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Preface

The subject of the present book is subdifferential calculus. The main source of
this branch of functional analysis is the theory of extremal problems. For a start,
we explicate the origin and statement of the principal problems of subdifferential
calculus. To this end, consider an abstract minimization problem formulated as
follows:

x ∈ X, f(x) → inf .

Here X is a vector space and f : X → ℝ is a numeric function taking possibly infinite
values. In these circumstances, we are usually interested in the quantity inf f(x),
the value of the problem, and in a solution or an optimum plan of the problem (i.e.,
such an x̄ that f(x̄) = inf f(X)), if the latter exists. It is a rare occurrence to solve
an arbitrary problem explicitly, i.e. to exhibit the value of the problem and one of
its solutions. In this respect it becomes necessary to simplify the initial problem by
reducing it to somewhat more manageable modifications formulated with the details
of the structure of the objective function taken in due account. The conventional
hypothesis presumed in attempts at theoretically approaching the sought reduction
is as follows. Introducing an auxiliary function l, one considers the next problem:

x ∈ X, f(x) − l(x) → inf .

Furthermore, the new problem is assumed to be as complicated as the initial prob-
lem provided that l is a linear functional over X , i.e., an element of the algebraic
dual X#. In other words, in analysis of the minimization problem for f , we consider
as known the mapping f∗ : X# → ℝ that is given by the relation

f∗(l) := sup
x∈X

(l(x) − f(x)).
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The f∗ thus introduced is called the Young-Fenchel transform of the function f .
Observe that the quantity −f∗(0) presents the value of the initial extremal problem.

The above-described procedure reduces the problem that we are interested in
to that of change-of-variable in the Young-Fenchel transform, i.e., to calculation of
the aggregate (f ∘G), where G : Y → X is some operator acting from Y to X . We
emphasize that f∗ is a convex function of the variable l. The very circumstance by
itself prompts us to await the most complete results in the key case of convexity of
the initial function. Indeed, defining in this event the subdifferential of f at a point
x̄, we can conclude as follows. A point x̄ is a solution to the initial minimization
problem if and only if the next Fermat optimality criterion holds:

0 ∈ ∂f(x̄).

It is worth noting that the stated Fermat criterion is of little avail if we lack effective
tools for calculating the subdifferential ∂f(x̄). Putting it otherwise, we arrive at
the question of deriving rules for calculation of the subdifferential of a composite
mapping ∂(f ∘ G)(ȳ). Furthermore, the adequate understanding of G as a convex
mapping requires that some structure of an ordered vector space be present in X .
(For instance, the presentation of the sum of convex functions as composition of
a linear operator and a convex operator presumes the introduction into ℝ

2 the
coordinatewise comparison of vectors.)

Thus, we are driven with necessity to studying operators that act in ordered
vector spaces. Among the problems encountered on the way indicated, the central
places are occupied by those of finding out explicit rules for calculation of the
Young-Fenchel transform or the subdifferential of a composite mapping. Solving
the problems constitutes the main topic of subdifferential calculus.

Now the case of convex operators, which is of profound import, appears so
thoroughly elaborated that one might speak of the completion of a definite stage of
the theory of subdifferentials.

Research of the present days is conducted mainly in the directions related
to finding appropriate local approximations to arbitrary not necessarily convex
operators. Most principal here is the technique based on the F. Clarke tangent
cone which was extended by R. T. Rockafellar to general mappings. However, the
stage of perfection is far from being obtained yet. It is worth nonetheless to mention
that key technical tricks in this direction lean heavily on subdifferentials of convex
mappings.



Preface ix

In this respect we confine the bulk of exposition to the convex case, leaving
the vast territory of nonsmooth analysis practically uncharted. The resulting gaps
transpire. A slight reassuring apology for us is a pile of excellent recent books and
surveys treating raw spots of nonsmooth analysis. The tool-kit of subdifferential
theory is quite full. It contains the principles of classical functional analysis, meth-
ods of convex analysis, methods of the theory of ordered vector spaces, measure
theory, etc.

Many problems of subdifferential theory and nonsmooth analysis were recently
solved on using nonstandard methods of mathematical analysis (in infinitesimal and
Boolean-valued versions). In writing the book, we bear in mind the intention of
(and the demand for) making new ideas and tools of the theory more available for
a wider readership. The limits of every book (this one inclusively) are too narrow for
leaving an ample room for self-contained and independent exposition of all needed
facts from the above-listed disciplines.

We therefore choose a compromising way of partial explanations. In their
selection we make use of our decade experience from lecture courses delivered in
Novosibirsk and Vladikavkaz (North Ossetian) State Universities.

One more point deserves straightforward clarification, namely, the word “ap-
plications” in the title of the book. Formally speaking, it encompasses many appli-
cations of subdifferential theory. To list a few, we mention the calculation of the
Young-Fenchel transform, justification of the Lagrange principle and derivation of
optimality criteria for vector optimization problems. However, much more is left
intact and the title to a greater extent reflects our initial intentions and fantasies
as well as a challenge to further research.

The first Russian edition of this book appeared in 1987 under the title “Sub-
differential Calculus” soon after L. V. Kantorovich and G. P. Akilov passed away.
To the memory of the outstanding scholars who taught us functional analysis we
dedicate this book with eternal gratitude.

A. G. Kusraev
S. S. Kutateladze



Chapter 1

Convex Correspondences and Operators

The concept of convexity is among those most important for contemporary func-
tional analysis. It is hardly puzzling because the fundamental notion of the indi-
cated discipline, that of continuous linear functional, is inseparable from convexity.
Indeed, the presence of such a nonzero functional is ensured if and only if the
space under consideration contains nonempty open convex sets other than the en-
tire space.

Convex sets appear in many ways and sustain numerous transformations with-
out loosing their defining property. Among the most typical should be ranked the
operation of intersection and various instances of set transformations by means of
affine mappings. Specific properties are characteristic of convex sets lying in the
product of vector spaces. Such sets are referred to as convex correspondences. All
linear operators are particular instances of convex correspondences. The impor-
tance of convex correspondences increased notably in the last decades due to their
interpretation as models of production.

Among convex correspondences located in the product of a vector space and an
ordered vector space, a rather especial role is played by the epigraphs of mappings.
Such a mapping, a function with convex epigraph, is called a convex operator.
Among convex operators, positive homogeneous ones are distinguished, entitled
sublinear operators and presenting the least class of correspondences that includes
all linear operators and is closed under the taking of pointwise suprema. Some
formal justification and even exact statement of the preceding claim require the
specification of assumptions on the ordered vector spaces under consideration. It is
worth stressing that all the concepts of convex analysis are tightly interwoven with
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various constructions of the theory of ordered vector spaces. Furthermore, the
central place is occupied by the most qualified spaces, Kantorovich spaces or K-
spaces for short, which are vector lattices whose every above-bounded subset has
a least upper bound. The immanent interrelation between K-spaces and convexity
is one of the most important themes of the present chapter. An ample space is
also allotted to describing in detail the technique of constructing convex operators,
correspondences and sets from the already-given ingredients. An attractive feature
of convexity theory is an opportunity to provide various convenient descriptions
for one and the same class of objects. The general study of convex classes of
convex objects constitutes a specific direction of research, global convex analysis,
which falls beyond the limits of the present book. Here we restrict ourselves to
discussing the simplest methods and necessary constructions that are connected
with the introduction of the Minkowski duality and related algebraic systems of
convex objects.

1.1. Convex Sets

This section is devoted to the basic algebraic notions and constructions con-
nected with convexity in real vector spaces.

1.1.1. Fix a set � ⊂ ℝ
2. A subset C of a vector space X is called a � -set if

with any two elements x, y ∈ C it contains each linear combination αx+βy with the
coefficients determined by the pair (α, β) ∈ � . The family of all � -sets in a vector
space X is denoted by P� (X). Hence C ∈ P� (X) if and only if for every (α, β) ∈ �

the inclusion holds αC + βC ⊂ C (here and henceforth αC := {αx : x ∈ C} and
C + D := {x + y : x ∈ C, y ∈ D}). We now list some simple properties of � -sets.

(1) The intersection of each family of � -sets in a vector space is a � -set.

(2) The union of every upward-filtered family of � -sets in a vector space is

a � -set.

⊲ Let E ⊂ P� (X) be some family of � -sets. Put D := ∪E . Take x, y ∈ D

and (α, β) ∈ � . By the definition of D there are x ∈ A and y ∈ B for suitable A

and B of E . By assumption there is a subset C ∈ E such that A ⊂ C and B ⊂ C.
Consequently, the elements x and y belong to C. Since C is a � -set it follows that
αx + βy ∈ C ⊂ D. ⊳

(3) Assume that for every index ξ ∈ � a vector space Xξ and a set Cξ ⊂ Xξ
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are given. Put C :=
∏

ξ∈� Cξ and X :=
∏

ξ∈� Xξ. Then C ∈ P� (X) if and only if

Cξ ∈ P� (Xξ) for all ξ ∈ �.

⊲ Take x, y ∈ C and (α, β) ∈ � . As it is easily seen, αx + βy ∈ C means that
αxξ + βyξ ∈ Cξ, for all ξ ∈ �, whence the claim follows immediately. ⊳

(4) If C and D are � -sets in a vector space and λ ∈ ℝ, then the sets λC and

C + D are � -sets too.

1.1.2. We now introduce the main types of � -sets used in the sequel.

(1) If � := ℝ
2 then nonempty � -sets in X are vector subspaces of X .

(2) Let � := {(α, β) ∈ ℝ
2 : α+β = 1}. Then nonempty � -sets are called affine

subspaces, affine varieties, or flats. If X0 is a subspace of X and x ∈ X then the
translation x + X0 := {x} + X0 is an affine subspace parallel to X0. Conversely,
every affine subspace L defines the unique subspace L−x := L+(−x), where x ∈ L,
from which is obtained by a suitable translation.

(3) If � := ℝ
+×ℝ

+, then nonempty � -sets are called cones or, more precisely,
convex cones. In other words, a nonempty subset K ⊂ X is said to be a cone if
K+K ⊂ K and αK ⊂ K for all α ∈ ℝ

+. (Here and henceforth ℝ
+ := t ∈ ℝ : t ≥ 0.)

(4) Take � := {(α, 0) ∈ ℝ
2 : ∣α∣ ≤ 1}. The corresponding � -sets are called

balanced or equilibrated.

(5) Let � := {(α, β) ∈ ℝ
2 : α ≥ 0, β ≥ 0, α + β = 1}. In this case � -sets

are called convex. Clearly, linear subspaces and flats are convex. As it might be
expected, (convex!) cones are included into the class of convex sets.

(6) If � := {(α, β) ∈ ℝ
2 : α ≥ 0, β ≥ 0, α + β ≤ 1}, then a nonempty � -set is

called a conic segment or slice. A set is a conic segment if and only if it is convex
and contains zero.

(7) Let � := {(α, β) ∈ ℝ
2 : ∣α∣ + ∣β∣ ≤ 1}. A nonempty � -set in this case is

called absolutely convex. An absolutely convex set is both convex and balanced.

(8) If � := {(−1, 0)}, then � -sets are said to be symmetric. The symmetry of
a set M obviously means that M = −M . Subspaces and absolutely convex sets are
symmetric.

1.1.3. Let P(X) := P∅(X) be the set of all subsets of X . For every M ∈
P(X) put

H� (M) :=
∩{

C ∈ P� (X) : C ⊃ M
}
.
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By 1.1.1 (1) H� (M) is a � -set. It is called the � -hull of a set M . Therefore, the � -
hull of an arbitrary set M is the smallest (by inclusion) � -set containing M . Denote
by H� the mapping M �→ H� (M), where M ∈ P(X). We now list some useful
properties of this mapping.

(1) The mapping H� is isotonic, i.e. for all A,B ∈ P(X) it follows from

A ⊂ B that H� (A) ⊂ H� (B).

(2) The mapping H� is idempotent; i.e. H� ∘H� = H� .

(3) The set P� (X) coincides with the image as well as with the set of fixed

points of the mapping H� , i.e.

C ∈ P� (X) ↔ H� (C) = C ↔ (∃M ∈ P(X))C = H� (M).

(4) For every M ∈ P(X) the Motzkin formula holds

H� (M) =
∪{

H� (M0) : M0 ∈ Pfin(M)
}
,

where Pfin(M) is the set of all finite subsets of M .

⊲ Let A denote the right-hand side of the Motzkin formula. The inclusion
H� (M) ⊃ A is a direct consequence of (1). To prove the reverse inclusion it suffices
to show that A is a � -set, since M ⊂ A undoubtedly. However, it is seen from
the formula H� (M1) ∪ H� (M2) ⊂ H� (M1 ∪ M2) that the family {H� (M0) : M0 ∈
Pfin(M)} is filtered upwards by inclusion. By 1.1.1 (2) A ∈ P� (X). ⊳

(5) The set P� (X), ordered by inclusion, is an (order) complete lattice. More-

over, for an arbitrary family of � -sets in X infimum is intersection and supremum

coincides with the � -hull of the union of the family.

It should be observed that for different � and � ′ the suprema in the lattices
P� (X), and P� ′(X), may differ considerably.

1.1.4. For various classes of � -sets appropriate names and notations are
adopted and, which is by far more important, there are special formulas for the
calculation of the corresponding � -hulls. The Motzkin formula makes it clear that
for the description of an arbitrary � -hull it suffices to find explicit expressions only
for the � -hulls of finite sets. We now examine how the latter problem is solved



Convex Correspondences and Operators 5

for the specific � ’s in 1.1.2. To avoid writting � out repeatedly we agree that in
1.1.4 (k) and in 1.1.2 (k) the same � is meant. Take M ⊂ X and x1, . . . , xn ∈ X .

(1) The set lin(M) := H� (M) is called the linear span (hull) of M . The linear
span of a finite set can be described as

lin({x1, . . . , xn}) =

{
n∑

k=1

λkxk : λ1, . . . , λn ∈ ℝ

}

.

For the convenience we put lin(∅) := ∅. Similar agreements are often omitted in
what follows.

(2) The set aff(M) := H� (M) is said to be the affine hull of M . Obviously
aff(M) − x = lin(M − x) for any x ∈ M . In particular, if 0 ∈ M , then aff(M) =
lin(M). The affine hull of an arbitrary finite set looks like

aff({x1, . . . , xn}) =

{
n∑

k=1

λkxk : λk ∈ ℝ, λ1 + ⋅ ⋅ ⋅+ λn = 1

}

.

The set aff({x, y}) is called the straight line passing through the points x and y.

(3) The set cone(M) := H� (M) is called the conic hull of M . Note that

aff(cone(M)) = lin(cone(M)) = cone(M) − cone(M).

This formula shows that if K is a cone, then K − K is the smallest subspace
containing K. For a cone K there also exists the largest subspace contained in K,
namely, K ∩ (−K). The conic hull of a finite set can be calculated by

cone({x1, . . . , xn}) =

{
n∑

k=1

λkxk : λ1, . . . , λn ∈ ℝ
+

}

.

The conic hull of a singleton {x} for x ∕= 0 is called the ray with vertex zero, directed
to x or issuing from 0 and parallel to x.

(4) The set bal(M) := H� (M) is the balanced hull of M . Obviously

bal(M) =
∪

{λM : ∣λ∣ ≤ 1}.

(5) The set co(M) := H� (M) is said to be the convex hull of M . The convex
hull of a two-point set {x, y} with x ∕= y is called the line segment with the endpoints
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x and y. Hence, a set M is convex if and only if it contains the whole line segment
with any endpoints in M . The convex hull of a finite set is alternatively described
by the formula

co({x1, . . . , xn}) =

{
n∑

k=1

λkxk : λk ∈ ℝ
+, λ1 + ⋅ ⋅ ⋅+ λn = 1

}

.

(6) The set sco(M) := H� (M) does not bear a special name. The operation
sco can be expressed through co by the formula sco(M) = co(M ∪0). In particular,

sco({x1, . . . , xn}) =

{
n∑

k=1

λkxk : λk ∈ ℝ
+, λ1 + ⋅ ⋅ ⋅ + λn ≤ 1

}

.

(7) The set aco(M) := H� (M) is called the absolute convex hull of M . Here
we have aco = co ∘ bal. It follows in particular that a nonempty set in a vector
space is absolutely convex if and only if it is both convex and balanced. Hence the
representation holds

aco({x1, . . . , xn}) =

{
n∑

k=1

λkxk : λk ∈ ℝ, ∣λ1∣ + ⋅ ⋅ ⋅+ ∣λn∣ ≤ 1

}

.

(8) The set sim(M) := M ∪ (−M) is the symmetric hull of M . Put sh :=
co ∘ sim. It is easily seen that sh = aco; i.e. the absolutely convex hull of an
arbitrary set M coincides with the smallest symmetric convex set containing M .
For a convex set C there also exists a largest symmetric convex set sk(C) contained
in C; namely, sk(C) = C ∩ (−C) (cf. (3)).

1.1.5. Let C be a nonempty convex set in a vector space X . A vector h ∈ X

is said to be a recessive (or asymptotic) direction for C if x + th ∈ C for all x ∈ C

and t ≥ 0. The recession cone or asymptotic cone of C, denoted by rec(C) (or
a(C)), is the set of all recessive directions so that

a(C) := rec(C) :=
∩

{λ(C − x) : x ∈ C, λ ∈ ℝ, λ > 0}.

(1) The set rec(C) consists exactly of those vectors y ∈ X for which C+y ⊂ C.

In other words, rec(C) is the largest cone in X with the property C + rec(C) ⊂ C.
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⊲ Assume that C + y ⊂ C. Then

C + ny = (C + y) + (n− 1)y ⊂ C + (n− 1)y ⊂ ⋅ ⋅ ⋅ ⊂ C,

i.e. x + ny ∈ C for all x ∈ C and n ∈ ℕ. By convexity of C, the segment with
endpoints x + (n − 1)y and x + ny is contained in C. But then C contains the
elements x + ty for any t ≥ 0 and we conclude y ∈ rec(C). The rest follows from
the definition. ⊳

(2) The set rec(C) is a cone.

⊲ For t ≥ 0 the equality t rec(C) = rec(C) is obvious. In turn, if x, y ∈ rec(C)
and 0 ≤ λ ≤ 1, then by (1) we can write

C + λx + (1 − λ)y = λ(C + x) + (1 − λ)(C + y) ⊂ λC + (1 − λ)C ⊂ C. ⊳

(3) The equality rec(C) = C holds if and only if C is a cone.

⊲ Assume that C is a cone. Then λ(C − x) ⊃ C for all x ∈ C and λ ≥ 0.
Consequently

C = C − 0 ⊃
∩

{λ(C − x) : x ∈ C, λ ≥ 0} = rec(C) ⊃ C.

The remained part of the claim is contained in (1). ⊳

(4) The largest subspace contained in the recessive cone of a set C coincides

with each of the sets {y ∈ X : C +y = C} and {y ∈ X : x+ ty ∈ C} (x ∈ X, t ∈ ℝ).

1.1.6. In the sequel we concentrate our attention mainly on convex sets and
cones. In our considerations the important roles are performed by some algebraic
and set-theoretic operations yielding new convex objects from those given. There-
fore, it is worthwhile to list some of the basic operations, admitting formally re-
dundant repetitions for the sake of convenience. Let CS(X) denote the set of all
convex subsets of a vector space X .

(1) The intersection of each family of convex sets is a convex set (see 1.1.1 (1)).
In particular, the set CS(X), ordered by inclusion, is an order complete lattice.

(2) The Cartesian product of any family of convex sets is again a convex set

(see 1.1.1 (3)). In addition, the mapping × : (C,D) �→ C ×D from CS(X)×CS(Y )
to CS(X × Y ) is a complete lattice homomorphism in each of the two variables.
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(3) Let L(X, Y ) be the vector space of all linear operators between vector
spaces X and Y .

The image T (C) of every convex set C ∈ CS(X) under a linear operator T ∈
L(X, Y ) is a convex set in CS(Y ). The mapping CS(T ) : C �→ T (C) from CS(X)
to CS(Y ) preserves suprema of all families. (Infima are not preserved by CS(T )!)

(4) The sum C1 + ⋅ ⋅ ⋅+Cn := {x1 + ⋅ ⋅ ⋅+xn : xk ∈ Ck, k := 1, . . . , n} of convex

sets C1, . . . , Cn is a convex set.

⊲ In fact, if

	n : Xn → X, 	n(x1, . . . , xn) :=
n∑

k=1

xk

then we have the representation

C1 + ⋅ ⋅ ⋅+ Cn = 	n(C1 × ⋅ ⋅ ⋅ × Cn)

and our claim follows from (2) and (3). ⊳
It is clear, that the sum of sets is empty if and only if at least one of the

summands is empty. The binary operation + in the set CS(X); i.e. the pointwise
addition of sets, is commutative and associative, possessing the neutral element
0 ∈ CS(X). The mappings × and CS(T ) from (2) and (3) are additive (the sum in
CS(X) × CS(Y ) is introduced coordinatewise).

(5) The multiplication by a strictly positive number α (i.e. 0 < α < ∞) is
defined by the formula

αC := α ⋅ C := {αx : x ∈ C}.

It is obvious that C is convex if and only if αC is convex. Such a multiplication
may be extended to all elements from ℝ

+ ∪ {+∞} in two different ways. Namely,
we put by definition

0 ⋅ C := a(C),
1
0
⋅ C := ∞ ⋅ C := coneC,

0C := 0,
1
0
C := ∞C := X, (C ∈ CS(X)).

Thus αC ∕= α ⋅ C for α = 0 or α = ∞. According to the above agreement we have
α∅ = α ⋅∅ = ∅ (0 ≤ α ≤ ∞).
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The following equalities are true:

α(C1 + C2) = αC1 + αC2,

(α + β)C = αC + βC (0 ≤ α, β ≤ ∞).

⊲ The first equality is fulfilled even without the convexity assumption. For
the second equality to be true, convexity is essential (= necessary and sufficient).
If one of the numbers α and β is equal to zero or to infinity, then we obtain an
immediate equality. Assume that 0 < α, β < ∞. Then for the positive numbers
λ := α/(α+ β) and μ := β/(α+ β) we have λ+μ = 1. Thus, since C is convex the
equation

C = λC + μC =
1

α + β
(αC + βC)

holds which was required. ⊳
It should be stressed that for the multiplication α ⋅ C the above-presented

formulas can be violated when α = 0 or α = ∞. More precisely, the following
inclusions hold

rec(C1 + C2) ⊂ rec(C1) + rec(C2),

rec(C) + C ⊂ C, cone(C) ⊂ rec(C) + cone(C),

cone(C1 + C2) ⊂ cone(C1) + cone(C2),

all possibly strict.

(6) Clearly, the union of the family (Cξ)ξ∈� of convex sets can fail to be convex.
However, if the family is upward-filtered by inclusion, i.e. for every ξ, η ∈ � there
is an index ζ ∈ � such that Cξ ⊂ Cζ and Cη ⊂ Cζ , then the set

∪
ξ∈� Cξ is convex.

(7) The convex hull of the union of a family (Cξ)ξ∈� of convex sets coincides
by (6) with the set ∪{

Dθ : θ ∈ Pfin(�)
}
,

where Dθ := co(
∪{Cξ : ξ ∈ θ}) and θ is an arbitrary finite subset of �. By

convexity of Cξ and the Motzkin formula, we can easily see that Dθ consists of
convex combinations of the form

∑
ξ∈θ λξxξ, where xξ ∈ Cξ. Thus, we come to the

formula
co
( ∪

ξ∈�

Cξ

)

=
∪

θ∈Pfin(�)

{∑

ξ∈θ

λξCξ : λξ ≥ 0,
∑

ξ∈θ

λξ = 1
}

.
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In particular, for � := {1, . . . , n}, we obtain (see (4))

co(C1 ∪ ⋅ ⋅ ⋅ ∪ Cn) =
∪

{λ1C1 + ⋅ ⋅ ⋅ + λnCn : λk ≥ 0, λ1 + ⋅ ⋅ ⋅ + λn = 1}

=
∪

{

	n

(
n∏

k=1

λkCk

)

: λk ≥ 0, λ1 + ⋅ ⋅ ⋅+ λn = 1

}

.

(8) The inverse addition # of convex sets is introduced by the formula

C1# . . .#Cn :=
∪{

(λ1 ⋅ C1) ∩ ⋅ ⋅ ⋅ ∩ (λn ⋅ Cn) : λk ≥ 0, λ1 + ⋅ ⋅ ⋅+ λn = 1
}
.

It should be noted that on the right-hand side of the last equality the multiplication
by zero is understood in accordance with the agreement of (5), namely, 0 ⋅ C =
rec(C). The set C1# . . .#Cn is called the inverse sum or Kelley sum of the convex
sets C1, . . . , Cn. We now try to present the inverse sum of convex sets as an element-
wise operation. Assume that the points x and y in X lie on the same issuing ray
from zero. This means that x = αe and y = βe for some α ≥ 0, β ≥ 0 and e ∈ X .
We put

z :=
(

1
α

+
1
β

)−1

e, if α ∕= 0 and b ∕= 0,

and z := 0 otherwise. The element z depends only on x and y and is independent
of the choice of a nonzero point e on the ray under consideration. This element is
called the inverse sum of x and y and is denoted by x#y. So the inverse addition of
vectors is a partial binary operation in X defined only for the pairs of vectors lying
on the same ray with vertex zero. Evidently, for 0 < λ < 1 the set λC1 ∩ (1− λ)C2

consists of the elements x ∈ X admitting the representation x = λx1 = (1 − λ)x2

or, equivalently, x = x1#x2 (xk ∈ Ck, k := 1, 2). Consequently, the following
representations hold:

C0 := {x1#x2 : xk ∈ Ck, k := 1, 2} =
∪

0≤λ≤1

λC1 ∩ (1 − λ)C2.

Further we show that C0 is a convex set. This set C0 is also often called the inverse
sum of C1 and C2. But it should be remembered that

C1#C2 = C0 ∪ ((rec(C1) ∩ C2) ∪ (C1 ∩ rec(C2)).

Obviously C1#C2 = C0, for instance, in the case when the sets C1 and C2 have
nonzero recessive cones.
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1.1.7. The inverse sum of convex sets (conic segments) is a convex set (a conic

segment).

⊲ For simplicity we restrict ourselves to the case of two nonempty convex sets
C1 and C2. Let C := C1#C2 and let C0 be the same as in 1.1.6 (8). We have to
prove that for x, y ∈ C the whole line segment with endpoints x and y lies in C.
Take an arbitrary point of this segment z := αx + βy, where α, β > 0, α + β = 1.
Suppose first that the endpoints of the segment are contained in C0. Then there
must be positive numbers α1, α2, β1, β2 and elements xk, yk ∈ Ck such that

x = α1x1 = α2x2, y = β1y1 = β2y2.

Put γk := ααk + ββk (k := 1, 2) and note that γ1 ∕= 0 and γ2 ∕= 0 for x ∕= y. If we
denote

z1 :=
αα1

γ1
x1 +

ββ1

γ1
y1, z2 :=

αα2

γ2
x2 +

ββ2

γ2
y2,

then zk ∈ Ck; hence

z := γ1z1 + γ2z2 ∈ γ1C1 ∩ γ2C2 ⊂ C0.

Therefore C0 is a convex set.
Now, let the same vector x be one of the endpoints of the segment and let the

other endpoint y belong to rec(C1) ∩ C2. Excluding the trivial case α1 = 0 put

γ1 := αα1, γ2 := 1 − αα1,

z1 := x1 +
β

γ1
y, z2 :=

αα2

γ2
x2 +

β

γ2
y.

Then we again conclude that zk ∈ Ck, whence z = γ1z1 + γ2z2 ∈ γ1C1 ∩ γ2C2.
Assuming that y is the same vector and x is contained in C1 ∩ rec(C2), we can
write:

z = α(x + (β/α)y) ∈ αC1 z = β(y + (α/β)x) ∈ βC2.

From this we obtain that z ∈ C0 and the convexity of C is established. ⊳

1.1.8. All the operations listed in 1.1.6. preserve the class of cones. More
exactly, the intersection, the Cartesian product and the convex hull of the union
of any nonempty family of cones and also the union of an upward-filtered (by in-
clusion) nonempty family of cones all serve as cones. Equally, the image of a cone
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under linear correspondence, the multiplication of a cone by a nonnegative number,
the sum and the inverse sum of cones are cones as well. It is clear from Defini-
tions 1.1.6 (7), (8) and Proposition 1.1.5 (3), that for any finite collection of cones
K1, . . . , Kn the equations hold

K1 + ⋅ ⋅ ⋅+ Kn = co(K1 ∪ ⋅ ⋅ ⋅ ∪Kn);

K1# . . .#Kn = K1 ∩ ⋅ ⋅ ⋅ ∩Kn.

1.2. Convex Correspondences

In this section we introduce a convenient language of correspondences which is
systematically used in the sequel.

1.2.1. We start with the general definitions. Take sets A and B and let � be
a subset of the product A×B. Then � is called a correspondence from A into B. The
domain, or the effective domain, dom(�) and the image, im(�), of a correspondence
� are introduced by the formulas

dom(�) := {a ∈ A : (∃b ∈ B) (a, b) ∈ �};
im(�) := {b ∈ B : (∃a ∈ A) (a, b) ∈ �}.

If U ⊂ A then the correspondence �∩(U ×B) ⊂ U×B is called the restriction of �
onto U and denoted by � ↾ U . The set �(U) := im(� ↾ U) is called the image of U
under the correspondence �. Using the conventional abbreviation �(x) := �({x}),
we can write:

�(a) = {b ∈ B : (a, b) ∈ �}; dom(�) = {a ∈ A : �(a) ∕= ∅};
�(U) =

∪
{�(a) : a ∈ U} = {b ∈ B : (∃a ∈ U)b ∈ �(a)}.

It is seen from the above definitions that while discussing a correspondence
�, the triple (�,A,B) is often understood implicitly. Moreover, the point-to-set
mapping

�̃ : A → P(B), �̃ : a �→ �(a)

and the correspondence � uniquely determine one another; so they can be naturally
identified. In the sequel, when correspondences are dealt with, we do not specify,
as a rule, which of the three objects �, (�,A,B) or �̃ is meant and we use the same
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common symbol for their designation. We hope that this convenient agreement does
not cause misunderstanding, since the precise meaning is always straightforward
from the context. Consider another set C and a correspondence � ⊂ B × C. Put

�−1 := {(b, a) ∈ B ×A : (a, b) ∈ �};
� ∘ � := {(a, c) ∈ A× C : (∃b ∈ B)(a, b) ∈ � ∧ (b, c) ∈ �}.

The correspondences �−1 from B to A and � ∘� from A to C are called the inverse
to � and the composition of � and �. Let � : A×B×C → A×C be the canonical
projection (a, b, c) �→ (a, c). Then the composition � ∘ � can be represented as

� ∘ � = �((�× C) ∩ (A× �)).

Observe now the following useful relations:

(� ∘ �)−1 = �−1 ∘ �−1;

(� ∘ �)(M) = �(�(M)) (M ⊂ A).

The composition of correspondences is an associative operation

(� ∘ �) ∘ � =
∪

(b,c)∈	

�−1(b) × �(c) = � ∘ (� ∘ �).

A correspondence � from A into B is said to be a mapping if dom(�) = A and

(a, b1) ∈ � ∧ (a, b2) ∈ � → b1 = b2.

If � and � are mappings then the composition � ∘ � is sometimes denoted by
a shorter symbol ��.

1.2.2. Now, let X and Y be vector spaces and let � be a correspondence from
X into Y . If � ∈ P� (X × Y ) then � is said to be a � -correspondence. If � -sets for
a concrete � bear a special name (see 1.1.2), then the name is also preserved for
� -correspondences. In this sense one speaks about linear, convex, conic and affine
correspondences and, in particular, about linear and affine operators (see 1.3.5 (3)).
But there is an important exception: generally speaking, a convex operator is not
a convex correspondence (except for special cases (see 1.3.4)). Consider some prop-
erties of correspondences assuming that A,B ⊂ ℝ

2 and � := A∩B in the following
propositions (2), (4), and (5).
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(1) If � ⊂ X × Y is a � -correspondence then for every A ⊂ X,B ⊂ Y and

(α, β) ∈ � there holds:

�(αA + βB) ⊃ α�(A) + β�(B).

Conversely, if the inclusion

�(αa + βb) ⊃ α�(a) + β�(b)

is true for all a, b ∈ X and (α, β) ∈ � then � is a � -correspondence.

⊲ Let � ∈ P� (X × Y ). If (α, β) = (0, 0) ∈ � or one of the sets A,B, or � is
empty then there is nothing to prove, so those cases can be excluded. Take y ∈ �(a)
and z ∈ �(b), where a, b ∈ X are arbitrary. Then α(a, y) + β(b, z) ∈ �. Therefore,

αy + βz ∈ �(αa + βb) ⊂ �(αA + βB).

It follows that α�(a) + β�(b) ⊂ �(αa + βb) for all a, b ∈ X , as required.
Now, assume that αy + βz ∈ �(αa + βb) for whatever y ∈ �(a), z ∈ �(b) and

(α, β) ∈ � . But then α(a, y) + β(b, z) ∈ � for the same (α, β), y and z. It proves
that � ∈ P� (X × Y ). ⊳

(2) Let � be an A-correspondence from X to Y and C ∈ PB(X). Then

�(C) ∈ P� (Y ).
⊲ Under the above-stated conditions � is a � -correspondence and C ∈ P� (X).

Hence for (α, β) ∈ � by (1) we can write:

α�(C) + β�(C) ⊂ �(αC + βC) ⊂ �(C). ⊳

(3) If � is a � -correspondence, then �−1 is a � -correspondence too.

(4) Let � ⊂ X × Y be an A-correspondence and let � ⊂ Y × Z be a B-

correspondence. Then � ∘ � is a � -correspondence.

⊲ The above-mentioned conditions mean that � ∈ P� (X × Y ) and � ∈
P� (Y × Z). Consequently, by (1), for (α, β) ∈ � and u, v ∈ X the inclusions
hold

� ∘ �(αu + βv) ⊃ �(α�(u) + β�(v)) ⊃ α�(�(u)) + β�(�(v)).

Thus, � ∘ � is a � -correspondence. ⊳
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(5) If � ⊂ X × Y is an A-correspondence and M ∈ P(X), then

H� (�(M)) ⊂ �(HBM)).

1.2.3. We now consider some operations that preserve convexity, i.e. op-
erations under which the class of convex correspondences is closed. We will not
use various analogous operations for general � -correspondences, although it is easy
to formulate the corresponding definitions and simple facts if need be. It is self-
understood that constructions of convex sets which were considered in 1.1.6. can
also be applied to convex correspondences. Omitting details, we record for future
references only the explicit formulas for forming new correspondences from old.

The intersection and the convex hull of a union, as well as the union of an

upward-filtered family of convex correspondences, are convex correspondences.

In addition, for any family (�ξ)ξ∈� of correspondences from X into Y the
formulas are fulfilled

(1)(1)(1)
(∩

ξ∈�

�ξ

)

(x) =
∩

ξ∈�

�ξ(x);

(2)(2)(2)
(∪

ξ∈�

�ξ

)

(x) =
∪

ξ∈�

�ξ(x);

(3)(3)(3) co
(∪

ξ∈�

�ξ

)

(x) =
∪

θ∈Pfin(�)

∪{∑

k∈θ

αk�k(x)
}

,

where the inner union is taken over the all representations

x =
∑

k∈θ

αkxk, xk ∈ X, αk ∈ ℝ
+,

∑

k∈θ

αk = 1.

(4) Let �ξ ⊂ Xξ × Yξ for every ξ ∈ �. Put

X :=
∏

ξ∈�

Xξ, Y :=
∏

ξ∈�

Yξ,

σ : ((xξ, yξ)ξ∈�) �→ ((xξ)ξ∈�, (yξ)ξ∈�) .
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Then σ
(∏

ξ∈� �ξ

)
is a correspondence from X to Y and

σ

(∏

ξ∈�

�ξ

)

(x) =
∏

ξ∈�

�ξ(xξ) (x ∈ X).

(5) If T ∈ L(U,X), S ∈ L(V, Y ) and � is a convex correspondence from U

to V , then (S × T )(�) is a convex correspondence from X to Y ; moreover,

(S × T )(�)(x) = S(�(T−1(x))) (x ∈ X).

Here, as usual, L(U,X) and L(V, Y ) are the spaces of linear operators acting from
U to X and from V to Y respectively.

(6) For a strictly positive number α we have

α�(x) = α�(x/α) (x ∈ X).

Moreover, setting 0�(x/0) := (0 ⋅ �)(x) and (∞�)(x/∞) := (∞ ⋅ �)(x), we find

0�(x/0) =
∩

{α�(u + x/α) − v : α ≥ 0, (u, v) ∈ �} ;

∞�(x/∞) =
∪

{α�(x/α) : α > 0} ,

in accordance with 1.1.6 (5).
The sum and the inverse sum of convex correspondences are convex correspon-

dences. In addition, the following formulas hold

(7)(7)(7) (�1 + ⋅ ⋅ ⋅+ �n)(x) =
∪

{�1(x1) + ⋅ ⋅ ⋅+ �n(xn) : x = x1 + ⋅ ⋅ ⋅+ xn} ;

(8)(8)(8) (�1# . . .#�n)(x) =
∪

{α1�1(x/α1) ∩ ⋅ ⋅ ⋅ ∩ αn�n(x/αn)} ,

where the union is taken over all α1, . . . , αn ∈ ℝ
+ such that α1 + ⋅ ⋅ ⋅+ αn = 1.

1.2.4. There are several operations specific for correspondences. The compo-
sition of correspondences and the taking of the inverse correspondence are among
them (see 1.2.1). Now we indicate some other procedures.

Thus let �1, . . . , �n be correspondences from X to Y . The right partial sum
�1 ∔ ⋅ ⋅ ⋅∔ �n is defined as follows. The pair (x, y) is contained in �1 ∔ ⋅ ⋅ ⋅∔ �n if
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and only if there is a decomposition y = y1 + ⋅ ⋅ ⋅+yn, where yk ∈ Y and (x, yk) ∈ �

for k := 1, . . . , n. Clearly, the equality holds

(�1 ∔ ⋅ ⋅ ⋅∔ �n)(x) = �1(x) + ⋅ ⋅ ⋅ + �n(x) (x ∈ X).

The effective domain of the correspondence �1 ∔ ⋅ ⋅ ⋅ ∔ �n coincides with the
intersection dom(�1) ∩ ⋅ ⋅ ⋅ ∩ dom(�n).

The left partial sum �1 +. ⋅ ⋅ ⋅ +. �n is defined similarly. The pair (x, y) is
contained in �1 +. ⋅ ⋅ ⋅ +. �n if and only if there is a decomposition x = x1 + ⋅ ⋅ ⋅+xn,
where xk ∈ X and (xk, y) ∈ �k for k := 1, . . . , n. It follow that the equality holds

(�1 +. ⋅ ⋅ ⋅ +. �n)(x) =
∪

{

�1(x1) ∩ ⋅ ⋅ ⋅ ∩ �n(xn) : xk ∈ X,
n∑

k=1

xk = x

}

.

The effective set of the correspondence �1 +. ⋅ ⋅ ⋅ +. �n coincides with the sum
dom(�1) + ⋅ ⋅ ⋅+ dom(�n). There is an obvious connection between the two partial
sums

(�1 ∔ ⋅ ⋅ ⋅∔ �n)−1 = �−1
1 +. ⋅ ⋅ ⋅ +. �−1

n ;

(�1 +. ⋅ ⋅ ⋅ +. �n)−1 = �−1
1 ∔ ⋅ ⋅ ⋅∔ �−1

n .

Clarify how the partial sums can be obtained from the simplest operations
1.1.6 (1)–(3). Let σn be the coordinate rearrangement mapping that realizes a linear
bijection between the spaces (X × Y )n and Xn × Y n. More precisely,

σn((x1, y1), . . . , (xn, yn)) := (x1, . . . , xn, y1, . . . , yn).

Let � : Xn × Y n → X × Y act by the rule

� : (x1, . . . , xn, y1, . . . , yn) �→
(

1
n

n∑

k=1

xk,
n∑

k=1

yk

)

.

Then we have the representation

(�1 ∔ ⋅ ⋅ ⋅∔ �n)(x) = �

(

σn

(
n∏

k=1

�k

)

∩ (�n(X) × Y n)

)

.
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Here, as usual, �n : x �→ (x, . . . , x) is an embedding of X into the diagonal
�n(X) := {(x, . . . , x) ∈ Xn : x ∈ X} of Xn. The left partial sum is treated analo-
gously. As follows from 1.1.7 (although it is seen directly) the following proposition
is true.

The left and the right partial sums of convex (conic) correspondences are convex

(conic) correspondences. The two partial sums are both associative and commuta-

tive operations in the class of convex correspondences.

1.2.5. Consider the convex correspondences � ⊂ X×Y and � ⊂ Y ×Z. The
correspondence

� ⊙ � :=
∪

α+β=1
α≥0, β≥0

(β ⋅ �) ∘ (α ⋅ �)

is called the inverse composition of � and �. It is clear that � ⊙� is a correspon-
dence from X to Z. In detail, the pair (x, z) ∈ X × Z belongs to � ⊙ � if and
only if there exist numbers α, β ∈ ℝ

+, α + β = 1 and an element y ∈ Y such that
(x, y) ∈ α ⋅� and (y, z) ∈ β ⋅�. Here it should be kept in mind that 0 ⋅� = rec(�)
and 0 ⋅ � = rec(�). Let us make the expressions α�(1/αM) meaningful for α = 0,
by putting 0�(1/0M) := rec(�)(M) (cf. 1.2.3 (6)). Then the following formulas
are valid:

� ⊙ � =
∪

α+β=1
α≥0, β≥0
y∈im(�)

(α�−1
(

1
α
y

)

× β�

(
1
β
y

)

;

� ⊙ �(x) =
∪

α+β=1
α≥0, β≥0

β�

(
α

β
�
(x

α

))

.

Just as for the composition, we have (�⊙�)−1 = �−1 ⊙�−1. If � and � are conic
correspondences, then � ⊙ � = � ∘ �.

The inverse composition of convex correspondences is a convex correspondence.

⊲ Take x1, x2 ∈ X and γ1, γ2 ∈ ℝ, γ1 ∕= 0, γ2 ∕= 0 , γ1 + γ2 = 1. We shall use
the convexity of � and � and transform the above formula for the calculation of
� ⊙ �(x). Let the elements α, β, δ, ε ∈ ℝ

+ be such that α + β = 1 = δ + ε. Put
λ1 := γ1α+γ2δ and λ2 := γ1β+γ2ε. Assume that λ1 ∕= 0 and λ2 ∕= 0. Then taking
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the equality λ1 + λ2 = 1 into consideration, we can write:

A(α, β, δ, ε) : = γ1β�

(
α

β
�
(x1

α

))

+ γ2ε�

(
δ

ε
�
(x2

δ

))

⊂ λ2�

(
γ1α

λ2
�
(x1

α

)
+

γ2δ

λ2
�
(x2

δ

))

⊂ λ2�

(
λ1

λ2
�

(
γ1x1 + γ2x2

λ1

))

⊂ � ⊙ �(γ1x1 + γ2x2).

If λ1 = 0, then α = δ = 0. Hence

A(α, β, δ, ε) = γ1�(rec(�)(x1)) + γ2�(rec(�)(x2))

⊂ �(γ1 rec(�)(x1) + γ2 rec(�)(x2))

⊂ �(rec(�)(γ1x1 + γ2x2)) ⊂ � ⊙ �(γ1x1 + γ2x2).

The case β = ε = 0 is handled analogously. Thus, for all α, β, δ, ε the inclusion
A(α, β, δ, ε) ⊂ � ⊙ �(γ1x1 + γ2x2) is fulfilled. The following obvious equality

∪
A(α, β, δ, ε) = γ1�(�(x1)) + γ2�(�(x2))

completes the proof. ⊳

1.2.6. To every set C ⊂ X we can assign a special correspondence H(C) from
X to ℝ, called the Hörmander transform of the set C; namely:

H(C) := {(x, t) ∈ X × ℝ
+ : x ∈ tC}.

(1) A set is convex if and only if its HΞormander transform is a conic correspon-

dence.

⊲ Observe that (X × {1}) ∩ H(C) = C × {1}. Hence the convexity of H(C)
provides the convexity of C. Assume in turn that C is a convex set. Take arbitrary
x, y ∈ X . Let s ∈ H(C)(x) and t ∈ H(C)(y). By 1.1.6 (5) sC + tC = (s + t)C
consequently x + y ∈ (s + t)C, or s + t ∈ H(C)(x + y). Therefore, H(C)(x +
y) ⊃ H(C)(x) + H(C)(y). Positive homogeneity of H(C) is obvious. According to
1.2.2 (1), we conclude that H(C) is a conic correspondence. ⊳

(2) For an arbitrary set C the identities hold:

co(H(C)) = cone(H(C)) = H(co(C)).
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⊲ Obviously, C1 ⊂ C2 implies H(C1) ⊂ H(C2). From this and (1) it follows
immediately that in the chain of sought identities the sets co(H(C)) and H(co(C))
are the smallest element and the largest element respectively. Hence, it suffices
to show that co(H(C)) ⊃ H(co(C)). If x ∈ λ co(C), λ > 0, then x = λ(λ1x1 +
⋅ ⋅ ⋅+ λnxn) for some x1, . . . , xn ∈ C and for positive numbers λ1, . . . , λn such that
λ1 + ⋅ ⋅ ⋅+ λn = 1. Since λxk ∈ λC, it follows that (λxk, λ) ∈ H(C). Therefore,

(x, λ) =
n∑

k=1

λk(λxk, λ) ∈ co(H(C)). ⊳

In the sequel, we shall consider the Hörmander transform only for conic seg-
ments.

1.2.7. Let CSeg(X) and Cone(X) be the sets of all conic segments and the
set of all cones in a space X . Then H : C �→ H(C) is a mapping from CSeg(X) to
Cone(X × ℝ). The operations in CSeg(X) are transformed under the mapping H

by rather simple rules. For completeness, observe the following relations:

H(C1 ∩ ⋅ ⋅ ⋅ ∩ Cn) = H(C1) ∩ ⋅ ⋅ ⋅ ∩H(Cn);

H(co(C1 ∪ ⋅ ⋅ ⋅ ∪ Cn)) = H(C1) + ⋅ ⋅ ⋅ + H(Cn);

H(C1 + ⋅ ⋅ ⋅+ Cn) = H(C1) +. ⋅ ⋅ ⋅ +. H(Cn);

H(C1# . . .#Cn) = H(C1) ∔ ⋅ ⋅ ⋅∔H(Cn).

1.2.8. One more important concept connected with convex sets and corre-
spondences occurs when we try to analyze the mutual disposition of a pair of sets
such that one of them is covered by a scalar multiple, or a suitable homothety of
the other. Recall the corresponding definitions.

Let A and B be nonempty subsets of a vector space X . The element a ∈ A

is called an algebraically interior point of A relative to B if for every b ∈ B ∖ {a}
there is a number ε > 0 such that a + t(b− a) ∈ A for all 0 < t < ε. The set of all
points with the property is denoted by coreB(A) and called the algebraic interior
of A relative to B. Geometrically, a ∈ coreB(A) means that one can move from the
point a towards any point b ∈ B while staying in A. The set core(A) := coreX(A)
is called the algebraic interior of A, or shorter, the core of A. If 0 ∈ core(A), then A

is said to be absorbing. The set ri(A) := coreaff(A)(A) is called the relative interior
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of A. Observe that A is absorbing if and only if X =
∪{nA : n := 1, 2, . . .}; i.e.

figuratively, if A absorbs every point of the space X .

(1) Let � be a convex correspondence from X to a certain vector space Y .

Take some sets A ⊂ X and B ⊂ Y . Then for every V ⊂ X the inclusion holds

coreB(�(A)) ∩ �(coreA(V )) ⊂ coreB(�(V )).

⊲ Let y be an element of the left-hand side of the sought relation. Then
y ∈ �(x) for some x ∈ coreA(V ). Put

�0 := �− (x, y), A0 := A− x, V0 := V − x, B0 := B − y.

It is easily seen that �0(V0) = �(V ) − y and �0(A0) = �(A) − y. Therefore,

0 ∈ coreA0(V0), 0 ∈ coreB0(�0(A0)).

Thus, it suffices to establish that �0(V0) absorbs every element of B0. Assume
b ∈ B0 and choose such an ε > 0 that εb ∈ �0(A0). Then (a, εb) ∈ �0 for some
a ∈ A0. Since V0 absorbs every element of A0, there exists a number 0 < β < 1 for
which βa ∈ V0. From this we conclude

β(a, εb) = β(a, εb) + (1 − β)(0, 0) ∈ �0.

The last relation provides βεb ∈ �0(βx) ⊂ �0(V0) which completes the proof. ⊳

(2) If 0 ∈ �(0) and im(�) is an absorbing set then the image with respect to

� of any absorbing set is an absorbing set.

(3) A set C ⊂ X is called algebraically open if core(C) = C. Sets C ⊂ X

for which X ∖ C is algebraically open are called algebraically closed. Thus, C is
algebraically closed if and only if core(X ∖ C) = X ∖ C.

(4) If a conic segment C ⊂ X is algebraically closed, then rec(C) =
∩{εC : ε > 0}. In particular, the recessive cone of an algebraically closed conic

segment is algebraically closed.

⊲ Suppose C ∕= X , since otherwise there is nothing to prove. Put K :=
∩{εC : ε > 0}. Then, K ⊃ rec(C) obviously. Take k ∈ K and observe that
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k + C ⊂ εC + C ⊂ (1 + ε)C for each ε > 0. If x ∈ X ∖ C, then by the closedness
assumption x ∈ core(X ∖C). Therefore, there exists 0 < δ < 1 for which (1− δ)x =
x + δ(−x + 0) ∈ X ∖C. Choose ε such that (1 + ε)(1− δ) < 1. Then x ∈ (1 + ε)C.
Indeed, if it were not the case and x = (1 + ε)c, c ∈ C the equality would hold
(1 − δ)x = (1 + ε)(1 − δ)c ∈ C ∩ (X ∖ C), which is impossible. Consequently,
C =

∩{(1 + ε)C : ε > 0} and C + k ⊂ C. This means that k ∈ rec(C). ⊳

1.3. Convex Operators

In the present section we consider the basic ways of constructing convex operators
by means of elementary algebraic and lattice operations. The principal roles in the
process are performed by special convex correspondences, the epigraphs of convex
operators.

1.3.1. Convex operators always take their values in some ordered vector space
E to which two improper elements +∞ := ∞ and −∞ are adjoined. Therefore,
it is first of all necessary to extend the algebraic operations and order from E

to the set E := E ∪ {−∞,+∞}. We assume that +∞ is the greatest element
and −∞ is the least element in the ordered set E, the order induced from E

into E coinciding with the initial order in E. Moreover, we set +∞ := inf ∅ and
−∞ := sup∅ in accordance with the general definitions. Now extend to the space E

the operations of addition and scalar multiplication which are given in E. Towards
this aim, we enter into the following agreement:

αx + y := xα + y := inf{αx′ + y′ : x′ ≥ x, y′ ≥ y} (x, y ∈ E, α ≥ 0);

(−α)∞ := ∞(−α) := −∞; (−α)(−∞) := (−∞)(−α) := +∞ (α > 0).

Thus, put x−∞ := −∞+x := −∞ for every x ∈ E∪{−∞}; 0(−∞) := (−∞)0 := 0
and assign the value +∞ to all remaining expressions (0∞, ∞0, x + ∞, ∞ + x,
where x ∈ E). Observe that these rules are not conventional. However, they are in
accord with the spirit of “one-sided analysis” and many forthcoming examples will
show them to be natural and useful.

It is easily seen that the operation of addition in E is commutative and associa-
tive and the operator of scalar multiplication is distributive with respect to addition.
Associativity for multiplication by a scalar, i.e. the property α(βx) = (αβ)x, can
fail.
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1.3.2. For an arbitrary mapping f : X → E, the following conditions are

equivalent:

(1) the epigraph epi(f) := {(x, e) ∈ X × E : e ≥ f(x)} is a convex set;

(2) for all x1, x2 ∈ X ; y1, y2 ∈ E and λ ∈ [0, 1] such that f(xk) ≤ yk, (k := 1, 2)
the inequality holds

f(λx1 + (1 − λ)x2) ≤ y1 + (1 − λ)y2;

(3) for all x1, . . . , xn ∈ X and all reals λ1 ≥ 0, . . . , λn ≥ 0 such that λ1 + ⋅ ⋅ ⋅+
λn = 1, the Jensen inequality holds

f(λ1x1 + ⋅ ⋅ ⋅ + λnxn) ≤ λ1f(x1) + ⋅ ⋅ ⋅+ λnf(xn).

⊲ Assume that epi(f) is a convex set. If f(xk) = ∞ for some k ∈ {1, . . . , n}
then the Jensen inequality holds trivially. Therefore, it suffices to consider the case
x1, . . . , xn ∈ dom(f) := {x ∈ X : f(x) < +∞}. Let f(xk) ≤ yk for k := 1, . . . , n.
By assumption,

λ1(x1, y1) + ⋅ ⋅ ⋅+ λn(xn, yn) ∈ epi(f)

for all λ1, . . . , λn ≥ 0, λ1 + ⋅ ⋅ ⋅ + λn = 1. Hence,

f(λ1x1 + ⋅ ⋅ ⋅ + λnxn) ≤ λ1y1 + ⋅ ⋅ ⋅+ λnyn.

If f takes finite values at the points x1, . . . , xn, then it suffices to put yk := f(xk) in
the last inequality for all k. Otherwise, the right-hand side of this inequality is not
bounded below. Therefore, f(λ1x1 + ⋅ ⋅ ⋅+ λnxn) = −∞ and the Jensen inequality
is true once again. Consequently, we have proved (1) → (3).

Now, assume that (3) holds and let the points (x1, y1) and (x2, y2) belong to
epi(f). Then, by definition f(xk) ≤ yk < ∞ (k := 1, 2). Therefore, for every
number λ ∈ [0, 1], from the Jensen inequality for n = 2 we obtain:

f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2) ≤ λy1 + (1 − λ)y2

for every number λ ∈ [0, 1]. By this the implication (3) → (2) is established. The
validity of the implication (2) → (1) is trivial. ⊳

1.3.3. A mapping satisfying one (and hence all) of the equivalent conditions
1.3.2 (1)–(3) is called a convex operator. Thus, a mapping f is a convex operator
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if and only if epi(f) is a convex correspondence. The convex operators nowhere
assuming the value −∞ are of particular interest since all the other operators have
a rather special form. In fact, by Proposition 1.3.2 it is easy to verify that if f

assumes the value −∞ at least at one point, then f(x) = −∞ for all x ∈ ri(dom(f)).
Therefore, such an operator can take finite values only at the points of the relative
boundary of the effective domain dom(f). A convex operator is called proper if
it is not identically equal to +∞ and assumes the value −∞ at no point of its
effective domain. In order to exclude improper convex operators from consideration,
operators with values in the set E⋅ := E ∪ {+∞} are usually distinguished. The
order and the algebraic operations in the “semiextended” space E⋅ are regarded as
induced from E. A proper convex operator f : X → E⋅ with dom(f) = X is said
to be total.

Here the following peculiarity of our terminology should be emphasized once
again (see 1.2.2): a convex operator fails to be a convex correspondence in general.
In fact, a mapping f : X → E⋅, restricted to dom(f), is a convex correspondence
if and only if dom(f) is a convex set and f(αx + βy) = αf(x) + βf(y) for all
x, y ∈ dom(f) and α ≥ 0 , β ≥ 0, α+β = 1. If f satisfies the condition just stated,
then f is surely a convex operator. At the same time an arbitrary convex operator
fails to be a convex correspondence whenever the positive cone E+ of the space E

differs from the trivial cone {0}.
1.3.4. We list now some important classes of convex operators.

(1) An operator is called an indicator if it takes only two values: if it takes
only two values: 0 and +∞. Every indicator operator f clearly has the form

f(x) =
{

0, if x ∈ C,

+∞, if x ∕∈ C

where C := dom(f). This operator is denoted by δE(C). It is easy to see that
epi(δE(C)) = C×E+; therefore, the indicator operator δE(C) is convex if and only
if C is a convex set. (Here and henceforth E+ := {e ∈ E : e ≥ 0} is the positive
cone of the (pre)ordered vector space E under consideration.) Thus, the indicator
operators of convex sets constitute the simplest class of positive (positively-valued!)
convex operators, the latter being convex operators with positive values.

(2) The next class of convex operators is formed by sublinear operators whose
primary importance will be revealed in the next section. A convex operator p : X →
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E⋅ is called sublinear if epi(p) is a conic correspondence. If p(x + y) ≤ p(x) + p(y)
for all x, y ∈ X , then p is said to be subadditive. If 0 ∈ dom(p) and p(λx) = λp(x)
for all x ∈ X and λ ≥ 0, then p is called positively homogeneous. Note that for
a positively homogeneous operator we will always have p(0) = 0 since p(0) < +∞
and 0 = 0p(0) = p(0).

For an operator p : X → E⋅ the following statements are equivalent:

(a) p is sublinear;

(b) p is convex and positively homogeneous;

(c) p is subadditive and positively homogeneous;

(d) 0 ∈ dom(p) and p(αx+βy) ≤ αp(x)+βp(y) for all x, y ∈ X and α, β ∈ ℝ
+.

⊲ (a) → (b): If � := epi(p), then for x ∈ X and λ > 0 by 1.2.3 (5) we have
(λ−1�)(x) = λ−1�(λx). On the other hand, by condition (a) we have λ−1� = �.
Hence �(x) = λ−1�(λx) or λ�(x) = �(λx). This is equivalent to p(λx) = λp(x).
Putting in the proceeding equality x := 0 and λ := 2, we obtain p(0) = 2p(0).
Moreover, (0, 0) ∈ epi(p) implies 0 ∈ dom(p). Therefore, p(0) = 0. Convexity of p

follows from 1.3.2.
(b) → (c): Using convexity and next positive homogeneity of p, we can write

p(x + y) = p

(
1
2
(2x) +

1
2
(2y)

)

≤ 1
2
p(2x) +

1
2
p(2y) = p(x) + p(y).

(c) → (d): It is obvious.
(d) → (a): Convexity of epi(p) follows from (d) by 1.3.2. If (x, y) ∈ epi(p) and

λ > 0, then p(λx) ≤ λp(x) ≤ y. Therefore λ(x, y) ∈ epi(p). Moreover, for x = y = 0
and α = β = 0 we obtain p(0) ≤ 0, i.e. (0, 0) ∈ epi(p). ⊳

(3) Let X and Y be vector spaces. An operator A : X → Y is called affine
(linear) if A is an affine variety (linear subspace) in X × Y (cf. 1.2.2).

An operator A : X → Y is affine (linear) if and only if

A(α1x1 + α2x2) = α1A(x1) + α2A(x2)

for all x1, x2 ∈ X and each pair of numbers α1, α2 ∈ ℝ, α1 + α2 = 1 (for all

x1, x2 ∈ X and α1, α2 ∈ ℝ).
We shall conventionally denote the set of all linear operators from X into Y

(cf. 1.1.6 (3)) by L(X, Y ). By 1.1.4 (2) there are simple interrelations between affine
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and linear operators. If T ∈ L(X, Y ) and y ∈ Y , then the operator T y : x �→ Tx+y

(x ∈ X) is affine. Conversely, if A : X → Y is an arbitrary affine operator, then
there exists a unique pair (T, y), where T ∈ L(X, Y ) and y ∈ Y , such that A = T y.
Observe that in considering compositions of linear or affine operators, the symbol ∘
is sometimes omitted. In addition, a shorter symbol Ax substitutes A(x) as a rule.

Now, observe a simple but rather general way of constructing convex operators.

1.3.5. Let X be a vector space, let E be a K-space and let � be a convex

correspondence from X into E. Then the mapping f := inf ∘�, defined by

f(x) := inf �(x) := inf{e ∈ E : e ∈ �(x)} (x ∈ X),

is a convex operator, which is greatest among all the convex operators g : X → E

satisfying the condition epi(g) ⊃ �. In particular, dom(f) = dom(�). If � is a cone

and the set �(0) is bounded below, then the operator f is sublinear.

⊲ Let x, y ∈ X and let scalars α ≥ 0 and β ≥ 0 be such that α + β = 1.
If �(x) = ∅ or �(y) = ∅, then f trivially satisfies the Jensen inequality with
the parameters specified. Assume that the sets �(x) and �(y) are nonempty and
bounded below. Then using convexity of � and properties of infima (see 1.2.2 (1)
and 1.3.1), we can write

αf(x) + βf(y) = inf(α�(x)) + inf(β�(y))

≥ inf(α�(x) + β�(y)) ≥ inf �(αx + βy) = f(αx + βy).

Finally, assume that at least one of the sets �(x) and �(y) is not bounded below.
Then the set α�(x)+β�(y) and all the more the larger set �(αx+βy) are unbounded
below. Therefore, f(αx + βy) = −∞ ≤ αf(x) + βf(y).

Suppose that � is a cone and �(0) is bounded below. Then �(λx) = λ�(x) for
x ∈ X and λ > 0 (see 1.3.4 (2)). Consequently,

f(λx) = inf �(λx) = inf λ�(x) = λ inf �(x) = λf(x).

Moreover, (0, 0) ∈ �. Hence f(0) ≤ 0 and 0 ∈ dom(f). On the other hand,
f(0) = f(2 ⋅ 0) = 2f(0) and since f(0) ∈ E, we have f(0) = 0. Thus, the convex
operator f : X → E⋅ is positive homogeneous and by Proposition 1.3.4 (2) f is
sublinear. ⊳

1.3.6. The procedure of arranging convex operators which is presented in
1.3.5 leads to numerous concrete constructions. We now list several operations
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with epigraphs and elaborate on what they produce from the corresponding convex
operators. We start with the simplest set-theoretic operations.

(1) Intersection of epigraphs. For subsets A ⊂ E and B ⊂ E we have
inf(A ∩ B) ≥ inf A ∨ inf B, with strict inequality possibly holding. However, if
A := [a,+∞) := {e : e ≥ 0} and B := [b,+∞), then inf(A ∩ B) = a ∨ b. Taking
these simple arguments and 1.2.3 (1) into account, we easily come to the following
statement.

For every family of convex operators fξ : X → E (ξ ∈ �) the supremum

f := sup{fξ : ξ ∈ �} defined by the formula

f(x) = sup{fξ(x) : ξ ∈ �} (x ∈ X)

is a convex operator. Moreover, epi(f) =
∩{epi(fξ) : ξ ∈ �}.

It follows in particular that dom(f) =
∩{dom(fξ) : ξ ∈ �}. Given a finite

� := {1, . . . , n}, we denote

f1 ∨ ⋅ ⋅ ⋅ ∨ fn := sup{f1, . . . , fn} = sup{fk : k := 1, . . . , n}.

(2) Union of epigraphs. In general, the set � :=
∪{epi(fξ) : ξ ∈ �} is not

convex and the procedure � �→ inf ∘� does not yield a convex operator. However,
independently of convexity of �, by virtue of 1.2.3 (6) and associativity of infima
the operator f := inf ∘� coincides with the pointwise infimum of the family (fξ),
i.e.

f(x) = inf{fξ(x) : ξ ∈ �} (x ∈ X).

