), Gm(z — y))
and express the W}Sm)* norm of [(z) by the formula (2.12) as
~ , 1/¢
117l ={ [lanGae} (249)
Qo
with ¢' = ¢/(¢ - 1).
Take £ > 0 and denote by €2, the set of points at a distance at most ¢ from Q.

Suppose that ¢ is so small that some neighborhood about €25, lies in the interior of
2y and the volume of ;. does not exceed the double volume of 2, in symbols,

Q2] < 2192, (2.50)
Moreover, assume that w C §2.. The equality (2.49) implies the estimate

1T W™\ < Nim | Lo (2 + llim | Lo (R0 \ Q26)]|- (2.51)
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Considering that by hypothesis the error {(z) is bounded in W;m), ie., in,(z) €
Ly (Q), with p' = p/(p— 1), estimate the first summand on the right side of (2.51)
by the Holder inequality

lm | L (@2l < 90627 i | Ly (o) = I900e[/P= 11| ™"l
Taking here m = m; or m = m, and using (2.50) and (2.46), come to the relation
B lim(z) | Lo (Ree)ll < KIQIVPH, (2.52)

with K a constant independent of h and 2.

Consider now the second summand on the right side of (2.51). Let an infinitely
differentiable function ((y) equal 1 in Q. and 0 beyond Q2.. Then @, (z) may be
written as

Im(2) = (1), {(y)Gm(z — y))- (2.53)

Observe that for all z in Qg \ Q3. and y in the support of I(y) embedded in Q.,
we have the relation |z — y| > e. This, together with (2.53) and the properties of
Gm(z), implies that @m(z) belongs to W,EM)(QO \ Q2¢) for some M > m3. Take M

even and estimate the norm of @, (z) in Ly (Qp \ Q2¢) as follows

ldm | Lgr (R0 \ Q2e)ll < |04 max iim(z)|

T€Q\N2e
< 19017 ||i(y) | WD ()|
x max [[((y)Gm(z —y) | W(Q.)|- (2.54)

T€Q\Qa2e

The support of I(y) is embedded in Q.. Consequently,
) | W0(@e)*[| = [l2w) | W0

Since M > mg, the norm on the right side is less than the norm of {(z) in W},’”a’*,
ie.,

[T W@ || < |11 WE™*|| < Kh™, (2.55)

with K independent of A and Q. The last inequality is valid by hypothesis.
Let z € Q9 \ 3¢. Then

~ - 1/p
||<(y)Gm(z—y)|W,EM>(ﬂs)||SK{ / Y. |D:[<(y)am(z—y)1lpdy} . (2.56)
Q, lalsM
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For every y € 2. the point z — y lies in a bounded set with the deleted ball of
radius € centered at the coordinate origin. Put

o(e)= _max  {|D*[((y)Gm(z — )|, la] < M}.
€N \N2e, YEQ,

From the properties of G,,,(z) it follows that c(¢) is finite. Continuing the estimate
(2.56) and using (2.50), obtain

LBax [[KW)Gn(e —v) | W) < Ke(e)lQf 7. (2.57)

Since |Q| < |Qg|, we have the relation
QP < Q|| /P11,
Inserting it in (2.57), arrive at the inequality

e (K@) Gl =) W) < Kl 770,

with K () a constant independent of 2. Whence and from (2.54) and (2.55) derive
R i | Lyt (R0 \ Q2e)| < K(e)h™ ™™ (@) /P11,
Now, from (2.51) and (2.52) infer that
R W™ < KIQIMPTHY91 + O(hmsm™y).

Putting here m = m; and m = ms and inserting the result in (2.48), arrive at (2.47).
The proof of Theorem 4.5 is complete.

§3. The Bakhvalov Theorem

In a bounded domain  with piecewise-smooth boundary 052, assume given
a sequence of cubature formulas with the error

N
(In(z),p(z)) = (z) - c(N)6(:I:——:1:(k’N) (z)dz (3.1)
v@e) = [ (0~ 3l ))e

and the variable number of nodes N. Denote the volume of £ by || and let

- (%)l/n. (3.2)
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We are interested in the behavior of the Lgm)* norm of In(z) as the number
of nodes N tends to infinity. The main theorem of the current section deals with
estimating the norm of In(z) from below and belongs to N. S. Bakhvalov. Our
proofs are practically indistinguishable from those by Bakhvalov.

Before stating the theorem, we give a few definitions and prove an important
lemma.

Let k be a constant. Construct the domain Q} that comprises all points of R"
at a distance at most k from Q and the domain ) that comprises all points of
at a distance greater than k from the complement to Q. Denote Q = Q) \ Q}. If
there is a constant K such that for all ¥ < kg the inequality holds

|| = |9\ Q4] < Kk|09Q],

then we say that Q has a regular boundary. It is easy to check that if the boundary
of Q is Lipschitz then this domain has a regular boundary.

Let the number N range over an increasing sequence of integers N(1), N(2)
Given N, in the domain § consider a system of cubes ; xy with vertices the points
a®N) and edge ky, namely,

|z; —al"M| <kn/2, j=1,2,...,n i=1,2,...,Ny(N).

We call this system a system with insufficient data for In(z), if the following con-
ditions are fulfilled:

(1) the value of In(z) at the indicator of each of the cubes ; n is strictly
positive, namely,

/XQ.',N (z)in(z)dz > 0;

(2) all nodes (M of a cubature formula with the error Iy(z) lie either in the
interior of the cube ; n or in the exterior of the cube but not on the boundary.

Say that a series of such systems has insufficient data for In(z) uniformly in N
entries of the sequence {N(j)};?‘;l if there are two positive constants ng and 7; less
than 1 and such that the following conditions are fulfilled:

(1) the error in integrating unity over each cube of every system of the series
under study is a finite fraction of the volume of the cube, i.e.,

/ Xq, x (@)IN(z) dz > nokY; (33)

(2) all nodes of cubature formula belonging to €; n lie within the inner cube
defined by the inequalities

|z; —a"™M| <mkn/2, §=1,2,...,n. (3.4)

We have the following
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Lemma 4.3. Assume that, for every N in the sequence NV N® _ _ the
sum of the volumes of nonoverlapping cubes of the corresponding system belonging
to a series with uniformly insufficient data for In(z) is greater than some positive
constant T independent of N, i.e.,

Nk} > T, (3.5)

with Ny the number of nonoverlapping cubes. Then we may find a positive con-
stant K depending on 19, 71, n, and m, but not on N and such that

1w | LS| > Kk@VT.
PROOF. To begin with, find a positive constant n < 1 such that

I-n)>m, 1-n)"—-1—n)=¢o>0.

Here g and 7, are the constants of (3.3) and (3.4). With this 5 available, construct
an infinitely differentiable function A(€) of a one-dimensional argument ¢ with the
following properties

A =1 for [¢| <(1-n)/2,
NE) =0 for le] >1/2, (3.6)
0 < A(€) <1 for other ¢&.

Such function obviously exists and may be constructed by the same scheme as
the standard averaging kernel we first mentioned in Chapter 1.
Construct the set of the functions w; ny(z) by letting

- T — altV)
win(z) = H A k—N]— .
7=1

It is clear that the function w; ny(z) vanishes outside the cube ©; n. Calculate the
value of In(z) at w; N(z).

From the inequality (3.4) and the properties (3.6) of A(£) it follows that, for
every node z(5N) in Q; y, the quantity w; y(z(F™) equals 1. Consequently,

(In,win) = /wi,N(w)dz— Z cch). (3.7

QN (e N)eQ; N
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Using the first of the properties (3.6), obtain

/ win(z)dz > (1 - n) kY. (3.8)
QN

Since the error Iy(z) is given in ©; ;v with insufficient data, from (3.3) it follows

that N
Yoo Y <kR-m).
(k. N)eQ; N

Whence and from (3.7) and (3.8) derive
(Iv,wi,n) > kR[(1 = 7)™ — (1 = mo)] = eokR- (3.9)
The norm of w; n(z) in Lgm) is easy to estimate from above, using the definition
|lwin(z) | LS| < KER/*™.

Denoting by N;j the total number of nonoverlapping cubes Q; v at a given N,
estimate the value of [y(z) at the sum

Ny
wy(z) = Zwi,N(z).

From (3.9) obtain

N1
(In,wn) =Y _(In,wi,n) > NigokRy.

i=1

The cubes ; y do not overlap. Consequently,
2 2
low(z) | Z§)* = Y Jlwin(z) | LE™|* < KNikg?™.
=1

Using the hypotheses (3.5) of the lemma, arrive at the final formula

2

The proof of Lemma 4.3 is complete.
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Theorem 4.6. For every sequence of errors In(z) like (3.1) there is a constant
K > 0 such that

v | LS™*|| > KR™. (3.11)

PrOOF. Cover {2 with a system of cubes (2; 1/, generating a cubic lattice with
side h/2. Calculate the number of cubes lying entirely in the interior of Q2.

Let B; be the set of ¢ such that {; 5/, has at least one common point with 2,
and let B; be the set of ¢ such that Q; ,/, has at least one common point with the
boundary 02. Denote the size of By (Bs) by Ny (N3). Let By be the set of points
B; not belonging to Bs; i.e., By = By \ B;. It is clear that B; is the set comprising
the indices of the cubes lying entirely in the interior of 2. The total number of
these cubes is Ny = Ny — N3.

The volume of the union of the cubes §; 4/, over all i € B; is at least the
volume of €2, namely,

U Qi 2

i€B;

> |92].

The domain £ has a regular boundary. Consequently, the inequality holds

U Qi ny2

1€B3

S |Q'\'/ﬁh/2 \Ql\/ﬁh/2| = |Q\/f_th/2| < Kh.

Since the volume of each elementary cube equals (h/2)", obtain
Ny > |QJ2"/h™, N3 < K/h™L.

These relations allow us to estimate from below the number N;. Obviously,

A0 K n 1

Denote by Ny the number of cubes lying in the interior of € and having no
nodes of (3.1). Estimate Ny from below. Let 0 < ¢ < 1. Then from (3.12) it follows
that

No>Ni—-N2>(2"-1-¢)N (3.13)

for all sufficiently large N. In each of these Ny cubes, choose a smaller inner cube
with side h/3. Thus, given N we constructed the system of cubes

Qj,h/Ba j:1727"'7N0’
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so that the series of these systems has uniformly insufficient data for Ix(z). Further,
all cubes ©; /3 do not overlap. Therefore, their total volume [Q2*| is bounded from
below by some fraction of the volume || independently of N i.e.,

|27 > No(R/3)" 2 &l

The last inequality holds by (3.13) and the definition (3.2) with the constant
go = (2" =1 —¢€)/3® > 0. Therefore, the hypotheses of Lemma 4.3 are fulfilled.
Consequently, the norm of the error admits the estimate

lIn | L§™*|| > K(R/3)™ = K1h™.

The proof of Theorem 4.6 is complete.

Corollary 3.1. If in a domain § there is given a system of cubes Q; y with
uniformly insufficient data for the error In(z), with the sequence {kn} such that
kn/h — 0o as h — 0 and the sum of the volumes of Q; n is greater than ©|Q|; then
the error of cubature formulas decreases slower than the power function h™.

By now we have considered only errors with insufficient data on a system of
cubes. By analogy, we may also consider a system of cubes Q:., N With excessive
data for the error In(z). Say that date for In(z) are ezcessive on a system of QU
by no if

l dz < —mokYy.
[ xay,, @in(@)de < -y,

Repeating word by word the proofs of Lemma 4.3 and Theorem 4.6, obtain
(In(z),win(z)) < —€oky.

Continuing estimation in much the same way as before, show that (3.10) remains
valid also and in the case when instead of a system of cubes with insufficient data
for In(z) there is a system of cubes with excessive data and total volume at least
a fixed fraction of the volume of ||.

Given an arbitrary system of N points, we may construct a system of cubes
with excessive data for Iy(z) so that hypotheses similar to those of Lemma 4.3 be
fulfilled.

We show now that there are formulas such that the lower bound of the rate of
convergence we indicated is practically achieved.

§4. The Rate of Convergence of an Equidistributed
Error
Let the error I(z) belong to a sequence of equidistributed errors over a do-
main 2. In the present section we demonstrate that the norm of () satisfies the
inequality reverse to (3.11); i.e., I(z) has an optimal mode of convergence in Lgm)*.
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By the definition of §2 of Chapter 1, an equidistributed error over Q may be
written as the sum of local errors

(2)= ¥ 1, (% - H7) . (4.1)
Y€BL

Moreover, we assume that every I,(y) has order m + 1, its support lies in the ball
of radius L centered at the coordinate origin, and the norm in C* is bounded by
a constant A the same for all ¥

(4(y),y*) =0, la| <m; supply(y) C{y: |yl <L}, |l4(y) | C* <A (4.2)

The set By, consists of 4 such that the distance from hH~y to Q is at most Lh.
Before estimating the norm of (4.1), we make a simple remark on how the

Lgm)* norm of an arbitrary error changes under scaling of an independent variable.
Let lp(z) € Lgm)*. Then we have the formula

oo (7) 1267
Prove it.

Take p(z) € Lgm). By definition, the following equalities are valid

= B2 |1y(2) | LS. (4.3)

(1o (3) #(@)) = B (o) hy)), (o) o) = 27" (1 (3) ¢ (5)) - 44)

Moreover, straightforward calculation readily yields the relations

i) 1 28] = W2 () | 157,

o) 1 5™ = em=nr2 |l (£) 1257 (4.5)

Dividing both sides of the first of the equalities (4.4) by the corresponding sides of
the first of the relations (4.5), obtain

(lo (z/R),¢(z)) _ m+n/2(L0(_)M a2, (m)x
||go(z) | Lgm)“ h ”tp hy) | L(m)“ = ”l (y) | Ly ”

Since ¢(z) € Lgm) is taken arbitrarily, it follows that

oo (5) 1257

<R lo(y) | L. (4.6)
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Further, dividing both sides of the second of the equalities (4.4) by the correspond-
ing sides of the second of the relations (4.5), obtain

o e®) _ pomensa (0 @/0) 20 @/R) _ omenga [ (2 | pOe
e 2] " o] < e ()1

Whence follows the inequality reverse to (4.6). This means that (4.3) is indeed
valid.

Consider an arbitrary summand /,(y) in the decomposition (4.1). Since m >

n/2, the Lgm) space is embedded in C(2,) for every compact set . In this event
the embedding operator is compact. Whence and from (4.2) it follows that

1) 1 5™ || < Kl ) | C°ll < KA,
with K a constant independent of 4. Using this inequality and (4.3), obtain.
E _ (m)*
H17 (h H7) L2

We give a few reasons that allow us to conjecture an upper bound on the norm
of an equidistributed error in 2. Each of the local errors I, (z/h — H7) is realizable

< KAR™"/2, (4.7)

in the Hilbert Lgm) space as the extremal function ¥, (z). If ,(z) are mutually
orthogonal functions in Lgm), then

2
i) 1 21 = 3 [ (5 = ) 1257
Y€EBL

(4.8)

The number N; of the elements of the set By, at sufficiently small h satisfies the
inequality N;hA™ < 2|Q|. Whence and from (4.7) and (4.8) it follows that

1) | LS™%||* < K? 42N, A2 < 2 K2 A4%|0|h™,

The last inequality enables us to conjecture that the norm of an equidistributed
error decreases like h™ as the mesh-size decreases. We demonstrate the validity of
this conjecture without the assumption that the extremal functions ¥,(z), v € B,
are mutually orthogonal. Instead of making the assumption, we give an estimate for
the inner product of these extremal functions and check that the product decreases
as the supports of the local errors become more distant.

To prove the main theorem we state below, we need inspect the triple convo-
lution of local errors with the function G(z) serving as a solution to equation

A™G(z) = (-1)™é(z).
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Let l1(z) and I3(z) be two nontrivial compactly-supported generalized func-
tions defining bounded linear functionals on the space C(R™) with

supplj(z) C{z: |z| < Lj}, ||i; |C*|| <4, j=1,2 (4.9)
Also assume that the value of [;(z) at a polynomial of degree less than s; equals 0,
(lj(‘r)7xa) =0, |o|< sj, J=12. (4.10)

We now state and prove a succession of the simplest properties of convolution.
Put l3(z) = ly(z) * l2(z).

1. Since both lj(z) have compact support, so is the functional l3(z). Moreover,
the support of l3(z) lies in the ball of radius Ly + Lo centered at the coordinate
origin

suppl3(z) C {z : |z| < Ly + Lo}. (4.11)

Fix a point z beyond this ball, i.e., such that |z| > L; + L,. Then the supports
of the generalized functions /;(z — y) and l3(y) of a variable y are disjoint by (4.9).
This means that

/ll(x —y)l(y)dy =0,

i.e., the embedding (4.11) is in effect.
2. The functional l3(z) is bounded in C(R™), and the norm of it is at most the
product of the norms of the factors, namely,

l1s(z) | C*Il < a (=) | C*ll iz () | C7 . (4.12)

Let (z) be an arbitrary continuous and bounded function on R™. Then ¢(—z)
also has the same properties. Arrange the two convolutions

p1(z) = p(—z) * l1(z), @2(z) = p1(z) * lo(z).
Since l1(z) € C*, the function ¢1(z) is continuous and bounded on R”, with
lea(@)] < () | Collle(y —2) 1 Cll = 1l | C¥lle | C-
The function ¢3(z) also has the same properties,
le2(2)l < [z | C*lllen | ClI < Nl | CEllI | CElll | Cl- (4.13)
Since the functionals I;(z) have compact support, the following equality is valid

p2(2) = (p(=2) ¥ li(z)) * la(2) = p(—2) * I3(2). (4.14)
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Setting here z equal 0, from (4.13) obtain
[(I(y), e = le2(0)] < [l | C¥llIZ2 [ C*[llle | €I,

which immediately entails (4.12).
3. The functional l3(z) has order s, + s2, i.e., its value at every polynomial of
degree less than s, + s; is zero, namely,

(13(:1,‘),1'0) = 0, |a| < 81 + 82. (415)

From the definition of convolution and (4.10), it is easy that the convolution
of each polynomial of degree s with /;(z) is again a polynomial but now of degree
s — 81, namely,

2 li(e) = (2 = y)*, 1) = Y cape® (L), (-9)") = > e

BLa vI<la]-s1

An analogous claim is also valid for the functional l3(z). Taking the monomial z*
with |a| < s1 + s2 as ¢(z) in (4.14), we now come to (4.15).
4. The equalities hold

sz(%)w* = h"|i;(y) | C*I, lg(%):h‘"ll (%)*12 (%) (4.16)

By a routine change of variable we readily check the validity of (4.16).
Assuming the functionals /;(z) and l2(z) to meet the conditions (4.9) and
(4.10), estimate the modulus of a solution ®(z | {3,l2) to the equation

A™® = (—1)™h"; (%) . (4.17)

From (4.16) it follows that this solution may be written as triple convolution

T T

Bz |1, 1) = G(z) * Iy (E) sl (.ﬁ) . (4.18)

Since the functionals [;(z) are of compact support, this convolution is associative.
We have the following

Lemma 4.4. If n is odd or s; + s3 > 2m — n, then the function ®(z | l1,13)
satisfies the inequality

Al A2 h2"+31+82

|®(z | 1, k)| < K (2T Jaf)-mihoiona”

(4.19)

with K a constant independent of h, l,, and l,.
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PROOF. Suppose that A; =1 and A; = 1. If this is not so, we should consider
lj(z)/A; instead of lj(z). The right side of (4.17) is a compactly-supported gener-
alized function. Lemma 1.1 gives an estimate (1.2.20) for a solution to a similar
equation. Before applying it to our case, some simple reasoning is in order. Writ-
ing down the function ®(z | l;,l2) as convolution and carrying out the change of
variables z = y/h, obtain

&(z | 1, 1) = h" / Gz —y)ls (%) dy = h2" / ¢ (h (% . z)) ly(z)dz.  (4.20)

Further, by (1.2.18) and (1.2.19) the function G n(w) = (—=1)™G(w) for every
positive h satisfies the equality

G(hw) = K™ "G(w) + (=1)™ st n(10g h) Pz _n| (hw). (4.21)

Here Pjgm—n|(w) is a polynomial of degree |2m — n|. This polynomial is zero if n is
odd or 2m < n and agrees with |w|?™~" if n is even and 2m > n. Inserting (4.21)
in (4.20) and taking account of (4.15), obtain

&(z | Iy, lp) = h2™Hn / G (% - z) I3(2) dz, (4.22)

with the convolution integral on the right side standing for the value at the point
z/h of a solution u(z) to the equation

AMu(z) = (=1)"I3(z).

Applying (1.2.20) to u(z/h) and inserting the result in (4.22), come to the sought
relation (4.19). The proof of Lemma 4.4 is complete.

REMARK. For n =1 Lemma 4.4 may be strengthen. In this case the function
G(z) looks like |z|?™~1/2(2m — 1)! and, consequently, &(z | I;,l;) = O for |z| >
(L1 + L2)h. If, on the other hand, |z| < (L1 + L2)h then

p2m+1 (2Ly +2L,)*™"!

<
|®(z | 11,12)] < 2(2m —1)!

A4,

We give an explicit estimate for the constant K in (4.19) with n > 2. In [299]
there is proven that, for 2m — n < s; + s3 < 4m + 2, the inequality (4.19) holds
with the constant K equal to

[(n—3)/2]/2 3 2m
|5¢m,n| (Z‘) an (—) (1+ (4L)2)(31+32)/2,

2
where L is the maximum of L; and Ly, and the constant s, , is defined in §2 of
Chapter 1.
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Lemma 4.5. If n even and s3 = 31 + s3 < 2m — n, then the estimate holds

p2mtn logh s |.’L‘I < 2(Ly + Ly)h,
T ENATED S SO e
|z *|log |z||R*"F#2,  |z| > 2(L1 + La)h.
The proof of this lemma is carried out by the same scheme as the proofs of
Lemmas 4.4 and 1.1. We thus omit the proof.

Theorem 4.7. Let a domain ) have a regular boundary. Assume further that
a generalized function l(z) given by (4.1) belongs to a sequence of equidistributed
errors in the domain (2, with the corresponding parameters L and A independent

of h. Then the Lgm)* norm of l(z) satisfies the inequality

111 28 < KVi9rrm (1 + hK; 'ﬁ?") (4.23)

with K and K, constants depending on A and L but not on h and Q.
PROOF. The error I(z) on Lgm) possesses the Lgm) -extremal function

hi(z) = (I(y), G(z — y)) = U(z) * G(=).

Moreover, the norm square of {(z) in Lgm)* coincides with the value of I(z) at ¥;(z),
namely,

11 ZS™*|)7 = (i(2), ¥u(2)) = (I(z), (z) * G(z)).

Inserting here the decomposition (4.1), obtain

L= Y (4 (5 -2)oby (5 - HY) *6(@)) - (4.24)

7,7’ €BL

Write the summand on the right side of (4.24) which corresponds to 4 and 7', using
the notation of (4.18)

(2 (5 - 7).ty (5 - HY) xG(2)) = 8(hH(Y - 7) | 1y L) (4.25)

Here 1,4(z) is defined as ly(—2).

By the definition of equidistributed error, the corresponding elementary gener-
alized functions I, (y), v € B, vanish at all polynomials of degree less than m + 1,
are of compact support and have the same A as a bound for their norms in C*.
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Therefore, to estimate the quantities of the shape (4.25), we may apply Lemma 4.4.
For every «, v' € B, we then have the relation

R h2n
S(RH(Y —7) | ly,1y)| < KA? hrmt2, 4.2
‘ ( (’Y 7) ‘ Yo ry )‘ — (h2 + ‘hH(’Y _ 7,)|2)n/2+1 ( 6)
Here K and A are independent of h, v, and «'.
Inserting (4.25) and (4.26) in (4.24), we readily see that the norm under study
decreases as h — 0 not slower than the product of h™+"/2 by the square root of
the number of points Ny (k) in Br, namely,

! < KA?R*™FNi(h).

(m)x||2 s 4212m+n
||l ! L2 ” < KA h Z (1 + lH(7—7’)|2)n/2+1 -

Y,Y' €BL

To specify the dependence of the found dominant on 2, estimate the right side
of (4.26) by some integral. We write down the latter explicitly. Denote by Qp 4
an elementary mesh of the lattice of nodes hH+. It is not hard to see that there is
a positive constant M such that, for all v, ¥’ € B, and points ¢ € Q4 ~, y € Qp 4
the inequality holds

o — yf* + h* < M(|RH(y = 7)* + B?). (4.27)

Further, by the Intermediate Value Theorem for every two sets 4 4 and Qp, .+ there
are points z, € Qp 4 and yx € Qp 4 such that

/ /’ dzdy _ R2™|Qo |
(|z — y|? + h2)n/2+1 T (|l — ya)2 + h2)n/2+1°
Ry By

Applying (4.27) to the ratio on the right side and inserting the result in (4.26),
obtain

R dzdy
2m+2
|2(RH(Y' — ) |1y, 1y)| < Kh / / RPN DEE (4.28)
Q

hyy 3h,y!

The union of the sets (p 4 over all ¥ € By, consists of the points at a distance at
most Lyh from €, with L; = (y/n 4+ 1)h. In other words, this union lies in the set
Q7 - Considering this, substitute (4.28) in (4.25). Inserting the result in (4.24),
we then arrive at the estimate

”l | L, ” <K (Jz — y|? + h2)n/2+1" (4.29)



130 Chapter 4

Here K is a constant independent of h and . Passing to the spherical coordinates p
and 6 with center the point y in the inner integral with respect to dz, obtain

n ldp Wn pn ldp
/ (= — |2 + hz)n/2+1 = / (p? + h2)n/2+1 — 2 J (1 + p2)n/2+17

with w, denoting the area of the unit sphere in R". Integrating both sides of the
last inequality with respect to y € Q7 , and inserting the result in (4.29), find

m)*|(2 m
111 LS| < K|, 4 |p2m. (4.30)
By hypothesis the set {2 has a regular boundary. Consequently,
|97, 4] < 191+ K1L15]89].

Whence and from (4.30) we immediately have (4.23). The proof of Theorem 4.7 is
complete.

