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Foreword to the English Translation 

Academician Serge'f L' vovich Sobolev (1908-1989), a great Russian scholar and 
the founder of the Institute of Mathematics of the Siberian Division of the Rus­
sian Academy of Sciences at Novosibirsk which is now named after hirn, is world 
renowned for his contribution to distribution theory, sharing the farne of its pro­
pounding with L. Schwartz. S. L. Sobolev successfully applied his new functional­
analytical technique not only to partial differential equations but also to computa­
tional mathematics, changing the layout of the field of numerical integration. 

The present edition is a translation of the posthumous monograph finished by 
V. L. Vaskevich, the last pupil of S. L. Sobolev, and published in Russian by the 
Sobolev Institute Press in 1996. The book contains all contributions of S. L. Sobolev 
to numerical integration as well as results of his students and followers on cubature 
formulas, thus granting an updated definitive source of this direction in modern 
mathematics. For the first time, the book includes recent data about invariant 
cubature formulas exact for spherical harmonics up to a given degree and Sobolev's 
research on optimal cubature formulas and Euler polynomials. 

This edition was typeset using AMS-TEX, the American Mathematical Soci­
ety's TEX system. 

S. L. Soholev was one of my inspired teachers in mathematics and life although 
I have never plunged into numerical integration before. Translating the hook was 
thus an imperative hut onerous duty since it covers the field of research deeply 
rooted in classical mathematics as well as in the brand-new applied sections of 
functional analysis. One technicality needs explanation, namely, absence of the 
term distribution which is in common parlance in the West. The competing term 
generalized function proliferates in Russia and is reverently retained as coined by 
the inventor as far back as in the thirties of this century. 

It gives me a blended feeling of great pleasure and deep sorrow to invite the 
reader to get acquaintance with this masterpiece which is apart of the memory of 
S. L. Sobolev to whom I am greatly indebted. 

S. Kutateladze 



Chapter 1 

Problems and Results of the Theory of 
Cubature Formulas 

This chapter is introductory. Here we state the problems under study, outline 
the principal ideas behind our theory and make an overview of the most impor­
tant results. The intended conciseness of exposition results in making some proofs 
schematic. The reader interested in more details may find them in the sequel. 

§ 1. Exact Formulas 

The main problem of numerical integration consists in approximating the in­
tegral 

I('P) = J 'P(x)dx = J Xn(x)'P(x)dx. (1.1 ) 

n 

Here x is an n-dimensional coordinate vector, and Xn (x) is the indicator of a con­
nected domain n with sufficiently smooth boundary. We seek for an approximant 
by taking a linear combination of the values of 'P( x) at the N points 

(1.2) 

called nodes, namely, 

N N 

I*( 'P) = L Ck'P(x(k») = J L Ckh(x - x(k»)'P(x) dx, 
k==l k==l 

(1.3) 

where h( x) is the conventional Dirae delta function. We call (1.3) a eubature formula 
by analogy with a quadrature formula in the one-dimensional case. 
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The theory of cubature formulas consists mainly of the three branches dealing 
with exact formulas, formulas based on functional-analytical methods, and formulas 
based on probabilistic methods. Here we abstain from pursuing the probabilistic 
approach, addressing the reader to the articles [61, 72, 73, 298J. 

The main topic of the present book is the theory of formulas whose approxi­
mation properties lean on the technique of functional analysis. 

To each cubature formula (1.3) we assign the error 

N 

(l,cp) = I(cp) - I*(cp) = J { Xo(x) - {;qÖ(x - x(k») }CP(X)dX. (1.4) 

The error is a linear functional, therefore also referred to as error /unctional, since 
we require that the rules for choosing the no des x(k) and the weights Ck be indepen­
dent of specifying an integrable function. Integrable functions are assumed to be 
members of some Banach space B embedded into the space 0/ continuous /unctions; 
i.e., 

B ~ C(Ü). (1.5) 

This assumption guarantees that (1.3) is defined at every function in B. We assess 
(1.3) by estimating 

sup 1(l,cp)l. 
IIcplBII=l 

It is natural to consider sequences of cubature formulas with errors l(N) as 
the number 0/ nodes N, i.e., the size of the set of nodes, increases indefinitely. 
Convergence of Z(N) to zero may be strong or weak. 

We refer to a cubature formula (1.3) with the exact value of the integral (1.1) 
at each member of a given set of functions 

(1.6) 

as exact for 'l/Jl' 'l/J2, ... , 'I/J M· We denote the integral of 'l/Jj by bj , i.e., 

furt her arranging bj in the column-vector b. The column-vector C is formed by col­
lecting the weights Cj of the cubature formula (1.3). The exact integration condition 
for (1.6) is the equalities 

N 

L ck'I/Jj(xik») = bj , j = 1,2, ... , M. 
k=l 
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These may be rewritten in matrix form 

Sc= b (1.7) 

with 

(1.8) 

The problem of determining the weights c of an exact formula is dual to the 
interpolation problem of finding a linear combination of the functions (1.6) taking 
preassigned values at the points (1.2). We now prove the preceding claim. 

Let 
(1.9) 

be a sought linear combination with its values at the points (1.2) making the row­
vector J = (d(1) , ... ,d(N»). Also, let the coefficients of the linear combination (1.9) 
form the row-vector a = (al,"" aM). To determine a, we have the system of 
equations 

(1.10) 

which is adjoint to (1. 7); i.e., the two problems are dual to one another. 
Most usual is the case in which (1.6) consists of polynomials ordered by in­

creasing degree. The classical statement of the problem reads: the number of nodes 
in (1.2) equals M, the number of monomials in n variables of degree at most m for 
which (1.3) is exact. Clearly, M = (n + m)!/(n!m!). In this case the interpolation 
problem is as follows. 

Find a polynomial P( x) of degree at most m agreeing witb ip( x) at tbe given 
points, 

p(X(k») = 'P(x(k»), k = 1,2, ... , N. 

The polynomial P(x) may be written as P(x) = ax'\ with a a row-vector of 
length M and x'" a column-vector of the same height 

'" _ ( X~(l) ) 
X - • • 

",(M) 
X 

Here oP), 0:(2), ... ,a:(M) are all integer vectors with nonnegative entries satisfying 
the condition 
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To each function <p(x) we assign the row-vector 

of the values of <p( x) at the points (1.2). The values of the polynomial P( x) at the 
points (1.2) are written down on using the Vandermonde matrix 

(1.11) 

We have the equality 
P=aS. 

The interpolation problem is uniquely solvable provided that the matrix S is 
nondegenerate. The solution, the row of the coefficients of P( x), is determined by 
the formula 

a = rjS-1 j 

whereas the polynomial itself, by the equality 

The formulas (1.12) and (1.13) are called interpolation formulas. 

(1.12) 

(1.13) 

The solution to the dual problem is the cubature formula (1.3) exact for every 
polynomial of degree m. For this formula, 

b J aU) d 
j = x x, j = 1,2, ... ,M. (1.14) 

fl 

Observe that, by linearity, a cubature formula exact for polynomials of degree 
m is also exact for polynomials of degree at most m. 

Considering a nonsquare matrix S, with M =1= N, introduce the operators S;l 
and Si1 , a right inverse and a left inverse of Sj surely, if such inverses exist. Now 
the interpolation formulas (1.12) and (1.13) become 

-S-l a=<p r , (1.15) 

and the weights in the cubature formula (1.14) are determined from the equality 

(1.16) 
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The right sides of the cubature formula (1.3) and the error (1.4) may be defined 
not only for numerical functions but also for abstract functions with domain n of 
the dependent variable x = (Xl, X2, ..• , Xn) and codomain a Banach space X. We 
agree to ass urne that the functions f from]Rn to X comprise some Banach space B. 
The space B may be composed of functions continuous in n. Instead of the error 
functionalZ(N) we now speak about the error operator Z(N) mapping B to X. The 
quality of a cubature formula is again characterized in terms of the rate with which 
the sequence (Z(N), J) vanishes. We give an example of pursuing this approach. 

Assurne that the Banach space X consists of sequences a = (al, a2, ... , an, ... ) 

and the values of f( x) belong to X. Here and elsewhere we habitually abuse notation 
by signifying a function f of a variable x simply as fex), despite the latter symbol 
also standing for the value of f at a point x of the domain of definition of f. We may 
thus view f as countably many ordinary numerical functions. In the example under 
consideration, each numerical function fk(X), expressing the kth component of f, 
belongs to a finite-dimensional subspace of dimension nk. Integration of an abstract 
function f reduces therefore to that of each of the functions fk. We also assurne 
that the spaces X and Bare endowed with some Banach norms. 

Consider a sequence of error operators Z(N). Say that this sequence vanishes 
uniformZy provided that the norms of Z(N) tend to 0 as N increases indefinitely. In 
this event the sequence is also referred to as strongZy convergent to zero. To an 
arbitrary positive real s we may furt her assign an integer N(s) such that, for all 
N ~ N(s) and every f with Ilflls :::; 1, the inequality holds 

(1.17) 

By linearity of Z(N), instead of IIflis :::; 1 we may require the condition IIflis :::; C 
with some C. Obviously, N(s) is then replaced with NI(s) equal to N(sjC). 

It is thus possible, given an s-neighborhood of zero in X and a set bounded 
in B, to find an N(s) making valid (1.17) with N :::: N(s). 

Endow the space X with some special topology called the T-topology. Assurne 
that a neighborhood of zero in X consists of 

a = (0, ... ,0, aß+I, aß+2, ... ). 

Varying ß, find the whole system of neighborhoods in the T-topology. We call 
a sequence of error operators Z(N) convergent in proximity order if to every ß there 
is an index N(ß) such that, for all N 2': N(ß) and f E B, the member (l(N), J) 
of X belongs to the neighborhood in the T-topology with index ß. This means 
that, for N sufficiently large, any arbitrarily prescribed number of the components 
of the sequence (l(N), J) vanish. We thus see that convergence in proximity order 
of the error operators Z(N) amounts to the fact that all sequences (l(N), J) converge 
uniformly in f in the T-topology. 
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If the norms of the error operators I(N) acting from B to X = 12 are bounded 
uniformly in N and the sequence I(N) vanishes in proximity order then this sequence 
is obviously weakly convergent. 

Consider the set B of analytic functions f in two variables x and y, we also 
denote them by fex, y), which are defined in the unit disk and admit the convergent 
M aclaurin series 

(1.18) 

We identify f( x, y) with the sequence 

whose kth entry presents a homogeneous polynomial of degree k - 1 in the ex­
pansion (1.18). Each component fJ(x,y) of the vector 1 is thus a member of the 
finite-dimensional space of homogeneous polynomials of a given degree. Introduce 
the norms in X and B by the formulas 

In this event a sequence of cubature formulas converges in proximity order if for 
every natural m there is an index No (m) such that 

(1.19) 

with N ~ N o( m) for every polynomial P of degree m. Under the condition that the 
sum of the moduli of the weights of the cubature formulas under study is bounded 
by some constant L, the sequence of Z(N) converges weakly. 

Indeed, using the convergence of the power series (1.18) in 8, choose ßI so as 
to ensure validity of the following inequality 

Let m equal ßI and N ~ No(m). Then from (1.19) we obtain the equality 

(N) - _ 
(l ,j) - (O,O, ... ,O,am +l,am +2, ... ). 

The coefficients ak are readily written down as 

N 

aj = - L Cdj(x(k), y(k»). 
k=l 
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Therefore, 

N 

1I(l(N),f)llx ~ sup lajl ~ sup L !ckllfJ(x(k),y(k))1 
j?m j?m k=l 

This just means that the sequence of ZeN) converges weakly. 
Assurne that the original problem consists in approximate calculation of the 

integral 

11 f(x,y)dxdy 

x2+y2~1 

by means of a sequence of cubature formulas with increasing order. The last ex­
pression means that the successive formulas exactly integrate polynomials of degree 
increasing with the index of the sequence. The above scheme reduces the prob­
lem to constructing a sequence of error operators which vanishes uniformly in the 
T-topology. The algebraic approach to the problem of approximate integration is 
thus replaced with the functional-analytical approach. 

§2. Functional-Analytical Statement of the Problem 

Specifying a cubature formula (1.3) amounts to specifying the respective error 

N 

l(x) = Xn(X) - LCkO(X - x(k)). 
k=l 

The linear combination of Dirac delta functions in the above equality is called the 
discrete component of l( x). We assume that the integrand <pe x) is a member of 
some Banach space Band l(x) is a bounded linear functional on B, i.e., a member 
of B*. Consider the following two possibilities. 

THE L~m) SPACE. Let the function <p(x) with domain jRn have all derivatives 
up to order m locally integrable and 

Iltp I L~m) 11 = {I L :!! IDa tpl2 dX} 1/2 < +00. 
lal=m 

(2.1) 

The integral here spreads over the whole jRn, and summation is taken over some 
multi-indices a = (al, a2, ... , an) with integer coefficients, 

n 
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The members of L~m) are equivalence classes composed of functions differing from 
one another by a polynomial of degree less than m and having the integral of (2.1) 
finite. Clearly, (2.1) defines a complete norm in L~m). 

For the error I to make sense on L~m), the following conditions are necessary 

(1, xc» = 0, lai< m. (2.2) 

If in addition 2m > n, i.e., the hypothesis is satisfied of the First Embedding 

Theorem [265]; then lex) is bounded in L~m). 
By analogy, we define the L~m>Cn) space whose norm is given by the equality 

(2.3) 

THE L~m) SPACE. Assurne that a function cp(x) has all derivatives up to order 
m locally integrable in ~n with the integral (2.3) finite for every bounded domain n. 
Also assurne that 2m > n, and cp( x) is a periodic function with period matrix some 
matrix H, i.e., 

cp(x + Hi) = cp(x), x E ~n, (2.4) 

where i is an arbitrary integer column-vector (i.e., having integer entries). To the 
matrix H we assign its fundamental parallelepiped no by putting 

no={xE~n:x=Hy, O:S;Yj<1, i=1,2, ... ,n}. 

As a rule, we assurne that H is an orthogonal matrix. The members of L~m) are 
equivalence classes composed of functions differing from one another by a constant 
summand. The norm of L~m) takes the form 

To distinguish the spaces that correspond to different matrices H, we sometimes 
use the notation L~m)(H). Observe that L~m) is a complete space. 

The norm of L~m) is invariant under arbitrary orthogonal transformations of 
coordinates. In other words, if x = Ay, with A an orthogonal matrix, and 'Ij;(y) = 
cp(Ay) then 
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The reader can state analogous propositions for L~m). 
The varying parameters of a cubature formula are the nodes x(k) and the 

weights ek. A cubature formula whose error has a minimal norm in B* subject to 
the condition that the number of no des N is fixed is called optimal in the space B or 
B-optimal or simply optimal. We do not study the general problem with arbitrary 
nodes, confining exposition to the case in which the nodes comprise a lattice; i.e., 
the no des are the points xC')') = hH,. Here his a small positive parameter called the 
lattice mesh-size of the lattice of no des hH,; the letter H is an n x n-matrix with 
unit determinant referred to as the lattice matrix; and, is an integer column-vector. 
In this event, we call a cubature formula a lattice cubature formula. 

The error l( x) of a lattice cubature formula is the generalized function 

l(x) = Xfl(x) - L hn eb]8(x - hH,). (2.5) 
hH,Efl 

In the case of the space of periodic functions L~m) the domain n in (2.5) is replaced 
with the fundamental parallelepiped no. We also assurne that the period matrix is 
a multiple of the lattice matrix in this case. 

Consider the behavior of the error at small h. To this end, we need the concept 
of Epstein zeta function whose arguments are a matrix A and a natural s. The 
Epstein zeta function is 

((Als)=Lr~' 
NO ß 

with rß standing for the distance from the point Aß to the coordinate origin, 

n 

rß = IAßI 2 = (Aß)*(Aß) = L(Aß);. 
j=l 

If A is the identity matrix then here and everywhere in the sequel the symbol 
IßI = IAßI denotes the Euclidean norm of a vector ß E zn. Onlyon a few occasions 
the symbol IßI stands for the order of the multi-index IßI, i.e., 

The reader will always see what notation is implied from the context. We have the 
following 

Theorem 1.1. All weigbts eb] oftbe error (2.5) corresponding to an L~m) -op­
timal eubature formula are equal, and tbe norm of tbe error is 

(2.6) 
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witb 

Bn m = (2..)m V((H-h 12m). , 27r 

Observe that for n = 1 the quantity ((1 I 2m) is expressed through the con­
ventional Bernoulli numbers B 2m by the formula 

(27r )2m 
((112m) = (_1)m-l (2m)! B2m • 

It is thus reasonable to call 

the generalized Bernoulli number with matrix H. Hence, (2.6) may equivalently be 
rewritten as 

11 1 1 L~m)*11 = hml B2(;!~h) Inof/2 
PROOF OF THEOREM 1.1. Use the strict convexity property of the unit ball 

in L~m)*. We recall the property. Let h, h, ... , lk be some functionals belonging 

to the unit sphere of L~m)*, and let J-ll, J-l2, . .. ,J-lk be nonnegative reals with sum 1, 
namely, 

k 

f-lj ~ 0, L f-lj = l. 
j=l 

Then the respective linear combination lies in the unit ball of L~m)*, i.e., 

(2.7) 

Equality holds here if and only if alllj coincide. 
From strict convexity it is immediate that there is a unique optimal error in 

L~m)*. For, were it otherwise, we would find at least two errors with the same 
minimal norm. As follows from (2.7), their half-sum would then have the norm less 
than each of them; a contradiction. 

Now let the error lex) in the shape of (2.5) with n = no have a minimal norm 
for a fixed lattice of nodes hH'Y. Then, every lex - hH'Y) with hH'Y E no clearly 
has the same minimal norm as lex). The arithmetic mean of these errors also has 
a minimal norm by (2.7) and may be written as (2.5) with n = no. The weights 
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c[I') of the arithmetic mean coincide, and the error (2.5) itself is exact for every 
constant function. Consequently, cl!') = Ino I for all 1'. Optimality of l( x) implies 
that this error coincides with the arithmetic mean, which proves the first part of 
the theorem. 

Demonstrate (2.6). Observe that L~m) is a Hilbert space whose inner product 
is given by the formula 

By the Riesz Theorem every bounded linear functionall on a Hilbert space may be 
written as inner product 

(2.8) 

Here 'I/J/(x) is a uniquely determined member of L~m) called the extremal function of 

I (x) on, more verbosely, L~ m) - extremal function. Integrating by parts the expression 
on the right side of (2.8) and using periodicity of c.p and 'I/J/, derive the equality 

(l,c.p) = (_I)m J t:..m'I/J/(x)c.p(x)dx. 

flo 

So, the function 'I/J/( x) is a weak solution to the equation 

(2.9) 

If l(x) has a minimal norm in L;m) then it is easy to construe a solution to (2.9) 
as a Fourier series. Denoting the former by ;j(x), we have 

(2.10) 

From (2.8) it follows that 

(2.11) 

Inserting the expansion of (2.10) in (2.8), arrive at (2.6). 
The proof of Theorem 1.1 is complete. 
Assume that the closure of n lies in the interior of no, the fundamental par­

allelepiped of H. This agreement remains effective in what follows. Assume also 
that the boundary of n is piecewise-smooth. 
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We now explicate the last concept. Let r(O) be a closed part of the boundary 

r of n. Consider the set n~O), h > 0, comprising the points of IT at a distance less 
than h from r(O). Assume existent a one-to-one change of variables y = fex) and 

x = g(y) with continuous derivatives up to some order which sends n~O) to apart 
of a polyhedra without selfintersections so that r(O) transforms into apart of the 
boundary of the polyhedron. Clearly, if such mapping y = f( x) is available near to 
r(O) at a given h, then we may use the mapping for all smaller values of h. In this 
event we say that the domain n is bounded near to the part r(O). 

Consider the indicator xn (x) of n. This indicator decomposes in infinitely 
many ways into the finite sum 

N 

xn(x) = L Xj(x), 
j=l 

whose every term has range the interval [0, 1] and is infinitely differentiable in the 
closed domain IT. Each of the decompositions of the indicator of n is called an 
(infinitely differentiable) partition of unity. 

Consider the supports Fj = supp Xj (x) of the entries of a partition of unity. 
The summand Xj(x) is called bounding provided that Fj n r 1= 0, with r standing 
for the boundary of n. 

Put r j = Fj n r. This set is the part of the boundary of Fj which is included 
in the boundary of n. Enumerate the members of the partition of unity under con­
sideration. Denote by xo(x) the sum of all "inner" terms and by X1(X), ... ,XN(X) 
the bounding entries 

N 

xn(x) = Xo(x) + L Xj(x). 
j=l 

Suppose that n possesses a partition of unity such that the support Fj of each 
member is bounded near to the part r j for all j = 1,2, ... ,N. In this case n is 
called a domain with piecewise-smooth boundary. 

Theorem 1.2. The norm of an error of the shape (2.5) in L~m)* satisfies the 
inequality 

11 11 L~m)*" ;::: Bn,mIOI1/2hm + O(hm+1), 

with Bn,m the SanIe constant as in (2.6). 

(2.12) 

We j~st sketch the proof, leaving exposition in more detail to Chapter 5. The 
function 1/;(x), given by (2.10), depends on the lattice mesh-size h as follows 
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with u(x) standing for the function (2.10) taken at h = 1. Put 

v(x) = u(x) - u(o). 

Now the function h2m v(x/h) is extremal for the optimal error on L~m). This func­
tion is 0 at every node. Define the function 

r.p(x, hin) = h2mv (~) 7](x, hin). 

Here 7](X, hin) is a truncator for the domain Q; the concurrent terms are a cut-off 
function or a bump function. A truncator 7](x, h I Q) is a function possessing the 
following properties: 

(a) 7](x, h I Q) = 1 at every point x in Q at a distance greater than 2h from 
the boundary; 

(b) 7]( x, h I Q) = 0 at every point x outside Q and also at the points of Q lying 
at a distance less than h/4 from the boundary of Q; 

(c) for all multi-indices 00 such that 1001 S m and all sufficiently small h the 
estimates are valid 

As a truncator we may for instance take the integral 

J Xfl~ (Y)I7(x,y I h)dy, 

where Q~ comprises the points of Q whose distance to the boundary of Q is greater 
than h, and the function 17( x, y I h) is the standard averaging kernel [265, 266J. 

Calculation shows that 

with Kindependent of h. Therefore, 

Calculate the value of the initial error l(x) at the truncated function r.p(x, h I Q). 
Observe that the nodal values of r.p(x,h I Q) are all O. Therefore, the value of l(x) 
at r.p(x, h I Q) does not depend on the choice of weights. Hence, it coincides with 
the integral over Q of the function under study. Basing on this, we may show that 
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By definition, the norm of I( x) is not less that the ratio 

The proof of Theorem 1.2 is complete. 
Fix two positive reals K o and L. Consider a family l-y(x) of functionals de­

pending on an integer vector , and satisfying the conditions 

II/-y(x) I C*II ~ Ko, supp/'Y(x) C {x : lxi ~ L}. (2.13) 

A functional of the shape 11'( x / h - H,) is called an elementary error. Say that 
an elementary error has order s, if it is exact for every polynomial of degree less 
than s, namely, 

(11' (* - H,) ,xl» = 0, lai< s. 

Denote by B L the set of , such that the distance from the point hH, to the set n 
is at most Lh. Let the error in the shape of (2.5) be expressed as 

Here Bil ) U Bi2 ) = BL, and every elementary error 11' (x/h - H,) has order m + 1 

except possibly those with , belonging to Bi2). In this event the functional cor­
responding to , E Bi2 ) has order m, and the total number of these 11' as h -t 0 
does not exceed Koh l - n , with K o a constant independent of h. We call (2.14) 
an equidistributed error. 

Consider an equidistributed error with the set Bi2 ) consisting of , such that 
the points hH, are at a distance at most Lh from the boundary of the domain n. 
The set Bil ) comprises the points, of B2 such that hH, lie in n at a distance 

greater than Lh from the boundary of n. Redenote Bil ) and Bi2) by Br) and Br), 
respectively. Assume that all errors 11'( x) with , E Br) are the same. Then the 
initial functional may be written as 

l(x) = L 10 (* -H,) + L 11' (* -H,) . 
'YEBt) 'YEBr) 

(2.15) 

We call it an error with regular boundary layer. 
Observe an important property of an error with regular boundary layer: Unity, 

the number 1, is the common value of all its weights c[,] corresponding to , such 
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that the point hH"( lies at a distance greater than 2Lh from the boundary of f2. 
Indeed, by (2.13) each of these weights c["(] appears from summing the same finite 
number of the elementary errors 10 (x/h - H"(). Since lo(x) is exact for a constant 
function, all c["(] under consideration equal l. 

The way in which a given error lex) with regular boundary layer decomposes 
in the shape of (2.15) is not unique. We may take a decomposition (2.15) such that 
10 ( x) is an arbitrary preassigned functional of order at least m + 1 satisfying (2.13). 
Note that in this event the constants Ko and L depend on the order m + 1 and 
tend to infinity as the order increases indefinitely. 

We now describe a constructive method for making functionals with regular 
boundary layer. Partition a given domain f2 into elementary parts f2"'( each of which 
results from intersecting f2 with one of the meshes of the lattice with lattice matrix 
hH, the latter presenting the translates of the fundamental parallelepiped of hH. 
The indicator of f2 decomposes into the sum 

Xn(x) = L Xn-y (x), Xn-y (x) = Xn(x)Xo (~- H"(). 
"'( 

Here Xo (y) is the indicator of the fundamental parallelepiped of H. Arrange the 
cubature formulas for integration over each part f2"'( and sum them. 

We now specify the way of constructing cubature formulas for integration 
over f2"'(. First, find some error 

lo(y) = Xo(Y) - L c["(']8(y - H"(') 
I"'(II~L 

of order 2m+2 for the fundamental parallelepiped f20 • This is possible to accomplish 
at sufficiently large L. More precisely, L, being at least (n+2m+2)!/n!(2m+2)!, will 
do. Further , for all "( to which there corresponds the elementary error 10 (x / h - H"() 
with support in f2, put 

1"'( (~- H"() = 10 (~- H"(). 

We agree that the set of such "( comprises B~). For the remaining nonempty meshes 
n"'( we take the error in the shape 

1"'( (~ - H"() = Xn-y (x) - L hn c"'(["(']8(x - hHC'Y - "(')). 
1"'(1 -"'(I~L 
hH"'(IEn 

The weights c"'(["('] should be taken so that l"'((x) has order m. 

Summing the elementary errors over all "( E B~) U B~), we clearly obtain 
the error of a cubature formula with regular boundary layer. 
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Theorem 1.3. The norm of each equidistributed error is bounded from above 

(2.16) 

with K 1 a constant depending on Sl, m, n, and 1 but not on h. 

Theorem 1.4. The norm of every error with regular boundary layer satisfies 
the inequality 

(2.17) 

Here Bn,m is the constant of (2.6) and K is independent of h. 

Comparing Theorems 1.2 and 1.4, we see that an error with regular boundary 
layer given a lattice of no des hH'Y and a sufficiently small mesh-size h has the 
norm different from its lower bound by a higher order infinitesimal. We call such 
a cubature formula asymptotically optimal. 

We now sketch the proof of Theorems 1.3 and 1.4. Our argument grounds on 
a detailed study of (2.9). The solution to (2.9) is written down as convolution of 
the right side with the fundamental solution Gm,n( x) to the polyharmonie equation. 
In odd-dimensional space, Gm,n(x) = xm,nlxI2m-n, where 

(-1)mr(n/2 - m) 
Xm,n = r( m )22m 7rn/2 

( _1)(n-l)/2 

r(m)r(m - n/2 + 1)22m7rn/2-1 . 

These descriptions for the constant xm,n involve the familiar rule 

r(n/2 - m)r(m - n/2 + 1) = (_l)(n-l)/2+m7r. 

In even-dimensional space, there are two different expressions for Gm,n(X). For 
2m <n, 

(2.18) 

with 

and, for 2m ~ n, 
Gm,n(X) = x m,nlx I2m-n log lxi (2.19) 

with the constant 

( _1)(n-2)/2 

Xm,n = r(m)r(m _ n/2 + 1)22m-17rn/2' 
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In these formulas, it is surely assumed that Ixl2 = 2.:j=l x;. Each of the two forms 
of expressing the constant xm,n in (2.18) and (2.19) is applicable only if 2m ~ n 
or 2m< n, respectively. For n odd or for Iod> 2m - n the derivative of order a of 
Gm,n( x) satisfies the estimate 

with K a constant independent of x. If n is even and lai ~ 2m - n, then we have 
the inequality 

Further estimation of possible solutions to (2.9) is based on the following 

Lemma 1.1. Tbe convolution of Gm,n(x) witb an elementary error lex) of 
compact support and order s > 2m - n admits tbe estimate 

IG * l(x)1 < K 1 . m,n - (1 + IxI2)(n-2m+s)!2 (2.20) 

At sufIiciently large lxi, tbe ltb order derivative of tbe convolution under study is 
O(lxI2m-n-l-s) if 1 + s > 2m - n or n is odd; it is O(lxI2m-n-l-s log lxi) otberwise. 

To check the validity of Lemma 1.1, it suffices to expand Gm,n(X - y) in the 
Taylor series in the powers of y with a remainder and insert this expansion in the 
definition of convolution 

Gm,n(x) * lex) = J Gm,n(X - y)l(y)dy. 

Further estimates are given in Chapter 5. 
Write a solution 1/J,( x) to (2.9) as 

Inserting (2.14) or (2.15), find that 

1/J1(X) = L 1/J,(x - hH,), (2.21) 
,EBL 

where 1/J,(x) = (-I)mGm,n(x) * l,(x/h). We dominate every term 1/J"((x) of the 
series (2.21) by Lemma 1.1. Then by the integral test for series we estimate the 
norm of the total sum 1/J1(X). Recalling that 1/J1(X) is the extremal function of lex) 
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and so its L~m) norm coincides with the L~m)* norm of l(x), obtain the sought 
estimate (2.16) of Theorem 1.3. 

The proof of Theorem 1.4 is more involved. Let l(x) be an error with regular 

boundary layer in 0 expanded as in (2.15). Compare its L~m)* norm with the value 

of the simplest L~m) -optimal error 

loo(x) = XOo(x) - L hnö(x - hH')') (2.22) 
hH-yEOo 

at the truncated extremal function Xo(x)("f;(x) - "f;(0», where "f;(x) is determined 
from (2.10). The extremal function "p/(x) of l(x) is a solution to equation (2.9) and 

Write down the right side of this equality as 

(l,,,p/) = j loo(x)v(x)dx+ j(l(X)-loo(x»v(x)dx- j l(x)[v(x)-"p/(x)]dx, (2.23) 
000 

with v(x) standing for the difference "f;(x) - "f;(0). It may be shown that the first 
summand in (2.23) has the form 

J loo(x)v(x)dx = B!,m h2m li11 + O(h2m+1 ). 

o 

The second summand in (2.23) is small since the support of the difference loo(x)­
l(x) intersects the domain 0 by a thin layer. More exactly, we have the following 

Lemma 1.2. The difference ofloo( x) and l( x) is an error with regular bound­
ary layer for the domain 0 0 \ o. 

Check the validity of Lemma 1.2. The value of the simplest functional at each 
function cp(x) in L~m)(H) may be written as 

with lo(x) the error in the expansion (2.15). Therefore, in the difference 

l*(x) = loo(x) -l(x) 
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all summands 10 (x / h - H,) are cancelled out when , E B~) j whereas the elemen­
tary errors 10 (x / h - H,) remain unchanged which correspond to , such that the 
points hH, lie in 0 0 at a distance greater than Lh from the boundary of O. For 

all , E B~) the elementary errors in the expansion of 1* (x) take the form 

10 (~ - H,) - 1"( (~ - H, ) . 
The proof of Lemma 1.2 is complete. 

Using Lemma 1.2, it is easy to estimate the second summand in (2.23) 

11 (loo(X) -l(x)) v(x)dxl :::; Kh2m+1 . 

!1 

The third summand in (2.23) is also O(h2m+1 ). The remaining estimates are given 
in Chapter 5. Combining the estimates of the three summands on the right side 
of (2.23), arrive at (2.17) and so obtain Theorem 1.4. 

We have demonstrated how to construct a family of errors with regular bound­
ary layer. It turns out that, with a fixed matrix Hand the vanishing lattice mesh­
size h, these errors are asymptotically optimal. In this event the constant Bn,m, 
occurring in the asymptotic expansion of the norm of an error with regular bound­
ary layer, varies with H. The definition of Bn,m implies that it stands to reason to 
choose the lattice matrix H so that at a given m the corresponding Epstein zeta 
function attain its minimal value. 

The problem of finding such H is a hard problem of number theory. At m 
large, the Epstein zeta function coincides asymptotically with the ratio K / r~in' 
where K is a constant independent of Hand rmin is a minimal distance from the 
points H-h " , i 0, to the coordinate origin. This ratio becomes a minimum 
at the choice of the matrix H- h maximizing the value of rmin. The nodes of the 
corresponding lattice are the centers of the spheres comprising a dosest packing in 
n-dimensional space [191]. Consequently, the best matrix H is the inverse of the 
transpose of the lattice matrix corresponding to the lattice of the dosest packing of 
spheres. G. F. Voronol proposed an algorithm for finding such packings in space of 
arbitrary dimension. His algorithm is, however, hard to implement. In fact, these 
lattices were discovered hy various scientists in dimension n :::; 8. The reader may 
find an overview of relevant results in [294]. 

In dosing, we note that to determine the norm of an error by (2.6) given 
n, m, H, and h it is necessary to he ahle to calculate the values of the Epstein 
zeta function. In this connection, we refer to the articles [86, 208, 293] proposing 
appropriate algorithms. 
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§3. The Order of a Cubature Formula on Infinitely 
Differentiable Functions 

Chapter 1 

Until now we study function spaces, not assuming that their members have 
derivatives of arbitrary order. Now we consider cubature formulas in the dasses of 
infinitely differentiable functions assumed periodic for the sake of simplicity. 

Say that a function cp(x) belongs to the dass C(ß I A), provided that, first, it 
is periodic with period matrix H, i.e., 

cp(x + H,) = cp(x), x ERn, , E zn, 
and, second, the sequence of its derivatives has definite growth with increasing order 
of differentiation 

sup ID<>cp(x)1 ~ KalAI<>llal(P+I/2)1<>la -<>/2Ia lp , lai ~ O. (3.1) 
xEfl o 

The constant K can depend on cp but not on a. The dass C(ß I A) is a specification 
of the Gevrey dass es [211, 274]. 

A linear change of variables, in particular, a scaling, sends the dass C(ß I A), 
to a generally new dass C(ß I Al)' Moreover, the number ß, called the order 
of every member, remains unchanged and the number A, called the type of every 
member, may change. The dass C(ß I A) is, however, given so that the sequence of 
estimates (3.1) remains unchanged under arbitrary orthogonal transformations of 
the independent variable x. In other words, orthogonal transformations send this 
dass into itselfj i.e., we have 

Theorem 1.5. Let T be an orthogonal square matrix. If a function cp( x) 
belongs to C(ß I A), then the function "p(y) = cp(Ty) belongs to the same dass. 

Certainly, "p(y) is a periodic function with period matrix the product T* H 
rat her than the period matrix H. 

The proof of the theorem leans upon estimation of the shape 

at every natural m. 

Lemma 1.3. H the derivatives of a function cp( x) satisfies the inequalities 
(3.1), then «I>m(x) admits the estimate 

(3.2) 

for all complex x and A = J.t. 
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Lemma 1.4. If rp( x) is a periodie function and for all Xo in tbe fundamental 
parallelepiped 0 0 tbe estimates (3.2) bold for <pm(x - xo), tben rp(x) belongs to tbe 
dass C(ß I A) and tbe inequality (3.1) bolds for J1, = >. + n. 

An orthogonal change of coordinates transforms <P m (x) in the Taylor series for 
a function rp( x) into the same form in new variables. U sing this and successively 
applying Lemmas 1.3 and 1.4, we derive Theorem 1.5. 

The functions of the dasses C(ß I A) at different ß and A behave differently. 
Let x equal ß + 1 and consider the following five cases. 

1. x< O. The dass C(ß I A) comprises constant functions. 

2. x = O. Each member of C(ß I A) is a trigonometrie polynomial, that is 
a (finite) trigonometrie series 

L abJe i21r-yH- 1 x. 

IH-h-yI::;KA 

The order of such polynomial is finite and depends on A. Namely, as A increases, 
it grows. 

3. 0 < x < 1. The dass C(ß I A) contains the entire analytic functions 
meeting the periodicity condition and having order p and type a, where p = -1/ß 
and a = AP/(pe). 

4. x = 1. The dass C(O I A) consists of analytic functions whose power series 
expansion at every point of 0 0 has the radius of convergence bounded below by the 
ratio 1/A. 

5. x > 1. The dass C(ß I A) contains periodic functions that in general are 
not analytic, in e.articular, ~rious quasillE-alytic functions. _ 

The spaces C(x, A, >'), C(x, A), and C(x) analogous to C(ß I A) are considered 
in Chapter 7. 

Estimate the value of the error l( x) of a given cubature formula at some function 
rp(x) E C(ß I A) to obtain 

1(l,rp)l:::; 1111 L~m)*llllrp I L~m)ll· (3.3) 

This estimate holds for an arbitrary m, and so we may choose the fittest value of m. 
Such is the number mo = mo(h) at which the right side of (3.3) attains a minimal 
value provided surely that the respective minimum exists. 

Consider a particular example in which the expression on the right side of (3.3) 
admits a dominant in the shape of an explicit function of the arguments m and h. 

Tbeorem 1.6. Tbe norm in L~m) of an arbitrary function rp(x) E C(ß I A) 
admits tbe estimate 

Ilrp I L~m)11 :::; KAmm(ß+l)mm\ 

witb K and >. eonstants independent of m. 

(3.4) 
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The inequality (3.4) is easy to derive from the definition of the norm in L~m) 
on using the series of estimates (3.1) and the Stirling /ormula. 

Set in (3.3) the error l( x) equal to l,x'( x) and use the formula (2.6) for the norm 

of loo(x) in L~m)*. Then, considering (3.4), infer that 

(3.5) 

The function ((H-h 12m) obviously decreases and vanishes as m increases indefi­
nitely. At m large this function admits an asymptotically exact expansion 

((H- h 12m) = ~ (1 + 0 (~)) , 
Tmm m 

with Tmin the minimal distance between the no des H-h , and K the number of 
nodes at the minimal distance from the coordinate origin. At m large, (3.5) thus 
implies that 

A minimum of 'IjJ( m, h), with h fixed and m varying, is easy to find. As a result, 
arrive at the relation 

where 

s = ~ (21re~min ) I/x 

Consequently, for m however great, the accuracy of the cubature formula is 
O(hm ) uniformly in all r.p satisfying (3.1) with a fixed K. In this event we say that 
the corresponding error has infinite order. 

The number mo at which 'IjJ( m, h) attains a minimum given h coincides with 
the integer dosest to 

! ( 21reTmin)I/X 

e hA 

Observe that, although the cubature formula with equal weights has infinite 
order for periodic functions, this is of no avail for any finite h > 0 with the exception 
of the case x :s 0 in which every function in C(x I A) each of which integrates 
exactly starting from some h . 

. Experimenting with numerical integration of functions by means of formulas 
of various order leads to results rather reminiscent of those described just away. 
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N amely, increasing the order of a formula at a fixed h leads to improving the 
accuracy of results only up to some mo. Further increase in order involves no 
perceptible changes. The smaller his, the higher order becomes beneficial. 

We estimated the rate of convergence of cubature formulas on periodic func­
tions because we knew the expression for the norm of errors as an explicit function 
of the order m and the mesh-size h. In the case of aperiodic functions, we un­
fortunately lack similar information. However, in Chapter 7 we obtain a needed 
expansion for the error of Gregory quadrature formulas. 

§4. Errors in WJm) 

In practice it is important that calculation of an integral uses as few operations 
as possible while providing preassigned accuracy. Therefore, it is convenient to pose 
the problem as follows: at the first step, fixing the cost of calculations, i.e., the 
total amount of operations, provide possibly maximal accuracy; at the second step, 
choosing the scheme of operations as shown best at a fixed cost, find the actual 
number of operations. 

To construct a sought approximation to a function 'P or to the integral J( 'P), 
some job should be carried out. We assume that the cost of calculations is propor­
tional to the number of points at which we are to know 'P. The problem posed above 
reduces to studying the approximation methods that provide the best accuracy at 
a given number of nodes N. We treat these formulas as optimal. 

Considering a cubature formula (1.3) with N fixed, we are free to choose the 
nodes x(k) and the weights Ck. Choosing weights at given nodes is a linear problem 
which we inspect completely. On the other hand, the choice of nodes is by far a 
harder problem. We do not address it in full generality, confining exposition to 
the case in which the system of nodes K is a parallelepiped lattice and only the 
parameters of this lattice vary. 

In a functional-analytical setting, the quality of a cubature formula is charac­
terized by the B* norm of the error. The choice of the initial space B, as is most 
often in the theory of computations, is arbitrary to some extend and depends in 
practical situations on the intuition and taste of the user. Unfortunately, this choice 
is partially dictated by a wish to have a problem solvable by the very method that 
the author invented since the most natural statement may seem to be too hard. 
We state here only two conditions that in our opinion should be imposed on the 
space B in general. 

1. The value of the error 

N 

l(x) = Xfl(x) - L Ck<5(X - xk) (4.1) 
k==l 
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is determined at every function cp( x) in B only in the case when cp is continuous. 
We therefore naturally require that B be embedded in C(Ü). 

2. The presence of an embedding of B in C(Ü) is insufficient if only we want 
to have a possibility of controlling the quality of a cubature formula by increasing 
the number of nodes N. Indeed, if B coincides with C(Ü) then the norm of (4.1) 
is given by the expression 

N 

1111 C*II = lül + 2: ICkl· 
k=l 

This quantity is bounded from below by a positive real, i.e., it does not vanish as N 
increases indefinitely. To obviate similar nuisances, we require that the embedding 
of B to C(n) be compact. 

Lemma 1.5. Let the embedding operator of B to C(n) be compact. Then 
there is a sequence of errors like (4.1) whose norms may become however small aB 

N tends to iniinity. 

PROOF. By hypothesis, the closed unit ball of B becomes a subset of a compact 
set in C(Ü). As is known, in this case the ball consists of equicontinuous functions. 
In other words, to an arbitrary positive c there is a 8 = 6(c) such that, for every 
function cp in B with norm at most 1, the inequality holds 

Icp(x) - cp(y) I :::; c if Ix - Yl < 6(c). (4.2) 

Using such 6(c), find N points x(1), ... , X(N) in n such that the union of the balls 
{y : Iy - x(k)1 < 6(c)} over all k from 1 to N covers the whole domain Ü. These 
points we take as the no des of the sought error. Further, the balls centered at x(j) 

of radius 6( c) obviously induce a partition of Ü into some elementary portions n j. 
We let the weight Cj equal the volume of Üj. Then for all functions cp in the unit 
ball B we obtain from (4.2) that 

Hence, 1(1, cp)1 :::; clül uniformly in cp belonging to the unit ball, i.e., 1111 B* 11 :::; clnl· 
The prove of Lemma 1.5 is complete. 

To find the explicit B* norm of the error lN we use the concept of extremal 
function. A function u in B is B- extremal for a given error IN provided that the 
equality holds 

(IN, u) = IIIN I B*IIIlu I BII· 
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Choosing an extremal function u with norm 1, for IIIN 1 B* 11 we obtain the following 
expression 

IIIN 1 B*II = (lN,U). 

Existence of an extremal function should be proven in general. Most convenient 
for this purpose are the Hilbert spaces. In these spaces, each extremal function 
is expressible through the given functional by virtue of the Riesz Theorem on the 
general form of a bounded linear functional. 

Along with the spaces L~m), L~m), and L~m)(n) introduced in § 2, we are also 

interested in the spaces wim), W~m), and wim)(n). Recall the definitions of the 
latter. 

The space W~m) is the direct sum of L~m) and ~.1, since in the set of periodic 

functions each element with L~m) norm 0 is a constant function. We introduce the 

norm in W~m) by the equality 

where fl is an arbitrary norm on L 2 . We may for instance put 

In this case the norm of an element 'P in w2 (m) is easy to express through the 
Fourier coefficients of 'P. Assurne that 

Then 

<p(x) = L c",,[ßlei27rßH-lx. 
ß 

II'P 1 w~m) 11 2 = L Ic",,[ßW(l + 127r-H- h ßI2m ). 
ß 

(4.3) 

(4.4) 

The space wim)(n) is the direct sum of L~m)(n) and the space P m - I of poly­
nomials of degree less than m. In the case when n coincides with ]Rn, we simply 
write wim) instead of wim)(]Rn). Assurne that there is an operator TI project­

ing wim)(n) to the subspace Pm-I. Then the norm of an arbitrary function 'P 

in wim)(n) may be written down as 
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Interpolation operators are natural projections of wim)(n) to Pm. We con­
structed one of such operators in § 1, by assigning to each continuous function <pe x) 
a polynomial P(x) of degree m taking the values r:p = (<p(x(1»), ... , <p(x(N»)) at the 
given nodes x(l), ... ,x(N). Recall that 

(4.6) 

This polynomial is defined and solves the interpolation problem if the dimension 
M of the space Pm equals the number of nodes N, and S, the Vandermonde 
matrix (1.11), is nondegenerate. 

If the number of points N in (1.2) is not less than M then, generally speaking, 
given the system of the values r:p of a function <p at the no des of (1.2), it is possible 

to construct infinitely many operators mapping W~m)(n) somehow to the space Pm 
of polynomials of degree m. All these operators have the form 

(4.7) 

where Y is a matrix of size N x M. Each of these operators is called an interpolation 
operator; and (4.7), an interpolation formula. 

Assume that we are to find an interpolation operator that serves as the iden­
tity operator in the space Pm of polynomials of degree m. Clearly, this operator 
recovers each polynomial axO/ of degree m from the given nodal values at (1.2). 
This condition may be written as 

or, in equivalent form, as 
aSY =a. 

Since a is arbitrary, this is possible only if the matrix Y is a right inverse of S, which 
in turn happens only when N ~ M. If N < M then the matrix Y is nonunique in 
general. In this event, (4.7) is written as 

(4.8) 

When M = N the polynomial (4.8) coincides with the given formula (4.6). 
We exhibit an example of the system of points such that the Vandermonde 

matrix S has a right inverse, implying that (4.8) gives a projection of W~m)(n) 
to Pm. We need some elementary facts from interpolation theory which we expose 
below. 
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In the case of one variable t, given an integer k 2:: 0, we call the Newtonian 
power [k] the function t[k] defined by the equality 

t[O]=lj t[k]=t(t-1) ... (t-k+1), k2::l. 

In the case of n variables, the Newtonian power yO! is defined as 

Y[O!] = y[O!d y[0!2] y[O!n] 
1 2 . .. n . 

Denote by ~ the finite difference with mesh-size 1 for a function of one variable, 
and by ~ k, the taking of the difference k times, i.e., 

Then in the case of n variables, put 

We have the following 

Lemma 1.6. Each polynomial P(x) expands uniquely in Newtonian powers 

P(x) = L PO!(x - x(O))[O!]. 

1001::;m 

In this event, the coefficients pO! are defined from the formulas 

PROOF. For a function of one variable we have 

k-1 
t[k] = t k + L ajt j . 

j=1 

(4.9) 

(4.10) 

Therefore, the transition matrix from the system {tk}k=O to the system {t[k] }k=O 
is triangular with ls on the main diagonal and nondegenerate. Consequently, tO! = 
L:~=o lkt[k]. In the case of n variables, we have the equalities 

n n aj 

yO! = II yji = II L bkj,jy}kj ] = L lßy[ß] 
j=1 j=1 kj =1 O::;ß::;O! 
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which immediately entail (4.9). 
We establish uniqueness by proving the formula (4.10) for coefficients. Apply­

ing to both si des of (4.9) the finite difference 6 a at the point x(O), observe that 
6 a y[ß1 Iy=0 = 0:!8g where 8g is the Kronecker delta. The proof of Lemma 1.6 is 
complete. 

We call N ewtonian the system of points 

(4.11) 

where the entries of y(k) are integers satisfying the inequalities 

n 

o ::; yY) ::; m, L yY) ::; m. 
j=l 

Show that the Vandermonde matrix S corresponding to a N ewtonian system 
is a nonsingular square matrix. 

To begin with, the number of points x(k) in (4.11) clearlyequals M, since it 
coincides with the number of integer vectors 0: subject to the condition 10:1 ::; m. 
Further, every polynomial x a is uniquely determined from its values at the points 
(4.11). Indeed, instead of the values of a function at the nodes of a Newtonian 
system we may introduce the finite differences that are connected with these values 
via linear transformations and expand each polynomial P( x) in N ewtonian powers 

( (0»)[a1 I 
P(x) = L x - :! 6[a1p(x) 0 • 

lal::;m X=X( ) 

This expansion is clearly unique. Therefore, S is actually a nondegenerate square 
matrix. 

If the system of no des K includes a Newtonian subsystem then there is always 
a right inverse S;1 to S. We may by analogy consider a system of the shape 

( 4.12) 

and any other that results from (4.12) by an arbitrary affine transformation. Ob­
serve in particular that the matrix S has a right inverse if the system K consists 
of all nodes of the lattice x(O) + hH ß which lie in the ball of radius L > mh with 
center x(O). 

Return to the space W~m)(n) and define a projection II of it to P m - 1 by the 

equality (4.8). An arbitrary functionall(x) E W~m)*(n) may be written as 

(l,cp) = (l,IIcp) + (l,cp - IIcp) = (lt,cp) + (l2,CP), 



Problems and Results of tbe Tbeory of Cubature Formulas 29 

where lt is the composition of II and 1 and 12 is the composition of I - II and 1. 
Clearly, lz vanishes at all polynomials in P m-1' Hence, 12 belongs to L~m)*(n). 
The norm of 1 in W~m)*(n) may be obtained from the formula 

(4.13) 

This equality follows from a more general proposition, Lemma 1.7. 

Lemma 1.7. Assume tbat a Banacb space Xis tbe direct sum ofits subspaces 
Xl, X2 , ••• , X u, namely, 

Let tbe spaces Xj, 1 S j S a, be endowed witb tbe norms 11· I Xjll so tbat 

wbere tbe elements 'P j E X j, j = 1, ... , a, appear in tbe unique decomposition of 'P 
into tbe sum 'P1 + 'P2 + ... + 'Pu, and gstands for a norm of tbe a-dimensional 
Euclidean space. Tben tbe space X* is tbe direct sum ofXr, X~, ... , X~, namely, 

(4.14) 

witb 
(4.15) 

wbere 1j is tbe restriction of 1 to Xj, and g* is tbe dual norm of g, i.e., 

g*(ß1, ß2,"" ßu) = sup (G1ß1 + G2ß2 + ... + Gußu). 
g(C>1 ,C>2, ... ,C>q )=1 

PROOF. Relation (4.14) is obvious. Prove (4.15). Assume for simplicity that 
the functional1 possesses an extremal function 'P, II'P I XII = 1. (The general case is 
settled by the limit argument and we leave the relevant calculations to the reader.) 

Consider the decomposition 

By the definition of the norm of a functional 

1I1IX*II= sup (l,G1'P1+"'+Gu'Pu) 
C>1,C>2, ... ,C>q II G1 'P1 + ... + Gu'Pu I XII 

G1 (lt, 'P1) + ... + Gu(lu, 'Pu) 

g( G111'P111, ... ,Gu II'Pull) 
sup 
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It is easy to show that each element 'Pj is an Xj-extremal function for the functional 
Ij, i.e., (lj,'Pj) = II/jllll'Pjll. Consequently, 

11/1 X*II = sup a1 11 /1 11 1I'P1 11 + ... + aO'lI /O' 11 11 'PO' 11 

"1,"""" g(atll'P111, .. · ,aO'II'PO'II) 

sup a111/111+"'+aO'II10'1I =g*(1I/111, ... ,1I/0'1I). 
g( a1, ... , aO' ) 0'1,···,0'0' 

The proof of Lemma 1.7 is complete. 
Putting (j = 2 and g( a1, (2) = J ai + a~ in the hypotheses of Lemma 1. 7, 

obtain (4.13). 

So, the space W~m)*(n) splits into the direct sum of subspaces 

in much the same way as W~m)(n) before. Consequently, every element I in 

W~m)*(n) may be written as I = 11 + 12 where 11 in P:;'-1 and h in L~m)*(n), 
with (4.13) holding. 

Using the above decomposition, we may simplify the problem of minimizing 
the norm of an error. We assume that the number of nodes N is sufficiently large so 
that there exist a matrix 5;1. Considering that the projection II'P is chosen to be 
the interpolation operator constructed from the no des of the cubature formula (1.3), 
derive the equality 

N 

h = L akl5(x - x(k»). 
k=1 

We presume this in what follows. 
Minimizing the W~m)* norm of the error I( x), we may separately minimize the 

norm of each of the corresponding functionals 1II and 1(1 - II). If the number of 
no des in (1.2) is sufficiently large then we may nullify the norm of the first of the 
functionals, by taking as II the interpolation operator constructed at the nodes of 
the cubature formula (1.3). 

Reformulate the result in a slightly different fashion. We proved that tö each 
cubature formula in wim ) there corresponds a cubature formula of the same shape 

which is exact for all polynomials of degree less than m. In this event the wim )* 

norm of the error of a formula in L~m)* does not exceed the wim)* norm of the 
errar corresponding to the initial cubature formula. This circumstance allows us to 
search optimal formulas in L~m). 

Consider wim ) and inspect the norm of an error I(x) in this space. 
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Assume first of all that the number of no des N in the cubature formula in 
question is sufficiently large for the matrix S to have a right inverse. As we have 
seen, this is always so if the nodes of the lattice in the simplex (4.12) are included 
in the whole system of nodes. 

Using (4.8), construct a projection II of W~m) to Pm-I. Clearly, II<p = <p for 
all<p E Pm-I. 

The norm of P m - I may be given arbitrarily. According to (4.13), this may 
change only that part of the norm which needs no approximation. Put 

N 

IIP I P m_tII 2 = L IP( x(k»)1 2 . 

k=1 

Then the norm of a function cp(x) in W~m) is expressed as 

II'P I wim ) 11 2 = (c;5S;IS) (c;5S;ISr + J L :!!ID<><p12 dx . 
lal=m 

(4.16) 

This norm makes wi m ) into a Hilbert space. The inner product on wim ) is given 
by the formula 

( 4.17) 

By the main property of Hilbert space, wim )* may be identified with wim ), and, 

by the Riesz Theorem, every bounded linear functionall on wim ) may be written 
by me ans of the inner product (4.17) as follows 

( 4.18) 

Here 'l/Jl is a function uniquely determined from the functional 1. In particular, 
each 1 in W~m)* decomposes into the sum 

where 

(l,<p) = (h,<p) + (l2,<p), 

(h,<p) = (c;5S;IS) (;fIS; I Sr, 

(l2, 'P) = J L :i D<> <pD<> 'l/Jl dx. 
lal=m 

(4.19) 

( 4.20) 

( 4.21) 
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Clearly, h coincides with the composition 1II. Indeed, for every function <p E wim ) 

by (4.18) we have 

Whence and from (4.19), conclude that h = l(I - II). 
Using (4.19)-(4.21), we may derive the following important theorem. 

Theorem 1.7 (I. Babuska). Assume that an error lex) is defined on L~m), 
i.e. lex) vanishes at every polynomial oE degree less than m. If lex) is L~m)_op_ 
timal, i.e. lex) has a minimal L~m)* norm among all errors with a given system 

oE nodes x(1), ... ,x(N)j there exists an extrem al Eunction ofl(x) belonging to L~m) 
and vanishing at every node x(k). 

PROOF. Using the given system of nodes, arrange the projection 

and the respective inner product (4.17). Now wim ) is a Hilbert space. 
As is weIl known, the projection g1 of an element 9 in a Hilbert space H to 

a closed subspace H 1 eHserves as the best approximant to 9 among the elements 
of H 1 . In this event, the difference 9 - g1 is orthogonal in H to every element of H 1 . 

Take as H the space wim ), and as Hl, the subspace of linear combinations 

2::=1 CkUk(X), with Uk(X) the function in wim ) corresponding to the functional 

S(x - x(k» by the Riesz Theorem. For every function <p E W~m) we now have 

The subspace H 1 is clearly closed in H. 
By the Riesz Theorem, to the indicator Xn(x) there corresponds gEH. More­

over, for each g1 E H 1 the difference 9 - g1 defines the error of some cubature 
formula. The norm of this error is minimal if the function '1j;/ = 9 - g1 is orthogonal 
to all functions Uk( x), k = 1, ... ,N, i.e., if 

In this event, '1j;/(x) is the extremal function for lex) in wim ). It turns out that the 

same function represents lex) in L~m). 
Indeed, by condition, the functionall( x) vanishes at every polynomial of degree 

less than m. Therefore, the superposition 11 = III coincides with the zero operator 
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in wi m ). Whence and from (4.19)-(4.21) it follows that for every ep E wi m ) the 
next equality is valid 

(l,ep) = (12,ep) = J L :!!Daep(x)Da1f/(x)dx. 
jaj=m 

The proof of Theorem 1.7 is complete. 
It is worth observing that Theorem 1. 7 ensues from a more general duality 

theorem for functionals by S. M. Nikol'skil (see, for instance, [101, p. 26]). 

§5. Expansion of the L~Tn)* Norm of an Error with 

Arbitrary N odes 

As we have already noted, in practice it is useful to know the norm of the 
error of a cubature formula for every fixed number of no des N. Then we may find 
an approximate value of an integral with prescribed accuracy without redundant 
operations. In the current section we give two expressions for the norm of an error 

acting on L~m). These expressions may in particular be used for computations. By 
means of these expressions for the norm, we also obtain a system of linear equations 
for determining the weights of L~m)-optimal cubature formulas and inspect the 
simplest properties of the system. 

A cubature formula with the error lex), if considered in L~m), may be charac­
terized in two ways. 

This cubature formula is determined by the extremal function 1f/( x) that results 
as solution to the equation 

(5.1) 

The function 1f/(x) belongs to L~m) and may be written down as the convolution 

1f/(x) = G(x) * lex) + P(x). (5.2) 

Here G(x) stands for the function (-l)mG m ,n(x), where Gm,n(x) is the fundamental 
solution to the polyharmonie equation; an explicit expression for Gm,n(x) is given 
in § 2. The second summand P( x) in (5.2) is an arbitrary polynomial of degree less 
than m. The norms of lex) and 1f/(x) are related as follows 

/1 1 1 L~m)*,,2 = J L :!! IDa1fd2 dx. 
jaj=m 

(5.3) 

The integral on the right side of (5.3) is taken with 1f/(x) a polyharmonie function 
at all points of !Rn except for the boundary of n and the nodes x(1), x(2), . .. ,x(N). 
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If m = 1, then it eoineides with the eonventional Dirichlet integral. The differenee 
between the extremal functions of the errors hex) and 12(X) is a function poly­
harmonie everywhere in IR n exeept for the union of nodes eorresponding to 11 (x) 
and12(x). 

The eubature formula is determined by its weights Ck, 1 ~ k ~ N, eonnected 
with the extremal function 1f/(x) by (5.2). Inserting (5.2) in (5.3), we see that the 
norm square of the error is a quadratie form in its eoeffieients 

N 

111f/ I L~m)*112 = L G(x(k) - x(k'))CkCk' 
k,k'=1 

N 

-2 L Ck J G(x - x(k))dx + J J Xn(x)Xn(y)G(x - y) dxdy == 1f(c). (5.4) 
k=1 n 

Reeall that the weights Ck in (5.4) obey the linear system (1.7) whieh is equiv­
alent to the requirement that the eubature formula be exact for all polynomials of 
degree less than m, 

(l(x),x") =0, lal<m. (5.5) 

We now formulate the eonditions under whieh the quadratie form 1f( c) attains 
a minimum on the set of vectors C subject to the eonstraints (5.5). To this end, we 
apply the Lagrange method 01 multipliers. Consider the auxiliary function 

j=1 

Equating to 0 the partial derivatives of 1f1 (c, v), obtain the system of equations 

Here 

N M 
L G(x(k) - x(k'))Ck' - L(x(k)),,(j) Vj = mk, 1 ~ k ~ Nj 

k'=1 j=1 

N 

L(x(k)),,(j) Ck = /j, 1 ~ j ~ M. 
k=1 

mk = J G(x - x(k))dx, 

n 

1 J ,,(j) d 
j = x x. 

n 

(5.6) 
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A solution to (5.6) which we denote by c~O) and vJO) is a stationary point of 'ljJl (c, v). 
From the theory of local extrema, we know a sufficient condition under which this 
solution provides a local minimum of 'ljJ(c) on the manifold (5.5). This condition is 
positive definiteness of the quadratic form 

N a2 'ljJ 
cI>(c) = L aal ckck' 

k,k'=l ck ck' 

on the set of vectors c subject to the constraint 

Sc= O. 

Check that this condition is satisfied in the case under study. 

(5.7) 

(5.8) 

Lemma 1.8. For every nonzero vector cE Rn lying in tbe subspace Sc = 0, 
tbe function cI> ( c) is strictly positive. 

PROOF. From the definition of 'ljJl(C) and (5.7) it follows that 

N 

cI>(c) = L G(x(k) - x(k'»)CkCk', 
k,k'=l 

Consider the linear combination of delta functions 
N 

bc(x) = L Ckb(x - x(k»). 
k=l 

(5.9) 

(5.10) 

By (5.8) this functional belongs to L~m)*. It thus has the extremal function 

uc(x) E L~m) serving as a solution to the equation 

(5.11) 

Clearly, we may take as uc(x) the next linear combination of translates of the 
fundamental solution 

N 

uc(x) = L ckG(x - x(k»). 
k=l 

The square of its norm in L~m) coincides with cI>(c), namely, 

N 

Ilu c I L~m)1I2 = (bc(x),uc(x)) = L G(x(k) - x(k'»)CkCk', 
k,k'=l 

This readily implies that, for c nonzero, cI> ( c) is a strictly positive function. The 
proof of Lemma 1.8 is complete. 

If the nodes x(l), X(2), . .. ,x(N) are chosen so that the matrix S has a right 
inverse, then (5.6) has a unique solution. 
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Lemma 1.9. If the matrix S has a right inverse then the matrix Q oE (5.6) is 
nondegenerate. 

PROOF. Denote the matrix of the quadratic form (5.9) by G, and write the 
homogeneous system that corresponds to (5.6) as 

(5.12) 

Check that the sole solution of (5.12) is identically O. 
So, let c and v make a solution to (5.12). Using (5.10), arrange the generalized 

function Se( x) that corresponds to the vector c. This function obviously belangs to 

L~m)*. As the extremal function for Se(x) take the following natural spline 

N M 
C) 

ue(x) = L G(x - x(k»)Ck + L VjxO< J • 

k=l j=l 

This is correct since ue(x) belongs to L;m) and solves (5.11). The first N equations 

of (5.12) mean that ue(x) vanishes at every node x(k). Using this, find the L~m)* 
norm of «SAx), namely, 

N 

Ilbe I L~m)*112 = (be,u c ) = LCkU(x(k») = 0, 
k=l 

which is possible only when c = o. Considering this, from the first N equations 
of (5.12) find 

S*v = O. (5.13) 

By hypothesis, the matrix S has a right inverse, but then S* has a left inverse. 
Whence and from (5.13) infer that the solution v is also equal to zero. The proof 
of Lemma 1.9 is complete. 

So, (5.6) has the only solution c(O) and v(O). In this event, c(O) gives a local 
minimum to the quadratic form 'IjJ( c) on the solution set of (5.5). The entries of this 

solution are thus coincident with the weights of an L~m) -optimal cubature formula. 
The norm of the optimal error is a function of the number of no des N and 

the order m. It is a hard problem to find explicit expressions for this function 
which are at least asymptotically exact as N and m tend to infinity. While the 
problem remains unsolved, we have no grounds for deciding on how worse a concrete 
cubature formula is as compared with an optimal formula. Observe that in the 
case of the cubature formulas corresponding to the lattice of nodes hH'Y, we may 
obtain (see Chapter 5) an expansion of the norm of the L~m)-optimal error which 
is asymptotically exact as h -t 0 at a fixed m. In the case of m tending to infinity, 
we expose (see Chapter 7) only upper bounds on the norm of the optimal errors 
and only in the one-dimensional case. 
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§6. The Weights of Optimal Cubature Formulas on 
a Given Lattice 

37 

We have shown in § 2 how to construct asymptotically optimal cubature formu­
las on a given lattice of nodes hH,. Using our approach to constructing formulas 
with regular boundary layer, we obtain the number of operations required for finding 
weights which is 1/ h times less than the number of operations needed for fulfilling 
approximate integration. 

In some cases, for instance when n is a rational polyhedron, this number of 
operations remains finite even as h ~ O. However, this approach does not show the 
asymptotic behavior of the genuine optimal weights cob] as h ~ o. 

To clarify the question, consider the linear system for the weights of an L~m) -op­
timal cubature formula on a given lattice of nodes. In this case (5.6) takes the shape 

hn 2:: Co [,]G(hHCr - ,')) - 2:: va(hH,Y~ = J G(hH, - y) dy, , E B, 
'"'(' EB !a!<m {l 

hn 2:: co[,/](hH,'t = J ya dy, lai < m, 
'"'(' EB {l 

(6.1) 
where B is the set of multi-indices, such that hH, lies in the closure n. 

This is a system with the number of indeterminates which grows like h-n as 
h ~ o. The coefficients of (6.1) do not vanish and straightforward solution of the 
system becomes complicated; the same applies to other study of the system. We 
thus propose another, nonalgebraic, approach to solving (6.1). 

Extend co[,] to a function of a discrete argument ranging over all , by setting 
it 0 for , not in B. Assume furt her that Gb] = G(hH,). Then (6.1) may be 
rewritten in convolution form as 

hnco[,] * Gb] = wb], , E B, 

hn L cob](hH,)a = Ja, lai < m, (6.2) 

'"'( 

where 

wb] = J G(hH, - y) dy + 2:: va(hH,t, 
{l !a!<m 

We find it convenient to consider a more general problem. In addition to Co [,] , 
introduce one more unknown function w[,], and replace (6.2) by a similar system 
with an arbitrary right side. 
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PROBLEM BI. Find a solution to the system of equations 

hne[,) * G[,) = w[,], hH, ERn, 

e[,) = 0, hH, tJ. IT, 
hn L e[,)(hH,Y' = fa, lai< m, 

w[,] = f[,] + L va(hH,)a, hH, E IT, 
lal<m 

Chapter 1 

(6.3) 

with unknowns e[,], w[,], and VO' In this system fa are given numbers and J[,] is 
known in the closure IT of Q. 

In IT, the function e[,] and the polynomial 

P[,] = L va(hH,Y' 
lal<m 

are unknown. The function w[,] in fl is expressed through the polynomial P[,] and 
the function f[,] by means of the last of the relations (6.3). 

Problem BI admits a continuous analog whose inspection yields a key to solving 
the system (6.3). 

Replace c[,] and w[,] with some functions of a continuous argument e(x) and 
w(x), and instead of G[ß] and J[ß] use G(x) and fex). Then arrive at the next 

PROBLEM Al. In a domain Q, find a generalized function c( x) and a polynomial 
P(x) = L:lal<m vaxO'; in the complement n* ofn, find a function w(x) satisfying 
the system of equalities 

c(x) * G(x) = w(x), x ERn, 

e(x) = 0, xtJ.fl, 

J e(x)xa dx = fa, lal<m, 
(6.4) 

w(x) = fex) + P(x), xE Q. 

A solution of Problem Al is not unique, nor is a solution to Problem BI. To 
obviate this, we impose additional conditions on the functions. These conditions 
allow us to consider Problem Al in a sense as a limit case of Problem BI. In 
particular, we may make conclusions about asymptotic behaviour of the weights of 
optimal formula as h ---t 0. 

We require that the derivatives of order m of w( x) be square integrable over 
every bounded domain Q. The second of the equalities (6.4) gives some constraints 
on the behavior of w( x) in a neighborhood about the point at infinity. 
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Sinee w( x) is a poly harmonie function in the exterior of n, it follows that w( x) 
grows at infinity not fast er than Ixl2m - n log lxi. The second of the equalities (6.4) 
now yields an explicit expression for a few first terms of the expansion of w( x) in a 
series in the deereasing powers of lxi. 

Indeed, w( x) in the exterior of n may be written as convolution 

w(x) = J G(x - y)c(y) dy. 

Expanding G(x - y) in apower series in y, find that 

J (_y)a 
w(x) = L DaG(x)----;!c(y) dy + Wl(X). 

lal<m 

(6.5) 

The Taylor series for G( x - y) converges when yEn and x is suffieiently large. 
With the aid of (6.4), we may rewrite (6.5) as 

(6.6) 

For n odd or n > m, the function Wl (x) in a neighborhood about the point at 
infinity does not exceed Klxl m - n ; i.e., for all x E ]Rn, the inequality holds 

(6.7) 

If n is even and n :S m then the factor log lxi appears in the right side of (6.7). 
Clearly, Wl (x) has the derivatives of order m square integrable in a neighbor-

hood about the point at infinity. 
Therefore, the function w( x) is a solution to the next exten!Jion problem. 
PROBLEM Tc. Find a function w(x) satisfying tbe conditions: 
(1) in tbe exterior of n, tbe function w( x) is polybarmonic, 

(2) in tbe domain n, tbe equality bolds 

w(x)=f(x)+ L vaxa, 
lal<m 

wbere f(x) is a known function; 

(6.8) 
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(3) in the exterior of n, the function w(x) may be written as the sum (6.6) 
with the summand Wl(X) satisfying (6.7). 

According to the routine Embedding Theorem, all derivatives of w( x) up to 
order rn-I remain continuous in crossing the surface an. This gives rise to the 
boundary conditions that must be fulfilled on an by the function Wl (x) polyhar­
monic in the exterior of n. It is easy to check that these conditions take the form 

Dßwdan = -Dß { L (_1)I"lf" D"~(X)} I 
l"l<m an 

+Dß{f(X)+ L v"x"}1 ' IßI < m. 
1"I<m an 

(6.9) 

The theory of the polyharmonic equation establishes that a function Wl(X), 
satisfying (6.8) in the exterior of n and (6.9) on the boundary an, exists only 
at a special choice of v" in which case Wl (x) is unique. The coefficients v" are 
determined uniquely. Consequently, Problem Tc is solvable. 

We find the function c( x) by applying the operator ~ m to w( x). The function 
c( x) is as a rule a generalized function even if f( x) has continuous derivatives of 
arbitrary order and vanishes on the boundary of the domain n. 

Indeed, the derivatives of w( x) of order at least m jump in crossing an. There­
fore, the polyharmonic operator ~ m acts on w( x) as follows 

~mW(x) = ~m fex) + L a,,(x)D"Dan(x), (6.10) 

l"l<m 

where Dan (x) is the Dirac function supported by the boundary of n, and ~ m f( x) is 
a continuous function in n. 

Formula (6.10) prompts us the reason for appearance of a boundary layer in 
the problem of optimal cubature formulas, thus providing a natural explanation 
for asymptotic optimality of formulas with regular boundary layer. Indeed, the 
first summand in (6.10) is a smooth function and in our particular case it is dose 
to a constant function. The summands containing the derivatives of Dan (x) are 
approximated by finite differences, i.e., oscillating quantities. 

We now turn to considering problems with functions of a discrete argument. 
The operator of convolution with G[ßl admits an inverse which is also a con­

volution but with the function a[ßl computable by using the Fourier transform. 
The function a[ßl depends not only on the discrete argument ß but also on the 
matrix Hand the mesh-size h. We list the main properties of a[ßl. 

1. As IßI tends to infinity, the function a[ßl decreases ~xponentially 

la[ßll :::; Ke- r1lß1 . 
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Here the constants K and TJ are positive and independent of ß. 
2. The convolution of O"[ßl with G[ßl exists and coincides after multiplication 

by h-2m with the function biß], a diserete analog of the Dirae delta function, 

h-2m O"[ßl * G[ßl = b[ßl· 

3. The convolution of h -2m O"[ßl exists with an arbitrary function if!( hH ß) 
growing at infinity not faster than every polynomial (i.e. with a tempered fune­
tion), and the limit of this convolution as h -t 0 coincides with the value of the 
polyharmonie operator at if!( x), namely, 

4. The function O"[ßl admits an expansion of "divergenee" type, namely, 

O"[ßl = L L(Q)[ßl * L(Q)[-ßl, 
IQI==m 

where the functions L(Q) [ßl decrease exponentially at infinity. The limit of the 
convolution L(Q)[ßl with if!(hHß) as h -t 0 equals the partial derivative DQif!(x), 
namely, 

5. The next formula is valid which is analogous to Green' s identity for the 
polyharmonie operator 

2: tp[ßl(O"[ßl * tp[ß]) = 2: 2: (L(Q)[ßl * if![ß], L(Q)[ßl * if![ß]). 
ß ß IQI==m 

The properties of O"[ß) show that the operator of convolution with this function 
is a discrete analog of the taking of the polyharmonic operator. We have thus indi­
cated a new method for introducing a difference approximation to the polyharmonie 
operator which is a contrast with those used in theoretic research. It is customary 
to take as approximation to the polyharmonie operator a difference scheme with 
finitely many nodes. In other words, there is constructed a compactly-supported 
function 0"* [ßl of a discrete argument such that the convolution with it transforms 
into ~ m as h -t O. Our approach differs in the fact that we begin with constructing 
not a difference approximation to ~ m but rather a discretization of the correspond­
ing potential G( x). In this event the convolution of continuous functions with G( x) 
is replaced by the convolution of discrete functions with G[ßl. Only after that we 
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do invert the discrete potential. This approach leads to not-compactly-supported 
approximation Ll m . 

We now state the problem that is a discrete analog of the extension Problem Tc. 
PROBLEM Td. Find a function wh] satisfying the three conditions: 
(1) for, E B the function w[,] assumes values that are given to within a poly­

nomial summand, i.e., 

w[,] = J G(hH,- y)dy + L vaxa; 
fl lal<m 

(2) in the complement of B, the function w[,] satisfies the convolution identity 

a[,] * wh] = 0, , tf- B; 

(3) at infinity we have the inequality valid 

Iw[,l-J G(hH,- y)dyl ~ KlhH,lm-n. 
fl 

To Problem Td we may translate all research methods that we use in the 
continuous case. In particular, we may prove existence and uniqueness for a solution 
to Problem T d. 

Thus, the problem of determining optimal weights of cubature formulas on a 
fixed lattice of nodes reduces to a discrete analog of one of the classical boundary 
value problems of the theory of the polyharmonic equation. Inspecting the problem 
of optimal weights on the basis of the above-suggested approach prompts us their 
possible asymptotic behavior. Emphasize that we speak of asymptotic behavior as 
h --+ 0 at a fixed m. Our hypothesis is as follows: In the interior points of n the 
weights co[,] are elose to a constant, differing from the latter by a quantity with 
exponential decay in the domain as the discrete variable , becomes more distant 
from the boundary of n. Moreover, the exponent of the exponential depends only 
on h. Therefore, as h decreases, the width ofthe boundary layer in an L~m)-optimal 
cubature formula decreases in all probability in proportion to h. In the case when 
m and h change agreeably, for instance, when mh = q < 1, the hypothesis we stated 
must be substantially improved. 



Chapter 2 

Cubature Formulas of Finite Order 

In the theory of computations we traditionally consider two problems, interpolation 
and approximate integration of functions. We have seen that these problems are 
tightly woven with one another if addressed in a purely algebraic manner. In this 
case the problem of approximate integration reduces to construction of cubature 
formulas exact for polynomials of degree m. The cubature formulas arising on this 
way are often called formulas of interpolatory type. We consider them in § 1. 

If the integration domain admits a sufficiently simple finite group of transfor­
mations to itself, we may pose a problem of seeking for cubature formulas invariant 
under this transformation group. Calculation of the nodes and weights of these for­
mulas may be very economical which allows us to attain high accuracy at a given 
cost. Below in § 2 and § 3 we study exact formulas that are invariant under finite 
groups of space rotations. 

§ 1. Formulas of Interpolatory Type 

Assume that 'P(x) is a function continuous in some domain Q in ~n and inte­
grable over a bounded subdomain n with n c Q. We approximately replace the 
integral over n of 'P( x) by a linear combination of the values of 'P( x) at the points 
of the set K = {x(l), x(2), ... , x(N)} C n. We do not exclude the case in which 
some of the nodes of K lie outside n. 

A cubature formula for approximate calculation of the integral 

I( 'P) = J 'P( x ) dx (1.1 ) 

n 
is the sum 

N 

IN('P) = LCk'P(x(k)), x(k) E K, (1.2) 
k=l 
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that provides the approximate equality 

The points of Kare the nodes of the eubature formula, and the numbers 
Cl, •.. , CN are its weights. The error of this cubature formula is given by the 
differenee 

(1.3) 

We say that a cubature formula is exact for r.p( x) provided that (1.3) equals O. 
Thus, the functions for whieh the eubature formula (1.2) is exact span the kernel 
of the error lN. 

It seems natural to eonsider sequenees of eubature formulas indexed with the 
number of nodes N rat her than individual formulas. In this ease we speak of 
a cubature process. We say that a eubature process with so~ehow defined nodes 
and weights converges, if for every function r.p eontinuous in n and integrable over 
n the quantity IN( r.p) eonverges to I( r.p) as N -+ 00. 

In an algebraie setting, various approaehes are used for determining the no des 
and weights of eubature formulas. We deseribe those that are in most frequent use. 

PROBLEM 1. Given a system of no des K find the weights Cl, C2, ... , C N of 
a eubature formula so that it be exact for all polynomials of degree m (the spaee 
they span we denote by Pm) with m as large as possible. 

PROBLEM 2. Find the weights Cl, C2, ... , CN and nodes x(I), x(2), ... x(N) E K 
of a cubature formula so that it be exaet for all polynomials in Pm with m as large 
as possible. 

PROBLEM 3. Given the weights Ck = Inl/N, k = 1, ... ,N, find the no des 
x(I), x(2), ... , x(N) E K of a eubature formula so that it be exaet for all polynomials 
in Pm with m as large as possible. 

PROBLEM 4. Given the no des x(i) E K, i = 1,2, ... ,NI , with 1:S NI :S N, 
find the weights Cl, C2, ... , cN and the no des x(N1 +1), ... , x(N) of a cubature formula 
so that it be exact for all polynomials in Pm with m as large as possible. 

By analogy with the one-dimensional ease the eubature formulas, if they exist 
and solve Problems 1-4, are ealled the cubature formulas of Newton-Gotes, Gauss, 
Ghebyshev or M arkov type, respectively. 

Stating Problems 1-4, instead of Pm we may take another finite-dimensional 
function space, for instanee, the spaee of trigonometrie polynomials of a given 
degree m. In this event the dimension of the spaee is also uniquely determined 
from m. 

Cubature formulas for approximate ealeulation of the integral (1.1) are not 
exhausted by the expressions like (1.2). Also under eonsideration are the Hermitian 
cubature formulas in whieh to the sum (1.2) some summands are added that contain 
the nodal values of the derivatives of r.p(x). 
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An integer m is called the order of a cubature formula (1.2) if, first, the cor­
responding error is exact for the polynomials of degree less than m, and, second, 
there is a polynomial of degree m at which the error (1.3) is other than O. 

In the case when we consider a cubature process, the order m depends on the 
number of nodes N, i.e., m = 'lj;(N). As a rule, the function m = 'lj;(N) increases 
and tends to infinity as N -+ 00. 

We now state a criterion for convergence of the errors of cubature formulas on 
continuous functions. 

Theorem 2.1. A cubature process (1.3) converges for every function cp in 
C(!1) if and only if 

(1) there is a constant L > 0 such that 

N 

L ICkl ~ L (1.4) 
k=l 

uniformly in N, 
(2) the sequence IN(cp) converges to I(cp) for all cp in some everywhere dense 

subset of C(!1). 

The proof is simple, basing on appeal to the classical Banach-Steinhaus The­
orem [265J. 

In the case when to the cubature process under study there corresponds the 
function m = 'lj;(N) assigning to a given N the corresponding order, as a subset 
den se in C(!1) we may take the space of polynomials. Inequality (1.4) amounts now 
to estimation of the norms of the sequence of errors ZN in C(!1)*. 

Theorem 2.2. For the system of nodes x(k), k = 1, ... ,N, to admit of a cuba­
ture formula (1.2) exact for all polynomials P in Pm, it is necessary and sufficient 
that the integrals be 0 of all those polynomials P that vanish at every point x(k). 

PROOF. The necessary and sufficient condition for the system (1.1.7) to be 
solvable is the orthogonality of b to all solutions of the homogeneous adjoint system 

aS = O. (1.5) 

The set of such solutions adefines the subspace of polynomials P of degree m. 
By (1.5) each of these polynomials vanishes at all nodes x(k). The orthogonality 
condition for the vectors a and b in ~M means the vanishing of the integrals I(P). 
The proof of Theorem 2.2 is complete. 

The rank r(S) of the matrix S may equal M or be less than M. In the first 
case of r( S) = M, the problem of determining the weights Ck of a cubature formula 
is always solvable. This follows from Theorem 2.2, since the sole solution of (1.5) 
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is zero in the case under consideration. If r( S) = M then the size of K is at least 
M, i.e., N ~ M. 

In the second case of r(S) < M, it is natural to construct cubature formulas on 
assuming that r(S) = N. Then the solvability condition for (1.1.7) is the equality 

r(S X b) = r(S) = N, (1.6) 

with S x b the augmented matrix. As is known, the condition (1.6) amounts to the 
vanishing of M - N determinants of the matrix S x band so yields M - N conditions 
on bl , b2 , ..• , b M. The reals bj are the system of moments of the indicator of the 
domain n. If n = 1 and the domain n is an interval, then the reals bj are readily 
written down as functions of the endpoints of the interval. In this case the set of 
all b is a 2-dimensional manifold in the M-dimensional spacej some of the vectors b 
may satisfy (1.6). 

EXAMPLE 1. Assurne that n = 1, n = {x : -1 ~ x ~ I}, m = 3, and 
x(l) = -1, x(2) = 0, x(a) = 1. The system of equations (1.1.7) takes the form 

Cl + C2 + Ca = 2, 
-Cl + Ca = 0, 

(1. 7) 
Cl + Ca 2/3, 

-Cl + C3 = O. 

The rank of S equals 3, the number of nodes of the set K, and is less than M = 4. 
Nevertheless, the system (1.7) is solvable. Moreover, Cl = 1/3, C2 = 4/3, and 
C3 = 1/3. We thus obtain the customary Simpson formula 

1 J 1 4 1 
cp(x) dx ~ "3CP( -1) + "3CP(O) + "3cp(l), 

-1 

which is exact for polynomials of degree 3. 
In the case when the dimension of the space is greater than 1, to find the 

vector b becomes more difficult. This is a problem of many-dimensional moment 
theory. Nevertheless, for a given domain n, especially when n possesses some 
symmetry, it is often possible to find the set of nodes of size N < M such that 
the system (1.1.7) is automatically solvable. In many dimensions, this problem 
was addressed by various authors, among which we mention I. Radon [168], [103, 
Chapter 22, § 4J and I. P. Mysovskikh [133J. 

Stated as one of its instances, Problems 2-4, the problem of determining the 
weights and nodes of a cubature formula as solutions to (1.1.7) is harder, since it 
becomes nonlinear . For instance, Problem 2 has N (n + 1) undetermined parameters 
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of a cubature formula (1.2). This size of the set of undetermined parameters enables 
us to increase essentially the degree of a cubature formula with a given number of 
nodes. 

Systematic study of interpolatory type formulas was accomplished in the ar­
ticles by I. P. Mysovskikh. The reader may get acquaintance with his results and 
the relevant references in the monograph [133]. 

§2. Rotation Invariant Cubature Formulas 

Let G be a rotation 9rouP in IR. n comprising the elements 91, g2, ... , gM, with 
M the order of G. For every x(k) E IR.n all points of the shape 9iX(k) (some of them 
may coincide) make an G-orbit. 