If a family of convex (sublinear) operators (fξ)ξ∈� is downward filtered, i.e.

if for every ξ, η ∈ � there exists an index ζ ∈ � such that fξ, fη ≥ fζ , then the

pointwise infimum of the family is a convex (sublinear) operator.

In this case the family (dom(fξ))ξ∈� is filtered upward by inclusion and

dom(f) =
∪

ξ∈�

dom(fξ).

(3) Product of epigraphs. Let the operator fξ act from Xξ into Eξ. Put
X :=

∏
ξ∈� Xξ and E :=

∏
ξ∈� Eξ. Let σ :

∏
ξ∈�(Xξ×Eξ) → X×E be again an ap-

propriate rearrangement of coordinates (see 1.2.3 (4)). Put � := σ
(∏

ξ∈� epi(fξ)
)
.

Then � is a convex correspondence; moreover, for the convex operator

f :=
∏

ξ∈�

fξ := inf ∘� : X → E,
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we have epi(f) = � and dom(f) =
∏

ξ∈� dom(fξ) (see 1.2.3 (2)). Thus

f(x) : ξ �→ fξ(xξ) (ξ ∈ �)

for all x ∈ dom(f), x : ξ �→ xξ, ξ ∈ �. In addition, f(x) = +∞ if and only if
fξ(xξ) = +∞ at least for one index ξ, and f(x) = −∞ if and only if xξ ∈ dom(fξ)
for all indices ξ and fξ(xξ) = −∞ at least for one index, ξ. In the case of finite set
� := {1, . . . , n}, the notation f1 × ⋅ ⋅ ⋅ × fn :=

∏n
k=1 fk is accepted.

1.3.7. Now, consider algebraic operations with convex sets.

(1) Sum of epigraphs. Take convex operators f1, . . . , fn : X → E and put
� := epi(f1) + ⋅ ⋅ ⋅ + epi(fn). In this case the operator inf ∘� is called the infimal
convolution (rarely, inf-convolution, or +-convolution (cf. 1.3.10)) of f1, . . . , fn. We
also put

n⊕

k=1

fk := f1 ⊕ ⋅ ⋅ ⋅ ⊕ fn := inf ∘�.

As follows from 1.2.3 (4), the infimal convolution can be calculated by the formula
(

n⊕

k=1

fk

)

(x) = inf

{
n∑

k=1

fk(xk) : x1, . . . , xn ∈ X,
n∑

k=1

xk = x

}

.

The operation ⊕ is commutative and associative. If δ := δℝ({0}), then f ⊕ δ =
δ⊕ f = f , i.e. δ is a neutral element for the operation ⊕. (Here it is easy to notice
a kind of analogy with the operation of integral convolution which has the Dirac
δ-function as a neutral element.) It should be emphasized that dom(f1⊕⋅ ⋅ ⋅⊕fn) =
dom(f1) + ⋅ ⋅ ⋅+ dom(fn).

Thus, the infimal convolution of finitely many convex (sublinear) operators is

a convex (sublinear) operator.

(2)Multiplication of an epigraph by a positive real. Let f := X → E

be a convex operator, α ≥ 0 and � := α ⋅ epi(f). Put fα := inf ∘� and note that
epi(fα) = α ⋅ epi(f) for α ≥ 0. The following formulas hold:

fα : x �→ αf(x/α) (x ∈ X, α > 0);

0f(x/0) := f0(x) = sup
u∈dom(f)

(f(u + x) − f(u)) (x ∈ X).

If f is sublinear then fα = f for all α ≥ 0.
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1.3.8. Combining set-theoretic and algebraic operations, we can obtain some
more procedures for constructing convex operators.

(1) Convex hull of the union of epigraphs. Put

� := co
(∪

{epi(fξ) : ξ ∈ �}
)
.

Let us call the convex operator f := co((fξ)ξ∈�) := inf ∘� the convex hull of the
family (fξ). First consider the case of finite set of indices: � := {1, . . . , n} and
f = co(f1, . . . , fn). As follows from 1.2.3 (3), the pair (x, e) is contained in � if and
only if there exist elements xk ∈ X and numbers λk ∈ ℝ

+ for which

x =
n∑

k=1

λkxk, e ≥
n∑

k=1

λkfk(xk),
n∑

k=1

λk = 1.

Thus,

f(x) = inf

{
n∑

k=1

λkfk(xk) : xk ∈ X, λk ∈ ℝ
+,

n∑

k=1

λk = 1,
n∑

k=1

λkxk = x

}

.

Now, take an arbitrary family of convex operators (fξ)ξ∈�. For a finite set
θ ⊂ � the operator co(θ) is defined by the above formula. In addition, θ1 ⊂ θ2,
implies co(θ1) ≤ co(θ2). Therefore, the family (co(θ)), where θ ranges over the set
Pfin(�) of all finite subsets of �, is upward filtered. Consequently, by 1.3.6 (2) we
have inf{co(θ)} = inf ∘�, where � :=

∪{epi(co(θ))}. But clearly inf ∘� = inf ∘�.
Therefore, we arrive at the formula

f(x) = inf
θ∈Pfin(�)

inf
{∑

k∈θ

λkfk(xk)
}

,

where the inner infimum is taken over the set
{

(xk, λk)k∈θ : xk ∈ X, λk ∈ ℝ
+,

∑

k∈θ

λk = 1,
∑

k∈θ

λkxk = x

}

.

The effective domain of f is co(
∪

ξ∈� dom(fξ)).
Observe that if f1, . . . , fn are sublinear then

co

(
n∪

k=1

epi(fk)

)

= epi(f1) + ⋅ ⋅ ⋅ + epi(fn).
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Consequently,

co(f1, . . . , fn) := co({f1, . . . , fn}) = f1 ⊕ ⋅ ⋅ ⋅ ⊕ fn.

Hence, for the family of sublinear operators pξ : X → E⋅ (ξ ∈ �) we obtain

⊕

ξ∈�

pξ := inf
{⊕

ξ∈θ

pξ : θ ∈ Pfin(�)
}

= co({pξ : ξ ∈ �}).

(2) Inverse sum of epigraphs. Here we assume that � := epi(f1)# . . .

# epi(fn). Using 1.2.3 (8), 1.3.6 and 1.3.7 (2), for f := inf ∘� we can write

f(x) = inf

{

(f1α1)(x) ∨ ⋅ ⋅ ⋅ ∨ (fnαn)(x) : αk ∈ ℝ
+,

n∑

k=1

αk = 1

}

= inf

{

α1f1

(
x

α1

)

∨ ⋅ ⋅ ⋅ ∨ αnfn

(
x

αn

)

: αk ∈ ℝ
+,

n∑

k=1

αk = 1

}

.

(3) Right partial sum of epigraphs. Let � := epi(f1) ∔ ⋅ ⋅ ⋅ ∔ epi(fn).
According to 1.2.4 �(x) = f1(x) + ⋅ ⋅ ⋅+ fn(x) +E+ if x ∈ dom(f1)∩ ⋅ ⋅ ⋅ ∩ dom(fn)
and �(x) = ∅ otherwise. From this we conclude that

f1 + ⋅ ⋅ ⋅+ fn := inf ∘� : x �→ f1(x) + ⋅ ⋅ ⋅+ fn(x) (x ∈ X).

Thus, the sum f1 + ⋅ ⋅ ⋅+ fn of finitely many convex operators is a convex operator,

and also

epi(f1 + ⋅ ⋅ ⋅+ fn) = epi(f1) ∔ ⋅ ⋅ ⋅∔ epi(fn),

dom(f1 + ⋅ ⋅ ⋅+ fn) = dom(f1) ∩ ⋅ ⋅ ⋅ ∩ dom(fn).

(4) Left partial sum of epigraphs. We should take � := epi(f1) +. ⋅ ⋅ ⋅ +.
epi(fn). Note that

inf

(
n∩

k=1

[fk(xk), +∞)

)

= f1(x1) ∨ ⋅ ⋅ ⋅ ∨ fn(xn).
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On the other hand, by the definition of left partial sum (see 1.2.4), the next equality
holds

�(x) =
∪

{
n∩

k=1

[fk(xk), +∞) : x1 + ⋅ ⋅ ⋅+ xn = x

}

.

Calculating the convex operator f := inf ∘� in this fashion, we come to the following
formula

f(x) = inf

{

f1(x1) ∨ ⋅ ⋅ ⋅ ∨ fn(xn) : xk ∈ X,
n∑

k=1

xk = x

}

.

The operator f obtained is called the inverse sum (rarely, the Kelly sum) of the
operators f1, . . . , fn and denoted by f1# . . .#fn. Clearly,

dom(f1# . . .#fn) = dom(f1) + ⋅ ⋅ ⋅+ dom(fn).

The inverse sum of finitely many convex operators is a convex operator.

1.3.9. (1) Composition of epigraphs. Let � be a convex correspondence
from X into Y and let h : Y → E be a convex operator. If � := epi(h) ∘ � then
�h := inf ∘� is a convex operator from X into E and the formula holds:

�h : x �→ inf{h(y) : y ∈ �(x)} (x ∈ X).

It is clear that dom(�h) = �−1(dom(h)). If � is a mapping (for instance, an affine
operator), then �h = h ∘ �. If A := �−1 is a mapping, then

�h : x �→ inf{h(y) : Ay = x} (x ∈ X).

Assume that Y is an ordered vector space and � = epi(f) for some convex
operator f : X → Y . Then the operator (hf) := epi(f)h := �h takes the form

(hf)(x) = inf{h(y) : y ∈ Y, y ≥ f(x)} (x ∈ X)

and is said to be the convex composition of f and h.
Note that the convex composition of operators does not coincide with the

ordinary composition. Nevertheless, if f acts into Y ⋅ and h is increasing then

(hf)(x) = h(f(x)) (x ∈ X),

provided that h(+∞) := +∞.
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For this reason throughout the sequel we presume an increasing operator h :=
Y → E to be extended to Y by the rules h(+∞) := +∞ and h(−∞) := −∞.

(2) Inverse composition of epigraphs. For the same h and � as in (1)
put � := epi(h) ⊙ �. If α, β ∈ ℝ

+, α + β = 1, then

inf{((β epi(h)) ∘ (α�))(x)} = inf
{

βh

(
y

β

)

: y ∈ α�
(x

α

)}

.

Whence using the definition of inverse composition and arguing as in 1.3.8 (4) we
obtain

(inf ∘�)(x) = inf
α+β=1
α, β≥0

inf
{

βh

(
y

β

)

: y ∈ α�
(x

α

)}

= inf{(hβ)(y) : y ∈ α�(x/α), α, β ≥ 0, α + β = 1}.

Assume that � = epi(f) for a convex operator f := X → Y ⋅ and h is increasing.
Then

(inf ∘�)(x) = inf{(hβ) ∘ (fα)(x) : α, β ≥ 0, α + β = 1}
= inf

{

βh

(
α

β
f
(x

α

))

: α, β ≥ 0, α + β = 1
}

.

1.3.10. There are two more important constructions with convex operators,
namely, +-convolution and ∨-convolution. Consider two convex operators f1 : X1×
X → E and f2 : X ×X2 → E. Denote

epi(f1, X2) := {(x1, x, x2, e) ∈ W : f1(x1, x) ≤ e},
epi(X1, f2) := {(x1, x, x2, e) ∈ W : f2(x, x2) ≤ e},

where W := X1 × X × X2 × E. Introduce the correspondences � and � from
X1 ×X2 into E by the formulas

�(x1, x2) :=
∪

x∈X

(epi(f1, X2) ∔ epi(X1, f2))(x1, x, x2);

�(x1, x2) :=
∪

x∈X

(epi(f1, X2) ∩ epi(X1, f2))(x1, x, x2).
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Now define
f2△f1 := inf ∘�, f2 ⊙ f1 := inf ∘�.

Observe immediately that

dom(f2△f1) = dom(f2 ⊙ f1) = dom(f2) ∘ dom(f1).

The operator f2△f1, i.e. the +-convolution of f2 and f1, is also often called
the Rockafellar convolution of f2 and f1.

The following statements are true:

(1) +-convolution and ∨-convolution can be calculated by the formulas

(f2△f1)(x1, x2) = inf
x∈X

(f1(x1, x) + f2(x, x2));

(f2 ⊙ f1)(x1, x2) = inf
x∈X

(f1(x1, x) ∨ f2(x, x2));

(2) if f1 and f2 are convex operators, then f2△f1 and f2 ⊙ f1 are convex

operators too;

(3) the operations △ and ⊙ are anticommutative and associative, i.e.

f2△f1 = (f1△f2) ∘ ι,

f2 ⊙ f1 = (f1 ⊙ f2) ∘ ι,

(f1△f2)△f3 = f1△(f2△f3),

(f1 ⊙ f2) ⊙ f3 = f1 ⊙ (f2 ⊙ f3),

where ι : X1×X2 ∋ (x1, x2) �→ (x2, x1) ∈ X2×X1 (in the last formula it is necessary

to assume that f1 ⊙ f2 and f2 ⊙ f3 are proper operators);

(4) if h is an order continuous (= o-continuous) lattice homomorphism from

E into a K-space F and if the operators f1, f2, f2△f1 and f2 ⊙ f1 are proper then

h ∘ (f2△f1) = (h ∘ f2)△(h ∘ f1),

h ∘ (f2 ⊙ f1) = (h ∘ f2) ⊙ (h ∘ f1);

(5) ∨-convolution is expressed through +-convolution as follows

f2 ⊙ f1 = sup{(α ∘ f2)△(β ∘ f1) : α, β ∈ L+(E), α + β = IE},
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where L+(E) is as usual the cone of positive operators in E and IE is the identity

operator in E.

⊲ (1) The required formulas ensues directly from the definitions of � and �,
with the above arguments taken into due account.

(2) It suffices to show that the correspondences � and � are convex and then
refer to 1.3.5. The verification of convexity leans on the following arguments. If �

is a convex correspondence from X × Y into Z and �(x) :=
∪{�(x, y) : y ∈ Y },

then � is a convex correspondence from X into Z. In fact, for every x, y ∈ X and
0 < α < 1 we have

α�(x) + (1 − α)�(y) =
∪

u∈Y

α�(x, u) +
∪

v∈Y

(1 − α)�(y, v)

=
∪

u,v∈Y

(α�(x, u) + (1 − α)�(y, v))

⊂
∪

u,v∈Y

�(αx + (1 − α)y, αu + (1 − α)v)

⊂ �(αx + (1 − α)y).

(3) The claim about anticommutativity holds trivially. Associativity of the op-
erations △ and ⊙ is established by direct calculation on using 1.3.1 and associativity
of infima.

(4) If h satisfies the above-stated condition, then

h(f1(x1, x) + f2(x, x2)) = h ∘ f1(x1, x) + h ∘ f2(x, x2);

h(f1(x1, x) ∨ f2(x, x2)) = h ∘ f1(x1, x) ∨ h ∘ f2(x, x2).

Moreover, h(inf A) = inf h(A), for any nonempty A ⊂ E. It remains to take infima
in the identities.

(5) All that is required follows immediately from the important assertion below
whose proof will be given later in Chapter 4 (see 4.1.10 (2)).

1.3.11. Vector minimax theorem. Let f : X → E be a convex operator

and let g : E → F ⋅ be an increasing sublinear operator with dom(g) = E and range

in a K-space F . Then

inf
x∈dom(f)

sup
α∈∂g

α ∘ f(x) = sup
α∈∂g

inf
x∈dom(f)

α ∘ f(x).

Here, as usual, ∂g = {A ∈ L(E, F ) : (∀e ∈ E) Ae ≤ g(e)} is the subdifferential
or the support set of a sublinear operator g (see 1.4.11). ⊳
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1.4. Fans and Linear Operators

In this section we study the fundamental problem of dominated extension of
linear operators. A special class of correspondences, fans, provides tools for such
study.

1.4.1. Consider vector spaces X and Y . A correspondence � from X into Y

is called a fan if for every x, x1, x2 ∈ X and λ ∈ ℝ, λ > 0 the following conditions
are fulfilled:

(1) �(x) is a convex subset in Y ;

(2) 0 ∈ �(0);

(3) �(λx) = λ�(x);

(4) �(x1 + x2) ⊂ �(x1) + �(x2).
A fan is called odd if dom(�) = X and �(−x) = −�(x) for all x ∈ X .

1.4.2. We list several examples.

(1) Let � be a fan from X into Y and let � be a fan from Y into Z. Then the
correspondence � ∘� is a fan. Moreover, if the fans � and � are odd, then � ∘� is
an odd fan too. In particular, for (odd) fans � and � from X into Y and for a real
number λ the correspondences λ� and �∔ � are (odd) fans.

(2) Let � be a convex set of linear operators from X into Y . Then the corre-
spondence � ⊂ X × Y , defined by �(x) := {Tx : T ∈ �}, is an odd fan.

(3) Suppose that C is a convex subset of Y , T is a linear operator from X into
Y and p is a real-valued function on X . Consider the correspondence

�(x) := p(x)C + Tx (x ∈ X).

The following claims are valid:

(a) if p is a linear functional, then the correspondence � is an odd fan;

(b) if p is a positive sublinear functional and 0 ∈ C, then � is an odd fan if the
set C is symmetric and p(x) = p(−x) for all x ∈ X .

(4) For arbitrary (odd) fans � and � from X into Y the correspondence

� ∨ � : x �→ co(�(x) ∪ �(x)) (x ∈ X)
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is an (odd) fan.

(5) If � ⊂ X × Y is a fan and K is a cone in X , then the restriction � ↾ K is
a fan too.

1.4.3. Before we proceed to the next example it is necessary to introduce one
more notion. A preordered vector space F is said to have the Riesz decomposition
property if [a, b] + [c, d] = [a + c, b + d] for all a, b, c, d ∈ F , a ≤ b, c ≤ d. Here,
as usual, the set [a, b] := {y ∈ F : a ≤ y ≤ b} is an order segment or an order
interval in F . Clearly, the Riesz decomposition property means that the equality
[0, a + b] = [0, a] + [0, b] holds for all a, b ∈ F+.

Let X be a vector space and let F be a preordered vector space with the

Riesz decomposition property. If p, q : X → F are sublinear operators such that

(p + q)(x) ≥ 0 for all x ∈ X , then the correspondences

� := {(x, f) ∈ X × F : −q(x) ≤ f ≤ p(x)},
� := {(x, f) ∈ X × F : f ≤ p(x)}

are fans. The fan � is odd if and only if q(x) = p(−x) for all x ∈ X .

⊲ In fact, since an order segment is a convex set, condition (1) of 1.4.1 holds.
Conditions (2) and (3) follow trivially from positive homogeneity of the operators
p and q. Now, if u, v ∈ X, then by subadditivity of the operators p and q we have

�(u + v) = [−q(u + v), p(u + v)] ⊂ [−q(u) − q(v), p(u) + p(v)].

Then, according to the Riesz decomposition property,

�(u + v) ⊂ [−q(u), p(u)] + [−q(v), p(v)] = �(u) + �(v),

i.e. (4) holds. Thus � is a fan. The oddness of � means that the order intervals
[−q(x), p(x)] and [−p(−x), q(−x)] coincide, and this is equivalent to q(x) = p(−x).
The correspondence � is treated likewise. ⊳

1.4.4. Let E be a family of convex subsets in Y . A fan � ⊂ X ×Y is referred
to as E -valued if �(x) ∈ E for every x ∈ X .

Now, we introduce the following notations. For a family E of sets in Y we put

T (E ) := {y + λC : y ∈ Y, λ ∈ ℝ, C ∈ E }.
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If E consists of a single element C ⊂ Y , then we shall write T (C) instead of
T ({C}). If F is a preordered vector space then we shall denote by I (F ) the
collection of all order segments, i.e. I (F ) := {[a, b] : a, b ∈ F, a ≤ b}. Thus the
fans from 1.4.2 (3) and 1.4.3 are T (C)-valued and I (F )-valued respectively.

1.4.5. (1) Let F be a preordered vector space with positive cone F+. Assume

that F has the Riesz decomposition property. Then for every I (F )-valued fan � ⊂
X × F there exist sublinear operators p, q : X → F such that �(x) = [−q(x), p(x)]
for all x ∈ X . Here dom(�) = X .

⊲ Let F0 := F+∩(−F+) and let F1 be an algebraic complement of the subspace
F0. Then every order segment in F has a unique representation of the form [a, b],
where a, b ∈ F1. In fact, if [a, b] = [a′, b′] for some a′, b′ ∈ F1, then a ≤ a′ and a′ ≤ a.
Therefore, a−a′ ∈ F0∩F1 = {0}, so that a = a′. By the same reasons b = b′. Hence,
for every x ∈ X there are unique elements a and b of F1 such that �(x) = [a, b].
Put p(x) := b and q(x) := −a. Since 2�(0) = �(2 ⋅ 0) = �(0), it follows that the
order segments [−q(0), p(0)] and [−2q(0), 2p(0)] coincide. Therefore, p(0) ≤ 0 and
q(0) ≤ 0. As 0 ∈ �(0), the reverse inequalities p(x) ≥ 0 and q(x) ≥ 0 hold. Thus
[−q(0), p(0)] ⊂ F0. Therefore, p(0) = q(0) = 0. Positive homogeneity of p and q

follows immediately from item 1.4.1 (3) of the definition of fan. Finally, if u, v ∈ X

then, on using 1.4.1 (4) and the Riesz decomposition property, we can write

[−q(u + v), p(u + v)] = �(u + v) ⊂ �(u) + �(v)

= [−q(u), p(u)] + [−q(v), p(v)]

= [−q(u) − q(v), p(u) + p(v)].

From this subadditivity of p and q follows. ⊳

(2) If a preordered vector space F satisfies the Riesz decomposition property

then the following statements are equivalent:

(a) � is an odd I (F )-valued fan from X into F ;

(b) there is a sublinear operator p : X → F such that �(x) = [−p(−x), p(x)]
for all x ∈ X .

1.4.6. A family E0 is called enchained if the intersection of any two elements
of E is nonempty. A family E of sets in Y is said to possess the binary intersec-
tion property if each (nonempty) enchained subfamily E0 ⊂ T (E ) has nonempty
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intersection. If the collection T (C) (or T +(C) := {y + λC : y ∈ Y, λ ∈ ℝ
+}) for

some C ⊂ Y possesses the binary intersection property, then we also say that the
set C possesses the binary intersection property (or the positive binary intersection
property).

1.4.7. Let a convex set C ⊂ Y possess the positive binary intersection prop-

erty. Then C has a center of symmetry; i.e. there exists a point y0 ∈ C such

that the set C − y0 is symmetric. In addition, C possesses the binary intersection

property. If the recessive cone of C is zero: rec(C) = {0}, then such point y0 is

unique.

⊲ The family of convex sets {y + C : y ∈ C} is enchained because y1 + y2 ∈
(y1 +C)∩ (y2 +C) for every y1, y2 ∈ C. By assumptions this family has nonempty
intersection. Therefore, there exists an element y0 such that y0 ∈ 2−1(C + y) for
every y ∈ C. We can rewrite this formula as y0 − y ∈ C − y0. Then we receive
y0 −C ⊂ C−y0 that provides the equality C−y0 = −(C−y0). Thus y0 is a center
of symmetry of C. It remains only to note that for a centrally symmetric convex
set the binary intersection property and the positive binary intersection property
are equivalent.

Now, assume that rec(C) = {0} and let y1 and y2 be centers of symmetry of
the set C. Then yk − C = C − yk (k := 1, 2). Using these identities, we infer
2(y1 − y2) +C = C, which means by 1.1.5 (4) that y1 − y2 ∈ rec(C) = {0}. Finally,
y1 = y2. ⊳

1.4.8. Now we clarify those preordered vector spaces F in which the collection
of order segments I (F ) possesses the binary intersection property. To this end, we
recall the following definition.

We say that a preordered vector space possesses the Riesz interpolation property
if for every elements a1, a2, b1 and b2 in F satisfying the inequalities ak ≤ bl (k, l :=
1, 2) there exists an element c ∈ F such that ak ≤ c ≤ bl (k, l := 1, 2).

(1) A preordered vector space possesses the Riesz interpolation property if and

only if it possesses the Riesz decomposition property.

⊲ Let F be a preordered vector space with the Riesz interpolation property
and let elements z, u, v ∈ F+ be such that z ≤ u + v. Putting a1 := 0, a2 := z − v,
b1 := u, b2 := z, we see that ak ≤ bl, where k, l := 1, 2. Therefore, for some c ∈ F

we have ak ≤ c ≤ bl (k, l := 1, 2). The elements z1 := c and z2 := z − c yield the
desired decomposition z, i.e. z1 ∈ [0, u], z2 ∈ [0, v] and z = z1 +z2. To complete the
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proof, assume that F possesses the Riesz decomposition property and consider the
elements ak, bl ∈ F for which ak ≤ bl (k, l := 1, 2). Put u1 := b1 −a1, u2 := b2 −a2,
v1 := b1 − a2 and v2 := b2 − a1. Then uk, vk ≥ 0 (k := 1, 2) and u1 + u2 ≤ v1 + v2.
According to the Riesz decomposition property, u1 = t11 + t12 for some t1k ∈ [0, vk]
(k := 1, 2). If t2k := vk − t1k, then t2k ∈ [0, vk] and t21 + t22 = u2. Moreover,
t1k + t2k = vk (k := 1, 2). Now, it is easy to check that b2 − t22 = b1 − t11 =
a1 + t12 = a2 + t21 and the element c, the common value of these four expressions,
satisfies the inequalities ak ≤ c ≤ bl for k, l := 1, 2. ⊳

(2) Let a preordered vector space F possess the Riesz interpolation property.

Then the family I (F ) possesses the binary intersection property if and only if

every nonempty bounded above subset F has a least upper bound.

⊲ In fact, let I (F ) possesses the binary intersection property. Take a subset
A ⊂ F bounded above and consider the collection of order segments E := {[a, b] :
a ∈ A, b ≥ A}. By the Riesz interpolation property E is an enchained family. By
assumption, E has nonempty intersection. If c is any point of this intersection,
then c = supA. Conversely, if a family of segments ([aξ, bξ])ξ∈� is enchained,
then undoubtedly aξ ≤ bη for every ξ, η ∈ �. Put a := sup{aξ : ξ ∈ �} and
b := inf{bξ : ξ ∈ �}. Obviously a ≤ b and the nonempty set [a, b] is contained in
the intersection

∩{[aξ, bξ] : ξ ∈ �}. ⊳
1.4.9. Now we proceed to the extension problem for linear operators. As

before, let X and Y be some (real) vector spaces as before and let E be a family of
convex subset of Y . We say that E is saturated, or more exactly, +-saturated if T (E )
is closed under addition, i.e. if C1, C2 ∈ T (E ), implies C1 + C2 ∈ T (E ). Consider
a fan � from X into Y . A linear selector of � is a linear operator T : X → Y

satisfying Tx ∈ �(x) whenever x ∈ X . The collection of all linear selectors of a fan
� is denoted by ∂�. Let T0 be a linear operator defined on a subspace X0 ⊂ X

with values in Y and suppose that T0 is a selector of the restriction � ↾ X0 of the
fan � to the subspace X0; i.e. T0 ∈ ∂(� ↾ X0). Then a natural question arises as
to whether or not there exists a linear extension T of T0 to the whole space X for
which T ∈ ∂�. Assume that such extension exists for whatever vector space X , its
subspace X0 ∈ X , an odd T (E )-valued fan � and an operator T0 ∈ ∂(� ↾ X0).
In this case we say that the pair (Y, E ) admits extension of linear operators or
possesses the extension property.

1.4.10. Ioffe theorem. Let Y be a vector space and let E be a saturated
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family of convex subsets of Y . The pair (Y, E ) admits extension of linear operators

if and only E possesses the binary intersection property.

⊲ ← We can assume T (E ) = E without loss of generality. Consider an
arbitrary odd fan � ⊂ X × Y . Take x1 ∈ X ∖ X0 and denote by X1 the subspace
of X consisting of all elements of the form x′ := x + λx1, where x ∈ X0, λ ∈ ℝ.
Elaborate on the situation in which a linear operator T0 from X0 into Y , serving
as a selector of the fan � ↾ X0, admits a linear extension T1 to X1 with the
property T1 ∈ ∂(� ↾ X1). First, suppose that such extension exists and denote
y1 := T1x1. Then for every x ∈ X we have y1 + T0x = T1x1 + T1x ∈ �(x1 + x) or
y1 ∈ −T0x + �(x1 + x). Thus, to obtain an extension with the above-mentioned
properties it is necessary that all the sets −T0x + �(x1 + x), where x ∈ X0, have
a common point y1. The condition stated is sufficient as well. In fact, take some
y1 from the intersection of the family in question

y1 ∈
∩

{−T0x + �(x1 + x) : x ∈ X0}

and put T1x1 := y1. Obviously, the operator T1 : X1 → Y defined by the equality
T1x

′ := λy1 + T0x, where x′ := λx1 + x, x ∈ X , λ ∈ ℝ, is linear. The simplest
properties of a fan and the choice of y1 enables us to infer

T1x
′ = λ(y1 + T0(x/λ))

∈ λ(−T0(x/λ) + �(x1 + x/λ) + T0(x/λ))

= �(λx1 + x) = �(x′)

for any λ ∕= 0. This proves that T1 ∈ ∂(� ↾ X1).
Now, observe that the above intersection is nonempty if E possesses the binary

intersection properties. Consequently, taking it into account that the set Cx :=
−T0x + �(x1 + x) belongs to E for every x ∈ X0, it suffices only to establish that
the sets Cx form an enchained family. To prove it, take u, v ∈ X0. Using again the
definition of fan, we deduce

0 ∈ −T0(u− v) + �(u− v)

= −T0(u− v) + �(u + x1 − (x1 + v))

⊂ −T0u + �(x1 + u) + T0v − �(x1 + v)

= Cu − Cv.
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So, we came to the assertion Cu ∩ Cv ∕= ∅. Since u and v are arbitrary, it follows
that the family (Cx)x∈X0 is enchained. Thus we have justified that the operator T0

can be extended to the one-dimensional enlargement of the subspace X0, with the
necessary properties being preserved.

Our proof of sufficiency is completed by the following standard use of the
Kuratowski-Zorn lemma. Denote by 𝔄 the set of all pairs (X ′, T ′) such that X ′ is
a subspace of X containing X0, and T ′ ∈ L(X ′, Y ) is an extension of T0 such that
T ′ ∈ ∂(� ↾ X ′). Define the relation ≺ on 𝔄 by putting (X ′, T ′) ≺ (X ′′, T ′′) provided
that X ′ ⊂ X ′′ and T ′ = T ′′ ↾ X ′. It is easily verified that the relation ≺ is an order
and the ordered set (𝔄,≺) is inductive (= meets the hypotheses of the Kuratowski-
Zorn lemma), i.e. 𝔄 is nonempty and every chain in (𝔄,≺) is bounded above. Thus
there is a maximal element (X∗, T ∗) in (𝔄,≺). Undoubtedly, X∗ = X since, by the
above argument the operator T ∗ can otherwise be extended to the one-dimensional
enlargement of the subspace X∗, with the required properties being preserved, and
this contradicts the maximality of (X∗, T ∗). So T ∗ is the desired operator.

→ Assume that (Y, E ) admits extension of linear operators. Let (Cξ)ξ∈� be
an enchained family in E . As a space X we take the direct sum of � copies of the
real line ℝ; i.e. x ∈ X if and only if x : � → ℝ and the set {ξ ∈ � : xξ := x(ξ) ∕= 0}
is finite. Put

X0 :=

{

x ∈ X :
∑

ξ∈�

xξ = 0

}

.

Now, define the correspondence � ⊂ X × Y by the equality

� : x �→
∑

ξ∈�

xξCξ (x ∈ X).

Obviously � is an odd fan.
Suppose that x ∈ X0. Then, by hypotheses, for the positive and negative parts

the equality
∑

ξ∈� x+
ξ =

∑
ξ∈� x−

ξ holds . Therefore there exists a family (xξη)ξ,η∈�

of positive numbers such that
∑

ξ∈�

xξη = x+
η ,

∑

η∈�

xξη = x−
ξ (ξ, η ∈ �).

(This is a scalar version of the classical double partition lemma or, in other words,
a statement on the existence of a feasible solution in a balanced transportation
problem.) Since

�(x) =
∑

ξ∈�

x+
ξ Cξ −

∑

η∈�

x−
η Cη (x ∈ X),
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we can write

�(x) =
∑

η∈�

∑

ξ∈�

xξηCη −
∑

ξ∈�

∑

η∈�

xξηCξ

=
∑

ξ,η∈�

xξη(Cξ − Cη) (x ∈ X0).

Since the family (Cξ) is enchained, we have Cξ ∩Cη ∕= ∅ for all ξ, η ∈ �. Therefore,
0 ∈ �(x) for whatever x ∈ X0. Thus the zero operator is a selector of the restriction
of � to the subspace X0. By our assumption, this selector admits an extension to
a linear selector T defined on the whole space X . In other words, there exists
a linear operator T ∈ L(X, Y ) such that Tx ∈ �(x) for all x ∈ X .

Take the element eξ ∈ X such that eξ(η) = 0 for all η ∕= ξ and eξ(ξ) = 1. Then
Teξ = Teη for every ξ, η ∈ �. Finally, note that �(eξ) = Cξ, ξ ∈ �. Therefore, the
intersection of the family (Cξ)ξ∈� contains the element Teξ, which proves that the
family E possesses the binary intersection property. ⊳

1.4.11. The Ioffe theorem can be used, in particular, to obtain the complete
solution to the problem of dominated extension of linear operators with values in
a preordered vector space.

Let p be a sublinear operator acting from a vector space X into a preordered
vector space E, and such that dom(p) = X . The collection of all linear operators
from X into E dominated by p or is called the support set or the subdifferential at
zero of p and denoted by ∂p; symbolically,

∂p := {T ∈ L(X,E) : (∀x ∈ X)Tx ≤ p(x)},

where L(X,E) is the space of all linear operators from X into E. The operators in
∂p are said to be supporting p. Assume that X0 is a subspace of X and T0 : X0 → E

is a linear operator such that T0x ≤ p(x) for all x ∈ X0. If for every such X , X0,
T0 and p, there exists an operator T ∈ ∂p that is an extension of T0 from X0 to the
whole of X , then we say that E admits dominated extension of linear operators.
From Theorem 1.4.10 we shall derive the Hahn-Banach-Kantorovich theorem which
states that a preordered vector space admits dominated extension of linear operators
if it has the least upper bound property. We shall also obtain the converse of this
theorem which was established by Bonnice, Silvermann, and To.
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1.4.12 First, check two auxiliary facts.

(1) If a preordered vector space E admits dominated extension of linear op-

erators, then for all sublinear operators p1, . . . , pn acting from an arbitrary vector

space X into E the following representation holds

∂(p1 + ⋅ ⋅ ⋅+ pn) = ∂p1 + ⋅ ⋅ ⋅ + ∂pn.

⊲ The inclusion ⊃ is obvious. To prove the reverse inclusion, define the map-
pings P and T0 acting from the space Xn and from the diagonal �n(X) by the
following formulas

P(x1, . . . , xn) := p1(x1) + ⋅ ⋅ ⋅+ pn(xn);

T0(x, . . . , x) := Tx (x, x1, . . . , xn ∈ X).

Then the operator P is sublinear, T0 is linear and T0z ≤ P(z) for all z ∈ �n(X).
By assumption, there exists a linear operator T : Xn → E such that T ∈ ∂P and
the restriction T ↾ �n(X) coincides with T0. Put Tkx := T (0, . . . , 0, x, 0, . . . , 0),
where x stands in the kth position. Then Tk is a linear operator from X into E

and T = T1 + ⋅ ⋅ ⋅ + Tn. Moreover,

Tkx ≤ P(0, . . . , 0, x, 0, . . . , 0)

= p1(0) + ⋅ ⋅ ⋅ + pk(x) + ⋅ ⋅ ⋅+ pn(0)

= pk(x);

i.e. Tk ∈ ∂pk. ⊳

(2) Let a preordered vector space E admits dominated extension of linear

operators or has the least upper bound property. Then E possesses the Riesz

decomposition property (and therefore the Riesz interpolation property).

⊲ First, let E admit dominated extension of linear operators. Consider the
sublinear operators pk : ℝ → E acting in accordance with the formulas

pk : t �→ t+yk (t ∈ ℝ, k := 0, 1, 2),

where y0, y1, y2 ∈ E+ and y0 = y1 + y2. Then p0 = p1 + p2 and the Riesz decom-
position property follows from 1.4.12 (1), since ∂pk consists of the linear operators
t �→ ty (t ∈ ℝ), with y ∈ [0, yk].
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Now, let E has the least upper bound property. Take z ∈ [0, y1 + y2], where
y1, y2 ∈ E+. Put U := {u ∈ E : u ≤ z, u ≤ y1}. Since the set U is bounded above,
there exists an element z1 ∈ E+ for which z1 = supU . Then, z − y2 ∈ U implies
that z − y2 ≤ z1. Thus, for z2 := z − z1 we have z = z1 + z2 and zk ∈ [0, yk]
(k := 1, 2). ⊳

The Ioffe theorem 1.4.10 and Propositions 1.4.5, 1.4.8, and 1.4.12 immediately
imply the following result:

1.4.13. Theorem. A preordered vector space admits dominated extension of

linear operators if and only if it has the least upper bound property.

Historically the just-stated theorem was established in two steps.

(1) Hahn-Banach-Kantorovich theorem. Each Kantorovich space admits

dominated extension of linear operators.

This theorem proved by L. V. Kantorovich can be considered as the first the-
orem of the theory of K-spaces.

(2) Bonnice-Silvermann-To theorem. Every ordered vector space admit-

ting dominated extension of linear operators is a K-space.

1.4.14. In the following corollaries p is a sublinear operator acting from a vec-
tor space X into a K-space E.

(1) For an arbitrary point x0 ∈ X there exists a linear operator T from X into

E supporting p at x0, i.e. such that Tx0 = p(x0) and T ∈ ∂p.

⊲ Put X0 = {λx0 : λ ∈ ℝ} and define a linear operator T0 : X0 → E by
T (λx0) := λp(x0). For λ ≥ 0 we have T (λx0) = λp(x0) = p(λx0). If λ < 0, then

T0(λx0) = λp(x0) = −∣λ∣p(x0) ≤ p(−∣λ∣x0) = p(λx0).

Thus T0 is supporting the restriction p ↾ X0. By the Hahn-Banach-Kantorovich
theorem there exists an extension T of the operator T0 to the whole space X dom-
inated by p on X . This ensures that T ∈ ∂p and Tx0 = T0x0 = p(x0). ⊳

(2) Each sublinear operator is the upper envelope of its support set, i.e. the

next representation holds

p(x) = sup{Tx : T ∈ ∂p} (x ∈ X).

⊲ It is an obvious corollary of (1). ⊳
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(3) For every x ∈ X the set (∂p)(x) := {Tx : T ∈ ∂p} coincides with the order

segment [−p(−x), p(x)].
⊲ The proof can be obtained as a simple modification of the reasoning in (1). ⊳

(4) Let Y be another vector space and let T be a linear operator from Y into

X . Then

∂(p ∘ T ) = ∂p ∘ T.

⊲ Consider an arbitrary element S from ∂(p ∘ T ). Clearly −p(T (−y)) ≤ Sy ≤
p(Ty). Therefore Ty = 0 implies Sy = 0. This means that ker(T ) ⊂ ker(S), where
ker(R) := R−1(0) is the kernel of the operator R. Consequently, the equation
X ∘ T = S is solvable for an unknown linear operator X : T (Y ) → E. By
assumption, solution U0 to this equation satisfies the inequality U0x0 ≤ p(x0) for
all x0 ∈ X0 := T (Y ). Therefore, according to the Hahn-Banach-Kantorovich
theorem, there exists an extension U ∈ L(X,E) of the operator U0 supporting the
sublinear operator p. Thus U ∈ ∂p and U ∘ T = S, i.e. S ∈ ∂p ∘ T . The reverse
inclusion can be ve rified directly. ⊳

It should be stressed that if T is an identical embedding of a subspace X0

into the space X , then the proposition exactly expresses the dominated extension
property. In this connection Proposition 1.4.14 (5) is often referred to as the Hahn-
Banach formula or the Hahn-Banach-Kantorovich theorem in subdifferential form.

(5) Let α be a multiplicator in E, i.e. a positive operator in E satisfying the

condition 0 ≤ α ≤ IE . Then

∂(α ∘ p) = α ∘ ∂p.

⊲ The inclusion α∘∂p ⊂ ∂(α∘p) is obvious. If an operator T lies in ∂(α∘p) then
for every x ∈ X we have −αp(−x) ≤ Tx ≤ αp(x), i.e. the image of T is contained
in the image of α. Clearly, ker(α) = {e ∈ E : α∣e∣ = 0}, i.e. ker(α) is a band in
E. In addition, α defined an order isomorphism between the disjoint complement
of ker(α) and the image im(α) (cf. 2.1.7 (3)). Putting S := α−1 ∘α ∘T , we see that
S is a linear operator. Moreover, S ∈ ∂p and αS = T . Finally T ∈ α ∘ ∂p. ⊳

1.4.15. Kantorovich theorem. Let X be a preordered vector space and let

X0 be a massive subspace in it, i.e. X0 + X+ = X . Then every positive operator

T0 from X0 into an arbitrary K-space E admits an extension to a positive operator

T from X into E.
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⊲ Put
p(x) := inf{T0x0 : x0 ∈ X0, x0 ≥ x} (x ∈ X).

Then p : X → E is a sublinear operator. The direct calculation shows that

∂p = {T ∈ L+(X,E) : T ↾ X0 = T0}. ⊳

1.4.16. We now briefly consider the case of normed spaces. A normed space Y

is said to admit norm-preserving extension of linear operators if, for every normed
space X , each bounded linear operator T0 : X0 → Y defined on an arbitrary
subspace X0 ⊂ X admits a bounded linear extension T to the whole space X such
that ∥T∥ = ∥T0∥. It is easily understood that norm-preserving extension is also an
extension of the form 1.4.9. In fact, let C be the closed unit ball of Y , and consider
the correspondence

� ⊂ X × Y, � : x �→ k∥x∥C,

where k > 0. Clearly, the linear operator T : X → Y belongs to ∂� if and only
if ∥T∥ ≤ k. If we take k := ∥T0∥, then T0 ∈ ∂(� ↾ X0), and for an extension
T ∈ ∂� of T0 we have ∥T∥ = ∥T0∥. Thus from Theorem 1.4.10 it follows that if the
unit ball of a normed space Y possesses the binary intersection property, then Y

admits norm-preserving extension of linear operators. In spite of the fact that the
norm-preserving extension is provided by the fans of a special type, the converse
statement is also true.

1.4.17. A normed space admits norm-preserving extension of linear operators

if and only if its closed unit ball possesses the binary intersection property.

⊲ Sufficiency has already been mentioned in 1.4.16. We are to prove necessity.
Let A be the closed unit ball in the dual space Y ′ and let π be the canonical
embedding of Y into the second dual space Y ′′. Put φ(y) := πy ↾ A. Then the
mapping y �→ φ(y) is an isometric isomorphism of Y onto the subspace Z := φ(Y )
in the Banach space l∞(A) of bounded real-valued functions on A. The last is
a K-space in pointwise order; moreover, its closed unit ball coincides with the
order segment D := [−e, e], where e : A → ℝ is the constant-one function. By
supposition, the operator z �→ φ−1(z) (z ∈ Z) can be extended to a linear operator
P ′ : l∞(A) → Y so that ∥P ′∥ = 1. Clearly, P := P ′ ∘ φ is a projection of l∞(A) on
Z and ∥P∥ = 1. Then, P (D) ⊂ D. Therefore, by Propositions 1.4.7 and 1.4.8 (2)
P (D) possesses the binary intersection property. But P (D) is the closed unit ball
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of the space Z. Hence, the unit ball of the space Y , isometric to Z, possesses the
required property too. ⊳

This theorem explains our interest in convex sets with the binary intersection
property. Such sets are completely described by the following theorem.

1.4.18. Nachbin theorem. Let C be an absolutely convex set in a vector

space Y . Then C possesses the (positive) binary intersection property if and only

if one can define a preorder in Y such that the following conditions hold:

(1) Y is a preordered vector space;

(2) there exist elements e ∈ Y + and y ∈ Y such that the order interval

[−e, e] + y coincides with C and rec(C) = Y + ∩ (−Y +);

(3) every bounded set in Y has a least upper bound.

Using the theory of K-spaces, and in particular, the Kakutani and Krĕın
brothers representation theorem concerning abstract characterization of the vector
lattice C(Q) of continuous functions defined on a compact Q, and the Ogasawara-
Vulikh theorem concerning the necessary and sufficient conditions for the order
completeness of C(Q), we can give a comprehensive description of normed spaces
admitting norm-preserving extension of linear operators.

1.4.19. Akilov-Goodner-Kelly-Nachbin theorem. A normed space ad-

mits norm-preserving extension of linear operators if and only if it is linearly iso-

metric to the space C(Q) of continuous functions on an extremally disconnected

compactum Q.

1.5. Systems of Convex Objects

It is obvious from the previous considerations that one can readily introduce
compatible order and algebraic operations in different classes of convex sets and
convex operators. Among algebraic structures thus arising, first of all, one should
distinguish conic lattices and spaces associated with them, which constitute the
subject of the present section.

1.5.1. Consider a commutative semigroup V with neutral element 0 called
zero. The composition law in V is called addition and written as +. Assume that
V is simultaneously an ordered set, the order relation ≤ being compatible with
addition in the following conventional sense: if x ≤ y, then x+ z ≤ y + z, whatever
be x, y, z ∈ V . Denote by Isa(V ) the set of all isotonic superadditive mappings of
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the semigroup V into itself leaving invariant the neutral element. In other words,
h ∈ Isa(V ) if and only if the following conditions are fulfilled

h : V → V, h(0) = 0, h(x + y) ≥ h(x) + h(y);

x ≤ y → h(x) ≤ h(y) (x, y ∈ V ).

There are two natural binary operations on the set Isa(V ): the addition (h1, h2) �→
h1+h2 and the multiplication (h1, h2) �→ h1∘h2, where (h1+h2)(v) := h1(v)+h2(v)
and h2∘h1(v) := h2(h1(v)). Moreover, (Isa(V ),+) is a commutative semigroup with
zero and the multiplication is biadditive; i.e. the following distributivity laws hold

h ∘ (h1 + h2) = h ∘ h1 + h ∘ h2, (h1 + h2) ∘ h = h1 ∘ h + h2 ∘ h.

We put by definition h1 ≤ h2 if and only if h1(v) ≤ h2(v) for all v ∈ V . Then
≤ is an order relation on Isa(V ) compatible with the operation + in the sense
mentioned above. Furthermore, for every g, h1, h2 ∈ Isa(V ) it follows from h1 ≤
h2 that h1 ∘ g ≤ h2 ∘ g and g ∘ h1 ≤ g ∘ h2. For short, say that Isa(V ) is an
ordered semiring. The part of Isa(V ), consisting of additive mappings, is denoted
by Hom+(V ). Clearly, Hom+(V ) is an ordered subsemiring of Isa(V ). The notion
of isotonic semiring homomorphism needs no clarification.

Now, consider a K-space E. Let Lr(E) be the space of regular (= the differences
of positive) operators (endomorphisms) of E. It is well known that Lr(E) with
natural algebraic operations and order relation is a K-space. This statement, which
is one of the basic facts of K-space theory, is called the Riesz-Kantorovich theorem.
The space Lr(E) is also an algebra with respect to composition of operators. By the
symbol Orth(E) we denote the smallest band in Lr(E) which contains the identity
operator IE , i.e. Orth(E) := {IE}dd, where Ad := {b : (∀a ∈ A)∣b∣ ∧ ∣a∣ = 0}
is the disjoint complement of A. Recall that a band (component) N in a K-space
F is a subspace which is normal (z ∈ F , y ∈ N , ∣z∣ ≤ ∣y∣ → z ∈ N) and order
closed (every nonempty subset U in N , bounded above in F , has a supremum in N ,
i.e. supF U ∈ N). The set Orth(E), furnished with the operations induced from
the ring Lr(E), becomes a commutative lattice-ordered algebra (f -algebra). The
properties of orthomorphisms are considered in detail in 2.3.9.

So let A := Orth(E) be the orthomorphism algebra of E. Denote by Inv+(A)
the set of invertible positive elements of the ring A. Clearly, if α ∈ Inv+(A), then
α−1 ≥ 0. Suppose that an ordered semigroup V is an upper semilattice. We say
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that V is an A-conic semilattice if there exists an isotonic semiring homomorphism
π : A+ → Isa(V ) such that π(Inv+(A)) ⊂ Hom+(V ), the mapping π(1) coincides
with the identical endomorphism IV and, moreover, the following conditions are
fulfilled:

(1) π(α)(u ∨ v) = π(α)(u) ∨ π(α)(v) (α ∈ Inv+(A); u, v ∈ V ),

(2) (u + v) ∨ w = (u + v) ∨ (u + w) (u, v, w ∈ V ).
In the sequel we shall use the convenient abbreviation αu := π(α)(u). Further,

if V is a (conditionally complete) lattice, then V is called a (conditionally complete)
A-conic lattice. Sometimes, when a more wordy definition is needed, we speak
about conditional order completeness. The mapping h from V into an A-conic
semilattice is called semilinear if h(αu+βv) = αh(u)+βh(v) for all α, β ∈ A+ and
u, v ∈ V.

1.5.2. Sublinear operators. Let X be a vector space and let E be a K-
space. Denote by Sbl(X,E⋅) the set of all sublinear operators acting from X into
E. The addition of sublinear operators is defined according to the rules in 1.3.8 (3).
Put A := Orth(E). Then E is an A-module and the multiplication (α, p) �→ αp

(α ∈ A+, p ∈ Sbl(X,E⋅)) can be defined by the formula αp : x �→ α(p(x)) (x ∈ X),
where α(+∞) := +∞ by definition.

Introduce some order relation in Sbl(X,E⋅) by putting p ≤ q if and only if
p(x) ≤ q(x) for all x ∈ X . Let Sbl(X,E) denotes the subset of total sublinear
operators, and we shall consider Sbl(X,E) with the induced algebraic operations
and order.

The sets Sbl(X,E⋅) and Sbl(X,E) are conditionally order complete A-conic

lattices. Moreover, for every nonempty bounded family of sublinear operators the

least upper bound is calculated pointwise and the greatest lower bound coincides

with infimal convolution of this family.

1.5.3. Operator-convex sets. A set U ⊂ L(X,E) is called operator-
convex if, for any elements S, T ∈ U and orthomorphisms α, β ∈ A+ such that
α + β = IE , the relation α ∘ S + β ∘ T ∈ U holds. Clearly, the intersection
of any family of operator-convex sets is operator-convex. Therefore, for any set
U ⊂ L(X,E) we can find the smallest operator-convex set op(U ) containing U .
We shall call the set op(U ) the operator-convex hull of U .

(1) The operator-convex hull op(U ) of any set U ⊂ L(X,E) is calculated by
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the formula

op(U ) =

{
n∑

k=1

αk ∘ Tk : T1, . . . , Tn ∈ U , α1, . . . , αn ∈ A+,
n∑

k=1

αk = IE , n ∈ ℕ

}

.

⊲ Denote the right-hand side of the sought equality by U0. It is clear that
U0 is an operator-convex set containing U . Therefore, op(U ) ⊂ U0. To prove
the reverse inclusion we have to show that if U ′ is an operator-convex set, then
∑n

k=1 αk ∘ Tk ∈ U ′ for every collections T1, . . . , Tn ∈ U ′ and α1, . . . , αn ∈ A+

provided that
∑n

k=1 αk = IE . By way of induction on n, suppose that the previous
claim is established for some n ∈ ℕ, n ≥ 2. Let S :=

∑n+1
k=1 αk ∘ Tk, where

T1, . . . , Tn+1 ∈ U ′ and α1, . . . , αn+1 ∈ A+, and moreover
∑n+1

k=1 αk = IE . Put
α :=

∑n
k=1 αk and note that at every point x ∈ X the estimate

Sx ≤ α(T1x ∨ ⋅ ⋅ ⋅ ∨ Tnx) + αn+1 ∘ Tn+1

holds. It means that

S − αn+1 ∘ Tn+1 ∈ ∂(α ∘ (T1 ∨ ⋅ ⋅ ⋅ ∨ Tn)).

Applying Propositions 1.4.12 (1) and 1.4.14 (5), find orthomorphisms β1, . . . , βn ∈
A+ such that

β1 + ⋅ ⋅ ⋅+ βn = IE ;

S − αn+1 ∘ Tn+1 =
n∑

k=1

βk ∘ α ∘ Tk.

Thus S = α∘T +αn+1 ∘Tn+1 where T =
∑n

k=1 βk ∘Tk and T ∈ U ′ by the induction
hypothesis. Since α+αn+1 = IE , by operator-convexity of U ′ we obtain S ∈ U ′. ⊳

Denote by CS(X,E) the set of all nonempty operator-convex subsets of the
space L(X,E). The set U ⊂ L(X,E) is said to be weakly bounded if for every
x ∈ X in E the set {Tx : T ∈ U } is order bounded in E. Let CSb(X,E) be the set
of all weakly bounded sets contained in CS(X,E). Introduce the order relation in
CS(X,E) by inclusion and introduce the operations of addition and multiplication
by elements of Inv+(A) according to the formulas

U ′ + U ′′ := {T ′ + T ′′ : T ′ ∈ U ′, T ′′ ∈ U ′′} (U ′,U ′′ ∈ CS(X,E));

βU := {β ∘ T : T ∈ U } (β ∈ Inv+(A), U ∈ CS(X,E)).
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Now, extend the definition to multiplication by an arbitrary α ∈ A+ as follows

αU :=
∩

T∈U

(
αT +

∩
{β(U − T ) : β ∈ Inv+(A), β ≥ α}

)
.

Equip CSb(X,E) with the induced algebraic operations and order.

(2) The sets CS(X,E) and CSb(X,E) are conditionally order complete A-conic

lattices. Furthermore, for every bounded family of operator-convex sets the least

upper bound is calculated as the operator-convex hull of its union and the greatest

lower bound coincides with the intersection of this family.

1.5.4. Bisublinear operators. The mapping p : X × Y → E is called
bisublinear if for every x ∈ X and y ∈ Y the following partial mappings are sublinear

p(x, ⋅) : v �→ p(x, v), p(⋅, y) : u �→ p(u, y) (u ∈ X, v ∈ Y ).

Denote by BSbl(X, Y,E⋅) the set of all bisublinear operators acting from X×Y into
E. Introduce some order and algebraic operations in B Sbl(X, Y,E⋅). Put p ≤ q if
p(x, y) ≤ q(x, y) for all x ∈ X and y ∈ Y . Assume that p is the pointwise supremum
of a family of bisublinear operators (pξ)ξ∈�. Then the operators p(x, ⋅) and p(⋅, y)
are the pointwise suprema of the families of bisublinear operators (pξ(x, ⋅))ξ∈� and
(pξ(⋅, y))ξ∈�. Whence by 1.3.7 (1) we conclude that p is a bisublinear operator.
Multiplication by the elements of A+ is defined as in 1.5.2, i.e. αp(x, y) := α ∘
p(x, y) for p(x, y) ≤ +∞ and αp(x, y) := +∞, otherwise. Then the product αp

of a bisublinear operator p and an element α ∈ A+ as well as the pointwise sum
p1 + p2 of bisublinear operators p1 and p2 are bisublinear operators.

Let BSbl(X, Y,E) be the set of bisublinear operators with finite values; the
order and other operations are considered as induced from BSbl(X, Y,E⋅).

The set BSbl(X, Y,E⋅) with the mentioned algebraic operations and the or-

dering is a conditionally complete A-conic lattice. Moreover, the A-conic subspace

BSbl(X, Y,E) is a conditionally complete A-conic lattice with cancellation.

1.5.5. Fans. Let Fan(X, Y ) be a set of all fans from X into Y ordered by
inclusion. In other words, the inequality � ≤ � for fans � and � means that
�(x) ⊂ �(x) for all x ∈ X. By the sum of the fans � and � we mean the right
partial sum of the correspondences of � and � (see 1.2.4). Multiplication of a fan
� by a positive number λ is defined by the formula

(λ�)(x) = λ�(x) (x ∈ X, λ ≥ 0).
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If (�ξ)ξ∈� is a nonempty family of fans from X into Y , then it has a supremum
� ∈ Fan(X, Y ); moreover,

�(x) = co
(∪

{�ξ(x) : ξ ∈ �}
)

(x ∈ X).

Assume that Y is a unitary A-module. Then for a fan � and an element α ∈ A+

we put
(α�)(x) := α�(x) (x ∈ X),

where α�(x) is understood according to 1.5.3 (1).
The set Fan(X, Y ) with the above-mentioned operations and order is a condi-

tionally complete conic lattice.

1.5.6. Theorem. Let V be an A-conic semilattice with cancellation. Then

there exist a unique (to within isomorphism) unitary lattice ordered A-module [V ]
and an A-semilinear embedding ι : V → [V ] such that ι[V ] is a reproducing cone in

[V ] and ι preserves suprema of nonempty finite sets. If h is an A-semilinear map-

ping from V into some A-conic semilattice W with cancellation, then there exists

a unique extension of h to a A-linear mapping [h] : [V ] → [W ]. The mapping h pre-

serves suprema of nonempty finite sets if and only if [h] is a lattice homomorphism.

⊲ First of all, note that under the above conditions 0v = 0 for all v ∈ V and
the multiplication v �→ αv (v ∈ V ) is an additive operation, for each α ≥ 0, α ∈ A.

In fact, 0 + v = v = (0 + 1)v = 0v + v and the cancellation of v yields 0v = 0.
Further, if α ∈ A+, then α + 1 is an invertible element; i.e. α + 1 ∈ Inv+(A).
Consequently,

α(v1 + v2) + (v1 + v2) = (α + 1)(v1 + v2)

= (α + 1)v1 + (α + 1)v2

= αv1 + αv2 + (v1 + v2).

After the cancellation of v1 + v2 we receive αv1 + αv2 = α(v1 + v2).
In the Cartesian product V × V we introduce algebraic operations and order

by putting

(v1, v2) + (w1, w2) := (v1 + w1, v2 + w2);

α(v1, v2) := (α+v1, α
+v2) + (α−v2, α

−v1);

(v1, v2) ≥ (w1, w2) ↔ v1 + w2 ≥ v2 + w1,
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where v1, v2, w1, w2 ∈ V and α ∈ A. Also define an equivalence relation ∼ by the
formula

(v1, v2) ∼ (w1, w2) ↔ v1 + w2 = v2 + w1.

As is easily seen the pairs v := (v1, v2) and w := (w1, w2) are equivalent if and
only if v ≥ w and w ≥ v. Put [V ] := V × V/ ∼ and let φ := φV : V × V → [V ]
be the canonical projection, i.e. the corresponding quotient mapping. Transfer the
operations and preorder from V × V onto [V ] in the conventional way so as to
obtain:

φ(v) + φ(w) = φ(v + w), φ(αv) = αφ(v),

φ(v) ≤ φ(w) ↔ v ≤ w (v, w ∈ V × V, α ∈ A).

It is clear that the structure of an unitary ordered A-module arises on [V ]. Let
ι(v) := ιV (v) := φ(v, 0) (v ∈ V ). Then ι is an A-semilinear bijection of V onto
ι(V ); moreover, for every v, w ∈ V we have

φ(v, w) = φ((v, 0)− (w, 0)) = φ(v, 0) − φ(w, 0) = ι(v) − ι(w).

Thus ι(V ) is a reproducing cone in [V ]. Observe also that ι(v) ≥ ι(w) if and only
if v ≥ w. Now we can easily seen that the element ι(v1 ∨ v2) serves as supremum
of ι(v1) and ι(v2). In fact, if for some u, w ∈ V the inequality φ(u, w) ≥ ι(v1), ι(v2)
holds, then it must be u ≥ v1+w and u ≥ v2+w. Whence we obtain u ≥ v1∨v2+w

or φ(u, w) ≥ ι(v1 ∨ v2). This implies that ι(v1 ∨ v2) = ι(v1) ∨ ι(v2). In particular,
every two elements of the reproducing cone ι(V ) have a supremum. But then every
pair v, w ∈ [V ] has a supremum. In fact, there are representations v = v1 − v2 and
w = w1 − w2, where v1, v2, w1, w2 ∈ ι(V ). Moreover, one can easily verify that

v ∨ w = (v1 + w2) ∨ (v2 + w1) − v2 − w2.

Now it is clear that [V ] is a lattice ordered A-module and ι(V ) is A+-stable (i.e.
preserved under multiplication by the elements of A+) reproducing cone containing
suprema of its nonempty finite subsets.

Take a semilinear mapping h : V → W. For arbitrary v1, v2 ∈ V put

[h](φV (v1, v2)) := φW (h(v1), h(v2)).
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If φV (v1, v2) = φV (u1, u2), then v1 + u2 = u1 + v2. Therefore, h(v1) + h(u2) =
h(u1)+h(v2). Hence φW (h(v1), h(v2)) = φW (h(u1), h(u2)). By this we have shown
that the mapping [h] : [V ] → [W ] is defined correctly. By semilinearity of h, we
shall easily establish that [h] is A-linear. Observe that for every v ∈ V we have

[h] ∘ ιV (v) = [h](φV (v, 0)) = φW (h(v), 0) = ιW (h(v)).

Consequently, [h] ∘ ιV = ιW ∘ h. From this the uniqueness of [h] follows. ⊳

1.5.7. We now apply Theorem 1.5.6. to the A-conic lattice Sbl(X,E) in which
the cancellation law is obviously fulfilled. Let us call the lattice ordered module
[Sbl(X,E)] the space of sublinear operators from X into E. The construction of the
space [V ], carried out in 1.5.6, allows us to observe that [Sbl(X,E)] can be identified
with the subspace Sbl(X,E)−Sbl(X,E) of EX consisting of all the mappings from
X into E representable as the difference of two sublinear operators. The element
φ(p, q), where p, q ∈ Sbl(X,E), is identified with the difference x �→ p(x) − q(x)
(x ∈ X). The order in [Sbl(X,E)] coincides with that induced from EX . So, the
positive cone looks like {p ∈ [Sbl(X,E)] : p(x) ≥ 0 (x ∈ X)}.

Consider the mapping ∂ : Sbl(X,E) → CS(X,E) assigning to a sublinear
operator p its subdifferential at zero ∂p. This mapping is often called the Minkowski
duality. Next, let the mapping sup : CS(X,E) → Sbl(X,E) act by to the rule

sup(U ) : x �→ sup{Tx : T ∈ U } (x ∈ X).

As it is seen from 1.4.14 (2) the composition sup ∘∂ is the identical mapping in
Sbl(X,E). Put cop := ∂ ∘ sup. Then the mapping cop possesses the following
properties:

(a) cop ∘ cop = cop;

(b) cop(U ) ≥ U (U ∈ CS(X,E));

(c) cop is an A-semilinear mapping preserving suprema of nonempty finite sets.
Mappings maintaining such relations are often called abstract hulls, or hull

projections (with corresponding images). The image of the mapping cop is denoted
by CSc(X,E). In virtue of (a) we have

CSc(X,E) = {U ∈ CS(X,E) : cop(U ) = U }.
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The mappings ∂ and sup are inverse to each other and determine an isomorphism of
A-conic lattices Sbl(X,E) and CSc(X,E). Applying Theorem 1.5.6 to CSc(X,E),
we obtain a lattice ordered module [CSc(X,E)], called the space of support sets.
We recapitulate some of the properties of ∂ and cop in the following theorem.