REMARK. In Theorem 4.7 we estimated the norm of an error composed of
elementary errors of order m + 1. If we require the validity of a weaker condition,
namely, the vanishing of the local errors at all polynomials of degree m — 1; then,
likewise (4.29), we derive the inequality

(m)=*)|2 d.’l)dy
”l | Ly ” < Kp'm / / (Jz — y|? + h2)n/2

which implies that
|11 &%) < Kh™/Tlog |19

This inequality is weaker than (4.23).

Let an arbitrary error I(z) in a sequence of errors equidistributed over § be
given by the formula (1.2.14). Then, arguing as in the proof of Theorem 4.7, arrive
at the estimate

11] L§™*|| < Kh™\/1QI(1 + K,+/R]log h]),

with K a constant independent of ~ and .



Chapter 5

Cubature Formulas with Regular
Boundary Layer

In this chapter we show that cubature formulas with regular boundary layer
are asymptotically Lgm)-optimal as the lattice mesh-size vanishes.

It is the Bakhvalov Theorem proven in §3 of Chapter 4, and the theorem on
existence of a cubature formula whose error has the Lgm)* norm decreasing like h™
that prompt us a way to constructing best cubature formulas. Such formulas which
are best in some definite sense possess the error distributed through the integration
domain in a most consistent and uniform manner.

§1. The Properties of the Extremal Function of
an L{™-Optimal Error

To begin with, consider the problem of approximate integration of periodic
functions in Lgm)(H). Recall that ¢(z) belongs to Lgm)(H), if it is a periodic
function with period matriz H, i.e.,

o(z+ Hy)=¢(z), z€R", ~€Z"
and, moreover, the following quantity is finite
| 1/2
o1 Z)={ [ ¥ GiptePasf
Q, lal=m

Also recall that by Q¢ we mean the fundamental parallelepiped of H, i.e., the image
of the unit cube @ under the linear transformation ¢ = Hy,

Q={yeR":0<y;<1,j=12,...,n} CR™
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We have proven earlier that, in the space zgm) of periodic functions with trans-
lation invariant norm, optimal is the error with equal weights,

loo(z) = Xqo(z) =" Y 8(z — hH7). (1.1)
hH‘YGQo

From now on we consider only h such that 1/k is an integer.
An Lgm)-optimal error is unique. Indeed, assume given two errors each with

a minimal norm in ng). Consequently, /; and l; have the same norm. By the
Apollonius identity, also called the parallelogram law, we have

L =1 |?

2

L+ ?
2

1 1
= =||14|* + =||i|® -
2||1|l +2||z|l

So, were 11.75 I3, the error equal to the arithmetic mean of [; and Iz would have the
norm less than either of the I;, namely, ||(ly +12)/2|| < ||l1]| = ||i2||. The latter is
impossible, contradicting the optimality of ;. Consequently, /; and I; coincide.

We study the properties of the Z;m)-extremal function of the optimal er-
ror (1.1).
In Chapter 1 we showed that the Lgm)-extremal function u(z) of every bounded

error [(z) is a solution in Lgm) to the polyharmonic equation
A™u(z) = (-1)™(z). (1.2)

A periodic solution to this equation is determined uniquely to within an additive
ng)*

in the Fourier series

l(2) =) L|ple™™'=f

B#0

constant. Expanding /(z) €

obtain an analogous expansion for the Egm)-extremal function

i2nH 'z
u(z) —co—i—z orH- 1*ﬂ|2m61 mHEE
B0

It is not hard to calculate that the optimal error I () has the following Fourier
coeflicients

0, if 8 =0 or 31is not a multiple of 1/h,
Lig] ={ B B P /

—~1, otherwise.
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Thus, the zgm)—extremal function for loo(z) is periodic with period matrix hH and
is given by the equality

th 127rH—1zﬂ/h

uso(z) = ¢ = Z [orH- 1*ﬂ|2m
B0
Combine the summands of the sum in this equality pairwise, taking with the index 8

the corresponding index —f. Then, we may expand uc(z) to obtain

2rH 'zB/h

o(e) = c— i 3 o2z /h,

u (III) ¢ |27rH—l*ﬂ|2m
B#0

This function is thus real-valued provided that the constant ¢ is real. Choosing ¢
as follows

— h2m
¢ [%:0 |27I'H 1*[3|2m’
we readily see that
uoo(m) = 2h2mZWSIH2 WH—IJI,B/h. (13)
B#0

The function ueo(z) is greater than 0 everywhere but the nodes hH~ at which it
vanishes. _

The Lgm)* norm of loo(z) coincides with the square root of (Is,uoo). Calcu-
lating the latter, arrive at the equality

F(m)*
o 11 = (57) [ g (19

presenting the exact value of the minima of the norms in Eg"‘)* of all possible errors
with a given lattice of nodes hH~.

The Egm)-extremal function u(z), a periodic solution to the polyharmonic equa-
tion (1.2), is also obtainable by summing the local errors with small support.
A local error is a generalized function

O(y) = xq,(v) = Y cll6(y — Hy), (1.5)

Y€Bo

with By a finite set of integer vectors. We consider only /(°)(y) vanishing at all
polynomials of degree 2m, in symbols,

(O®),y*) =0, |a|<2m+1. (1.6)
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Let a local error I(y) of the shape (1.5) satisfy the conditions

suppl(y) C {y: |y| < L}, (1.7)
li(y) | C*|| < 4, (1.8)
((y),y*) =0, la|<s. (1.9)

Denote the set of all these errors by R(L, A,s). A local error (1.5) by definition
belongs to the class R(L, A,2m +1). Since 2m > n, the functional I{()(y) is defined
at every continuous function and has a finite C* norm. Observe that, for a given s,
the class R(L, A, s) is nonempty only provided that L and A are sufficiently large.
The greatest lower bound of the admissible values of L and A depends on s and
tends to infinity as s increases indefinitely.

The C* norm of 1,(z) = I)(z/h — H~) is a homogeneous function of A, i.e.,

[/ (% - 77) 1¢*]| = 1) | €.

The support of I,(z) lies in the ball of radius Lh with center the node hH~, in

symbols,
suppl,(z) C {z : |t — hHy| < Lh}.

As before, the functional I,(z) is orthogonal to every polynomial of degree 2m.
Arrange the sum of local errors

> G

hH~'€RQo

= Z {XQo (% - H'y') - Z c[y|h"8(z — hHYy — hH'y')}.

hH~' €8 YEBy

The indicators of elementary meshes, when summed up, yield the indicator of the
entire fundamental parallelepiped

Y xa (% ~ HY') = xa,(2).

Consequently, we have the equality

O (F-HY) =xau@ = 3 3 chilkné(@ — hH(y +7).

hH~'€Q0 hH~' €04 vEB,
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Transposing the order of summation and substituting 4" for v + ' in the inner
sum, obtain

> 10 (5 ) = xaue) - X106t - hiy") Y bl
hH~' €90 e 7€Bo

It is possible to calculate the value of the error I(z) on the right side of this equality
at an arbitrary function ¢(z) € Lgm) by the formula

()= [ee)ds= 3 wtrrn)( 3 chl).

Qe hH~' €80 v€By

The inner sum on the right side equals 1, which follows from the condition that the
local error I(%) vanishes at constantly-one function. Finally, we have

> O(F-HY) =xa,@) = Y b6 - hHY") = leo(a).

hH~'€Q hH~'"€Q

Whence it follows that we may construct the zgm)—extremal function ueo(z) as the

sum of the series
Uoo(T) = Z up(z)+ ¢, (1.10)
hH~'€Qq

where u./(z) = uo(z — hH%'), and the function ug(z) is a solution to the equation
A™ug(z) = (=1)™1© (%) (1.11)

which vanishes at infinity. More exactly, uo(z) is expressed as

w(@) = (10 (¥),6-v) = [1(£) 66 - nay,

where (—1)™G(z) is the fundamental solution to the polyharmonic operator which
is defined in Chapter 1. It is convenient to study the behavior of the convolution
of the fundamental solution G(z) with a compactly-supported generalized function
p(y) subject to the conditions (1.7)—(1.9), i.e., the behavior of

u(z) = / Gz - y)oly) dy,
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on using the Taylor series for the function G(z —y) and its derivatives in the powers
of y, namely,

DFG(z —y) = Z D"+ﬂG(a:)(_a$ + Rs(y, ). (1.12)
la|<s—1 '

For a fixed = and for |y| < L, the remainder R,(y,z) may be dominated as follows

lyl°®
|Rs(y, )| < e Ts418)(G(z = 2))|,

where |
s!
TG =) ng“’Glz-

lvl=s '

Whence we readily obtain an estimate for Rs(y,z) in the domain |y| < L and
|z| > 2L as follows

|Rs(y, )| < K|z|*™ "~ 181=¢|log |||

This estimate may be improved for odd n and in the case when 2m—n—|3|—s < 0.
In both cases the logarithmic term disappears.
Establish an important property of u(z) which is of often use in the sequel.

Theorem 5.1. Let p(z) be a compactly-supported generalized function that
satisfying the inequality

[(p(2), fe)] < K max |f(z)| (1.13)

for every infinitely differentiable function f(z). Assume further that p(z) vanishes
at all polynomials of degree s — 1, in symbols,

(p(z),2*) =0, o] <. (1.14)

Then, at |z| sufficiently large, the derivatives of order | of the convolution
u(@) = [ 6 - vts)dy (1.15)

decrease like the function |z|>™ "~!=% if |4+ s > 2m — n or n is odd and decrease
like the function |z|*™ " !"*log|z| if | + s < 2m — n and n is even.
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ProOF. Differentiate ! times both sides of (1.15) and substitute the expan-
sion (1.12) for D?G(z — y), |B| = ! in the result to obtain

DPu(z) = (p(y), DPG(z — y))
- (p(y>, ¥ D““’G(w)(;y)—) F o), Ba(y,2).  (116)

!
.
ja|<s—1

In the first summand on the right side of (1.16), all integrals vanish by (1.14).
Using (1.13) and the estimate for the remainder R,(y, z) with |z| > 24 and |y| < A4,
in the case of even n and [ < 2m — n — s we have

DPu(z) = O(|z*™"~*"1Bl log |z|). (1.17)
In the case of | + s > 2m — n or n odd, we obtain a sharper estimate
DPu(z) = O(|z|*™ =181, (1.18)
The proof of Theorem 5.1 is complete.
For |z — hH~| > 2Lh this theorem entails an estimate for the function u.(x)

of (1.10) as follows

e n+2m+1
RO e —_C .
(L2h? + |z — RH~[2)(»+D/2

(1.19)

The estimate (1.19) shows that the series ) _ u.(z) converges for every z, since its

general term decreases faster than [y|~("+1),

It is worth noting that we may obtain the found solution u¢(z) to (1.11) by an
immediate change of variable of a solution u(®)(y) to the equation

AmUOy) = (~)"Oy).
Indeed, u(®)(z) may be written as convolution

i) = [196)6( —y)dy

On the other hand, the solution ug(z) to (1.11) may be written as

ug(z) = h"/l(o)(y)G ((% - y) h) dy.
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The fundamental solution G(z) for n odd is a homogeneous function of order 2m—n.
Consequently, for such n the equality holds

up(z) = h*™ (1(0)(y),G (% - y)) = h2my© (%) . (1.20)

For n even, the same result appears, if we use the expansion

2m—n
%| p2m—n {log (Iz—') +log h}

_ p2m—n E _1\m 2m-n
—h G(h)+( 1)™ 3t n|[2™ " log h.

G(z) = (=1)" %m,n

Since the function |z|2™~™ here is a polynomial of degree 2m — n, i.e., of degree
less than 2m + 1, we have

(6.6 (G -5)1) = (90,6 (5 -4)).

which readily entails (1.20).

Inspect the behavior of the product of the zgm)-extremal function us(z) and
the truncator 1,(z) introduced in §2 of Chapter 1. Given a bounded domain
with piecewise-smooth boundary, put

() = xh™" /w (”” ;“’”) de'.

[
th

Here s is a constant, w(z) is the standard averaging kernel, and integration is
implemented over the sets of points of {2 at a distance at least 2h from the boundary.
Recall that ¥4(z) = 1 at all points of Q at a distance greater than 3h from the
boundary. The function ¢4(z) is infinitely differentiable, with derivatives satisfying
the inequality

|DYpa(e)| < KRNI, (1.21)

Moreover, it vanishes beyond 2 and at the points of {2 at a distance at most k from
the boundary. Inspect the product

oM () = Pn(@)uco(2).
Estimate the norm of ¢(®(z) in Lgm)(Q). Differentiating ¢(*)(z), obtain

Do‘uoo(.'l,'), ifze Qgh’
D™ (z) = { Ja(2), if z € Q) \ O3y,

0, otherwise.
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Here, by Ju(z) we denote the sum

Jo(z) = ) e Dﬂd)h(x)D" P uce().

0<8<a

Estimate the Ly(Q+) norm of J,(z), where ., is some parallelepiped of the lattice
matrix hH having common points with the set ), \ Q3,. Obviously,

1a | 2@ < Y ﬂ,(a ﬂ),IID ¥u(2)D* Puco(2) | La(y)]-

0<B<a
By (1.3) we have the estimate
|D* Pu(z)| < KRZ™la=Al

with K a constant independent of h. Using the last relation and (1.21), for |a| =

obtain
| DP D Pug | Lo(2-)|* < KA™H™,

Thus, the estimate holds
17a | L2(Qy)]|* < KR™F2m, (1.22)

Denote by N(®) the number of the meshes §2., meeting Q}, \ Q},. In virtue of our
supposition that the boundary of {2 is piecewise-smooth, the following inequality is
valid N®h™ < K, h. Whence and from (1.22) we have

| | Z2(25\ @43)||* < ERI™H,

with K a constant independent of h. This enables us to assert that the norm of
the truncated function ©(*)(z) in Lgm) (2, \ %) decreases not slower than pmt1/2,
namely,

o™ () | L™ (@4 \ Q4|7 < KRZ™HL,

Estimate the norm of ¢(*)(z) in Lgm)(ﬂgh). Denote by N the number of the
meshes (), lying entirely in },, and by N () the number of meshes of the lattice
which have at least one common point with . Obviously, for some

0< o™ (@) | L™ @n)|I” ~ N Juso(a) | £5™(@)|
< (N0 - ¥ Muso | ™ (@)
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Carrying out as before a change of variables in the integral presenting the norm of
the function uo () over the fundamental parallelepiped 2 and using the estimates

|D%uoo(2)] < Kh™, |a|=m; |Q-NOr* < Kh, (NO - NO)" < Kh,
come to the equality
le® (@) | LEV(@)[|° = B m(@B™ + O(R2™ 1),
Here By, m(2) stands for
1/2
Bnm(Q) = (2n)—m{m| > |H~1*ﬁ|~2m} . (1.23)
B#0

We have thus established that the Lgm)(Q) norm of the truncated Eg'") -extremal
function may be written as

[ (@)co(z) | LT (R)|| = Baym(R™(1 + O(R)). (1.24)

Further, the norm of the difference w(*)(z) between the ng)—extremal function
uoo(z) and the truncated function p(*)(z) satisfies the inequality

“w(h) |L§m)(9)” < Khm+1/2,

with K independent of h. Straightforward calculation also yields the following
estimate

|
‘ f Y B D™ (2)D*w® (z) de| < K™
(s}

Q lal=m

for the inner product in Lgm) () of p®)(z) and wM(z). Consequently, the functions
¢®M(z) and w*)(z) are almost orthogonal in Lgm)(ﬂ) at small h.

Using the properties of the truncated function ¢(*)(z) of the ng)—extremal
function us(z), we sharpen the lower bound on the norm of an arbitrary error with
lattice of nodes hH~. Let this functional look like

i(z) = xa(@)— A" > c[1)6(z — hH7),
hH~€EQ

and let the set Q lie in the interior of the fundamental parallelepiped g of the
lattice matrix H. The boundary of  is piecewise-smooth. We have the following
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Theorem 5.2. The norms of the error l(z) of a cubature formula with lattice
of nodes hH~ in a bounded domain ! with piecewise-smooth boundary satisfy the
inequalities

ITIZS™ | > Baym(@B™(14+0(R)), |11 LE™*|| > Ba,m(Q@)R™(14+0(R)). (1.25)
PROOF. The norms of I(z) in Eg'")* and Lgm)* are bounded from below by the

ratio
(1, ™ (z))
le® | ™))

This follows from the coincidence of the norms of the truncated function ¢*)(z)

in Lgm), Eg"‘)(H ), and Lgm)(Q). We have already examined the behavior of the
denominator and obtained (1.24). We now find (I, o(®).

The function p*)(z), as well as ux(z), equals 0 at the nodes hH~. Conse-
quently,

Le™) = [ oM (z)de.
/

Further, uo(z) and 94 (z) are nonnegative functions and, moreover, u(z) is a pe-
riodic function with period matrix hH. Hence,

N(i)/uoo(z)d:c < /cp(h)(m)dz < N(')/uw(x)dz. (1.26)

2, Q 2,
The integral of uoo(z) over the mesh §2, may be calculate exactly

/ Uoo(z) dz = h" / Uoo(y) dy = R2™H™ (51;)2'” C(H™™ | 2m).

7 0
Inserting this expression in (1.26) and using the asymptotic equalities
NOR™ = Q]+ 0(h), NOR™=|Q|+ O(h),

obtain

(M) = B2, (™| < K™,
Whence and from (1.24) it follows that

(#)
(”w(m)) — Bom(Q)h™ + O(R™1/2), (1.27)
o™ | L™ ()|
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The proof of Theorem 5.2 is complete.
In closing, observe that the truncated function ¢(*)(z) belongs to the closure

in Lgm)(Q) norm of the set comprising all functions compactly-supported in the

interior of . We denote this space by ig’")(ﬂ) From (1.27) we infer that the

Egm)*(ﬂ) norm of /(z) also admits an estimate that is analogous to (1.25)

i) | ZS™*(@)]] > Bam(Q)E™(1 + O(h)). (1.28)

Thus, in each of the four spaces Egm), Lgm), Lgm)(ﬂ), and Lgm)(Q) we have the
same estimates from below for the norm of an error.

o
§2. Errors in the Lgm)(ﬂ) Space of
Compactly-Supported Functions

In this section we obtain an expansion of the Lgm)*(Q) norm of l(z) which
is asymptotically exact as the lattice mesh-size vanishes. This enables us to give
an analogous formula for the greatest lower bound of the norm of the error with
a fixed lattice of nodes hH+y. Before formulating the corresponding theorem, we
list conditions on the domain 2.

Let © be bounded and lie in the interior of the fundamental parallelepiped
of the matrix H. We denote by Q; the set of all points of R™ at a distance less than
n from (). Moreover, let Q; be the set of points of  at a distance greater than n
from the boundary of 2. It is clear that ; lies in  which, in turn, lies in QI,; Say
that Q has order ¢, 0 < g < 1, of the width of the boundary layer, if the volume of
the strip between QI,; and (), decreases not slower than Kn? as n — 0, namely,

|Q’,; \ Q] < Kyl

Domains with piecewise-smooth boundary have order 1 of the width of the boundary
layer.

Denote by S1(2) the set of the meshes ., of the lattice of nodes hH~ which
have common points with Q. Obviously, for a domain  having order q of the width
of the boundary layer the equality holds

15:()] = [Q1(1 + O(R7)). (2.1)

Assume in what follows that the domain § has order q of the width of the boundary
layer.
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Theorem 5.3. At each function ¢(z) € ig’")(ﬂ) the error l,(z) assumes the
value that admits the following upper bound
R\™ 1s °
(e < (52) GG 12 S5 upp ) o(o) | BV @) (22)

PROOF. Let a function ¢(z) belong to zgm)(ﬂ) Extend it to the entire Qo,
by setting it 0 beyond 2. The value of I, at ¢ is expressed by the integral

(loo,cp)=/ Z TZ—'!Dacp(m)D“uoo(a:)da:. (2.3)
Q lal=m

The Egm)—extremal function uc(z) has all derivatives up to order m each of which
is a homogeneous function of h. More exactly, we have the equality

D%uo(z) = h2m=lel( Doy (=) (%) ol <m, (2.4)

where u(°)(z) stands for the function us(z) corresponding to the value A = 1. The
domain of integration in (2.3) is obviously the support of ¢(z). The whole space
R™ is partitioned into the elementary meshes €., of the initial lattice of nodes hH~,
with

Q,={z€R":0< (H'2); —hyj<h, j=1,...,n}.

We denote by By the set of v such that §2, meets the support of ¢. Considering
(2.4), we may continue (2.3) as follows

_3m m! a a, (o) (T
(lo,p) = h Z / z Z!»D o(z)D%u <E) dz. (2.5)
7€B‘PQ.., |a|=m
Using the Cauchy-Bunyakovskii-Schwarz inequality, for every v € By we have

/ Z —D"cp(a:)D"‘ (°°)( )da:

Q, lal=m

< Jle@) | L™ @) 6= (5) 1 287(23)]) -

Performing the change of variables z = hy in the corresponding integral, we readily
calculate that

(2.6)

||u(°°) (E) |L(m)(97)’|2
/ > o D" ©)y) dy = k" (loo(y), u'™ ())- 2.7)

Q, lal=m



144 Chapter 5

The functional lo(y) here corresponds to the value h = 1. Considering this and as-
suming that the integral of u(°(z) over the fundamental parallelepiped Q¢ equals 0,

obtain
(loo(y), u(®)(y)) = —u(*)(0) = (%> C(H™'™ | 2m).

Inserting this in (2.7) and putting the result in (2.6), come to the inequality

[ % mreton )

Q, lal=m

<l <2L) [CCH™ | 2m)] /2l p(2) | L™ (24))]

Summing these inequalities over all y¥ € By, from (2.5) obtain

((RORIO)]
<o (D) ™ 2m) e 3 oo | K@) @9

YEBy

Denote by N; the number of the meshes 2., having common points with the
support of ¢(z). By the Cauchy inequality for sums, we have

1/2
S lle@) 1 257@) < N { ot | 287 @)}
YEBy v

Inserting this estimate in (2.8) and considering that the volume of S;(supp ¢)
equals N1h", come to (2.2). The proof of Theorem 5.3 is complete.

Corollary 2.1. In the Lgm)(Q) space of compactly-supported functions the
following asymptotically exact expansion of the norm of lo(z) is valid

oo | ZE™*(Q)]| = Bam(@)R™(1 + O(h2)). (2.9)

PROOF. In the preceding section we checked that the difference of

o) | ™)

and By, »(€2)R™ is nonnegative. On the other hand, in accord with (2.2), it is at
most

( h ) [C(H™ | 2m) 2 Sy Q2 — | 72),

o
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Whence and from (2.1) obtain (2.9).
We may improve (2.9) in some cases. Let Q be the multiple part of the funda-
mental parallelepiped g, i.e.,

Q={z:0<(KH '2); <1/h,j=1,...,n},

where K is the diagonal matrix with naturals k; on the diagonal. For such do-
main {2, every function ¢(z) € Lgm)(Q) extends to the whole of R" to a periodic
function with period matrix K~1H. Thereafter, we may treat it as the function
pk(z)in Lgm)(H )- In this event, the ratio of the squares of its norms in the larger
and smaller spaces equals the determinant of K, i.e.,

lox(z) | IS (H)|| = VAt K |¢(z) | L (@)]]-

Put

lo(2) = Xa(z) =" Y &z — hHyY).
hH~€ER

Estimate the norm of this error in Lgm)*(Q). Observe that the value of I (z) at

every function ¢(z) € Egm)(ﬂ) may be found by the formula

(l?o,cp) = (lo, oK)/ det K.

Consequently, the equality holds

(89)  _ 1 (o)
le | L™ @) Vet K Jlox | L5 (H))|

Taking the supremum of both sides over the set of all nonzero ¢(z) in Lgm) (Q),
establish the estimate

2 (m)* 1 T(m)* m
112 | L& @)| < W”lw | Z§™*(H)|| = Bu,m(Q)R™.

Obviously, the norms in Lgm)*(ﬂ) of I (z) and l(z) coincide. Considering this,
arrive at some expansion more exact than (2.9), namely,

oo | ZS™*(9)]| = Bam()™. (2.10)

Leaning on the two-sided estimates for the norms of errors which were estab-
lished in this and preceding sections, we pronounce the following
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Theorem 5.4. The greatest lower bound of the Lgm)(Q) norms of all errors
with lattice of nodes hH~ may be written as the asymptotically exact formula

inf ||l | L{™*(Q)|| = Ba,m(R)A™(1 + O(hY)). (2.11)

PROOF. The expansion (2.11) is immediate from the lower bound (1.28) valid
for every error I(z) with lattice of nodes hH~ and from (2.9).

Observe that we obtained asymptotically exact estimates for the rate of con-
vergence to zero of the norm of l(z) provided that h vanishes and m is constant.
These estimates thus characterize the rate of the vanishing of the possibly maximal
error of a cubature formula at the functions of the unit ball in ig’")(n) In this
event, to each h there corresponds its own extremal function providing the maxi-
mal error and the set of these functions is noncompact as A — 0. Consequently, for

-]
a fixed function ¢(z) in Lgm)(ﬂ), the rate of vanishing as h — 0 turns out to be
faster than this is guaranteed by the estimate

ooy )] < |lloo | ZS™*(@)| | | ZS™*(9)-

Closing this section, we establish one more property of the extremal function
uoo(z). As is known, every function ¢(z) in Lgm)(ﬂ) extends to the entire R™
to a function belonging to Lgm)(R'.'). Among these extensions there is one with

a minimal Lgm) norm which is denoted by . The function % is polyharmonic
beyond €2 and has mth order derivatives decreasing at infinity not slower than
|z|™" log |z.

We apply the just-described extension operation to the function xq(z)uco(z)

belonging obviously to Lgm)(Q). Denote the result of this operation by Too(z). It
turns out that we have the following asymptotically exact expansion

[Zoo | LS™]| = Bu,m(QR™(1 + O(hY?)). (2.12)

Check the validity of (2.12). To this end, we need some knowledge of the struc-

ture of Lgm). In Lgm) we choose the proper subspace Iolgm)(R"} 1) that comprises
the functions supported in the closure . This subspace is closed in Lgm). Conse-
quently, it has the orthogonal complement which we denote by Hém)(R" | 0Q).
The space Hém)(R" | 0) consists of the functions ¢(z) polyharmonic in 2 and
in the exterior of £ and having derivatives of order m which decrease at infinity
not slower than |z| ™" log |z|. Observe that a function ¢(z) in Hém)(R" | OR2) is not
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necessarily polyharmonic in the entire R", since the derivatives of ¢(z) of order at
least m might be discontinuous on the boundary of .