A cubature formula (1.2) is invariant under Gor, simply, G-invariant if the 
integration domain n is invariant under G and the set of no des x(k) is the union of 
G-orbits and to the no des x(k) of the same orbit there are assigned equal weights Ck. 

Let L be an N-dimensionallinear subspace in C(n) spanned by linear com­
binations of continuous functions 'Pi(X). Assurne that 'Pi(X), i = 1,2, ... ,N, are 
linearly independent. We have the following 

Tbeorem 2.3. Let G be a rotation group and let L be some finite-dimensional 
space invariant under G. AG-invariant cubature formula (1.2) is exact for all func­
tions in L if and only if its error lN vanisbes on tbe subspace comprising G-invariant 
functions in L. 

PROOF. Take an arbitrary function 'P E C(n) and put 

(2.1) 

The set comprising 91X, 92X, ... , 9MX goes into itself under multiplication from the 
left by an arbitrary element ga of G. Consequently, we have the equality 

M M 

L 'P(9jX) = L 'P(ga9jX). 
j=1 j=1 

Therefore, the mean function 'PG( x) is G-invariant, i.e., 

Let a cubature formula (1.2) be invariant under G. Then we have the relations 
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Hence, the error of the formula at a function 'P coincides with that error at the 
corresponding mean function 'Pa, i.e., 

(2.2) 

If the error ZN is exact for all G-invariant functions then it also vanishes at 'Pa. 
This, together with (2.2), entails our claim. The proof of Theorem 2.3 is complete. 

Corollary 2.1. If tbe mean of a continuous function 'P, taken over a subgroup 
G* of G, equals zero tben an arbitrary G-invariant errar ZN is exact for 'P. 

Indeed, the error ZN, being invariant under G, remains the same under G*. 
This means that for 'Pa' we have an equality analogous to (2.2), which completes 
the proof of Corollary 2.1. 

It is convenient to view a rotation group as a group of transformations of the 
unit sphere Sn of ]Rn into itself. As is well known (see, for instance, [59]), there is 
an infinite series of eyclie groups Ca of orders 0: whieh are eomposed of rotations 
of Sn. For n 2': 3 there are finite rotation groups of regular polyhedra, the finite 
polyhedral groups. We denoted the group that eorresponds to an n-dimensional 
N-hedron by G;;. 

For n = 3 we have the following nonequivalent finite rotation groups of the 
sphere S3 whieh keep invariant some regular polyhedron: the tetrahedral group Gj, 
the octahedral group G~ and the ieosahedraZ group G~o [59, Chapter III, § 20]. The 
eubieal group G~ is equivalent to G~, and the dodeeahedraZ group G~2, is equivalent 
to G~o. 

For n = 4 we have the tetrahedral group Gl, the octahedral group Gl6 and 
the cubieal group G:, with G: = Gi6 • Moreover, we also eonsider the groups G~4, 
G!20, and G~oo, with G!20 = G~oo. 

For n 2': 5 there are only three groups: the tetrahedral group G~+l, the eubieal 
group G;'n, and the octahedral group G;.n, with G;'n = G;.n. 

Denote by P ma the spaee of G-invariant polynomials of degree at most m. 
If in Problems 1-4 we additionally require that a formula be invariant under 

a rotation group G, then the problem of determining the no des and weights of the 
formula beeomes mueh simpler. Two reasons are behind this. First, the number of 
independent parameters of an invariant eubature formula with the number of nodes 
fixed in advanee is less than in the general ease. Seeond, the number of linearly 
independent polynomials for whieh our eubature formula must be exact equals Mo, 
the dimension of P ma , i.e., it is less than M. 

Let us find the dimension Mo of the spaee P ma for several rotation groups G. 
We find it eonvenient to use the notion of asolid spherical harmonie in a variable x 
in ]Rn. Reeall that the homogeneous harmonie polynomial Zs(x) of degree s is also 
termed the solid spherieaZ harmonie of degree s. In this event, the restriction of 
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Zs(x) to the unit sphere is the spherieal harmonie of degree 8. To leam more about 
the properties of spherical harmonics, the reader could consult the book [5]. 

We have the foUowing 

Theorem 2.4. Every bomogeneous polynomial 1/Jk of degree k 1S uniquely 
expressed as tbe sum 

[k/2] (I I) 2s 
1/Jk(X) = ~ ~ Zk-2s(X), 

witb Zk-2s( x) tbe solid spberieal barmonie of degree k - 28, 8 = 0,1, .... 

(The brackets stand for the taking of the integral part of areal.) 

(2.3) 

We caU (2.3) the Gaussian deeomposition 0/ a homogeneous polynomial. To 
find a proof of Theorem 2.4, the reader may for instance consult [250]. 

By (2.3) an arbitrary homogeneous polynomial of degree k may be written on 
the unit sphere as a linear combination of spherical harmonics of degree k. Knowing 
the number of linear independent G-invariant spherical harmonics of degree k and 
using (2.3), we may find the dimension MG. 

We fulfiU this plan of actions in the case of 3-dimensional space and the eyclic 
group Ca of order o. This group is composed of powers of rotations of the sphere 
about a fixed axis by the angle 27r / o. In this event, two points of the sphere remain 
fixed, PN and Ps. One of them, the point PN, we treat as the north pole; the other, 
Ps, the south pole. Introduce the polar coordinates () and <.p on the sphere. Then 
every transformation 9a, a member of Ca, is determined from one of the equalities 

g!(O,<.p) = (O,<.p+ 2:8), s = 1,2, ... ,0. (2.4) 

As is known, we may make a basis for the space of spherical harmonics of 
degree k from the functions 

p~lmll (cos O)eim <;> , m = 0, ±1, ... ,±k, (2.5) 

with p~lmll( . ) an adjoint Legendre /unction. Under every transformation of (2.4), 
each of the functions (2.5) is multiplied by an exponential of the shape ei2s1rm/a. 
Consequently, invariant under the transformations of (2.4) are those and only those 
of the spherical harmonics (2.5) for which 0 divides into m. This observation enables 
us to find the total number S(k) 0/ linearly independent Ca-invariant spherical 
harmonics. We have 



50 Chapter 2 

Theorem 2.5. The number S(k) of linearly independent spherical harmonics 
of degree kinvariant under the cyclic group Ca of order a is expressed by the 
formula 

S( k) = 2 [~] + 1. (2.6) 

Before calculating S( k) for the case of the rotation groups of regular polyhedra 
in the 3-dimensional space, we consider some simplest properties of these groups. 

Every finite group G of rotations of a regular polyhedron, surely containing the 
identity, consists of rotations about axes passing through a vertex of the polyhedron, 
rotations about axes passing through the centers of its faces, and finally rotations 
about axes passing through the midpoints of its edges. Assurne that the number of 
the vertices of the polyhedron equals t 1 ; the number of faces is h, and the number 
of edges is t3, with the rotation angles given by the reals 27rkI/ql, 27rk2/q2, and 
27rk3/q3 respectively, where kj ranges from 0 to qj - 1. We have the following 

Lemma 2.1. The order of G may be found by multiplying the parameters tj 
and qj that correspond to one another 

(2.7) 

PROOF. We may implement a rotation of G as follows: first, we translate 
a given vertex (face, or edge) to its terminal position; then, rotate the polyhedron 
about the axis passing through this vertex (the center of the face, or the midpoint 
ofthe edge). The rotation angle coincides with 27rkj /qj, where kj may assume one 
of the values from 0 to qj - 1. Consequently, all possible rotations in G may be 
implemented in exactly tjqj different ways. The proof of Lemma 2.1 is complete. 

In 3-dimensional space, we may check (2.7) by straightforward calculation. We 
list the values of the relevant parameters: 

for the tetrahedral group G~: 

t1 = 4, ql = 3, 

t2 = 4, q2 = 3, M= 12, 

t3 = 6, q3 = 2; 

for the octahedral group G~: 

t1 = 6, ql = 4, 

t 2 = 8, q2 = 3, M=24, 

t3 = 12, q3 = 2; 
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for the icosahedral group G50: 

t1 = 12, ql = 5, 

t2 = 20, q2 = 3, M = 60. 

ta = 30, q3 = 2. 

The order of G may be also computed in another way. 
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Lemma 2.2. Tbe total number of tbe vertices, edges and faces of a regular 
polybedron is greater tban tbe order of its group G by 2, namely, 

(2.8) 

PROOF. The group G consists of the identity transformation and the rotations 
by nonzero angles about each of the axes passing through the vertices, centers of 
faces and midpoints of the edges of the polyhedron in question. To every pole there 
correspond qj - 1 such rotations. The total number of the latter is thus given as 
2:( qj - 1)/2, with summation taken over all possible poles (to half is necessary: 
indeed, every rotation is counted twice for each axis has two poles). Therefore, the 
order of G is given by the formula 

Whence and from (2.7) we derive (2.8). The proof of Lemma 2.2 is complete. 
The number M always divides by 2qj. Indeed, the group G contains the 

subgroups of order 2qj which are generated by the elements of the cyclic subgroup 
of G of order qj and the rotation transposing the north and south poles of the 
rotation axis. Furthermore, the order of a subgroup of a group is always a divisor 
of the order of the group; i.e., M is divisible by 2qj. 

We now turn to deriving explicit formulas for the function S(k). 

Theorem 2.6. Tbe number of linearly independent G-invariant spberical bar­
monics of degree k equals 

S(k) = [~] + [~] + [~] +1-k. (2.9) 

PROOF. To derive (2.9) we use the representation theory 0/ groups. An ele­
mentary exposition of prerequisites is for instance in [77]. 

As the representation space of G we take the space R 2k+l of spherical harmonics 
of degree k. To each rotation 9 in G we put in correspondence the linear operator 



52 Cbapter 2 

Tg on R2k+1, making its value at a spherieal harmonie Y(B,ep) of degree k equal 
to the harmonie Y(g(B, ep )). We thus obtain a representation of Gof order 2k + 1. 
Choosing a basis for R2k+1, we find the respective matrix form of Tg • Denote this 
matrix by Ag. 

As is well known, every finite-dimensional representation deeomposes into ir­
reducible representations. In our ease, this means that R 2k+1 splits into the direct 
sum of subspaces eaeh of whieh is invariant under all linear operators Tg , 9 E G, 
namely, 

(2.10) 

Moreover, it is impossible to find in any of the subspaces Rj, 1 ~ j ~ I, a nontrivial 
subspace also invariant under all operators Tg, 9 E G. Aeeordingly, the matrix Ag 
also splits into the direct sum 

A = A(l) EB A(2) EB ..• EB A(I) 
9 9 9 9 • (2.11) 

Generally speaking, among Rj there are listed several one-dimensional subspaees. 

The eorresponding matrix A~j) reduees then to areal, now 1. The number of such 
summands in (2.11) is exactly S(k). Using this, we now derive the needed formula. 

The trace of Ag, denoted by X(Ag), may be written in view of (2.11) as the 

sum of the traees X(A~8»), namely, 

I 

X(Ag) = L x(A~8»). (2.12) 
8=1 

Reeall that X(A~j») is ealled the character 0/ the representation 0/ G in Rj, 
and the theorem is valid asserting the orthogonality of the eharacters eorresponding 
to distinct representations. We state it more exactly. 

Let 

be the sets of the eharacters of irredueible representations of G in Rj and Rk 
respectively. Two representations are ealled equivalent, if all matriees A~~) and 

A~~), s = 1,2, ... , M, have the same order and are similar to one another 

The following equalities hold 

L X (A~j») X (A~k») = {M' if {A~j)} and {A~k)} are equivalent, 
gEG 0, otherwise. 

(2.13) 
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Let the space Rj be one-dimensional implying that the character X(A~j») equals l. 
Considering this and summing both si des of (2.12) over all g E G, we come to the 
equality 

(2.14) 

By (2.13), the inner sum on the right side of (2.14) equals M at s such that Rs has 
dimension 1, while vanishing for all remaining s. The number of one-dimensional 
subspaces R in the sum (2.10) equals S(k). Consequently, we have the formula 

1 
S(k) = M L X(A g ). (2.15) 

gEG 

This method for determining S(k) and the formula (2.15) were suggested by 
D. K. Faddeev at the authors' request. 

We now calculate the expression on the right side of (2.15). The idea behind 
the subsequent reasoning is that, given a specific rotation g E G, we should choose 
a basis for the representation space R 2k+1 so that the matrix Ag take the simplest 
form; then we find its trace explicitly. 

Introduce cartesian coordinates (x,y,z) in JR3, traversing the axis z along the 
rotation axis of g. To the chosen system we assign the spherical coordinates (r, B, 'P ) 
and a basis (2.5) for the space R2 k+l. Calculate the matrix Ag in this basis. Assurne 
that g is a rotation by the angle 27r s / qj, with s = 0, 1, ... ,qj - 1; assurne also that 
Yk,m(B,'P) is the spherical function (2.5). Then the harmonie Yk,m(g(B,'P)) may be 
found by the formula 

This meant that Ag is the diagonal matrix with entries ei27rms/qj. Its trace is thus 
equal to the sum of these exponentials over all m from - k to k, namely, 

(2.16) 

Using (2.16), transform the right side of (2.15). Summation in the latter is 
carried out over the matrices Ag corresponding to all possible elements g E G. 
Recall that G consists of tl rotations about axes passing through vertices of an 
invariant polyhedron, of t2 rotations about axes passing through the centers of its 
edges, and, finally, of t3 rotations passing through the midpoints of edges. About 
each axis, exactly qj distinct rotations are possible by the angles 27r s / qj, with 
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s = 0,1, ... ,qj - 1. We take into account all these rotations and sum the traces of 
the corresponding matrices Ag. In this event, to every element of the group but the 
identity there correspond two summands: the first appears in counting up rotations 
about one pole; the second, in counting up rotations about the other pole. To the 
identity of the group G in the sum we are counting up there correspond t 1 + t2 + t3 
summands. The trace of the matrix Ao assigned to the identity transformation 
equals 2k + 1 by (2.16). Therefore, (2.15) may equivalently be written as 

The double sum in parentheses is easy to calculate, which yields the value 

Inserting this expression in (2.17) and also recalling (2.7) and (2.8), we arrive at 
(2.9). The proof of Theorem 2.6 is complete. 

We infer one more description for S( k). Denote by Q* the set of those qj that 
do not divide k. 

Theorem 2.7. The number S( k) is the integral part of 

(2.18) 

PROOF. Expressing in (2.9) the integral part [kjqjl through its fractional part 
{kjqj}, find 

S(k) = t (~- {~}) + 1- k. 
j=l qJ qJ 

In virtue of (2.7) and (2.8) we have 

Here 0 ::; 'fJj ::; qj - 2. Consequently, 
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Moreover, 

o < '" 1Jj < ~ qj - 2 = 1 - -±- < l. 
- L.J -L.J M 

qj EQ* qj j=l qj 

Hence, S(k) is an integer smaller than (2.18), with the difference between (2.18) 
and S(k) not exceeding unity. Therefore, S(k) is the integral part of (2.18). The 
proof of Theorem 2.7 is complete. 

One more property of S( k) is immediate from the description of S( k) as the 
integral part of (2.18), namely, 

Hence, we particularly derive the formula 

5(k) = { P 
p+1 

for 2k + 1 ~ L: t j, 
qjEQ* 

otherwise. 

Here p stands for the integral part of the whole quotient (2k + l)jM. 

(2.19) 

With this we finish deriving various presentations of the number 5(k) and 
address the question of how to construct all spherical harmonics of given degree k 
invariant under a group G in 3-dimensional space. 

To this end, we need a special system of harmonie polynomials. Alongside 
the original coordinates (x,y,z), we choose some cartesian coordinates (Xk,Yk,Zk) 

in ~3. At every choice of the axes Xk, Yk, Zk and every natural n the functions 

(2.20) 

are homogeneous harmonie polynomials of degree n in the initial variables (x, y, z). 
Their restrictions to the unit sphere define a collection of spherical harmonics of 
degree n. We have the following 

Theorem 2.8. Any 2n + 1 polynomials oE the shape (2.20) taken arbitrarily 
are linearly independent provided that the directions oE their axes Zl, Z2, ... ,Z2n+l 

are distinct. 

PROOF. Use the trick of complex analysis of presenting the points of the unit 
sphere 53 by stereographie projection. Issuing half-lines from the south pole of the 
sphere, map the latter in a one-to-one fashion onto the plane passing through the 
equator. Introduce the polar coordinates ((},Cf') on 53. Then, given a point (x,y,z) 
of the sphere, we have the equalities 

x = cos Cf' sin (} , Y = sin Cf' sin (} , Z = cos (}. (2.21) 
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Assign to the vector (x, y, z) the complex number w 

() . 
w = tan '2e''P. (2.22) 

When the point (x, y, z) ranges over the unit sphere, the number w determined from 
(2.22) ranges over the whole complex plane. This correspondence is one-to-one. 

Every rotation of the sphere determines a linear-fractional transformation of 
the plane which has the form 

aw-e 
WI--­

- cw+a' 

with the numbers a and c meeting the normalization condition 

aa + ce = 1. 

(2.23) 

(2.24) 

We express the function (x + iy)n via w. From (2.21) and (2.22) it follows that 

(2.25) 

Let the coordinate system (Xl, YI, Zl) result from rotating the system (x, y, z) 
by some angle. To this rotation there corresponds some linear-fractional transfor­
mation of the complex plane which meets (2.23) and (2.24). Using this, we express 
the function (r = (Xl + iYI)n through w. From (2.25) and (2.23) we have 

2WI _(ww -1) + w/w(O) - ww(O) 
Xl + iYI = = 2ac-'----"---"------

1 + WI WI 1 + ww ' 
(2.26) 

with w(O) the ratio e/a. Raising both sides of (2.26) to the nth power, find 

(2.27) 

Arranging the summands on the right side of (2.27) in increasing order of the powers 
of w(O), after easy calculations come to the equality 

c = (2ae)n ~ (w(o»)m (_ w) m/2 Q<lmD(ww) 
I (l+ww)n m~n W n , 

with the function Q~S) (ww) standing for the sum 

"'" n! . ,/2 
~ (n-j)! ((s+j)/2)! ((j_s)/2),(ww-1 t -J(-ww)J . 

Isl~j~n 
j=s(mod2) 

(2.28) 
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Observe that, for all s = -n, -n + 1, ... ,n, the function 

R(')(ww) = 2n _ w n WW ( 
_) ./2 Q(I'I)( -) 

n W (1 + ww)n' 
(2.29) 

when expressed in the variables () and t,p, differs only by a constant factor from 
the spherical harmonics e-is'Pp~I·I)(cos()). Thus, the system of functions (2.29) 
generates a basis for the space of all spherical harmonics of degree n. 

Let ak and Ck denote the parameters of the linear-fractional transformation 
(2.23) corresponding to the eoordinate system (Xk, Yk, Zk). Then, using (2.29), we 
may expand the function Cr: by (2.28) to obtain 

n 

Cr: = L a~-mc~+m R~ml) (ww). (2.30) 
m=-n 

Linear independenee of cr, ... , Cfn+l takes place if and only if other than 0 is 

the determinant .6. of the matrix (a!n-qcD, k = 1,2, ... ,2n + 1, q = 0,1, ... , 2n, 
eorresponding to the expansion (2.30). We may readily reduee the determinant .6. 
to the Vandermonde determinant, factoring the eonstant multiplier ain out of every 
row. We thus readily infer that 

.6. = II (ajCi - aiCj). 
i<j 

(2.31) 

The product in (2.31) is zero only ifthere are distinct integers k and I such that 

So were the product zero, the same linear-fractional transformation of the shape 
(2.23) would eorrespond to two distinct eoordinate systems. This is impossible, 
implying that the determinant (2.31) is other than O. The proof of Theorem 2.8 is 
eomplete. 

Using harmonie polynomials (2.20), we construct a basis for the spaee of 
G-invariant spherieal harmonics of degree n. 

Denote the integral part of the ratio (2n + 1) / M by p; and the differenee 
(2n + 1) - pM, by q. Consider an arbitrary set of points x(!), ..• ,x(p) on the unit 
sphere which are not equivalent under G. Arrange the union of the orbits of these 
points 

gX(l), gX(2), ... ,gx(p), 9 E G. (2.32) 
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Obviously, the set (2.32) consists of pM distinct vectors. Also enlist the q points 

(2.33) 

The choice of the latter depends on whether or not the number 2n + 1 is greater 
than the sum I:q. EQ• tj. Conditions on the vectors (2.33) are specified in more 
detail in the sequ~l. 

Given each of the points x( s), s = 1, 2, ... ,p, find a rotation h( s) such that the 
vector h(s)x(s) has the direction of the axis z. Consider the system of harmonie 
polynomials 

((x) = x + iy, x = (x,y,z), (;,s = (n(h(s)g-1 x ), gE G. (2.34) 

The mean function of q:,s(x) over G, defined by the formula 

is independent of the element g. This follows from the chain of equalities 

the first of which ensues from the definition (2.34); and the second, from the obser­
vation that the element g3 = g"11g, with g1 ranging over the entire group G, also 
becomes each member of this group. Thus, we independently of 9 E G define the 
collection of spherical harmonics 

y~s>( 8, cp) = ~ .L (;'s(g1X); s = 1,2, ... ,p, 
91EG 

(2.35) 

each of which is G-invariant. These functions constitute a sought basis. (Here and 
in what follows we certainly assume that these and analogous equalities are valid 
only for the points in the unit sphere 8 3 ,) 

Lemma 2.3. If 8( n) = p then every G-invariant spherieal harmonie Y,:( 8, cp) 
of degree n may be written as a linear combination of the functions (2.35). 

PROOF. Take as (2.33) the vertices of the polyhedron in question, the centers 
of its faces and the midpoints of its edges such that qj E Q*. This is possible since 
by hypothesis 8(n) = p, i.e., as follows from (2.19), 

2n + 1 S .L tj. 
qj EQ· 
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To eaeh of the points x(s) for s = p + 1, ... , 2n + 1, we put into eorrespondenee the 
harmonie polynomial 

(:(x)=C(h(s)x), s=p+1, ... ,2n+1. (2.36) 

Here the rotation h(s) sends the vector x(s) to the generator of the Z axis, and the 
function (x) is defined by the relation (2.34). 

To eaeh point x(s) for s ~ p + 1 there eorresponds the eyclie subgroup Cq of G 
eomprising the rotations about the axis with the endpoint x(s) by the angles 2'Trk/q, 
with k = 0,1, ... , q -1. The rotation of the system (x s, Ys, zs) about the Zs axis by 
the angle r.p multiplies (;'(x) by ein",. Calculate the mean value of (:(x) over the 
eyclie subgroup Co: to obtain 

0:-1 
L (;(gx) = L ei271"kn/0:(;(x) = o. (2.37) 

k=O 

Choose the sub set K of Gwhich is eomposed of the elements g(k), k = 1, ... , M /01., 
such that G splits into the disjoint eosets g(k)Co:,k = 1, ... ,M/Ol, of G by Co:. 
Then 

Therefore, the mean over the whole group G of every function of the shape 
(2.36) vanishes 

L (;(gx) = o. (2.38) 
gEG 

To the set (2.36) of q homogeneous harmonie polynomials of degree n, we 
append the pM functions (;',s(x) that are defined by (2.34). We thus obtain p+q = 
2n+ 1 harmonie polynomials. Eaeh of them is easily written as (2.20), with the axes 
Zk of the eorresponding coordinates (Xk, Yk, Zk) distinct for all kranging from 1 to 
2n + 1. By Theorem 2.8 the initial harmonies Y;(B,r.p) may be written as a linear 
eombination of the polynomials under eonsideration 

p 2n+1 
Y;(8, r.p) = L L ag,s(;'s(x) + I: ak(i:(x). (2.39) 

s=1 gEG 

By hypothesis the harmonie Y; (B, r.p) is invariant under G. Thus, the mean of Y; 
over G is this harmonie itself. Considering this, from (2.39) we obtain the equality 

(2.40) 



60 Chapter 2 

or, involving (2.35) and (2.38), the equality 

The proof of Lemma 2.3 is eomplete. 
Consider the ease in whieh Sen) = p+ 1. Let x(pM+1) be an arbitrary point of 

the unit sphere distinct from eaeh of the vectors (2.32). Find a rotation h(pM + 1) 
sending x(pM+1) to the generator of the z axis, and put 

(2.41 ) 

We denote the mean of this function over G by y~P+l)(O, 'P), i.e., 

y~P+l)(O,'P) = ~ L (;+1 (gx). 
gEG 

(2.42) 

Clearly, this is an invariant spherieal harmonie of degree n. 

Lemma 2.4. If Sen) = p + 1 then every G-invariant spherieal harmonie 

Y;(B,'P) oE degree n may be written as a linear combination oE y~s)(B,'P), with 
s = 1,2, ... ,p,p + 1. 

PROOF. Take as (2.33) the system of equivalent points 

(2.43) 

Let the elements g2, g3, ... , gq be chosen arbitrarily in G. Appending to them the 
identity of G, obtain the set K of q elements. Note that the rotation h(g) = 
h(pM + l)g-l sends the point gx(pM+l) to the vector generating the z axis. Define 
the harmonie polynomial q(x) of degree n as 

(2.44) 

The mean function of q(x) over G, defined by the formula 

(2.45) 

does not depend on g in K. This ensues from the ehain of equalities 

L (;(g*x) = L (;;l/X) = E (;(x). 
hEG hEG gEG 
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The first of them follows from (2.44); and the seeond, from the observation that 
the element g;l g beeomes every element of G when 9 ranges over G. Therefore, 
the function (2.45) is indeed independent of 9 E K. 

If 9 eoineides with gl, the identity of G; then (;A (x) = (;+l(X) and so, for 
every 9 E G, we have the equality 

(2.46) 

The G-invariant spherieal harmonie Y':(B, 'P) may be written as a formula anal­
ogous to (2.39) 

p 

Y':(B, 'P) = L L ag,.(;,.(x) + L ag(;(x) . 
• =1 gEG gEK 

A veraging over G both sides of these equalities, obtain 

Using (2.46), we see that Y,:( e, 'P) is actually representable as a linear eombination 

of Y~')(e, 'P), s = 1, ... ,p + 1. The proof of Lemma 2.4 is eomplete. 
We have just eonsidered only the groups of proper rotations of a polyhedron 

excluding reflections. The transformation of refiection assigning to a point of the 
unit sphere with coordinates (B,'P) the point (B1 ,'P1), with BI = 7r-B and 'PI = 7r+'P. 
A group G with the appended reflection generates the fuH group G* which contains 
twiee as many elements as G. 

Tbeorem 2.9. The set of G* -invariant spherical functions of even order n 
coincides with the set of G-invariant spherical functions. The group G* has no 
invariant harmonics oE odd order n. 

PROOF. The transformation of reflection amounts to the change of variables 
x' = -x, y' = -y, and z' = -z. A homogeneous polynomial of even degree k 
remains unchanged under this transformation, whereas a homogeneous polynomial 
of odd degree ehanges sign. Therefore, a function of the basis (2.5), for n even, 
is invariant under reflection and, for n odd, it ehanges sign. The mean over G* 
of a harmonie of even degree, i.e., an invariant harmonie of even degree, eoincides 
with the mean function over G. For every harmonie of odd degree, this mean is 
zero. The proof of Theorem 2.9 is eomplete. 
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G. N. Salikhov conducted analogous research in the spaces of dimension greater 
than 3 [200]. He obtained formulas for linear representations of groups, for rota­
tion angles and for the dimension S( k) in the case of a regular polyhedron in 
4-dimensional and 5-dimensional spaces. For example, for a 600-hedron in 4-di­
mensional space and k even, the function S( k) may be calculated by the formula 

with 'Tj (k) given by the equalities 

'T1(k) = (2 [lkO] + 1) (2 [~] + 1) + (2 [lkO] + 1) (2 [~] + 1) 

+ (2[~] +1) (2[~] +1), 

T2(k)~4(t,W~02'l +1)' + [\~8l- [\~2l- [1~]) -3, 
'T3 (k) = (2( k - 4) _ 5 [ k ; 4]) (1 + [k ; 4]) + k + 1, 

'T4(k) = (2(k_2)_3[k;2]) (1+ [k;2])+k+1, 

'Ts(k) = 13(k + I? - 4(k + 1) (59 + 48 [lkO] + 40 [~] + 30 [~]) + 15. 

If k is odd then S( k) equals zero. 
The problem of constructing cubature formulas invariant under rotation groups 

was also considered by V. I. Lebedev [105-112], I. P. Mysovskikh [132-134] and 
S. I. Konyaev [96-99]. V. I. Lebedev suggested to use the system of G-invariant 
generators of the algebra of polynomials on inventing several original tricks. First, 
as a new system of indeterminates he suggested to take the set of values of the gen­
erators of the algebra at the nodes of a cubature formula. Second, he specifically 
selected those among all invariant polynomials which vanish on the axes and sym­
metry planes of G. Transition from the values of such "symmetrie" polynomials at 
the nodes of a lattice to the values of the elementary symmetrie functions allowed 
hirn to simplify the nonlinear system (1.1.7) significantly and to diminish its size 
substantially. He also suggested a certain method for calculating the dimension of 
the space of G-invariant polynomials. 

EXAMPLE 2. In the space Rn consider the octahedral group with reflection 
( G!R) *. The generators of the algebra of polynomials invariant under this group 
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are the following elementary symmetrie function 

n 

0"1 = LX;, 
i=l 

Eaeh polynomial P( x) invariant under (G!n) * is uniquely representable as a poly­
nomial in 0"1,0"2, ••• ,0" n, namely, 

In this event, the dimension of the spaee of invariant polynomials of degree k eoin­
eides with the number of integer solutions to the following equation 

20:1 + 40:2 + ... + 2nO:n = k. 

Eaeh polynomial P( x) = Q( 0"( x)) on the unit sphere of IR n is obviously a fune­
tion of 0"2,0"3, ..• ,0" n. Therefore, the dimension of the space of invariant spherieal 
harmonics of degree k coincides with the number of solutions to the equation 

40:2 + ... + 2nO:n = k 

in nonnegative integers. In this ease the system of equations (1.1.7) is equivalent 
to the next system 

IN(Q(O")) = I(Q(O")) (2.47) 

for the unknowns Ck and O"k = (O"l(x(k»), ... ,O"n(X(k»)), k = 1,2, ... ,N. A finite 
set to which a polynomial Q( 0"( x)) may belong should be chosen so that the cor­
responding set of polynomials P( x) = Q( 0"( x)) be a basis for the spaee P ma. The 
number of equations in (2.47) is much far less than in (1.1.7). 

EXAMPLE 3. In the spaee IR3 eonsider the icosahedral group with refiection 
( G~O) *. The system of generators of the algebra of invariant polynomials is given 
by the functions 

3 

12 = LX;; 
;=1 
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The number of linearly independent spherical harmonics of degree k in this case is 
equal to the number of integer solutions to the equation 

The system of generators of the algebra of polynomials invariant under the 
tetrahedral group G~+l is given in [133J. 

§3. Rotation Invariant Cubature Formulas on 
the Sphere in R3 

In this section we expose some simplest cubature formulas on the unit sphere of 
the 3-dimensional space R 3 which are invariant under the group G* coincident with 
G~* or G~o*. Moreover, we derive some asymptotic relations between the number 
of no des of a cubature formula and the number of linearly independent spherical 
harmonics integrated exactly by this formula. 

Denote by S the unit sphere of R3 , S = {(x,y,z) : x2 + y2 + z2 = I}. The 
integral 1(1) of a continuous function f(x, y, z), calculated over S, is approximated 
by a linear combination 

N 

1N(I) = L ck!(x(k)), 

k=l 

with x(k) anode located on S. We construct a cubature formula 

I(f) = J !(x,y,z)dS ~ IN(f) 

s 
(3.1) 

so that it be G*-invariant. In other words, the set of no des x(k), k = 1,2, ... , N, 
which must be the union of the orbits of G*, and the weights of the formula which 
correspond to the points x(k) of the same orbit coincide. 

Denote by VJt the regular polyhedron whose rotations generate G*. If VJt is the 
octahedron, then we write its vertices in the spherical coordinates ((}, t.p) as 

'Fr 

(} = 2' (} = 'Fr. (3.2) 

If VJt is the icosahedron, then its vertices have the following spherical coordinates 

(} = 'Fr. 
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Note that not only the set of all vertices of rot remains invariant under G* but 
also the set of all centers of faces of rot as well as the set of all midpoints of edges 
of rot. We omit the coordinates of the corresponding points. 

Consider two methods for constructing the nodes of (3.1). Note that the surface 
of the polyhedron rot consists of the isosceles triangles contiguous to the vertices of 
rot (at each vertex there are touching 4 triangles in an octahedron and 5 triangles 
in an icosahedron). We call every of these triangles principal. 

METHOD 1. Let k be a natural, k 2:: 2, and let t!.. be a principal triangle of 
the polyhedron rot. On each of the sides of t!.. we allocate k - 1 equidistant points. 
Through each of these points lying at one side of t!.., we draw two inner straight line 
segments in parallel to the other two sides of t!... As a result, we obtain a partition R 
of the triangle t!.. into tiny parts. The vertices of these tiny triangles constitute the 
lattice R( k). The form of this lattice depends on the magnitude of the remainder of 
division k by 6. The center of the principal triangle and the midpoints of its sides 
can be included or not included in R(k). 

Repeat the same procedure for each of the principal triangles covering the 
boundary of rot to obtain some set R( k) of points lying on the surface of the poly­
hedron rot. Clearly, this set is invariant under G*. We draw from the center of the 
sphere S half-lines passing through the points of R( k), and take as the set of the 
nodes x(k) of (3.1) the intersection points of these half-lines with the sphere S. We 
say that the resultant cubature formula (3.1) has lattice 0/ type 1. 

METHOD 2 für prescribing the nodes x(k), k = 1, ... , N, differs little from the 
first. Given a natural k 2:: 2, a principal triangle t!.. and the partition of every side 
of t!.. into k - 1 equal parts, from every point of this partition we draw two straight 
line segments in parallel to the height of the principal tri angle rather than to its 
sides as in Method 1. The form of the resultant partition R depends on evenness 
of k. 

Projecting by half-lines the lattice R(k) which we have on the surface of the 
polyhedron rot to points of the sphere S, we obtain a cubature formula with lattice 
0/ type H. Clearly, as k increases, the sets of no des of type I as well as those of 
type II become thicker. 

Let us calculate the number of nodes N = N(k) of (3.1), and thenum­
ber L = L( k) of distinct G* -orbits which constitute the set of these nodes. For 
a G* -invariant cubature formula the number L( k) coincides obviously with the 
number of independent weights Ck. 

For a lattice of type I, there are SI points in a principal triangle, the vertices 
of the latter inclusively, with 

SI = (k + 1) + k + (k _ 1) + ... + 1 = (k + l)(k + 2). 
2 
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For the group G* elementary calculations give the relations 

M 2 
NI = t 2SI(k) - t 3(k -1) - t1(ql - 1) = 6k + 2, 

LI= { 
(8+1)(k-38)+1, 

(8 + l)(k - 38), 

if k = 68, 

if k i= 68. 

Similar formulas are true for a lattice of type 11 

Sn = 3k2 + 3k + 2 
2 

The same calculations as abov~ lead to the formulas 

if k = 28, 

if k = 28 + 1. 

Chapter 2 

(3.3) 

(3.4) 

Eliminating L (with a subscript) from (3.3) and (3.4), we express N (with the same 
subscript) as a function of L, namely, 

NI(L) = 2M(L - VaL 1 / 2 + ... ), Nn(L) = 2M(L - 2L1 / 2 + ... ). (3.5) 

These formulas are asymptotically accurate as L -t 00 or, which is the same, as 
k -t 00. 

Let the set of nodes of (3.1) be constructed by one of the above methods. 
Require that (3.1) be exact for all polynomials of degree n or, which is the same 
by Theorem 2.4, at all spherical harmonics of degree at most n. Among these 
harmonics there are (n + 1)2 linearly independent. Choosing a respective basis, 
write the requirement that the formula under study is exact for the members of the 
basis as simultaneous linear equations for its coefficients. This system consists of 
(n + 1)2 equations. Solving it, we may ohtain a final form of (3.1). 

Note, however, that, pursuing the above approach, we in no way use the invari­
ance of a cubature formula under G*. Incidentally, as we now show, this condition 
enables us to diminish considerably the size of the linear system to be solved. 

According to Theorem 2.3 a cubature formula (3.1) exact for G*-invariant 
spherical harmonics of degree at most n is also exact for all spherical harmonics 
of degree at most n. The total number 0"*( n) of linearly independent G* -invariant 
harmonics of degree at most n is considerably less than (n + 1)2. This quantity 
may be calculated by the formula 

n 

O"*(n) = L S*(k), 
k=O 
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with S*(k) the total number of G*-invariant spherical harmonics of degree k. By 
Theorem 2.9 S*( k) coincides with S( k) for k even and is Ootherwise. Consequently, 
to count <7*(n) up, we may use all formulas for S(k) which were derived in the 
previous section. In particular, from the equality 

we readily infer the next relation 

which is valid for n = kM/2 - 2j + 1 and j = 1,2, ... , [M/4). 
Taking now some system of <7*(n) linearly independent G*-invariant harmonics 

of degree at most n, write the condition that (3.1) is exact for these functions. As 
a result, obtain a collection of <7*(n) equations. The G*-invariance of (3.1) means 
that it has not more than L distinct coefficients. Therefore, the matrix of the 
resultant linear system has size <7*(n) x L. Assume that it is a square matrix, i.e., 
<7*(n) = L. Denote by n*(L) the greatest number n that satisfies the preceding 
equality. 

As an instance of perfect implementation of the suggested algorithm, we expose 
an invariant formula under the icosahedral group G~o*. Hs nodes are located at 
the vertices of the icosahedron and at the centers of its faces. Moreover, L = 2, 
and if the coefficient Cl of every "vertex" node equals 571"/42, and the coefficient C2 

of the other nodes equals 971"/70, then the corresponding formula (3.1) is exact for 
polynomials of degree 9. (In this case the solution n* to the equation <7*(n) = 2 is 
equal to 9.) The cubature formula we discuss was proposed by V. A. Ditkin and 
L. A. Lyusternik in the article [55). 

The nodes of the second cubature formula are the vertices of the icosahedron, 
the projections to S of the midpoints of edges, the centers of its faces and the points 
dividing the median of a principal triangle in proportion of 1 to 2. Moreover, L = 4 
and the formula is exact for polynomials of degree 15 if the weights of the formula 
are given by the equalities 

Cl 3:! 0.015432471", C2 3:! 0.036496871", C3 3:! 0.038100471", C4 3:! 0.032631571". 

The further properties of this cubature formula and some of its natural generaliza­
tions are exposed in (200, 307J. 

We now suggest some quantitative criterion for assessing the properties of (3.1). 
Complete use of all of its free parameters that include two coordinates of each of the 
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TABLE 1 
Parameters of a Cubature Formula Invariant Under G~* 

I II 

L N(L) n*(L) (n*+1)2 L N(L) n*(L) (n* + 1)2 

1 6 3 16 2 14 5 36 
2 18 5 36 4 50 9 100 
3 38 7 64 6 110 11 144 
4 66 9 100 9 194 15 256 
5 102 11 144 12 302 19 400 
7 146 13 196 16 434 23 576 
8 198 15 256 20 590 25 676 

10 258 17 324 25 770 29 900 
12 326 19 400 30 974 33 1156 
14 402 21 484 36 1202 35 1296 
16 486 23 576 42 1454 39 1600 
19 578 25 676 49 1730 43 1936 
21 678 27 784 56 2030 47 2304 
24 786 29 900 64 2354 49 2500 
27 902 31 1024 72 2702 53 2916 
30 1026 32 1089 81 3074 57 3364 
33 1158 35 1296 

nodes x(k) and the weights Ck allows us to achieve exactness of a cubature formula 
for all polynomials of degree n, with n satisfying the equality 

In this connection, given a cubature formula having N no des and exact for polyno­
mials of degree n*, we introduce the ratio 

(n* + 1)2 
'f]= 3N 

which is furt her referred to as efficiency. 
We may evaluate the efficiency of the G* -invariant formulas corresponding to 

small L on appealing to Tables 1 and 2. If L is large then it stands to reason to 
use the asymptotic expansion of the coefficient 'f] which we are about to derive. 
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TABLE 2 
Parameters of a Cubature Formula Invariant Under G~o* 

I II 

L N(L) n*(L) (n*+1)2 L N(L) n*(L) (n*+1)2 

1 12 5 36 2 32 9 100 
2 42 9 100 4 122 15 256 
3 92 11 144 6 272 19 400 
4 162 15 258 9 482 25 676 
5 252 17 324 12 762 29 900 
7 362 21 484 16 1082 35 1296 
8 492 23 576 20 1472 41 1764 

10 642 27 784 25 1922 47 2304 
12 812 29 900 30 2432 51 2704 
14 1002 33 1156 36 3002 57 3364 
16 1212 35 1296 
19 1442 39 1600 
21 1692 41 1764 
24 1962 45 2116 
27 2252 49 2500 
30 2562 51 2704 
33 2892 55 3136 
37 3242 59 3600 

Let n = kM /2 - 1. Then (3.6) implies that 

cr*(n) = kcr* (M -1) + k(k - 1) M. 
224 

In this event, we have the equalities 

(n + 1)2 = -- 2Mcr*(n) = -- + 2Mcr* - - 1 - - k. PM2 k2 M 2 
( (M) M 2

) 

4 ' 4 2 4 

Eliminating the parameter k in these equalities, we arrive at the asymptotic formula 

(n + 1)2 = 2Mcr*(n) + (~ - 4cr* (~ -1)) (2Mcr*(n)) 1/2 + 0(1). 
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For n = n*(L) the quantity a*(n) "almost" coincides with Land so it is large at 
large L. In the case of the octahedron when M = 24, we have 

(n* + 1)2 = 2M(L - V4f3 L 1/ 2 + ... ). 

In the case of the icosahedron when M = 60, the equality holds 

Whence and from (3.5) it is easy to derive an asymptotic presentation of the effi­
ciency for formulas with lattice of type I and of type 11. 

We describe a scheme for constructing cubature formulas that possess the high­
est degree and are invariant under Gg*. Assume that the vertices of the octahedron 
rot He on the coordinate axeSj i.e., they are given by (3.2). A sought cubature 
formula takes the form 

6 12 8 

I(f) ~ IN(f) = Al L f( aF)) + A2 L f( a~2)) + A3 L f( a~3)) 
;=1 ;=1 i=l 

N 1 24 N 2 24 Na 36 

+ L Bk L f(b~k)) + L Ck L f( c~k)) + LDk L f( d~k)). (3.7) 
k=l i=l k=l i=l k=l i=l 

The nodes a~l) are at the vertices of rot, the points a~2) and ap) result from 
projecting to S the midpoints of edges and the centers of faces. The inverse images 
oft he points b~k) and c~k) belong to the bisectrices of the angles ofprincipal triangles 

and to the edges of rot, respectively. The points d~k) are nodes of general position. 

For a given k, each of the sets {a~k)}, {b~k)}, {c~k)}, and {d~k)} is invariant 
under Gg*. This means that 

with 21~ + m~ = 1. Furthermore, 

where pi + qi = 1. Moreover, 
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Thus, the set of the sought parameters of a cubature formula (3.7) is completely 
determined. We should find them from the system of nonlinear equations which is 
equivalent to the condition that (3.7) is exact for the chosen basis functions. 

In the case under study we may considerably specify the form of basis elements. 
In doing so, it is convenient to use the fact that the restriction to the sphere S of 
each G~* -invariant polynomial is a polynomial in the variables (72 and (73, with 

We mention in passing that the general theorem on representation of invariant 
polynomials via basis polynomials was established by C. Chevalley [45]. 

We define a basis for the space P nG* when n 2: 6 as the union of the four sets 
A, B, C, and D. The set A consists of the functions 

The set B is composed of the elements 

(3.9) 

with 

b4 = ~ (~ - (72)' b6 = ~ (9(73 - 3(72 + ~) , 
and the indices i and j ranging from 1 to (n - 6)/4 and from 1 to (n - 12)/4, 
respectively. The set C comprises the elements 

(3.10) 

with CI2 = (7~(1- 4(72) - (73(4 + 27(73 - 18(72), and the index i ranges from 0 to 
(n - 12)/4. The members of the set D are of the shape 

j 2: 1, 6 ~ 4i + 6j ~ n - 12. (3.11) 

We obtain the sought system of nonlinear equations on substituting the func­
tions (3.8)-(3.11) for f in the equality I(f) = IN(f). Because of the particular 
choice of basis elements, the system splits into triangular subsystems. 

Let N stand for the total number of the no des of (3.7). The values of N, NI, 
N 2 , and N 3 should be chosen so that the total number of the sought quantities be 
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n 

9 
11 
13 
15 
19 
21 
23 
25 
27 
29 
31 
33 
35 
37 
39 
41 
43 
45 
47 
49 
51 
53 
59 

Parameters of a Cubature Formula of Highest Degree n 
Invariant Under G~* 

NI Nz N3 N 7J 

0 1 0 38 0.877 
1 0 0 50 0.960 
1 1 0 75 0.928 
2 1 0 86 0.992 
3 0 1 146 0.913 
3 1 1 170 0.949 
4 1 1 194 0.990 
5 2 1 230 0.980 
5 1 2 266 0.982 
6 2 2 302 0.993 
6 2 3 350 0.975 
6 3 3 386 0.998 
7 2 4 434 0.995 
7 4 4 482 0.999 
8 3 5 530 1.006 
9 3 6 590 0.997 
9 3 7 650 0.998 
9 5 7 698 1.011 

10 3 9 770 0.997 
11 5 9 830 1.004 
11 5 10 840 1.013 
12 4 12 974 0.998 
13 4 16 1202 0.998 
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TABLE 3 

equal to the number of equations in the system. To this end, in some cases we are 
to set the coefficient Az equal O. 

In Table 3 we gather the values of the efficiency of a cubature formula (3.7). 
We may conveniently give the degree n of a cubature formula (3.7) as expanded 

in the sum . 

n = 12m + 21 + 1, 1 = 0,1, ... ,5. (3.12) 

In the cases of I = 2 and I = 5, we obtain especially simple expressions for the 
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parameters N and Nj. N amely, if I = 2 then 

N2 =m, N3 =m(m-1), N = n 2 +2n + 7, 
3 

Here m is the parameter of the expansion (3.12). If I = 5 then 

NI = 3m + 1, N 2 = m, N 3 = (n2 + 2n + 7)/3. 

73 

A2 = O. 

It is worth noting that at these values of I the set of nodes of a cubature formula 
(3.7) coincides with a lattice of type II described at the beginning of the current 
section to within a G~* -invariant continuous transformation. 

Recently, V. I. Lebedev and A. L. Skorokhodov have found G~*-invariant cu­
bature formulas of degree 41, 47, 53 and 59 [112]. 

A. D. McLaren obtained a G5°-invariant cubature formula of Gauss type with 
72 no des of degree 14. Formulas invariant under the icosahedral group were also 
dealt with by S. I. Konyaev. He found formulas of degree 29. 

G. N. Salikhov [192-200] obtain cubature formulas for the 4-dimensional and 
5-dimensional spheres which are invariant under finite rotation groups. In particu­
lar, for the 4-dimensional sphere S he derived the formula 

(3.13) 

invariant under the rotation group G100 of the 600-hedron. This formula exactly 
integrates an spherical harmonics of degree at most 11, i.e., 650 harmonics. The set 
of no des x(j) at that comprises the vertices of the 600-hedron and 24 points that 
result from an possible permutations of signs in the vector 

(± 1/2, ± 1/2, ± 1/2, ± 1/2), (±1, 0, 0, 0), (0, ±1, 0, 0), (0,0, ±1, 0), (0,0,0, ±1) 

and also 96 points that results from even permutations of the entries of the vector 

( ±~, ±~, ± t~l ,0) , 
with t standing for some root of the equation t2 + r 2 = 3. 

The cubature formulas constructed by G. N. Salikhov have high efficiency and 
integrate an harmonics of degree at most 19 exactly. The efficiency TJ of a formula 
of degree 19 equals 0.9965. 

I. P. Mysovskikh found cubature formulas invariant under the group G~+l 
of the n-dimensional simplex [133]. The tables of parameters of various invariant 
cubature formulas are exposed in the monographs by I. P. Mysovskikh [133] and 
A. N. Stroud [269]. 
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Formulas with Regular Boundary Layer 
for Rational Polyhedra 

Construction of asymptotically optimal formulas is one of the main achievements 
of the theory we develop. 

As was mentioned above and is rigorously proven in Chapter 5, asymptotically 
L~m)-optimal are the errors with regular boundary layer. The definition of these 
functionals in Chapter 1 is constructive and proposes a method for deriving cor­
responding formulas. To this end, it is necessary to find a finite set of elementary 
errors l-y(y) whose size is in general the same as the number of nodes in the bound­
ary layer. For piecewise-smooth boundaries, this quantity is O(h1- n ). So is the 
number of distinct weights of a cubature formula. 

To calculate an integral, we need to know the values of the integrand ~(x) 
at all nodes of a lattice. The number of nodes is O( h -n) which is higher than 
O(h- n+1 ). Therefore, the determination of elementary errors and weights of a cu­
bat ure formula in a boundary layer requires operations whose cost is negligible at 
small h as compared with the total amount of operations used in integration. The 
determination of all weights still remains a rather bulky problem. 

There are cases in which the construction of cubature formulas may be sim­
plified considerably, since it turns out possible to restrict examination to seeking 
only a finite set of distinct functionals l-y(y) whose size is in general independent 
of the mesh-size h. The number of distinct weights of such formulas and the cost 
of their determination are also independent of h. This happens for certain special 
polyhedra and is the topic of the current chapter. For these polyhedra we mayaiso 
find the weights of cubature formulas straightforward, skipping the intermediate 
stage of determining elementary errors. 
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§1. Rational Polyhedra 

In what follows we deal only with convex polyhedra. However, most of the 
results below may be translated to the case of nonconvex polyhedra. 

A convex polyhedron 9J1 is the set of points satisfying compatible simultaneous 
linear inequalities 

(1.1 ) 

with ak a row-vector of dimension n and x a usual column-vector. We call (1.1) 
an admissible system if there is at least one point at which all inequalities become 
strict. The set of points 9J1 at which all inequalities of (1.1) are strict presents the 
interior of the polyhedron. 

If the set of vectors x satisfying (1.1) is bounded then we call the polyhedron 
a bounded or compact polyhedron. 

From a given system of inequalities (1.1) we may always select in a unique 
fashion some independent subsystem, a set of inequalities none of which can be 
eliminated without changing the initial polyhedron. 

In the theory of linear inequalities there is an algorithm reducing (1.1) to an 
independent subsystem. This algorithm is essentially as follows: The left side of 
every inequality of (1.1) is considered in turn as some function given in the domain 
determined by the other inequalities. We seek for the maximum and the minimum 
of this function. If the minimum is nonnegative then the corresponding inequality 
may be eliminated. If the maximum is nonpositive, then the system is inadmissible. 
In the remaining cases, the inequality under study must be preserved. Eliminating 
redundant inequalities one by one, we arrive at an independent subsystem. 

In the sequel, we presume that (1.1) is an independent system. 

The set of points x at which several of the functions Ak vanish and the others 
are nonnegative is a face of the polyhedron 9)1. The dimension of a face is the 
number s = n - r, with r the rank of the matrix comprising the weights of those 
functions Ak that vanish at every point of the face. In other words, s indicates the 
number of independent variables on which the points of the face depend. 

Clearly, all faces of each dimension of a convex polyhedron 9J1 are also convex 
polyhedra in subspaces of lesser dimension. We treat a polyhedron itself as face of 
dimension n. 

Denote by 11( s) the number of faces of dimension s. Enumerate these faces, 
denoting each by 9J1j,s, s = 0,1, ... , n, j = 1,2, ... , 11( s). Denote by Kj,s the set of 
the indices of those functions Ak in (1.1) that vanish on the whole face 9J1j,s, and 
let Lj,s stand for the set of all remaining indices 

Lj,s = {k : 1 :::; k :::; M} \ Kj,s. 
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Then the face 9Jtj,s is determined by the system of relations 

Ak = 0, k E Kj,s, 

Ak ~ 0, k E Lj,s. 

Cbapter 3 

(1.2) 

(1.3) 

In case s = n-1, each function Ak, k E Kj,s, corresponds to a face of dimension 
n - 1, and so Kj,n-l is a singleton for every j. For other s the size of Kj,s may vary 
but it is at least n - s. The conditions of (1.2) may fail to be independent in this 
event. For instance, O-dimensional faces, i.e. vertices, of a regular octahedron in 1R3 

are determined each by 4 equations of the faces touching at this vertex, any three 
of the equations sufficient for finding the vertex. The affine variety (1.2) iscalled 
the plane Rj,s of the face 9Jtj,s' In the plane Rj,s, the inequalities of (1.3) define 
a convex polyhedron which is 9Jtj,s. Obviously, the system of inequalities (1.3) is 
not always independent and part of the inequalities may be eliminated. 

In practical search for an independent system of inequalities for a face, we may 
use the above-mentioned trick for finding an independent system of inequalities 
describing an n-dimensional polyhedron 9Jt. 

The inequalities Ak > 0, k E Lj,s, determine the set of interior points of the 
face 9Jtj,s, i.e. the interior of the s-dimensional polyhedron 9Jtj,s' 

Consider one more system resulting from (1.2) by making each equality the 
inequality 

Ak ~ 0, k E Kj,s. (1.4) 

The system of strict inequalities corresponding to (1.4) takes the form 

(1.5) 

The relations (1.4) determine the set which we call the closed solid angle nj,s 
of the polyhedron 9Jt. The inequalities (1.5) determine the set nj,s of the interior 
points of nj,s which we call a solid angle of 9Jt. The plane Rj,s is the blade of the 
solid angle. The order of the solid angle nj,s or nj,s is the number n - s. 

As an example, we consider the plane triangle 

9Jt = {x: x = (Xl,X2), Al = 3XI -2X2 ~ 0, A2 = x2 ~ 0, A3 = -3XI-X2 +3 ~ O}. 

The three vertices 0, A, and B of 9Jt are the O-dimensional faces {9Jtj,O }J=l; the 

three sides of 9Jt are the one-dimensional faces {9Jtj,l }J=l; whereas the triangle 9Jt 
itself is identical with its 2-dimensional face 9Jt1,2 (see Table 4). 

The alternating sum of the numbers {t( s) plays an important role in character­
ization of the properties of a polyhedron. Put {t( n) = 1 and arrange the sum 

n 

{t(0) - {t(1) + ... + (-lt{t(n) = ~) -1)s{t(s). (1.6) 
s=o 
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TABLE 4 

J 
s 

1 2 3 

VJ11 ,0 = {O} VJ12 ,0 = {A} VJ13 ,0 = {B} 

0 nl,o = LO n 2 ,0 = LA n 3,0 = LB 

RI,o = {O} R2 ,0 = {A} R3 ,0 = {B} 

VJ11,1 = [AB] VJ12 ,1 = [OB] VJ13 ,1 = [OA] 

1 
nl,I, the half- n 2,1, the half- n 3,1, the half-
plane AB(O) plane OB(A) plane OA(B) 

RI,I, R2 ,I, R3 ,1, 

the line AB the line OB the li ne OA 

VJ11 ,2 = L.OAB 

2 n l ,2 = ]R.2 

RI ,2 = 0 

Theorem 3.1 (Euler). For every compact convex polybedron tbe alternating 
sum (1.6) equals unity, i.e., 

n 

2.: ( -1 Y I'l( s) = 1. (1. 7) 
8=0 

The proof of the theorem may be found, for instance, in [188]. 
Let a polyhedron VJ1 be somehow partitioned into finitely many smaller convex 

polyhedra. The boundaries between these parts consist of polyhedra of dimension 
less than n. By a complex we mean the set of all polyhedra and all faces of the 
polyhedra that participate in such partition of VJ1. A complex contains all polyhedra 
that coincide with the boundaries between sm aller polyhedra of dimension n newly 
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born in partitioning rot and also the old faces of rot or the parts into which they are 
partitioned. 

Given such complex, let us calculate the number of elements (faces) of each 
dimension from 0 to n. Denote the number of elements of dimension s by p,( s) in 
much the same way as in the case of a sole polyhedron. Then we have 

Theorem 3.2. The following equality holds 

n 

~)-lYp,(s) = 1. (1.8) 
s=O 

Observe that (1.7) is a particular instance of (1.8). 
We also state one more theorem which relates to noncompact polyhedra. 

Theorem 3.3. Assume that a noncompact convex polyhedron contains no 
infinite straight line. Further assume that it is partitioned into finitely many convex 
polyhedra as in Theorem 3.2. The alternating sum (1.6) for this polyhedron is then 
zero, in symbols, 

n 

~) -l)Sp,(s) = O. (1.9) 
s=o 

Denote by Xj,s(x) the indicator of the closed solid angle Oj,s containing the 
points of its faces of every dimension 

{
I, 

X~(x) = 
J,S 0, 

x E ITj,s, 

x rt. Oj,s. 

The Euler Theorem and its generalizations entail the following theorem which 
we find beneficial. 

Theorem 3.4. The indicator X9Jl (x) of a compact polyhedron rot decomposes 
as follows 

n /L( s) 

Xmt<x) = ~)-1)s Lxj)x). (1.10) 
s=O j=l 

In other words, the indicator of a polyhedron equals the alternating sum of the 
indicators of all its solid angles of various order. 

PROOF. Let a point x belong to the polyhedron rot. Insert x into the right 
side of (1.10). Then every indicator X~( x) becomes equal to 1. The number of the 

J,S 

functions X~( x) pertinent to the faces of dimension s equals p,( s). Therefore, the 
J,' 

right side of (1.10) equals the sum L::=o(-l)Sp,(s) and by (1.7) it is 1. 
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Consider now the case in which a point x lies outside the set 001. Inserting x 
into the right side of (1.10), observe that some summands equal 1 and the others 
vanish. Denote the number of the latter by Ill(S). Rewrite the sum of (1.10) as 

n n n-l 

I:(-IY[Il(S) -lll(S)] = I:(-I)SIl(S) - I:(-IYlll(S). 
s=O s=O s=O 

Show that the right side of this equality is equal to o. 
Indeed, by the Euler Theorem 

n n-l n-l 

I:(-IYIl(S) - I:(-I)Slll(S) = 1- I:(-IYlll(S). 
s=O s=O s=O 

Consider the alternating sum on the right side of this equality. Clearly, the indicator 
X...,--( x) of a solid angle vanishes if and only if we may directly see its blade from 

J,S 

the point x, i.e., the li ne joining each point of the blade with x lies outside nj,s. 
Draw the pencil of all lines passing through x and meeting the polyhedron VJ1. 
Intersect this pencil with some (n - 1 )-dimensional plane. The pencil projects 
the whole polyhedron VJ1 to this plane, giving in result a new (n - 1 )-dimensional 
polyhedron VJ11 . This projection transforms those faces that were seen from the 
point x to some partition of VJ11 into finitely many polyhedra with preservation of 
dimension. Consequently, 111 (s) coincides with the number of faces of dimension S 

in some complex constructed for a polyhedron of dimension n - 1. In virtue of 
Theorem 3.2, we have 

n-l 

I:(-IYlll(S) = 1. 
s=o 

Whence (1.10) follows. The proof of Theorem 3.4 is complete. 

Corollary 1.1. Tbe indicator X9]t(x) of tbe interior of a polybedron VJ1 equals 
tbe alternating sum oftbe indicators Xj,s(x) ofthe interiors ofits solid angles, 

n p( s) 

X9]t(x) = 2)-1)s LXj,s(X). (1.11) 
8=0 j=1 

Indeed, every interior point of a polyhedron is an interior point of all its solid 
angles. At these points, the formula is checked in the same way as (1.10). At the 
boundary points, the formula is checked in the same way as (1.10) in the case of an 
exterior point x. 
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It is worth observing that in the alternating sum of the indicators of closed 
solid angles we may count up the elements of the boundary which belong to some 
closed face 9Jlj,s by using the Euler formula. Subtracting (1.11) from (1.10), we 
find an expression for the indicator of the boundary of 9Jl. Moreover, for every face 
9Jlj,s the sum of the indicators of solid angles in the plane of this face yields the 
indicator of the face. In the other points the sum vanishes, which the reader is 
welcome to check. 

Now we return to studying cubature formulas. Let l( x) stand for the error 
of such formula. Implement an affine change of independent variables by letting 
x = By, with the determinant of B equal to 1. Then the error transforms by the 
rule 

lex) = l(By) = l(y), 

with l(y) again the error of a cubature formula. In this event, the lattice of nodes 
may change in general. We have 

Theorem 3.5. An affine transformation makes a formula witb regular bound­
ary layer of order m into a formula witb regular boundary layer of tbe same order 
but possibly witb otber constants L and A. 

PROOF. Under the affine transformation x = By the error 

lex) = L l-y (* - H,,) = Xo(x) - L hncb]o(x - hH,,), 
-yEBL hH-yEO 

with l-y(t) = XO.,(t) - L-y' c-y[,,']o(t - H,,'), becomes 

l(y) = l(By) = L l-y (B* - H,,) . 
-y 

Let l-y(z) = l-y(Bz) and H = B-1 H. Then 

Since Xo (t) transforms to X-o (z), and o( x) is a homogeneous generalized function ., ., 
of order -n, the error l-y( z) is again written as 

l-y(z) = Xn., (z) - L c-y[,,']o(z - H,,'). 
-y' 

Thus, the elementary error l-y with matrix H transforms to the elementary error l-y 
with matrix H. Clearly, 
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and the support of Lf lies in the domain IBzl < L. We also check that Z"I IS 

orthogonal to all polynomials of degree less than m. We have 

(Z"I(Z),Pm-1(Z)) = (l"l(t),Pm_1(B- 1t)) = 0, 

since Pm _ 1(B-1t) is a polynomial of degree less than m. The proof of Theorem 3.5 
is complete. 

The property that a boundary layer remains regular under an affine transfor­
mation allows us to reduce the construction of a cubature formula with a lattice 
matrix H to the construction of a cubature formula with a cubic lattice. Therefore, 
throughout this chapter we always consider formulas with a cubic lattice unless it 
is otherwise stated. 

Our nearest aim is to make calculation of the weights of cubature formulas as 
standard and routine as possible. To this end, we should chose possibly concomitant 
elementary errors that compose l(x). Concomitance for these functionals means 
that they result from one of them by application of a member of the group Go 
comprising the translations of ]Rn which preserve the lattice under study. In the 
sequel we consider the subgroups Gj,. of Go the action of each of which keeps 
invariant the plane Rj,. of some face. If such subgroup depends on 5 parameters 
then the elementary errors supported closely to the face may be obtained from a few 
of them by applying the members of Gj , •. We now begin implementing this idea. 

Consider an arbitrary system of integer column-vectors U1 , U2 , •.. , U. compris­
ing the matrix U of size n x 5. Let the rank of U equal 5. The vectors Uj belong 
to the hyperplane 

x =U).., (1.12) 

with ).. an arbitrary 5-dimensional vector. In this hyperplane there are infinitely 
many integer points that obviously generate the sublattice ru of the main cubic 
lattice f. For instance, fu contains all vectors that result from applying (1.12) 
with integer)... It may happen that the hyperplane (1.12) has no other points of 
the main cubic lattice. Then the vectors Uj, j = 1,2, ... ,5, constitute a basis for 
the sublattice ru. However, this may fail in general. Nevertheless, using a simple 
process, we may always construct a basis system U(1) for ru which contains 5 
vectors. 

The group GU (1) of translations, given by the formula 

y = x + U(1) ß, ß E zn, (1.13) 

is a subgroup of the group Go of all translations keeping the lattice r invariant. 
An arbitrary transformation belonging to Go has the form 

y = x + ß, ß E zn. 
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We are interested in the polyhedra in which the s-dimensional plane Rj,s 
of a face 9Rj,s remains invariant for s = 1, ... , n - 1 under the action of some 
s-parameter subgroup Gj,s of the translation group Go. Clearly, the plane Rj,s of 
a face in such polyhedron may be given by the relations 

x = Uj,s>' + J, 

with the matrix Uj,s determining the translation group Gj,s under which Rj,8 is 
invariant. The entries of the matrix Uj,s are integers. Hence, all components of the 
vector ak in the system of inequalities (1.1) determining the face Rj,s may be set 
integers. Let us demonstrate why this is so. 

For definiteness, assurne that s = n - 1. Then the plane Rj,n-l of 9Rj,n-1 is 
given by the relations 

x = Uj,n-l>' + J. (1.14) 

Whence we obtain a system of relations of the shape (1.2) between the independent 
variables Xl, ••• ,Xn which is equivalent to (1.14). To this end, write the solvability 
condition on the simultaneous equations (1.14) for the unknowns >.. 

From linear algebra we know that (1.14) is solvable for >. if and only if the 
value of a special matrix R/, called a left annihilator Jor Uj,n-l, at the difference 
of the vectors X and J is zero, 

R/x = Rtf. (1.15) 

By hypothesis, the rank of UJ' n-l equals n -1, and so there is a left inverse U-: I _ I / 
" },n , 

of Uj,n-l. The annihilator R 1 now takes the form 

All entries of R/ are rational and, after eliminating the denominators in the equal­
ities of (1.15), we arrive at a system of equations with integer coefficients. 

For simplicity, in what follows we consider only those polyhedra that have 
points of the initial cubic lattice on faces of every dimension. Our supposition 
implies that the vertices of the polyhedron, i.e. its O-dimensional faces, are also 
points of the initial lattice. In this event, each plane Rj,8 clearly includes the 
s-dimensional sublattice r, and the plane of every face is expressed by equations 
with integer coefficients. These polyhedra we call rational. 

§2. Constructing Formulas for Rational Polyhedra 

In the current and subsequent sections we give a detailed exposition of a method 
for constructing cubature formulas with regular boundary layer for rational poly­
hedra. 
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To begin with, we show that it is possible to standardize the elementary func­
tionals that compose the errors l( x) of a cubature formula, which makes it possible 
to use only a few distinct elementary errors 1"(( x). Moreover, it turns out that if we 
obtain new lattices by refining old lattices then the number of different small func­
tionals as weIl as the number of different weights of the resulting cubature formulas 
remains the same, i.e., independent of the number of nodes. 

The weights of a sought formula are the sum of some functions Cj ,8 [ß] of a dis­
crete argument which correspond to the faces VJtj,8 of the initial polyhedron. The 
support of cj,S[ß] is induded in the sublattice lying in the plane Rj,s and in several 
sublattices parallel and dose to r j,s and meeting the initial polyhedron VJt, i.e., 
located in a sense on the inner side of the plane Rj,s. In this event, the function 
Cj ,8[ß] is given only at the points lying in the polyhedron, taking a constant value 
at each sublattice parallel to Rj,s. 

It is convenient to slightly generalize the concept of a cubature formula with 
regular boundary layer which was given in Chapter l. 

Once again we consider elementary errors 

l"((y) = X"((y) - L c"([1"]b(y - H1"), 
IH"('I<L 

satisfying the conditions 

Ill"((y) I c*(~n)1I ~ A; suppl"((y) C {y: lyl < L}; (l"((y),yC{) = 0, lai ~ k(-y). 

Assume that the domain 0 has a piecewise-smooth boundary. Assume also that 
on this boundary there are given finitely many piecewise-smooth manifolds Sj,8 of 
various dimension s, with s = 0,1, ... , n - 2. In our case, as Sj,s we may take the 
faces of the polyhedron VJt. Encirde each of these manifolds with the neighborhood 
Wj,s,L comprising all points at a distance less than Lh from Sj,s' Arrange the set 
Bj,s of l' at which hH1' lies in Wj,s,L and does not belong to any neighborhood 
Wj,s-l,L. The number of these l' is O(h-n+s ). 

Suppose that for all l' E B j,s the order k( 1') equals m - n + s. This means 
that for all l' such that the points hH1' lie in the neighborhood of Sj,n-l, the order 
k( 1') equals m - 1; in the neighborhood of Sj,n-2 it equals m - 2, and so on. Recall 
that in Chapter 1 the order k( 1') of the elementary error 1"(( x) equals m - 1 near 
the whole boundary of O. We assume that this is the only distinction from what 

was considered before. In particular, for all l' in B~), i.e., for l' such that the point 
hH l' is at distance greater than Lh, from the boundary, the elementary errors result 
from one of them by the formula 

1"( (* -H 1') = 10 (* -H l' ) . 
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The sum of all elementary errors is the error of some cubature formula in the 
domain n, namely, 

l(x) = L l~ (* -H,) . 
~EBL 

As above, we call it an error with regular boundary layer. 
Thus, we have abstracted the concept of an error with regular boundary layer, 

allowing that part of elementary errors with support near to the boundary may have 
less order. The proof of asymptotic optimality of errors with regular boundary layer 
we give in Chapter 5 makes use of this expanded definition. 

Revert to considering rational polyhedra. In the dass of errors with regular 
boundary layer we distinguish subdasses that possess even much more standardized 
elementary errors. 

Let r j,s be a sublattice of a cubic lattice r which comprises integer points 
in the plane Rj,s, and let Us+1, ... ,Un be a system ofvectors complementing the 
system U1 , •.• , Us to a basis for r. Then we may write down r as the union of 
sublattices each of which is a translate of r j,s by an integer linear combination 
of the vectors UsH , ... , Un and so lies in a plane parallel to Rj,s. Obviously, the 
error l( x) may be constructed so that all elementary errors l~( x) be concomitant 
for , E B j,s at the points belonging to the same sublattice parallel to r j,s. If this 
condition is fulfilled for all s = n, n - 1, ... ,k and j = 1, ... ,f-l( s), then we say that 
the error l(x) has regular boundary layer up to dimension k. The regular boundary 
layer defined in Chapter 1 was regular only up to dimension n. 

Theorem 3.6. Consider a cubature Eormula with regular boundary layer up 
to dimension k [or a polyhedron m. The weights o[ the [ormula at the points lying 
in the neighborhood oE an s-dimensional face VJ'tj,s, s = k, k + 1, ... , n, comprising 
the points at a distance greater than Lh from all faces of dimension k - 1 depend 
only on a sublattice parallel to the [ace. At each o[ these sublattices, the weights 
are constant. 

PROOF. At each point of the lattice which lies in the neighborhood of VJ'tj,s, 
s = k, k + 1, ... ,n, comprising the points at a distance from all faces of lesser 
dimension, the value of the weights c[ßl results from summing the corresponding 
weights of l~(x/h - ,), with h, belonging to the same neighborhood. However, 
these errors are invariant under the translation of, by each vector of the sublattice 
r j,S. Consequently, the weights c[ßl at the points located on the same plane parallel 
to Rj,s are invariant under such translation, simply presenting the sum of the same 
quantities. 

Obviously, the number of the planes parallel to Rj,s, lying in the neighborhood 
of the face VJ'tj,s and in du ding sublattices of the cubic lattice depends only on L 
but not on h. Therefore, the number of distinct weights in the neighborhood of the 
face VJ'tj,s is independent of h. The proof of Theorem 3.6 is complete. 
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From this theorem it follows that for k = 0 the number of distinct weights 
of such formula is independent of the parameter h, i.e., of the number of ilodes. 
Indeed, the number of distinct weights near all faces of arbitrary dimension does 
not depend on h. Since the number of faces is also independent of h, our claim is 
proven. 

Consider all solid angles of various order of a rational polyhedron and construct 
for each of these angles the error of a cubature formula with regular boundary layer. 
Assurne that the construction is performed in the same manner for each angle. This 
means that if some s-dimensional plane participates in several solid angles, then we 
take equal elementary errors supported near to this plane at a distance of Lh from 
every face of dimension s - 1. 

Tbeorem 3.7. The error of a cubature formula with regular boundary layer 
in a rational polyhedron 9J1 may be written as 

n JL( s) 

lex) = 1) -Ir L l(j,s)(x), (2.1) 
s=O j=l 

with l(j,s)( x) standing for the errors with regular boundary layer constructed in the 
same manner for all solid angles of various dimension in !.J1t. 

PROOF. Denote by M the set of elementary errors composing lex); and by 
Mj,s, the set of elementary errors composing l(j,s)(x). To every integer vector , 
there may correspond several distinct elementary errors. For instance, to the point 
h, lying near to the plane of some (n - 1 )-dimensional face, there corresponds the 
functional 10 (x / h - ,) entering the formula for the angle of order zero, that is for 
the whole space, and the functional I, (x / h - ,) participating in the expansion of 
l(j,n-l)( x). 

Label with the index t all elementary errors that correspond to the same" 
denoting them by l~ (x / h - ,). On the set of pairs (" t) define the indicators of 
the polyhedron and its solid angles 

{ I, if l~(x/h -,) E M, 
X9J1C'Y, t) = 0, if l~(x/h -,) rt M, 

t _ {I, if l~(x/h -,) E Mj,s, 
Xj,sC'Y, ) - 0, if l~(x/h -,) rt Mj,s. 

For these indicators we have the identity 

n JL( s) 

X9J1C'Y, t) = L l)-1)8 Xj,s(', t) 
s=Oj=l 

(2.2) 

(2.3) 

(2.4) 
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which follows from Theorem 3.4. We clarify the formula (2.4) byexample. The sim­
plest case corresponds to an interval [a, b] with equidistant nodes h,,(, "( = 0, ±1, .... 
Here, possible are three types of elementary errors differing in the manner of their 
intersecting the elementary meshes {x : "( < x / h < "( + I} with the interval (a, b). 
To the meshes lying in (a, b), there corresponds an elementary error 10 • If a mesh 
contains the point a, then we denote the elementary error by h; and if it contains 
the point b, then we denote the elementary error by 12 • The index t may ass urne 
one or two values. At each "( the functional 10 belongs to the set {1~}. Given ,,(, 
put 1~ = 10 • For simplicity, set L = 1. Then for t = 2 we have 

12 = { 11 . at a point h"( on the right of a, 

"'( 12 at a point h"( on the Ieft of b. 

In the example under consideration, the polyhedron rot is the interval [a, b], the 
solid angle Ü1,0 is the half-line [a,oo), the solid angle Ü2,0 is the half-line (-oo,b], 
and Ü1,1 = IR.\ the formula (2.4) takes the form 

X[a,bj("(' 1) = X[a,oo)("(, 1) + X(-oo,bj("(' 1) - XjRIC'Y, 1), 

X[a,bjC'Y, 2) = X[a,oo)C'Y, 2) + X(-oo,bj("(,2). 

Both equalities are easy to check. 
Continue proving Theorem 3.7. From (2.4) it follows that 

n 1'(8) 

lex) = L XVJl(" t)l~ (X -,) = L L L( -lrXj,8C!' t)l~ (X -,) 
"'(,t "'(,t 8=0 j=1 

n 1'(8) n 1'(8) 

= L L( -Ir L Xj,8C'Y, t)l~ (* - "() = L L( -lrl(j,8)(x). 
8=0 j=1 "'(,t 8=0 j=1 

The proof of Theorem 3.7 is complete. 

§3. A Formal Boundary Layer 

Let 1( x) be the error of a cubature formula for a bounded polyhedron rot with 
a parallelepipedic lattice, i.e. of the shape 

X!m(x) - L cb]hn8(x - hH"(). (3.1) 
"'(EB 

Assurne additionally that the error is orthogonal to every polynomial of degree at 
most m, 

(3.2) 
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Clearly, this property is preserved for arbitrary linear combinations of such errors. 
For generalized functions like (3.1) we have a certain test for orthogonality to 

polynomials (3.2) which is based on the Fourier transform. A necessary and suffi­
cient condition for orthogonality of l( x) to a polynomial consists in the requirement 
that at the point x = 0 all derivatives vanish of its Fourier transform up to order m. 
We call the respective conditions formal orthogonality of l( x) to every polynomial 
of degree m. 

Using the concept of formal orthogonality to polynomials, we derive the con­
ditions under which the error of a cubature formula for n presenting a rational 
polyhedron is an error with regular boundary layer. 

Construct the errors 

Z(j,8)(X) = L Ci ,8b)h (* -H,) 
hH 'YEn, " 

for all solid angles ni,s of a rational polyhedron rot so that they possess the following 
properties: 

(a) the weights ci,S[,) at all points that lie near to some face of a solid angle 
ni,s at a distance at most 2Lh from it and lie at a distance at least 2Lh from the 
boundary of this face are constant on every hyperplane parallel to the face; 

(b) if two solid angles (possibly, of different orders) have a common face then 
the weights of the errors of both angles coincide near to this face. 

Theorem 3.8. Tbe alternating sum of tbe errors witb tbe properties (a) 
and (b) for tbe solid angles of a polybedron rot is tbe error of a cubature formula 
for tbis polybedron, i.e., 

n /,( s) 

2.:( -lY 2.: l(j,s)(x) = lex). (3.3) 
8==0 i==1 

PROOF. Theorem 3.4 implies that it suffices to establish (3.3) for the discrete 
components of the errors. An appropriate proof of this fact coincides with the 
proof of Theorem 3.7, if in all arguments we replace the error Z~( x / h - ,) with the 
generalized function ctb)h(x/h - ,). The proof of Theorem 3.8 is complete. 

A cubature formula with error Z( x) of the shape (3.3) is called a cubature 
formula with formal boundary layer provided that each error l(j,s)(x) is formally 
orthogonal to every polynomial of degree at most m - n + s. 

From this definition it follows that every error with regular boundary layer 
for a rational polyhedron is at the same time an error with formal boundary layer 
provided that all elementary functionals lying in neighborhoods of its faces coincide. 
We also prove a converse theorem, assuming (a) and (b) valid. 
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Theorem 3.9. Every errar of a cubature formula that possesses a formal 
boundary layer is an errar with regular boundary layer. 

The usefulness of this theorem is apparent. It implies that errors with formal 
boundary layer are asymptotically optimal. On the other hand, to construct them 
is easier than to construct a formula with regular boundary layer. 

The proof of Theorem 3.9 was given by L. V. Voltishek. It leans upon a suc­
cession of lemmas. 

Lemma 3.1. Assume given a trigonometrie polynomial Q(k)(p') in k variables 
p' = (PI, ... ,Pk) such that its derivatives up to order r vanish at the coordinate 
origin. Then the trigonometrie polynomial 

in the n variables p = (PI, ... ,Pk, PHI, ... ,Pn) = (p', pli), with pli = (PHI, ... ,Pn), 
has the derivatives up to order r vanishing at the coordinate origin. 

The validity of Lemma 3.1 is perfectly dear. 
Introduce the concept of zero' s error. By the latter we mean a linear combi­

nation of the shape 

m(x) = L e[-yJ6 (~ - H-Y) 
-yEE 

which vanishes at all polynomials of degree m. We speak of a zero' s error with 
regular boundary layer provided that 

m( x) = L mo (~ - H -Y) + L m-y (~ - H -y ) . (3.4) 
-yEEt) -YEEl') 

Here mo (x) and m-y( x) are the local zero's errors for the elementary meshes of the 
domain VR, with m-y( x ), -y E B j,B, orthogonal to every polynomial of degree m - n + s 
and mo (x) orthogonal to every polynomial of degree m. The number s stands for 
the dimension of the face of VR near which lies the part of the boundary layer 
containing m-y( x ). 

It is not hard to check that in a zero's error with regular boundary layer all 
weights vanish at the points hH -y lying in 9Jt at distance greater than Lh from the 
boundary of VR. (These weights are the sum of all weights of mo(x) orthogonal to 
constant functions by definition.) 

Lemma 3.2. The sum of every error of a eubature formula with regular bound­
ary layer and a zero's errar with regular boundary layer is the errar of a formula 
with regular boundary layer. 



Formulas witb Regular Boundary Layer for Rational Polybedra 89 

PROOF. The sum 

is again an error of the type under consideration which is orthogonal to every 
polynomial of degree m - n + s. We have the obvious equality 

m(x) + l(x) = L 1~1) (X - H I ) , 
"Y 

entailing the claim of Lemma 3.2. 
We speak of m( x) as of a zero' s error with formal boundary layer for a polyhe­

dron provided that 
n /L( s) 

m(x) = L( _l)S L m(i,s)(x), 
s=O i=l 

and, moreover, each error 

m(j,s)(x) = L ai ,sblc5 (X - H I ) 
hH"YEOj,. 

(3.5) 

is compact1y-supported and formally orthogonal to all polynomials of degree m -
n+s. 

Let ai,sbl satisfy conditions (a) and (b) of Theorem 3.8, and let ai,n[,l be all 
zero. We then have 

Lemma 3.3. Eacb zero's error witb formal boundary layer is a zero's errar 
witb regular boundary layer. 

PROOF. Theorem 3.8 implies that is suffices to prove the lemma for the solid 
angles of m. We accomplish the prove by induction, starting from s = n. For 
s = n the initial error m(n)(x) is zero. Hence, it may be written as (3.4), with 

m~n\x) == O. Assurne now that the errors m(j,s)(x) for s = n, n - 1, ... , k + 1, 
j = 1, ... ,p( s) may be written as (3.4). Consider the error m(l,k)(x) for the angle 

Ol,k with k-dimensional blade. Denote by m~l,k)(x) the sum of those elementary 

errors mV's) (x), s = n, . .. , k + 1, whose supports are located in Ol,k' The difference 

m;<1,k)(x) = m(l,k)(x) - m~l,k)(x) is again a zero's error of the shape (3.5) for the 
angle Ol,k which is formally orthogonal to every polynomial of degree m - n + k. 
The support of the error m;<1,k) (x) lies on finitely many planes parallel to the plane 
RI k serving as the blade of the solid angle Ol,k' We are left with proving that 
ni(1,k)(x ) may be written as sum of elementary errors. 
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An affine transformation does not violate the regularity property of a boundary 
layer and sends a formal boundary layer to a formal boundary layer. We may thus 
conduct the proof only in the case of a cubic lattice when h = 1 and the blade R/,k 

lies in the plane {x : x j = 0, j = k + 1, ... , n}. In this event the formal boundary 
layer in the error has weights depending only on ," = ('k+l" .. , ,n) and rn;(/,k)(x ) 
may be written as 

m</,k)( x) == c(x) = L L a(k) [,"J6(x' -,')6(x" - ,") 

" "'(" 

= <I>o(x') L a(k) [,"J6(x" -,"). 
," 

Here x = (x',x"), x' = (Xl,'" ,Xk), and, = (,',,"), while <I>o(x') denotes the 
generalized function <I> 0 (xI) ... <I>O(Xk) with 

00 

<I>o(xd = L 6(Xi - j). 
j=-oo 

The functional c( x) is by hypothesis formally orthogonal to every polynomial 
of degree m - n + kj i.e., its Fourier transform c(p) vanishes at the coordinate origin 
together with all derivatives up to order m-n+k. Calculate this Fourier transform. 
By definition 

c(p) = <I>o (p') L a(k) [,"Je i211'p" ," = <I>o(p')Q(k) (pli). 
," 

Since we are to calculate the values of derivatives of c(p) only at the coordinate 
origin, we may replace <I>o(p') with 6(p'). The formal orthogonality condition is 
written as 

D"'[6(p')Q(k)(p")]lp=0 = 0, lai::; m - n + k. (3.6) 

Expressing the condition that the derivatives with respect to p" vanish, obtain 

The other conditions (3.6) are fulfilled automatically for p" =1= 0, because the deriva­
tives D;,' D;,',' Q(k) (p") present derivatives with respect to p' of a function that is 
actually independent of p' and so these derivatives are identically O. 

It is not hard to see that c( x) may be written as 
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Here every summand is an elementary error formally orthogonal to all polynomials 
of degree m - n + k. Indeed, the Fourier transform of m-y,(x) equals ei21r-Y'p' Q{k)(p") 
and by what was proven above vanishes at the coordinate origin together with all 
derivatives up to order m - n + k. On the other hand, m-y, (x) is a compactly­
supported functional since its support is concentrated in the bounded domain 
I x"I < L, x' = ,'. Consequently, m-y, (x) is orthogonal to the polynomials in 
quest ion actually rather than just formally. Therefore, c(x) is written as the sum 
of elementary errors orthogonal to all polynomials of degree m - n + k, i.e. it is 
a zero's error with regular boundary layer. The proof of Lemma 3.3 is complete. 