Theorem. The mappings ∂ and cop can be uniquely extended to some A-linear

lattice homomorphisms [∂] and [cop] of the lattice ordered A-modules [Sbl(X,E)]
and [CSc(X,E)]; moreover, [∂]−1 = [sup].

1.5.8. Denote by Fanb(X,L(Y,E)) the set of all fans � from X into L(Y,E)
such that dom(�) = X and �(x) is a weakly bounded (i.e. pointwise order bounded)
set of operators for every x ∈ X . To each fan � ∈ Fanb(X,L(Y,E)) assign the
mapping s(�) : X × Y → E that operates by the rule

s(�) : (x, y) �→ sup{Ty : y ∈ �(x)}.

It is easy to verify that s(�) is a sublinear operator.
Now, take an arbitrary bisublinear operator p : X × Y → E. Define the

correspondence ∂p ⊂ X × L(Y,E) by

∂p : x �→ ∂p(x, ⋅).

Since p(x1, ⋅)+p(x2, ⋅) ≥ p(x1+x2, ⋅), in view of 1.4.12 (1) we conclude that ∂p(x1+
x2) ⊂ ∂p(x1)+∂p(x2). It is also obvious that ∂p(λx) = ∂(λp)(x) = λ∂p(x) for λ > 0.
In other words the correspondence ∂p is a fan. Let Fanc(X,L(Y,E)) denote the set
of all fans � ∈ Fanb(X,L(Y,E)) such that �(x) ∈ CSc(X,E) for all x ∈ X .

The following statements are valid:

(1) the mappings

∂ : BSbl(X, Y,E) → Fanb(X,L(Y,E)),

s : Fanb(X,L(Y,E)) → BSbl(X, Y,E)

are semilinear and preserve suprema of nonempty finite sets;

(2) the mapping cop := ∂∘s is a semilinear hull projection in Fanb(X,L(Y,E))
onto the subspace Fanc(X,L(Y,E));

(3) s ∘ ∂ is the identical mapping in BSbl(X, Y,E);
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(4) the mapping ∂ as well as s implements an isomorphism of the A-conic

spaces BSbl(X, Y,E) and Fanc(X,L(Y,E));

(5) the mapping ∂ as well as s admits a unique extension to some A-linear

lattice homomorphisms ∂ and [s] of the lattice ordered A-modules [BSbl(X, Y,E)]
and [Fanc(X,L(Y,E))]; moreover, [∂] = [s]−1.

1.5.9. Consider some more examples of conic lattices assuming that E := ℝ

is the field of real numbers. In that case instead of an ℝ-conic lattice we shall
simply speak of a conic lattice. Let CSeg(X) be the set of all conic segments in
a vector space X . The sum of conic segments and the product of a conic segment
and a nonnegative number are defined in 1.1.6. Moreover, put C ≤ D ↔ C ⊂ D.

Introduce the notation

CS+(X) := (CSeg(X), +, ⋅, ≤).

For α ∈ ℝ, α > 0 and C ∈ CSeg(X), put α ∗ C := α−1C. Further, let 0 ∗ C be
the conic hull cone(C) of the conic segment C. Denote by ≺ the order relation by
reverse inclusion, i.e. C ≺ D ↔ C ⊃ D. Now, put by definition

CS#(X) := (CSeg(X), #, ∗, ≺).

Introduce the corresponding sets of sublinear functionals. Let Sbl+(X) be
the subset of Sbl(X,ℝ⋅), with the induced operations and order, consisting of all
positive sublinear functionals. For α ∈ ℝ, α > 0, and p ∈ Sbl(X,ℝ), p ≥ 0, put
α ∗ p := α−1p. Moreover, let 0 ∗ p := δℝ(ker(p)), i.e. (0 ∗ p)(x) = 0 if p(x) = 0
and (0 ∗ p)(x) = +∞ otherwise. Recall (cf. 1.3.8 (4)) that the inverse sum p#q of
sublinear functionals p, q ∈ Sbl(X,ℝ⋅) is defined as

(p#q)(x) = inf{p(x1) ∨ q(x2) : x = x1 + x2} (x ∈ X).

Denote by ≺ the order in Sbl+(X) reverse to ≤; i.e. p ≺ q ↔ p ≥ q. Now, put

Sbl#(X) := (Sbl+(X,ℝ), #, ∗, ≺).

1.5.10. Theorem. The algebraic systems CS+(X), CS#(X), Sbl+(X) and

Sbl#(X) are order complete conic lattices.
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⊲ First of all, it is clear that the sets CSeg(X) and Sbl+(X) with their natural
orders are complete lattices. Therefore, the same is true for reverse orders.

By obvious reasons, the algebraic operations in CS+(X) and Sbl+(X) satisfy
all the necessary conditions. It is worth going into detail only in the case of the
unusual operations # and ∗. However, even here commutativity and associativity
for the operations and their compatibility with the order relation ≺ follow directly
from the definitions. We restrict ourselves to verifying distributivity of addition
with respect to summation of reals and axiom 1.5.1 (2).

(1) (α + β) ∗ C = (α ∗ C)#(β ∗ C) (α, β ∈ ℝ
+). If β = 0 and α ∕= 0 then

(α + β) ∗ C = α−1C =
∪

0≤ε≤1

ε

α
C =

∪

0≤ε≤1

{ ε

α
C ∩ cone(C)

}
= (α ∗ C)#(0 ∗ C).

The same is true if α ∕= 0 and β = 0. The case α = β = 0 is trivial. Assume that
α ∕= 0 and β ∕= 0. For every 0 ≤ ε ≤ 1,

γε :=
ε

α
∧ 1 − ε

β
≤ 1

α + β
;

α ∗ C#β ∗ C =
∪

0≤ε≤1

ε

α
C ∩ 1 − ε

β
C =

∪

0≤ε≤1

γεC ⊂ 1
α + β

C = (α + β) ∗ C.

On the other hand, for ε := α/(α + β), we have

ε

α
C ∩ 1 − ε

β
C =

1
α + β

C = (α + β) ∗ C.

Consequently, (α ∗ C)#(β ∗ C) ⊃ (α + β) ∗ C.
(2) (C1#D) ∨ (C2#D) = (C1 ∨ C2)#D. Since in CS#(X) the order is reverse

to that by inclusion, we need to show that

(C1#D) ∩ (C2#D) = (C1 ∩ C2)#D.

The inclusion ⊃ is obvious since Ck#D ⊃ (C1 ∩ C2)#D (k := 1, 2). To prove
the reverse inclusion take x ∈ (C1#D) ∩ (C2#D). By definition there are 0 ≤
ε, δ ≤ 1 such that x ∈ εC1 ∩ (1 − ε)D and x ∈ δC2 ∩ (1 − δ)D. If ε ≤ δ, then
x ∈ (εC1) ∩ (δC2) ⊂ δ(C1 ∩ C2). Therefore,

x ∈ δ(C1 ∩ C2) ∩ (1 − δ)D ⊂ (C1 ∩ C2)#D.

The same is true if δ ≤ ε. Here we made use of the relation αC1∩αC2 = α(C1∩C2)
which is true for all α ≥ 0. ⊳
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1.6. Comments

1.6.1. Convex sets became the object of independent study at the turn of the
XX century. At that time various interconnections were discovered between convex
function and convex sets. The latter were well known long before the notion of
convex function was introduced. Preliminary study of these objects was connected
mainly with finite-dimensional geometry, see [57, 254] and references therein. In the
1930s the interest in convexity was connected with the development of functional
analysis [82]. The formation of modern convex analysis began in the sixties under
the strong influence of the theory of extremal problems, the elaboration of the
optimization methods and research into mathematical economics. The term “convex
analysis” gains popularity after T. R. Rockafellar’s book [349] in which Professor
L. U. Tucker of the Princeton University is indicated as the person which has coined
the term. The discipline itself is framed mainly by the contributions of W. Fenchel
[107], J. J. Moreau [300], and R. T. Rockafellar [349]. The notion of � -set and
� -hull came back to T. S. Motzkin [301].

1.6.2. The study of convex correspondences, i.e. point-to-set mappings with
convex graph, was initiated in the sixties. Close interest to them is due the study of
the models of economic dynamics in the form of convex processes (R. T. Rockafellar
[348]) and superlinear point-to-set mappings (V. L. Makarov and A. M. Rubinov
[287], A. M. Rubinov [364]), see also [16, 336, 338, 349] and the references therein).

1.6.3. The notion of convex operator appeared along with the conception of
partially ordered vector space that was developed in the mid of thirties in the works
of G. Birkhoff, G. Freudenthal, L. V. Kantorovich, M. G. Krĕın, F. Riesz and
others. Sublinear operators were of explicit usefor the first time in the paper [166] of
L. V. Kantorovich in connection with a generalization of the Hahn-Banach theorem,
see also [167–169]. Various transformations over convex operators presented in
Section 1.3 are essentially contained in R. T. Rockafellar’s book [349].

1.6.4. The problem of dominated extension of linear operators originates with
the Hahn-Banach theorem (see [137] for its history). Theorem 1.4.13 (1) as stated
was discovered by L. V. Kantorovich in 1935 and was perceived as a generalization
serving a bizarre purpose. Now it became a truism that convex analysis and the
theory of ordered vector spaces are boon companions. The equivalence between the
extension and least upper bound properties (Theorem 1.4.13 (2)) was first estab-
lished in W. Bonnice and R. Silvermann [38] and T.-O. To [392]; the improvement
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of its proof presented in 1.4.10 is due to A. D. Ioffe in [142]. He also introduced
a new basic concept of fan. A nice but still incomplete survey of the Hahn-Banach
theorem is in G. Buskes [59].

The origin of the Hahn-Banach-Kantorovich theorem in subdifferential form
is reflected in [2, 240, 363, 391]. Subsections 1.4.17–1.4.19 relate to the isometric
theory of Banach spaces: for a detailed presentation see the excellent books by
E. Lacey [255] and J. Lindenstrauss and L. Tzafriri [267].

1.6.5. The construction of the space of convex objects came back to its famous
precedessor for ordered algebraic systems which is due to J. von Neumann and
G. Birkhoff, see [254, 110]. G. Minkowski was the first who studied properties of
the semigroup of compact convex sets. One of the first deep applications of spaces
of convex sets was given in a series of papers by A. D. Alexandrov on the theory
of mixed volumes; some interesting further achievements are due to L. Hörmander,
A. G. Pinsker, et al.; see [57, 254] for further references.

1.6.6. The notion of fan introduced by A. D. Ioffe has many deep applications
in nonsmooth analysis. In particular, a fan may serve as local approximation to
nonsmooth mappings as naturally as linear operators do the same in classical cal-
culus, see [140, 141, 143]. As an illustration we state a nonsmooth inverse function
theorem from [140].

Let X and Y be Banach spaces and A be an odd fan from X to Y . We say
that A is regular if A (x) is a nonempty compact set for every x ∈ X and

inf{∥y∥ : y ∈ A (x), ∥x∥ ≥ 1} > 0.

In case when there exists a positive number k such that

∥A (x)∥ := sup{∥y∥ : y ∈ A (x)} ≤ k∥x∥ (x ∈ X)

the fan A is called bounded.
We now take a mapping f : U → Y , where U is an open subset in X and

x0 ∈ U . A bounded fan A is said to be a predifferential of f at x0, in symbols
Df(x0) := A , if

lim
x→x0
h→0

1
∥h∥ inf{∥f(x + h) − f(x) − y∥ : y ∈ A (x)} = 0.
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Define a function f∘(x0)(h, y′) : X × Y ′ → ℝ by

f∘(x0)(h, y′) := inf
ε>0

sup
∥x+th−x0∥≤ε
∥x−x0∥≤ε

{
1
t
⟨f(x + th) − f(x), y′⟩

}

.

If f is Lipschitzian near x0 then f∘(x0) is a real-valued bisublinear function. Ac-
cording to 1.5.8 (4) there is a unique fan A with s(A ) = f∘(x0) and one can prove
that Df(x0) = A . Most facts of the classical calculus are valid for predifferentials
of locally Lipschitzian mappings.

Theorem. Assume that a mapping f : U → Y is Lipschitzian near x0 and has

a regular predifferential at x0. Then there exists a neighborhood V of f(x0) and a

Lipschitzian mapping g : V → X such that g ∘f(x) = x for all x ∈ X , ∥x−x0∥ < ε.

In finite dimensions, certain inverse function and implicit function theorems
were obtained earlier by F. H. Clarke [63], G. G. Magaril-Il′yaev [283], B. H. Pour-
ciau [334], and J. Warga [411, 412].

Some additional material related to Chapter 1 can be found in [5, 91, 138, 170,
173, 188, 215, 240, 300, 309, 310, 403].
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Geometry of Subdifferentials

There are various connections and interrelations between convex objects which make
the latter a convenient tool for investigation of numerous problems. One of the most
general form of such relations is granted by the Minkowski duality. It is sufficient
to study the duality for some particular class of objects under consideration, for
instance, for sublinear operators. Basing on information on their support sets,
we can rather easily obtain a description for subdifferentials of arbitrary convex
operators, we can find corresponding Young-Fenchel transforms, we can study
related extremal problems, etc.

Thus, the principal theme of the present chapter is analysis of the classical
Minkowski duality, which is the mapping that assigns to a sublinear operator its
support set or, in other words, its subdifferential (at zero). The questions arisen in
this way relate as regards their form to various branches of mathematics. Indeed,
it is necessary to find out the subdifferential of the composition of operators, to
look for analogs of the “chain rule” in calculus. The resulting problems are usu-
ally attributed to analysis. There also arises a need of describing those algebraic
structures in which the laws of subdifferential calculus take place. These problems
fall within the competence of algebra. It is of use to explicate the structure of
a subdifferential from the standpoint of the classical theory, to study the ways of
recovering a subdifferential from its extreme points. The last question lies in the
traditional sphere of geometry.

It is very important to emphasize that a specific treat of the problems of sub-
differential calculus is incorporated in the synthetic approaches and the variety of
the tools for solution, the peculiarities characteristic of functional analysis. How-
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ever, the leading role is nonetheless played by ideas on the geometric structure of
a subdifferential. The problems arising in this connection and above all the problem
of describing a subdifferential intrinsically; i.e., in terms not involving the opera-
tor that is determined by the subdifferential, form the center of the subsequent
exposition.

2.1. The Canonical Operator Method

In the class of sublinear operators we distinguish canonical operators with
comparatively simple structure so that only one canonical operator is assigned to
each K-space and each cardinality. Any other total sublinear operator is obtained
as composition of a canonical operator and a linear operator. Thus there arises
a possibility of reducing general questions of the theory of sublinear operators to
the analysis of a canonical operator and a linear change of variables in it. This
constitutes generally the main idea of the canonical operator method. Proceed to
exact formulations.

2.1.1. Consider a K-space E and an arbitrary nonempty set 𝔄. Denote by
l∞(𝔄, E) the set of all (order) bounded mappings from 𝔄 into E; i.e., f ∈ l∞(𝔄, E)
if and only if f : 𝔄 → E and the set {f(α) : α ∈ 𝔄} is order bounded in E. It is
easy to verify that l∞(𝔄, E), endowed with the coordinatewise algebraic operations
and order, is a K-space. The operator ε𝔄,E acting from l∞(𝔄, E) into E by the
rule

ε𝔄,E : f �→ sup{f(α) : α ∈ 𝔄} (f ∈ l∞(𝔄, E))

is called the canonical sublinear operator given by 𝔄 and E. We often write ε𝔄
instead of ε𝔄,E , when it is clear from the context what K-space is meant. The
notation εn is used when the cardinality of the set 𝔄 equals n. Furthermore, the
operator εn is called finitely-generated.

Let X and Y be ordered vector spaces. An operator P : X → Y is called
increasing or isotonic if for any x1, x2 ∈ X it follows from x1 ≤ x2 that P (x1) ≤
P (x2). An increasing linear operator is also called positive. As above, the collection
of all positive linear operators is denoted by L+(X, Y ). Obviously, the positivity
of a linear operator T is equivalent to the inclusion T (X+) ⊂ Y +, where X+ :=
{x ∈ X : x ≥ 0} and Y + := {y ∈ Y : y ≥ 0} are the positive cones in X and Y

respectively.
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2.1.2. A sublinear operator P from an ordered vector space X into a K-space

E is increasing if and only if its support set ∂P consists of positive operators, i.e.

∂P ⊂ L+(X, Y ).
⊲ If P increases and T ∈ ∂P , then for every x ∈ X+ we have −Tx ≤

P (−x) ≤ 0. Therefore T ∈ L+(X,E). Conversely, if ∂P ⊂ L+(X,E) and x1 ≤ x2

then by 1.4.14 (2)

P (x1) = sup{Tx1 : T ∈ ∂P} ≤ sup{Tx2 : T ∈ ∂P} = P (x2). ⊳

2.1.3. A canonical operator is increasing and sublinear. A finitely-generated

canonical operator is order continuous.

2.1.4. Consider a set 𝔄 of linear operators acting from a vector space X into
a K-space E. Recall that 𝔄 is weakly (order) bounded if the set {αx : α ∈ 𝔄} is
order bounded for every x ∈ X . We denote by ⟨𝔄⟩x the mapping that assigns the
element αx ∈ E to each α ∈ 𝔄, i.e. ⟨𝔄⟩x : α �→ αx. If 𝔄 is weakly order bounded,
then ⟨𝔄⟩x ∈ l∞(𝔄, E) for every fixed x ∈ X . Consequently, we obtain a linear
operator ⟨𝔄⟩ : X → l∞(𝔄, E) which acts as ⟨𝔄⟩ : x �→ ⟨𝔄⟩x. Associates with a set
𝔄 one more operator

P𝔄 : x �→ sup{αx : α ∈ 𝔄} (x ∈ X).

The operator P𝔄 is sublinear. According to 1.5.7, the support set ∂P𝔄 is denoted
by cop(𝔄) and is called the support hull of 𝔄. These definitions ensure that the
following statement is valid:

If P is a sublinear operator such that ∂P = cop(𝔄), then the representation

holds

P = ε𝔄 ∘ ⟨𝔄⟩.
By 1.4.14 (2) ∂P = cop(∂P ). Consequently, every sublinear operator P : X →

E admits the above representation with 𝔄 := ∂P . Due to this fact the canoni-
cal sublinear operator is very useful in various problems connected with sublinear
operators and, particularly, in calculating support sets and support hulls.

2.1.5. Let �𝔄 := �𝔄,E be the embedding of E into l∞(𝔄, E) which assigns
the constant mapping α �→ e (α ∈ 𝔄) to every element e ∈ E so that (�𝔄e)(α) = e

for all α ∈ 𝔄.
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(1) The following relations are true:

ε𝔄,E ∘�𝔄,E = IE , �𝔄,E ∘ ε𝔄,E(f) ≥ f (f ∈ l∞(𝔄, E)),

where IE is an identity mapping in E.

(2) Let F be another K-space and P : E → F be an increasing sublinear

operator. Then

∂ (P ∘ ε𝔄,E) =
{
T ∈ L+(l∞(𝔄, E), F ) : T ∘�𝔄 ∈ ∂P

}
.

⊲ The operator P ∘ ε𝔄,E increases; therefore, by 2.1.2, the support set ∂(P ∘
ε𝔄,E) consists of positive operators. On the other hand, if T ∈ ∂(P ∘ ε𝔄,E) and
y := �𝔄x then, according to (1), we obtain

T ∘�𝔄x = Ty ≤ P ∘ ε𝔄(y) = (P ∘ ε𝔄)�𝔄x = Px

so that T ∘�𝔄 ∈ ∂P .
Conversely, suppose that T : l∞(𝔄, E) → F is a positive operator and T ∘

�𝔄,E ∈ ∂P . Then for f ∈ l∞(𝔄, E) we have

Tf ≤ (T ∘�𝔄)(ε𝔄(f)) ≤ P ∘ ε𝔄(f),

i.e. T ∈ ∂(P ∘ ε𝔄,E), which was required. ⊳

(3) For the support set of a canonical sublinear operator the following repre-

sentation holds:

∂ε𝔄,E =
{
α ∈ L+ (l∞(𝔄, E), E) : α ∘�𝔄,E = IE

}
.

⊲ In fact, we need only to apply (2) with taking the identity operator IE
instead of P . ⊳

(4) For each weakly order bounded set 𝔄 of linear operators the equality holds:

cop(𝔄) = ∂ε𝔄 ∘ ⟨𝔄⟩.

⊲ In fact, we need only to apply 2.1.4 and (2):

cop(𝔄) = ∂P𝔄 = ∂ (ε𝔄 ∘ ⟨𝔄⟩) = ∂ε𝔄 ∘ ⟨𝔄⟩. ⊳



Geometry of Subdifferentials 65

2.1.6. Proceed to calculation of the support sets of composite sublinear oper-
ators.

(1) Theorem. Let P1 : X → E be a sublinear operator and P2 : E → F be

an increasing sublinear operator. Then

∂(P2 ∘ P1) =
{
T ∘ ⟨∂P1⟩ : T ∈ L+(l∞(∂P1, E), F ), T ∘�∂P1 ∈ ∂P2

}
.

Furthermore, if ∂P1 = cop(𝔄1) and ∂P2 = cop(𝔄2), then

∂(P2 ∘ P1) =
{
T ∘ ⟨𝔄1⟩ : T ∈ L+(l∞(𝔄1, E), F ),
(∃α ∈ ∂ε𝔄2

)
T ∘�𝔄1 = α ∘ ⟨𝔄2⟩

}
.

⊲ By 2.1.4, the representation P2∘P1 = P2∘ε𝔄1 ∘⟨𝔄1⟩ holds. Applying 2.1.5 (4)
and 1.4.14 (4), we successively deduce:

∂(P2 ∘ P1) = ∂ (P2 ∘ ε𝔄1 ∘ ⟨𝔄1⟩)
= ∂(P2 ∘ ε𝔄1) ∘ ⟨𝔄1⟩
=
{
T ∈ L+(l∞(𝔄1, E), F ) : T ∘�𝔄1 ∈ ∂P2

} ∘ ⟨𝔄1⟩
= {T ∘ ⟨𝔄1⟩ : T ≥ 0, (∃α ∈ ∂ε𝔄2)T ∘�𝔄1 = α ∘ ⟨𝔄2⟩} ,

whence the required claim follows. ⊳

(2) Theorem. For each band projection π in a K-space E (i.e. for an element

π ∈ 𝔓(E)) we have

∂(P2 ∘ P1) =
∪

T∈∂P2

(∂(T ∘ π ∘ P1) + ∂(T ∘ πd ∘ P1)),

where πd := IE − π is the complementary projection.

⊲ By virtue of Theorem (1) we obtain

∂(P2 ∘ P1) =
{
S ∘ ⟨∂P1⟩ : S ∈ L+(l∞(∂P1, E), F ), S ∘�∂P1 ∈ ∂P2

}
.

If E0 := π(E), then l∞(∂P1, E0) is a band in the K-space l∞(∂P1, E). Let � be
the projection onto this band. Then, as can be easily verified, �∘�∂P1 = �∂P1 ∘π.
Suppose that for some B ∈ L+(l∞(∂P1, E), F ) we have B ∘ �∂P1 ∈ ∂P2, and put
T := B ∘�∂P1 . Then

T ∘ π = B ∘�∂P1 ∘ π = B ∘� ∘�∂P1 , T ∘ πd = B ∘�d�∂P1 .
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Next, by Theorem (1), the relations

S ∘� ∘ ⟨∂P1⟩ ∈ ∂(T ∘ π ∘ P1), S ∘�d ∘ ⟨∂P1⟩ ∈ ∂(T ∘ πd ∘ P1)

hold, and moreover S ∘ ⟨∂P1⟩ = (S ∘�+ S ∘�d) ∘ ⟨∂P1⟩. From the above it follows
that

S ∘ ⟨∂P1⟩ ∈ ∂(T ∘ π ∘ P1) + ∂(T ∘ πd ∘ P1).

In other words, the inclusion ⊂ is established. The reverse inclusion is obvious. ⊳

(3) If P1 : X → E is a sublinear operator and P2 : E → F is an increasing

sublinear operator, then

∂(P2 ∘ P1) =
∪

T∈∂P2

∂(T ∘ P1).

2.1.7. Several facts about operators in vector lattices are needed in the sequel.
Consider a K-space E. A linear operator α : E → E with 0 ≤ αe ≤ e for all e ∈ E+,
i.e. 0 ≤ α ≤ IE , is called a multiplicator in E. The collection of all multiplicators
in E is denoted by M(E), so that M(E) = [0, IE] is an order interval in the space
of regular operators Lr(E). Multiplicators in particular possess the following useful
properties.

(1) Every multiplicator preserves suprema and infima of arbitrary nonempty

order bounded sets.

(2) Any two multiplicators commute.

(3) If a multiplicator α is monomorphic, then α(E) is an order dense ideal in

E; moreover, α is an order isomorphism between E and α(E).

(4) For every multiplicator α and every number ε > 0 there exist finite-valued

elements πε and ρε such that

0 ≤ α− πε ≤ εIE , 0 ≤ ρε − α ≤ εIE .

Recall that an operator π ∈ L(E) is said to be a finite-valued element if there exist
band projections π1, . . . , πn and numbers t1, . . . , tn such that π = t1π1 + ⋅ ⋅ ⋅+ tnπn.

⊲ The proofs of these facts are given in the theory of K-spaces. ⊳

2.1.8. We continue deriving corollaries of Theorem 2.1.6 (1).
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(1) For arbitrary sublinear operators P1, . . . , Pn : X → E the representation

holds

∂(P1 ∨ ⋅ ⋅ ⋅ ∨ Pn) =
∪

α1,...,αn∈M(E)
α1+⋅⋅⋅+αn=IE

(α1 ∘ ∂P1 + ⋅ ⋅ ⋅+ αn ∘ ∂Pn).

⊲ Define the operators Q : X → En and εn : En → E by the formulas

Q(x) := (P1(x), . . . , Pn(x)) (x ∈ X);

εn(e1, . . . , en) := e1 ∨ ⋅ ⋅ ⋅ ∨ en (e1, . . . , en ∈ E).

Clearly, Q and εn are sublinear operators and εn ∘Q = P1 ∨ ⋅ ⋅ ⋅∨Pn. Next, observe
that

∂Q = ∂P1 × ⋅ ⋅ ⋅ × ∂Pn := {(T1, . . . , Tn) : Tk ∈ ∂Pk (k := 1, . . . , n)}.

Applying 2.1.6 (2) and 2.1.5 (3) successively, from this we obtain

∂(P1 ∨ ⋅ ⋅ ⋅ ∨ Pn) =
∪

α1,...,αn∈M(E)
α1+⋅⋅⋅+αn=IE

(∂(α1 ∘ P1) + ⋅ ⋅ ⋅+ ∂(αn ∘ Pn)).

To complete the proof we should only refer to 1.4.14 (5). ⊳
The ideal center Z (E) of E is defined by

Z (E) := {S ∈ Lr(E) : (∃n ∈ ℕ)∣S∣ ≤ nIE}.

Clearly, Z (E) is a ring with respect to the conventional composition of operators.

(2) Let T ∈ ∂ε𝔄 and let α be a multiplicator in E. Then for every f ∈
l∞(𝔄, E) we have Tαf = αTf , i.e. T is a homomorphism between l∞(𝔄, E) and

E, considered as the modules over the ring Z (E).
⊲ Let π be an arbitrary projection in E. For all f ∈ l∞(𝔄, E) we have

−π ∘ ε𝔄(−f) ≤ Tπf ≤ ε𝔄(πf) = π ∘ ε𝔄(f).

Thus, for the complementary projection πd := IE − π we have πd ∘ T ∘ π = 0.
Therefore, T∘π = π∘T . Moreover, π∘T∘πd = 0. Finally, T∘π = π∘T∘π+π∘T∘πd =
π∘T . From the last relation it is seen that T commutes with finite-valued elements.
It remains to refer to the needed property of multiplicators in 2.1.7 (4). ⊳
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Let X be a vector lattice. A linear operator T from X into E is called, as
usual, a lattice homomorphism if T preserves finite suprema, i.e.

T (x1 ∨ ⋅ ⋅ ⋅ ∨ xn) = Tx1 ∨ ⋅ ⋅ ⋅ ∨ Txn (x1, . . . , xn ∈ X).

Moreover, it suffices to demand that the latter relation be true only for n := 2.

(3) A positive operator T is a lattice homomorphism if and only if for any

operator S : X → E with 0 ≤ S ≤ T there exists a multiplicator α for which

S = α ∘ T , i.e. the equality of order intervals [0, T ] = [0, IE] ∘ T holds.

⊲ Consider the sublinear operators P1, P2 : X2 → E, where

P1(x1, x2) := T (x1 ∨ x2) (x1, x2 ∈ X),

P2(x1, x2) := Tx1 ∨ Tx2 (x1, x2 ∈ X).

The assumption that T is a lattice homomorphism is equivalent to the equality
∂P1 = ∂P2. Direct calculation shows that

∂P1 = {(x1, x2) �→ T1x1 + T2x2 : T1, T2 ∈ L+(X,E), T1 + T2 = T}.

It remains to observe that, according to 2.1.8 (1),

∂P2 = {(x1, x2) �→ α1Tx1 + α2Tx2 : α1, α2 ∈ M(E), α1 + α2 = IE},

whence the required claim follows easily. ⊳

2.1.9. Recall that an element x in the positive cone X+ of an ordered vector
space X is said to be discrete if [0, x] = [0, 1]x. Here [0, x] and [0, 1] denote order
intervals in X and ℝ respectively. It follows from 2.1.8 (3) that a lattice homomor-
phism with values in ℝ is the same as a discrete functional in L+(X,ℝ). Since [0, 1]
can be considered as an order interval [0, Iℝ] ⊂ L+(ℝ), it is natural to introduce
the following definition.

Let X be an ordered vector space and let E be a K-space. An operator
T ∈ L+(X,E) is said to be discrete if [0, T ] = [0, IE] ∘ T . Thus, if X is a vector
lattice then a discrete operator is just a lattice homomorphism. It is noteworthy
that discrete operators exist not only on vector lattices. Note also that discrete
operators as well as discrete functionals can be extended (we shall need this fact in
the sequel). First we establish the following auxiliary fact. A cone K in X is said
to be reproducing if X = K −K



Geometry of Subdifferentials 69

(1) Let X be an ordered vector space and T be an E-valued discrete operator

on X , i.e. T ∈ L+(X,E) and [0, T ] = [0, IE] ∘ T . Then, either E = {0} or the cone

X+ is reproducing.

⊲ Let 𝔛 := X+ − X+ and x0 ∈ X ∖ 𝔛. Now let f be a functional on X such
that ker(f) ⊃ 𝔛 and f(x0) = 1. Denote by f ⊗ e0 the operator x �→ f(x)e (x ∈ X).
Clearly, T + f ⊗ Tx0 ∈ [0, T ] whence Tx0 + Tx0 = αTx0 for some α ∈ [0, IE]. This
implies Tx0 = 0. Thus we conclude that either X = 𝔛 or T = 0. In the latter case
if E ∕= {0} and e ∈ E ∖ {0} then T + f ⊗ e ∈ [0, T ], and again 𝔛 = X . ⊳

(2) Kantorovich theorem for a discrete operator. Let X be an ordered

vector space and E be a K-space. Further, let X0 be a massive subspace of X

and let T0 ∈ L+(X0, E) be a discrete operator on X0. Then there exists a discrete

extension T of the operator T0 to the space X .

⊲ For the safe of diversity we give a proof following the classical pattern. First
let X = {x0 + tx1 : x0 ∈ X0, t ∈ ℝ} for some x1 ∈ X ∖X0. Put Tx1 := inf{T0x0 :
x0 ∈ X0, x1 ≤ x0} and T0 := T ↾ X0. It is clear that T is a positive operator (since
X0 is massive). If T ′ ∈ [0, T ], then by our assumption there is a multiplicator
α ∈ M(E) with T ′ ↾ X0 = αT ↾ X0, i.e. T ′x0 = αTx0 for all x0 ∈ X0. Since the
equalities

T ′x1 = inf{T ′x0 : x0 ∈ X0, x1 ≤ x0} = αTx1;

(T − T ′)x1 = inf{(T − T ′)x0 : x0 ∈ X0, x1 ≤ x0} = (IE − α) ∘ Tx1,

hold, it follows that T ′ = α ∘ T .
Now let X =

∪
t Xt, where (Xt) is an upward-filtered (by inclusion) family of

subspaces containing X0. Assume the positive operators Tt : Xt → E to be discrete
and Ts to be a restriction of Tt to Xs whenever Xs ⊂ Xt. Consider the extension T

of the operator T0 to X defined by the relation Tx := Ttx (x ∈ Xt). Also introduce
two sublinear operators P, Pt : X → E by the formulas

P (x) := inf{Tx′ : x′ ∈ X, 0 ≤ x′, x ≤ x′},
Pt(x) := inf{Tx′ : x′ ∈ Xt, 0 ≤ x′, x ≤ x′}.

According to condition (1), P and Pt are total and, in addition,

∂P = [0, T ], ∂Pt = [0, Tt].
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Since the operator T is discrete, we have (Ttx)+ = Pt(x) for x and t with x ∈ Xt.
From this we deduce (Tx)+ = (Ttx)+ = Pt(x) ≥ P (x) ≥ (Tx)+. Consequently,
(Tx)+ = P (x) for all x ∈ X . Taking subdifferentials, we obtain [0, IE] ∘ T =
∂(x �→ (Tx)+) = ∂P = [0, T ], i.e. T is a discrete operator. By construction,
T ↾ X0 = T0. ⊳

2.1.10. In Subsections 2.1.5, 2.1.6, and 2.1.8 it was demonstrated amply how
important may be a detailed analytic description for the support set of a canonical
operator ε𝔄,E . The results to be given in the rest of this section are concerned with
integral representation of these support sets in various situations. First consider
the scalar case E := ℝ. We shall as usual write l∞(𝔄) instead of l∞(𝔄,ℝ) and,
ε𝔄 instead of ε𝔄,ℝ. Let P(𝔄) be the Boolean algebra of all subsets of a set 𝔄,
X# := L(X,ℝ) and let ba(𝔄) be the set of all bounded finitely additive measures
μ : P(𝔄) → ℝ. We call μ a probability measure if μ(A) ≥ 0 (A ⊂ 𝔄) and μ(𝔄) = 1.
It is well-known that the Banach dual space l∞(𝔄)′ is linearly isometric and lattice
isomorphic to ba(𝔄). The isomorphism is implemented by assigning the integral
Iμ : l∞(𝔄) → ℝ to a measure μ, i.e.

Iμ(f) :=
∫

𝔄

f(α) dμ(α) (f ∈ l∞(𝔄)).

The next two facts are straightforward from these observation.

(1) The support set ∂ε𝔄 is bijective with the set of all finitely additive proba-

bility measures on 𝔄.

(2) If 𝔄 is a weakly bounded set in X#, then ϕ ∈ cop(𝔄) if and only if there

exists a finitely additive probability measure μ on 𝔄 such that

ϕ(x) =
∫

𝔄

⟨x ∣ α⟩ dμ(α) (x ∈ X).

As usual, we assign ⟨x ∣ α⟩ := α(x) (α ∈ X#, x ∈ X).
Now suppose that 𝔄 is a compact topological space. Denote by εc𝔄 the re-

striction of ε𝔄 to the subspace C(𝔄) of real-valued continuous functions on 𝔄. Let
rca(𝔄) be the space of all regular Borel measures on the compactum 𝔄. According
to the Riesz-Markov theorem, the spaces C(𝔄)′ and rca(𝔄) are linearly isomet-
ric and lattice isomorphic. An isomorphism may be again defined by assigning to
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a measure μ the integral Iμ that is associated with the measure. From this we
immediately deduce the following statements.

(3) The support set ∂εc𝔄 can be identified with the set of all regular Borel

probability measures on 𝔄.

(4) Let 𝔄 be a weakly compact (i.e. σ(X#, X)-compact) set of functionals on

X . For ϕ ∈ X# we have ϕ ∈ cop(𝔄) if and only if there exists a regular Borel

probability measure μ on 𝔄 such that

ϕ(x) =
∫

𝔄

⟨x ∣ α⟩ dμ(α) (x ∈ X).

The similar results for a general canonical operator are connected with measure
and integration theory in K-spaces. The detailed presentation of such theory falls
beyond the scope of the present book. We restrict ourselves to a sketch and frag-
mentary description of corresponding integration as well as related results on the
structure of a canonical operator and the elements of its subdifferential.

2.1.11. Consider a nonempty set 𝔄 and a σ-algebra A of the subsets of 𝔄. We
shall call the mapping μ : A → E an (E-valued) measure if μ(∅) = 0 and for every
sequence (An) of pairwise disjoint sets An ∈ A the equality holds

μ

( ∞∪

n=1

An

)

=
∞∑

n=1

μ(An) := o-lim
n

n∑

k=1

μ(Ak).

We say that a measure μ is positive and write μ ≥ 0 if μ(A) ≥ 0 for all A ∈ A .
Denote the set of all bounded E-valued measures on a σ-algebra A by

ca(𝔄,A , E). If μ, ν ∈ ca(𝔄,A , E) and t ∈ ℝ, then we put by definition

(μ + ν)(A) := μ(A) + ν(A) (A ∈ A );

(tμ)(A) := tμ(A) (A ∈ A );

μ ≥ ν ↔ μ− ν ≥ 0.

One can prove that ca(𝔄,A , E) is a K-space. In particular, every measure μ : A →
E has the positive part μ+ := μ ∨ 0 and the negative part μ− := (−μ)+ = −μ ∧ 0.
It is easy to verify that

μ+(A) = sup{μ(A′) : A′ ∈ A , A′ ⊂ A} (A ∈ A ).



72 Chapter 2

In the sequel, we shall consider special E-valued measures. Suppose that 𝔄 is
a (compact) topological space and A is the Borel σ-algebra. A positive measure
μ : A → E is said to be regular if for every A ∈ A we have μ(A) = inf{μ(U) : U ⊃
A, U ∈ Op(𝔄)}, where Op(𝔄) is the collection of all open subsets of 𝔄. If the latter
condition is true only for closed A ∈ A , then μ is called quasiregular. Finally, an
arbitrary measure μ : A → E is said to be regular (quasiregular) if the positive
measures μ+ and μ− are regular (quasiregular). Let rca(𝔄, E) and qca(𝔄, E) be
the sets of E-valued Borel measures, regular and quasiregular respectively. It is
seen from the definitions that rca(𝔄, E) and qca(𝔄, E) are vector sublattices in
ca(𝔄,A , E). Clearly, the supremum (infimum) of the increasing (decreasing) family
of quasiregular measures bounded in ca(𝔄,A , E) will also be quasiregular. The
same holds for regular measures. Thus qca(𝔄, E) and rca(𝔄, E) are K-spaces.

2.1.12. We also introduce several spaces of continuous abstract valued func-
tions which are needed in our discussion. Denote E(e) :=

∪{[−ne, ne] : n ∈ ℕ},
where e ∈ E+. Clearly, E(e) is a K-space with strong unit e. In E(e) one can
introduce the norm

∥u∥e := inf{λ > 0 : ∣u∣ ≤ λe} (u ∈ E(e)).

It is well-known that (E(e), ∥ ⋅ ∥e) is a Banach lattice. Let C(𝔄, E(e)) be the space
of all mappings from 𝔄 into E(e) continuous in the sense of the norm ∥ ⋅ ∥e. Then,
put

Cr(𝔄, E) :=
∪{

C(𝔄, E(e)) : e ∈ E+)
}

and call the elements of this set r-continuous functions.
It is clear that Cr(𝔄, E) is contained in l∞(𝔄, E), since in E(e) norm bound-

edness coincides with order boundedness. Moreover, Cr(𝔄, E) is a vector sublattice
in l∞(𝔄, E).

(1) For any f ∈ Cr(𝔄, E) and ε > 0 there exist e ∈ E+ and finite collections

ϕ1, . . . , ϕn ∈ C(𝔄) and e1, . . . , en ∈ E such that

sup
α∈𝔄

∣
∣
∣
∣
∣
f(α) −

n∑

k=1

ϕk(α)ek

∣
∣
∣
∣
∣
≤ εe.

⊲ By the assumption, f ∈ C(𝔄, E(e)) for some e ∈ E+. According to the
Kakutani and Krĕın brothers theorem, E(e) is linearly isometric and lattice iso-
morphic to C(Q) for some extremally disconnected compactum Q. Therefore one
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can assume that f ∈ C(𝔄, C(Q)). However, the spaces C(𝔄, C(Q)) and C(𝔄 ×Q)
are isomorphic as Banach lattices. It remains to note that, according to the Stone-
Weierstrass theorem, the subspace of the functions (α, q) �→ ∑n

k=1 ϕk(α)ek(q),
where ϕ1, . . . , ϕn ∈ C(𝔄) and e1, . . . , en ∈ C(Q), is dense in C(𝔄×Q). ⊳

(2) Let us temporarily denote by C(𝔄)⊙E the set of all mappings f : 𝔄 → E

of the form
f(α) = o-

∑

ξ

ϕξ(α)eξ (α ∈ 𝔄),

where (ϕξ) is a uniformly bounded family of continuous functions on 𝔄 and (eξ)
is an order bounded family of pairwise disjoint elements of E. Call the mapping
f ∈ l∞(𝔄, E) piecewise r-continuous if for any nonzero band projection π in E there
exist a band projection 0 ∕= ρ ≤ π and an element e ∈ E+ such that for an arbitrary
ε > 0, one can choose an element h ∈ C(𝔄)⊙E for which supα∈𝔄 ρ∣f(α)−h(α)∣ ≤ εe.
Let Cπ(𝔄, E) be a space of all piecewise r-continuous mappings from 𝔄 into E. As
it is seen, Cπ(𝔄, E) is also a vector sublattice in l∞(𝔄, E). We can give another
description of the space Cπ(𝔄, E) using the representation of E as an order dense
ideal in C∞(Q), where Q is the Stone representation space of E. Namely a mapping
f : 𝔄 → E ⊂ C∞(Q) belongs to Cπ(𝔄, E) if and only if there exists a comeager set
(= the complementary set to a meager set) Q0 ⊂ Q and an element e ∈ E such
that the relation

g(t) : α �→ f(α)(t) (α ∈ 𝔄, t ∈ Q0)

determines a continuous vector-valued function g : Qo → C(𝔄) and ∥g(t)∥C(𝔄) ≤
e(t) (t ∈ Q0).

2.1.13. Now define the integral with respect to an arbitrary measure μ ∈
ca(𝔄,A , E).

(1) Denote by St(𝔄,A ) the set of all functions ϕ : 𝔄 → ℝ of the form ϕ =
∑n

k=1 akχAk , where A1, . . . , An ∈ A , a1, . . . , an ∈ ℝ, and χA is the characteristic
function of a set A. Construct the operator Iμ : St(𝔄,A ) → E by putting

Iμ

(
n∑

k=1

akXAk

)

:=
n∑

k=1

akμ(Ak).

As it is seen Iμ is a linear operator; moreover, the normative inequality holds

∣Iμ(f)∣ ≤ ∥f∥∞∣μ∣(𝔄) (f ∈ St(𝔄,A )),
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where ∥f∥∞ := supα∈𝔄 ∣f(𝔄)∣. The subspace St(𝔄,A ) is dense with respect to
the norm in the space l∞(𝔄,A ) of all bounded measurable functions. Therefore
Iμ admits a unique linear extension (by continuity ) to l∞(𝔄,A ), with the above-
mentioned normative inequality being preserved. In particular, if 𝔄 is a compactum
and A is the Borel σ-algebra, then Iμ(f) is defined for every continuous function
f ∈ C(𝔄). Note also that Iμ ≥ 0 if and only if μ ≥ 0.

(2) Let F be another K-space and μ ∈ ca(𝔄,A , Lr(E, F )), where Lr(E, F )
is the space of all regular operators from E into F , as usual. Then the integral
Iμ : C(𝔄) → E can be extended to Cr(𝔄, E). Identify the algebraic tensor product
C(𝔄) ⊗E with a subspace in Cr(𝔄, E), assigning the mapping α �→ ∑n

k=1 ϕk(α)ek
(α ∈ 𝔄) to

∑n
k=1 ϕk ⊗ ek, where ek ∈ E and ϕk ∈ C(𝔄). Define Iμ on C(𝔄) ⊗ E

by the formula

Iμ

(
n∑

k=1

ϕk ⊗ ek

)

:=
n∑

k=1

Iμ(ϕk)ek.

If f ∈ Cr(𝔄, E), then according to 2.1.12 (1) there exist e ∈ E+ and a sequence
(fn) ⊂ C(𝔄) ⊗E such that

sup
α∈𝔄

∣f(α) − fn(α)∣ ≤ 1
n
e.

Put by definition Iμ(f) := o-lim Iμ(fn). Soundness of the above definitions can be
easily verified.

For each finitely additive measure μ : A → Lr(E, F ) the mapping Iμ :
Cr(𝔄, E) → F is a regular operator. Moreover, μ ≥ 0, if and only if Iμ ≥ 0.

(3) Finally, consider a measure μ with values in the space of o-continuous (=
normal) linear operators Ln(E, F ). Then Iμ can be extended to Cπ(𝔄, E).

Let again Iμ be defined on C(𝔄) as in (1). Then Iμ is a regular operator from
C(𝔄) into Ln(E, F ). Take a mapping f ∈ C(𝔄) ⊙ E of the form

f(α) =
∑

ξ∈�

ϕξ(α)eξ (α ∈ 𝔄),

where (eξ)ξ∈� is a bounded family of pairwise disjoint elements in E and (ϕξ)ξ∈�

is an uniformly bounded family of continuous functions on 𝔄. Put

Iμ(f) :=
∑

ξ∈�
Iμ(ϕξ)eξ.
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This definition is sound since for such family (eξ)ξ∈� and arbitrary ϕ ∈ C(𝔄), by
o-continuity of Iμ(ϕ), we have

Iμ

(

ϕ
∑

ξ∈�

eξ

)

= Iμ(ϕ)
∑

ξ∈�

eξ.

Some further extension of Iμ to Cπ(𝔄, E) is obtained with the help of 2.1.12 (2). In
fact, if f ∈ Cπ(𝔄, E) then in the algebra of band projections 𝔓(E) of the space E

there exists a partition of unity (= a family of pairwise disjoint elements whose least
upper bound equals unity, the identity projection) (πξ)ξ∈� such that each of the
mappings πξf is uniformly approximated by elements of C(𝔄)⊙E. More precisely,
for every ξ ∈ � there exist e ∈ E and a sequence (fn) ⊂ C(𝔄) ⊙E such that

sup
α∈𝔄

∣πξf(α) − fn(α)∣ ≤ 1
n
e.

Put Iμ(πξf) := o-lim Iμ(fn) and again Iμ(f) :=
∑

ξ Iμ(πξf).
It is easily verified that Iμ is a regular operator from Cπ(𝔄, E) into F ; moreover,

the relations Iμ ≥ 0 and μ ≥ 0 are equivalent.

Note that in definitions (1), (2) and (3) the countable additivity of the measure
μ was never used. However, it appears inevitably in analytical description for the
considered classes of operators.

2.1.14. Now we give several results about analytical representation of linear
operators which yields new formulas of subdifferentiation.

Suppose that for every n ∈ ℕ a directed set A(n) is given. Take a sequence
of decreasing nets (eα,n)α∈A(n) ⊂ [0, e] in a K-space E such that inf{eα,n : α ∈
A(n)} = 0 for each n ∈ ℕ. If for any such sequence the equality holds

inf
ϕ∈A

sup
n∈ℕ

eϕ(n),n = 0, A :=
∏

n∈ℕ

A(n),

then the K-space E is said to be (σ,∞)-distributive. For a K-spaces of countable
type (= with the countable chain condition) the property of (σ,∞)-distributivity
is equivalent to the regularity of the base. The latter means that the diagonal
principle is fulfilled in the Boolean algebra B(E): if a double sequence (bn,m)n,m∈ℕ

in B(E) is such that for every n ∈ ℕ the sequence (xn,m)m∈ℕ decreases and o-
converges to zero then there exists a strictly increasing sequence (m(n))n∈ℕ for
which o-limn→∞ xn,m(n) = 0.
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(1) Wright theorem. Let 𝔄 be a compact topological space and let E be an

arbitrary K-space. The mapping μ �→ Iμ implements a linear and lattice isomor-

phism of K-spaces qca(𝔄, E) and Lr(C(𝔄), E).

(2) Theorem. Let a K-space E be (σ,∞)-distributive. Then

qca(𝔄, E) = rca(𝔄, E).

In addition, the mapping μ �→ Iμ implements a linear and lattice isomorphism of

K-spaces rca(𝔄, E) and Lr(C(𝔄), E).
We omit the proofs of the Wright theorem and its improvements contained

in (2), which demand considerations that are rather long and laborious in a technical
sense.

(3) For every regular operator T : C(𝔄) → Lr(E, F ) there exists a unique

regular operator ′T : Cr(𝔄, E) → F such that ′T (ϕ⊗ e) = (Tϕ)e for all ϕ ∈ C(𝔄)
and e ∈ E. The mapping T �→ ′T implements a linear and lattice isomorphism of

the K-spaces Lr(C(𝔄), Lr(E, F )) and Lr(Cr(𝔄, E), F ).
⊲ One can proved it with the help of 2.1.12, following the integral extension

scheme from 2.1.13 (2). ⊳
Now let Lπ(Cπ(𝔄, E), F ) denote the set of all regular operators T : Cπ(𝔄, E) →

F satisfying the following additional condition: for any partition of unity (πξ)ξ∈� ⊂
𝔓(E) and an arbitrary f ∈ Cπ(𝔄, E) we have Tf =

∑
ξ∈� T (πξf).

(4) Theorem. For each regular operator T : C(𝔄) → Ln(E, F ) there exists

a unique operator ′T ∈ Lπ(Cπ(𝔄, E), F ) such that ′T (ϕ⊗ e) = T (ϕ)e for all e ∈ E

and ϕ ∈ C(𝔄). The transformation T �→ ′T is a linear and lattice isomorphism of

the K-spaces Lr(C(𝔄), Ln(E, F )) and Lπ(Cπ(𝔄, E), F ).
⊲ The proof of this fact leans on 2.1.12 (2), 2.1.13 (3), as in (3), and also on the

following statement: A regular operator S : E → F is order continuous if and only if
Se =

∑
ξ∈� S(πξe) for each e ∈ E and for any partition of unity (πξ)ξ∈� ⊂ 𝔓(E). ⊳

Now, we can sum up what was said above in the following two theorems about
integral representation of linear operators.

(5) Theorem. The general form of a linear operator T belonging to the class

Lr(Cr(𝔄, E), F ) is given by the formula

Tf =
∫

𝔄

f(α) dμ(α) (f ∈ Cr(𝔄, E)),
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where μ ∈ qca(𝔄, Lr(E, F )).

(6) Theorem. The general form of a linear operator T belonging to the class

Lπ(Cπ(𝔄, E), F ) is given by the formula

Tf =
∫

𝔄

f(α) dμ(α) (f ∈ Cπ(𝔄, E)),

where μ ∈ qca(𝔄, Ln(E, F )).

2.1.15. Denote by εr𝔄 := εr𝔄,E and επ𝔄 := επ𝔄,E the restrictions of the canonical
operator ε𝔄,E to Cr(𝔄, E) and Cπ(𝔄, E) respectively.

(1) For an increasing sublinear operator P : E → F the representation holds

∂ (P ∘ εr𝔄) =
{
Iμ(⋅) : μ ∈ qca(𝔄, Lr(E, F ))+, μ(𝔄) ∈ ∂P

}
.

⊲ If ιr is the identity embedding of Cr(𝔄, E) into l∞(𝔄, E), then by 1.4.14 (4)
there holds

∂ (P ∘ εr𝔄) = ∂ (P ∘ ε𝔄 ∘ ιr) = ∂ (P ∘ ε𝔄) ∘ ιr.

It remains to apply 2.1.5 (2) and 2.1.14 (5). ⊳

(2) For an increasing o-continuous sublinear operator P : E → F the repre-

sentation holds

∂ (P ∘ επ𝔄) = {Iμ(⋅) : μ ∈ qca(𝔄, Ln(E, F )), μ(𝔄) ∈ ∂P} .

⊲ Let ιπ be the identity embedding of Cπ(𝔄, E) into l∞(𝔄, E). Then again by
1.4.14 (4) we have

∂ (P ∘ επ𝔄) = ∂ (P ∘ ε𝔄 ∘ ιπ) = ∂ (P ∘ ε𝔄) ∘ ιπ .

The proof is now concluded by the application of 2.1.5 (2) and 2.1.14 (6). ⊳

(3) The integral representation holds:

∂επ𝔄,E =
{
Iμ(⋅) : μ ∈ qca (𝔄,Orth(E))+, μ(𝔄) = IE

}
.
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⊲ We need to put P := IE in (2) and note that if μ ∈ qca(𝔄, Ln(E,E))+ then
it follows from μ(𝔄) = IE that μ(A) ∈ Orth(E) for all A ∈ A . ⊳

(4) If a K-space E is (σ,∞)-distributive, then

∂επ𝔄,E =
{
Iμ(⋅) : μ ∈ rca(𝔄,Orth(E))+, μ(𝔄) = IE

}
.

2.1.16. Theorem. Let a mapping p : X × 𝔄 → E possesses the following

properties: x �→ p(x, α) (x ∈ X) is a sublinear operator for all α ∈ 𝔄 and α �→
p(x, α) (α ∈ 𝔄) is a piecewise r-continuous mapping for all x ∈ X . Put

q(x) := sup{p(x, α) : α ∈ 𝔄}.

Then the operator q : X → E is sublinear and the following representation is valid:

∂q =
∪{

∂
(∫

𝔄

p(⋅, α) dμ(α)
)

: μ ∈ qca(𝔄,Orth(E))+, μ(𝔄) = IE
}
.

If the K-space E is (σ,∞)-distributive, then one can write rca(𝔄, E) instead of
qca(𝔄, E) in this formula.

⊲ Introduce the operator P : X → Cπ(𝔄, E) by the formula

P (x) : α �→ p(x, α) (α ∈ 𝔄).

Then q = επ𝔄 ∘ P and, according to 2.1.6 (3), we obtain

∂q =
∪

{∂(T ∘ P ) : T ∈ ∂επ𝔄} .

It remains to apply 2.1.15 (3). The second part can be establish similarly on apply-
ing 2.1.15 (4). ⊳

2.2. The Extremal Structure of Subdifferentials

Now we proceed with the study of the intrinsic structure of support sets from
a geometrical point of view. According to the scalar theory there is a natural in-
terconnection between discrete functionals and extreme points which leads to the
classical Krĕın-Mil′man theorem. On the other hand, the validity of the Kan-
torovich extension theorem for a discrete operator suggests that the support sets
of general operators are analogous to the usual subdifferentials of convex functions.
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In fact, such analogy can be drawn on rather deeply and completely. Further we
shall discuss the analogy in detail. Now we only note that in the case of operators
a statement holds which is more delicate than a possibility of reconstruction of
support sets from their extreme points.

2.2.1. Let P : X → E be a sublinear operator. Denote by the symbol Ch(P )
the collection of all extreme points of the support set ∂P . This notation emphasizes
G. Choquet’s contribution to the study of convex sets. Take another K-space F

and let T ∈ L+(E, F ). We call an operator S ∈ ∂P a T -extreme point of ∂P (or
a T -extreme point of P ) and write S ∈ E (T, P ) if T ∘S ∈ Ch(T ∘P ). If 𝔏 is a family
of positive operators, then we put

E (𝔏, P ) :=
∩

T∈𝔏

E (T, P ).

Recall that an operator T is said to be order-continuous, or o-continuous if
T (inf U) = inf T (U) for any bounded below and downward-filtered set U in E.
Let 𝔏0 be the class of all o-continuous operators defined on a K-space E and tak-
ing their values in arbitrary K-spaces. The set E (𝔏0, P ) is denoted by the symbol
E0(P ) and its elements are called o-extreme points of ∂P (or P ).

2.2.2. Krĕın-Mil′man theorem for o-extreme points. Every support set

is the support hull of the set of its o-extreme points. Symbolically,

∂P = ∂(εE0(P )) ∘ ⟨E0(P )⟩.

⊲ Consider the set F of all sublinear operators P ′ : X → E such that ∂P ′ ⊂
∂P and ∂(T ∘ P ′) is an extreme subset of ∂(T ∘ P ) for each o-continuous operator
T defined on E. Clearly, P ∈ F . Order F in a conventional way by putting
P1 ≤ P2 ↔ ∂P1 ⊂ ∂P2, and verify that F is inductive.

Consider an arbitrary chain ℭ in F . First of all, observe that for any x ∈ X

the family {P ′(x) : P ′ ∈ ℭ} filters. Moreover, 0 ≤ P ′(x)+P ′(−x) ≤ P ′(x)+P (−x)
so that the element P0(x) := inf{P ′(x) : P ′ ∈ ℭ} is defined. Evidently, the operator
P0 : X → E arising from this formula is sublinear. Verify that P0 ∈ ℭ. To this
end take an o-continuous operator T , numbers α1, α2 > 0 and operators S1, S2 ∈
∂(T ∘ P ) satisfying the condition α1 + α2 = 1 and α1S1 + α2S2 ∈ ∂(T ∘ P0). Since
∂(T ∘ P ′) is an extreme set for any P ′ ∈ ℭ and contains ∂(T ∘ P0), it follows that
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S1 ∈ ∂(T ∘ P ′) and S2 ∈ ∂(T ∘ P ′). According to the o-continuity of the operator
T , we obtain

S1x ≤ inf{T ∘ P ′(x) : P ′ ∈ ℭ} = T inf{P ′(x) : P ′ ∈ ℭ} = T ∘ P0(x).

Therefore, S1 ∈ ∂(T ∘ P0). Similarly, S2 ∈ ∂(T ∘ P0).
By the Kuratowski-Zorn lemma there is a minimal element Q in F . Denote

Qx : h �→ inf
α>0

α−1(Q(x + αh) −Q(x)).

Clearly, Qx ≤ Q and ∂Q(x) = ∂Qx = {S ∈ ∂Q : Sx = Q(x)}. Moreover, for any
o-continuous operator T we have

∂(T ∘Qx) = ∂(T ∘Q)x = ∂(T ∘Q)(x)

= {S ∈ ∂(T ∘Q) : Sx = T ∘Q(x)}.

Let α1S1 + α2S2 ∈ ∂(T ∘ Qx) holds for some S1, S2 ∈ ∂(T ∘ P ) and for numbers
α1, α2 > 0 with α1 + α2 = 1. Then S1, S2 ∈ ∂(T ∘ Q), since ∂(T ∘ Q) is an
extreme set and the inclusion ∂(T ∘ Qx) ⊂ ∂(T ∘ Q) holds. In addition, by the
above α1S1x + α2S2x = T ∘Q(x). Therefore,

0 ≥ α1(S1x− T ∘Q(x)) + α2(S2x− T ∘Q(x)) = 0.

Thus S1, S2 ∈ ∂(T ∘Q)(x) = ∂(T ∘Qx). Finally, we conclude that Q belongs to F ,
whence, by the minimality of Q, it follows that Qx = Q. Since x ∈ X is arbitrary,
Q is a linear operator. Hence Q ∈ E0(P ).

Thus, we have established that there are o-extreme points in each support set.
Therefore, to complete the proof it suffices to observe that E0(P ) ⊂ E0(Px) for every
x ∈ X . This is true according to the above-mentioned fact that ∂(T ∘ Qx) is an
extreme subset of ∂(T ∘ Q) for any o-continuous operator T and for an arbitrary
sublinear operator Q. Thus for every x ∈ X the estimates hold

P (x) ≥ sup{Sx : S ∈ E0(P )} ≥ sup{Sx : S ∈ E0(Px)} = P (x)

which complete the proof. ⊳
It is seen from the proof that Theorem 2.2.2 remains valid under somewhat

weaker assumptions (cf. 2.3.7). For instance, it is sufficient to require that the space
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E and the image spaces of the considered order-continuous operators possess only
the chain completeness property, and being not necessarily K-spaces. Recall that an
ordered set is chain complete if every bounded upward-filtered set possesses a least
upper bound. Here the following remark is relevant. Since Ch(P ) = E (IE , P ); the
Krĕın-Mil′man theorem, as formulated, implies in particular that a subdifferential
can be recovered from the set of its extreme points.

Now we develop a technique for recognizing the extreme and o-extreme points
of subdifferentials which we shall need in the sequel.

2.2.3. For an operator S in ∂P the following statements are equivalent:

(1) the operator T ∘ S belongs to E (T ∘ P );

(2) for all operators T1, T2, S1, S2 satisfying the conditions

T1, T2 ∈ L+(E, F ), S1, S2 ∈ L(X,F ),

T1 + T2 = T, T ∘ S = S1 + S2,

S1 ∈ ∂(T1 ∘ P ), S2 ∈ ∂(T2 ∘ P ),

the equalities T1 ∘ S = S1 and T2 ∘ S = S2 are true;

(3) for the operator A : (x, y) �→ y − Sx, defined on the ordered space X ×E

with positive cone epi(P ), the equality of order segments holds

[0, T ] ∘ A = [0, T ∘ A ].

⊲ (1) → (2): If the operators T1, T2, S1, S2 satisfy conditions (2) then the
relations hold

2T ∘ S = (T1 ∘ S + S2) + (S1 + T2 ∘ S);

T1 ∘ S + S2 ∈ ∂(T ∘ P ),

S1 + T2 ∘ S ∈ ∂(T ∘ P ).

Thus by (1) we have T ∘ S = T1 ∘ S + S2 = S1 + T2 ∘ S, whence T1 ∘ S = S1 and
T2 ∘ S = S2.

(2) → (3): First of all observe that the operator B : (x, y) �→ Uy − V x, where
U ∈ L(E, F ) and V ∈ L(X,F ), is positive on the space X × E endowed with the
above-mentioned order, if and only if U ∈ L+(E, F ) and V ∈ ∂(U ∘ P ). It follows
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that the operator A is positive since S ∈ ∂P . Therefore [0, T ] ∘ A ⊂ [0, T ∘ A ].
If (2) holds for S, and the operator B is positive and dominated by the operator
T ∘A , then U, T −U ∈ L+(E, F ). Moreover, V ∈ ∂(U ∘P ) and we have T ∘S−V ∈
∂((T −U) ∘P ). Applying (2) for the operators T1 := U , T2 := T −U , S1 := V , and
S2 := T ∘ S − V , we obtain V = S1 = T1 ∘ S = U ∘ S. Thus, B = U ∘ A , where
U ∈ [0, T ].

(3) → (1): Let S satisfy (3) and T ∘S = α1S1 +α2S2, where S1, S2 ∈ ∂(T ∘P )
and α1, α2 ≥ 0, α1 +α2 = 1. Consider an operator B(x, y) := α1Ty−α1S1x. Then
B ∈ [0, T ∘ A ] according to the relations

(T ∘ A − B)(⋅, 0) = −α2S2, (T ∘ A − B)(0, ⋅) = α1T.