Thus, the function T (z) in Lgm) may be written as the sum of its projections
() = 70 () + 7(2), (2.13)

where 7 € L(m)(R" | Q) and 7% € H{™(R™ | 89). By mutual orthogonality of
the summands in (2.13) in Lgm), the equality holds

[Too | LS ||* = || | LS| + || | L)) (2.14)
The norms of 7% in Lgm) and Lgm)(Q) obviously coincide
7@ | L) = |29 | 5™ (@) (2.15)

Further, L{™ () splits into the direct sum of ng)(Q) and its orthogonal com-
plement Hgm)(Q) consisting of the functions polyharmonic in 2. Observe that,

for m = 1 the first-order derivatives of each function in Hém)(Q) belongs to the
Bergman space by(Q) whose definition and properties are exposed in the book [5].

Consequently, the function U (z) as a member of Lgm)(Q) may be decomposed
in the sum of its projections to L(m)(Q) and H(m)(Q)

Obviously, as such appear the restrictions of 7' )(x) and "(l)(a:) to Q. Using
their orthogonality in Lg )(Q), come to the relation

79 | @) = ||uce | LE™(@)|)” — |52 | L& (@)
Inserting it in (2.15) and putting the result in (2.14), obtain
oo | LS| = |Juco | L@ + 22 | L) - |22 | LS (@))>.  (2.16)

We have already found in §1 an asymptotically exact expansion of the first norm
on the right side of (2.16). Recall that

[uco | LS(Q)||* = B2,.(R*™(1 + O(hT)). (2.17)

Estimate the two remaining summands in (2.16). To this end, find out w(*)(z) in
Lgm) with the same projection to Hém)(ﬂ) as Uoo(z). Observe that, for the projec-
tions to coincide, it suffices that w(*(z) and T.(z) agree in a small neighborhood

about the boundary of 2.
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Construct the function w(*(z) at the points z of Q. Put
0" (@) = tioo(z) ~ Yr(Juce(e), 7 € Q.

Here ¥p(z) is the truncator constructed in § 1. For a domain 2 having order ¢ of
the width of the boundary layer, the estimate holds

|wiP(2) | L§™(@)|| < Khmta/?, (2.18)

The method of its proving is analogous to that described already in §1.
Using a similar scheme, construct a function wgh)(m) in Lg""(R" \ ) that
agrees with U (z) near the boundary of 2 and satisfies the inequality

[wiM(2) | LYV (R™\ Q)|| < Kh™ /2, (2.19)

w(z), ifzeq,

(B)(p) =
w'(z) =
(=) { wgh)(a:), ifr € R™\ Q.

It is clear that this function is in Lg'") and by (2.18) and (2.19) its norm is bounded

as follows
o ® () | L™ < Khm+e/2,

The projection of w(®(z) to Hém)(R” | ) coincides with Hg)(z), and its norm is
at most the norm of the initial function, i.e.,

[& | L&™|| < KRm™te/2, (2.20)
Whence it follows that
2 | LS™(@)|| < Krm™+e/2, (2.21)
Inserting (2.20), (2.21), and (2.17) in (2.16), come to the sought formula (2.12).

§3. Constructing a Formula with Regular Boundary
Layer

As we have already shown, the optimal cubature formulas for periodic functions
have equal weights and we may construct the corresponding errors by summing the
translates of the same local error. In this event the integration domain coincides
with the fundamental parallelepiped of the lattice matrix under consideration. Now
we describe the process that enables us to construct similar almost optimal formulas
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for a given lattice of nodes. Moreover, the integration domain may have an arbitrary
shape if only its boundary is sufficiently smooth. The error of these formulas is
characterized by the norm of the corresponding functional I(z). For this error we
derive the following asymptotic expansion

11 LE™*|| = Bam(@R™(1 + O(R)). (3.1)

The meshes §), of the initial lattice of nodes hH~ lie partly in  and partly

beyond 2. We denote by Bg) the set of v to which there correspond the nodes
hH~ in Q at a distance not less that Lh from the boundary 92 of Q. If, on the
other hand, the point RH~ is in the complement of Q and lies at a distance at least
Lh from the boundary of ©; then we assume 4 to belong to Bge) . All remaining

integer multi-indices vy compose the set B(LI). It is clear that to these indices there
correspond the nodes hH~y that lie at a distance at most Lh from (2.
Consider an error of the shape

(2) = xal)— 3.  helylé(c — hH7). (3.2)

engun)

Reasoning to be presented does not depend on whether or not the support of I(z)
is entirely in 2. However, in integrating the functions that are given in Q, we
usually require from a cubature formula that all its nodes belong to the domain
over which we integrate, i.e., . In this case we require that the weights c[y] of
(3.2), corresponding to the points hH~ outside €, be all equal to 0.

We callt the generalized function (3.2) the error with regular boundary layer,
width 2L, order s, and estimate A, if it may be written down as

I(z) = Z 1) (——H'y) Z 1 (——H’y) (3.3)

‘YEB ’YEB

in which the elementary, or local, errors I(y) and I)(y) belong to the classes
R(L,A,s) and R(L, A, s + 1), respectively.

Recall that the error lj(y) belongs to R(L, A,m), if the next three conditions
are met:

(1) The support of the generalized function ly(y) is included in the ball of
radius L with center the coordinate origin

supplo(y) C {y : |y| < L}.

(2) The possibly maximal error of the formula at continuous functions in the
unit ball of the space C is at most A, in symbols,

Ilo(y) | C*|| < A.
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(3) The values of ly(y) at all polynomials of degree less than m equal 0, namely,

(W(y),y*) =0, |a]<m.

We also call a cubature formula with error (3.3) a cubature formula with regular
boundary layer.

Below we point out a method for constructing the local errors I(9) (z/h — H~)
and IV (z/h — Hy).

Partition the domain € in the parts included in different meshes ., of the
lattice of nodes hH«, obtaining

Q= U(QOQ’Y))

YEB

where B is the set of v such that N2, is nonempty. Obviously, B lies in B UBU)

The functional I®)(z/h — H~) is constructed in the same way as in § 1 For all
v € B(') the support of the functional is in the interior of 2. If for some v € B(l)
this support also lies in the interior of Q, then as I (z/h — Hy) we again take

1) (z/h — H7). In the opposite case we proceed differently.

Among all bounded domains we distinguish a class of domains with sharp
boundary. Say that a domain 2 has a sharp boundary if there is a positive number ¢
such that, for every point (%) in Q and every number p > 0, in the ball of radius p
with center the point z(®) there is a cube with side gp lying entirely in Q. This
class obviously contains every domain with piecewise-smooth boundary.

Let the integration domain (2 have a sharp boundary. For v € B( ) the sup-
port of (0 (z/h — Hy) meets the complement of . Construct the local error
1) (z/h — H#) corresponding to this v. Put

(y)=x, )= Y <Py18(y - HY), (3.4)
' €By

where x, (y) is the indicator of the part of € that results from the set 2 N, by
the change of variables z = hHy + hy, i.e.,

X+ (¥) = xa(RHYy + hy)xq, (¥)-

Choose the set B, of the admissible values of 7' in (3.4) to be finite. In this event,
obviously, there is a ball of radius L with center the coordinate origin including
the entire support of I (y). Further, at all points 7' € B, such that the node
hH(v' + v) does not belong to 1, set the weight ¢{?[y'] equal 0. Then, for h
sufficiently small, the support of IV (z/h — H~) obviously lies entirely in . We
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designate the still-undefined weights ¢(”[y'] so as to meet the condition of the
orthogonality of I{(")(y) to every polynomial of degree less than s, namely,

(P(y),y*) =0, lal<s. (3.5)

Demonstrate that this is possible. As was explicated in Chapter 1, the condi-
tions (3.5) are equivalent to the simultaneous linear equations

S‘YC(‘Y) = f (3.6)

for the vector of unknowns c{?) which is composed of the weights ¢()[y'] that remain
undetermined. A solution to (3.6) certainly exists if the rank of S is sufficiently
large and the matrix has a right inverse. In our case, we may achieve this as
follows: given s, take a sufficiently large L. Indeed, by hypothesis the domain
has a sharp boundary. Consequently, there is a cube with side ¢Lh embedded in
) and containing s™ nodes of the lattice hH~'. The corresponding matrix S, is

then the Vandermonde matrix with entries (hH 'y(j))"(') , where hH~(9 ranges over
all points of the lattice which lie in the cube. In particular, the system of points
hH~) includes a Newtonian subsystem. In this case, as is known, the matrix Sy
has a right inverse.

Find a solution to (3.6) and construct (3.4). Since B, is a finite set, there is
a constant A such that

D) | C*) < A

It is clear that A is bounded from below by the sum of the moduli of the weights
¢™M[v'], i.e., it depends on the order s.

Thus, for a domain with sharp boundary we constructed the local errors
I (z/h — Hy) with needed properties and so, for a domain with sharp bound-
ary, we proved the existence of an error with regular boundary layer.

Decomposition of a given error with regular boundary layer in the sum like
(3.3) is not unique. As an inner elementary error () (z/h — Hvy) we may take
every generalized function of the class R(L, A, N), with N > s. However, we must
simultaneously choose the values of L and A appropriate to N and to s as well.
To prove this result, we are to consider the difference of two errors with regular
boundary layer which are constructed for the same domain . It turns out that this
difference is a linear combination of delta functions supported near to the boundary

o0.

Theorem 5.5. For a given domain § the difference of two errors with regular
boundary layer of width L and order s may be written as

h(z)-l(z)= 3 m™ (% - Hy), (3.7)

~v€BY



152 Chapter 5

where

mP(y)= Y 6y — Hy).
' €B~y

The support of the generalized function m(")(y) lies in the ball of radius L
with center the coordinate origin, and its values at all polynomials of degree less
than s equal 0,

(m(y),y*) =0, |o|<s.

PROOF. Suppose that the domain § lies in the interior of the fundamental
parallelepiped €2y of the corresponding lattice matrix H. In this event none of the
nodes hH~ belongs to the boundary of Q.

Compare the actions of /1(z), lz(z), and lo(z) in ng)(ﬂ) Extend each func-

tion p(z) € Egm)(ﬂ) by 0 to the points of  lying outside Q. Thus, the value of
loo(z) at ¢(z) is easy to calculate.
Assume that to the functional /;(z) in the decomposition (3.3) there correspond

the inner local error l§°) (z/h — H¥). Reasoning analogous to that carried out in § 1
when deriving (1.10) allows us to assert that

()= > 1O (%—ny). (3.8)

hH~€R0

]
In particular, this formula is valid for all functions ¢(z) € Lgm)(ﬂ). Whence and
from (3.3) obtain

(h —looyp) = > (157) (% —H’Y) —1® (% —Hv),<p)

- Z (lgo) (% - H'y),cp) . (3.9)

(e)
L

In this equality, the sum over v € B}’ is identically 0, since for these v the support

of lgo) (z/h — Hv) and the support of ¢(z) are disjoint.
Similar arguments apply to the error with regular boundary layer l;(z). We so
obtain

(@)~ ln(2)y) = Y (1 (3 - Hr) =17 (£ - Hn)e),

Q)
Y€B
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where j = 1,2. Subtracting the first of these equalities from the second, find

(h—byp)= Y (m(’) (% - Hv),tp) , (3.10)

M
'yEBL

with m(M(y) = 157)(3;) - li")(y) - ng)(y) + lgo)(y). It is not hard to see that m(")(y)
is a linear combination of delta functions possessing the needed properties.

The support of I; — I, obviously lies in 2. Consequently, (3.7) and (3.10) are
equivalent. The proof of Theorem 5.5 is complete.

Assume that a natural N is greater than s, and the numbers L and A are
chosen so that the classes R(L,A,s) and R(L, A, N) are nonempty. Take a local

error lﬁo)(y) in R(L,A,N). We have

Lemma 5.1. Every error with regular boundary layer, width 2L, order s, and
estimate A may be written as

(0)="Y (3 —Hy)+ Y 1 (3-m), (3.11)

(i) Q]
v€B; vEB}

where IV (y) € R(L, A, ).
The only distinction between this formula and (3.3) is as follows: the inner
elementary errors 1© (z/h — H#) vanish at all polynomials of degree greater than s.

ProoFr. Using the algorithm of the beginning of the current section and given
a local error [ &0)(y), construct an error with regular boundary layer, width 2L, order
N — 1, and estimate A as follows

_ ONE (n (T _
h@= ) & (h H7)+ R (h H‘y). (3.12)
~eB{ ~eB{)

This is obviously a regular boundary layer of order s. In accord with Theorem 5.5,
the difference {(z) — l;(z) may be written as

I(z) — li(z) = Z m() (% - H7) .
'yeBg)

Consequently, for {(z) we have (3.11) in which the boundary elementary errors are
generalized functions

1™ (% _ H7) = lg") <% - H7) +m® (% - H’Y) )
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Obviously, I("(y) belongs to R(L, A, s). The proof of Lemma 5.1 is complete.

Observe that in an error (3.2) with regular boundary layer of width 2L the
weight c[y] for which the point hHv lies at a distance more than 2Lh from the
boundary of Q equals 1. This is easy from comparing I(z) and loo(z) so as this was
carried out in the proof of Theorem 5.5.

We call the boundary layer of (3.2) the set of the points hH+y that lie outside 2
or have the coefficient ¢[y] other than 1. The boundary layer may be inner if all
its points lie in 2, outer if all of them lie outside €2, and two-sided if it has points
of each of the two types.

Every error (3.3) of order greater than 1 has an inner boundary layer.

In the case of an arbitrary domain §2 we make no recommendations to determine
whether or not a given cubature formula has a regular boundary layer. However, for
rational polyhedra we suggested some approach to solving this question in Chapter 3
where we found out that a formal boundary layer is equivalent to a regular boundary
layer of a special shape.

Note in closing that we may find whether or not a cubature formula possesses
a formal boundary layer in a finite number of steps independent of .

§4. Asymptotic Expansion of the Norm of an Error
with Regular Boundary Layer

In this section we obtain expansions of the norms of an arbitrary error with
regular boundary layer in Lgm) and Lgm)(Q). These expansions are asymptotically
exact as the lattice mesh-size vanishes. Before proving a relevant theorem, we
specify the integration domain € to be considered.

As was done earlier in the current chapter, assume that Q2 is a bounded domain
and lies in the interior of the fundamental parallelepiped 2y of the lattice matrix H.
Denote by D the diameter of 2. Take an arbitrary point y lying in € or on the
boundary of € and a positive number < D. Denote by B(y,,n) the set of
points z at a distance at most 5 from the boundary of Q and belonging to the ball
of radius 7 with center y,

B(y,7,n) ={z : p(z,0Q) <1, p(z,y) <7}

The volume of this set is a function of the arguments y, 7, and n; denote it by
¥(y,7,n). Say that a domain (2 satisfies the regularity condition if for some ¢, 0 <
g <1, the estimate holds

T"nd

K(T2 +n290)1/2(D2 4 £2)n/2

P(y,7,m) < (4.1)

The regularity condition expresses the fact that the boundary strip Q',; \ Q;
is equidistributed over the entire boundary and, for n small, the measure of the
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portion of the strip which lies in the ball of radius 7 is O(r"~5?). Fixing 7 > 0
and letting 7 vanish, from (4.1) we readily derive the following relation

|2 \ 2| < K.

In other words, a domain Q satisfying the regularity condition (4.1) surely has
order ¢ of the width of the boundary layer. In particular, we may apply to 2 the
estimates of §2 of the current chapter.

For (2 a domain with piecewise-smooth boundary, the regularity condition (4.1)
is satisfied with ¢ = 1.

Assume now that an error {(z) has a regular boundary layer, width 2L, order
m, and estimate A in Q. In other words, {(z) may be decomposed in the sum of
local errors

(2)= 3 1O (F-Hy)+ 3 1O (3 -H9), (4.2)

'yEBg) 'yeBiz)
where () (y) and I (y) with v € Bf) belong to the classes R(L, A,2m + 1) and
R(L, A,m), respectively. We have the following

Theorem 5.6. Let Q0 be a domain satisfying the regularity condition. Then
the Lgm)* norm of (4.2) is expressed as

121§l = Ba,m(@)h™ + O(h™*9), (43)
where By, m(2) is defined by (1.23).

We let two lemmas precede the proof of Theorem 5.6.

Lemma 5.2. The ng)-extremal function u(z) of the error I(z) may be written

as a linear combination of the fgm)-extremal functions for the local errors 1(%)(y)
and I (y) of the decomposition (4.2)

u(z) = Z B2y (©) (% - H'y) + Z B2y () (% — H’y) . (4.4)

763(;) ‘YGBE?)

PROOF. As we know, the fgm)-extremal functions u(z), u(®(y), and v (y)
satisfy the equations

Amu(@) = (1)), A™O(y) = (~)"O),
Am(y) = (-)"Oy), v € BY.
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Whence and from (4.2) we readily have (4.4). The proof of Lemma 5.2 is complete.
Observe that the decomposition (4.4) also takes place in an unbounded domain

2 with compact boundary. In this event, the set Bg) is infinite but the correspond-
ing series converges absolutely and uniformly. This it is not hard to establish on
using the inequality 2m > n, writing down u(®)(y) as convolution

4 (© (% _ H'y) = /G (% — Hy- y) 19(y) dy,

and involving (1.2.20).

_ The error {(z) may be consider as a member of Eg’”)(H )*, since the domain
Q lies in the interior of the fundamental parallelepiped 3. With this in mind,
decompose the error loo(z) of an ng)(H )-optimal cubature formula with lattice of
nodes hH+ in the sum of local errors

lo(z)= Y 1O (%—H'y).

hH~€Q

We then subtract (4.2) from the last equality. In result, we obtain a presentation
of the difference l.(z) = loo(z) — I(z) in the shape of a linear combination of local

€Irrors
L(z)= ¥ 1© (% —Hy)+ Y K (% - Hy). (4.5)
veB® veB

Here the set Bf') = Bie) consists of v such that the point hH~ lies in Qg at

a distance greater than Lh from Q. The local error l£7)(y) obviously belongs to the
class R(L,2A, m). The following lemma is immediate from the decomposition (4.5).

Lemma 5.3. The extremal function u.(z) of l.(z) may be written down as

u«(z) = Z 2y (% - H7) + Z B2y () (% - H7) , (4.6)

Y€ Bf) 'yer’)

where u(®)(y) and uiy)(y) are the ng)-extremal functions for I)(y) and lﬁy)(y).

PROOF OF THEOREM 5.6. Write down the Egm)-extremal function u(z) of I(z)
as the difference

U(Z) = Uoo(T) — uy(z) = K20 (%) — ux(2).
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Recall that the function ue(z) was defined by (1.3), and the function w(*)(z)
coincides with ueo(z) for h = 1. The norm square of the error {(z) may be obtained
from the formula

111 Z8™* || = (4, u) = (I(2), woo(x)) — (I, ). (4.7)

Consider in turn both quantities on the right side of this equality. Calculating the
first of them, use the nonnegativity of u(z) and also the fact that us(z) vanishes
at the nodes hH~. Consequently

(Lue) = /uoo(z) dz = h2m/u(°°) (%) dz. (4.8)
Q Q

The integral on the right side of (4.8) splits into two: one over the set €, presenting
the union of the elementary meshes {2 of the lattice of nodes h Hy which lie entirely
in Q and the other over the set {3 complementing Q; to £, namely,

/uco(:t) dz = /uco(:t) dz +/u°o(z) dz. (4.9)
Q 131 Q2
Let Q. be subset of Q;. Then from (1.3) we have the equality
p2m / u(® ( ) dz = h2mHn / W (y)dy = BP™HBL L (4.10)
Q, Qo

Let §; consist of exactly N; distinct meshes €. Then from (4.10) obtain
/uoo(m)dx = B, ,N1h"t?™, (4.11)
Q

Further, replace the integral of uoo(z) over Q; with the integral over a larger
set, the union of all meshes {2, meeting the boundary of . If the total number of
these meshes equals Ny, then the inequality holds

’/uw 2)de

Recall now that by hypothesis the domain {2 has order ¢ of the width of the bound-
ary layer. Consequently, the next relations are valid

< Bl Nh™t?™, (4.12)

Nik™ = |Q|(1 + O(h?)), Nah™ = O(h?).
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Inserting them in (4.11) and (4.12), obtain from (4.8) and (4.9) the asymptotically
exact equality
(,ueo) = BL (K™ + O(R*™19). (4.13)

Now estimate the value of {(z) at the function u.(z). To this end, use the
decompositions (4.2) and (4.6) and also the notation ®(z | l;,l2) of Chapter 4
together with (4.4.25). Obtain

Gu)= > % <1>( 117 70)) + Y% ( e 7(0))

veB{ v eB veB) y'eB{
' '
FY S 8 1) £ F 5 (e 19),
'YEBE;I) ~ eBg) ‘YGB(L2) ~ GB?)

Here, z., . stands for the difference hH~' — hH~y. Applying Lemma 4.4 on estima-
tion of triple convolution, estimate the error (I, u.) as follows

|(Lua)| S K(Ur3+ Ui 2+ Uz 3 + Usp2), (4.14)
where Uj m stands for the double sum
h2n+3k,m
Ubm= > > CErmD (4.15)

veB® yeB(™
and the numbers si ,, and pi m are given by the equalities
81’3 =4m + 2, 81,2 = 82,3 = 3m + 1, 32,2 = 2m, pk,m = Sk,m —2m.

Along with the sums Ui, m, consider the system of integrals

h-’k,m
o= || G gy e (4.16)
Q&) Q(m)

Here, Q) Q® and Q®) stand for the domain , the boundary strip th \ Q%
and the complement R" \ 2, respectively. Show that there is a constant K such
that for all £ and m we have the inequality

Ukm < KJt,m. (4.17)
To this end, estimate from below the value of Ji » by the sum of the integrals

' hsk,m
VY _
3= | | i gy de 1)
Q) Q¢




Cubature Formulas with Regular Boundary Layer 159

taken over the elementary meshes €2, and Q. of the lattice of nodes hH«. It is not
hard to see that as h — 0 we have the formula

Jim = ( > % J,j;g,')(1+0(h4)). (4.19)

WEBik) 'YIGBY")

Since the volume of the direct product of the elementary meshes (2., and Q.+ equals
k", by the Intermediate Value Theorem, we may write the integral (4.18) as

2n+s;,
v _ h i

Jk,m - (h2 + |$c _ yc|2)(n+pk_m)/2’

(4.20)

with z. € Q, and y. € Q.
Further, for all z. € Q. and y. € Q4 the two-sided estimate is valid

Mi(|&y,y [P+ 1%) < foe = yel® < Ma(joy,y[* + R?).
This estimate, together with (4.20), (4.19), and (4.15), entails (4.17).

Estimate the integrals Ji . Start with J; 3. Take z € QM and y € 0B,
Introducing the spherical coordinates with center the point z, obtain

pam+2 s pam+2.n—1
/ (h2 + |z — y[2)n/2+m+1 dy < K / (R? + r2)n/2tmt1 dr, (4.21)
a® p(z)

where p(z) is the distance from z to the boundary of the domain Q. Since, for all

positive r and h,
r<r+h, r?+h%>(r+h)?/2

we see that the right side of (4.21) admits a dominant of the shape

Kh4m+2 /(7‘ + h)—2m—3 dr = Kh4m+2(p($) + h)—2m—2.
o(z)

Considering this, obtain
Dy 4
hs<K / BATH2(p(2) + B2 dg = ka2 [ 2P0P) o0

(P + h)2m+2
Q 0
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Here D, is a possibly maximal value of p(z) for z € Q, and ¢(7) is the volume of
fr €0 p(z,89) < 1),
Estimate ¢(n) by means of (4.1). Take a point z in § to find

e(n) < ¢¥(z,D,n) < Kn?.

Consequently,

D,
m+2 ¢(D1) 4m+2 pldp 4m+2
.]1’3S_Ifh‘1 W-{-K}l WSK]I
0

Dy
+KRAmF? f (p+ B)I2™3 dp < KRA™2(1 4 h92m-2) < KRIFI™, (4.23)
0

Estimate the rest of the integrals J; . Obviously, for j =1 or j = 3,

h3m+l 7 h3m+lrn—1 dr
dr <K
/ (12 + |z — y|2)(mFntD)/2 0 = /(h2 +r2)(mtntD)/2
Q0) 0
< Kh3mHl / (r+R)"™2dr < Kh*™, (4.24)

0

Setting here j equal 1, from (4.16) obtain

Ji2 < KRP™QP)| < Kp2mHe, (4.25)
Setting in (4.24) j equal 3, come to the estimate

Ja3 < Kh*™|Q®)| < Kp2mte, (4.26)

Now estimate the last integral J; 2. Let a point z belong to the strip Q(?), let
p(z) denote the distance from z to the boundary of the domain 2, and let D; be
the maximal value of p(z) for z € Q. By the same arguments as in estimating
the integral J; 3, obtain the formula

D,
/ h’Zm dy — h2m / dﬂ¢(m7 P (L + l)h) .
A (h2 + |l’ _ y|2)n/2 J (h2 + p2)n/2
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Integrating by parts and using (4.1), come to the inequality

h2m
dy < Kh?™+4,
| G

Q)

Integrating both sides with respect to z € Q(?), obtain
|J2 2] < KR2™H24,

In accord with (4.17) the double sums Uy, do not exceed Kh?m+4 either. In
accord with (4.14), for the error (, u«) we also have an analogous estimate

(1, us)] < KR*™t9,

From this estimate, involving (4.7) and (4.13), we infer that the asymptotic expres-
sion (4.3) is indeed valid. The proof of Theorem 5.6 is complete.
From (4.3) it follows, in particular, that cubature formulas with regular bound-

ary layer are asymptotically Lgm)-optimal. It is worthwhile to find out whether this

property preserves under passage to Lgm)(Q), where ) is the integration domain
possessing one more property in addition to regularity. In § 2 we introduced a spe-

cial operator that extends ¢(z) in Lgm)(Q) to p(z) in Lgm). Suppose that this
operator is continuous, i.e., there is a constant K; such that, for all ¢ € Lgm)(Q),
the inequality holds

7)1 87| < Kafle | LEV(@)-
Under these hypotheses, we have
Theorem 5.7 (V. L. Polovinkin). The Lgm)(Q)* norm of an error l(z) with

regular boundary layer in Q admits the following asymptotic expansion
111 ZE™(Q)*]| = Ba,m(R™ + O(R™9). (4.27)

PROOF. Observe first that the Lgm)(Q)* norm of /() satisfies a lower bound
analogous to (1.28)

111 ZS™ Q)| 2 Ba,m(QR™ + O(R™49). (4.28)

Thus, to obtain (4.27) it suffices to prove that the right side bounds from above
the norm of /(z) in Lgm)(Q)*. Before doing so, derive several properties of the
Lgm)—extremal function ¢;(z) of I(z). As we know, it is given by the convolution

(=) = / Gz - y)i(y) dy
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satisfying in R™ the equation
A" () = (-1)" (=),

and its derivatives of order m decrease not slower than |z|~"log|z|. Whence it
follows that the extension 1,(z) of ¥i(z) from the domain Q to the whole of R"
agrees with () outside Q as well.