We now proceed to proving Theorem 3.9. Let lF be the error of a cubature 
formula with formal boundary layer for a polyhedron 001. Considering an arbitrary 
error lR with regular boundary layer for this polyhedron, we have 

(3.7) 

The difference lF(X) -lR(X) is obviously a zero's error with formal boundary layer 
which by Lemma 3.3 has a regular boundary layer. Further, by Lemma 3.2 the 
sum in (3.7) is in turn an error with regular boundary layer for 001. The proof of 
Theorem 3.9 is complete. 

For solid angles we describe a method for explicit construction of cubature for­
mulas with formal boundary layer and, consequently, with regular boundary layer. 
It is convenient to construct an error with formal boundary layer by successively 
arranging boundary layers of various dimension, starting from n - 1 and proceeding 
in decreasing order, i.e., for n - 2, n - 3, ... , o. 

Observe that an error for every solid angle may be written as the sum of the 
indicator of this angle and a linear combination of the products of the functions of 
one independent variable 

00 

c5(x. -,.), <PO(Xk) = L c5(Xk - j) 
j=-oo 

and 

The construction of a needed error thus re duces to determining the weights of this 
linear combination. 

Now a few remarks are in order on the methods for calculating the Fourier 
transforms of the errors dealt with. 

Consider the Fourier transform of the indicator of a solid angle and of the 
discrete component of this angle separately. 
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For astart, we introduce the concept of simplest angle. Each solid angle of 
order n - s generated precisely by s faces of dimension n - 1 we call a simplest 
angle. In 3-dimensional space, the examples of polyhedra whose every solid angle 
is simplest are the tetrahedron, the cube, the regular dodecahedron, etc. The 
Fourier transform of the indicator of a simplest angle is very easy to fulfill. By 
a linear change of variables we transform our simplest angle into the coordinate 
angle, with the indicator becoming the product of the functions 1/2+ 1/2 sgn x j whose 
Fourier transforms are equal to l/2b(pj) + 1/(i27rpj). Whence we obtain an explicit 
description of the sought transform as the product of b(Pk) and l/2b(pj) + 1/( i 27rpj ). 
The Fourier transform of the discrete component of an error for a simplest angle is 
readily calculated. 

If a polyhedron includes not only simplest angles, then we may always split 
it into parts possessing this property, for instance, into simplices. Then we should 
separately transform the indicators of these simplices and sum the results. The 
Fourier transform of the indicator of every convex polyhedron is thus implemented 
explicitly. 

Calculating the Fourier transform of the discrete component of an errar for 
a polyhedron, it is again convenient to split the polyhedron into simplest angles so 
that proceed further with summing the errors for these angles. 

To avoid appearance of boundary layers on the common boundaries of simplest 
inner angles, while composing the error for each of them, we may use formulas with 
outer boundary layer spreading beyond the simplest solid angle under consideration. 
Moreover, we may readily guarantee that undesirable boundary layers cancel out 
when we sum the corresponding errors. This approach was realized for asolid 
angle presenting the sum of two simplest angles [35]. The problem of constructing 
a cubature formula with formal boundary layer for an arbitrary rational polyhedron 
in 3-dimensional space re duces to the case of the solid angles mentioned above. 

The problems arising in actual numerical construction of cubature formulas 
with formal or regular boundary layer for a polyhedron are dealt within [35]. This 
article also contains a reduction of the problem of constructing a cubature formula 
for a rational angle to that of constructing a cubature formulas for a coordinate 
angle with the lattices of nodes which is a union of several cubic lattices. The latter 
problem was solved in [292J. 

The weights of cubature formulas for a cube with centered cubic lattice are 
calculated in the article [34J. A centered cubic lattice is composed of two cubic 
sublattices shifted with respect to one another by a half-mesh-size in every axis. 
The found cubature formulas are implemented as computer software [30-31J. 



Chapter 4 

The Rate of Convergence of Cubature 
Formulas 

In the current chapter we address the problem of the rate with which the norm of 
the error decreases as the number of nodes of a cubature formula increases. For 
the formulas with a given lattice of nodes hH, we establish estimates exact in 
order for strong convergence on the Banach space of periodic functions meeting 
several natural conditions. We prove analogous results for periodic Banach spaces 
without weight in Bessel scales. We also derive estimates for the norms of errors 
with equidistributed nodes which act in the L;m) space of aperiodic functions. 

§ 1. A Universal Lower Bound on the Rate of 

Convergence 

We inspect the norm of an ~rbitrary error with a given lattice of nodes hH, 
which acts in a Banach space B of periodic functions. This space satisfies the 
following conditions. ~ 

1. We assume that B consists of periodic functions with orthogonal period 
matrix H, i.e., of functions !p(x) such that for every integer multi-index, the 
equality holds 

!p(x + H,) = !p(x), x E ]R.n. 

In particular, every constant function belongs to B. 
2. The norm of B is translation invariant. In other words, for all y E ]R.n 

and !p( x) E B the function !p( x + y) belongs to B and 

11!p(x + y) I BII = 11!p(x) I BII· (1.1) 

3. The space B admits a compact embedding into the space of continuous 
functions c(no), with no the fundamental parallelepiped of the matrix H. 
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4. For every function cp( x) with mean 0, i.e. with the mean CPo over no equal 0, 
namely, 

CPo = I~ol J cp(x)dx = 0, 
fl o 

and every constant C the inequality holds 

IIcp I BII :::; Ilcp + C I BII· (1.2) 

The space B may contain complex-valued m~mbers. In this event, we require 
that, together with a function cp( x), the space~ B contain the conjugate function 
zp( x) of cp( x). The norms of these functions in B must coincide, namely, 

Ilcp(x) I BII = Ilzp(x) I BII· (1.3) 

In B we consider a cubature formula with lattice of no des hH -y and domain of 
integration n lyin$ in no. We assume that, for a given h, among}he corresponding 
errors there is aB-optimal error, i.e., an error with a minimal B* norm. 

Note that the conditions imposed on Bare for instance met by the spaces 
W~m) defined in § 4 of Chapter 1 and also by their generalization, the space W~m), 
1 < P < 00, which we discuss in the subsequent section. 

Define a positive h so that the ratio 1/ h be a natural and study the corre­
sponding value of the error 

loo(X) = Xflo (x) - L hnb(x - hH-y) (1.4) 
hH'YEflo 

at a function cp(x) E B. Under the above hypotheses about the space B, we have 

Theorem 4.1. '.Ehe errar loo(x) is asympto~ically optimal 0 B; i.e., the dif­
ference between the B* norm of loo(x) and the B* norm of an B-optimal errar is 
an infinitesimal as h -t 0. 

PROOF. By hypothesis, at a 2iven h there exists aB-optimal error lo(x), i.e., an 
error having a minimal norm in B*. Arrange the arithmetic mean of its translates, 
the functionals lo(x - hH-y), over all hH-y E no. In other words, put 

lO(x) = ~ L lo(x - hH-y), 
hH'YEfl o 

(1.5) 

with N the total number of the points hH-y in no, i.e., Nh n = IHI. Owing to 
the properties of the norm of B, particularly, its invariance under translations, the 
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functional [0 (x) is also B -optimal. Moreover, we may readily verify that [0 (x) has 
the next shape 

[o(x) = Xflo(x) - hnco(h) L b(x - hH,) = (1- CO)Xflo(x) + coloo{x). (1.6) 
hH'YEfl o 

Examine how the function co( h) in this equality behaves as h --+ O. 
The error loo(x) vanishes at the constantly-one function. Using this, from (1.6) 

obtain 
100 111- co(h)1 = l(lO(x), 1)1 :S Klllo 1.8*11 :S KI1100 1.8*11. (1.7) 

Since the embedding of .8 to C(ITo) is compact, it follows in much the same way as 
in Lemma 1.5 that the norm loo(x) in .8* tends to 0 as the mesh-size h vanishes. 
Whence and from (1.7) derive that 

co(h) = 1 + O(h). (1.8) 

Compare the norms of loo( x) and 10 (x). By (1.6), we have 

Take the supremum on the right side over the sub set B composed of<p with the 
mean <Po over 0 0 equal to 0; 

We then derive 

<Po = I~ol J <p(x) dx = O. 
flo 

1110 I B*II 2 sup 
'PEB, '1'0=0 

I( coloo ( x), <p( x)) I 
1I<p I .811 

(1.9) 

Considering that the cubature formula corresponding to loo( x) is exact for the 
constantly-one function, rewrite the least upper bound on the right side of (1.9) as 
follows 

(1.10) 

The mean value of <p(x) - <po over 0 0 equals O. Whence and from (1.2) it follows 
that - -

11<p - <po I BII:S 11<p I BII· 
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Inserting this inequality in (1.10), from (1.9) obtain 

Whence, from the B-optimality of Zo and from (1.8), infer 

1 < 11100 I ~*II < _1 = 1 + O(h). 
- lila I B*II - !co I 

Cbapter 4 

Passing to the limit as h - 0 observe that 100 ( x) is indeed an asymptotically B-op­
timal error. The proof of Theorem 4.1 is complete. 

We are able to prove that, at sufficiently small h2.. the error 100 ( x) is optimal but 
not only asymptotically optimal when the norm of B satisfied a stronger condition 
than J1.2). Namely, the claim just formulated is valid if the norm of each function 
'P E B maintains the relation 

The iulfillment of this condition or the inequality (1.2) may be achieved on furnish­
ing B with some new norm by the formula 

Consider the action in jj of an arbitrary error l(x) with the lattice of no des 
hH"( and the integration domain n with n lying in the interior of no. Let 

Z(x) = Xr/x) - hn L chl8(x - hH"(). (1.11) 
hH-yEf! 

The concept of extremal function for Z(x) is easy to define in B. However, 
wemust in general establish existence of an extremal function. To obviate the 
difficulty, we introduce the concept of maximizing sequence for I( x) in B. 

Say tha~ {u j} is a maximizing s equence for I (x) in B, if every U j lies in the 
unit ball of B and at least one of the equalities holds 

(1.12) 

Existence of a maximizing sequence is immediate from the definition of the 
norm of B*. For Zoo ( x) it is possible to choose such sequence in a special manner. 
Demonstrate that the fOllOwing claim is true. 
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Lemma 4.1. The error loo(x) has a maximizing sequence {Vj} possessing the 
properties: 

(1) every function Vj(x) has real values and is sent by 100(x) to a nonnegative 
real, i.e., 

(1.13) 

j2) the mean value of every function Vj over Üo is equal to 0 and its.norm 

in B is equal to 1 

!~o! J vj(x)dx = 0, IIVj! BII = 1; (1.14) 

11 0 

(3) every function Vj(x) is not only periodic with period matrix H but also 
periodic with period matrix hH, i.e., 

(1.15) 

(4) the lower limit as j --+ 00 of the difference between the function Vj( x) and 
its value at zero is nonnegative, i.e., 

lim (Vj(x) - Vj(O)) ~ O. (1.16) 
j-+OCJ 

PROOF. Consider a maximizing sequence {Uj} for the functional100(x) in B 
which satisfies the first of the equalities (1.12). Transform it so that all conditions 
(1.13)-(1.16) be met. 

Observe that every function Uj(x) may be assumed real. Otherwise, it suffices 
to take as {u j} the sequence of the real parts of U j( x) which is, as we show right 

away, also a maximizing sequence for 100 ( x). Indeed, convexity of the unit ball in B 
and (1.3) give 

implying in particular that 

!(loo,Reu!.)! > !(loo,Re~j)! = Re (loo,~) 
11 Reuj ! BII - IIUj! BII IIUj! BII 

Passing here to the limit as j --+ 00 and using the definition (1.12), obtain 
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Hence, the sequence {Reuj} satisfies the second ofthe equalities (1.12) and so it is 
a maximizing sequence for loo( x). 

Considering that the U j( x) is areal function, construct three new maximizing 
sequences by putting 

zY)(x) = Uj(x) sgn(loo, Uj), 

(2)( (1)() 1 J (1)( ) z j x) = Z j x - I no I Z j x dx, 

11 0 

z?)(x) = hn L z?)(x - hH,). 
hH,El1o 

It is not hard to check that z?)(x) meets the conditions (1.13) and (1.15) and also 

the first of the conditions (1.14). Estimate the norm of z?)(x) in B. Convexity of 

the unit ball of B implies that 

(1.17) 

The condition (1.2) provides the estimate 

(1.18) 

Combining (1.17) and (1.18), derive a sought estimate for the norm zJ3)(x). 
The error loo(x) is obviously invariant under the translation by the vector 

hH, E no and vanishes at the constantly-one function. Therefore 

(1.19) 

From (1.17)-(1.19) it follows that {z?)(x)} is a maximizing sequence in B for 
100 ( x). Consequently, so is the sequence 

(1.20) 

It is easy to check that {Vj(x)} satisfies (1.13)-(1.15). We are left with validating 
(1.16), thus proving that {Vj} is a sought sequence. 
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Take an arbitrary x E 0 0 and consider the function Vj(Y + x) - Vj(x) of the 
argument Y E jRn. By (1.15) this difference vanishes at the nodes hH, and so loo(Y) 
sends it to the integral over 0 0 , i.e., 

(loo(Y), Vj(Y + x) - Vj(x» 

= j(Vj(Y + x) - vj(x»dy = j vj(y)dy -IOolvj(x). (1.21) 

0 0 0 0 

The equality (1.21) is valid in particular at x = o. Whence it follows that 

(loo(Y), Vj(Y» = (loo(Y), Vj(Y) - Vj(O» = j Vj(Y) dy -IOoIVj(O). (1.22) 

0 0 

Expressing via this relation the integral of Vj(Y) over 0 0 , inserting the result 
in (1.21) and considering that the value of loo(Y) is equal to 0 at the function 
Vj(x) constant in y, obtain 

(loo(Y), Vj(Y + x» = (loo(Y), Vj(Y + x) - Vj(x» 

= (loo(y),Vj(Y» -IOol(Vj(x) - Vj(O». 

Estimate from above the left side of (1.23). Fram (1.1) and (1.14) derive 

(1.23) 

Using this inequality together with the fact that {Vj(Y)} is a maximizing sequence 
for loo(Y) and passing to the lower limit over j on both si des of (1.23), arrive at the 
sought relation (1.16). The proof of Lemma 4.1 is complete. 

Return to the error lex) defined by (1.11). Let the boundary ofthe integration 
domain 0 be piecewise-smooth. Then we have 

Theorem 4.2. Tbe norm oE tbe errar lex) in 13* admits tbe Eollowing lower 
bound 

/l1(x) 113*112: I~oll"loo(x) 113*11(1 + 0(1», (1.24) 

witb 0(1) vanisbing as h decreases. 

PROOF. Considering loo(x), finda maximizing sequence Vj(x) possessing the 
properties that are listed in Lemma 4.1. From (1.22) and (1.14) it follows that 
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As mentioned above, the last quantity vanishes with h approaching o. Therefore, 

(1.25) 

with 0(1) tending to 0 uniformly in j. Considering this, we readily estimate the 
norm of lex) in B* from below. By the definition of norm and (1.25) we have 

1111 B*II 2:: lim j(Vj(x) - vj(O))dx(l + 0(1)). 
J~OO 

(1.26) 

o 

Split the integral in (1.26) into the sum of two integrals over disjoint subsets of O. 
One of them, 0(1) , is the union of all elementary meshes of the lattice of nodes hH 'Y 
which lie entirely in the interior of 0, and the other, 0(2), complements 0(1) to O. 
By (1.16) and the Fatou Lemma, we have 

.1im j (Vj(x) - vj(O))dx 2:: j lim (Vj(x) - vj(O))dx 2:: O. 
J~OO J~OO 

0(2) 0(2) 

Consequently, discarding the integral over 0(2) may only strengthen (1.26). In turn, 
the integral over 0(1) of the difference Vj(x) - Vj(O) is comparable with the integral 
of the same function but now over Uo. If NI is the number of elementary meshes 
comprising 0(1) and N is the total number of such meshes in 0 0 ; then, by the 
periodicity condition (1.15), 

j (Vj(x) - Vj(O)) dx = ~ J (Vj(x) - Vj(O)) dx. (1.27) 

0(1) 0 0 

Piecewise-smoothness of the boundary of 0 0 yields the equality 

Considering that Nh n = 100 1 and the integral on the right side of (1.27) coincides 
with the value of loo(x) at Vj(x) - Vj(O), come to the relation 

j 101 
(Vj(x) - vj(O))dx = 10

0
1 (loo(x),Vj(x))(l + O(h)). 

0(1) 

Passing here to the upper limit as j -+ 00 and using (1.26), obtain (1.24). The 
proof of Theorem 4.2 is complete. 
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REMARK. The claim of Theorem 4.2 remains valid if we replace the domain n 
with a set of the shape of n(l), i.e., a union of finitely many meshes of the lattice 
of nodes hH')'. In other words, (1.24) holds for a sequence of errors like (1.11) 
for which not only the lattice but also the integration domain may depend on h, 
splitting into an integer number of elementary meshes at each h. 

Theorem 4.2 also remains valid in the case when some nodes of the error in 
quest ion lie in no rather than only in n, i.e., when 

lex) = XfI(x) - hn L cbl8(x - hH')'). 
hH"YEflo 

We now define a Bessel sca!e of Banach spaces and estimate from below the 
norm of loo( x) in each member B of such scale. 

Let Bo be a Banach space of functions 'P( x) with orthogonal period matrix H, 

Suppose that an ~rbitrary function 'P( x) E C7(ITo), i.e. a continuous periodic func­
tion, belongs to Bo, satisfying the estimate 

(1.28) 

Suppose furt her that each function 'P( x) E Bo expands in the Fourier series 

'P(x) = L'Pblei211-H-lx"y. (1.29) 
"Y 

Now, assume given a function /L(~) of a variable ~ in R.n which we call weight. 

Say that 'P( x) belongs to B~ provided that finite is the following quantity 

II'P I Btll = IIL'Pbl/L(H-h')')ei21r"YH-lx I Boll· 
I 

(1.30) 

If /L(~) # 0 then (1.30) determines a norm on B~. We now say that the collection of 
spaces B~ constitutes the Bessel scale with index-zero space Bo and weight function 

/L(e). 
We impose a few conditions on the weight function /L(e). 
1. Assume that /L( e) is positive and grows at infinity as apower function. More 

precisely, there exist positive constants KI, ml, and m2 such that ml < m2 and 
for all ~ E R.n the inequality holds 

(1.31 ) 
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2. Assume that there is a positive constant K 2 such that for t ~ K 2 and j = 1 
the function 

fi(t) = (1 + t)-m j min/1(O 
1~I=t 

increases whereas for t ~ K 2 and j = 2 it decreases. 

(1.32) 

3. The function /1(0 agrees with the geometry of the lattice of nodes H-h'"y'. 
Namely, there are constants R > 1 and K > 0 and nonzero integer multi-index ßo 
such that 

/1 (H-h~) ~ K l/R~m$R/1 (f)· (1.33) 

Ifwe take as Bo the space Lp(no), 1 < P < 00, and take the function /1(0 equal 

(1 + 12?TeI2)m/2, with ml < m < m2, then we obtain the space W~m). If the lattice 
is cubic at that, i.e., H is the identity matrix; then all conditions (1.31 )-(1.33) are 
fulfilled. 

Observe that (1.33) is the most restrictive among the conditions on the function 
/1(0. For instance, (1.33) is not met in the case of n = 2 when B~ coincides with 
W;,2 (no) and the matrix H corresponds to the rotation of the plane by the angle 
?T /3 with the irrational tangent, 

( 1/2 -/3/2) 
H = --/3/2 1/2 . 

Theorem 4.3. The norm of loo( x) acting in an arbitrary Banach space B~ of 
a Bessel scale admits the following lower bound 

with 

1I1oo(x) I Bb'*11 ~ Ksup?jJ(e,h), 
~ 

?jJ(e h) __ 1_ 1 
, - /1(0 [h(l + IWl-m1 + [h(l + IWl-m2 • 

(1.34 ) 

(1.35) 

PROOF. By hypothesis 1/ h is an integer and every continuous periodic function 
belongs to the space Bo. A particular member of the latter is the exponential with 
exponent i2?TßH-1x/h. Moreover, by (1.28) we have the relation 

(1.36) 

with Kindependent of h. By the definition (1.30) of the norm in B~ we have 

(1.37) 
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In the ease when ß is a nonzero integer multi-index, the value of loo( x) at the 
eorresponding exponential equals -1. This, together with (1.36) and (1.37), implies 
that the norm of 1=( x) admits the following lower bound 

~ 1(1 (x) ei27rßH-lx/h)1 K 
11 1 1 B"*II > 00 , > ---

00 0 - Ilei27rßH-lx/h 1 jj~11 - I-l(H-hßjh)' 
(1.38) 

Consider the function 1jJ(~, h) defined by (1.35). Elementary arguments show 
that we have the estimate 

1 
s~p1jJ(~, h) ~ ~~~ h-ml h(t) + h-m2 !z(t)' (1.39) 

with fJ(t) given by (1.32). By hypothesis h(t) increases and !z(t) decreases. Using 
this, we readily obtain two estimates 

1 hm2 1 hm2 

:~io h-ml h(t) + h-m2 !z(t) = :~io !z(t) 1 + (h(t + 1))m2 -m 1 ~ !z(to)' 

(1.40) 
1 hm1 1 hm1 

:~io h-ml h(t) + h-m2 !z(t) = :~io h(t) 1 + (h(t + 1))m1 -m 2 ~ h(to)' 

Choose a point to so that the values of the functions h-m1 h(t) and h-m2 !z(t) at 
to be the same. This is possible only if to = 1jh - 1. Then from (1.39) and (1.40) 
it follows that 

(1.41) 

Using (1.33), at small h we obtain 

. (~) > . (~) > (H- h ßo) 
le~i~hl-l h - l/RSm~RI-l h -I-l h' 

This together with (1.38) and (1.41) entails (1.34), completing the proof of Theo­
rem 4.3. 

§2. The Rate of Convergence of a Homogeneous Error 

In IR. n, assurne given a lattiee of no des hH"'(, a set w with w in the interior of 
the fundamental parallelepiped 0 0 corresponding to H, and the error I( x) resulting 
from summation of a sole loeal error 10(Y) over all translations by hH"'( E w, i.e., 

l(x) = L 10 (* -H"'() . 
hH')'Ew 

(2.1) 
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Assume that lo(Y) is written as a linear combination of the indicator Xo(Y) of the 
set no and delta functions, i.e., 

lo(Y) = Xo(Y) - 2:= a[{"Jb(y - H{"). (2.2) 
IHI"I;:;L 

The error lex) defined by (2.1) is called homogeneous of degree M, if lo(y) has 
order M, i.e., lo(Y) vanishes at every polynomial of degree M, i.e., 

(lo(y), yO!) = 0, lai ~ M. 

Observe that L in (2.2) is independent of h, and w lies in the interior of no. Con­
sequently, the support of a homogeneous error (2.1) also lies in the interior of no 
at sufficiently small h. Observe that a homogeneous error l(y) of degree M ~ m is 
equidistributed in n. 

Below in § 4 of the current chapter, we inspect the L~M)* norm of a more 
general error than a homogeneous error (2.1) and, in particular, prove existence of 
a constant K such that 

(2.3) 

for all sufficiently small h. 
In the present section we study the action of a homogeneous error in the spaces 

of periodic functions W~m) which generalize the Hilbert spaces W~m). Also, us­
ing (2.3), we prove validity of analogous inequalities for the norms of lex) in the 
dual spaces W~m)*. 

Let 1 < P < 00. Then the set W~m) consists of the functions rp(x) with period 
matrix H, i.e., 

Moreover, each element rp( x) expands in the Fourier series 

r.p(x) = 2:= ccpbJei271"l'H-1x 
I' 

and has the following finite norm 

Ilrp I w~m)11 = {!IL ccpbl(l + 127rH-h{'12)m/2ei271"I'H-1XIP dX} l/p 

Do I' 

The so-defined W~m) is a Banach space and enters in a Bessel scale with index-zero 
space Lp (f2o). 
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We are interested in upper bounds on the norm of the error (2.1) in the space 
W~m)* dual to W~m). To find them, introduce two important functions Gm(x) and 
Gm(x), the first serving as an analog of the fundamental solution to the polyhar­

monie equation in L~m) and, the second, the corresponding periodic function. Put 
m> n and 

Gm(x) = L Gm(x - H-y). 
'Y 

The function Gm (x) is infinitely differentiable except the coordinate origin and 
continuous everywhere for m > n. At infinity the function Gm(x) and all its 
derivatives decrease exponentially [3,41]. The derivatives of higher order of Gm(x) 
at the coordinate origin have the same singularities as the fundamental solution to 
the polyharmonie operator b. m/2. Namely, if lai> m - n then for all x E IR.n the 
inequality holds 

(2.4) 

If m is even, then Gm(x) is the fundamental solution to the differential equation 

(1 - b.)m/2Gm(x) = 8(x). 

Under these suppositions, we prove the following 

Lemma 4.2. Let an even m be greater tban n and let tbe degree M of a bo­
mogeneous errar l(x) be greater tban 2m - n + 1. Tben for every p, 1 < P < 00, 

tbere is a constant K sucb tbat for all small h tbe inequality bolds 

(2.5) 

PROOF. Consider the convolution of Gm(x) and the error l(x), i.e., the function 

u(X) = Grn(x) * l(x) = ~)l(y), Gm(x - y - H-y)). (2.6) 
'Y 

Check that the series over -y converges. Denote the value of l(y) at Gm(x - y) by 
u(x), i.e., 

u(x) = (l(y), Gm(x - y)); 

and estimate the function u( x) at a point x lying outside Do. 
Take an infinitely differentiable function ((y) equal to 1 in a neighborhood 

about the support of l(y) and 0 beyond some set W1 in the interior of no. We de­
fined a function with analogous properties in § 2 of Chapter 1, using the standard 
averaging kernel. The following relations are valid 

l(l(y), Gm(x - Y))1 = I(l(y), ((y)Gm(x - Y))1 

<S 1111 L~M)*IIII((y)Gm(X - y) I L~M)(wdll· (2.7) 
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By the definition of the norm of L~M\wt), the seeond factor on the right side 
of (2.7) may be written as 

(2.8) 

By hypothesis, x belongs to lRn\no. For all y E W1 we therefore have Ix-yl ~ 8> 0, 
with 8 independent of h. Whenee and from (2.4) it follows that the integrand in (2.8) 
does not exeeed the ratio Kj(1+lxI)2(M-m+n), with K a eonstant independent of h. 

We thus established that, for all x outside no, the estimate holds 

(2.9) 

The equality (2.6) amounts to the following 

ilex) = L u(x - H"(). (2.10) 
'Y 

Using (2.9) in estimating u(x - H"() at large ,,(, obtain 

Observe that, at a given x, the series on the right side is dominated by the sum 

1 

L( 2+ 2+ + 2)(M-m+n)/2' 
'Y'~o "(1 "(2 . . . "( n 

(2.11) 

Using the routine inequality between the arithmetie mean and the geometrie mean 

2 2 2 2/n 2/n 2/n 
"(1 + "(2 + ... + "(n ~ n"(1 "(2 ... "(n , 

we readily validate eonvergenee of (2.11) and (2.6). 
By hypothesis, 1< p < 00. Therefore, the exponent p' = pj(p - 1) also lies in 

the interval (1,00). Moreover, uniform eonvexity of the unit ball of L~m) enables 
us to prove that 

(2.12) 

Dominate the norm iL( x) in Lpl (00 ) by the sum of the norms of the summands of 
(2.10), whieh yields 

IIiL I Lpl(Oo)II ~ L IIu(x - H"() I Lpl(Oo)II + IIu(x) I Lpl(Oo)II· (2.13) 
'Y#o 
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Estimate each summand on the right side of (2.13) separately. If, f= 0 then by 
means of (2.9) and (2.3) obtain 

(2.14) 

To estimate the norm of u(x) in Lpl(no), split the homogeneous error l(y) into two 
summands 

l(y) = L 10 (* - H,) + L 10 (* - H,) . 
"YEB~l) "YEB~2) 

The sets Bl1) and B12 ) depend on the point x taken in the interior of no. Namely, 

Bl1) consists of , such that hH, E wand Ix - hH,1 ~ 2Lh. On the other hand, 

if hH, E w but Ix - hH,1 > 2Lh then the set of these, is B12). Recall that 
constant L in accord with (2.2) characterizes the size of the support of 10(Y). We 
have 

lu(x)I=I(l(y),Gm(x-y))l~ L l(lo(*-H,),Gm(x-y))1 
"YEBi1 ) 

+ L 1(10(*-H,),Gm(X-y))I=~1+~2' (2.15) 

"YEBPl 

The sum ~l contains at most (2L + l)n summands. Choose a maximal sum­
mand and pass to the maximum over all x E 0 0 to obtain 

(2.16) 

The function Gm(x) possesses the property Gm( -x) = Gm(x). Using the latter, 
transform the maximand in (2.16) as follows 

(2.17) 

Intending to apply to the expression on the right side of (2.17) the Plancherel 
identity, calculate the Fourier transform in y of Gm(hy - z). By definition 

Fy[Gm(hy - z)](O = h-nei21r~z/h f Gm(y)ei21ry~/h dy 

= h-nei21r~z/h(1 + 121T'e/hI2)-m/2. (2.18) 
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Denoting by [0(0 the Fourier transform of 10(Y), from (2.17) and (2.18) obtain 

1(10 (*) , Gm(x - y - hH,)) I = I/ (1 + 12~~ r) -m/2[0(Oei27re(X-hH,)/h d~1 
~ hm /(h 2 + 127r~12)-m/21[0(0Id~. (2.19) 

The Fourier transform [0(0 of a compactly-supported generalized function 
lo(y), equal 0 at polynomials of degree M, has a root of order M at the coor­
dinate origin and is bounded on the whole real space. In other words, we have the 
inequality 

(2.20) 

Split the dominating integral in (2.19) into the sum of two integrals: over the 
ball I~I ~ 1 and over the exterior of the ball. Then apply (2.20) to obtain 

(2.21) 

The expression in braces is bounded uniformly in hand x E no. For the integral 
over the exterior of the unit ball, this is obvious; whereas the integral over the 
interior of the ball is bounded by the quantity 

finite by the hypothesis M > m. From (2.21) and (2.16) it follows that EI decreases 
as h -+ 0 not slower than hm, i.e., 

(2.22) 

with K a constant independent of h. 
Consider the summand E2 in (2.15). Recall that x in this formula is a point 

belonging to no. Take an arbitrary, E Bi2). Then, for every point y in the support 
of a local error lo(y/h - H,), we have the inequality 

Ix - yl 21x - hH,l-ly - hH,I2 LIh, (2.23) 
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with Li a eonstant independent of h. The point hH"'( lies in the support of 10(Y j h­
H"'(). Whenee and from (2.23) it follows that Gm(x - y) is infinitely differentiable 
with respect to y in a neighborhood ab out Yo = hH"'(. Consequently, Gm(x - y) 
expands in the Taylor series with remainder in integral form [42]; i.e., 

(2.24) 

with RM(X, y) written as 

1 

(M + 1) j (1- s)M L (YO - yyx DaGm(x - hH, + s(hH"'( - y))ja! ds. (2.25) 
o \a\=M+i 

The equality (2.24) holds uniformly in y belonging to the support of the loeal 
error lo(yjh - H"'(). Whenee and from the vanishing of lo(y) at all polynomials of 
degree M, it follows that 

(10 (*-H"'() ,Gm(X-y)) = (10 (*-H",(),RM(X,y)) 

= hn(lo(y),RM(X, hy + hH"'()). 

The deeomposition (2.2) of lo(y) enables us to assert that 

1(10 (X -H,) ,Gm(x-y))1 

S; hnlllo(Y) I C*II max IRM(X, hy + hH"'()I· 
yEsupp lo(Y) 

(2.26) 

Express the maximand as an integral by (2.25) to obtain 

1 

X j(l-s)M L (-yYXDaGm(x-hH"'(-sh"'()ja!ds. (2.27) 
o \a\=M+i 

By (2.4), for lai = M + 1 we have 

IDaGm(x - hH"'( - shy)1 ~ Klx - hHy - shylm-n-M-i. 
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The point Y lies in the support of lo(y). Therefore lyl :::; Vn L. Whence and from 
the containment of'Y in B~2) it follows that, for a given x E ITo, we have inequalities 

Ix - hH'Y12 2vn Lh 221yhl, 

Ix - hH'Y - shYl2 Ix - hH'YI- shlYl2 lhlx - hH'YI· 

Inserting the second of them in the estimate obtained for the modulus of the de­
rivative of Gm and taking account of the condition M > m - n - 1, arrive at the 
estimate 

ID"'Gm(x - hH'Y - shy)1 :::; Klx - hH'Ylm-n-M-I, 

from which by (2.27) it follows that 

max IRM(X, hy + hH'Y)1 :::; KhM+1/lx - hH'YIM-m+n+l. 
yEsupp lo(y) 

Using this estimate in (2.26) and summing both sides of the resultant inequality 
over all 'Y E B~2), find a dominant of the needed shape for E2 as follows 

E2 :::; Khn+M+1 LI/Ix - hH'YIM-m+n+l. 

")'EB~.2) 

(2.28) 

Observe that for a given x E ITo there is an index N such that, for all 'Y, I'YI 2 N, 
the estimate holds 

Ix - hH'Y1 2 IhH'YI/2. 

If, on the other hand, hl :::; N and 'Y E B~2) then 

Ix - hH'Y12 2Lvn h. 

Inserting the last two inequalities in (2.28), obtain 

E2 :::; Khm L l'YIM+!+n-m = K 2hm. 
"),#0 

(2.29) 

The series in 'Y in this formula converges by the conditions M 2 2m - n + 1, m > n. 
The inequalities (2.29), (2.22), and (2.15) allow us to estimate the function 

u(x) at x E ITo and also its norm in Lpl(ilo) as follows 

This estimate, as well as (2.14) and (2.13), for M 2 2m - n yields a dominant for 
the norm in Lpl(ilo) of u(x). Namely, 

lIu(x) I Lpl(ilo)1I :::; Kh m . 

This, together with (2.12), entails (2.5). The proof of Lemma 4.2 is complete. 
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Corollary 2.1. Under tbe bypotbeses oE Lemma 4.2 a bomogeneous error l(x) 

bas an optimal mode of convergence in W~m), wbicb means tbat tbere are positive 
constants K 1 and K 2 sucb tbat, for all h, tbe inequalities bold 

(2.30) 

PROOF. The upper bound of (2.30) coincides with the already-established re­
lation (2.5). Check that the lower bound on the norm is valid. 

By Theorem 4.2 there is a constant K such that 

(2.31 ) 

with the error Zoo defined by (1.4). Find an asymptotically exact expansion of the 

W~m)* norm of Zoo as h -T O. To this end, write down the function u(x) with 
period matrix H, which is a solution to the equation (1 - ß)m/2u(x) = Zoo(x), as 
convolution 

u(x) = J Zoo(y)Gm(x - y) dy. 

Expand Gm(x) in the Fourier series 

Gm(x) = L(1 + 127rH-h l'12)-m/2ei211"')'H- 1 x. 
')' 

Inserting this expansion in (2.32), obtain 

u(x) = LL[I'](1 + 127rH-hl'12)-m/2ei211"')'H-lx. 
')' 

(2.32) 

(2.33) 

Here, Lb] stands for the Fourier coefficient with index l' of loo(Y), i.e., the value of 
loo(Y) at the exponential with exponent i27rl'H-1y. It is not hard to see that in the 
case when I'h is a nonzero integer multi-index, the coefficient Lbl equals -1/IHI, 
whereas for all other l' the coefficient with index l' vanishes. Thus, from (2.33) it 
follows that 

u(x) = _hm L(h2 + 127rH-h ßI2)-m/2 ei211"ßH- 1 x/h. 
ß#-O 

Using the last equality, we readily find an asymptotically exact expansion of the 
Lpl(no) norm of u(x) as h -T O. Namely, 



112 Cbapter 4 

Considering this expansion, the equality (2.12) taken with l( x) = 100 ( x), and (2.31), 
we infer (2.30). The proof of Corollary 2.1 is complete. 

We now generalize the result on an optimal mode of convergence of a homo­
geneous error (2.1) to the case of odd and fractional values of m. We need several 
new definitions. 

Let B be aspace of functions with period matrix H which meets the ~ndi1jons 
of § 1 of the current chapter. A bounded linear operator M, acting from B to B by 
the formula 

(2.34) 
'Y 'Y 

is called a Fourier multiplier in B. 
We call a "p(O a multiplier in B, if the operator (2.34) constructed from the 

sequence "pb] = "p(H- h ,) is bounded in B. 
Let a space B~ belong to a Bessel scale. Given an h > 0, define three auxiliary 

functions by letting 

Assume that "pI (t, h) and "p2 (t, h) are multipliers in Bo, and the norms of the 
corresponding linear operators M(I) and M(2) admit the estimate 

(2.35) 

with K a constant independent of h. This property is fulfilled, for instance, in 
the case when B coincides with Lp(Üo) and /-L(O is a rational function subject to 
(1.31 )-(1.33). 

Assume given a Bessel scale whose index-zero space Bo satisfies the conditions 
of § 1 of the current chapter. We agree to denote by Bo the space B~ corresponding 
to the weight function 

(2.36) 

Assume that the space B~ belongs to the scale under consideration, and the 

action of l( x) E Bt* on 'P( x) E Bt is given by the equality 

(l( x), 'P( x)) = L L[,]'P[,], (2.37) 
'Y 
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where cpb] is the Fourier coefficient with index, of cp(x), and Lb] is the Fourier 
coefficient with index, of l, i.e., the value of l( x) at the exponential with exponent 
i27r,H-1x. Using (2.37) and convergence of the Fourier series of cp(x) in the norm 
of B~, we readily see that Fourier series with coefficients Lb] converges to lex) 

kl . B-/1* . wea y In 0' l.e., 
lex) = 2: Lblei21r1'H- 1 x. 

l' 

Under the above assumptions, we have the following 

(2.38) 

Theorem 4.4. Assume tb at lh(X) is a bounded linear functional on B~, and 
tbe weigbt function J-l(O is subject to tbe conditions (1.31)-(1.33) witb exponents 
ml and m2 and tbe condition (2.35). Assume furtber tbat tbe norms of lh(X) 
in (Borm1 and (Bo) -m2 satisfy tbe estimate 

(2.39) 

- 1//1 Tben tbe (Bo) norm of lh(X) decreases as h -T 0 not slower tban tbe norm of 

loo(x) in (B~r, namely, 

(2.40) 

Here K depends neitber on h nor on h. 
PROOF. For j = 1,2 let the operator Mj act from (Bo) -mj to Bo by the rule 

For the functionallh(x) expanded in the series (2.38) and belonging to (Bo)-m j , 

we then have the equalities 

IIMj(lh) I B~II = Il lh I (B~)-mj 11, 

Il lh I (B~)l//111 = 112: J-l(H~h,)Lblei21r1'H-IX I B~II· 
l' 

(2.41 ) 

Using the definition of 7jJ(~, h), rewrite the second of them as 

(2.42) 
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The operator M(j) acts from Ba to Ba in accord with (2.34) in which ?j1hJ = 
?j1j(H- h " h). By (2.35) it is bounded and, moreover, 

with Kindependent of h. Whence and from Theorem 4.3 derive 

Now from (2.42), (2.41) and (2.39) it follows that 

Illh I (B~)l/JlII ::; h-m1IlM(1)lIlIlh I (B~rmlll 
+h-m2I1M(2)lIlllh I (B~rm211::; Kllloo I B~*II· (2.43) 

Thus, the estimate (2.40) is obtained, which completes the proof of Theorem 4.4. 

Corollary 2.2. Let m > 2([n/2J + 1). Then the norm oE a homogeneous error 

lex) in W;m)*, 1< p < 00, satisfies the inequality 

(2.44) 

PROOF. Putting Bo = Lp(no), take ml equal to 2(~/2J + 1) and m2 .=.qual to 
any even number greater than m. It is weH known that Ba coincides with Lp,(no), 
p' = piep - 1). Using this, we readily see that the series (2.37) converges and for 
every m the equality holds 

(B~) -m = B;f*. 
The norm of the homogeneous error lex) of degree M > 2m2 - n + 1 obeys (2.5) 
with m = ml and m = m2. In particular, this functional satisfies the estimate 
(2.39). Assume that the weight function /l(e) is defined by (2.36). Then, as is not 
hard to note, all hypotheses of Theorem 4.4 are fulfiHed. Consequently, we have the 
inequality (2.40) now in the shape of (2.44). The proof of Corollary 2.2 is complete. 

From (2.44) and Theorem 4.2 we infer that, for 1 < P < 00 and m > 2([n/2J+l), 
a homogeneous error has an optimal mode of convergence in W~m). 

Consider the family of errors 

lex) = Xn(x) - hn L c[,18(x - hH,) (2.45) 
hH,Ew 

such that the sets IT and ware in the interior of the fundamental parallelepiped no. 
In particular, every homogeneous error may be written so. 
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A family (2.45) has an optimal mode 0/ convergence in W~m)(no) uni/ormly 
in n, if there is a constant K such that, for all h > 0 and n, the estimate holds 

(2.46) 

Assume that the hypotheses of Theorem 4.4 are fulfilled and, in particular, the 
function /-t(O obeys (1.31)-(1.33) and (2.35) with exponents ml and m2. Then we 
have the following 

Theorem 4.5. If an errar lex) bas an optimal mode of convergence in W~~, 
1 < P < 00, uniformly in n for m = ml, m2, m3, wbere m3 > m2, and tbe space B o 
coincides witb Lq(no), q ~ p; tben tbe inequality bolds 

(2.47) 

witb K a constant independent of n and h. 

PROOF. For Bo = Lq(no), the space B~* coincides with (B~)l/" and the space 

Blf coincides with W~m). Applying (2.43) to lex), arrive at 

(2.48) 

Here K is a constant independent of hand l. Dominate the sum in braces. 
Suppose that m = ml or m = m2. Put 

and express the W;m)* norm of l(x) by the formula (2.12) as 

(2.49) 

with q' = q/(q - 1). 
Take c: > 0 and denote by ne the set of points at a distance at most c: from n. 

Suppose that c: is so small that some neighborhood about n2e lies in the interior of 
no and the volume of n2e does not exceed the double volume of n, in symbols, 

(2.50) 

Moreover, assume that w c neo The equality (2.49) implies the estimate 

(2.51 ) 
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Considering that by hypothesis the error l(x) is bounded in W~m), i.e., um(x) E 
Lpl(OO)' with p' = pl(p-l), estimate the first summand on the right side of (2.51) 
by the Hölder inequality 

Taking here m = ml or m = m2 and using (2.50) and (2.46), come to the relation 

(2.52) 

with K a constant independent of hand O. 
Consider now the second summand on the right side of (2.51). Let an infinitely 

differentiable function (y) equali in Oe and 0 beyond 02e. Then Um(X) may be 
written as 

(2.53) 

Observe that for all X in 0 0 \ 02e and y in the support of l(y) embedded in Oe, 
we have the relation Ix - yl ~ e. This, together with (2.53) and the properties of 

Gm(x), implies that um(x) belongs to W;M)(Oo \ 02e) for some M ~ m3. Take M 
even and estimate the norm of um(x) in Lql(OO \ 02e) as follows 

11 Um I Lql(OO \ 02e)11 :::; 10011/q' max lum(x)1 
xEfl o \fl 2• 

::; IOoll/qllll(y) I W~M)(Oe)* 11 

x max 11(y)Gm(x - y) I W;M)(Oe)lI. 
xEfl o \fl 2 < 

(2.54) 

The support of l(y) is embedded in Oe. Consequently, 

Since M ~ m3, the norm on the right side is less than the norm of lex) in W~m3)*, 
i.e., 

(2.55) 

with Kindependent of h and O. The last inequality is valid by hypothesis. 
Let x E 0 0 \ 02e. Then 

11 (y)G", (x -y) I W;M)(Oe)1I ::; K {J L ID~[(y)Gm(X - y)]IP dy } I/P. (2.56) 
fl. lal~M 
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For every y E ne the point x - y lies in a bounded set with the deleted ball of 
radius c: centered at the coordinate origin. Put 

c(c:) = _ max {IDa[((y)Gm(x - y)ll, Iod ~ M}. 
xEOo \0 2., yEO. 

From the properties of Gm (x) i t follows that c( c:) is finite. Continuing the estimate 
(2.56) and using (2.50), obtain 

(2.57) 

Since Inl ~ Inol, we have the relation 

Inserting it in (2.57), arrive at the inequality 

with K 1(c:) a constant independent of n. Whence and from (2.54) and (2.55) derive 

Now, from (2.51) and (2.52) infer that 

Putting here m = ml and m = m2 and inserting the result in (2.48), arrive at (2.47). 
The proof of Theorem 4.5 is complete. 

§3. The Bakhvalov Theorem 

In a bounded domain n with piecewise-smooth boundary an, assurne given 
a sequence of cubature formulas with the error 

and the variable number of no des N. Denote the volume of n by Inl and let 

(3.2) 
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We are interested in the behavior of the L~m)* norm of IN(x) as the number 
of nodes N tends to infinity. The main theorem of the current section deals with 
estimating the norm of IN(x) from below and belongs to N. S. Bakhvalov. Our 
proofs are practically indistinguishable from those by Bakhvalov. 

Before stating the theorem, we give a few definitions and prove an important 
lemma. 

Let k be a constant. Construct the domain n~ that comprises all points of IR. n 

at a distance at most k from n and the domain n~ that comprises all points of n 
at a distance greater than k from the complement to n. Denote nk = n~ \ n~. If 
there is a constant K such that for all k :S ko the inequality holds 

then we say that n has a regular boundary. It is easy to check that if the boundary 
of n is Lipschitz then this domain has a regular boundary. 

Let the number N range over an increasing sequence of integers N(1), N(2), .... 
Given N, in the domain n consider a system of cubes ni,N with vertices the points 
a(i,N) and edge kN, namely, 

IXj-a;i,N)I<kN/2, j=I,2, ... ,n; i=I,2, ... ,N1(N). 

We call this system a system with insufficient data for IN(x), if the following con­
ditions are fulfilled: 

(1) the value of IN(x) at the indicator of each of the cubes ni,N is strictly 
positive, namely, 

f Xn;,N (X)lN(X) dx > 0; 

(2) all no des x(k,N) of a cubature formula with the error IN(x) lie either in the 
interior of the cube ni,N or in the exterior of the cube but not on the boundary. 

Say that aseries of such systems has insufficient data for IN (x) uniformly in N 
entries of the sequence {N(j)}~l if there are two positive constants TJo and TJl less 
than 1 and such that the following conditions are fulfilled: 

(1) the error in integrating unity over each cube of every system of the series 
under study is a finite fraction of the volume of the cube, i.e., 

J Xn;,N(x)lN(x)dx ~ TJokN; (3.3) 

(2) all nodes of cubature formula belonging to ni,N lie within the inner cube 
defined by the inequalities 

IXj - aji,N) I :S TJlkN/2, 

We have the following 

j = 1,2, ... ,no (3.4) 
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Lemma 4.3. Assume that, for every N in the sequence N(l), N(2), ... , the 
sum of the volumes of nonoverlapping cubes of the corresponding system belonging 
to aseries with uniformly insufHcient data for lN(x) is greater than some positive 
constant T independent of N, i.e., 

N 1 kN > T, (3.5) 

with NI the number of nonoverlapping cubes. Then we may find a positive con­
stant K depending on 'fJo, 'fJl, n, and m, but not on N and such that 

PROOF. To begin with, find a positive constant 'fJ < 1 such that 

(1 - 'fJ) ~ 'fJl, (1 - 'fJr - (1 - 'fJo) = co > O. 

Here 'fJo and 'fJl are the constants of (3.3) and (3.4). With this 'fJ available, construct 
an infinitely differentiable function A( 0 of a one-dimensional argument ~ with the 
following properties 

A(O = 1 for I~I ::; (1 - 'fJ)/2, 

A(O = 0 for I~I ~ 1/2, 

o ::; A( 0 ::; 1 for other ~. 

(3.6) 

Such function obviously exists and may be constructed by the same scheme as 
the standard averaging kernel we first mentioned in Chapter 1. 

Construct the set of the functions Wi,N( x) by letting 

n ( (i,N») Xj - aj 
wi,N(x)=IIA k . 

j=1 N 

It is clear that the function Wi,N( x) vanishes outside the cube ni,N. Calculate the 
value of lN(X) at Wi,N(X). 

From the inequality (3.4) and the properties (3.6) of A(O it follows that, for 
every node x(k,N) in n;,N, the quantity Wi,N(X(k,N») equals 1. Consequently, 

(lN,Wi,N) = J Wi,N(X)dx- L 
fli,N x(k,N) Efli,N 

(3.7) 
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Using the first of the properties (3.6), obtain 

J Wi,N(X)dx > (l-7]tk'N. (3.8) 

fli,N 

Since the error lN(X) is given in ni,N with insufficient data, from (3.3) it follows 
that 

L c~N) ::; k'N(l - 7]0). 
x(k,N) Efli,N 

Whence and from (3.7) and (3.8) derive 

(3.9) 

The norm of Wi,N(X) in L~m) is easy to estimate from above, using the definition 

Denoting by NI the total number of nonoverlapping cubes ni,N at a given N, 
estimate the value of IN (X) at the sum 

N1 

WN(X) = L Wi,N(X). 
i=1 

From (3.9) obtain 
N1 

(lN,WN) = L(lN,wi,N) ~ N1cok'N. 
i=l 

The cubes ni,N do not overlap. Consequently, 

N 1 

IlwN(X) I L~m)112 = Lllwi,N(X) I L~m)112::; KN1k'/v-2m. 
i=l 

Using the hypotheses (3.5) of the lemma, arrive at the final formula 

(3.10) 

The proof of Lemma 4.3 is complete. 
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Theorem 4.6. For every sequence oi errors IN(x) like (3.1) tbere is a constant 
K > 0 sucb tbat 

(3.11) 

PROOF. Cover n with a system of cubes n i ,h/2 generating a cubic lattice with 
side h/2. Calculate the number of cubes lying entirely in the interior of n. 

Let B2 be the set of i such that n;,h/2 has at least one common point with n, 
and let B3 be the set of i such that n i ,h/2 has at least one common point with the 
boundaryan. Denote the size of B 2 (B3 ) by N2 (N3 ). Let BI be the set of points 
B 2 not belonging to B 3 ; i.e., BI = B 2 \ B 3 • It is clear that BI is the set comprising 
the indices of the cubes lying entirely in the interior of n. The total number of 
these cubes is NI = N2 - N3 • 

The volume of the union of the cubes ni,h/2 over all i E B2 is at least the 
volume of n, namely, 

I.u n;,h/21 2 Inl· 
.EB, 

The domain n has a regular boundary. Consequently, the inequality holds 

I.u ni ,h/21::::; In foh /2 \nfoh/21 = Iny'nh/21::::; Kh . 
• EBg 

Since the volume of each elementary cube equals (h/2)n, obtain 

These relations allow us to estimate from below the number NI. Obviously, 

n Inl K n [ o( 1 )] NI 2 2 hn - hn- I = N2 1 + NI/n . (3.12) 

Denote by No the number of cubes lying in the interior of n and having no 
nodes of (3.1). Estimate No from below. Let 0 < c < 1. Then from (3.12) it follows 
that 

(3.13) 

for all sufficiently large N. In each of these No cubes, choose a smaller inner cube 
with side h/3. Thus, given N we constructed the system of cubes 

nj ,h/3, j=1,2, ... ,No, 



122 Chapter 4 

so that the series of these systems has uniformly insufficient data for IN (x). Further , 
all cubes nj ,h/3 do not overlap. Therefore, their total volume 10,* I is bounded from 
below by some fraction of the volume 10,1 independently of N i.e., 

10*1;::: No(h/3t ;::: colnl· 
The last inequality holds by (3.13) and the definition (3.2) with the constant 
co = (2 n - 1 - c)/3n > O. Therefore, the hypotheses of Lemma 4.3 are fulfilled. 
Consequently, the norm of the error admits the estimate 

The proof of Theorem 4.6 is complete. 

Corollary 3.1. Hin a domain 0, there is given a system of cubes ni,N with 
uniformly insuflicient data for the error I N( x), with the sequence {k N} such that 
kN/h -+ 00 as h -+ 0 and the sum ofthe volumes Ofni,N is greater than Blnl; then 
the error of cubature formulas decreases slower than the power function h m • 

By now we have considered only errors with insufficient data on a system of 
cubes. By analogy, we mayaIso consider a system of cubes n~ N with excessive 
data for the error lN(X). Say that data for lN(x) are excessive on' a system of n~ N 
by 770 if ' 

J Xn:,)x)lN(x) dx < -770 kN' 
Repeating word by word the proofs of Lemma 4.3 and Theorem 4.6, obtain 

Continuing estimation in much the same way as before, show that (3.10) remains 
valid also and in the case when instead of a system of cubes with insufficient data 
for lN(x) there is a system of cubes with excessive data and total volume at least 
a fixed fraction of the volume of 10,1. 

Given an arbitrary system of N points, we may construct a system of cubes 
with excessive data for lN(x) so that hypotheses similar to those of Lemma 4.3 be 
fulfilled. 

We show now that there are formulas such that the lower bound of the rate of 
convergence we indicated is practically achieved. 

§4. The Rate of Convergence of an Equidistributed 

Error 

Let the error l(x) belong to a sequence of equidistributed errors over a do­
main n. In the present section we demonstrate that the norm of l(x) satisfies the 
inequality reverse to (3.11); i.e., l(x) has an optimal mode of convergence in L~m)*. 



The Rate of Convergence of Cubature Formulas 123 

By the definition of § 2 of Chapter 1, an equidistributed error over n may be 
written as the sum of local errors 

(4.1) 

Moreover, we assurne that every l-y(Y) has order m + 1, its support lies in the ball 
of radius L centered at the coordinate origin, and the norm in C* is bounded by 
a constant A the same for all , 

(l-y(Y),YO!) = 0, lai s: mj suppl-y(Y) C {y: lyl s: L}, IIl-y(y) I C*II s: A. (4.2) 

The set B L consists of , such that the distance from hH, to n is at most Lh. 
Before estimating the norm of (4.1), we make a simple remark on how the 

L~m)* norm of an arbitrary error changes under scaling of an independent variable. 

Let lo(x) E L~m)*. Then we have the formula 

Prove it. 
Take ep(x) E L~m). By definition, the following equalities are valid 

Moreover, straightforward calculation readily yields the relations 

lIep(x) I L~m)11 = hn / 2 - m llep(hy) I L~m)ll, 

lIep(y) I L~m)11 = hm-n/2 1Iep (*) I L~m)ll· 

(4.3) 

(4.5) 

Dividing both sides of the first of the equalities (4.4) by the corresponding sides of 
the first of the relations (4.5), obtain 

Since ep(x) E L~m) is taken arbitrarily, it follows that 

(4.6) 
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Further, dividing both sides of the second of the equalities (4.4) by the correspond­
ing sides of the second of the relations (4.5), obtain 

Whence follows the inequality reverse to (4.6). This means that (4.3) is indeed 
valid. 

Consider an arbitrary summand 1"((y) in the decomposition (4.1). Since m > 
n/2, the L~m) space is embedded in C(Ü*) for every compact set Ü*. In this event 
the embedding operator is compact. Whence and from (4.2) it follows that 

IIl"((y) 1 L~m)*11 :S Klll"((y) 1 C*II :S KA, 

with K a constant independent of ,. Using this inequality and (4.3), obtain 

(4.7) 

We give a few reasons that allow us to conjecture an upper bound on the norm 
of an equidistributed error in Ü. Each of the local errors 1"( (x / h - H,) is realizable 

in the Hilbert L~m) space as the extremal function 'lj;"((x). If 'lj;"((x) are mutually 

orthogonal functions in L~m), then 

Ill(x) I L~m)*112 = L 111"( (~ - H,) I L~m)*lr . 
"(EBL 

(4.8) 

The number N l of the elements of the set B L at sufficiently small h satisfies the 
inequality Nlh n :S 21ül. Whence and from (4.7) and (4.8) it fOllOWS that 

The last inequality enables us to conjecture that the norm of an equidistributed 
error decreases like hm as the mesh-size decreases. We demonstrate the validity of 
this conjecture without the assumption that the extremal functions 'lj;"((x), ,E BL, 
are mutually orthogonal. Instead of making the assumption, we give an estimate for 
the inner product of these extremal functions and check that the product decreases 
as the supports of the local errors become more distant. 

To prove the main theorem we state below, we need inspect the tripie convo­
lution of local errors with the function G( x) serving as a solution to equation 
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Let h (x) and 12 (x) be two nontrivial compactly-supported generalized func­
tions defining bounded linear functionals on the space c(~n) with 

suppl j (x) c {x: lxi ~ Lj}, Illj I C*II ~ Aj , j = 1,2. (4.9) 

Also assume that the value of 1 j (x) at a polynomial of degree less than S j equals 0, 

(4.10) 

We now state and prove a succession of the simplest properties of convolution. 
Put hex) = hex) * hex). 

1. Since botb Ij(x) bave compact support, so is tbe Eunctional h(x). Moreover, 
tbe support oE 13 (x) lies in tbe ball oi radius LI + L 2 centered at tbe coordinate 
origin 

( 4.11) 

Fix a point x beyond this ball, i.e., such that lxi> LI + L 2 • Then the supports 
of the generalized functions 11 (x - y) and 12(y) of a variable y are disjoint by (4.9). 
This means that J hex - y)12(y) dy = 0, 

i.e., the embedding (4.11) is in effect. 
2. Tbe iunctionalI3(x) is bounded in C(~n), and tbe norm oi it is at most tbe 

product oi tbe norms oi tbe iactors, namely, 

(4.12) 

Let 'P(x) be an arbitrary continuous and bounded function on ~n. Then 'P( -x) 
also has the same properties. Arrange the two convolutions 

'Pl(X) = 'P(-x) * hex), 'P2(X) = 'Pl(X) * hex). 

Since hex) E c*, the function 'Pl(X) is continuous and bounded on ~n, with 

l'Pl(X)1 ~ Ilh(y) I C*IIII'P(Y - x) I CII = Ilh I C*IIII'P 1 CII· 

The function 'P2( x) also has the same properties, 

1'P2(X)1 ~ 1112 I C*IIII'Pl 1 CII ~ 1112 I C*llllll I C*IIII'P I cll· (4.13) 

Since the functionals 1 j( x) have compact support, the following equality is valid 

(4.14) 
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Setting here x equal 0, from (4.13) obtain 

!(h(y),cp(y))! = !CP2(0)! :S IIh ! C*IIIII2 ! C*IIIIcp ! CII, 

which immediately entails (4.12). 
3. The functionalI3 (x) has order 81 + 82, i.e., its value at every polynomial of 

degree less than 81 + 82 is zero, namely, 

( 4.15) 

From the definition of convolution and (4.10), it is easy that the convolution 
of each polynomial of degree 8 with 11(X) is again a polynomial but now of degree 
8 - 81, namely, 

xa * hex) = ((x - y)a, h(Y)) = L ca,ßxa-ß(h(y), (_y)ß) = L al/lx'. 
ß5.a 1,15.lal-sl 

An analogous claim is also valid for the fundional h(x). Taking the monomial xa 

with lai< 81 + 82 as cp(x) in (4.14), we now come to (4.15). 
4. The equalities hold 

(4.16) 

By a routine change of variable we readily check the validity of (4.16). 
Assuming the fundionals 11(X) and hex) to meet the conditions (4.9) and 

(4.10), estimate the modulus of a solution <I>(x ! h,12) to the equation 

(4.17) 

From (4.16) it follows that this solution may be written as tripIe convolution 

(4.18) 

Since the fundionals lj(x) are of compad support, this convolution is associative. 
We have the following 

Lemma 4.4. Ifn is odd or 81 + 82 > 2m - n, then the function cI>(x 111 ,12 ) 

satisfies the inequality 

A A h2n+sl+s2 
I cI> ( 11 1)1 < K 1 2 Xl, 2 - -:-( hC-:2:-+--:-

1 
x-'I-::-2 ):'---m-+--:('--n-+-s1-+-S2--'-)--;-:-/2 ' ( 4.19) 

with K a constant independent of h, 11, and 12 • 
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PROOF. Suppose that Al = 1 and A2 = 1. If this is not so, we should consider 
Ij(x)/Aj instead of Ij(x). The right side of (4.17) is a compactly-supported gener­
alized function. Lemma 1.1 gives an estimate (1.2.20) for a solution to a similar 
equation. Before applying it to our case, some simple reasoning is in order. Writ­
ing down the function <I>(x 111 ,12 ) as convolution and carrying out the change of 
variables z = y / h, obtain 

<I>(x I h, 12 ) = hn J G(x - y)13 (*) dy = h2n J G (h (~ - z)) 13(Z) dz. (4.20) 

Further, by (1.2.18) and (1.2.19) the function Gm,n(w) = (-I)mG(w) for every 
positive h satisfies the equality 

( 4.21) 

Here P!2m-n!( w) is a polynomial of degree 12m - nl. This polynomial is zero if n is 
odd or 2m < n and agrees with Iw 12m- n if n is even and 2m ~ n. Inserting (4.21) 
in (4.20) and taking ac count of (4.15), obtain 

<I>(x I h, 12 ) = h2m+n J G (~ - z) 13(z) dz, ( 4.22) 

with the convolution integral on the right side standing for the value at the point 
x / h of a solution u( x) to the equation 

Applying (1.2.20) to u(x/h) and inserting the result in (4.22), come to the sought 
relation (4.19). The proof of Lemma 4.4 is complete. 

REMARK. For n = 1 Lemma 4.4 may be strengthen. In this case the function 
G(x) looks like IxI27n - 1 /2(2m - I)! and, consequently, <I>(x I h, [2) = 0 for lxi> 
(LI + L2 )h. If, on the other hand, lxi::; (LI + L2 )h then 

I <I> ( 11 1)1 < h2m+1 (2L 1 + 2L2 )2m-l A A 
x 1, 2 - 2(2m _ I)! 1 2· 

We give an explicit estimate for the constant Kin (4.19) with n ~ 2. In [299] 
there is proven that, for 2m - n < SI + S2 ::; 4m + 2, the inequality (4.19) holds 
with the constant K equal to 

IXm,nl (~y(n-3)/2J/2 2n (~) 2m (1 + (4L)2)(Sl+ S2)/2, 

where L is the maximum of LI and L2, and the constant xm,n is defined in § 2 of 
Chapter 1. 
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Lemma 4.5. If n even and 83 = 81 + 82 :::; 2m - n, tben tbe estimate bolds 

The proof of this lemma is carried out by the same scheme as the proofs of 
Lemmas 4.4 and 1.1. We thus omit the proof. 

Theorem 4.7. Let a domain n bave a regular boundary. Assume further tbat 
a generalized function l( x) given by (4.1) belongs to a sequence of equidistributed 
errors in tbe domain n, witb tbe corresponding parameters L and A independent 
of h. Tben tbe L~m)* norm of l(x) satisfies tbe inequality 

( 4.23) 

witb K and K 1 constants depending on A and L but not on h and n. 
PROOF. The error l(x) on L~m) pos ses ses the L~m)-extremal function 

tPt(x) = (l(y),G(x - y)) = l(x) * G(x). 

Moreover, the norm square of l(x) in L~m)* coincides with the value of l(x) at tPl(X), 
namely, 

1111 L~m)*,,2 = (l(X),tPl(X)) = (l(x),l(x) * G(x)). 

Inserting here the decomposition (4.1), obtain 

11 1 1 L~m)*112 = L (l-y (~- Hi), l-y' (~ - Hi') * G(x)) . 
-y,-y/EBL 

(4.24) 

Write the summand on the right side of ( 4.24) which corresponds to , and ,', using 
the notation of (4.18) 

( 4.25) 

Here l-y/ (x) is defined as l-y' ( - X ). 

By the definition of equidistributed error, the corresponding elementary gener­
alized functions l-y(Y), i E BL, vanish at all polynomials of degree less than m + 1, 
are of compact support and have the same A as abound for their norms in C*. 
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Therefore, to estimate the quantities of the shape (4.25), we may apply Lemma 4.4. 
For every ,,(, "(' E B L we then have the relation 

( 4.26) 

Here K and A are independent of h, ,,(, and "('. 
Inserting (4.25) and (4.26) in (4.24), we readily see that the norm under study 

decreases as h -+ 0 not slower than the product of hm+n / 2 by the square root of 
the number of points N L (h) in B L, namely, 

Illl L2(m)*112 <_ K"A2h2m+n '"' 1 < KA2 h2m+n N (h) 
L...t (1 + IH( "( _ "(')12)n/Hl - L . 

"(,,,(' EBL 

To specify the dependence of the found dominant on Ü, estimate the right side 
of (4.26) by some integral. We write down the latter explicitly. Denote by Üh,,,( 

an elementary mesh of the lattice of nodes hH"(. It is not hard to see that there is 
a positive constant M such that, for all ,,(, "(' E BL and points x E Üh,,,(' y E Üh,-y' 

the inequality holds 

( 4.27) 

Further, by the Intermediate Value Theorem for every two sets Üh,,,( and Üh,,,(' there 
are points x* E Üh,,,( and y* E Üh,-y' such that 

Applying (4.27) to the ratio on the right side and inserting the result in (4.26), 
obtain 

( 4.28) 

The union of the sets Üh,,,( over all "( E BL consists of the points at a distance at 
most LI h from Ü, with LI = (Vn + 1 )h. In other words, this union lies in the set 
üLh' Considering this, substitute (4.28) in (4.25). Inserting the result in (4.24), 
we then arrive at the estimate 

( 4.29) 
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Here K is a constant independent of h and O. Passing to the spherical coordinates p 
and () with center the point y in the inner integral with respect to dx, obtain 

with W n denoting the area of the unit sphere in R.n. Integrating both sides of the 
last inequality with respect to y E 0L1h and inserting the result in (4.29), find 

( 4.30) 

By hypothesis the set 0 has a regular boundary. Consequently, 

Whence and from (4.30) we immediately have (4.23). The proof of Theorem 4.7 is 
complete. 

REMARK. In Theorem 4.7 we estimated the norm of an error composed of 
elementary errors of order m + 1. If we require the validity of a weaker condition, 
namely, the vanishing of the local errors at all polynomials of degree m - 1; then, 
likewise (4.29), we derive the inequality 

which implies that 

11I I L~m)* 11 ~ Khm vi log hllOI· 

This inequality is weaker than (4.23). 
Let an arbitrary error l( x) in a sequence of errors equidistributed over 0 be 

given by the formula (1.2.14). Then, arguing as in the proof of Theorem 4.7, arrive 
at the estimate 

with K a constant independent of hand O. 
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Cubature Formulas with Regular 
Boundary Layer 

In this chapter we show that cubature formulas with regular boundary layer 

are asymptotically L~m) -optimal as the lattice mesh-size vanishes. 
It is the Bakhvalov Theorem proven in § 3 of Chapter 4, and the theorem on 

existence of a cubature formula whose error has the L~m)* norm decreasing like h m 

that prompt us a way to constructing best cubature formulas. Such formulas which 
are best in some definite sense possess the error distributed through the integration 
domain in a most consistent and uniform manner. 

§ 1. The Properties of the Extremal Function of 
an L~'m)-Optimal Error 

To begin with, consider the problem of approximate integration of periodic 
functions in L~m)(H). Recall that <p(x) belongs to L~m)(H), if it is a periodic 
function with period matrix H, i.e., 

<p(x + H,) = <p(x), xE lRn , ,E zn, 

and, moreover, the following quantity is finite 

Also recall that by no we mean the fundamental parallelepiped of H, i.e., the image 
of the unit cube Q under the linear transformation x = Hy, 

Q = {y E ]Rn : 0 :S Yj < 1, j = 1,2, ... , n} C ]Rn. 
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We have proven earlier that, in the space L~m) of periodic functions with trans­
lation invariant norm, optimal is the error with equal weights, 

loo(x) = Xoo(x) - hn L S(x - hH-y). (1.1 ) 
hH-yEOo 

From now on we consider only h such that l/h is an integer. 
An L;m) -optimal error is unique. Indeed, assume given two errors each with 

a minimal norm in L~m). Consequently, 11 and 12 have the same norm. By the 
Apollonius identity, also called the parallelogram 1aw, we have 

So, were 11 # h, the error equal to the arithmetic mean of 11 and 12 would have the 
norm less than either of the Ij, namely, II(h + 12 )/211 < Ilhll = 1112 11. The latter is 
impossible, contradicting the optimality of Ij • Consequently, hand 12 coincide. 

We study the properties of the L~m) -extremal function of the optimal er­
ror (1.1). 

In Chapter 1 we showed that the L~m)-extremal function u(x) of every bounded 

error I(x) is a solution in L~m) to the polyharmonie equation 

(1.2) 

A periodic solution to this equation is determined uniquely to within an additive 
constant. Expanding I(x) E L~m)* in the Fourier series 

lex) = L L[ßlei211-H-lxß, 
ß#O 

obtain an analogous expansion for the L~m) -extremal function 

It is not hard to calculate that the optimal error 100 ( x) has the following Fourier 
coefficients 

L[ßl = { 0, if ß = ~ or ß is not a multiple of l/h, 
-1, otherwise. 
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Thus, the L~m)-extremal function for l(X)(x) is periodie with period matrix hH and 
is given by the equality 

( ) = C _ h2m ~ 1 ei27rH-lxß/h 
U(X) x L.....t 121l-H-h ßI2m . 

ß-to 

Combine the summands of the sum in this equality pairwise, taking with the index ß 
the eorresponding index -ß. Then, we may expand u(X)(x) to obtain 

This function is thus real-valued provided that the constant c is real. Choosing c 
as follows 

we readily see that 

u(X)(x) = 2h2m L 127rH-1hßI2m sin2 7rH- 1 xß/h. 
ß-to 

(1.3) 

The function u(X)( x) is greater than 0 everywhere but the nodes hH I' at whieh it 
vanishes. 

The L~m)* norm of l(X)(x) coincides with the square root of (l(X),u(X»). Calcu­
lating the latter, arrive at the equality 

(1.4) 

presenting the exact value of the minima of the norms in L~m)* of all possible errors 
with a given lattiee of nodes hH 1'. 

The L~m) -extremal function u(x), a periodie solution to the polyharmonie equa­
tion (1.2), is also obtainable by summing the loeal errors with small support. 

A local error is a generalized function 

1(0) (y) = XÜo (y) - L c[I'l8(y - H 1'), (1.5) 
'YEBo 

with Bo a finite set of integer vectors. We eonsider only l(O)(y) vanishing at all 
polynomials of degree 2m, in symbols, 

(1.6) 
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Let a loc81 error l(y) of the shape (1.5) satisfy the conditions 

suppl(y) c {y : lyl ::; L}, 

111(y) I C*II ::; A, 
(l(y), ya) = 0, Iod< s. 

Chapter 5 

(1. 7) 
(1.8) 

(1.9) 

Denote the set of 811 these errors by R( L, A, s). A local error (1.5) by definition 
belongs to the dass R( L, A, 2m + 1). Since 2m > n, the functionall(O) (y) is defined 
at every continuous function and has a finite C* norm. Observe that, for a given s, 
the dass R( L, A, s) is nonempty only provided that Land A are sufficiently large. 
The greatest lower bound of the admissible values of Land A depends ons and 
tends to infinity as s increases indefinitely. 

The C* norm of I,(x) = l(O)(x/h - H,) is a homogeneous function of h, i.e., 

The support of 1,( x) lies in the ball of radius Lh with center the node hH" in 
symbols, 

suppl,(x) c {x : Ix - hH,1 ::; Lh}. 

As before, the function81 1,( x) is orthogonal to every polynomial of degree 2m. 
Arrange the sum of loc81 errors 

L {X!10 (~ - H,') - L c[,lhn8(x - hH,- hH")}' 
hH,'E!1o ,EBo 

The indicators of elementary meshes, when summed up, yield the indicator of the 
entire fundamental parallelepiped 

Consequently, we have the equality 

L 1(0) (~ - H,') = Xflo(X) - L L c[,lhn8(x - hHb + ,'». 
hH,'Eflo hH,'Efl o ,EBo 
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Transposing the order of summation and substituting ," for , + " in the inner 
sum,obtain 

I: 1(0) (X - H,') = Xoo(x) - I: [hnÖ(x - hH,") I: c[,]]. 
hH-y'EOo -y" -yEBo 

It is possible to ealculate the value of the error 1( x) on the right side of this equality 

at an arbitrary function cp(x) E L~m) by the formula 

The inner sum on the right side equals 1, whieh follows from the eondition that the 
loeal error 1(0) vanishes at eonstantly-one function. Finally, we have 

I: 1(0) (X - H,') = Xoo(x) - I: hnö(x - hH,") = lcx:>(x). 
hH-y'EOo hH-y"EOo 

Whenee it follows that we may construct the L~m)-extremal function ucx:>(x) as the 
sum of the series 

ucx:>(x) = I: u-y,(x) + c, (1.10) 
hH-y'EOo 

where u-y,(x) = uo(x - hH,'), and the function uo(x) is a solution to the equation 

(1.11) 

whieh vanishes at infinity. More exactly, Uo (x) is expressed as 

where (_1)mG(x) is the fundamental solution to the polyharmonie operator whieh 
is defined in Chapter 1. It is eonvenient to study the behavior of the eonvolution 
of the fundamental solution G( x) with a eompactly-supported generalized function 
p(y) subject to the eonditions (1.7)-(1.9), i.e., the behavior of 

u(x) = J G(x - y)p(y)dy, 
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on using the Taylor series for the function G( x - y) and its derivatives in the powers 
of y, namely, 

(1.12) 

For a fixed x and for lyl ::; L, the remainder Rs(Y,x) may be dominated as follows 

where , 
ITs(GW = " ~ID'YGI2. 0,! 

1'YI=s 

Whence we readily obtain an estimate for Rs(y, x) in the domain lyl < Land 
lxi> 2L as follows 

This estimate may be improved for odd n and in the case when 2m-n-IßI-s < 0. 
In both cases the logarithmic term disappears. 

Establish an important property of u( x) which is of often use in the sequel. 

Theorem 5.1. Let p(x) be a compactly-supported generalized function that 
satisfying the inequality 

l(p(x),J(x))1 ::; K max If(x)1 
xEsuppp 

(1.13) 

for every infinitely differentiable function f( x). Assume further that p( x) vanishes 
at all polynomials of degree s - 1, in symbols, 

(p(x),x") = 0, lai< s. (1.14) 

Then, at Ix I sufflciently large, the derivatives of order I of the convolution 

u(x) = J G(x - y)p(y)dy (1.15) 

decrease like the function IxI2m-n-l-s if 1+ s > 2m - n or n is odd and decrease 
like the function IxI2m-n-l-s log lxi if 1+ s ::; 2m - n and n is even. 
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PROOF. Differentiate I times both sides of (1.15) and substitute the expan­
sion (1.12) for DßG(x - y), IßI = I in the result to obtain 

Dßu(x) = (p(y), DßG(x - y)) 

( ( y)o) 
= p(y), L DO+ßG(x) -al + (p(y),Rs(Y,x)). 

101::';s-1 

(1.16) 

In the first summand on the right side of (1.16), all integrals vanish by (1.14). 
Using (1.13) and the estimate for the remainder Rs(y, x) with lxi> 2A and lyl ::; A, 
in the case of even n and I ::; 2m - n - s we have 

Dßu(x) = O(lxI2m-n-s-Ißllog lxI). (1.17) 

In the case of I + s > 2m - n or n odd, we obtain a sharper estimate 

(1.18) 

The proof of Theorem 5.1 is complete. 
For Ix - hH,1 2 2Lh this theorem entails an estimate for the function u,(x) 

of (1.10) as follows 

KAh n +2m+1 

lu,(x)1 ::; (Ph2 + Ix _ hH,12)(n+l)/2' (1.19) 

The estimate (1.19) shows that the series 2::, u,(x) converges for every x, since its 

general term decreases faster than 1,1-(n+1). 
It is worth noting that we may obtain the found solution uo(x) to (1.11) by an 

immediate change of variable of a solution u(O)(y) to the equation 

Indeed, u(O)(x) may be written as convolution 

On the other hand, the solution uo(x) to (1.11) may be written as 
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The fundamental solution G(x) for n odd is a homogeneous function of order 2m-n. 
Consequently, for such n the equality holds 

(1.20) 

For n even, the same result appears, if we use the expansion 

G(x) = (-I)m xm,n 1*12m- n 
h2m- n {log C~I) +logh} 

= h2m- n G (*) + (_1)mxm,nlxI2m-n log h. 

Since the function Ixl2m- n here is a polynomial of degree 2m - n, i.e., of degree 
less than 2m + 1, we have 

(Z(O)(y), G ((* - Y) h)) = h2m- n (Z(O)(y), G (* - Y)) , 
which readily entails (1.20). 

Inspect the behavior of the product of the L;m)-extremal function ucx:>(x) and 
the truncator 'ljJh(X) introduced in §2 of Chapter 1. Given a bounded domain n 
with piecewise-smooth boundary, put 

J (X -X') 'ljJh(X) = xh-n w -h- dx'. 

n;h 

Here x is a constant, w( x) is the standard averaging kernei, and integration is 
implemented over the sets of points of n at a distance at least 2h from the boundary. 
Recall that 'ljJh (x) = 1 at all points of n at a distance greater than 3h from the 
boundary. The function 'ljJh(X) is infinitely differentiable, with derivatives satisfying 
the inequality 

(1.21 ) 

Moreover, it vanishes beyond n and at the points of n at a distance at most h from 
the boundary. Inspect the product 

cp(h)(X) = 'ljJh(X)Ucx:>(x), 

Estimate the norm of cp(h)(x) in L~m)(n). Differentiating cp(h)(x), obtain 

if X E n~h' 

if X E n~ \ n~h' 
otherwise. 
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Here, by J a( x) we denote the sum 

Estimate the L2(!1')') norm of Ja(x), where n-y is some parallelepiped of the lattice 
matrix hH having common points with the set n~ \ n~h' Obviously, 

By (1.3) we have the estimate 

with K a constant independent of h. Using the last relation and (1.21), for Iod = m 
obtain 

Thus, the estimate holds 

(1.22) 

Denote by N(b) the number oft he meshes n-y meeting n~ \n~h' In virtue of our 
supposition that the boundary of n is piecewise-smooth, the following inequality is 
valid N(b)h n ::; K1h. Whence and from (1.22) we have 

with K a constant independent of h. This enables us to assert that the norm of 

the truncated function <.p(h)(x) in L~m) (n~ \ n~h) decreases not slower than hm+1/ 2 , 

namely, 
1I<.p(h)(X) I L~m)(n~ \n~h)112::; Kh2m+1 . 

Estimate the norm of <.p(h)(x) in L~m)(n' h)' Denote by N(i) the number of the 
meshes n-y lying entirely in n~h' and by N(/~, the number of meshes of the lattice 
which have at least one common point with n~. Obviously, for some I 

0::; 11<.p(h)(x) I L~m)(n~h)112 - N(i)lluoo(x) I L~m\n-y)112 
::; (N(l) - N(i»)lluoo I L~m)(n-y)r 
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Carrying out as before a change of variables in the integral presenting the norm of 
the function u oo ( x) over the fundamental parallelepiped O-y and using the estimates 

come to the equality 

Here Bn,m(O) stands for 

(1.23) 

We have thus established that the L~m)(O) norm of the truncated L~m)-extremal 
function may be written as 

(1.24) 

Further, the norm of the difference w(h)(x) between the L;m)-extremal function 
uoo(x) and the truncated function cp(h)(x) satisfies the inequality 

with Kindependent of h. Straightforward calculation also yields the following 
estimate 

11 L :i Dacp(h)(x)Daw(h)(x)dxl ::; Kh2m+1 

n lal=m 

forthe inner product in L~m)(O) of cp(h)(x) and w(h)(x). Consequently, the functions 

cp(h)(x) and w(h)(x) are almost orthogonal in L~m)(O) at small h. 

Using the properties of the truncated function cp(h)(x) of the L~m)-extremal 
function uoo(x), we sharpen the lower bound on the norm of an arbitrary error with 
lattice of nodes hH,. Let this functionallook like 

l(x) = Xn(x) - hn L c[,lt5(x - hH,), 
hH-yEn 

and let the set n lie in the interior of the fundamental parallelepiped 0 0 of the 
lattice matrix H. The boundary of 0 is piecewise-smooth. We have the following 
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Theorem 5.2. The norms of the error l( x) of a cubature formula with lattice 
of nodes hH, in a bounded domain n with piecewise-smooth boundary satisfy the 
inequalities 

PROOF. The norms of lex) in L~m)* and L~m)* are bounded from below by the 
ratio 

11'P(h) 1 L~m\n)ll· 
This follows from the coincidence of the norms of the truncated function 'P(h)(x) 

in L~m), L~m)(H), and L~m)(n). We have already examined the behavior of the 
denominator and obtained (1.24). We now find (1,'P(h)). 

The function 'P(h)(x), as weIl as uoo(x), equals 0 at the nodes hH,. Conse­
quently, 

(l,'P(h)) = J 'P(h)(x)dx. 

fl 

Further, uoo(x) and 1jJh(X) are nonnegative functions and, moreover, uoo(x) is a pe­
riodie function with period matrix hH. Hence, 

N(i) J uoo(x)dx s: J 'P(h)(x)dx s: N(I) J uoo(x)dx. (1.26) 

fl-, fl fl-, 

The integral of u oo ( x) over the mesh n-y may be calculate exactly 

J uoo(x)dx = hn J uoo(y)dy = h2m+n (2~ ym ((H- h 12m). 

fl-, fl o 

Inserting this expression in (1.26) and using the asymptotic equalities 

obtain 
l(l, 'P(h)) - B~,m(n)h2ml ~ Kh2m+1 . 

Whence and from (1.24) it follows that 

(1.27) 
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The proof of Theorem 5.2 is complete. 
In dosing, observe that the truncated function cp(h)(x) belongs to the dosure 

in L~m)(n) norm of the set comprising all functions compactly-supported in the 

interior of n. We denote this space by i~m)(n). From (1.27) we infer that the 

i~m)*(n) norm of l(x) also admits an estimate that is analogous to (1.25) 

(1.28) 

Thus, in each of the four spaces L~m), L~m), L~m)(n), and L~m)(n) we have the 
same estimates from below for the norm of an error. 

§2. Errors in the l~rn) (0) Space of 

Compactly-Supported Functions 

In this section we obtain an expansion of the L~m)*(n) norm of loo(x) which 
is asymptotically exact as the lattice mesh-size vanishes. This enables us to give 
an analogous formula for the greatest lower bound of the norm of the error with 
a fixed lattice of nodes hH,. Before formulating the corresponding theorem, we 
list conditions on the domain n. 

Let n be bounded and lie in the interior of the fundamental parallelepiped no 
of the matrix H. We denote by n~ the set of all points of lRn at a distance less than 
'" from n. Moreover, let n~ be the set of points of n at a distance greater than '" 
from the boundary of n. It is dear that n~ lies in n which, in turn, lies in n~. Say 
that n has order q, 0 < q ~ 1, 0/ the width 01 the boundary layer, if the volume of 
the strip between n~ and n~ decreases not slower than K ",q as '" -t 0, namely, 

Domains with piecewise-smooth boundary have order 1 of the width of the boundary 
layer. 

Denote by 51(n) the set of the meshes n')' of the lattice of nodes hH, which 
have common points with n. Obviously, for a domain n having order q of the width 
of the boundary layer the equality holds 

(2.1) 

Assume in what follows that the domain n has order q of the width of the boundary 
layer. 
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Theorem 5.3. At eacb function <p(x) E i~m)(n) tbe error loo(x) assumes tbe 
value tbat admits tbe following upper bound 

1(l00,<p)1 :s (2~) m [((H- h 12m)p/2IS1(SUpp<p)ll/211<p(x) I i~m)(n)". (2.2) 

PROOF. Let a function <p(x) belong to i~m)(n). Extend it to the entire f!o, 
by setting it 0 beyond f!. The value of 100 at <p is expressed by the integral 

(l00,<P) = J L :iD<><p(x)D<>uoo(x)dx. 
Q 1<>I=m 

(2.3) 

The L~m)-extremal function uoo(x) has all derivatives up to order m each of which 
is a homogeneous function of h. More exactly, we have the equality 

(2.4) 

where u(oo)(x) stands for the function uoo(x) corresponding to the value h = 1. The 
domain of integration in (2.3) is obviously the support of <p(x). The whole space 
R.n is partitioned into the elementary meshes f!"'( of the initiallattice of nodes hH" 
with 

n"'( = {x E R. n : O:S (H-1x)j - h,j < h, j = 1, ... ,n}. 