Thus the equation T1∘A = B holds for some T1 ∈ [0, T ]. In other words, T1 = α1T

and T1 ∘ S = α1S1. This means that S1 = T ∘ S. ⊳

2.2.4. Recall several notions of K-space theory which will be of use in the
sequel. Let T be a positive operator acting from a vector lattice E into a K-space
F . The set N(T ) := {e ∈ E : T ∣e∣ = 0} is called the null ideal of T . If T is an o-
continuous operator then N(T ) is a band in E (see 1.5.1). The disjoint complement
N(T )d := {e ∈ E : (∀z ∈ N(T ))∣e∣ ∧ ∣z∣ = 0} is also a band. It is called the band
of essential positivity of T , or the carrier of T . This title reflects the fact that the
element z ∈ N(T )d is strictly positive, i.e., z ≥ 0 and z ∕= 0, if and only if the
element Tz is strictly positive.

For any band N in a K-space E there is a projection PrN onto N . The
operator PrN is given for e ∈ E+ by the relation PrN e := sup[0, e] ∩ N and is
called a band projection. The soundness of this definition can be easily verified.
The band projection PrN(T )d determined by the carrier of T is denoted by the
symbol PrT .

2.2.5. Theorem. An operator S ∈ ∂P belongs to E (T, P ) if and only if for

any x ∈ X , y ∈ E the equality holds:

Ty+ = inf
u∈X

(T ((P (u) − Su) ∨ (P (u− x) − S(u− x) + y))).

⊲ For every element (x, y) ∈ X × E the relations

(x, y ∨ Px) ∈ epi(P ), (0, y ∨ P (x) − y) ∈ epi(P )
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are true. Hence the following set is nonempty:

U(x,y) := {(u, v) ∈ X ×E : P (u) ≤ v, P (u− x) ≤ v − y}.

Thus the operator

P1 : (x, y) �→ inf{T ∘ A (u, v) : (u, v) ∈ U(x,y)},

where, as above, A (u, v) := v − Su, is defined correctly. Clearly, the operator
P1 : X × E → F is sublinear; moreover, ∂P1 = [0, T ∘ A ]. It is well known
(and easily verifiable) that ∂P2 = [0, T ] ∘ A holds for the sublinear operator P2 :=
(y �→ Ty+) ∘ A . Therefore, according to 1.4.14 (2), the equality of order segments,
indicated in 2.2.3 (3), holds if and only if P1 = P2. The latter means that for all
x ∈ X and y ∈ E we have

T (y − Sx)+ = inf
u∈X, v∈E

{Tv − T ∘ Su : P (u) ∨ (y + P (u− x)) ≤ v}
= inf

u∈X
(T (P (u) ∨ (y + P (u− x)) − T ∘ Su)

= inf
u∈X

(T (P (u) ∨ (y + P (u− x)) − Su))

= inf
u∈X

(T ((P (u) − Su) ∨ (P (u− x) − S(u− x) + y − Sx))).

Since x ∈ X and y ∈ E are arbitrary the above equality is equivalent to the one
required. ⊳

2.2.6. Now we list some useful corollaries of Theorem 2.2.5.

(1) Let T be a positive o-continuous operator and S ∈ E (T, P ). For the

projection PrT onto the carrier of T the inclusion holds: PrT ∘S ∈ Ch(PrT ∘P ).

(2) If 𝔏 is a set of o-continuous lattice homomorphisms defined on the target

space of P , then E (𝔗, P ) = Ch(P ).

(3) If the cone epi(P ) is minihedral (i.e., the ordered vector space (X ×
E, epi(P )) is a vector lattice), then E (T, P ) ⊃ Ch(P ) for any T . Moreover,

E0(P ) = Ch(P ).
⊲ In this case for the set U(x,y) mentioned in the proof of Theorem 2.2.5, we

have U(x,y) = {(u, v) : (x, y)+ ≤ (u, v)}. Consequently, the equality [0, T ∘ A ] =
[0, T ] ∘ A can be rewritten as T (A (x, y))+ = T ∘ A (x, y)+ for all (x, y) ∈ X × E
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and for the considered S ∈ ∂P in the notation of 2.2.5. Since by the assumption
S ∈ Ch(P ) implies the equality A (x, y)+ = (A (x, y))+, it follows that the intervals
[0, T ∘ A ] and [0, T ] ∘ A coincide, which means that S is a T -extreme point. ⊳

(4) If 𝔏 is the order segment [0, T ], then E (𝔏, P ) = E (T, P ).

(5) Let � be a bounded (above) upward-filtered set of o-continuous lattice

homomorphisms of F into a K-space W . For any 𝔗 ⊂ L+(E, F ) we have E (sup � ∘
𝔏, P ) = E (� ∘ 𝔏, P ).

(6) If F = W and � is an arbitrary family of projections, then E (sup � ∘𝔏, P ) =
E (� ∘ 𝔏, P ).

In particular, the above implies that in order to find o-extreme points it suffices
to consider only “big” operators with “small” images. So if E is a type (L) Banach
lattice and 𝔏 is the family of all operators defined on E with values in regularly
ordered spaces then E (𝔗, P ) = E (1, P ), where 1 is a strong order unit in the dual
Banach lattice E′.

Now let Q1, Q2 : X → E be two sublinear operators (positive, for simplicity),
and T ∈ L+(E, F ), where F is another K-space, as usual. Similarly as with the
inverse sum (see 1.3.8 (4)), put

(Q1#TQ2)(x) := inf
x1+x2=x

T (Q1(x1) ∨Q2(x2)).

Using the vector minimax theorem, one can easily check (cf. 1.3.10 (5)) that the
following sup-representation is true:

Q1#TQ2 = sup
T1≥0, T2≥0
T1+T2=T

(T1 ∘Q1 ⊕ T2 ∘Q2),

where the least upper bound is calculated pointwise.

(7) Given an operator S in ∂P , denote

Q1 := P − S, Q2(x) := Q1(−x) (x ∈ X).

Then the following equivalences are true

S ∈ E (T, P ) ↔ Q1#TQ2 = 0 ↔ T ∘Q1 ⊕ T ∘Q2 = 0.
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⊲ The implication S ∈ E (T, P ) ↔ Q1#TQ2 = 0 is straightforward from 2.2.5.
For the converse observe that if Q1#TQ2 = 0 then T ′ ∘Q1 ⊕ (T − T ′) ∘Q2 = 0 for
every 0 ≤ T ′ ≤ T . In particular, T ∘Q1 ⊕ T ∘Q2 = 0 and, moreover,

0 = inf
u∈X

(T ((P (u) − Su) ∨ (P (u− x) − S(u− x)))).

On applying the vector minimax theorem again (see 1.3.10 (5) and 4.1.10 (2)), we
successively derive

inf
u∈X

(T ((P (u) − Su) ∨ (P (u− x) − S(u− x) + y)))

= sup
T1≥0, T2≥0
T1+T2=T

(

inf
u∈X

(T1(P (u) − Su) + T2(P (u− x) − S(u− x))) + T2y

)

= sup{T2y : T1 ≥ 0, T2 ≥ 0, T1 + T2 = T}
= sup{T ′y : T ′ ∈ [0, T ]} = Ty+,

whence S ∈ E (T, P ) by 2.2.5. The second equivalence is immediate from the sup-
representation of Q1#TQ2. ⊳

(8) Let an operator P be given as P := ε𝔄 ∘ ⟨𝔄⟩. An operator S ∈ ∂P is an

extreme point of ∂P if and only if for every β ∈ L(l∞(𝔄, E), E) the conditions

β ≥ 0, β ∘�𝔄 = IE , β ∘ ⟨𝔄⟩ = S

imply the relation

β∣⟨𝔄⟩x−�𝔄 ∘ Sx∣ = 0 (x ∈ X).

⊲ According to (7), S ∈ Ch(P ) if and only if for every x ∈ X we have

0 = inf
u∈X

(
ε𝔄 (⟨𝔄⟩(x + u) −�𝔄 ∘ S(u + x))

∨ ε𝔄 (⟨𝔄⟩(u− x) −�𝔄 ∘ S(u− x))
)

= inf
u∈X

ε𝔄 (⟨𝔄⟩u−�𝔄 ∘ Su + ∣⟨𝔄⟩x−�𝔄 ∘ Sx∣) .
So, applying 2.1.5 (1) and the vector minimax theorem, we can continue

0 = sup
β∈∂ε𝔄

inf
u∈X

β ∘ (⟨𝔄⟩u−�𝔄 ∘ Su) + ∣⟨𝔄⟩x−�𝔄 ∘ Sx∣)

= sup
β∈∂ε𝔄

inf
u∈X

(β ∘ ⟨𝔄⟩u− β ∘�𝔄 ∘ Su + β∣⟨𝔄⟩x−�𝔄 ∘ Sx∣)

= sup
β∈∂ε𝔄

(β∣⟨𝔄⟩x−�𝔄 ∘ Sx∣) + inf
u∈X

(β ∘ ⟨𝔄⟩u− Su)

= sup
β≥0, β∘�𝔄=IE

β∘⟨𝔄⟩=S

β∣⟨𝔄⟩x−�𝔄 ∘ Sx∣,
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which was required. ⊳

(9) An operator S ∈ ∂ε𝔄 is T -extreme if and only if

T ∣Sf ∣ = TS∣f ∣ (f ∈ l∞(𝔄, E)).

⊲ First of all, taking (7) into consideration, by analogy with (8) we derive that
S is a T -extreme point if and only if

0 = inf
u∈l∞(𝔄,E)

T
(
ε𝔄 (u−�𝔄 ∘ Su) + ∣f −�𝔄 ∘ Sf ∣).

According to the vector minimax theorem, we conclude

S ∈ E (T, P ) ↔ (∀R ∈ ∂ (T ∘ ε𝔄))

0 ≥ inf
u

(R (u−�𝔄 ∘ Su) + ∣f −�𝔄 ∘ Sf ∣)
= R∣f −�𝔄 ∘ Sf ∣ + inf

u
(Ru + −R ∘�𝔄 ∘ Su)

= R∣f −�𝔄 ∘ Su)∣ + inf
u

(Ru− T ∘ Su)

↔ (R = T ∘ S → R∣f −�𝔄 ∘ Sf ∣ = 0)

↔ T ∘ S∣f −�𝔄 ∘ Sf ∣ = 0.

It remains to observe that

0 = T ∘ S∣f −�𝔄 ∘ Sf ∣ ≥ T (S∣f ∣ −�𝔄∣Sf ∣)
= TS∣f ∣ − T ∣Sf ∣ ≥ 0 → TS∣f ∣ = T ∣Sf ∣,

whence
TS∣f −�𝔄 ∘ Sf ∣ = T ∣Sf − S ∘�𝔄 ∘ Sf ∣ = 0. ⊳

2.2.7. Theorem. The following statements are equivalent:

(1) an operator S belongs to Ch(P );

(2) for any operators S1, S2 ∈ ∂P and for multiplicators α1, α2 ∈ [0, IE], with

α1 +α2 = IE and α1 ∘S1 +α2 ∘S2 = S there is a band projection π in E for which

π ∘ S = π ∘ S1 and πd ∘ S = πd ∘ S2, where πd := IE − π;
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(3) if for some operators S1, . . . , Sn ∈ ∂P and multiplicators α1, . . . , αn ∈
[0, IE] the equalities

n∑

k=1

αk = IE ,
n∑

k=1

αk ∘ Sk = S1

hold then αk ∘ S = αk ∘ Sk for every k := 1, . . . , n.
⊲ (1) → (2): If α1, α2, S1, S2 satisfy the conditions in (2), then in view of the

identity Ch(P ) = E (IE , P ) and Proposition 2.2.3 we have α1∘S = α1∘S1. Let π be
a band projection onto the carrier of α1. Taking into consideration the properties
of multiplicators, one can easily see that π ∘S1 = π ∘S. Moreover, since α1 ∘πd = 0,
we have

πd ∘ S =πd ∘ (α1 ∘ S1 + α2 ∘ S2)

=α1 ∘ πd ∘ S1 + α2 ∘ πd ∘ S2

=α2 ∘ πd ∘ S2 = (IE − α1) ∘ πd ∘ S2

=πd ∘ S2.

(2) → (3): Verify for instance that in (3) the condition αn ∘S = αn ∘Sn holds.
To this end, observe that

n−1∑

k=1

αk ∘ Sk ∈ ∂

(
n−1∑

k=1

αk ∘ (x �→ S1x ∨ ⋅ ⋅ ⋅ ∨ Sn−1x)

)

.

On applying the rules for calculation of subdifferentials, we come to the compati-
bility of the following conditions:

n−1∑

k=1

αk ∘ Sk =

(
n−1∑

k=1

αk

)

∘
n−1∑

l=1

βl ∘ Sl,

n−1∑

l=1

βl = IE , β1, . . . , βn−1 ∈ [0, IE].

Since

S′ :=
n−1∑

l=1

βl ∘ Sl ∈ ∂P,
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and moreover α1 + ⋅ ⋅ ⋅+αn−1 = IE −αn, we infer from the identity S = (IE −αn)∘
S′ + αn ∘ Sn that π ∘ Sn = π ∘ S and πd ∘ S = πd ∘ S for a certain band projection
π in E. Because multiplicators commute, it follows that

πd ∘ S = πd ∘ (IE − αn) ∘ S′ + πd ∘ αn ∘ Sn

= (IE − αn) ∘ πd ∘ S′ + αn ∘ πd ∘ Sn

= (IE − αn) ∘ πd ∘ S + αn ∘ πd ∘ Sn.

Hence αn ∘ πd ∘ S = αn ∘ πd ∘ Sn. Finally, we obtain

αn ∘ S = πd ∘ αn ∘ S + π ∘ αn ∘ Sn

= αn ∘ πd ∘ Sn + π ∘ αn ∘ Sn

= αn ∘ Sn.

(3) → (1): It follows from 2.2.3. ⊳

2.2.8. The established fact allows us to reveal one of the most important
peculiarities of the set of extreme points of subdifferentials, namely, the possibility
of their mixing, i.e., the cyclicity of Ch(P ).

(1) Let S1, S2 ∈ Ch(P ) and π be an arbitrary band projection in E. Then

π ∘ S1 + πd ∘ S2 ∈ Ch(P ).

⊲ Let S := αU + βV , where U, V ∈ ∂P and α, β ∈ [0, 1], α + β = 1. Clearly,

π ∘ S =απ ∘ U + βπ ∘ V = π ∘ S1,

πd ∘ S =απd ∘ U + βπd ∘ V = πd ∘ S2.

From this we derive

S1 = απ ∘ U + βπ ∘ V + πd ∘ S1;

S1 = απd ∘ U + βπd ∘ V + π ∘ S2.

By 2.2.7 we obtain απ∘U = απ∘S1, απd∘U = απd∘S2. Therefore we conclude
αS = απ ∘ S1 + απd ∘ S2 = απ ∘ U + απd ∘ U . It remains to refer to 2.2.3 once
again. ⊳
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Observe that for any family (Sξ)ξ∈� of elements of ∂P and any family of
multiplicators (αξ)ξ∈� such that

∑
ξ∈� αξ = IE we have

∑
ξ∈� αξ ∘ Sξ ∈ ∂P . Here

the operators are summed with respect to pointwise o-convergence. In other words,

S =
∑

ξ∈�

αξ ∘ Sξ ↔ (∀x ∈ X)Sx = o-
∑

ξ∈�

αξ ∘ Sξx,

where in turn
y = o-

∑

ξ∈�

xξ ↔ y = o-lim
θ∈�

sθ, sθ :=
∑

ξ∈θ

xξ

(here � stands for the set of all finite subsets of �). Finally, note that y = o-limxξ

means that there are an increasing family (aξ) and a decreasing family (bξ) such
that aξ ≤ xξ ≤ bξ and sup(aξ) = inf(bξ) = y.

The stated property of ∂P is referred to as strong operator convexity of a sup-
port set. The following statement relates to this property.

(2) Let (Sξ)ξ∈� be a family of elements of Ch(P ) and let (πξ)ξ∈� be a family

of band projections forming a partition of unity, i.e., such that

ξ1 ∕= ξ2 → πξ1 ∘ πξ2 = 0;
∑

ξ∈�

πξ = IE .

Then the operator
∑

ξ∈� πξ ∘ Sξ belongs to Ch(P ) too.

The last fact allows us to call a (weakly order bounded) set 𝔄 in L(X,E)
strongly cyclic if for any family (Sξ)ξ∈� of elements of 𝔄 and for an arbitrary
partition of unity (πξ)ξ∈� we have

∑
ξ∈� πξ ∘ Sξ ∈ 𝔄. The smallest strongly cyclic

set, containing the given set 𝔄, is said to be the strongly cyclic hull of 𝔄 and is
denoted by scyc(𝔄) or 𝔄 ↑↓ (cf. 2.4.2 (4)).

(3) scyc(E0(P )) ⊂ Ch(P ).
Now we study in more detail the connection between o-extreme and extreme

points.

2.2.9. Theorem. The set of extreme points of the support set of a canonical

operator ε𝔄 coincides with the set of lattice homomorphisms from l∞(𝔄, E) into E,

contained in ∂ε𝔄. Moreover, Ch(ε𝔄) = E0(ε𝔄).
⊲ The proof of this theorem can be extracted from 2.2.6 (8), (9). For the sake

of completeness we give an alternative proof which does not use the vector minimax
theorem.
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To begin with, prove the first part of the claim. Let μ ∈ Ch(ε𝔄) and μ′ ∈ [0, μ].
It is clear that the operator α′ := μ′∘�𝔄 lies in the order segment [0, IE]. Moreover
μ′ ∈ ∂ (α′ ∘ ε𝔄). Hence, according to the subdifferentiation rule 1.4.14 (5), we have
μ′ = α′ ∘ μ1 for some μ1 ∈ ∂ε𝔄. Similarly, μ − μ′ = (IE − α′) ∘ μ2 for suitable
μ2 ∈ ∂ε𝔄. Thus we get the representation μ = α′∘μ1+(IE−α′)∘μ2. Consequently,
by Theorem 2.2.7 α′ ∘ μ = α′ ∘ μ1 = μ′ and [0, μ] = [0, IE] ∘ μ. Thus, in virtue of
2.1.8 (3) μ is a lattice homomorphism.

Now let μ ∈ ∂ε𝔄 and μ be a lattice homomorphism. If μ = α1 ∘ μ1 + α2 ∘ μ2,
where μ1, μ2 ∈ ∂ε𝔄 and α1, α2 ≥ 0, α1 + α2 = IE , then, in view of 2.1.8 (3),
α1 ∘ μ1 = α ∘ μ for some α ∈ [0, IE]. Since μ1 ∘�𝔄 = μ ∘�𝔄 = IE (see 2.1.5 (2)),
it follows that α = α1IE and so μ1 = μ.

To prove the second part of the theorem it suffices to establish that the cone

epi
(
ε+
𝔄

)
=
{
(f, y) ∈ l∞(𝔄, E) ×E : ε+

𝔄(f) ≤ y
}

is minihedral. Here ε+
𝔄(f) := ε𝔄(f))+. Indeed, if it is done then, by 2.2.6 (3), we

have E0(ε+
𝔄) = Ch(ε+

𝔄). Moreover, if α1 ∘μ1 +α2 ∘μ2 ∈ ∂ε𝔄 and μ1, μ2 ∈ ∂ε+
𝔄 then,

in view of the relation ∂ε+
𝔄 = [0, IE]∘∂ε+

𝔄 following from the subdifferentiation rules
1.4.14 (5) and 2.1.5 (3), we obtain μ1∘�𝔄, μ2∘�𝔄 ∈ [0, IE]; in addition, α1μ1∘�𝔄+
α2μ2 ∘�𝔄 = IE . It follows that μ1 ∘�𝔄 = μ2 ∘�𝔄 = IE . Therefore μ1, μ2 ∈ ∂ε𝔄.
Thus ∂ε𝔄 is an extreme subset in ∂ε+

𝔄. Consequently Ch (ε𝔄) ⊂ Ch
(
ε+
𝔄

)
= E0

(
ε+
𝔄

)
.

Hence if μ ∈ Ch (ε𝔄) then T ∘ μ ∈ Ch
(
T ∘ ε+

𝔄

)
for any operator T . Therefore, the

inclusion T ∘ μ ∈ Ch (T ∘ ε𝔄) holds, since ∂ (T ∘ ε𝔄) ⊂ ∂
(
T ∘ ε+

𝔄

)
. Thus Ch (ε𝔄) ⊂

E0 (ε𝔄). The reverse inclusion is obvious.
So, it remains to show that the cone

epi
(
ε+
𝔄

)
= {(f, y) ∈ l∞(𝔄, E) ×E : y ≥ 0, f ≤ �𝔄y}

is minihedral. To this end, we shall demonstrate that for any two elements (f, y)
and (g, z) from l∞(𝔄, E) ×E the representation holds

(f, y) ∧ (g, z) =
((

f −�𝔄(y − z)+
) ∨ (

g −�𝔄(z − y)+
)
, y ∧ z

)
.

Let h denotes the first component of the right-hand side of the last relation. Observe
that the element (h, y ∧ z) is dominated by the element (f, y). In fact,

f − h = f +
(
�𝔄(y − z)+ − f

) ∧ (
�𝔄(z − y)+ − g

)

= �𝔄(y − z)+ ∧ (
�𝔄(z − y)+ + f − g

)

≤ �𝔄(y − z)+,
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i.e. ε+
𝔄(f −h) ≤ (y− z)+ = y−y∧ z. Similarly one can verify that (g, z) dominates

(h, y ∧ z).
Next, let (h′, p) be an arbitrary lower bound of the elements (f, y) and (g, z).

Then ε+
𝔄(f − h′) ≤ y − p and ε+

𝔄(g − h′) ≤ z − p. Thus

y − p ≥ 0, z − p ≥ 0;

f − h′ ≤ �𝔄(y − p),

g − h′ ≤ �𝔄(z − p).

Consequently p ≤ y ∧ z; moreover,

h− h′ ≤ (
f −�𝔄(y − z)+

) ∨ (
g −�𝔄(z − y)+

)

− (f −�𝔄(y − p)) ∨ (g −�𝔄(z − p))

= (f −�𝔄(y − y ∧ z)) ∨ (g −�𝔄(z − y ∧ z))

− (f −�𝔄y) ∨ (g −�𝔄z) + �𝔄p

= �𝔄(y ∧ z − p),

i.e., (h′, p) is less than or equal to (h, y∧ z) in the sense of the order induced by the
cone epi

(
ε+
𝔄

)
. We thus have shown that (f, y)∧ (g, z) = (h, y ∧ z) and the proof is

completed. ⊳

2.2.10. Mil′man theorem. Let P : Y → E be a sublinear operator acting

from a vector space Y into a K-space E. Further let T ∈ L(X, Y ). Then the

following inclusion holds

Ch(P ∘ T ) ⊂ Ch(P ) ∘ T.

⊲ Let U ∈ Ch(P ∘T ). Clearly, U = V ∘T for some V ∈ ∂P in view of 1.4.14 (4).
Let V0 be the restriction of V onto im(T ). Obviously, V0 lies in Ch(P ∘ ι), where
ι is the identical embedding of im(T ) into Y . Therefore, by 2.2.3, the operator
V0 : im(T ) × E → E, acting as

V0 : (y, e) �→ e− V0e (y ∈ im(T ), e ∈ E),

is discrete in the ordered space Y × E with positive cone epi(P ). The subspace
im(T ) × E is obviously massive in Y × E. Thus, according to the Kantorovich
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theorem for a discrete operator 2.1.9 (2), there is a discrete extension V of the
operator V0. Undoubtedly, the operator Sy := V (y, 0) belongs to the support set
∂P being an extreme point there, and moreover, coincides with V on the image
im(T ). In other words, U = V ∘ T = S ∘ T and S ∈ Ch(P ). ⊳

2.2.11. Some important corollaries of Mil′man’s theorem are now at hand.

(1) If a subdifferential ∂P is the support hull of a set 𝔄, then

Ch(P ) ⊂ Ch(ε𝔄) ∘ ⟨𝔄⟩.

⊲ According to the hypothesis and Mil′man’s theorem,

Ch(P ) = Ch(cop(𝔄)) = Ch (ε𝔄 ∘ ⟨𝔄⟩) ⊂ Ch (ε𝔄) ∘ ⟨𝔄⟩. ⊳

(2) For each sublinear operator P the next inclusion is true:

Ch(P ) ⊂ Ch
(
εE0(P )

) ∘ ⟨E0(P )⟩.

Mil′man’s theorem and its corollaries give a complete characterization of the in-
trinsic structure of each support set “modulo” that of the subdifferential of a canon-
ical operator and its extreme points. The structure of the last elements is described
below in Section 2.4.

2.3. Subdifferentials of Operators Acting in Modules

Studying subdifferentials we come across the algebraic structures with richer
structure than that of the initial vector spaces. This can be seen, in particular,
in Section 1.5. We should especially emphasize that the support set of a sublinear
operator is operator convex rather than simply convex i.e. it satisfies an analog of
the usual definition of convexity in which multiplicators serve as scalars. In other
words, studying conventional convex objects in vector spaces, we necessarily come
to more general analogs of convexity, i.e. to convexity in modules over rings (in
particular, over the multiplication ring of a K-space with a strong order unit). There
is a more important reason for interest in convex objects in modules. In applications
one often encounters problems where the divisibility hypothesis is not acceptable.
Such are certainly all problems of integer programming. In this connection of
considerable importance is to clarify to what extent it is possible to preserve the
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subdifferential machinery for arbitrary algebraic systems. This question will be in
the focus of our consideration. First of all we shall consider general properties of
subdifferentials in modules over rings.

2.3.1. We thus let A be an arbitrary lattice-ordered ring with positive unity
1A. This means that A is a ring and there is an order relation ≤ in A with respect
to which A is a lattice. Moreover, addition and multiplication are compatible with
the order relation in the conventional (and quite natural) fashion. In particular,
positive elements A+ of the ring A constitute the semigroup with respect to the
addition in A. Now consider a module X over the ring A, or in short an A-module
X . This module (as well as all the following) are always considered unitary, i.e.
1Ax = x for all x ∈ X . Consider an operator p : X → E⋅, where E := E⋅ ∪ {+∞},
as above, and E is an ordered A-module (a little thought about this notion prompts
its natural definition). An operator is called A-sublinear or module-sublinear when
the ring A is understood from the context, if for any x, y ∈ X and π, ρ ∈ A+ the
inequality holds

p(πx + ρy) ≤ πp(x) + ρp(y).

As a rule, in the sequel we restrict ourselves to the study of total A-sublinear
operators p : X → E. It should be observed that p(0) = 0. Indeed, p(0) ≤ 0p(0) = 0
and in addition p(0) = p(0 + 0) ≤ 2p(0). At the same time it is easy to see that
not for all x ∈ X and π ∈ A+ with π ∕= 0 the equality p(πx) = πp(x) is true (this
makes an essential difference with ℝ-sublinear operators, i.e. the usual sublinear
operators studied above). If p(πx) = πp(x) for all x ∈ X and π ∈ A+, then p is
called an A+-homogeneous operator. Now consider the set HomA(X,E) which is
also denoted by LA(X,E) or even L(X,E) in case it does not cause any confusion.
This set consists of all A-linear operators acting from X into E or, as they are also
called, of A-homomorphisms. Thus

T ∈ HomA(X,E)

↔ (∀x, y ∈ X) (∀π, ρ ∈ A)T (πx + ρy) = πTx + ρTy.

For an A-sublinear operator p : X → E the subdifferential at zero (= the support
set) and the subdifferential at a point x ∈ X are defined by the relations

∂Ap := {T ∈ HomA(X,E) : (∀x ∈ X)Tx ≤ p(x)};
∂Ap(x) := {T ∈ ∂Ap : Tx = p(x)}.
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Consequently the representation holds

∂Ap(x) = {T ∈ HomA(X,E) : T (y − x) ≤ p(y) − p(x) (y ∈ X)}.

If ℤ is the group of integers then since X and E are ℤ-modules (= abelian
groups), the subdifferentials ∂ℤp and ∂ℤp(x) are defined which are denoted simply
by ∂p and ∂p(x). As we shall see below this agreement does not cause a collision
of notations.

An A-module E is said to possess the A-extension property if for any A-modules
X and Y , given an A-sublinear operator p : Y → E, and a homomorphism T ∈
HomA(X, Y ), the Hahn-Banach formula

∂A(p ∘ T ) = ∂Ap ∘ T

is valid. If in addition the subdifferential ∂p(y) is nonempty for any y ∈ Y , then E

is said to admit convex analysis.

2.3.2. Let an A-module E possess the A-extension property and let p : X → E

be an A-sublinear operator. The statements are true:

(1) there exists T ∈ ∂Ap such that Tx = y if and only if πy ≤ p(πx) for all

π ∈ A;

(2) an operator p is A+-homogeneous if and only if its subdifferential at every

point is nonempty, i.e. ∂Ap(x) ∕= ∅ for all x ∈ X .

⊲ (1) If T ∈ ∂Ap and Tx = y, then πy = πTx = Tπx ≤ p(πx). If, in turn,
we have πy ≤ p(πx) for all π ∈ A then from π1x = π2x we infer (π1 − π2)y ≤
p((π1 − π2)x) = 0, i.e. π1y = π2y. Therefore, we can correctly define an A-
homomorphism on the A-module {πx : π ∈ A} by putting πx �→ πy (π ∈ A). On
applying the extension property, we obtain the sought operator T .

(2) If T ∈ ∂Ap(x) and π ∈ A+ then πp(x) = πTx = Tπx ≤ p(πx) ≤ πp(x),
whence follows the A+-homogeneity of p. Conversely, if we know that p is an
A-sublinear A+-homogeneous operator, then for every π ∈ A we can write

πp(x) = π+p(x) − π−p(x) = p(π+x) − p(π−x)

≤ p(π+x− π−x) = p(πx).

Thus ∂Ap(x) ∕= ∅ by (1). ⊳
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2.3.3. Let E be an ordered abelian group (i.e. an ordered ℤ-module). Put
Eb := E+−E+ and assume that Eb is an erased K-space. Recall that by erased K-
spaces we mean the groups that result from K-spaces by ignoring the multiplication
by real numbers, i.e. by removing from memory part of information about the space.

2.3.4. Bigard theorem. An ordered ℤ-module E possesses the ℤ-extension

property if and only if Eb is an erased K-space.

⊲ We shall establish only simpler and immediately necessary part of the the-
orem stating that the above condition is sufficient. The entire Bigard theorem is
contained in the subsequent results.

Thus let Eb be an erased K-space, let p : X → E be a subadditive (= ℤ-
sublinear) operator and let T0 : X0 → E be a group homomorphism such that
T0 ∈ ∂(p∘ ι), where ι : X0 → X is the identity embedding. We need to construct an
extension of T0 to X , or, in other words, to verify that T0 belongs to (∂p) ∘ ι. Since
Eb is an injective module (= a divisible group), it is obvious that Eb is embedded
into E as a direct summand (according to the well-known and easily checkable fact
from group theory). Hence there is no loss of generality in assuming that E = Eb.
Considering X × E with the semigroup of positive elements epi(p) := {(x, e) : e ≥
p(x)}, we reduce the problem to a variant of the Kantorovich theorem 1.4.15 for
groups. Thus we can assume that X0 is a massive subgroup of the group X (i.e.
X0 +X+ = X) and T0 : X0 → E is a positive group homomorphism. It is necessary
to construct its positive extension. The standard use of the Kuratowski-Zorn lemma
reduces the problem to the case in which X = {mx̄ + x0 : m ∈ ℤ, x0 ∈ X0}. Put

U := {e ∈ E : (∃x0 ∈ X0)(∃m ≥ 1)mx̄ ≥ x0 ∧ e = T0x0/m},
V := {f ∈ E : (∃x00 ∈ X0)(∃n ≥ 1)nx̄ ≤ x00 ∧ f = T0x00/n}.

Obviously, U and V are nonempty since X0 is massive. Moreover, U ≤ V holds.
In fact, for e ∈ U and f ∈ V we have e = T0x0/m, f = T0x00/n and x0 ≤ mx̄,
nx̄ ≤ x00. Therefore, nx0 ≤ nmx̄ ≤ mx00 and nT0x0 ≤ mT0x00. Consequently,
we have e ≤ f . Now choose ē ∈ E so that U ≤ ē ≤ V (for instance, ē := inf V ).
Put T (mx̄ + x0) := mē + T0x0. Verify that the definition is sound. To do this
we have to show that if mx̄ + x0 = nx̄ + x00 than mē + T0x0 = nē + T0x00. For
definiteness we shall assume that n > m (in the case n = m there is nothing to
prove). Then (n − m)x̄ = x0 − x00, and therefore ē ≥ T0(x0 − x00)/(n − m) and
ē ≤ T0(x0 − x00)/(n − m) according to the definition of ē. Thus T is a correctly
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defined extension of T0. Undoubtedly, T is a group homomorphism. Verify that T

is monotone. If mx̄ + x0 ≥ nx̄ + x00 and n > m for definiteness, then (n− m)x̄ ≤
x0 − x00 and in addition ē = (T0x0 − T0x00)/(n − m). Hence T (mx̄ + x0) =
mē + T0x0 ≥ nē + T0x00 = T (nx̄ + x00), which completes the proof. ⊳

2.3.5. We shall also need some properties of ℤ-sublinear operators which follow
from the Bigard theorem (more precisely, from its just-proven simpler part).

(1) Let p : X → E be a ℤ-sublinear operator. For every n ∈ ℕ we have

∂(np) = n∂p.

⊲ The inclusion n∂p ⊂ ∂(np) is obvious. Now assume that T ∈ ∂(np). Accord-
ing to 2.3.4 we can take a homomorphism T0 ∈ ∂p. Then T − nT0 ∈ ∂(n(p− T0)).
Since p(x) − T0x ≥ 0, the image im(T − nT0) is contained in Eb. Therefore the
operator S := n−1(T − nT0) is defined correctly. In addition, S ∈ ∂(p− T0). Now
put Q := S + T0. It is clear that Q ∈ ∂p, and nQ = n(n−1(T − nT0)) + nT0 = T .
Finally we conclude T ∈ n∂p. ⊳

(2) For every n ∈ ℕ we have

n∑

k=1

∂p = n∂p.

⊲ It suffices to note that the set on the right-hand side of the relation in
question is obviously contained in ∂(np), and to apply (1). ⊳

(3) Let T1, T2 ∈ ∂p and nT1 = nT2 holds for some n ∈ ℕ. Then T1 = T2.

⊲ Since T1−T2 ∈ ∂(p−T2) and T2 ∈ ∂p, we see that im(T1−T2) ⊂ Eb. Indeed,

p(x) − T2x− (T1x− T2x) ≥ 0, p(x) − T2x ≥ 0,

T1x− T2x = −(p(x) − T2x) + (T1x− T2x) + p(x) − T2x. ⊳

(4) Let p : X → E be a ℤ-sublinear ℤ
+-homogeneous operator and let x ∈ X .

Then for every h ∈ X there exists an o-limit

p′(x)(h) := o- lim
n∈ℕ

(p(nx + h) − p(nx))

= inf{p(nx + h) − p(nx) : n ∈ ℕ}.

Moreover, ∂(p′(x)) = ∂p(x).
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⊲ Put zn := p(nx + h) − p(nx). Clearly, p(nx) = p(nx + h − h) ≤ p(nx +
h) + p(−h), i.e. zn ≥ −p(−h) for all n ∈ ℕ. Next, in view of the subadditivity and
ℤ

+-homogeneity assumptions, for m ≥ n we can write

zn = p(nx + h) − p(nx)

= p(nx + h) + p((m− n)x) − (m− n)p(x) − np(x)

≥ p(nx + h + (m− n)x) −mp(x)

= zm.

Moreover, p(nx + h) − p(nx) ≤ p(h) whence ∂p′(x) ⊂ ∂p. In addition

p′(x)(x) = o-lim
n∈ℕ

(p(nx + x) − p(nx)) = p(x). ⊳

(5) For every n ∈ ℕ we have (np)′(x) = np′(x).

(6) For a ℤ-sublinear p : X → E denote hp(x) := sup{Tx : T ∈ ∂p}. Then hp

is the greatest ℤ-sublinear ℤ
+-homogeneous operator dominated by p. Moreover,

∂hp = ∂p.

2.3.6. Now proceed to the Krĕın-Mil′man theorem in groups. First of all let
us agree that the operator T ∈ ∂p is called extreme if the conditions T1, T2 ∈ ∂p

and T1 + T2 = 2T imply that T = T1 = T2. The set of extreme operators in the
subdifferential ∂p is denoted by Ch(p). It is seen that this notation agrees with the
conventional one.

Let us also extend the notion of canonical operator and the corresponding
formalism to the case of groups. Namely, for a nonempty set 𝔄 we shall denote
by l∞(𝔄, E) the ℤ-module of order bounded E-valued functions on 𝔄. This set is
endowed with the natural structure of an ordered ℤ-module (a submodule of the
usual product E𝔈). Let the symbol ε𝔄 denote the canonical ℤ-sublinear operator

ε𝔄 : l∞(𝔄, E) → E,

ε𝔄(f) := sup f(𝔄) (f ∈ l∞(𝔄, E)).

In addition, if 𝔄 is a pointwise order bounded set of the homomorphisms from
X into E, then we define the homomorphism ⟨𝔄⟩ : X → l∞(𝔄, E) as in 2.1.1:
⟨𝔄⟩ : x → (Tx)T∈𝔄, i.e. ⟨𝔄⟩x : 𝔄 ∋ T → Tx ∈ E.
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2.3.7. Krĕın-Mil′man theorem for groups. For every ℤ-sublinear operator

p the representation holds

∂p = ∂εCh(p) ∘ ⟨Ch(p)⟩.
⊲ The proof of this assertion is quite similar to that of Theorem 2.2.2 on

o-extreme points but there are some peculiarities.
So, consider the set F of all ℤ-sublinear operators q : X → E such that

q(x) ≤ p(x) for all x ∈ X and q is extreme for p. This means that for any T1, T2 ∈ ∂p

such that T1 + T2 ∈ 2∂q we have T1, T2 ∈ ∂q. Clearly p ∈ F . Endow F with
a natural pointwise order and consider an arbitrary chain ℭ in F . Observe that
p(−x) + q(x) ≥ q(x) + q(−x) ≥ 0. Thus the element p0(x) := inf{q(x) : q ∈ ℭ}
is defined. In virtue of the o-continuity of addition the operator p0 is obviously
a ℤ-sublinear. It is straightforwards that p0 ∈ F . Consequently, according to
the Kuratowski-Zorn lemma, there is a minimal element q in F . By the above-
mentioned minimality and 2.3.5 (6), q = hq. Therefore, according to 2.3.5 (4), the
operator q′(x) is defined. Moreover, if T1, T2 ∈ ∂p and T1 + T2 ∈ 2∂(q′(x)), then
T1, T2 ∈ ∂p since q is extreme. By 2.3.5 (5) T1x + T2x = 2q(x). Taking it into
consideration that T1x ≤ q′(x) and T2x ≤ q′(x), we conclude that T1, T2 ∈ ∂q(x) =
∂(q′(x)). Thus q′(x) is extreme for p, and therefore q = q′(x) for all x ∈ X . The
last equality, as it is easily seen, means that q is a homomorphism, i.e. q ∈ Ch(p).
Hence we can conclude that Ch(p) is nonempty for every p.

To complete the proof it suffices to consider the case in which p is a ℤ
+-ho-

mogeneous operator. In this case, as it was actually noted, the operator p′(x) is
extreme for p, for every x ∈ X ; therefore, Ch(p′(x)) ⊂ Ch(p). Applying 2.3.2 and
2.3.4, we obtain the sought representation. ⊳

One more property of extreme points will be useful below..

2.3.8. For any ℤ-sublinear operator p : X → E and n ∈ ℕ the equality holds

Ch(np) = nCh(p).

⊲ First let T ∈ Ch(np). Then by 2.3.5 (1) T = nS, where S ∈ ∂p. Verify that
S ∈ Ch(p). In fact, if 2S = S1+S2, where S1, S2 ∈ ∂p, then 2T = 2nS = nS1+nS2.
Thus nS = nS1 = nS2. According to Proposition 2.3.5 (3) we obtain S = S1 = S2,
which was required.

Next, if T ∈ Ch(p) and 2nT = T1 + T2, where T1, T2 ∈ ∂(np) then, using
once again Proposition 2.3.5 (3) we see that, T1 = nS1 and T2 = nS2 for some
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S1, S2 ∈ ∂p. In addition, 2nT = n(2T ) = n(S1 + S2). Making use of 2.3.5 (3), we
obtain 2T = S1 + S2, whence T = S1 + S2. Consequently T1 = nS1, T2 = nS2.
Thus nT ∈ Ch(np). ⊳

2.3.9. In the sequel we shall need also more detailed information about the
orthomorphisms of K-spaces which we met in Section 1.5. Let E be a K-space, let
IE be as usual the identity operator in E. The band, generated by IE in the K-
space of regular operators Lr(E) is denoted by Orth(E). Recall that the elements
of Orth(E) are called orthomorphisms. It is proved in K-space theory that an
orthomorphism π can be characterized as a regular operator commuting with band
projections (the elements of the base E) or with multiplicators (the elements of
M(E)). Another characteristic property of an orthomorphism π, reflected in its
title, is the following: if e1 ∧ e2 = 0 then πe1 ∧ e2 = 0. Let Z (E) denotes the order
ideal in Orth(E) generated by IE . This subspace (see 2.1.8 (2)) is called the ideal
center of E. It is obvious that Orth(E) and Z (E) are lattice-ordered algebras with
respect to the natural ring structure and order relation. In addition, Z (E) serves as
an order dense ideal of Orth(E), i.e. in Orth(E)∖{0} there are no elements disjoint
to Z (E). In turn, as it was already noted, Orth(E) is the centralizer of Z (E) in
the algebra Lr(E). Observe also that since the algebra Orth(E) is commutative,
the composition of orthomorphisms π1 ∘π2 is often denoted simply by π1π2. So, we
list a few necessary facts about orthomorphisms.

2.3.10. For a positive operator T ∈ Lr(E) the following statements are equiv-

alent:

(1) T ∈ Orth(E);

(2) T + IE is a lattice homomorphism;

(3) T + IE possesses the Maharam property, i.e. it preserves order intervals.

⊲ (1) → (2): If T ∈ Orth(E) then by definition T +IE ∈ Orth(E). In addition,
as it was mentioned in 2.1.7 (1), orthomorphisms preserve the least upper bounds
of nonempty sets.

(1) → (3): Let 0 ≤ e ∈ E and 0 ≤ f ≤ (T + IE)e. Using the Freudenthal
Spectral Theorem one can choose a multiplicator α such that f = α(T + IE)e.
Since multiplicators commute, we have f = (T + IE)(αe). This means that T + IE
preserves order intervals.

(2) → (1): Since IE ≤ IE + T , according to 2.1.8 (3), there is a multiplicator
γ ∈ M(E) for which γ ∘ T = IE − γ. Thus γ ∘ (T ∘ P − P ∘ T ) = 0 for every band
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projection P in E, since orthomorphisms commute. In particular, for the projection
Pγ onto the kernel ker(γ), which is obviously a band, we obtain γ ∘ T ∘ Pγ = 0.
In addition γ ∘ T ∘ Pγ = (IE − γ)Pγ = Pγ , and we can conclude that ker(γ) = 0.
Consequently T ∘ Pγ = Pγ ∘ T for each band projection P . As mentioned in 2.3.9,
it implies that T ∈ Orth(E).

(3) → (1): Let e1 ∧ e2 = 0. Then Te1 ∧ e2 ≤ Te1 ≤ Te1 + e1 = (IE + T )e1.
Since IE + T possesses the Maharam property, it follows that for some e in the
order interval [0, e1] the equality e2 ∧ Te1 = Te + e holds. Thus, we have the
obvious inequalities e2 ≥ Te1 ∧ e2 = e + Te ≥ e and e1 ≥ e ≥ 0. Therefore
0 = e1 ∧ e2 ≥ e ∧ e ≥ 0. Hence e = 0, and consequently Te1 ∧ e2 = 0. ⊳

2.3.11. Let A be a semiring and sublattice in Orth(E). For any elements

π, γ ∈ A+ with π ≥ IE put

[π−1](γ) := inf{δ ∈ A+ : δπ ≥ γ}.

Then [π−1] : A → Orth(E)⋅ is an increasing A-sublinear operator and γ = [π−1](πγ)
for all γ ∈ A+.

⊲ First of all observe that for πδ1 ≥ γ and πδ2 ≥ γ we have π(δ1 ∧ δ2) ≥
πδ1∧πδ2 ≥ γ. It follows from this that [π]−1(γ) ≤ γ and π[π−1](γ) ≥ γ. If γ2 ≥ γ1,
then

π([π−1](γ2) ∧ γ1) ≥ γ2 ∧ πγ1 ≥ γ1 ∧ γ2 = γ1.

It means that the inequality [π−1](γ2) ∧ γ1 ≥ [π−1](γ1) holds. Thus the operator
[π−1] is increasing.

Next, note that, according to what we have just shown, π([π−1](γ1)+[π−1](γ2))
≥ γ1 +γ2 for any γ1, γ2 ∈ A+. Consequently [π−1](γ1 +γ2) ≤ [π−1](γ1)+[π−1](γ2).
Moreover, if μ, γ ∈ A+, then πμ[π−1](γ) = μπ[π−1](γ) ≥ μγ, i.e. [π−1](μγ) ≤
μ[π−1](γ). In other words, the operator [π−1] is A-sublinear in fact.

To complete the proof we must observe that the inequalities [π−1](πγ)
≤ γ and π[π−1](πγ) ≥ πγ are true. Whence we obtain the equality π[π−1](πγ) =
πγ. Now taking it into consideration that ker(π) = {0}, in virtue of π ≥ IE , we
finally derive γ = [π−1](πγ). ⊳

2.3.12. Now we are intended to establish the main result of the present section
which states that the additive minorants of a A-sublinear operator turned out to be
homomorphisms automatically provided that we deal with a subring and sublattice
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A of the orthomorphism ring Orth(Eb) which acts naturally in Eb. Before launching
into formalities, we give an outline of the proof.

The idea of proving this fact is rather conspicuous. In fact, it is almost obvious
that extreme points of subdifferentials must commute with multiplicators. More-
over, according to the Krĕın-Mil′man theorem for groups, each element of a subd-
ifferential, called also subgradient, is obtained by “integrating” extreme points. It
remains to observe that the corresponding “dispersed” integrals, i.e. elements of the
subdifferential of a canonical operator, commute with orthomorphisms. Now some
formal details follow.

2.3.13. Let E = Eb and let 𝔄 be an arbitrary set. If the group l∞(𝔄, E) is

endowed with the natural structure of a Z (E)-module, then the inclusion holds

∂ε𝔄 ⊂ HomZ (E)(l∞(𝔄, E), E).

⊲ Let P be an arbitrary band projection in E and α ∈ ∂ε𝔄. For every y ∈
l∞(𝔄, E) we have

−P ∘ ε𝔄(−y) ≤ α ∘ Py ≤ ε𝔄 ∘ P (y) = P ∘ ε𝔄(y).

Thus for the complementary projection P d := IE − P the equality P d ∘ α ∘ P = 0
is valid. Therefore α ∘ P = P ∘ α ∘ P . In addition, P ∘ α ∘ P d = 0. Finally
α ∘ P = P ∘ α ∘ P + P ∘ α ∘ P d = P ∘ α. From the last relation it follows that the
operator α commutes with finite valued elements. Taking into consideration the
properties 2.1.7 (4) of multiplicators, find, for given n ∈ ℕ and π ∈ Z (E), finite
valued elements αn, βn such that 0 ≤ π − αn ≤ n−1IE and 0 ≤ βn − π ≤ n−1IE .
Now from the relations αn ∘ α ≤ α ∘ π ≤ βn ∘ α, conclude that α is a Z (E)-
homomorphism. ⊳

2.3.14. If p is an A-sublinear operator then

∂A∩Z (Eb)p ⊂ ∂Ap.

⊲ Take π ∈ A+ and for n ∈ ℕ put αn := π ∧ nIE . Consider T ∈ ∂A∩Z(Eb)p

and a point x in the domain of the operator p. Then

(π − αn)p(x) ≥ p((π − αn)x) ≥ T (π − αn)x = Tπx− αnTx.
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Thus πp(x) − Tπx ≥ αn(p(x) − Tx). Since p(x) − Tx ∈ Eb, it follows from the
last inequality that πp(x) − Tπx ≥ πp(x) − πTx. Since x is arbitrary, conclude
T ∘ π = π ∘ T , i.e. T ∈ ∂Ap. ⊳

2.3.15. Theorem. Additive subgradients of a module-sublinear operator are

module homomorphisms.

⊲ Thus for an A-sublinear operator p : X → E we need to prove the equality

∂p = ∂Ap.

First of all, we establish that T ∈ ∂A∩Z (Eb)p for every T ∈ Ch(p). Take
π ∈ A+ ∩ Z (Eb). Observe that π ≤ n1A for some n ∈ ℕ, since 1A = IEb . Since
multiplication by 1A acts in X and in E as identity operator, we obtain

nT = n1A ∘ T = π ∘ T + (n1A − π) ∘ T ;

nT = T ∘ π + T ∘ (n1A − π);

2nT = π ∘ T + T ∘ (n1A − π) + (T ∘ π − (n1A − π) ∘ T ).

Taking into consideration the obvious inclusions

π ∘ T + T ∘ (n1A − π) ∈ ∂(np),

T ∘ π + (n1A − π) ∘ T ∈ ∂(np)

and Proposition 2.3.5 (2), by which nT ∈ ∂(np), we obtain

nT = π ∘ T + T ∘ (n1A − π).

Thus T ∘ π = π ∘ T .
Next, consider an operator p1 := p−T , where T ∈ Ch(p). Clearly, im(p1−T ) ⊂

Eb. According to this, we can write

Ch(p1) ⊂ ∂A∩Z (Eb)p1.

Moreover, by the Krĕın-Mil′man theorem for groups 2.4.7 and Proposition 2.3.13,
the following relations hold:

∂p1 = ∂εCh(p1) ∘ ⟨Ch(p1)⟩;
∂εCh(p1) ⊂ HomA∩Z (Eb)(l∞(Ch(p1), Eb), Eb).
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From this we can conclude immediately that

∂p1 = ∂A∩Z(Eb)p1.

Now if S ∈ ∂p then S − T ∈ ∂p1 and consequently the operator S − T is
an A ∩ Z (Eb)-homomorphism. The same is true for the operator T . Finally
S ∈ ∂A∩Z (Eb)p. The application of 2.3.14 completes the proof. ⊳

2.3.16. An ordered A-module E possesses the A-extension property.

⊲ We need only to refer to the Bigard theorem 2.3.4 and to 2.3.15. ⊳
Now we consider the conversion of the last statement. Namely, we shall estab-

lish that, under common stipulations, convex analysis comes into effect if and only
if one deals with a Kantorovich space considered as module over the algebra of its
orthomorphisms. According to Theorem 2.3.15, which automatically guarantee the
commutation conditions, we can derive a rather paradoxical conclusion that there
is no special “module” convex analysis at all.

Let us start with an analog of the Ioffe theorem 1.4.10 on fans.

2.3.17. Theorem. If an ordered A-module E possesses the A-extension prop-

erty then Eb is an erased K-space.

⊲ First, establish that bounded sets in Eb have least upper bounds. To this end
we have to show that any family ([aξ, bξ])ξ∈� of pairwise meeting order intervals,
i.e. such that aξ ≤ bη for all ξ, η ∈ �, has a common point.

Consider the A-module X that is the direct sum of � copies of the ring A.
Then let X0 be the A-submodule of X defined as follows:

X0 :=

{

π := π(⋅) ∈ X :
∑

ξ∈�

π(ξ) = 0

}

.

Consider the operator p : X → E defined by

p(π) :=
∑

ξ∈�

(
π(ξ)+bξ − π(ξ)−aξ

)

=
∑

ξ∈�

(
π(ξ)aξ + π(ξ)+(bξ − aξ)

)
.

Clearly, p is A-sublinear. Moreover, given π ∈ X0, by definition we have

0 =
∑

ξ∈�

π(ξ) =
∑

ξ∈�

(π(ξ)+ − π(ξ)−)

=
∑

η∈�

π(η)+ −
∑

ξ∈�

π(ξ)−.
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In the theory of vector lattices the double partition lemma is established ac-
cording to which it is possible to choose a family (πξη)ξ,η∈� of positive elements in
A such that

π(η)+ =
∑

ξ∈�

πξη, π(ξ)− =
∑

η∈�

πξη (ξ, η ∈ �).

Applying the lemma, we obtain, for π ∈ X0,

p(π) =
∑

η∈�

π(η)+bη −
∑

ξ∈�

π(ξ)−aξ

=
∑

ξη∈�

πξη(bη − aξ) ≥ 0.

Since π ∈ X0 is arbitrary, we can conclude that there exists an operator T ∈ ∂Ap for
which Tπ = 0 (π ∈ X0). Take an index ξ ∈ � and put πξ(ξ) := 1A and πξ(η) := 0 for
η ∕= ξ. Since πξ−πη ∈ X0 for any ξ and η, we see that Tπξ = Tπζ for all ξ ∈ � and
a fixed ζ ∈ �. In other words, for every ξη ∈ � we have −p(−πξ) ≤ Tπζ ≤ p(πη).
It remains to note that p(πη) = bη and p(−πξ) = −aξ.

To prove that a conditionally complete ordered group Eb is an erased K-space
it suffices to reconstruct in Eb the multiplication by 1/2.

Consider y ∈ E+ and put p(y) := inf{z ∈ E+ : 2z ≥ y}. Since the set on
the right-hand side of the last relation is filtered downward, it follows from the
o-continuity of addition that p(y) ≤ y and 2p(y) ≥ y. From this we infer that
2(π1p(y1) + π2p(y2)) ≥ π1y1 + π2y2 for π1, π2 ∈ A+ and y1, y2 ∈ E+. Consequently
p(π1y1 + π2y2) ≤ π1p(y1) + π2p(y2). Moreover, the operator p : E+ → E increases.
Indeed, if y2 ≤ y1 then

2(p(y2) ∧ y1) = 2p(y2) ∧ 2y1 ≥ y2 ∧ 2y1 ≥ y1 ∧ y2 = y1,

and therefore p(y2) ≥ p(y2)∧y1 ≥ p(y1). In addition, observe that for every y ∈ E+

the equality p(2y) = y holds. In fact, p(2y) ≤ y and 2p(2y) ≥ 2y. Therefore,
2p(2y) = 2y, whence y − p(2y) = −y(y − p(2y)).

Now consider the operator q : Eb → E defined by q(y) := p(y+). From the
above q is an increasing A-sublinear operator. Therefore, by hypothesis ∂Aq ∕= ∅.
Now for y ∈ Eb put

[1/2](y) := sup{Ty : T ∈ ∂Aq}.
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Take y ∈ E+. Then for every π ∈ A we have

πy = π+y − π−y = p(2π+y) − p(2π−y)

= q(2π+y) − q(2π−y) ≤ q(2π+y − 2π−y)

= q(2πy) = q(π(2y)).

By 2.3.2 (1), there is an operator T ∈ ∂Aq such that T (2y) = y ≤ q(2y) ≤ p(2y) = y.
Hence 2q(y) = q(2y) = y, for q is a ℤ

+-homogeneous operator. Consequently,
y = [1/2](2y) for all y ∈ E+. From this it follows immediately that the operator
[1/2] is an increasing A-homomorphism. Clearly, it is the needed operator. The
prove is complete. ⊳

2.3.18. Theorem. Let A be a d-ring, i.e. (π1π2)+ = π+
1 π2 and (π2π1)+ =

π2π
+
1 for all π1 ∈ A and π2 ∈ A+. An ordered A-module E possesses the A-

extension property if and only if Eb is an erased K-space and the natural linear

representation of A in Eb is a ring and lattice homomorphism onto a subring and

sublattice of the orthomorphism ring Orth(Eb). Moreover, ∂Ap = ∂p for any A-

sublinear operator p acting into E.

⊲ First assume that E possesses the A-extension property. By Theorem 2.3.17,
Eb is an (erased) K-space. Consider the natural linear representation ϕ of the ring
A in the space Eb defined by

ϕ(π)y := πy (y ∈ Eb, π ∈ A).

First of all establish that ϕ is a lattice homomorphism. To do this we define an
operator p : A → E for y ∈ E+ by p(π) := π+y. This operator is A-sublinear and
increasing. Therefore if T ∈ ∂Ap then 0 ≤ T1A ≤ y. Thus Tπ = πT1A = πy1,
where y1 := T1A and y1 ∈ [0, y]. If, in turn, we fix an element y1 ∈ [0, y] and put
Tπ := πy1 for π ∈ A, then we obtain an element of ∂Ap. Taking into consideration
the A+-homogeneity of p (ensured by hypothesis) and applying 2.3.2, we come to
the relation

ϕ(π+)y = π+y = p(π) = sup{Tπ : T ∈ ∂Ap} = supπ[0, y] = ϕ(π)+y.

Now verify that im(ϕ) ⊂ Orth(Eb). With this in mind, fix the elements π ∈ A+

and z, y ∈ E+ such that 0 ≤ z ≤ πy. For any π1 ∈ A we have π1z ≤ π+
1 z ≤

π+
1 πy = (π1π)+y = p(π1π). By 2.3.2 (1), there exists an operator T ∈ ∂Ap such
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that Tπ = z. Consequently z = πT1A and T1A ∈ [0, y]. Hence the operator ϕ(π)
possesses the Maharam property.

Since π is arbitrary we conclude by 2.3.10 that ϕ(π) is an orthomorphism for
each π ∈ A.

To complete the proof, it suffices to establish that if ϕ is a lattice homomor-
phism of A into the K-space Orth(Eb) then ∂p = ∂Ap for an arbitrary A-sublinear
operator p : X → E.

First consider the case E = Eb. Take T ∈ ∂p and a point x ∈ X . Consider
the operator tπ := Tπx (π ∈ A). Since tπ ≤ p(πx) ≤ π+p(x) + π−p(−x), it
follows that ker(t) ⊃ ker(ϕ). Therefore, the operator T admits the lowering t̄

onto the lattice-ordered factor-ring Ā := A/ ker(ϕ). Endow E with the associated
structure of the faithful module over Ā. Then Ā can be considered as a subring
and sublattice of Orth(E). Observe additionally that for π̄ ∈ Ā and π1, π2 ∈ π̄ we
have p(π1x) = p(π̄2x) since

p(π1x) − p(π2x) ≤ p((π1 − π2)x)

≤ (π1 − π2)+p(x) + (π1 − π2)−p(−x).

Thus the operator p̄ : Ā → E, acting according to the rule p̄(π̄) := p(πx) (π ∈ π̄),
is defined correctly. Obviously, the operator p̄ is Ā-sublinear. Moreover t̄ ∈ ∂p̄. By
Theorem 2.3.15 ∂p̄ = ∂Ap̄, i.e. t̄π̄ = π̄t̄1Ā for all π̄ ∈ Ā. From this it follows that
Tπx = πTx, i.e. T ∈ ∂Ap.

Now consider the general case and again take T ∈ ∂p and the point x ∈ X .
Observe that for every π ∈ A we have

p(πx) − πTx = p(π+x− π−x) − (π+ − π−)Tx

≤ π+(p(x) − Tx) + π−(p(−x) − T (−x)).

Thus the expression q(π) := p(πx)−Tπx defines an operator that acts from A into
Eb. Clearly, this operator is A-sublinear and therefore, by the above, ∂q = ∂Aq.
The operator Sπ := Tπx − πTx belongs obviously to ∂q; hence Sπ = πS1A =
π(Tx− Tx) = 0. The last means that T ∈ ∂Ap. ⊳

2.3.19. The condition imposed on the ring A in Theorem 2.3.18 can be altered,
although it is impossible to eliminate such sort of assumptions in principle if we
want to preserve A+-homogeneity of a ℤ

+-homogeneous A-sublinear operator. Ob-
serve here that by Theorem 2.3.18 the extension property is fulfilled in a stronger
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form, i.e. a group homomorphism defined on the subgroup and dominated by
a module-sublinear operator admits an extension up to a module homomorphism
which preserves the domination relation.

To describe modules that admit convex analysis we shall need one more notion.
A subring A of the orthomorphism ring is called almost rational if for every n ∈ ℕ

there exists a decreasing net of multiplicators (πξ)ξ∈� in A such that for every
y ∈ E+ we have

1
n
y = o-lim

ξ∈�
πξy = inf

ξ∈�
πξy.

2.3.20. A ring A is almost rational if and only if every A-sublinear operator is

A+-homogeneous.

⊲ First assume that A-sublinear operators are A+-homogeneous. Take y ∈ E+

and, using Proposition 2.3.11, consider an A-sublinear operator γ �→ [π−1](γ+)y
(π ∈ A+). By hypothesis this operator is A+-homogeneous, i.e.

y = [π−1](π1A)y = π[π−1](1A)y.

Since y is arbitrary, it follows that [π−1](1A) = π−1. Consider the operator n1A as
π. Then, from the definition of the operator [π−1], we obtain

[(n1A)−1](1A) = inf{δ ∈ A+ : nδ ≥ 1A},

whence it follows that the ring A is almost rational.
Now assume that A is almost rational. Consider an A-sublinear operator p :

X → E. First of all observe that for any π ∈ A with 0 ≤ π ≤ 1A we have
p(πx) = πp(x) for all x ∈ X even without assuming almost rationality. Indeed,

p(x) = p(πx + (1A − π)x) ≤ πp(x) + (1A − π)p(x) = p(x).

Thus, by 2.3.14, to establish the A+-homogeneity of p it suffices to prove that
p is a ℤ

+-homogeneous operator. To verify the last property take n ∈ ℕ and
choose a family of multiplicators (πξ)ξ∈� for which πξ ↓ n−11A and πξ ∈ A. Put
ωξ := (1A−(n−1)πξ)+. Clearly, ωξ ∈ A+ and 1A−(n−1)πξ ≤ 1A−n−1(n−1)1A =
n−11A. Consequently ωξ ≤ n−11A and ωξ ↑ n−11A. Take an element x ∈ X . Then
we have 0 ≤ np(x) − p(nx); therefore,

0 ≤ ωξ(np(x) − p(nx)) = nωξp(x) − p(nωξx) = 0.
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Passage to the limit convinces us that p is a ℤ
+-homogeneous operator. ⊳

2.3.21. Theorem. An ordered A-module E admits convex analysis if and only

if Eb is an erased K-space and the natural representation of A in Eb is a ring and

lattice homomorphism onto an almost rational ring of orthomorphisms in Eb.