Further, (4.3) is equivalent to the following

{1, 91} m) = B m(DR™ + O(R?™ 1), (4.29)

Here {-, -}, (m) denotes the inner product in ™.
2
Consider the function us(z) defined by (1.3) and extremal for lo(z) in Lgm) .
We inspected the extension Us(z) of it in § 2 of the current chapter. It is convenient,
considering (4.13), to write the inner product of ¥;(z) and U (z) as

{1, Too} o) = By (R + O(R™H1), (4.30)

Subtracting (4.29) from (4.30), obtain the asymptotic expansion of one more inner
product

{1, Too(2) = $4(@)} ) = O(R*™49). (4.31)

Squaring both sides of (2.12), come to the relation
@0 | ZS™||” = B2 o(R)R2™ + O(R?™+9).
Subtracting (4.30), write
{Too(2) = $1(2), Too(2)} ym) = O(R*™*9). (4.32)
Carrying out subtraction again, from (4.32) and (4.31) obtain

{Too — 1, B0 — i} yom = O(R*™71). (4.33)

Decompose the function ¥;(z) in the sum of projections to the subspaces

_;ng)(Rn | 2) and H™ (R | 8Q), which yields

i(z) = ${O(z) + ().
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Examine the behavior in Lgm) of the norms of the projections 2/)1(0) and ¢,(1) at
small A. Obviously,

40 2 < 201 257+ [0 =912 1 267

Applying (2.20) to the first norm on the right side, estimating the second summand
by (4.33), obtain
" | L§™|| < Khm+al?, (4.34)

The functions zp,(") and 1/)1(1) are orthogonal in Lgm). Therefore,
19”1257 = o L = ™ 125

The first norm on the right side is presented by (4.29); the second satisfies (4.34).
Consequently, we have the equality

[¥i” 1 L§™ | = Bu,m(@)R™ + O(h™*9). (4.35)

Now we are able to estimate the Lgm)*(Q) norm of I(z). Let a function ¢(z)
belong to the unit ball of Lgm)(Q). Decompose it in the sum

o) = (@) + oM (a),

where ¢(0(z) € 1%( )(Q) and <p(1) z) € H{™(Q). Extendin ¢(z) to the whole of
2 2 g
R" with a minimal norm, find

(Lp)=(,p) = {¢§°),¢(°)}Lgm> + {¢§1),¢(1)}L(2m). (4.36)

Estimate the inner products on the right side of (4.36). Apply first the Cauchy-
Bunyakovskii-Schwarz inequality and next (4.34). Then, using the continuity of

the extension operator acting from Lgm)(ﬂ) to Lgm), infer

{270} om| < KR™H2 [0 | LD(@)]). (4.37)

Bearing in mind that ||7® ngm)” = || ]Lgm)(Q)“ and using (4.35), estimate
the remaining inner product in (4.36) to obtain

{92, 20} 1 | < [Bam(@B™ + OG™][[0 | 5™ (@) (4.38)
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Since ¢(z) belongs to the unit ball of Lgm)(Q), there is an angle 6 such that
@ 1 LE(Q)]| = cosb, [le@ | LT (Q)]| = sinb.

Considering this, from (4.36)-(4.38) derive

()] < max [KB™9/25in6 + (Bp,m( @)™ + O(h™1)) cos §
= B m(Q)R™ + O(R™+1).

In other words, on the norm of /(z) we have the following upper bound
111 LE(Q)*]| € Ba,m(QR™ + O(R™9).

This and (4.28) entail (4.27). The proof of Theorem 5.7 is complete.

Closing this section, observe that we may obtain the asymptotically exact
expansion of the norms of an error with regular boundary layer in the sense of the
definition of Chapter 3 by argument analogous to that of the article [150].

§5. The Properties of the Extremal Function of
an Error in L{™ ()

To the error I(z) of a cubature formula over a domain ! we may put into
correspondence not only the Lgm)-extremal function ’

4 @) = [ G- i)

but also the Lgm)(ﬂ)-extremal function ui(z). We now demonstrate that the latter
is a weak solution to some boundary value problem for the polyharmonic equation
in 2. More precisely, we show that, in a bounded domain of integration  with
piecewise-smooth boundary, the function u;(z) is a solution to the equation

A™y = (~1)™I(z), (5.1)

satisfying weakly some boundary conditions on the boundary 8§ of Q. We derive
(5.1) and the shape of conditions over 3 on using the so-called Green’s identity
for the polyharmonic operator in .

We have the following
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Theorem 5.8. Let some functions u and v possess continuous derivatives up
to order 2m in the closure of ). The following integral identity holds

m+1 m m' o a
/{(ul) vA™u + Z JD uD v}dz
Q

jal=m

okv
/ a———- r(u)dS, (5.2)
oq k=0
with v the outer normal to 0 and Bi(u) the value of some differential operator
of order 2m — k — 1 at u.

The equality (5.2) coincides with Green’s identity for the Laplacian in the case
of m = 1. In this connection, we call (5.2) Green's identity for the polyharmonic
operator in Q in the case of an arbitrary m.

PROOF. Assume that u and v have 2m continuous derivatives in . Define
several auxiliary bilinear forms, letting

(m,k) yl! k
P )= > - [D;DYARu] D,
J !
Jv|=m—k-1 v (53)
i=12,...,n; k=0,1,...,m—1,;

LB (y,v) = f: D; [P}'"”“)(u,v)]. (5.4)

i=1

Transform (5.4) as follows.

Observe that we may carry out the differentiation D; easier on rewriting (5.3)
so that summation over the multi-index 4 be replaced with taking the sums not
accounting for the symmetry of the tensor of derivatives. More exactly, write down

(5.3) as

P}m’k)(u,v) = Z - z (Dj‘Djm—-k-l .. .Dleku) (.Djm_,‘_1 .. .Djlv) .
1=1 Jm-k-1=1
(5.5)

Insert this expansion in (5.4) and substitute jm,_g, for j to obtain

L(m’k)(u, v)

= Z E [ im -k Dim_—1 "'Dijku) (Djm—ijm-k-1 “'Djlv)

n=1 Jm-k=1

+(D%_ D s....Dj A Dy, s ...D,-lv)}.

Im-k
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Record the right side, considering symmetry of the tensor of derivatives, to find

(k) (1) o) — 1B 58 AR\ s P!y Akt
LB (u,0)= Y (DPA*u)DFv 4+ ) 0 (DYAMW)D . (5.6)

!
1Bl=m—k p Jyl=m—k-1

Multiplying both sides of (5.6) by (—1)*, sum the results over k ranging from 1
to m — 1. Cancelling out all intermediate summands in the right side, obtain

m-—1 1
P ALIOREEY %D"‘uD"v+(—1)”‘+1vA’"u.
k=0 la]=m

Integrating both sides of this equality over 2, invoke the definition (5.4) of the form
L(™*)(y4,v). The Divergence Theorem in the shape of the Gauss-Ostrogradskif
identity reads

!
/{ Z TT'D"uD"‘v + (—1)"'+1vAmu}dz
a!

Q lel=m
m—1
- / Y (~1)* PR (u, 0)dS. (5.7)
89 k=0
Here v = (v1,v3,... ,vy) is the outer normal to 92 and

n
m m,k
Pim®(u,0) = 3 v P™P (u, ).
Jj=1

We shall briefly denote the integrand on the right side of (5.7) by
m~—1
Fin(u,v,dz) = Y (=1)*P{™P(u,v)dS. (5.8)
k=0

It is well known that calculus provides surface integrals of two kinds. One
involves the surface measure d$ of a rectifiable surface. The other involves differ-
ential forms over the surface under study. Without further specification, we use
integrals of both kinds simultaneously. For example, the left side of (5.8) contains
a differential form whereas the right side involves the surface measure.

We have

/( Z %DauDa”+(—1)m+1”Amu)dﬂt= /Fm(u,v,dw). (5.9)
2

laf=m a0
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Observe that F,,(u,v,dz) is a bilinear form in the derivatives of 4 and v. In other
words,

Fo.(u,v,dz) = Z ca,p(dz)D*uDPy.

|Bl<m—1
lal+|8l=2m-1

This is immediate from (5.3). The coefficients c, g(dz) are the so-called differential
forms of degree n — 1 in dzy,... ,dz, which are independent of u and v. Namely,

Co,p(dz) = Zc(]) dz;, (5.10)

where the vector Z; results from z by eliminating its jth coordinate
dT; = drydzy ... dzj_ydzjyr ... dzy.

The values of the coefficients ¢ )ﬂ in the expansion (5.10) are determined by evenness
of the entries of a — 8 — §; (here 6; has all entries zero but the jth entry which

equals 1). More exactly, if at least one of the entries of the vector a — § — §; is odd

then cg’)ﬂ = 0; otherwise,

1
Bl 1

) :(_—1)IE ﬂ' 5' ’ 2(0[—[3—(%)

It is of service to give the integral of Fy,(u,v,dz) another record in which all
derivatives of v of order from 0 to m — 1 are taken only along the normal whereas
differentiation along the tangent is applied to u and the coefficients.

Assume that the surface 02 possesses the following properties:

(a) 09 has the tangent plane continuous;

(b) there is a constant d such that, in the ball B(z(%), 2d) of radius 2d, centered
at a point (%) of 3, the straight lines parallel to the normal v(z(?) to 8Q at z(®),
meet 9 at most once;

(c) if we introduce a local cartesian coordinates yi,... ,yn in a neighborhood
of an arbitrary point £(®) in 8 so that the axis y, has the direction of the outer
normal then the equation of the surface Q) takes the shape y, = ¢(¥n), in these
coordinates in B(z(?, 2d), with the function ¢ possessing continuous derivatives up
to order 2m + 2.

The set of the balls B(z(®,d), with z(®) ranging over 0, is a cover of the
surface. Choose finitely many points £, 2@ ... 2™ of 9Q so that Q be
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covered by the balls B(z(1),d),... ,B(gc(N), d). This is possible by the Heine-Borel
Lemma. Denote the union of all B(z(¥),d) by E, namely,

N
E=|JB@EY,d.
j=1

From each ball B(z(9),d) delete every point whose distance to z() is greater
than the distance to some of the points e® (t £ ). Denote the resultant set by
E(z9,d). Let x’(z) stand for the indicator of E(z(9),d). The sum

N
Voo =) x'(z)
j=1

coincides with x p(z) to within the values at the boundary of E(z(?), d).

The set E obviously includes some layer of finite width about the surface 912,
i.e., all points at a distance to 02 not exceeding some number, say, 3. We may
chose 3h small enough. _

Given x’(z), arrange the mean x}(z) of x?(z) by averaging with the radius h.

Clearly,
N

Y xi(@) = Yagu(2).

i=1

It is easy to check that the mean ¥sgq p(z) assumes 1 at a point at a distance at
most h to JQ. _

The restrictions of x}(z) to 89 clearly constitute a family of functions xi({ ),
on 02 which is a partition of unity over 2. Indeed, the sum of these functions is
identically 1; in symbols,

Xa(6) =1.

N
=1

J

Each x}(€) is supported in the ball B(z(9,2d), being continuously differentiable
2m 4+ 2 times on 0. (In space, such function would be infinitely differentiable.)

The differential form F,(u,v,dz) expands into the sum of differential forms
each supported in the respective ball B(z(),2d) as follows

N N
Fp(u,v,dz) = Z Xfl(a:)Fm(u,v,dz) = Z F,(nj)(u,v,dx). (5.11)
j=1 Jj=1
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Consequently,
/{( D™ pA™y + }: '“' —rDuD® }dm—z /F(’)(u v,dz).
Q |la|=m =lgaq

In each of the domains B(z(?),2d) we change coordinates from y to z by the

formulas .
0¢(2n)/0z;
n—1
\/ 1+ El (0p(2n)/02;)*
]:
Zn

\/1 +% @el)f0n)

Yi =72~ n

)

Yn = ‘P(én) +

It is easy to see that in the new coordinates the surface 32 may be written as
zn = 0. The normal to y, = ¢(yn) transforms to the line z,, = const. Derivatives
with respect to z, of each order simply become derivatives along the normal

_ 9"f(=(2))

€89 02" =0

of
um

The mapping z(z) is one-to-one and continuous with derivatives up to order 2m+1
in the layer of width 3k about 0. Write out the integral

FO(u,v, dz)
B(z(),2d)noQ
in the new variables. In the coordinates z such integral takes the shape
/ @%)(u,v,d?n),
2p=0

where @%)(u, v,dZ,) is again a differential form with coefficients bilinear forms in
the derivatives of u and v with respect to z;. In symbols,

¥ v )= Y aJy(Z)DIuDivdz. (5.12)

lal+]8|<2m—1
|8l<m-1
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Integrate by parts the right side of (5.12) so as to translate differentiation with
respect to z;,29,...,2p—1 from v to u and afj’)ﬁ(?n). Constant terms disappear

since the form has compact support B(z(9),2d). We thus obtain

m~—1
. - N akv N
[ #Wwni= [ ¥ @@y
22 =0 znz0 k=0 |7]<2m—k—1

Reverting to the old variables and writing the integral with the surface measure

dS, deduce

. m—1 ak’v ]
/ q»ﬁg)(u,v,dz,,):/ 3 oF ¢ (22)D"u d3;
V y
"

2, =0 N k=0

m-1 ak‘U .
_ / Y S Biw)ds,
on k=0

where B,Jc(u) are some differential operators of order 2m —k —1 in u. After summing
these equalities over j from 1 to N and applying (5.11), insert the result in (5.9).
We thus come to the sought formula (5.2).

The proof of Theorem 5.8 is complete.

Let ¢ be an infinitely differentiable function with compact support in . Ap-
plying (5.2) to v = ¢ and u = uy, arrive at the relation

!
(l,go):/ Z %D“ch"uzdx:/(—l)mcpAmuzdz.

Q lal=m

This means that u;(z) is a weak solution to (5.1) in a neighborhood of each point
in the interior of Q.

The functionals Bi(u), k =0,... ,m — 1, in (5.2) may be defined for an arbi-
trary function u(z) polyharmonic in  rather than for u(z) continuously differen-
tiable 2m times in Q. We now explain how to carry this out.

Take some nested sequence of domains 2, with piecewise-smooth boundaries
tending to Q. The function u(z) is infinitely differentiable in the closure 2, of Q,,
and so the values Bi(u), k = 0,1,... ,m — 1, are clearly defined on 8(Q,. Apply
(5.2) in Q,, with a function v in Lgm)(Q) and use absolute continuity of the integral
to observe that the next numerical sequence is a Cauchy sequence:

m—1
ak
/ > 5aBwds, n=12,....
Q k=0

a n
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The limit of this sequence as n — oo should be taken as the value of the integral

/ Z Bk(u)dS
aq k=0

We now describe the boundary conditions that are to be met on 8§ by the
Lgm)(ﬂ)-extremal function u(z) of the error {(z) under consideration.
Let ¢ be a member of Lgm)(ﬂ). Denote by % an extension of ¢ with a minimal

norm to a member of Lgm). Multiply @ by an infinitely differentiable, compactly-
supported function equal to 1 in some ball about 2. The latter exists by obvious
reasons: it suffices to take the truncator of a ball which is constructed with the
standard averaging kernel. Denote the product of ¥ and the chosen truncator by

®,. Clearly, @, belongs to Lgm) and has compact support.
By the definition of extremal function, we further obtain

m!
(g) = / S T DopDeuds,

lee|=m

ml o
a, cp*)—/ Y. —1 D%, D*udz.

|a|=m

Subtracting the second of these equalities from thee first and considering that
(l’ LP) = (l’a*), infer

/ > ——D"ch"(u, P)dz = / Y Z—;D"”*D"‘ip,dm.

laj=m o+ lajl=m

Here Q2* stands for the interior of the complement of €2 to R™. The functions u; —
and v; are polyharmonic in 2 and Q* respectively. Considering this and applying
Green’s identity (5.2) twice, arrive to the integral relation

m—1 m—
o* 7]
|Y Senreu-vas= [ Z 0% b ()ds.
aq k=0 aqn+ k=0 o

Here v, is the outer normal to dQ* = 8, i.e., v, = —v. Moreover, B} (u; — ¥)
and B; (1) stand for the values of the functional By( - ), constructed for {2 and the
exterior * of Q. Considering further that

otz

ak
ayk—( 1)k -( l)ka k° k=0,1,...,m—1,
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arrive to the sought boundary conditions of u(*) in the shape
Bf (wi—1) = (=1) By (1), k=0,1,...,m—1. (5.13)

Observe that these boundary conditions should be understood in a generalized
sense, that is weakly, on requiring that, given ¢ in Lgm)(Q), we have the integral
relation

m—1 A
/ > ng{BZ(UI — 1)+ (—1)"+IB;(¢,)}d5 — 0.
oo k=0

For m = 1, equation (5.1) with the boundary conditions (5.13) is the Neumann
problem for the Laplacian in Q.

Suppose that a point z lies in Q and §(e) results from by deleting the ball
with center z and radius e. Apply (5.2) first to the functions (u; — ¥:)(y) and
(-1)™G(z — y), polyharmonic in £(¢) and next to the same functions taken in the
opposite order. Subtracting the resulting equalities from one another and passing
to the limit as € — 0, arrive at the following decomposition of the Lgm)(Q)-extremal
function u(z) of the error I(z) under consideration

m—1 k I —
wi(z) = ti(z) + (-1)" / > {Q%VTL)B'«((W —¥1)(y))

aq k=0

k uy —
_‘”_'&/IMBk(G(m - y))}dsy. (5.14)

The first term on the right side is the volume potential with density (—1)™I(y) and
the remaining terms, surface potentials.

The decomposition (5.14) allows us to compare the values of the norms of the
error [(z) in the spaces Lgm) and Lgm)(Q). In particular, if I(z) is an error with
regular boundary layer then, as follows from Theorem 5.7, the main contribution
to its Lgm)(Q) norm at small h is given by the norm of the first term () in the
appropriate decomposition (5.14).



Chapter 6
Universal Asymptotic Optimality

A cubature formula having an optimal mode of convergence in a given Banach space
certainly preserves this property under passage to an equivalent norm. A stronger
assertion is often valid: a formula has an optimal mode of convergence in different
nonequivalent spaces. For instance, a homogeneous error of degree M has an op-
timal mode of convergence in all spaces W;Em) for m € (n,M/2] and p € (1,00).
A deeper fact was faced: the same cubature formula may be asymptotically opti-
mal simultaneously in many spaces not necessarily equivalent to one another. We
saw this by the example of a formula with the error l(z) acting over the periodic
spaces B defined in 81 of Chapter 4. Such results drive us to supposing that the
concept of asymptotic optimality is stable under the choice of function spaces and
to making a conjecture that there exist universal asymptotically optimal formulas.
In our understanding, these formulas preserve the asymptotic optimality property
on a wide class of spaces of integrable functions.

§1. Cubature Formulas with Bounded Boundary Layer
in Hilbert Spaces

I. Babuska substantiated the concept of universal asymptotic optimality by
the example of the spaces Hj. S. L. Sobolev established the universal optimality

of a cubature formula with error loo(z) in Egm) spaces. Later, many articles ap-
pear establishing asymptotic optimality for formulas with regular boundary layer
in various specific function spaces.

However, it turns out eventually that the property that a given error is asymp-
totically optimal depends essentially on the choice of a norm. V. 1. Polovinkin
constructed the first example that corroborates this. He demonstrated that, in the
periodic case, the cubature formula with error l(z) is not asymptotically optimal

in W™, p£2.
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We expose the proof of this fact, restricting exposition to the one-dimensional
case in which m is even and p = 2¢/(2¢ — 1), with ¢ > 1 an integer. The norm in

W},m) is given by the equality

If 1 W) = {/l f(z) + (=1)™/2 D™ f(z)|P dz}l/p.

Let 1/h be an integer. Then Wg,m)-optimal error has the form

1/h
B(z) =1—coh Y 8(z — hk) = (1 = co) + coloo(z) = ¥ Lo[s]e?™".

k=1 s

Its Fourier coefficients are defined by the equality

1—¢y for s=0,

Lo[s] = (Ih(z),e ™) ={ ~¢y  for s a multipleof 1/h,

0 for other s.
Consequently,
~ - ors\™) 7! ~
o151 e (2 ) )
8#0

We use the convenient notations

) ) my —1
1—c¢o =c¢, gm(;z;) - Zez2nu/h{1 + (_:.S.> } .

870

The function of ¢, written as the integral
1 1
[ 171 = [(e = = a1 do = [0+ gm (&) — gm(@)0de,
0 0

is a real polynomial of an even degree. A necessary minimality condition for this

function may be written at some ¢ as

& [0 -gm (@ do = 2 [0 40 (@) gm @I (g () de =0
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or

2§ (2ql_ 1) ¥t /1(1 + gm(2))27 7 (—gm(z)) dz = 0.

=0

Observe that fol gm(z)dz =0, and for [ > 1 the asymptotic equality holds

1 1
/ gh(@)de =h™ Y T[I™ + @rs)™] " = ™1+ o(1)),
0 31...31¢0 j=1

s$1+-+91=0

with

l
b = Z H(27rs]~)_'" > 0.

381 ...31¢0 j=]
s1+-+s5=0

For the unknown v = ¢h™™ we thus obtain the following equation

2¢g—-1

3 (2q N 1) Y1) (1 + o(1)) = 0.

=0

It is obvious that for ¢ > 1 none solution of this equation is o(1) as h — 0 and
all feasible solutions + of this equation are O(1). One of them is y(1 + o(1)) with
7o a nonzero constant. To this constant there corresponds the optimal value of ¢y

given by the equality
co(h) =1 —vh™(1+ o(1)).

Consequently, we may write down the estimate
lioo = B W™ = (e = D1 = loa) | WS~
> 1= cof (1 = |Jloo | W) = Iy R™(1 + 0(1)).

A similar upper bound also holds. In Chapter 4 it is proven that the norm

lo W™ is O(h™ and, moreover,
P

ol B™ (1 + o(1))/|loo | W™

=7(1+0(1))

with some constant vy; > 0.
Show that /. is not asymptotically Wg,m)—optimal, ie.,

128 W2 ||/ |lleo | WG
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does not tend to 1 as h — 0. Assume the contrary and, denoting

lell = lle | Zagll,  Gm() =D €™ /[1 + (2nk)™),

k

, el (1’) — (loo(y) ém(.’[ — y))

lioo 15|

(B(¥), Gm(z ~ )
i 1757

(z) =

)

obtain ||e®|| =1+ o(1) and ||e!|| = 1. It was proven earlier that
lle® — €'l = [1 = col/||loo | WE™*[|(1 +0(1)) =71 +0(1), m > 0.

Use the generalization of the Clarkson inequality which is valid for all ¢(z), ¥(z),
and p = 2¢q > 2 (see [250, Chapter 3, §3])

, p p/(p—1) p/(p—1)y P71
“ : < {nson + [1¢] } .

2
Taking ¢ = €° and 1) = ¢!, we have

+

2

2
60+61 q

2

+ (';—l)zq +o(1) < 14 0(1).

From optimality of I3 it follows that

e + el

TE > fleol = 14 o).

Then 1+ (v1/2)?? <14 0(1) or 11 = 0, whlch contradicts the condition v; > 0.

Consequently, lo(z) is not asymptotically W —optlmal forp=2q/(2¢—1), ¢ > 1.
Describe the class of cubature formulas which we deal with in this chapter.
Given a matrix H, consider the cubature formula

I'(f)=h"H] Y cy(h)f(hH7)

hH~€Q

with Q lying in the interior of the fundamental parallelepiped Qo of H, and the
error I, satisfying

3K Vh Yy ey(h)| < K, (1.1)
ALVh p(hHy,R"\ Q) > Lh = c (k) = L. (1.2)
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We call them formulas with bounded boundary layer (BBL-formulas). The concept
of BBL-formula appeared as generalization of the concept of formula with regular
boundary layer.

We show that there are universal BBL-formulas asymptotically optimal on the
spaces W,Em) and in the Hélder classes (C?)™ for at least one of the equivalent
norms in each of these spaces.

In particular, the formula of the above example is asymptotically optimal in

W;,m) with the norm
1
+ '/ f(z)dz
0

We study asymptotically optimal formulas in Bessel scale of the spaces Eg =
F1uF Bo. The definition of Bessel scale is given in §1 of Chapter 4. The index-
zero space By contains C and is embedded in L;. The space By is weightless and
its norm is invariant under translations of the argument of a function. We require
the function p to meet the polynomial growth condition (4.1.31), the monotonicity
condition (4.1.32), the lattice agreement condition (4.1.33) and the condition of
being a multiplier (4.2.35).

Require in addition that pu be a hypoelliptic function, i.e., u(€) is infinitely
differentiable for || > T and has the derivatives dominated as follows

f@) - [ f(a)ds |

I = |

36> 0VadK, : | Du(é)| < Kol + |€])0lol+ms, (1.3)

The number my in (1.3) is the same as in (4.1.31) and (4.1.32).