We denote by B<p the set of, such that f!"'( meets the support of <po Considering 
(2.4), we may continue (2.3) as follows 

(loo,<p) = hm L J L :iD<><p(x)D<>U(oo) (*) dx. (2.5) 
"'(EB'PQ-y lol=m 

Using the Cauchy-Bunyakovski'j'-Schwarz inequality, for every , E B<p we have 

I J L :!! D°<p(x)Dou(oo) (*) dxl 
Q-y lol=m 

:s 11<p(x) I L~m)(f!"'()llllu(oo) (*) I L~m)(n"'()II· (2.6) 

Performing the change of variables x = hy in the corresponding integral, we readily 
calculate that 

Ilu(oo) (*) I L~m)(n"'()112 

= hn J L :!! IDou(00)(y)1 2 dy = hn(loo(Y), u(oo)(y)). (2.7) 

Qo lol=m 
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The functionalloo(Y) here corresponds to the value h = 1. Considering this and as­
suming that the integral of u(oo)(x) over the fundamental parallelepiped no equals 0, 
obtain 

(loo(y), u(oo)(y)) = -u(oo)(O) = (2~) 2m ((H- h 12m). 

Inserting this in (2.7) and putting the result in (2.6), come to the inequality 

I J L :!! Da'P(x)(Dau(oo») (~) dxl 
o-y lal=m 

::; hn / 2 (2~) m [((H-h 12mW/211'P(x) I L~m)(n-y)II. 

Summing these inequalities over all 'Y E B'P, from (2.5) obtain 

l(loo( x), 'P( x)) I 

::; hn / Hm (2~) m [((H-h 12m)F/2 L 11'P(x) I L~m)(n-y)II. (2.8) 
-yEB<p 

Denote by NI the number of the meshes n-y having common points with the 
support of 'P( x). By the Cauchy inequality for sums, we have 

Inserting this estimate in (2.8) and considering that the volume of SI(SUPP'P) 
equals NIh n , come to (2.2). The proof of Theorem 5.3 is complete. 

Corollary 2.1. In the i~m\n) space of compactly-supported functions the 
following asymptotically exact expansion of the norm of loo(x) is valid 

(2.9) 

PROOF. In the preceding section we checked that the difference of 

and Bn,m(n)hm is nonnegative. On the other hand, in accord with (2.2), it is at 
most 



Cubature Formulas witb Regular Boundary Layer 145 

Whence and from (2.1) obtain (2.9). 
We may improve (2.9) in some cases. Let n be the multiple part of the funda­

mental parallelepiped no, i.e., 

n = {x: 0:::; (KH-1x)j < l/h, j = 1, ... ,n}, 

where K is the diagonal matrix with naturals kj on the diagonal. For such do­

main n, every function ~(x) E i~m)(n) extends to the whole of]Rn to a periodic 
function with period matrix K- 1 H. Thereafter, we may treat it as the function 

~K(X) in L~m)(H). In this event, the ratio of the squares of its norms in the larger 
and smaller spaces equals the determinant of K, i.e., 

Put 
l~(x) = Xn(x) - hn L 8(x - hH,). 

hH-yEn 

Estimate the norm of this error in i~m)*(n). Observe that the value of l~(x) at 

every function ~(x) E i~m)(n) may be found by the formula 

Consequently, the equality holds 

Taking the supremum of both sides over the set of all nonzero ~(x) in i~m)(n), 
establish the estimate 

Obviously, the norms in i~m)*(n) of l~(x) and ICX)(x) coincide. Considering this, 
arrive at some expansion more exact than (2.9), namely, 

(2.10) 

Leaning on the two-sided estimates for the norms of errors which were estab­
lished in this and preceding sections, we pronounce the following 
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Theorem 5.4. Tbe greatest lower bound of tbe i~m\n) norms of allerrors 
witb lattice of nodes hH, may be written as tbe asymptotically exact formula 

(2.11) 

PROOF. The expansion (2.11) is immediate from the lower bound (1.28) valid 
for every error l(x) with lattice of nodes hH, and from (2.9). 

Observe that we obtained asymptotically exact estimates for the rate of con­
vergence to zero of the norm of 100 ( x) provided that h vanishes and m is constant. 
These estimates thus characterize the rate of the vanishing of the possibly maximal 

error of a cubature formula at the functions of the unit ball in i~m)(n). In this 
event, to each h there corresponds its own extremal function providing the maxi­
mal error and the set of these functions is noncompact as h ---t O. Consequently, for 

a fixed function <p(x) in i~m)(n), the rate of vanishing as h ---t 0 turns out to be 
faster than this is guaranteed by the estimate 

Closing this section, we establish onemore property of the extremal function 

uoo(x). As is known, every function <p(x) in L~m)(n) extends to the entire ~n 
to a function belonging to L~m)(~n). Among these extensions there is one with 

a minimal L~m) norm which is denoted by -q5. The function -q5 is polyharmonie 
beyond n and has mth order derivatives decreasing at infinity not slower than 
Ixl-n log IxI-

We apply the just-described extension operation to the function Xn (x )uoo ( x) 
belonging obviously to L~m)(n). Denote the result of this operation by uoo(x). It 
turns out that we have the following asymptotically exact expansion 

(2.12) 

Check the validity of (2.12). To this end, we need some knowledge of the struc­

ture of L~m). In L~m) we choose the proper subspace i~m)(~n I n) that comprises 

the functions supported in the closure n. This subspace is closed in L~m). Conse­

quently, it has the orthogonal complement which we denote by H~m)(~n I an). 

The space H~m)(lRn I an) consists of the functions <p(x) polyharmonic in n and 
in the exterior of n and having derivatives of order m which decrease at infinity 
not slower than Ixl-n log IxI- Observe that a function <p(x) in H~m)(lRn Ion) is not 
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necessarily polyharmonie in the entire IR. n, since the derivatives of '1'( x) of order at 
least m might be discontinuous on the boundary of n. 

Thus, the function uoo(x) in L~m) may be written as the sum of its projections 

uoo(x) = ~(x) + u~,l(x), (2.13) 

where u~ E L~m)(lR.n I n) and u~ E H~m)(lR.n I an). By mutual orthogonality of 

the summands in (2.13) in L~m), the equality holds 

(2.14) 

The norms of u~2,l in L~m) and L~m)(n) obviously coincide 

(2.15) 

Further, L~m)(n) splits into the direct sum of L~m)(n) and its orthogonal com­

plement H~m)(n) consisting of the functions polyharmonie in n. Observe that, 

for m = 1 the first-order derivatives of each function in H~m)(n) belongs to the 
Bergman space b2(n) whose definition and properties are exposed in the book [5]. 

Consequently, the function uoo(x) as a member of L~m)(n) may be decomposed 

in the sum of its projections to L~m)(n) and H~m)(n). 
Obviously, as such appear the restrictions of u~)(x) and u~,l(x) to n. Using 

their orthogonality in L~m)(n), come to the relation 

Inserting it in (2.15) and putting the result in (2.14), obtain 

We have already found in § 1 an asymptotically exact expansion of the first norm 
on the right side of (2.16). Recall that 

(2.17) 

Estimate the two remaining summands in (2.16). To this end, find out w(h)(x) in 

L~m) with the same projection to H~m)(n) as uoo(x). Observe that, for the projec­
tions to coincide, it suffices that w(h)(x) and uoo(x) agree in a sm all neighborhood 
about the boundary of n. 
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Construct the function w(h)(x) at the points x of n. Put 

Here 'l/Jh(X) is the truncator constructed in § 1. For a domain n having order q of 
the width of the boundary layer, the estimate holds 

(2.18) 

The method of its proving is analogous to that described already in § 1. 
Using a similar scheme, construct a function w~h)(x) in L~m)(IRn \ n) that 

agrees with uoo(x) near the boundary of n and satisfies the inequality 

(2.19) 

Put 
(h) {w~h\X)' if xE n, 

w (x) = h 
w~)(x), ifxERn\n. 

It is clear that this function is in L~m) and by (2.18) and (2.19) its norm is bounded 
as follows 

Ilw(h)(X) I L~m)" ~ Khm+q/ 2 • 

The projection of w(h)(x) to H~m\Rn I n) coincides with u~(x), and its norm is 
at most the norm of the initial function, i.e., 

(2.20) 

Whence it follows that 

(2.21 ) 

Inserting (2.20), (2.21), and (2.17) in (2.16), come to the sought formula (2.12). 

§3. Constructing a Formula with Regular Boundary 

Layer 

As we have already shown, the optimal cubature formulas for periodic functions 
have equal weights and we may construct the corresponding errors by summing the 
translates of the same local error. In this event the integration domain coincides 
with the fundamental parallelepiped of the lattice matrix under consideration. Now 
we describe the process that enables us to construct similar almost optimal formulas 
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for a given lattice of nodes. Moreover, the integration domain may have an arbitrary 
shape if only its boundary is sufficiently smooth. The error of these formulas is 
characterized by the norm of the corresponding functionall(x). For this error we 
derive the following asymptotic expansion 

(3.1) 

The meshes n'Y of the initial lattice of no des hH, lie partly in n and partly 

beyond n. We denote by Bli) the set of , to which there correspond the no des 
hH, in n at a distance not less that Lh from the boundary an of n. If, on the 
other hand, the point hH, is in the complement of n and lies at a distance at least 

Lh from the boundary of nj then we assume , to belong to Bi:). All remaining 

integer multi-indices, compose the set B~). It is clear that to these indices there 
correspond the nodes hH, that lie at a distance at most Lh from n. 

Consider an error of the shape 

lex) = Xn(x)- (3.2) 

Reasoning to be presented does not depend on whether or not the support of lex) 
is entirely in n. However, in integrating the functions that are given in n, we 
usually require from a cubature formula that all its no des belong to the domain 
over which we integrate, i.e., n. In this case we require that the weights cl,] of 
(3.2), corresponding to the points hH, outside n, be all equal to O. 

We callt the generalized function (3.2) the error with regular boundary layer, 
width 2L, order s, and estimate A, if it may be written down as 

l(x)= I: I(O)(~-H,)+ I: l(-y)(~-H,), 
'YEBt) 'YEBie ) 

(3.3) 

in which the elementary, or loeal, errors l(-y)(y) and I(O)(y) belong to the classes 
R(L,A,s) and R(L,A,s + 1), respectively. 

Recall that the error lo(y) belongs to R(L,A,m), if the next three conditions 
are met: 

(1) The support of the generalized function lo(y) is included in the ball of 
radius L with center the coordinate origin 

supp1o(y) C {y: lyl :::; L}. 

(2) The possibly maximal error of the formula at continuous functions in the 
unit ball of the space C is at most A, in symbols, 

111o(y) I C*II ~ A. 
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(3) The values of 10(Y) at all polynomials of degree less than m equal 0, namely, 

(l(y), yC<) = 0, lai< m. 

We also call a cubature formula with error (3.3) a cubature jormula with regular 
boundary layer. 

Below we point out a method for constructing the local errors 1(0) (xjh - H"Y) 
and 1(-Y) (xjh - H"Y). 

Partition the domain 0 in the parts induded in different meshes 0')' of the 
lattice of nodes hH"Y, obtaining 

where B is the set of"Y such that ono')' is nonempty. Obviously, B lies in B~)UB~). 
The functionall(O)(xjh - H"Y) is constructed in the same way as in § 1. For all 

"Y E B~) the support of the functional is in the interior of o. If for some "Y E B~) 
this support also lies in the interior of 0, then as 1(-Y) (x j h - H"Y) we again take 
1(0) (xjh - H"Y). In the opposite case we proceed differently. 

Among all bounded domains we distinguish a dass of domains with sharp 
boundary. Say that a domain 0 has a sharp boundary if there is a positive number q 
such that, for every point x(O) in n and every number p > 0, in the ball of radius p 
with center the point x(O) there is a cube with side qp lying entirely in O. This 
dass obviously contains every domain with piecewise-smooth boundary. 

Let the integration domain 0 have a sharp boundary. For "Y E B~) the sup­
port of 1(0) (xjh - H"Y) meets the complement of n. Construct the local error 
Z(-y) (x/h - H"Y) corresponding to this "Y. Put 

z(-y)(y) = X')' (y) - L c(')')["Y']8(y - H"Y'), (3.4) 
')'/EB.., 

where X')' (y) is the indicator of the part of 0 0 that results from the set 0 n 0')' by 
the change of variables x = hH"Y + hy, i.e., 

Choose the set B')' of the admissible values of "Y' in (3.4) to be finite. In this event, 
obviously, there is a ball of radius L with center the coordinate origin induding 
the entire support of Z( -y) (y). Further , at all points "Y' E B-y such that the node 
hHb' + "Y) does not belong to n, set the weight c(')')["Y'j equal 0. Then, for h 
sufficiently small, the support of Z(')') (x j h - H"Y) obviously lies entirely in n. We 
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designate the still-undefined weights c(-Y)["Y'j so as to meet the eondition of the 
orthogonality of Zh)(y) to every polynomial of degree less than s, namely, 

(lh)(y), y~) = 0, lai< s. (3.5) 

Demonstrate that this is possible. As was explieated in Chapter 1, the eondi­
tions (3.5) are equivalent to the simultaneous linear equations 

(3.6) 

for the veetor of unknowns c( -y) whieh is eomposed of the weights c( -y) ["'t'j that remain 
undetermined. A solution to (3.6) eertainly exists if the rank of S-y is suffieiently 
large and the matrix has a right inverse. In our ease, we may aehieve this as 
follows: given s, take a suffieiently large L. Indeed, by hypothesis the domain n 
has a sharp boundary. Consequently, there is a eube with side qLh embedded in 
n and eontaining sn no des of the lattiee hH "Y'. The eorresponding matrix S-y is 

then the Vandermonde matrix with entries (hH"Y(j»)~(il, where hH"Y(j) ranges over 
all points of the lattice which lie in the cube. In particular, the system of points 
hH "Y(j) includes a Newtonian subsystem. In this case, as is known, the matrix S-y 
has a right inverse. 

Find a solution to (3.6) and construct (3.4). Since B-y is a finite set, there is 
a eonstant A such that 

IIZh)(y) I C*II ~ A. 

It is clear that A is bounded from below by the sum of the moduli of the weights 
ch)["'t'], i.e., it depends on the order s. 

Thus, for a domain with sharp boundary we constructed the loeal errors 
Zh) (x/h - H"Y) with needed properties and so, for a domain with sharp bound­
ary, we proved the existence of an error with regular boundary layer. 

Deeomposition of a given error with regular boundary layer in the sum like 
(3.3) is not unique. As an inner elementary error [(0) (x/h - H"Y) we may take 
every generalized function of the dass R(L, A, N), with N > s. However, we must 
simultaneously ehoose the values of Land A appropriate to N and to s as well. 
To prove this result, we are to consider the difference of two errors with regular 
boundary layer which are constructed for the same domain n. It turns out that this 
difference is a linear combination of delta functions supported near to the boundary 
an. 

Theorem 5.5. For a given domain n the difference oE two errors with regular 
boundary layer oE width Land order s may be written as 

Il(x) -I2 (x) = L m h ) (~ - H"Y) , 

-YEBrl 
(3.7) 
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where 
m(-y)(y) = L c(')') [/'j8(y - H, '). 

')" EB')' 

The support of the generalized function m(-y)(y) lies in the ball of radius L 
with center the coordinate origin, and its values at all polynomials of degree less 
than s equal 0, 

PROOF. Suppose that the domain n lies in the interior of the fundamental 
parallelepiped no of the corresponding lattice matrix H. In this event none of the 
nodes hH I belongs to the boundary of n. 

Compare the actions of lt(x), 12(x), and loo(x) in L~m)(n). Extend each func­

tion rp(x) E L~m)(n) by 0 to the points of no lying outside n. Thus, the value of 
loo(x) at rp(x) is easy to calculate. 

Assume that to the functional h (x) in the decomposition (3.3) there correspond 

the inner local error 1~0) (x / h - H I)' Reasoning analogous to that carried out in § 1 
when deriving (1.10) allows us to assert that 

(3.8) 

In particular, this formula is valid for all functions rp(x) E L~m)(n). Whence and 
from (3.3) obtain 

- L (I~O)(~_H,),rp). 
')'EBt) 

(3.9) 

In this equality, the sum over I E Bie) is identically 0, since for these I the support 

of 1~0) (x/h - HI ) and the support of rp(x) are disjoint. 
Similar arguments apply to the error with regular boundary layer 12(x). We so 

obtain 

(lj(x)-loo(x),rp)= L (1;')')(~-H,)-I;O)(~-H,),rp), 
')'EBr) 
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where j = 1,2. Subtracting the first of these equalities from the seeond, find 

(l1- 12''P)= L (m('t)(~-HI')''P)' (3.10) 

'tEBr) 

with mh)(y) = l~'t\y) _l~O\y) _l~'t)(y) + I~O)(y). It is not hard to see that mh)(y) 
is a linear eombination of delta functions possessing the needed properties. 

The support of 11 - 12 obviously lies in n. Consequently, (3.7) and (3.10) are 
equivalent. The proof of Theorem 5.5 is eomplete. 

Assurne that a natural N is greater than s, and the numbers Land Aare 
chosen so that the classes R(L, A, s) and R(L, A, N) are nonempty. Take a loeal 

error l~O)(y) in R(L, A, N). We have 

Lemma 5.1. Every errar witb regular boundary layer, widtb 2L, order s, and 
estimate A may be written as 

l(x) = L l~O) (~ - HI') + L l("t) (~ - HI') , 
'tEBt) 'tEBi') 

(3.11) 

wbere l("t)(y) E R(L,A,s). 

The only distinction between this formula and (3.3) is as follows: the inner 

elementary errors l~ 0 ) (x / h - H l' ) vanish at all polynomials of degree greater than s. 
PROOF. Using the algorithm of the beginning of the eurrent section and given 

a loeal error l~O)(y), eonstruct an error with regular boundary layer, width 2L, order 
N - 1, and estimate A as follows 

11(x) = L l~O) (~ - H,) + L l~-Y) (~ - H,) . 
-yEBt) -YEB~) 

(3.12) 

This is obviously a regular boundary layer of order s. In aeeord with Theorem 5.5, 
the differenee l(x) -lt(x) may be written as 

l(x) -lt(x) = L m("t) (~ - H,) . 
'tEB~) 

Consequently, for l(x) we have (3.11) in whieh the boundary elementary errors.are 
generalized functions 
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Obviously, 1(') (y) belongs to R( L, A, s). The proof of Lemma 5.1 is complete. 
Observe that in an error (3.2) with regular boundary layer of width 2L the 

weight eh] for which the point hH'Y lies at a distance more than 2Lh from the 
boundary of n equals 1. This is easy from comparing lex) and loo(X) so as this was 
carried out in the proof of Theorem 5.5. 

We call the boundary layer of (3.2) the set of the points hH'Y that He outside n 
or have the coefficient e['Yl other than 1. The boundary layer may be inner if all 
its points lie in n, outer if all of them lie outside n, and two-sided if it has points 
of each of the two types. 

Every error (3.3) of order greater than 1 has an inner boundary layer. 
In the case of an arbitrary domain n we make no recommendations to determine 

whether or not a given cubature formula has a regular boundary layer. However, for 
rational polyhedra we suggested some approach to solving this quest ion in Chapter 3 
where we found out that a formal boundary layer is equivalent to a regular boundary 
layer of a special shape. 

Note in closing that we may find whether or not a cubature formula pos ses ses 
a formal boundary layer in a finite number of steps independent of h. 

§4. Asymptotic Expansion of the Norm of an Error 
with Regular Boundary Layer 

In this section we obtain expansions of the norms of an arbitrary error with 
regular boundary layer in L~m) and L~m)(n). These expansions are asymptotically 
exact as the lattice mesh-size vanishes. Before proving a relevant theorem, we 
specify the integration domain n to be considered. 

As was done earlier in the current chapter, assurne that n is a bounded domain 
and lies in the interior of the fundamental parallelepiped no of the lattice matrix H. 
Denote by D the diameter of n. Take an arbitrary point y lying in n or on the 
boundary of n and a positive number TI ~ D. Denote by B(y,T,TI) the set of 
points x at a distance at most TI from the boundary of n and belonging to the ball 
of radius T with center y, 

B(y,T,TI) = {x: p(x, an) ~ TI, p(x,y) < T}. 

The volume of this set is a function of the arguments y, T, and TI; denote it by 
'IjJ(y, T, TI). Say that a domain n satisfies the regularity condition iffor some q, 0 < 
q ~ 1, the estimate holds 

(4.1) 

The regularity condition expresses the fact that the boundary strip n~ \ n~ 
is equidistributed over the entire boundary and, for TI small, the measure of the 
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portion of the strip which lies in the ball of radius T is O( T n - l 7]q). Fixing T > 0 
and letting 7] vanish, from (4.1) we readily derive the following relation 

In other words, a domain Ü satisfying the regularity condition (4.1) surely has 
order q of the width of the boundary layer. In particular, we may apply to n the 
estimates of § 2 of the current chapter. 

For Ü a domain with piecewise-smooth boundary, the regularity condition (4.1) 
is satisfied with q = 1. 

Assume now that an error lex) has a regular boundary layer, width 2L, order 
m, and estimate A in Ü. In other words, lex) may be decomposed in the sum of 
local errors 

lex) = L [(0) (~ - H I ) + L [(-y) (~ - H I ) , 

')'EBi1) ')'EBi2 ) 

(4.2) 

where [(O)(y) and [(-y)(y) with I E B12) belong to the classes R(L,A,2m + 1) and 
R( L, A, m), respectively. We have the following 

Theorem 5.6. Let Ü be a domain satisfying tbe regularity condition. Tben 

tbe L~m)* norm of (4.2) is expressed as 

(4.3) 

wbere Bn,m(Ü) is defined by (1.23). 

We let two lemmas precede the proof of Theorem 5.6. 

Lemma 5.2. Tbe L~m) -extremal function u(x) ofthe errar lex) may be written 

as a linear combination of tbe L~m)-extremal functions for tbe local errors [(O)(y) 
and l(-y)(y) of tbe decomposition (4.2) 

u(x) = L h2m u(0) (~ - H I ) + L h2m u(-Y) (~ - H I ) . (4.4) 
')'EBi1) ')'EBi2 ) 

PROOF. As we know, the L~m)-extremal functions u(x), u(O)(y), and u(-y)(y) 
satisfy the equations 

~mu(x) = (-1)ml(x), ~mu(o)(y) = (_l)ml(o)(y), 

~mu(-y)(y) = (-l)ml(-y)(y), I E B12). 
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Whence and from (4.2) we readily have (4.4). The proof of Lemma 5.2 is complete. 
Observe that the decomposition (4.4) also takes place in an unbounded domain 

o with compact boundary. In this event, the set Bil ) is infinite but the eorrespond­
ing series converges absolutely and uniformly. This it is not hard to establish on 
using the inequality 2m > n, writing down u(O)(y) as convolution 

and involving (1.2.20). 

The error lex) may be eonsider as a member of L~m)(H)*, sinee the domain 
n lies in the interior of the fundamental parallelepiped 0 0 • With this in mind, 
deeompose the error loo(X) of an L~m\H)-optimal eubature formula with lattiee of 
nodes hH"( in the sum of loeal errors 

loo(x) = L 1(0) (~ - H"() . 
hH'"'fEfl o 

We then subtract (4.2) from the last equality. In result, we obtain a presentation 
of the differenee l*(x) = loo(x) -lex) in the shape of a linear combination of loeal 
errors 

l*(x)= L I(O)(~-H"()+ L l~'"'f)(~-H"(). 
'"'fE Bial '"'fE Bi2l 

(4.5) 

Here the set Bi3 ) = Bie) eonsists of "( sueh that the point hH"( lies in 0 0 at 

a distanee greater than Lh from O. The loeal error l~ '"'f) (y) obviously belongs to the 
dass R(L, 2A, m). The following lemma is immediate from the decomposition (4.5). 

Lemma 5.3. Tbe extrem al function u*(x) of l*(x) may be written down as 

u*(x) = L h2mu~'"'f) (~- H"() + L h2mu(0) (~- H"(), (4.6) 

'"'fE Bi2l '"'fE Bial 

wbere u(O)(y) and u~'"'f>Cy) are tbe L~m)-extremal functions for I(O)(y) and l~'"'f\y). 

PROOF OF THEOREM 5.6. Write down the L~m)-extremal function u(x) of lex) 
as the differenee 
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Recall that the function uoo(x) was defined by (1.3), and the function u(oo)(x) 
coincides with u oo( x) for h = 1. The norm square of the error l( x) may be obtained 
from the formula 

(4.7) 

Consider in turn both quantities on the right side of this equality. Calculating the 
first of them, use the nonnegativity of uoo( x) and also the fact that uoo ( x) vanishes 
at the nodes hH'Y. Consequently 

(l,u oo ) = J uoo(x)dx = h2m J u(oo) (*) dx. (4.8) 

Ü Ü 

The integral on the right side of (4.8) splits into two: one over the set 0 1 presenting 
the union of the elementary meshes 0, of the lattice of nodes hH'Y which lie entirely 
in 0 and the other over the set O2 complementing 0 1 to 0, namely, 

J uoo(x)dx = J uoo(x)dx + J uoo(x)dx. 

Ü Ül Ü2 

Let 0, be sub set of 0 1 . Then from (1.3) we have the equality 

h2m J u(oo) (*) dx = h2m+n J u(oo)(y)dy = h2m+nB~,m' 
Ü-, ÜO 

Let 0 1 consist of exactly NI distinct meshes 0,. Then from (4.10) obtain 

J uoo(x)dx = B~,mNlhn+2m. 
Ül 

(4.9) 

( 4.10) 

(4.11) 

Furt her , replace the integral of uoo(x) over O2 with the integral over a larger 
set, the union of all meshes 0, meeting the boundary of O. If the total number of 
these meshes equals N 2 , then the inequality holds 

! J uoo(X)dX! ~ B~,mN2hn+2m. (4.12) 

Ü2 

Recall now that by hypothesis the domain 0 has order q of the width of the bound­
ary layer. Consequently, the next relations are valid 
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Inserting them in (4.11) and (4.12), obtain from (4.8) and (4.9) the asymptotically 
exact equality 

( 4.13) 

Now estimate the value of l(x) at the function u.(x). To this end, use the 
decompositions (4.2) and (4.6) and also the notation cf>(x 1 lt,12 ) of Chapter 4 
together with (4.4.25). Obtain 

(1, u.) = L L cf> (x1',y' 11(0) }O») + L L cf> (x1"1" 11b ) }O») 
1'EBi,l) 1"EBi,3) 1'EBi,2) 1"EBi,3) 

+ L L cf> (x1"1" 11(0) }1"») + L L cf> (x1"1" 11b ) }1"») . 
1'EBi,l) 1" EBi,2) 1'EBi,2) 1" EBi,2) 

Here, x1',1" stands for the difference hH'"'(' - hH'"'(. Applying Lemma 4.4 on estima­
tion of tripie convolution, estimate the error (1, u.) as follows 

(4.14) 

where Uk,m stands for the double sum 

(4.15) 

and the numbers 8k,m and Pk,m are given by the equalities 

81,3 = 4m + 2, 81,2 = 82,3 = 3m + 1, S2,2 = 2m, Pk,m = Sk,m - 2m. 

Along with the sums Uk,m, consider the system of integrals 

(4.16) 

Here, n(l), n(2) and n(3) stand for the domain n, the boundary strip n~h \ n~h 
and the complement ]Rn \ n, respectively. Show that there is a constant K such 
that for all k and m we have the inequality 

(4.17) 

To this end, estimate from below the value of Jk,m by the sum of the integrals 

(4.18) 
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taken over the elementary meshes n-y and n-y, of the lattice of nodes hH'Y. It is not 
hard to see that as h ---+ 0 we have the formula 

h,m = (L L J;,':() (1 + O(hq )). 

-YEB~k) -Y'EB~"') 

(4.19) 

Since the volume of the direct product of the elementary meshes n-y and n-y, equals 
h2n , by the Intermediate Value Theorem, we may write the integral (4.18) as 

( 4.20) 

with Xc E n-y and Yc E n-y,. 
Further, for all Xc E n-y and Yc E n-y, the two-sidedestimate is valid 

This estimate, together with (4.20), (4.19), and (4.15), entails (4.17). 
Estimate the integrals h,m. Start with J1 ,3. Take X E n(l) and y E n(3). 

Introducing the spherical coordinates with center the point x, obtain 

( 4.21) 

where p( x) is the distance from X to the boundary of the domain n. Since, for all 
positive r and h, 

we see that the right side of (4.21) admits a dominant of the shape 

00 

Kh4m+2 J (r + h)-2m-3 dr = Kh4m+2(p(x) + h)-2m-2. 

p(x) 

Considering this, obtain 

Di 

J < K J h 4m+2 (p(x) + h)-2m-2 dx = K h 4m+2 J dip(p) . ·(4.22) 
1,3 - (p + h)2m+2 

n 0 
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Here D1 is a possibly maximal value of p( x) for x E n, and 'P( "') is the volume of 
{x E n : p( x, an) ~ ",}. 

Estimate 'P("') by means of (4.1). Take a point x in n to find 

Consequently, 

Dl 

+Kh4m+2 J(P+ h)q-2m-3 dp ~ Kh4m+2(1 + hq- 2m- 2) ~ Khq+2m . (4.23) 

o 

Estimate the rest of the integrals h,m. Obviously, for j = 1 or j = 3, 

00 

~ Kh3m+1 j(r + h)-m-2 dr ~ Kh2m . (4.24) 

o 

Setting here j equal1, from (4.16) obtain 

J1 ,2 :s Kh2m ln(2)1 ~ Kh2m+q. (4.25) 

Setting in (4.24) j equal 3, come to the estimate 

( 4.26) 

Now estimate the last integral J2,2. Let a point x belong to the strip n(2), let 
p( x) denote the distance from x to the boundary of the domain n, and let D1 be 
the maximal value of p( x) for x E n(2). By the same arguments as in estimating 
the integral J1 ,3, obtain the formula 
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Integrating by parts and using (4.1), come to the inequality 

Integrating both sides with respect to x E n(2), obtain 

IJ I< Kh2m+2q . 2,2 _ 

In ac cord with (4.17) the double sums U k,m do not exceed K h2m+q either. In 
accord with (4.14), for the error (I, u*) we also have an analogous estimate 

From this estimate, involving (4.7) and (4.13), we infer that the asymptotic expres­
sion (4.3) is indeed valid. The proof of Theorem 5.6 is complete. 

From (4.3) it follows, in particular, that cubature formulas with regular bound-

ary layer are asymptotically L~m) -optimal. It is worthwhile to find out whether this 

property preserves under passage to L~m)(n), where n is the integration domain 
possessing one more property in addition to regularity. In § 2 we introduced a spe­
cial operator that extends <.p(x) in L~m\n) to lp(x) in L~m). Suppose that this 

operator is continuous, i.e., there is a constant K 1 such that, for all <.p E L~m)(n), 
the inequality holds 

Under these hypotheses, we have 

Theorem 5.7 (V. I. Polovinkin). Tbe L~m)(n)* norm oE an error lex) witb 
regular boundary layer in n admits tbe following asymptotic expansion 

( 4.27) 

PROOF. Observe first that the L~m)(n)* norm of lex) satisfies a lower bound 
analogous to (1.28) 

( 4.28) 

Thus, to obtain (4.27) it suffices to prove that the right side bounds from above 

the norm of l( x) in L~m) (n)*. Before doing so, derive several properties of the 

L~m)-extremal function "p/(x) of lex). As we know, it is given by the convolution 

"p/(x) = J G(x - y)l(y)dy 
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satisfying in ~ n the equation 

and its derivatives of order m decrease not slower than Ixl-n log lxi. Whence it 
foHows that the extension "1f/( x) of 'lPl( x) from the domain n to the whole of ~ n 

agrees with 'IPl( x) outside n as weH. 
Further, (4.3) is equivalent to the foHowing 

( 4.29) 

Here { ., . } L(m) denotes the inner product in L~m). 
2 

Consider the function uoo ( x) defined by (1.3) and extremal for 100 ( x) in L;m). 
We inspected the extension uoo ( x) of it in § 2 of the current chapter. It is convenient, 
considering (4.13), to write the inner product of "p/(x) and uoo(x) as 

(4.30) 

Subtracting (4.29) from (4.30), obtain the asymptotic expansion of one more inner 
product 

( 4.31) 

Squaring both sides of (2.12), come to the relation 

Subtracting (4.30), write 

( 4.32) 

Carrying out subtraction again, from (4.32) and (4.31) obtain 

( 4.33) 

Decompose the function "p/( x) in the sum of projections to the subspaces 

i;m)(~n I n) and H~m)(~n I an), which yields 
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Examine the behavior in L~m) of the norms of the projections 1jI~O) and 1jI?) at 
small h. Obviously, 

Applying (2.20) to the first norm on the right side, estimating the second summand 
by (4.33), obtain 

111jI?) I L~m)11 ~ Khm +q/ 2 • (4.34) 

The functions 1jI?) and 1jI?) are orthogonal in L~m). Therefore, 

The first norm on the right side is presented by (4.29); the second satisfies (4.34). 
Consequently, we have the equality 

( 4.35) 

Now we are able to estimate the L~m)*(U) norm of lex). Let a function ~(x) 
belong to the unit ball of L;m)(U). Decompose it in the sum 

where ~(O)(x) E L;m\U) and ~(1)(x) E H~m)(U). Extending ~(x) to the whole of 
Rn with a minimal norm, find 

(I ) (I -) {ol.(O) -(O)} {ol'<l) -(I)} ,~ = ,~ = 'I-'/,~ L(rn) + 'I-'/,~ L(rn). 
2 2 

(4.36) 

Estimate the inner products on the right side of (4.36). Apply first the Cauchy­
Bunyakovskil-Schwarz inequality and next (4.34). Then, using the continuity of 
the extension operator acting from L;m)(U) to L;m), infer 

(4.37) 

Bearing in mind that II~O) I L~m) 11 = II~(O) I L~m)(U)11 and using (4.35), estimate 
the remaining inner product in (4.36) to obtain 

1 {1jI}O) , -WO)} L(rn) 1 ~ [Bn,m(U)h m + O( hm+q)lll~(O) I L~m)(U)II· 
2 

( 4.38) 
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Since <p(x) belongs to the unit ball of L~m\D), there is an angle () such that 

Considering this, from (4.36)-(4.38) derive 

!(l,<p)! ~ m;x [Khm+q/2 sin() + (Bn,m(D)hm + O(hm+q))cos()] 

= Bn,m(D)hm + O(hm+q). 

In other words, on the norm of l( x) we have the following upper bound 

This and (4.28) entail (4.27). The proof of Theorem 5.7 is complete. 
Closing this section, observe that we may obtain the asymptotically exact 

expansion of the norms of an error with regular boundary layer in the sense of the 
definition of Chapter 3 by argument analogous to that of the article [150]. 

§5. The Properties of the Extremal Function of 
an Error in L~7n)(n) 

To the error l( x) of a cubature formula over a domain D we may put into 
correspondence not only the L~ m) -extremal function 

V;l (x) = J G(x - y)l(y)dy 

but also the L~m\D)-extremal function Ul(X). We now demonstrate that the latter 
is a weak solution to some boundary value problem for the polyharmonic equation 
in D. More precisely, we show that, in a bounded domain of integration D with 
piecewise-smooth boundary, the function Ul( x) is a solution to the equation 

(5.1) 

satisfying weakly some boundary conditions on the boundary a D of D. We derive 
(5.1) and the shape of conditions over aD on using the so-called Green's identity 
for the polyharmonic operator in D. 

We have the following 
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Theorem 5.8. Let some functions u and v possess continuous derivatives up 
to order 2m in tbe closure of n. Tbe following integral identity bolds 

!{(_l)m+lVf).m u + L :iDaUDaV}dx 
n lal=m 

! m-l akv 
= L avkBk(u)dS, 

an k=O 
(5.2) 

witb v tbe outer normal to an and Bk( u) tbe value of some differential operator 
of order 2m - k - 1 at u. 

The equality (5.2) coincides with Green's identity for the Laplacian in the case 
of m = 1. In this connection, we call (5.2) Green' s identity for the polyharmonie 
operator in n in the case of an arbitrary m. 

PROOF. Assume that u and v have 2m continuous derivatives in n. Define 
several auxiliary bilinear forms, letting 

pJm,k)(u,v) = L II'!! [DjD'Yf).ku] D'Yv, 
hl=m-k-l 1'. 

j = 1,2, ... , n; k = 0,1, ... , m - 1; 

n 

L(m,k)(u,v) = LDj[pJm,k\u,v)]. 
j=1 

Transform (5.4) as follows. 

(5.3) 

(5.4) 

Observe that we may carry out the differentiation Dj easier on rewriting (5.3) 
so that summation over the multi-index I' be replaced with taking the sums not 
accounting for the symmetry of the tensor of derivatives. More exactly, write down 
(5.3) as 

n n 

(5.5) 
Insert this expansion in (5.4) and substitute jm-k, for j to obtain 

n n 

= L'" L [(Djm_kDjm_k_1 ... Dj1f).ku) (Dim_kDim_k_1" .Di1V) 
i1=1 im-k=1 

+(DL_kDim-k-1'" Di1f).ku) (Dim_k_1'" Di1 v)]. 
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Record the right side, considering symmetry of the tensor of derivatives, to find 

L Iß)! (Dß ~ku)Dßv + L I,)! (D')' ~k+Iu)D')'v. (5.6) 
ß· ,. IßI=m-k bl=m-k-I 

Multiplying both si des of (5.6) by (_l)k, sum the results over kranging from 1 
to m - 1. Cancelling out aH intermediate summands in the right side, obtain 

m-I , 

L(-l)kL(m,k)(u,v)= L :iDauDav+(-l)m+Iv~mu. 
k=O lal=m 

Integrating both sides of this equality over n, invoke the definition (5.4) of the form 
L(m,k)( u, v). The Divergence Theorem in the shape of the Gauss-Ostrogradskil 
identity reads 

J{ L :iDaUDaV+(-l)m+Iv~mU}dX 
n lal=m 

m-I 

= J L(-llp~m,k)(u,v)dS. 
an k=O 

(5.7) 

Here v = (VI, V2, ..• ,Vn ) is the outer normal to an and 

n 

p(m,k)(U v) = ~ V·p~Tn,k)(u v) 
v , ~} J ,. 

j=1 

We shall briefly denote the integrand on the right side of (5.7) by 

m-I 

Fm(u,v,dx) = L(-l)kp~m,k)(u,v)dS. (5.8) 
k=O 

It is weH known that calculus provides surface integrals of two kinds. One 
involves the surface measure dS of a rectifiable surface. The other involves differ­
ential forms over the surface under study. Without furt her specification, we use 
integrals of both kinds simultaneously. For example, the left side of (5.8) contains 
a differential form whereas the right side involves the surface measure. 

We have 

J( L :iDaUDaV+(-l)m+Iv~mu)dx= J Fm(u,v,dx). (5.9) 
n lal=m an 
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Observe that Fm ( u, v, dx) is abilinear form in the derivatives of u and v. In other 
words, 

Fm(u,v,dx) = 

Ißlsm-1 
l"'I+IßI=2m-1 

c"',ß(dx)D"'uDßv. 

This is immediate from (5.3). The coefficients c"',ß( dx) are the so-called differential 
forms of degree n - 1 in dXI, . .. ,dxn which are independent of u and v. Namely, 

n 

ca,ß(dx) = L>~,~dxj, (5.10) 
j=1 

where the vector Xj results from x by eliminating its jth coordinate 

dXj = dXI dX2 ... dx j-I dx j+1 ... dxn . 

The values of the coefficients c~,~ in the expansion (5.10) are determined by evenness 
of the entries of a - ß - Dj (here Dj has all entries zero but the jth entry which 
equals 1). More exactly, if at least one of the entries of the vector a - ß - Dj is odd 
then c(j) = O· otherwise a,ß' , 

(j) = (_l)leI IßI! kf 
ca,ß ß! €!' 

It is of service to give the integral of Fm(u,v,dx) another record in which all 
derivatives of v of order from 0 to m - 1 are taken only along the normal whereas 
differentiation along the tangent is applied to u and the coefficients. 

Assume that the surface an pos ses ses the following properties: 
(a) an has the tangent plane continuous; 
(b) there is a constant d such that, in the ball B( x(O) , 2d) of radius 2d, centered 

at a point x(O) of an, the straight lines parallel to the normal v( x(O» to an at x(O), 
meet an at most once; 

( c) if we introduce a local cartesian coordinates YI,. .. ,Yn in a neighborhood 
of an arbitrary point x(O) in an so that the axis Yn has the direction of the outer 
normal then the equation of the surface an takes the shape Yn = 'P(Yn), in these 
coordinates in B(x(O), 2d), with the function 'P possessing continuous derivatives up 
to order 2m + 2. 

The set of the balls B( x(O) ,d), with x(O) ranging over an, is a cover of the 
surface. Choose finitely many points X(I), x(2), ... ,x(N) of an so that an be 
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covered by the balls B( x(l), d), ... ,B( x(N), d). This is possible by the Heine-Borel 
Lemma. Denote the union of all B(x(j) , d) by E, namely, 

N 

E = U B(x(j),d). 
i=l 

From each ball B( x(j) ,d) delete every point whose distance to x(j) is greater 
than the distance to some of the points x(t) (t =1= j). Denote the resultant set by 
E( x(j), d). Let Xi (x) stand for the indicator of E( x(j), d). The sum 

N 

Wafl = L Xi(x) 
i=l 

coincides with XE( x) to within the values at the boundary of E( x(j) ,d). 
The set E obviously includes some layer of finite width about the surface an, 

i.e., all points at a distance to an not exceeding some number, say, 3h. We may 
chose 3h small enough. 

Given Xi(x), arrange the mean X{(x) of Xi(x) by averaging with the radius h. 
Clearly, 

N 

L X{(x) = Wafl,h(X). 
i=l 

It is easy to check that the mean Wafl,h(X) assumes 1 at a point at a distance at 
most h to an. 

The restrictions of X{ (x) to an clearly constitute a family of functions X{ (Ü, 
on an which is a partition of unity over an. Indeed, the sum of these functions is 
identically 1; in symbols, 

N 

LX{(Ü = l. 
i=l 

Each X{ (e) is supported in the ball B( x(j), 2d), being continuously differentiable 
2m + 2 times on an. (In space, such function would be infinitely differentiable.) 

The differential form Fm ( u, v, dx) expands into the sum of differential forms 
each supported in the respective ball B( x(j) ,2d) as follows 

N N 

Fm(u,v,dx) = LX{(x)Fm(u,v,dx) = LF~P(u,v,dx). (5.11) 
i=l j=l 
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Consequently, 

!{(_1)m+1 V b,.mu + L 1::!vauvav}dx=I:! F!'P(u,v,dx). 
n lal=m )=1 an 

In each of the domains B( x(j) ,2d) we change coordinates from y to Z by the 
formulas 

n-l 

1 + L: (O'P(Zn)joZj)2 
j=l 

It is easy to see that in the new coordinates the surface 0 n may be written as 
Zn = O. The normal to Yn = 'P(Yn) transforms to the line Zn = const. Derivatives 
with respect to Zn of each order simply become derivatives along the normal 

an j I = onj(x(z)) I . 
ovn xEan ozn Zn=O 

The mapping x( z) is one-to-one and continuous with derivatives up to order 2m + 1 
in the layer of width 3h about 0 n. Write out the integral 

! F(j)(u v dx) 
m " 

B(x(j),2d)nan 

in the new variables. In the coordinates z such integral takes the shape 

! cp~)(u,v,dzn), 
Zn=O 

where cp~)(u,v,dzn) is again a differential form with coefficients bilinear forms in 
the derivatives of u and v with respect to Zj. In symbols, 

cp(j)(u v dz ) = 
m " n 

lal+IßI9m-l 
IßI:Sm-l 

(j) (~ )Da V ß d~ 
aa,ß Zn zU z V Zn· (5.12) 
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Integrate by parts the right side of (5.12) so as to translate differentiation with 

respect to Zl,Z2, ... ,Zn-l from v to u and a~,~(Zn). Constant terms disappear 
since the form has compact support B(x(j) ,2d). We thus obtain 

J ;r..(j)( d~ ) J ~ " (j) (~)D"Y akv d~ 
'±"rn U,V, Zn = ~ ~ Ck,"Y Zn U azk Zn· 

Zn=O Zn=O k=O 1"Yls2rn-k-l n 

Reverting to the old variables and writing the integral with the surface measure 
dS, deduce 

rn-l k J ;r..(j)( d~ ) - J " a v" (j) (~)D"Y d~' '±"rn U,V, Zn - ~ avk ~Ck,"Y Zn U x) 
Zn=O an k=O "Y 

J rn-I ak 

= L av~B~(u)dS, 
an k=O 

where Bt( u) are some differential operators of order 2m - k -1 in u. After summing 
these equalities over j from 1 to N and applying (5.11), insert the result in (5.9). 
We thus come to the sought formula (5.2). 

The proof of Theorem 5.8 is complete. 
Let r.p be an infinitely differentiable function with compact support in O. Ap­

plying (5.2) to v = Cf> and u = U/, arrive at the relation 

(l,r.p) =! L :iDar.pDau,dx = !(-l)rnr.pb,rnu/dx . 
n lal=rn 

This means that u/(x) is a weak solution to (5.1) in a neighborhood of each point 
in the interior of O. 

The functionals Bk( u), k = 0, ... , m - 1, in (5.2) may be defined for an arbi­
trary function u( x) polyharmonie in 0 rather than for u( x) continuously differen­
tiable 2m times in IT. We now explain how to carry this out. 

Take some nested sequence of domains On with piecewise-smooth boundaries 
tending to O. The function u( x) is infinitely differentiable in the closure ITn of On 
and so the values Bk(U), k = O,l, ... ,m -1, are clearly defined on aOn. Apply 

(5.2) in On with a function v in L~rn)(O) and use absolute continuity of the integral 
to observe that the next numerical sequence is a Cauchy sequence: 

! rn-I akv L 8vkBk(u)dS, n=1,2, .... 
afl n k=O 
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The limit of this sequence as n --+ 00 should be taken as the value of the integral 

We now describe the boundary conditions that are to be met on 0 n by the 
L~m)(n)-extremal function u/(x) of the error l(x) under consideration. 

Let '.p be a member of L~m)(n). Denote by cp an extension of'.p with a minimal 

norm to a member of L~m). Multiply cp by an infinitely differentiable, compactly­
supported function equal to 1 in some ball about n. The latter exists by obvious 
reasons: it suffices to take the truncator of a ball which is constructed with the 
standard averaging kernel. Denote the product of cp and the chosen truncator by 
cp*. Clearly, cp* belongs to L~m) and has compact support. 

By the definition of extrem al function, we further obtain 

(I, '.p) = J L m,! DOt '.pDOtu/dx, 
0'. 

n l"'l=m 

(I,cp*) = J L mi DOtcp*DOt 1/;/dx. 
a. 

1",I=m 

Subtracting the second of these equalities from thee first and considering that 
(1, '.p) = (l, cp*), infer 

J L mi DOt '.pD'" (u/ -1/;/)dx = J L m,! DOtcp*DOt 1/;/dx. 
a. a. 

n l"'l=m n* IOtI=m 

Here n* stands for the interior of the complement of n to lR n. The functions u/ - 'l/J/ 
and 'l/J/ are polyharmonic in n and n* respectively. Considering this and applying 
Green's identity (5.2) twice, arrive to the integral relation 

Here v* is the outer normal to on* = on, i.e., v* = -v. Moreover, Bt(u/ -1/;1) 
and Bk (1/;/) stand for the values of the functional Bk( . ), constructed for n and the 
exterior n* of n. Considering furt her that 

OkCPk =(_I)kok~ =(_I)k~k~, k=O,I, ... ,m-I, 
ov* OV uV 
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arrive to the sought boundary conditions of u/( *) in the shape 

(5.13) 

Observe that these boundary conditions should be understood in a generalized 
sense, that is weakly, on requiring that, given 'P in L;m)(O), we have the integral 
relation 

For m = 1, equation (5.1) with the boundary conditions (5.13) is the Neumann 
problem for the Laplacian in O. 

Suppose that a point x lies in 0 and O( t:) results from 0 by deleting the ball 
with center x and radius t:. Apply (5.2) first to the functions (u/ - tP/)(y) and 
(-l)mG(x - y), polyharmonic in O(t:) and next to the same functions taken in the 
opposite order. Subtracting the resulting equalities from one another and passing 
to the limit as t: -+ 0, arrive at the following decomposition of the L~m)(O)-extremal 
function u/( x) of the errar l( x) under consideration 

(5.14) 

The first term on the right side is the volume potential with density ( _l)m l(y) and 
the remaining terms, surface potentials. 

The decomposition (5.14) allows us to compare the values of the norms of the 
error lex) in the spaces L~m) and L;m)(O). In particular, if lex) is an error with 
regular boundary layer then, as follows fram Theorem 5.7, the main contribution 

to its L~m)(O) norm at small h is given by the norm of the first term tP/(x) in the 
appropriate decomposition (5.14). 



Chapter 6 

Universal Asymptotic Optimality 

A cubature formula having an optimal mode of convergence in a given Banach space 
certainly preserves this property under passage to an equivalent norm. A stronger 
assertion is often valid: a formula has an optimal mode of convergence in different 
nonequiValent spaces. For instance, a homogeneous error of degree M has an op­
timal mode of convergence in all spaces W~m) for m E (n,M/2] and pE (1,00). 
A deeper fact was faced: the same cubature formula may be asymptotically opti­
mal simultaneously in many spaces not necessarily equivalent to one another. We 
saw thi~ by the example of a formula with the error loo(x) acting over the periodic 
spaces B defined in § 1 of Chapter 4. Such results drive us to supposing that the 
concept of asymptotic optimality is stable under the choice of function spaces and 
to making a conjecture that there exist universal asymptotically optimal formulas. 
In our understanding, these formulas preserve the asymptotic optimality property 
on a wide dass of spaces of integrable functions. 

§1. Cubature Formulas with Bounded Boundary Layer 

in Hilbert Spaces 

1. Babuska substantiated the concept of universal asymptotic optimality by 
the example of the spaces ii~. S. L. Sobolev established the universal optimality 

of a cubature formula with error loo(x) in L~m) spaces. Later, many artides ap­
pear establishing asymptotic optimality for formulas with regular boundary layer 
in various specific function spaces. 

However, it turns out eventually that the property that a given error is asymp­
totically optimal depends essentiallyon the choice of a norm. V. 1. Polovinkin 
constructed the first example that corroborates this. He demonstrated that, in the 
periodic case, the cubature formula with error loo( x) is not asymptotically optimal 
. W(m) -'- 2 
10 p ,Pr' 
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We expose the proof of this fact, restricting exposition to the one-dimensional 
case in which m is even and p = 2q/(2q - 1), with q > 1 an integer. The norm in 
w1m ) is given by the equality 

1 Ib 
Ilf I w~m)1I = {j If(x) + (_1)m/2 Dm f(x)IP dX} . 

o 

Let 1/ h be an integer. Then w~ m) -optimal error has the form 

IJh 

l~(x) = 1 - coh 2: b'(x - hk) = (1 - co) + coloo(x) = 2: Lo[s]ei21rXS. 
k=l S 

Its Fourier coejJicient3 are defined by the equality 

Consequently, 

We use the convenient notations 

The function of c, written as the integral 

for s = 0, 

for s a multiple of 1/ h, 

for other s. 

1 1 

IIl~ I w~m)*1I2q = j(c - (1- c)9m(X))2q dx = j[c(l + 9m(x)) - 9m(x)] 2Q dx, 
o 0 

is areal polynomial of an even degree. A necessary minimality condition for this 
function may be written at some c as 

1 1 

~ j[c(1+9m(X»)-9m(x)]2Q dx = 2q j[c(1+9m(x))-9m(x)]2Q-l(1+9m(x))dx = 0 

o 0 
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or 

Observe that fo1 gm(x)dx = 0, and for Z > 1 the asymptotic equality holds 

with 

1 / J g!n(x) dx = hm/ L II[hm + (27rSj)ffij-1 = b/hm/(l + 0(1)), 
o 81 ... 81';1'0 )=1 

81+"'+8/=0 

81 ••. 8/#0 j=l 
81+"+8/=0 

For the unknown , = eh-m we thus obtain the following equation 

175 

It is obvious that for q > 1 none solution of this equation is 0(1) as h --t 0 and 
all feasible solutions , of this equation are 0(1). One of them is ,0(1 + 0(1)) with 
,0 a nonzero constant. To this constant there corresponds the optimal value of Co 
given by the equality 

co(h) = 1 -,ohm (1 + 0(1)). 

Consequently, we may write down the estimate 

IIZoo -Z~ 1 w~m)*11 = II(co -1)(1-/00 ) 1 w~m)*11 
2: /1- col(l-IIZoo 1 w~m)*11) = l,olhm (l + 0(1)). 

A similar upper bound also holds. In Chapter 4 it is proven that the norm 
IIZoo 1 W~m)*11 is O(hm) and, moreover, 

with some constant ,I > O. 

Show that Zoo is not asymptotically W~m) -optimal, i.e., 
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does not tend to 1 as h ---t O. Assume the contrary and, denoting 

lIell = lie I L2q ll, Gm(x) = L ei21rks /[1 + (27rk)m], 
k 

eO(x) = (lg(y), Gm(x - y)) el(x) = (loo(y), Gm(x - y)) 

IIZoo I W~m)*11 ' IIZoo I W~m)*11 ' 

obtain Ileoll = 1 + 0(1) and lIel ll = 1. It was proven earlier that 

Ileo - elll = 11 - col/IIZoo I w~m)*II(1 + 0(1)) =,1 + 0(1), ,I > O. 

Use the generalization of the CZarkson inequality which is valid for all t.p(x), 'lj;(x), 
and p = 2q > 2 (see [250, Chapter 3, § 3]) 

Taking t.p = eO and 'lj; = e1 , we have 

11 
° + 1 11

2q 
2q e 2 e + (~ ) + 0(1) ::; 1 + 0(1). 

From optimality of zg it follows that 

Then 1 + bd2)2q ::; 1 + 0(1) or ,I = 0, which contradicts the condition ,I > O. 
Consequently, Zoo(x) is not asymptotically W~m)-optimal for p = 2q/(2q-l), q > 1. 

Describe the dass of cubature formulas which we deal with in this chapter. 
Given a matrix H, consider the cubature formula 

1*(J) = hnlHI L c-y(h)J(hH,) 
hH-YEfl 

with IT lying in the interior of the fundamental parallelepiped 120 of H, and the 
error Z~H satisfying 

3K Vh V, Icih)l::; X, 
3L Vh p(hH"JRn \ 12) 2 Lh =} c-y(h) = 1. 

(1.1 ) 

(1.2) 
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We call them formulas with bounded boundary layer (BBL-formulas). The concept 
of BBL-formula appeared as generalization of the concept of formula with regular 
boundary layer. 

We show that there are universal BBL-formulas asymptotically optimal on the 
spaces W~m) and in the Hölder dasses (c"Y)m for at least one of the equivalent 
norms in each of these spaces. 

In particular, the formula of the above example is asymptotically optimal in 
W~m) with the norm 

1 1 

Ilill = l!t(x) - 1 i(x)dx I w~m)11 + 11 f(.T)dxl· 
o 0 

We study asymptotically optimal formulas in Bessel scale of the spaces B~ = 
F-1 f..lF Bo. l'he definiti~n of Bessel scale is gi~n in § 1 of Ch~ter 4. The index­
zero space Bo contains C and is embedded in LI. The space B o is weightless and 
its norm is invariant under translations of the argument of a function. We require 
the function f..l to meet the polynomial growth condition (4.1.31), the monotonicity 
condition (4.1.32), the lattice agreement condition (4.1.33) and the condition of 
being a multiplier (4.2.35). 

Require in addition that f..l be a hypoelliptic function, i.e., f..l(O is infinitely 
differentiable for I~I ?: T and has the derivatives dominated as follows 

(1.3) 

The number m2 in (1.3) is the same as in (4.1.31) and (4.1.32). 
Observe that the whole collection of these constraints is satisfied, for instance, 

for the ordinary spaces W~m) and the Hölder dass (C"Y)m. 
Some of the constraints are imposed on f..l for technical reasons. In our opinion, 

most essential are the condition that the norm be translation invariant and the 
conditions of polynomial growth and hypoellipticity on f..l. 

Given a bounded domain with piecewise-smooth boundary, we point out a uni­
versal asymptotically optimal BBL-formula. Not necessarily does such formula 
possess a regular boundary layer, but every formula with regular boundary layer of 
order M > m2 is a universal asymptotically optimal formula. 

The main result of the present chapter is in our opinion the derivation of simple 
sufficient conditions for universal asymptotic optimality. Let us darify their essence. 

In the dass of BBL-formulas, one of every two of them differs from the other 
by a functional supported in a narrow boundary strip ~h = {x : p( x, an) :S Lh}. 
Whereas in the natural dass, for instance, in the spaces W~m)*, the principal term 
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of the asymptotic expansion of the norm of an error having an optimal mode of 
convergence depends continuously on the volume of the support of this functional. 
In essence, this is a consequence of the Hölder inequality 

translated to the norms of functionals in dual spaces. Observe also that in the 
subdass of errors having an optimal mode of convergence, the difference l~,1 _1~,2 
also has at least the same mode of convergence. A small size of the support of the 
difference of BBL-formulas makes the norm of the difference of their errors a higher 
order infinitesimal. Thus, in the intersection of the dass of BBL-formulas and the 
dass of errors having an optimal mode of convergence, every two sequences of errors 
differ from one another by summands presenting a higher order infinitesimal. In 
other words, over the dass of BBL-formulas, optimality with respect to the mode 
of convergence coincides with asymptotic optimality. 

Justification of this daim is given under some additional constraints that are 
mostly of technical character. We now indicated only one of them which we rank 
as most principal. To establish continuity of the norms of a sequence of errors in 
the size of the support of an entry in the space BI under consideration, we need 
optimality with respect to the mode of convergence for these errors in the space B2 

embedded compactly in BI; moreover, the optimality must be uniform in the size 
of the support of an entry. 

We accomplish the prove for a Bessel scale B~ of Hilbert spaces with index­
zero space Bo = L2 • This scale is customarily denoted by ii~. The space ii~(n) 
consists of the restrictions of i in ii~ to the domain n lying in the interior of the 
fundamental parallelepiped no. In this event the norm is given by the equality 

Ili I iif(n)1I = infllg I ii~lI· 
The greatest lower bound is taken over all g E ii~ satisfying the condition gin = fln. 
It turns out that the infimum is attained, and beyond n the function, providing 
the infimum, possesses some additional properties we need. 

Assurne that Pn, an operator acting in the dual ii~1 I-' of ii~, is the orthopro­
jection to the subspace of elements supported in n, and Pa is the transpose of Pn 
acting from ii~ to ii~. 

Lemma 6.1. Tbe operator Pa sends ii~ onto ii~(n), and, moreover, 

Ilpaf I ii~(n)11 = inf{llg I ii~11 : g E iif, gin = fln}. 

Let 1J.l(D)1 2 be tbe pseudodiiferential operator acting {rom iif to iiill-' and defined 
by tbe equality 
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where F is the Fourier transform acting from ii~ to ii~/"'. Then, for every function 
I E ii~(0,), the equality holds 

(lp(DW I) I = O. 
no\n 

PROOF. The operator Po is a projection as the dual of a projection. Denote 

the inner product in ii~ by [., 'll-" Let ( E ii~ and supp ( C 0,0 \ 0,. By the 

definition of Pn, for every I E ii~ we have 

(Pn 1 p(DW 1,0 = o. 

Here ( ., . ) is the inner product in L2 . Continuing this equality 

obtain 

i.e., Pol belongs to iit(0,) and has the minimal norm. 
To prove the second claim of the lemma, we use the fact that every function 

I E iit(0,) may be written as I = pof. If ( E doo)(0,o \ 0,) and I E iin0,), then 

(lp(D)1 21,O = (lp(DWPol,O = [Pol,(],.. = [J,PM],.. 
= (lp(D)1 2 I, Po() = (Pn Ip(D)1 2 1,0 = o. 

The proof of Lemma 6.1 is complete. 
We need the following well-known lemma whose proof is omitted. 

Lemma 6.2. Assume that a function v(e) satisnes the hypoellipticity condi­
tion and v(D) = F-1v(e)F. Ifv(D)u(x)lw = 0, for some domain w in IR.n then u is 
innnitely differentiable in w. Moreover, for a compact subset K of the interior of w 
and every a, the estimate holds 

(J IDO'u(x )1 2 dX) 1/2 ~ CO',K (J lu(x )1 2 dX) 1/2 

K w 

We now state the main result. 
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Theorem 6.1. Let a sequence l~H of errors with bounded boundary layer 

have optimal mode of convergence in the spaces W;m), where m E [ml,m3], the 
numbers ml and m3 are even, and p E (1,2). Let the function f-t(~) be a hypoelliptic 
function satisfying (4.1.31)-(4.1.33) and (4.2.35) while m2 E (mI, m3). Then the 
sequence l~H is asymptotically Hf(n)-optimal. 

PROOF. For simplicity, denote 

Let l~: be an Hf(n)-optimal error supported in n. Then we have the equality 

We now prove the relation 

In the Hilbert space H~/jt take PI, the orthoprojection to the subspace com­
prising the elements 

L ak8(x - hHk), 
hHkEO 

and P2 , the orthoprojection to the subspace comprising 

L ak8(x - hHk), 
hHkEOo 

with h fixed and ak arbitrary coefficients. We have 

l~H(x) -l~:(x) = PIXo(x) - hnlHI L ck(h)8(x - hHk) = (PIl~H)(X). 
hHkEO 

Take a sufficiently small € > 0 and put 

These sets are nonempty. Consider 

l~i/ (x) = L 10 (~ - Hk) 1 

hHkEw. 
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a homogeneous error of degree M > 2m3, and arrange the difference 

We know that for all m E [mI, m3] the following equalities hold 

Consequently, 

Applying Theorem 4.5 with Ba = L2 , infer 

Revert to the main estimate. It is clear that 

To estimate summand I use the Three Perpendicular Theorem in Hilbert Space 
which yields PI = PI P2 • Further, 

By Theorem 4.2 the error Zoo is asymptotically optimal in ii~. Whence, for 
Hf -optimal error ZgH the asymptotic equality holds 

Noting that P2 Zoo = P2 (Zoo - Z~H)' come to the estimate 

To estimate summand 11, use the fact that the norm of an orthoprojection is 
at most 1 and Irei:::; Kc. We thus have 
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Since Pn is the orthoprojection in iif* to the subspace comprising the elements 
supported in 0, from the Three Perpendicular Theorem infer that PI = P1Pn. 
Consequently, 

IIp D [WO h 11 11 D [WO h 11 I(Pnl~j/,1) 1 
III = l r n hH 1/11:::; rn hH 1/11 = s~p 11/1111 

_ 1(l~jt,po/)1 
- s~p 11/1111 . (1.4) 

By Lemmas 6.1 and 6.2, the function u = Polobeys the equation 

(1J1(DWu) I =0 
no\n 

in the domain 0 0 \ O. Moreover, for every function ( E C~oo) with support at 
a positive distance 8 from 0 and every integer m the next inequality is valid 

L IIDa((u) 1 L2 11:::; K(m,8,0)lIu 1 L2 11· (1.5) 
lal~m 

Continuing (1.4), use (1.5) at m = m3 and 8 = c/4 with some function ( equal 1 
on the support of l~jt. It is obvious that 

By Lemma 4.2 the first factor in braces is O( h m a ). Whence and from Theo­
rem 4.3 the first factor is o('1jJ(h». The second may be estimated by the constant 
K(m3, c/4, 0) jn virtue of (1.5). The third factor is also bounded since ii~ is 
embedded in L 2 • The fourth is at most the norm of Po which is 1. Therefore, 
summand In is o( '1jJ ( h ) ). 

Combining the above estimates, find 

II[~H -1~~11 :::; 1+ II + 111:::; Kc1/ P- 1/ 2 '1jJ(h) + K(c)o('1jJ(h» 

as h -t o. By construction, c is an arbitrary positive real and pE (1,2). Therefore, 
we have the following asymptotic expansion 
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Moreover, by Theorem 4.2 the ratio of 7jJ(h) to the norm Ill~:111/p is bounded above 

as h -t O. Consequently, the difference between l~H and l~: in iif* is o(111~:111/p), 
The proof of Theorem 6.1 is complete. 

Calculate the principal term in the expansion of the norm of an ii~(n)-optimal 
error l~: as h -t O. To this end, it suffices to consider asymptotically optimal 
formulas. First, establish the monotonicity of the norm of the error with respect 
to order by indusion of domains over some dass of domains of a simple shape. 
Next, obtain the exact estimates of 111~:111/p' approximating n from inside and 
from outside by domains of a simple shape. 

Lemma 6.3. Let W1 and W2 be subdomains ofQ witb piecewise-smootb bound­
ary sucb tbat W1 C W2. Assume tbat BBL-errors l~H and l~H bave optimal modes 

of convergence in W~m) for some pE (1,2) and mE [mI, m3]' Tben 

111~H 1111 P ::; IIl~H 1111 P (1 + 0(1 )). 

PROOF. For simplicity, we let H be the identity matrix I. Take a local error 10 

of degree M > 2m3 - n + 1 and arrange the homogeneous error of the domain W2, 
i.e., put 

1~2,h(x)= L lo(~-k). 
hkEw2 

Take € > 0; arrange the set W3 of the points of W2 at a distance greater than € 

from W1. Put 

1~3, h (x) = L 10 (~ - k) . 
hkEw3 

Arrange two more functionals 

11'1 _ lW2,h _ lW3,h _ lWI 11'2 _ lW2 _ lW2,h 
h-h h h' h-h h' 

It is dear that lZI is supported near the boundary /1 of W1, and lZ2 is supported 
near the boundary /2 of the domain W2. Moreover, the equality holds 

lW2 _ lWI + pI + lW3,h + p2 
h - h h h h' 

For every functionall E ii~* and every w in the interior of the unit cube we have 

Consequently, the following inequalities hold 

IIl~2 I ii~*11 ~ 111~2 I ii~*(W1)11 ~ 111~1 I ii~*(wdll 
_{111~1 I ii~*(W1)11 + Ill~3,h I ii~*(W1)11 + Ill~2 I ii~*(wdll} 

~ Ill~l I ii~*II- {lll~1 I ii~*11 + Ill~3,h I ii~*(W1)11 + Ill~21 ii~*II}· 
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The norms of errors III and ll2 in W;m) for m E [ml,m3] are O(hm). It follows 
from Lemma 4.2. Whence and from Theorems 4.2 and 4.5 it follows that 

Moreover, Isupp llli :S Kc, and Isupp ll21 = 0(1) as h -t O. 

Let PW1 be the orthoprojection of ii~* to the subspace comprising the func­

tionals with support in Wl. By Lemma 6.1 P;l projects ii~ onto ii~(Wl)' Take 
a compactly-supported infinitely differentiable function ( equal 1 on the support of 
1~3,h and equal 0 for p(X,Wl) < c/4. We then have 

By Lemmas 6.1 and 6.2, (P;J E W~m3) and 

Whence and from Lemma 4.2 the first factor in braces of the last equality is at 
most Khm3 , and the second is bounded uniformly in f. Thus, given m3 > m2, by 
Theorem 4.3 we have 

Whence Lemma 6.3 ensues by arbitrariness of c. 

Theorem 6.2. Let 0 be a bounded domain with giecewise-smooth bound­
ary r, let H stand for the identity matrix, and let lh ,0 be the corresponding 

iif(O)-optimal error. Then 

(1.6) 

PROOF. To calculate the principal term in the expansion of the norm in ii~*, 
replace l~'o by a BBL-error l~,a. Let the norms of l~,a in W;m)* for some p < 2 and 

mE [ml' m3] be O(hm). Whence and from Theorem 6.1 the error l~,a is asymptot­
ically optimal in ii~*. We prove the existence of such functional in Theorem 6.6. 
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Apply Lemma 6.3, specifying the domains Wl and W2. Take c > 0 and, given 
h ::; c, put ho = [c/hjh. Let ho(Q + k) stand for the cube of 

{x: (:ly E Q) x = ho(Y + k)}. 

Assurne that the intersection of the interior of the cube ho (Q + k) with r is 
nonempty. Uniting all these cubes, put 

u 
Let "p( h) = 11/00 I H~* 11 and consider the homogeneous errors 1~1 (x) and 1~2 (x) 
given by the equalities 

l~j(x)= L lo(~-k), j=1,2. 
hkEWj 

Here lo(Y) is an elementary error of the shape (4.2.2) and order M. The support of 
lo(y) lies clearly in the cube with center the origin and side 2L. Whence and from 
Lemma 6.3 the following relations are valid 

Prove that, as c --t 0 (i.e., when ho --t 0), the extreme terms of this chain of 
inequalities have the same limit equal to IflI1/ 2 . We will so arrive at (1.6). 

To this end, we calculate the norms of 1~1 (x) and 1~2 (x) in Hf*. The advantage 
of these errors is in the fact that Wl and W2 are partitioned into an integral number 
of cubes ho(Q + k) (and h(Q + k)) for all h. 

Let l~j (x) be the sum of elementary errors of degree M ~ 2m3' By choice of 
wl and W2, for W = Wj we have 

lZO(x) = L 10 (~ - k), ll:(x) = L lZO(x - hos). 
hkEhoQ hosEw 

If W = Q then ll:(x) coincides with loo(x). 
Calculate the norm of 11: in Hf*. To this end, denote by [., . hip the inner 

product in the Hilbert space H~* = H~/p and put 
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Here the function u(x) = J.t-2(D)1~O(x - hor) stands for a solution in iif to the 
pseudodifferential equation 

The definition of the norm in iif implies that 

Show that if s i- r then the inner product I is o( 1/;2 (h)) as h -t O. 
Given L and c, observe that for all h ::; c/(16L + 1) the interval (8Lh, ho/2) is 

surely nonempty. Taking Ö in this interval and letting 

,6 = {x : xE hoQ, p(x,JRn \ hoQ) < öl, lZ6(x) = L 10 (* -k), 
hkE'"'(6 

obtain 
l~O(x - hos) = lZ6(x - hos) + {l~O(x - hos) -lZ6(x - hos)}. 

Thus, the inner product I admits the estimate 

111::; IUZ6(X - hos),J.t-2(D)1~O(x - hor») 1 

+IU~O(x - hos) -lZ6(x - hos),J.t-2(D)1~O(x - hor») I. 

By Lemma 4.2 and Theorem 4.5 the norm of lZ6 (x) may be estimated as follows 

111Z6 I ii~*11 ::; Kö1/ P- 1/ 21/;(h)(1 + 0(1». 

By Lemma 4.2 and Theorem 4.4 the norm of l~o (x) in iif* is O( 1/;( h» as h -t o. 
Considering this, it is easy to estimate the first summand in the inequality for 111. 
Estimate the second summand in the inequality for 1I1 through the norm of the 
difference l~o (x - ho s) and lZ6 (x - ho s) in W~ ma) * . By choice of Ö, the function 
u(x) = J.t-2(D)1~O(x - hor) for r i- s is a solution to the homogeneous pseudodif­
ferential hypoelliptic equation 

in the 6/2-neighborhood about the support 9 of the difference. Consequently, by 
Lemma 6.2 u( x) is an infinitely differentiable function in the 6 /2-neighborhood g~/2 
of 9 and, moreover, 
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Here G is a set whose interior includes the closure of the neighborhood g~/2 and 

whose distance to the support of lZo (x - hor) is at least 8/8. For r #- s such G 

ready to exist by choice of 8. The inequality for the norm of u( x) in wi ms) (g~'/2) 
is easy to continue by involving (4.1.31) 

Therefore, we arrive at the estimate 

1(l~O(x - hos) -lZ6(x - hos),u(x))1 

::; CIiZZo -ZZ6 I Wims)*(g~/2)lIlIu I Wima)*(g~/2)1I 
::; C(8)IIZZO -ZZ6 I wima )*II1jJ(h). 

By Lemma 4.2 the norm of the difference between ZZO and ZZ6 in wi ma)* is O( h m a ). 

Considering this and Theorem 4.3, estimate the inner product 1 as follows 

Here K is independent of h and 8. Dividing the above inequality by 1jJ2(h), pass 
to the limit as h _ 0, fixing 8. This is possible since 0 < 8Lh < 8 < ho/2 by 
hypothesis, and the parameter ho belongs to the interval [c/2,c] for the chosen 
positive c. Also considering that m3 > m2, arrive at the final estimate for the inner 
product 1 in the shape 

111::; K81 / p - 1 / 21jJ2(h). 

Whence, in order notation, the inner product 1 is o( 1jJ2 (h)) as h - o. 
Show now that, given c > 0, we have the asymptotic equalities 

hosEw 

IIZoo I ii~*112 = L IIZZO(x - hos) I ii~*112 + O(1jJ2 (h)). 
hosEQ 

Indeed, if we express the left si des of these equalities through the inner product in 
ii~* and substitute for Z'h and Zoo the sums of l~o (x - hos), then it suffices to use the 
just-established estimates for the inner products of various functionals ZZO (x - ho s ), 
arriving at the sought asymptotic expansions for the norms. Observe now that the 
norms of l~O(x - hos) do not depend on s. Consequently, 

IIZ'h I ii~*112 = Iwlh~nlll~o I ii~*112 + o(1jJ2(h)), 

11 100 I ii~*112 = h~nIlZ~o I ii~*112 + o(1jJ2(h)). 
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Therefore, given e > 0, we have 

Letting w = W1 and W = W2, pass to the limit, first, as h -+ 0, and, seeond, as 
e -+ 0. We then eome to the equalities 

lim lim IIZ~j I iif* 11 _ In11 / 2 
g-+O h-+O 'I/J( h) - , j = 1,2. 

Thus, the proof of Theorem 6.2 is eomplete. 

REMARKS. 1. For an arbitrary lattiee matrix H, the equality holds 

111~~ I ii~*11 = G~D 1/2 11100 I ii~*II(1 + 0(1». 

2. For the spaee W~m) with m an integer, (1.6) looks like 

This equality is analogous to (5.3.1). 
3. A formula (1.6) is also valid for a homogeneous error of degree M in the 

shape 

Z~H(X) = L Zo (~ - Hk) . 
hHkEfl 

Draw attention to the fact that the rate of eonvergenee of a eubature formula 
on anisotropie spaees depends essentiallyon the ehoiee of nodes. We explieate the 
situation by example. Consider the spaee of periodie functions in two variables 
possessing generalized derivatives of order 3 with respect to Xl and of order 4 with 
respect to X2 square summable over the unit eube Q. Introduee a norm in this 
spaee, by letting 

The eubature formula with equal weights for a eubie lattiee has error Zoo whose rate 
of vanishing is defined by the equality 
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This relation remains valid for alliattices with matrices H constant in h. 
Consider the lattice with mesh-size-vector h = (h1 , h2) and nodes (k1 h1 , k2h2), 

k E Z2. The norm of the error lli analogous to 100 is given by the equality 

The best rate of vanishing for this quantity is achieved at the same rates of the 

summands (kt/h 1 )6 and (kdh2?' Put, for instance, h1 = h~/3. Then 

To have a possibility of comparing the rates of convergence for various lattices, we 
are to treat as parameter N the number of nodes of a cubature formula rather than 
the lattice mesh-size-vector. For a scalar mesh-size h, we have N = h-2 ; whereas, 
for the mesh-size-vector, N = 1/(h1h2 ). The norm of the error with a scalar mesh­
size is O(N-3 / 2 ), and in the case of the error with mesh-size-vector h satisfying 

h1 = h~/3 the norm is O(N-1 2 / 7 ). 

To complete our research, we study the proj>erties of formulas on lattices which 
give the best rate of convergence on the space H~ as the number of nodes increases 
infinitely. Allowing the arbitrary dependence of the lattice matrix on N, the number 
of nodes of a cubature formula, we come to the necessity of expanding the definition 
of asymptotic optimality. 

Assurne given aspace Band a sequence of lattice matrices H(N). Asymptoti­
cally optimal in B we call a sequence of errors 

l~,a(x) = Xo(x) - L a(k,N)8(x - H(N)k), 
H(N)kEO 

with the property 

lim 111~aIB*11 =1. 
N->oo inf IIXo(x) - l: bk c5(X - H(N)k) I B* 11 

{bk} H(N)kEO 

(1. 7) 

Our main problem remains to be that of finding an asymptotically optimal 
error with bounded boundary layer given n, B, and {H(N)}'N=l' We solve an 
important particular case of the problem in which the space Hf coincides with 

w2m , and H is a diagonal matrix determining the lattice of nodes 

(1.8) 
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We call the vector h = (h 1 , h2 , ••• , hn ) the mesh-size-vector of the lattice (1.8) 
or the lattice mesh-size-vector. Minimizing the norm of error over the lattices 
of such shape, obtain asymptotically optimal lattice formulas for an anisotropie 
space. They happen to have optimal mode of convergence among all formulas with 
arbitrarily-placed nodes. 

In order that a lattice of nodes agrees with the fundamental parallelepiped of 
the space of periodic functions under consideration, the numbers 1/ h j should be 
integral, in symbols, 

Nj = l/h j E Z. (1.9) 

Let m = (mI, ... ,mn) be a multi-index with integer entries. The space Wm2 

comprises the functions f( x) in L2 , whose generalized derivatives Dji f( x) of order 
mj with respect to Xj, j = 1,2, ... ,n, are square summable over the unit cube. 
Introduce a norm into this space by letting 

This norm is easily written through the Fourier coefficients cf[ß] of f. Using the 
Parseval identity, obtain 

The Banach space w2m is thus coincident with the space iifo of the Bessel scale 
with zero space L2 and weight function 

{ 
n }1/2 

{to(€) = 1 + ~(27l"~j)2mJ 

Let K > 1 and assume that for all j, 1 ::; j ::; n, we have the estimates 

Summing the latter over j ranging from 1 to n, find 

Here, {t(O stands for the function {2:J=l (1 + ~])mi P/2. The above inequality al­

lows us to assert that the spaces Hfo, Hf, and Wi coincide. Moreover, the norms, 
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generated in these spaces by the weight functions /-to(e) and /-t(e), are equivalent to 
the initial norm of W2m . Bearing this in mind, we furt her agree that Wi coincides 
with Hf and has the norm generated by the weight function /-t(e). The same agree­
ment is effective in the case when the entries of m are positive possibly nonintegral 
numbers. 

Suppose that p > 1 and p ::I 2._ We ~ow define Wpm to be the space jj~ of the 

Bessel scale with index-zero space Bo = Lp and weight function 

We now describe the class of cubature formulas whose action over w2m will be 
under study. 

Let h = (h l , ... ,hn) with hj meeting the conditions (1.9). Denote by I(h) the 
diagonal matrix with diagonal entries hl, ... ,hn . Given a domain n whose closure 
is included in the interior of the unit cube, consider a cubature formula with error 

l~(x) = Xfl(x) - hl ... hn L cß(h)8(x - I)(h)ß). 
r(h)ßEfl 

Assurne that the weights cß(h) satisfy the conditions like (1.1 )-(1.2), namely, 

:3 K V h V ß ICß(h) I ~ K, 

3L Vh p(I(h)ß,~n \ n) ~ Lmaxh j '* cß(h) = 1. 
} 

We then call1~(x) an error with bounded boundary layer. For h1 = ... = hn = h 
this definition amounts to that given above. 

We will prove that a sequence of errors with bounded boundary layer is asymp­
totically optimal in Wi under the conditions analogous to the hypotheses of The­
orem 6.1. We start with a preliminary definition and lemma. 

Let h = (h l , ... ,hn) and assurne (1.9) valid. Given x in ~n, denote (xI/h l , ... , 

xn/hn) by x/ho Take a domain w with closure included in the interior of the unit 
cube and consider the error 

Ilf(x)= L lo(x/h-ß). 
I(h)ßEw 

Write down lo(Y) in accord with (4.2.2). If the values of lo(y) at polynomials of 
degree Mare all zero, then we call1~(x) a homogeneous error 0/ degree M. For 
h1 = ... = hn = h this definition coincides with that of Section 2 of Chapter 4. 
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Lemma 6.4. Let M2 > MI > n/2 and let the minimum and the maximum oi 
ml, m2,· .. , m n lie in the interval (MI, M2). Hior m = MI,M2 the norm oi l~(x) 
admits the estimate 

111!.! I w(m)*11 ::; K I max h'!' p> 1, 
h p I~i~n J' 

(1.10) 

then we have the inequality 

(1.11) 

{ n ()m'}1/2 -PROOF. Denote Li=1 l+~J) by j..t(O and let k/h stand for the vector 

(kI/h l , ... ,kn/hn). Given sE zn, considerthe inequality 1/j..t2(s) ::; KI(s, h) with 

Observe that this inequality may be checked in the same way as in Theorem 4.3. 
Now, consider the Fourier series Ls L[s]ei21rXS for the functionall~(x) and its 

W;* norm, namely, 

As usual, p' = piep - 1). The linear operator dividing the Fourier coefficients by 

j..t(s)JI(s,h) is bounded in Lpl for p > 1. Consequently, the W;* norm of the 

error l~( x) is at most 

By (1.10) the expression in braces is bounded uniformly in h, and 

L j..t-2(k/h) = O(m~x hjj ). 

k#O J 

Thus, the proof of Lemma 6.4 is complete. 
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Corollary 1.1. Iftbe estimate (1.10) is valid for m = M I ,M2 , tben it is also 
preserved for every m E [MI, M 2 ). 

It suffices to apply Lemma 6.4 for ml = ... = m n = m and find what was 
required. 

Lemma 6.5. Let M2 , M2 > n, be even and let l':;f( x) be a bomogeneous error 

of degree M 2': 2M2 - n + 1. Tbe norms of l':;f in WJm) for all q > 1 and even 

mE (n,M2 ) are O(maxj hj). 

PROOF. Denote the even integer 2([n/2) + 1) by MI. Corollary 1.1 reduces 
the quest ion to the even m = MI, M2 . Consequently, it suffices to establish the 
estimates 

(1.12) 

By the definition of norm, we have 

In the supremand, perform a change of variables that transforms the lattice (1.8) 
to a cubic lattice. Let 

Denote by Wr and Q7/h the images of wand Q under the change from x to y. Then 

I U':;f'!) 1/{llf I Lqll + L IIDaf I Lqll} 
lal=m 

= 1(l~T,g)I/{llg I Lq(Q7/h)11 + L 7mh-allDag I Lq(Q7/h)ll} 
lal=m 

~ Klll~T I WJm)*(Q7/h)ll· 

The last inequality is valid in virtue of the next two observations. First, the product 
7 mh-a is at least 1, for 10:1 = m, which ensues from the definition of 7. Second, the 
support of l~T (y) lies in the interior of Q7/h. This enables us to replace g(y) with 

an extension of it from the support of l~T (y) to a member g(y) of WJm) (Q7 /h). 
The mapping x = I(h/7)Y performs a one-to-one correspondence between the 

points of the set (1.8) in R~ and the points 7k, k E zn, comprising a cubic lattice 
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in R~. Moreover, to the homogeneous error 1~(x) with mesh-size-vector h there 
corresponds the error 

l~T(y) = L 10 (; - ß) 
rßEwT 

with scalar mesh-size r. Fixing the entries h j of the vector h, consider the homo­
geneous error of degree M having the shape 

Z~T (y) = L 10 (* -ß), 0 < h < 1. 
rßEwT 

The errors l~T (y) and I';:T (y) are obviously the same for h = r. With this in mind, 

we dominate the norm l~T(y) in Wim)*(Qr/h), applying the result to I';:T(y). 
Observe that the volume of W r , as a function in h, may become indefinitely 

large in a neighborhood about the point h = O. Whence we conclude that the sought 
upper bound on the norm of 1ft (y) must be uniform in all W r with 0 < r < 1. We 
demonstrate existence of such a uniform bound by slightly adjusting the proof of 
Lemma 4.2. 