⊲ The operators π �→ π+y and z �→ z+, where π ∈ A, y ∈ E+ and z ∈ Eb, are
obviously A-sublinear. Therefore, if the A-module E admits convex analysis, then
by 2.3.2 these operators are A+-homogeneous. According to 2.3.10, this means that
the natural linear representation of A in Eb is a ring and lattice homomorphism
onto a ring and sublattice of Orth(Eb). By 2.3.20, the image is almost rational. To
complete the proof it suffices to implement the necessary factorization, as in the
proof of Theorem 2.3.19, and to refer to this theorem and to 2.3.20. ⊳

2.4. The Intrinsic Structure of Subdifferentials

Results of the previous two sections show that the properties of support sets of
general sublinear operators resemble in their extremal structure the subdifferentials
of scalar convex functions at interior points of their domains. At the same time the
following statements, which are established in the courses of functional analysis,
are true in the scalar case:

(a) a subdifferential is a weakly compact convex set;
(b) the smallest subdifferential containing a weakly (order) bounded set 𝔄, is

obtained by successive application of the operations of taking the convex hull of 𝔄
and passing to the closure;

(c) extreme points of the smallest subdifferential generated by a set 𝔄 lie in
the weak closure of the set 𝔄.

Operator versions of these statements are the subject of the present section.
Below, in 2.4.10–2.4.13, we shall give an explicit representation of the elements of a
subdifferential and its extreme points with the help of a concrete procedure applied
to o-extreme points. The research method that we use is the theory of Boolean-
valued models or, in other words, Boolean valued analysis. This method is applied
in accordance with the following scheme: First we should choose a Boolean algebra
and the corresponding model of set theory in which the (= external) operator rep-
resents a scalar convex function in the model (= transforms into an internal convex
function). Then, by interpreting in external terms the intrinsic geometric properties
of a subdifferential, we should come to the sought answer. The direct realization
of this plan is possible but involves some technical inconveniences (e.g., the notion
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of o-extreme point is poorly interpreted). Therefore, the above-mentioned scheme
is used only for analysis of a canonical sublinear operator. The general case is de-
rived with regard to the specific structure of the subdifferential canonical sublinear
operator and the fact that any sublinear operator differs from a canonical operator
only by a linear change of variables.

Thus, the main aim of the present section is to show how basic notions of
operator subdifferential calculus appear by way of externally deciphering the cor-
responding scalar predecessors in an appropriate model of set theory.

2.4.1. We start with auxiliary facts about the construction and rules of treating
Boolean-valued models.

(1) Let B be a complete Boolean algebra. For every ordinal α put

V (B)
α :=

{
x : (∃β ∈ α)x : dom(x) → B ∧ dom(x) ⊂ V (B)

β

}
.

After this recursive definition the Boolean-valued universe V (B) or, in other
words, the class of B-sets is introduced by

V (B) :=
∪

α∈On

V (B)
α ,

where On is the class of all ordinals.

(2) Let ϕ be an arbitrary formula of ZFC (= Zermelo-Fraenkel set theory
with the axiom of choice).

The Boolean truth-value [[ϕ]] ∈ B is introduced by induction on the length of a
formula ϕ by naturally interpreting the propositional connectives and quantifiers in
the Boolean algebra B and taking into consideration the way in which this formula
is built up from atomic formulas. The Boolean truth-value of the atomic formulas
x ∈ y and x = y, where x, y ∈ V (B), are defined by means of the following recursion
scheme:

[[x ∈ y]] :=
⋁

z∈dom(y)

y(z) ∧ [[z = x]];

[[x = y]] :=
⋀

z∈dom(x)

x(z) ⇒ [[z ∈ y]] ∧
⋀

z∈dom(y)

y(z) ⇒ [[z ∈ x]].

(The sign ⇒ symbolizes the implication in B: a ⇒ b := a′ ∨ b where a′ is the
complement of a.)
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The universe V (B) with the above-introduced Boolean truth-values of formulas
is a model of set theory in the sense that the following statement is fulfilled.

(3) Transfer principle. For any theorem ϕ of ZFC we have [[ϕ]] = 1, i.e. ϕ

is true inside V (B).

Observe the following agreement: If x is an element of V (B) and ϕ(⋅) is a for-
mula of ZFC, then the phrase “x satisfies ϕ inside V (B),” or briefly “ϕ(x) is true
inside V (B),” means that [[ϕ(x)]] = 1.

(4) For an element x ∈ V (B) and for an arbitrary b ∈ B the function

bx : z �→ bx(z) (z ∈ dom(x))

is defined. (Here we mean that b∅ := ∅ (b ∈ B).)
Given B-valued sets x and y, and an element b ∈ B, we have

[[x ∈ by]] = b ∧ [[x ∈ y]];

[[bx = by]] = b ⇒ [[x = y]];

[[x = bx]] = [[b′x = ∅]] = b′ ⇒ [[x = ∅]].

(5) There is a natural equivalence relation x ∼ y ↔ [[x = y]] = 1 in the class
V (B). Choosing a representative of smallest rank in every equivalence class, or
more exactly with the help of the so-called “Frege-Russel-Scott trick,” we obtain
the separated Boolean-valued universe V̄ (B) in which

x = y ↔ [[x = y]] = 1.

It is easily seen that the Boolean truth-value of a formula remains unaltered if we
replace in it any elements of V (B) by one of its equivalents. In this connection from
now on we take V (B) := V̄ (B) without further specification. Observe that in V̄ (B)

the element bx is defined correctly for x ∈ V̄ (B) and b ∈ B since by (4) we have
[[x1 = x2]] = 1 → [[bx1 = bx2]] = b ⇒ [[x1 = x2]] = 1. By a similar reason, we often
write 0 := ∅, and in particular 0∅ = ∅ = 0x for x ∈ V (B).

(6) Mixing principle. Let (bξ)ξ∈� be a partition of unity in B, i.e. ξ ∕= η →
bξ ∧ bη = 0 and supξ∈� bξ = supB = 1. For any family (xξ)ξ∈� in the universe

V (B) there exists a unique element x in the separated universe such that

[[x = xξ]] ≥ bξ (ξ ∈ �).
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This element is called the mixing of (xξ)ξ∈� (with probabilities (bξ)ξ∈�) and denoted
by

∑
ξ∈� bξxξ. In addition, we have

x =
∑

ξ∈�

bξxξ ↔ (∀ξ ∈ �)bξx = bξxξ.

In particular, bx is the mixing of x and 0 with probabilities b and b′.

(7) Maximum principle. For every formula ϕ of ZFC there exists a B-valued

set x0 such that

[[(∃x)ϕ(x)]] = [[ϕ(x0)]].

(8) Recall that the von Neumann universe V is defined by the recursion schema

Vα := {x : (∃β ∈ α) x ∈ P(Vβ)};
V :=

∪

α∈On

Vα.

In other words V is the class of all sets. For any element x ∈ V , i.e. for every set
x we define x∧ ∈ V (B) by the recursion schema

∅
∧ := ∅; dom(x∧) := {y∧ : y ∈ x}, im(x∧) := {1}.

(More precisely, we define a distinguished representative of the equivalence class
x∧.) The element x∧ is called the standard name of x. Thus, we obtain the
canonical embedding of V into V (B). In addition, for x ∈ V and y ∈ V (B) we have

[[y ∈ x∧]] =
⋁

z∈x

[[y = z∧]].

A formula is said to be restricted or bounded if every quantifier in it has the
form ∀x ∈ y or ∃x ∈ y i.e. if all its quantifiers range over specific sets.

(9) Restricted transfer principle. For every x, x1, . . . , xn ∈ V the following

equivalence

ϕ(x1, . . . , xn) ↔ [[ϕ(x∧
1 , . . . , x

∧
n)]] = 1

holds for each restricted formula ϕ of ZFC.

2.4.2. Now we list the main facts about representations of simplest objects:
sets, correspondences, etc., in Boolean-valued models.
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(1) Let ϕ be a formula of ZFC and y is a fixed collection of elements of
a Boolean-valued universe. Then, let Aϕ := Aϕ(⋅,y) := {x : ϕ(x, y)} be a class of
the sets definable by y. The descent Aϕ ↓ of a class Aϕ is defined by the relation

Aϕ ↓:= {t : t ∈ V (B) ∧ [[ϕ(t, y)]] = 1}.

If t ∈ Aϕ ↓, then t is said to satisfy ϕ(⋅, y) inside V (B).
The descent of each class is strongly cyclic, i.e. it contains all mixings of its

elements. Moreover, two classes inside V (B) coincide if and only if they consist of
the same elements inside V (B).

(2) The descent x↓ of an element x ∈ V (B) is defined by the rule

x↓:= {t : t ∈ V (B) ∧ [[t ∈ x]] = 1},

i.e. x ↓= A⋅∈x ↓. The class x ↓ is a set. Moreover, x ↓⊂ scyc(dom(x)), where scyc
is the symbol of the taking of the strongly cyclic hull. It is noteworthy that for
a nonempty set x inside V (B) we have

(∃z ∈ x↓)[[(∃z ∈ x)ϕ(z)]] = [[ϕ(z)]].

(3) Let F be a correspondence from X into Y inside V (B). There exists

a unique correspondence F ↓ from X ↓ into Y ↓ such that for each (nonempty)

subset A of the set X inside V (B) we have

F ↓ (A↓) = F (A)↓ .

It is easily seen that F ↓ is defined by the rule

(x, y) ∈ F ↓↔ [[(x, y) ∈ F ]] = 1.

(4) Let x ∈ P(V (B)), i.e. x is a set composed of B-valued sets. Put ∅↑:= ∅

and
dom(x↑) := x, im(x↑) := {1}

for x ∕= ∅. The element x ↑ (of the separated universe V B), i.e. the distinguished
representative of the corresponding class) is called the ascent of x.
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Clearly, x ↑↓= scyc(x), and x ↑↓= x for any nonempty set x inside V (B).
Observe also that if x ∈ V and x̂ is its standard domain, i.e.

x̂ := {z∧ : z ∈ V ∧ z ∈ x},

then x̂↑= x̂∧.

(5) Let X, Y ∈ P(V (B)) and let F be a correspondence from X into Y with

domF = X . There exists a unique correspondence F ↑ from X ↑ into Y ↑ inside

V (B) such that the relation

F ↑ (A↑) = F (A)↑

holds for every subset A of X if and only if F is extensional. The last means that

y1 ∈ F (x1) → [[x1 = x2]] ≤
⋁

y2∈F (x2)

[[y1 = y2]].

It is easily seen that F ↑ is the ascent of the set

dom(F ↑) := {(x, y)B : (x, y) ∈ F},

where (x, y)B is the only element of V (B) corresponding to the formula

(∃z)(∀u) (u ∈ z ↔ u = {x} ∨ u = {x, y})

by the maximum principle. It is not difficult to present a direct construction of this
element.

Further we shall need the following mixing property for functions inside V (B).

(6) Let � be a set and (fξ)ξ∈� be a family of elements of V (B) that are functions

from a nonempty set X into Y inside V (B), and let (bξ)ξ∈� be a partition of unity

in B. Then the mixing f :=
∑

ξ∈� bξfξ is a function from X into Y inside V (B);

moreover, [[

(∀x ∈ X)f(x) =
∑

ξ∈�

bξfξ(x)

]]

= 1.

⊲ For x ∈ X ↓ put g(x) :=
∑

ξ∈� bξfξ(x). Clearly g(x) ∈ Y ↓, and moreover
[[g(x) = fξ(x)]] ≥ bξ for all ξ ∈ �. Let us establish that the mapping g : X ↓→ Y ↓ is
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extensional, taking into account the extensionality of fξ ↓. In fact, for x1, x2 ∈ X ↓
we have

[[x1 = x2]] =

(
⋁

ξ∈�

bξ

)

∧ [[x1 = x2]] =
⋁

ξ∈�

(bξ ∧ [[x1 = x2]])

≤
⋁

ξ∈�

[[fξ(x1) = g(x1)]] ∧ [[x1 = x2]] ∧ [[fξ(x2) = g(x2)]]

≤
⋁

ξ∈�

[[fξ(x1) = g(x1)]] ∧ [[fξ(x1) = fξ(x2)]] ∧ [[fξ(x2) = g(x2)]]

≤
⋁

ξ∈�

[[g(x1) = g(x2)]] = [[g(x1) = g(x2)]].

Thus the ascent g ↑ of the mapping g exists. Establish that g ↑= f . To this end
observe that by the transfer principle we have

[[g ↑= fξ]] = [[(∀x ∈ X)g ↑ (x) = fξ(x)]]

=
⋀

x∈X↓
[[g ↑ (x) = fξ(x)]]

=
⋀

x∈X↓
[[g(x) = fξ(x)]]

≥ bξ

for all ξ ∈ �. It remains to refer to uniqueness of mixing. ⊳

(7) Let x be a set and f : x → Y ↓, where Y ∈ V (B). Taking into consideration
the equality Y = Y ↓↑, we can consider f as a mapping from x̂ into dom(Y ).
Obviously f is extensional; therefore, it is reasonable to speak about the element
f ↑ in V (B). Observe that, according to the above, [[f ↑: x∧ → Y ]] = 1 and in
addition, for every g ∈ V (B) such that [[g : x∧ → Y ]] = 1 there is a unique mapping
f : x → Y ↓ for which g = f ↑. Obviously, the descent g ↓ of the mapping g

(translated from x̂ onto x) is a mapping of such kind.

2.4.3. Now we consider several facts connected with translation of the notions
arising in representing a canonical sublinear operator in an appropriate Boolean-
valued model. We start with the field of real numbers.

(1) According to the maximum principle there is an object R inside V (B) for
which the statement

[[R is a K-space of real numbers ]] = 1
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is true.
Here we mean that R is the carrier set of the field of real numbers inside V (B).

Note also that ℝ
∧ (= the standard name of the field ℝ of real numbers), being an

Archimedean ordered field inside V (B), is a dense subfield in R inside V (B) (up to
isomorphism).

Implement the descent of structures from R to R ↓ according to the general
rules (cf. 2.4.2 (3)):

x + y = z ↔ [[x + y = z]] = 1;

xy = z ↔ [[xy = z]] = 1;

x ≤ y ↔ [[x ≤ y]] = 1;

λx = y ↔ [[λ∧x = y]] = 1

(x, y, z ∈ R ↓, λ ∈ ℝ).

(2) Gordon theorem. The set R ↓ with descended structures is a universally

complete K-space with base B(R ↓) (= the Boolean algebra of band projections in

R ↓) isomorphic to B. Such isomorphism is implemented by identifying B with the

descent of the field {0∧, 1∧}, i.e. with the mapping ι : B → B(R ↓) acting by the

rule

[[ι(b) = 1∧]] = b, [[ι(b) = 0∧]] = b′ (0, 1 ∈ ℝ).

Moreover, for every x, y ∈ R we have

[[ι(b)x = ι(b)y]] = b ⇒ [[x = y]];

bι(b)x = bx, b′ι(b)x = 0.

In particular, the following equivalences are valid:

ι(b)x = ι(b)y ↔ [[x = y]] ≥ b;

ι(b)x ≥ ι(b)y ↔ [[x ≥ y]] ≥ b.

Now proceed to the Boolean-valued representation of the space of bounded
functions.

(3) Let 𝔄 be a nonempty set. By the maximum principle, there is an ob-
ject l∞(𝔄∧,R) in V (B) such that [[l∞(𝔄∧,R) is the K-space of bounded functions
defined on 𝔄∧ and taking values in R]] = 1.
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Consider the descent

l∞(𝔄∧,R)↓:=
{
t ∈ V (B) : [[t ∈ l∞(𝔄∧,R)]] = 1

}
.

Translate algebraic operations and order relations from l∞(𝔄∧,R) to (𝔄∧,R)↓ by
descent. Obviously, l∞(𝔄∧,R)↓ is a K-space and moreover, a module over R ↓.

(4) The mapping “ascent” assigning to each bounded R ↓-valued function on

𝔄 its ascent, i.e. a bounded R-valued function on 𝔄∧ inside V (B), implements an

algebraic and order isomorphism between l∞(𝔄,R ↓) and l∞(𝔄∧,R)↓.
⊲ This statement is almost obvious; only a little thought about the set-up is

needed. For completeness, clarify some details.
Take f ∈ l∞(𝔄,R ↓). Then, as it was noted in 2.4.2 (7), [[f ↑: 𝔄∧ → R]] = 1.

In addition, for A ∈ 𝔄 we have [[f(A) = f ↑ (A∧)]] = 1. From the definition
of the order relation in R ↓ it is clear that f ↑ (𝔄∧) is bounded inside V (B) and
therefore f ↑∈ l∞(𝔄∧,R). Consider the operator Up : f �→ f ↑ from l∞(𝔄,R ↓)
into l∞(𝔄∧,R)↓. Let g ∈ l∞(𝔄∧,R)↓. Then

[[g : 𝔄∧ → R ∧ (∃t ∈ R)∣g(𝔄∧)∣ ≤ t]] = 1.

Obviously g = Up(g ↓), i.e. Up is an epimorphism. The other statements about Up
are equally straightforward. ⊳

The above statement means in particular that l∞(𝔄∧,R) ↓ can be consid-
ered as another representation of the space l∞(𝔄,R ↓) on the one hand, and as
dom(l∞(𝔄∧,R)) on the other hand.

(5) Consider in V (B) the object l∞(𝔄∧,R)# for which the statement

[[l∞(𝔄∧,R)# is the dual space of l∞(𝔄∧,R)]] = 1

is true. The descent l∞(𝔄∧,R)# ↓ is endowed with the descended structures. In
particular, there is no doubt that l∞(𝔄∧,R)# ↓ is an R ↓-module.

Let μ ∈ l∞(𝔄∧,R)#↓, i.e.

[[μ is an R-homomorphism in l∞(𝔄∧,R) to R]] = 1.

Further, let μ↓: l∞(𝔄∧,R)↓→ R ↓ be the descent of μ. For f ∈ l∞(𝔄,R ↓) put

μ↓(f) := μ ↓ (f ↑).
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(6) The mapping “descent” μ �→ μ↓ implements an isomorphism between R ↓-
modules l∞(𝔄∧,R)# ↓ and HomR↓(l∞(𝔄,R ↓),R ↓), where the latter is the space

of R ↓-homomorphisms from l∞(𝔄,R ↓) to R ↓.
⊲ The only not quite obvious statement is that every R ↓-module homomor-

phism T : l∞(𝔄,R ↓) → R ↓ (and in fact any R ↓+-homogeneous mapping) is the
descent of an appropriate mapping inside V (B). To verify this statement, put

t(f) := T (f ↓) (f ∈ l∞(𝔄∧,R)↓).

It should be checked that t is an extensional mapping, since t is obviously an R ↓-
homomorphism from l∞(𝔄,R)↓ to R ↓.

We prove that t is extensional (without appealing to its additivity). First of
all, for the element ι(b) in V (B), which is the mixing of 1∧ and 0∧ with probabilities
b and b′ (see (2)), we have ι(b) ∈ R ↓. In addition, for the functions f and g from
𝔄∧ into R inside V (B) we successively derive

[[f = g]] ≥ b ↔ [[(∀A ∈ 𝔄∧)f(A) = g(A)]] ≥ b

↔
⋀

A∈𝔄

[[f(A∧) = g(A∧)]] ≥ b

↔
⋀

A∈𝔄

[[f ↓ (A) = g ↓ (A)]] ≥ b

↔ (∀A ∈ 𝔄)ι(b)f ↓ (A) = ι(b)g ↓ (A)

↔ ι(b)f ↓= ι(b)g ↓ .

From this, taking positive homogeneity of T into account, for arbitrary f , g ∈
l∞(𝔄∧,R)↓ we can write

[[f = g]] ≥ b ↔ ι(b)f ↓= ι(b)g ↓
→ T (ι(b)f ↓) = T (ι(b)g ↓)
→ ι(b)T (f ↓) = ι(b)T (g ↓)
↔ [[T (f ↓) = T (g ↓)]] ≥ b

in virtue of the Gordon theorem. ⊳
We denote the mapping inverse to the mapping “descent” μ �→ μ↓ by t �→ t↑,

where t ∈ HomR↓(l∞(𝔄,R ↓),R ↓). Of course, it means that

t↑(f) := t(f ↓) (f ∈ l∞(𝔄∧,R)↓).
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2.4.4. Let ε𝔄∧ be some canonical sublinear operator inside V (B), i.e. the
object in V (B) for which

[[ε𝔄∧ : l∞(𝔄∧,R) → R]] = 1,

[[(∀f ∈ l∞(𝔄∧,R))ε𝔄∧(f) = sup f(𝔄∧)]] = 1.

Obvious calculation shows that for every element f ∈ l∞(𝔄,R ↓) the relation

[[ε𝔄∧(f ↑) = ε𝔄(f)]] = 1

holds.

2.4.5. Let ∂ε𝔄∧ be the subdifferential of ε𝔄∧ inside V (B) and let Ch(ε𝔄∧)
be the set of extreme points of ∂ε𝔄∧ inside V (B). Then for every element t in

HomR↓(l∞(𝔄,R ↓ ),R ↓) and μ ∈ l∞(𝔄∧,R)# ↓ the following equivalences hold

t↑ ∈ (∂ε𝔄∧)↓ ↔ t ∈ ∂ε𝔄;

t↑ ∈ Ch(ε𝔄∧)↓ ↔ t ∈ Ch(ε𝔄);

μ↓ ∈ ∂ε𝔄 ↔ μ ∈ (∂ε𝔄∧)↓;
μ↓ ∈ Ch(ε𝔄) ↔ μ ∈ Ch(ε𝔄∧)↓ .

⊲ On applying the above facts, we successively derive:

t↑ ∈ (∂ε𝔄∧)↓ ↔ [[t↑ ∈ ∂ε𝔄∧ ]] = 1

↔ [[(∀f ∈ l∞(𝔄∧,R))t↑(f) ≤ ε𝔄∧(f)]] = 1

↔
⋀

f∈l∞(𝔄∧,R)↓
[[t↑(f) ≤ ε𝔄∧(f)]] = 1

↔
⋀

f∈l∞(𝔄∧,R)↓
[[t(f ↓) ≤ ε𝔄∧(f ↓↑)]] = 1

↔
⋀

f∈l∞(𝔄∧,R)↓
[[t(f ↓) ≤ ε𝔄(f ↓)]] = 1

↔
⋀

g∈l∞(𝔄,R↓)
[[t(g) ≤ ε𝔄(g)]] = 1

↔ (∀g ∈ l∞(𝔄,R ↓))[[t(g) ≤ ε𝔄(g)]] = 1

↔ (∀g ∈ l∞(𝔄,R ↓))t(g) ≤ ε𝔄(g) ↔ t ∈ ∂ε𝔄.
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To prove the second equivalence it is convenient to use the fact that extreme points
of the subdifferential of a canonical operator are lattice homomorphisms in it (see
2.2.9). According to this we have

t↑ ∈ Ch(ε𝔄∧)

↔ [[t↑ ∈ Ch(ε𝔄)]] = 1

↔ [[t↑ ∈ ∂ε𝔄]] ∧ [[(∀f ∈ l∞(𝔄∧,R))t↑(∣f ∣ = ∣t↑(f)∣]] = 1

↔ t ∈ ∂ε𝔄 ∧
⋀

f∈l∞(𝔄∧,R)↓
[[t↑(∣f ∣) = ∣t↑(f)∣]] = 1

↔ t ∈ ∂ε𝔄 ∧ (∀f ∈ f∞(𝔄,R ↓))t(∣f ∣) = ∣t(f)∣
↔ t ∈ Ch(ε𝔄).

The two remaining equivalences are other writings of the above established
ones. ⊳

2.4.6. Clarify the terminology. Let B := B(E) := B(E) be the base of K-
space E, i.e. the complete Boolean algebra of band projections in E, or (which is
the same) the algebra of positive idempotent multiplicators in E. Take a partition
of unity in B. If (Tξ)ξ∈� is a family of operators in L(X,E) and the operator
T ∈ L(X,E) is such that Tx =

∑
ξ∈� bξTξx for all x ∈ X , then T is called the

mixing of (Tξ)ξ∈� with the probabilities (bξ)ξ∈�. By 2.4.2 (7) and Gordon’s theorem
it is easy to see that in fact such use of the word “mixing” is correct.

Obviously the δ-function εA : f �→ f(A) (f ∈ l∞(𝔄, E)) belongs to Ch(ε𝔄),
where ε𝔄 is the a canonical sublinear operator. A mixing of a family (εA)A∈𝔄 is
called a pure state on 𝔄. It is easily seen that any pure state is an o-extreme points
of the canonical sublinear operator in question.

2.4.7. The mapping “descent” implements a bijection between the set of pure

states on 𝔄 and the subset of V (B) composed of δ-functions on the standard name

𝔄∧ inside V (B). In other words, t ∈ HomR↓(l∞(𝔄,R ↓),R ↓) is a pure state on 𝔄 if

and only if

[[(∃A ∈ 𝔄∧)t↑ = εA]] = 1.

⊲ Clearly,

[[(∃A ∈ 𝔄∧)t↑ = εA]] = 1 ↔
⋁

A∈𝔄

[[t↑ = εA∧ ]] = 1.
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The last statement is obviously true if and only if there exist a partition of unity
(bξ)ξ∈� and a family (Aξ)ξ∈� in 𝔄 such that t↑ is a mixing of

(
εA∧

ξ

)

ξ∈�
with

probabilities (bξ)ξ∈�.
Then, applying 2.4.2 (7) and Gordon’s Theorem, we derive

t↑ =
∑

ξ∈�

bξεA∧
ξ

↔
[[
(∀f ∈ l∞(𝔄∧,R))t↑(f) =

∑

ξ∈�

bξεA∧
ξ
(f)

]]
= 1

↔ (∀f ∈ l∞(𝔄,R ↓))t↑(f ↑) =
∑

ξ∈�

bξf ↑ (A∧
ξ )

↔ (∀f ∈ l∞(𝔄,R ↓))t(f) =
∑

ξ∈�

bξf(Aξ)

↔ (∀f ∈ l∞(𝔄,R ↓))(∀ξ ∈ �)bξt(f) = bξf(Aξ)

↔ (∀f ∈ l∞(𝔄,R ↓))(∀ξ ∈ �)[[ι(bξ)t(f) = ι(bξ)εAξ(f)]] ≥ bξ

↔ (∀f ∈ l∞(𝔄,R ↓))t(f) =
∑

ξ∈�

ι(bξ)εAξ(f)

↔ t =
∑

ξ∈�

ι(bξ)εAξ .

The equivalence makes the claim obvious. ⊳
Now we describe the structure of extreme points and the elements of the sub-

differential of a canonical operator. To obtain the required descriptions we need to
interpret externally the Krĕın-Mil′man theorem and Mil′man theorem, which were
formulated for functionals, in an appropriate Boolean-valued model.

2.4.8. Every extreme point of the subdifferential of a canonical operator is

a pointwise r-limit of a net of pure states.

⊲ Consider an extreme point of the subdifferential of a canonical operator
acting from l∞(𝔄, E0) into E0 for some K-space E0. By the Mil′man theorem 2.2.10,
we can say that the extreme point is the restriction on l∞(𝔄, E0) of an extreme
point t of the subdifferential of a canonical operator ε𝔄, acting from l∞(𝔄, E) into
E, where E := m(E0) is the universal completion of the K-space E0. In other
words, E0 can be considered as an order dense ideal (= order ideal with disjoint
complement zero) of a universally complete K-space E. This fact from the theory of
K-spaces can be easily established by methods and tools of Boolean-valued analysis.
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For that aim, first of all, it should be observed that E0 may be considered as a subset
of the Boolean-valued universe V (B) constructed over the base B := B(E0) of the
initial space E0 coinciding with the base of m(E0). Then we shall take E0 ↑↓ as
E. Since E0 ↑= E ↑ and the element R := E ↑ plays the role of the field of real
numbers inside V (B) we see, by Gordon’s theorem, that it suffices to consider only
the case in which the target space coincides with the descent of the reals.

Observe that, as it was established in 2.3.15, if t ∈ L(l∞(𝔄,R ↓),R ↓) and
t ∈ ∂ε𝔄, then t is automatically a module homomorphism, i.e. t ∈ HomR↓(l∞(𝔄,R ↓
),R ↓). Working inside V (B) and taking 2.4.5 into consideration, we obtain t↑ ∈
Ch (ε𝔄∧)↓. Next, according to the classical Mil′man theorem, the set of δ-functions
is weakly dense in the set of extreme points of the subdifferential of a (scalar)
canonical operator. By the transfer principle, for every f1, . . . , fm ∈ l∞(𝔄,R ↓ and
n := 1, 2, . . . we conclude

(∀k := 1, . . . , m)[[(∃A ∈ 𝔄∧)∣t↑(fk ↑) − fk ↑ (A)∣ ≤ 1/n∧]] = 1.

Applying 2.4.7 and putting γ := ({f1, . . . , fm}, n) we find a pure state tγ for which

∣tγ(fk) − t(fk)∣ ≤ n−11∧ (k := 1, . . . , m).

If we endow the set of indices {γ} with a natural order relation, thus turning it into
an upward-filtered set; then we shall see that the resulting net of pure states (tγ)
r-converges to t. ⊳

2.4.9. The subdifferential of a canonical sublinear operator coincides with the

pointwise r-closure of the strongly operator-convex hull of the set of δ-functions.

⊲ Arguing as in 2.4.8 we first reduce the problem to the case of a canonical
operator, which acts into the descent R ↓.

Thus let X be the strongly operator convex hull of the set of δ-functions on
𝔄 and t ∈ ∂ε𝔄. It is clear that X consists of R ↓-homomorphisms and that the
element t is also a R ↓-homomorphisms. Therefore 𝔛 := {s↑ : s ∈ X} is a strongly
cyclic subset of V (B), where B := B(R ↓). Moreover, for α, β ∈ R ↓ we have
[[α𝔛↑ +β𝔛↑⊂ 𝔛↑]] = 1 as soon as [[α, β ≥ 0∧ ∧α+β = 1∧]] = 1. Here we also take
into account the fact that l∞(𝔄∧,R)# ↓ is an R ↓-module. Finally, applying 2.4.5,
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we see that 𝔛↑ is a convex subset of ∂ε𝔄∧ inside V (B). Indeed,

[[(∀α, β ∈ R)(α ≥ 0∧ ∧ β ≥ 0∧ ∧ α + β = 1∧)

→ (α𝔛↑ +β𝔛↑⊂ 𝔛↑)]]
=

⋀

α, β∈R↓
α≥0, β≥0, α+β=1

⋀

p↑, q↑∈𝔛

[[αp↑ + βq↑ ∈ 𝔛↑]]

=
⋀

α, β∈R↓
α≥0, β≥0, α+β=1

⋀

p,q∈X

[[(αp)↑ + (βq)↑ ∈ 𝔛↑]] = 1.

Therefore according to the classical Mil′man theorem 𝔛 ↑ is dense in the weak
topology in ∂ε𝔄∧ inside V (B). Since t↑ ∈ (∂ε𝔄∧ ↓), we can find a sought net in X

that r-converges to t (see 2.4.8). ⊳
Now proceed to formulating the main results on structure of the subdifferentials

of sublinear operators acting into K-spaces.

2.4.10. Theorem. Every extreme point of a subdifferential serves as the

pointwise r-limit of a net in the strongly cyclic hull of the set of o-extreme points.

⊲ Let P : X → E be a sublinear operator and T ∈ Ch(P ). Then, in virtue of
2.2.11 (2), T = t ∘ ⟨E0(P )⟩ for some t ∈ Ch

(
εE0(P )

)
. Let (tγ) be a net of pure states

o-converging pointwise to t. Such net exists by 2.4.8. Obviously, tγ ∘ ⟨E0(P )⟩ is a
sought needed net. ⊳

2.4.11. Theorem. Extreme points of the smallest subdifferential containing

a given weakly order bounded set 𝔄 are exactly the pointwise r-limits of appropriate

nets composed of mixings of elements of 𝔄.

⊲ By 2.2.11 (1) the set of extreme points of 𝔄 is contained in Ch(ε𝔄) ∘ ⟨𝔄⟩.
Thus, it suffices to apply 2.4.9. ⊳

2.4.12. Theorem. A weakly order bounded set of operators is a subdifferen-

tial if and only if it is operator convex and pointwise o-closed.

⊲ Clearly, an operator convex weakly order bounded set 𝔄 is strongly operator
convex if it is pointwise o-closed. Taking it into account that r-convergence implies
r-convergence and using 2.4.9 we infer

𝔄 ⊂ ∂ε𝔄 ∘ ⟨𝔄⟩ ⊂ 𝔄

(the left inclusion is true without any additional assumptions). Thus 𝔄 is a subd-
ifferential. The remaining part of the claim is obvious. ⊳
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2.4.13. Theorem. A weakly order bounded set of operators is a subdifferen-

tial if and only if it is cyclic, convex, and pointwise r-closed.

⊲ It is easily seen that cyclicity combined with convexity and r-closure gives
strong operator convexity and pointwise o-closure. Referring to 2.14.12 completes
the proof. ⊳

2.5. Caps and Faces

We continue the study of rather peculiar geometry of convex sets in the spaces
of operators. The cones of operators do not have as a rule extreme rays (and thus
caps, i.e. nonempty convex weakly compact subsets with convex complement); sub-
differentials are compact in no locally convex topology and, at the same time, they
can be recovered from their extreme points. The nature of such effects restricting
the application of direct geometric methods is revealed in Boolean-valued analysis.
Indeed, the obstacles turn out to be imaginary to a certain extent and they can be
bypass by choice of a suitable Boolean-valued model in which the considered object
should be studied. In the previous section this approach was exposed in detail for
subdifferentials, i.e. for strongly operator convex pointwise o-closed weakly order
bounded sets. The aim of the further presentation is to weaken the boundedness
assumption in the spirit of the classical theory of caps which was developed by
G. Choquet and his successors. The peculiarity of our approach consists in work-
ing with the new notion of operator cap which is not a cap in the classical sense,
though coincides with it in the scalar case. The criteria for subdifferentials to be
caps and faces of sets of operators are given. In particular, an essential effect is
revealed: faces (and extreme points) presented by subdifferentials are “extensional”
whereas caps do not share this property. More precisely, when studying convex sets
of operators it is appropriate to use operator caps rather then conventional caps,
i.e. descents of scalar caps from a suitable Boolean-valued model.

2.5.1. Let X be a real vector space, let E be an universally complete K-space,
and let U be an operator convex and pointwise o-closed subset of the space L(X,E)
of linear operators from X into E.

A subset C of U is said to be an operator cap of U if C is a subdifferential and
satisfy the following extremality condition: for every x, y ∈ U and multiplicators
α, β ∈ M(E) such that α+β = IE and αx+βy ∈ C there exists a band projection
b ∈ B := B(E) for which bx ∈ bC and b′y ∈ b′C (here as above b′ := IE − b is
the complementary projection). Thus, according to 2.4.12, a subset C ∈ U is an



124 Chapter 2

operator cap of U if and only if it is weakly order bounded, pointwise o-closed, and
operator convex, and in addition satisfies the extremality condition.

For a set W ⊂ L(X,E) we put W ↑ := {A↑ : A ∈ W}, where ↑ means as usual
the ascent operation in the separated Boolean-valued universe V (B) constructed
over the Boolean algebra B := B(E) (see 2.4.2). In accordance with Gordon’s
theorem we shall canonically identify the considered K-space E with the descent of
the Boolean-valued real numbers field R and write E = R ↓ or, what is the same,
E ↑= R. In particular, if A ∈ L(X,E) then A↑ is an ℝ

∧-linear mapping from the
standard name X∧ into R, i.e. linear functional on the ℝ

∧-vector space X∧.

2.5.2. A subdifferential C serves as an operator cap of a set U ⊂ L(X,E) if

and only if C↑ is a cap of U↑ inside V (B).
⊲ On using some simple properties of ascents and descents we carry out the

following calculation of Boolean truth-values:

[[C↑ is a cap of U↑]]

= [[(∀α ≥ 0)(∀β ≥ 0)(∀x ∈ U↑)(∀y ∈ U↑)

(α + β = 1∧ ∧ αx + βy ∈ C↑) → (x ∈ C↑ ∨ y ∈ C↑)]]

=
⋀

α≥0, β≥0
α+β=IE

⋀

x,y∈U
αx+βy∈C

[[x↑∈ C↑]] ∨ [[y ↑∈ C↑]].

If C is an operator cap of U then for every x, y ∈ U and multiplicators α, β ∈ M(E)
with α + β = IE and αx + βy ∈ C there exists a band projection b ∈ B := B(E)
such that bx ∈ bC and b′y ∈ b′C. In other words, x = bx′ and y = b′y′ for suitable
x′ and y′ from C. It follows that [[x ↑∈ (bC)↑]] = 1 and [[y ↑∈ (b′C)↑]] = 1. Taking
into consideration the logical validity of the formula

(x↑∈ (bC)↑) ∧ ((bC)↑ = C↑) → x↑∈ C↑

and 2.4.1 (4) we can write

[[x↑∈ C↑]] ≥ [[x↑∈ (bC)↑]] ∧ [[(bC)↑ = C↑]] = [[bC↑ = C↑]] ≥ b;

[[y ↑∈ C↑]] ≥ [[y ↑∈ (b′C)↑]] ∧ [[(b′C)↑ = C↑]] = [[b′C↑ = C↑]] ≥ b′.

Summing up, we conclude that [[C↑ is a cap of U↑]] = 1.
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Conversely, if we know that C↑ is a cap of U↑ inside V (B) then, according to
the above calculations, for suitable parameters α, β, x, y, we have [[x↑∈ C↑]]∨ [[y ↑∈
C↑]] = 1. Thus, [[x ↑∈ C↑]] ≥ b and [[y ↑∈ C↑]] ≥ b′ for some b ∈ B. In virtue of
the maximum principle there are x′ and y′ in C↑ ↓ such that [[x ↑= x′]] ≥ b and
[[y ↑= y′]] ≥ b′, i.e. bx ↑= bx′ and b′y ↑= b′y′. The last means that x ∈ bC and
y ∈ b′C. ⊳

2.5.3. A set is said to be well-capped if it is coverable by its operator caps.
We define the operator ray, or operator halfline, or E-ray from S to T to be the
set {S + α(T − S) : α ∈ Orth(E)} in L(X,E). An extreme operator ray of U is an
operator halfline which is an extreme set.

2.5.4. Theorem. The following statements are true:

(1) each well-capped set coincides with the pointwise o-closure of the strongly

convex hull of the set of its extreme points and extreme operator rays;

(2) a set U is well-capped if and only if such is the cone HU composed of all

pointwise o-limits of arbitrary nets in the set

{(αT, α) ∈ L(X,E)× E : α ≥ 0, T ∈ U}.

⊲ (1) Let U be a well-capped set. By our assumption U↑ is a convex subset
of L(X,E)↑. Arguing as in 2.4.3 (6), we conclude that L(X,E)↑ coincide with the
space X∧# of linear functionals on X∧ (= ℝ

∧-homomorphisms from X∧ into R)
inside V (B). Moreover U↑ is closed in the multinorm {T �→ ∣Tx∣ : x ∈ X∧} inside
the Boolean-valued universe under consideration. Using the intrinsic characteriza-
tion of a subdifferential 2.4.12 and also 2.5.2 we see that U↑ is well-capped inside
V (B). Thus, according to an analogous scalar theorem of Asimov, U↑ coincides
with the convex closure of its extreme points and extreme rays. Now, by descent,
we come to the required conclusion.

(2) Clearly the ascent of {(αT, α) : α ≥ 0, T ∈ U}↑ coincides with the conic
hull of U↑×1∧ inside V (B). It follows that the set HU has the property that (HU )↑

serves as the Hörmander transform H(U↑) of the set U↑ inside the Boolean-valued
universe V (B). On applying 2.5.2 and the corresponding scalar result, we arrive at
the desired conclusion. ⊳

2.5.5. In accordance with Theorem 2.5.4 it suffices to formulate criteria for
caps in a more convenient case of cones of positive operators.
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(1) A closed convex set C is a cap of the positive cone in an ordered topological

vector space if and only if for arbitrary positive elements c1 and c2 with c1 +c2 ∈ C

there are numbers α1 ≥ 0 and α2 ≥ 0 such that α1 + α2 = 1, c1 ∈ α1C, and

c2 ∈ α2C.

⊲ → First, let C be a cap and let c = c1 + c2, where c1 ≥ 0, c2 ≥ 0, and c ∈ C.
Assume that λc1 /∈ C and λc2 /∈ C for arbitrary λ > 1. Then, by the definition of
cap,

t := λ−1(λc1) + (1 − λ−1)(λ(λ− 1)−1c2) /∈ C.

At the same time t = c and this contradicts our hypothesis. Thus there is a number
λ > 1 such that at least one of the elements λc1 or λc2 belongs to C. For definiteness,
let it be λc1. Denote λ0 := sup{λ > 0 : λc1 ∈ C}. Then λ0 > 1 and λc1 /∈ C for
every λ > λ0. Since λ−1(λc1) + (1 − λ−1)(λ(λ − 1)−1c2) ∈ C, it follows that
λ(λ − 1)−1c2 ∈ C whenever λ > λ0. Because of the closure of C, we conclude
λ0(λ0 − 1)−1c2 ∈ C. Thus c2 ∈ (λ0 − 1)/λ0C and c1 ∈ 1/λ0C.

← Now assume that for α1 > 0, α2 > 0, α1 + α2 = 1 and c1, c2 ≥ 0 we have
α1c1 + α2c2 ∈ C and nevertheless c1, c2 /∈ C. If the hypothesis is true then α1c1 =
γ1d1 and α2c2 = γ2d2 for some d1, d2 ∈ C and γ1 ≥ 0, γ2 ≥ 0 with γ1 + γ2 = 1.
Since c1 = (γ1/α1)d1 and c2 = (γ2/α2)d2 we see that γ1/α1 > 1, and γ2/α2 > 1.
At the same time the inequality γ1/α1 > 1 implies that γ2 = 1− γ1 < 1−α1 = α2.
Thus we obtain a contradiction: at least one of the points c1 or c2 belongs to C.
Finally, we conclude that C is a cap. ⊳

(2) Let p be a positive increasing sublinear functional on an ordered vector

space (X,X+). The subdifferential ∂p serves as a cap of the cone X#+ of positive

linear functionals on X if and only if any of the following conditions is fulfilled:

(a) inf{p(z) : z ≥ x1, z ≥ x2} = p(x1) ∨ p(x2) for all x1, x2 ∈ X ;

(b) the conic segment {p < 1} is filtered upward;

(c) [x1,→) ∩ [x2,→) ∩ {p ≤ 1 + ε} ∕= ∅ for all ε > 0 and x1, x2 ∈ {p ≤ 1}.
⊲ First, let ∂p is a cap of X#+. Define two sublinear functionals q, r : X×X →

ℝ by letting

(x1, x2) �→ inf{p(z) : z ≥ x1, z ≥ x2};
(x1, x2) �→ p(x1) ∨ p(x2).
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Observe that ∂q(⋅, x2) = ∂q(x1, ⋅) = X#+. Thus

∂q = {(f1, f2) ∈ X# ×X# : f1 ≥ 0, f2 ≥ 0, f1 + f2 ∈ ∂p}.

Taking 2.1.8 (1) into consideration, we can write

∂r = {(α1f1, α2f2) : α1 ≥ 0, α2 ≥ 0, α1 + α2 = 1, f1 ∈ ∂p, f2 ∈ ∂p}.

Now, to prove that the above is equivalent to (a) it suffices to note that, by Propo-
sition 2.5.5 (1), ∂p is a cap if and only if ∂q = ∂r.

Implications (a) → (b) and (a) → (c) are obvious; thus, it remains to verify
(b) → (a) and (c) → (a).

Let t := p(x1) ∨ p(x2) and (b) is fulfilled. Then (t + ε)−1x1 ∈ {p < 1} and
(t+ε)−1x2 ∈ {p < 1} for every ε > 0. By assumption z ≥ (t+ε)−1x1, z ≥ (t+ε)−1x2

and p(z) < 1 for some z ∈ X . Put z0 := (t+ε)z. Clearly p(z0) = (t+ε)p(z) < t+ε

and we deduce

p(x1) ∨ p(x2) ≤ inf{p(z) : z ≥ x1, z ≥ x2} ≤ p(z0) ≤ p(x1) ∨ p(x2) + ε.

Since ε is arbitrary, we conclude that (b) implies (a). The remaining implication
(b) → (a) is checked analogously. ⊳

It is useful to emphasis that 2.5.5 (1) remains valid if X is replaced by a vector
space over a dense subfield of ℝ.

2.5.6. The following statements are equivalent:

(1) p is an upper envelope of the support functions of caps;

(2) p is an upper envelope of discrete functionals;

(3) p is the Minkowski functional of an approximately filtered conic segment;

i.e., of a conic segment representable as an intersection of upward-filtered sets.

⊲ (1) → (2): It is ensured by the fact that the extreme points of a cap of the
cone of positive forms are precisely discrete functionals.

(2) → (3): Let p(x) := sup{pξ(x) : ξ ∈ �} (x ∈ X) where pξ := Tξ(x)+ for all
ξ and x ∈ X , and Tξ is a discrete functional. Then p is the Minkowski functional
of S :=

∩
ξ∈�{pξ < 1}. Therefore, S is an approximately filtered conic segment

because of 2.5.5 (2).
(3) → (1) : It is deduced from the general properties of caps. ⊳
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2.5.7. Theorem. Let X be an ordered vector space and P : X → E be an

increasing sublinear operator. The following statements are equivalent:

(1) the subdifferential ∂P is an operator cap of the cone L+(X,E);

(2) for every x1, x2 ∈ X we have

inf{P (z) : z ≥ x1, z ≥ x2} = P (x1) ∨ P (x2);

(3) if A1, A2 ∈ L+(X,E) are such that A1 + A2 ∈ ∂P then there exist multi-

plicators α1, α2 ∈ M(E) with A1 ∈ α1 ∘ ∂P , A2 ∈ α2 ∘ ∂P and α1 + α2 = IE ;

(4) for every x1, x2 ∈ X with P (x1) ≤ 1E and P (x2) ≤ 1E , and for every

ε > 0 there are a partition of unity (bξ)ξ∈� and a family (zξ)ξ∈� in X such that

zξ ≥ x1, zξ ≥ x2, bξP (zξ) ≤ (1 + ε)bξ (ξ ∈ �);

(5) the ascent (∂P )↑ is a cap of the cone of positive forms on the standard

name X∧ of the space X inside the Boolean-valued universe V (B) over the base B

of the K-space E under consideration;

(6) the set {P ↑< 1} is filtered upward inside V (B).
⊲ In virtue of 2.5.4 we have (1) ↔ (5), since ∂P ↑= ∂P ↑ inside V (B). Equiva-

lences (1) ↔ (2) ↔ (6) follows from 2.5.5 (2) and the maximum principle 2.4.1 (3).
Equivalence (1) ↔ (4) is guaranteed by Proposition 2.5.5 (2), since

[[∂P ↑ is a cap ]]

= [[(∀x1, x2 ∈ X∧)(∀ε > 0)(∃z ∈ X∧)z ≥ x1 ∧ z ≥ x2 ∧ P ↑ (z) ≤ 1∧ + ε]]

=
⋀

x1,x2∈X
ε>0

[[(∃z ∈ X∧)z ≥ x∧
1 ∧ z ≥ x∧

2 ∧ P (z) ≤ 1E + ε]].

It remains only to use the exhaustion principle for Boolean algebras, the Gor-
don’s theorem, and simple properties of Boolean truth values. Finally, equivalence
(2) ↔ (3) follows from 2.1.8 (1). ⊳

2.5.8. Observe two useful corollaries of Theorem 2.5.7.

(1) The extreme points of an operator cap of the cone of positive operators

are precisely the discrete operators.
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(2) An increasing positive sublinear operator P is the pointwise least upper

bound of a set of discrete operators if and only if the ascent P ↑ is the Minkowski

functional of an approximately filtered set inside the Boolean-valued universe.

2.5.9. Now we pass to the characterization of subdifferentials which are faces.
We may assume that X and E are modules over the same lattice ordered ring A

(see Section 2.3). A sublinear operator P is assumed to be A+-homogeneous. We
begin with the study of a generalization of the notion of cap. We suppose that X

is an ordered module and P is an increasing and positive operator. Next, let F

be one more ordered A-module admitting convex analysis and let T be a positive
module homomorphism from E into F .

The following statements are equivalent:

(1) for every x1, x2 ∈ X the equality holds

inf{TP (z) : z ≥ x1, z ≥ x2} = T (P (x1) ∨ P (x2));

(2) for every A1, A2 ∈ L+(X,F ) with A1 + A2 ∈ ∂(T ∘ P ) there are module

homomorphisms T1, T2 in L+(E, F ) such that

T1 + T2 = T, A1 ∈ ∂(T1 ∘ P ), A2 ∈ ∂(T2 ∘ P ).

⊲ We define two operators Q1, Q2 : X ×X → F by

Q1(x1, x2) := inf{TP (z) : z ≥ x1, z ≥ x2},
Q2(x1, x2) := T (P (x1) ∨ P (x2)).

Clearly, Q1, Q2 are sublinear operators and Q1 ≥ Q2. Thus, the required equality
in (1) can be rewritten as the inclusion ∂Q1 ⊂ ∂Q2. It remains to calculate the
subdifferentials ∂Q1 and ∂Q2. For Ak ∈ L(X,F ) (k := 1, 2) we define the module
homomorphism (A1, A2) : X × X → F by (A1, A2) : (x1, x2) �→ A1x1 + A2x2

(x1, x2 ∈ X). Then we have

(A1, A2) ∈ ∂Q1 ↔ A1 ≥ 0, A2 ≥ 0, A1 + A2 ∈ ∂(T ∘ P );

(A1, A2) ∈ ∂Q2 ↔ (∃T1 ≥ 0, T2 ≥ 0)T1 + T2 = T

∧ A1 ∈ ∂(TI ∘ P ) ∧ A2 ∈ ∂(T2 ∘ P ).
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Indeed, it suffices to apply the subdifferentiation formulas in 2.1.5–2.1.8. ⊳

2.5.10. An operator P (as well as its subdifferential ∂P ) satisfying the equiv-
alent conditions stated in 2.5.9 is called a T -cap of the semimodule L+(X,E).
Consider some properties of such caps.

(1) Each T -cap serves as an S-cap for any S ∈ [0, T ].
⊲ Denote for the sake of symmetry T ′ := S and T ′′ := T − S. Then we can

write the obvious inequalities

0 ≤ inf{T ′P (z) : z ≥ x1, z ≥ x2} − T ′(P (x1) ∨ P (x2))

+ inf{T ′′P (z) : z ≥ x1, z ≥ x2} − T ′′(P (x1) ∨ P (x2))

≤ inf{(T ′ + T ′′)P (z) : z ≥ x1, z ≥ x2} − T (P (x1) ∨ P (x2)) = 0.

Thus, the required claim follows. ⊳

(2) Let P be a T -cap and T ∘ A ∈ Ch(T ∘ P ) for some A ∈ ∂P (i.e. A is a

T -extreme point of ∂P ); then [0, T ∘A] = [0, T ] ∘A.

⊲ Let 0 ≤ S ≤ T ∘ A. Because of 2.5.9 there are T1 ≥ 0, T2 ≥ 0 with
T1 + T2 = T such that S ∈ ∂(T1 ∘ P ) and T ∘ A − S ∈ ∂(T2 ∘ P ). Thus 2T ∘ A =
(S + T2 ∘ A) + ((T ∘ A − S) + T1 ∘ A), i.e. T1 ∘ A = S and S ∈ [0, T ] ∘ A, since
S + T2 ∘A ∈ ∂(T ∘ P ) and (T ∘A− S) + T1 ∘A ∈ ∂(T ∘ P ). ⊳

2.5.11. Theorem. The following statements are equivalent:

(1) the subdifferential ∂(T ∘Q) is a face of the subdifferential ∂(T ∘ P );

(2) for arbitrary module homomorphisms T1, T2 ∈ L(E, F ) and A1, A2 ∈
L(X,F ) with

T1 ≥ 0, T2 ≥ 0, T1 + T2 = T ;

A1 ∈ ∂(T1 ∘ P ), A2 ∈ ∂(T2 ∘ P ),

A1 + A2 ∈ ∂(T ∘Q),

we have A1 ∈ ∂(T1 ∘Q) and A2 ∈ ∂(T2 ∘Q);

(3) the operator (x, y) �→ y+Q(−x) acting from the module X×E ordered by

the positive semimodule epi(P ) := {(x, e) ∈ X × E : x ≥ P (x)} into E is a T -cap;
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(4) for each x1, x2 ∈ X we have

inf
z∈X

T (R(x1, z)) ∨ (R(x2, z)) = 0,

R(x, z) := P (x− z) + Q(z) −Q(x).

⊲ (1) → (2): Let the homomorphisms T1, T2, A1, A2 be chosen in accordance
with (2). Consider an element S of the subdifferential ∂Q. Obviously , the following
relations are fulfilled:

A1 + T2 ∘ S ∈ ∂(T ∘ P ); A2 + T1 ∘ S ∈ ∂(T ∘ P );

(A1 + T2 ∘ S) + (A2 + T1 ∘ S) = (A1 + A2) + T ∘ S ∈ 2∂Q.

Thus, because of (1), the homomorphism A1 + T2 ∘ S belongs to ∂(T ∘ Q), i.e.
A1x + T2Sx ≤ TQ(x) for all x ∈ X . Therefore

A1x + T2Q(x) = sup{A1x + T2Sx : S ∈ ∂Q} ≤ T ∘Q(x)

for all x ∈ X . Thus A1 ∈ ∂(T1 ∘Q). Analogously one can prove that A2 ∈ ∂(T2 ∘Q)
(since A2 + T1 ∘ S ∈ ∂(T ∘Q) for each S ∈ ∂Q)).

(2) → (3): Define P(x, y) := y+Q(−x) and take the homomorphisms A1,A2 ∈
L(X × E, F ) such that A1,A2 ∈ ∂(T ∘ P). Put Tke := A (0, e) for k := 1, 2 and
e ∈ E. Clearly T1 ≥ 0, T2 ≥ 0, since 0 × E+ ⊂ epi(P ). Moreover, (T1 + T2)e =
A1(0, e)+A2(0, e) ≤ T (e+Q(0)) = Te for all e ∈ E. Thus T1 +T2 = T . It remains
to show that A1 ∈ ∂(T1 ∘ P) and A2 ∈ ∂(T2 ∘ P). If we set Akx := Ak(−x, 0) for
x ∈ X , then one can write

Ak(x, P (x)) = TkP (x) + Ak(x, 0)

= TkP (x) − Ak(−x, 0)

= TkP (x) − Akx ≥ 0.

Hence Ak ∈ ∂(Tk ∘ P ) for k := 1, 2. In addition

(A1 + A2)x = (A1 + A2)(0,−x) ≤ TP(−x, 0) = TQ(x).

In virtue of (2) we conclude Ak ∈ ∂(Tk ∘Q). Therefore,

Ak(x, e) = Tke− Akx ≤ Tke + TkQ(−x) = TkP(x, e)
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for all (x, e) ∈ X × E. Thus P is a T -cap.
(3) → (4): Taking the definition of T -cap into consideration, we obtain for all

x1, x2 ∈ X and e1, e2 ∈ E

T ((e1 + Q(−x1)) ∨ (e2 + Q(−x2)))

= inf{T (e + Q(−x)) : e− e1 ≥ P (x− x1), e− e2 ≥ P (x− x2)}.

From this in view of the positivity of T we conclude

T ((e1 + Q(x1)) ∨ (e2 + Q(x2)))

= inf
z∈X

T ((e1 + P (z + x1) + Q(−z)) ∨ (e2 + P (z + x2) + Q(−z)))

= inf
z∈X

T ((e1 + P (x1 − z) + Q(z)) ∨ (e2 + P (x2 − z) + Q(z))).

Putting e1 := Q(x2) and e2 := Q(x1) we come to (4).
(4) → (1): Let A1, A2 belong to ∂(T ∘ P ) and A1 + A2 ∈ 2∂(T ∘ Q). For

x1, x2 ∈ X and arbitrary z ∈ X we have

A1x1 + A2x2 = A1(x1 − z) + A2(x2 − z) + (A1 + A2)z

≤ TP (x1 − z) + TP (x2 − z) + TQ(z)

−TQ(x1) + TQ(z) − TQ(x2) + TQ(x1) + TQ(x2).

Passing to the infimum over z we deduce

A1x1 + A2x2 ≤ inf
z∈X

{T (P (x1 − z) + Q(z) −Q(x1))

+T (P (x2 − z) + Q(z) −Q(x2)) + TQ(x1) + TQ(x2)}
≤ TQ(x1) + TQ(x2)

+2 inf
z∈X

T
(
(P (x1 − z) + Q(z) −Q(x1)) ∨ (P (x2 − z) + Q(z) −Q(x2))

)
.

Invoking (4), we conclude A1 ∈ ∂(T ∘Q) and A2 ∈ ∂(T ∘Q). ⊳

2.5.12. In the case when F is a universally complete K-space the equivalent
assertions of Theorem 2.5.11 are also equivalent to the statement that the ascent
∂(T ∘Q)↑ serves as a face of the ascent ∂(T ∘P )↑ inside the Boolean-valued universe
over the base of F . Note also that the equivalence (1) ↔ (4) in Theorem 2.5.11
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is a generalization of 2.2.6 (7). As an application of the last fact we shall give
a criterion of a face which is analogous to 2.2.6 (8). Consider a weakly order bounded
set 𝔄 in L(X,E) and let P (x) := sup{Ax : A ∈ 𝔄} (x ∈ X). Let Q : X → E be
a sublinear operator and Q ≤ P .

2.5.13. Theorem. The set ∂(T ∘ Q) is a face of ∂(T ∘ P ) if and only if for

each β ∈ L+(l∞(𝔄, E), F ) with β ∘�𝔄 = T and β ∘ ⟨𝔄⟩ ∈ ∂(T ∘Q) the inequality

β
(
(�𝔄 ∘Q(x1) − ⟨𝔄⟩x1) ∧ (�𝔄 ∘Q(x2) − ⟨𝔄⟩x2)

) ≥ 0

holds for all x1, x2 ∈ X , or equivalently

β(⟨𝔄⟩x−�𝔄 ∘Q(x))+ = 0

for all x ∈ X .

⊲ Invoking Theorem 2.5.11, we deduce the following characterization of a face:

0 = inf
z∈X

T
(
(ε𝔄 ∘ ⟨𝔄⟩(x1 − z) + Q(z) −Q(x1))

∨ (ε𝔄 ∘ ⟨𝔄⟩(x2 − z) + Q(z) −Q(x2))
)

= inf
z∈X

T ∘ ε𝔄
(
(�𝔄Q(z) − ⟨𝔄⟩z + ⟨𝔄⟩x1 −�𝔄Q(x2))

∨ (�𝔄Q(z) − ⟨𝔄⟩z + ⟨𝔄⟩x2 −�𝔄Q(x2))
)

= inf
z∈X

T ∘ ε𝔄
(
�𝔄Q(z) − ⟨𝔄⟩z)

+ (⟨𝔄⟩x1 −�𝔄Q(x1)) ∨ (⟨𝔄⟩x2 −�𝔄Q(x2)).

If β ≥ 0, β ∘�𝔄 = T and β ∘ ⟨𝔄⟩ ∈ ∂(T ∘Q), then

0 ≥ inf
z∈X

(
β�𝔄Q(z) − β⟨𝔄⟩z)

+β
(
(⟨𝔄⟩x1 −�𝔄Q(x1)) ∨ (⟨𝔄⟩x2 −�𝔄Q(x2))

)

= β
(
(⟨𝔄⟩x1 −�𝔄Q(x1)) ∨ (⟨𝔄⟩x2 −�𝔄Q(x2))

)
.

Thus the necessity of the inequalities is established. To check their sufficiency we
use the vector minimax theorem 4.1.10 (2) according to which there is an operator
β in ∂(T ∘ε𝔄) such that the infimum in 2.5.11 (4), denoted by f , can be represented
as

f = inf
z∈X

(β�𝔄Q(z) − β⟨𝔄⟩z)
+β

(
(⟨𝔄⟩x1 −�𝔄Q(x1)) ∨ (⟨𝔄⟩x2 −�𝔄Q(x2))

)
.
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It follows that the set

U := {β�𝔄Q(z) − β⟨𝔄⟩z : z ∈ X}

is bounded below and hence, in virtue of the positive homogeneity of Q and ⟨𝔄⟩,
we have inf U = 0. The last fact means that TQ(z) = β⟨𝔄⟩z ≥ 0 for every z ∈ X ,
i.e. β ∘ ⟨𝔄⟩ ∈ ∂(T ∘ Q). Thus, by hypothesis f ≤ 0, whence the equality f = 0
follows.

The validity of the inequality under consideration leads, for x1 := x and x2 = 0,
to the equality

β(⟨𝔄⟩x−�𝔄 ∘Q(x))+ = 0.

This in turn is equivalent to:

(∀β′ ≥ 0)β′ ≤ β → β′(⟨𝔄⟩x−�𝔄Q(x)
) ≤ 0

for all x ∈ X . It remains to observe that

β
(
(�𝔄Q(x1) − ⟨𝔄⟩x1) ∧ (�𝔄Q(x2) − ⟨𝔄⟩x2)

)

= β1
(
�𝔄Q(x1) − ⟨𝔄⟩x1

)
+ β2

(
�𝔄Q(x2) − ⟨𝔄⟩x2

)

for suitable β1 and β2 with β = β1 + β2. ⊳

2.6. Comments

2.6.1. The canonical operator method presented in 2.1.1–2.1.8 was suggested
by S. S. Kutateladze [233], see also [2, 235, 240, 363, 391]. Proposition 2.1.8 (3) was
first established in the same paper [233]; another proof not using the Hahn-Banach-
Kantorovich theorem can be found in [281]. The integral representation results in
2.1.14 (3)–(5), 2.1.15, and 2.1.16 were first published in [226]. Theorem 2.1.14 (1)
basic for this consideration was proven by J. D. M. Wright in [418]. As for measure
and integration theory in vector lattices see, for instance, J. D. M. Wright [417],
and A. G. Kusraev and S. A. Malyugin [230].

2.6.2. The main results of Sections 2.2 and 2.3 are due to S. S. Kutateladze.
The Krĕın-Mil′man theorem was established in 1940 and since then has been de-
veloped in different directions as one of the most important general principles of
geometric functional analysis; see, for instance, [5, 10, 371]. In this connection the
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problem of Diestel should be mentioned on equivalence of the Krĕın-Mil′man and
Radon-Nikodým properties, see [79, 90, 332, 81]. There are various interesting
interconnections with Choquet theory, see [2, 5, 10, 331, 371]. Our presentation
follows S. S. Kutateladze [238, 241, 244]. On applying the results of Section 2.2 to
the sublinear operator p from 1.4.15 one can deduce several results on the extension
of positive operators; see [55, 271–273].

2.6.3. In Section 2.3 we follow S. S. Kutateladze [243, 245]; for related results
see also in [8, 19, 31, 34, 51, 320, 330, 402, 406]. Bigard’s theorem 2.3.4 was
established in [34]. The proof of Theorem 2.3.17 essentially follows the scheme
suggested by A. D. Ioffe for 1.4.10. There are many different categories, other than
the category of modules, in which some Hahn-Banach theorem is available; see the
G. Buskes survey [59].

2.6.4. Boolean-valued models of set theory were invented by D. Scott, R. Solo-
vay and P. Vopěnka in connection with the P. J. Cohen independence results. De-
tailed presentation of the history of Boolean-valued models can be found in the au-
thors’ book [227] as well as in the excellent books by J. L. Bell [28], and G. Takeuti
and M. Zaring [382]. Gordon’s theorem was first formulated in [122], see also [124,
125]. The term Boolean-valued analysis was coined by G. Takeuti who also initi-
ated many directions in this branch of modern analysis; see [227, 381]. The intrinsic
characterization of subdifferentials in the form of 2.4.12 was first formulated as a
conjecture in [233]; it was then proved by A. G. Kusraev and S. S. Kutateladze
[221]. A standard proof of this result can be found in A. G. Kusraev [215].