Observe that the whole collection of these constraints is satisfied, for instance,
for the ordinary spaces W;,m) and the Holder class (C7)™.

Some of the constraints are imposed on y for technical reasons. In our opinion,
most essential are the condition that the norm be translation invariant and the
conditions of polynomial growth and hypoellipticity on .

Given a bounded domain with piecewise-smooth boundary, we point out a uni-
versal asymptotically optimal BBL-formula. Not necessarily does such formula
possess a regular boundary layer, but every formula with regular boundary layer of
order M > my is a universal asymptotically optimal formula.

The main result of the present chapter is in our opinion the derivation of simple
sufficient conditions for universal asymptotic optimality. Let us clarify their essence.

In the class of BBL-formulas, one of every two of them differs from the other
by a functional supported in a narrow boundary strip Qh = {z : p(z,0Q) < Lh}.

Whereas in the natural class, for instance, in the spaces Wp ™) , the principal term
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of the asymptotic expansion of the norm of an error having an optimal mode of
convergence depends continuously on the volume of the support of this functional.
In essence, this is a consequence of the Hélder inequality

IF | Lo (DI < Q1277227 | L), p1 > po,

translated to the norms of functionals in dual spaces. Observe also that in the
subclass of errors having an optimal mode of convergence, the difference l;l’] - lﬁ’z
also has at least the same mode of convergence. A small size of the support of the
difference of BBL-formulas makes the norm of the difference of their errors a higher
order infinitesimal. Thus, in the intersection of the class of BBL-formulas and the
class of errors having an optimal mode of convergence, every two sequences of errors
differ from one another by summands presenting a higher order infinitesimal. In
other words, over the class of BBL-formulas, optimality with respect to the mode
of convergence coincides with asymptotic optimality.

Justification of this claim is given under some additional constraints that are
mostly of technical character. We now indicated only one of them which we rank
as most principal. To establish continuity of the norms of a sequence of errors in
the size of the support of an entry in the space B; under consideration, we need
optimality with respect to the mode of convergence for these errors in the space B
embedded compactly in B;; moreover, the optimality must be uniform in the size
of the support of an entry. _

We accomplish the prove for a Bessel scale BY of Hilbert spaces with index-
zero space By = Ly. This scale is customarily denoted by H. The space H%(Q)
consists of the restrictions of f in H # to the domain Q lying in the interior of the
fundamental parallelepiped §2o. In this event the norm is given by the equality

17 1 # (@)]| = infllg | £

The greatest lower bound is taken over all g € H 5 satisfying the condition g|g = f|q.
It turns out that the infimum is attained, and beyond @ the function, providing
the infimum, possesses some additional properties we need.

Assume that Pg, an operator acting in the dual H ;/ " of H », is the orthopro-
jection to the subspace of elements supported in 2, and Pg is the transpose of Py

acting from H% to HY.
Lemma 6.1. The operator P sends I?g onto ﬁg(ﬂ), and, moreover,
1P3f | H3 (@) = inf{llg | Hy]|: g € Hf, gl = fla}-

Let |u(D)|? be the pseudodifferential operator acting from HY to }?21 /* and defined
by the equality
lu(D)I* = F7u(&)’F,
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where F is the Fourier transform acting from HY to H ;/ “. Then, for every function
f € H5(Q), the equality holds

(lu(D)1*£) =0.

Q20\0

PROOF. The operator Pj} is a projection as the dual of a projection. Denote
the inner product in HY by [-,-],. Let ( € HY and supp( C Qo \ Q. By the
definition of Py, for every f € HY we have

(Pa | p(D)I*f,¢) = 0.
Here (-, -) is the inner product in L. Continuing this equality
(Palu(D)I*£,¢) = (In(D)I*f, P5¢) = [£, PaC], = [Paf.¢], =0,
obtain
1Paf + ¢ LES| = ||Pas | B3| +[lc 1 5| > || Pas | AP,

i.e., P4 f belongs to HY(f2) and has the minimal norm.
To prove the second claim of the lemma, we use the fact that every function

fe f}{‘(ﬂ) may be written as f = P3f. If ( € Céoo)(Qo \Q)and f € fIé‘(Q), then

(I(D)I*f,¢) = (D) Paf,¢) = [Paf.¢], = [, Pac],
= (Iu(D)* £, P4¢) = (Palu(D)I* f,¢) = 0.
The proof of Lemma 6.1 is complete.
We need the following well-known lemma whose proof is omitted.

Lemma 6.2. Assume that a function v(§) satisfies the hypoellipticity condi-
tion and v(D) = F~1y(¢)F. If v(D)u(z)|, = 0, for some domain w in R™ then u is
infinitely differentiable in w. Moreover, for a compact subset K of the interior of w
and every «, the estimate holds

(/|]-)°{u(91”)|2 dw)lﬂ < Ca,K(/Iu(w)]2 dw>1/2.
K w

We now state the main result.
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Theorem 6.1. Let a sequence I}, of errors with bounded boundary layer

have optimal mode of convergence in the spaces W,Sm), where m € [mq,ms], the
numbers my and m3 are even, and p € (1,2). Let the function p(§) be a hypoelliptic
function satisfying (4.1.31)-(4.1.33) and (4.2.35) while my € (m1,m3). Then the
sequence IS, is asymptotically HY ()-optimal.

PROOF. For simplicity, denote

NELEE | = Wllajms Woolliw = (R).

Let l?}? be an fIé‘ (9)-optimal error supported in . Then we have the equality

1l — NN = 1R = BN

We now prove the relation

(|52 IQ°||1/”—0(¢(h)) as h—0.

In the Hilbert space fI;/ * take P;, the orthoprojection to the subspace com-
prising the elements

> aé(z — hHE),

hHEEQ

and P,, the orthoprojection to the subspace comprising

)" axé(z — hHE),

hHEEQ,

with h fixed and a; arbitrary coefficients. We have

Ru(z) — i (z) = Pix(z) — h"[H| Y c(h)é(z — hHE) = (Pilfly)(2).
hHEkEN

Take a sufficiently small € > 0 and put
Fe={z:2€Q\Q, p(z,R) <e}, we=R\(QUT,).

These sets are nonempty. Consider

hit@= Y (- HE),

hHEkEw,
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a homogeneous error of degree M > 2m3, and arrange the difference
lig(2) = loo() = [y (2) = [y3f" (@):
We know that for all m € [m;, m;] the following equalities hold
o | WE™*|| = O(h™), ||I5=" | WE™*|| = O(h™).

Consequently, _
[thsg | WE™*[| = O(™),  m € [, ms)].

Applying Theorem 4.5 with By = Zz, infer
Gng L HS™ || < KIT/P729(h) {1 + K (e)h™s~™2).
Revert to the main estimate. It is clear that
Q Fe wz,
1P Rully ), < WPrloollisu + | Prlially  + 1 P1RE Ny = T+ T+ TIL

To estimate summand I use the Three Perpendicular Theorem in Hilbert Space
which yields P, = P, P,. Further,

I= ||P1P2l°°“1/,4 < |IP2l°°l|1/u'

By Theorem 4.2 the error [, is asymptotically optimal in H ». Whence, for
H}'-optimal error 1) the asymptotic equality holds

o = Blly . = {ooll? = 1813, 37 = o((R)).
Noting that Palo = Py (loo - lgH), come to the estimate
1< Pl = )y < e Bl = o6

To estimate summand II, use the fact that the norm of an orthoprojection is
at most 1 and |I';| < Ke. We thus have

I< ||ty

1u S Ke'/P=12g(h) {1 + K(e)h™ ™2},



182 Chapter 6

Since Py is the orthoprojection in H 4™ to the subspace comprising the elements
supported in €2, from the Three Perpendicular Theorem infer that P; = P;Pq.
Consequently,

|(Palyii’s £)]

II1 = || P, P, lw‘ h
|77 TP

< [1Patii* |, = sup

|(lhs" B3 )|
= sup ———,
TR

By Lemmas 6.1 and 6.2, the function u = P f obeys the equation

”1/;1

(1.4)

(I(D)Pw)| =0
Q0\0

in the domain Qg \ ©. Moreover, for every function { € 6300) with support at
a positive distance § from 2 and every integer m the next inequality is valid

3 ID2(Cu) | Ll < K(m, 8,9)|lu | L. (1.5)
laj<m

Continuing (1.4), use (1 5) at m = m3 and § = £/4 with some function ¢ equal 1

on the support of Iy} 4. It is obvious that

III < su

5 { [ CPef)| ||cpas IWS™||||Paf | Lo 1P £, }
lcPsf IWE2| 1Paf 1 Lol (1P8AL 1Al

By Lemma 4.2 the first factor in braces is O(h™®). Whence and from Theo-
rem 4.3 the first factor is o(1(h)). The second may be estimated by the constant
K(ms3,€/4,9) in virtue of (1.5). The third factor is also bounded since HY is
embedded in Eg. The fourth is at most the norm of Pg which is 1. Therefore,
summand III is o(y(h)).

Combining the above estimates, find
1885 — o || < T+ 14101 < Ke'/P~2(h) + K (€)o(y(h))

as h — 0. By construction, ¢ is an arbitrary positive real and p € (1,2). Therefore,
we have the following asymptotic expansion

156 = T lly ), = o($(h)).
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Moreover, by Theorem 4.2 the ratio of ¢(h) to the norm “12}? ll1/ is bounded above

as b — 0. Consequently, the difference between I$; and l?}? in ﬁf* is o(”l?}? l1/n)-
The proof of Theorem 6.1 is complete. _

Calculate the principal term in the expansion of the norm of an H%(£2)-optimal
error lf}? as h — 0. To this end, it suffices to consider asymptotically optimal
formulas. First, establish the monotonicity of the norm of the error with respect
to order by inclusion of domains over some class of domains of a simple shape.
Next, obtain the exact estimates of ”12;”1 Jw approximating  from inside and

from outside by domains of a simple shape.

Lemma 6.3. Letw; and wy be subdomains of ) with piecewise-smooth bound-
ary such that @y C wy. Assume that BBL-errors I}}; and l}% have optimal modes

of convergence in Wém) for some p € (1,2) and m € [my,m3). Then
I3l < MR, (4 0(1)).

PRrOOF. For simplicity, we let H be the identity matrix I. Take a local error [y
of degree M > 2m3 — n + 1 and arrange the homogeneous error of the domain ws,

i.e., put
@)= S o (% —k).

hkewg
Take ¢ > 0; arrange the set w; of the points of w, at a distance greater than ¢

from w;. Put .
@)= 3 o (Z —k).
hk€ws

Arrange two more functionals

Y1 _ W2,k w3,k w1 Y2 __ w2 w2,k
(A LI | L N A T R L

It is clear that IJ' is supported near the boundary v; of wy, and [* is supported
near the boundary 4, of the domain w;. Moreover, the equality holds

2 =0+ 0+ 5>+ 1
For every functional [ € H #* and every @ in the interior of the unit cube we have
LS > B @)
Consequently, the following inequalities hold
e VEE | > (15 L E @l > 15 1 HE @)
(I TEE @)l + 15 1z @)l + 152 1z @]}
2 || LA = e TEE| 8 THE ol + (15 1 H]|}-
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The norms of errors I}* and [J* in W,Sm) for m € [my,m3] are O(h™). It follows
from Lemma 4.2. Whence and from Theorems 4.2 and 4.5 it follows that

15 | B3| < Ksupp [P 725 | B |(1+o(1), j=1,2.

Moreover, |supp lzll < Ke, and |supp lz2| =o(l)as h— 0.

Let P,, be the orthoprojection of H »* to the subspace comprising the func-
tionals with support in w;. By Lemma 6.1 P} projects HY onto H"(w;). Take
a compactly-supported infinitely differentiable function { equal 1 on the support of
I;>" and equal 0 for p(z,w;) < €/4. We then have

W3, h w3,k -
e | Bt = s LI, [GH RN

FEH! (W) ||f|ﬁ'2‘” —feﬁ; ||P;1f|fl'2‘”

Cw { (P, f)| IICP:JI@'"S)H}.
sty UICPa £ IWE™| || Pef 1 H||

By Lemmas 6.1 and 6.2, (P} f € ng“) and
Pz, s 157 < K|\ Pz, 7 | Bl

Whence and from Lemma 4.2 the first factor in braces of the last equality is at
most Kh™3, and the second is bounded uniformly in f. Thus, given m3 > mg, by
Theorem 4.3 we have

|tz | H*|| > || | Hy*||1 - Ke/?=2/2 + o(1)).

Whence Lemma, 6.3 ensues by arbitrariness of e.

Theorem 6.2. Let §) be a bounded domain with ({)iecewise-smooth bound-
ary T, let H stand for the identity matrix, and let I, * be the corresponding

H(Q)-optimal error. Then
100 | Hy*|| = 190210 | HE™[|(1 + o(2)). (1.6)

PRrOOF. To calculate the principal term in the expansion of the norm in H »
replace 12,0 by a BBL-error l?’a. Let the norms of l?’a in W,Em)* for some p < 2 and
m € [m1,ms3] be O(h™). Whence and from Theorem 6.1 the error lg’" is asymptot-
ically optimal in H 5". We prove the existence of such functional in Theorem 6.6.
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Apply Lemma 6.3, specifying the domains w; and wy. Take € > 0 and, given
h < e, put hg = [¢/h]h. Let ho(Q + k) stand for the cube of

{e:(Fy € Q) e =nho(y +k)}

Assume that the intersection of the interior of the cube ho(Q + k) with T is
nonempty. Uniting all these cubes, put

Pho= U hO(Q+k), w1=Q\I‘ho, w2=QUFh°.
ho(Q+k)NT#2
Let (k) = ”loo | ﬁg*” and consider the homogeneous errors I3 (z) and 1}?(z)

given by the equalities

i)=Y I (%—k) j=1,2.

hk€w;

Here ly(y) is an elementary error of the shape (4.2.2) and order M. The support of
lo(y) lies clearly in the cube with center the origin and side 2L. Whence and from
Lemma 6.3 the following relations are valid

lim s 1 Al < lim e a7 <Tm I 1 H5* | <Tm (Rt

oo W(R)  Tase  ¥(h) Th—o o P(h) T k-0 ¢(R)

Prove that, as ¢ — 0 (i.e., when hy — 0), the extreme terms of this chain of
inequalities have the same limit equal to |2]'/2. We will so arrive at (1.6).

To this end, we calculate the norms of I} () and I} (z) in I}; *. The advantage
of these errors is in the fact that w; and wy are partitioned into an integral number
of cubes ho(Q + k) (and h(Q + k)) for all h.

Let I}’ (z) be the sum of elementary errors of degree M > 2m3. By choice of
wy and wy, for w = w; we have

@)= S b (%—k) (z)= Y I(z - hos).

hk€hoQ hoS€Ew

If w = @ then I¥(z) coincides with I (z).
Calculate the norm of Iy in Hj*. To this end, denote by [-, -];/, the inner
product in the Hilbert space HA* = H ;/ " and put

I=[1}°(z — hos), I}°(z — hor)], = (1o (z ~ hos), u~2(D)I}(z — hor)).
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Here the function u(z) = p~2(D)Ir°(z — hor) stands for a solution in I?; to the
pseudodifferential equation

I(D)Pu = 11°(z — har).
The definition of the norm in I:.ié‘ implies that
lw | B || = [|1R* (= = hor) | HE*|| = [[13°(2) | H5*|-

Show that if s # r then the inner product I is o(1)%(h)) as h — 0.
Given L and ¢, observe that for all h < ¢/(16L + 1) the interval (8Lh, ho/2) is
surely nonempty. Taking § in this interval and letting

vs ={z :z € ho@, p(z,R™\ hoQ) < 6}, lZ‘(z) = Z fo (% B k) ’
hk€~s

obtain

12o(z — hos) = I]*(z — hos) + {If°(z — hos) — [}* (z — hos)}.

Thus, the inner product I admits the estimate

|1 < (1 (2 — hos), s (D)3° (z — hor))|
+|(1p°(z — hos) — I} (z — hos), u2 (D) (z — hor)) |-

By Lemma 4.2 and Theorem 4.5 the norm of [}°(z) may be estimated as follows
|5 1 #E7|| < K821 2(R)(1 + o(1)).

By Lemma 4.2 and Theorem 4.4 the norm of I*(z) in H!* is O(¢(h)) as h — 0.
Considering this, it is easy to estimate the first summand in the inequality for |I|.
Estimate the second summand in the inequality for |I| through the norm of the

difference I}°(z — hos) and IJ*(z — hos) in nga)*. By choice of 4, the function
u(z) = p~%(D)It(z — hor) for r # s is a solution to the homogeneous pseudodif-
ferential hypoelliptic equation

|u(D)*u(z) = 0

in the §/2-neighborhood about the support g of the difference. Consequently, by
Lemma 6.2 u(z) is an infinitely differentiable function in the §/2-neighborhood g 12
of ¢ and, moreover,

w1 W™ (g80)|| < Comos||u | L2(G))])-
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Here G is a set whose interior includes the closure of the neighborhood gg/2 and
whose distance to the support of l’,Z°(z — hor) is at least §/8. For r # s such G
ready to exist by choice of §. The inequality for the norm of u(z) in W2m3)(gb- /2)
is easy to continue by involving (4.1.31)

a1 W7 (9572)]| < Ol | Eall < C@)|u | By || = C(O)[1o(2) | Byl

Therefore, we arrive at the estimate

|(lh°(m — hos) = I} (z — hos), u(x))|
< C|ltke — 17 | W (g )| 1w | W™ (k)|
< CB)||the — 1e | W% || (R).

By Lemma 4.2 the norm of the difference between l,’:° and [} in W;ma)* is O(h™s).
Considering this and Theorem 4.3, estimate the inner product I as follows

|Il < K51/P—1/2¢2(h) + K(a)hmad)(h) < K(&l/l’—lﬂ + C(&)hma_m)zﬁz(h).

Here K is independent of h and §. Dividing the above inequality by 2(h), pass
to the limit as h — 0, fixing §. This is possible since 0 < 8Lh < § < hy/2 by
hypothesis, and the parameter ho belongs to the interval [¢/2,¢] for the chosen
positive €. Also considering that ms > mg, arrive at the final estimate for the inner
product I in the shape
1| < K6/P=1/242 (h).
Whence, in order notation, the inner product I is o(%(h)) as h — 0.
Show now that, given ¢ > 0, we have the asymptotic equalities

|5 LES ) = 3 ik — hos) | Hy*|* + o(w?(h)),

hos€w

oo LHE? = Y [11ho(2 — hos) | HS*|* + o(w?(R)).

hoseo

Indeed, if we express the left sides of these equalmes through the inner product in
H n* and substitute for 1¢’ and l,, the sums of [}°(z — hos), then it suffices to use the
just-established estimates for the inner products of various functionals l:°(z —hgs),
arriving at the sought asymptotic expansions for the norms. Observe now that the
norms of {#°(z — hys) do not depend on s. Consequently,

1 1 HE*|* = lwlhy™|[ike | HS*||* + o(w?(R)),
lloo | HE*|I” = Ry ™|k | HE*|)® + o(%?(h)).
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Therefore, given ¢ > 0, we have
15 1 HS* || = lwl"?[llco | HE*]J(1 + o(1))-

Letting w = w; and w = wq, pass to the limit, first, as A — 0, and, second, as
€ — 0. We then come to the equalities

N ([P :F o | BV
lim b B =1 =12

Thus, the proof of Theorem 6.2 is complete.
REMARKS. 1. For an arbitrary lattice matrix H, the equality holds

%2 | Foe| = ( I'g'l) oo | F2¥]|(1 + o(1)).

2. For the space ng) with m an integer, (1.6) looks like

1/2
2 | W™ = 10 (Z m) A" (14 o(1):

k#0

This equality is analogous to (5.3.1).

3. A formula (1.6) is also valid for a homogeneous error of degree M in the
shape

Ba@) = 3 I (% - Hk) .
hHEEQ

Draw attention to the fact that the rate of convergence of a cubature formula
on anisotropic spaces depends essentially on the choice of nodes. We explicate the
situation by example. Consider the space of periodic functions in two variables
possessing generalized derivatives of order 3 with respect to z; and of order 4 with
respect to zz square summable over the unit cube (. Introduce a norm in this
space, by letting

~ 2 2 1/
IF 17754 = { Jr@r +1025@F + D) )dx} -
Q

The cubature formula with equal weights for a cubic lattice has error I, whose rate
of vanishing is defined by the equality

s eyl 1 1/2 ~
It TN = {S sy rmmmr) =00
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This relation remains valid for all lattices with matrices H constant in h.
Consider the lattice with mesh-size-vector h = (hy, hy) and nodes (ky by, k2h2),
k € Z2. The norm of the error I analogous to I is given by the equality

- 1 1/2
Hl7{| (W2 ) ” - {;)1+(27rk1/h1)6+(27rk'2/h2)8} .

The best rate of vanishing for this quantity is achieved at the same rates of the

summands (k; /h1)® and (k2/hs)®. Put, for instance, h; = h3/°. Then

I 1 (W3*)"ll = 0(#3).

To have a possibility of comparing the rates of convergence for various lattices, we
are to treat as parameter N the number of nodes of a cubature formula rather than
the lattice mesh-size-vector. For a scalar mesh-size h, we have N = h™2; whereas,
for the mesh-size-vector, N = 1/(h1h2). The norm of the error with a scalar mesh-
size is O(N%/2), and in the case of the error with mesh-size-vector h satisfying
hy = h3/® the norm is O(N~1%/7).

To complete our research, we study the properties of formulas on lattices which
give the best rate of convergence on the space Hb as the number of nodes increases
infinitely. Allowing the arbitrary dependence of the lattice matrix on N, the number
of nodes of a cubature formula, we come to the necessity of expanding the definition
of asymptotic optimality.

Assume given a space B and a sequence of lattice matrices H(N). Asymptoti-
cally optimal in B we call a sequence of errors

i) =xa(z)— Y. a(k,N)é(z - H(N)k),
H(N)keQ

with the property

I liy" 1 37| _

im - =

Nooo inf [|xq(z) = Y bké(z — H(N)k) | B*||
{bx} H(N)keQ

1. (1.7)

Our main problem remains to be that of finding an asymptotically optimal
error with bounded boundary layer given Q, B, and {H(N)}%-,;. We solve an
important particular case of the problem in which the space Hj coincides with

Wz?"_ , and H is a diagonal matrix determining the lattice of nodes

(hyky, hoks, ... huoks), k; € Z. (1.8)
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We call the vector h = (hy,ha,...,hs) the mesh-size-vector of the lattice (1.8)
or the lattice mesh-size-vector. Minimizing the norm of error over the lattices
of such shape, obtain asymptotically optimal lattice formulas for an anisotropic
space. They happen to have optimal mode of convergence among all formulas with
arbitrarily-placed nodes.

In order that a lattice of nodes agrees with the fundamental parallelepiped of
the space of periodic functions under consideration, the numbers 1/k; should be
integral, in symbols,

N;=1/h; € Z. (1.9)

Let M = (mq,... ,my) be a multi-index with integer entries. The space W
comprises the functions f(z) in Lz, whose generalized derivatives D;."j f(z) of order
m;j with respect to z;, § = 1,2,... ,n, are square summable over the unit cube.
Introduce a norm into this space by letting

o ~ n . _ 1/2
51770 = {1 2ol + Ny £ 1 Bl
j=1

This norm is easily written through the Fourier coefficients cf[8] of f. Using the
Parseval identity, obtain

IF 1 W5 = {; |cf[m|2(1 + Z:;(%ﬂj)z"‘f) }1/2.

The Banach space Wi is thus coincident with the space I?; ° of the Bessel scale
with zero space Ls and weight function

n 1/2
po(e) = {1 + Z(erj)"’m"} .
i=1
Let K > 1 and assume that for all 7, 1 < j < n, we have the estimates
1 f1 ‘ . 1 .
K7 (34 ererm) g <k (34 Crepm).

Summing the latter over j ranging from 1 to n, find

K™ u(€) < p2(6) < Kpd(£).

Here, p(£) stands for the function {}7_ (1 + £2)™ }'/2. The above inequality al-

lows us to assert that the spaces Hy?, HY, and W coincide. Moreover, the norms,
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generated in these spaces by the weight functions po(€) and u(€), are equivalent to
the initial norm of W;"T . Bearing this in mind, we further agree that Wf coincides
with H. 4 and has the norm generated by the weight function u(¢). The same agree-
ment is effective in the case when the entries of ™ are positive possibly nonintegral
numbers. ~ _
Suppose that p > 1 and p # 2. We now define W;—"_ to be the space B of the

Bessel scale with index-zero space By = Ep and weight function

n

mo={§}HbeFﬁ-

i=1

We now describe the class of cubature formulas whose action over Wf will be
under study.

Let h = (hi,... ,hy) with h; meeting the conditions (1.9). Denote by I(h) the
diagonal matrix with diagonal entries hy,... ,h,. Given a domain 2 whose closure
is included in the interior of the unit cube, consider a cubature formula with error

B(z) = xa(@) —h1...hn Y ca(h)s(z — I)(R)B).

I(R)Ben

Assume that the weights cg(h) satisfy the conditions like (1.1)~(1.2), namely,

IKVRYB |es(h) < K,
ALVRE p(I(R)8,R™\ Q) > Lmaxhj = cs(h) = 1.
J

We then call l%(x) an error with bounded boundary layer. For hy = ... = h, = h
this definition amounts to that given above.

We will prove that a sequence of errors with bounded boundary layer is asymp-
totically optimal in WJ* under the conditions analogous to the hypotheses of The-
orem 6.1. We start with a preliminary definition and lemma.

Let b = (hy,... , h,) and assume (1.9) valid. Given z in R", denote (z1/h1, ...,
Zn/hn) by z/h. Take a domain w with closure included in the interior of the unit
cube and consider the error

)= Y lz/h-B).
I(h)Bew

Write down lo(y) in accord with (4.2.2). If the values of lo(y) at polynomials of
degree M are all zero, then we call [¥(z) a homogeneous error of degree M. For
hi=...= h, = h this definition coincides with that of Section 2 of Chapter 4.