We first agree on the current notation. Let H the diagonal matrix inverse to 
I(h/r), with !10 = Qr/h the corresponding fundamental parallelepiped. The ho­

mogeneous error I~T(y) is clearly bounded in W~m)(!1o), 1 < P < +00. By (4.2.12), 

the norm of l~T(y) in W~m)(!1o)* coincides with the Lp ,(!1o) norm of the function 
ü(x) defined by (4.2.6). From (4.2.13) and (4.2.9) it follows that 

Ilü I Lp'lI ~ lIu I L p,(!1o)1I + KIlilkT I L~M)*II, 
with K I a constant independent of hand W r and u(y) a solution to the differential 
equation 

(1 - ~)m/2u(y) = I~T(y). 

We estimate the Lp ,(!1o) norm of u(y) by using (4.2.15), (4.2.22), and (4.2.29). This 
leads to the inequality 

Ilu I Lp ,(!1o)11 ~ Khm , 

with K a constant independent of hand wr . Arguing further in much the same 
way as in the proof of Theorem 4.7, we easily find the estimate 

IIZW T I L(M)*II < K ( IWr~ )1/2 hM 
h 2 - IQr/hl ' 

with K again a constant independent of hand W r . Whence and from the condition 
M > M2 ~ m, we conclude that W~m\!1o)* norm of l~T(y) is in fact O(hm) 
uniformly in W r , 0 < r < 1. Letting h = rand p = q, we thus come to (1.12). 
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The proof of Lemma 6.5 is complete. 
Take h = (h l , h2 , ••. ,hn ), hj > O. To this mesh-size-vector we assign the error 

l-;;(x) = XQ(x) - hl ... hn L 6(x - I(h)ß). (1.13) 

I(h)ßEQ 

In the case of h l = ... = hn = h we let 1-;;( x) coincide with 100 ( x). 

Lemma 6.6. Given m = (mI,'" ,mn), assume tbat tbe minimum of mj is 
greater tban n. Tben tbe wf* norm of lli is O(maxj hj j ) and lli is asymptotically 

optimal in w2m. 

PROO F. Let the error li( x) take the shape 

li-(x) = XQ(x) - hl ... hn L cß(h)6(x - I(h)ß) 
I(h)ßEQ 

and belong to wf*. In particular, the value of li( x) at the constantly-one function 

is then zero. In other words, the weights cß(h) satisfy the condition 

h l ... hn L cß(h) = 1. (1.14) 
I(h)ßEQ 

The wf* norm of Ire x) is defined as 

Here 

and LI['r 1 stands for the Fourier coefficient of li( x), i.e. the value of the error at 
the exponential ei27r'Yx, , E zn. If the entry ,j of, is a multiple of Nj = 1/ hj for 
all j, then Lib 1 must equal to -1 by (1.14). This enables us to assert that 

{ [ n[ (ß)2]mj]-1 }1/2 Illil W;,*II = ~ ~ 1 + h~ + R(m, h,cß(h)) 
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The summands R(m, h, cß(h)) on the right side are always nonnegative. If cß(h) = 1 
for all ß E zn satisfying I(h)ß E Q then lJi{x) coincides with l-,,(x). Moreover, the 

Fourier coefficient Li-hJ vanishes provided that at least for one of the j the entry 'Yj 

is not a multiple of Nj = l/h j . Consequently, the summand R(m, h, cß(h)) vanishes 

in the case of 1-,,( x). Thus, the wf* norm of the error lh( x) has the shape 

111h I W;n*11 = {L [t [1 + (~~)2] mj
] -1}1/2, 

. k#-O )=1 ) 

i.e., this norm is O(maXj h'j'i). Furthermore, the wf* norm of l-,,(x) is not greater 

than the norm of an arbitrary error li-(x) with the same mesh-size-vector h. Con-

sequently, lh( x) is asymptotically optimal in W2m as Ihl -t O. 
The proof of Lemma 6.6 is complete. 

Corollary 1.2. For m > n the error l-,,(x) is asymptotieally optimal inWim) 

as Ihl-t O. 
To demonstrate, let m1 = ... = m n = m under the hypotheses of Lemma 6.6. 

Theorem 6.3. Let n be a domain with pieeewise-smooth boundary whieh 
lies strictly in the interior of Q. Let BBL-error l~(x) have an optimal mode of 

eonvergenee in the isotropie spaees W~m) for some p < 2 and m = M 1 ,M2 , where 
M 2 > M 1 > n, M 1 and M 2 are even, i.e., the estimates hold 

Il ig I w(m)*11 ::; K max hm 1 ::; p < 2. (1.15) 
h P 1:::;j:::;n )' 

Then l~( x) is asymptotieally W2' -optimal for m j E (M1 , M 2 ). 

PROOF. In the hypotheses of the theorem we may assume that p > 1. If 
p = 1 then, in view of the embedding of W~m) in W~m), the estimate (1.12) is valid 
for all p > 1. Without loss of generality, we may thus suppose that 1 < P < 2. 
By Corollary 1.1 the estimate (1.12) remains valid for every m in [M1 ,M2 J, in 
particular, for m equal to some M 3 between maxj mj and M 2 • 

We proceed with proof along the lines of Theorem 6.1. Let 
n 

/1>2(0 = L(1 + ~j)mj, II1I iirll = 11111m, Illhllm = ?jJ(h). 
j=1 

no --Denote by Ih' (x) the error supported in the closure of n, whose W2m * norm lS 

minimal among the wf* norms of all errors Ii-( x) of the shape 

li-(x) = Xn(x) - h1 •.. hn L cß(h)8(x - I(h)ß). 
I(h)ßEn 
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If PI stands for the projection in w:F* to the subspace composed of the linear 
combinations 

L ak8(x - I(h)ß), 
I(h)ßEn 

then we clearly have l~'o(x) = Xn(x) - PIXn(x). Moreover, 

Show that the right side of the above equality is o( 'IjJ(h)) as jhj ~ o. 
To this end, take an arbitrary s > 0 and consider the sets 

r e = {x: xE no \ n, p(x,n) ~ s}, W e = no \ (n ure). 

To the set W e we assign the homogeneous error 

lI'(x) = L 10 (x/h - ß) 
I(h)ßEw. 

of degree M ~ 2M2 - n + 1, and consider the difference 

(1.16) 

By the hypotheses of Theorem 6.3, l~ is a BBL-error. Therefore, the volume of the 

support of l~' is O( s) as s ~ O. By Lemma 6.5, Corollary 1.2, and the estimates 

(1.15) the W;m)* norm of each of the functionals 1/1' l~, and lI' is O(maxj hj) for 

m = MI, M 2 , M 3 • Consequently, this holds true also for l!:.·(x). Whence and from 
Theorem 4.5, for m = MI, M2 , obtain h 

111~' j W~m)*11 ~ Ks I /p-I/2 maxhj(l + 0(1)). 
J 

Applying Lemma 6.4 with p = 2 and jhj ~ 0 to l~', infer the estimate 

111~' j W;r'*11 ~ Ks I /p-I/2 maxhji (1 + 0(1)). 
J 

Revert to estimating the norm in the right side of (1.16). The definition of PI 
implies that 

(1.17) 
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Deeompose l~ into the sum of 1-;;( x), l~' (x), and l~' to obtain 

(1.18) 

We estimate land II from above, arguing as in the demonstration of upper bounds 
on I and II in Theorem 6.1. Doing so, we should bear in mind that the error 1-;;( x) 
is asymptotieally optimal in wr* by Lemma 6.6. We thus infer 

1+ II ::; o( ?/J(Tt)) + 111~'llm::; KC;1/p-l/2 max hji (1 + 0(1)). 
J 

Writing down an expression analogous to (1.4), we eonclude that 

To estimate the norm in the right side, use an analogous inequality to (1.5), arriving 
at 

111~' I W2m (O)*11 ::; 111~' I Wi M2 )*II· 
By the hypotheses of Theorem 6.3 M 2 is even and greater than the maximum of the 
numbers mj. Consequently, we may apply Lemma 6.5 to estimating the Wi M2 )* 

norm of l~·. We henee obtain 

III::; Kmaxhr2 = o(maxhji). 
J J 

Summing the bounds on I, II, and III in (1.18) and using (1.16)-(1.17), we finally 
arrive at 

Sinee C; is arbitrary, it follows that the left side is 

Whenee and from Lemma ?6 it follows that l~(x) is asymptotieally w2m-optimal. 
The proof of Theorem 6.3 IS complete. 

For anisotropie spaees, the formula (1.6) for the norm of an asymptotieally 
optimal error remains valid 

(1.19) 

Optimize the right side of this formula over all admissible h. 
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Theorem 6.4. A mesh-size-vector ho optimal with respect to the rate of con­
vergence for the space Wr is determined from the equalities 

provided only that the conditions (1.15) and (1.9) agree. Moreover, we have the 
equality 

with N = NI ... N n standing for the number of lattice nodes in the cu be Q. 
PROOF. Optimal among the lattices (1.8) and (1.9) is that to which there 

m' corresponds the fastest decrease of maxj h j J as the number of nodes of a cubature 
formula increases infinitely. 

The number of nodes grows like lül/(h1 ... hn ) = O(1/(h1 .•• hn )). Con­
sequently, those h1 , ••• , hn are best that provide the minimum of maxj hjj for 
h1 ••• hn = l/N. Thus, we come to the problem: find hlO , ••• , hno satisfying the 
condition 

hmj • hmj max jO = mm 1 max j . 
J h1···hn=N- J 

If at least one of the numbers h ~j were less than the others then we would di­

minish all the rest of them by slightly increasing h~j. We thus would diminish 
min(maxj hjj ), which is impossible. Consequently, all h~j are equal. Thus, 

Therefore, 

-1/( t l/mj) 
T = N j=l 

The proof of Theorem 6.4 is complete. 

n 

- L l/mj 
N = NI ... N n = T j=l 

In the above example, the norm of the error of the cubature formula with equal 
weights in W~,4 is 

O(N-1/(1/3+ 1/ 4)) = O(N-12 / 7 ) 

in the case of the best choice of h1 and h2 • 

Observe also that the requirement of agreement between (1.9) and (1.15) 
in Theorem 6.4 is of technical character. It may be eliminated. 
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§2. Cubature Formulas with Bounded Boundary Layer 

in Hölder Spaces 

We intend to translate the theory of asymptotic optimality of lattice cubature 
formula on the dasses of functions continuous with derivatives up to some order. 
We, however, encounter difficulties in exactly defining the normed spaces of these 
functions. To darify the matter, we revert to the theory of differential equations. 

The solvability theory for elliptic equations take a perfect shape not in the 
dassical spaces of continuously differentiable functions but rat her in the Hölder 
dasses ((f·y)m. Here m is a natural, and the exponent I > 0 enters in the Hölder 
condition which must be met by the higher derivatives of order m of a function 
in ((:'"r)m. This relates to the problem of existence of multipliers of the Fourier 
transform which are available in ((:'"r)m only for I > O. 

In our calculations we lean upon Bessel scales of spaces whose definition is 
tightly woven with the concept of multiplier and, therefore, we work in Hölder 
dasses. 

Deeper reasons for absence of asymptotically optimal cubature formulas in the 
dassical spaces c(m) consist probably in the fact that the unit ball of such space is 
not strictly convex. This complicates the optimization problem, since the extremal 
function of an error may fail to exist or to be unique. 

We deal with one of the possible equivalent norms of aspace. We introduce 
a bulky but technically convenient norm of the index-zero space generating the 
Bessel sc~e of ihe Hölder spaces. 

Let Bo = C'"r comprise the periodic functions with period matrix H which are 
the limits of finite Fourier series 

in the norm 

fex) = L J(ßlei21rßH-lx 
ß 

Ilf I (:'"rll = max(lJ(oll,m;xJt?'"r L(1 + IH- h ßI2)-'"r/2 f[ßlei21rßH-IX) , 
ß 

with 0 < I < 1 and 

( 'lbJ'"r)()_ Ig(x+y)-g(x)1 
.n 9 x - sup I I 

y y'"r 

standing for the Hölder constant of order I at a point x. It is well known that for all 
I E (0,1) and m > 0 the spaces BiJ' == (:m are the Hölder dasses of smoothness m. 
Ohserve that the dass (:m with m an integer is dose to hut not coincident with 
the dass c(m) of m times continuously differentiable functions. 
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We further require, considering h -+ 0, not only that l/h be an integer number 
but also existence of a sequence ho -+ 0 with I/ho and ho/h both integers and 
a possibility that h vanishes at ho constant. Such sequence is, for instance, hj = 2- j 

in which case ho = 2-jo . 

Arrange the homogeneous error of degree M that corresponds to the unit 
cube Q shrank in I/ho times, i.e., put 

Derive the estimate 

as h -+ O. The main obstacle to this consists in the fact that the simplest trans­
formation x = hoY sending Z~o to Zoo does not preserve the periodic space of test 

functions. To obviate this difficulty, given l~o, in Cm( Q) define a sequence of 
asymptotically norming functions <Pj(x, h) with period matrix hol which possess 
the properties 

If the functions <Pj(x, h) are available then by their periodicity with matrix I we 
have 

I (l~o, <P j) I = hg 1(100, <Pj) 1(1 + 0(1)) ::; hg IIZoo I Cm* 11(1 + 0(1 )). 

Whence and from the definition of {<p j} we infer a desired estimate for the norm 
h ~ 

of 1 h O in Cm *. 
Before constructing the needed functions <I> j( x, h), establish an additional prop­

erty of a homogeneous error. 
Consider an infinitely differentiable function ( supported in the closure of Q. 

Let ( depend on h so that 

ID~((x, h)1 ::; K.llog hl lal , lai ~ 0, 0< h ::; 1. 

Then we call ((x) a /unction 0/ logarithmic truncation or, in short, a logarithmic 
truncator. 

At homogeneous errors Z'h, the operator (1- tl)m and the operator of multipli­
cation by a logarithmic truncator commute to within summands presenting higher 
order infinitesimals as h -+ O. We state our claim exactly. Agree to denote by 

the commutator of (1 - tl)m and the operator of multiplication by (. We have the 
following 
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Lemma 6.7. Assume that l'h(x) is a homogeneous error of degree M, and 
((x,h) is a logarithmic truncator. Then as h --t 0, for all numbers ml, m2, and 
m3, mj > n, satisfying the condition n < 2(m3 - ml - m2) < M - 1, we have the 
relation 

11(1- Ö)m1 [(1_ Ö)m\(](l- örmsl'h I L2 11 
= 0(11(1- Ö)ml+m2-msl'h I L2 11)· (2.1) 

PROOF. By Theorems 6.2 and 4.3, given m in the interval (n, M), observe 

It thus suffices to prove that the left side of (2.1) is 0(h2(ma-m1 -m2»). 
If Zl(;) and Z2(X) are periodic functions, Zl E (5(00) and z2 E W~m), then for 

all e E [0, m - n/2) and 2r E (-1, m + 1] the inequality holds 

11[(1 - öy, Zl]Z2 I L211 '5:. Cr L max IDaz1(x)lll z2 I w~2r-lal) 11 
x 

1~lal~1I2rll 

+Ce L m;xIDaz1(x)llIz21 w~m-e)ll· (2.2) 
lal=1I2rll+l 

For [l2rll = 0, the first sum on the right side of (2.2) is absent. 
To justify (2.2), express the result ofthe action ofthe commutator at Z2 through 

the Fourier coefficients. We have 

(1 - ~Y(Zl (X)Z2(X)) = L(1 + 127l"k12y L Zl [k - S]z2[s]e i2dx . 
k s 

Move the factor (1 + 121l"k12 t under the summation sign over sand expand it in the 
Taylor formula at the point s with remainder of degree [12rl] + 1 in integral form. 
To the first term of the Taylor series there corresponds zl(x)(l - Ötz2(X), to all 
others taken together, the result of the action of the commutator at Z2(X). The 
summands corresponding to the Taylor series may be written as 

The respective L 2 norm is easy to estimate as follows 



Universal Asymptotic Optimality 203 

To the summand related to the remainder of the Taylor series, there corresponds 
the sum over a, lai = [l2rl] + 1, of the integrals 

1 J (1 - t)[l2r ll . 
a! I)Da (l27r(s + t(k - s)W + 1t)(k - stzIlk - S]z2[s]e'21rkx dt. 

o k,s 

Using the Parseval identity, find an upper bound for the norm of this sum in L2 • 

It is easy to see that a sought dominant is as follows 

with 

Clearly, the function t/J is bounded uniformly in t, a, k, and s. Move the 12 norm 
over k under the summation sign over s in the expression I. Estimating It/JI with 
a constant, obtain 

I::; C2 2: 2: IZ2[sli (2: Izdk]kal2 Y/2 
lal=[l2rll+l s k 

::;C3 2: m:xIDa z1(x)I2:l z2[sll. 
lal=[l2rll+l s 

Since m - € > n/2; therefore, 

Thus, (2.2) is established. 
It is easy that the norm of the left side of (2.1) is less than or equal to the sum 

of two terms each of which is a L2 norm similar to the left side of (2.2). In more 
detail, those are the L2 norms as follows: first, with 
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and, second, with 

In each of the two cases, obtain the dominant 

Kilog hI2(m1+m2)+111/h' I W?(ma-m1-m2)+1)*11 

which is o(h2(ma-m~m2») by Corollary 4.2.2. Using this, we estimate the norm of 
the commutator in L 2 • The proof of Lemma 6.7 is complete. 

Lemma 6.8. For every mE (n,M) the inequality holds 

(2.3) 

aB h --t O. 

PROOF. Taking a function <pe T) E c< 00)(lR.) equal 0 for T < 0 and equal 1 for 
T> 1, arrange a logarithmic truncator (~O(x) by letting 

n 

(~O(x) = II <p(x jllog hl)<p((ho - Xj )1 log hl). 
j=l 

Clearly, (~O(x) equals 0 beyond hoQ, and at the interior points of hoQ at a distance 
greater than 1/ !log h I from the boundary, the function (~O (x) equals l. 

Show that the norm of 

is negligibly small as compared with the right side of (2.3). 
In further proving there will appear several summands that are o( h m). We 

neglect them since 

with Kindependent of h. We now validate the above estimate for 100 . 
To this end, take some infinitely differentiable function ((x) supported in Q 

and put 

tP( x) = L (( * -k) . 
hkEQ 

We then have the inequality IltP I am 11 ::; Kahm and hence the estimate 
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We now have 

111~O(x) - (1- ß)mckO(x)(l- ß)-mloo(x) I Cm*11 

::; KII(l - ß)-m/21~o(x) - (1 - ß)m/2cko(x)(1 - ß)-mloo(x) I L2 11· 

Replace the second term of the difference under the L2 norm sign with 

on commuting (1- ß )m/2 and cko (x). Then bound the whole norm ofthe difference 
by 

11(1- CkO(x))(l- ß)-m/21~o(x) I L2 11 
+llckO(x)(l - ß)-m/2 (loo(x) -l~O(x)) I L211. 

Both norms in (2.4) are estimated similarly. We thus estimate the first. 
Given an arbitrary 6 > 0, split the error l~O (x) into the two summands 

(2.4) 

The first of them only contains local errors 10 (x / h - k) such that the point hk is at 
a distance greater than 6 from the support of 1 - cko (x). Thus, for h sufficiently 
small, the support of lo(x/h - k) is at a distance less than 6/2 from the support 
of 1 - C~O(x). The rest of the local errors lo(x/h - k) sum up to the generalized 
function l~' (x). It is clear that, as 6 -t 0, the volume of the domain r e also vanishes. 
Considering this, we see that the first summand of (2.4) is bounded by 

Il ir • I W(m)*11 + su l(l~'(x),(l- ~)-m/~(l_ (~O(x))f(x)) I. (2.5) 
h 2 l 111 I L 2 11 

By Remark 3 on Theorem 6.2, there is a constant K such that for all 6 > 0 the 
inequality holds 

111~' I W~m)*11 ::; Kve hm (l + 0(1)). 

Consider the second summand of (2.5). Denote by w the set of x such that 

Given a function 1 E L z, put 
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In w this function is a solution to the equation 

Consequently, u(x) is infinitely differentiable in w. Considering that w is at a dis­
tance at least c/2 from the support of the generalized function l~· in question, 
obtain the estimate 

Thus, the total of (2.5) does not exceed 

By the arbitrariness of c, this sum is o(hm ). 

To estimate the second summand in (2.4), let w = Q \ hoQ, and take l~' as 
the sum of elementary errors lo( x / h - k) such that the points hk lie at a distance 
greater than c from the support of (:O(x). As a result, infer that (2.4) is o(hm ). 

Thus, to obtain (2.3) it suffices to write down the norm in Cm * of the following 
generalized function 

Subtracting from the latter the generalized function 

observe that the Cm * norm of this difference is bounded by 

and so, by Lemma 6.5, it is o( h m). Put 

and continue estimating this norm. By definition, we have 

with 
W:;'Yf( ) _ If(x + y) - f(x)1 

.n x - sup I I . 
y y"l 
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Take a sequenee of functions j(j) (x) with the C'"Y norm equal 1. Assume further 
that this sequenee has the property 

The generalized function for whieh we examine the limit of its values at jW (x) 
is symmetrie with respect to the eoordinate planes passing through the point 
(ho/2, ... , ho/2). Consequently, we may also assume that the sequenee jW(x) 
has the same property. 

Show that jW (x) may be replaeed with functions whieh in addition to the 
above-listed properties of jW (x) are periodie with period matrix hol. 

Let 4)(j) (x) = jW (x - ho k) for x E ho (Q + k). This is a periodie function 
wi th period matrix ho l. In view of the symmetry of j(j) ( x ), the function 4) W ( x ) 
is eontinuous. Sinee jW (x) satisfies the Hölder eondition with exponent '"Y < 1 
and Hölder eonstant maxx.Ye"f j(j) (x)j therefore, 4)(j) (x) meets the same Hölder 
eondition and, moreover, 

max .Ye"f 4) (j) ( x) :::; max.Ye"f j(j) ( X ). 
x x 

Denote the integral J Q 4)(j) (x) dx by 4) ~j) and eonsider 4)(j) (x) - 4) ~j). It is 
clear that 

max.Ye"f(4)(j)(x) - 4)~j»):::; max.Ye"fj(j) (x). 
x x 

Consequently, the estimate holds 

The action oft he generalized function (~O(x )(1- ~)-(m-'"Y)/2100(x) under eon­

sideration at the differenee <I>(j)(x) - <I>~j) is defined by the equality 

((~O(x)(I- ~)-(m-"f)/21oo(x),4)(j>Cx) - 4)~j») 

= ((~O(x)(I- ~)-(m-"f)/2Zoo(x),j(j>Cx)) - 4)~j)((~O(x)(I- ~)-(m-"f)/2zoo(x), 1). 

Show that the last summand is o(hm ) uniformly in j. First, observe that 

with Kindependent of j. Seeond, we have the relations 

1 ((~O(x )(1 - ~)-(m-"f)/2Zoo(x), 1) 1 = 1 (loo(x), (1 - ~)-(m-"f)/2 (~O(x)) 1 

~ IIZoo I W~m+2-"f)*IIII(~O I W~2)11 ~ Khm+2-"f1 log hl2 = o(hm ). 
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Thus, we have shown that 

N ow, arrange the function 

( ') (j) 
(j) _ <p J (x) - <Po 

9 (x) - 11 <p(j)(x) _ <p~j) 101'11' 

The sequence g(j) pos ses ses the following properties 

In this event, g(j) (x) are periodic functions with period matrix hol. 
Extend the function (~O(x) from hoQ to the whole space with the same period. 

In other words, define the function z:o (x) as 

Then the expression I satisfies the following estimate 

1= ,lim ((~O(x)(l- to)-(m-'Y)/2100(x),g(j)(x)) + o(hm) 
J->OO 

= h~ lim (z:O(x)(l- to)-(m-'Y)/2100 (x),g(j)(x)) + o(hm) 
J->OO 

:::; h~lIz:O(x)(l- to)-(m-'Y)/2zoo(x) 101'*11 + o(hm). 

We may estimate the last norm through the sum of the norms of the two generalized 
functions 

For the first of them, the equality holds 

while the second is bounded by 
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Transposing the operator of multiplication by (1 - z!o (x)) and the operator 

(1 - b.)'Y/2 in II, from Lemma 6.5 infer the inequality 

II S III + o(hm ), 

with 
III = 11(1- z!O(x))(1- b.)-m/21oo(x) I L2 11· 

To estimate the norm of III, repeat the scheme of the reasoning involved in esti­
mating (2.4). 

Let re be the union of cubes h(k + Q) such that the point hk is at a distance 
less than c from the support of 1 - z!o (x). Put 

lI«x) = L 10 (~- k), l~'(x) = loo(x) -lI«x). 
hkEr, 

Obviously, we have the inequalities 

III S K111I' I W~m)*11 + 11(1- z!O(x))(l- b.)-m/21~·(x) I L2 11; 

111I' I w~m)*11 s KVihm . 

Estimate the second summand in the penultimate inequality as follows 

I (l~'(x), (1 - b.)-m/2(1 - z!O(x))f(x)) I sup _ 
f IIf I L 2 11 

M 11(1- b.)-m/2(1_ z!O(x))f(x) I W~M)(suppl~')1I < Kh sup _ . 
- f IIf I L 2 11 

Arrange the set w, the complement to the cube Q of the support of 1- z!O(x). Let 

f( x) be an arbitrary function i'n L2 . Put 

u(x) = (1- b.)-m/2(1_ zZO(x))f(x). 

Then u( x) is a solution to the equation 

(1 - b.)m/2u(x) = 0 

in w. Noting that the support of l~'(x) is compactly embedded in the interior of w, 
from Lemma 6.2 we obtain the estimate 

Ilu I W~M)(suppl~')11 s K(c)/If I L 2 11, 

with K(c) a constant independent of J. We may thus dominate II that was intro­
duced earlier as follows 

II S o(hm ) + K1 Vi hm + K2(c)h M • 

By the arbitrariness of c, this expression is o(hm ). The proof of Lemma 6.8 is 
complete. 
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Theorem 6.5. Assume that, for some p, 1 < P < 2, and m = ml, m3 with 
n< ml < m3, the BBL-error l~(x) admits the estimates 

Then l~(x) is asymptotically optimal on every space Gm for mE [mI, m3). 

PROOF. Theorem 4.2 yields a lower bound on the norm of l~ in Gm 

It thus suffices to obtain the same upper bound on this norm. Put 

u ho(Q+k). 
p(hok,IRR \O»y'n ho 

Obviously,Oho cO and 10 \ Ohol- 0 as ho - O. Decompose l~(x) in the sum of 
two homogeneous errors of degree M by putting 

1~(x)=I~hO(x)+I~\OhO(x), with l~hO(x)= L lo(~-k). 
hkEOho 

By Corollary 4.2.2, the inequality holds 

with K l a constant independent of hand ho. 

Since the norm of 1~\Oho is at most the sum of the norms of l~ 
therefore, 

111~\OhO I w~m)*11 S; K 2hm + o(hm ), m = ml, m3. 

By Theorem 4.5, for m E [ml, m3), we have 

In view of the embedding Gm in W~m) this estimate is also valid for the Gm* norm 

of the error. In proving Lemma 6.8, we observe the estimate 11100 I Gmll ~ Kh m . 

Consequently, the norm of IO\Oho may be estimated as follows 
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Now, estimate the Cm * norm of l~hO(x). Applying to the generalized function 

l~ho (x) the triangle inequality and Lemma 6.8, obtain 

Combining (2.6) and (2.7), write 

Dividing both sides ofthe last inequality by 11100 I cm* 11 and letting h vanish, come 
to the inequality 

Now, letting ho vanish, arrive at what was required. The proof of Theorem 6.5 is 
complete. 

An analogous assertion holds also in the case of a lattice with arbitrary ma­
trix H. 

§3. Constructing Universal Asymptotically Optimal 

Formulas 

The integration domain nunder study is always a bounded domain with 
piecewise-smooth boundary. Let a sequence of cubature formulas be such that 
each of their errors l~H(x), have a bounded boundary layer and possess the norm 

that is O(hm) in W~m) for somep < 2, p ~ 1 and m = M1 ,M2 , with n < MI < M 2 • 

Then these cubature formulas are asymptoticaHy optimal in the coHection of spaces 
W~m), and (C'Y)m for m E [M1 ,M2 ), as weH as in ii~ with the function p, of The­
orem 6.l. 

Formulas with regular boundary layer satisfy these sufficient conditions of uni­
versal asymptotic optimality. Computer tasks for calculating integrals by using 
such formulas were written by L. V. Voltishek [292] for rational polyhedra and by 
N. I. Blinov [30-31] for plane domains with smooth boundary. 

We describe the construction of cubature formulas of another dass which are 
also instances of a universal asymptotically optimal formula. These are formu­
las with bounded boundary layer. Indeterminacy of the constants entering the 
definition of BBL-formula enables us to use in constructing these formulas the con­
ventional operations of analysis. In particular, available are smooth changes of 
variables and bounded linear operations in the corresponding spaces. 
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We assume that H is the identity matrix I and so the lattice is cubic. Con­
sider n with smooth boundary r. Given a point x E IT, we may indicate a neigh­
borhood U(x) such that the part ofthe boundary rn U(x) may be rectified on one 
of the eoordinate planes. 

By the eompactness ofr, we may ehoose afinite cover Ut = U(xt ), t = 1, ... , T, 
and a partition 0/ unity {CPt}T=1 subject to this cover, i.e., 

V C (oo) 
CPt E 0 , 

Construct the error l~nUt(x) in each neighborhood Ut, and obtain a cubature for­
mula for the entire domain n by summing the found local formulas with the weight 
CPt( x). In other words, we assume further that 

T 

l~(x) = Lcpt(x)l~nUt(x). (3.1) 
t=l 

If 4(h) are the weights of the eubature formula eorresponding to l~nUt(x) then 
l~(x) has the weights ck(h) subject to the eondition 

T 

ck(h) = L cpt(hk)4(h). (3.2) 
t=l 

We are left with finding out how to construct the loeal errors l~nUt (x). 
Designate x = (Xl, ... , Xn-l, xn) = (x', xn). In general, let the prime stand for 

the (n - 1 )-dimensional version of a notation. For instance, 8' (x) is the (n - 1 )-di­
mensional Dirac delta function, 

(8'(x'), cp(x» = cp(O', xn). 

Also, let 8n (x n ) stand for the singly-indexed Dirae delta function acting along the 
nth eoordinate, and let [aJ and {a} stand for the integral and fractional parts of 
areal a. 

For definiteness, take a neighborhood U = Ut such that 

rn U = {x : X n = ,(x')" E C(M)}. 

Let <I> : Rn --t Rn be a smooth one-to-one mapping of U whieh rectifies rn U and 
is given in U by equalities 

y' = <I>'(x') = x', Yn = <I>n(x) = Xn -,(x'). 
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It is natural to assurne that n n U lies to the one side of the boundary r n U. 
Assurne furt her that for all x E n n U we have X n > ,(x'). 

We obtain the error l~nu(x) by the change of variables y = «I?(x) from [W(y), 
with w = «I?(n n U) and 

[W(y) = Xw(y) - hn L ciö'(y' - hk')ön(Yn - hkn + ,(hk')) 
hkEünU 

= Xw(y) - hn L c~"kn+b(hk')/hlö'(y' - hk')ön(Yn - hkn + h{,(hk')jh}). 
hkEw 

It is convenient to have the weights Ck defined for all k in zn. To this end, let 
Ck = 0, for hk ~ w. In this event the error IW(y) takes the shape 

lW(y) = Xw(y) - L Ci',kn+b(hk')/hJÖ(Y' - hk')ö(Yn - hkn + h{,(hk')jh}). 
k,kn :::1 

Determining the weights of [W(y) we should bear in mind two circumstances. First, 
the nodes of IW(y) must lie on the "curved lattice," i.e., at the points of 

{(hk',hkn - h{,(hk')jh}): k E zn}. 

Second, in the last summation over k, we may substitute the condition 

kn > {,(hk')jh} 

for the condition hk E w; since only the weights of delta functions with support 
in ware automatically preserved under multiplication by the truncator <pt(<<I?-l(y)). 

Moreover, in the formula for IW(y) we may replace w byan arbitrary bounded 
subset w in the half-space Yn 2: 0, if only «I?-l(W) includes n n U. Instead of 
the condition kn > {,(hk')jh} require the condition kn 2: 1, which guarantee the 
validity of the preceding inequality because 0 ::; {,( hk') j h} < 1. 

Define the coefficients b~ = ci',kn+b(hk')/hJ so as to guarantee the asymptotic 
equality 

Illw I w~m)*11 = O(hm ). 

After the change of variables x = «I?-l(y), multiplication by <Pt (x), and summation 

over t, this property, obviously translates to the norm III~ I W;,*II· 
To this end construct an auxiliary homogeneous error on the cubic lattice in the 

variables y as follows 

q'h(Y) = L 10 (* -k) = L L 10 (* -k). (3.3) 
hkEw k' kn~O 
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Take a local error lo(y) of order M + 1 in (3.3) such that the support of the discrete 
part of lo(Y) lie in the half-space Yn > 0, i.e., put 

lo(y) = XQ(Y) - L ako(y - k)j (lo(y),yG:) = 0, lai::; M. (3.4) 
k,kn~l 

Here ak vanishes for every vector k beyond some ball with center the origin and 
radius R = R(M). If R(M) is sufficiently large for a given M then the local error 
(3.4) exists. 

Now, summation in (3.3) is taken over k such that kn 2': 1, namely, 

q'h(Y) = Xw(y) - hn L bkO(y - hk). (3.5) 
k,kn~l 

From (3.3)-(3.4) it follows that bk in (3.5) vanishes for each k beyond some ball. 
Assurne further that bk = 0 for kn < 1. We now arrange the expression 

~(y) == lW(y) - q'h(Y) 

which, if summed up with q'h(y), yields lW(y). The generalized function ~(y) is 
a linear combination of delta functions. By choosing ~(y), we will ensure the 
replacement of the delta functions supported at the nodes of an auxiliary cubic 
lattice by delta functions supported at the nodes of the "curved lattice" 

{(hk',hkn - h{-y(hk')fh}): k E zn}. 

We perform this operation separatelyon each half-line 

{y : y' = hk', Yn 2': O} 

with the help of a homogeneous generalized function 

J 

~n(Yn) = on(Yn) - L VjOn(Yn - h(j -rJ)), (3.6) 
j=l 

with rJ = {-y(hk')fh}. 
Using (3.6), it is easy to see that 
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Consequently, the shape of Ö(y) for suitable ci is as follows 

Ö(y) = hn L {bk6(y - hk) - ct',kn +h'(hk')/h16'(y' - hk')6n(Yn - h(kn -1]))} 
k,k n ~l 

Thus, the initial unknown weights Ck are linear combinations of the new unknowns 
v j depending on 1]. 

The main requirement we have to meet when choosing v j is as follows: The 

error lW(y) must have an optimal mode of convergence in W;m). To ensure this, 

it suffices that the W~m)* norm of the generalized function Ö(y) be O(hm). We 
may achieve the latter if (Ön(Yn),!(Yn)) is a finite difference of high order with 
a variable mesh-size. The node Yn = 0 of such finite difference does not belong to 
the set of nodes {h(j -1])}f=l' 

We subject the coefficients Vj to the conditions 

i.e., we require the following 

J 

L Vjja = 1]a, 

j=l 
lal~M. (3.7) 

Obviously, for J ~ M + 1, these simultaneous linear equations for the unknowns 
Vj, j = 1, ... , J, are solvable. Take J = M + 1. Then Vj are determined uniquely. 

The collection of the conditions (3.3)-(3.7) enables us to construct a sought 
functional CPt(x)l~nu(x). We justify this claim below, and now we give as an ex­
ample the final formula for the weight ci of the cubature formula at the node hk 
of a given neighborhood Ut such that n n Ut C {x : X n > ,(x')}. 

We see that ak, the weights of the n-dimensional error lo( x), may be expressed 
through the weights of its one-dimensional analogs 

with 

lal~M. 
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This manner of prescribing ak is convenient because the matrix B of the algebraic 
system determining aj coincides with the matrix of (3.7). Denoting by aij the 
entries of the inverse matrix B-1 , see 

M+l M+l 

Vi = L aij17 j- 1 , ai = L aijfj, i = 1,2, ... , M + 1. (3.8) 
j=1 j=1 

It is of service to set the coefficients ai, i ~ [1, M + 1), equal O. Inserting (3.4) 
in (3.3) and collecting similar terms, calculate bk to obtain 

min{kn ,M+l) min{kn ,M+l) 

bk=L L at',tn=Latl· .. atn_l L atn' 
t' t n=1 t' t n=1 

Since L~il aj = 1; therefore, 

min(kn ,M+l) 

bk = L aj. 
j=1 

In other words, the value of bk is determined only by the nth component of the 
index k, i.e., bk = h n • 

The final formula for the error lW(y) results from substitution of bk and Vj in 
the relations defining ~k and ~. The weights 4 in the case under study take the 
form 

M+l 1 M+l min(kn -e-l,M+l) min(kn -e-r ,M+l) 

c~ = L - L 1]q-l L arp L asq , 
p=1 P q=1 r=1 

(3.9) 
8=1 

with e = [,(hk')/h) and 'f/ = {,(hk')/h}. The formula (3.9) is valid for kn > e + 1 
and hk E w. For kn ~ e + 1, put 4 = O. 

Check fulfillment ofthe conditions (1.1)-(1.2) for l~(x) with the weights ck(h) 
calculated by (3.2). Obviously, ci,(h) are bounded uniformly in k and h. Observe 
also that in (3.9) all sums are taken up to M + 1, if only the node hk lies far from 
the boundary, i.e., for hkn > ,(hk') - 2h(M + 1). In this event, the equality holds 

M+l M+l 1 M+l M+l M+l M+l 

c~ = L L arp - L L asq'f/q-l = L ar L Vs = 1. 
r=1 p=1 p s=1 11=1 r=1 8=1 

An analogous equality holds for the weights c'k(h) provided by (3.2). This is easy to 
check by using the properties of the functions ((Jt(x), t = 1, ... , T. Indeed, if 4 = 1 
in (3.2) then 

T 

ck(h) = L ({Jt(hk) = 1. 
t=1 

Thus, our construction yields BBL-formulas. 
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Theorem 6.6. Tbe BBL-error l~(x) witb weigbts ck(h) defined by (3.2) bas 

an optimal mode of convergence in W~m) for all P 2: 1 and mE [MI, M2l witb MI 
and Mz integers subject to tbe condition n < MI S Mz SM. 

PROOF. From the preceding reasoning we see that it suffices to obtain the 
following estimate 

with cp E {cpl, . .. ,CPT}. Applying Theorem 4.4 to l(y, h) = cp( <I>-I(y »~(y), reduce 
the problem to the two extreme cases m = MI, Mz, i.e., m an integer. 

Given an arbitrary function f E W~m), put g(y) = cp(<I>-I(y»f(y). Then the 
equality holds 

(3.10) 

Introduce the notation 

M+l 

q(y',k,h) = g(y',hkn) - L Vjg(y',hkn + hj - h{[(hk')jh}). 
j=1 

The braces in (3.10) contain the value of q(hk', k, h). Express it through the inte­
grals over 

w = h( Q' + k') = {y' : 0 S Yj - kj < h, j = 1,2, ... ,n - I}. 

It is obvious that 

hn-1q(hk',k,h) = J q(y',k,h)dy' + J(q(hk',k,h) - q(y',k,h»dy' 
w w 

1 

= J q(y', k, h) dy' + J J Dtq(y' + t(hk' - y'), k, h) dtdy' 

w w 0 

1 n-l 

= J q(y',k,h)dy' + J L J hDiq(y' +t(hk' - y'),k,h)(ki - Yi)dy'dt. 
w 0 1=1 w 



218 Chapter 6 

Inserting this expression in (3.10), obtain 

('P( cp-1 (y ))~(y), J(y)) 

J { M+1 } 
= ~ h L h g(y', hkn ) - L Vjg(y', hkn + hj - h1]) dy' 

k h(Q'+k') k n 2:1 J=1 

1 n 1 

+ Jt{~ J h2 L bk [Di9(Y' +t(hk'-y'),hkn ) 

o 1=1 k h(Q'+k') kn 2:1 

M+1 

- ~ VjDig(y' + t(hk' - y'), hkn + hj - h1])] (ki - Yddy' }dt, 

with 1] = {,(hk')jh}. 
Substitute for 9 and Dig their Taylor expansions in the last argument at 

the point hkn with the remainders of degree m and m - 1 respectively. In virtue of 
the conditions on Vj all terms of the expansion, except for the remainder, vanish. 

Coarsening the estimates, in particular, replacing bk = bkn and Vj by the same 
constant, obtain 

I( 'P( cp-1 (y ))~(y), J(y))1 

{ ( 
M+1 hkn +(j-71)h ) 

::; Khm ~ J ~ J ID::'(g)(y',s)1 ds dy' 
k h(Q'+k') J-1 hkn 

+ j'f2;, J 
o 1=1 k h(Q'+k') 

hkn +(j-71)h 

J I D;:'-' D, (g)( y' +I( hk' - y'), , ) I dsdydt } 

hkn 

::; Khmllg 1 w1m) 11. 

This actually means that 

The proof of Theorem 6.6 is complete. 
The above algorithm for constructing universal asymptotically optimal for­

mulas was implemented by I. Umarkhanov as a program for calculating multiple 
integrals over bounded domains with smooth boundary. He also generalized the 
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algorithm to bounded domains with pieeewise-smooth boundary. We now describe 
his results. 

To begin with, we formulate the definition of a domain n with piecewise­
smooth boundary r rigorously. For such a domain in Rn, to each point x of its 
closure, xE n, there exist a neighborhood Ux and a C(MLdiffeomorphism y = <p(x) 
mapping this neighborhood to the open unit ball with center the origin. The image 
of the set n n U x under this diffeomorphism is given by one of the relations 

Vo = {Y : Y~ + ... + Y! < I}, 
Vj = {y: Yl ? 0, ... ,Yj?' 0; y~ + ... + Y! < 1}, 1 ~ j ~ n. 

Observe that this definition is not satisfied, for instance, by tetrahedral pyramid 
in 3-dimensional space. A neighborhood with the desired property fails to exist 
about the apex, the vertex which all four faces are contiguous to. 

Further, using a partition of unity, obtain a sought cubature formula by sum­
ming the loeal formulas that are already-eonstructed for individual neighborhoods 
Ut eomprising some finite cover n. We explain how it is possible to construct such 
loeal formulas. 

If <p(n n U) coincides with the entire unit ball in Rn then we put 

ZU(x)=Xu(x)-hn L 8(X- k). 
hkEU 

If the image <p(n n U) coincides with Vi, i.e., in the neighborhood under eonsider­
ation the boundary r is smooth, then we perform the construction as before. We 
are left with addressing the cases <p(n n U) = Vj, j = 2, ... , n. We elaborate the 
construction for the case of 2-dimensional space when n = 2 and the sets <p(n n U) 
and V2 eoineide, i.e., 

- { 2 2 } <p(n n U) = V2 = y: Yl ? 0, Y2 ? 0, Yl + Y2 < 1 . 

Consider the partieular case in which one of the two smooth pieees of the 
boundary which lies in U is a coordinate axis, i.e., 

rn U = r l U r 2 , r l = {x : Xl = O}, r 2 = {x : X2 = ,(xd}, 

IT n U = {x : Xl ? 0, X2 ? ,(Xl), X E U}. 
(3.11) 

We perform the construction of a local cubature formula as it was described above 
for a neighborhood about the smooth boundary X2 = ,(Xl). We need only two 
minor changes. First, it is convenient to assurne that the function ,(xd is defined 
not only for Xl ? 0, but also for all Xl of the set resulting from projecting U to the 
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Xl axis. Second, on the support of the local error lo(Y) to be involved we should 
impose the conditions 

supp10 c {y: Y2 2': O}, supp10 c {y: Yl 2': O}. 

It is easy to check that such properties of an error as possession of a bounded 
boundary layer and an optimal mode of convergence are perfectly preserved, so are 
the equalities (3.2) and (3.9) for the weights of a cubature formula. We have thus 
completely solved the problem of constructing universal asymptotically optimal 
formulas for the plane domains of the shape (3.11). 

We reduce the general case to the particular case of (3.11). Denote the initial 
variables by z = (Zl,Z2); a neighborhood, by W; and the boundary, by G. In this 
event, we have 

Assurne that GI and G2 meets at the coordinate origin at the angle a. If this angle 
is acute then transform it into an obtuse angle by a change of variables z' = Az 
with a unimodular matrix A. The entries of Aare integers and its determinant 
equals 1. Such transformation preserves the no des and so the dass of the cubature 
formulas under consideration. 

We thus assurne that the angle a is obtuse, i.e., 11'/2 < a < 11'. Obtain a sought 
formula from another one by the change of variables Yl = Zl - gl (Z2) and Y2 = Z2. 
We suppose that gl(Z2) is a smooth function defined on the entire projection of 
W to the Z2 axis. In the variables Y we encounter the problem of constructing 
a BBL-formula over (3.11) having an optimal mode of convergence but with no des 
on a "curved lattice." In Theorem 6.6 we justified the procedure of obtaining such 
formula from an auxiliary formula with no des forming a cubic lattice. Consequently, 
it suffices to construct a lattice formula for the case of (3.11). We have just solved 
this problem. 

If a boundary comprises two smooth pieces, then the construction consists 
in double application of the algorithm for the case of a smooth boundary. 

This reasoning translates to the case of an n-dimensional domain. In this event 
a k-hedral piece of the boundary requires k rectifications of faces and reevaluations 
of delta functions we have described for a smooth boundary. 
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Cubature Formulas of Infinite Order 

We speak about a cubature /ormula 0/ infinite order whenever the error of the 
formula is O( h m) for all integer m and all functions in the spaee under study. 
Here h is the mesh-size of the lattiee of integration. The Mean Value Theorem for 
harmonie functions provides the simplest example of a formula of such kind. In § 6 
and § 8 of the eurrent seetion we eonsider not so obvious examples of eubature and 
quadrature formulas of infinite order. The starting point of our study is the next 
observation. The estimate of aeeuraey of a formula of approximate integration by 

means of the norm of its error is unimprovable as long as we eonsider the whole L~m) 
spaee. However, for every individual function cp in L~m) the vanishing of (lh,CP) as 
h --+ 0, i.e., weak eonvergenee, is always faster. This eireumstanee prompts us to 

seek for formulas of infinite order on various subspaces of L~m). As such we naturally 
take classes of infinitely differentiable functions, in partieular, the Gevrey classes. 
The properties of the latter are serutinized in § 2-§ 5 and § 7 of the eurrent ehapter. 
We thus address the formulas whose rateof eonvergenee exeeeds the rate we may 
expect from the formulas of a given polynomial degree. A similar phenomenon is 
referred to as superconvergence in [221]. 

§1. Weak Convergence of Cubature Formulas 

In Chapter 1 we found the exact value of the norm of the optimal error of 
a eubature formula in the L~m)(H) space of periodic functions. Recall that this 
error has the shape 

lh(X) = XOo(x) - L hnS(x - hH,), (1.1 ) 
hH"YEOo 
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with no the fundamental parallelepiped of the orthogonal matrix H. The appro­
priate candidates for the numbers h are only the quantities h = I/N, with N an 
integer, since the lattice of nodes hH, must also be periodic with matrix H. 

For every h, the error attains its maximal value at some element Uh(X) of the 
unit ball of L~m)(H). The function Uh(X) is L~m)-extremal for the error lh(x). 
In this event Uh(X) = N-m U1 (x/h). Assuming the volume of the fundamental 
parallelepiped equal to 1, namely, Inol = 1, we have 

The set of the i~m)-extremal functions corresponding to all admissible N is 
noncompact. Moreover, this set has no condensation point. The reader may check 
it by simple estimation of the norm of the difference between two elements of the 
set. Consequently, equality in the inequality 

(1.2) 

is not attained as h --+ O. Moreover, we now show that at every fixed element 
<p E L~m) the expression h-m(lh(X),<p(x)) (denote it by g~[N]) vanishes faster than 
it follows from (1.2), with the rate of convergence dependent on m. 

We have the following 

Theorem 7.1. Ifm > n then the sequence g~[N], N = 1,2, ... , belangs to h 
and the next estimate for the norm holds 

(1.3) 

with K(m) independent of<p. 
PROOF. To simplify calculations, restrict our consideration to the case in which 

the period matrix H is the identity matrix. This leads to no loss of generality. 
A function <p( x) expands in the following Fourier series 

(1.4) 

Summation here is taken over all integer multi-indices ß. The L~m)(H) norm of 
the function <p(x) of (1.4) is expressed as 

(1.5) 
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Obviously, convergence of the series on the right side of (1.5) amounts to the con­
tainment of r..p in L~m)(H). 

Calculate the error of an optimal cubature formula at the function r..p( x) ex­
panded like (1.4). Along with this, it is convenient to consider the error of a slightly 
more general cubature formula when the mesh-size varies with coordinates. Let 

with Q the unit cube in IR n and r a diagonal matrix with natural diagonal entries 
/'1, ... , /'n. For the generalized function ~o(rx) by definition we have 

1 
~o(rx) = L 8(rx - a) = L 8(x - r-1a), 

a /'1/'2 ... /' n a 

with a an integer vector. 
To find the value of the error l( x I r) at r..p( x), calculate (l( x I r), ei271"ßX) and 

use the expansion (1.4). For ß # 0, the equality holds 

Lr [ßl == (l( x Ir), ei21rßX) 

= 

The inner sum equals 0, if ßj is not a multiple of /'j, and equals /'j otherwise. 
Whence obtain 

(l(x I r),ei21rßX) = {-1, if ßj is.a multiple of /'j for every j, 
0, otherWlse. 

Returning to the value of l( x I r) at r..p( x), find 

'"' c[rßl 
(l(x Ir), r..p(x)) = - ~ Irßlm· 

ß#O 

(1.6) 

In the case when r = NI, with I the identity matrix of order n, the equality holds 

'"' c[Nßl 1 
g<p[Nl = - ~ Ißlm/2 Ißlm/2· 

ß#O 

Applying the Cauchy inequality to the right side of (1. 7), obtain 

(1.7) 
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By hypothesis m > n. Consequently, the second factor on the right side of the last 
inequality is finite: 

L l/Ißlm = KI(m) < 00. 

ß#-O 

Whence and from the definition of the norm of 12 it follows that 

Changing the order of summation, infer 

IIg<p 11211 2 ::; K;(m) L le[,x]l2 ::; Ki(m)II'P 1 L~m)II2 /(27r)2m 
A#-O 

(in the second inequality we used (1.5)). 
Thus, we arrive at (1.3), which completes the proof of Theorem 7.1. 
The estimate (1.3) is unimprovable in the sense that for no q > 2 we may assert 

that the norm IIg<p Ilq 11 is finite. 

Theorem 7.2. If n/2 < m ::; n, then for all q* > q = 2n/(2m - n) the 
inequality holds 

(1.8) 

with Kindependent of 'P. 
PROOF. Let 0 < E: < m - n/2 and 0 < J-t < 1. Recall that for a function 

'P E L;m) we have (1. 7). Replacing therein the coefficient e[N ßl by its modulus and 
properly collecting factors, come to the inequality 

Applying to the sum on the right side the Hölder inequality for the product of 
three functions with exponents I/PI = (1 - J-t)/2, 1/p2 = J-t/2, and 1/p3 = 1/2 and 
considering that I/PI + 1/p2 + 1/p3 = 1, obtain 

(1.9) 
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Here c* stands for (m - n/2 - c)/ J..l. Observe now that we have the relations 

L Ic[NßW :::; 11<p I L~m)112/(271")2m, 
ß:f.0 

Inserting them in (1.9), come to the estimate 

L 1/Ißln+2e = Kl(c) < +00. 
ß'#O 

(1.10) 

Let C = ((m - n/2)q* - n)/(l + q*) and J..l = 2/q*. Using the condition q* > q, we 
readily validate the following relations 

0< C < m - n/2, 0< J..l < 1, 2c* = n + Cl, Cl > O. 

Raising both si des of (1.10) to the power 1/ J..l and summing the result over all 
natural N, obtain the estimate 

Inserting in this inequality the variable ,\ = N ß and transposing sums, derive the 
inequality 

00 

L Ig,,[NW' :::; KII<p I L~m) r . 
N=l 

Thus (1.8) is established, and so the proof of Theorem 7.2 is complete. 

Associating with each function <p E L~m) the sequence of errors g,,[N], we 
thus define some embedding operator with codomain in l2 (for m > n) or in 19. 
(for n/2 < m :::; n). In Theorems 7.1 and 7.2 it is proven that such operator is 
continuous. Of interest is the quest ion as to whether or not the above embedding 
is one-to-one and invertible. 

Leaving aside solution of this quest ion in a general case, show that (1.6) enables 
us in principle to construct all Fourier coefficients ab 1 of a function <p( x) from 
a given system of errors. 

If <p(x) = 2:1' ablei27r'Yx then we let 

b"bl == La[rßl = -(l(x I r),<p(x)). (1.11) 
ß:f.0 
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Here r is a diagonal matrix with natural diagonal entries I'il. For r = NI and 
e = (1, ... ,1) the equality holds 

Express the Fourier coefficients a[,] of cp(x) E L~m) through the errors b<;:>[,], 
i.e., invert the operator C that is given by (1.11) on the set of functions a[,] of 
sufficient decay. 

We need the following formula 

x (Q c; ) ~ jt, X(C;,) - j~, x(c;, n C;,) 

+ ... + (_1)8+1 .L. X (n Gi,) + ... + (-lt+1X (n Gt) 
}m#}1 t=l t=l 

(1.12) 

for the indicator of the union of finitely many sets Gi belonging to some a-algebra. 
(The indicator XA(a) == x(a I A) of Ais a numerical function. The argument a is 
omitted in (1.12) for the sake of brevity.) 

To prove (1.12), consider the set Ek whose every element belongs precisely to k 
of the sets Cl, ... , Cn . Over the set E k, we readily see that 

Thus, on Ek the indicator of the right side of (1.12) takes the form 

(~) - (~) +G) + ... + (_l)k+l G) = 1, 

i.e., coincides with the left side. 
Denote the union of the sets Gi, j = 1, ... , n, by Co. It is not hard to see that 

n 

Co = U E k , Ei n E j = 0 for i =1= j. 
k=l 

The equality (1.12), valid over the set Ek, holds also on their union Co. At the 
points not belonging to Co, both sides of (1.12) equal O. Thus, (1.12) is proven. 
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Consider the tuples of numbers L = {h, ... , lt} composed of distinct elements 
of the set of indices {I, 2, ... , n}. To each tuple we assign its size, the number 
t = teL). For a fixed n the set of tuples L is finite. Enumerate its elements by 
means of the index j to obtain 

Require also that tj = t(L j ) be not greater than tj+l. Using the above notation, 
rewrite (1.12) as 

2n 

X(@"o) = ~(_l)t(l)+IX( n. <Ci) = ~)-l)tj+IX( r] <Ci). 
L IEL }=I IELj 

(1.13) 

Revert to the problem of expressing the Fourier coefficients a[,l of a function 

<.p E L~m) through the errors b",,[,l. Enumerate all primes in conventional increasing 
order 

Po = 1; PI = 2; P2 = 3; P3 = 5, .... 

Consider the set E(" s) of nonzero vectors ß =1= , such that each component ßj 
is a multiple of at least one of the products ,jPtj with tj = 0,1, ... , sand Itl > o. 
Arrange the following difference 

b""bl- L a[ßl· (1.14) 
ßEE( ,,(,s) 

Obviously, the sum in (1.14) as s increases becomes however elose to the sum of 
a[ßl taken over all ß =1= 0 each of which is a multiple of, but differs from ,. Whence 
and from (1.11) it follows that 

}!..~ { b",,[,l- L a[ßl} = abl· 
ßEE(-y,s) 

(1.15) 

Transform the sum in the preceding equality under the limit sign by using the next 
formula 

L a[ßl = L X (ß I Eh, s)) a[ß), 
ßEE(-y,s) ß 

with x(· I E(" s )) the indicator of the sub set E(" s) in the lattice zn of all integer 
vectors ß. Fix some sand consider the system of the sets 
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Each set Bjer 1/) comprises vectors ß E Eer, s) such that the component ßj divides 
into 'jPI. Clearly, E("s) is the union of the sets Bj(, 11) over all 1 and j under 
consideration 

E("s) = U Bjer 1/). 

Consequently, the equality takes place 

l<l<s 
l~j~n 

(1.16) 

It is essential that each of the sets Bjer 1/) and their intersections comprises 
integer vectors ß whose every component ßj divides into the same factor. We 
explain what this factor is by the example of the intersection 

n n Bk(,I/), 
kEM IELj 

with Lj = {l~j), I~j), . .. ,lW} some collection of nonnegative integers each of which 

is at most s and M a subset of {I, 2, ... , n }. By definition, this intersection consists 
of all multi-indices ß E Eer, s) whose component ßk divides into ,kPI(nPlu) ... p/n 

-+ 1 2 tj 

for all k E M. In other words, every vector ß of the intersection may be written as 

ß = rQa. (1.17) 

Here ais an nonzero integer multi-index and rQ is the diagonal matrix with diag­
onal entries 

(1.18) 

Each multi-index of the shape (1.17) belongs to the intersection of the sets B k ( I 1/) 
under consideration. 

Applying (1.13) to the indicator of the union E( " s) of the sets Bk(, 1/), from 
(1.16),obtain 

L a[ß] = L(_l)t(LH t(MH l L a[ß]. (1.19) 
ßEE(-y,s) L,M ßE n n Bk(-y 1 / ) 

kEM IEL 
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Summation on the right side of this equality is taken over all collections L lying in 
{I, 2, ... , s} and all subsets M of {I, 2, ... , n}. The inner summation on the right 
side of (1.19) is easy to perform on using (1.17) and (1.11), which yields 

a[ß] = b",,[,Q], (1.20) 

ßE n n Bkh'II) 
kEM lEi 

with the integer entries (rQ)j of the vector ,Q defined by (1.18). Inserting (1.20) 
in (1.19) and putting the result in (1.15), finally obtain 

ah] = b",,[,]- lim ~ ~(_I)t(L)+t(M)+lb""hQ(L,M)]. 
8--+(X) W W 

L=L(8) M 

We found this expansion on assuming that every entry of the multi-index, 
is nonzero. When this assumption is rejected, an analogous formula remains valid 
but needs clarification. If there is a zero entry of, then b",,[,] is the value at <p(x) 
of the functionall(x 1 f) with the singular matrix f. For the sake of definiteness, 
let ,k+1 = ... = ,n = 0, and for the remaining'i =I- 0, define l(x 1 f)) as 

(l(x 1 f),ep(x)) = J ep(x)dx 

Q 

1 I'YlI-1 I'YkI-1 ( ) 
-I 1 L'" L J<p IQ11'''·'IQkl,Xk+1, ... ,Xn dXk+1 ... dxn, 

,1 ... ,k -0 -0 ,1 ,k 
011- OIk- Qk 

with Qk the unit cube in the space of Xk+l, ... , xn . 

Thus, the coefficients ah] are expressed through b""h], what was required. 
It is difficult to verify the conditions for a function <p( x) with the Fourier 

coefficients a[,] expressed in terms of the errors b",,[,] to belong to L~m). 
We examined convergence of cubature formulas at fixed functions in L~m). 

Now we are interested in the quest ion of how such formulas converge at infinitely 
differentiable functions in L~m). 

For every given periodic infinitely differentiable function ep( x) there are various 
estimates for the error given by (1.1). These estimates depend on the choice of m, 
namely, 

(1.21 ) 

Advancing various hypotheses about the rate of growth of the norm Ilep 1 L~m)11 as 
m increases, we obtain the succession of inequalities (1.21). Knowing the behavior 
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of Km, for each h we may choose the strongest of these inequalities and establish 
the estimate 

(1.22) 

Constructing 77( h, Cf') is an important problem. The inverse 77-1( c, Cf') of 77( h, Cf'), i.e., 
the function satisfying the relation 77-1(77(h,Cf'),Cf') = h, gives the mesh-size h that 
we must take so as to achieve the required accuracy c = 77(h,Cf'). 

Since, for infinitely differentiable functions, the number m may be arbitrarYi 
it is obvious that the error (lh' Cf') of a cubature formula for each of these functions 
vanishes faster than every power of h. 

As a rule, at a fixed h, among the estimates (1.21) corresponding to various m's, 
there is a best one and the index of this estimate mo(h) depends on h. In the 
opposite case, the formula is absolutely exact for h sufficiently small. Denote 

Lemma 7.1. Hfor some function Cf' at a given h = ho there is an infinite set 
ofm = mj such that K(m, Cf')ho remains bounded, then for such Cf' and all h < ho 
the cubature formula under study is exact, i.e., 

This lemma is immediate from the estimates 

making it clear that (lh,Cf') is less than every given number for h < ho. 

§2. The Function Classes H(x, A,~) and C(x, A,~) 

Consider some special spaces of infinitely differentiable functions defined by 
the growth rate of their derivatives which depends on the order of the derivatives. 

Say that a function Cf'(x), given in a domain n and infinitely differentiable 
in the closure 11, belongs to the class H(x, A, -X), if for every m ~ 1 the following 
inequalities are satisfied 

with K a constant independent of m. It is not hard to see that the set H(x, A,-X) 
is a linear space. Moreover, we have 
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Lemma 7.2. For all real Al, A2, Al, A2, and c > 0, the Eollowing embeddings 
are valid 

H(x, A, Al - c) c H(x, A, Al); H(x, A - C, Al) c H(x, A, A2); 

H( x - C, Al, Al) c H( x, A2, A2). 

The relations (2.1) follow from the definition of H(x,A,A). 
We use the natural notation 

H(x,A) = UH(x,A,A), H(x) = UH(x,A). 
A A 

(2.1) 

Alongside the dass H(x, A, A), consider the set C(x, A, A) comprising functions 
such that, for all m ;::: 1, the inequality holds 

(2.2) 

The spaces C(x, A, A) satisfy the emhedding relations (2.1). The dasses C(x, A) 
and C ( x) are defined as follows 

C(x,A) = UC(X,A,A), C(x) = U C(x, A). 
A A 

The inequality (2.2) enables us to obtain an obvious estimate for each mth 
order derivative of<p at an arbitrary point x E O. Given <p E C(x, A, A), for m ;::: 1 
observe 

(2.3) 

Conversely, for every function <p(x) given in 0 and satisfying (2.3), elementarily 
infer 

with 
" 1=(m+n-1)! 
~ m!(n-1)! 

lal=m 

a polynomial in m of degree n -1. Consequently, every <p( x) satisfying (2.3) belongs 
to C(X,A,A + (n -1)/2). 
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Theorem 7.3. Let k = [n/2] + 1. Then the following embeddings are valid 

C(x, A,'\ - (n - 1)/2) C H(x, A,'\) C C(x, A,'\ + kx). (2.4) 

PROOF. The first of the embeddings (2.4) it is not hard to derive from the 

definition ofthe norm Ilcp I L~m)(n)11 on using the estimates for derivatives like (2.3) 
which follow from the containment of cp in C(x,A,'\ - (n -1)/2). 

Show the second of the embeddings (2.4). Transforming the expression of the 
norm of cp E H(x, A, ,\), obtain 

Ilcp I L~mH\n)112 = J L 
n l::;j.::;n 

( omHcp )2 
ox jl ox 12 •.. ox jm+k dx 

s=1,2, ... ,m+k 

l::;j.::;n 
s::::1,2, ... ,m 

By hypothesis, the derivative DOicp(X) is continuous in n and belongs to L~k)(n). 
Applying to it the First Embedding Theorem of [265], deduce 

with x E n and K a constant independent of m. Whence and from (2.5), for all 
integer m ~ 1, we have 

(2.6) 

Estimate the expression on the right side of this inequality. Obviously, (m + k )2>' :S 
K m 2>'. Furthermore, 
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with'f/ however smaIl at m large. Whence and from (2.6) it foIlows that 'P actuaIly 
belongs to C (x, A, >. + k x). The proof of Theorem 7.3 is complete. 

Theorem 7.3 entails the coincidence of the dasses H(x, A) and C(x, A) as weIl 
as the coincidence ofthe dasses H(x) and C(x). Observe that the set H(x) = C(x) 
with x ;::: 1 is known in the literat ure as the dass of Gevrey functions or simply the 
Gevrey dass [274]. An important property of this dass is the fact that H(x) is an 
algebra. The sum of two functions in H(x), as weIl as the product of a function in 
H(x) and a complex number, is again a member of the dass H(x). Moreover, we 
have 

Theorem 7.4. The product of every two functions of H(x) is a member of 
this class. 

PROOF. Let the functions 'PI(X) and 'P2(X) belang to C(x,A,>.). The deriva­
tive of order 0' of their product may be written as 

Using the estimates for Dß'PI(X) and Do:-ß'P2(X) that are valid by hypothesis, at 
every point x E IT observe 

Substituting 10'1, for IßI and 10' - ßI, for the arguments of the powers on the right 
side of this inequality, which may only increase the latter, obtain 

with the sum in parentheses equal to 210:1. Thus, the product 'PI'P2 belongs to H(x). 
The proof of Theorem 7.4 is complete. 

The change of variable x = Ky, i.e., scaling, sends the dass C(x,A,>.) with 
respect to x to the dass C(x, Al, >') with respect to y, where Al = K A. The 
functions of the dass C( x, A, >') satisfy some invariance condition under change of 
variables. We have 
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Tbeorem 7.5. For x ~ 1, eacb cbange oE variables x = X(y) analytic up 
to tbe boundary oE a domain n sends a Eunction c,o( x) oE tbe dass C (x, A, ..\) to 
a Eunction '!/J(y) of tbe dass C(x, A 2 , ..\2) witb tbe same value oE x. 

PROOF. To simplify calculations, site the coordinate origin at a chosen point x 
of the space. Also assume that this point corresponds to the coordinate origin of y, 
i.e., X(O) = O. Consider the polynomial 

Tm(x) = '" Dac,o(O)xa 
~ a! 

lal::;m 

which is apart ofthe Taylor series for c,o(x). Put Qm(Y) = Tm(X(Y». The function 
Qm(Y) at the coordinate origin has the same derivatives with respect to Y up to 
order m as the function '!/J(Y) = c,o(X(Y». This is easy to validate, writing '!/J(Y) as 
the sum of Qm(Y) and the remainder Rm(X(Y» of the Taylor series for c,o(x). In this 
event the function Rm(x) has a root of multiplicity m + 1 at the coordinate origin. 
Since X(O) = 0, it follows that Rm(X(Y» also has a root of multiplicity m + 1 at 
y = O. Thus, it suffices to estimate the derivatives up to order m of Qm(Y), with the 
aim of obtaining a dominant for the corresponding derivatives of X(y). We proceed 
with such estimation. 

To begin with, construct a dominant for all components of the vector-function 
X(y) = (Xl (y), ... ,Xn (y», i.e., a function Y(y) such that, for all j = 1, ... , n and 
every a, in a neighborhood of the coordinate origin the inequality holds 

It is possible to prove by using the analiticity of x(y) that as a common dominant 
at M sufficiently large and R sufficiently small we may take the following ratio 

Y(y) ~ MI [1- (~y,) IR]. 

Let ~ = Yl + ... + Yn and f(O = RM/(R - O· Then Y(y) = f(O. It is not hard 
to calculate that for lai = m we have 

a dmf RMm! 
D Y(y) = d~m = (R _ ~)m+l . (2.7) 

All derivatives of (X(y»a are polynomials in the derivatives of Xj (y) with 
positive coefficients. Since at the coordinate origin the derivatives of Y (y) are 
positive and greater than the corresponding derivatives of Xj (y), the function 



Cubature Formulas of Infinite Order 235 

with b/ = E10'1=/DO'cp(O)ja! is a dominant for Qm(Y). Considering that all deriva­
tives of order m with respect to Y of Mm(y) are equal to the derivatives of the same 
order of Am(e) with respect to e, for lai = m obtain 

IDO'~(Y)I/y=o = IDO'Qm(Y)I/y=o ::; d;e~m(e)/e=o· (2.8) 

Using the Cauchy inequality for sums and the fact that by hypothesis cp(x) belongs 
to C(x), obtain 

1 1 { 1, } 1/2 { I' } 1/2 KlxIA'/A 1/2 
IbI! ::; L a! IDO'<p(O)1 ::; TI L ~! IDO'cp(OW L ~! ::; I! n 

10'1=/ 10'1=/ 10'1=/ 

This, together with the Stirling formula, entails the inequality 

dm Am (e)1 < K f l(x-1)IR-m(evlnAM)'/A- 1/2 (m + 1- I)!. 
dem e=o - 1=0 (1- I)! 

The summands on the right side of this inequality grow with 1 in virtue of the 
hypothesis that x 2: 1. Replacing all of them by the greatest, i.e., that with 1 = m, 
deduce 

dm Am / < K (x-1)m Am A+I/2 (2m - I)! 
dem e=o - mIm (m - I)! ' 

where Al = eyn AM j R. Applying the Stirling formula to the factorials in this 
inequality, obtain the sought estimate 

dmAml < KmxmAmmA2. 
dtm - 2 

.. e=o 

Inserting it in (2.8), we see that ~(y) E C(x, A2 , A2). The proof of Theorem 7.5 is 
complete. 

§3. The Properties of H(x, A) and C(x, A) for x ~ 1 

Consider a domain n in !Rn with boundary a smooth analytic surface $( x) = o. 
We assume that $(x) < 0 in n and $(x) > 0 in the exterior of n. Let cp(x) belong 
to H(x, A, A) in a domain nl whose interior includes n. Then we have the following 

Theorem 7.6. Each cp(x) in H(x, A, A) for x> 1 extends from the domain n 
to an arbitrary domain fh J nl to a compactly-supported function belonging to 
some space H(x, A, At) in n2 • 

This theorem implies that the values of a function <pe x) in H( x) in two analytic 
disjoint domains WI and W2 may be prescribed independently. 

Before launehing into the proof of Theorem 7.6, we state the following 
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Lemma 7.3. Thefunetion'Pm(Y) = e-1 / ym , given on thesemiaxisO::; Y < 00, 

belongs to the spaee C(l + l/m, A, A). 
PROOF. The derivative of 'Pm(Y) of order k has the form 

(3.1) 

This is obvious for k = 1, and the differentiation of (3.1) shows that this formula, 
when valid for k, remains valid for k + 1. Thus, by the induction principle, (3.1) 
holds for every k. 

Differentiating (3.1) onee, obtain a recurrent formula that relates two consec­
utive derivatives of 'Pm(Y), namely, 

dk+1{!l 
e 1/ ym dyk:; (y) = -{ (m + k)A~k)y-m-k-l 

+ ... + (sm + k)Aik)y-sm-k-1 + ... + (mk + k)A1k)y-mk-k-1} 

+{ mAik)y-2m-k-1 + ... + mA~k)y-(s+1)m-k-1 

+ ... + mA1k)y-(k+1)m-k-1}. (3.2) 

Whence we see that the coefficients A~k) are solutions to the difference equation 

(3.3) 

subject to the conditions 

A~k) = 0 for s ::; 0; A~k) = 0 for s > k; AP) = m. (3.4) 

Performing the change of variables A~k) = (_l)k+ sm kC}k) in (3.3) and taking 
account of (3.4), obtain 

C(k+1) = (s + !) C(k) + C(k). C(1) - l' Cs(k) = 0 for s <_ 0 or s > k. s m s s-l' 1 - , 

Show that for 0 < s ::; k the following formula is valid for a solution to this 
problem 



Cubature Formulas of Infinite Order 237 

Each summand on the right side is a product of k - s factors. Furthermore, the 
variable t of multiplication ranges over all indices from 1 to k - 1 with the omission 
of j1,12, ... ,js-1. At each omitted value oft, the numberl in the factors like l+t/m 
becomes greater by 1. 

The validity of (3.5) is established by induction on k. 

Assurne (3.5) valid for all C;~1 and d k). Calculate the sum 

(3.6) 

inserting in it the values of d k) and C~~1 taken from (3.5). The quantity C;~1 
equals the sum of the products of k + 1 - 8 factors like 1 + tim with the omission 
of s - 2 factors with the indices h,h, ... ,js-2. This corresponds to the sum 
of the products of the same factors wi th the omission of the (8 - 1 )th factor of 
h,h, ... ,js-1, where js-1 = k < k + 1. In the sum of the shape (3.5), there are 
also k + 1 - 8 factors like 1 + t / m following in succession as before with the omission 
of an arbitrary (8 - l)th number, namely, h,h, ... ,js-1. This is dear from the 
fact that, for js-l < k - 1, the new factor 8 + k/m lengthens the last product by 
one factor; and, for js = k - 1, it introduces this product which is omitted in C~k). 
Thus, 

So, the validity of (3.5) is established. 

Estimate the magnitude of the coefficients C~k) from above. Replacing 1 + tim 
by 8 + k/m in all factors on the right side of (3.5) and noting that the total 
number of summed products in (3.5) equals the number of combinations selecting 
h,h, ... ,js-1 out of 1,2, ... ,k -1, i.e., it equals (k -1)!/((8 -l)!(k - 8)!) < 2k ; 

obtain 

(3.7) 

Return to estimating the derivatives of t.pm(Y). It is easy to check that 

( k) (sm+k)/m ( k ) s+k/m -k-sm -1/y"" _ 8m + _ + _ -(s+k/m) maxy e - - 8 e . 
y~O me m 



238 

Whence, using (3.1) and (3.7), obtain 

dk k (k )k+k/m I d:km (y)1 ::; ~(2mt s + m e-(sH/m) 

::; k(2m)k [k (1 + l/m )]k(1+1/m) e -k(1+1/m). 

This, however, means that CPm(Y) belongs to C(x, A, A) for 

1 
x= 1+-, 

m 
[( 1) ]1+1/m 

A = 2m 1 + m /e , 

The proof of Lemma 7.3 is complete. 

Chapter 7 

Coronary 3.1. The function CPO,m(Y), [0,1] and agreeing with the product 
CPm(Y)CPm(1 - y) in the interval, belongs to C(1 + l/m) on the whole axis -00 < 
Y < 00. 

Prom (3.2) it is immediate that CPO,m(Y) is an infinitely differentiable function 
with all derivatives at Y = 0 and Y = 1 equal O. Using Theorem 7.4 and Lemma 7.3, 
we now see that CPo,m(Y) indeed belongs to the dass C(1 + l/m). 

Coronary 3.2. The function 7/Jm(Y), given by the equality 
00 

7/Jm(Y) = _1_ J CPO,m(O d~, 
cm,o 

(3.8) 

y 

with cm,o = Jo1 CPo,m(Od~, belongs to the space C(1 + l/m), equals 0 for Y 2 1, 
and equals 1 for Y ::; o. 

Corollary 3.3. Let 0 be a bounded domain with an analytic boundary defined 
by the equation $(x) = o. Assume that $(x) < 0 in 0 and $(x) > 0 in the 
exterior of O. Assume further that the system of equalities $( x) = c at small c 
determines an analytic family of surfaces dose to the boundary of O. Then for all 
m > 0 there is a function that is supported in a bounded domain 0 1 induding 0, 
equals 1 in 0 and belongs to the dass C(1 + l/m). 

It is not hard to see that as such function we may take 7/Jm($(X)/c), with 
c> 0 and 7/Jm(Y) defined by (3.8). The fact that this function belongs to the dass 
G(1 + l/m) follows from Theorem 7.5. 

PROOF OF THEOREM 7.6. Assume that the function cp(x) belongs to the dass 
G(x) with x = 1 + l/m and 0 is bounded with the analytic surface $(x) = o. 
Consider the product 7/Jm($(x)/c)cp(x). By Theorem 7.4 this product is again 
a member of the dass G(x). By Corollary 3.2 it equals cp(x) in 0 and equals 0 
outside O2 for sufficiently small c > o. The proof is complete. 

Consider the case of x = 1. 
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Theorem 7.7. The dass H(I, A) consists of analytic functions on Sl. 

PROOF. Take Xo E Sl. Estimate the term of degree m of the Taylor series 
for r.p in H(I, A) at the point Xo. Without loss of generality, we may assume that 
Xo coincides with the coordinate origin. Using the Cauchy inequality, deduce 

The function r.p belongs to H(I, A). Consequently, the last inequality may be con­
tinued as follows 

I " Dar.p(O) xal :::; Ixl ffi mffi Affim A. 
L....t a! m! 

lal=ffi 

(3.9) 

By the Stirling formula there are constants K 1 and K 2 such that, for all m 2 1, 
the inequality holds 

(3.10) 

Using the lower bound for m!, from (3.9) infer the inequality 

(3.11) 

Thus, the Taylor series for r.p(x) converges for lxi< e/A. The proof of Theorem 7.7 
is complete. 

In a similar fashion it is not hard to prove the following 

Theorem 7.8. For x < 1 the dass G(x, A, A) consists of entire functions. 

The properties of the classes G(x, A) with x< 1 are inspected in more detail 
in the next section. 

§4. The Function Classes W(p, u, JL) 

Estimates for the growth rate of functions in a single independent variable 
which belong to the space G(x, A) with x < 1 are obtained in many classical 
books [122, 123, 135]. Analogous estimates are readily available for functions in 
many variables. We expose them estimates below. 
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Say that an entire function <pe x) in n variables belongs to dass w(p, a, J.l), if 
there is a constant K such that, for all complex x, the inequality holds 

(4.1) 

The quantities p and aare customarily called the order and the type of an entire 
function <pe x). 

Denote by w(p, a) the union of the classes w(p, a, A) over all A. We have the 
following 

Theorem 7.9. If an entire function <pe x) belongs to tbe dass w(p, a, J.l), witb p 
and a positive; tben in every bounded domain n tbis function belongs to C( x, A, A), 
witb 

x=l-l/p, A=(ape)I/P/ e, A=5n/4-1/4+J.l/p. (4.2) 

Before launching into the proof of the theorem, one lemma is in order. 

Lemma 7.4. Let 8 be a unit vector witb nonnegative components 81 , .•. , 8n . 

For tbe function 
;F,.(1I) _ lIY _ lIYIllY2 lIYn 
'J.' U - U - ul u2 ... u n , 

witb Yi > 0 and 2:}=1 Yi = 8, tbe equality bolds 

Yy/2 yyl/2yY2/2 yYn/2 
cI>(8) 1 2 ••. n 

Wi~~ = 8 8 / 2 = 8 8 / 2 
(4.3) 

PROOF. Seek for a maximum of cI>(8) by the Lagrange method of multipliers. 
Put 

n 

w(8) = cI>(8) - ~ L8j. 
J=1 

Differentiating w(8) with respect to 8i and equating the corresponding derivatives 
with 0, obtain the system of equations 

cI> ( 8) 
YiT - J.l8i = 0, j = 1,2, ... ,n. 

J 

Now, by the properties of proportions, come to the equality 

n 

82 ?= 8; 
;F,.(1I) J J=1 J.l 
'J.' U = J.l- = J.l-n-- = -. 

Yi 2: Yi 8 

i=1 



Cubature Formulas of Infinite Order 241 

Thus, the entries Bj of the maximum points of <I>(B) satisfy the eonditions 

Y' B2 =....!.. or 
J s 

These equalities imply (4.3). The proof of Lemma 7.4 is eomplete. 
In partieular, for Yl = Y2 = ... = Yn = 1 we have 

Finally, for arbitrary nonnegative al, a2, ... ,an, putting B; = a j j 2::7=1 a j, 
obtain 

This is the eelebrated inequality between the arithmetie and geometrie means. 

PROOF OF THEOREM 7.9. Estimate the value of Dacp(O)ja! for lai = s. Rep­
resent cp( x) as a eontour integral taken in every plane of a eomplex variable x over 
the eirde rk = {Xk : IXkl = rBk, Bk 2 O}, namely, 

( 4.4) 

Choose the eirdes r 1, ... , r n so that the normalization eondition be met 

n 

:L Bj = IIW = 1. (4.5) 
j=1 

Differentiating both sides of (4.4) and putting z = 0, obtain 

I Dacp(O) I < r- s _1_ J ... J Icp(x)ll dx1 1 ... Idxnl. 
a! - Ba (211")n rB1 rBn 

r 1 r n 

The function cp( x) by hypothesis belongs to the dass iJ!(p, (T, J1). Consequently, the 
last estimate may be eontinued as follows 

(4.6) 
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Here 0 = (01 , .•• , On) is an arbitrary vector with nonnegative components 0 j sat­
isfying (4.5). Choose 0 so that the right side of (4.6) be minimal. Then in accord 
with Lemma 7.4 obtain the inequality 

(4.7) 

with K a constant independent of a and r. Assume in what follows that s = lai> Jl, 
and minimize over r > 0 the right side of (4.7). It is easy to check that for ,\ > 0 
the minimum of Z-AeZ is attained at z = ,\ and equals ,\ -AeA. Putting z = arP, 

i.e., r = (z/a)l/ p , obtain 

p (Z)(P.-S)/P ()/ ()/ min rP.-seur = min - eZ = (ape) s-p. P(s - Jl) p.-s p. 
r>O z>o a 

This, together with (4.7), implies the inequality 

From (3.10) it follows that 

n 

s! ~ K2(s/eY..rs+l, a! ~ K2a Ci e- S II Ja} + l. 
j=l 

Whence and from (4.8) by simple calculations obtain the inequality 

Squaring both sides, summing over a and noting that the number of different a, 
lai = s, equals (s + n - 1)!/s!(n -1)!, i.e., is at most Ksn-t, come to the estimate 

The proof of Theorem 7.9 is complete. 
We also have the following theorem in a sense converse to the preceding theo-

rem. 
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Theorem 7.10. An entire function <p(x) belonging to tbe dass C(x, A,.\) for 
x< 1 and ,\ ::; -1/2 is also a member of the dass w(p, (1, J.l), with 

x = l-l/p, «(1pe)I/P = Ae, J.l = (,\ + 1/2)p. (4.9) 

Observe that x and A relate with p and (1 by the same dependence as in The­
orem 7.9, whereas (5n + 1)/4 is subtracted from the exponent '\. 

PROOF. Take <p(x) E C(x,A,'\). Suppose that <p(0) = O. This leads to no 
lass of generality, since by hypothesis J.l ::; O. Consequently, every constant function 
belongs to w(p, (1, J.l). At the coordinate origin we arrange the Taylor series for 
<p(x), namely, 

( ) _ ~ '" D°<p(O) 0 <px-L.JL.J ,x. 
0:. 

8=1\0\=8 
(4.10) 

Estimate the homogeneous polynomial of degree s in the last expression. For s ~ 1 
we have the inequality 

I L DO~(O) XO I ::; { L :!! ID°<p(0)1 2 } 1/2 { L s!~! x20 } 1/2 

\a\=8 \0\=8 \0\=8 

sX8(Alxl)8 s.\ 
::;K , 

s. 

Thus, the sum 

(4.11) 

dominates (4.10). Find the ratio of two consecutive values of g( s), namely, 

g(s + 1) = Alxl (1 + ~) X8+x+.\-1 
g(s) sI-x S 

For the last quantity, when x ~ 0 and ,\ ~ 1 - x, we have the inequality 

2x Alxl < g(s + 1) < eX2x+.\-1 Alxl . 
sI-x - g(s) - SI-x 

If, on the other hand, x ~ 0 and ,\ < 1 - x then 

x x+.\_I A lx l g(s+l) xAlxl 
2 2 --< <e --. sI-x - g(s) - SI-x 
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Thus, for all .x and x, 0 ::; x < 1, there are two positive numbers 'T}1 < 'T}2 such that 

g(s + l)/g(s) > 2 for s < 'T}1(Alxl)I/(I-X), 

g(s + l)/g(s) < 1/2 for s > 'T}2(Alxl)l/(I-X). 