It is noteworthy that proving the operator variants (Theorems 2.4.10–2.4.13) of
the well-known scalar results was ranked among most hard and principal problems
of local convex analysis. There were found several interesting particular solutions
for different special classes of spaces and operators which appeal either to the com-
pactness of a subdifferential in the appropriate operator topology or to the specific
geometric interpretation of separation in concrete function spaces. At the same
time the general affirmative answer failed to be found precisely due to the fact
that for arbitrary spaces and operators a subdifferential, as a rule, is on the one
hand not compact in any operator topology and on the other hand the scalar in-
terpretations of separation theorems do not provide adequate characterizations for
subdifferentials, see [240, 257–261, 263, 363, 428].

2.6.5. About the method of caps in Choquet theory, see [10, 331]. Section 2.5
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presents results by S. S. Kutateladze [248, 250]. The proof of the main results uses
the Boolean-valued set theory once again, being nonstandard in this sense. Un-
doubtedly, the results can be derived by standard tools. At the same time it should
be emphasized that attempts at avoiding the transfer principle and searching for
however “expensive” conventional direct proofs do not deserve justification. First,
they may lead sometimes to cumbersome proofs, and second we loose a remarkable
opportunity, open up by Boolean-valued analysis, to automatically extend the scope
of classical theorems. In other words, to abstain from use of Boolean-valued models
in the relevant areas is the same as ignoring the spectral theorem (after it has been
established) in the study of general properties of normal operators in Hilbert space.



Chapter 3

Convexity and Openness

By now we have executed our study of subdifferentials on an algebraic level. To
put it more precisely, we studied total sublinear operators, or what is the same,
subdifferentials of convex operators at interior points of their domains. Involv-
ing topology seems to be not sufficiently reasonable at this juncture since, in the
presence of natural compatibility with the order structure of the domains, the sub-
differentials appear to be automatically continuous in the same sense in which so
was the initial sublinear operator. The situation is drastically different for the sub-
linear operators that are defined not on the whole space and that conventionally
appear as the directional derivatives of convex operators at boundary points of the
domains. Here the doors are widely open for all types of pathology. At the same
time the study of subdifferentials at boundary points is an absolute necessity in
the overwhelming majority of cases. Suffice it to recall that the very beginning of
subdifferential calculus is tied with the modern sections of the theory of extremal
problems which treat the involved ways of description for the set of feasible solutions
where the greatest or the least value of an objective function is sought.

The central theme of the current chapter is the interaction between convexity
and openness in topological vector spaces. Strictly speaking, we study here the
conditions under which a convex correspondence is open at a point of its domain.
As usual, openness means that open sets containing a point of the domain are trans-
formed by the considered correspondence onto neighborhoods of a fixed element in
the image of the point under study. Analysis of the property and its most profound
modification leading to the concept of general position for convex sets or convex
operators enable us to achieve substantial progress in the problems of subdiffer-
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entiation. A matter of fact, we arrive at the automatic opportunity to derive the
existence theorems for continuous operators by analyzing only the algebraic version
of the problem dealt with.

It is inconceivable to treat topology and convexity simultaneously without mak-
ing use of the fundamental concept of the duality of vector spaces. In relation to
this, we develop some apparatus for polar calculus, a polar actually presenting the
subdifferential of a Minkowski gauge functional, and besides we give applications of
the apparatus to description of open correspondences. A separate important topic
is the openness principle for correspondences that summarizes the development of
the ideas stemming from the classical Banach open mapping theorem and that
simplifies the checking of applicability for the subdifferentiation technique under
study.

3.1. Openness of Convex Correspondences

The section is devoted to preliminary consideration of the concept of openness
at a point for a convex correspondence.

3.1.1. Let X and Y be topological vector spaces, and consider a convex cor-
respondence � from X into Y . We say that � is open (or almost open) at a point
(x, y) ∈ � if for every neighborhood U of the point x the set �(U)− y (the closure
of the set (�(U)−y)∩ (y−�(U))) is a neighborhood of the origin in Y . In the case
when x = 0 and y = 0 we speak about openness or almost openness at the origin.

3.1.2. A convex correspondence � ⊂ X×Y is open at a point (x, y) ∈ � if and

only if for every neighborhood U ⊂ X of the origin there exists a neighborhood V ⊂
Y of the origin such that �(x + λU) ⊃ y + λV for all 0 ≤ λ ≤ 1.

⊲ If � is open at the point (x, y) and U is a neighborhood of the origin in X ,
then there exists a neighborhood V ⊂ Y of the origin such that �(x+ U) ⊃ y + V .
But then, by 1.2.2 (1), we have

�(x + λU) = �((1 − λ)x + λ(x + U))

⊃ (1 − λ)�(x) + λ�(x + U)

⊃ (1 − λ)y + λ(y + V ) = y + λV

for every 0 ≤ λ ≤ 1.
The converse is beyond any doubt. ⊳
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3.1.3. If a convex correspondence � is (almost) open at some point (x, y) ∈ �,

then � is (almost) open at every point (x0, y0) ∈ � for which y0 ∈ core(�(X)).

⊲ With the help of the translation (x′, y′) �→ (x′ − x, y′ − y), we can always
reduce the problem to the case x = 0 and y = 0. Therefore, we assume that
0 ∈ �(0) and � is (almost) open at the origin. If y0 ∈ core(�(X)), then for
some ε > 0 the element y1 := (1+ε)y0 lies in �(X). Thus, there exists x1 ∈ X such
that (x1, y1) ∈ �. If u0 := (1 + ε)−1x1, then (x1, y1) = (1 + ε)(u0, y0); moreover,
y0 ∈ �(u0). For every neighborhood U ⊂ X of the origin we have

�(u0 + ε(1 + ε)−1U) ⊃ 1
1 + ε

�(x1) +
ε

1 + ε
�(U) ⊃ y0 +

ε

1 + ε
�(U).

Thus, if � is (almost) open at the origin, then � is (almost) open at the point (u0, y0)
for some u0 ∈ X . However, if 0 < λ < 1 is sufficiently small, then λ(u0−x0 +U ′) ⊂
U for an appropriate neighborhood U ′ ⊂ X of the origin; therefore,

�(x0 + U) ⊂ �((1 − λ)x0 + λ(u0 + U ′))

⊂ (1 − λ)�(x0) + λ�(u0 + U ′)

⊂ y0 + λ(�(u0 + U ′) − y0).

Whence the required assertion follows. ⊳

3.1.4. Let X be an ordered topological vector space with the cone X+ of
positive elements. A set V ⊂ X is called normal if V = (V + X+) ∩ (V − X+).
Say that the cone X+ is normal if every neighborhood of the origin in X contains
a normal neighborhood of the origin.

Let X be a topological vector space and let Y be an ordered topological vector

space with normal positive cone. Let f : X → Y be a convex operator and x0 ∈
dom(f). Then f is continuous at a point x0 if and only if the correspondence

� := epi(f)−1 is open at the point (f(x0), x0).

⊲ If the correspondence � is open at the point (f(x0), x0) then for every
symmetric neighborhood V ⊂ Y of the origin there exists a symmetric neighbor-
hood U ⊂ X of the origin such that

�(f(x0) + V ) ⊃ x0 + U.

Since x ∈ x0 + U , we derive (x, f(x0) + y) ∈ epi(f) or f(x) ≤ f(x0) + y for some
y ∈ V . Consequently, f(x) − f(x0) ∈ V − Y + for all x ∈ x0 + U . The element
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x′ := 2x0 − x belongs to x0 + U as well, hence, f(x′) − f(x0) ∈ V − Y +. By
convexity of f , we have 2f(x0) ≤ f(x′) + f(x) or f(x0) − f(x) ≤ f(x′) − f(x0).
Thus, f(x0) − f(x) ∈ V − Y + and thereby

f(x) − f(x0) ∈ (V − Y +) ∩ (V + Y +) (x ∈ x0 + U).

By normality of the cone Y +, the preceding means that the operator f is continuous
at the point x0. The converse assertion is obvious. ⊳

3.1.5. (1) Let X and Y be topological vector spaces and Z, an ordered topo-

logical vector space with normal positive cone. Moreover, let � be a convex corre-

spondence from X into Y and f : X → Z⋅ be a convex operator. Suppose that the

following conditions are satisfied:

(a) the correspondence � is open at some point (x0, y0) ∈ �;

(b) dom(f) ⊃ dom(�) and the restriction of f to dom(�) is continuous at the

point x0;

(c) the set f(�−1(y)) has a greatest lower bound in Z for all y ∈ �(X).
Then the mapping h := �(f) : Y → Z⋅⋅⋅ defined by the relation

h(y) :=
{

inf f(�−1(y)) if y ∈ �(X),
+∞ if y /∈ �(X),

is convex and continuous at the point y0.

⊲ Convexity of the operator h was established in 1.3.10 (1). Show that h is
continuous at the point y0. With the help of the translation (x, y, z) �→ (x−x0, y−
y0, z−f(x0)), we can always reduce the considered situation to the case x = 0, y = 0,
and f(x0) = 0. Introduce the correspondence � := {(x, z, y) : (x, y) ∈ �, f(x) ≤ z}
from X × Z into Y . Let W be an arbitrary neighborhood of the origin in Z.
Assume that a number 0 < ε < 1 and a symmetric neighborhood W1 ⊂ Z of
the origin are such that ε(W1 ± h(0)) ⊂ W . Select a neighborhood U ⊂ X of
the origin that satisfies the condition U ∩ dom(�) ⊂ f−1(W1). Then, as is easily
seen, �(U × W1) ⊃ �(U). By openness of � at the origin, the set �(U × W1)
contains some symmetric neighborhood V of the origin. Now if y ∈ V , then h(y) ≤
f(x) ∈ W1 −Z+ for some x ∈ U ∩ dom(�). Consequently, h(V ) ⊂ W1 −Z+. Thus,
ϕ(y) := h(y)−h(0) ∈ W1−h(0)−Z+ (y ∈ V ). Assume y ∈ εV . Then, by convexity
of h, we obtain

ϕ(y) ≤ (1 − ε)ϕ(0) + εϕ
(y

ε

)
= εϕ

(y

ε

)
∈ ε(W1 − h(0) − Z+).
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So ϕ(εV ) ⊂ (W1 − h(0) − Z+) ⊂ W − Z+. On the other hand, the element −y

belongs to the symmetric set εV as well. Therefore, recalling that h is convex, we
have 0 = ϕ(0) ≤ (1+ ε)−1ϕ(y)+ ε(1+ ε)−1ϕ(−ε−1y). Hence, −εϕ(−ε−1y) ≤ ϕ(y).
Thereby, owing to the choice of V , we arrive at the relation

ϕ(y) ∈ ε(W1 + h(0) + Z+) ⊂ W + Z+.

We finally obtain
h(y) − h(0) ∈ (W + Z+) ∩ (W − Z+).

The last means continuity of h at the origin, since the cone Z+ is normal. ⊳
Taking the identity mapping IZ of the space Z = Y as f , we obtain the

following corollary.
(2) Let X and Y be topological vector spaces; moreover, suppose that Y is

ordered by a normal minihedral cone. Let � be a correspondence from X into Y

such that �−1 is open at the point (y0, x0) and the set �(x) is bounded below for

all x ∈ X . The mapping inf ∘� : X → Y (defined according to 1.3.5) is convex and

continuous at the point x0.

3.1.6. Consider cones K1 and K2 in a topological vector space X and put
ϰ := (K1, K2). With a pair ϰ we associate the correspondence �ϰ from X2 into X

defined by the formula

�ϰ := {(k1, k2, x) ∈ X3 : x = k1 − k2 ∈ Kl (i := 1, 2)}.

It is clear that �ϰ is a conic correspondence.
We say that the cones K1 and K2 constitute a nonoblate pair or that ϰ is

a nonoblate pair if the correspondence �ϰ is open at the origin. Since �ϰ(V ) =
V ∩ K1 − V ∩ K2 for every V ⊂ X , nonoblateness of the pair ϰ means that, for
every neighborhood V ⊂ X of the origin, the set

ϰV := (V ∩K1 − V ∩K2) ∩ (V ∩K2 − V ∩K1)

is a neighborhood of the origin as well. It is easy to see that ϰV ⊂ V − V . Hence,
nonoblateness of ϰ is equivalent to the fact that the system of sets {ϰV } serves as
a base for the neighborhood filter of the origin as V ranges over some base of the
same filter.
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3.1.7. (1) A pair of cones ϰ := (K1, K2) is nonoblate if and only if the pair

λ := (K1 ×K2, �2(X)) is nonoblate in the space X2.

Here and above �n : x �→ (x, . . . , x) is the embedding of X into the diagonal
�n(X) of the space Xn.

⊲ Let � := �ϰ and � := �λ. Show that the following inclusions hold
for U, V ⊂ X , U + U ⊂ V :

�(U × U)2 ⊂ �(V 2 × V 2), �(V 2 × V 2)(0) ⊂ �(V ).

Indeed, for x ∈ �(U2) we have x = x1 − x2 for some xl ∈ U ∩ Kl (l := 1, 2).
Therefore,

(x, 0) = (x1, x2) − (x2, x2) ∈ �(U2 × U2).

Hence, it follows that �(U2)×{0} ⊂ �(U2 ×U2). In a similar way, {0}×�(U2) ⊂
�(U2 × U2). Consequently,

�(U × U)2 ⊂ �(U2 × U2) + �(U2 × U2) ⊂ �(V 2 × V 2).

Now assume (0, x) ∈ �(V 2 × V 2). Then (0, x) = (h, h) − (y1, y2) for some
h ∈ V and (y1, y2) ∈ V 2 ∩ (K1 × K2). We obtain x = y1 − y2 ∈ �(V 2), which
proves the second inclusion. The required assertion immediately ensues from the
above-established relations. ⊳

(2) Cones K1 and K2 constitute a nonoblate pair if and only if the conic

correspondence � ⊂ X ×X2 defined by the relation

� := {(h, x1, x2) ∈ X ×X2 : xl + h ∈ Kl (l := 1, 2)}
is open at the origin.

⊲ Indeed, if (K1, K2) is a nonoblate pair, then, by (1), for every neighbor-
hood U of the origin in X there is a neighborhood V of the origin in X such
that V 2 ⊂ U2 ∩ (K1 × K2) − U2 ∩ �2(X). Consequently, the representation
(x, y) = (u, v) − (h, h) holds for (x, y) ∈ V 2, where h ∈ U , u ∈ U ∩ K1, and
v ∈ U ∩K2. Moreover, (h, x, y) ∈ �. The last means that �(U) ⊃ V 2.

Conversely, suppose that � is open at the origin. Take an arbitrary neighbor-
hood W of the origin in X and choose a neighborhood V of the origin in X so that
V + V ⊂ W . The set �(V ) contains U2 for some neighborhood U of the origin
in X . Without loss of generality we can assume that U ⊂ V . Nonoblateness of the
pair (K1, K2) follows from the obvious inclusion U2 ⊂ �(V ) ⊂ W 2 ∩ (K1, K2) −
W 2 ∩�2(X). ⊳
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3.1.8. A convex correspondence � from X into Y is open at the origin if and

only if the HΞormander transform of the set X ×� and the cone �2(X)×{0}×ℝ
+

constitute a nonoblate pair in the space X2 × Y × ℝ.

⊲ Let K1 := H(X×�) and K2 := �2(X)×{0}×ℝ
+. Take arbitrary neighbor-

hoods V ⊂ X and W ⊂ Y of the origins and a certain number ε > 0. Choose one
more neighborhood V1 ⊂ X of the origin such that V1 +V1 +V1 ⊂ V . If � is open at
the origin, then ε� is open at the origin as well. Consequently, W1 ⊂ (ε�)(V1)∩W

for some neighborhood W1 ⊂ Y of the origin. Put U1 := V 2
1 × W1 × [−ε, ε] and

U := V 2 ×W × [−ε, ε]. Then U1 ⊂ U ∩K1 − U ∩K2. Hence, the pair (K1, K2) is
nonoblate.

Conversely, assume that (K1, K2) is a nonoblate pair and take an arbitrary
neighborhood V of the origin in X . Let U := V 2

1 × Y × [−1, 1], where V1 is
a neighborhood of the origin in X such that V1 + V2 ⊂ V . If W is the projection
of the set U ∩ K1 − U ∩ K2 onto Y , then W is a neighborhood of the origin and
W ⊂ �(V ). ⊳

3.1.9. We introduce one of the fundamental concepts of the calculus of sub-
differentials.

We say that cones K1 and K2 in a topological vector space X are in general
position if the following conditions are satisfied:

(1) K1 and K2 reproduce (algebraically) some subspace X0 ⊂ X , i.e., X0 =
K1 −K2 = K2 −K1;

(2) the subspace X0 is complemented, i.e., there exists a continuous projection
P : X → X such that P (X) = X0;

(3) K1 and K2 constitute a nonoblate pair in X0.

3.1.10. Cones K1 and K2 are in general position if and only if such are the cone

K1 ×K2 and the diagonal �2(X) of the space X2. Moreover, if the pairs (K1, K2)
and (K1×K2, �2(X)) reproduce subspaces X0 ⊂ X and Z0 ⊂ X2 respectively and

a subspace X1 ⊂ X is a topological complement to X0, then Z0 can be decomposed

in the topological direct sum of X2
0 and �2(X1).

⊲ First of all note that if X1 is a topological complement to X0, then K1 and K2

reproduce X0 if and only if K1 × K2 and �2(X) reproduce Z0 = X2
0 + �2(X1).

If K1 and K2 are in general position and X = X0 ⊕X1, then Z0 is complemented.
Indeed, let P� : X2 → X2 be the projection onto the diagonal defined as follows:
P� : (x, y) �→ 1

2 (x + y, x + y), and suppose that Q : X2 → X2 acts by the rule
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Q : (x, y) �→ (Px, Py), where P is a continuous projection in X onto X0. Then, as
is easily checked, Q+P� ∘ (IX2 −Q) is a continuous projection onto Z0. The form
of the last projection implies that Z0 = X2

0 ⊕�2(X1).
Nonoblateness of the pair (K1 ×K2, �2(X)) in Z2

0 ensues from 3.1.7 by virtue
of the inclusions

(K1 ×K2) ∩ U2 + �2(X) ∩ U2

⊃ (K1 ×K2) ∩ U2 + �2(X0 ∩ V ) + �2(X1 ∩ V ), V + V ⊂ U.

Conversely, suppose that (K1 ×K2) and �2(X) are in general position. Moreover,
if P0 is a continuous projection in X2 onto X2

0 , then, as is well known, it is open.
Therefore, the inclusion

P0(U2 ∩ (K1 ×K2) + U2 ∩�2(X)) ⊂ P0(U2) ∩ (K1 ∩K2) + P0(U2) ∩�2(X0),

where U ⊂ X , immediately yields nonoblateness for (K1 ×K2) and �2(X0) in X2
0

and, hence, nonoblateness for K1 and K2 in X0 according to 3.1.7. Thus, it remains
to show that X0 is complemented. Let P be a continuous projection onto Z0, and
put Q := P − P� ∘ P . Since �2(X) ⊂ Z0, we have P ∘ P� = P�; therefore,
Q2 = P − P ∘ P� ∘ P − P� ∘ P + P� ∘ P ∘ P� ∘ P = Q, i.e., Q is a continuous
projection. Furthermore, Q(X2) = (IX2 − P�)(Z0) = Z0 ∩ �−

2 (X2) = �−
2 (X0),

where �−
2 (X) := {(x,−x) : x ∈ X}. At last, if π : �−

2 (X) → X and ρ : X →
�−

2 (X) are defined by the relations π(x,−x) := x and ρ(x) := (x,−x), then the
operator π ∘Q ∘ ρ : X → X is the sought projection onto X0. ⊳

3.1.11. Proposition 3.1.10 enables us to extend the concept of general position
to any finite collection of cones. Say that cones K1, . . . , Kn in the space X are in
general position if so are the cone K1 × ⋅ ⋅ ⋅ × Kn and the diagonal �n(X) of the
space Xn. Observe that the Hörmander transforms of some convex cones are in
general position if and only if the property is exercised by the original cones. Thus,
it is natural to accept the following definition. Nonempty convex sets C1, . . . , Cn

are in general position if so are their Hörmander transforms H(C1), . . . , H(Cn).

3.1.12. If the intersection C1 ∩ ⋅ ⋅ ⋅ ∩Cn+1 contains a point that is interior for

each but possibly one convex set C1, . . . , Cn+1, then the sets are in general position.

⊲ Let x0 be an interior point of a convex set C. Since the mapping (x, t) �→
x(1 + t)−1 is continuous at the point (x0, 0), there exists a neighborhood U ⊂ X of



Convexity and Openness 145

the origin and a number ε > 0 such that (x0 + U)(1 + t)−1 ⊂ C for all t ∈ (−ε, ε).
Hence, we can see that the neighborhood V := (x0 +U)× (1− ε, 1+ ε) of the point
(x0, 1) is contained in H(C). Consequently, it suffices to establish our assertion in
the case of cones.

Thus, let C1, . . . , Cn+1 be cones. Consider an arbitrary neighborhood U of
the origin and assume that εx0 ∈ V and V + V + V ⊂ U for some ε > 0 and
a symmetric neighborhood V of the origin. However, εx0 is also an interior point
of the cone C1 ∩ ⋅ ⋅ ⋅ ∩Cn; therefore, we can choose V so as to satisfy the condition
ε(x0, . . . , x0) + V n ⊂ C1 × ⋅ ⋅ ⋅ × Cn. Afterwards we immediately derive

V n+1 ⊂ (C1 × ⋅ ⋅ ⋅ × Cn+1) ∩ (V n+1 + V n+1 + V n+1) + �n+1(X)

∩(V n+1 + V n+1) ⊂ (C1 × ⋅ ⋅ ⋅ × Cn+1) ∩ Un+1 −�n+1(X) ∩ Un+1;

(v1, . . . , vn+1) = (vn+1 − εx0, . . . , vn+1 − εx0)

+(v1 − vn+1 + εx0, . . . , vn − vn+1 + εx0, εx0),

which was required. ⊳
Also, outline the following simple fact.

3.1.13. Let X1, . . . , Xn be topological vector spaces; X0 := X1 × ⋅ ⋅ ⋅ × Xn;

and Bl ⊂ Xl and Cl ⊂ Xl be given convex sets, l := 0, 1, . . . , n. Then the following

assertions are valid:

(1) if the sets Bl and Cl are in general position for every l := 1, . . . , n, then so

are the sets B1 × ⋅ ⋅ ⋅ ×Bn and C1 × ⋅ ⋅ ⋅ × Cn;

(2) if B0 and C0 are in general position, then the sets lθ(B0) and lθ(C0), are

in general position for every rearrangement θ := {l1, . . . , ln} of the set of indices

{1, . . . , n}; here lθ : X0 → Xl1 × ⋅ ⋅ ⋅ ×Xln is the rearrangement of the coordinates

lθ : (x1, . . . , xn) �→ (xl1 , . . . , xln).

3.1.14. Openness of convex correspondences has interesting and important
applications in convex analysis. In particular, in the next section we apply the con-
cept of general position to studying partial (= not everywhere defined) sublinear
operators. In this connection, a natural desire arises to find out which circum-
stances automatically guarantee openness for a convex corresponding. Thereby
a problem appears to extend the classical openness principle to different types of
convex correspondences.
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We shall show how to use in this situation the classical rolling ball method
suggested by S. Banach. The other methods for analysing openness of convex
correspondences are discussed in Section 3.4.

So, let C be a set in a topological vector space X . Say that C is σ-convex
if for every bounded sequence (xn) in C and an arbitrary sequence of positive
numbers (λn) such that

∑∞
n=0 λn = 1 the series

∑∞
n=0 λnxn converges and its

sum belongs to C. If C contains the sums of convergent series
∑∞

n=0 λnxn for an
arbitrary sequence (xn) in C and arbitrary parameters λn ≥ 0,

∑∞
n=0 λn = 1, then

C is called ideally convex.
Consider a sequence ((xn, tn)) in X × ℝ escaping for C. The last means that

0 ≤ tn ≤ tn+1, xn ∈ tnC, xn+1 − xn ∈ (tn+1 − tn)C (n := 0, 1, . . . ).

If limxn ∈ (lim tn)C for every convergent sequence ((xn, tn)) escaping for С, then C

is called monotone closed. Finally, C is called monotone complete if every Cauchy
sequence ((xn, tn)) escaping for C has a limit (x, t) := lim(xn, tn) and, moreover,
x ∈ tC.

It is easy to check that a convex set C is monotone complete if and only if
every Cauchy sequence in H(C) increasing in the space X × ℝ (ordered by the
cone H(C)) converges to some element in H(C). The last condition, in its turn, is
equivalent to monotone completeness of the cone H(C). Thus, we can say that C

is monotone complete if and only if the Hörmander transform H(C) of the set C is
monotone complete. A similar conclusion is valid for monotone closed sets. Finally,
consider a correspondence � ⊂ X × Y . Say that � is a fully convex correspondence
if it is an ideally convex subset of X × Y and the effective set dom(�) is either
σ-convex or monotone complete.

Concepts of σ-convexity and ideal convexity are tightly connected with mono-
tone completeness and closure.

3.1.15. A convex set in a topological vector space is monotone closed if and

only if it is ideally convex.

⊲ → Let C be monotone closed and convex. Taking into account the fact
that monotone completeness is preserved under translations, we assume 0 to be an
element of C. Take (xn) ⊂ C and (λn) ⊂ ℝ

+, and assume that
∑∞

k=0 λk = 1 and
the sum x :=

∑∞
k=0 λkxk exists. Assign tn :=

∑n
k=0 λk and yn :=

∑n
k=0 λkxk. It is

clear that 0 ≤ tn ≤ tn+1, yn ∈ tnC, yn+1−yn ∈ (tn+1− tn)C, and (yn, tn) → (x, 1).
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Thus, the indicated sequence escapes and converges. Hence, x ∈ 1C = C, i.e., C is
ideally convex.

← Now suppose that C is ideally convex. We assume again that 0 ∈ C. Note
that for an escaping sequence ((xn, tn)) convergent to (x, t) we can assume that
tn > 0 and tn+1 ∕= tn (the other cases are immediate). Consider the elements

y0 :=
x0

t0
, yn :=

xn − xn−1

tn − tn−1
(n := 1, 2, . . . );

λ0 :=
t0
t
, λn :=

tn − tn−1

t
(n := 1, 2, . . . ).

It is clear that
∑∞

n=0 λn = 1 and yn ∈ C. Furthermore,

∞∑

n=0

λnyn =
∞∑

n=0

tn+1 − tn
t

⋅ xn+1 − xn

tn+1 − tn
+

t0
t
⋅ x0

t
=

x

t
.

Thus, x/t ∈ C, i.e., C is monotone closed. ⊳

3.1.16. A convex set C in a metrizable locally convex space is σ-convex if and

only if C is monotone complete.

⊲ ← Let (xn) be a bounded sequence in C and numbers λn > 0 be such that
∑∞

k=0 λk = 1. Undoubtedly, the sequence yn :=
∑n

k=0 λkxk is fundamental, for

yn+p − yn =
p∑

k=1

λn+kxn+k ∈
(

p∑

k=1

λn+k

)

B = (tn+p − tn)B,

where B is a convex bounded set containing (xn) and tn :=
∑n

k=0 λk. By monotone
completeness of C, as in 3.1.15, we infer that the series

∑∞
n=0 λnxn has a sum that

belongs to C.
← As in 3.1.15, we assume that 0 ∈ C. Let ((xn, tn)) be a fundamental escaping

sequence. Choose a subsequence (n(k)) of indices such that

d

(
1
t
xn(k+p),

1
t
xn(k)

)

≤ 1
2k

,
1
t
∣tn(k+p) − tn(k)∣ ≤ 1

2k
,

where d is some metric (invariant under translations) that determines the topology
in the space under consideration. Without loss of generality we confine ourselves
to the case of tn(k+p) > tn(k) and xn(k+1) ∕= xn(k). Put

yk :=
2k

t
(xn(k+1) − xn(k)); y0 :=

1
t
x0, λk =

1
2k

,
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where t := lim tn. We have yn ∈ 2k

t (tn(k+1) − tn(k))C ⊂ C. On the other hand,

d(yk, 0) = d

(
2k

t
(xn(k+1) − xn(k)), 0

)

≤ d

(
1
t
xn(k+1),

1
t
xn(k)

)

+ ⋅ ⋅ ⋅+ d

(
1
t
xn(k+1),

1
t
xn(k)

)

︸ ︷︷ ︸
2k times

≤ 1,

because d
(1
txn(k+1),

1
txn(k)

) ≤ 1
2k by hypothesis. Finally, we conclude that (yn)

is a bounded sequence of points of C (the sequence ((xn, tn)) escapes!). Hence,
the series

∑∞
k=0 λkyk converges to an element in C. The last means that (xn(k))

converges, which implies the required assertion. ⊳

3.1.17. Consider briefly the question concerning which operations preserve the
classes of ideally convex and σ-convex correspondences.

(1) A closed or open convex subset of a topological vector space is ideally

convex.

(2) In a finite dimensional space each convex set is ideally convex.

(3) The intersection of any family of ideally convex sets is ideally convex.

(4) If � is a fully convex correspondence, then �(C) is ideally convex for every

bounded ideally convex set C.

(5) An ideally convex subset of a σ-convex set is σ-convex. In particular, in a

sequentially complete locally convex space every ideally convex set is σ-convex.

(6) The sum and the convex hull of the union of two σ-convex sets are σ-convex

whenever one of them is bounded.

(7) If � is a σ-convex correspondence, then �(C) is σ-convex for every bounded

set C.

3.1.18. Theorem. Let X and Y be metrizable topological vector spaces, and

suppose that Y be is nonmeager. Furthermore, let � be a fully convex correspon-

dence from X into Y and a point (x0, y0) ∈ � be such that y0 ∈ core(�(X)). Then

the correspondence � is open at the point (x0, y0).

⊲ Without loss of generality we can assume that x0 = 0 and y0 = 0. Also,
it is clear that for every neighborhood V of the origin in X the set cl(�(V )) is
a neighborhood of the origin in Y . Indeed, the set �(X) ∩ −�(X) is absorbing by
hypothesis. Take a neighborhood U ⊂ X of the origin such that αU + βU ⊂ V ,
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where α > 0, β > 0, and α + β = 1. By 1.2.8 (2), the set �(U) is absorbing as well.
Since Y is nonmeager, cl(�(U)∩�(U)) contains some open set W . Moreover, W ⊂
cl(�(U)) and −W ⊂ cl(�(U)). By convexity of �, we have cl(�(V )) ⊃ α cl(�(U))+
cl(β�(U)) ⊃ αW − βW . Hence, we can see that cl(�(V )) is a neighborhood of the
origin.

Now let d be some metric in X (invariant under translations) that defines the
topology. Put Vn := {x ∈ X : d(x, 0) ≤ r/2n}, where r is chosen so that V0 ⊂ V .
We establish the inclusion 1

2 cl(�(V1)) ⊂ �(V ) (which will complete the proof). Let
(Wn) be a sequence of neighborhoods of the origin in Y constructed in the same
way as (Vn) in X . Take an arbitrary point y ∈ 1

2 cl(�(V )) and put z1 := y. Since
cl(�(V2)) ∩ W1 is a neighborhood of the origin, we have

(
z1 − 1

4 cl(�(V2)) ∩W1
) ∩

1
2�(V1) ∕= ∅. In other words, there are elements

x1 ∈ V1, y1 ∈ �(x1), z2 ∈ 1
2

cl(�(V2)) ∩W1,

1
2
z2 = z1 − 1

2
y1

(

→ y =
1
2
y1 +

1
2
z2

)

.

Since cl(�(V3)) is a neighborhood of the origin, we have
(
z2 − 1

4 cl(�(V3)) ∩W2
) ∩

1
2�(V2) ∕= ∅, and again there are elements for which

x2 ∈ V2, y2 ∈ �(x2), z3 ∈ 1
2

cl(�(V3)) ∩W2,

1
2
z3 = z2 − 1

2
y2

(

→ y =
1
2
y1 +

1
4
y2 +

1
4
z3

)

.

Continuing the process by induction, we obtain the next sequences that satisfy the
relations

xn ∈ Vn, yn ∈ �(xn), zn+1 ∈ 1
2

cl(�(Vn+1)) ∩Wn,

1
2
zn+1 = zn − 1

2
yn

(

→ y =
n∑

k=1

1
2k

yk +
1
2k

zk+1

)

.

The sequence (xn) is bounded, because xn+k ∈ Vn+k ⊂ Vn (k = 1, 2, . . . ),
i.e., all terms of (xn) lie in the neighborhood Vn from some number n on. Hence, if
dom(�) is a σ-convex set, then there exists a sum x :=

∑∞
n=1

1
2nxn and x ∈ dom(�).
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On the other hand, if un :=
∑∞

k=1
1
2k xk, then

d(un+k − un, 0) ≤
n+k∑

m=n

d

(
1

2m
xm, 0

)

≤
n+k∑

m=n

d(xm, 0) ≤ r

2n−1 ,

i.e., (un) is a Cauchy sequence. If tn :=
∑n

k=1
1
2k , then ((un, tn)) is an escaping

Cauchy sequence for dom(�). If the last set is monotone complete, then there exists
a limit x = lim

n→∞xn and x ∈ dom(�). Further, y =
∑∞

k=1
1
2k yk by construction,

since zn → 0. Hence, by ideal convexity of �, it follows that y ∈ �(x). Moreover,

d(x, 0) = d

( ∞∑

k=1

1
2k

xk, 0

)

≤
∞∑

k=1

d

(
1
2k

xk, 0
)

<
∞∑

k=1

r

2k
= r,

i.e., x belongs to V . ⊳

3.1.19. Let � be a σ-convex correspondence acting from the space X into

a metrizable space Y . If for every bounded set C in Y there is a bounded set B

in X and a number α > 0 such that αC ⊂ �(B), then Y is complete.

⊲ It is clear from the condition that the sum
∑∞

n=0 λnzn exists for every
bounded sequence (zn) in Y and every sequence (λn) ⊂ ℝ such that

∑∞
n=0 λn = 1.

Hence, we easily infer the claim.
Indeed, given an arbitrary Cauchy sequence (yn) of elements in Y , constitute

a sequence (yn(k)) for which 0 < βk := d(yn(k+1), yn(k)) ≤ 1
2k , where as usual

d is a metric defining the topology in Y . The sequence (zk) defined as zk :=
(yn(k+1) − yn(k))/βk is bounded. Let λk := βk/

∑∞
k=0 βn. Then

∑∞
k=0 λk = 1

and the series
∑∞

k=0 λkzk converges. The latter means that the sequence (zn) has
a limit. Finally, we conclude that (yn) converges. ⊳

3.1.20. Let K1 and K2 be monotone complete cones in a nonmeager metrizable

topological vector space X , and let X = K1 − K2. Then X is complete and the

cones K1 and K2 constitute a nonoblate pair.

⊲ Consider the correspondence

� := {(k1, k2, x) ∈ X2 ×X : x = k1 − k2, kl ∈ Kl (l := 1, 2)},

involved in the definition of nonoblate pair. It is clear that � is monotone closed
convex set. Thus, � is an ideally convex correspondence and 0 ∈ core(�(X2)),
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for �(X2) = X by hypothesis. By 3.1.16, dom(�) = K1 × K2 is σ-convex. By
virtue of Theorem 3.1.18, we conclude that � is open at the origin. Taking positive
homogeneity of � into account, we infer that it is σ-convex. Appealing to 3.1.19,
we see that X is complete. ⊳

3.2. The Method of General Position

Our next goal is to develop the method of general position which represents an
automaton for obtaining topological existence theorems from the algebraic equiv-
alents of the Hahn-Banach-Kantorovich theorem. Existence of such automaton is
connected with the phenomenon of openness of a convex correspondence.

3.2.1. Let X be a topological vector space and let E be an ordered topological
vector space. Given a sublinear operator P : X → E, it is interesting to study the
collection of all continuous linear operators contained in the subdifferential ∂P .
We denote this set again by the symbol ∂P and, by obvious reasons, preserve
the old title: “∂P is the subdifferential (at the origin)” and “∂P is the support
set.” In the cases when misunderstanding is possible we shall use more detailed
notations and terms, speaking of the algebraic subdifferential ∂aP and the topological
subdifferential ∂cP . In other words, to avoid ambiguity, we put

∂aP := ∂P, ∂cP := (∂aP ) ∩ L (X,E),

where as usual L (X,E) is the space of all continuous linear operators from X

into E.

3.2.2. (1) Let P : X → E be a sublinear operator such that dom(P ) = X . If

the positive cone E+ of E is normal, then the following assertions are equivalent:

(a) P is uniformly continuous;

(b) P is continuous;

(c) P is continuous at the origin;

(d) the set ∂P is equicontinuous.

⊲ The implications (a) → (b) → (c) are obvious.
(c) → (d): If T ∈ ∂P , then −P (−x) ≤ Tx ≤ P (x) (x ∈ X). Therefore, T (U) ⊂

nP (U) := (P (U) − E+) ∩ (−P (−U) + E+) for an arbitrary neighborhood U ⊂ X

of the origin. Thereby

U ⊂
∩

{T−1(nP (U)) : T ∈ ∂P}.
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Since the cone E+ is normal and the operator P is continuous at the origin, the
sets {nP (U)} constitute a vanishing filter base. This implies equicontinuity of ∂P .

(d) → (a) Let V be a normal symmetric neighborhood of the origin in E.
Choose a symmetric neighborhood U ⊂ X of the origin so as to have

U + U ⊂
∩

{T−1(V ) : T ∈ ∂P}.

Now take arbitrary x, y ∈ U . From subadditivity of P we obtain

P (x) − P (y) ≤ P (x− y), P (y) − P (x) ≤ P (y − x).

On the other hand, by 1.4.14 (1), we can choose S, T ∈ ∂P such that S(x − y) =
P (x−y) and T (y−x) = P (y−x). By the choice of U , we have P (x)−P (y) ∈ V −E+

and P (y) − P (x) ∈ V −E+. Since V is normal and symmetric, we finally obtain

P (x) − P (y) ∈ (V + E+) ∩ (V − E+) = V. ⊳

(2) The topological subdifferential of a total continuous sublinear operator is

nonempty.

⊲ This follows from the above proposition and 1.4.14 (2). ⊳

3.2.3. The proven assertions demonstrate that the technique of calculating
algebraic subdifferentials automatically covers the topological case for everywhere
defined continuous sublinear operators. In case of a partial operator P , even con-
tinuous on dom(P ), the support sets ∂aP and ∂cP may fail to coincide. At the
same time, needs of applications (and to say nothing of the common sense) require
to solve the problem of finding subdifferentiation rules in the topological situation
in the class of topological support sets, because in the indicated conditions we
can speak of a class more observable than the class of all linear operators, that of
continuous linear operators.

We saw in Section 1.4 that the differentiation formulas are subtle forms of ex-
istence theorems similar to the Hahn-Banach-Kantorovich theorem. It is clear that
the formulas for calculating the topological support set of superposition are more
qualified forms of the existence theorems which guarantee existence of a continu-
ous operator with prescribed algebraic properties under some reasonable additional
topological constraints (cf. 3.2.2). The method of general position to be devel-
oped below yields a regular way of obtaining topological existence theorems from
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the algebraic subdifferentiation technique based on the Hahn-Banach-Kantorovich
theorem.

In the sequel we need some agreements. Henceforth, we assume that E is
a K-space and its positive cone E+ is normal, i.e., E is a topological K-space.
The reader soon will see that the assumption is very much essential and connected
with 3.2.2 (1), as a matter of fact. The following agreement, on the contrary, is
of purely technical character, for it leads to considerable simplification of many
formulas.

Let X1 and X2 be vector spaces. We establish some isomorphism between
L(X1, E)×L(X2, E) and L(X1×X2, E) as follows. Given operators T1 ∈ L(X1, E)
and T2 ∈ L(X2, E), we put

(T1, T2)(x1, x2) := T1x1 − T2x2 (x1 ∈ X1, x2 ∈ X2).

In the case of n spaces X1, . . . , Xn with n exceeding two, we shall induct the above
procedure by using the representation

X1 × ⋅ ⋅ ⋅ ×Xn ≃ (X1 × ⋅ ⋅ ⋅ ×Xn−1) ×Xn.

Thus, the notation (T1, . . . , Tn) ∈ L(X1 × ⋅ ⋅ ⋅ × Xn, E) means in the sequel that
Tl ∈ L(Xl, E) (l := 1, . . . , n) and

(T1, . . . , Tn)(x1, . . . , xn) = T1x1 − T2x2 − ⋅ ⋅ ⋅ − Tnxn (x1 ∈ X1, . . . , xn ∈ Xn).

Thereby, the agreement is valid for the spaces L (X1, E)×L (X2, E) and L (X1 ×
X2, E), etc., i.e., in topological situations.

Given a cone K ⊂ X , assign

πE(K) := {T ∈ L (X,E) : Tk ≤ 0 (k ∈ K)}.

We readily see that πE(K) is a cone in L (X,E).

Let P : X → E be a sublinear operator, T ∈ L (X,E), and S ∈ L +(E, F ).
Then (T, S) ∈ πE(epi(P )) if and only if S ≥ 0 and T ∈ ∂(S ∘ P ).

⊲ Indeed, if S ≥ 0 and T ∈ ∂(S ∘ P ), then Th ≤ S ∘ P (h) ≤ Sk for (h, k) ∈
epi(P ), i.e., Th−Sk ≤ 0. Conversely, assume that Th ≤ Sk for all (h, k) ∈ epi(P ).
For h = 0 and k ≥ 0 we obtain Sk ≥ 0, i.e., S ≥ 0. If now k = P (h) then
Th ≤ S ∘ P (h), i.e., T ∈ ∂(S ∘ P ). ⊳

The following assertion plays a key role.
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3.2.4. Let K1, . . . , Kn be cones in a topological vector space X and let E be

a topological K-space. If K1, . . . , Kn are in general position then the following

representation holds:

πE(K1 ∩ ⋅ ⋅ ⋅ ∩Kn) = πE(K1) + ⋅ ⋅ ⋅+ πE(Kn).

⊲ First assume that n = 2. Suppose that the operator T belongs to the
left-hand side of the sought equality. Put X0 := K1 − K2 and consider the conic
correspondence � from X2 into X inverse to � of 3.1.7 (2). Since

K1 ∩K2 = �(0, 0) ⊃ �(x1, x2) + �(−x1,−x2)

for arbitrary x1, x2 ∈ X0, we have T (h + k) ≤ 0 for h ∈ �(x1, x2) and k ∈
�(−x1,−x2), i.e., Tk ≤ −Th. Thus, the set −T (�(x1, x2)) is bounded below
for x1, x2 ∈ X0 and the relation

P (x1, x2) := inf{−Th : h ∈ �(x1, x2)}
correctly defines a sublinear operator from X2

0 into E⋅. It is easy to see that
dom(P ) = X2

0 . Moreover, the operator P is continuous by virtue of 3.1.5. Thus,
∂P ∕= ∅ according to 3.2.2 (2). If S ∈ L (X2) is a continuous linear projection
onto X2

0 and (T1,−T2) ∈ (∂P ) ∘ S, then obviously T = T1 + T2, Tl ∈ πE(Kl)
(l := 1, 2). The last means that T ∈ πE(K1) + πE(K2). Now assume n > 2. Put
K := K1 × ⋅ ⋅ ⋅ × Kn and K0 = K1 ∩ ⋅ ⋅ ⋅ ∩Kn and note that Kn

0 = K ∩�n(X). If
T ∈ πE(K0), then S := (T,−T, . . . ,−T ) ∈ πE(Kn

0 ). By the above-proved assertion,
πE(Kn

0 ) ⊂ πE(K) + π(�n(X)), for the cones K and �n(X) are in general position
by definition. Consequently, there are operators Tl, Sl ∈ L (X,E) (l := 1, . . . , n)
such that (S1,−S2, . . . ,−Sn) ∈ πE(�n(X)), (T1,−T2, . . . ,−Tn) ∈ πE(K), and
(T, 0, . . . , 0) = (T1, . . . ,−Tn) + (S1, . . . , Sn). From these relations we infer that
∑n

l=1 Sl = 0, T =
∑n

l=1 Tl, and Tl ∈ πE(Kl) (l := 1, . . . , n). The reverse inclusion
is plain. ⊳

3.2.5. (1) Suppose that a space E is (topologically) complete and the cones

K1 × ⋅ ⋅ ⋅ × Kn and �n(X) constitute a nonoblate pair in the subspace Z0 ⊂ Xn

whose closure is complemented in Xn. Then

πE(K1 ∩ ⋅ ⋅ ⋅ ∩Kn) = πE(K1) + ⋅ ⋅ ⋅+ πE(Kn).

If E = ℝ and X is a locally convex space, then we can omit the assump-

tion concerning complementation in the condition of general position of the cones

K1, . . . , Kn, while preserving the above representation.
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⊲ Indeed, owing to completeness of E, we can extend the continuous sub-
linear operator P constructed in the proof of 3.2.4 from the respective subspace
of X onto cl(X2

0 ) by continuity; afterwards the proof proceeds by the conventional
scheme. Now if E = ℝ and X is locally convex, then every functional f ∈ ∂P

can be continuously and linearly extended from X2
0 onto the whole X2 using the

classical extension principle. ⊳
(2) It is worth to emphasize that a somewhat stronger assertion holds under

an appropriate condition of general position. Namely, under the conditions of 3.2.4

for every operator T ∈ πE(K1 ∩ ⋅ ⋅ ⋅ ∩Kn) the set

{(T1, . . . , Tn) ∈ L (X,E)n : T = T1 + ⋅ ⋅ ⋅+ Tn, Tl ∈ πE(Kl)}

is nonempty and equicontinuous on the subspace �n(X) +
∏n

l=1 Kl.

⊲ We confine ourselves to the case n = 2. Let X0 and P be the same as in
the proof of 3.2.4. Then the restrictions of the operators in the indicated set to
the subspace X2

0 constitute ∂P . On the other hand, ∂P is equicontinuous in view
of 3.2.2 (1). ⊳

The method of general position consists in successive application of 3.2.5 (1)
and the following obvious assertion:

3.2.6. Let X and Y be topological vector spaces, T be a continuous linear

operator from X into Y , and K ⊂ X be a cone. Then

πE(T (K)) = {S ∈ L (Y,E) : S ∘ T ∈ πE(K)}.

As an important application of the method, we establish the subdifferentiation
rule for the sum (of not necessarily total!) sublinear operators which is a key
theorem of local convex analysis. In the statement of the rule σn denotes the
rearrangement of coordinates

σn : ((x1, y1), . . . , (xn, yn)) �→ ((x1, . . . , xn), (y1, . . . , yn))

which establishes an isomorphism between the spaces (X × Y )n and Xn × Y n.

3.2.7. Theorem. Let X and Y be topological vector spaces, E be a topo-

logical K-space, and K1 . . . , Kn be conic correspondences from X into Y . If the
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cones σn(
∏n

l=1 Kl) and �n(X) × Y n are in general position then the following

representation holds:

πE(K1 ∔ ⋅ ⋅ ⋅∔Kn) = πE(K1) +. . . . +. πE(Kn).

⊲ Let the operator � from Xn × Y n into X × Y act by the rule

� : (x1, . . . , xn, y1, . . . , yn) �→
(

1
n

n∑

l=1

xl,
n∑

l=1

yl

)

.

Then K0 = �(K ∩ (�n(X) × Y n)), where K0 := K1 ∔ ⋅ ⋅ ⋅ ∔ Kn and K :=
σn(

∏n
l=1 Kl). If (T, S) ∈ πE(K0), then, by 3.2.4 and 3.2.6, there exist opera-

tors A ∈ πE(K) and B ∈ πE(�n(X) × Y n) such that (T, S) ∘ � = A + B. By
putting Tlx := A (0, . . . , 0, x, 0, . . . , 0) and Sl(x) = B(0, . . . , 0, x, 0, . . . , 0) (x stands
in the l-th place and l := 1, 2, . . . , 2n), we obtain some collection of linear operators
for which

Sl, Tl ∈ L (X,E) (l := 1, . . . , n);

Sl, Tl ∈ L (Y,E) (l := n + 1, . . . , 2n);
n∑

l=1

Sl = 0; Sl = 0 (l := n + 1, . . . , 2n);

n∑

l=1

Tlx +
n∑

l=1

Tl+nyl −
n∑

l=1

Slx = Tx−
n∑

l=1

Syl

(x ∈ X, (x, yl) ∈ Kl, l := 1, . . . , n);

(Tl, Sl) ∈ πE(Kl) (l := 1, . . . , n).

Hence, T =
∑n

l=1 Tl and Tl = −S for all l := n + 1, . . . , 2n or, which is the same,
(Tl, S) ∈ πE(Kl) (l := 1, . . . , n). Thus, T is involved in the right-hand side of the
equality under consideration. The reverse inclusion is trivial. ⊳

3.2.8. Henceforth, we say that sublinear operators P1, . . . , Pn : X → E are
in general position if the sets �n(X) × En and σn(epi(P1) × ⋅ ⋅ ⋅ × epi(Pn)) are in
general position. We accept a similar terminology for convex operators.

Theorem. Let X be a topological vector space and let E be a topological

K-space. If sublinear operators P1, . . . , Pn : X → E are in general position, then

the Moreau-Rockafellar formula is valid:

∂(P1 + ⋅ ⋅ ⋅+ Pn) = ∂P1 + ⋅ ⋅ ⋅ + ∂Pn.
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⊲ Apply 3.2.7 to the cones epi(P1), . . . , epi(Pn). ⊳
From Theorem 3.2.7 we can derive the rule for calculating the support set of

convolution of sublinear operators. Consider topological vector spaces X , Y , and Z

and sublinear operators P : X × Y → E⋅ and Q : Y × Y × Z → E⋅.

3.2.9. Theorem. If the cones epi(P, Z) and epi(X,Q) are in general position,

then the following representation holds:

∂(Q△P ) = ∂Q ∘ ∂P.

Here ∂Q ∘ ∂P is composition of the correspondences ∂Q and ∂P understood ac-
cording to 3.2.3, i.e.,

∂Q ∘ ∂P = {(T1, T2) ∈ L (X,E)× L (Z,E) :

(∃T ∈ L (Y,E))T1x− Ty ≤ P (x, y), T y − T2z ≤ Q(y, z), (x, y, z) ∈ X × Y × Z}.

⊲ If the operators T1 ∈ L (X,E), T ∈ L (Y,E), and T2 ∈ L (Z,E) are such
that (T1, T ) ∈ ∂P and (T, T2) ∈ ∂Q, then

T1x− T2z = (T1x− T1y) + (Ty − T2z) ≤ P (x, y) + Q(y, z)

for arbitrary x ∈ X , y ∈ Y , and z ∈ Z. Taking a greatest lower bound over y ∈ Y in
the preceding inequality, we obtain (T1, T2) ∈ ∂(Q△P ). Prove the reverse inclusion.
Define the operators P ,Q : X × Y × Z → E and ∇ : X × Y × Z → X × Z by the
relations

P (x, y, z) := P (x, y), Q(x, y, z) := Q(x, z),

∇(x, y, z) := (x, z) ((x, y, z) ∈ X × Y × Z).

It is evident that if (T1, T2) ∈ ∂(Q△P ), then (T1, T2)∘∇ ∈ ∂(P +Q). Furthermore,
since epi(P ) = epi(P, Z) and epi(Q) = epi(X,Q), we can apply Theorem 3.2.8.
Thus, (T1, T2) ∘ ∇ ∈ ∂P + ∂Q. Let (T1, T2) ∘ ∇ = S1 + S2, where S1 ∈ ∂P and
S2 ∈ ∂Q. Put (U1, V1) = S1(⋅⋅⋅, ⋅⋅⋅, 0) and (U2, V2) = S(0, ⋅⋅⋅, ⋅⋅⋅). Then (U1, V1) ∈ ∂P

and (U2, V2) ∈ ∂Q; moreover,

T1x− T2z = U1x− V1y + U2y − V2z

for all (x, y, z) ∈ X × Y × Z. Hence, T1 = U1, T2 = V2, and U2 = V1. In other
words, (T1, T2) ∈ ∂Q ∘ ∂P . ⊳
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3.2.10. We list several corollaries to the just-proven fact:
(1) Consider a pair of cones K1 ⊂ X × Y and K2 ⊂ Y × Z and assume

that the cones K1 × Z and X × K2 are in general position. Then πE(K2 ∘K1) =
πE(K2) ∘ πE(K1).

⊲ Assign P := δE(K) and Q := δE(K) and note that Q△P = δE(K2 ∘ K1),
epi(P, Z) = K1 × Z × E+, and epi(X,Q) = X × K2 × E+. It remains for us to
employ Theorem 3.2.2. ⊳

(2) Let F be an ordered topological vector space, P : X → F ⋅⋅⋅ be a sublinear

operator, and Q : F → E⋅⋅⋅ be an increasing sublinear operator. If the cones epi(P )×
E and X × epi(Q) are in general position then the following representation holds:

∂(Q ∘ P ) =
∪

{∂(T ∘ P ) : T ∈ ∂Q}.

⊲ Put K1 := epi(P ) and K2 := epi(Q) and note that epi(Q ∘P ) = K2 ∘K1 by
monotonicity of the operator Q. If S ∈ ∂(Q ∘ P ), then (S, IE) ∈ πE(K2) ∘ πE(K1)
by (1); therefore, the inclusions (S, T ) ∈ πE(K1) and (T, IE) ∈ πE(K2) are valid
for some T ∈ L (F,E). The former guarantees the relation S ∈ ∂(T ∘ P ) and the
latter, T ∈ ∂Q. Thus, S belongs to the right-hand side of the sought inclusion. The
reverse inclusion is undisputed. ⊳

(3) Let P : X → E⋅⋅⋅ be a sublinear operator, T : Y → X be a continuous

linear operator, and the cones Y × epi(P ) and T ×E be in general position. Then

∂(P ∘ T ) = (∂P ) ∘ T .

⊲ This immediately ensues from (1), if we put K1 := T and K2 := epi(P ). ⊳
(4) Let P : Y × X → E⋅ be a sublinear operator and let K ⊂ X × Y be

a conic correspondence. Assume that the set P (K(x) × {x}) is bounded below for

every x ∈ X . Then the formula Q(x) := inf(P (K(x) × {x})) defines a sublinear

operator Q : X → E⋅. If the cones X × epi(P ) and K × X × E+ are in general

position, then

∂Q = (∂P ) ∘ πE(K) ∘�2.

⊲ Indeed, we have the representation

Q = (P△δE(K)) ∘�2.

From (3) it follows that ∂Q = ∂(P△δE(K))∘�2. It remains to apply Theorem 3.2.9,
considering that epi(X,P ) = X × epi(P ) and epi(δE(K), X) = K ×X ×E+. ⊳



Convexity and Openness 159

3.2.11. To proceed further with subdifferentiation formulas, we have to estab-
lish the rules for factoring a linear operator to the left of the subdifferentiation sign.
In other words, we have to decide whether the formula ∂(S ∘ P ) = S ∘ ∂P is valid.
This question is not so simple as in 3.2.10 (3). (We have treated it in 1.4.14 (5),
while studying the case when S is a multiplicator.) Therefore, we confine ourselves
to the case when S is a positive orthomorphism. A more general problem will be
studied in Section 4.3.

(1) If P : X → E is a sublinear operator and α : E → E is an arbitrary

orthomorphism, then ∂a(α ∘ P ) = α ∘ ∂aP .

⊲ As was mentioned, the kernel ker(α) of a positive orthomorphism is a band.
Let π be the projection onto ker(α). By Theorem 2.1.6 (2), we have ∂(α∘P ) = ∂(β∘
P ), where β := α∣πdE . The orthomorphism β has kernel zero; therefore, the positive
operator β−1 : β(E) → E inverse to β is correctly defined. Moreover, β(E) is an
order-dense ideal in πdE. Let T ∈ ∂(β ∘P ). Then −β ∘P (−x) ≤ Tx ≤ β ∘P (x) for
all x ∈ X , therefore, T (X) ⊂ β(E). Hence, we can see that S := β−1 ∘T ∈ L(X,E)
and S ∈ ∂P . Furthermore, β ∘ S = T . So T ∈ β ∘ ∂P . The reverse inclusion is
trivial. Thus, ∂(α ∘ P ) = β ∘ ∂P and it remains to note that β ∘ ∂P = α ∘ ∂P . ⊳

(2) If P : X → E⋅⋅⋅ is a positive sublinear operator, then

∂(α ∘ P ) =
∩

{β ∘ ∂P : β ∈ Inv(Orth+(E))}

for every α ∈ Orth+(E), where Inv(Orth+(E)) is the set of positive invertible

elements of the algebra Orth(E).

⊲ Any positive orthomorphism α is the infimum of some family of invertible
positive elements of Orth(E), for example, of a sequence α+(1/n)IE. Given an in-
vertible β ∈ Orth+(E), we obviously have ∂(β∘P ) = β∘∂P . By positivity of P , the
relations (∀x ∈ dom(P ))Tx ≤ α∘Px and (∀x ∈ dom(P ))(∀β ∈ Inv(Orth+(E)))β ≥
α → Tx ≤ β ∘ Px are valid. ⊳

From this proposition we can easily deduce that if ∂P ∕= 0 then the set
∩

{β ∘ ∂P − (α− β) ∘ T : α ≤ β ∈ Inv(Orth+(E))}

is independent of the choice of T ∈ ∂P and coincident with ∂(α ∘ P ).
Now we turn to the case of an arbitrary sublinear operator P : X → E.
Let α, β, π be the same as in the proof of (1). In the universal comple-

tion m(πdE) of πdE there exists an order-dense ideal E1 such that πdE ⊂ E1
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and the operator β−1 has a unique extension, say ρ, to a positive operator defined
on πdE with values in E1. So ρ : πdE → E1 and ρ∘β = IπdE . Since ρ is a bijection,
we can assign ᾱ := ρ−1 and get a positive operator ᾱ : E1 → E. Now, for each
x ∈ πdE we have ᾱx = ρ−1x = ρ−1(ρ ∘ β)x = βx = αx, i.e. ᾱ and α coincide
on πdE.

Put
α ⋅ ∂P := ∂(δE0(domP )) + ᾱ ∘ ∂E1(P ),

where E0 := πE = kerα and the set ∂E1(P ) consists of linear operators S : X → E1

for which Sx ≤ πdP (x) (x ∈ X) and ᾱ ∘ S : X → E is continuous. If domP = X

then ∂(δE0(domP )) ∕= ∅ and, since imS ⊂ πdE, we see that ᾱ∘S = α∘S; therefore,
α ⋅ ∂P = α ∘ ∂P .

(3) Given a sublinear P : X → E⋅ and a positive α ∈ Orth(E), the formula

∂(α ∘ P ) = α ⋅ ∂P holds.

3.2.12. If sublinear operators P1, . . . , Pn : X → E⋅ are such that their epigraphs

epi(P1), . . . , epi(Pn) are in general position then the following representation holds:

∂(P1 ∨ ⋅ ⋅ ⋅ ∨ Pn) =
∪

(α1 ⋅ ∂P1 + ⋅ ⋅ ⋅+ αn ⋅ Pn),

where the union is taken over all α1, . . . , αn ∈ Orth+(E) such that α1 + ⋅ ⋅ ⋅+αn =
IE .

⊲ Let P := P1 ∨ ⋅ ⋅ ⋅ ∨Pn, K := epi(P ), and Kl := epi(Pl) (l := 1, . . . , n). Take
an operator T ∈ ∂P . As was mentioned in 3.2.2, (T, IE) ∈ πE(K). The relation
K = K1 ∩ ⋅ ⋅ ⋅ ∩Kn obviously holds. Therefore, there exist operators Tl ∈ L (X,E)
and αl ∈ L (E) (l := 1, . . . , n) such that

(T, IE) = (T1, α1) + ⋅ ⋅ ⋅+ (Tn, αn);

(T1, α1) ∈ πE(K1), . . . , (Tn, αn) ∈ πE(Kn).

Owing to 3.2.3 and 3.2.11 (3), we conclude that αl ≥ 0 and Tl ∈ ∂(α1∘Pl) = αl ⋅∂Pl.
Moreover, T = T1 + ⋅ ⋅ ⋅+Tn and IE = α1 + ⋅ ⋅ ⋅+αn; consequently, T belongs to the
right-hand side of the required representation. The reverse inclusion is evident. ⊳

Given sublinear operators P : X × Y → E and Q : y × Z → E, introduce the
following notation:

(∂Q) ⊙ (∂P ) =
∪

α,β≥0,
α+β=IE

(β ⋅ ∂Q) ∘ (α ⋅ ∂P ).

By 3.2.11 (3), the notation agrees with 1.2.5.
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3.2.13. Suppose that P : X × Y → E⋅ and Q : Y × Z → E⋅ are sublinear

operators and the cones epi(P, Z) and epi(X,Q) are in general position. Then the

following representation holds:

∂(Q⊙ P ) = (∂Q) ⊙ (∂P ).

⊲ Assume that (T1, T0) ∈ α ⋅ ∂P and (T0, T2) ∈ β ⋅ ∂Q, moreover, α, β ∈
Orth+(E) and α + β = IE . Then

T1x− T2z = (T1x− T0y) + (T0y − T2z)

≤ α ∘ P (x, y) + β ∘Q(y, z) ≤ P (x, y) ∨Q(y, z).

Consequently, (T1, T2)(x, z) ≤ (Q⊙ P )(x, z). Conversely, let (T1, T2) ∈ ∂(Q⊙ P ).
As in 3.2.9, this implies that (T1, T2) ∘ △ ∈ ∂(P ∨ Q), where P , Q, and △ occur
in the proof of 3.2.9. From the representation of 3.2.12 we can see that there are
positive orthomorphisms α, β ∈ Orth(E), α + β = IE , and operators U ∈ α ⋅ ∂P
and V ∈ β ⋅ ∂Q such that (T1, T2) ∘ △ = U + V . It is easy to understand that
α ⋅ ∂P = (α ⋅ ∂P ) × {0} and β ⋅ ∂Q = {(0, V0, V2) : (−V0, V2) ∈ β ⋅ ∂Q}. Let
U = (U1, U0, 0) and V = (0, V0, V1). Then we have T1 = U1, T2 = V2, and
U0 = −V0. Thereby, (T1, T2) ∈ (β ⋅ ∂Q) ∘ (α ⋅ ∂P ) ⊂ (∂Q)⊙ (∂P ). ⊳

3.2.14. (1) Given arbitrary sublinear operators P1, . . . , Pn : X → E⋅, the

following formula holds:

∂(P1 ⊕ ⋅ ⋅ ⋅ ⊕ Pn) = ∂P1 ∩ ⋅ ⋅ ⋅ ∩ ∂Pn.