192 Chapter 6

Lemma 6.4. Let M, > M; > n/2 and let the minimum and the maximum of
mi,my,...,my lie in the interval (My, Ms). If for m = My, M, the norm of l%(m)
admits the estimate

I 1 W™ < Ky max 7, p>1, (1.10)

then we have the inequality

“l% IW;"T* < K, max h;". (1.11)

1<;<n

PROOF. Denote {Z;;l (1 +§;‘?)mj }1/2 by u(€) and let k/h stand for the vector
(k1/h1,... ,kn/hy). Given s € Z", consider the inequality 1/u%(s) < KI(s, k) with

2

- 1 1 1

I(s,k) = _ + ,

(1) gw(k/m{maxhj”lus|2+1)M1/2 maxh£”2<|s|2+1w2/2}
J J

Observe that this inequality may be checked in the same way as in Theorem 4.3.
Now, consider the Fourier series Y, L[s]e*?™®* for the functional l%(:z:) and its

T
Wy norm, namely,

~ _1 T 3 T
”Z e Iy L g iRy e | By |

\/I(s,h)

As usual, p' = p/(p — 1). The linear operator dividing the Fourier coefficients by
1(s)y/I(s, k) is bounded in Zp/ for p > 1. Consequently, the me* norm of the

error l%(z) is at most

K /%pﬂ(k/h) {(maxh —Mu|| | M| + (max hy) =2 |1 | W;M2>*||}.

By (1.10) the expression in braces is bounded uniformly in %, and

/Z p=2(k/h) = O(max hm’)
k#0

Thus, the proof of Lemma 6.4 is complete.
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Corollary 1.1. If the estimate (1.10) is valid for m = My, My, then it is also
preserved for every m € [My, Ma].

It suffices to apply Lemma 6.4 for my = --- = m, = m and find what was
required.

Lemma 6.5. Let My, Mz > n, be even and let I¥(z) be a homogeneous error
of degree M > 2M; — n + 1. The norms of l% in Wq(m) for all ¢ > 1 and even
m € (n, M;] are O(max; hT).

PROOF. Denote the even integer 2([n/2] + 1) by M;. Corollary 1.1 reduces

the question to the even m = M;, M;. Consequently, it suffices to establish the
estimates

“l% | ng)*” < Km]axh;", m = M, M,. (1.12)
By the definition of norm, we have

(m)*“_ | 12 f)|

) p 1A
| P

In the supremand, perform a change of variables that transforms the lattice (1.8)
to a cubic lattice. Let

T= m?Xhﬁ yi =zj7/hj;  g(y) = f(hayi/7y- .. hayn/T).

Denote by w, and Q7 /% the images of w and @ under the change from z to y. Then

@DV Zell+ X 1077 1 Eol}

laj=m

— @)l {lls | Z@e /Bl + S+ E-e%e | Lo(@r/P) |

laj=m

< K|jier | Wm*(Qr [R)|-

The last inequality is valid in virtue of the next two observations. First, the product
T™h™% is at least 1, for |a| = m, which ensues from the definition of 7. Second, the
support of 147 (y) lies in the interior of @7/h. This enables us to replace g(y) with
an extension of it from the support of [“~(y) to a member g(y) of Wq(m)(QT /R).
The mapping ¢ = I(h/7)y performs a one-to-one correspondence between the
points of the set (1.8) in R? and the points 7k, k € Z™, comprising a cubic lattice
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in R}. Moreover, to the homogeneous error l%(z) with mesh-size-vector h there

corresponds the error
wy y
) =Y b(L-8)
Tﬂewr

with scalar mesh-size 7. Fixing the entries h; of the vector h, consider the homo-
geneous error of degree M having the shape

=Y b(3-8), 0<h<l

TREw,

The errors I;7(y) and 17 (y) are obviously the same for h = . With this in mind,

we dominate the norm /}"(y) in Wq(m)*(Qr/E), applying the result to I;7 (y).

Observe that the volume of w,, as a function in A, may become indefinitely
large in a neighborhood about the point » = 0. Whence we conclude that the sought
upper bound on the norm of I (y) must be uniform in all w, with 0 <7 <1. We
demonstrate existence of such a uniform bound by slightly adjusting the proof of
Lemma 4.2.

We first agree on the current notation. Let H the diagonal matrix inverse to
I(h/7), with Q = Qr/h the corresponding fundamental parallelepiped. The ho-
mogeneous error I;"(y) is clearly bounded in Wém)(ﬂo), 1< p < +oo. By (4.2.12),
the norm of I}7(y) in W;m)(flo)* coincides with the L,/() norm of the function
u(z) defined by (4.2.6). From (4.2.13) and (4.2.9) it follows that

3 1 Ly || < |l | Lpo(Q0)|| + Ea|figm | L§%],

with K a constant independent of A and w, and u(y) a solution to the differential
equation

(1= AY™u(y) = Ig (y).

We estimate the Z,,,(QO) norm of u(y) by using (4.2.15), (4.2.22), and (4.2.29). This
leads to the inequality
”u | LP'(QO)“ < Khma

with K a constant independent of & and w,. Arguing further in much the same
way as in the proof of Theorem 4.7, we easily find the estimate

forl )
SK(—IT) M,
Qr/A

with K again a constant independent of h and w,. Whence and from the condition

M > M; > m, we conclude that ng)(ﬂo)* norm of {{"(y) is in fact O(h™)
uniformly in w,, 0 < 7 < 1. Letting h = 7 and p = ¢, we thus come to (1.12).

[J1r |
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The proof of Lemma 6.5 is complete.

Take h = (h1, ha,. .. ,ha), hj > 0. To this mesh-size-vector we assign the error
Ii(z) = xg(®) —h1...hn Y 6z - I(R)B). (1.13)
I(h)BeQ
In the case of hy =... = h, = h we let lz{z) coincide with [ (z).
Lemma 6.6. Given m = (m1,... ,my), assume that the minimum of m; is

greater than n. Then the Wf* norm of Iy is O(max; h;-"j ) and I} is asymptotically
optimal in W;"_ .
PROOF. Let the error [7(z) take the shape

@) = xg(@) —h1cha Y cs(R)S(z — I(R)B)
I(R)BeQ

and belong to W{"* In particular, the value of 1% (a:) at the constantly-one function

is then zero. In other words, the weights cg(h) satlsfy the condition

i hn Y cp(R)=1. (1.14)

1(r)BEQ
The W™ norm of IX(z) is defined as

e — | L[]/
Iz 1wl = {Z Te(M)? }

¥#0
Here

W(e) = {2:,:(1 reym }/

and L%['y] stands for the Fourier coefficient of l%(a:), i.e. the value of the error at

the exponential e'?™¥% 4 € Z". If the entry 7; of v is a multiple of N; = 1/h; for
all j, then Li[7] must equal to —1 by (1.14). This enables us to assert that

{EEL QT msom)

B#0* =1

|51 W3
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The summands R(7, h, cg(h)) on the right side are always nonnegative. If ca(h)=1
for all B € Z™ satisfying I(h)B € @ then l%(w) coincides with l;{z). Moreover, the
Fourier coefficient L%['y] vanishes provided that at least for one of the j the entry v,
is not a multiple of N;j = 1/h;. Consequently, the summand R(, h, cg(h)) vanishes
in the case of l;{z). Thus, the W™ norm of the error Ii(z) has the shape

s GINEE

k#0lj=1

|t | Wa™

i.e., this norm is O(max; h;-"j ). Furthermore, the W;’ﬁ* norm of ;) is not greater
than the norm of an arbitrary error I(z) with the same mesh-size-vector h. Con-
sequently, /r(z) is asymptotically optimal in Wf as || — 0.

The proof of Lemma 6.6 is complete.

Corollary 1.2. For m > n the error l;{(z) is asymptotically optimal in »Wém)
as |h| — 0.

To demonstrate, let m; = ... = m, = m under the hypotheses of Lemma 6.6.

Theorem 6.3. Let ) be a domain with piecewise-smooth boundary which
lies strictly in the interior of ). Let BBL-error l%(x) have an optimal mode of

convergence in the isotropic spaces ng) for some p < 2 and m = My, My, where
My > My > n, My and M, are even, i.e., the estimates hold

“l% | ,va,’")*” < Kél?gxn RY, 1<p<2. (1.15)

Then l%(x) is asymptotically W?—Optimal for mj € (My, Ma).

PROOF. In the hypotheses of the theorem we may assume that p > 1. If
p =1 then, in view of the embedding of Wﬁ,’") in Wﬁm), the estimate (1.12) is valid
for all p > 1. Without loss of generality, we may thus suppose that 1 < p < 2.
By Corollary 1.1 the estimate (1.12) remains valid for every m in [Mi, Ms], in
particular, for m equal to some M; between max; m; and M.

We proceed with proof along the lines of Theorem 6.1. Let

n

W€ = (+)™, WIE =l Ngllm = $(R).

i=1
Denote by lg’o(x) the error supported in the closure of €2, whose Wzﬁ* norm is

minimal among the W;™ norms of all errors IX(z) of the shape

B(z)=xq(z)—h1...hn Y cp(R)S(z — I(R)B).

I(R)BeQ
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If P, stands for the projection in ﬁ/;m* to the subspace composed of the linear

combinations _
> aé(z - I(R)B),
I(R)BeQ

then we clearly have l%o(m) = xq(z) — Pixq(z). Moreover,
212, — 10 = 12 - 2 (L.10)

Show that the right side of the above equality is o(x)(k)) as |h| — 0.
To this end, take an arbitrary ¢ > 0 and consider the sets

Fe={z:2€Q\Q, p(z,0) <e}, we=Q \(QUT,).

To the set w, we assign the homogeneous error
Z(z) = Z lo (z/h—B)
I(F)ﬂewz

of degree M > 2M; — n + 1, and consider the difference

e Q we
lﬁ :lg—lz—lﬁ.

By the hypotheses of Theorem 6.3, l% is a BBL-error. Therefore, the volume of the
support of l% is O(¢) as € — 0. By Lemma 6.5, Corollary 1.2, and the estimates
(1.15) the W,Em)* norm of each of the functionals Iy, l%, and l%‘ is O(max; hT) for

m = M,, M, M3. Consequently, this holds true also for l%(z). Whence and from
Theorem 4.5, for m = My, M,, obtain

”l% |ng)*“ < Kel/e-1/2 m]'c}xh;n(l +o(1)).
Applying Lemma 6.4 with p =2 and |h| — 0 to l%, infer the estimate
|2 | WE*|| < Ke'/Pm/? max 7 (14 o(1)).

Revert to estimating the norm in the right side of (1.16). The definition of P;

implies that 2 20 _ip R 1.17
|8 — 20 = | P2 | (117)
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Decompose l% into the sum of lg(z), I*(z), and l% to obtain

1P | < |1 Patgll + |1 2oty

w1 ”Pll%

=T+ +IIL (1.18)

We estimate I and II from above, arguing as in the demonstration of upper bounds
on I and II in Theorem 6.1. Doing so, we should bear in mind that the error l;(z)

is asymptotically optimal in W;"_* by Lemma 6.6. We thus infer
L+ 11 < o(3(R)) + || i

=< Kel/P71/2 max h;-nj (14 0(1)).
i

Writing down an expression analogous to (1.4), we conclude that
II < || | W3R ().

To estimate the norm in the right side, use an analogous inequality to (1.5), arriving
at

we () * e | 7 (M2)*
e T @) ]| < [Jae 1wz
By the hypotheses of Theorem 6.3 M, is even and greater than the maximum of the

numbers mj. Consequently, we may apply Lemma 6.5 to estimating the W;M’)*
norm of l%‘. We hence obtain

Il < K max WM = o (maxh}").

Summing the bounds on I, II, and III in (1.18) and using (1.16)-(1.17), we finally

arrive at

(1% - 21y
< ”l% - ’%’OHH < Ketl/r12 max hio 4+ o(mjax hi?).

Since ¢ is arbitrary, it follows that the left side is
o(mjax h;7) = o(¥(h)).

Whence and from Lemma 6.6 it follows that l%(:c) is asymptotically Wf-optimal.
The proof of Theorem 6.3 is complete.

For anisotropic spaces, the formula (1.6) for the norm of an asymptotically
optimal error remains valid

2 | | = 190172t | W (1 + o) (119)

Optimize the right side of this formula over all admissible A.
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Theorem 6.4. A mesh-size-vector ho optimal with respect to the rate of con-
vergence for the space W5 is determined from the equalities

my ___ — m
Bt == A

provided only that the conditions (1.15) and (1.9) agree. Moreover, we have the
equality

n

Q0 | M 1/2 _/- tm 2m; 2
|5 1 WE(| = 12N o= { [Zk ] } (1+o(D),
k#£0

j=1

with N = N ... N, standing for the number of lattice nodes in the cube Q.
PROOF. Optimal among the lattices (1 8) and (1.9) is that to which there

corresponds the fastest decrease of max; h; ™ as the number of nodes of a cubature
formula increases infinitely.

The number of nodes grows like |Q|/(hy...h,) = O(1/(h1...hy)). Con-
sequently, those hy,...,hy, are best that provide the minimum of max; h;nj for
hy...hp = 1/N. Thus, we come to the problem: find hjo,...,hso satisfying the
condition

max h%j = min max h;-nj .
J hi...hp=N-1
If at least one of the numbers h%j were less than the others then we would di-
minish all the rest of them by slightly increasing h%j. We thus would diminish
min(max; h;-nj ), which is impossible. Consequently, all h%j are equal. Thus,

_El/mJ
Wgt=--=hgn =7, Nj=1/hjo=7""", N=Ny...Ny=1 i=}

Therefore,

/(3 1/m;)
T=N i=1 .

The proof of Theorem 6.4 is complete.
In the above example the norm of the error of the cubature formula with equal
weights in W
O(N~V(/3+1/9) — o(N~12/7)

in the case of the best choice of h; and hs.
Observe also that the requirement of agreement between (1.9) and (1.15)
in Theorem 6.4 is of technical character. It may be eliminated.
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§2. Cubature Formulas with Bounded Boundary Layer
in Holder Spaces

We intend to translate the theory of asymptotic optimality of lattice cubature
formula on the classes of functions continuous with derivatives up to some order.
We, however, encounter difficulties in exactly defining the normed spaces of these
functions. To clarify the matter, we revert to the theory of differential equations.

The solvability theory for elliptic equations take a perfect shape not in the
classical spaces of continuously differentiable functions but rather in the Holder
classes (C7)™. Here m is a natural, and the exponent v > 0 enters in the Hélder
condition which must be met by the higher derivatives of order m of a function
in (C")m. This relates to the problem of existence of multipliers of the Fourier
transform which are available in (C)™ only for v > 0.

In our calculations we lean upon Bessel scales of spaces whose definition is
tightly woven with the concept of multiplier and, therefore, we work in Holder
classes.

Deeper reasons for absence of asymptotically optimal cubature formulas in the
classical spaces C(™ consist probably in the fact that the unit ball of such space is
not strictly convex. This complicates the optimization problem, since the extremal
function of an error may fail to exist or to be unique.

We deal with one of the possible equivalent norms of a space. We introduce
a bulky but technically convenient norm of the index-zero space generating the
Bessel scale of the Holder spaces.

Let By = C comprise the periodic functions with period matrix H which are
the limits of finite Fourier series

f(z) = flBle?mrH
B
in the norm

If 1€ = mw(lf[O]l,mgx%”Z(l + IH‘l*ﬂlz)_"/zf[ﬂ]e""’"ﬂH_lz),
B8

with 0 <y <1 and
z+y)—g(w
(#7g)(z) = sup lg( y)», g9(z)|
¥ lyl
standing for the Holder constant of order vy at a point z. It is well known that for all
7 € (0,1) and m > 0 the spaces Bl = C™ are the Holder classes of smoothness m.

Observe that the class C™ with m an integer is close to but not coincident with
the class C(™ of m times continuously differentiable functions.
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We further require, considering A — 0, not only that 1/h be an integer number
but also existence of a sequence hg — 0 with 1/ho and ho/h both integers and
a possibility that h vanishes at hq constant. Such sequence is, for instance, h; = 27/
in which case hg = 2779,

Arrange the homogeneous error of degree M that corresponds to the unit
cube @ shrank in 1/hg times, i.e., put

T
@)= Y I (E - k) .
hk€RoQ
Derive the estimate
[[tho | C™|| < ¥ |l | C™|(1 + (1))
as h — 0. The main obstacle to this consists in the fact that the simplest trans-

formation =z = hoy sending l’,:° to le does not preserve the periodic space of test

functions. To obviate this difficulty, given l,’:°, in 5'"(Q) define a sequence of
asymptotically norming functions ®;(z,h) with period matrix hol which possess
the properties

|&; 1C™|| =1, lim lim ||1h° |G|/ (e, ;)| = 1.
If the functions ®;(z,h) are available then by their periodicity with matrix I we

have B
‘ lh° ®;) |-—h"| 00y @ ‘(1+o )Shg”loo|Cm* (14 o(1)).
Whence and from the definition of {®;} we infer a desired estimate for the norm
of l;:° in C™*.
Before constructing the needed functions ®;(z, h), establish an additional prop-
erty of a homogeneous error.

Consider an infinitely differentiable function ¢ supported in the closure of Q.
Let ¢ depend on h so that

|D2¢(z,h)| < Kallogh|®!, |a| >0, 0<h<1.

Then we call ((z) a function of logarithmic truncation or, in short, a logarithmic
truncator.

At homogeneous errors %, the operator (1 — A)™ and the operator of multipli-
cation by a logarithmic truncator commute to within summands presenting higher
order infinitesimals as h — 0. We state our claim exactly. Agree to denote by

[(A-a)"d=0-4)"C-(1-a)"

the commutator of (1 — A)™ and the operator of multiplication by (. We have the
following
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Lemma 6.7. Assume that I§/(z) is a homogeneous error of degree M, and
((z,h) is a logarithmic truncator. Then as h — 0, for all numbers m;, my, and
ms, mj > n, satisfying the condition n < 2(m3 — m; —m3) < M — 1, we have the
relation

@ = a)y™[1—-A)y™,¢a- AY ™ | L|
=o(||(1 — Aa)y™tme=ms 1 | Ly||). (2.1)

PROOF. By Theorems 6.2 and 4.3, given m in the interval (n, M), observe
(1= &)™/ | Lo|| = ||t | WS™*|| > oh™.

It thus suffices to prove that the left side of (2.1) is o( h¥(ms—m1—ma2)),
If z;(z) and 2z3(z) are periodic functions, z; € C(>) and z; € ng), then for
all € € [0,m — n/2) and 2r € (=1, m + 1] the inequality holds

(1= 2y, z)n | L <, Y, max|D*xn(e)l ||z | W
1<al<llr]
+C. Y m3x|pazl(z)|||z2|’v17g’"‘€)]|. (2.2)
lal={l2r1+1

For [|2r|] = 0, the first sum on the right side of (2.2) is absent.
To justify (2.2), express the result of the action of the commutator at z; through
the Fourier coefficients. We have

(1 - A) (21(z)22(2)) = Z(l + |27k |?)" Z z1[k — s)zg[s]e’2™F,
k s

Move the factor (1+ |27k|?)" under the summation sign over s and expand it in the
Taylor formula at the point s with remainder of degree [|2r|] + 1 in integral form.
To the first term of the Taylor series there corresponds z1(z)(1 — A)"z2(z), to all
others taken together, the result of the action of the commutator at z3(z). The
summands corresponding to the Taylor series may be written as

Z DQZI!(E) Z(D?(|27rs|2 +1)7) 2y s]ei2™=.

1<]af < l27])

The respective Eg norm is easy to estimate as follows

Co Y, max|Dx(a)| [z | WP,
1<al<l2r]
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To the summand related to the remainder of the Taylor series, there corresponds
the sum over a, |a| = [|2r|] + 1, of the integrals

1

—_ t)lizl] |
/ (1 t) Z(D°(|27r(s+t(k—s))|2+1) )k — 8)z1[k — s]za[s]e®™= d.

0

Using the Parseval identity, find an upper bound for the norm of this sum in L,.
It is easy to see that a sought dominant is as follows

2\ 1/2

)

I= Jmax Z (Z Z 21k — s](k — 8)*z2[s|Y(¢, a, k, s)
P(t, ok, s) = Dg(l27r§|2 +1)7, €=s+tk—3), la|=][2r]]+1.

8

T fel=li2rfl+1 C K

with

Clearly, the function % is bounded uniformly in ¢, a, k, and s. Move the /; norm
over k under the summation sign over s in the expression I. Estimating || with
a constant, obtain

ISC: Y. Dln 3]](2 |21 [k]k°|2)1/2

lal=[l2r]l+1 s
<C Y max|Du(@) Y falsl

la|={j2r[1+1

Since m — € > n/2; therefore,

2 lealsll < { Y l=[s)P(1 + |27r.s]2)m"5}1/2{ Z (1_+|27r1T2)'H}1/2

L] L]

< Celjz2 | W2,

Thus, (2.2) is established.
It is easy that the norm of the left side of (2.1) is less than or equal to the sum

of two terms each of which is a Ly norm similar to the left side of (2.2). In more
detail, those are the L, norms as follows: first, with

r=mi+mg, 21=C( 22=(01-A)"" m=2r-1
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and, second, with
r=my, z1=¢( 2=(1-A)""" m=2r-1.
In each of the two cases, obtain the dominant

Kl log hIZ(m1+m2)+1 ”l;;: l W2(2(m3—m1—m2)+1)*”

which is o(h?(ms=m1=m2)) by Corollary 4.2.2. Using this, we estimate the norm of
the commutator in Ls. The proof of Lemma 6.7 is complete.

Lemma 6.8. For every m € (n, M) the inequality holds
e 1 ™[] < B flleo | €™ |1+ 0(1)) (2.3)

ash — 0.

PROOF. Taking a function ¢(7) € C(®)(R) equal 0 for 7 < 0 and equal 1 for
7 > 1, arrange a logarithmic truncator (,’:° (z) by letting

2 (z) = [] w(zsllog hl)p((ho — z;)|log hl).

j=1

Clearly, ,’: °(z) equals 0 beyond ho@Q, and at the interior points of hoQ at a distance
greater than 1/|log h| from the boundary, the function ¢}*(z) equals 1.
Show that the norm of

(@) = (1= 8)" ¢ (2)(1 = A) ™ loo(2)

is negligibly small as compared with the right side of (2.3).
In further proving there will appear several summands that are o(h™). We
neglect them since _
llw | C™| =2 KR™,
with K independent of h. We now validate the above estimate for /.
To this end, take some infinitely differentiable function {(z) supported in @

and put
)= Y (3 k).

hkeQ

We then have the inequality || | C™|| < Ksh™ and hence the estimate

|[ ¥(z) de]

1o | €7 2

I A——N ) L dy.
ey 2 [
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We now have

k(@) - (1= 2)" (@)1 = &) o) 1G]
< K[[(1 - A) ™21 (2) — (1= A)™2¢R(2)(1 — A) Mleo(2) | |-

Replace the second term of the difference under the L, norm sign with
G (@)(1 = A) ™ lee(a),

on commuting (1—A)™/? and ¢(}*(z). Then bound the whole norm of the difference
by

|1~ Ge(@) @~ &)@ | L)
H|¢re (@)1 = A) ™2 (loo(2) = 13 (2)) | Le|. (2.4)

Both norms in (2.4) are estimated similarly. We thus estimate the first.
Given an arbitrary & > 0, split the error [[*(z) into the two summands

(@) = Iy (2) + 1 (2).

The first of them only contains local errors lo(z/h — k) such that the point hk is at
a distance greater than ¢ from the support of 1 — ,’: °(z). Thus, for h sufficiently
small, the support of lo(z/h — k) is at a distance less than /2 from the support
of 1 — ¢f°(z). The rest of the local errors lo(z/h — k) sum up to the generalized

function l{‘ (z). It is clear that, as € — 0, the volume of the domain I', also vanishes.
Considering this, we see that the first summand of (2.4) is bounded by

(1 (@), (1 = 8)7"72(1 = Gio@)) f@) |
171 Za]

By Remark 3 on Theorem 6.2, there is a constant K such that for all € > 0 the
inequality holds

”lg‘ | ng)*” + s1;p (2.5)

ke [ WE™*|| < Kv/eh™ (14 of1).
Consider the second summand of (2.5). Denote by w the set of = such that

1-(p(2) =0,
Given a function f € 1~Lg, put

u(z) = (1= A)"™2(1 = (fo(2)) f(2).
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In w this function is a solution to the equation
(1-A)™u(z) = 0.

Consequently, u(z) is infinitely differentiable in w. Considering that w is at a dis-
tance at least ¢/2 from the support of the generalized function I}* in question,
obtain the estimate

llu | W (supp 15e) || < Ka(e)||u | WE™|| < Ka(e)lIf | Lal.

Thus, the total of (2.5) does not exceed

K161/2hm + Kg(E)”l:‘ | WgM)*(suppl‘;:‘) | = Ki\eh™ + K3(€)hM.

By the arbitrariness of ¢, this sum is o(h™).

To estimate the second summand in (2.4), let w = @ \ ho@Q, and take I}* as
the sum of elementary errors lo(x/h — k) such that the points hk lie at a distance
greater than ¢ from the support of (f°(z). As a result, infer that (2.4) is o(h™).

Thus, to obtain (2.3) it suffices to write down the norm in C™* of the following
generalized function

(1= A)"Ge(2)(1 = A) loo(a).

Subtracting from the latter the generalized function
(1= )" 772G (2)(1 = A)" D21 a),
observe that the C™* norm of this difference is bounded by
12— &)772[(1 = Ay™2, ¢l (@) (1 - A) ™ leo(a) | o)
and so, by Lemma 6.5, it is o(h™). Put
I= (1= A2 Ge(e)(1 - &)Vl () | |
and continue estimating this norm. By definition, we have

|(¢ho(x)(1 = A)~ (D12 (), f(2))]
max(|f[0]], max 7 f(z)) ’

I= sup
fecn

with

Hf(z) = S‘;p |f(z +|!;)l'y_ f(-"?)l
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Take a sequence of functions f()(z) with the C” norm equal 1. Assume further
that this sequence has the property

I= lim |(( (@)1 - 8)" "2 @), £ ().