It is not hard to see that analogous eonstants 'T}1 and 'T}2 also exist for x ::; O. With 
this in mind, estimate the sum of (4.11). Observe first that eaeh term of the series 
with s > S2 = ['T}2(Alxl)l/(I-x) + 1] deereases faster than a geometrie progression 
with ratio 1/2. Consequently, the sum of these terms is less than 2g(sz). Similarly, 
when s < SI = ['T}I(Alxl)I/(I-X)] eaeh of the respective terms deereases faster than 
a geometrie progression with the same ratio as s goes from SI to 1. Thus, the sum 
of the respective terms is less than 2g( sI). Consequently, instead the sum of SI first 
terms and the whole remainder of (4.11), starting with the term with index S2, we 
may take the sum of the remaining summands, thus arriving at the inequality 

00 S2 

Lg(s)::; 2 L g(s). (4.12) 
s=1 S=S1 

Estimate the last sum in (4.12), replacing eaeh summand by the maximal one 

Using now the estimate (3.10) for s!, obtain 

(4.13) 

The definition of SI and S2 entails the next obvious inequality 

(4.14) 

To estimate the seeond maximum in (4.13), perform the change of variables 

s = z(Aelxl)l/(I-x) or z = s(Aelxl)-I/(I-X). 

Then 
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The maximum of z-Z is attained at z = l/e. Consequently, the last inequality may 
be eontinued as follows 

(4.15) 

Inserting the inequalities (4.14) and (4.15) in (4.13) and putting the result in (4.12), 
infer 

00 L g( s) ~ Klxl(>.+1/2)/(1-X)e(1-x)e- 1(Ae)1/(1-X)lx I1 /(1-X) . 

8=1 

Setting p = 1/(1 - x), ape = (Ae)p, and I-t = (A + 1/2)p and reealling that the 
series on the left side is a dominant for !p( x), we see that !p( x) does belong to the 
class w(p, a, I-t). The proof of Theorem 7.10 is eomplete. 

§5. The Classes of Periodic Functions H(x, A,~) 

By now in the eurrent ehapter we do not assume a function !p(x) in H(x, A, A) 
periodie. Now we agree to eonsider this eondition fulfilled. Moreover, the domain of 
definition n of !p( x) is the fundamental parallelepiped of an orthogonal matrix H" 

The set of periodie functions with period matrix His a subspaee in H(x, A, A) 
whieh we denote by H(x, A, A). Inspect its structure in more detail. 

First, eonsider the ease x = o. Take a trigonometrie polynomial P( x) in n 
eomplex variables x = (Xl, ... , x n ), namely, 

P(x) = La[ele i2 11"e X , 

eE3 

(5.1) 

with S some finite set in zn on whieh the function a[el is defined. We eall the set 

the support 0/ the coefficients 0/ P( x) and the number 

the coefficient support radius of P. The trigonometrie polynomial P( x) may obvi­
ously be written as 

P( x) = L a[ele i2n"e x • (5.2) 
eENp 

The radius of the support of the eoeffieients of a trigonometrie polynomial is anal­
ogous to the degree of an ordinary algebraie polynomial. 
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Lemma 7.5. A trigonometrie polynomial P( x) with eoefflcient support radius 
Rp is an entire function of order 1 and type 211" Rp. 

PROOF. Estimate each summand of (5.2) separately. Let Xk = Uk + iVk. Then 

n 

-21r E ej Vj 

la[e]ei21reX I = la[eJle j=l :::; e21rlellvlla[eJi :::; la[e] le21rRp lxi. 

Thus, IP(x)1 :::; (EeENp la[eJl)e21rRplxl. This readily entails the inequality (4.1) 
with p = 1, a = 211"Rp, and J-t = O. The proof of Lemma 7.5 is complete. 

Lemma 7.6. The support of the eoeffleients of a trigonometrie polynomial 
(5.2) of order p = 1 and type a lies in the ball of radius Rp = a /211". 

PROOF. All summands composing P( x) are linearly independent. Conse­
quently, it suffices to show that every function ei21rex of order p = 1 may be of 
type a only if lei:::; a /211". 

Assume the contrary, namely, lei> a /211". Let v > 0 and x = -ive. Then we 
would have the equalities 

I I 1'1 ei21reX = e21rlellxl = e(tT+eo)lx l, x = v .. , 

with co = 211"Iel - a positive. Consequently, the function ei21rex might fail to sat­
isfy (4.1) with p = 1 for whatever J-t. Consequently, this function and the trigono­
metriG polynomial P( x) do not belong to w(p, a). The proof is complete. 

Theorem 7.11. Eaeh periodie function cp(x) with period matrix H of order 
p = 1 and type a, taking real values for x ERn, is a trigonometrie polynomiallike 

cp(x) = L a[a]ei21raH-1x. (5.3) 
IH- lo al::;tT/21r 

PROOF. To simplify calculations, let cp( x) be a periodic function whose period 
matrix is the identity matrix and, moreover, Icp(x)1 :::; etTlxl . Introduce the new 
variables 

1 
Xk - log Zk Zk = ei21rXk, 

- -=--2 ' Z 11" (5.4) 

and put 

This change of variables maps the domain {x : - 1 h :::; Re x k < 1 h, k = 1, ... , n}, 
i.e., the fundamental domain of the period matrix in the space C~ of complex 
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variables x, to the whole space C~ of complex variables z. By periodicity of <p( x), the 
function 'IjJ(z) is one-to-one in C~. It is clear also that 'IjJ(z) is regular everywhere at 
finitely remote points, except possibly, those at which at least one of the variables Zk 
vanishes. 

Consider the product 

and show that w(z) is bounded on the cube {z : IZkl < 1, k = 1, ... , n}. Observe 
that 

n 

;211"([0'/211")+1) L: Xj 

(Z1 Z2 ... ZniO'/211"]+1'IjJ(z) = <p(x)e j=l (5.5) 

Estimate the right side of (5.5) in the domain {x : Im Xk > 0, k = 1, ... ,n}. 
Let Xk = Uk +iVk with Vk > O. Use the fact that the sum of n positive numbers, 

i.e., the length of a polygonalline in n-dimensional space, is greater than the length 
of vector joining the endpoints of the line 

n 

Bearing in mind that 21l'[0' /21l'J + 21l' ~ 0' obtain the estimate 

n 

0'Ixl-211"([O'/211"]+1) L: Vj 

~Ke j=l ~KeO'(lxl-lvl). (5.6) 

Further, in the strip {x : -1/2 ~ Uk = Re Xk ~ 1/2, k = 1, ... , n} we have the 
relations 

( 
n ) 1/2 

lxi ~ ~v; + n/4 _____ n---'/-;-4 ____ --,-- + (t v; r/2
, 

( t v; + n/4) 1/2 + (t v;)1/2 }=1 

}=1 }=1 

lxi - (t, vj) 1/' '" 41vl ; 2y'n (5.7) 

Inserting (5.7) in (5.6), we see that w(z) is bounded for IZkl < 1, k = 1, ... ,no 
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The function 'IjJ(z) is real provided that IZkl = 1, k = 1,2, ... , n. Consequently, 
its values at the points conjugate to one another with respect to the unit circle are 
also conjugate 

-:;j;(I/zI, l/z2, ... , I/zn) = 'IjJ(Z1, Z2,.·., Zn). 

Prom the last equality and the boundedness of 

in the domain {w : IWkl < 1, k = 1, ... , n} it follows that the product 

( ) -([0"/211"]+1) 01,( ) Z1 Z2 ... Zn 'f/ Z 

is bounded in the domain {z : IZkl > 1, k = 1, ... , n}. 
Thus, 'IjJ(z) is an entire function growing at infinity not faster than a polyno­

mial. As is known from function theory, in this case it is a polynomial, namely, 

'IjJ(Z) = L a[a]z<>. 
0:<:: !<> !:<::M 

Inserting the expression of Z through x by (5.4) we see that ~(x) is a trigonometrie 
polynomial, 

~(x) = L a[ß]e i2 11"ßx. (5.8) 
IßI:<::M, 

By Lemma 7.6 the coefficient support of ~(x) lies in the ball of radius a /27r; namely, 
in (5.8) we may set M1 ::; a/27r. 

If ~(x) is such that 

with f1, f 0, then the above proof should be modified in an obvious manner. 
The case in which the period matrix H of ~(x) is not necessarily the identity 

matrix reduces to that settled above by the change of variables x = Hy. The proof 
of Theorem 7.11 is complete. 

Corollary 5.1. An entire real function ~(x) with orthogonal period matrix H 
of order p = 1 and type a < 27r is a constant function. 

Corollary 5.2. An entire real periodic function ~(x) of order p < 1 is a con­
stant function. 

Indeed, such function has order p = 1 and type a however smaH. By Corol­
lary 5.1 it is a constant function. 
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Corollary 5.3. A function <p(x) in the space H(x,A,A) with orthogonal pe­

riod matrix H for x = 0 and A :::; -1/2 is a trigonometric polynomial, 

<p(x) = L a[a]ei27raH-lx. 

lal:::;A/27r 

If, on the other hand, x < 0 then the dass H (x, A, A) consists of constant functions. 

This claim is easy to justify on successively applying Theorems 7.3, 7.10 and 
7.1l. 

Take x > O. Expand <p(x) in H(x,A) with period matrix the identity matrix 
in the Fourier series 

<p(x) = L ccp[ß]ei27rßx, (5.9) 
ß 

The general case reduces to this by the change of variable x = H y. Below we for­
mulate a condition on the coefficients ccp[ß] of the expansion (5.9) whose fulfillment 

is necessary and sufficient for <p(x) to be a member of the class H(x, A). 
Introduce some notation. Let the sequence of numbers am be defined by the 

equalities 
aa = 1, am = m xm AmmA for m ~ l. 

For every function <p(x) E H(x, A, A) the following quantity is finite 

(5.10) 

If the entries of the multi-index ß = (ßl, ß2, . .. ,ßn) i= 0 range independently 
over the set of all integers, then the square of its Euclidean norm IßI 2 = ßr + ... + ß~ 
ranges obviously over some subset of the set of naturals. Denote the members of 
this subset by Nj, assuming in addition that Nj < Nj+l' Obviously, every Nj is 
greater than j. We have the following 

Theorem 7.12. The Fourier coeHicient ccp[ßl of a function <p(x) belonging 

to H ( x, A, A) for x > 0 satisnes the estimate 

(5.11) 

with C a constant independent of<p and j, where the numbers s, x, A, A, and Va 

are related as follows 
A 

Va =-. 
x 

(5.12) 
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PROOF. Let cp(x) E H(x,A,A) for x > o. Using the periodicity of cp(x), 
we readily see that the coefficient ccp[ßl of the expansion (5.9) decreases with the 
growth of IßI faster than every negative power of IßI. Consequently, we may differ­
entiate (5.9) arbitrarily many times, obtaining uniformly convergent series. Using 
this remark, calculate the norm of cp( x). By the Parseval identity, we have 

Ilcp I L~m) 11 2 = I: [I: :i (27rß)20] !ccp[ßW· 
ß~o lol=m 

The sum in brackets by the well-known Multinomial Theorem may be written as 
(27rIßI)2m. Considering this, rearrange the sum over ß as follows 

Ilcp I L~m) 112 = f)27rJNj)2m ( I: !ccp[ßlI2). 
j=1 IßI 2=Nj 

(5.13) 

Whence and from the definition of [cplH the following inequality is immediate 

(5.14) 

Minimize over m the sequence on the right side of (5.14), assuming Nj sufficiently 
large. The ratio of the (m + 1 )th entry of the sequence to the preceding entry is 
am +d(27ry'Nj am ). Using the explicit form of am +1 and am , we readily see that 
this ratio is at most 1 when 1 ::; m ::; mo(Nj), after that is becomes greater than l. 

In this event mo(Nj ) is equivalent to the sequence (s/x)NJ/(2X) as j ~ 00. Thus, 
the minimum of the right side of (5.14) is attained at m = mo(Nj) and equals 
m~(Nj )e-xmo(Nj). Inserting here the principal term of the asymptotic expansion 
of mo(Nj), arrive at the required estimate (5.11). The proof is complete. 

The following theorem is in a sense a converse of the preceding theorem. 

Theorem 7.13. Let tbe coeflicients ccp[ßl of tbe expansion (5.9) of a periodic 
function cp( x) satisfy tbe condition 

(5.15) 

witb tbe constants s, x, A, A, and Vo related by (5.12) and VI = min {O, 1/(4x)-1}. 
Tben cp(x) belongs to H(x, A, A). 
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PROOF. Use (5.13) to estimate the L~m) norm of 'P(x). By (5.15) 

00 

11<p I L~m)112 ~ C(27r)2m LNj+ve-28Njl/2X, (5.16) 
j=1 

with v = Vo + VI. Examine the series on the right side of (5.16). Recall that N j is 
natural. Hence, the sum in question does not diminish if we add to it the values 
of the function being summed at all other points of the set of naturals. Doing so, 
obtain the relation 

00 00 

L Nj+Ve-28Njl/2X ~ Ljm+ve-28//2X . (5.17) 
j=1 j=1 

For n 2 4 this relation becomes an equality, which follows from the celebrated 
Lagrange Theorem on decomposition of each natural number into a sum of four 
squares. 

Examine how the sum of (5.17) changes with the growth of m. Put J.l = m + v 
and q = 28 and consider the function 'IjJ(r) = r/.le- qr1 / X for J.l > O. The series (5.17) 
is the sum of the values of 'IjJ(r) at all points of the set of naturals. It is not hard 
to calculate the derivative of 'IjJ( r), namely, 

'IjJ'(r) = (J.l- .!Lr l /(2X)) 'IjJ(r). 
2x r 

Thus, 'IjJ(r) increases for 0 ~ r ~ ro(J.l) with ro(J.l) = (2XJ.l/q)2x, and decreases 
for r 2:: ro (J.l). The integral of 'IjJ( r) taken over the positive semiaxis is expressed 
through the Euler gamma function 

00 CX) 

J .1.( ) d = 2x J 2x(/.I+ I )-1 -t d = 2xr(2x(J.l + 1)) 
'f/ r r q2x(/.I+l) t e t q2x(/.I+1)· 

o 0 

Split it into the sum of integrals over the intervals [j,j + 1] and estimate 'IjJ(r) from 
below on each of the intervals. Considering separately the case in which ro(J.l) is 
natural, come to the inequality 

~ .1.(') 2xr(2x(J.l + 1)) .1.( ( )) 
L..J 'f/ J ~ 2x(/.I+l) + 'f/ ro J.l . 
j=1 q 

(5.18) 

At large J.l, use the Stirling formula and establish the asymptotic expansion of the 
right side of (5.18). If x> 1/4, then the first summand prevails in the asymptotic 
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expansion of the sum; whereas, for ° < x:::; 1/4, so does the second summand on 
the right side of (5.18). The inequality suitable in both cases may be written as 

(5.19) 

with v~ = min{O, 1/(4x) - 1}. Inserting (5.19) in (5.17) and putting the result 
in (5.16), obtain the estimate 

Recalling now the relations (5.12) between the parameters s, v, x, A, and A, we see 
that cp(x) does belong to ii(x,A,A). The proofis complete. 

Corollary 5.4. If 0< x:::; 1/4, then the space ii(x, A, A) coincides with the 
dass comprising the Fourier series (5.9) whose coefBcients satisfy (5.11). 

The proof is immediate on observing that, for the values of x under consider­
ation, the parameter VI in (5.15) equals 0. 

If x > 1/4, then (5.11) and (5.15) do not coincide. It is of interest to find 
out whether this discrepancy is essential and whether either of the estimates (5.11) 
and (5.15) may be sharpened. 

Corollary 5.5. A function cp(x) in a single variable belongs to ii(x,A,A) 
provided that its Fourier coefIicients meet the condition (5.15) with 

VI = min{1/(4x) -1/2,0}. 

The singleness of the independent variable enables us to specify the sequence 
of Nj . Obviously, Nj equals p. Consequently, the estimate (5.16) for the norm of 

Ilcp I L~m) 11 takes the form 

00 

Ilcp I L~m) 11 2 :::; C(27r)2m Lj2(m+V)e-2S// H
, 

j=1 

with V = A/ x + VI. Further apply (5.19) with appropriate parameters p" q, and x. 

Corollary 5.6. The function 

cp*(x) = L Ißlve-sIßI1/H a[ßlei2 'l1'ß X 

NO 
(5.20) 
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belongs to ii (x, A, )..), if tbe following conditions are fulfilled 

L la[ßW = 1. (5.21) 
IßI 2=Nj 

Recall that the parameter VI is defined in accordance with the dimension of 
the space of independent variables. The assertion under proof is immediate from 
Theorem 7.13, on observing that 

L IC<p'[ßW = N'j e -2sNf /2X
• 

IßI 2=Nj 

§6. Convergence of Cubature Formulas in H(x, A,~) 

In § 1 of the current chapter we inspected behavior of the sequence of the errors 
(lh,'P) corresponding to an arbitrary function 'P E L~m). It turned out that, as N 
increases, the sequence vanishes faster in comparison with what is implied by the 
estimates of the L~m)* norm of lh. It is worthwhile to find what properties of 'P(x) 
essentially influence the rate of this convergence. We now demonstrate that the pe­
riodicity of 'P( x), its infinite differentiability and certain growth of derivatives with 
respect to the order of differentiation guarantee exponential rather than polynomial 
decay of errors with the growth of N. 

Theorem 7.14. Let a function 'P(x) belong to ii(x, A, )..). Tben tbe inequality 
bolds 

(6.1) 

witb N = l/h, sand Vo tbe constants defined in (5.12) and K a constant indepen­
dent of'P and N. 

PROOF. We may apply the estimate (1.22) to (lh, 'P). Moreover, we may specify 
the latter as follows 

(6.2) 

with K a constant independent of 'P, m, and N. To derive (6.2), appeal, first, to 
the inequality 

II'P I L~m) 11 ~ ['P]Ham , 

ensuing from (5.10) and, second, to the familiar expansion of the norm square of 
the error (1.1) 
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As was mentioned in the proof ofTheorem 7.12, the sequence am/(2rrN)m attains its 
minimal value for m equal to mo (N) '" (s / X )NI / K. Therefore, the minimum on the 
right side of (6.2) equals mt(N)e-Kmo(N) for large N. Inserting here the principal 
term of the asymptotic expansion of mo(N), come to the sought estimate (6.1). 
The proof is complete. 

The function c,o(x) in (6.1) is an arbitrary member of H(x, A, 'x). Consequently, 

(lh,c,o) < KNvo -sN l />< 
sup -[ -1- - e . 
'PEH c,o H 

(6.3) 

The left side of (6.3) presents the H*(x, A,'x) norm of the error (1.1). It is thus 
shown that the sequence of norms IIlh I H(x,A,,X)*11 vanishes exponentially as 
h --t O. Examine the extend to which (6.1) and (6.3) are unimprovable, restricting 
consideration to the case in which H is the identity matrix. 

Consider the function c,o*(x) given by the Fourier series (5.20). The coefficients 
a[ß] must satisfy (5.21). By Corollary 5.6 c,o*(x) belongs to H(x, A, ,x). The norm 
of [c,o*]H is, obviously, other than O. 

Calculate the value of the error (1.1) with H = I at c,o*. We have 

(lh,c,o*) = L Ißlve-sIßll/><a[ß1LN[ßl, 
ß#-O 

(6.4) 

with LN[ßl the value of lh at the exponential ei21rßx. As mentioned in § 1, LN[ßl 
equals 0 if the multi-index ß is not a multiple of N and equals -1 otherwise. 
Consequently, 

(lh, c,o*) = - L NV/a/ve-sNl/><IO'll/>< a(Na]. 
0'#-0 

(6.5) 

Let the Euclidean norm square of ß equal Nj. We set one of the coefficients 
a[ßl with such ß equal 1 and the rest of them, equal O. It is clear that this does 
not violate (5.21). Then (6.5) may be continued as follows 

(6.6) 

At sufficiently large N the main contribution to the error is given by the first 
term of the series on the right side of (6.6). Considering that NI = 1, obtain the 
inequality 

(6.7) 
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with C a constant independent of N, where s and v are the parameters defined 
by (5.21). Whence, it is not hard to infer the following lower bound on the norm 
of Ih in the space H*(x, A, A), namely, 

(6.8) 

Compare the inequalities (6.1) and (6.7), as well as (6.3) and (6.8), pairwise. 
We see that the exponents of the exponentials in all these inequalities coincide. 
Difference is incorporated only in the powers of N. Recall that the difference 
between v and Vo was denoted by VI and, moreover, 

_ { min {L - 1,O}, if n 2:: 2, 
VI - . {I I O} I'f n = 1. min 4x - 2' , 

In particular, the difference VI is nonpositive, and for certain xs is exactly equal 
to O. In this case, (6.1) and (6.7), as weH as (6.3) and (6.8), differ only in the 
constants K and C. 

Thus, the maximal value of h on the unit ball of the Banach space H(x, A, A) 
is almost attained at CP*/[CP.)H. In other words, this function is "almost extremal" 
simultaneously for all errors Ih. 

We now find out to what extend the results for periodic functions may be 
translated to the dass H(x, A, A) containing aperiodic members. If in this case we 
also want to use the collection of inequalities analogous to (1.21), then as a cubature 
formula we should take such of them whose error is exact for polynomials of degree 
less than m. This leads to the necessity of considering double sequences of errors 
Im,N(x), with the first index standing for the order and second, for the number of 
nodes of a cubature formula. 

Assume that the space IR n of independent variables x is one-dimensional, i.e., 
n = 1. As a double sequence consider the errors l;:'!.fv corresponding to the cele-
brated Euler-Maclaurin formula ' 

I /1-1 

(l~':fv,cp) = J cp(x)dx-TN(CP)+ Lh2\~~)! [cp(2k-l)(I)_cp(2k-1)(O)]. (6.9) 
o k=l 

Here B 2k is the BernouHi number with index k; also v is an integer, m = 2v, and 

TN( cp) = h[CP(O): cp(I )) + 'f: hcp( ah). 
a=l 
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Let 'P be defined on the unit interval and belong to H(x, A, A). Then we have 
a collection of estimates analogous to (1.21) 

1(l~~,'P)1 ~ 111~~ I L~m)[O,l]*IIII'P I L~m)[O,l]11 
~ ['P]HI11~~ I L~m)[O, l]*llam • 

The norm square of the error (6.9) is known to admit the expansion 

111~~ I L~m)[O, 1]*11 2 = h2m { (L (27r~)m) 2 + L (27r~)2m }. 
ß#O ß#O 

Inserting this equality in (6.10), obtain 

The minimum of the right side of (6.12) is attained at an even m equal to 

mo(N) '" (;) NI/x, 

(6.10) 

(6.11) 

(6.12) 

and coincides with m~(N)e-xmo(N). Thus, for every function 'P E H(x,A,A) the 
estimate holds 

(6.13) 

The constants sand Vo are defined in (5.12), and K is a constant independent of N. 
Thus, when the order is chosen properly, the vanishing of the error (6.9) is 

exponential. Show that in this event the exponent of the exponential on the right 
side of (6.13) is impossible to diminish. 

Calculate the value of the error (6.9) at the function 'P* given by the Fourier 
series (5.20). Choose the coefficients a[ß] of this expansion so that (6.6) be valid. 
Observe that the errors 1~'1v(x) and lh(x) agree at every periodic infinitely differen­
tiable function. Conseque~tly, (6.6) holds also for the error of the Euler-Maclaurin 
formula at 'P*, namely, 

(6.14) 

In the one-dimensional case, Nj = P and at large N the first summand prevails in 
the sum (6.14). This yields a lower bound on the norm 1~'1v, namely, , 

(6.15) 
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In particular, for m = mo(N) we have the two-sided estimate for the quantity 
Ill~~N),N I H*(x, A, 'x)11 which results from (6.13) and (6.15). The question arises 
at this juncture of how essential is the fact that the order of the error equals mo( N), 
and whether the same property is shared with the errors possessing another much 
larger m. It turns out that the norm 111~~ I H*(x, A, 'x)11 tends to infinity as 
m -+ 00 at a fixed N, and its growth is controlled by the estimate 

(6.16) 

with C and , constants independent of m and N. This, in particular, implies that 
the increase of the order of a formula for approximate integration at a fixed number 
of nodes N does not diminish the norm of the error but, on the contrary, it increases 
the norm unboundedly. 

The estimate (6.16) yields a theoretic explanation of an effect known from 
the practice of calculating definite integrals. This effect is as follows: from some 
m = mo(N) on, the accuracy of the result does not increase as m increases. 

To derive (6.16) and specify the coefficient" we need more detailed information 
on the space H(x, A, ,X). 

§7. Gevrey Classes of Functions in a Single 

Independent Variable 

Let Ü be a bounded domain in IRn with analytic boundary. Say that a func­
tion <p belongs to the Gevrey class Gx(Ü), x ~ 1, if<p is infinitely differentiable 
in a neighborhood about Ü and for some L the estimate holds [274] 

(7.1) 

For x> 1 the dass Gx(Ü) coincides with the space H(x) presenting the union 
of H(x, A,'x) over all A and'x. Indeed, the embedding Gx(Ü) C H(x) follows 
from (7.1) and the Stirling formula. Conversely, if a function <p belongs to the dass 
H(x) in Ü; then in accord with Theorem 7.6 we may extend it to a function of the 
same dass in a neighborhood ab out Ü. Obviously, (7.1) remains valid in this event. 

Assurne that n = 1, and Ü coincides with the unit interval of the real axis. 
The error of a quadrature formula at every function <p E Gx[O, 1] may be estimated 
according to the above scheme, using the fact that <p belongs to the Banach space 
H(x, A,'x) with some A and ,X. However, this leaves obscure the extend to which 
such estimates are unimprovable. We are thus impelled to pursue a slightly different 
approach. 

As we have already seen, it is more convenient to study the convergence of cu­
bature formulas in a Hilbert space. Each bounded linear functional is now presented 
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by means of the extremal function whose norm is easy to estimate from above as 
well as from below, if we know some orthogonal basis for the initial space. To use 
the advantages of this approach, reduce the problem we address to estimating the 
norm of an error acting in a Hilbert space. 

Say that afunction <p belongs to H(x, A, A) on the unit interval, if<p is infinitely 
differentiable on this interval and, moreover, the following series converges 

(7.2) 

with 

The sequences bm and Cm on the left side are similar to the sequence a m , i.e., 

In this event the exponents Jll and Jl2 depend on x and A, namely, 

Jll = A + x + 2, Jl2 = .A + 3x/2 + 1/2. (7.4) 

Observe right away that Jll and Jl2 satisfy the following conditions of service in the 
sequel 

Jll -.A + x/2 > Jll -,\ > 1/2, Jl2 -,\ - x > 1/2, Jll - Jl2 > 1 - x/2. (7.5) 

Conditions like (7.2) are often used for defining classes of infinitely differen­
tiable functions. For instance, if we eliminate from (7.2) the summands with the 
increments of the derivatives of <p, then we obtain the dass that is known as the 
Sobolev space of infinite order [58]. 

We define the inner product of <p,'I/J E H(x,A,.A) by the equality 

(7.6) 

The corresponding norm is denoted by ( . h. It is not hard to see that the resultant 
normed space H(x,A,A) is complete and so it is a Hilbert space. 

Let <p E H( x, A, A). Then, for every m :::: 0, we have 
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Using these estimates, dominate the norm (c.p h, namely, 

As follows from (7.5), the series on the right side of the last inequality converges. 
Thus, the Banach space H(x, A,)..) is continuously embedded in the Hilbert space 
H(x,A,)..). 

Let c.p E H(x, A, )..). For every m ~ 0, it is obvious that 

(7.7) 

The sequence Cm is defined by (7.3). Consequently, from (7.7) we may deduce that 
H(x, A,)..) is continuously embedded in H(x, A, J-td. Thus, the union of H(x, A,)..) 
over all A and ).. coincides with Gx[O, 1]. 

We now examine the structure of the space H(x,A,)..), fixing x, A, and )... 
Describe it by constructing a special basis for this space. 

To begin with, consider the set of periodic elements of H(x, A, )..), i.e., func­
tions c.p with the increments of derivatives of every order equal ° on the unit interval. 
In H(x, A, )..), these functions constitute a closed subspace. We denote the latter by 

H(x, A, )..). The exponentials ei21rßx, ß = 0, ±1, ... , are examples of the functions -belonging to H(x, A, )..). From the definition of the inner product in H(x, A,)..) it is 
immediate that the exponentials corresponding to different indices ß are mutually 
orthogonal. The norm square of the exponential with exponent ß is the value of 
some entire function at the point z = 27rß, namely, 

-Expand an arbitrary c.p( x) E H( x, A, )..) in the Fourier series 

c.p(x) = LCt.p[ßle-i21rßX. 

ß 

(7.8) 

(7.9) 

As in the case of H(x,A,)..), we may differentiate this series however many times, 
obtaining aseries that converges uniformlyon the unit interval. It is not hard to 
prove that (7.9) converges to c.p(x) in the normed space H(x,A,)..). This means 
that the exponentials ei21rßx, ß = 0, ±1, ... , constitute an orthogonal basis for -
H(x,A,)..). 
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~ 

Theorem 7.15. A function <p(x) in a single variable belongs to H(x,A,).,) 
if and only if tbe Fourier series (7.9) converges in tbe norm (. h, i.e., tbe Fourier 
coefflcients c",[ß1 satisfy tbe inequality 

LAo[ß1Ic",[ßlI2 < +00, 
ß 

witb tbe function Ao[ß1 defined by (7.8). 

(7.10) 

PROOF. Take <p(x) E H(x,A,).,). Its Fourier series (7.9), as mentioned above, 
converges in the norm of G[O, 11. Denote by <PM the partial sum of (7.9) in which 
summation is carried out over aH integer ß, IßI :::; M. Using the orthogonality of 
the system of exponentials, as weH as (7.8), deduce that 

(<PM)i = L Ic",[ßWAo[ß1· 
IßI~M 

(7.11) 

Considering the obvious relation (<pM h :::; (<p h and passing to the limit in (7.11) 
as M ---+ 00, conclude that (7.10) is indeed valid. 

If the Fourier coefficients of<p satisfy the condition (7.10); then, using (7.11), 
we readily see that the sequence of the partial sums of (7.9) is a Cauchy sequence. 
The limit of this sequence in the norm (. h belongs to H(x, A,).,) and coincides 
with <po The proof is complete. . 

~ 

Corollary 7.1. Tbe Fourier coefflcients of a function <p(x) in H(x, A,).,) may 
be written as the following ratio 

( <p, e-i27rßx h 
c",[ß1 = Ao[ß1 ' ß = 0, ±1, .... (7.12) 

Every Bernoulli polynomial Bm+l(x) of degree m + 1 belongs obviously to the 
class H(x, A, ).,). Dividing this polynomial by (m+ I)!, find the projection <Pm (x) of 

the resultant function to the subspace H(x, A, ).,). Denote by cm[ß1 the coefficients 
of the Fourier series for <Pm(x). In virtue of (7.12), 

1 ( B () -i27rß X) 
~ [ß1 = m+l x , e 1 

Cm (m + I)! Ao[ß1 
(7.13) 

Calculate the inner product on the right side of this equality. It is weH known 
that the sequence of increments of the derivatives of Bm +1 (x) over the unit interval 
satisfies the conditions 

Da Bm+1(1) - Da Bm+1(0) = Da 
(m + I)! m' 

(7.14) 
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In the unit interval, we have the expansion 