⊲ The operator P := P1 ⊕ ⋅ ⋅ ⋅ ⊕ Pn is a greatest lower bound of the set
{P1, . . . , Pn} in the lattice Sbl(X,E). Therefore, ∂P ⊂ ∂Pl for all l := 1, . . . , n. On
the other hand, the operator Q : x �→ sup{Tx : T ∈ ∂P1 ∩ ⋅ ⋅ ⋅ ∩ ∂Pn} is dominated
by each operator Pl. Hence, we have Q ≤ P and so ∂P1 ∩ ⋅ ⋅ ⋅ ∩ ∂Pn ⊂ ∂Q ⊂ ∂P . ⊳

(2) If the positive cone E+ is nonoblate then the following representation holds

for arbitrary sublinear operators P1, . . . , Pn : X → E:

∂(P2# . . .#Pn) = ∂P1# . . .#∂Pn.

⊲ Without loss of generality we can consider only the case n = 2. Let Y := X

and Z be an arbitrary space. Define the operators P : X×Y → E⋅ and Q : Y ×Z →
E⋅ by the formulas

P (x, y) := P1(x− y), Q(y, z) := P2(y).
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Then (Q⊙ P )(x, z) = (P1#P2)(x) for all x ∈ X and z ∈ Z. Consequently,

∂(Q⊙ P ) = ∂(P1#P2) × {0}.

It is easy to see that nonoblateness of the positive cone E+ guarantees that the
cones epi(P, Z) and epi(X,Q) are in general position. Thereby we can apply The-
orem 3.2.13, which yields

∂(P1#P2) × {0} = (∂Q)⊙ (∂P ).

It remains to calculate the subdifferentials

α ⋅ ∂P = {(T, T ) : T ∈ α ⋅ ∂P1}, β ⋅ ∂Q = (β ⋅ ∂P2) × {0},
(β ⋅ ∂Q) ∘ (α ⋅ ∂P ) = (∂P1 ∩ ∂P2) × {0}.

Now it is clear that (∂Q)⊙ (∂P ) = (∂P1#∂P2) × {0}. ⊳
3.2.15. Sandwich theorem. Let P,Q : X → E⋅ be sublinear operators in

general position. If P (x) + Q(x) ≥ 0 for all x ∈ X , then there exists a continuous

linear operator T : X → E such that

−Q(x) ≤ Tx ≤ P (x) (x ∈ X).

⊲ By the hypothesis of the theorem, 0 ∈ ∂(P + Q). By 3.2.8, the Moreau-
Rockafellar formula holds. Consequently, 0 = T + S for some T ∈ ∂P and S ∈ ∂Q.
The operator T (= −S) is the sought one. ⊳

It is worth to note that the sandwich theorem and the Moreau-Rockafellar for-
mula are equivalent. If sublinear operators P and Q satisfy the sandwich theorem,
then for every T ∈ ∂(P +Q) the obvious relation 0 ∈ ∂(P +Q−T ) implies existence
of S ∈ L (X,E) such that −Q(x) ≤ −Sx ≤ P (x) − Tx for all x ∈ X . It means
that S ∈ ∂Q and T − S ∈ ∂P , i.e., ∂(P + Q) ⊂ ∂P + ∂Q. Taking account of the
reverse inclusion, we arrive at the Moreau-Rockafellar formula.

3.2.16. Mazur-Orlicz theorem. Let P : X → E⋅ be a sublinear operator,

and let (xξ)ξ∈� and (eξ)ξ∈� be families of elements in X and E. Assume that the

cones �2(X) × E2 and σ2(K × epi(P )), where K is the conic hull of the family

((xξ,−eξ))ξ∈�, are in general position in X2 × E2. Then the following assertions

are equivalent:
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(1) there exists an operator T ∈ L (X,E) such that

T ∈ ∂P, eξ ≤ Txξ (ξ ∈ �);

(2) the relation
n∑

k=1

λkeξk ≤ P

(
n∑

k=1

λkxξk

)

is valid for all λ1, . . . , λn ∈ ℝ and ξ1, . . . , ξn ∈ �.

⊲ The implication (1) → (2) is obvious and holds without the requirement of
general position. To prove (2) → (1), we have to apply the sandwich theorem 3.2.15
to the operators P and Q : X → E, where

Q(x) := inf

{

−
n∑

k=1

λkeξk : x =
n∑

k=1

λkxξk , λk ≥ 0

}

,

and observe that Q is sublinear, epi(Q) ⊃ K, and P + Q ≥ 0. ⊳

3.2.17. Closing the section, we present a bornological variant of the Moreau-
Rockafellar formula. First we recall necessary definitions. A bornology on a set X is
defined to be an increasing (with respect to ⊂) filter 𝔅 whose elements constitute a
cover of X . Moreover, the sets of 𝔅 are called bounded. A mapping (or a correspon-
dence) acting between sets with bornology is called bounded if the image of every
bounded set is a bounded set. We define a bornological vector space to be a pair
(X,𝔅), where X is a vector space and 𝔅 is a bornology compatible with the vector
structure in the sense that the mapping (x, y) �→ x + y from X × X into X and
the mapping (λ, x) �→ λx from ℝ×X into X are bounded. The latter is obviously
equivalent to closure of 𝔅 with respect to addition of sets, multiplication of a set
by a positive number, and the operation of taking the balanced hull. The set of
all bounded (equicontinuous) subsets of a topological vector space is a bornology
which is called canonical (equicontinuous). The bornology of the space (X,𝔅) is
called convex if the filter 𝔅 has a base consisting of absolutely convex sets. In this
case, we say that (X,𝔅) is a convex bornological space. Now we introduce the
concept of bornological nonoblateness and bornological general position.

Let X be a bornological vector space. A pair of cones ϰ := (K1, K2) in X is
called bornologically nonoblate if the conic correspondence �ϰ of 3.1.6 is bounded
(in the sense similar to that of 3.1.6). In other words, ϰ is bornologically nonoblate
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if X = K1 − K2 and for every bounded set A ⊂ X there is a bounded set B ⊂ X

such that
A ⊂ (B ∩K1 −B ∩K2) ∩ (B ∩K2 −B ∩K1).

Say that cones K1 and K2 are in bornological general position if the following
conditions are satisfied:

(1) K1 and K2 reproduce (algebraically) some subspace X0 ⊂ X , i.e., X0 =
K1 −K2;

(2) the subspace X0 is bornologically complemented, i.e., there is a bounded
linear projection π in X for which X0 = π(X);

(3) (K1, K2) is a bornologically nonoblate pair in X0.
If K := K1 = K2, then we naturally speak of the bornologically nonoblate

cone K.
A finite collection of cones K1, . . . , Kn is in bornological general position if the

pair of cones K1 × ⋅ ⋅ ⋅ × Kn and �n(X) is in bornological general position. It is
clear how to extend the concept of bornological general position to a finite family
of convex sets.

In a similar way we can define bornological normality. A cone K in a bornolog-
ical vector space is called bornologically normal if the set (B + K) ∩ (B − K) is
bounded for every bounded B. A bornological K-space is defined to be a K-space
which is a bornological vector space and whose positive cone is bornologically nor-
mal. Finally, we use the symbol ∂bP to denote the set of all bounded linear operators
contained in the subdifferential ∂aP whenever P acts in bornological vector spaces.

3.2.18. Let X be a bornological vector space, E be a bornological K-space,

and P1, . . . , Pn : X → E⋅ be sublinear operators. If the cones epi(P1 × ⋅ ⋅ ⋅ × Pn)
and �n(X) × En are in bornological general position then the following represen-

tation holds:

∂b(P1 + ⋅ ⋅ ⋅+ Pn) = ∂bP1 + ⋅ ⋅ ⋅ + ∂bPn.

3.3. Calculus of Polars

The aim of the section is to obtain all basic formulas for calculating polars
of conic segments and gauge functions. The problem is solved in two steps: we
construct the Minkowski functional of a composite conic segment and find the
subdifferential of a composite sublinear functional. The first step reduces to simple
calculation and the second relies upon the method of general position.
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3.3.1. Let X be a real vector space. We define the Minkowski functional of
a nonempty set C ⊂ X as the function μ(C) : X → ℝ acting by the formula

μ(C) : x �→ inf(H(C)(x)),

where H(C) is the Hörmander transform of the set C (see 1.2.6). Thus, in more
detail, we can write

μ(C)(x) = inf{λ > 0 : λ ∈ ℝ, x ∈ λC} (x ∈ X).

From 1.2.6 (1) and Proposition 1.2.5 we can see that if C is a convex set then
μ(C) is a positive sublinear functional, i.e., μ(C) ∈ Cal(X). Thereby a mapping μ

arises from CS(X)∖{∅} into the set of all gauges Cal(X). Also, the Minkowski
functional μ(C) is often called the gauge or the gauge function of the set C.

3.3.2. Consider the simplest properties of the mapping μ.
(1) For an arbitrary convex set C

μ(C) = μ(sco(C)).

⊲ Let C ′ := sco(C) = co(C∪{0}). The inequality μ(C ′) ≤ μ(C) is obvious, for
H(C) ⊂ H(C ′). Take 0 ∕= x ∈ dom(μ(C′)) and a number ε > 0. By the definition
of μ, there exists a strictly positive λ ∈ ℝ for which λ ≤ μ(C ′)(x) + ε and x ∈ λC′.
By virtue of 1.1.6 (7), C′ =

∪{αC : 0 ≤ α ≤ 1}. Hence, x ∈ αλC for a suitable
0 < α ≤ 1 and we obtain μ(C)(x) ≤ αλ ≤ λ ≤ μ(C ′) + ε. Tending ε to zero, we
arrive at the relation μ(C) ≤ μ(C ′). ⊳

This fact enables us to confine ourselves to studying the Minkowski functional
only for conic segments. With this in mind, we henceforth consider the mapping μ

only on the set CSeg(X).
(2) Given C,D ∈ CSeg(X), the inequality μ(C) ≤ μ(D) holds if and only if

tD ⊂ sC for all 0 < t < s.

(3) Given arbitrary p ∈ Cal(X) and C ∈ CSeg(X), the relation p = μ(C)
holds if and only if {p < 1} ⊂ C ⊂ {p ≤ 1}, where {p < 1} := {x ∈ X : p(x) < 1}
and {p ≤ 1} := {x ∈ X : p(x) ≤ 1}.

⊲ If B := {p < 1} and D := {p ≤ 1} then tD = s(t/s)D ⊂ sB for 0 < t < s,
because (t/s)D = {p ≤ t/s} and t/s < 1. Thus, μ(D) ≥ μ(B). On the other hand,
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by obvious reasons, we have p ≤ μ(D) ≤ μ(C) ≤ p. Now it is clear that p = μ(C)
for B ⊂ C ⊂ D. If p = μ(C) then we immediately see that B ⊂ C ⊂ D. ⊳

(4) The zero set {μ(C) = 0} := {x ∈ X : μ(C)(x) = 0} of the function μ(C)
coincides with the recessive cone of the set C; i.e., {μ(C) = 0} = rec(C).

⊲ The assertion follows from 1.2.6 (5), since μ(C)(x) = 0 if and only if x ∈ tC

for every t > 0. ⊳
(5) The function μ(C) is the greatest sublinear functional satisfying the inclu-

sion H(C) ⊂ epi(μ(C)).

(6) The relation μ(−C)(x) = μ(C)(−x) holds for all x ∈ X .

(7) The effective set of the functional μ(C) coincides with the conic hull of C;

i.e., dom(μ(C)) = cone(C).

(8) The functional μ(C) is total if and only if C is an absorbing set, that is

dom(μ(C)) = X ↔ 0 ∈ core(C).

(9) The functional μ(C) is a seminorm if C is absolutely convex and absorbing.

(10) The functional μ(C) is a norm if C is absolutely convex and absorbing

and does not contain rays.

3.3.3. Consider a duality X ↔ Y of real vector spaces and denote the cor-
responding bilinear form by the symbol ⟨ ⋅⋅⋅ ∣ ⋅⋅⋅ ⟩. Unless the opposite is specified,
we suppose that the duality is Hausdorff by definition, i.e., the bra-mapping x �→
⟨x∣, x ∈ X , and the ket-mapping y �→ ∣y⟩, y ∈ Y , where

⟨x∣ : y �→ ⟨x∣y⟩, ∣y⟩ : x �→ ⟨x∣y⟩ (x ∈ X, y ∈ Y ),

are assumed be injective (embeddings) of X into Y # and of Y into X# respectively.
As usual, X# denotes the algebraic dual of X : X# := L(X,ℝ). We shall identify
X with a subspace of Y # and Y with a subspace of X# in a usual way without
further specification. Moreover, the bilinear form of the duality X ↔ Y is induced
by the bilinear form of the duality X ↔ X# (if Y is identified with a subspace
of X#):

(x, x#) �→ ⟨x∣x#⟩ := x#(x) (x ∈ X, x# ∈ X#).

Once the duality is fixed, each topological subdifferential is calculated with
respect to any locally convex topology compatible with the duality. Thus, if p ∈
Sbl(X) then by definition

∂p := {y ∈ Y : ⟨x∣y⟩ ≤ p(x) (x ∈ X)} = (∂ap) ∩ Y.
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Now we state the basic definitions of the section. The polar C∘ of a convex set
C ⊂ X is defined to be the set ∂μ(C) ⊂ Y and the polar p∘ of a sublinear functional
p : X → ℝ is defined to be the function μ(∂p) : Y → ℝ. In more detail,

C∘ := {y ∈ Y : ⟨x∣y⟩ ≤ 1 (x ∈ C)},
p∘ := inf{λ > 0 : y ∈ λ∂p} (y ∈ Y ).

Note that if D := sco(C) is the least conic segment containing C and q := p∨0 is
the least gauge dominating p, then C∘ = D∘ and p∘ = q∘. This ensues from 3.3.2 (1)
and the relation ∂(p∨0) = co(∂p∪{0}). Thus, while studying polars we can consider
only conic segments and gauges.

We define the polar operators to be the following two compositions:

∂ ∘ μ : CSeg(X) → CSeg(Y );

μ ∘ ∂ : Cal(X) → Cal(Y ).

The remaining part of the section is devoted to discussing the following ques-
tion: how do the polar operators transform different operations in CSeg(X) and
Cal(X)? Of course, in order to answer the posed question, we have to solve the
analogous problems for each of the operators ∂ and μ. The case of the operator
∂ is settled by the method of general position presented in the preceding section.
Consequently, now we have to study the operator μ.

3.3.4. Let X and Y be real vector spaces. Suppose that A,B ∈ CSeg(X),
C ∈ CSeg(Y ), (Aξ) ⊂ CSeg(X), T ∈ L(X, Y ), and α ∈ ℝ

+. The following formulas

hold:

(1) μ(A ∩B) = μ(A) ∨ μ(B);

(2) μ

(
∪

ξ∈�

Aξ

)

= inf
ξ∈�

(μ(Aξ));

(3) μ(B × C)(x, y) = μ(B)(x) ∨ μ(C)(y);
(4) μ(T (B))(y) = inf{μ(B)(x) : Tx = y};
(5) μ(α ⋅ A) = α ∗ μ(A).

⊲ (1) If A is a conic segment, then the set H(A)(x) is saturated upward, i.e.,
t ∈ H(A)(x) and s ≥ t imply that s ∈ H(A)(x). Hence,

inf(H(A)(x) ∩H(B)(x)) = inf(H(A)(x)) ∨ inf(H(B)(x)).
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It remains to recall that

H(A ∩B)(x) = H(A)(x) ∩H(B)(x).

(2) Note that

H

(
∪

ξ∈�

Aξ

)

(x) =
∪

ξ∈�

H(Aξ)(x).

Afterwards, owing to associativity of greatest lower bounds, we obtain

inf

(

H

(
∪

ξ∈�

Aξ

)

(x)

)

= inf
ξ∈�

inf(H(Aξ)(x)),

which is equivalent to the sought assertion.
(3) Starting with the evident relation H(A × B)(x, y) = H(A)(x) ∩ H(B)(y)

and using the arguments of (1), we arrive at what was needed.
(4) We see that the relation y ∈ λT (B), where λ > 0, is valid if and only if

y = Tx for some x ∈ λB. Consequently,

H(T (B))(y) =
∪

{H(B)(x) : Tx = y}.

It remains to employ associativity of least upper bounds (see (2)).
(5) The only nontrivial case is α = 0. However, for α = 0 the sought equality

coincides with the formula

μ(rec(A)) = δℝ({μ(A) = 0}),

which ensues from 3.3.2 (4) and the fact that μ(K) = δR(K) for every cone K. ⊳

3.3.5. Theorem. Let � ⊂ X ×Y and � ⊂ Y ×Z be convex correspondences

such that 0 ∈ � (0) and 0 ∈ �(0). Then the following formulas are valid:

μ(� ∘ � ) = μ(�) ⊙ μ(� ),

μ(�⊙ � ) = μ(�)△μ(� ).

⊲ Put p := μ(�∘� ), q := μ(� ), r := μ(�), q0 := μ(�×Z), and r0 := μ(X×�).
Observe that the relations

� ∘ � = �((� × Z) ∩ (X ×�)), q0(ω) = q(x, y), r0(ω) = r(y, z)
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hold, where � : ω �→ (x, z) and ω := (x, y, z). Afterwards, successively apply-
ing 3.3.4 (4), 3.3.4 (1), and 3.3.4 (3), we find

p(x, z) = μ(�((� × Z) ∩ (X ×�)))(x, z)

= inf{μ((� × Z) ∩ (X ×�))(ω) : y ∈ Y }
= inf{(q0 ∨ r0)(ω) : y ∈ Y }
= inf{q(x, y) ∨ r(y, z) : y ∈ Y }.

To prove the second equality, we need the following auxiliary fact. If s, t ∈ ℝ
+,

then
u := inf

α,β∈ℝ

α>0,β>0
α+β=1

max
{

s

α
,
t

β

}

= s + t.

Indeed, granted s + t ∕= 0, put α := s/(s + t) and β := t/(s + t) to obtain
u ≤ s + t. On the other hand,

u = inf
α>0,β>0,
α+β=1

sup
ε≥0,δ≥0,
ε+δ=1

(
ε

α
s +

δ

β
t

)

≥ s + t.

The case s + t = 0, is trivial.
Now set p := μ(�⊙ � ), q := μ(� ), and r := μ(�). Applying what was proved

above and rule 3.3.4 (2), we obtain

p(x, z) = inf
α,β≥0,
α+β=1

(α ∗ r) ⊙ (β ∗ q)(x, z))

= inf
y∈Y

inf
α,β>0,
α+β=0

(
1
β
q(x, y) ∨ 1

α
r(y, z)

)

= inf
x∈X

(p(x, y) + r(y, z)) = r△q. ⊳

3.3.6. We present several simple corollaries.
(1) Let C ∈ CSeg(X) and let � ⊂ X × Y be a convex correspondence such

that 0 ∈ � (0). Then

μ(� (C))(y) = inf{μ(C)(x) ∨ μ(� )(x, y) : x ∈ X}.

(2) If � is a conic correspondence then

μ(� (C))(y) = inf{μ(C)(x) : y ∈ � (x)}.
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(3) If � ∈ L(Y,X) then

μ(�−1(C)) = μ(C) ∘ � .

3.3.7. Theorem. The following assertions hold:

(1) the mapping μ is an algebraic and lattice homomorphism of CSeg+(X)
onto Cal#(X);

(2) the mapping μ is an algebraic and lattice homomorphism of CSeg#(X)
onto Cal+(X);

(3) the equalities μ ∘ sk = sh ∘ μ and μ ∘ sh = sk ∘ μ hold.

⊲ Most of what is required has been already proved in 3.3.4–3.3.6. It remains
to verify the following formulas:

(a) μ(A + B) = μ(A)#μ(B);
(b) μ(co(A ∪B)) = μ(A) ⊕ μ(B);
(c) μ(A#B) = μ(A) + μ(B).
(a) We use the representation A + B = 	(A × B), where 	 : X2 → X and

	(x, y) := x + y. By virtue of rules 3.3.4 (3), (4), we have the relations

μ(A + B)(x) = inf{μ(A×B)(y, z) : y + z = x}
= inf{μ(A)(y) ∨ μ(B)(z) : y + z = x}
= μ(A)#μ(B).

(b) Using formula 3.3.4 (2) and the relations of part (а), we can write down

μ(co(A ∪B))(x) = μ(
∪

{αA + βB : α, β ∈ ℝ
+, α + β = 1})(x)

= inf{α ∗ μ(A)#β ∗ μ(B)(x) : α, β ∈ ℝ
+, α + β = 1}

= inf
x=y+z

inf
α,β>0
α+β=1

(
1
α
μ(A)(y) ∨ 1

β
μ(B)(z)

)

.

Hence, as in 3.3.5, we derive

μ(co(A ∪B))(x) = inf
x=y+z

(μ(A)(y) + μ(B)(z)) = μ(A) ⊕ μ(B)x.

(c) It is clear that (A#B)×{0} = �⊙� , where � := �2(A) and � := B×{0}.
By Theorem 3.3.7, we have

μ(A#B)(x) = μ(�)△μ(� )(x, 0) = inf
y∈X

(μ(�2(A)(x, y) + μ(B)(y)).

It is easy to see that μ(�2(A))(x, y) = μ(A)(x) if x = y and μ(�2(A))(x, y) = +∞
otherwise. Hence, the rightmost term of the chain written above coincides with
μ(A)(x) + μ(B)(x), which is what was required. ⊳
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3.3.8. Now we have almost everything needed for deriving a formula for trans-
formation of polars. Before launching into calculation, we recall several useful gen-
eral properties of the mappings ∂ and μ and the polar operators ∂ ∘ μ and μ ∘ ∂.
They all result as simple corollaries to the above-presented results and the classical
bipolar theorem, which is proven in any standard course in functional analysis. We
give necessary definitions.

Fix a duality X ↔ X ′. We define the support function of a set C ⊂ X as the
mapping s(C) : X ′ → ℝ acting by the rule

s(C) : x′ �→ sup{⟨x∣x′⟩ : x ∈ C}.

It is obvious that the support function is sublinear and s(C) = s(co(C)). If 0 ∈
C then s(C) ∈ Cal(X ′). The gauge p ∈ Cal(X) is called closed if it has the
epigraph epi(p) ⊂ X×ℝ closed (with respect to any, and thus every, locally convex
topology on X compatible with the duality X ↔ X ′).

It is clear that the support function of a conic segment is a closed gauge.
(1) A conic segment C coincides with its bipolar C∘∘ if and only if it is closed.

A gauge p coincides with its bipolar p∘∘ if and only if it is closed.

(2) The mapping ∂ establishes an isotonic bijection between the lattice of

closed gauges on X and the lattice of closed conic segments in X ′.
(3) The mapping μ establishes an antitone bijection between the lattice of

closed conic segments in X and the lattice of closed gauges on X .

(4) The polar operator ∂ ∘ μ (μ ∘ ∂) establishes an antitone bijection between

the lattices of closed conic segments in X and in X ′ (between the lattices of closed

gauges on X and X ′ respectively).

(5) The Minkowski functional of the polar of a conic segment is equal to the

polar of the Minkowski functional of this conic segment: μ(C∘) = μ(C)∘.
(6) The subdifferential at the origin of the polar of a gauge is equal to the

polar of the subdifferential at the origin of the same gauge: ∂(p∘) = (∂p)∘.
(7) The support function of the polar of a conic segment coincides with the

polar of the support function of this conic segment: s(C∘) = s(C)∘.
(8) The Minkowski functional and the support function of a closed conic seg-

ment are gauges polar to each other.

(9) The subdifferential at the origin ∂p and the Lebesgue set {p ≤ 1} of a closed

gauge p are conic segments polar to one another.
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3.3.9. We present rules for calculating polars which are based on subdifferen-
tiation formulas of § 3.2. As before, let X be a locally convex space.

(1) If conic segments C1, . . . , Cn ∈ CSeg(X) are in general position then

(C1# . . .#Cn)∘ = C∘
1 + ⋅ ⋅ ⋅ + C∘

n.

If gauges p1, . . . , pn ∈ Cal(X) are in general position then

(p1 + ⋅ ⋅ ⋅ + pn)∘ = p∘1# . . .#p∘n.

⊲ We have only to employ 3.3.7 and 3.2.14 (2). ⊳
(2) If conic segments C1, . . . , Cn ∈ CSeg(X) are in general position then

(C1 ∩ ⋅ ⋅ ⋅ ∩ Cn)∘ = co(C∘
1 ∪ ⋅ ⋅ ⋅ ∪ C∘

n).

If gauges p1, . . . , pn ∈ Cal(X) are in general position then

(p1 ∨ ⋅ ⋅ ⋅ ∨ pn)∘ = p∘1 ⊕ ⋅ ⋅ ⋅ ⊕ p∘n.

⊲ Appeal to 3.2.12. ⊳
(3) Suppose that correspondences � ⊂ X × Y and � ⊂ Y × Z are such that

0 ∈ � (0), 0 ∈ �(0), and the cones H(� ×Z) and H(X ×�) are in general position.

Then

(� ∘ � )∘ = �∘ ⊙ � ∘, (�⊙ � )∘ = �∘ ∘ � ∘.

Suppose that gauges p ∈ Cal(X × Y ) and q ∈ Cal(Y, Z) are such that the cones

epi(p, Z) and epi(X, q) are in general position. Then

(q△p)∘ = q∘ ⊙ p∘, (q ⊙ p)∘ = q∘△p∘.

⊲ Employ 3.2.9, 3.2.13, and 3.3.5. ⊳

3.3.10. (1) Let � be a convex correspondence from X into Y such that 0 ∈
� (0). If a conic segment C ∈ CSeg(X) is such that the sets � and C × Y are in

general position, then

� (C)∘ =
∪

α,β≥0,
α+β=1

(−α ⋅ � ∘)(β ⋅ C∘).



Convexity and Openness 173

⊲ Apply formula 3.3.9 (3) for calculating the polar (�∘B)∘, where B := Y×C ⊂
Y × X . By hypothesis, the sets Y × � and B × Y = Y × C × Y are in general
position; therefore, (� ∘B)∘ = {0} × (−� (C)∘). Thus,

{0} × (−� (C)∘) =
∪

α,β≥0,
α+β=1

(α ⋅ � ∘) ∘ (β ⋅ {0} × (−C∘))

= {0} ×

⎛

⎜
⎜
⎝

∪

α,β≥0,
α+β=1

(α ⋅ � ∘)(−β ⋅ C∘)

⎞

⎟
⎟
⎠ ,

which is equivalent to the sought assertion. ⊳
(2) If � and C satisfy the conditions of (1) then the following inclusions are

valid:

−1
2
� ∘(−C∘) ⊂ � (C)∘ ⊂ −� ∘(−C∘).

(3) If the conditions of (1) are satisfied and, moreover, � is a conic correspon-

dence then

� (C)∘ = −� ∘(−C∘).

Furthermore, if � is a linear correspondence then

� (C)∘ = � ∘(C∘).

(4) If T : X → Y is a weakly continuous operator then the sets C × Y and
T are in general position (with respect to the weak topology). Moreover, the dual
operator T ′ := (T ∘)−1 : Y ′ → X ′ is weakly continuous as well, and the sets T ∘ and
X ′ ×D are in general position (with respect to the weak topologies of X ′ and Y ′).
Consequently, the following relations well-known in functional analysis are valid:

T (C)∘ = T ′−1(C∘), T ′(D)∘ = T−1(D∘).

In particular, for C = X and D = Y ′ we obtain

cl(T (X)) = (ker(T ′))∘, cl(T ′(Y ′)) = (ker(T ))∘.

3.3.11. Using the above-presented scheme, we can calculate more complicated
polars. We will consider only one case, namely, we will calculate the polar of the
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right partial sum of correspondences. Given convex correspondences �1, . . . , �n
from X into Y , define their right (partial) inverse sum �1#̇ . . . #̇�n by the formula

�1#̇ . . . #̇�n :=
∪

α1,...,αn≥0,
α1+⋅⋅⋅+αn=1

(α1�1 ∔ ⋅ ⋅ ⋅∔ αn�n).

We can show that the right inverse sum of convex correspondences is a convex
correspondence. Introduce the notations

(Xn−1�l) := {(x1, . . . , xn, y) ∈ Xn × Y : (xl, y) ∈ �l},
(�lY n−1) := {(x, y1, . . . , yn) ∈ X × Y n : (x, yl) ∈ �l}.

Suppose that convex correspondences �1, . . . , �n from X into Y are such that

0 ∈ �l(0) (l := 1, . . . , n). If the sets (�lY n−1) (l := 1, . . . , n) are in general position,

then

(�1 ∔ ⋅ ⋅ ⋅∔ �n)∘ = � ∘
1 #̇ . . . #̇� ∘

n .

Now if the sets (Xn−1�l) (l := 1, . . . , n) are in general position, then

(�1 +. . . . +. �n)∘ = � ∘
1 #. . . . #. � ∘

n .

⊲ A standard way to justification of the indicated formulas is to calculate the
Minkowski functional of the partial sum and to apply appropriate subdifferentiation
rules afterward. However, we can use the already-proven formulas of the preceding
sections for calculating polars. To this end, represent the right sum as

�1 ∔ ⋅ ⋅ ⋅∔ �n = �

(
n∩

l=1

(�lY n−1)

)

,

where � : X ×Y n → X ×Y acts by the rule � : (x, y1, . . . , yn) �→ (x, y1 + ⋅ ⋅ ⋅+ yn).
It is easy to see that the dual operator �′ : X ′ × Y ′ → X ′ × (Y ′n) has the form

�′ : (x′, y′) �→ (x′, y′, . . . , y′).

Owing to 3.3.10 (4), we can write

(�1 ∔ ⋅ ⋅ ⋅∔ �n)∘ = �′−1

((
n∩

l=1

(�lY n−1)

)∘)

.
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It is evident that (�lY n−1)∘ coincides with the set of all collections (x′, y′1, . . . , y
′
n)

such that (x′, y′l) ∈ � ∘
l and y′k = 0 for k ∕= l.

In virtue of the condition of general position, we can use formula 3.3.10 (2),
consequently,

(�1 ∔ ⋅ ⋅ ⋅∔ �n)∘ = �′−1

(

co

(
n∪

l=1

(�lY n−1)∘
))

=
∪

α1,...,αn≥0,
α1+⋅⋅⋅+αn=1

�′−1

({
n∑

l=1

αl(x′, y′l) : y′l ∈ � ∘
l (x′)

})

=
∪

α1,...,αn≥0,
α1+⋅⋅⋅+αn=1

(α1�
∘
1 ) ∔ ⋅ ⋅ ⋅∔ (αn�

∘
n) = � ∘

1 #̇ . . . #̇� ∘
n .

It is perfectly clear that if the sets (Xn−1�l) (l := 1, . . . , n) are in general position
then the second relation holds as well by the already-proven assertions. ⊳

3.3.12. We will find out how to calculate the polars of conic segments and
gauges in case when we do not require the condition of general position. Recall
that the equalities C∘∘ = cl(C) and p∘∘ = cl(p) hold for arbitrary C ∈ CSeg(X)
and p ∈ Cal(X); here cl(C) stands for the closure of C in the weak topology
(or any topology compatible with X ↔ X ′) and cl(p) is defined by the relation
epi(cl(p)) = cl(epi(p)) or by either formula cl(p) := μ(cl{p ≤ 1}) or cl(p) := s(∂p)
(see 3.3.8).

The following representations hold for arbitrary C1, . . . , Cn ∈ CSeg(X) and

p1, . . . , pn ∈ Cal(X):
(1) (C1 ∪ ⋅ ⋅ ⋅ ∪ Cn)∘ = C∘

1 ∩ ⋅ ⋅ ⋅ ∩ C∘
n;

(2) (p1 ⊕ ⋅ ⋅ ⋅ ⊕ pn)∘ = p∘1 ∨ ⋅ ⋅ ⋅ ∨ p∘n;

(3) (C1 + ⋅ ⋅ ⋅ + Cn)∘ = C∘
1# . . .#C∘

n;

(4) (p1# . . .#pn)∘ = p∘1 + ⋅ ⋅ ⋅ + p∘n;

(5) (cl(C1) ∩ ⋅ ⋅ ⋅ ∩ cl(Cn))∘ = cl(co(C1 ∪ ⋅ ⋅ ⋅ ∪ Cn));
(6) (cl(p1) ∨ ⋅ ⋅ ⋅ ∨ cl(pn))∘ = cl(p∘1 ⊕ ⋅ ⋅ ⋅ ⊕ p∘n);
(7) (cl(C1)# . . .# cl(Cn))∘ = cl(C∘

1 + ⋅ ⋅ ⋅+ C∘
n);

(8) (cl(p1) + ⋅ ⋅ ⋅+ cl(pn))∘ = cl(p∘1# . . .#p∘n).

⊲ Formulas (1)–(4) immediately ensue from 3.2.14 (1), (2) and 3.3.7 (1). After-
wards the bipolar theorem yields

A := cl(co(C∘
1 ∪ ⋅ ⋅ ⋅ ∪ C∘

n)) = (C∘
1 ∪ ⋅ ⋅ ⋅ ∪ C∘

n)∘∘.
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Taking (1) into account and appealing to the bipolar theorem again, we obtain

A = (C∘∘
1 ∩ ⋅ ⋅ ⋅ ∩ C∘∘

n )∘ = (cl(C1) ∩ ⋅ ⋅ ⋅ ∩ cl(Cn))∘.

Thereby (5) is proven. Now apply (2) to the relation

p := cl(p∘1 ⊕ ⋅ ⋅ ⋅ ⊕ p∘n) = (p∘1 ⊕ ⋅ ⋅ ⋅ ⊕ p∘n)∘∘

to arrive at the equality p = (p∘∘1 ⊕⋅ ⋅ ⋅⊕p∘∘n )∘, which is equivalent to (6). In a similar
way we derive (7) and (8). ⊳

3.3.13. The situation is more complicated with composition and inverse com-
position operations.

(1) Given closed convex correspondences � ⊂ X × Y and � ⊂ Y × Z, the

following equivalences are valid:

(x′, z′) ∈ (� ∘ � )∘ ↔ (x′, 0, z′) ∈ cl(co(� ∘ × {0} ∪ −{0} ×�∘)),

(x′, z′) ∈ (�⊙ � )∘ ↔ (x′, 0, z′) ∈ cl(� ∘{0} − {0} ×�∘).

⊲ Prove the first assertion; the second is derived in a similar way. Recall that
� ∘ � = �((� × Z) ∩ (X × �)), where � : (x, y, z) �→ (x, z). If B = � ∘ � , then,
by 3.3.6 (2),

μ(B)(x, z) = inf
y∈Y

(μ(� × Z) ∩ (X ×�))(x, y, z)).

Consequently, (x′, z′) ∈ ∂μ(B) = (� ∘ � )∘ if and only if

(x′, 0, z′) ∈ ((� × Z) ∩ (X ×�))∘.

It remains to use 3.3.12 (5) and observe that (� ×Z)∘ = � ∘ × {0} and (X ×�)∘ =
{0} × (−�∘) = −{0} ×�∘. ⊳

(2) If � is a closed convex correspondence from X into Y then the following

equivalence is valid for an arbitrary C ∈ CSeg(X):

y′ ∈ � (cl(C))∘ ↔ (0, y′) ∈ cl(co((−� ∘) ∪ (C∘ × {0}))).

⊲ Apply (1) to the correspondences � := � and � := Y × C. ⊳
(3) The inclusion

� (cl(C))∘ ⊃ −1
2
� ∘

(

−1
2
C∘

)
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holds for the same � and C. Moreover, if C∘ is a neighborhood of the origin in

a certain topology τ compatible with the duality X ↔ X ′, then

� (cl(C))∘ ⊂ − cl(� ∘(−2C∘)).

⊲ Take y′ ∈ � (cl(C))∘. By (2), there exist nets (x′
α) ⊂ X ′, (y′α) ⊂ Y ′,

(u′
α) ⊂ C∘, (tα) ⊂ ℝ

+, and (sα) ⊂ ℝ
+ such that

(x′
α, y

′
α) ∈ −� ∘, sα + tα = 1;

y′ = lim tαy
′
α, 0 = lim(sαu′

α − tαx
′
α);

moreover, the latter limit can be understood in the sense of the topology τ . By
hypothesis, we have −sαu′

α+tαx′
α ∈ C∘ or tαx′

α ∈ sαx′+C∘ ⊂ 2C∘ for α sufficiently
large. Thus, tαyα ∈ (−� ∘)(tαx′

α) ⊂ −� ∘(−2C∘); therefore, y ∈ −� ∘(−2C∘). ⊳
(4) The following relation holds for every convex correspondence � ⊂ X × Y :

(cl(� )(0))∘ = − cl(� ∘(X ′)).

3.4. Dual Characterization of Openness

The bulk of this section is devoted to dual characterization of openness of
convex correspondences in locally convex spaces.

3.4.1. We consider vector spaces X and Y and a convex correspondence �

from X into Y . We suppose that 0 ∈ �(0) and im(�) is an absorbing set. Recall
the operation of symmetric hull sh(C) := co(C ∪−C) and symmetric core sk(C) :=
C ∩ −C.

Assume that τ is a given locally convex topology on X . As is easily seen, the
system of sets {t sk(�(V )) : t ∈ ℝ, t > 0, V ∈ τ(0)} is a base for the neighbor-
hood filter of the origin in the uniquely-determined locally convex topology on Y .
Denote this topology by the symbol �(τ). In a similar way, the system of sets
{t cl(sk(�(V ))) : t ∈ ℝ, t > 0, V ∈ τ(0)} determines a unique locally convex
topology on Y , the topology �(τ). We see that if ν is a vector topology on Y ,
then the correspondence � is open (almost open at the origin) if and only if �(τ)
(respectively �(τ)) is coarser than the topology ν.

Now assume that 𝔅 is a convex bornology on X . Then the system of sets
{t sh(�(S)) : t ∈ ℝ, t > 0, S ∈ 𝔅} constitutes a base for some convex bornology
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on Y . Denote this bornology by the symbol �(𝔅). Let 𝔖 be a bornology on Y . If
�(𝔅) ⊂ 𝔖, then we say that the correspondence � is bounded with respect to the
bornologies 𝔅 and 𝔖. Suppose that the spaces X and Y form dual pairs with the
spaces X ′ and Y ′ respectively and 𝔅 is a given convex bornology on X ′ which is
contained in the weak bornology, i.e., 𝔅 consists of weakly bounded sets. Denote
by the symbol t(𝔅) the unique locally convex topology on X determined by the
filter base {S∘ : S ∈ 𝔅}. This topology is called 𝔅-topology on X or the topology
of uniform convergence on the sets of 𝔅. Given a nonempty set C ⊂ X , denote
by C∗ the support function s(C) : X ′ → ℝ

⋅ (see 3.3.8). In case C ⊂ X ×Y we take
account of our agreement concerning the identification of (X × Y )′ and X ′ × Y ′

(see Section 2.3). The polar of the set A with respect to the (algebraic) duality X ↔
X# will be denoted by the symbol A∙ and with respect to the duality X ↔ X ′,
as usual, by A∘. Henceforth, we suppose that 𝔅 has a base composed of weakly
closed absolutely convex sets, i.e., as is convenient to say, 𝔅 is a saturated family.

3.4.2. Theorem. The topology �(t(𝔅)) is the topology of uniform conver-

gence on the sets of �∙(𝔅); in symbols: �(t(𝔅)) = t(�∙(𝔅)). If t(𝔅) is compatible

with the duality X ↔ X ′ then the topology �(t(𝔅)) is the topology of uniform

convergence on the sets of �∘(𝔅); in symbols: �(t(𝔅)) = t(�∘(𝔅)).

⊲ Let S be an absolutely convex weakly closed set in 𝔅 and V := S∘. Since
the set �(V ) is absorbing (see 1.2.8), we have sk(�(V ))∙ = sh(�(V )∙). Employing
the rules of 3.3.10 (1) for calculating the polar of the image, we write down:

1
2

sh(�∙(V ∙)) ⊂ sk(�(V ))∙ ⊂ sh(�∙(V ∙)).

Hence, �(t(𝔅)) is the topology of uniform convergence on the sets of the form
sh(�∙(V ∙)).

By the above-made remarks (see 3.3.13), we have

−1
2

cl(�∙∙(V )) ⊂ �∙(S)∙ ⊂ − cl(�∙∙(V )),

where cl stands for the closure in the topology σ(Y #, Y ). Making use of the formulas
of 3.3.10 (1) applied to the correspondence �∙∙ together with the relation �∙ = �∙∙∙,
we obtain

4�∙(V ∙) ⊃ cl(�∙(S)) ⊃ 1
2
�(V ∙).
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Taking stock of the above, we infer that �(t(𝔅)) is the topology of uni-
form convergence on the sets sh(cl(�∙(S))). However, the polars sh(cl(�∙(S)))∙

and sh(�∙(S))∙ coincide. Finally we conclude that �(t(𝔅)) is the topology of uni-
form convergence on the sets �∙(𝔖).

Now assume that t(𝔅) is compatible with the duality X ↔ X ′. In this case
V ∙ = V ∘ and �∘(S) = �∙(V ∙)∩Y ′, for S∙∙ = S. Employing the rules for calculating
polars and the bipolar theorem again, we obtain

1
2

sh(�∘(S)) ⊂ sh(�(V )∘) ⊂ sh(�∘(S)).

Passing to polars in this relation, we derive

2 sh(�∘(S))∘ ⊃ sk(�(V ))∘∘ ⊃ sh(�∘(S))∘.

Hence, it immediately follows that �(t(𝔅)) = t(�∘(𝔅)). ⊳
3.4.3. Observe some corollaries to Theorem 3.4.2:
(1) The space dual to (Y, �(t(𝔅))) coincides with the union of the σ(Y #, Y )-

closures of the sets λ sh(�∙(S)) as S ranges over the set 𝔅 and λ, over the set ℝ
+.

In particular, if X is a locally convex space and X ′ is its dual, then the dual

to (Y, �(τ)) coincides with the subspace in Y # generated by the set sh(�∙(X ′)).

⊲ Indeed, the functional y# ∈ Y # belongs to (Y, �(t(𝔅)))′ if and only if y# is
contained in the polar (with respect to the duality Y ↔ Y #) of some neighborhood
of the origin with respect to the duality Y ↔ Y #.

However, by Theorem 3.4.2, the sets of the form λ⋅sh(�∙(S))∙∙ constitute a base
for the increasing filter {V ∙ : V ∈ �(t(𝔅))}. It remains to note that sh(�∙(S))∙∙ is
the σ(Y #, Y )-closure of the set sh(�∙(S)). ⊳

(2) Let X and Y be locally convex spaces and � be a convex correspondence

satisfying the conditions of 3.4.1. Then the following assertions are equivalent:

(а) the correspondence � is almost open at the origin;

(б) the correspondence �∘ is bounded with respect to the equicontinuous

bornologies of the dual spaces X ′ and Y ′.

⊲ Let 𝔅 be an equicontinuous bornology on X ′. Then t(𝔅) is the initial
topology of the space X . Hence, the correspondence � is almost open at the origin
if and only if �(t(𝔅)) is coarser than the topology of the space Y . By Theorem 3.4.2,
the latter is equivalent to the fact that the topology t(�∘(𝔅)) is coarser than the
topology of the space Y , or which is the same, �∘(𝔅) consists of equicontinuous
subsets of the space Y ′. ⊳
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3.4.4. Theorem. Let X and Y be locally convex spaces and X ′ and Y ′ be

the respective dual spaces. Moreover, let � be a convex correspondence from X

into Y such that 0 ∈ �(0) and 0 ∈ core(�(X)). Then the following assertions are

equivalent:

(1) the correspondence � is open at the origin;

(2) �∙ ∩ (X ′×Y #) is a bounded correspondence from X ′ into Y ′ with respect

to the equicontinuous bornologies of the spaces X ′ and Y ′;
(3) the correspondence � is almost open at the origin and �∙(X ′) ⊂ Y ′;
(4) the correspondence � is almost open at the origin, the set �(X) is a neigh-

borhood of the origin in Y , and

�−1(y0)∗(x′) ⇀ inf{�∗(x′, y′) + ⟨y0∣y′⟩ : y′ ∈ Y ′}
for arbitrary x′ ∈ X ′ and y0 ∈ core(�(X)) (the symbol ⇀ means that the formula is

exact, i.e., the equality holds with the additional condition that the greatest lower

bound in the expression on the right of this symbol is attained).

⊲ (1) → (2): If an absolutely convex set S ⊂ X ′ is equicontinuous then the set
�(S∘) is a neighborhood of the origin in Y , provided � is open at the origin. Hence,
considering the inclusion −2�(S∘)∙ ⊃ �∙(S∘∘) ⊃ �∙(S) and the equicontinuity of
the set �(S∘)∙, we obtain (2).

(2) → (3): The inclusion �∙(X ′) ⊂ Y ′ immediately ensues from (2). The
correspondence � is almost open at the origin according to 3.4.3 (2), since �∘(S) ⊂
�∙(S) for every S ⊂ X ′.

(3) → (4): The set �(X)∙ is a part of �∙(0) and, therefore, is contained in Y ′.
Consequently, the bipolars of the set �(X) with respect to the dualities Y ↔ Y ′

and Y ↔ Y # coincide. The bipolar �(X)∙∙ coincides with the algebraic closure
of the set �(X). In its turn, the bipolar �(X)∘∘ is a neighborhood of the origin
in Y . Thus, the algebraic closure of the set �(X) and, hence, �(X) itself are
neighborhoods of the origin. Let (x0, y0) ∈ � and y0 ∈ core(�(X)), and put
� := � − (x0, y0). Then 0 ∈ �(0) ∩ core(�(X)) and �∙(X ′) ⊂ Y ′. It is easy to
check that

(�−1(0))∗(x′) = sup{⟨x∣x′⟩ : x ∈ �−1(0)}
= sup{⟨x∣x′⟩ − ⟨0∣y#⟩ : x ∈ �−1(0)}
≤ sup{⟨x∣x′⟩ − ⟨y∣y#⟩ : x ∈ �−1(y), y ∈ Y }
= �∗(x′, y#)
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for arbitrary x′ ∈ X ′ and y# ∈ Y #. Assume that α := (�−1(0))∗(x′) > 0. Accord-
ing to 1.3.8, the condition 0 ∈ core(�(X)) implies that H(�) − X × {0} × ℝ

+ =
X × Y × ℝ, i.e., the sets � and X × {0} are in algebraic general position. Then,
by formula 3.3.10 (1), we have (�−1(0))∙ = −(�−1)∙(Y #) = (�∙)−1(Y #). Thus,
(1/α)x′ ∈ −(�∙)−1(Y #). Hence, (y#, (1/α)x′) ∈ −(�∙)−1 or ((1/α)x′, y#) ∈ �∙

for some y# ∈ Y #. We can see that �∗(x′, αy#) ≤ α and thereby

(�−1(0))∗(x′) = inf{�∗(x′, y#) : y# ∈ Y #};
moreover, the greatest lower bound in the right-hand side of the equality can be
attained. Further, note that if �∗(x′, y#) < λ < +∞, then y# ∈ λ�∙((1/λ)x′) ⊂
Y ′; therefore,

α = inf{�∗(x′, y′) : y′ ∈ Y ′}.
If α = 0, then, by what was proven above, for every 0 < ε < 1 there exists uε ∈ Y ′

such that �∗(x′, uε) ≤ ε and uε ∈ �∘(x′). Since � is almost open at the origin, we
conclude that (uε) is equicontinuous by Corollary 3.4.3 (2). By this reason, there is
a limit point y′ of the family (uε) and clearly �∗(x′, y′) = 0. The case α = +∞ is
trivial. Passage from � to � reduces to simple calculations:

(�−1(y0))∗(x′) = (�−1(0))∗(x′) + ⟨x0∣x′⟩
= ⟨x0∣x′⟩ + inf{�∗(x′, y′) : y′ ∈ Y ′}
= inf{�∗(x′, y′) + ⟨y0∣y′⟩ : y′ ∈ Y ′}.

(4) → (1): Consider an absolutely convex neighborhood of the origin U ⊂ X

and show that V ⊂ �(U), where

V := cl
(

�

(
1
2
U

)

∩ −�

(
1
2
U

))

∩ core(�(X)).

If y0 /∈ core(�(X))∖�(U) then U ∩�−1(y0) = ∅. Consequently, there exists a func-
tional x′ ∈ ((1/2)U)∘ such that inf{⟨x∣x′⟩ : x ∈ �−1(y0)} =: λ > 1, or which is the
same, (�−1(y0))∗(−x′) = −λ < −1. By (4), there is some y′ ∈ Y ′ such that

−⟨x∣x′⟩ − ⟨y∣y′⟩ ≤ (�−1(y0))∗(−x′) + ⟨y0∣y⟩
for all (x, y) ∈ �. If we assume that x ∈ (1/2)U and ±y ∈ �((1/2)U) in the last
inequality then

⟨y∣y′⟩ ≤ ⟨x∣x′⟩ − λ + ⟨y0∣y⟩ ≤ 1 − λ + ⟨y0∣y⟩ =: μ < ⟨y0∣y⟩.
Thus, ⟨y∣y′⟩ ≤ μ < ⟨y0∣y′⟩ for all y ∈ V . Thereby we have y0 /∈ V . ⊳
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3.4.5. Given a convex operator f , apply Theorem 3.4.4 to the correspon-
dence epi(f). To this end, we need one more definition. The Young-Fenchel trans-
form of a function g : X → ℝ or the conjugate function of g is defined to be the
mapping g∗ : X# → ℝ acting by the rule

g∗(x#) := sup{⟨x∣x#⟩ − g(x) : x ∈ X}.

The theory of the Young-Fenchel transform will be elaborated in the next chapter.
Note that the support function of a set C ⊂ X is just the conjugate function of the
indicator function:

C∗(x#) := s(C)(x#) = δℝ(C)∗(x#).

Recall that {ϕ ≤ α} stands for the Lebesgue set {x ∈ X : ϕ(x) ≤ α}.
Let X be a locally convex space, and let E⋅ be an ordered locally convex space

with normal positive cone. Let f : X → E⋅ be a convex operator, 0 ∈ core(dom(f)),
and f(0) = 0. Then the following assertions are equivalent:

(1) the operator f is continuous at the point 0;

(2) for every equicontinuous set S ⊂ E′+ and every α ∈ ℝ the set

∪

y′∈S

{(y′ ∘ f)∗ ≤ α}

is equicontinuous;

(3) the operator f is almost continuous at the point 0 and {(y′ ∘ f)∗ ≤ α} ⊂
X ′ (α ∈ ℝ) for every y′ ∈ E′+;

(4) 0 ∈ int(dom(f)), the operator f is almost continuous at the point 0, and

for all y′ ∈ E′+ and x ∈ core(dom(f)) there exists x′ ∈ X ′ such that

⟨f(x)∣y′⟩ + (y′ ∘ f)∗(x′) = ⟨x∣x′⟩.

⊲ Apply Theorem 3.4.4 to the correspondence � := (epi(f))−1. We will confine
ourselves to the following remarks. A pair (x#, y#) in (X×E)# belongs to dom(�∗)
if and only if y# ≥ 0 and (y# ∘ f)∗(x#) < +∞. Moreover, �∗(x#, y#) = (y# ∘
f)∗(x#) for 0 ≤ y# ∈ E# and x# ∈ X#. In particular, (x#, y#) ∈ �∙ if and only if
(y#∘f)∗(x#) ≤ 1. Finally, �−1(x) = f(x)+E+ whenever x ∈ core(dom(f)), hence,
(�−1(x))∗(y#) = ⟨f(x)∣y#⟩ if y# ≤ 0 and (�−1(x))∗(y#) = +∞ otherwise. ⊳
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3.4.6. In the case of a linear operator T acting from a locally convex space X

to a locally convex space Y we can derive the following corollaries starting from 3.4.4
and 3.4.5.

(1) An operator T is continuous if and only if it is weakly continuous and the

image of every equicontinuous set in Y ′ under the dual operator T ′ is an equicon-

tinuous set.

(2) For an operator T to be open it is necessary and sufficient for T to be

a weakly open mapping and for every equicontinuous set in X ′ to be the image of

some equicontinuous set in Y ′ under the algebraically dual operator T#.

(3) For an operator T to be a topological isomorphism it is necessary and

sufficient for T to be a weak isomorphism and for the dual operator T ′ to be

a bornological isomorphism with respect to the equicontinuous bornologies of the

spaces Y ′ and X ′.

3.4.7. In the sequel we shall need one more concept that relates to openness.
A correspondence � is called upper semicontinuous at a point x0 ∈ X if for every
neighborhood V ⊂ Y of the origin there exists a neighborhood U ⊂ X of the origin
such that �(x0+U) ⊂ �(x0)+V . The following result yields a dual characterization
of upper semicontinuity.

Theorem. Let X and Y be locally convex spaces, and let � be a convex cor-

respondence from X into Y such that �(0) is a cone. Then the following assertions

are equivalent:

(a) � is upper semicontinuous at the origin;

(b) The set �∘(X ′) is closed and, for every given equicontinuous set B ⊂ Y ′,
there is an equicontinuous set A ⊂ X ′ such that

�∘(A) ⊃ �∘(X ′) ∩B.

⊲ (a) → (b): Take y′ ∈ �(0)∘ and put

f(x) := inf{−⟨y∣y′⟩ : y ∈ �(x)}.

It is clear that f : X → ℝ is a convex function (see 1.3.5). Let V be a neighborhood
of the origin in Y such that ∣⟨y∣y′⟩∣ ≤ 1 for all y ∈ V . Choose a neighborhood U ⊂ X

of the origin for which �(U) ⊂ �(0) + V . Then for all x ∈ U and y ∈ �(x) we have
y = u + v with some u ∈ �(0) and v ∈ V ; therefore, ⟨y∣y′⟩ ≤ 2 and f(x) ≥ −2.
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Thus, the convex function f : X → ℝ is bounded below in the neighborhood U .
Assign

p(x) := inf{t−1(f(tx)− f(0)) : t > 0}.

It is easy to see that p : X → ℝ is a sublinear functional such that p(x) ≥ −2
for all x ∈ U . The last follows from the fact that p(x) ≥ f(0) − f(−x) (x ∈ X).
Boundedness below for the functional p on U implies that p ≥ −2q, where q = μ(U);
hence, ∂p ∕= 0 by 3.2.15. Take x′ ∈ ∂p. We see that

⟨x∣x′⟩ ≤ p(x) ≤ f(x) − f(0) ≤ f(x) + 1 ≤ −⟨y∣y′⟩ + 1

for all x ∈ X and y ∈ �(x). Hence, (x′,−y′) ∈ �∘ or −y′ ∈ �∘(x′) ⊂ �∘(X ′). Thus,
�(0)∘ ⊂ −�∘(X ′). The reverse inclusion ensues from 3.3.13 (4). Thereby we have
proved that the set �∘(X ′) is closed. Now let B be a symmetric equicontinuous
set in Y . Then B∘ is a neighborhood in Y . Therefore, there exists a symmetric
neighborhood U ⊂ X of the origin for which �(U) ⊂ �(0) + B∘. Passing to polars
and applying 1.3.10 (2), we obtain

�∘(U∘) ⊃ �∘(X ′) ∩B.

It remains to note that U∘ is symmetric and equicontinuous.
(b) → (a): Given a symmetric neighborhood W ⊂ Y of the origin, choose

a closed symmetric neighborhood W ⊂ Y of the origin such that V + V ⊂ W .
According to (b), there exists a symmetric equicontinuous set A ⊂ X ′ such that

�∘(A) ⊃ �∘(X ′) ∩ V ∘.

Pass to polars in this relation with 3.3.12 (5) and 3.3.13 (3) taken into account. As
a result, obtain

−�(A∘) ⊂ −�∘∘(A∘) ⊂ cl(−�∘(X ′)∘ + V ∘∘)

⊂ −�(0) + V + V ⊂ −�(0) + W.

The last yields �(U) ⊂ �(0) + W , where U := A∘ is a neighborhood of the origin
in X . ⊳
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3.4.8. Let K1, . . . , Kn be cones in X . Say that the cones satisfy condition (N)
if for every neighborhood U ⊂ X of the origin there exists a neighborhood V ⊂ X

of the origin such that

(K1 + V ) ∩ ⋅ ⋅ ⋅ ∩ (Kn + V ) ⊂ K1 ∩ ⋅ ⋅ ⋅ ∩Kn + U.

As in 3.1.7 (2), we associate with the collection of cones K1, . . . , Kn the conic
correspondence � from X into Y := Xn by the formula

� := {(h, x1, . . . , xn) ∈ X × Y : xl + h ∈ Kl (l := 1, 2, . . . , n)}.

(1) The correspondence �−1 is upper semicontinuous at the origin if and only

if the cones K1, . . . , Kn satisfy condition (N).

⊲ Note that �−1(0) = K1 ∩ ⋅ ⋅ ⋅ ∩ Kn. If V is a symmetric set in X then
h ∈ �−1(V n) if and only if there are x1, . . . , xn ∈ V and k1 ∈ K1, . . . , kn ∈ Kn such
that xl+h = kl, l = 1, . . . , n. Hence, the inclusion h ∈ �−1(V n) is equivalent to the
fact that h ∈ Kl +V (l := 1, . . . , n). Finally, �−1(V n) = (K1 +V )∩⋅ ⋅ ⋅∩ (Kn +V ).
The remaining part ensues from definitions. ⊳

(2) If K1, . . . , Kn and � are the same as above then

�∘ =

{

(h′, k′
1, . . . , k

′
n) ∈ (X × Y )′ : −k′

l ∈ K∘
l , h′ +

n∑

l=1

k′
l = 0

}

.

⊲ Indeed, if (h′, k′
1, . . . , k

′
n) ∈ �∘, then

⟨h∣h′⟩ −
n∑

l=1

⟨xl∣k′
l⟩ ≤ 0 (xl + h ∈ Kl, l := 1, . . . , n).

Putting h := 0, we obtain −k′
l ∈ K∘

l (l := 1, . . . , n). Now if xl := −h, then
⟨h∣h′ +

∑n
l=1 k′

l⟩ = 0; therefore, h′ +
∑n

l=1 k′
l = 0. Conversely, if h′ ∈ X ′, k′

l ∈ −K∘
l

(l := 1, . . . , n), and h′ = −∑n
l=1 k′

l, then

⟨h∣h′⟩ −
n∑

l=1

⟨xl∣k′
l⟩ = −

n∑

l=1

⟨xl + h∣k′
l⟩ ≤ 0

whenever xl + h ∈ Kl for all l := 1, . . . , n. ⊳
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(3) Jameson theorem. Given cones K1, . . . , Kn in a locally convex space X ,

the following assertions are equivalent:

(a) K1, . . . , Kn satisfy condition (N);
(b) The cone K∘

1 + ⋅ ⋅ ⋅+K∘
n is closed and for every equicontinuous set C ⊂ X ′

there exists an equicontinuous set B ⊂ X ′ such that

K∘
1 ∩B + ⋅ ⋅ ⋅+ K∘

n ∩B ⊃ (K∘
1 + ⋅ ⋅ ⋅+ K∘

n) ∩ C.

⊲ It is sufficient to apply Theorem 3.4.7 to the correspondence � := �−1 and
take (1) into account. Moreover, observe that (2) implies �∘(Y ′) = K∘

1 + ⋅ ⋅ ⋅+ K∘
n

and �∘(Cn) = K∘
1 ∩ C + ⋅ ⋅ ⋅ + K∘

n ∩ C. ⊳
3.4.9. Finally, we give a dual characterization for nonoblateness of cones. Let

ϰ := (K1, K2) be a reproducing pair of cones in a locally convex space X . Repro-
ducibility means that X = K1 − K2. Define �ϰ as in 3.1.6 and let � be the same
as in 3.1.7 (2). Then nonoblateness of the pair ϰ is equivalent to openness at the
origin of each correspondence �ϰ ⊂ X2 ×X and � ⊂ X × X2. As in 3.4.8 (2), we
can show that

�∙ = {(h#, k#
1 , k#

2 ) ∈ (X ×X ×X)# : −k#
l ∈ K∙

l (l := 1, 2), h# + k#
1 + k#

0 = 0}.
On the other hand, it is easy to calculate

�∙
ϰ

= {(x#
1 , x#

2 , h#) ∈ (X ×X ×X)# : x#
1 − h# ∈ K∙

1 , h# − x#
2 ∈ K∙

2}.
Note that �∙

ϰ
(S2) = (S − K∙

1 ) ∩ (S + K∙
2 ) for S ⊂ X#. The normal hull of

a set C ⊂ X with respect to the pair of cones (K1, K2) is defined to be the set

co(((C −K1) ∩ (C + K2)) ∪ ((C + K2) ∩ (C + K1))).

As we see, sh(�∙
ϰ
(S2)) is the normal hull of S with respect to the pair (K∙

1 , K
∙
2). If

S is symmetric then

�∙(S) = {(k#
1 , k#

2 ) ∈ K∙
1 ×K∙

2 : k#
1 + k#

2 ∈ S}.
Now Theorem 3.4.4 yields the following result.

Theorem. The following assertions are equivalent:

(1) a pair of cones (K1, K2) is nonoblate;

(2) the normal hull of every equicontinuous set in X ′ with respect to the pair

of cones (K∙
1 , K

∙
2 ) is equicontinuous;

(3) the set

{(k#
1 , k#

2 ) ∈ K∙
1 ×K∙

2 : k#
1 + k#

2 ∈ S}
is contained in (X×X)′ and is equicontinuous for every equicontinuous set S ⊂ X ′.



Convexity and Openness 187

3.5. Openness and Completeness

In Section 3.1 we have shown that the Banach rolling ball method can be
adapted to studying openness of convex correspondences. Here we consider another
approach to the indicated question.

3.5.1. Let X be a Hausdorff uniform space with uniformity base M . Denote
by Pcl(X) the set of all closed subsets of X . Given W ∈ W , put

W̃ := {(A,B) ∈ Pcl(X)2 : A ∈ W (B), B ∈ W (A)}.

It is obvious that W̃ is symmetric, i.e., −W̃ = W̃−1 and contains the diagonal of
the set Pcl(X)2; moreover, if V ∘ V ⊂ W for some V ∈ W , then Ṽ ∘ Ṽ ⊂ W̃ .
Furthermore, it is clear that the set M := {Ṽ : V ∈ M } is a filter base. Thus,
there exists a unique uniformity on the set Pcl(X) determined by the base W .
This uniformity is called the Hausdorff uniformity and the corresponding uniform
topology, the Vietoris topology. Henceforth, considering the uniform space Pcl(X)
or its subspaces, we will always mean the Hausdorff uniformity. It is evident that
the Hausdorff uniformity on Pcl(X) is Hausdorff.

Suppose that the uniformity of a space is defined by a multimetric 𝔐, which is
a collection of semimetrics. We associate with every semimetric d ∈ 𝔐 a function d̃ :
Pcl(X)2 → ℝ

+,

d̃(A,B) := sup{d(x,B) : x ∈ A} ∨ sup{d(x,A) : x ∈ B},

where d(x, C) := inf{(d(x, y) : y ∈ C} is the d-distance from a point x to a set C.
One can show that d̃ is a semimetric on Pcl(X). Moreover, d̃ is a metric if and
only if d is a metric. Put 𝔐 := {d̃ : d ∈ 𝔐}. Note that if 𝔐 filters upward, then 𝔐

filters upward too. Further, it is easy to show that the multimetric 𝔐 determines
exactly the same uniformity on Pcl(X) as the uniformity base W .