The generalized function for which we examine the limit of its values at fU)(z)
is symmetric with respect to the coordinate planes passing through the point
(ho/2,...,ho/2). Consequently, we may also assume that the sequence f()(z)
has the same property.

Show that f)(z) may be replaced with functions which in addition to the
above-listed properties of f()(z) are periodic with period matrix hol.

Let ®0)(z) = fU)(z — hok) for z € ho(Q + k). This is a periodic function
with period matrix hoI. In view of the symmetry of f()(z), the function ®()(z)
is continuous. Since f()(z) satisfies the Holder condition with exponent v < 1
and Holder constant max, 270 (z); therefore, ®)(z) meets the same Holder
condition and, moreover,

max 52730 (z) < max #7 fU)(z).

Denote the integral fQ ®0U)(z)dz by @gj) and consider ®U)(z) — <I>((,j). It is
clear that . A .
max #7(®0) (z) — <I>f,J)) < max 79 (z).
z z

Consequently, the estimate holds
|29(z) - 25 | [ < 1FD | E7) = 1.

The action of the generalized function {°(z)(1 — A)~(™~1/2](z) under con-
sideration at the difference ®()(z) — <I>f)J ) is defined by the equality

(Cho(@)(1 = A) " o), 89 (2) - 2F)
= (R (@)(1 = )1y (2), £9(2)) - 8 (G2 (@)1 = A) " U (2), 1).
Show that the last summand is o(h™) uniformly in j. First, observe that
|85”] < max|80(2)| < max|fP(a)| < K|IfP | C7|| = K,
with K independent of j. Second, we have the relations

|(GRo(@)(1 = 2) D 21 (2), 1) = | (Iea(), (1 = 2)~ "D/ (2) |
< oo | ™27l | W52]| < KR+ log b = o(h™).
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Thus, we have shown that
lim (¢Po(2)(1 = A)~ "2 (), 89)(z) — &) =1+ o(h™).
j—o0
Now, arrange the function

®U)(z) — <I>(()j)
|20(2) - 2" | C||

g9(e) =

The sequence g{/) possesses the following properties

g C|| = 1, lim (¢to(z)(1 = A" ™12 (), ¢ () =1 + o(h™).
jvoo R

In this event, g()(z) are periodic functions with period matrix holI.
Extend the function ¢ ,’: °(z) from hoQ to the whole space with the same period.

In other words, define the function 2;°(z) as
20(z) = (Po(z — hok) for & — hok € Q.
Then the expression I satisfies the following estimate
1= lim (((2)(1 = &)™ 21(),0(2)) + o(h™)
= hg ].li,ngo(z#(w)(l = A)" 2 (2), 99 (2)) + o(h™)
< hgflet (@)1 = )T oo (2) | O + o(h™).

We may estimate the last norm through the sum of the norms of the two generalized
functions

(L= A) D (@), (1 2bo(@)) (1 - A) D2 (o).
For the first of them, the equality holds
|1 =AY~ | || = gl | €™,
while the second is bounded by

I = K||(1 - 22(@)(1 = &) 200 () | W
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Transposing the operator of multiplication by (1 - z,’i°(z)) and the operator
(1 - A)'/? in 11, from Lemma 6.5 infer the inequality

II <III 4 o( ™),
with
I = [|(1 = 237 (2)(1 = )™ loo(e) | L.
To estimate the norm of III, repeat the scheme of the reasoning involved in esti-
mating (2.4).
Let T'c be the union of cubes h(k + @) such that the point kk is at a distance
less than ¢ from the support of 1 — z°(z). Put

@) = Y b (7 k), (@) = la(e) = e (2).
hkerl.
Obviously, we have the inequalities
I < K||ihe | WE™*|| + || (1 = 22 (2)) (1 = A) ™21 (2) | Ly );
|15 | W™ < KvE ™,

Estimate the second summand in the penultimate inequality as follows

(1 (2), (1 = A)™™/2(1 = 232 (2) f(=)) |

sup

s 1£ 1 Lal
< KM s ML= AT (1 = 20(@) fl) | W™ (supp )|
f I 1 Le|l

Arrange the set w, the complement to the cube @ of the support of 1 — z,’:"(m). Let
f(z) be an arbitrary function in L. Put

u(z) = (1= A)"™2(1 - 2}°(2)) f().

Then u(z) is a solution to the equation
(1-A)™?u(z)=0
in w. Noting that the support of I}*(x) is compactly embedded in the interior of w,
from Lemma 6.2 we obtain the estimate
~—(M .. ~

Jfu W30 (supp 23) | < K(@)I1f | L)
with K(¢) a constant independent of f. We may thus dominate II that was intro-
duced earlier as follows

I1 < o(A™) + K1v/E h™ + Kq(e)hM.

By the arbitrariness of ¢, this expression is o(h™). The proof of Lemma 6.8 is
complete.
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Theorem 6.5. Assume that, for some p, 1 < p < 2, and m = my,m3 with
n < my < mg, the BBL-error I{}(z) admits the estimates

[ | Wi < Kr™.

Then I$(z) is asymptotically optimal on every space C™ form € [mq, m3).

PROOF. Theorem 4.2 yields a lower bound on the norm of I in cm
12 lloo | C™[|(1 + o(1)) < || | C™|.

It thus suffices to obtain the same upper bound on this norm. Put

Qb = U ho(Q + k).

p(hok,R?\Q)>+/n ko

Obviously, Qp, C 2 and |2\ Qp,| — 0 as hg — 0. Decompose I¥(z) in the sum of
two homogeneous errors of degree M by putting

R@) = @)+ @), with [@)= Y b(z-k).
thQ),o

By Corollary 4.2.2, the inequality holds
15 W™ || < Ko™ 4 o(h™),  m = my,ma,

with K; a constant independent of h and hy.
Since the norm of l?\nh" is at most the sum of the norms of I and 12"";

therefore,
“l:‘\nho | W;m)*“ S thm + O(hm), m=mj,mg3.

By Theorem 4.5, for m € [my,m3), we have
Q\Q Trr(m)* - m m
10\ | W < Ky | @\ Qug [P71/20™ 4+ o(h™),

In view of the embedding C™ in ng) this estimate is also valid for the C™* norm

of the error. In proving Lemma 6.8, we observe the estimate ||lo | 5'"” > Kh™.
Consequently, the norm of I%\® may be estimated as follows

115250 | ™| < KIQ\ Qo [V27172 ||l | E™*||(1 + o(1)). (2.6)
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Now, estimate the C™* norm of l?'“ (z). Applying to the generalized function
ls:h° (z) the triangle inequality and Lemma 6.8, obtain

12 | C™* | < 19mlh5™[[1E | C™| < 121 [loo | €™ |1 + o(1))- (2.7)
Combining (2.6) and (2.7), write
821 C™|| < flico | C™||{19 + K|\ Qo [M/P7172 4 0(1)}.

Dividing both sides of the last inequality by ”loo | cm ” and letting h vanish, come
to the inequality

Q | Fmx
h_rn‘{ ”lh |€ “ } < ,QI +K|Q\Qholl/P_l/2-
h=0 U lloo | €|

Now, letting ho vanish, arrive at what was required. The proof of Theorem 6.5 is
complete.

An analogous assertion holds also in the case of a lattice with arbitrary ma-
trix H.

§3. Constructing Universal Asymptotically Optimal
Formulas

The integration domain §2 under study is always a bounded domain with
piecewise-smooth boundary. Let a sequence of cubature formulas be such that
each of their errors [$(z), have a bounded boundary layer and possess the norm
that is O(h™) in ngm) for somep < 2, p > 1 and m = My, My, withn < M; < M,.
Then these cubature formulas are asymptotically optimal in the collection of spaces
W™ and (CY)™ for m € [My, M), as well as in H*" with the function y of The-
orem 6.1.

Formulas with regular boundary layer satisfy these sufficient conditions of uni-
versal asymptotic optimality. Computer tasks for calculating integrals by using
such formulas were written by L. V. Voitishek [292] for rational polyhedra and by
N. I. Blinov [30-31] for plane domains with smooth boundary.

We describe the construction of cubature formulas of another class which are
also instances of a universal asymptotically optimal formula. These are formu-
las with bounded boundary layer. Indeterminacy of the constants entering the
definition of BBL-formula enables us to use in constructing these formulas the con-
ventional operations of analysis. In particular, available are smooth changes of
variables and bounded linear operations in the corresponding spaces.
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We assume that H is the identity matrix I and so the lattice is cubic. Con-
sider  with smooth boundary I'. Given a point z € {2, we may indicate a neigh-
borhood U(z) such that the part of the boundary I' N U(z) may be rectified on one
of the coordinate planes.

By the compactness of I', we may choose a finite cover U; = U(z?),t = 1,...,T,
and a partition of unity {p:}, subject to this cover, i.e.,

Vi € C§), supppy C U, Y pul2) = 1.
t

Construct the error lfnU‘(w) in each neighborhood Uy, and obtain a cubature for-
mula for the entire domain 2 by summing the found local formulas with the weight
¢¢(z). In other words, we assume further that

T
()= 3 e @) (). (3.1)

If cL(h) are the weights of the cubature formula corresponding to I U (z) then
I§{(z) has the weights cf(h) subject to the condition

T
ci(h) = 3" pi(hk)ci(h). (3.2)

We are left with finding out how to construct the local errors I;"% (z).

Designate z = (z1,...,Zn-1,Zn) = (z',z). In general, let the prime stand for
the (n — 1)-dimensional version of a notation. For instance, §'(z) is the (n — 1)-di-
mensional Dirac delta function,

(8'(a"), () = @(0', zn)-

Also, let 8,(z,) stand for the singly-indexed Dirac delta function acting along the
nth coordinate, and let [a] and {a} stand for the integral and fractional parts of
a real a.

For definiteness, take a neighborhood U = Uy such that

TNU ={z:2, =7(z'), y € CM}.

Let @ : R® — R" be a smooth one-to-one mapping of U which rectifies I' N U and
is given in U by equalities

Yy =®'()=12, y.= D,(z) =z, — y(z").
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It is natural to assume that Q@ N U lies to the one side of the boundary I' N U.
Assume further that for all z € @ NU we have z, > y(z').

We obtain the error I"Y(z) by the change of variables y = ®(z) from “(y),
with w = (@ N U) and

“(y) = xo() =" Y ck8'(y' — R )on(yn — hkn +7(hE'))
hkeQnU

=X (®) = 2™ > ot iy n 8 Y — R )6n(Yn — bk + h{y(hE")/1}).
hkEw

It is convenient to have the weights ¢, defined for all £ in Z"™. To this end, let
ck =0, for hk ¢ w. In this event the error [“(y) takes the shape

“(y) = xu(y) — Z Ci',k,,+[7(hk')/h]5(y' - hkl)5(yn — hkn + h{y(RE")/R}).
kkn>1

Determining the weights of [“(y) we should bear in mind two circumstances. First,
the nodes of {“(y) must lie on the “curved lattice,” i.e., at the points of

{(hK' hk, — h{y(RE")/R}) : k € Z"}.
Second, in the last summation over k, we may substitute the condition

kn > {7(hk')/h}

for the condition hk € w; since only the weights of delta functions with support
in w are automatically preserved under multiplication by the truncator ¢,(®~1(y)).

Moreover, in the formula for {“(y) we may replace w by an arbitrary bounded
subset @ in the half-space y, > 0, if only ®~!(&) includes @ N U. Instead of
the condition k, > {y(hk')/h} require the condition k, > 1, which guarantee the
validity of the preceding inequality because 0 < {y(hk')/h} < 1.

]?eﬁne the coefficients b} = cj, +[~(hk") k] SO s to guarantee the asymptotic
equality ~

e |77 = om)

After the change of variables z = ®~(y), multiplication by ¢¢(z), and summation
over t, this property, obviously translates to the norm Hli2 | W;,"* ||

To this end construct an auxiliary homogeneous error on the cubic lattice in the
variables y as follows

=Y b(-k) =3 Y b (2-k). (3.3)

hk€w k' k>0
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Take a local error lo(y) of order M +1in (3.3) such that the support of the discrete
part of lo(y) lie in the half-space y, > 0, i.e., put

b(y) =xeW)— Y ably—k); (b(y),y*)=0, la|]<M.  (34)
ko >1

Here aj vanishes for every vector k beyond some ball with center the origin and
radius R = R(M). If R(M) is sufficiently large for a given M then the local error

(3.4) exists.
Now, summation in (3.3) is taken over k such that k, > 1, namely,

@ (y) =xu(¥) — A" > bid(y — hE). (3.5)
kkn>1

From (3.3)—(3.4) it follows that b in (3.5) vanishes for each k beyond some ball.

Assume further that by = 0 for k, < 1. We now arrange the expression

A(y) =1°(y) — g (v)

which, if summed up with ¢j/(y), yields {“(y). The generalized function A(y) is
a linear combination of delta functions. By choosing A(y), we will ensure the
replacement of the delta functions supported at the nodes of an auxiliary cubic
lattice by delta functions supported at the nodes of the “curved lattice”

{(hK', hky — h{y(RK')/R}) : k € Z"}.
We perform this operation separately on each half-line
{y:y' = hE', yo > 0}
with the help of a homogeneous generalized function

J
An(yn) = 6n(yn) - Z'Ujan(yn - h(] - 7/)), (3'6)

=1

with n = {y(hk")/R}.
Using (3.6), it is easy to see that

Y bkba(yn — hkn) = Y bpAn(yn — hkn)

ka1 kn>1
min{k,—1,J}
+ ( > bk',k..—jvj)ﬁ(y — hkn + h7).
ka1 j=1
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Consequently, the shape of A(y) for suitable c} is as follows

AQy) =h" Y {beb(y — hk) = ko g 4 (x(abry/m8 ' — hE)6n(yn — h(kn — 1))}
k,kn>1

=h" Y 8y — hE)R D biAn(yn — hky).
K kn>1

Thus, the initial unknown weights c; are linear combinations of the new unknowns
v; depending on 7.
The main requirement we have to meet when choosing v; is as follows: The

error [“(y) must have an optimal mode of convergence in W,Sm). To ensure this,

it suffices that the ng)* norm of the generalized function A(y) be O(h™). We
may achieve the latter if (An(yn), f(yn)) is a finite difference of high order with
a variable mesh-size. The node y,, = 0 of such finite difference does not belong to
the set of nodes {h(j — 7)};;-

We subject the coefficients v; to the conditions

(An(1),7%) =0, |a| < M,

i.e., we require the following
J
> vi®=n% la| <M. (3.7)
Jj=1

Obviously, for J > M + 1, these simultaneous linear equations for the unknowns
vj, J =1,...,J, are solvable. Take J = M + 1. Then v; are determined uniquely.

The collection of the conditions (3.3)—(3.7) enables us to construct a sought
functional ¢;(z)I$"VU(z). We justify this claim below, and now we give as an ex-
ample the final formula for the weight ¢} of the cubature formula at the node hk
of a given neighborhood U; such that QN U; C {z : z, > y(z')}.

We see that ag, the weights of the n-dimensional error lp(z), may be expressed
through the weights of its one-dimensional analogs

a(kl’m’kn) = Ak, Qfy - . - Ak,

with
M41

1
P
JE_I 4% =" la| < M.
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This manner of prescribing ax is convenient because the matrix B of the algebraic
system determining a; coincides with the matrix of (3.7). Denoting by a;; the
entries of the inverse matrix B~!, see
M+1 ) M+1
vi= Y agm’, ai=Y ajfi, i=12.. ,M+1 (3.8)

It is of service to set the coefficients a;, ¢ ¢ [1,M + 1], equal 0. Inserting (3.4)
in (3.3) and collecting similar terms, calculate bx to obtain

min(k, ,M+1) min(k, ,M+1)

bk—z Z ay t, =Zat,...atn_1 Z ag, .

tn=1 v ta=1
Since EM-H aj = 1; therefore,
min(k, ,M+1)
br = Z a;.
i=1
In other words, the value of by is determined only by the nth component of the
index k, i.e., bk = bk".
The final formula for the error [“(y) results from substitution of b; and v; in

the relations defining A and A. The weights ci in the case under study take the

form
M+1 M+1 min(kp,—£~1,M+1) min(k, —€—7,M+1)

Z Z Uq_ Z Qrp z Qsgq, (39)
r=1 s=1
with £ = [y (hk’)/h] a.nd n = {y(hk')/h}. The formula (3.9) is valid for k, > € + 1
and hk € w. For k, <£ +1, put ¢, =0.

Check fulfillment of the conditions (1.1)(1.2) for I§}(z) with the weights cg(h)
calculated by (3.2). Obviously, cj(k) are bounded uniformly in k£ and k. Observe
also that in (3.9) all sums are taken up to M + 1, if only the node Ak lies far from
the boundary, i.e., for hk, > y(hk') — 2h(M + 1). In this event, the equality holds

M+1M+1 M+1M+1 M+1 M+1

EZ% Zzasqn ;ar;’li_g:l.

r=1 p=1 s=1 g=1
An analogous equality holds for the weights cf(h) provided by (3.2). This is easy to
check by using the properties of the functions ¢(z), t = 1,...,T. Indeed, if ¢}, =1
in (3.2) then

T
ci(h) = Y pulhk) =1

Thus, our construction yields BBL-formulas.
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Theorem 6.6. The BBL-error [§}(z) with weights c%(h) defined by (3.2) has

an optimal mode of convergence in W,Sm) for all p > 1 and m € [M;, M;] with M,
and M, integers subject to the condition n < My < My < M.

PRrROOF. From the preceding reasoning we see that it suffices to obtain the
following estimate

o(@~ () Aly) | WEm*|| < K™

with ¢ € {¢1,... ,¢71}. Applying Theorem 4.4 to I(y,h) = ¢(®1(y))A(y), reduce
the problem to the two extreme cases m = My, Ms, i.e., m an integer.

Given an arbitrary function f € W}()m)’ put g(y) = (27 (y))f(y). Then the
equality holds

(@ W)AW, F) =h" 3 Y bk{g(hk', hka)

k' kn>1
M+1
— 3 vig(hk', Rk, + hj — h{y(hk')/h})}. (3.10)
j=1

Introduce the notation

M4+1
g(y' K, h) = g(y', hka) = D v;g(y', hkn + hj — h{y(hk')/R}).

J=1

The braces in (3.10) contain the value of g(hk',k, k). Express it through the inte-
grals over

w=hQ +k)={y':0<y;—kj<h,j=12,...,n—1}.

It is obvious that

B g(h', k, B) = / o kR dy + / (q(hk' b, b) — q(y/, b, B)) dy/

w

1
= /q(y',k,h) dy'+//th(y' + t(hk' —y'), k, h) dtdy’
w 0

w

n—1

1
= /q(y', k,h)dy' + / /hD,-q(y' +t(hk' — o), k, k) (ki — y;) dy'dt.
p =1

1

w W
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Inserting this expression in (3.10), obtain

(@27 ®)AW), F¥))
M+1
=Y / Ry bk{g(y',hk,.)— Y vig(y', hkn + hj — hn)}dy'

k' h(Ql+kl kn21 Jj=1
n—1
/ Z{ / K2Y b [D,—g(y' +t(hk' —y'), hky)
=10F pQiyrry ket
M+1
=Y viDig(y' + t(hk' —y'), hkn + hj — hn)](ki ~ yi)dy'}dt,
j=1

with n = {y(h&k')/h}.

Substitute for ¢ and D;g their Taylor expansions in the last argument at
the point hk, with the remainders of degree m and m — 1 respectively. In virtue of
the conditions on v; all terms of the expansion, except for the remainder, vanish.

Coarsening the estimates, in particular, replacing by = b, and v; by the same
constant, obtain

[ W)Aw), F)l

M1 PEat(—mh
< Kh’"{E ( >, / ID::‘(g)(y',s)lds) dy’

K h@i+ky M= hk,
Ln- 1 hkn+(j—n)h
+ / / / | DT Dilg)(y' + t(hE' ~ '), )] dsdydt}
o =1 K pQihky bk,

< Kh™|g | W™
This actually means that
lo(@7 (v)A(y) | WE™*|| < Kh™.
The proof of Theorem 6.6 is complete.
The above algorithm for constructing universal asymptotically optimal for-

mulas was implemented by I. Umarkhanov as a program for calculating multiple
integrals over bounded domains with smooth boundary. He also generalized the
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algorithm to bounded domains with piecewise-smooth boundary. We now describe
his results.

To begin with, we formulate the definition of a domain 2 with piecewise-
smooth boundary I' rigorously. For such a domain in R", to each point = of its
closure, z € (1, there exist a neighborhood U, and a C(M)-diffeomorphism y = &(z)
mapping this neighborhood to the open unit ball with center the origin. The image
of the set Q@ N U, under this diffecomorphism is given by one of the relations

%:{y:yf+-"+y?.<1},
ij{y:yl 20,...,y,~20;yf+-~+y?,<1}, 1<j<n

Observe that this definition is not satisfied, for instance, by tetrahedral pyramid
in 3-dimensional space. A neighborhood with the desired property fails to exist
about the apex, the vertex which all four faces are contiguous to.

Further, using a partition of unity, obtain a sought cubature formula by sum-
ming the local formulas that are already-constructed for individual neighborhoods
U, comprising some finite cover Q. We explain how it is possible to construct such
local formulas.

If ®(QNU) coincides with the entire unit ball in R™ then we put

V(z) = xy(a)-h" Y 6 (% _ k) :

hkeU

If the image ®(Q N U) coincides with V3, i.e., in the neighborhood under consider-
ation the boundary I' is smooth, then we perform the construction as before. We
are left with addressing the cases ®(QNU) = V;, j = 2,...,n. We elaborate the
construction for the case of 2-dimensional space when n = 2 and the sets ®(Q N U)
and V; coincide, i.e.,

dONU)=Va={y:y1 20,12 20,4 +vj <1}.

Consider the particular case in which one of the two smooth pieces of the
boundary which lies in U is a coordinate axis, i.e.,

PﬂU=F1UP2, 1"1:{9::3:1:0}, P2={$:$2=7($1)},

i (3.11)
QNU ={z:21 20,22 >7(z1), z € U}.

We perform the construction of a local cubature formula as it was described above
for a neighborhood about the smooth boundary z; = (z;). We need only two
minor changes. First, it is convenient to assume that the function y(z;) is defined
not only for z; > 0, but also for all z; of the set resulting from projecting U to the
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z; axis. Second, on the support of the local error /j(y) to be involved we should
impose the conditions

supplo C {y : y2 >0}, supplo C {y:y:1 > 0}.

It is easy to check that such properties of an error as possession of a bounded
boundary layer and an optimal mode of convergence are perfectly preserved, so are
the equalities (3.2) and (3.9) for the weights of a cubature formula. We have thus
completely solved the problem of constructing universal asymptotically optimal
formulas for the plane domains of the shape (3.11).

We reduce the general case to the particular case of (3.11). Denote the initial
variables by z = (21, 22); a neighborhood, by W; and the boundary, by G. In this
event, we have

GNW=G1UG2, Gi={z:21=q1(22)}, G2={z:22=g2(21)}

Assume that Gy and G2 meets at the coordinate origin at the angle «. If this angle
is acute then transform it into an obtuse angle by a change of variables 2z’ = Az
with a unimodular matrix A. The entries of A are integers and its determinant
equals 1. Such transformation preserves the nodes and so the class of the cubature
formulas under consideration.

We thus assume that the angle a is obtuse, i.e., 7/2 < a@ < 7. Obtain a sought
formula from another one by the change of variables y; = 21 — g1(22) and y; = 25.
We suppose that g;(22) is a smooth function defined on the entire projection of
W to the z2 axis. In the variables y we encounter the problem of constructing
a BBL-formula over (3.11) having an optimal mode of convergence but with nodes
on a “curved lattice.” In Theorem 6.6 we justified the procedure of obtaining such
formula from an auxiliary formula with nodes forming a cubic lattice. Consequently,
it suffices to construct a lattice formula for the case of (3.11). We have just solved
this problem.

If a boundary comprises two smooth pieces, then the construction consists
in double application of the algorithm for the case of a smooth boundary.

This reasoning translates to the case of an n-dimensional domain. In this event
a k-hedral piece of the boundary requires k rectifications of faces and reevaluations
of delta functions we have described for a smooth boundary.
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Cubature Formulas of Infinite Order

We speak about a cubature formula of infinite order whenever the error of the
formula is O(h™) for all integer m and all functions in the space under study.
Here h is the mesh-size of the lattice of integration. The Mean Value Theorem for
harmonic functions provides the simplest example of a formula of such kind. In §6
and § 8 of the current section we consider not so obvious examples of cubature and
quadrature formulas of infinite order. The starting point of our study is the next
observation. The estimate of accuracy of a formula of approximate integration by
means of the norm of its error is unimprovable as long as we consider the whole Lgm)

space. However, for every individual function ¢ in Lgm) the vanishing of (I,¢) as
h — 0, i.e., weak convergence, is always faster. This circumstance prompts us to
seek for formulas of infinite order on various subspaces of .Zg"‘). As such we naturally
take classes of infinitely differentiable functions, in particular, the Gevrey classes.
The properties of the latter are scrutinized in § 2-§ 5 and § 7 of the current chapter.
We thus address the formulas whose rate of convergence exceeds the rate we may
expect from the formulas of a given polynomial degree. A similar phenomenon is
referred to as superconvergence in [221].

§1. Weak Convergence of Cubature Formulas

In Chapter 1 we found the exact value of the norm of the optimal error of
a cubature formula in the Lgm)(H ) space of periodic functions. Recall that this
error has the shape

n(z) = xa, ()= Y. h"6(z—hHn), (1.1)
hH~€EQ,
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with Qg the fundamental parallelepiped of the orthogonal matrix H. The appro-
priate candidates for the numbers k are only the quantities h = 1/N, with N an
integer, since the lattice of nodes hH+ must also be periodic with matrix H.