1 B () _ ( l)m '"'" 1 -i21rßx 
(m + I)! m+l x - - fto (i271ß)m+l e . (7.15) 

Now, using (7.14) and (7.15) and integration by parts, we readily calculate explicitly 
~~~ . 

1 

( 1 )' J Da: Bm+l(X)Da:(ei21rßX) dx. 
m+1. 

o 

(7.16) 

Inserting the so-obtained values of (7.16) in the definition of (Bm+1 (x), e-i21rßx h 
and putting the result in (7.13), come to the equality 

(7.17) 

Here, by A1J[ßl we denote the partial sum of (7.8) 

(7.18) 

-
Split the space H(x,A,.A) into the direct sum of the subspace H(x,A,.A) and 

the corresponding orthogonal complement H.L(x,A,.A). By Y'm(x) we denote the 
projection of Bm +1 (x )/( m + I)! to the complement. It is clear that the polynomial 
under projection is the sum of the mutually orthogonal functions Y'm(x) and ~m(x). 
The Fourier coefficients cm[ßl of Y'm(x), as follows from (7.15) and (7.17), may be 
found by the formulas 

(7.19) 

with Am+dßl standing for the difference between Ao[ßl and A1J[ßl. The coefficient 
cm[Ol, corresponding to the function Y'm(x), equals ° by orthogonality between 
Y'm( x) and every constant function 

1 

J Y'm(x) dx = (Y'm, 1 h = 0, m = 0,1, .... (7.20) 

o 
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The integral of the derivative DO/+1'Pm over the unit interval in view of (7.14) may 
be calculated by the formula 

1 J DO/+1 'Pm(x)dx = DO/'Pm(l) - DO/'Pm(O) = 8~, a = 0, 1, .... 

o 

(7.21) 

Theorem 7.16. Each Eunction 'P, a member oE the orthogonal complement 

to H(x,A,A), expands into aseries in 'Pm (x). Moreover, the coeflicient oE'Pm(x) 
equals the increment on the unit interval oE the derivative oE'P oE order m, namely, 

00 

'P(X) = L (Dm'P(l) - Dm'P(O))'Pm(x). (7.22) 
m=O 

The series (7.22) converges in the norm oE H( x, A, A). 
Before launching into the proof of Theorem 7.16, we state a few lemmas. 
We introduce an auxiliary inner product in the space H(x, A, A), by letting for 

all functions 'P and 'IjJ 

(7.23) 

Lem.m.a 7.7. The norm of'Pm corresponding to the inner product (7.23) may 
be calculated by the Eormula 

(7.24) 

PROOF. Using the equalities (7.19)-(7.21), it is easy to express the norm square 

of 'Pm in L~k)[O, 1] through the values of the functions Am[ß], Aö'[ß], and Ao[ß]. 
Inserting the result in the definition of the norm of ('Pm) and performing easy 
calculations, come to the sought formula (7.24). The proof is complete. 

Inspect the behavior of the norm of ('Pm) as m tends to infinity. Consider­
ing (7.24) observe that it suffices to do this only for the series on the right side as 
m -t 00. Moreover, it is more convenient to deal with Am[ß], Aö'[ß], and some 
other similar functions. 

Introduce into consideration a numerical sequence dm , by putting 

(7.25) 
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If L = Ae" and p, = Jll + x /2, then the sequences dm and Cm are equivalent by the 
Stirling formula. Associate with the sequence dm the entire function in the variable 
z = 27rß by letting 

(7.26) 

By Aö[ßl denote the partial sum of (7.26) in which m ranges from 0 to a. Denote 
the difference between Ao [ßl and Aö [ßl by Ao+ 1 [ßl· 

The sequences dm and Cm are equivalent. Consequently, there are positive con­
tants K1 and K 2 such that, for all a and ß, we have the simultaneous inequalities 

Thus, to estimate the norm of (!.pOl h from above it suffices to inspect the behavior 
as a --+ 00 of the sum of the following series 

(7.27) 

We settle this problem by paying more attention to the ratio of the consecutive 
terms of (7.26). It is not hard to calculate that the ratio of the mth term to the 
(m + l)th term equals the square of ß/l(m)/ß, with 

(7.28) 

Lemma 7.8. For every positive q tbere is an increasing function a/l,q(ß) de­
fined on tbe interval (ßq , +00) and possessing tbe following properties. Tbe ratio 
of the mth term of (7.26) to the consecutive term is at most q if m E [1, a/l,q(ß)], 
and tbis ratio is at least 1/ q if m E (a/l,l/q(ß), +00). Tbe asymptotic behavior of 
a/l,q(ß) at large ß is given by 

(7.29) 

PROOF. Set the function ß/l,q(a) equal ß/l(a)/q and calculate its logarithmic 
derivative 

d x-p, p, 1 ( p,) 
d)logß/l,q(a)l = -a- + a + 1 = ~ x - a + 1 . 

This derivative is nonnegative for a ~ ao, with ao the maximum of the two numbers, 
o and p,/ x - 1. Thus, for a ~ ao the function ß/l,q( a) is an increasing function. 
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Consequently, there exists an inverse of this function which we denote by ap"q(ß). 
The latter function is certainly defined and monotone on the interval (ßq , +00), 
with ßq = ßP"q( ao). Check that ap"q(ß) pos ses ses the required properties. 

The ratio of the mth term of (7.26) to the consecutive term, as mentioned 
above, equals the square of 

(7.30) 

If for a given ß the argument m is at most ap"q(ß), then by monotonicity of ßP"q( m) 
the ratio in the right side of (7.30) does not exceed the quantity ßP"q( ap"q(ß))/ ß = l. 
If, on the other hand, m is at least ap"l/q(ß), then we are to use the following 
estimate 

ßp,(m) = ~ ßp"l/q(m) > ~ ßp"l/q(ap"l/q(ß)) = ~ 
ß q ß -q ß q' 

Finally, we find the asymptotic expansion of ap"q(ß). By definition, the equality 
holds 

( 27rqß )1/K ( 1 )-P,/K 
ap"q(ß) = --y- 1 + ap"q(ß) (7.31) 

Since the function ap"q(ß) tends to infinity at large ß, (7.31) entails the sought 
relation (7.29). The proof is complete. 

Corollary 7.2. Tbe functions AO' [ßl and Aa [ßl grow at large ß not faster than 
tbis is allowed by tbe following estimates 

(7.32) 

(7.33) 

Here K is a constant independent of a and ß, and the function ap,(ß) = ap"l (ß) is 
denned in Lemma 7.8. 

PROOF. We may estimate the growth of the modulus of an entire function 
through the maximal term of the corresponding Taylor series, leaning on the basic 
facts of entire function theory (see, for instance, [121) or [135)). However, we do 
the same on using Lemma 7.8. 

First, derive (7.32) for a = O. Decompose the function Ao[ß) into three sum­
mands. The first of them is the partial sum of (7.26) with the index m ranging 
from 1 to ap,,1/2(ß). The maximal summand at that has index m* = [ap,,1/2(ß)). 
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Factoring the summand out of the partial sum sign and using Lemma 7.8, obtain 
a dominant in the shape 

(7.34) 

Analogous reasoning applied to the third summand with summation over all m 
greater than a/l,2(ß), allows us to dominate the summand with 

(7.35) 

where m** stands for the integer nearest to a/-l,2(ß). Summation in the second, 
central, summand is taken over the integers m in the interval (a/-l,1/2(ß),a/-l,2(ß)), 
and the maximum is attained at m equal to a/-l(ß). Thus, a dominant for the central 
summand takes the form 

(7.36) 

The last of the quantities (7.34)-(7.36) is the greatest among them. 
Recalling the asymptotic expansion of a/-l,q(ß) which is given by (7.29), we see 

that Ao[ß1 indeed satisn.es (7.32). In an analogous fashion we may dominate Aö[ß1 
and Aa[ß1. The proof of Corollary 7.2 is complete. 

Some remarks on maxima and minima in (7.32) and (7.33) are now in order. 
A. Ostrowski used the function 

zm 
T(z) = max -d 

O::O;m::O;oo m 

in study of various classes of quasianalytic functions [2111. In our case when the 
sequence dm satisn.es (7.25), at large z the Ostrowski function T(z) is equivalent 
to the function ß/leS ß1 />< , with v = 1/2 - p/x and ß = z/27r. Therefore, as follows 
from (7.32), the entire function Ao[ß1 has order ß = I/x and type a = 28 in 
a neighborhood about the point at inn.nity. 

Lemma 7.9. Tbere is a constant K sucb tbat tbe inequality 

a(1-x)/2 
('Pa) ':5:K--

Ca 
(7.37) 

bolds uniformly in a. 
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PROOF. Use the expansion (7.24) of (cpO/). As follows from the definition of 
CO/ and (7.5), the first summand in (7.24) is dominated by the function Ka-2x /c~. 
Thus, it suffices to examine at large a the behavior ofthe second summand in (7.24) 
~ven as aseries. As mentioned, this problem amounts to estimating the function 
S[al that is defined by (7.27). Split the corresponding series into two summands. 

In the first of them ß ranges from 1 to ßl'l(a), the ratio of Aö[ßl toAo[ßl 
is at most 1, and the function AO/+l[ßl admits the estimate (7.32). In this case, 
al'l (ß) ~ a and the inequality (7.32) becomes simpler 

~ (2'1I"ß)2(O/+l) (2'1I"ß)2(0/+1) 
AO/+dßl ~ K ~ al'l (ßl'l (a)) ~ K ~ a. 

0/+1 0/+1 

Thus, the first summand we selected in S[al admits the dominant 

(7.38) 

In the second summand we selected in S[ a 1 the summation index ß is greater 
than ßl'l (a). Moreover, the ratio of AO/+1[ßl to Ao[ßl is at most 1, and the function 
Aö[ßl satisfies (7.33). In this case, a ~ al'l (ß) and so (7.33) becomes simpler 

A~[ßl ~ K(27r~)20/ ßl/X. 
0/ 

(7.39) 

At large a we may sharpen (7.39). Take an arbitrary natural 'Y ~ a and split 
the function Aö [ßl into two parts 

0/ 

A~[ßl = A~-'Y[ßl + L (7.40) 
m=0/-'Y+1 

Applying (7.39) to the first summand, obtain 

A~-'Y[ßl ~ K(27r~2(0/-'Y) ßl/x "" K(27r~?0/ ß1/X-2'Ya2x'Y. 
O/-'Y 0/ 

(7.41 ) 

The second sum on the right side of (7.40) comprises exactly 'Y summands, the 
maximal among which corresponds to m = a by the condition a ~ al'l (ß). Conse­
quently, 

(7.42) 
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From (7.40)-(7.42) it follows that for , ~ a ~ a lt1 (ß) the estimate holds 

Aa[ß] < K(27r ß )2a a 2X"'tßl/K-2"'f 
o - d2 ' 

0' 

267 

with Kindependent of a and ß. Thus, the second summand we selected in 5[a] 
admits the following dominant 

00 2K"'f 
K '"' __ a----:-_ 

D ß2+2"'f-1/Kd2· 
ß?.ß"l (0') 0' 

(7.43) 

The series in (7.43) converges provided that m = 2 + 2, -1/ xis greater than 1. In 
this event, the sum of the series (7.43) may be estimated from above by the integral 

00 

J 
Therefore, the expression (7.43) at large a admits an estimate from above by the 
function 

(7.44) 

This me ans that a dominant for the function S[ a] takes the form a 1 - K / c~ at large a. 
The proof is complete. 

Using (7.37), we readily estimate the inner product ('Pa, 'Pp ) as follows 

(7.45) 

PROOF OF THEOREM 7.16. Let 'P belong to H(x,A,A). Arrange the partial 
sum SN(X) of (7.22) corresponding to 'P, 

N 

SN{X) = L (Dm'PI~) 'Pm (X). 
m=O 

Prove that the sequence of SN is fundamental in H(x,A,A). Let N2 > NI. 
Then, using (7.37), we readily estimate the norm of the difference between SN2 (X) 
and SN1(X), 
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Applying the Cauchy inequality for sums to the right side, obtain 

{ 
N2 IDm 1

1
12}1/2{ N2 ()2}1/2 

(SN2 - SN1 ) ~ K m=~+1 br 0 m=~+1 mI-x ~: (7.46) 

By (7.3), the ratio bm/cm is equivalent to 1/mp,1-P,2 as m -+ 00. As mentioned 
in (7.5), 2(/11 - /12) + x-I> 1. Consequently, to the last factor on the right side 
of (7.46) there corresponds a convergent series. By the definition of the norm ( . h 
of the space, we further have 

N2 
(SN2- SN1)i=(SN2-SN1?+ L 

This and (7.46) imply that the sequence of the partial sums SN(X) is fundamen­
tal in H(x,A,A). Its limit Sex) belongs obviously to the orthogonal complement 

jj.L(X,A,A). 
Check that the initial function <p(x) agrees with Sex). 
To begin with, show that in our case the Fourier coefficients ccp[ßl satisfy the 

equality 
00 

ccp[ßl = L (Dm<pl~) cm[ß], (7.47) 
m=O 

with cm[ßl the Fourier coefficients of <Pm(x) defined by (7.19). The series on the 
right side of (7.47) converges absolutely. This may be proven on using the inequality 

1 

!cm[ßW ~ J <p;' dx ~ (<Pm )2 ~ K m 1
2-

X 
, 

Cm 
o 

and reasoning furt her by the scheme analogous to validating that the sequence SN 
is fundamental. The inner product of<p and the exponential e-i27rßx is expressed 
through the coefficient ccp[ßl and the increments of the derivatives of<p as follows 

This, together with the orthogonality of <p to exponentials, entails the validity 
of (7.47). 

Each Fourier coefficient of S( x) is obviously the limit of the sequence of the 
Fourier coefficients of the partial sums S N( x), namely, it is also expressed as the 
series on the right side of (7.47). This is possible only in the case when Sex) 
and <pe x) agree. The proof is complete. 
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Corollary 7.3. The set comprising the functions 'Pm(x) and the exponentials 
ei21rßx, ß = 0, ±1, ... , is a basis for the space H(x, A, A). 

The inner product of the basis functions 'Pm and 'Pn defined by (7.23) we denote 
by Am,n; the same quantity multiplied by bmbn, we denote by A:;',n; namely, 

The infinite matrix (A:;',n) determines a Hilbert-Schmidt selfadjoint bounded linear 
operator in the h space of square summable numerical sequences. This assertion is 
easy on using the next estimate which follows from (7.45) 

(7.48) 

The series on the right side converges by (7.5). 

For every function 'P in the orthogonal complement H 1.( x, A, A) it is possible 
to express ('P)2 also through the increments of the derivatives of this function by 
the formula 

00 

('P)2 = L A;",n{Dm'PI~Dn'PI~}/(bmbn). (7.49) 
m,n=O 

To justify (7.49), it suffices to expand the function 'P in the series (7.22) and use 
the fact that the series converges to 'P in the norm ( . hand, consequently, in the 
norm (.). 

Not all functions of the basis we constructed for the space H (x, A, A) are 
mutuallyorthogonal. This shortcoming may be repaired by endowing H(x, A,'x) 
with a new inner product. We have the following 

Theorem 7.17. The functions 'Pm (x), m = 0,1, ... , and tbe exponentials 
ei21rßx, ß = 0, ±1, ... , constitute a Riesz basis for tbe space H(x, A, A). In otber 
words, tbere is an inner product in tbis sucb that, first, it generates tbe norm wbicb 
is equivalent to tbe initial norm and, second, tbe basis functions are mutually 
ortbogonal. 

PROOF. Given arbitrary functions 'P, 1jJ E H(x,A,A), define a new bilinear 
form by letting 

(7.50) 
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Denote the orthoprojections of cp and.,p to H(x, A,.x) by $ and;;;. Using (7.49), it 
is not hard to validate the formula 

(7.51) 

Whence and from (7.21) it follows that (7.50) really determines in H(x, A,.x) an 
inner product such that the functions of the basis we constructed are mutually 
orthogonal. 

Check that the norm generated by this new inner product is equivalent to the 
initial norm of H(x,A,.x). The norm square of cp may be expressed as 

(cp)~ = ($)~ + f b! IDmcpl~12 + (cp - $)2. 
m=O m 

(7.52) 

Comparing the expansions (7.51) and (7.52) of the squared norms of the same 
function cp, come to the condusion that 

(7.53) 

Establish areverse estimate to (7.53). Using (7.51) and (7.52), rearrange the dif­
ference of the norm squares of cp to obtain 

( cp)~ _ ( cp)~ = ( cp _ $)2. (7.54) 

Expand (cp - $)2 in aseries by (7.49) and, using (7.48), infer the inequality 

(cp - $)2 :::; cf b! IDmcpl~12 :::; C( cp )~. 
m=O m 

This, together with (7.54), entails the sought estimate for (cp h via (cp )2. The 
proof is complete. 

§8. Convergence of Euler-Maclaurin and Gregory 
Quadrature Formulas on Gevrey Classes 

Revert to examining the sequences of quadrature formulas at a function belong­
ing to the dass Gx[O, 1J. In § 6 we considered the error corresponding to the dassical 
Euler-Madaurin formula and checked that for every function cp in H (x, A, .x) the 
error of such formula vanishes exponentially as the number of nodes N tends to 
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infinity. Moreover, we claimed that it is not always reasonable to increase the or­
der m at a fixed N. To justify the claim, we exhibit a lower bound (6.16) of the 
H*(x, A, >') norm of 1~'1v without proof. Now we proceed with demonstration. , 

Consider the Hilbert space H(x,A,J.L) with inner product (.,.)z. This space 
has an orthogonal basis containing the functions 'POt. The norm of each of these 
functions is easy to calculate by the formula 

If J.L = >. - x - 2 then the space H(x,A,J.L) is embedded in H(x,A,>.), with the 
embedding operator bounded. Consequently, the ratio of the norms of the error 1~'1v , 
in the dual spaces to H(x, A, >') and H(x, A, J.L) is bounded from below by a positive 
constant Kindependent of m and N, namely, 

Ill~~ I H*(x,A,>.)11 ~ Klll~~ I H*(x,A,J.L)II· 

We may continue the estimate. Observe that 

Calculate the error of the Euler-Maclaurin formula at a basis function 'POt. Let 
a :::; m - 2. Then the error 1~'1v is exact for the polynomial BOt+1(x)/(a + I)!. 
Hence, its values at the projecti~ns 'POt and <POt differ only in sign 

The value of the error 1~'1v at every infinitely differentiable periodic function <P is 
(lh(X), <p), with the error ih defined by (1.1). Considering this and expanding <POt in 
the Fourier series, infer 

(lEM ) - ,,- lßl(l -i27rß x) m,N, 'POt - - L.J COt h, e . 
ß#-O 

The value of lh at the exponential e-i27rßx, as mentioned above, equals 0 if ß is 
not a multiple of N and equals -1 otherwise. Considering this and using the 
formula (7.17) for the Fourier coefficients of <POt, obtain 
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Taking in the last equality a odd and equal to m-3, come to the following expansion 
of the modulus of the error 

I( EM )1 m-2 ~ 1 A~-3[kN] 
Zm,N,c.pm-3 = 2h ~ (27rk)m-2 Ao[kN] . 

The series on the right side consists of positive terms. Hence, its sum is surely 
greater than the term with index k = 1. Consequently, 

Assurne now that the order m is greater than a/J,2(N) + 3. Then the ratio of 
A~-3[N] and Ao[N] is bounded from below by a positive constant independent 
of N. 

We have thus demonstrated the existence of a constant K such that, for all m 
greater than a/J,2(N) + 3, the inequality holds 

Il zEM I H*(x A A)II > KN2 bm - 3 • m,N "- (27r N)m 

Recall that at large m the sequence bm behaves like m Km+/J2Am, with Jl2 = A + 
x/2 - 3/2. Consequently, as m -+ 00 the right side of the our estimate is equivalent 
to the sequence 

with ,= -(5x + 3)/2. 
Thus, for m > a/J,2(N) + 3 we indeed see that the all inequalities (6.16) hold. 
Now we examine the behavior of the double sequence of errors corresponding 

to the Gregory quadrature formulas on the functions of a Gevrey class. Put 

1 m-2 

(l~,m,c.p) = J c.p(x)dx-TN(c.p)+ L a[a]h{L\ac.pN_a+(-l)"L\ac.po}. (8.1) 
o a=l 

Here c.p( x) is an arbitrary continuous function on the unit interval. The product of 
a natural N and areal h equals 1, and a natural m must be an even number at 
most N. The finite differences L\ac.pk are as usual determined by the equality 

L\ac.pk = t(_1)a-j(~)c.p(kh+jh). 
j=O J 
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The denotation TN( <.p) is introduced in § 6. 
The error l~ m has order m if and only if the weights a[aJ may be written as 

the following integrals of the Newtonian powers 

1 

arA'] = (-1)'" jt["'+11dt 0 1 2 
<A (a+1)! ' a= , , ... ,m- . (8.2) 

o 

For the function <.p E H(x, A,'x) we have a collection of inequalities analogous 
to (6.10) 

(8.3) 

The sequence a m is the same as in § 6. To minimize the right side of (8.3) over 

all even m, it is necessary to know the behavior of the L~m)[O, 1J* norms of l~ m' 

with N fixed and m varying. If m ::; N /2, then the norm square may be calculated 
by the formula 

II IG I L(m)[O 1J*11 2 = h2m IB2m l 
N,m+2 2' (2m)! 

(8.4) 

Here B2m is the Bernoulli number, the quantity alm + 1] is defined by (8.2) for 
a = m + 1, and the polynomial P m-2 ( w) of degree m - 2 is independent of N 
and differs on the unit interval from the Chebyshev polynomial of the second kind 
Um - 2(w) only by a quantity that is O(l/m) as m --+ 00. We will prove (8.4) in the 
last section of this chapter. 

From (8.4), in particular, it is easy to infer the estimate 

(8.5) 

with Kindependent of N and m. Inserting (8.5) in (8.3), come to the following 
relation 

1 (l~,m+2' <.p) 1 ::; K[<.p]Hmxm+,x-1 (~ ) m 

The minimum of m xm+,x-1(A/N)m is attained at m and equals mo(N), the even 
number nearest to (s/ x)(N /27r )1/ x. This minimal value is m~-le-xmo. Therefore, 
for an arbitrary function <.p E H(x, A,'x) the error may be dominated as follows 

1 (
lG ) I < K[ul] N(,x-1)/xe-s(N/27r)1/>e N,mo(N)+2' <.p - r H , (8.6) 
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with s defined by (5.12) and K a constant independent of N. 
Thus, in much the same way as in the case of Euler-Maclaurin formulas, the 

vanishing of the errors of Gregory formulas is exponential for a suitable choice of 
order. Moreover, the norm ofthe error, as follows from (8.6), satisfies the inequality 

(8.7) 

Derive a lower bound on the norm in the left side of (8.7). As in the case of 
the Euler-Maclaurin formulas we are to know the explicit form of the function 

Lm,G[ß] = (IG e-i27rßX) 
N N,m' . (8.8) 

If!,. is not a multiple of the number of nodes N, then the Fourier coefficients 
L'~+2, [ß] may be expressed through the polynomial Pm-2(W) of (8.4). We have 
the formula 

L~+2,G[ß] = h2m+2( -1)m/Hl(sin1l"ßh)m+2a[m + 1]Pm-2(cos1l"ßh). (8.9) 

The number arm + 1] is defined by (8.2) as before. We will derive (8.9) in Theo­
rem 7.18. 

From (8.9) we infer the following expansion 

L~+2,G[ß] = h2m+2( -l)m/Hl(sin 1I"ßh)m+l a[m + 1] 

x (sin (m - 1)11" ß h + 0 (~) ) (8.10) 

which is asymptotically exact as m -t 00. 

Consider the periodic function 

00 

Cf'*(x) = L ßIIOe-sßl/X sgn (L;;+2,G[ß])e-i27rßX. (8.11) 
ß=l 

For some Vo, the above function belongs to H(x, A, A). This is easy to prove by 
the same scheme as in § 6. The error of the Gregory formula at '1'* is at most the 
product of the H(x, A, A) norm of Cf'* and the H*(x, A, A) norm of 1~,m+2' namely, 

Using (8.11), calculate the lower bound of this inequality 

00 

III~,m+2 I H*(x, A, A)II ;:::: K L ßIIOe-sßl/X IL;;+2,G[ßJI. 
ß=l 
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Preserving in the series on the right side the only term corresponding to the index ß 
nearest to N/6, and using the expansion (8.10), obtain a sought lower bound for 
the norm of 1~,m+2 

II IG I H*(x A A)II > KN vo-1e- s(N/6)1/X N,m+2 "- , (8.12) 

with K a constant independent of N. 
Observe that the exponents of the exponentials in (8.7) and (8.12) do not 

coincide. The question arises offinding out which ofthese estimates; (8.7) or (8.12), 
we may sharpen. It turns out that the exponent s(N/27r)1/x in (8.7) may be 
inereased up to s(N/6)1/x. The proof of this claim grounds on the representation 
of the norm of the error 1~,m+2 in the Hilbert spaee H(x, A, A) as the sum of the 
squared errors at the functions composing the orthogonal basis that was eonstructed 
in § 7. The relevant ealeulations from [281] are eumbersome and thus omitted. 

§9. The Sequence of the Fourier Coefficients of 
an Error 

Studying the quest ion of eonvergenee of Gregory quadrature formulas in the 
spaee H(x, A, A), we essentially use two important results. The first of them, (8.4), 
explieitly expresses the norm of the error of a Gregory formula as a function of m 
and h. The seeond, (8.9), presents the error for trigonometrie functions whieh is 
asymptotieallyexact as m -t 00. This and two subsequent sections are devoted to 
derivation of these formulas. 

We find it eonvenient to eonsider in what follows the errors IN(x) of a more 
general form than l~ m(x). We define the value of IN(x) at an arbitrary continuous 
function ep(x) by the'equality analogous to (8.1), but with summation on the right 
side performed over all 0: from 1 to N rather than to m, as in the ease of a Gregory 
formula. The weights a[o:] of this expansion of the error for all 0: = 1, ... ,m - 2 are 
given by the integrals (8.2) of the Newtonian powers, whereas for 0: > m - 2 they 
are arbitrary. 

Agree on one more denotation. Let a natural M be at most N. Arrange the 
function of a diserete variable 0:, defined on the semiaxis 0: ~ 1, equal to 0 for 
0: > M, and coincident with the weights a[o:] for 0: :S M. We denote this function 
by aM[O:]. Thus, for every eontinuous function ep, the equality holds 

1 00 

(lN'ep) = J ep(x)dx-TN(ep)+ LaN[o:]h{ßoepN_o+(-lt ßoepo}. (9.1) 
o 0=1 

Observe that an arbitrary error (9.1) is even with respect to the midpoint of the 
interval [0,1], i.e., 

IN(x) = IN(l - x). (9.2) 
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The error (9.1) may be written down differently as 

1 N 

(lN'~) = J ~(x)dx - L e[a]h~(ah). 
o 0'=0 

(9.3) 

By (9.2) the weights e[a] in this expansion are symmetrie with respect to the mid­
point of the interval [0, N]. 

Obviously, the error IiV(x) is a eontinuous linear functional in the spaee .5" of 
tempered functions. Thus, on the set of functionals like (9.1), whieh we denote 

by EF<;;'), there are defined the following operations: addition, multiplieation by 
a sealar, linear ehanges of the independent variable, generalized differentiation, and 
the Fourier transform. The restriction of the Fourier transform of IN to the set of 
integers is the function of a diserete variable whose values may be found by the 
formula 

(9.4) 

We eall LiV[ß] the sequence 0/ the Fourier coefficients 0/ ZN or, simply, the Fourier 
coefficient of IN. 

Denote by CF<;;') the set of all functions (9.4) eorresponding to the errors 

IiV(x) E EF<;;'). The equality (9.4) establishes a one-to-one eorrespondenee between 
EF<;;') and CF<;;'). 

Note the simplest properties of Fourier eoeffieients (9.4). 

For every IN(x) E EF<;;') the function LiV[ß] is real and even, i.e., 

LN[ß] = (liV(x),eos271"ßx), LiV[-ß] = LiV[ß]· (9.5) 

This remark is easy from (9.2). Further, by (9.4) and (9.3) obtain 

N N 

LiV[ß] = 8[ß]- L e[a]he- i27rßO'h = 8[ß]- L e[a]h eos 271"ßah. (9.6) 
0'=0 0'=0 

Here the function 8[ßl is 1 at ß = 0 and vanishes at the other points. An easy 
eheek shows that 8[ßl is the sequenee of the Fourier eoeffieients of the indieator of 
the unit interval. 

It is not hard to ealculate the sequenee of the Fourier eoeffieients of TN( ~). 
This is the function TN[ßl equal to 0 at all integer points but the multiples of N at 
whieh it equals l. 

The differenee between LN[ßl and 8[ßl, as follows from (9.6), is the function 
of period N equal to -1 at all integer multiples of N, i.e., 

LN[ß + N] = LN[ßl, LN[ßN] = -1, ß =1= o. (9.7) 
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It also follows from (9.6) that, for all ß such that 0< ß < N, the equality holds 

LiV[N - ß] = LiV[ß]· (9.8) 

Denote by x~) the space of even real functions of a discrete variable ß having 
period N, vanishing at every ß that is a multiple of N, and symmetrie with respect 
to the midpoint of the unit interval. Every function LiV[ß] of this space is uniquely 
determined by its values at positive ßs not exceeding the integral part of N /2. 

To each function LiV[ß] E CFC;), as follows from (9.5)-(9.8), we may assign the 

function LiV[ß] E X~ such that 

(9.9) 

The functions LiV[ß], corresponding by (9.9) to all possible errors liV(x) E EF<;;'), 
comprise the sub set CF~m) of X~). 

Lemma 7.10. An arbitrary function in CFC;) is an even polynomial in the 
variable w = COS 7r ß h of degree at most 2N vanishing for w = l. 

PROOF. By the definition of t. 0, we have 

(9.10) 

From (9.1) and (9.9) it follows that 

00 

LiV[ß] = I: aN[a]h{ t. O( e-i21rßX)N_0 + (-1)'" t. O( e-i21rßx)0}. 
0=1 

Inserting (9.10), after easy manipulations obtain 

m-2 
LiV[ß] = L a[a]h20+1(sin7rßh)0 cos7r(ßh -1/2)a 

0=1 
00 

+2m - 1(sin 7rßh)m-2( _1)m/2+1 L aN[a + m - 1] h 
0=0 

x Re[e-i(m-2)1r ßh(l_ e-i21rßh)"'+1]. (9.11) 

By hypothesis cos7rßh = wand sin7rßh = (1- w2)1/2. Moreover, 

1 {(-1)0/2To(W) forevena, 
cos7r(ßh-"2)a= (-I)(0-1)/2(I-W2)1/2Uo_1(w) forodd a. 
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Here by Tn(w) (Un(w)) we as usual denote a Chebyshev polynomial of the first 
(seeond) kind. Using these equalities, transform (9.11). 

Split eaeh sum on the right side of (9.11) into two: one, over the even as 
and the other, over the odd as. Inserting therein the expressions of trigonometrie 
functions through Chebyshev polynomials, infer 

(9.12) 

The polynomials Q;(m_2)(W) and QtN-m(W) of degree 2(m - 2) and 2N - mare 
determined by the followmg equalities 

m/2-1 

Q~(m-2)(w) = L 22k(w2 -1)k{2a[2kJT2k(w) - a[2k -IJU2(k-l)(W)}, 
k=l 

00 

Q{N_m(w) = L22k(w2 _1)k 
k=O 

x {2aN[2k + mJT2k+m(w) - aN[2k + m - l]U2(k-l)+m( w)}. (9.13) 

Sinee all m are even by hypothesis, the polynomials Q;(m_2)(w) and QtN-m(W) 
are also even. Moreover, Q~(m_2)(I) = o. Thus, on the right side of (9.12) there is 
a polynomial of the desired shape. The proof of Lemma 7.10 is eomplete. 

The equality (9.12) may serve as a eriterion for an arbitrary function LN[ßJ E 

X~) to belong to CF<;:). 

Consider a special loeal error 1~) (x). Given an arbitrary continuous function 
ep(x), put 

1 00 

(l~)(x), ep(x)) = J ep(x) dx - ep(O) - L( -1)kaN[klLl~+lepo. (9.14) 
o k=O 

The eoeffieients aN[kl here are the same as in the expansion (9.1) of the error 
1'N(x) and the finite differenees Ll~+lepO are taken with the mesh-size h = 1. The 

loeal error l~\ x) has order m. This is easy to show by integrating over [0, 1 J 
the Newton interpolant of the function ep(x) whieh is eonstructed for the no des 
a = 0,1, ... , m - 1. 

Using the change of variable x = hy, h> 0, and given l~)(y), obtain the error 

l~\ x / h). For an arbitrary eontinuous function ep( x), the equality holds 

(9.15) 
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Denote the sequence of the Fourier coefficients of the error (9.15) by 

We have 

Lemma 7.11. Tbe following algebraic identity is valid 

i2sin7rßhLiV[ß] = ei1rßh A:;"h[ß] - e-i1rßhX;;"h[ß]. 

279 

(9.16) 

(9.17) 

PROOF. It suffices to check two intermediate equalities. The first of them 

h 00 

A:;"h[ß] = J e-i21rßx dx - h + L aN[a]h(1 - e-i21rßhy~+1 
o ~=O 

results from (9.15) and (9.10). By easy calculations, derive the second equality 

ei1rßh A~,h [ß] - e -i1rßhX;;',h [ß] 

= i2sin7rßh t,aN[a]h2~+I(Sin7rßhtcOS7r(ßh - ~)a. 

Comparing the right side of the result with (9.11), obtain (9.17). The proof of 
Lemma 7.11 is complete. 

Thus, the function LiV[ß] belongs to CF~) if and only if there is a local error 
(9.15) whose Fourier coefficients relate with LiV[ß] by the equality 

(9.18) 

If all weights ara] in (9.14) equal 0 for a ~ m - 1 then (9.17) becomes simpler 
and reduces to the following 

(9.19) 

The function A~,h[ß] in (9.19) is the sequence of the Fourier coefficients of the 
Iocal error l;;'(xjh). The value of this error at a continuous function cp(x) is given 
by the formula 

h rn-I 

(l~ (~) ,cp(x)) = J cp(x)dx - L hcrn[a]cp(ah). 
o ~=O 

(9.20) 
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The error I<;,(x/h) has order m, and the weights cm[a] of I<;,(x/h) may be written 
down as the integrals 

o 
cm[a] = (-1)" J t(t + 1) ... (t + m - 1) dt. 

(t + a)a!(m - a - I)! 
-1 

(9.21) 

The equalities (9.21) are not hard to obtain by integrating over the interval [-1,0] 
the Lagrange interpolation formula of degree m - 1 constructed for the function 
'P( -x) on the set of nodes a = 0, ... , -m + 1. 

§10. The Fourier Transform of a Local Error 

The Fourier transform of the error I<;,(x/h) defined by (9.20) is a function of 
a real variable ~ which is given by the equality 

(10.1) 

Its restriction to the set of the integer points ß is the sequence .>..;;"h [ß] of the Fourier 
coefficients of I<;' (x / h). 

We further consider the function '>"0'(0 related to .>..;;"h(O as follows 

(10.2) 

We thus obtain an analytic description for '>"0'(0 which enables us, in particular, 
to expand '>"0'(0 in aseries of a special shape. 

Lemma 7.12. For every real~, the Fourier transform of a ioeal error may be 
written as the integral 

o 

.>..~(O = J t(t + 1)(~.~t 1~!m - 1) ?jI;n(27r0 dt. 

-1 

Moreover, the function ?jIf'(x) may be found by the formula 

x 

?jIf'(x) = i J eit(x- Y)(l - e-iy )m-1 dy. 

o 

(10.3) 

(10.4) 
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PROOF. By the definition of l~(x) we have 

m-l 

'\;:'(0 = i2~c(1 - e-i21T€) - L cm[a]e- i21T€0. 
0=0 

Whence, using the formula (9.21) for the weights cm[a], obtain 

o 
,\m(t) = (1_e-i21T€) _jt(t+1) ... (t+m-1) m( t)d 

o <" i271"C (m _ I)! 'Pt 271"<" t. (10.5) 
-1 

The integrand 'Pf(x) in (10.5) may be written as the following linear combination 

m-l ( ) 'P~(x) = L (_1)0 m - 1 _l_e- ixo . 
a t+a 

0=0 

(10.6) 

Differentiating both si des of (10.6) with respect to x, come to the differential equa­
tion 

d . 
dx 'P~(x) = -i(l- e- aX )m-l + it'P~(x). 

Solving it at a fixed t, find that 
x 

'P~(x) = eitx'P~(O) - i/ eit(x-Y)(l - e-iy )m-l dy. (10.7) 

o 

Considering that the subtrahend on the right side of (10.7) is denoted by ~f(x) 
and inserting (10.7) in (10.5), obtain 

o 

'\;:'(0 - j t(t + l)(~.~t ~!m - 1) ~~(271"0 dt 
-1 

o 
__ 1_( _ _ i21T€)_jt(t+1) ... (t+m-1) it21T€ m()d 
- '2 t 1 e ()' e 'Pt 0 t. 

l 71"<" m - 1 . 
(10.8) 

-1 

Check that the right side of (10.8) equals O. By the definition of 'Pf( x), we have 

o 

/
t(t+1) ... (t+m-1) it21T€ m(O)d 

(m _ I)! e 'Pt t 
-1 

= /0 eit21T€ [~ t(t + 1) ... (t + m - 1) (-l t ] dt. 
L::- (t + a)a!(m - 1 - a)! 

-1 0-0 
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However, the sum in brackets under the integral sign is identically 1. To prove this, 
it suffices apply the Lagrange interpolation formula of degree m - 1 constructed for 
a constant function over the set of nodes a = 0, -1, ... , -m + 1. Consequently, the 
right side of (10.8) equals O. The proof of Lemma 7.12 is complete. 

Introducing the notation u(x) = 1_e-ix and carrying out the change ofvariable 
7 = (e- iy - l)/(e- iX - 1) in (10.4), obtain 

/

1 m-l 

'lj;m(x) = e itX (l _ e-ix)m 7 d7. 
t (1 _ 7U)I-t 

(10.9) 

o 

Using this formula, find an asymptotically exact expansion of 'lj;f'(x) as m ---t 00. 

Lemma 7.13. For all real t and x, the function 'lj;f'(x) expands in aseries in 
the Newtonian powers oft, namely, 

1 'lj;m(x) = (1 _ e-ix)m-I 
(m - I)! t 

{ ~ '!' ( ) (t - 1) ... (t - j) 1 Am ( ) } 
X ~ a) X ., + ( )' n X, t . 

. J. m+n. 
)=0 

(10.10) 

The coeflicients aj(x) of this expansion are determined by 

(10.11) 

The function A~(x, t) is uniformly bounded when x varies over [-71',71'] and t varies 
over [-1,0]. Moreover, 

(10.12) 

with an a constant independent of m. 

PROOF. Rewrite (10.9) as 

/

1 m-I 
'Ij;;n(x) = eitx (1_ e-ix)m+t-I . 7 d7. 

(z(x) - 7)1-t 
(10.13) 

o 
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Here z( x) stands for the ratio 1/ u( x). Integrating by parts n + 1 times in the right 
side of (10.13), obtain 

1 

..,.---.,---- dr = - 1 + ----J rm-l 1 1 { t - 1 1 
(z - r)1-t m (z - l)l-t m + 1 z - 1 

o 

m! (t-1) ... (t-n) m! ( ) m( )} ( ) + ... + ( )' ( ) + ( )' z - 1 An x, t . 10.14 m+n. z-l n m+n. 

Write down the remainder of this expansion as 

1 J rm+n 
A:'(x, t) = (z - l)-t(t - 1) ... (t - n - 1) (z _ r)n+2-t dr. (10.15) 

o 

Inserting (10.14) in (10.13), obtain (10.10). 
Check now that, for x E [-7r,7r] and tE [-1,0], the estimate (10.12) holds. If 

lxi $ 27r/3, then for all r E [0,1] we have the inequality 

( )
2 

2 1 1 2x 1 1 
Iz(x) - rl = - - r + - cot - > - . 

2 4 2 - 16 sin2 x /2 
Consequently, 

IA:'(x, t)1 $ (:: 2~!22n+7 sinn +2 (~). 
The function A~(x, t) is thus bounded for lxi ~ 27r /3 and -1 $ t $ ° by a quantity 
of the desired shape. 

Let x belong to the interval [27r /3, 7r] or [-7r, -27r /3]. Then the integrand 
in (10.15) has singularities at x = ±7r, which to some extend complicates the 
derivation of the required estimate. Rewrite (10.15) in a more convenient form by 
letting 

1 J rn+m 
J;:'(x, t) = (z(x) _ r)n-t dr. 

o 

This, together with (10.15), yields 

A:'(x, t) = (z - l)-t(t - 1) ... (t - n - l)J::'+-/(x, t). 

Thus, we readily obtain a dominant for the function A~(x, t), knowing an upper 
bound on the integral J::,+-;2(x, t). Assume that m = 2, and prove by induction on n 
that, for x and t real, the inequality holds 

(10.16) 
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Indeed, the function J8(x, t) is easy to write down explicitly, namely, 

Jg(x, t) = zHl(l - e-ix(Hl))/(t + 1), 

Cbapter 7 

which readily entails (10.16). The induction step is immediate on using the recur­
rent relation 

J~+l(X,t) = zJ~(x,t -1) - J~(x,t). 

Assume now that m > O. Inducting on n, we then prove existence of a nu­
merical sequence Cn such that, for all t ~ -1 and every integer m the inequality 
holds 

IJrn(x t)1 < Iz(x)IHlcn . 
n , - m+1 

If n = 0 then 

rn-l 1 

Jt:'(x, t) = zrn Jg(x, t) - L zrn-l-", J r"'(z - r)l+t dr. 
",=0 0 

By hypothesis, 1 + t ~ O. Consequently, 

IzlHt 
<--. 
- a+1 

Inserting (10.16) and (10.19) in (10.18), obtain 

(10.17) 

(10.18) 

(10.19) 

(10.20) 

Here q = Iz(x)1 is at most I/via, i.e., less than 1. Consequently, there is a constant Co 
independent of m, x, and n and such that the ratio qt+lco/(m + 1) dominates the 
right side of (10.20). Therefore, (10.17) is proven for n = 0 and t ~ -1. 

The induction step is easy on using the following recurrent relations 

rn-l 

J:+l(x, t) = zrn J~+l(X, t) - L zrn-l-", J;:+l(x, t) 
",=0 

together with (10.16). Define the constant cn+l as 

eR +, ~ '::!' {(m + l)qm2R+'. + e.(m + 1) t, qm;" }. 
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By hypothesis q < 1. Consequently, Cn+l is finite. Thus, (10.17) is proven com­
pletely. Using it, we readily validate (10.12). The proof of Lemma 7.13 is complete. 

We now address in more detail the question of convergence of the sequence 
of the partial sums on the right side of (10.10). The limit of the sequence, if 
exists, is called the Newton series. As is known [74], the Newton series converges 
uniformlyon every bounded set in the half-plane Ret ~ A + c. Here c is positive, 
and A is a numerical parameter called the abscissa of convergence of the series under 
consideration. 

In the case when lxi ~ 7r /3, the modulus of the complex number eix - 1 is at 
most 1. Consequently, we have the inequalities 

(10.21) 

Moreover, we may determine the abscissa of convergence A for the Newton series 
from the following relations (see [74]) 

log! f (-l)kak(x)! 
A = lim k=n . 

n-oo logn 

Inserting (10.21) in the preceding formula, infer that A ~ -m + 1 < -1. Conse­
quently, for all t > -m + 1 and x with modulus at most 7r /3, we may pass to the 
limit in (10.10) as n ---+ 00. 

Inserting the Newton series that corresponds to the expansion (10.10) in (10.3) 
and performing easy calculations, expand AO(O as follows 

00 

AO(~) = (1- e- i27r€)m-l L bm[a](ei27re _1)°+1, (10.22) 
0<=0 

where lEI ~ 1/6, and the coefficients of the series may be written as 

m-l 

bm[a] = 1 J t[m+o<) dt. 
(m + o:)! 

(10.23) 

m-2 

Observe that the coefficient bm[O] is the negative of the coefficient alm -1] defined 
by (8.2). 

In the case when 7r/3 < lxi ~ 7r and -1 ~ t ~ 0, the series corresponding 
to (10.10) diverges. 

Return to the sequence of the Fourier coefficients corresponding to the errors 
of a Gregory formula. We have 
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Theorem 7.18. For ß other than every multiple of N, the function of a dis­
crete argument, defined by (8.8), admits the following factorization 

(10.24) 

The coefIicient bm[O] is an integrallike (10.23), and the polynomial Pm-4(W) of 
degree m-4 is independent of N and differs on the unit interval {rom the Chebyshev 
polynomial of the second kind Um - 4 (w) only by a summand that is O(l/m) as 
m -t 00. 

PROOF. The Fourier eoeffieients of the errors of a Gregory quadrat ure formula 
and the eorresponding loeal error are related by (9.17). Rearrange the right side 
of (9.17). Inserting the expansion (10.10) in (10.3), obtain 

Im [ei7reA~(~)] = 2m-1(_1)(m-2)/2(sin7r~)m-1 

x {t, bm[a] Re [e-i7re(m-2) (ei27re - 1)<>+1] + Ar;:(O/ (m + n)!}. (10.25) 

The function eharacterizing the remainder of the series in the last equality is written 
down as 

o 

Ar;:(O = J t(t + 1) ... (t + m - 1) Re [e- i (m-2)7re Ar;:(27r~, t)] dt. 

-1 

It is not hard to dominate the function on using (10.12). 

(10.26) 

Assume that ß is not a multiple of N and W = eos 7rßh. Then from (9.9) 
and (9.12) it follows that 

(10.27) 

The polynomial Q2(m-2)(W) is defined by (9.13) and does not depend on h. Show 
that it divides by the polynomial (1 _ w2)m/2. 

Study the behavior of the rational function 

(10.28) 

in a neighborhood about w = ±l. 
Using (9.19) and (10.2), infer 
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Inserting (10.25) with ~ = ßh into the right side of the preceding equality, come to 
the relation 

(10.29) 

From (10.26) and (10.12) it follows that the function A';:(ßh) admits the esti-
mate 

sup IA:(ßh)1 ~ anlbm[Ollm! sinn+2 7rßh. 
IßI::;N/2 m + n 

(10.30) 

For a = 2k even, the real part of the quantity in brackets in (10.29) is the product 

For a = 2k + 1 odd, this real part coincides with the value of the polynomial 

Here Tn(w) (Un(w)) remains to be a Chebyshev polynomial of the first (second) 
kind. 

Putting ß = 1 in (10.29), let h vanish. The limit of the expression on the 
right side of exist and is finite, as follows from (10.30). Consequently, the rational 
function Rm- 4 (w) is impossible to have a pole at w = 1. The function Rm- 4(w), 
as follows from (10.28), is even. Therefore, the point w = -1 is impossible to be 
a pole of R m - 4(w) either. This may happen only of R m - 4 (w) is a polynomial of 
degree m - 4. 

Putting n = 0 in (10.29), we further obtain 

This, together with (10.30), yields 

ao 
sup IRm-4(cos7rßh) - Um-4(cos7rßh)1 ~ -2 ' 
Iwl9 m 

(10.31) 

withao theconstantof(10.12). Consequently, thepolynomialPm_4(w) = Rm - 4 (w) 
pos ses ses all desired properties. The proof of Theorem 7.18 is complete. 
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Corollary 10.1. If N is even and m :::: ao, with ao the constant of (10.12); 
the sum of the moduli of the weights of a Gregory quadrature formula of degree 
m - 1 cannot be less than h2m - 1 Ibm [O]I. 

PROOF. Observe that the sum of the moduIi values of the weights of a quadra­
ture formula is always at least the modulus of each of the Fourier coefficients of the 
respective error. Bearing this in mind, apply (10.24) with ß = N/2 and use (10.31) 
to arrive at what is desired. The proof of Corollary 10.1 is complete. 

§11. The Norm of the Error of a Gregory Quadrature 
Formula 

We derive a formula for the L~m)[O, 1]* norm of the error of a Gregory quadra­
ture formula. Our preliminary reasoning applies to a general error (9.1). 

Use the available one-to-one correspondence between the set of the errors 
EF<;:) and the set oftheir Fourier coefficients CF<;:). Associate with the L~m) [0,1]* 
norm of a functional in EF<;:) the respective norm defined on the functions of a dis­

crete argument in CF<;:). So, instead of comparing two errors in EF<;:), we may 

compare their images in CF<;:). 
Given functions ![ß] and g[ß] of a discrete argument, define the bi linear form 

(11.1) 

Recall that m is an even natural. Denote by IIfllm the value (f, f )~,e and consider 
only functions f[ß] such that IIflim is finite. It is not hard to see that 11 . 11m is 

a nonnegative, homogeneous, and convex functional, i.e., it defines a norm in X~). 

Lemma 7.14 (V. I. Polovinkin [151]). The norm of an arbitrary errar llJ 

in EF~m) in the dual of L~m)[O, 1] coincides with the norm of the corresponding 
sequence of the Fourier coefflcients, namely, 

(11.2) 

PROOF. By the Riesz Theorem on the general form of a bounded linear func­
tional in a Hilbert space, there is an element ulJ(x) in L~m)[O, 1] such that, for all r.p 
in the same space, the equality holds 

1 

(llJ, r.p) = J Dmr.p DmulJ dx. (11.3) 

° 
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The norm of ZN in the dual of L~m)[O, 1) coincides with the norm of the extrem al 
function UN, namely, 

1 

liliv I L~m)[O, 1]*112 = (ZN, UN) = jiDmuNI2 dx. (11.4 ) 

o 

Taking as cp(x) in (11.3) consecutively the functions xm , cos27rßx, and sin27rßx, 
obtain the Fourier series for the mth order derivative of the extremal function 

D m m() 1 (zm m) 2 ~ LN[ß) 2 ß UN X = m! N,X + L..J (27rß)m COS 7r X. 
ß=l 

Whence, by the Parseval identity, infer 

1 

jiDmUNI 2 dx = (lN~~m) 
o 

(11.5) 

The power function xm splits into two summands: one, the Bernoulli polynomial 
Bm(x), and the other, a polynomial of degree at most m - 1, namely, 

xm = Bm(x) + Pm-leX). 

Considering that the error ZN is exact for polynomials of degree m - 1 and using 
(7.15), deduce 

(lN,Xm) = (_I)(m-2)/2 ""' LN[ßl . 
m! L..J (27rß)m 

ß=f.O 

(11.6) 

Whence and from (11.1) we infer that the right side of (11.5) is the norm square of 
L!J[ß). Recalling (11.4), we finish the proof of Lemma 7.14. 

The further reasoning aims at translating the norm of LN[ß) to the shape in 
which the variables m and h are separated. The manner of translating the norm 
we use is applicable to the case of an arbitrary error like (9.1). However, we use it 
only for the error of the corresponding Gregory quadrature formula. This enables 
us to shorten the final formula slightly. 

Lemma 7.15. Tbe errar of a Gregory quadrature formula of degree m -1 at 
tbe polynomial xm Im! may be written as tbe sum 

(1° xm) B 
N,m" = _hm~ + (_I)m/2hm+lbm[O]Pm_4(1) 

m. m. 
00 

+(_I)m/2+lhmbm[O]~ j (Si~t) m Pm_4(cost)dt, (11.7) 

o 
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with the coefIicient bm[OJ defined by (10.23) and Pm-4(W) the same polynomial as 
in (10.24). 

PROOF. Using (11.6), (9.9) and (10.24), obtain 

(l~,m,xm) 
m! 

= _hm~~ _ hm{ 2(-1)m/2bm[OJh t (Si:;~h) m Pm-4(cos7rßh)}. (11.8) 

Express the right side of (11.8) through some integral on involving the familiar Pois­
son summation formula in aceord with the seheme proposed in [43J. The formula 
in question reads 

Va { ~f(O) + ~ f(na)} ~ v9 { ~9(O) + ~ 9(n,)}. (11.9) 

Here 0: 2': 0, 0:, = 27r, and the functions fand gare related as follows 

g(8) = f! 1 f(t)eos8tdt. (11.10) 
o 

If the function J(t) we sum in (11.9) coincides with (sin t/tr, then the Fourier 
eosine transform g(8) of J(t) vanishes for 8 2': m. The relevant formula is, for 
instance, in [56J. Write down the integral 

00 J J(t)Pm-4 (eost)cos8tdt 
o 

as a linear combination of the elementary summands 

00 J J(t) eos ßt eos 8t dt, 
o 

(11.11) 

(11.12) 

with 0 ~ ß ~ m - 4. Expanding in a sum the product of eosines under the 
integral sign in (11.12), we see that for 8 - ß 2': m the quantity (11.12) equals O. 
Consequently, for all 8 2': 2(m - 2) the integral (11.11) is also equal to O. 
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Applying now the Poisson formula with a = 7rh and "I = 2N to the function 
(sint/t)mpm_4(Cost) infer 

{ 1 ~ (sin 7rßh)m } Joo (sint)m 7rh 2Pm-4(1) + ~ 7rßh Pm-4(cos7rßh) = -t- Pm_4(cost)dt. 
ß-l 0 

(11.13) 
Expressing the sum of the series over ß through the remaining terms and inserting 
the result in (11.8), obtain (11.7). The proof of Lemma 7.15 is complete. 

We analogously transform the second summand in the definition of the norm 
of L~,G[ß). By (9.9) and (10.24), for m ~ N we have 

2 sm 7r 2 00 (. ßh)2m } 
Xh]; 7rßh IPm-4(cos7rßh)l· (11.14) 

In the Poisson formula (11.9) we further set a = 7rh and "I = 2N and take 

( sint)2m 
J(t) = -t- IPm_4(cost)12, 

as a function to be summed. We thus obtain 

I (Si~t) 2m IPm-4(COStW (~+ cOS2Nt) dt 
o 

(11.15) 

The expression on the left side splits naturally into the sum of two integrals. Easy 
analysis shows that the integral whose integrand has the factor cos 2Nt, equals ° 
for m ~ (N + 4)/2. Assurne the last condition met. Then, expressing from (11.15) 
the sum of the series over ß through the remaining terms and inserting the result 
in (11.14), come to the some presentation of the L;m) [0, 1)* norm of l~ m. 

The formula for the norm ofthe error 1~,m+2 in L;m) [0,1)* is deriv~d similarly. 
This formula is precisely the equality (8.4) which we have already used in estimating 
the error of Gregory formulas for the functions in the class Gx[O, 1J. 



Chapter 8 

F'unctions of a Discrete Variable 

In this chapter, the domain of definition of the functions under study is the multi­
dimensional integer lattice of nodes 

zn = {ß: ß = (ßl, ... ,ßn), ßj = O,±1,±2, ... }. 

Consider the set of complex-valued functions f[ßl, on agreeing to put a discrete 
argument in brackets. For brevity we sometimes call a function of a discrete ar­
gument a discrete function. Clearly, the set of discrete functions gives rise to an 
infinite-dimensional linear space. 

It is impossible to apply the operations of mathematical analysis to studying 
discrete functions immediately. However, analogous operations are available. The 
analogy grounds on the fact that ip[ßl results often from restricting some function 
ip(x) defined on the whole of jRn to the set {hHß : ß E zn}. The latter thickens 
as the scalar parameter h vanishes. Obviously, under this interpretation we may 
routinely apply the methods of continuous mathematical analysis to examination of 
the properties of ip( hH ß). However, it is more convenient to ignore this possibility 
and to define needed operations over discrete functions axiomatically. 

§ 1. Operations over Discrete Functions 

Let the support of a function ip[ßl be the set of points at which it is other 
than 0. When this set is bounded, ip[ßl is called compactly-supported. 

The inner product [ip[ß], 1j![ßll of ip[ßl and 1j![ßl is the sum of the series 

L ip[ßl~[ßl 
ß 
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provided that the latter converges absolutely. The inner product exists of every two 
functions either of which is compactly-supported. 

The convolution <p[ßl * 1j1[ßl of <p[ßl and 1j1[ßl is the inner product 

x[ßl = <p[ßl * 1j1[ßl = [<pbl, ~[ß - ,ll, (1.1 ) 

with , the summation index. This definition implies that the series defining x[ßl 
converges absolutely for all ß. 

Commutativity of convolution, i.e., the equality 

<p[ßl * 1j1[ß) = 1j1[ß) * <p[ß), 

is easy to check by letting ß -, = 8 and, = ß - 8 in (1.1). Moreover, we clearly 
see that 

<p[ß + c) * 1j1[ß + 8) = [<pb + cl, ~[ß + 8 -I)) = x[ß + 8 + cl· 

In other words, if the argument of one of the convoluted factors translates then 
the same translation applies to the argument of the convolution. If the arguments 
of both factors are independently translated then the argument of the convolution 
undergoes the composition of the translations of the factors. The convolution of 
two functions by means of (1.1) was defined through an inner product. Conversely, 
the inner product is expressed through convolution as follows 

Introduce the notation 
.(""\ 

1j1 [ß) = 1j1[ -ß) 

and rewrite the inner product of <p[ßl and 'Ij>[ßl as 

The formulas (1.2) and (1.3) make sense if so does at least one of the expressions 
on their right sides. In this event all remaining expressions also make sense. It is 
worthy to list a few cases in which the convolution of two functions exists. 

Introducing various norms, we distinguish classes of functions of a discrete 
argument which constitute Banach spaces. Define Ip, 1 ::; p < 00, as the linear 
space of discrete functions with finite norm 

{ }
l/P 

Ilfl1pll= Llf[ßW . 
ß 
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Theorem 8.1. Let cp[ßl and .,p[ßl belong to Ip and lpl with l/p + I/p' = 1, in 
which case the spaces are dual to one another. Then the convolution 

cp[ßl * .,p[ßl = ~[ßl 

of cp[ßl and .,p[ßl exists and vanishes as IßI -+ 00. 

PROOF. The existence of the convolution is obvious. We are only to prove that 
it vanishes. Given a positive a, split cp[ßl into the sum 

cp[ßl = CPa[ßl + ~a[ßl, 

with 

CPa[ßl = {cp[ß], ~f IßI ~ a, 
0, If IßI > a. 

By analogy, decompose the function .,p[ßl. Then 

For all c: > 0 and a sufficiently large, a > N(c:), we have 

At sufficiently large h'l, the supports of if'a[ßl and ~ah' - ßl are disjoint. Hence, 

[cp[ß], ~[-y - ßll = [CPa[ßJ, ~a[-y - ßll + [<Pa [ßl, ~a[I - ßll + [<Pa[ßJ, ~a[I - ßll· 

Every summand on the right side of this equality is easy to estimate: 

I[CPa[ßJ,~a[-y - ßllI ~ IIcp Ilpllll~a Ilp/ll, 
1[<Pa[ßh ~a[I - ßlli ~ II~a Ilpllll.,p Ilp/ll, 

l[~a[ßl, ~a[-y - ßlli ~ II~a Ilpllll~a Ilp/l!. 

Consequently, for all I, the convolution ~[Il does not exceed in magnitude a quantity 
that is proportional to c:. Whence Theorem 8.1 follows. 

The next theorem is obvious. 

Theorem 8.2. The convolution of functions cp and .,p exists provided that, for 
all I' the intersection of the supports oE cp[ßl and .,p[I - ßl is finite. 
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The hypothesis of the claim holds, for instance, if either of the functions cp 
and'I/J has finite support. However, it is easy to exhibit the examples in which the 
intersection of the supports is finite whereas the support of each of the functions 
is unbounded. Assurne that the supports of cp and 'I/J are some sets composed of ß 
whose every component is bounded from below, namely, 

(1.4) 

We write such system of inequalities as ß 2: ß(O). Then the intersection of the 
supports of cp[ßl and 'l/Jh' - ßl is the parallelepiped 

Hence, this intersection is finite for every "y. 

Consider the functions cp[ß], 'I/J[ßl, and x[ßl of a discrete argument. If all 
pairwise convolutions are commutative then, for instance, we have 

So, the twelve possible tri pIe convolutions reduce in fact only to three of them, 
namely, 

The next theorem yields some conditions under which all three possible versions 
of tripIe convolution coincide and, consequently, the operation of convolution is 
associative. 

Tbeorem 8.3. Assume existent the three pairwise convolutions 

Icp[ßll * 1'I/J[ßlI, 1'I/J[ßll * Ix[ß11, Ix[ßll * Icp[ßli 

and at least one triple convolution, for definiteness, 

Icp[ßll * (1'I/J[ßll * Ix[ß11)· 

Then all three triple convolutions 

exist and coincide. 



296 Chapter 8 

PROOF. The theorem is immediate from the absolute convergence of the double 
senes 

L L ~[I'J ?jJ[ß - I' - 8J X[8J. (1.5) 
"y 6 

Consequently, it is unconditionally convergent and we may sum it in whatever 
order. Collecting terms with a fixed X[8J, obtain an absolutely convergent series, 
which yields X * (~ * ?jJ). Collecting terms in another order, obtain the convolution 
~ * (?jJ * X) and so on. Thus, 

(1.6) 

The proof of Theorem 8.3 is complete. 
Observe that if, given each of the functions ~, ?jJ and X, we may find at least 

one point at which it is other than 0, then absolute convergence of the series deter­
mining one of the tripie convolutions entails existence for all pairwise convolutions 
mentioned in the theorem. 

Corollary 1.1. Assume existent the convolution 

1~11 * (1~21 * [1~31 * ... * {1~n-ll * I~nl}···]) (1. 7) 

and all convolutions with n - 1 factors out of those entering (1. 7). Then there exist 
all convolutions in arbitrary order 

independent of the order and combination of factors. 

As before, if given each of the functions ~i[ßJ we may find at least one point 
at which it is other than 0, then the convergence of (1.7) entails existence of all 
convolutions with n - 1 factors out of those mentioned in Corollary 1.1. 

The convolutions of the shape (1. 7) are called repeated. 

Corollary 1.2. Convolutions iterated in arbitrary order exist and coincide 
provided that all but possibly one of the factars are compactly-supported. In this 
event the sum like (1.5) contains only finitely many nonzero terms. 

Corollary 1.3. Convolutions iterated in arbitrary order exist and coincide 
provided that the support of each function ~k lies in the set ß ~ ß(O,k), with ß(O,k) 
a vector varying with k. In this event the sum like (1.5) contains only finitely many 
terms. 
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Corollary 1.4. If the variables ßj split into two collections so that one oE them 
satisnes the hypotheses oE Corollary 1.2 whereas the other satisnes the hypotheses 
oE Corollary 1.3, then the hypotheses oE Theorem 8.3 are also satisned. 

The dass of compactly-supported functions, being dosed under convolution, is 
a convolution algebra. Also, the dass of functions with support bounded below in 
the sense of (1.4) is a convolution algebra. 

The functions of exponential decay at infinity again comprise a convolution 
algebra. The last daim ensues from the following property. 

Theorem 8.4. The convolution oE Eunctions in a discrete variable oE exponen­
tial decay is also a Eunction oE exponential decay. 

PROOF. Suffice it to check that, for TJl > ° and TJ2 > 0, the estimates 

(1.8) 

imply 

We establish this inequality only in the case of a single independent variable, since 
for many variables the proof is analogous. 

Equating the exponents of the exponentials on the right side of (1.8), i.e., 
letting TJ = min(1]l,TJ2), for ß > ° find 

IL Y?[,l;J[ß - ,li ~ K l K 2 L e-111 ,1-'M--rI , , 
= K l K 2 { L e -1MI + L e -2111,1+1MI + L e21/'Y-'1IßI}. 

O~,~ß ,>ß ,<0 

Estimate each term on the right side separately. Given TJ > TJ3, observe 

L e-'1IßI = e-'1ß(ß + 1) ~ Ke-'1aß, 

°s,Sß 
~ e-2'1,+'1ß = e-'1(ß+2) 1 < Ke-'1ß 
L..J 1 - e-2 '1 - , 
ß<, 

~ e2'1,-'1ß = e-'1ß 1 < Ke-'1ß. 
L..J 1- e-2 '1 -
,<0 

Analogous estimation for ß negative is carried out similarly. The proof of Theo­
rem 8.4 is complete. 
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Consider some important discrete functions. As for a continuous variable, 
introduce the monomials [ßla and the polynomials P[ßl = l:a aa[ßla. Here, as 
before, [ßla = ßfl ß!f2 ... ß~n. Then the convolution of the polynomial P[ßl of 
degree m with an arbitrary compactly-supported function is again a polynomial of 
degree at most m. 

Indeed, 

P[ß -,1 = L akhlPk[ßL 
k 

with Pk[ßl some polynomial of degree at most m. Consequently, 

~[ßJ * P[ßJ = L Pk[ßJ[~hJ, ak[,J], 
k 

which proves our claim. 
Define a discrete analog of the Dirac delta function. Put 

6[ßl = {I, if ß = 0, 
0, if ß i= O. 

The convolution of 6[ßJ with an arbitrary function ~[ßJ does not change the latter, 
namely, 

6[ßl * ~[ßJ = [6[,1, cp[ß - ,1 J = ~[ßJ. 

Thus, 6[ßJ plays the role of unity for convolution. The functions 6 in fewer variables 
are related as follows 

The delta function of arbitrary coordinates is constructed on using the above for­
mula. N amely, 

6[ßjll ßh , ... , ßjk 1 = 6[ßjl16[ßh 1· .. 6[ßjk 1· 

The following formulas hold 

6[ßj - ,jJ ~[ßJ = ~[ßl,· .. , ßj-l, ,i, ßi+l' ... ' ßnJ 6[ßi - ,iJ, 

6[ß - ,l ~[ßJ = 6[ß - ,J ~hJ· 

In other words, the argument ßi of ~ is fixed in multiplication of ~[ßJ by 6[ßi - 'iJ. 
For ßj i= Ti> the product is equal to O. In multiplication of ~[ßl by 6[ß - ,l, fixed 
is the whole n-dimensional argument of~, whereas at the other points the product 
vanishes. 

In the sequel, we need the notation 

ßi = Cßl, ß2, .. . ,ßi-l, ßi+l, . .. ,ßn). 
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Introduce into consideration the function 

(1.9) 

The partial difference of an arbitrary function c.p we call the convolution of 
ßj[ßl with c.p[ßl which takes the form 

with Öj standing for the vector Öj = (0, ... ,0,1,0, ... ,0). ----j-l 

For discrete functions, partial difference plays an analogous role to that of 
partial derivative for functions of a continuous argument. We define an analog of 
the differential operator of an arbitrary order on using the notation 

with ß~O)[ßl = ö[ßl. 
The taking of convolution with ß[a) is the taking of the difference of order a, 

namely, 

with ° ~ k ~ a implying the simultaneous inequalities 

° ~ k j ~ aj, j = 1,2, ... ,n. 

The differences ß[a] * c.p are analogs of partial derivatives of higher order. 
In dealing with functions of a discrete variable it is convenient to use Newtonian 

powers. For one variable y and an integer k 2: 0, put 

y[O) =1, y[k)=y(y-1) ... (y-k+l), k2:1. 

We may expand in the Newtonian powers every ordinary polynomial 

m 

P(y) = L akyk 
k=O 
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of degree m in y as follows 
m 

P(y) = L bky[k]. 
k=O 

This ensues from the fact that the transition matrix from the system 1, y, 
[2] [k] h t 1 2 k • t· 1 ·th 1 th . y , ... , y , ... to t e sys em ,y, y , ... , y , ... IS nangu ar Wl s on e prlll-

cipal diagonal and thus nonsingular. 
Let y = (Yl , ... , Yn) and assurne that a = (al, a2, ... , an) is an integer vector 

with nonnegative entries. Put 

Every polynomial of degree m in n variables may be expanded in the N ewtonian 
powers by what was explained above. 

One of the main advantages of the Newtonian powers consists in the elementary 
formula 

entailing the general formula 

I 
~[a] * yb ] = ,. yb-a] 

(,- a)! 
(1.10) 

for , 2:: a and 
~[a] * yb] = 0 (1.11) 

provided that , :::; a and , t- a. Hence, we arrive again at the assertion that the 
convolution of a polynomial P of degree m with ~[a] diminishes the degree of the 
former by lai units. 

The formulas (1.10) and (1.11) lead to the biorthogonality condition 

~[a] * [ßlb11 = 1)"'( = {I, if a = " 
,! ß=O a 0, if a t- ,. 

From this condition we readily infer the general formula for expansion of a polyno­
mial P[ßJ of degree I in the Newtonian powers 

P[ßJ = L ~[a] * p[ßJI [ßl[!a]. 
lal9 ß=O 

In particular, obtain 
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an analog of the Newton binomial. 
Revert to Theorem 8.3 on associativity of convolution and demonstrate by 

example that the hypotheses of this theorem are essential and cannot be rejected. 

EXAMPLE. Consider the three functions in a single variable 

cp[ßJ = ß, 1jJ[ßJ = c5[ß + 1J - 2c5[ßJ + c5[ß - 1J, X[ßJ = IßI· 

The function 1jJ [ßJ is compactly-supported. Hence, both convolutions cp * 1jJ and 1jJ * X 
make sense. It is easy that 

which implies the relations 

Hence, (1.6) fails. More exactly, two of the triple convolutions in (1.6) make sense 
but fail to coincide whereas the third is senseless. 

Taking in this example the function cp[ßJ = ß2 instead of cp[ßJ = ß, we see that 
existent is only one of the three triple convolutions. 

For calculating the partial difference of the product of two functions there is a 
formula analogous to the differential product rule, namely, 

(1.12) 

This formula ensues elementarily from the identity 

cp(x + l)1jJ(x + 1) - c5(x)1jJ(x) 

= <p(x + l)['lj1(x + 1) - 'lj1(x)] + 'lj1(x) [<p(x + 1) - <p(x)]. 

Transposing cp and 1jJ in (1.12), obtain 

Now, introduce into consideration a function of a single variable analogous to 
the Heaviside theta function. Namely, put 

For j = 1, ... , n and every ß E zn, assign 
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The functions E[ßj] and Ej[ß] satisfy the obvious relations 

The function Ej[ß] is inverse to Öj[ß] with respect to convolution. The con­
verse is also valid 

Ej[ß] * Öj[ß] = Öj[ß] * Ej[ß] = 6[ß]· 

The proof is easy from (1.9) and the equality 

which may be checked straightforward. 
Clearly, the convolution of cp[ß] with the function Ej[ß] is the summation of 

the values of cp[ß'] over all ß' such that ßj = ßj, and ßj ranges over all indices less 
than ßj. In other words, the convolution with Ej[ß] is the partial summation over 
the coordinate ßj. Indeed, 

ßj-l 

cp [ß] * E j [ß] = L cp [ßj, ßj] . 
ßj=-oo 

The pair ßj, ßj stands here for the vector ß with the j th entry replaced by ßj. An 
analogous agreement is effective in the sequel. 

The function Ej[ß] is not compactly-supported. The convolution with it may 
fail to exist sometimes. The convolution with L:j[ßl exists provided that the sup-

port of cp has the coordinate ßj bounded from below for all fixed 7iJ, i.e., if there 
is a function k[ßj] such that suppcp C {ß : ßj ~ k[ßj]}. The convolution of Ej[ß] 
with cp[ß] is a discrete analog of integration with respect to the variable ßj over the 
half-line form -00 to ßj - 1. Integration with finite limits is analogous to another 
operation, summation with finite limits, which is performed by the rule 

ßj-l 

E j [ß] * (cp[ß1E j[ß - 1']) = L cp[ßj, ßjl· (1.13) 
ßj='i'j+l 

Observe that an inverse of Öj[ßl is defined nonuniquely. Clearly, the convolu­
tion of Öj[ßl with an arbitrary function 1jJ independent of ßj, i.e., with an arbitrary 

function only in ßj, is zero, namely, Öj[ßl * 1jJ[7iJ] = O. Consequently, the sum of 
the shape Ej[ß] + 1jJ[ßj] is also inverse to Öj[ß] in the sense that 
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Given a function 'P[ß] with support bounded in ßi from above, i.e., 

as an inverse with respect to convolution of ßi[ß] we may take the function 

~}-)[ß] = -~i[ßi' 1 - ßi] = 8[ßiJ( -~i[-ßi + 1]) 

= 8[ßiJ(~i[ßi]- 1) = 8[ßi]~i[ßi]- 8[ßi] = ~i[ß]- 8[ßi]· 

The convolution of 'P[ß] with ~J-)[ß], calculated by the formula 

00 

'P[ß] * ~J -) [ß] = - L 'P[ßj, "0], 

is an analog of the integral 

'Yj=ßj 

00 

-J 'P(Xi,ei) dei· 
ßj 

For functions satisfying (1.14), we have 

303 

(1.14) 

Consider a single discrete independent variable t and introduce the function 
t[k]~[t + 1] which is 0 for t negative and agrees with t[k] for other t. In particular, 
for k = 0 this function is given by the equality 

[0] [ ] {O, if t < 0, t ~t+l = 
1, if t ;::: O. 

We call t[k]~[t + 1] a truncated Newtonian power. 
The validity of the formula 

is easy from (1.13) and (1.10). 
In the theory of differential equations, ordinary and partial, the derivatives of 

some function of a continuous argument are often replaced with divided differences 
of this function at the points of some cubic lattice with side h, i.e., by partial 
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differences of the function CPh[ßl = cp(hß). Such replacement is not unique. The 
same derivative 8cp /8Xl may be replaced, for instance, by the "forward" difference 

or by the "backward" difference 

As an approximation to 8r.p/8xl we mayaiso take the symmetrie differenee, i.e., 
the half-sum of the "forward" and "backward" differences or in general every com­
bination of the values of ~1 * CPh at several points 

with x[Cl a compactly-supported function and L:e x[Cl = 1. We similarly approxi­
mate the value of the ,th order derivative of a given function 

The argument of ~bl on the right side is absent. From now on we agree to omit 
the argument of ~bl when this leads to no confusion. 

Let a discrete function 1jJ[ßl be compactly-supported. The operator of convo­
lution with 1jJ[ßl, i.e. the operator 1jJ[ßl*, is referred to as a differenee operator. The 
domain of definition of such operator is the entire space of discrete functions. 

Take, E zn and a compactly-supported discrete function Xi [ßl. We call the 
operator 

a differenee operator 0/ order ,. 
Let I be a natural. Assume given a compactly-supported function Xi [ßl for 

every, E zn. By a differenee operator 0/ sealar order 1 we mean a sum of the shape 

L Xi [ßl * ~bl * . 
hl=/ 

Clearly, for an arbitrary I times continuously differentiable function cp( x) we have 
the relation 
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with a-y = L:p X, [ßl. Consequently, in passage to the limit as h --4 0 a difference 
operator of order 1 becomes a differential operator of order 1. We do not exclude 
the possibilities in which some or even all a, vanish, since we may assume to treat 
the zero operator as a differential operator of every order 1. 

By definition, a difference operator of order 1 is simultaneously a difference 
operator of order each of the numbers 1- 1,1- 2, ... ,1, O. To the operator 

written as the sum of operators of order one of the integers from 0 to k, we respec­
tively ascribe an arbitrary order from 0 to k. This stands to reason since for an 
arbitrary k times continuously differentiable function 'P( x) there are limits 

lim h11jJ [ßl * 'Ph[ßL j = 0,1, ... , k, 
h-+O J 

which are possibly equal to O. 
Observe that this definition diverges with an analogous definition of the order 

of a differential operator. We agree that the order of the expression 

is by definition equal to the highest order j = m of the involved derivatives. For 
difference operators, the order of the expression 

rn 

with the order of 1jJj[ßl being k or at least k is k, i.e., the least of the orders of 

1jJ j [ßl· 
A formally natural continuous analog of the convolution operator acting on 

a discrete function 1jJ[ßl by the formula 

1jJ[ßl = L'P[ßl = X, [ßl * D.bl [ßl * 'P[ßl 

is the integro-differential convolution operator acting on a smooth function 'P(Y) as 

1jJ(x) = L'P(x) = J X,(x - y)D''P(y)dy. 
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However, for the compactly-supported coefficients X-y [ßl, we consider such integro­
differential operator does not result from a difference operator by passage to the 
limit. On the other hand, as was mentioned, analogs of an ordinary differential 
operator are constructed in a nonunique fashion. 

This explains in part why it is convenient to use nonsimilar definitions of order 
for differential and difference operators. 

As is easy to see, a compactly-supported difference operator of order 1 is or­
thogonal with respect to convolution to every polynomial of degree less than 1. In 
other words, for a compactly-supported function 

cp[ßl = L x-y[ßl * ~h] 
bl=/ 

we have the system of relations 

cp[ßl * [ßl[a] = 0, Iod< 1. (1.15) 

As we prove below, this property is characteristic of such operators. It is worth 
observing that (1.15) amounts to the condition 

[cp[ßl, [ßl[a]l = 0, Iod< 1. (1.16) 

Indeed, (1.16) is immediate from (1.15) on recalling (1.2). Conversely, assuming 
(1.16) fulfilled, by an analog of the Newton binomial formula for Newtonian powers 
obtain 

with Ca ,€ easily calculable constants. Further derive 

cp[ßl * [ßl[a] = L ca,€[ßl[a-€] [cpbl, bl[€]l = 0. 
O$e$a 

Hence, (1.16) entails (1.15). 
We now demonstrate that (1.15) is a characteristic property of the operators 

under consideration. We have 

Theorem 8.5. Let cp[ßl be a compactly-supported function orthogonal with 
respect to convolution to every polynomial of degree less than 1, in symbols, 

cp[ßl * [ßlh] = 0, Iod< 1, 

suppcp[ßl c {ß: Ißil < L}. 

(1.17) 

(1.18) 
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Tben cp[ßl is a eompactly-supported differenee operator of sealar order Ij i.e., it may 
be written in divergenee form 

cp[ßl = LXI' [ßl * 6.b1 [ßl, sUPPX-y [ßl C {ß: Ißjl < L}, 
11'1=/ 

tbus presenting a eompactly-supported differenee operator of sealar order 1. 

We precede the proof of Theorem 8.5 with two lemmas. 

(1.19) 

Lemma 8.1. Let a diserete function cp[ßl satisfy (1.17) and (1.18). Tben tbe 
convolution 

ßn- I 

«pn[ßl = cp[ßl * l:n[ßl = L cp [ßn, ß~] 
ß~=-oo 

possesses tbe following properties: 
1. All entries of tbe vectors ß E sUPP «P n [ßl but tbe entry ßn are bounded in 

magnitude, wbereas tbe entry ßn is in general bounded only from below 

supp«Pn[ßl C {ß: Ißil < L, j < nj ßn > -L}. 

2. For ßn > L, tbe function «pn[ßl depends only on ßn. 

3. For ßn > L, tbe function ~n[ßnl = «pn[ßl is ortbogonal in tbe spaee of 
diserete functions of tbe variable ßn E Zen-I) to every polynomial of degree less 
tban 1, namely, 

~ ~ ~ (1 
[«pn[ßnl, [ßnl an ] = 0 for lanl < 1. 

4. For tbe truneation Xn [ßj kl of«pn[ßl witb respect to tbe eoordinate ßn wbieb 
is defined as 

{ «Pn[ßl, ifßn < k,· 
Xn [ßj kJ = «pn[ßjl:[k - ßnl = 0, 

if ßn 2:: k; 

the equality holds 

[Xn [ßj kj, [ßj[a1j = 0 for k > L, Iod< 1- 1. 

(1.20) 

(1.21) 

PROOF. The first two properties of «pn[ßj are obvious by definition. Show the 
property 3. 

The inner product of ~n[ßnl and [ßnJ[;;nl in the space of discrete functions in 

the argument ßn E Z n-I is easily seen to maintain the following relations 

[~n[ßnl, [ßnJ[;;nlJ = L cp[ßJ[ßnl[;;nl = L cp[ßJ[ßnJ[;;nl[ßnl[Ol 

ß ß 

= L cp[ßJ[ßJ[a1 = [cp[ßl, [ßJ[a1l = o. 
ß 
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Here astands for the multi-index (an, 0). 
To proof the property 4, rewrite the left side of (1.21) as 

The second factor of the last inner product may be written as convolution of An[ßl 
and some discrete function. 

As it is easy to see, the function 

if ßn ? k, 

if ßn < k 

serves as a solution to the equation 

elearIy, Ao.[ßl for ßn ~ k is a polynomial of degree less than I. The definition of 
Aa[ßl and the property 1 of <pn[ßl imply that the product Aa[ßl<pn[ßl is a compactly­
supported function. Using this, readily derive the equality 

LAn * (<pn[ß1Aa[ß]) = O. 
ß 

(1.23) 

Applying (1.12) with j = n, transform the sum on the left side of (1.23) as follows 

Letting cp[ßl = Aa[ßl and 1f[ßl = <pn[ßl and inserting the result in (1.23), obtain 

L <pn[ßl(An * Aa[ß]) + L Aa[ß + DnlAn * <pn[ßl 
ß ß 

= L <pn[ßHß1[a1E[k - ßnl + L Aa[ß + Dnlcp[ßl = O. 
ß ß 

Since Aa [ß + Dnl for k > L is a polynomial of degree less than I at every point of 
the support of cp[ßl, by (1.17) the second summand in the last equality equals O. 
Consequently, the inner product (1.22) also equals O. The proof of Lemma 8.1 is 
complete. 
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Lemma 8.2. Let a discrete function r.p[ßl satisfy the hypotheses (1.17) and 
(1.18) of Theorem 8.5. Then <p[ßl may be written as 

n 

r.p[ßl = L(~i * Xi )[ß], 
i=l 

with Xi [ßl compactly-supported functions orthogonal to every polynomial of degree 
less than l - 1, i.e., 

supp Xi [ßl C {ß : Ißil < L}, [Xi [ßl, [ßl[<>ll = 0, lai< l- 1. (1.24 ) 

PROOF. Induct on the number of independent variables. Prove that for a single 
variable the lemma is valid. Indeed, for ß1 sufficiently large by the hypotheses of 
the lemma we have 

~[ß1l * r.p[ßd = l/J[ß1l = L <pb1l = (<p[ß1], 1) = O. 
'"Yl <ßt 

Consequently, the function l/J[ß1l is compactly-supported and agrees with cI>1 [ßl of 
Lemma 8.1. By Lemma 8.1 this function is orthogonal to every polynomial of degree 
less than l - 1. However, 

r.p[ß11 = ~1 * l/J[ß1], 

which proves our claim for n = 1. 
Show now that the validity of Lemma 8.2 for n - 1 variables entails its validity 

for n variables. 
Again consider the function Xn [ß; kl defined by (1.20). For k > L by the 

definition of ~n[ßl and (1.20) we have 

~n * Xn [ß; kl = r.p[ßl- 8[ßn - k + Il~n[ßnl· 
Hence, 

<p[ßl = ~n * Xn [ß; kl + 8[ßn - k + Il~n[ßnl· 
The function Xn [ß; kl is compactly-supported and orthogonal to every polynomial 
of degree less than l - 1 by Lemma 8.1. By the induction hypothesis the function 
~n[ßn], being a function in n - 1 variables, may be written as 

n-1 
~n[ßnl = L ~i * Xi [ßnl· 

i=l 

Hence, 
n-1 

<p[ßl = L ~i * (8[ßn - k + IlXj [ßn]) + ~n * Xn [ßl (1.25) 
j==l 

which is the sought decomposition of r.p[ßl. The proof of Lemma 8.2 is complete. 
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PROOF OF THE MAIN THEOREM 8.5. Apply induction, this time on the degree 
of a polynomial. 

For the polynomials of degree 0, the theorem is trivial. A compact1y-supported 
function !f'[ßl serves itself in (1.19) with 1 = o. 

Assume the theorem valid for compactly-supported functions orthogonal to 
every polynomial of degree less than 1 - 1. Show that it is valid also for the 
functions orthogonal to the polynomials of degree less than 1. 

Indeed, from Lemma 8.2 it follows that a function !f'[ßl satisfying (1.17) and 
(1.18) admits the expansion 

n 

!f'[ßl = L I1j * Xj [ß], (1.26) 
j=l 

with Xj [ßl compactly-supported and orthogonal with respect to convolution to 
every polynomial of degree 1- 1, i.e., satisfying (1.24). Each function Xj [ßl by the 
induction hypothesis may be written in divergence form as 

Xj [ßl = L Xj,..,,[ßl * 11 bl [ßl. 
hl=/-l 

Inserting this equality in (1.26), obtain (1.19). The proof of Theorem 8.5 is com­
piete. 

We further trace an analogy between the difference operators and differentia­
tion operators. 

Consider the set of all partial differences of order 1 of a given function of 
a discrete argument 

{wa[ßl = l1[al * !f'[ßl: !a! = I}. 

Obviously, the functions wa[ßl maintain the relation 

(1.27) 

with a an arbitrary vector such that !a! = 1- 1. This relation is an analog of the 
formula 8wjj8xk = 8wkj8xj. 

We call a difference gradient 0/ order 1 an arbitrary system of {wa , !a! = I} 
satisfying (1.27). 

Theorem 8.6. Each difference gradient Wo: of order 1 is the set of partial 
differences oE order 1 oE some function in a discrete variable. 
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PROOF. We check the claim only for a gradient of order 1 since the case of 
a general order 1 has no specific features as compared with the case of 1 = 1. 

Let 'P k possess the property 

(1.28) 

Show that there is a function 'Po [ß] such that 

'Pk = .6.k * 'Po, k = 1, ... ,n. (1.29) 

This is easy to achieve by using consecutive partial summation over each discrete 
variable in much the same way as in classical calculus for reconstructing a function 
from its gradient. 

Let 'Po [0] be an arbitrary constant and let ß = (ßl,"" ßn) belong to zn. 
Define the value 'Po [ß] by recursion. 

For m = 1,2, ... , n put 

A routine check shows that in the case of (1.28) the function 

satisfies (1.29). The proof of Theorem 8.6 is complete. 
We call a function 'Po [ßl corresponding to a difference gradient of order 1 by 

Theorem 8.6 a primitive of this gradient. 
A primitive 'Po[ßl satisfying (1.29) is determined from the values of a difference 

gradient of first order to within an arbitrary constant summand. With a gradient 
of order I available, construct a gradient of order I - 1 that consists of the functions 
'Po" lai = 1- 1, each of which defined to within a constant summand. Repeating 
the process, come to a gradient of order I - 2, and so on. Show that the function 
'Po[ß] we construct finally is defined to within an arbitrary polynomial summand of 
degree I - 1. In other words, we establish 

Lemma 8.3. A primitive oE an arbitrary difference gradient oE order I is de­
termined to within a polynomial summand oE degree at most 1 - 1. 
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PROOF. Check that, if for all a such that lai = 1 the equality holds 

~[ol * ~[ßl = 0, 

then ~[ßl is a polynomial of degree at most 1 - 1. 
We prove by induction on the number of independent variables. For n = 1 

the assertion is easy by induction on 1. Assume that it is valid for n - 1 variables. 
Since all differences of order 1 of ~ with respect to the variables ßl, ß2, ... , ßn-l 
vanish, the values of ~[ßl on each plane ßn = const coincide with the values of some 
polynomials in ßn, i.e., 

~[ßl = L a~Jßn][ßnl[~nl. 
I~nl<l 

Applying to both sides of this equality the convolution operator ~[:Ynl*, obtain 

The difference in ßn of order in = 1 - l:rnl of this polynomial is 0 by hypothesis. 
Consequently, all coefficients a~ [ßnl are polynomials in ßn of degree 1 - [:rnl - 1. 

On 

Whence the claim follows. The proof of Lemma 8.3 is complete. 
The difference between two primitive functions ~~l) and ~~2) of the same dif­

ference gradient of order I, i.e., between two solutions to the simultaneous equations 

~[ol * ~o = Wo, lai = 1, 

satisfies the corresponding homogeneous equations and by Lemma 8.3 is a polyno­
mial of degree at most 1 - 1. 

§2. Spaces of Discrete Functions 

The spaces of functions of a discrete argument are constructed by means of 
differences in the same manner as this is carried out for the functions of a continuous 
argument by means of derivatives. 

The functions of a single discrete argument, i.e., sequences, have already been 
examined in thorough detail. For them, available are the celebrated lp spaces, 
1 ~ p < 00, comprising the functions ~[ßl of an integer argument ß with the finite 
norm 
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We now consider their natural abstraction, the Ip space of functions of several 
discrete variables with the norm 

It is worthy to consider also the space lp,r of periodic functions of a discrete 
argument. By definition, this is the linear space of functions rp[ßl periodic with 
period T, TE zn, and possessing the finite norm 

{ }
l/P 

Ilrp IIp,rll = L Irp[ßJIP 
O~ß<r 

Alongside these spaces, consider the set l~l) comprising the classes of functions rp[ßl 
whose differences of order 1 are summable to the power p, namely, 

The members of each class in l~/) differ from one another in polynomial summands 
of degree at most 1 - 1. 

For the l~l) spaces we have the embedding theorems analogous to those valid 

for the L~') spaces of functions of a continuous argument whose definition is in 
exact analogy with that given in §2 of Chapter 1 in the case of p = 2. Also valid is 
a theorem on the denseness of compactly-supported functions (see [265]). 

The relevant section of theory of the spaces of discrete functions bases on 

several principal theorems relating l~/) and L~'). 
Assurne given a continuous function rp( x) in 1R n, and let 

be an integer lattice in 1R n. We call the function 

of a discrete variable the trace or restriction of rp(x) on f. Given a function rp[ß], we 
may somehow define a function rp( x) on 1R n that is continuous together with several 
derivatives and whose trace equals rp[ßl. We call such function an interpolation 
function or interpolant. 
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Theorem 8.7 (of tracing). H ep( x) in L~l) is continuous in IR n then the trace 

of ep on r is a member of l~/). The norms of ep( x) and ep [ß] in the corresponding 
spaces satisfy the inequality 

with K a constant independent of ep. 

PROO F. Let ep( x) be a smooth function in L~/), and let ep [ß] be its trace on r. 
To simplify calculations, assume that r is a cubic lattice with vertex the coordinate 
origin, i.e., ß(O) = 0 and A = I. Express the differences of ep[ß] through the integrals 
of the derivatives of ep(x). 

As usual, let S( 0 stand for the H eaviside /unction, i.e., 

1 {I, if C:~ 0, 
S(O = -2(1 + sgn~) = 0, 

if ~ < o. 
Given a natural m, put 

m m-k m! (~+ k)m-l 
1/Jm(O = t;( -1) k!(m _ k)! (m _ I)! e(~ + k). 

Clearly, for ~ < -m the function 1/Jm (0 is identically O. For ~ > 0 the sum 1/Jm (~) 
is the mth derivative of the monomial ~m-l I(m - I)!, and so it equals 0 too. 

Given a multi-index Ct E zn with natural entries Ctj, consider the product 

n 

1/Jcx(Y) = II 1/JCXj (Yj). 
j=l 

The function 1/Jcx(Y) has compact support included in the cube 

{y: -aj S; Yj S; 0, j = 1, ... ,n}. 

For lai S; 1 elementary calculations lead to the formula 

J 1/Jcx(x - y)Dcxep(y) dy = Ll[cx] * ep(x). (2.1) 

Letting x = ß in (2.1), rewrite the latter as 
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Here X". (y) is the indicator of the support (T of "pO/(Y). It is worth observing that the 
product "pO/(ß - y)X". (ß - y) is a function compactly-supported in y whose support 
lies entirely in the cube 

{y: ßj:::; Yj:::; ßj +a], j = 1, ... ,n}. 

The found representation of the difference .6JO/] * cp[ßl allows us to write the 
norm of cp [ßl as follows 

IIcp[ßlll~l)1I = {L L 11 "pO/(ß - y)x".(ß - Y)DO/cp(Y)dyI
P} 1/

P. 
10/1=1 ß 

Estimate the inner integral by the Hölder inequality 

11 "pO/(ß - y)x".(ß - Y)DO/cp(Y)dyl 

:::; Ilx".(ß - y)DO/cp(y) I Lpllll"pO/(ß - y) I Lp'lI· 
Here 1/ p + 1/ p' = 1. Since the second factor on the right side is independent of ß, 
the inequality holds 

Ilcp[ßlll~l)11 :::; ia~ 11"p0l I Lp'll{ L LI Ix". (ß - y)DO/cp(y)IP dy } 1/
P
. 

101 1=1 ß 

Each integral on the right side admits the estimate 

1 Ix".(ß - y)DOIcp(y)IP dy:::; 1 IDO/cp(y)IP dy. 

ß~y~ß+OI 

For every ß E zn the cube 

{y: ßj:::; Yj:::; ßj +aj, j = 1, ... ,n} 

is the union of some finite number c'" of elementary meshes like {y : 'Y :::; y < 'Y + 1}. 
Furthermore, the number c'" depends on ß in no way. Considering this and summing 
over ß E zn the obtained inequalities, arrive at the relations 

LI Ix". (ß - y)D"'cp(y)I P dy :::; COi 1 ID"'cp(y)IP dy, lai = I. 
ß 

Summing them over a, lai = I, finally derive 

IIcp[ßlll~l)II:::; Clm~xll"pO/ I Lp,lI L IID"'cp I Lpll:::; Kllcp I L~I)II· 
1"'1-1 1"'1=1 

The proof of Theorem 8.7 is complete. 
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Corollary 2.1. HIp> n then the assertion oE Theorem 8.7 remains valid. 

The preceding claim is easy from the Embedding Theorem of L~') into the 
space of continuous functions on a bounded domain. 

Extend a discrete function cp[ß] to the whole of jRn smoothly, i.e., construct 
an interpolation function cp(x) for cp[ß]. To implement this interpolation, we use 
a special linear operator which was suggested by V. S. Ryaben'kil [189, 190], 

We describe how it is constructed. 
STEP 1. Consider an auxiliary interpolation problem: Given two (I + 1)­

dimensional vectors 

find a polynomial P(y) 0/ degree 21 + 1 satis/ying 

dS P(y) I - (1) 
d - a s , 

yS y=l 
s = 0,1, ... ,1. (2.2) 

Show that (2.2) always define a unique polynomial P(y) of degree 21+1. Indeed, 
the knowledge of all derivatives of P(y) up to order 1 at the points y = 0 and y = 1 
enables us to find in a unique fashion the expansion 

This relation completely characterizes the polynomial P(y) which may be deter­
mined from the formula 

P(y) = (y - 1)1+1 [bl+ l + blY + b,_Iy2 + ... + blyl] 

+y'+1 [C,+l + c,(y - 1) + C,-l (y - 1)2 + ... + Cl (y - 1 )'). (2.3) 

Calculation of the coefficients bs and Cs is as usual implemented by differentiat­
ing (2.3) and substituting the values y = 0 and y = 1 for y. 

The coefficients of the polynomial P(y), as weIl as its values, are not necessarily 
numbers. They may be elements of an arbitrary nature. What we need is only 
a possibility of summing them and multiplying them by scalars. 

Let X be an arbitrary vector space (say, the space of polynomials in some 
auxiliary variable z, etc.). Consider the vectors a = (ao,al, ... ,a,) whose entries 
are members of X. Addition and scalar multiplication are determined for these 
vectors in a natural coordinatewise manner. Clearly, in this case the problem (2.2) 
is also uniquely solvable for all vectors a(O) and a(1) of the indicated type. The 
coefficients of the polynomial P(y) are also elements of X. 
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Assurne that an (1 + 1 )-dimensional vector field a[ß1 is given on the one­
dimensionallattice of ß, i.e., to each integer ß there is assigned some vector 

a[ß1 = (ao[ß],al[ß],· .. ,at[ß]), as[ß1 EX. 

In every interval ß S; y S; ß + 1, given a[ß1 and a[ß + 11, construct the polynomial 
R(y I ß1 that solves (2.2). In result, obtain a piecewise-polynomial function R(y) 
with codomain the vector space X which is continuous with all derivatives up to 
order 1. Moreover, the value of R(y) at an integer point y = ß agrees with ao[ß1. 

Were the exact values of the derivatives of the sought function r.p(y) known 
at integer points, we would construct it by solving the interpolation problem (2.2) 
piecewise. However, the values of the derivatives are unknown, and as a s [ß1 we 
are compelled to choose some difference approximations. We show how this can be 
carried out. 

STEP 2. Take a function r.p[ß1 given on a lattice and construct from the values 
of r.p[ß1 at the points ß, ß + 1, ... ,ß + I the Newton interpolant 

Q(y I ß1 = t ß[kJ :!r.p[ß1(y - ß)[kJ 
k=O 

of degree 1. To this polynomial we in turn assign the vector of its derivatives at the 
point ß, 

dkQ(y I ß11 - [ß1 d k - ak , 
y Y=ß 

k = 0,1, ... , I. (2.4) 

We thus obtain a vector field a[ß1. This field is given on the lattice and defines 
some linear operator that sends the difference ß[kJ * r.p[ß1 to adß1, k = 0,1, ... ,1. 

The quantities ak [ßl are the coefficients of the expansion of Q(y I ß1 in the 
conventional powers, namely, 

I k 

Q(y I ß1 = Lak[ß1~!. 
k=O 

The connection between the N ewtonian and ordinary powers is revealed by the 
formulas 

n 

yO = y[oJ; yn = LS(n,k)y[kJ, n = 1,2, ... , 
k=l 

n 

y[oJ = yO; y[nJ = L s(n, k)yk, n = 1,2, ... , 
k=l 
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with s( n, k) (S( n, k)) the so-called Stirling number8 of the first (second) kind [94]. 

STEP 3. The Ryaben'kii interpolator is a simple combination of the operators 
considered at Steps 1 and 2. Having constructed the vector field a[ß] over a function 
cp[ß], we take as the Ryaben' ki, interpolation polynomial on the interval ß ~ Y ~ 
ß + 1 the polynomial R(y I ß] that is assigned to the vectors a[ß] and a[ß + 1] 
at Step 1. Given these polynomials, we glue them together to obtain a piecewise­
polynomial function that is defined on the whole integration domain. Denote the 
latter function by cpR(Y) = R(y I cp[ß]). 

Call cp R(Y) the Ryaben' ki, interpolation function or Ryaben' ki, interpolant. The 
operator R sending cp[ß] to cp R(Y) is the one-dimen8ional Ryaben' ki, interpolator. 
We thus settle the problem in the case of a single variable. The problem for n 
variables is settled by induction. 

Consider cp[ß] = cp [(ßI, ßD], a function in n variables. Interpolate it with re­
spect to ßI, using the Ryaben'kii interpolator R I . Interpolate the resulting function 
cp (YI, ßU = cp (YI, (ß2, ß~)] with respect to ß2, using the Ryaben'kii interpolator R2 
in the second variable. Consecutively applying this procedure, in n steps obtain 
the function cp(YI,' .. , Yn) = cp(y). The whole process is described by the multidi­
men8ional Ryaben' ki, interpolator 

Establish the needed properties of the Ryaben'kii interpolator. 
Linearity of the interpolator R is straightforward from linearity of intermediate 

operators. 
From the construction of R(y I cp) it follows that in each mesh 

{y : ßj ~ Yj ~ ßj + 1, j = 1,2, ... , n} 

this interpolant is a polynomial of degree at most (21 + 1 )n. 
The function R(y I cp) is continuous with all derivatives up to order 1 on 

the entire Rn. Indeed, the total operator is the product of none-dimensional 
interpolators with respect to individual variables. However, each one-dimensional 
interpolator yields a polynomial in an interval with integer endpoints. At each 
integer endpoint the values of the derivatives of the interpolation polynomials to 
the right and to the left of the point are taken equal. 

The operator R(y I cp) associates with each polynomial P[ß] of degree 1 of 
a discrete variable ß the polynomial of a continuous variable x with the same 
coefficients, i.e., 

R(y I P[ß]) = P(x) 

in a continuous variable x. Indeed, the Newton polynomial Q(y I ßl for all ß agrees 
with the original polynomial. Moreover, for all ß it satisfies the conditions (2.4), 
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the latter written for this polynomial. By uniqueness of a polynomial meeting the 
conditions, the function Q(y 1 ß) is the Ryaben'kil polynomial for itself. 

The value of the polynomial R(y 1 <p) at a fixed point y depends only on the 
values of <p[ß) at the points of some finite set Oinfl(Y) which we call the influence 
domain of y. 

The set Oinfl(Y) for the operator R(y 1 <p) is defined by the formula 

Oinfl(Y) = {ß: A ~ ßj - Yj ~ B, j = 1,2, ... ,n}, 

with A and B some constants. 
In other words, the value of R(y 1 <p) at y depends only on the values of <p[ß) 

in some cube of finite size independent of y and <po 
This property is obvious, since the influence domain of a point in the one-di­

mensional case has the form 

with ßy standing for the integral part of y. 

Observe that the difference ~[-y] * <p[ß], as well as an arbitrary compactly­
supported difference operator X-y [ß) * <p[ß) of order "I, may be usefully treated as 

a linear combination of the values of <p[c) at the points of some set. For ~[-y] * <p[ß) 
such set is the parallelepiped 

{c: ßj ~ Cj ~ ßj +"Ij, j = 1,2, ... ,n}, 

which we denote by [ß, ß + "I). If "I is a scalar then the same symbol stands for the 
cube 

{C: ßj ~ Cj ~ ßj +"1, j = 1,2, ... ,n}. 

Prove that, for every "I such that "Ij ~ 1, j = 1,2, ... , n, the estimate holds 

ID-Y R(y 1 <p)1 ~ K max I~[-y] * <p[ßlI· 
[ß ,ß+-y]C!1infl(Y) 

(2.5) 

Here the maximum is taken over ß such that the cube [ß, ß + I) lies in the influence 
domain of y. 

We derive (2.5) in the case of n = 1. Take y E lR. and let an integer ß satisfy 
the condition [ß, ß + I) C Oinfl(y), i.e., ß is the integral part of y. Interpolating the 
function <pb) from its values at the points "I = ß, ß + 1, ... , ß + 1 + 1 by means of 
the Newton polynomial of degree 1+ 1, for "I = ß, ß + 1, ... , ß + 1+1 obtain 

1+1 [ ßl[k] [ ßl[i+1] 
<p["Il = '"'" "I - ~[k] * <p[ßl = Qb 1 ßl + "I - ~[l+11 * <p[ßl 

~ k! (l + I)! ' 
k=O 
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with Q[, I ß1 the discrete Newton polynomial of degree 1. The value of R(y I c.p) 
at y is determined only by the values of c.p [ß1 at the 1 + 2 points ß, ß + 1, ... , ß + 1 + 1. 
Since the Ryaben'kil interpolator is identical at a polynomial of degree 1; recalling 
also its linearity, we thus infer 

~[l+l] [ß1 
R(y I c.p) = Q(y I ß1 + (1 + *1~ R (Y I [, - ßl[l+l]) . 

Estimate the derivatives of each summand separately. 
The derivative of Q(y I ß1 of order k ~ 1 is a linear combination of the differ­

ences ~[k] * c.p[,l at the points, with b" + k1 C [ß,ß + 11. Consequently, 

max IQ(k)(y I ßli 
ß5,y5,ß+l 

~ K max I~[k] * c.pbll. 
b,'Y+k]C[ß,ß+q 

The kth derivatives of R(y I b - ßl[l+l]) are obviously bounded on the interval 
ß S y ~ ß + 1. Moreover, ~[l+1] * c.pbl at , = ß is also not greater than 

Finally, we come to the estimate 

max IR(k)(y I ß11 
ß5,y5,ß+l 

< K max I~[k] * c.p[,ll 
- h,'Y+k)C[ß,ß+l+l] , 

which immediately entails (2.5). In the case of n > 1 the estimate (2.5) is readily 
available by induction. 

Theorem 8.8 (of interpolation). For an arbitrary function c.p[ßl in 1~l), tbere 
is an interpolant c.p( x) belonging to L~l) sucb tbat 

(2.6) 

witb K a constant independent of c.p[ß]. 

PROOF consists in checking that the Ryaben'kil operator implements the de­
sired interpolation. We are to show that the function R(y I c.p[ß]) is a member of 
L~') and satisf1es (2.6). 
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Estimate the L~/) norm of R(y I c.p). Assume given ß and y such that ß ~ y ~ 
ß + 1. By the property (2.5) of the Ryaben'kil operator for lai = l, the estimate is 
valid 

for lai = l, whence it follows that 

{ 
l' }P/2 

max L ~IDaR(y I c.p)12 

yE[ß,ß+l) 10'1=/ a. 

Successively using the two routine inequalities for k nonnegative reals 

k 

max(al, ... , ak) ~ L aj, 
j=l 

(taj)P ~ p-1(ai + ... + an, 
J=l 

(2.7) 

conclude that the term in braces on the right side of (2.7) is dominated by the 
expreSSlOn 

Using the found dominant for the left side of (2.7), come to the following collection 
of estimates 

with C independent of c.p and ß. Summing these estimates over all ß E zn and 
using the condition that c.phl E l~/), arrive at the relation 

IIR(y I c.p[ß]) I L~/) II P ~ K L L IL\[O'] * c.p[,/,W = Kllc.phlll~/) II P • 

10'1=/ I 



322 Cbapter 8 

The proof of Theorem 8.8 is complete. 

The members of 1~1) and L~I) are classes of equivalent functions. Moreover, the 
class of polynomials of degree less than 1 has norm 0, i.e., is treated as zero of the 

corresponding space. The members of the space W;/) of functions of a continuous 
argument whose definition is similar to that given in § 4 of Chapter 1 in the case of 

p = 2 are individual functions rather than classes of functions. The space W;/) is 

constructed as the direct sum of the L~I) space and the space of polynomials PI-I, 
whereas the passage from W;/) to L~I) is accomplished by projection. 

The same construction naturally translates to the l~/) space. An arbitrary 
member of the latter is a class of functions cp[ßl whose every two representatives 

differ by a polynomial of degree at most 1 - 1. The new space w~/) comprises these 
elements we individualize. Moreover, each class may be assumed consistent of the 
elements cp[ßl + P[ßl with cp[ßl some representative of the class chosen in advance 
and P[ßl a polynomial of degree at most 1 - 1. 

The choice of P[ßl is some projection 'Tr in w~l) sending w~l) to the space PI-1 
comprising polynomials of degree at most 1 - 1. The choice of cp[ßl is carried out 

by the projection 7? = 1- 'Tr, sending w~/) to some subspace S7r isomorphie with 1~1). 
Distinguishing S7r amounts thus to indicating the projection 'Tr or 7? 

We norm w~/) in the same manner as the w;/) by putting 

As 'Tr we may choose, for instance, the operator 

'Trcp = L U ,* cp [ßl", A[") I 
1"1=1-1 <l:. ß=O 

and as the norm in the space of polynomials PI-1 we may take 

11 L a,,[ßl" J PI-111 = L Ja"J. 
1"19-1 1"1~1-1 

Basing on the definition of w~/) and W;I) and Theorem 8.7, conclude that the 

trace of each function in W;/) on r is a member of w~/). 
Denote by ~~I) the closure of the set of compactly-supported functions in w~/), 

and by l~/), the closure in l~/) of the set of classes each of which contains at least 

one compactly-supported function. We also need the subspace ~~/) that, for n S; p, 
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coincides with w~1) and, for n > p, is defined as the set of functions cp[ß) in w~1) such 
that the difference ~[",] * cp[ß) of order a with [1- n/p) + 1 :::; lai:::; 1- 1 vanishes as 
IßI -+ 00. Brackets stand here for the integral parts of numbers. Observe that in 
general the vanishing of these differences is nonuniform and understood as follows: 
the lp norms of the traces of differences on the faces of the cube {ß : Ißil :::; N, j = 
1, ... ,n} vanish as N -+ 00. 

Alongside the space ~~I) we consider an analogous space W~I) of functions 

in a continuous argument x. By definition, for n > p the members of W~I) are 

functions of W;I) whose derivatives of order a, with [I - n/p) + 1 :::; lai:::; 1-1, 

vanish as lxi -+ 00. Every compactly-supported function in W;I) belongs to W~I). 
Consequently, the W; I) closure of the set of compactly-supported functions, denoted 

by W~I), is a subspace of W~I). 
U sing the above theorems of tracing and interpolation, we may extend to the 

discrete case the Embedding Theorem for spaces of continuous functions. 

Theorem 8.9. If n :::; p tben tbe spaces w~1) and ;;;~I) coincide. For n > p tbe 

space w~1) splits in tbe direct sum 

w~1) = ~~I) EB PI-dP[l-n/p], 

witb PI-dP[l-n/p] standing for tbe factor-space PI-I by P[l-n/p) constructed by 
means of tbe projection 7r: PI-I -+ P[I-n/p). If I :::; n/p tben tbis factor-space 
coincides witb PI-I. 

PROOF. The Ryaben'kil interpolator is a linear mapping from w~l) to the range 

Rw~1) which is a linear subspace in W; 1). This subspace is closed, which is easy 
to prove by using the estimates of Theorems 8.7 and 8.8 in turn. Moreover, it 
contains all polynomials of degree less than land, consequently, all members of 

PI-I/P[l-n/p]' 

As is known, for n :::; p the space W;I) coincides with W~I), and for n > p the 

space W;I) may be written as the direct sum 

W (I) W· (I) P /P p = p EB 1-1 [I-n/p]' (2.8) 

The proof of this assertion may be found, for instance, in [265, § 4 of Chapter 3). 
We consider the decomposition (2.8) also in the case when n :::; p, presuming then 
that the second summand on the right side is trivial. From (2.8) it follows that 

Rw~1) also splits into the direct sum 

R[w~I)) = R[w~/)) n W~I) EB PI-I/P[l-n/p)' 
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Injectivity of the mapping given by the interpolator means that the inverse image 
also splits 

w~l) = ~~I) (l1 PI-dP[I-n/pj. 

The proof of Theorem 8.9 is complete. 

Theorem 8.10 (of denseness of compactly-supported functions). The com­

pactly-supported functions of a discrete variable are dense in I~l). In other words, 
the following equality holds 

o 
1(1) = 1(1) 
pp. 

PROO F. Take a discrete function 'P [ß], a member of I~l). Then by Theorem 

8.8 the interpolant R(y I 'P) belongs to L~I). As is known, the compactly-supported 

functions are dense in L~I). The justification of this claim may be found, for instance, 
in [265, §4 of Chapter 3]. Consequently, for every c > 0 there is a compactly­

supported function 'Pe(Y) E L~I) such that 

IIR(y I 'P) - 'Pe(Y) I L~I) 11 ::; c. 

The trace 'P[ß] of 'Pe(Y) on the lattice r belongs to I~l) by Theorem 8.7. Moreover, 
the following estimate is valid 

This entails the sought equality on observing that 'Pe[ßl has compact support. The 
proof of Theorem 8.10 is complete. 

§3. The Fourier Transform of a Discrete Function 

We agree to consider all spaces of functions on Rn embedded in .'7', the dual of 
the well-known Schwartz space .'7. The latter was introduced by L. Schwartz and 
comprises tempered functions, i.e., infinitely differentiable functions on Rn decreas­
ing at infinity with all derivatives of every order faster than each negative power 
of the argument. We assurne the reader to know the properties of the Fourier 
transform defined on the functions in .9' by the formula 

(FJ)(O = 1(0 = / f(x)e i2 1<xe dx. 

The inverse transform is given by equality 
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The Fourier transform is an automorphism of Y preserving the inner product 

(j,g) = J f(x)g(x)dx = J f(~)g(Od~ = (iJJ). 

At the elements 1 of the dual Y' of Y the Fourier transform F( 1) = 1 is defined by 
the equality 

(F(l),ip) = (l,F-1(ip)), ip E Y. 

It is well known that E(x) = e-lxl2j2 E Y and <po(x) = L:6(x - ,) E Y' are 
invariant functions under the Fourier transform, namely, 

Enrich the collection of the function spaces under study by including various 
topologicallinear spaces. Introduce the relevant notations. 

Let R be the set of all discrete functions, and let P be the set of harrow-like 
functions. So we call a generalized function of the shape 

f(x) = l:: ip[ß]6(x - ß). (3.1) 

If the coefficients ip[ß1 of a harrow-like function f( x) growat infinity not faster than 
apower of its argument then f E Y'. We denote the operator in (3.1) by IRP or 
by IpR in ac cord with the implied direction of its action, namely, 

A smooth function ip( x) becomes a harrow-like function after multiplication by 
eJlo(x), namely, 

ip( x )eJlo (x) = ip( x) 2:= 6( x - ß) = 2:= ip[ß16( x - ß)· 
ß ß 

Conversely, given a harrow-like function (3.1) and using the Ryaben'kil' interpolator, 
we may construct a smooth function ip( x) whose trace on the lattice agrees with 
the coefficients ip[ß1. 

Let J.l( x) be some multi dimensional averaging kernel [2651 possessing the ad-
ditional properties J.l E Y, J.l(O) = 1, and J.l(r) = 0 for , E zn" =f O. The 
convolution operator 

J.l* : l:: ip[ß]6( x - ß) f---t l:: ip[ß1J.l( x - ß) 
ß ß 
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transforms a harrow-like function whose coefficients grow polynomially into an in­
finitely differentiable function. 

We denote by rr the set of periodic functions with the fundamental paral­
lelepiped Q = {x : 0 5 Xj < 1, j = 1, ... ,n} and by rrA , the set of periodic 
functions with the fundamental parallelepiped AQ with A some real non singular 
matrix. Distinguish periodic discrete functions with A an integer matrix; denote 
the set of them by rr A n R. Hence, for A = I the spaces rr A and rr coincide. 

In the space of variables y E IR n we identify all points that differ by an integer 
vector, setting 

(3.2) 

with { . } the taking of the fractional part of a number. The resulting manifold, the 
torus on = {t: 0 5 tj < 1, j = 1,n}, may be considered as the n-dimensional cube 
with identified opposite faces. Thus, the formulas (3.2) determine an infinite-to-one 
mapping Vo of IR n onto the torus on. 

The torus on may be transformed into a simply-connected domain 0 0 by means 
of cuts. The resulting domain is called fundamental. We may write the condition 
that 0 0 is a fundamental domain as 

Lxno(y-ß)=l, 
ß 

with XO o (y) the indicator of 0 0 . We restrict our consideration to the cubic domain 
f2 0 =Q. 

Let cp(y) be a periodic function with period the identity matrix, i.e., cp E rr. 
The formula ?/J(t) = cp(y), with y E Vo- 1(t), defines a single-valued function on the 
torus on, since the image of IRn under the mapping Vo is the whole torus on, and at 
every point of the inverse image of t the function cp(y) takes the same value. U nder 
this mapping rr becomes the set T of functions on on. The transformation of rr 
to T may be given by restricting the domain of definition of cp(y) to the cube Q 
identified with the torus on. Denote the corresponding operator by oQ : rr -t T. 

The convolution of !fIo(x) and cp(x) in Y, defined as 

(!fIo*cp)(x)= LCP(x-ß), 
ß 

is a periodic infinitely differentiable function of the dass rr n Coo. Clearly, the 
convolution of cp in Y with the functional !fIo(A -1 x)/ det Apossesses analogous 
properties for the elements of nA . 
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One of the right inverses of lPo* is the operator of multiplication by a function 
A E ,7 with the property L:ß A(X - ß) = 1. Indeed, for every i{) E II n Coo we have 

(lPo * (Ai{) ))( x) = L 'P( x - ß)A( x - ß) 
ß 

= I: i{)(X)A(X - ß) = 'P(x) I: A(X - ß) = 'P(x), 
ß ß 

i.e., the operator of multiplication by A(Y) is actually a right inverse to the operator 
of convolution with lPo(x). As a smooth factor A(X) we may for instance take the 
function 

An(X) = J e-1rlx-YI2 dy, 

Q-e/2 

with e = (1, ... ,1). Indeed, the following equality holds 

n 00 

I: An(X - ß) = rr I: A1(Xj - ßj). 
ß j=l ßj=-oo 

The expression on the right side equals 1. This is easy to check by using the 
following equalities 

in summing the values of the function A1(r) in a single variable. 
Apply the Fourier transform to generalized functions in P n ,7'. If f E P n,7' 

then F f E ,7', and 

(Ff)(O = (I:'P[ßlÖ(X - ß),e i21rX €) = I:i{)[ßlei21rß€, 

ß ß 

i.e., j( 0 is a periodic function in II n ,7'. 
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We reveal interrelations between the above spaces with the diagram 

[RP 

Pn,9' 
(<I>O');r1=/L* 

C(oo) n,9' R +==Z +==Z 
[PR <1>0' 

F1 HF:!l F-1HF FHF-l 

(8q)-1 
Il n,9' 

(<I>O*);r1=A' 
<I> = F-1(C(00») n ,9'. T +==Z +==Z 

8q <1>0* 

Here the function Il( X) is a multi dimensional averaging kernel; A( x) is the Fourier 
transform of Il(x). The operators F1 and F:!l, defined by the relations 

F1 = [PR 0 F-1 0 OQl, F1- 1 = oQ 0 F 0 [RP 

connect an ordinary Fourier series and the sequence of its coefficients. Check this. 
Given an arbitrary function 'P in Il n ,9, observe 

(F-1'P)(O = L J 'P(x)e-i27rXe dx 

ß [ß,ß+l) 

= L J 'P(Y + ß)e- i27ryl; dye- i21rß I; = {L e-i27rß I; } J 'P(y)e- i21ry l; dy 
ß Q ß Q 

= (F-1<I>o)(O J 'P(y)e- i21ry l; dy = L J 'P(y)ei27ry l; dy8(e - ß)· 
Q ß Q 

Whence and from the definition of F1 it follows that F1 indeed assigns to 'P( 0 in T 
the sequence of the Fourier coefficients of 'P(O. Further, if 'P[ßl E R then 

F1-1('P[ß]) = 'P(x) = LCP[ßlei27rßX, xE Q. 
ß 

Recall the familiar unitarity property of the operator F considered on L 2 ( Q), 
i.e., the Parseval identity 

J Icp(xW dx = L I'P[ßW· 
Q ß 

Denote by Il A n R the dass of periodic discrete functions with integer period 
matrix A. The harrow-like functions with periodic coefficients cp[ßl comprise the 
space Cil n P. Denote by pA the dass of functions of the shape 

L cp[ß]8(x - Aß). 
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Finally, denote by errB n pA the set of alllattice functions in pA with B-periodic 
coefficients. 

Define an analog of Fourier transform on the space of discrete functions rr B n R. 
Here B is a nonsingular matrix with integer coefficients. Let A be also a nonsingular 
matrix. Associate with a function <p[ßl in rrB n R the generalized function in Y' 
that is defined by the equality 

f(x) = L <p[ß18(x - Aß). 
ß 

(3.3) 

Denote the operator (3.3) by I~p and the inverse of it by ItR. We display interre­
lations of the spaces under consideration on the following diagram 

rrB nR ---t errB n pA 

lF 
errBo n p(AB)O-l. 

Some explanations are now in order. For astart, prove the formula 

(3.4) 

with F the Fourier transform on Y'. 
Take <p[ßl E rrB n R, and let the f(x) be of the form (3.3). Then the equality 

holds 
i(~) = L <p[ßlei21rAße. (3.5) 

ß 

Every vector ß E zn may be decomposed in the sum ß = o+Hy, with 0:, 'Y E zn and 
B-10: E Q. Agree to denote the set of these 0: by BQ. By hypothesis, <p[ß] = <p[o:]. 
With this in mind, transform (3.5) to the equivalent shape 

(3.6) 

The second factor, as was mentioned, agrees with the function 

Considering this, continue (3.6) to obtain 
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Consequently, Jc~) E cnB * n p(AB)*-l. The reverse embedding is established 
similarly. The formula (3.4) is proven. 

(AB)*-l 
Thus, the composition Fz = J pR 0 F 0 J~p of the three already-defined 

mappings transforms cp[ß] E nB n R to the function 

1jI[ß] = (det AB)-l L cp[a]e iZ1rO'(B*)-l ß E nB * n R. (3.7) 
O'EBQ 

This is a natural analog of the Fourier transform for discrete functions. The inverse 
operator 

F.- 1 - JA F-1 J(AB)*-l 
Z - PR 0 0 RP 

transforms 1jI[ß] to cp[ß] by the formula 

cp[ßl = (Fz- 11jl)[ßl = detA L 1jI[a]e-iZ1rO'B- 1 ß. (3.8) 
O'EB*Q 

This equality results from (3.3) by replacing A with (AB)*-l, B with B*, and +i 
with -i. 

The discrete Fourier trans/orm of use in number theory is the particular case of 
the transform Fz defined above which results from the general formula for A = B-1 

and B = N J with natural N. The formulas (3.7) and (3.8) in this specification take 
the form 

o '5:.0' <Ne 

and the Parseval identity is written down as 

L Icp[ßW = N-Zn L L L 1jI[a]1jI[-y]ei21rh'-0')ß/N 

O'5:.ß<Ne O'5:.ß<Ne O'5:.O'<Ne o '5:. 7< Ne 

= N-2n L L 1jI[a]1jI[-Yl L eiZ1r(7-0')ßIN = N-n L 11jI[aW· 
0' 7 ß 0' 

Here, estands again for the vector in zn with every coordinate 1. 
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Optimal Formulas 

From the shape of the L~m)* norm of the error of a lattice cubature formula it follows 
that, for a fixed lattice, the norm square of the error, presenting a quadratic function 
in the weights c[ß], assumes a unique minimum at a specific value c[ßl = co[ßl. The 
formula with the weights Co [ßl corresponding to this minimum is optimal. 

In the current chapter we study optimal formulas with a given lattice of nodes. 
We show that the problem of optimizing the weights serves as an analog of the 
problem of finding an extension to Rn of some function f(x) given in a domain n 
so that the norm of the extension be aminimum. 

§ 1. Statement of the Problem of Optimal Weights 

The equations for the weights of an optimal cubature formula with given nodes 
were derived in § 6 of Chapter 1. Recall the corresponding system 

L c['Y1G~~[ß - 'Yl + L vo:(hHß)O: = f(hHß), hHß E n, (1.1) 
lo:l<m 

cbl=O, hHßttn, 

hn L cbl(hH'Yt = J yO: dy, Iod< m. 
"Y f! 

(1.2) 

(1.3) 

Here G~~ [ßl = h nG( hH ß), the function (-1 )mG( x) is the fundamental solution 
to the polyharmonie equation, H is an orthogonal matrix with det H = 1, and 

f(y) = J G(y - x)dx. 

f! 
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Similar equations in the continuous case where integrals replace sums are called the 
Wiener-Hop! equations. 

The equations of (1.1)-(1.3) look better in convolution form 

G~~[ßl * c[ßl + Pm-I[ßl = ![ßl, hHß E n, 
c[ßl = 0, hHß ~ 0, 

hn L c[{'](hH{'t = Ja, Iod< m. 
'Y 

Here Pm-dßl is a polynomial of degree at most m - 1, and 

J[ßl = J G(hHß - y)dy. 

n 

(1.4) 

(1.5) 

(1.6) 

The system of equations (1.4)-(1.6) is further caUed System B. Consider the corre­
sponding problem. 

PROBLEM BI. Given J[ßl and Ja, find a function c[ßl and a polynomial 
Pm-dßl satisfying System B. 

We caU the first summand of (1.4) the discrete polyharmonic potential. This 
potential presents the values of the function 

w(x) = hn L c[{'lG(x - hH{') (1.7) 
'Y 

at the points x = hH ß. Introduce the harrow-like generalized function 

c(x) = hn Lc[{'lö(x - hH{'). (1.8) 
"( 

Using it, write down w(x) as a convolution 

(1.9) 

Thus, the discrete potential w[ßl coincides with the nodal values of the conventional 
polyharmonie potential with density c( x) corresponding to the weights cl!' 1 by (1.8). 

The representation (1.9) entails an important conclusion about the behavior 
at infinity of the discrete potential with compactly-supported density. Obviously, 
the latter admits exactly the same series expansion in polyharmonic summands 
in a neighborhood about the point at infinity as the ordinary polyharmonie poten­
tial. The contrast is as follows. All values of relevant functions participate in the 
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expansion of the potential of a continuous argument, only the values of the same 
functions at the nodes participate in the expansion of the discrete potential. 

Alongside Problem BI, it stands to reason to consider another problem that 
serves as a continuous analog of the original problem. 

PROBLEM Al. Find a function c(x) of a continuous argument x E IR. n and 
a polynomial Pm-l(x) of degree less tban m satisfying tbe system of equations: 

G(x) * c(x) + Pm- l (x) = J(x) 

c(x) = 0 

J c(x)x'" dx = J"" 

for xE n, 
for x ~ n, 
lai <mo 

(1.10) 

(1.11) 

(1.12) 

We call the system (1.10)-(1.12) System A. Problem Al is the Wiener-HopJ 
problem. Study of Problem Al enables us to find a clue to solution of Problem BI 
and to indicate some quantitative properties of concrete solutions. 

For simplicity, assume that J( x) is continuously differentiable 2m times and n 
is a domain with piecewise-smooth boundary. Equation (1.10) is an equation in 
convolutions of the first kind. Moreover, Problem Al requires seeking for a solution 
to this equation which equals 0 outside n and possesses given moments of order 
less than m. 

In general, Problem Al, as we intend to demonstrate, has no continuous or 
even summable solution. We establish, however, that there is a unique generalized 
solution to this problem serving as the derivatives of order 2m of some function 
W E wim ). 

We first establish the absence of a bounded solution in the general case. Take 
the left side of (1.10) as a new indeterminate 

u(x) = G(x) * c(x) + Pm-l(x), 

and designate v( x) = G( x) * c( x). 
In the domain n the function u( x) assumes the given values. Everywhere it 

differs by Pm-l(x) from the function v(x) serving as the polyharmonic potential 
for the density c(x) vanishing outside n. Consequently, v(x), together with u(x), is 
polyharmonic in the exterior of n. The problem of finding u( x) is called Problem A2 • 

Were there a bounded function c( x) satisfying System Athen the potential 
v( x) would be continuous with all derivatives up to order 2m - 1, which is easy 
to prove routinely. The function u( x) would be polyharmonic in the exterior of n, 
assuming on an the prescribed values together with all derivatives up to order 
2m - 1. However, the polyharmonic equation does not possess such solutions in 
general. Consequently, a solution c( x) to Problem Al is generally unbounded. 
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Show now the solvability of Problem Al in generalized functions. Assurne first 
that all JOt for lai< m equal O. The algorithm we suggest below enables us to 
write the inverse operator corresponding to System A as the superposition of the 
polyharmonie operator .6. m and some operator of extension of J( x) to the whole 
of ]Rn. 

Suppose that System A is solved. Using c(x), construct the polyharmonie 
potential v( x) = G( x) * c( x) and consider its behavior in a neighborhood about the 
point at infinity. To this end, use the routine procedure. Let lyl < A and lxi> 2A. 
Then, expanding G(x - y) in the Taylor series in the variable y, infer 

v(x) = f G(x - y)c(y)dy 

= L (-:r DOtG(x) J c(y)yOt dy = z(x) + w(x), 
Ot 

(1.13) 

with 

z(x) = L (-::r DOtG(x) J c(y)yOt dy, 
IOtI<m 

(1.14) 

w(x) = L (-:r DOtG(x) J c(y)yOt dy. 
IOtI~m 

(1.15) 

Each summand of the series (1.13)-(1.15) is a polyharmonie function in the neigh­
borhood about the point at infinity which we consider. Since c(y) is compactly­
supported, the series (1.13) and (1.15) converge absolutely and uniformly at A 
sufficiently large. 

Say that the function z( x) is the sum of finitely many "irrelevant" terms of 
Problem Az, and w(x) contains only "relevant" terms. By supposition fOt = 0 for 
lai< m and, hence, z( x) is identically o. Thus, the expansion (1.13) of v( x) consists 
only of relevant terms of Problem Az. In this event, by Theorem 5.1 the lth order 
derivatives of v(x) growat lxi sufficiently large not faster than Ixl m- n - 1 in the case 
of n odd or I > m - n, whereas the derivatives grow not faster than Ixlm-n-1log lxi 
for n even, n sm-I. Thus, the potential v(x) belongs to wim ) and, for lxi> A, 
satisfies the following estimate 

if n odd or n > m, 

if n even and n S m. 
(1.16) 

Now take an arbitrary function y(x) in W~m) that differs from fex) in n by 
a polynomial of degree m - 1. 
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Assume moreover that y(x) satisfies (1.16) in a neighborhood about the point 
at infinity and does not agree with v( x). Prove that 

(1.17) 

Observe that in n the functions y( x) and v( x) differ by another polynomial Qm-l (x) 
of degree at most m - 1. Put u(x) = v(x) + Qm-l(X) and compare the norms 

IIY I L~m) 11 and IIu I L~m) 11· 
Arrange the family of functions uA(x) = u(x) + A(Y(X) - v(x )). It is dear that 

each member of the family belongs to wim). Consider the square of the L~m) norm 
of u A, i.e., 

The integral defining the inner product (u, y - u)m may be spread not only over 
the whole space but also over the complement n* of n to !Rn, namely, 

J m' (u,y - u)m = L -; DOuDO(y - u)dx. 
oc. 

Q. lol=m 

(1.18) 

This equality is valid, since the functions y( x) and u( x) agree in n. Applying 
Green's identity to the right side of (1.18) and considering that all derivatives of 
the difference y - u up to order m - 1 equal 0 on the boundary of n and the 
function u( x) is polyharmonie in the interior of n., condude 

(u,y - u)m = (_l)m J(y - u)b.mudx = O. 
Q. 

Thus, the functions u(x) and (y-u)(x) are orthogonal in L~m). Consequently, on the 

real axis of A the only stationary point of IIu A I L~m) 11 2 is zero. The second derivative 

with respect to A of IIu A I L;m) 11 2 at zero is strictly positive. Consequently, A = 0 
is a minimum point. In particular, 

The sought inequality (1.17) is now available and so the polyharmonie potential 

v(x) is an extension in L~m) ofthe function f(x) to the whole of!Rn which possesses 
a minimal norm among the norms of all extensions of the dass under consideration. 
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The problem of extending f( x) may be posed irrespectively of System A. Let 
us carry this out. 

PROBLEM Tc. Find a function v(x) in WJm) different from fex) in n by a 
polynomial of degree m -1, polybarmonic in tbe exterior ofn, and satisfying (1.16) 
in a neigbborbood about tbe point at infinity. 

It is not hard to prove by the variational method that there is a unique solution 
to this problem. 

Assume v(x) to be a solution to the extension problem for fex). Then we may 
find the corresponding polynomial Pm-leX) from the condition of smoothness of 
v( x) and its derivatives up to order m - 1 at the points of the boundary of n. After 
that, we may put 

(1.19) 

The generalized function c( x) is automatically orthogonal to every polynomial of 
degree less than m, since c( x) is compact1y-supported and the potential v( x) = 
G( x) * c( x) has no irrelevant terms in the expansion (1.13) near the point at infinity. 
Thus, the solvability of System A in generalized functions is proven. 

The general case in which the numbers f 0/ in System Aare other than 0 re duces 
to that just considered by a standard change of variables. Let c( x) be defined 
by (1.8), and let the weights cb] satisfy (1.2) and (1.3). Then the difference c*(x) = 
c(x) - c(x) solves System A with fOt zero for lai< m and the first equation altered. 
The alteration consists only in the fact that the potential G( x) * c( x) is subtracted 
from fex). 

Let v( x) be a solution to the extension problem. Assume further that u( x) 
results from summing v(x) and the polynomial Pm-leX). Calculate .6.mu(x) in 
the sense of generalized functions. Let r.p( x) be compactly-supported and infinitely 
differentiable. By definition, .6. m u( x) satisfies the integral identity 

J .6.mu(x)r.p(x)dx = J u(x).6.mr.p(x)dx 

= J u(x)~mr.p(x)dx + J u(x)~mr.p(x)dx. 
n Rn\n 

Integrating by parts in the classical sense each of the expressions on the rightmost 
side, transform the identity as follows 

m-l . 

= J r.p(x).6. mu(x) dx + J r.p(x)~ mu(x) dx + J L Xj (x) ~:j (x) dx. 
n IRn \n an )=0 
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Here v is an outer normal to an and Xi (x) are expressed through the jumps of 
the corresponding derivatives of u( x) which arise in crossing the boundary an. 
The right side of the last equality is the definition of the left side. Observe also 
that in our case 

Thus, 
m-l 

e(x) = (_l)m~mu(x) = (-l)m~mf(x) + :l)-l)mpj(x), 
j=O 

with Pi (x) a generalized function supported in the boundary an. The inner product 
o 

(Pj,'IjJ) for 'IjJ E c<oo)(IR.n) is defined as 

(Pj(x),'IjJ(x)) = J Xi(X)~~~(x)dx, 
an 

i.e., as the surface potential with density Xi (x). 
The results on Problem Al imply some heuristic intimation that allows us to 

forecast the behavior of e[,], a solution to System B. We may expect that e(x) 
is the limit of the function of a discrete variable eh] as h --+ O. In this event, 
in the interior of n the function eh] depends "smoothly" on the variable, and 
near the boundary it oscillates, approaching the difference operator that genetalizes 
the linear combination the normal derivatives in the expression of the generalized 
function ~ m u( X ). 

Proceed to actual solution of System B, to which end we develop a method 
that is analogous to the method for solving System A. 

The main idea of this solution consists in changing the unknown function. 
Namely, instead of e[ß] we introduce the discrete polyharmonie potential v[ßl = 
G~~[ßl * e[ßl and the corresponding sum u[ßl = v[ßl + Pm-I[ßl. The function v[ßl 
happens to be a solution to some extension problem which we call Problem B z . 

In this setting, we need to express e[ßl through v[ßl or u[ßl, i.e., to find an in­
verse of the discrete potential operator. 

§2. The Fundamental Solution to the Convolution 

Equation 

We now turn to constructing and studying the properties of an inverse of con­

volution with the function G~~[ß] = hnG(hHß), i.e., the properties of a function 

of a discrete variable D~~ [ß] which satisfies the equality 

D~~[ß] * G~~[ß] = 6[ßl (2.1) 
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and decreases exponentially at infinity 

(2.2) 

This enables us to express c[ßl as 

c[ßl = D~~[ßl * v[ßl 

and so to translate the problem of determining the weights of optimal formulas to 
that of seeking for the unknown function v[ßl. 

To find an inverse of the discrete potential use the technique of the Fourier 
transform in 9', with 9 the well-known Schwartz space. 

From the functions of a discrete variable we pass to harrow-like generalized 
functions of a special shape. Put 

jj~~(x) = LD~~[ßl8(x - hHß), (2.3) 
ß 

G~~(x) = L G~~[ßl8(x - hHß)· (2.4) 
ß 

If a function <pe x) belongs to 9 then 

(D~~(x),<p(x)) = LD~~[ßltp(hHß). (2.5) 
ß 

In view of the exponential decay of D~~[ßl at infinity, the numerical series (2.5) 
converges and is continuous in <p with respect to the convergence of 9. Thus, the 
series D~~ (x) is a member of 9'. 

The matter with the function G~~ (x) is more difIicult. It is not always possible 

to define G~~(x) by an equality analogous to (2.5) for an arbitrary <p E 9, since 

the coefIicient G~~ [ßl may become infinite at ß = O. Require that a test function 
<pe x) E 9 has the zero derivatives up to order 2m - 1 at the point x = O. Denote 
by 9(0 12m) the corresponding subspace of 9. Then, given <p E 9(0 12m), put 

(G~~(x),<p(x)) = L G~~[ßl<p(hHß). 
ßf.O 

It is clear that this equality determines a linear functional on 9(0 I 2m) continuous 
with respect to the convergence of 9. This functional admits a continuous linear 
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extension to the whole.9. By G~7l(x) we further mean one of these extensions. 

Thus, the generalized function G~7l (x) also belongs to .9'. 
Alongside the problem (2.1)-(2.3), consider the following: Find a function 

Jj~7l (x) with exponentially decreasing coefficients which solves the convolution equa­
tion 

Jj~7l(x) * G~7l(x) = 8(x). (2.6) 

The problems (2.1), (2.2), and (2.6) are solvable or not simultaneously, and 
in the first case their solutions are related by (2.3). Prove this assertion. 

Assume that to the solution D~7l[ßl to the problem (2.1) which meets (2.2) 

there corresponds a harrow-like function 'jj~7l (x). Then for an arbitrary cp( x) E .9 
the equality is valid 

= L(LD~7l[ßlG~7l[a - ßl)cp(hHa). 
<> ß 

(2.7) 

At infinity the functions D~7l [ßl and cp( hH ß) decrease faster than every negative 

power of IßI whereas G~7l[ßl grows as some power of IßI. Changing the order of 
summation over a and ß in (2.7), continue (2.7) as follows 

cp(O) = L D~7l[ßl (L G~7lblcp(hH(ß + r))) 
ß 'Y 

= LD~7l[ß](G~7l(y),cp(hHß + y)) 
ß 

( ~(m) ~(m) ) (~(m) ~(m) ) 
= DhH(x)GhH(y),CP(x+y) = DhH *GhH,CP· 

This means that the function 'jj~7l (x) satisfies (2.6). 
The converse assertion is proven similarly. 
Applying the Fourier transform to both sides of (2.6), obtain the following 

equation -----r(m)( )G~(m)( ) hH P hH P = 1. (2.8) 

If (2.8) has a solution r~7l (p) not only periodic but also analytic, then the inverse 

Fourier transform sends r~7l (p) to the harrow-like function 'jj~7l (x) with exponen­

tially decreasing coefficients D~7l [ßl. We show this below, and now we construct 

a desired function r~7l (p) explicitly. 
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Consider the following series 

(2.9) 

with 
(2.10) 

Suppose that m > n/2, with n the dimension of the space of the variables p = 
(PI, P2, ... , Pn). This inequality, as is not hard to validate, guarantees absolute and 
uniform convergence of the series (2.9) for all points pE Cn but those of the shape 

(2.10). At each of the points (2.10) the sum S~;Y(p) has a singularity. Put 

(2.11) 

In particular, if p = P'Y then r1~(p) is simply equal to O. 

Lemma 9.1. r1~(p) is a function periodic in p witb period matrix h-I H*-I, 
real, and analytic for all pE Rn. Tbe zeroes oftbis function are tbe points (2.10), 

and (-1)mr1~(p) is positive at tbe otber real p. In a neigbborbood about zero 

r1~ (p) may be written as 

r1~(p) = (_1)m(27r1pl)2m{ 1 + L ~~(hPt}. 
10'1>0 

(2.12) 

PROOF. Assume first that p' E Rn is distinct from every point P'Y. In a neigh­

borhood about such p', the series (2.9) for (-1)msi;Y(p) converges absolutely 
and uniformly. This follows from the fact that its terms decrease as 11'1-2m, i.e., 
faster than 11'1-n. Since they are positive; therefore, their sum, i.e. the func-
tion (-1)msi;Y(p), is positive in a neighborhood about every p. Consequently, 

(-1)mr1~(p) is analytic and positive there. 
Addition to p of some summand P'Y entails only transposition of summands 

in the infinite series expressing S~;Y (p). This implies the periodicity of S~;Y (p), 
and, consequently, that of r1~ (p). 

Proceed to inspecting the behavior of r1~ (p) in neighborhoods about the 
points P'Y. By periodicity, it suffices to consider one of these points, for instance, 

the coordinate origin. From the expression (2.9) for the function si;Y(p) obtain 

(m)( ) (_1)m { 2m " 1 } 
ShH P = (27r lpl)2m 1 + Ipl ~ Ip _ p 12m . 

hl>o 'Y 
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In a neighborhood about the coordinate origin each term of the series in braces is 
an analytic function. Hence, 

(m)() (_I)m { '""' co' ( )o'} 
ShH P = (27r1 1)2m 1 + ~ a! hp , 

P 10'1>0 

with the braces containing an analytic function that assumes 1 at the coordinate 
origin. This formula together with (2.11) entails (2.12). 

The braces on the right side of (2.12) contain an analytic function that as­
sumes 1 at the coordinate origin, i.e., r~';'l(p) is an analytic function in a neighbor­
hood about this point. The proof of Lemma 9.1 is complete. 

Expand the function r~';'l (p) in the Fourier series 

r~';'l(p) = L D~';'l[ßle-i21rhpHß, 
ß 

(2.13) 

with p ranging within the fundamental parallelepiped 0 0 of the matrix h-1 H*-l. 
The coefficients of (2.13) are expressed as the following integrals 

D~';'l [ßl = I~o I J r~';'l (p )ei21rßhH* P dp. (2.14) 

0 0 

From the definition (2.11) of r~';'l (p) we readily derive the two equalities 

r~';'l( -p) = r~';'l(p), r~';'l(p) = h-2m r<;)(hp). (2.15) 

Expanding both sides of each of them in aseries of the shape (2.13) and equating 
the coefficients of the exponentials with the same exponents, obtain the following 
relations 

(2.16) 

Examine the behavior of D<;:) [ßl at infinity. We have 

Lemma 9.2. The function D<;:) [ßl decreases exponentially with IßI growing 
i.e., there are positive constants C and s such that for all ß the inequality holds 

(2.17) 

PROOF. Perform the change of variable p = H*-lq for h = 1 in (2.14). Then, 

denoting by r(m)(q) the function r<;)(H*-lq), obtain 

D<;)[ßl = J r(m>(q)ei21rßq dq. (2.18) 

Q 
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As usual, here Q is the unit cube in ]Rn. The function r(m)(q) and all its derivatives 
are periodic with period matrix the identity matrix. Consequently, for every multi­
index a the formula holds 

J r(m)(q)Do(ei21rßq)dq = (_1)1 0 1 J Dor(m)(q)ei21rßQ dq. (2.19) 

Q Q 

Let ß be a multi-index with nonnegative integer entries. Consider the corresponding 
differential operator acting on functions in the variable q by the rule 

n 

Pß(D) = L ßjDj. 
j=l 

Here D j = f) / f)qj. It is not hard to see that 

Pß( D)ei21rßQ = (i27rIßI2)ei21rßq, 

P;(D) = (t ßjDj ) k ~ L ~: ß" D" 
}=l lol=k 

(2.20) 

The action of the kth power of Pß(D) on the function r(m)(q) may be estimated in 
magnitude as follows 

(2.21) 

Using (2.19) and (2.20) successively and applying the Hölder inequality, we readily 
deduce from (2.18) the following estimate valid for every natural k 

ID~)[ßJI = (27r~ßI2) k 11 ei21rßqp;(D)r(m)(q)dql 
Q 

~ (27r~ßl)k (1 L ~: IDor(m)(q)12 dq) 1/2 
Q lol=k 

(2.22) 

Choose R so that at an arbitrary point qo E Q the Taylor series for the function 
r(m)(q) converges in the polydisk 

S(qo,R) = {q E Cn : Iqi - q?1 < R} 
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with the function r(m)(q) continuous in the closure S(qo, R). The existence of 
a positive R with this property follows from the analyticity property at the points of 
R.n of the periodic function r(m)(q). Then for an arbitrary point qo in Q the Cauchy 
inequality holds 

I Dar(~)(qo) I SR-lai !!lax Ir(m)(q)l· 
0:. qES(qo,R) 

Inserting this estimate in (2.22), by easy calculations obtain 

(2.23) 

The set S( Q, R) on the right side of (2.23) is the union of polydisks S(qo, R) over 

all qo E Q. The so-obtained sequence of upper bounds on the quantity IDkm)[ßll, 
as it is not hard to validate, decreases for k S ko(ß), with ko(ß) = [27rIßIR/ vnl, 
and increases thereafter. Consequently, the minimal term of this sequence has 
index ko(ß). Using the Stirling formula, we readily calculate this minimum at IßI 
large. Carrying this out, obtain the sought estimate (2.17) for s = 27rR/vn. The 
proof of Lemma 9.2 is complete. 

Constructing the harrow-like function D~~ (x) corresponding to D~~ [ßl by 
the formula (2.3), show the validity of the convolution equation (2.6). Applying the 
Fourier transform to both si des of (2.6), come to an equivalent equality (2.8). 

Check that for an arbitrary function 'P(p) E .'7 the integral relation holds 

J r~~ (p)fifj (p )'P(p) dp = J 'P(p) dp. (2.24) 

Denote the product r~~ (p )'P(p) by J;(p). Infinite differentiability and periodicity of 

r~~ (p) allow us to assert that J;(p) still belongs to .'7. Moreover, at a neighborhood 

about each ofthe points P'Y of (2.10) the function J;(p) may be written as the product 
(27rlp - p'Y1)2m with some analytic factor. The inverse Fourier transform of J;(p) is 
the function "p( x), again a member of .'7, whose all derivatives up to order 2m - 1 

at every point P'Y equal o. By the definition of G~~(x), for "p(x) the equality holds 

J G~~(x)"p(x) dx = L G~~[ßl"p(hHß) = (-l)m(G(x)cI>hH(x), "p(x)). (2.25) 
ß 

Here cI>hH(X) stands for the following generalized function 

cI>hH(X) = L hno(x - hHß) = cI>o(h-1 H-1x). 
ß 
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Applying to the leftmost and rightmost sides of (2.25) the Parseval identity, obtain 

The Fourier transform of q,hH(X) is known as given by the formula 

~hH(p) = L 8(p - h-1 H*-l ß). 
ß 

Inserting this expression in (2.26), obtain 

ffi5j(P);j(P)dP= L(-l)m f G(p-p-y);j(p)dp. 
-y 

Further , applying the Fourier transform to both sides of the equation 

(2.26) 

(2.27) 

we see that at an arbitrary point p i- p-y the function G(p - p-y) is defined by the 
equality 

~ 1 
G(p - p ) - -:--:--~.,....,.--y - (27l'1p - p-yl)2m . 

Considering this as weH as the behavior of ;j(p) in a neighborhood about P-y, come 
to the conclusion that all integrals in (2.27) are finite and the corresponding series 
converges absolutely. Moreover, 

~(_l)m J G(p- p-y);j(p)dp = J (~(27l'1~-!~:1)2m );j(P)dP 

= f Sk~) (p )r~~ (p )!p(p) dp = f !p(p) dp. 

This together with (2.27) entails the validity of (2.24) and (2.6). 

Thus, D~~[ßl is a solution to the initial problem (2.1) and (2.2). 

§3. A Diserete Analog of the Poly harmonie Operator 

In the space of discrete functions the convolution c[ßl * G~71 [ßl is analogous 
to the polyharmonic potential. In this respect, (2.1) corresponds to the differential 
equation 
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Consequently, the convolution D~"li [ßl* is a discrete analog of the polyharmonie 
operator. 

The properties of D~"li[ßl* and ßm(x) are similar in many aspects but dis­
tinctions are also available. For instance, the support of ß m( x) is a singleton, i.e., 

ß m( x) is a compactly-supported generalized function. The support of D~"li [ßl is 
not compact; moreover, instead of becoming 0 in a neighborhood about the point 

at infinity, D~"li [ßl just decreases exponentially with the growth of IßI. 
In the theory of finite differences it is usual to use compactly-supported analogs 

of the polyharmonie operator. The function D~"li [ßl is an analog of the same oper­
ator but now constructed in another fashion and, hence, not compactly-supported. 

Consider some of the properties of D~"li [ßl. 

Theorem 9.1. The function D~"li[ßl may be written as 

, 
D~"li[ßl=(-l)m 2: m;DhH[ßl*DhH[-ßJ, 

a. 
jaj=m 

(3.1) 

where a = (al, ... ,an ) is a multi-index and the convolution factors DhH[ßl are 
real functions having exponential decay with the growth of IßI. 

PROOF. Alongside the function r~"li (p) defined in § 2, consider the following 
sum 

ß~';1(p) +w Gt (t,,;n'<q,f (3.2) 

with q = hH*p. Recall that H* is an orthogonal matrix. Both functions are 
even, analytic in IR.n, and periodic with period matrix h-1 H*-l and have a zero 

of order 2m in a neighborhood about the coordinate origin. In regard to r~"li (p), 
all these assertions are stated in Lemma 9.1, whereas their validity for ß~n;;(p) is 

obvious. The behavior of ß~n;;(p) in a neighborhood about zero becomes dear from 
the following equalities 

Here f(p) is some analytic function in a neighborhood about zero, with f(O) = O. 

The ratio R(p) of r~"li(p) to ß~"li(p) is an analytic function strictly positive 
in IR.n with period matrix h-1 H*-l. If a point p differs from each of the points 
p-y defined by (2.10), then the above-listed properties of R(p) are easy from those 
of the dividend and divisor. If, on the other hand, p coincides with p-y for some 
integer " then (2.12) and (3.3) entail all what is said about R(p). 
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In a neighborhood about the coordinate origin, as follows from (2.12) and (3.3), 
the function R(p) may be written as the sum 

(3.4) 

i.e., R(p) is analytic and equal to 1 at p = o. 
These properties of R(p) allow us to assert that uniformly in all real p the 

function R(p) may be estimated from above and from below by some positive con­
stants Al and A2 • In symbols, 

(3.5) 

Thus, the square root F(p) of R(p) is an analytic function in IR n. With this in mind 
and using the M ultinomial Theorem 

obtain 

(3.6) 

Here fhH(P) stands for the following function 

(3.7) 

By definition, fhH(P) is analytic and real. It is not hard to check also that this 
function satisfies the equalities 

Put 

fhH(P + p.y) = (-l)"'fhH(p), ,E zn, 
f hH( -p) = (-l)mfhH(p), fhH(P) = h-mfH(ph). 

(3.8) 

(3.9) 
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The function AhH(P) is not only analytic but also periodic with period matrix 
h -1 H*-l. As follows from (3.4) and (3.7), in a neighborhood about the coordinate 
origin this function may be written as 

AhH(P) = (i27r)m(H*p)'" (1 + L d~ (hP)'Y). 
hl>o' 

(3.10) 

The equalities (3.6), (3.9), and (3.10) imply that, for P real, r~~(p) decomposes 
in the sum , 

r~~(p) = (_1)m L m; AhH(P)AhH(P). 
lY. 

lal=m 

Expand each of the factors AhH(P) in the Fourier series 

AhH(P) = L DhH[ßle-i21rhpHß. 
ß 

(3.11) 

(3.12) 

The coefficients D hH [ßl of this expansion decrease exponentially at infinity. This 
may be proved by a scheme analogous to that of Lemma 9.2. Expressing the 
coefficient DhH[ßJ by (3.12) and using (3.9), obtain 

DhH[ßJ = im J rhH(p)ei1rphH(a+2ß) dp. (3.13) 

flo 

The integrand here is a periodic function with period matrix h-1 H*-l. Conse­
quently, we may integrate in (3.13) over the parallelepiped iLe which is the trans­
late of 0 0 by the vector -e = (-1, ... , -1). Carrying out the change of variable 
p = _p' in the appropriate integral, use the second of the relations (3.8) and add 
the result to the initial equality (3.13). Then DhH[ßl in represented in the case of 
m even as the eosine Fourier transform, and in the case of m odd as the sine Fourier 
transform of some real function. Consequently, the quantity D'hH [ßJ is real. Insert­
ing the expansions (2.13) and (3.12) in (3.11), obtain the required equality (3.1). 
The proof of Theorem 9.1 is complete. 

We list a few more properties of the functions D hH [ßl participating in the 
expansion (3.1). 

Each of the functions D hH [ßJ as a function in h maintains the relation 

i.e., is a homogeneous function of degree -mo All functions DhH[ßJ are orthogonal 
to every polynomial of degree less than m, namely, 

(3.14) 
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With the monomial of degree m these functions are connected by the relations of 
biorthogonality 

(3.15) 

The homogeneity of DhH[ßl with respect to h may be proven by the same 

scheme as the homogeneity of D~~[ßl. To do so, it is of service to use the last of 
the equalities (3.8). 

Consider the harrow-like function 

D'H(x) = LD'H[ß1S(x - Hß) 
ß 

corresponding to D'H [ßl and calculate the convolution of the latter with an arbitrary 
monomial x'Y of degree less than m. By definition, 

x'Y * D'H(x) = L D'H[ßl(x - Hß)'Y· 
ß 

(3.16) 

It is clear that the series on the right side converges absolutely and uniformly in x 
in an arbitrary bounded domain in Rn. Calculate the Fourier transform of the 
convolution (3.16) 

(3.17) 

Multiplication of a function 'P(p) by D'Y (p) means the taking of the derivative of 
'P(p) at the coordinate origin. Observe that the Fourier transform of DJj(x) agrees 
with the function AH(p), for which we have the expansion (3.10). Differentiating 
the latter "'t times and letting p = 0, we see that, for "'t < m, the Fourier trans­
form (3.17) is identically 0. This is possible only in the case when all coefficients of 
the polynomial in x on the right side of (3.16) equal 0, i.e., the equalities hold 

L D'H[ßJ(Hß)'Y = 0, l"'tl < m. (3.18) 
ß 

The matrix H is orthogonal with determinant equal 1. Consequently, the functions 
of the shape (H ß)'Y constitute a basis for the space of polynomials of a discrete 
variable ß of degree less than m. This means that the systems of equalities (3.14) 
and (3.18) are equivalent. 

Observe that (3.1) and (3.14) imply that the function D~~[ßl is orthogonal to 
every polynomial of degree less than 2m 

L D~7J [ß][ßP = 0, l"'tl < 2m. 
ß 

(3.19) 
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As we see, the properties of the operators of convolution with D~n;) [ßl and 
DhH[ßl coincide with the properties of the ordinary difference operators 6Jm] [ßl 
and b.[a] [ßl. Contrast consists only in the fact that 6[m][ßl and 6[a][ßl are of 

compact support, whereas D~n;)[ßl and DhH[ßl just decrease exponentially with 
the growth of IßI. 

We may obtain a more detailed comparison between DhH[ßl* and the difference 
operator bJa] [ßl* on using the presentation 

DhH[ßl = b.[a][ßl * F~~)[ß + a/2], (3.20) 

with 

F~~) [ßl = im J F(p )eiZ7fphW ß dp 

0 0 

and the function F(p) standing as before for the square root of the ratio of r~n;) (p) 
and f}.~n;) (p). The equality (3.20) results from (3.7) by easy calculations. 

Observe that the periodicity ofthe analytic function F(p) entails the exponen-

tial decay of F~~)[ßl with the growth of IßI. This assertion may be proven by the 
same scheme as Lemma 9.2. 

Consider the two bilinear forms defined on compactly-supported functions u[ßl 
and v[ßl as follows 

[u, vl~ = (_1)m [D~n;) [ßl * u[ßl, v[ßl] == D( u, v), 

[u,vl~ = L h-zmm,' [f}.[a][ßl *u[ßl,f}.[a][ßl *v[ßll == f}.(u, v). (3.21) 
a. 

lal=m 

Here f}.[a] [ßl* is the operator of partial difference of order a of a function of a discrete 
argument. 

Examine the properties of the forms D( u, v) and f}.( u, v). 
(a) Given compactly-supported functions u[ßl and v[ßl and tbe corresponding 

barrow-like functions 

u(x) = L u[ßl8(x - hHß), v(x) = L v[ßl8(x - hHß), 

we bave tbe relations 

[u,vl = I~ol J~(P)~(P)dP' (3.22) 

0 0 

D(u,u) = I~ol J(-1)mr~n;)(p)I~(p)IZ dp, (3.23) 

0 0 

f}.(u, u) = I~ol J (_1)m f}.~n;)(p)I~(p)12 dp, (3.24) 

0 0 



350 Chapter 9 

with 0 0 the fundamental parallelepiped ofthe matrix h-IH*-l and the functions 

r~';}(p) and t::.~';}(p) denned by (2.11) and (3.2). 
The relation (3.22) is not hing else hut the Parseval identity for a trigonometrie 

series. Applying it to the pair of the functions D~';} [ßl * u[ßl and u[ß], derive (3.23) 

on involving the definition of D~';}[ßl. Similar reasoning leads to (3.24). To this 
end, it suffiees just to use the next formula 

(3.25) 

an analog of (3.1) relating the Fourier eoeffieients t::.};')[ßl of t::.};')(p) and the dif­
ferenee operators t::.[a] [ßl*. 

(h) There are positive constants Cl and C2 such that, for every compactly­
supported function u[ß], the estimates hold 

Clt::.(u,u) ~ D(u,u) ~ C2 t::.(u,u). (3.26) 

From (3.23) and (3.24) it follows that as such constants we may take the least upper 
hound and the greatest lower hound of the function R(p) of (3.5). 

(c) Given every pair of compactly-supported functions u[ßl and v[ßl, we have 
Green s identity 

By way of demonstration, let w[ßl stand for the eonvolution 

Then the Fourier transform of the corresponding harrow-like function may he oh­
tained hy the formula 

$(p) = (-lrr~';}(p)~(p). 
Applying to the pair of the functions w[ßl and u[ßl a eorresponding analog of (3.23), 
infer 

D( u, v) = I~o I J (-1 )mr~';) (p )~(p )~(p) dp. 

11 0 

Inserting here the expansion of r~';}(p) in the sum (3.11), find that 

D(u,v) = I~ol L :i J AhH(P)~(p)AhH(P)~(p)dp. 
lal=m 11 0 

(3.28) 
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The Fourier coefficients of the product AhH(P)u(p) are written down as the values 
of the discrete function DhH[ßl * u[ßl. Expanding each integral in (3.28) by (3.22), 
obtain the sought equality (3.27). 

( d) Tbe bilinear form D( u, v) is symmetrie over real compactly-supported fune-
tions, i.e., 

D(u,v) = D(v,u). (3.29) 

Tbe quadratie form D( u, u) eorresponding to tbe bilinear form D( u, v) is positive 
definite. 

Both claims are immediate from Green's identity (3.27). 
Thus, the form D( u, v) pos ses ses all properties of an inner product over the 

space of compactly-supported functions of a discrete variable. To be more precise, 
if u[ßl and v[ßl are compactly-supported then 

(1) D( u, u) ~ ° with equality holding if and only if u[ßl is identically 0, 
(2) D( u, v) is linear in each of the variables, and 
(3) D( u, v) is symmetrie. 

In particular, the Cauchy-Bunyakovski'l-Schwarz inequality holds 

(3.30) 

This, together with (3.26), implies that there is a constant C such that for all 
compactly-supported u[ßl and v[ßl the inequality holds 

(3.31) 

The properties of D( u, v) are of service furt her in defining a special inner product 
in w~m). 

§4. The Weights of Optimal Formulas and 

the Extension Problem 

Recall the definition and properties of some spaces of discrete functions. 
A function u[ßl belongs to w~m) if 

The functionall~( u, u W/2 determines a seminorm on w~m). The set offunctions in 

w~m) at which this seminorm vanishes coincides with the space P m-I of polynomials 

of degree less than m. The factor space of w~m) by P m - I is denoted by l~m) in 
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Chapter 8. In this event IA(u,uW/2 determines on l~m) the norm that is furt her 

denoted by 11· Il~m)ll· 
The l~m) space is complete under the norm 11· Il~m) 11 and presents the closure of 

the sub set of compactly-supported functions. These claims may be checked by using 
reciprocal embeddings between the l~m) space and the L~m) space. The pertinent 
theorems are given in Chapter 8. 

The norm of l;m) is generated by the bilinear form A( u, v). Consequently, l;m) 
is a Hilbert space. 

Assume given a projection 7r from w~m) to Pm-I. Choosing a norm in the 

finite-dimensional space Pm-I, endow w~m) with some norm by putting 

Obviously, w~m) is complete. If the norm of P m - I is generated by some inner 

product then w~m) becomes a Hilbert space. 
Consider the bilinear form D( u, v), defined initially on compactly-supported 

functions, as acting on all possible u[ßl and v[ßl in w;m). To this end, take two 
sequences uM[ßl and vM[ßl of compactly-supported functions tending in the norm 

11· Il~m) 11 to u[ßl and v[ß], respectively. Existence of these sequences follows from 

Theorem 8.10 of denseness of compactly-supported functions in l~m). Consider the 
numerical sequence D( UM, VM) and show that it converges. Applying (3.31) twice, 
obtain 

ID(UMllVM1 ) - D(UM2 ,VM2 )1 = ID(UM1 - UM2 ,VM1 ) + D(UM2 ,VM1 - VM2 )1 

:s K(llvM1 Il~m)11 IIUM1 - UM2 Il~m)II + IIUM2 Il~m)II IIVM1 - VM2 Il~m)II). 

The right side of this inequality at large MI and M 2 becomes however small, i.e., 
the sequence D( uM, V M) converges. Consequently, we may put 

D(u,v) = lim D(UM,VM). 
M--+oo 

The so-constructed bilinear form satisfies the inequality 

ID( U, v)1 :s Kllu Il~m) IllIv Il~m) 11 

with K a constant independent of u[ßl and v[ßl. This form is thus continuous. 
The properties, established in § 3 for compactly-supported functions, remain 

valid for the above extension D( u, v). This is a consequence of the continuity of 
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D( u, v) and the theorem of denseness of compactly-supported functions in l;m). In 
this event, the functional on the right side of Green's identity (3.27) must also be 
continuously extended to the whole of l;m). This is carried out by the same scheme 
as in the case of D( u, v). 

In particular, from (3.26) it follows that D(u, u) vanishes if and only if u[ßl E 

w;m) is a polynomial of degree m - 1. Thus, the form D( u, v) determines on l~m) 
an inner product equivalent to the original ß( u, v). 

The operation of convolution D~~[ßl* also extends to the entire w;m). Let 

u[ßl belong to w;m). Then put 

D~~ [ßl * u[ß11 = D( u, ö[ß - ßo]). 
ß=ßo 

(4.1) 

The formula on the right side of (4.1) is defined, since ö[ß - ßol is obviously a member 

of w~m). From the inequality 

ID( u, b[ß - ßo])1 :::; Kllb[ß - ßolll;m) 1IIIu Il;m) 11 

it follows that the operator of convolution D~~ [ßl* acts continuously from w;m) to 
the space of bounded functions of a discrete variable. 

Revert to Problem BI posed in § 1, and consider the case in which the parame­
ters Jo: of the hypothesis are all O. In other words, find c[ßl and Pm-dßl satisfying 
the system of equalities 

G~~[ßl * c[ßl + Pm-I[ßl = g[ßl, 
c[ßl = 0, 

l: c[ß][ßlO: = 0, 
ß 

hHß E n, 
hHß ~ n, 
10:1 <mo 

(4.2) 

(4.3) 

( 4.4) 

We have already proven unique solvability of this system. We now consider an 
algorithm which allows us to express the inverse of the operator of (4.2)-(4.4) as 
superposition of some operator of extension of g[ßl to the whole space zn with the 

operator of convolution D~~ [ßl*. 
With a solution c[ßl of (4.2)-(4.4) associate the harrow-like function c( x) that 

is defined by (1.8) and the polyharmonie potential w(x) = G(x) *c(x). Then (4.4) 
is equivalent to following: 

J c(x )xO: dx = 0 for lai< m. 

n 

(4.5) 
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Moreover, in a neighborhood about the point at infinity w(x) has the expansion of 
the shape (1.15) containing only relevant terms and satisfies (1.16). Moreover, as 
mentioned in §1, w(x) is contained in WJm). 

The values w( hH ß) of the potential w( x) at the no des of the lattice are given as 

convolution v[ßl = G1~[ßl * c[ßl. The function v[ßl belongs to w~m) and moreover 
by Theorem 8.7 for m > n/2 it satisfies the inequality 

In a neighborhood about the point at infinity, v[ßl admits an expansion that is 
analogous to (1.13) and consists only of relevant terms. In this event, the estimate 
holds 

< c{ Ißlm-n, 
Iv[ßll - Ißlm-n log IßI, 

if n odd or n > m, 

if n even and m ~ n. 
(4.6) 

Assurne that Y[ßl E w~m) differs from J[ßl for hHß E n by a polynomial of degree 
m - 1, satisfies (4.6) at Ißllarge, and does not agree with v[ßl. Then, the norm 
Ilvll~ = D(v,v)1/2 is less than the norm of Ilyll~ = D(y,y)1/2, namely, 

Ilvll~ < lIyll~· (4.7) 

Show this by the same scheme as that for (1.17). For hHß E n the functions 
Y[ßl and v[ßl differ by another polynomial Qm-l [ßl of degree at most m - 1. Put 
u[ßl = v[ßl + Qm-l [ßl· Then, by the properties of the operator of convolution 
Dk~[ßl*, the norms of Ilull~ and Ilvll~ coincide. Thus, it suffices to establish the 
validity of (4.7) with u[ßl substituted for v[ßl. 

Arrange the set of discrete functions depending on a real parameter ..\ by 
putting u.x[ßl = u[ßl + ..\(Y[ßl- u[ß])· It is clear that, for all ..\, the function u.x[ßl 
is a member of w~m). Consider the norm square of lIu.xll~ presenting a quadratic 
trinomial in ..\, i.e., 

D(u.x, u.x) = D(u, u) + 2..\D(u,y - u) +..\2 D(y - u, y - u). 

Calculate the coefficient of ..\ in this relation. By (3.21), obtain 

D(u, y - u) = (_1)m L (D1"lf[ßl * u[ßl)(y[ßl- u[ß]). 
ß 

The convolution D1"lf[ßl * u[ßl agrees with the function c[ßl by the definition of 
u[ßl. In particular, it equals 0 for all ß such that hH ß rf- n. If, on the other 
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hand, hHß E n; then the difference Y[ßl- u[ßl is equal to o. The functions u[ßl 
and (y - u)[ßl are thus orthogonal with respect to the inner product D(., .). 

Returning to the form D( u>., u>.), we see that zero is a unique stationary point 
of it with respect to A. Moreover, the second derivative with respect to Ais positive 
at zero. Thus, the function D( u>., u>.) has a strict minimum at A = O. In particular, 

D(uo,uo) = D(u,u) < D(UI,Ut) = D(y,y). 

The desited inequality (4.7) is established. 
Consider now the following extension problem. 

PROBLEM B2. Find vdßl in w~m) satisfying (4.6) at infinity, different for 
hH ß E n from g[ßl not more than by a polynomial summand of degree m - 1, and 
possessing a minimal norm 11 ·II~ in this dass. 

The above reasoning shows that a sought extension is given by the function 

v[ßl = G1~ [ßl * c[ßl, with c[ßl satisfying (4.2)-(4.4). A solution to Problem B2 

is unique. Indeed, if VI [ßl and V2 [ßl are two distinct solutions then their half-sum 

belongs to the same convex set in w~m) as the summands VI [ßl and V2[ßl. Moreover, 
the norm of the half-sum is less than the half-sum of norms, i.e., 

The functional 11 . 11 ~ cannot attain a minimum at VI [ßl and V2 [ßl simultaneously. 
The general case in which the numbers f Oi in System Bare nonzero reduces 

to the already-settled case by the standard change of variable c[ßl = c* [ßl + Cl [ßl, 
with c*[ßl satisfying (4.3) and (4.4) and cI[ßl a new unknown function of a discrete 
variable. 

In closing, observe that the formula 

c[ßl = D~"li [ßl * v[ßl 

may be considered as a special presentation of the operator inverse to that of 
(4.2)-( 4.4) as superposition of the extension operator and convolution. 

§5. A One-Dimensional Discrete Analog of a Derivative 

of Even Order 

The method for constructing the weights of optimal cubature formulas we 
considered happens to be applicable in the case of quadratures, i.e., in the case of 
formulas approximating an integral over an interval of the real axis. We can carry 
out the examination of this case much further. 
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So, let the dimension of Rn equal1. The domain n reduces now to the interval 
[0,1], and the polyharmonie equation ~mu(x) = (_1)mz(x) becomes an ordinary 
differential equation 

d2m u 
dx2m = (-I)mz(x). 

The norm of L~m)(Rl) is defined by the equality 

The homogeneous System A for functions of a single variable is written as 

G(x) * c(x) + Pm- l (x) = J(x), xE [0,1], 

c(x) = 0, x ~ [0,1], 

J c(x)xa dx = 0, lal<m. 

Here the functions G( x) and J( x) are determined by the equalities 

1 

m Ixl2m - l J G(x)=(-I) 2(2m-l)!' J(x)= G(x-y)dy. 
o 

(5.1) 

(5.2) 

(5.3) 

(5.4) 

It is not hard to see that J( x) is a polynomial of degree 2m - 1 satisfying the 
condition J(x) = J(1 - x) for ° ~ x ~ 1. Problem A2 corresponding to (5.1)-(5.3) 
consists in finding a member u(x) of L~m)(Rl) polyharmonie in the exterior of the 
interval [0,1] and agreeing with J( x) in the open interval (0,1). Thus, function u( x) 
outside the interval [0, 1] is a polynomial of degree 2m - 1. In this polynomial all 
coefficients of the powers greater than m - 1 vanish, or else u( x) would not belong 

to L~m)(Rl). Now we may construct the function u(x) explicitly. Indeed, by the 
continuity of u( x) with all derivatives up to order m - 1 we have 

u(x) = P~~l(X) for x< 0, u(x) = P;:;~l(X) for x> 1, (5.5) 

with P~~l(X) and p~2~1(X) known polynomials, nantely, 

m-l 
P~~l (x) = J(O) + xf'(O) + ... + (~_ 1)!J(m-l)(O), 

P;';~l (x) = J(I) + (x - 1)1'(1) + ... + «(r: ~~)~l J(m-l)(l). 
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Thus, u( x) is a piecewise-polynomial function with nodes at the points x = 0 
and x = 1. 

Obviously, u(x) possesses the least of the L~m\lRI) norms of all possible ex­
tensions of fex) to the whole axis. There is a unique function with this property. 
Indeed, were the minimum of the norm attained at two distinct functions UI and U2 

extending f( x) to lR I, then their half-sum would also extend f( x), having the norm 
less than those of UI and U2. This contradiction proves that UI = U2. 

Bearing in mind that the norm of u( x), the solution to problem A2 , coincides 
with the norm of u(l - x), obtain the equality 

U(x) = u(l - x). 

Proceed now to solving Problem Al. Put c(x) = (-1)mJlm u jdx2m and observe 

that c(x) is a generalized function, a member of L~m)(lR)*. The support of c(x) 
obviously lies in the unit interval. Further, the general theory of the polyharmonic 
equation entails existence of a polynomial P m-l (x) of degree m - 1 such that 

u(x) = G(x) * c(x) + Pm-leX). 

The first two equalities of System Aare thus fulfilled. 
Further , for x < 0 we have 

P;';~I(X) - Pm-leX) = G(x) * c(x) == v(x)j 

i.e., the function v( x) for x negative is a polynomial of degree at most m - 1. On 
the other hand, using the familiar expansion of the convolution G( x) * c( x) into 
aseries in the derivatives of G( x), obtain 

J 2m-l ( l)k dkG( ) J 
v(x) = G(x - y)c(y) dy = L T dx kx c(y)yk dy. 

k=O 

The expression on the right side may be a polynomial of degree m - 1 only in the 
case when the first m integrals equal O. Thus, (5.3) is also fulfilled, and Problem Al 
is resolved. 

The homogeneous System B may be written as 

hGbl * cbl + Pm-Ibl = fbl, 
cbl = 0, 

L cblbl" = 0, 
'Y 

Os h, SI, 

h, tf. [0, ll, 
Os a < m, 

(5.6) 

(5.7) 

(5.8) 
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moreover, 

I 
h2m - 1 

G[,] = (_I)m 2(2m _ I)! 1,12m-l, 1[,] = f G(h,- y) dy. 
o 

The function f(,] is a polynomial of degree 2m - 1. . 
To solve Problems B2 and BI corresponding to System B we are to deter­

mine the coefficients of D~ m) [ß] *. Recall that these coefficients may be found from 

the Fourier series for r~m)(p) satisfying the condition 

(5.9) 

-----
As regards the Fourier transform O~m)(p), from (2.8)-(2.11) derive the formula 

----- (1)mh2m 00 1 -----
O(m)() - '" h2mO(m)(h ) 

hH P = (27r )2m ß~oo (ph - ß)2m = I P . 

-----
Inspect O~m)(p) in more detail. As is known, 

00 1 7r2 

L (p - ß)2 = sin2 7rP' 
ß=-oo 

Differentiating this equality 2m - 2 times, obtain 

00 1 1 ~m-2 { 7r2 } 

L (p - ß)2m = (2m - I)! dp2m-2 sin2 7rp . 
ß=-oo 

(5.10) 

We may rearrange the expression on the right side of (5.10) on using the concept 
of Euler polynomial. 

In line with [66], we define the Euler polynomial Ek()..) by the formula 

(1 - )..)k+2 ( d) k ).. 
Ek()..) = ).. ).. d)" (1 - )..)2' (5.11) 

In the article [204] the polynomial Ek ()..) is denoted by IIk+I()..) andcalled 
the Euler-Frobenius polynomial. Therein the generating function is given for the 
sequence of the polynomials Ek()..) in the shape 

),,-1 _~En_l()..)Zn 
).. - eZ - ~ ().. - l)n n! . 

n=O 
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The other properties of Euler polynomials are studied to some extend in the arti­
eIes [256-262]. 

Taking the function ei21rp as A in (5.11), come to the equality 

------
Inserting it in (5.10) and considering the function G~m)(p), obtain 

So, a solution to equation (5.9) for h = 1 is given by the formula 

(5.12) 

From the definition (5.11) of Ek(A) it is not hard to deduce the identity 

(5.13) 

Using (5.13) with A = ei21rp , rewrite the equality (5.12) in equivalent form 

r(m)(p) e- i21rp(m-l) 
1 ( 22) m ( • )2m __ --,----,-,---,--

(2m -I)! = - Slll7rp E2m_2(e-i21rp)' (5.14) 

As is known, the Fourier coefficients of the product of two functions result from 
convoluting the Fourier coefficients of the factors. Consequently, (5.14) enables us 
to express D~m)[ß] as convolution. We write down the corresponding formula. 

Denote by E:;;'_2 [ß] the following Fourier coefficients 

(5.15) 

Also, denote by Ö~ml [ß] the Fourier coefficients of 22m( _l)m sin2m 7rp, i.e., 

ö[m1[ßl = ~ (_l)k+ m ( 2m )O[ß - klo 
2 ~ m+k 

k=-m 

(5.16) 
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Reeall that the eonvolution with .6.~ml [ßl means the taking of the symmetrie differ­
enee of order m. Using these notations, from (5.14) obtain 

D~m)[ß] = .6.[m1[ß] * E-1 [ß - m + 1] 
(2m - 1)! 2 2m-2 . 

(5.17) 

The function .6.~ml [ßl is eompactly-supported. Henee, the eonvolution (5.17) exists. 
If B 2m- 2h] are the Fourier eoeffieients of the product 

then (5.14) entails one more eonvolution relation 

(5.18) 

We now dwell in more detail on the problem of ealculating the eoeffieients 
given by (5.15). To this end, we are to examine the roots of the polynomial Ek(A). 
Denote them by A}k), j = 1,2, ... ,k. It is well known that all roots A}k) are real, 
negative, and distinct [204], i.e., 

(5.19) 

Using (5.13), we readily prove that the roots equidistant from the ends of the 
ehain (5.19) are reciproeals, in symbols, 

(5.20) 

Take k equal to 2m - 2 and agree to omit the superseript of the root AJ2m-2) up to 
the end of the eurrent section. We have the following expansion in partial fractions 

with 

2m-2 L B2m - 1- i , 
i=l A - Ai 

(5.21 ) 

(5.22) 

Differentiating (5.13) with respect to A, putting A = Ai in the result and using 
(5.20), observe that 
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Using this equality, rearrange the summands in (5.21) to come to the expansion 

Letting A = e- i21rp here and considering that, for all j = 1, ... ,m - 1, the quantity 
Jlj = A2m-l-j = 1/ Aj has magnitude less than 1, find the desired Fourier series 

(5.23) 

This equality enables us to calculate the convolution factor E:;;'_2 [ß - m + 1] 
in (5.17) at an arbitrary point, if only we know in advance the roots Jlj of E2m - 2 (Jl) 

and the quantities Bj defined as the ratio (5.22). We are thus able to calculate 

D~m)[ß] using (5.17). However, with m increasing, the cost of the corresponding 
algorithm rises essentially. Consequently, for m large, it is desirable to find some 
simple asymptotic expansions of Jlj, Bj, and E;!_2[ß]. In the two subsequent 
sections we obtain such asymptotic formulas for the roots Jlj. 

§6. The Roots of the Euler Polynomial 

Let the roots A)k), j = 1,2, ... , k, of the Euler polynomial Ek()..) be ordered as 
prescribed in (5.19). Inspect their asymptotic behavior at large k. It is of service 
to consider not the roots themselves but rather the logarithms of their magnitudes 

Obviously, these logarithms are ordered as follows 

-00 < q(k) < q(k) < ... < q(k) < q(k) 
k k-l 2 1 

Moreover, the numbers qJ k) and qk~l-j equidistant from the ends of the chain are 
interconnected by the equality 

(k) (k) . k 
qj + qk+l-j = 0, J = 1,2, ... , , 

which allows us to inspect only the positive qJ k) indexed with j = 1,2, ... , [k/2]. 
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The numerical values of the roots of the Euler polynomials of even degree at 
most 12 are listed in the article [204]. 

Consider sequences of q;k) such that the index j is a function of the parameter k, 
i.e., j = j(k). For these sequences we derive two asymptotic formulas. 

One of them has the form 

~k) ~ I(k) = t Ci + 1h)'Ir 
qJ - qJ co k + 2 . (6.1) 

This formula is appropriate for approximation of q;k) such that the upper limit of 

~he ratio of the modulus of q;k) to the square root of k does not exceed some X max , 

l.e., 
(k) 

lim qjr,: < X max ~ 3.0215. 
k-HXl V k 

We write down the other formula in two equivalent versions: 

(6.2) 

(6.3) 

(6.4) 

This formula is appropriate for approximation of qY) such that the lower limit of 

the ratio of the modulus of qjk) to the square root of k is greater than some Xmin, 

i.e., 
(k) 

lim qjr,: > Xmin ~ 0.3725. 
k-+oo V k 

(6.5) 

The condition (6.5) sufficient for applying (6.3) may also be formulated in terms 
of the function j = j(k). Namely, if 

1-;- j(k) 1 
1m --<--, 

k-+oo Vk 'Ir Xmin 
(6.6) 

then the quantity qY(k) however closely approaches qY) at k sufficiently large. Ob­
serve that if one of the inequalities (6.5) and (6.6) is valid for the ordinary limit, 
then the same limit may be inserted in the other, with (6.5) and (6.6) becoming 
equivalent. 

The results of· the current section are published in brief in [262]. As re­
gards (6.1), our result extends those by S. Kh. Sirazhdinov [219]. 
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We first derive the asymptotic formula (6.3). 
The coefficients a~k) of the Euler polynomial 

k 

Ek()..) = I>~~s)..s 
8=0 

as was shown by Euler himself, are expressed as 

a~k) = t( -l)i (k ~ 2) (8 + 1 _ j)k+l. 
1=0 J 

363 

(6.7) 

Comparing (6.7) with (5.1.3.-13) in [95], we easily see that a~k) is preciselY (:!~) 
in the notation of [95]. Observe also that [95] involves other numbers that are also 

attributed to Euler. Each coefficient a~k) is an elementary symmetrie function in 
the roots )..;k). Write it down explicitly. To this end, enumerate by the index t, 
t = 1,2, ... , (!), all possible distinct combinations of 8 items in the pool of k without 
replacement. To each of the combinations there corresponds a tuple of 8 distinct 
indices jl(t),h(t), ... ,js(t) ranging over the intervall ~ j ~ k. Let 

(6.8) 

(6.9) 
t=l 

It is convenient to assume that for 8 < 0 and 8 > k the coefficient a~k) is identically O. 
Using the squaring process that was suggested by N. I. Lobachevskil [24], arrange 
the polynomial 

Lk(fl) = b~k) flk - b~k) flk-l + ... + ( _l)k b~k). 

The coefficients of Lk(fl) are expressed through a~k) by the formula 

(6.10) 
t=l 

The series on the right side, obviously, terminates with finitely many summands. 
It is weIl known that the roots of Lk(p,) are the squares of the roots of Ek()..)' 
Consequently, 

(6.11) 
t=l 

To estimate the greatest of the numbers composing the sum (6.9), show the validity 
of the following 
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Lemma 9.3. Let V1 > V2 :2: V3 :2: ... :2: 0 and 

V1+V2+···+Vk+···=a<oo, vi+v~+ ... +v~+ ... =b<oo. (6.12) 

H, moreover, 
(6.13) 

tben tbe inequality bolds 

(6.14) 

PROOF. Put v; = V2 + V3 + ... + Vk + ... = a - V1 and b* = v~ + (v;)2. Since 
all Vj are positive, the quantity b* is at least b, namely, 

(6.15) 

Consequently, V1 = 1/2( a+v2b* - a2 ). Since b* :2: b, we have the lower bound on V1 
in (6.14). The upper bound on V1 is obvious from (6.12). The proof of Lemma 9.3 
is complete. 

Apply Lemma 9.3 to estimating the maximum of the quantities v~kl that are 

defined by (6.8). Observe that, at a fixed s, the maximal number v~'~l appears 
when h(t) = 1, h(t) = 2, ... ,js(t) = s. This is easy to establish by using (5.19). 
Consequently, (6.14) in the cases when s = j and s = j - 1 looks like 

(6.16) 

(6.17) 

The quantity 7]~k) in these relations may be written as the sum 

(k) <Xl (k) (k) 
(k) _ ~ (1 __ b_s_) _ ~(_1)t+1 as-tas+t 

7]s - 2 1 (k) 12 - ~ 1 (k) 12 • 
a s t=l a s 

(6.18) 

In this event the function a~k) is extended by 0 to s < 0 and s > k. Consequently, 
the series (6.18) terminates at a finite t. It is clear that (6.16) and (6.17) are 
applicable only provided that 

(k) 
"'j-1 < 1/4. (6.19) 
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Dividing (6.16) by (6.17) and taking the 10garithm of the quotient, obtain 

(6.20) 

Show that, at a fixed j, the quantity Tf?) vanishes as k -t 00. Indeed, from (6.7) 
we have 

(6.21) 

At s fixed each summand in braces, from the second on, vanishes as k increases 

indefinite1y. Consequently, for t = 0,1, ... and the nonzero coefficients a~~t we 
have 

(k) (k) ( 2) k+l 
a(k) = (s ± t + 1)k+l (1 + R(k) ) as-tas+ t = 1 _ (_t -) (1 + R(k)). 

s±t s±t, la~k) 12 s + 1 s,t 

The quantities R~~t and R~~i vanish as k -t 00. Whence it follows that Tf~k), 
presented by the sum (6.18), indeed vanishes as k increases indefinite1y. 

Thus, at a given j, both inequa1ities (6.19) and (6.20) are fu1filled from some 
index k on. In particu1ar, for every positive c, the inequa1ity ho1ds 

1 (k) k + 11 j + 11 qj - -- og-.- < c. 
7r J 

Assume now that j = j (k) grows as .,fk. Estimate the quality of approximating 
(k) II(k) . 

qj by qj defined m (6.3). Put 

Obvious1y, we then have the equality 

X' 1im x'.(k) < +00. 
k-+oo J 

(6.22) 

Estimate Tf?) from above for these js. In the formu1a (6.18) für TfJk), there partici­

pate the summands a}~t with index t satisfying the cünditions j +t ::; k and j -t ~ o. 
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In this event, in particular, j + t ~ min(k,2j). Consequently, the index S of each 
nonzero coefficient a~k) in (6.18) at large k satisfies the inequality 

For these s we readily prove that the ratio PH1 of the summand in (6.21) with 
index t + 1 to the preceding summand is estimated from above as follows 

Let x' ~ xo > O. Then, for all nonzero a~k) in (6.18), we have the expansion 

(6.23) 

The quantity 0(·) in this formula is such uniformly in all x' not less than xo. 
From (6.23) it follows that 

Using (6.22), express the exponent of the exponential through x'. Then, extend 
the found estimate to all t. Inserting the result in (6.18), obtain 

Thus, we may pass to the limit in (6.18) as k -t 00, obtaining 

This is a sought upper bound on ".,y). 
We list several properties oft he sum ".,(x'). The function ".,(x') decreases from 1 

to 0 for x' ~ O. Table 5 gives the approximate values of ".,( x') and the function 

() 11 2Vf=211 
w"., = - og 

7r 1 + V1- 4"., 

related to ".,(x') and accountable for the error of (6.3) in virtue of (6.20). 
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TABLE 5 

x' "l(x') w("l) 
0.372541 0.249996 0.109050 
0.380021 0.237091 0.053152 
0.400035 0.204293 0.023728 
0.500068 0.084696 0.001681 
0.600013 0.028632 0.000147 
0.660042 0.013572 0.000031 

Observe also that the sum of this series is expressed through the Jacobi theta 
function .,')4 with the ratio of periods T = 7riX'2 [80]. 

Let Xmin be the root of the equation "l(x') = 0.25. Calculation shows that 
Xmin ~ 0.3725. Thus, for x > Xmin, the quantity 'TJ(x') is less than 1/4. 

If the function j = j(k) is defined by (6.22) then, for k sufficiently large, the 

quantities 'TJ;k) and "l;kJ.1 are both less than 1/4. For these k, the inequalities (6.20) 
are thus satisfied. The error of (6.3) is now characterized by the maximum of the 

moduli of two quantities, the left and right sides of (6.20). The sequences 'TJY) 

and 'TJ;kJ.1 become however small as k increases indefinitely. Consequently, the error 
of (6.3) is also an infinitesimal. 

Consider in more detail the quest ion of conditions for applicability of (6.3). 
One of these conditions, as we have just shown, is the inequality x' > Xmin. The 
other two conditions are (6.5) and (6.6). Demonstrate that the latter are equivalent. 
Write down qY(k) as 

I1(k) _ k + 1 1 ( !) _ k + 1 1 (j + 1/2) + 1/2 
qj - 7r og 1 + j - 7r og (j + 1/2) _ 1/2 

k+1 (1 1 1 ) 
= -7r- j + 1/2 + 12 (j + 1/2)3 + . . . . 

Recalling the denotation x;(k), obtain 

(k) I1(k) . II(k) IT. We see that the error qj - qj IS bounded whereas qj grows as v k. 
Consequently, we have the following asymptotic equality 
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Hence, the following chain of equalities holds 

(k) II(k) 
1· qJ" 1· qJ" 1· I( k) I 1m - = 1m -- = 1m X" = x . 

k-+oo Vk k-+oo Vk k-+oo J 

So, the inequality X' > Xmin amounts to the condition (6.5) which is thus 
sufficient for (6.3) to be applicable. Bearing in mi nd that . 

_1_ = lim j(k) 
7r x' k->oo Vk 

(this equality follows from (6.22)), we see the equivalence of (6.5) and (6.6). 
It is not hard to calculate that the difference between two consecutive quanti­

ties, namely, qY(k) maintains the relation 

II(k) II(k) k + 1 1 + O(j-2) I(k) I(k) "-2 
qj-l - qj 7r (j + 1/2)(j _ 1/2) = 7rXj x j_l (1 + O() )). 

At this juncture we finish studying the asymptotic formula (6.3) for the roots of 
the Euler polynomial and pass to deriving (6.1). 

§7. The First Asymptotic Formula 

Rewrite the algebraic equation Ek(A) = 0 in equivalent form. Introduce 
into consideration a new variable q = 10g(-A)/7r, i.e., let ,\ = _e7rq • In the case 
when'\ changes continuously on the interval (-00, -1), the variable q ranges over 
the positive semiaxis of the realline 0 < q < 00. Elementary calculations make the 
polynomial Ek(A) a function of q as follows 

Ek(A) = Ek(-e7rq ) = (~)k+2 7rq dk (n:/2)2 . 
7r 2 dqk cosh2 7rq/2 

(7.1) 

All qJk) = log ( _Ajk»)/n: are real, and the first factors in (7.1) obviously have no 

real zeroes. Consequently, qJk) are the zeroes of 

dk (7r/2)2 
dqk cosh2 n:q/2 

that lieon the real axis. Use the familiar expansion in partial fractions of the 
function under the differentiation sign in the preceding expression 

7r2 7r2 00 1 

4 cosh2 n:q/2 = 4 sin2 ( n:(1 + iq)/2) = ß~oo (2ß + 1 + iq)2 . 
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Differentiating both sides of this equality k times and denoting by Sk(q) the sum 
of the series 

1 00 ( • ) k+2 

Sk(q) = 2' L 2ß + ~ + i ' 
ß=-oo q 

obtain 

dk (7r~2)2 = 2(-1)k+l(k + l)!Sk(q). 
dqk cosh 7rq /2 

The function S k ( q) is real for all k. This is easy to check by replacing the sum over 
the negative indices ß by the sum over the positive indices ß' = - ß - 1. In this 
event, we have the equality 

(7.2) 

with 
00 ( 1 + iq ) k+2 

(k(q) = 1 +]; 2ß + 1 + iq (7.3) 

Denote by 0: the angle between the vector 1 + iq and the imaginary axis, i.e., let 
0: = argi/(l + iq), q = cot 0:, and 0 < 0: :S 7r/2. Thus, the interval 0 < 0: :S 7r/2 is 
mapped in a one-to-one fashion onto the semiaxis q ~ O. 

Let q?) = cot o:;k). Then the quantities o:;k) , as follows from (7.2), are also 
the roots of the equation 

(k + 2)0: + arg (k(cot 0:) = (t + 1/2)7r, tE Z. (7.4) 

This is exactly the sought expression of the original algebraic equation Ek( >') = O. 
Inspect (7.4) more thoroughly, assuming that 

q cot 0: o < ~ = ~ < x< +00. 
- vk+2 v k + 2 -

(7.5) 

The next lemma allows us to estimate the behavior of arg (k( cot 0:) as k -t 00. 

Lemma 9.4. The series (7.3) converges uniformly in k with q ranging over 
the set defined by (7.5). 
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PROOF. Let (f(q) denote a partial sum of (7.3). Then 

N 00 ( 1 + q2 ) (k+2)/2 
I(k(q) - (k (q)1 ~ L (2ß + 1)2 + q2 

ß=N+1 

The series on the right side is an increasing function in q. Consequently, the estimate 
holds 

(7.6) 

Denote the term of (7.6) with a fixed index ß ~ N + 1 by Aß(k). The function 
Aß( k) of k decreases. The last claim is easy from the equalities 

_ [( _ _ 1_)Y(k)_1j2ß(ß+1)/X 2 
( y(k) )1/2X2 

Aß(k) - 1 y(k) y(k) _ 1 ' 

)(2(k+2)+1 
y(k) = 1 + (2ß + 1)2 _ 1 ' 

and the observation that g(y) = (1 - Ify)Y-1 is a decreasing function for y ~ 1. 
Hence, Aß(k) ~ Aß(2) for k ~ 2. Inserting these inequalities in (7.6) and letting 

x(ß) = (2ß + 1)2 + 4)(2 
4ß(ß + 1) , 

obtain the estimate 

00 ( 1)2 sup I(k(q) - (f (q)1 ~ L 1 - x(ß) 
O::;q::;xv'k+2 ß=NH 

In the right side we sum the values of a decreasing function in ß. This enables us 
to substitute integration for summation while preserving the inequalities 

00 2 

sup I(k(q) - (f(q)1 ~ J (1- (Iß») dß· 
O<q<xv'k+2 x 

- - N 

Carryout a change of variables by passing from ß to x(ß). By definition, as ß ---t 00 

the function x(ß) decreases and tends to 1. Moreover, 

d ( x(ß) ) _ 4(2ß + l)dß d _ _ (1 + 4)(2)dx(ß) 
x(ß) - 1 - 1 + 4)(2 ' ß - 4(x(ß) - 1)3/2(x(ß) + 4)(2)1/2· 
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We thus obtain the estimate 

(7.7) 

Passing to the limit as N -+ 00, complete the proof of Lemma 9.4. 

Corollary 7.1. For every q in the interval (7.5), the inequality holds 

(7.8) 

PROOF. Using Lemma 9.4, derive the following relations 

lim I(k(q) -11 ~ lim lim I(f(q) -11 = lim lim I(f(q) -11 
k--+oo k--+oo N --+00 N --+00 k--+oo 

We may further find the limit as k -+ 00 of the summand with index ß in the last 
sum by the formula 

( 
1) (k+2)/2 ( (2ß + 1)2 ) (k+2)/2 2 

lim 1 + /1 + = e-2ß(ß+l)/x . 
k--+oo x 2(k+2) x 2(k+2) 

The estimate (7.8) is thus proven. 
The function ~(x) for x > 0 decreases. Approximate values of ~(x) and x 2 ~(x) 

are shown in Table 6. 
TABLE 6 

x e(x) x2e(x) 
0.650001 0.000077 0.000033 
0.700021 0.000285 0.000140 
1.000035 0.018327 0.018328 
2.000068 0.420227 1.681805 
3.000013 0.987426 8.886911 
3.021542 1.000059 9.130255 
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We mention in passing that the function ~(x) is expressible through the Jacobi 
theta function 191 with the ratio of periods T = 2i/7rx2 [80). 

Denote by X max the quantity for which ~(xmax) = 1. Calculation shows that 
X max ~ 3.0215. Let x < xmax . Then, by (7.8), (k(q) lies in a disk with center 1 
and radius r less than 1. Moreover, at sufficiently large k, the estimate holds 

(7.9) 

The greater the k is, the closer the h approaches sin-1~(x). The inequality (7.9) is 
obvious from the geometrie construction. 

For x> 0 there is an c > 0 such that for a E (7r /2 - c, 7r /2) 

cota 
Jk+2 < cot a ::; x. (7.10) 

Consequently, there is a positive h such that, for all a in the above interval and all 
sufficiently large k, the estimate holds 

(7.11) 

Furthermore, at largek, we may take h equal to sin-1~(x). 
If the interval (7r /2 - c, 7r /2) contains a root a* of (7.4) then by (7.11) this root 

obviously belongs to the interval (a~k),a~k»), with 

(k)( ) _ (t + 1/2)7r - h 
a 1 t - k + 2 ' 

(k)() (t + 1/2)7r + h 
a 2 t = k + 2 . 

Let t = 0,1, ... ,k + 1. Consider the points 

(k)( ) _ 7r(t + 1/2) 
a o t - (k+2) 

of [0,7r). Each of these points is the center of the interval (a~k)(t),a~k)(t)). The 

distance between the right endpoint a~k)(t) ofthe interval with index t and the left 

endpoint a~k)(t + 1) of the interval with index t + 1 equals 2( 7r /2 - h )/(k + 2). Since 
by hypothesis h < 7r /2, these intervals are disjoint. 

If a~k) (t) satisfies (7.10) and <p( a) stands for (k + 2)a + arg (k( cot a), then 
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Whenee itfollows that the interval (Qik)(t), Q~k)(t)) has at least one root Q* of (7.4). 
Moreover, 

eot Q~k) (t) < q* = eot Q* < eot Qik) (t). (7.12) 

Let q!(k) = eot Q~k\t) and qk = tan(h/(k+2)). Then, applying the routine trigono­
metrie formula for the eotangent of the sum of two quantities, obtain 

The upper sighs are chosen here for j = 1; whereas the lower, for j = 2. The 
inequality (7.12) is thus equivalent to the following 

(7.13) 

The sequenee gk vanishes as k -+ 00, for 

and, for the values of Q~k)( t) meeting (7.10), the sequenee q!(k) is uniformly bounded 
in k, i.e., 

Iq!(k)1 = leotQ~k)(t)l::; x. 

Thus, the error of (7.13) beeomes however small at klarge. Its magnitude is easy 

to estimate on using the positivity of gk and q!(k), whieh yields 

I I(k)1 1+ (q!(k»)2 
q* - qt < gk I(k) . 

1 - gkqt 
(7.14) 

This inequality also eharacterizes the error of the asymptotie formula (6.1). 
For some roots A* of the polynomial Ek(A) the quantities q* = log( -A*)/rr 

may simultaneously satisfy the two inequalities 

(7.15) 

Consequently, for every q* there are two quantities q!(k) and qY(k) with integer t 
and j whieh are appropriate for approximation of q*. In partieular, the quantity 
q!(k) = eot Q~k\t) is not less than x' Vk. Consequently, 
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Thus, for sufficiently large k, the quantity a~k>Ct) becomes however sm all. Hence, 
q!(k) admits the approximation 

I(k) = k + 2 + O(k-1/ 2 ). 
qt 1l'(t+1/2) (7.16) 

From (7.15) it also follows that qY(k) ::; xVk. This condition amounts to the fact 

that, as k increases, the index j = j(k) grows slower than CVk with C a nonzero 
constant. Consequently, 

(7.17) 

From (7.16) and (7.17) it follows q!(k) and q}I(k) may properly approximate the same 

q* only if j = t; in this event, the difference between qY(k) and q!(k) is O(k-1/ 2 ). 

Let q* = qJ:) satisfy (7.15) for some jo. Then, to approximate the roots qJk), 

j = 1,2, ... ,jo, we use q}I(k) We approximate the remaining roots qY) by q}(k), 

j = jo + 1, jo + 2, .... For these j, each of the numbers qY) lies in some neighborhood 

about q!(k) , with these neighborhoods disjoint from one another. Thus, the number 

of the remaining roots qY) is exactly the same as the number of q!(k) for j ~ jo + 1. 

Consequently, in each of the intervals (cot a~k)(j), cot a~k)(j») with j ~ jo + 1 there 

is only one root q* equal to q;k). This, together with (7.14), entails the estimate 

( I(k))2 
I (k) I(k) I < 1 + qj 
qj - qj gk I(k) , 

1 - gkqj 
(7.18) 

with gk = tan hj(k + 2) and h = sin-l~(x). 

This estimate is proven provided that qY) / Vk + 2 ::; x. The same must hold 

for the ratio q!(k) / Vk + 2. In other words, the inequality holds 

(7.19) 

Bearing in mind that the index j changes with the growth of k, i.e., j = j(k), we 
pass in (7.19) to the limit as k --. 00 and obtain 

1. j 1 1 
1m ->->--. 

k-+oo Vk - X1l' 1l' x max 
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This is a sufficient condition for the first approximate formula (6.1) to be applicable. 

Compare (6.1) and (6.3) at large k. Put xjk) = qjk) /Vk. In the interval 

Xmin < xY) < X max , as xY) increases, the error of (6.3) grows whereas the error 
of (6.1) diminishes. At a point where the estimates for the errors coincide, as we 
see in Tables 5 and 6, the quantity xY) is approximately 0.66. In this event we 
have an approximate equality 

I (k) I(k) I ~ I (k) II(k) I ~ 0 0001 qj - qj - qj - qj -. . 

The distance between two consecutive values qjk) and qjkJ.1 is approximately equal 

to 7rxY) xjkJ.1 ~ 1.48. It thus happens that error is more than 104 times less than 
the distance between consecutive roots. 

§8. The Weights of Optimal Quadrature Formulas 

Return to the one-dimensional Problem B2 , i.e., find a function u[ßl of poly­
nomial growth which extends 

1 

f[ßl = J G(hß - y)dy 

o 

from the interval 0 :::; ß :::; N to the whole set of integers Z and polynomials Q~21 [ßl 
of degree at most m - 1 which satisfy two additional conditions: 

(1) the function u[ßl has the definite asymptotic expansion 

lim {( -l)mu[ßl- Q~2dßl ± Q2m-dßJ) = 0 
ß->±oo 

(8.1) 

with 

(2) the norm of lIull~ is minimal among the norms of all admissible extensions 
J(ßl with asymptotic expansion of the shape (8.1). 

The signs in (8.1) are taken either all upper or alllower simultaneously. This 
agreement is also effective in what follows. 

Existence and uniqueness of a solution to Problem B2 in the case of the zero 
polynomial Q2m-dßl are proven in § 4 of the current chapter. The corresponding 
proof is easy to change so that it suit an arbitrary Q2m-l [ßl. 
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A solution to Problem B2 may be written as the sum 

with c[ßl and Pm-Ilßl satisfying (1.4)-(1.6). This implies in particular that the 
convolution of the discrete polyharmonie operator D~m)[ßl = h-2mD~m)[ßl with 
u[ßl vanishes at all points ß outside interval [0, Nl; i.e., for ß < 0 and ß > N, the 
equality holds 

v[ßl = D~m) [ßl * u[ßl = o. (8.2) 

The discrete polyharmonie operator D~m) [ßl was written down as the convo­
lution of two functions 

D~m)[ßl = ö[m1[ßl * E- 1 [ß - m + 1l 
(2m - 1)! 2 2m-2 (8.3) 

in § 5 of the current chapter. Here, E;r!-2 [ßl stands for the Fourier coefficients 

1 

E-1 [ßl = J ei27rpßjE (e- i27rp ) dp 2m-2 2m-2, 
o 

and E2m- 2(,\) is the Euler polynomial of degree 2m - 2. 

The function Ö~ml [ßl is, obviously, compactly-supported. The convolution of 
each discrete function ~[ßl with the compactly-supported function Ö~ml [ßl is the 
taking of the mth order symmetrie difference of ~[ßl. 

Denoting by B2m- 2 [ßl the Fourier coefficients of the product 

ei27rß(m+l)PE2m_2(e-i27rP)/(2m -1)!, 

from (8.3) infer 

(8.4) 

Lemma 9.5. Beyond tbe interval [0, Nl a solution u[ßl oi Problem B2 is a poly­
nomial oi degree at most 2m - 1, i.e., 

(8.5) 

PROOF. Construct a polynomial pJ~~l [ßl that agrees with u[ßl for ß > N. 
The definition of B2m- 2 [ßl implies that the support of this function lies within 
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the interval [-m + 1, m - ll. Consequently, if the function v[ßl = D~m) [ßl * u[ßl 
vanishes for ß > N then the convolution B2m- 2[ßl *v[ßl is also equal to 0, but now 
for ß ~ N + m. This, together with (8.2) and (8.4), implies that 

~~ml[ßl * u[ßl = 0, ß ~ N + m. (8.6) 

The last relation is a linear finite-difference equation given for ß ~ N + m. The di­
mension of its solution space equals 2m. The polynomials [ßl'\ a = 0,1, ... ,2m - 1, 
obviously constitute a basis for this space. Consequently, a solution u[ßl of (8.6) is 
a polynomial of degree 2m - 1 for ß ~ N + m, namely, 

2m-1 

u[ßl = pi!~I[ßl = L ca[ßl a, ß ~ N + m. 
a=O 

Using the asymptotic condition (8.1), find the coefficients Ca for a m, 

m + 1, ... , 2m - 1. We thus obtain 

The coefficients of the polynomial QSt2 I [ßl of degree m -1, may obviously be given 

so that for ß = N + 1, N + 2, ... , N + m the values of pi!~1 [ßl anrl u[ßl coincide. 

In this event u[ßl = pi!~1 [ßl for all ß > N. In the case of ß < 0, the equality (8.5) 
is deduced similarly. The proof of Lemma 9.5 is complete. 

Corollary 8.1. Tbe polynomials pi~~l [ßl giving a solution u[ßl beyond tbe 
interval [0, Nl may be written down as a linear combination of tbe polynomials 

Q2m-1 [ßl and Q~2I [ßl of the asymptotic equality (8.1): 

We now derive formulas that allows us to find a solution to Problem BI granted 
a solution to Problem B2 • We have 

Lemma 9.6. Tbe only solution c[ßl and Pm-dßl to (1.4)-(1.6) for n = 1 

and 2m ~ N is connected witb a solution u[ßl and Q~2I [ßl to tbe corresponding 
Problem B2 by the following relations 

(8.7) 
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PROOF. The possibility of writing the weights c[ßl as the convolution Dkm) [ßl * 
u [ßl is justified in § 4 of the current chapter. It thus suffices to prove the second of 

the equalities (8.7). Let v[ßl = Gkm)[ßl * c[ßl, with 

Gkm)["l = (_l)m h2m l,,12m-l /2(2m - 1)!. 

Show that, for ß < 0 and ß > N, the function v [ßl is a polynomial of degree 2m - l. 
For ß < 0, the properties of c[ßl entail the equality 

N 

v[ßl = ~Gkm)[ß-"lcbl = (_l)m 2(2mh_1)! ~ Ißh -"hI2m- 1cbl 

h2m N 2m-l ( ) = (_l)m "cbl" 2m - 1 (_l)k ßk,,2m-l-k 
2(2m -1)! ~ ~ k 

-y=O k=O 

m h2m 2m-l (2m - 1) k k 
= (-1) 2(2m _ 1)! t; k (-1) ß hm-l-k = R 2m- 1[ßl, (8.8) 

with 
N 

fk = Lcbhk . (8.9) 
-y=O 

Analogous calculation shows that, for ß > N, the function v[ßl agrees with the 
polynomial R2m - 1 [ßl taken with the opposite sign. 

As follows from the definition of v[ß], for all ß E Z the convolution of Dkm)[ßl 
with the difference u[ßl- v[ßl gives zero, namely, 

Dkm)[ßl * (u[ßl- v[ß)) = o. 

This is possible only- on condition that u[ßl and v[ßl differ from one another by 
a polynomial of degree 2m - 1, i.e., 

(8.10) 

By choice, for 0 ::; ß ::; N the function u[ßl agrees with J[ßl and the difference 
J[ßl - v[ßl is a polynomial Pm-dßl. Whence and from (8.10) we conclude that 
the polynomials P2m-dßl and Pm-dßl agree for 0 ::; ß ::; N. For 2m ::; N this is 
possible only if P2m-dßl and Pm-1[ßl agree at every point ß E Z. From (8.5) and 
(8.10) infer now that 
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Inserting the decomposition of pi!~l [ß1 taken from Corollary 8.1 and summing the 
resultant equalities, arrive at (8.7). The proof of Lemma 9.6 is complete. 

In virtue of uniqueness of an optimal quadrat ure formula, we have the following 
obvious equality 

c[ß1 = e[N - ß1· (8.11) 

Denoting the convolution ~~m][ß1 * u[ß1 by g[ß1 and using (8.4), obtain the 
equality 

(8.12) 

which is a linear finite-difference equation. We are interested in a solution to it 
such as vanishes for ß < o. Using this additional condition together with (8.11), it 
is not hard to obtain some recurrent relations for c[ß1. 

Consider one more algorithm for determining optimal weights. Assurne further 
that the interval [0,11 is transformed into [0, N1 and the lattice mesh-size h equals l. 
In this case System B takes the form 

Here 

Gm[ß1 * e[ß1 + Pm-1[ß1 = J[ß], ° ~ ß ~ N, 

e[ß1 = 0, ß rf. [0, N1, 
N 

L c[ß1ßa = Ja, Q = 0,1, ... , m - l. 
ß=O 

N 

Gm[ß1 = Gim)[ß]' J[ß1 = J G(ß - y)dy, 

o 

N 

Ja = J xa dx. 
o 

(8.13) 

As before, let u[ß1 be a solution to Problem B2 , i.e. assurne that it coincides 
with Pm-1[ßl + Gm[ßl * c[ß]. Consider the finite-difference equation 

B2m- 2[ß1 * u[ß1 = u[ß1· (8.14) 

If u[ß1 is a solution to (8.14) then, as follows from (8.4), the weights c[ß1 are tied 
with u[ß1 by the relation 

e[ß1 = ~~m][ß1 * u[ß1· 

Thus, we may find the sought weights e[ßl by solving the equation (8.14) with the 
right side u[ßl given as follows 

{ 
Q[m,2m-l][ß1 + Q~21[ß1, ß < 0, 

u[ßl = (_l)m [ß2m + (N - ß)2ml/2(2m)!, 0 ~ ß ~ N, 

-Q[m,2m-l][ßl + QSt21 [ßl, ß > N. 
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Here Q[m,2m-l] [ßl = I:;:~1 qißi, with 

( _1)iN2m-i 
qi = 2"(2 _ ')' z. m z. 

and Q~~1 [ßl some polynomials of degree at most m - 1. 
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The polynomial Q[m,2m-l] [ßl may be written in a more convenient form as 

2m m-l 
Q[m,2m-l][ßl = Lqißi - ß2m/2(2m)! - L qißi 

i=O ;=0 

= (N - ß)2m - ß2m _ p(O) [ßl. 
2(2m)! m-l 

Inserting Q[m,2rn-l] [ßl in the preceding formula for u[ß], obtain 

m { (N - ß)2m - ß2m + P~-:.!1 [ßl, ß < 0, 

u[ßl = ~;~)! ß2m + (N - ß)2m, ° ::; ß ::; N, 

ß2m - (N - ß)2m + P~+Jl [ßl, ß > N. 

We do not specify the polynomials P~~ 1 [ßl since they never enter the final formula. 
We may seek a solution to (8.14) in the shape 

m-l rn-I 

u[ßl = uo[ßl + L ai)..~ + L bi)..r-ß, 
i=1 i=1 

with uo[ßl a particular solution to (8.14) and )..i the roots of the Euler polynomial 
E2rn- 2()..) which lie in the interval (-1,0). If, moreover, the convolution ~~m][ßl * 
uo[ßl coincides with 1 then we have 

rn-I m-l 
c[ßl = 1 + L a~)..~ + L b~)..r-ß. (8.15) 

i=1 i=1 

An analogous approach was pursued by I. Schoenberg and S. Silliman in [204] who 
calculated the values of the weights for m ::; 7. They also suggested that ß > 0 and 

m 

C[ßl = 1 + L ai)..f, 
i=1 
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It turned out that the quantities ai take values of large magnitude but with op­
posite signs whereas the deviations of the funetion c[ß] from 1 are far frombeing 
large. This hints upon the idea that at large m the decomposition (8.15) might 
be ineffeetive in calculating the weights. In conneetion with this, in [300] there 
was proposed not to seek c(ß] at large m in the form of (8.15) which reduces the 
problem to determining the coefficients ai and bi, but start with providing a di­
reet algorithm for calculating the two sums in (8.15). This idea was implemented 
in [300] for m ~ 30. We give abrief description for the algorithm. 

Write down B2m- 2 [ß] as the convolution 

(8.16) 

The roots of the charaeteristic polynomials corresponding to the difference operators 

B~-~l[ß] and B~~l[ß] coincide with the roots of the Euler polynomial E2m- 2(A) 
of degree 2m - 2 which lie inside and outside the interval (-1,0) respeetively. Let 

the charaeteristic polynomials for B~±~l [ß] take the form 

m-l 

E~-~l(A) = rr (A - Ai) = Am - 1 + k1Am- 2 + ... + km-I, 
i=l 

Then it is obvious that gj = km-1-;/km- 1 and 

m-l m-l 

B~-.2dß] = L kj6[ß - i], B~~l[ß] = L gj6[ß + m -1- i]. 
i=O i=O 

Let (J( -) [ß] and (J< +) [ß] be polynomials of degree 2m - 1 which are given on the 
intervals (-00, m - 1] and [N - m + 1,00) and solve the following equations 

(8.17) 

On the interval [-m + 1, N + m - 1] we seek a solution to the nonhomogeneous 
equation 

B2m- 2 [ß] * u[ß] = f[ß] 

in the form of the sum 
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Here Uo [ßl stands for some particular solution to the equation 

B2m-2[ßl * uo[ßl = f[ßl, 0:::; ß :::; Nj 

and the functions u+[ßl and u-[ßl satisfy the following relations 

(8.18) 

We pose the initial conditions on u=f[ßl by making the functions u[ß], Q(-)[ßl, and 
Q( +) [ßl agree on the intersection of their domains of definition 

(8.19) 

Here ß ranges over the interval [-m + 1, m -ll if the minus sign is chosen on the right 
side of the formula. Otherwise, ß ranges over the interval [N - m + 1, N + m - ll. 
Observe that 

m-1 m-1 

u-[ßl = L aiAf, u+[ßl = L biA~-ß, 
i=1 ;=1 

and take N so large that we may neglect in (8.19) either u+[ßl or u-[ßl. Then (8.19) 
reduces to the following equalities 

u-[ßl + uo[ßl = Q(-)[ßl, - m + 1:::; ß :::; m - 1, 

u+[ßl + uo[ßl = Q(+)[ßl, N - m + 1:::; ß:::; N + m-1. 

(8.20) 

(8.21 ) 

The polynomials Q(-)[ßl and Q(+)[ßl are defined to within polynomial summands 
of degree at most m - 1, since only up to such accuracy we know the right side 
of (8.17). Therefore, it is convenient to introduce instead of u-[ßl and u+[ßl the 
new unknown functions e-[ßl and e+[ßl that are the mth order finite differences 
of u-[ßl and u+[ßl. Being treated so, the unknown polynomials of degree m - 1 
mentioned in the agreement conditions (8.19)-(8.21) disappear. Thus, put 

~=f[ßl = ~~m) * u=f[ßl, 

with ~+[ßJ = 8[ß + 1J - 8[ßJ and ~-[ßJ = 8[ßJ - 8[ß - 1J. The operator ~~m)[ßJ* 
signifies that we take the convolution with ~±[ßJ consecutively m times. Obviously, 
the function ~±[ßl satisfies (8.18). We find the initial conditions on ~-[ßJ and ~+[ßJ 
from (8.20) and (8.21), namely, 

~-[ßl + Tdßl = 0, 

~+[ßl + T2[ßl = 0, 

-m+ 1:::; ß:::; -1, 

N + 1 :::; ß :::; N + m - 1, 
(8.22) 
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with Tj [ßl standing for the following functions of a discrete variable 

Rearrange (8.22) to make it more concise. To this end, first, select a solution uo[ßl 
appropriately and, second, find the coefficients of the highest powers of ß in the 
polynomials Q(±) [ßl explicitly. 

N ow, given 0 :S ß :S N, find a particular solution to the equation 

(8.23) 

Use the identity (see [95, 296]) 

2m-2 ( ) '"' (2m-2) X + k _ 2m-l 
L ak 2 - x . m-l 
k=O 

(8.24) 

Here, as before, the symbol a~2m-2) stands for the coefficient (6.7) of E2m - 2()..), 

and the quantities in parentheses are defined as polynomials in x, namely, 

(
X + k ) = (x + k)(x + k - 1) ... (x + k - 2m + 2). 

2m-l (2m-I)! 

Let x[k] be the Newtonian power of the argument x. Then the Worpitzky iden­
tity (8.24) amounts to the following finite-difference relation 

B2m- 2 [ßl * (ß + m - 1 )[2m-l] = ß2m-l, ß E Z. 

Using the Worpitzky identity, we readily see that the integral 

ß 

Im[ßl = f(x + m _1)[2m-l] dx, (8.25) 
o 

when summed with some constant, yields a solution to the equation 

The integrand in (8.25) is a polynomial R2m - 1(X) of degree 2m - 1 with the 
leading coefficient 1. The function R2m- 1 ( -x) is clearly a polynomial in x with the 
leading coefficient -1. Moreover, the zeros of R2m - 1( -x) are the same as those of 
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R2m- I(X). Consequently, R2m- I(X) is an odd function of x, and so Im [-ß] = Im[ß] 
for all ß E Z. Further, the discrete function 

when summed with some constant, becomes a solution to the nonhomogeneous 
equation (8.23). 

We may prove analogously that the polynomials Q(T)[ßJ, considered on the 
intervals ( -00, m - 1] and [N - m + 1,00), look as follows 

Q~(T)[ß] = ±(_I)m Im[ß - N] =t= Im[ß] + f(T) [ß]. (8.26) 
2(2m - I)! m-I 

The polynomials fS;2 I [ß] of degree at most m - 1 in this equality are unknown. 
Inserting (8.26) in (8.22), translate the initial conditions on ~T[ß] into the 

desired form. We carry out the needed calculations for the left endpoint of the 
interval [0, N]. For ß = -m + 1, ... , -1, we have 

Clearly, for an arbitrary continuous function fex), we have 

ß ß I 

~+[ß] * / f(x)dx = / ~+ * f(x)dx + / f(x)dx, 
000 

with ~+ * fex) standing for the difference fex + 1) - fex). This equality may be 
readily abstracted to the case of an arbitrary power of the operator ~+[ß]. We 
have 

ß ß I 

~~)[ß] * / f(x)dx = J ~~m) * f(x)dx + J ~~m-l) * f(x)dx. 

o 0 0 

Applying the last relation to the integral (8.25) and using (8.1.10), infer 

~~m)[ß] * Im[ß] /ß (x + m - I)[m-I] /1 (x + m _ I)!m] 
---,..,.......:c---'.....---:-:...::.....:. = dx + dx. 

(2m - I)! (m - I)! m! 
(8.28) 

o 0 
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As is known, the Newtonian power of an argument x decomposes in a linear combi­
nation of the ordinary powers of x with the coefficients s( m, k) the Stirling numhers 
of the first kind, namely, 

m 

x(x - 1) ... (x - m + 1) = L sem, k)xk = Sm(x), 
k=1 

m 

x(x + 1) ... (x + m - 1) = L( -l)mHs(m, k)x k = Sm(x). 
k=1 

Using these notations in (8.28), rewrite the initial condition (8.27) on ~_ [ß] as 

ß _ 1_ 

~-[ß] = - J tm(x) )' dx - J Sm(,X) dx, ß = -1, ... , -m + l. 
x m -1 . m. 

(8.29) 

o 0 

Given m, redenote ~-[ß] by ~~m)[ß]. The quantity ~~m)[O] is then given by the 
integral 

1_ 

~~m)[O] = _ J Sm(x; dx. 
m. 

o 

For all i = 1, ... ,m - 1, the equality holds 

It is not hard to deduce these recurrent relations for e~m) [ß] using the formula 

Thus, the whole set of initial data at a fixed m is easy to obtain by calculating 
only the quantities ~~) [0], ~~) [0], ... ,~~) [0]. 

The initial conditions also possess the symmetry property or the antisymmetry 
property with respect to the point -m/2 for m even or odd, namely, 

We may summarize the above. To determine optimal weights near to 0, we are 
to solve the equation 



386 Cbapter 9 

with the initial data 

ß _ I_ 

~ [-'J = - J Sm (x) dx - J Sm (x) dx 1 <_ i <_ m - 1. 
<,,- z (1)' " x m- . m. 

o 0 

The sought weights are then expressed as 

e[ßJ = 1 + ~~m)[ßJ * ~-[ßJ, ß > O. (8.30) 

Observe also that, knowing the roots >"j ofthe Euler polynomial E2m - 2 (>..), we may 
calculate the coefficients ki of the difference operator 

m-I 
B~-I) [ßJ = L ki6[ß - iJ 

i=O 

by the Newton formula 

kj = (kj-IXI - kj- 2 X 2 + ... + (_l)j-1 Xj)fj, 

with Xj =2:~~1 >..1-
Our attempt at calculating the weight e[OJ by (8.28) fails. 
To find the weight, we should use the formula 

and write the operator ~~ml [ßJ as convolution 

(8.31) 

(8.32) 

Inserting (8.32) in (8.31) and carrying out easy calculations with the representations 
of u[ßJ on the intervals [-m + 1, N + m -lJ and (-00, m -lJ, come to the equality 

e[OJ = ~ + ~~m-I)[ßJ * ~-[ßJI . 
ß=O 

The weights of optimal quadrat ure formulas near the right endpoint of the 
interval [0, NJ may be found by means of (8.11). 

Using the just-described algorithm, F. Va. Zagirova calculated the weights of 
optimal formulas for m ~ 30. The relevant tables are published in (300). For m ~ 7 
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her results agree perfectly with the numerical values of the weights found earlier by 
I. Schoenberg and S. Silliman [204]. 

TABLE 7 
Weights of L~10) -Optimal Quadrature Formula 

ß d[ß] ß d[ß] 
0 -0.230701 28 -0.092003 
1 0.771127 29 0.071849 
2 -1.831151 30 -0.056111 
3 3.788385 31 0.043819 
4 -6.363088 32 -0.034221 

5 8.785364 33 0.026725 
6 -10.270290 34 -0.020870 

7 10.525290 35 0.016299 

8 -9.792393 36 -0.012728 

9 8.528898 37 0.009940 
10 -7.119970 38 -0.007763 
11 5.789519 39 0.006062 
12 -4.632837 40 -0.004734 

13 3.671494 41 0.003697 
14 -2.892688 42 -0.002887 

15 2.271083 43 0.002255 
16 -1.779282 44 -0.001761 
17 1.392206 45 0.001375 
18 -1.088501 46 -0.001074 
19 0.850655 47 0.000839 
20 -0.664596 48 -0.000655 
21 0.519146 49 0.000516 

22 -0.405487 50 -0.000399 

23 0.316693 51 0.000312 

24 -0.247334 52 -0.000244 

25 0.193161 53 0.000190 

26 -0.150851 54 -0.000149 

27 0.117808 55 0.000116 
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Table 7 provides the numerical values of the function d[ßl of a discrete argument 
which is connected with the weights Co[ßl of the L~10)-optimal quadrat ure formula 
by the relations 

d[ß] = co[ß]- 1, ß > 0; 
1 

d[O] = Co - 2' 

This table is based on double precision computer calculations by F. Ya. Zagirova on 
a computer. We only display the values of d[ßl which exceeds 0.0001 in magnitude. 
For the other ß, the difference between the optimal weights and unity is at most 
0.0001. 

It is worthy of observing that, for m ~ 7, there appear negative numbers among 
the optimal weights. Moreover, as tests show, at a fixed N and m increasing, the 
width of the boundary layer increases rapidly,\ i.e., the set widens of those ß at 
which the optimal weights differ substantiaHy from 1. In this layer the function 
c[ßl oscillates; i.e., its takes positive as weH as negative values, changing sign from 
point to point. Of interest is the problem of analytically estimating the growth of 
the sum of the moduli of optimal weights as m increases. 
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