For every h, the error attains its maximal value at some element ux(z) of the
unit ball of Zg"‘)(H ). The function ux(z) is zgm)-extrema.l for the error lx(z).
In this event up(z) = N ™uy(z/h). Assuming the volume of the fundamental
parallelepiped equal to 1, namely, || = 1, we have

F(m)* F(m h "
(s us) = s 1B o 1 67 = () VGG T2

The set of the zgm)—extremal functions corresponding to all admissible N is
noncompact. Moreover, this set has no condensation point. The reader may check
it by simple estimation of the norm of the difference between two elements of the
set. Consequently, equality in the inequality

(hy )] < 6 1 28| e 1 257 (1.2)

is not attained as A — 0. Moreover, we now show that at every fixed element

pE ig'") the expression h™™(Ix(z), ¢(z)) (denote it by g,[N]) vanishes faster than
it follows from (1.2), with the rate of convergence dependent on m.
We have the following

Theorem 7.1. If m > n then the sequence g,[N], N =1,2,..., belongs to I,
and the next estimate for the norm holds

o 1/2
lgo[N] | 22l = {Z Igcp[N]I"’} <K(m)lle | L], (1.3)
N=1
with K(m) independent of .
Proor. To simplify calculations, restrict our consideration to the case in which
the period matrix H is the identity matrix. This leads to no loss of generality.
A function ¢(z) expands in the following Fourier series

ZOEDY | ﬂ[ﬁl 276 1 [0)]. (1.4)
570

Summation here is taken over all integer multi-indices 3. The fgm)(H ) norm of
the function ¢(z) of (1.4) is expressed as

~ 1/2
o | Z8™|| = (2@’”{2 IC[ﬁ]F} : (1.5)

p#0
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Obviously, convergence of the series on the right side of (1.5) amounts to the con-
tainment of ¢ in L™ (H).

Calculate the error of an optimal cubature formula at the function ¢(z) ex-
panded like (1.4). Along with this, it is convenient to consider the error of a slightly
more general cubature formula when the mesh-size varies with coordinates. Let

[z |T) = xq(z) — ®o(T'z)xq(2),

with @ the unit cube in R™ and T" a diagonal matrix with natural diagonal entries
1,-.-,7%n. For the generalized function <I>0(I‘x) by definition we have

Qo(Fx):Zé(Fx—a) Zé z —Tta),

7172 -

with a an integer vector.
To find the value of the error I(z | T') at ¢(z), calculate (I(z | T'), e2"#%) and
use the expansion (1.4). For § # 0, the equality holds

Lr[] = ((z | T),€™%)

1 i2m Y Bjo /v n “rJ—l
= — E e ji=1 I H § 121rﬂ, o; /'YJ
T In a;=0,...,v;—1 j=1 7" a; =0

The inner sum equals 0, if §; is not a multiple of v;, and equals 7; otherwise.
Whence obtain

(I(z | T),e?™%) = {
Returning to the value of I(z | I') at ¢(z), find

(= IT),0(2) = = )

B#0

—1, if B; is a multiple of v; for every j,

0, otherwise.

c[lB]
IrAlm

In the case when I' = NI, with I the identity matrix of order n, the equality holds

NBl 1
golNl =~ m/2 |g|m/2 (1.7)
2. g T

(1.6)

Applying the Cauchy inequality to the right side of (1.7), obtain

2 c|N
|g¢[N]| SZ| [W?"]l Z |5|m

B#0 B0
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By hypothesis m > n. Consequently, the second factor on the right side of the last
inequality is finite:

> 1/I8™ = Ki(m) < oo.

B#0
Whence and from the definition of the norm of I, it follows that

oo 161 = 3 ooV < o) 3 5 2L,
N=1

N=18#0

Changing the order of summation, infer

lge | L2 < K2(m) 3" e < KX (m)||e | ZS™|* /(2m)*™
A#0

(in the second inequality we used (1.5)).

Thus, we arrive at (1.3), which completes the proof of Theorem 7.1.

The estimate (1.3) is unimprovable in the sense that for no ¢ > 2 we may assert
that the norm ||g,, | l4]] is finite.

Theorem 7.2. If n/2 < m < n, then for all ¢ > ¢ = 2n/(2m —~ n) the
inequality holds

o 1/ 5
lge | gl = {Z Igw[N]!"'} < Klle | I, (1.8)

N=1

with K independent of 4.
PROOF. Let 0 < ¢ < m —n/2 and 0 < g < 1. Recall that for a function

pE Eg”‘) we have (1.7). Replacing therein the coefficient ¢[N 3] by its modulus and
properly collecting factors, come to the inequality

_ NB f1
|96 (N1 < e[V B]I* "(,m(,lf_[n/zl—'e)/u) |82+
B#0

Applying to the sum on the right side the Hélder inequality for the product of
three functions with exponents 1/p; = (1 — p)/2, 1/p2 = /2, and 1/p3 = 1/2 and
considering that 1/p; + 1/p; + 1/p3 = 1, obtain

sl < (3 lc[Nﬁ]F)(l—”m (= ‘ﬁﬂ’z)m (= WIT>/ (L9)

B0 B0 B0
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Here ¢, stands for (m — n/2 — ¢)/u. Observe now that we have the relations

STleVAIR < |l | ISV /@n)?™, 3 1/181"2¢ = Ka(e) < +oo.
B#0 B#0

Inserting them in (1.9), come to the estimate

m N 2\ &
9 [NIP? < (2m) 20 o | I PP Ko (e @ 'j[mﬁ].')- (1.10)
B#0

Let € = ((m — n/2)g« — n)/(1 + ¢+) and p = 2/¢.. Using the condition ¢. > ¢, we
readily validate the following relations

0<e<m-n/2, 0<pu<l, 2,=n+e, € >0.

Raising both sides of (1.10) to the power 1/p and summing the result over all
natural N, obtain the estimate

55 o < o P00 S 3 KA

N=1p#0

Inserting in this inequality the variable A = Nf and transposing sums, derive the
inequality

Z lge[N]|* <
N=1

Thus (1.8) is established, and so the proof of Theorem 7.2 is complete.

Associating with each function ¢ € ig’") the sequence of errors g,[N], we
thus define some embedding operator with codomain in I3 (for m > n) or in I,
(for n/2 < m < n). In Theorems 7.1 and 7.2 it is proven that such operator is
continuous. Of interest is the question as to whether or not the above embedding
is one-to-one and invertible.

Leaving aside solution of this question in a general case, show that (1.6) enables
us in principle to construct all Fourier coefficients a[y] of a function ¢(z) from
a given system of errors.

fo(x)=3, a[y]e'?™* then we let

bo[v] = ) allB] = —(I(z | ), v(x))- (1.11)

B#0
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Here T is a diagonal matrix with natural diagonal entries |y;|. For I' = NI and
e =(1,...,1) the equality holds

by[Ne] = g [N].

Express the Fourier coefficients a[y] of ¢(z) € Eg’") through the errors b,[7],
i.e., invert the operator & that is given by (1.11) on the set of functions a[y] of
sufficient decay.

We need the following formula
(LJéa ZX(‘%l)— Z X(&ln&z)
=1 J1#32
ok (- Y x (ﬂ 5’,,) Fooot (=M (ﬂ é",) (1.12)

jm#]l t=1

for the indicator of the union of finitely many sets & belonging to some o-algebra.
(The indicator x 4(a) = x(a | A) of A is a numerical function. The argument a is
omitted in (1.12) for the sake of brevity.)

To prove (1.12), consider the set Ej whose every element belongs precisely to k
of the sets 41,...,8,. Over the set Ei, we readily see that

,-,g,, (D éb]t) B <S)

Thus, on Ej the indicator of the right side of (1.12) takes the form

0)-6) )

i.e., coincides with the left side.
Denote the union of the sets &, j = 1,...,n, by &. It is not hard to see that

=|JEw, ENEj=2 for i#j.
k=1

The equality (1.12), valid over the set Ej, holds also on their union &. At the
points not belonging to &, both sides of (1.12) equal 0. Thus, (1.12) is proven.
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Consider the tuples of numbers L= {l,...,1:} composed of distinct elements
of the set of indices {1,2,...,n}. To each tuple we assign its size, the number
t = #(L). For a fixed n the set of tuples L is finite. Enumerate its elements by
means of the index j to obtain

L, Ly L, Lo,

Require also that t; = t(l-';,-) be not greater than ¢;;,. Using the above notation,
rewrite (1.12) as

(&) = EE:(—lr(f)“x(ﬂ a) - ;(-1)tj+lx(

lel

N g’,). (1.13)

lIeL;

Revert to the problem of expressing the Fourier coefficients a[y] of a function

pE Eg"‘) through the errors b,[y]. Enumerate all primes in conventional increasing
order

po=1 p1=2; pp=3; p3=5,....

Consider the set E(v, s) of nonzero vectors § # « such that each component 3;
is a multiple of at least one of the products v;p;; with t; =0,1,...,s and [t| > 0.
Arrange the following difference

bolrl— ). alBl. (1.14)

BEE(y,s)

Obviously, the sum in (1.14) as s increases becomes however close to the sum of
a[f] taken over all 3 # 0 each of which is a multiple of 4 but differs from v. Whence
and from (1.11) it follows that

im {s0)- > dgl} =abl (1.15)
BEE(~,s)

Transform the sum in the preceding equality under the limit sign by using the next
formula
> dBl=) x(B| E(v,9))alB),
BEE(y,s) B
with x(- | E(v,s)) the indicator of the subset E(v,s) in the lattice Z™ of all integer

vectors 8. Fix some s and consider the system of the sets

Bi(v|1), 1<j<n, 1<I<s.
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Each set Bj(y | I) comprises vectors 3 € E(y,s) such that the component 8; divides
into v;pi. Clearly, E(7,s) is the union of the sets Bj(y | ) over all [ and j under

consideration
E(v,s)= |J Bi(v ).

1<I<s
155<n

Consequently, the equality takes place

¥ a[ﬂ]=2x(ﬂ| U B,-mz))a[m. (1.16)

BEE(y,s) B 1<5<n
1<I<s

It is essential that each of the sets Bj(y | I) and their intersections comprises
integer vectors § whose every component f3; divides into the same factor. We
explain what this factor is by the example of the intersection

N N B:(v 1),

keM IeL;

with L = {li" ), lgj ), e ,lgjj )} some collection of nonnegative integers each of which

is at most s and M a subset of {1, 2,..., n} By definition, this intersection consists

of all multi-indices 8 € E(v, s) whose component 8 divides into VP PYG) - - Py
1 2 tj

for all k € M. In other words, every vector 8 of the intersection may be written as

B =TQa. (1.17)

Here @ is an nonzero integer multi-index and I'Q is the diagonal matrix with diag-
onal entries

(V@) = TP PG -+ Py, K € M; (vQ =, k¢ M. (1.18)
2

Each multi-index of the shape (1.17) belongs to the intersection of the sets Bi(y | {)
under consideration.

Applying (1.13) to the indicator of the union E(v, s) of the sets Bi(y | 1), from
(1.16), obtain

Yo af]= Y (-phrdda N g (1.19)

BEE(7,9) LM Be ) ) BelxID)
keEM 1el
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Summation on the right side of this equality is taken over all collections L lying in
{1, 2,... ,s} and all subsets M of {1, 2,... ,n}. The inner summation on the right
side of (1.19) is easy to perform on using (1.17) and (1.11), which yields

Yoo aBl=b.nq, (1.20)
ge ) ) Be(v1D

keM lel

with the integer entries (yQ); of the vector ¥Q defined by (1.18). Inserting (1.20)
in (1.19) and putting the result in (1.15), finally obtain

aly] = byly] — lim 3" S (—1) DI (L, 1)
L=L(s) M

We found this expansion on assuming that every entry of the multi-index v
is nonzero. When this assumption is rejected, an analogous formula remains valid
but needs clarification. If there is a zero entry of v then by[y] is the value at ¢(z)
of the functional I(z | I') with the singular matrix I'. For the sake of definiteness,
let Yk41 = ... =9, =0, and for the remaining v; # 0, define I(z | T')) as

((z | T, () = / o(z)da

Q
1 [y1]-1 |7 |—1 oy o
_ﬁ Z Z /so(l-—'*',...,'l—‘—|,.’17k+1,...,mn)dmk+1...d$n,
Y1k =0 ar=0 5 7 Yk
with @ the unit cube in the space of z¢41,... ,2n.

Thus, the coefficients a[y] are expressed through b,[y], what was required.

It is difficult to verify the conditions for a function ¢(z) with the Fourier
coefficients a[y] expressed in terms of the errors b, [7] to belong to fgm).

We examined convergence of cubature formulas at fixed functions in fgm).
Now we are interested in the question of how such formulas converge at infinitely
differentiable functions in ng).

For every given periodic infinitely differentiable function ¢(z) there are various
estimates for the error given by (1.1). These estimates depend on the choice of m,
namely,

[y 0)) < Kmh™ || | 8- (1.21)

Advancing various hypotheses about the rate of growth of the norm ”(,o | Eg”‘) H as
m increases, we obtain the succession of inequalities (1.21). Knowing the behavior
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of K,,, for each h we may choose the strongest of these inequalities and establish
the estimate

()| < inf {EKmlo | ES™[B7) = n(h,0). (1.22)

Constructing n(h, ¢) is an important problem. The inverse (¢, ) of n(h, ¢), i.e.,
the function satisfying the relation n=1(n(k,¢), ) = h, gives the mesh-size h that
we must take so as to achieve the required accuracy € = n(h, ).

Since, for infinitely differentiable functions, the number m may be arbitrary;
it is obvious that the error ({1, ¢) of a cubature formula for each of these functions
vanishes faster than every power of h.

As arule, at a fixed h, among the estimates (1.21) corresponding to various m’s,
there is a best one and the index of this estimate mg(h) depends on h. In the
opposite case, the formula is absolutely exact for h sufficiently small. Denote

K(m,p) = Knlle | ™|

Lemma 7.1. If for some function ¢ at a given h = hq there is an infinite set
of m = m; such that K(m,p)h§* remains bounded, then for such ¢ and all h < hyg
the cubature formula under study is exact, i.e.,

(In,0) =0.
This lemma is immediate from the estimates
(Uny )] < K(mj, 9)h™ = (h/ho)™ [K (mj,0)hg ],
making it clear that ({3, ) is less than every given number for h < hy.

§2. The Function Classes H(sx, A,A) and C(s, A, )

Consider some special spaces of infinitely differentiable functions defined by
the growth rate of their derivatives which depends on the order of the derivatives.

Say that a function ¢(z), given in a domain  and infinitely differentiable
in the closure Q, belongs to the class H(x,A,)), if for every m > 1 the following
inequalities are satisfied

| 1/2
le127@) = ([ ¥ Zipe@de) < Kmomamm
Q lal=m ’

with K a constant independent of m. It is not hard to see that the set H(s, 4, )
is a linear space. Moreover, we have
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Lemma 7.2. For all real M\, Ay, Ay, Az, and € > 0, the following embeddings
are valid

H(x,A,\ —€) C H(3t,A)\1); H(3¢e,A—¢,)1) C H(3,A,)\2); 1)
H(J{—S,Al,)\l)CH(%,Az,)\g). )
The relations (2.1) follow from the definition of H(s, A4, A).

We use the natural notation

H(x,A) =|JH(x,A,\), H(x)=|JH(x,A).
A A

Alongside the class H(sr, A, A), consider the set C(sr, A, A) comprising functions
such that, for all m > 1, the inequality holds

m! 1/2 m
||so|c<"'><mn=sug{ > ;lDw(w)F} < Km*mAmmd. (2.2)
€N *

lal=m

The spaces C(s, A, \) satisfy the embedding relations (2.1). The classes C(s, A)
and C(5) are defined as follows

C(x,A) = UC(;« AN, UC(x A).

The inequality (2.2) enables us to obtain an obvious estimate for each mth
order derivative of  at an arbitrary point z € Q. Given ¢ € C(3,4,), for m > 1

observe
!
\/ = ID%p(2)] < Km*™A™m?, (2.3)
[o'}]

Conversely, for every function ¢(z) given in  and satisfying (2.3), elementarily
infer

1/2
lo | Cm@) < Kmemammt( 3 1)
la|=m
with
Z 1= (m+n-— 1)'

“mi(n— 1)

la|=m

a polynomial in m of degree n— 1. Consequently, every ¢(z) satisfying (2.3) belongs
to C(s,A, )+ (n—1)/2).
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Theorem 7.3. Let k = [n/2] + 1. Then the following embeddings are valid
C(st,A,A—(n—1)/2) C H(3,A,X) CC(s3,A, A+ kx). (2.4)

PROOF. The first of the embeddings (2.4) it is not hard to derive from the
definition of the norm ||y | Lgm)(Q)” on using the estimates for derivatives like (2.3)
which follow from the containment of ¢ in C(5, A, A — (n — 1)/2).

Show the second of the embeddings (2.4). Transforming the expression of the
norm of ¢ € H(s, A, )), obtain

m+k 2
let 5@ = [ Y () 4

Oz 0r;,...0z;
Q IS],SR n J2 Im+k
s=1,2,....m+k

k m 2
= Z/ > [ 0 ( i )} dz
8x,-m+1 .. .axij 6le . .6xjm

1<js<n Q 1<j,<n
s=1,2,...,m m+1<s<m+k

:Z“"’"*P

2
(k) _ mly . *) .
B on |1 @) = > SlDte | LE@ (29)

1<j,<n lajl=m
s=1,2,....m

By hypothesis, the derivative D*p(z) is continuous in £ and belongs to Lgk)(ﬂ).
Applying to it the First Embedding Theorem of {265], deduce

ID%p(2)* < K[|1D% | La()]| + || D¢ | L (@[],

with z € Q and K a constant independent of m. Whence and from (2.5), for all
integer m > 1, we have

m!
|D%p()|?

ol

lp | CM@QIP < sup 3
z€QN ja|=m

< K(m + k)2(mtE) g2(m+8) (4 Y22, (2.6)

Estimate the expression on the right side of this inequality. Obviously, (m+ k)?* <
Km?*. Furthermore,

(m + k)*(mFE) = pye(mth) [(1 —k/(m+ k))('"+’°)/’°] T < pmeR) (1t
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with n however small at m large. Whence and from (2.6) it follows that ¢ actually
belongs to C(sr, A, A + k). The proof of Theorem 7.3 is complete.

Theorem 7.3 entails the coincidence of the classes H(sr, A) and C(sr, A) as well
as the coincidence of the classes H(r) and C(3). Observe that the set H(s) = C(s)
with 3¢ > 1 is known in the literature as the class of Gevrey functions or simply the
Gevrey class [274]. An important property of this class is the fact that H(s) is an
algebra. The sum of two functions in H(s), as well as the product of a function in
H(5) and a complex number, is again a member of the class H(s). Moreover, we
have

Theorem 7.4. The product of every two functions of H() is a member of
this class.

PROOF. Let the functions ¢;(z) and ¢2(z) belong to C(sr, A, ). The deriva-
tive of order « of their product may be written as

D (p12) = Z ﬂ'( gol(a:)D" ﬂw(z)

0<f<a

Using the estimates for DAy (z) and D*~Ppy(z) that are valid by hypothesis, at
every point = € ) observe

ID*(prp2)@) < D e ﬂ),wl”‘ﬂ‘A"”lﬂl jac— ple=flale=fla — g2,

0<ﬂ<a

Substituting |al, for |3| and |a — 8], for the arguments of the powers on the right
side of this inequality, which may only increase the latter, obtain

ID*(prp2)(@)| < ) W(|a|”/l)|ﬂ|+“’ Bl| 2>

0< <o
> ez

zlardabﬁa”aPA(
0<p<a

with the sum in parentheses equal to 2!/*1. Thus, the product @1, belongs to H().
The proof of Theorem 7.4 is complete.

The change of variable ¢ = Ky, i.e., scaling, sends the class C(s, A, \) with
respect to = to the class C(s, A1, A) with respect to y, where 4; = KA. The
functions of the class C(s, A, ) satisfy some invariance condition under change of
variables. We have
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Theorem 7.5. For » > 1, each change of variables z = x(y) analytic up
to the boundary of a domain Q sends a function ¢(z) of the class C(s, A, ) to
a function v(y) of the class C (s, A3, \2) with the same value of .

PRroOF. To simplify calculations, site the coordinate origin at a chosen point z
of the space. Also assume that this point corresponds to the coordinate origin of y,
i.e., x(0) = 0. Consider the polynomial

To@)= 3 2220

a!
[a|<m

which is a part of the Taylor series for ¢(z). Put Qm(y) = Tm(x(y)). The function
Qm(y) at the coordinate origin has the same derivatives with respect to y up to
order m as the function ¥(y) = ¢(x(y)). This is easy to validate, writing ¢(y) as
the sum of @ (y) and the remainder R,,(x(y)) of the Taylor series for ¢(z). In this
event the function Rp,(z) has a root of multiplicity m + 1 at the coordinate origin.
Since x(0) = 0, it follows that Rn(x(y)) also has a root of multiplicity m + 1 at
y = 0. Thus, it suffices to estimate the derivatives up to order m of @, (y), with the
aim of obtaining a dominant for the corresponding derivatives of x(y). We proceed
with such estimation.

To begin with, construct a dominant for all components of the vector-function
x(¥) = (x1 (¥);-- -, Xn (¥)), i€, a function Y (y) such that, for all j = 1,...,n and
every a, in a neighborhood of the coordinate origin the inequality holds

1D*x; (W) < DY (|mal, - - lynl)-

It is possible to prove by using the analiticity of x(y) that as a common dominant
at M sufficiently large and R sufficiently small we may take the following ratio

Y(y) =M [1 - (2 yi) /R .

Let £ =y1 + - -+ yn and f(§) = RM/(R — £). Then Y(y) = f(¢). It is not hard
to calculate that for |a| = m we have

d"f  RMm!
d¢m - (R - {)m+1 ’

DY (y) =

(2.7)

All derivatives of (x(y))* are polynomials in the derivatives of x; (y) with
positive coefficients. Since at the coordinate origin the derivatives of Y(y) are
positive and greater than the corresponding derivatives of x; (y), the function

Mn) =3[ 3 280y - gb,(lf—ﬂ)' = An(®)

=0 “|a|=1
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with b = EI al=1D*¢(0)/a! is a dominant for Qm(y). Considering that all deriva-
tives of order m with respect to y of M,,(y) are equal to the derivatives of the same
order of Ap,(§) with respect to £, for |a| = m obtain

ID*%()l| = |D"Qm(y)]

y=0

(2.8)

d™A,,
< W‘(f)

y=0 £=0

Using the Cauchy inequality for sums and the fact that by hypothesis ¢(z) belongs
to C(5), obtain

1, 1 no oM N2 g Al
bl < Y < ID%(0)] < ﬁ{z L (o) } 5 a} o KAPT

|aj=l laf=t |a|=t
This, together with the Stirling formula, entails the inequality

d™Am

= (e 1)l e 1-1)!
< K Y 1DIR=™(e\/n AM iporp(m -1

The summands on the right side of this inequality grow with [ in virtue of the
hypothesis that » > 1. Replacing all of them by the greatest, 1.e., that with [ = m,
deduce

d™Am < Km(x—l)mA;nm/\+l/2 (2m — 1)',
T | (m =)

where A; = ey/n AM/R. Applying the Stirling formula to the factorials in this
inequality, obtain the sought estimate
d™A,,
dém™

< Km*™AP'm™,
£=0

Inserting it in (2.8), we see that ¢(y) € C(sr, A2, Az). The proof of Theorem 7.5 is
complete.

§3. The Properties of H(s, A) and C(sr, A) for s > 1

Consider a domain  in R" with boundary a smooth analytic surface £#(z) = 0.
We assume that #(z) < 0in Q and F(z) > 0 in the exterior of 2. Let ¢(z) belong
to H(s, A, A) in a domain ©; whose interior includes §2. Then we have the following

Theorem 7.6. Each ¢(z) in H(, A, ) for 3 > 1 extends from the domain §
to an arbitrary domain Q; D Q) to a compactly-supported function belonging to
some space H(x,A, ) in Q,.

This theorem implies that the values of a function ¢(z) in H(sr) in two analytic
disjoint domains w; and w, may be prescribed independently.

Before launching into the proof of Theorem 7.6, we state the following
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Lemma 7.3. The function pm(y) = e~ /9" | given on the semiaxis 0 < y < oo,
belongs to the space C(1 + 1/m, A, X).

PROOF. The derivative of ¢m(y) of order k has the form

dk‘Pm . k k 1/y™
W) = oAy Tk et (3.1)
s=1

This is obvious for £ = 1, and the differentiation of (3.1) shows that this formula,
when valid for k, remains valid for £ + 1. Thus, by the induction principle, (3.1)

holds for every k.
Differentiating (3.1) once, obtain a recurrent formula that relates two consec-

utive derivatives of v, (y), namely,

m dk+1§0m ek
I W) = —{((m + R Ay b

-+ (sm+ k)Agk)y_sm_k‘l + -+ (mk + k)ASCk)y—-mk—k—l}
+{mA§k)y—2m—k-—l +eee g mAg")y‘(’“)m—"—l
b mAQy i) 52)

Whence we see that the coefficients Aﬁk) are solutions to the difference equation
AR = _(sm + B) AP + mA®, (3.3)
subject to the conditions
AR =0 fors<0; AP =0 fors>k; Agl) =m. (3.4)

Performing the change of variables AW — (—1)k+’ka§k) in (3.3) and taking
account of (3.4), obtain

k
CH) = (s + E)Cgk) + Cif)l; C}l) =1, C®M=0 fors<O0ors>k.

Show that for 0 < s < k the following formula is valid for a solution to this
problem

4 WL L) T () T ()]

0<j1<<Js—-1<k " 0<t< gy J1-1<t<g; Je—1<t<k
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Each summand on the right side is a product of k — s factors. Furthermore, the
variable ¢ of multiplication ranges over all indices from 1 to £ — 1 with the omission
of 1,72, --,Js—1. At each omitted value of ¢, the number [ in the factors like [+¢/m
becomes greater by 1.

The validity of (3.5) is established by induction on k.

Assume (3.5) valid for all Cg’i)l and C{P. Calculate the sum
k
<s + T—n—) c® 4 Cf,,i)u (3.6)

inserting in it the values of Cgk) and Ci’i)l taken from (3.5). The quantity Cﬁ’i)l
equals the sum of the products of k + 1 — s factors like [ + t/m with the omission
of s — 2 factors with the indices ji,72,...,Js—2. This corresponds to the sum
of the products of the same factors with the omission of the (s — 1)th factor of
J1,J25+-+yJs—1, Where js—3 =<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>