Now suppose that X is a topological vector space with a base V for the neigh-
borhood filter of the origin. Then the base for the uniformity of Pcl(X) has the
form V := {V : V ∈ V }, where

V := {(A,B) ∈ Pcl(X) : A ⊂ B + V, B ⊂ A + V }.

3.5.2. A metric space (X, d) is complete if and only if the associated metric

space (Pcl(X), d̃) is complete.
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⊲ Completeness of Pcl(X) implies completeness of X , since the mapping x �→
{x} is a uniform homeomorphism of X onto a closed subspace in Pcl(X). Now
assume that X is a complete metric space, and let (An) be a Cauchy sequence
in Pcl(X). Take an arbitrary ε > 0. For every k ∈ ℕ there exists a number
n(k) ∈ ℕ such that d̃(An, Am) < ε2−k for m,n ≥ n(k). Let (m(k)) be a strictly
increasing sequence of natural numbers such that m(k) ≥ n(k) (k ∈ ℕ). We
construct by induction a sequence (xk) in X satisfying the following conditions:

xk ∈ Am(k), d(xk, xk+1) ≤ 2−kε.

We start inducting with an arbitrary x0 ∈ Am(0). Assume that x1, . . . , xk are
already chosen. Since

d(xk, Am(k+1)) ≤ d̃(Am(k), Am(k+1)) < 2−kε,

we have d(xk, a) ≤ 2−kε for some a ∈ Am(k+1). Put xk+1 := a. It is clear that (xk)
is a Cauchy sequence. Hence, there is a limit x := lim(xk). It is easy to see that
x ∈ A :=

∩

n∈ℕ

cl
( ∪

m≥n
Am

)
and d(x, x0) < 2ε. Thus, the set A is nonempty and

sup{d(y, A) : y ∈ Am} < 2ε for m > n(0), since m := m(0) > n(0) and x0 ∈ Am(0)

are arbitrary. If a ∈ A, then a ∈ cl
( ∪

m≥n(0)
Am

)
. Therefore, we have d(a, ak) < ε

for some k ≥ n(0) and ak ∈ Ak. Then the following inequalities hold for m ≥ n(0):

d(a, Am) ≤ d(a, Ak) + d̃(Ak, Am) ≤ d(a, ak) + ε2−m(0) < 2ε.

Hence, d(A,Am) ≤ 2ε. ⊳

3.5.3. Throughout this section X will denote a locally convex space. Let
ClC(X) be the set of all nonempty closed convex subsets of the space X . The
set ClC(X) ordered by inclusion is a complete lattice. The least upper bound of
the family of closed convex subsets is equal to the closure of the convex hull of
its union, whereas the greatest lower bound coincides with the intersection. The
set ClC(X) becomes a conic lattice if we endow it with the sum of two elements A

and B ∈ ClC(X) defined as the closure of the set {a + b : a ∈ A, b ∈ B} and the
multiplication by positive numbers defined as in Section 1.5. It is easy to check
that the operations of the taking of the sum and least upper bound of two closed
convex sets are continuous mappings from ClC(X)2 into ClC(X).
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Given an arbitrary subset S ⊂ X , put

ClC(X,S) := {C ∈ ClC(X) : S ⊂ C}.
We shall write ClC(X, x) rather than ClC(X, {x}). Thus, ClC(X, 0) is the set
of all closed conic segments in X . Finally, let ClCb(X) be the collection of all
nonempty bounded closed convex subsets of X . Then in ClCb(X) alongside with
the operations of the taking of the sum and least upper bound continuous is the
operation of multiplication by positive numbers considered as a mapping from ℝ

+×
ClCb(X) into ClCb(X).

3.5.4. (1) The set ClC(X) is a closed subspace of the uniform space Pcl(X).
For every S ⊂ X the set ClC(X,S) is a closed subspace in ClC(X).

⊲ Take a net (Cα)α∈A, which is composed of closed convex sets and converges
to some closed set C ⊂ X . Let x, y ∈ C, 0 ≤ λ ≤ 1, and z := λx + (1 − λ)y.
Consider an arbitrary neighborhood V ⊂ X of the origin. Select an absolutely
convex neighborhood U of the origin such that λU + (1− λU) ⊂ V . In view of the
definitions of 3.5.1, there exists an index α0 such that

Cα ⊂ C + U, C ⊂ Cα + U

for all α ≥ α0. Obviously, we have

Cα ⊂ C ∪ {z} + U, C ∪ {z} ⊂ Cα + U

for the same α. Thus, the net (Cα) converges to the set C∪{z}. Hence, C = C∪{z}
and z ∈ C, i.e., C is convex. The second part of the proposition follows readily
from the first. ⊳

(2) A metrizable locally convex space X is complete if and only if the uniform

(metrizable) space ClC(X) is complete.

⊲ This ensues from (1) of 3.5.2. ⊳

3.5.5. Consider a net (Cα)α∈A in ClC(X). The set
∩

α0∈A

cl
(
co
( ∪

α≥α0

Cα

))

is called the upper limit of the net (Cα) and is denoted by the symbol lim sup(Cα).
(1) If a net (Cα) in ClC(X) converges to some C ∈ ClC(X) then C =

lim sup(Cα).
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⊲ Indeed, if U and V are convex neighborhoods of the origin such that U+U ⊂
V and an index α0 is such that Cα ⊂ C + U and C ⊂ Cα + U for α ≥ α0, then the
following relations are valid:

cl
(

co
( ∪

α≥α0

Cα

))

⊂ cl(C + U) ⊂ C + V,

C ⊂ cl
(

co
( ∪

α≥α0

Cα

))

C + V.

Consequently, C = lim sup(Cα), since V is arbitrary. ⊳
A filter base F in X consisting of closed convex sets is called a fundamental

family if it is a Cauchy net (considered as a net in ClC(X)). This obviously means
that for every neighborhood U ⊂ X of the origin there exists an element A ∈ F

such that A ⊂ B+U for all B ∈ F . It is clear that a fundamental family converges
if and only if for every neighborhood U of the origin the set

∩{C : C ∈ F} + U

contains some member (and, hence, all subsequent members) of the family.
(2) Suppose that a set U ⊂ ClC(X) is sup-closed, i.e.,

sup
α∈A

(Cα) := cl
(

co
( ∪

α∈A

Cα

))

∈ U

for every family (Cα)α∈A ⊂ U . Then U is complete if and only if every fundamental

family in U converges.

⊲ From (1) we can see that convergence of a fundamental family is equiva-
lent to its convergence as a net in the topology of the Hausdorff uniformity, Vi-
etoris topology. Therefore, completeness of U implies convergence of fundamental
families (without assumption about sup-closure). Conversely, assume that funda-
mental families in U converge. Let (Cα)α∈A be a Cauchy net in U , and assign
Bβ := cl

(
co
( ∪

α≥β
Cβ

))
. As we can see, the family (Bβ)β∈A, is contained in U ,

is fundamental, and thus has a limit B ∈ U . The last fact means, by definition,
that for every neighborhood U ⊂ X of the origin there is an index γ ∈ A such that
B ⊂ Bγ ⊂ B + U . Then Cα ⊂ B + U for all α ≥ γ. The inclusion B ⊂ Cα + U

ensues from the fact that (Cα) is a Cauchy net. Thus, (Cα) converges to B in the
Vietoris topology. ⊳
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3.5.6. A locally convex space X is said to be hypercomplete if the uniform
space ClC(X, 0) is complete. We can see that if X is hypercomplete space, then
the space ClC(X,S) is complete for every nonempty subset S in X . It follows
from 3.5.5 (2) that X is hypercomplete if and only if every fundamental family in X

having a nonempty upper limit converges (of course, to this upper limit) and also if
and only if every fundamental family consisting of closed conic segments converges.

Denote by ClA(X) the set of all absolutely convex closed subsets of X . Say that
X is Kelley hypercomplete if the uniform space ClA(X) is complete. From 3.5.5 (2)
we again infer that X is Kelley hypercomplete if and only if every fundamental fam-
ily consisting of absolutely convex sets converges. One more equivalent condition
is given in the next proposition:

(1) A locally convex space X is Kelley hypercomplete if and only if every funda-

mental symmetric family in ClC(X, 0) converges. (A family F is called symmetric
if C ∈ F implies −C ∈ F .)

⊲ Let F be a fundamental symmetric family. Denote by F s the family {Cs :
C ∈ F}, where Cs := cl(co(C ∪ −C)). Then F s is fundamental too, moreover,
F s ⊂ ClA(X) and

∩
(F ) =

∩
(F s). This immediately yields the sufficiency part

of the proposition; the necessity part is obvious. ⊳
(2) There are two more natural concepts of hypercompleteness. Say that

a family F ⊂ ClC(X, 0) is conic (linear) if λC ∈ F for an arbitrary C ∈ F

and a strictly positive number λ (an arbitrary number λ ∕= 0). It is clear that
F is a linear family whenever it is symmetric and conic. We will say that X is
conically hypercomplete (fully complete) if every fundamental conic (linear) family
converges. In a conically hypercomplete or a fully complete space the uniform spaces
of all closed cones or respectively all closed subspaces are complete; however, the
converse assertion is false.

3.5.7. The concept of hypercompleteness admits a natural localization and
thereby guarantees a useful opportunity of involving “local” requirements less re-
strictive than hypercompleteness.

Say that a closed convex set C ⊂ X possesses the Kelley property or is a Kelley
set if every fundamental family F such that C =

∩
(F ) converges (to the set C).

If in this definition we require the fundamental family F to be symmetric, conic, or
linear, then we speak of the symmetric, conic, or linear Kelley property respectively.
The following assertions immediately ensue from the definitions:
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(1) A space X is hypercomplete if and only if every closed conic segment in X

possesses the Kelley property;

(2) A space X is Kelley hypercomplete if and only if every absolutely convex

closed set in X possess the symmetric Kelley property;

(3) A space X is conically hypercomplete if and only if every closed cone in X

possesses the conic Kelley property;

(4) A space X is fully complete if and only if every closed subspace possesses

the linear Kelley property.

The property dual to the Kelley property is the Krĕın-Smulian property. Con-
sider a locally convex space X and its dual X ′ and denote, as usual, the polar of the
set U ⊂ X with respect to the duality X ↔ X ′ by the symbol U∘. A set C ⊂ X ′

is called almost weakly closed if the intersection C ∩ U∘ is weakly closed for every
neighborhood U of the origin in X . Let S be a weakly closed convex set in X ′. Say
that S possesses the Krĕın-Smulian property if every weakly dense almost weakly
closed convex subset C ⊂ S coincides with the set S. If S and C in this defini-
tion are either absolutely convex set, cones, or subspaces, then we speak of the
symmetric, conic, or linear Krĕın-Smulian property.

3.5.8. Theorem. Let C be a closed conic segment (absolutely convex set,

cone, or subspace) in a locally convex space. Then the set C possesses the Kelley

property (symmetric, conic, or linear Kelley property) if and only if the polar C∘

possesses the KreΦßn-Smulian property (symmetric, conic, or linear KreΦßn-Smulian

property).

⊲ We will prove only the case in which C is an arbitrary closed conic segment.
The cases of a symmetric, conic, or linear C can be settled by repeating the same
arguments with some minor changes.

Suppose that C is a Kelley set, and let S be a weakly dense almost weakly
closed convex subset in C∘. Let the letter F denote the family of all sets of
the form (S ∩ U∘)∘, where U is a neighborhood of the origin. It is clear that
F is contained in ClC(X,C) and is a filter base. Let U and W be arbitrary
neighborhoods of the origin, and let V be a neighborhood of the origin such that
V + V ⊂ W . Using the elementary properties of polars, we obtain

(V + (U∘ ∩ S)∘)∘ ⊂ V ∘ ∩ (U∘ ∩ S)∘∘ = V ∘ ∩ U∘ ∩ S ⊂ V ∘ ∩ S;

consequently, W + (S ∩ U∘)∘ ⊃ (S ∩ V ∘)∘. Thereby F is a fundamental family
in ClC(X,C). If x /∈ C, then ⟨x∣x′⟩ > 1 for some x′ ∈ C∘; and since S is weakly
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dense in C∘, we can assume that x′ ∈ S. But x′ ∈ V ∘ for some neighborhood V of
the origin. Hence, x /∈ (S∩V ∘)∘. This implies that C =

∩
(F ). Thus, the family F ,

considered as a net in ClC(X,C), converges to C in the Vietoris topology. Hence,
for every neighborhood V of the origin there exists a neighborhood U of the origin
such that C +V ⊃ (C ∩U∘)∘. Passing to polars and applying the rules of 2.2.9, we
obtain

S ⊃ (S ∩ U∘)∘∘ ⊃ (C + V )∘ = C∘#V ∘.

This implies that S ⊃ [0, 1)C∘, for V is arbitrary. If x′ ∈ C∘ and x′ ∈ V ∘ for some
neighborhood V of the origin, then [0, 1)x′ ⊂ S ∩V ∘; moreover, weak closure of the
set S ∩ V ∘ implies that x′ ∈ S. Thus, S = C∘ and C∘ possesses the Krĕın-Smulian
property.

Conversely, assume that C∘ possesses the Krĕın-Smulian property. Consider
a fundamental family F such that C =

∩
(F ). Assign F ∘ := {A∘ : A ∈ F}

and S :=
∪

(F ∘). Since the family F is fundamental, by 2.2.9, we infer that
for every neighborhood U of the origin there exists an element A ∈ F such that
A∘ ⊃ αU∘ ∩ βD for all D ∈ F ∘, α ≥ 0, and β ≥ 0, α + β = 1. But then
S ⊃ A∘ ⊃ cl(αU∘ ∩ βS) for the same α and β. If a number 0 < ε < 1 is arbitrary
and λ := (1 − ε)/ε, then

S ⊃ cl(ελU∘ ∩ (1 − ε)S) = (1 − ε) cl(S ∩ U∘);

therefore, S ∩ U∘ ⊃ [0, 1) cl(S ∩ U∘). Let rcl(B) be the collection of x′ ∈ X ′ such
that [0, 1)x′ ⊂ B. It is clear that rcl(U∘ ∩ S) = U∘ ∩ rcl(S) and, therefore,

cl(S ∩ U∘) = cl(rcl(S) ∩ U∘).

Recalling what was proved above, we obtain

[0, 1) cl(rcl(S) ∩ U∘) ⊂ S ∩ U∘ ⊂ rcl(S) ∩ U∘;

and, by the definition of the operation rcl, we have

cl(rcl(S) ∩ U∘) ⊂ rcl(S) ∩ U∘.

Thus, the set rcl(S) is convex and almost weakly closed, and since rcl(S)∘ = S∘ =
∩

(F ) = C, therefore, S is weakly dense in C∘. By the Krĕın-Smulian property,
C∘ = rcl(S). Finally, we use once again the fact that for every neighborhood U



194 Chapter 3

of the origin there exists an element A ∈ F such that A∘ ⊃ αU∘ ∩ β rcl(S) for
α ≥ 0 and β ≥ 0, α + β = 1. Hence, A∘ ⊃ U∘#C∘. Further, applying the bipolar
theorem, 2.2.9, and 3.3.12 (7), we arrive at the relations

A ⊂ cl(U + C) ⊂ 2U + C.

Since U is arbitrary, this means that F converges to C. ⊳

3.5.9. The above-established fact immediately yields dual characterizations of
hypercompleteness.

(1) A locally convex space is hypercomplete (Kelley hypercomplete, conically

hypercomplete, or fully complete) if and only if every almost weakly closed convex

set (absolutely convex set, cone, or subspace) in the dual space is weakly closed.

(2) Krĕın-Smulian theorem. A metrizable locally convex space is complete

if and only if every almost weakly closed convex subset in the dual space is weakly

closed.

⊲ This follows from (1) by virtue of 3.5.4 (1), (2). ⊳
(3) Banach-Grothendieck theorem. Let X be a locally convex space.

Then the following assertions are equivalent:

(a) X is complete;

(b) every linear functional on X ′ continuous on every equicontinuous subset

of X is also σ(X ′, X)-continuous;

(c) every almost weakly closed hyperplane in X ′ is weakly closed.

3.5.10. Theorem. Let X and Y be locally convex spaces, and let � be a con-

vex closed correspondence from X into Y almost open at some point. Suppose that

int(�(X)) ∕= ∅ and �−1(u) is a Kelley set for every u ∈ int(�(X)). Then the

correspondence � is open at each point (x, y) ∈ � for which y ∈ int(�(X)).

⊲ Without loss of generality we can assume that x = 0 and y = 0. By
Theorem 3.4.4, the assertion under proof will be established if we prove that the
formula

�−1(y0)∗(x′) = inf{�∗(x′, y′) − ⟨y0∣y′⟩ : y′ ∈ Y ′}
holds for arbitrary y0 ∈ int(�(X)) and x′ ∈ X ′ and the greatest lower bound in
the right-hand side is attainable. By Proposition 3.1.3, the correspondence � is
almost open at the point (x0, y0) for some x0 ∈ dom(�). Put � := � − (x0, y0)
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and G := �−1(0). Then � is almost open at the origin, 0 ∈ int(�(X)), and G is
a Kelley set. Elementary calculation shows that the assertion under proof will be
verified if we establish the exact formula

G∗(x′) = inf{�∗(x′, y′) : y′ ∈ Y ′}
for all x′ ∈ X ′. This is equivalent to coincidence of the sets

Sα := {x′ ∈ X ′ : G∗(x′) ≤ α},
Qα := {x′ ∈ X ′ : (∃y′ ∈ Y ′)�∗(x′, y′) ≤ α}

for all α ≥ 0 (for α < 0 we have Sα = Qα = ∅). Indeed, it is easy to show that
0 ≤ G∗(x′) ≤ �∗(x′, y′) whatever x′ ∈ X ′ and y′ ∈ Y ′ might be. Now if Qα = Sα

for α ≥ 0, then we have x′ ∈ Sα for α := G∗(x′). Consequently, there is y′0 ∈ Y ′

such that �∗(x′, y′0) ≤ α = G∗(x′). Thereby

G∗(x′) = �∗(x′, y′0) = inf{�∗(x′, y′) : y′ ⊂ Y ′}.
Further, note that Sα = αS1 and Qα = αQ1 for α > 0.

Thus, it remains to check the equalities Q1 = S1, for S0 =
∩{Sα : α > 0} and

Q0 =
∩{Qα : α > 0}.

The latter follows from the fact that �∗(x′, y′n) ≤ 1/n implies that the sequence
(y′n) is equicontinuous by 3.4.3 (1). If y′ is a limit point of the sequence, then
�∗(x′, y′) = 0 by virtue of lower semicontinuity of the functional �∗.

The inclusion S1 ⊃ Q1 is obvious. Since S1 = G∘ and, hence, S∘
1 = G∘∘ = G,

the relation x0 /∈ S∘
1 implies that (x, 0) /∈ �. Consequently, for some functionals x′ ∈

X and y′ ∈ Y ′ we have ⟨x∣x′⟩ − ⟨y∣y′⟩ ≤ 1 at (x, y) ∈ � and ⟨x0∣x′⟩ − ⟨0∣y′⟩ =
⟨x0∣x′⟩ > 1. Hence, x0 /∈ Q∘

1. Since S1 is weakly closed, we obtain S1 = Q∘∘
1 . By

the bipolar theorem, the relation S1 = Q1 is guaranteed by weak closure of Q1.
Now since Q∘

1 = S∘
1 = G is a Kelley set, it suffices to establish that Q1 is almost

weakly closed and appeal to Theorem 3.5.8.
Let U be a neighborhood of the origin in X and suppose that a net (x′

α)α∈A

in Q1 ∩ U∘ converges weakly to some x′ ∈ X ′. Then x′ ∈ U∘. Show that x′ ∈ Q1.
Since Q1 ∈ dom(�∘), there exists a net (yα)α∈A in Y ′ such that (xα, yα) ∈ �∘ for
α ∈ A. The set Q1 ∩ U∘ is equicontinuous and � is almost open at the origin;
consequently, the net (yα)α∈A is equicontinuous by 3.4.3 (2). If y′ is a limit point
of the net (yα)α∈A, then we have y′ ∈ �∘(x′) or x′ ∈ dom(�∘) = Q1 by virtue of
weak closure of the set �∘. Thus, the set U∘ ∩Q1 is weakly closed. ⊳
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3.5.11. We make several additional remarks on Theorem 3.5.10. First of all
it is clear that the case of a hypercomplete X serves to the whole class of convex
correspondences without “local” requirements that the preimages of the points y ∈
int(�(X)) be Kelley. Moreover, we can obviously omit the assumption about almost
openness of � in the case of a barreled space Y . In other words, the following
assertion holds:

(1) Theorem. Let X and Y be locally convex spaces; moreover, assume

that X is hypercomplete and Y is barreled. Then every closed convex correspon-

dence � ⊂ X × Y is open at any point (x, y) ∈ � whenever y ∈ int(�(X)).

If � is a symmetric correspondence, i.e., � = −�; then it is sufficient to require
in Theorem 3.5.10 that �−1(y) possess the symmetric Kelley property and in (1)
that X be Kelley hypercomplete. In the case of linear correspondences, the scheme
of the proof of Theorem 3.5.10 leads to the following result due to Pták.

(2) Theorem. Let X and Y be locally convex spaces, and let � be a linear

correspondence from X into Y . Furthermore, let X be fully complete and � be

almost open at the origin. Then � is open at the origin.

3.5.12. A locally convex space X is called Br-complete if its origin possesses
the linear Kelley property. By Theorem 3.5.8, Br-completeness of X is equivalent
to the fact that every almost weakly closed weakly dense subspace in X ′ coincides
with X ′, or briefly, X ′ possesses the Krĕın-Smulian property. Denote by (C), (Br),
(B), (SHC), (CHC), and (HC) respectively the classes of complete, Br-complete,
fully complete, Kelley hypercomplete, conically hypercomplete, and hypercomplete
locally convex spaces. The following inclusions hold:

(HC) ⊂ (SHC) ⊂ (B) ⊂ (Br) ⊂ (C), (HC) ⊂ (CHC) ⊂ (B).

There are strong grounds for believing that the inclusions are strict. However,
we do not have necessary information available. We only know that (C) ∕= (Br)
and (Br) ∕= (B).

3.6. Comments

3.6.1. The openness principle 3.1.18 for closed convex correspondences in Ba-
nach spaces was established by C. Ursescu [395] and S. M. Robinson [347]. As for
ideal convexity, see E. A. Lifschitz [274] and G. J. O. Jameson [156, 157]. This
concept supplements the abilities of the Banach rolling ball method and has certain
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methodological advantages (see [138, 247]). The concept of nonoblateness is due to
M. G. Krĕın [190]; for a Banach space X and coinciding cones K1 = K2 Proposi-
tion 3.1.20 represents the classical Krĕın-Smulian theorem [190]. Later the concept
of nonoblateness appeared in F. F. Bonsall’s article [39] as local decomposability of
a normed space. The further history together with different aspects of applications
is given in [156, 188, 189, 368, 404, 405, 416].

3.6.2. Possibility of extending a linear operator with given properties was
studied by Mazur and Orlicz. The notion of algebraic general position for cones
is motivated by the Mazur-Orlicz theorem 3.2.16. In connection with the subdif-
ferentiation problems this concept was developed by S. S. Kutateladze [233, 235],
M. M. Fel′dman [105, 106] and thoroughly studied in the articles [2, 234, 235].

A general topological variant of the method of general position was proposed by
A. G. Kusraev [198]; see also [199, 215, 218, 219]. The key moment of the method
consists in the fact that general position of suitable cones guarantees validity of
the Moreau-Rockafellar formula 3.2.8. Necessary and sufficient conditions for the
Moreau-Rockafellar identity were studied by A. G. Bakan [20].

In connection with assertion 3.2.2 (2) it is pertinent to recall the question of
nonemptiness of a subdifferential, which is of interest in its own right and has
its own history. The point is that if the arrival space E is not order complete,
then this question becomes considerably more involved, since we cannot apply the
extension principle 1.4.13. Making use of the well-known Corson-Lindenstrauss ex-
ample (of an open continuous epimorphism that does not admit linear averaging
operators), Yu. È. Linke [268] constructed a continuous sublinear operator in the
lattices of continuous functions whose subdifferential is empty; the problem was
posed by J. Zowe [432]. Nonemptiness of a subdifferential was studied by many au-
thors [106, 269, 397, 430] using the technique of (continuous, affine, and semilinear)
selectors, the geometric concept of the Steiner point, etc. The following result due
to Yu. È. Linke contains by now one of the most complete answers to the question
of nonemptiness of ∂P for a continuous sublinear operator P : X → Y (see [269]).

Let X and Y be complete locally convex spaces; moreover, suppose that Y

is ordered by a closed normal cone. Then every compact sublinear operator P has

a compact support operator; moreover, if X is separable, then every continuous

sublinear operator has a continuous support operator.

3.6.3. The notion of polar and the properties indicated in 3.3.8 are due to
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G. Minkowski. The formalism developed in 3.3.9–3.3.13 constitutes the apparatus
for the theory of (scalar) duality of vector spaces. Most of those formulas were
more or less in use earlier, serving different purposes. Thus, for instance, the first
formula of 3.3.9 (1) for symmetric convex sets was obtained by J. Kelley [176].

3.6.4. The main result of the section, Theorem 3.4.4, was established by A. G.
Kusraev [198]. Its corollaries 3.4.6 for linear operators are well-known (see [92]).
The Jameson theorem was proved in [158].

3.6.5. This section originates from A. G. Kusraev’s article [198, 205] and rep-
resents a modification of V. Pták and J. Kelley’s ideas on use made of the duality
apparatus given in 3.3 and 3.4. V. Pták [339, 340] was the first who applied the
duality method to analysis of the automatic openness phenomenon in the case of
linear correspondences and found a connection between the openness principle and
the Krĕın-Smulian theorem (see also [92, 368]). J. Kelley [176] connected both
facts with completeness of various spaces of closed convex sets. Hypercompleteness
(see 3.5.6) is a natural generalization of full completeness (= B-completeness) and
Kelley hypercompleteness (see 3.5.6 and 3.5.7). An example of a complete but not
Br-complete space is given in R. Edwards’ book [92]. An example showing that
(Br) ∕= (B) was constructed by M. Valdivia [398].

The Krĕın-Smulian theorem 3.5.9 (2) and the Banach-Grothendieck theorem
3.5.9 (3) belong to the mathematical classic (see [92]). Theorem 3.5.10 is established
by A. G. Kusraev [198, 205]. In the case of Banach spaces it was earlier obtained
by C. Ursescu [395] and S. M. Robinson [347].

There are at least two more general approaches to the openness principle for
linear operators in topological vector spaces: the method of webbed spaces pro-
posed by M. De Wilde [69] and the approach based on combining measurability
with the Baire category method. The latter approach is due to L. Schwartz. The
combined method was proposed by W. Robertson [346]. Both approaches were
adapted to the case of convex correspondences by A. G. Kusraev [205, 207, 215].
Other generalizations of the openness principle as well as the related bibliography
can be found in [16, 17, 21, 92, 186, 334].



Chapter 4

The Apparatus of Subdifferential

Calculus

The present chapter is the culmination of the book. Here, grounding on the already-
developed methods, we deduce the main formulas of subdifferential calculus.

We start with the derivation of the change-of-variable formulas for the Young-
Fenchel transform. Leaning on them, we then find out formulas for computing
ε-subdifferentials which present the generalization of the concept of subdifferential
that make it possible to take account of the possibility of solving an extremal prob-
lem to within a given ε. It should be emphasized that analysis of ε-subdifferentials
converting formally into conventional subdifferentials at ε = 0 has some particular-
ities and subtleties. Complete technical explanations will be given in due course. It
suffices now to observe that respective differences are as a matter of fact connected
with the truism that the zero element is small in whatever reasonable sense whereas
a “small ε” can designate a rather large residual.

While studying the Young-Fenchel transform, we are confronted with the ques-
tion of whether it acts as involution. In the language of extremal problems we are
talking about the absence of the duality gap. In view of utmost theoretical and
practical importance of the indicated phenomenon, we discuss several ways of ap-
proaching and settling the problem.

Of paramount importance is the question of validity for the analog of the
“chain rule” of the classical calculus: the subdifferential of a composition equals the
composition of the subdifferentials of the composed mappings. Clearly, the rule fails
in general. However, the rule is operative when we sum, integrate or take a finite



200 Chapter 4

supremum. The technique of treating the effect was titled disintegration. The
apparatus of disintegration is closely related to the positive operators that preserve
order intervals, i.e. that meet the Maharam condition. Study of order continuous
operators with the property (they are referred to as Maharam operators) is of
profound independent import for the general theory of Kantorovich spaces.

Everywhere in what follows, by a K-space we mean a K-space with a Haus-
dorff vector topology such that the cone of positive elements is normal. Recall
also that the notion of general position was introduced only for nonempty sets (see
3.1.11). Thus, in statements including a condition of general position, we explicitly
assume nonemptiness of the sets under consideration although without further spe-
cialization. In exact change-of-variable formulas for the Young-Fenchel transform
we systematically use the sign ⇀ instead of =. As in 3.4.4, the sign ⇀ means the
equality with the additional condition that an exact (usually greatest lower) bound
is attained in the expression on the right-hand side.

4.1. The Young-Fenchel Transform

The current section is devoted to the rules for calculating the Young-Fenchel
transform of composite convex operators.

4.1.1. Let X be a topological vector space, let E be a topological K-space,
and let f : X → Ē. As the Young-Fenchel transform of f or the conjugate operator
to f we refer to the operator f∗ : L (X,E) → Ē which defined by the relation

f∗(T ) = sup {Tx− f(x) : x ∈ X} (T ∈ L (X,E)).

We have already met this transform (see 3.4.5). Repeating the indicated procedure,
we can associate with the operator f its second Young-Fenchel transform, the second
conjugate operator f∗∗. For x ∈ X this operator is given by the formula

f∗∗(x) = sup {Tx− f∗(T ) : T ∈ L (X,E)}.

With obvious reservation, we can regard x as an element of L (L (X,E), E) (more
exactly, of L (L (X,E), E)), if we identify the point x of X with the “delta-function”
x̂ : T → Tx for T ∈ L (X,E). To within the indicated identification the second
Young-Fenchel transform f∗∗ can be viewed as the restriction of the iterated Young-
Fenchel transform (f∗)∗ : L (L (X,E), E) → Ē onto the space X .

Recall that the operators from X into E which have the form T e : x → Tx+e,
where e ∈ E and T ∈ L (X,E), are affine. If T ex ≤ f(x) for all x ∈ X (in the
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sequel we shall briefly write T e ≤ f in such a situation), then T e is called an affine
minorant or affine support to f .

4.1.2. For the operator f : X → Ē the following assertions hold:

(1) the operators f∗ and f∗∗ are convex;

(2) for x ∈ X and T ∈ L (X,E), the Young-Fenchel inequality Tx ≤ f(x) +
f∗(T ) is valid;

(3) an affine operator T e is a minorant for f if and only if (T,−e) ∈ epi (f∗);
(4) f∗∗ ≤ f , moreover, f∗∗ = f if and only if f is the upper envelope (=

pointwise least upper bound) of some family of continuous affine operators;

(5) if f ≤ g, then f∗ ≥ g∗ and f∗∗ ≤ g∗∗.
⊲ (1) If f∗ ≡ +∞ or f∗∗ ≡ +∞, then convexity of f∗ or f∗∗ is beyond

question. We now assume that f∗ ≡/+∞ and f∗∗ ≡/+∞, i.e. epi (f∗) and epi (f∗∗)
are nonempty sets. For x ∈ X and T ∈ L (X,E), we put

lx : S �→ Sx− f(x), lT : y �→ Ty − f∗(T ).

Then, as can be easily verified,

epi (f∗) =
∩

{epi (lx) : f(x) ∈ E},

epi (f∗∗) =
∩

{epi (lT ) : f∗(T ) ∈ E}.
The representations visualize convexity of f∗ and f∗∗.

(2) If f∗(T ) = −∞, then f ≡ +∞ and, for f(x) = −∞, we have f∗ ≡ +∞.
In both the cases, the Young-Fenchel inequality is selfevident. Whenever f∗(T ) ∕=
−∞ ∕= f(x), the indicated inequality is obvious.

(3) For −e ≥ c := f∗(T ), by the Young-Fenchel inequality, T e ≤ T −e ≤ f .
Whenever T e ≤ f , we have Tx− f(x) ≤ −e (x ∈ X), i.e. f∗(T ) ≤ −e.

(4) If f∗(T ) ∈ E, then epi (lT ) ⊃ epi (f) and, from the above-indicated repre-
sentation for epi (f∗∗), we see that epi (f∗∗) ⊃ epi (f), i.e. (f∗∗) ≤ f . Now suppose
that (f∗∗) = f ≡/ + ∞. Undoubtedly, in this case f = sup {lT : f∗(T ) ∈ E}.
Let f = sup {T e : T e ≤ f}. If T e ≤ f , then f∗(T ) ≤ −e and, consequently,
f∗∗(x) ≥ Tx − f∗(T ) ≥ T e for x ∈ X . Thus, f∗∗ ≥ sup {T e : T e ≤ f} = f . The
case f ≡ +∞ is trivial.

(5) The inequalities f∗ ≥ g∗ and f∗∗ ≤ g∗∗, under the condition f ≤ g,
follow from the representation of the epigraphs for the respective Young-Fenchel
transforms. ⊳
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4.1.3. In studying Young-Fenchel transforms, the two main problems appear
as it was already mentioned. The first consists in finding implicit formulas for
calculating a Young-Fenchel transform under a change of variables. The second
consists in searching comprehensible conditions of its involutivity. As will be clear
from what follows, the problems are motivated by the theory of extremal problems.
Moreover, their solutions can be easily applied to such classic problems as those of
proving the Lagrange principle, finding criteria for solutions to extremal problems,
and clarifying the conditions of validity for optimality criteria for pairs of dual
problems.

Let us address change of variables. To this end we at first associate the E-
valued support function C with an arbitrary set C in X and K-space E (compare
with 3.3.8), i.e. the mapping C∗ acting on the operator S in L (X,E) by the rule

C∗(S) = δE (C)∗ (S) = sup {Sx : x ∈ C}.
Observe simple relations between the support function of the epigraph of a mapping
and its Young-Fenchel transform.

Let f be a convex operator from X into F , where F is an ordered topological

vector space. Further, let T ∈ L (X,F ) and S ∈ L (F,E). Then the following

assertions are valid:

(1) (T, S) ∈ dom ((epi(f))∗) if and only if S ≥ 0 and T ∈ dom ((S ∘ f)∗);
(2) if S ≥ 0 then the equality

(epi (f))∗ (T, S) = (S ∘ f)∗ (T )

holds.

⊲ Assume that epi (f) ∕= ∅; otherwise, there is nothing to prove. If c ∈
F +, S ∈ L (F,E) and T ∈ L (X,F ) then for all (x, y) ∈ epi (f), we have (x, y +
c) ∈ epi (f). In other words, −Sc + Tx − Sy = Ty − S (y + c) ≤ (epi (f))∗ (T, S).
Assuming that the right-hand side of the inequality is finite, it is easy to verify that
−Sc ≤ 0 by passing to the least upper bound over (x, y) ∈ epi (f). In virtue of
arbitrariness of c ≥ 0, we thence conclude that S ≥ 0. On the other hand, if in
the indicated relation we first pass to the lower upper bound over y ∈ (epi (f)) (x)
by putting e := 0 and next to the lower upper bound over x ∈ dom (f), then
(S ∘f)∗ (T ) ≤ (epi (f))∗ (T, S). The last means that T ∈ dom ( (S ∘f)∗). Moreover,
for S ≥ 0, the following holds obviously:

epi (f)∗(T, S) = sup {Tx− Se : (x, e) ∈ epi (f)}
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≤ sup {Tx− S ∘ f(x) : x ∈ X} = (S ∘ f)∗(T ).

The two inequalities provide the facts we need in (1) and (2). ⊳
The next assertions (3) and (4) are immediate from the definitions (see 1.3.6).
(3) If � is a nonempty convex correspondence from X into E and f := inf ∘�,

then f∗(T ) = �∗(T, IE) for every T ∈ L (X,E).
(4) The following assertions hold:

epi (f)∗(T, IE) = f∗(T ),

epi (f)∗(T, 0) = dom(f)∗(T ).

4.1.4. Theorem. Let X and Y be topological vector spaces and let �1, . . . , �n

be nonempty convex correspondences from X into Y such that σn (
∏n

l=1 �l) and

�n (X) × Y n are in general position. Then, for every T ∈ L (Y,E), the exact

formula

(�1+̇ . . . +̇�n)∗ (⋅, T ) ⇀ �∗
1 (⋅, T ) ⊕ . . . ⊕ �∗

n (⋅, T )

is valid. The exactness of the formula means that the convolution on the right-hand

side is exact, i.e., for every S ∈ L (X,E) such that

(S, T ) ∈ dom ( (�1+̇ . . . , +̇�)∗ ),

there exist continuous linear operators S1, . . . , Sn from X into E such that

(�+̇ . . . +̇�n)∗ (S, T ) = �∗
1 (S1, T ) + ⋅ ⋅ ⋅+ �∗

n (Sn, T ),

S = S1 + ⋅ ⋅ ⋅ + Sn.

⊲ Look at arbitrary operators T ∈ L (Y,E) and S1, . . . , Sn ∈ L (X,E). If
� := �1+̇ . . . +̇�n and S := S1 + ⋅ ⋅ ⋅+ Sn then we have

�∗ (S, T ) = sup {S1x + ⋅ ⋅ ⋅+ Snx− Ty : (x, y) ∈ �}

= sup

{
n∑

l=1

(Slx− Tyl) : (x, yl) ∈ �l, y =
n∑

l=1

yl

}

≤
n∑

l=1

sup {Slx− Tyl) : (x, yl) ∈ �l} =
n∑

l=1

�∗
l (Sl, T ).
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This implies that, for �∗ (S, T ) = +∞, the equality under proof is true. Let
(S, T ) ∈ dom (� ∗) and e := � ∗(S, T ). Clearly, dom (�1) ∩ ⋅ ⋅ ⋅ ∩ dom (�n) ∕= ∅ and
therefore e > −∞. Consider the operator A acting from X × ℝ into E by the
rule A (x, t) := Sx− te. It is easy that (A , T ) ∈ πE (σ3(H(�) ) ), where σ3 is the
rearrangement of coordinates which executes the isomorphism of the spaces X ×
Y ×ℝ and X ×ℝ×Y . Observe that σ3 (H (�) ) = σ3(H (�1) )+̇ . . . +̇σ3 (H (�n) ).
Moreover, by the hypotheses of the theorem, the cones σn (

∏n
l=1 σ3 (H (�l) ) ) and

�n (X × ℝ) × Y n, where σn is a suitable rearrangement of the coordinates in
(X × ℝ × Y )n, are in general position. By Theorem 3.2.7, there exist continuous
linear operators A1, . . . ,An from X × ℝ into E such that A =

∑n
l=1 Al and

(Al, T ) ∈ πE (σ3 (H (�) ) ) (l := 1, 2, . . . , n). This implies that, for Sl := Al (⋅, 0)
and el := A (0, 1) (l := 1, . . . , n), we have S = S1 + ⋅ ⋅ ⋅ + Sn, e = e1 + ⋅ ⋅ ⋅ + en
and, moreover, �∗

l (Sl, T ) ≤ el for all l. Thus, �∗ (S, T ) = e = e1 + ⋅ ⋅ ⋅ + en ≥
�∗

1 (S1, T ) + ⋅ ⋅ ⋅+ �∗
n (Sn, T ), which was required. ⊳

4.1.5. The following corollaries follow from Theorem 4.1.4.
(1) Suppose that convex operators f1, . . . , fn : X → Ē are not identically

equal to +∞ and are in general position. Then the exact formula

(f1 + ⋅ ⋅ ⋅+ fn)∗ ⇀ f∗
1 ⊕ . . . ⊕ f∗

n

is valid.

⊲ The proof results from applying Theorem 4.1.4 and Proposition 4.1.3 (2) to
the correspondences epi (f1), . . . , epi (fn), since

epi (f1 + ⋅ ⋅ ⋅ + fn) = epi (f1) ∔ ⋅ ⋅ ⋅∔ epi (fn). ⊳

(2) If nonempty convex sets C1, . . . , Cn are in general position, then the exact

formula

(C1 ∩ . . . ∩ Cn)∗ ⇀ C∗
1 ⊕ . . . ⊕ C∗

n

is valid.

⊲ We are to apply (1) to the operators δE (Cl) (l := 1, . . . , n). ⊳
(3) Let a space F be a vector lattice, let S ∈ L + (F,E), and let f1, . . . , fn :

X → F ⋅ be convex operators. If the epigraphs epi (f1), . . . , epi (fn) are nonempty

and in general position, then the exact formula

(S ∘ (f1 ∨ ⋅ ⋅ ⋅ ∨ fn))∗ ⇀ inf

{
n⊕

l=1

(Sl ∘ fl)∗ : Sl ∈ L + (F,E),
n∑

i=1

Sl = S

}
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holds.

⊲ By Corollary (2) and Proposition 4.1.3 (2), for every T ∈ L (X,E), we have

(S ∘ (f1 ∨ ⋅ ⋅ ⋅ ∨ fn))∗(T )

= (epi (f1 ∨ ⋅ ⋅ ⋅ ∨ fn))∗(T, S)

= (epi (f1) ∩ ⋅ ⋅ ⋅ ∩ epi (fn))∗(T, S)

= (epi (f1)∗ ⊕ ⋅ ⋅ ⋅ ⊕ epi (f)∗)(T, S);

moreover, the last convolution is exact. Appealing 4.1.3 (2) again, we conclude
from this what is needed. ⊳

4.1.6. Sandwich theorem for correspondences. Assume that nonempty

convex correspondences � ⊂ X × F and � ⊂ X × F satisfy the conditions:

(1) the sets σ2 (� × �−) and �2 (X) × E2 are in general position (�− :=
{(x, y) ∈ X × F : −y ∈ � (x) } );

(2) for every x ∈ X , from d ∈ � (x) and c ∈ � (x) it follows that c ≤ d.

Then, for every positive continuous operator S from F into E, there exist

an element e ∈ E and continuous linear operator T from X into E such that

Tx− Sc ≤ e ≤ Ty + Sd

for all (x, c) ∈ � and (y, d) ∈ �.

⊲ Indeed, (2) implies that F + ⊃ � (x) + � −(x) for all x ∈ X . Consequently,
(� ∔ � −)∗ (0,−S) ≤ 0 for an arbitrary S ∈ L + (F,E). By virtue of (1), we can
apply Theorem 4.1.4. Hence, there exist operators T1 and T2 ∈ L (X,E) such that

T1 + T2 = 0,

�∗(T1,−S) + (�−)∗(T2,−S) ≤ 0.

Observe that the values � ∗(T1, −S) and (� −)∗(T2, −S) are finite and, moreover,
(� −)∗(T2, −S) = � ∗(T2, S). If now T := T2 = −T1 and the element e ∈ E

satisfies the inequalities � ∗(T, S) ≤ e ≤ −� ∗ (−T, S), then T and e are the sought
objects. ⊳

4.1.7. Sandwich theorem for convex operators. Let f, g : X → Ē be

convex operators not equal to +∞ identically and suppose that

(1) f and g are in general position;



206 Chapter 4

(2) f(x) + g(x) ≥ 0 for all x ∈ X .

Then there exist an element e ∈ E and continuous linear operator T from X into

E such that

−g(x) ≤ Tx + e ≤ f(x) (x ∈ X).

4.1.8. Theorem. Let X , Y , and Z be topological vector spaces and let E be

a topological K-space. Furthermore, let f1 : X × Y → Ē and f2 : Y × Z → Ē be

convex operators not equal to +∞ identically. If the sets epi (f1, Z) and epi (X, f2)
are in general position, then the exact formula

(f2 △ f1)∗ ⇀ f∗
2 △ f∗

1

holds; i.e., for (T1, T2) ∈ dom ( (f1△f2) ∗), there exists a continuous linear operator

T from Y into E such that

(f2 △ f1)∗ (T1, T2) = f∗
1 (T1, T ) + f∗

2 (T, T2).

⊲ Let W := X×Y ×Z. Define operators g1, g2 : W → Ē and � : W → X×Z

by the following relations:

g1 : (x, y, z) �→ f1 (x, y),

g2 : (x, y, z) �→ f2 (y, z),

� : (x, y, z) �→ (x, z).

Then, for arbitrary T1 ∈ L (X,E) and T2 ∈ L (Z,E) the equalities

(f2 △ f1)∗(T1, T2)

= sup
(x,z)∈X×Z

(T1x− T2z) − inf
y∈Y

(f1(x, y) + f2(y, z))

= sup
w:=(x,y,z)∈X×Y×Z

((T1, T2) ∘ �w − (g1 + g2)(w))

= (g1 + g2)∗((T1, T2) ∘ �)

hold. Since epi (g1) = epi (f1, Z) and epi (g2) = epi (X, f2), the assumptions of
Corollary 4.1.5 (1) are satisfied. Thus,

(f2 △ f1)∗ (T1, T2) = g∗1 ⊕ g∗2 ( (T1, T2) ∘ �);
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moreover, the convolution on the right-hand side of the formula is exact. Note
further that

g∗1(T1, T, T2) =
{

f∗
1 (T1, T ), if T2 = 0,

+∞, if T2 ∕= 0;

g∗2(T1, T, T2) =
{

f∗
2 (T, T2), if T1 = 0,

+∞, if T1 ∕= 0.
Substituting these expressions in the convolution g∗1 ⊕ g∗2 and taking the form of
the operator � into account, we arrive at the sought fact. ⊳

4.1.9. From Theorem 4.1.8, we can extract various corollaries on calculating
the Young-Fenchel transform for a composite mapping. First, we list a number of
corollaries related to composition of correspondences and mappings.

(1) Let � ⊂ X ×Y and � ⊂ Y ×Z be nonempty convex correspondences such

that the sets � × Z and X ×� are in general position. Then the exact formula

(� ∘ � )∗ = �∗ △ � ∗

is valid. The exactness of the formula means that, for every T1 ∈ L (X,E), T2 ∈
L (Z,E), there exists a continuous linear operator T ∈ L (Y,E) such that

sup
(x,z)∈�∘�

(T1x− T2z) = sup
(x,y)∈�

(T1x− Ty) + sup
(y,z)∈�

(Ty − T2z).

⊲ For the proof, we are to apply Theorem 4.1.8 to the operators f1 := δE (� )
and f2 := δE (�) and to use the relations f2 △ f1 = δE (� ∘ � ), epi (f1, Z) =
� × Z × E +, epi (X, f2) = X ×�× E +. ⊳

(2) Let F be a topological ordered vector space, let f : X → F ⋅ be a convex

operator, and let g : F → E ⋅ be an increasing convex operator. If the sets epi (f)×E

and X × epi (g) are in general position; then, for every T ∈ L (X,E), the exact

formula

(g ∘ f)∗ (T ) ⇀ inf { (S ∘ f)∗ (T ) + g∗ (S) : S ∈ L +(F,E) }

is true.

⊲ By the definition of composition, epi (g ∘ f) = epi (g) ∘ epi (f). Under our
assumptions, we can apply (1). Consequently, (epi (g ∘ f) )∗ = epi (g)∗ △ epi (f)∗;
moreover, the convolution on the right-hand side is exact. With 4.1.3 (2) taken into
account, the last can be rewritten as

(g ∘ f)∗(T ) ⇀ inf {epi (f)∗(T, S) + g∗(S) : S ∈ L (F,E) }.
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Calculating the infimum on the right-hand side, we can restrict ourselves to positive
S’s. Again appealing to 4.1.3 (2), we obtain the sought exact formula. ⊳

(3) If all the assumptions of Proposition (2) hold and, moreover, g := P is

a sublinear operator then, for every T ∈ L (X,E), the exact formula

(P ∘ f)∗(T ) ⇀ inf { (S ∘ f)∗(T ) : S ∈ ∂P}
is true.

(4) Let Y be one more topological vector space and assume that a convex

operator f : X → E ⋅, an operator S ∈ L (Y,X), and a point x ∈ X are given.

Further, let the sets S x ×E and Y × epi (f) be in general position. Then, for each

T ∈ L (Y,E), the exact formula

(f ∘ S x)∗(T ) ⇀ inf {f∗(U) − Ux : U ∈ L (X,E), T = U ∘ S}
is valid.

(5) Let f : X×Y → E ⋅ be a convex operator, let y0 ∈ Y , and let g : X → E ⋅

be a partial operator, g(x) = f(x, y0) (x ∈ X). If the sets epi (f) and X ×{y0}×E

are in general position, then the exact formula

g∗(⋅) ⇀ inf {f∗(⋅, T ) − Ty0 : T ∈ L (Y,E) }
holds.

⊲ We are to apply (4) to f and the affine operator S : X → X×Y which acts
by the rule x �→ (x, y0). ⊳

4.1.10. Here, it is pertinent to dwell briefly on the vector minimax theorems.
Consider nonempty sets A and B together with some mapping f : A ×B → Ē. It
is easy that the inequality

inf
x∈A

sup
y∈B

f(x, y) ≥ sup
y∈B

inf
x∈A

f(x, y)

is true. The propositions claiming that, under certain conditions, the indicated
inequality is equality are called the minimax theorems (for E = ℝ) or the vector
minimax theorems (for an arbitrary E). Simple sufficient conditions for minimax
are connected with the notion of a saddle point.

A pair (a, b) ∈ A × B is called a saddle point of a mapping f if f (a, y) ≤
f (a, b) ≤ f (x, b) for all x ∈ A and y ∈ B. If (a, b) is a saddle point of a mapping f ,
then

inf
x∈A

sup
y∈B

f(x, y) = f(a, b) = sup
y∈B

inf
x∈A

f(x, y).
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We expose a general minimax theorem which is explicitly included in 4.1.9 (2).
(1) Suppose that f and g satisfy the assumptions of Proposition 4.1.9 (2)

and moreover, g = g∗∗. Then, for the mapping h : X × L + (F,E) → E, where

h (x, α) := α ∘ f(x) − g ∗(α), the equality

inf
x∈X

sup
α∈L + (F,E)

h (x, α) = sup
α∈L + (F,E)

inf
x∈X

h (x, α)

is true.

⊲ Indeed, putting T := 0 in 4.1.9 (2), observe that

(g ∘ f)∗(0) = − inf { (g ∘ f) (x) : x ∈ X}
= − inf

x∈X
(sup {α ∘ f(x) − g∗(α) : α ∈ L + (F,E) } ).

On the other hand,
(α ∘ f)∗(0) = − inf

x∈X
(α ∘ f) (x).

The sought fact now follows from 4.1.9 (2). ⊳
(2) If the assumptions of (1) are valid and, moreover, the operator g is sublinear

then

inf
x∈X

sup
α∈∂g

(α ∘ f) (x) = sup
α∈∂g

inf
x∈X

(α ∘ f)(x).

It is the last assertion that is often named the “vector minimax theorem” (compare
with 1.3.10 (5) ).

4.1.11. Now list several corollaries on calculating the Young-Fenchel transform
for images and preimages.

(1) Let � ⊂ X × Y be a convex correspondence and let C be a convex subset

in Y . If � and X × C are in general position then, for each T ∈ L (X,E), the

exact formula

�−1 (C)∗(T ) ⇀ inf {�∗ (T, S) + C∗ (S) : S ∈ L (Y,E) }

holds.

⊲ Apply Proposition 4.1.9 (1) to � and � := C × X . Obtain �−1 (C)∗ =
(� ∘ �)∗(T, 0) and � ∗ (S, 0) = C ∗ (S). ⊳

(2) Putting C := {y} in (1) where y ∈ Y , we obtain the exact formula

�−1(y)∗(T ) ⇀ inf{�∗(T, S) + Sy : S ∈ L (Y,E)},
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as was already remarked in 3.5.10.
(3) Suppose that f : X → F ⋅ is a convex operator and C is a convex subset

in F . If epi(f) and X × C are in general position then for the set B := f−1(C −
F+) = ∪{f ≤ c} and operator T ∈ L (X,E) the exact formula

B∗(T ) ⇀ inf{(S ∘ f)∗(T ) + C∗(S) : S ∈ L +(F,E)}

is true.

⊲ We can apply (1) to the correspondence � : +epi(f) and convex set C. Doing
so, we should take into account that �−1(C) = f−1(C−F+), (C−F+)∗(S) = C∗(S)
for S ≥ 0 and (C − F+)∗(S) = +∞ otherwise. ⊳

(4) Suppose that a convex operator f : X → F ⋅ is such that epi(f) and

X × (−F+) are in general position. Then for the Lebesgue set {f ≤ 0} := {x ∈ X :
f(x) ≤ 0} the exact formula

{f ≤ 0}∗(T ) ⇀ inf{(S ∘ f)∗(T ) : S ∈ L +(F,E)}

is valid.

⊲ We are to apply (3) to the convex set C := −F+, simultaneously observing
that (−F+)∗ is the indicator operator of the cone L +(F,E). ⊳

(5) Take a convex operator f : X ×Y → F ⋅ and a convex set C ⊂ Y . Suppose

that epi(f) and X × C × (−F+) are in general position. Then, for the convex

correspondence � := {f ≤ 0}, the exact formula

�−1(C)∗(T ) ⇀ inf{(α ∘ f)∗(T, S) + C∗(S) : S ∈ L (Y,E),

α ∈ L +(F,E)}
holds for each T ∈ L (X,E).

⊲ The fact can be established by consecutively applying (1) and (4). ⊳
4.1.12. (1) Putting f1 := f and f2 := 0 in 4.1.8, we then obtain the formula

h∗(T ) = f∗(T, 0) (T ∈ L (X,E)),

where h(x) = inf{f(x, y) : y ∈ Y }.
(2) Theorem. Let h : X × Y → E⋅ and g : X × Y → F ⋅ be convex operators

and let � ⊂ X × Y be a convex correspondence. Put

f(x) := inf{h(x, y) : y ∈ �(x), g(x, y) ≤ 0}.



The Apparatus of Subdifferential Calculus 211

If the triple of the convex set epi(h), � × E+, {g ≤ 0} × E+ is in general position

as well as the pair epi(g), X × Y × (−F+) then, for each T ∈ L (X,E), the exact

formula

f∗(T ) ⇀ inf(h∗(T1, S1) + �∗(T2, S2) + (α ∘ g)∗(T2, S2))

is valid, where the infimum is taken over all α ∈ L +(F,E) and all collections

T1, T2, T3 ∈ L (X,E) and S1, S2, S3 ∈ L (Y,E) such that T = T1 + T2 + T3 and

0 = S1 + S2 + S3.

⊲ First note that f(x) = infy∈Y ((h + δE(�) + δE(−E+) ∘ g)(x, y)). Conse-
quently,

f∗(T ) = (h + δE(�) + δE(−F+) ∘ g)∗(T, 0)

in accordance with (1). Applying 4.1.5 (1), we obtain the exact formula

f∗(T ) ⇀ inf{h∗(T1, S1) + �∗(T2, S2) + (δE(−F+) ∘ g)∗(T3, S3) :

Tl ∈ L (X,E), Sl ∈ L (Y,E) (l := 1, 2, 3);

T1 + T2 + T3 = T, S1 + S2 + S3 = 0}.
It remains to apply 4.1.9 (3) to the composition δE(−F+) ∘ g. ⊳

4.1.13. Theorem. Let f1 : X × Y → E⋅ and f2 : Y × Z → E⋅ be convex

operators. Further, let the sets epi (f1, Z) and epi (X, f2) be in general position.

Then, for every T1 ∈ L (X,E) and T2 ∈ L (Z,E) the exact formula

(f2 ⊙ f1)∗(T1, T2) ⇀ inf((α1, ∘f1)∗(T1, ⋅)⊕ (α2 ∘ f2)∗(⋅, T2))

holds, where the infimum is taken over all α1, α2 ∈ Orth+(E), α1 + α2 = IE .
⊲ Arguing in the same manner as in the proof of Theorem 4.1.8 and preserving

the same notation, we obtain the relation

(f2 ⊙ f1)∗(T1, T2) = (g1 ∨ g2)∗((T1, T2) ∘ �).

Since the sets epi(g1) and epi(g2) are in general position, Proposition 4.1.5 (3) is
applicable. It yields the exact formula

(f2 ⊙ f1)∗(T1, T2) ⇀ inf{α1 ∘ g1)∗ ⊕ (α2 ∘ g2)∗((T1, T2) ∘ �)},

where the infimum is taken over all α1, α2 ∈ Orth+(E), α1 + α2 = IE . The proof
is completed as in 4.1.8. ⊳
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4.1.14. Let 𝔄 be a compact topological space. Take the mapping f : X ×𝔄 →
E⋅ and put

h(x) = sup{f(x, α) : α ∈ 𝔄}.
Suppose that, for each α ∈ 𝔄, the partial mapping fα : x �→ f(x, α) (x ∈ X) is
convex. Then h : X → E⋅ too is convex operator (see 1.3.7 (1)). Suppose, in
addition, that, for each x ∈ ∩(dom(fα) : α ∈ 𝔄}, the partial mapping fx : α �→
f(x, α) (α ∈ 𝔄) is piecewise r-continuous (see 2.1.12 (2)). Put

ϕ(x) :=
{

fx, if x ∈ ∩
α∈A dom(fα),

+∞, otherwise.

Then, under the indicated suppositions, ϕ is a convex operator from X into Cπ(𝔄, E)
and the equality h = επ𝔄 ∘ ϕ holds, where ε𝔄 is the restriction of the canonical op-
erator ε𝔄 to Cπ(𝔄, E). Appealing to 4.1.9 (3) and the description of ∂ε𝔄 in 2.1.15
(4), we now arrive at the following results:

(1) If f satisfies all the indicated conditions and P : E → F is an increasing

o-continuous sublinear operator then for each T ∈ L (X,E) the relation (F is a K-

space)

(P ∘ h)∗(T ) ⇀ inf
{(∫

𝔄

f(⋅, α)dμ(α)
)∗

(T )
}

holds, where the infimum is taken over all μ ∈ qca(𝔄, Ln(E, F ))+ such that μ(𝔄) ∈
∂P .

(2) If a K-space E is regular then the formula

h∗(T ) ⇀
∫ {(∫

𝔄

f(⋅, α)dμ(α)
)∗

(T ) : μ ∈ rca(𝔄,Orth(E))+, μ(𝔄) = IE

}

holds.

4.2. Formulas for Subdifferentiation

In this section the main formulas for calculating the subdifferentials of com-
posite convex operators.

4.2.1. Consider topological vector spaces X and E. Assume that E is ordered
with the help of some positive cone E+. As usual, we denote the set of all continuous
linear operators from X into E by the symbol L (X,E). Take a convex operator
f : X → E⋅, where E⋅ = E ∪ {+∞} and +∞ is the greatest element in E⋅. Fix
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elements ε ∈ E+ and x0 ∈ dom(f). The operator T ∈ L (X,E) is called an ε-
subgradient of f at the point x0 if Tx−Tx0 ≤ f(x)−f(x0)+ε for all x ∈ X . The set
of all ε-subgradients of the operator f at the point x0 is called the ε-subdifferential
of f at the point x0 and denoted by the symbol ∂εf(x0). Thus,

∂εf(x0) := {T ∈ L (X,E) : Tx− Tx0 ≤ f(x) − f(x0) + ε (x ∈ X)}.

Observe that the ε-subdifferential ∂εf(x0) can be empty, can consist of a single
element, or can include entire rays. We shall also assume that ∂εf(x0) = ∅ for
x0 /∈ dom(f).

Take an arbitrary vector h ∈ X . If there exists a greatest lower bound for the
set {α−1(f(x0 + αh) − f(x0) + ε) : α > 0} then it is called the ε-derivative of the
operator f at the point x0 in the direction h and denoted by the symbol fε(x0)h.
Consequently, by definition we have

f ε(x0) : h �→ inf
α>0

f(x0 + αh) − f(x0) + ε

α
.

For ε = 0, we write ∂f(x0) := ∂0f(x0), f ′(x0) := f0(x0) and speak of a subgradient,
the subdifferential, and the directional derivative of the operator f , respectively. It
stands to reason to emphasize that, for ε = 0, the difference quotient �ε(h, α) :=
α−1(f(x0 + αh) − f(x0) + ε) appearing in the definition of directional ε-derivative
increases in α, i.e., �(h, α) ≤ �(h, β) for 0 < α ≤ β < γ and x0 + νh ∈ dom(f),
where � := �0. Indeed, for the indicated α and β, by convexity of f , we have

�(h, β) −�(h, α)

= �(h, β) − α−1(f((β − α)β−1x0 + αβ−1(x0 + βh) − f(x0))

≥ �(h, β) − α−1(β−1(β − α)f(x0) + β−1αf(x0 + βh) − f(x0))

= �(h, β) − α−1(β−1α(f(x0 + βh) − f(x0))) = 0.

Thus, for the one-sided derivatives, a more customary formula

f ′(x0)h = o-lim
α↓0

f(x0 + αh) − f(x0)
α

takes place. (For convenience, E is assumed to be a K-space.) This demonstrates
a radical distinction between ε-subdifferentials and ε-derivatives in case ε ∕= 0 and
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analogous objects for ε = 0. For the last choice of the parameter ε the derivative is
determined by the local behavior of the operator; whereas, for ε > 0, to calculate
some ε-derivative, it is necessary, in general, to know all values of the mapping
under study.

4.2.2. (1) The directional ε-derivative of a convex operator f at the point

x0 is a sublinear operator. The support set of this operator coincides with the

ε-subdifferential of f at the point x0; symbolically, ∂εf(x0) = ∂fε(x0).
⊲ Indeed, take x0 ∈ dom(f) and suppose that f(x) ∈ E. Consider arbitrary h

and k ∈ X and let α and β be strictly positive numbers. Then, for γ := αβ(α+β)−1,
by convexity of f , we have

�ε(h, α) + �ε(k, β)

= γ−1
(

β

α + β
f (x + αh) +

α

α + β
f (x + βk) − f(x) + ε

)

≥ γ−1(f(x + γ(h + k)) − f(x) + ε) ≥ f ε(x) (h + k).

Passing in the relation �ε(h, α) + �ε(k, β) ≥ fε(x)(h + k), to the greatest lower
bound over α and β, we obtain fε(x)h + fε(x)k ≥ fε(x) × (h + k). On the other
hand, for every α > 0, the equalities

f ε(x)(αh) = inf
β>0

α ⋅ f(x + βαh) − f(x) + ε

βα
= αfε(x)h

hold. Also, it is clear that fε(x)0 = 0. Thus, the operator fε(x) is sublinear. The
remaining part of the proposition is obvious. ⊳

(2) Let f : X → E⋅ be a convex operator continuous at the point x ∈
int(dom(f)). Then ∂εf(x) ∕= ∅ and

fε(x)h = sup{Th : T ∈ ∂εf(x)} (h ∈ X).

⊲ This follows from (1) by the Hahn-Banach-Kantorovich theorem 1.4.14 (2)
since, in our situation, dom(f ε(x)) = X and the operator fε(x) is continuous. ⊳

4.2.3. Recall that, considering an element x in X , we agreed to identify this
element with the operator x̂ : T �→ Tx if needed, where T ∈ L (X,E). In particular,
the symbolic expression x ∈ ∂εf∗(T0) means that the relation Tx− T0x ≤ f∗(T )−
f∗(T0)+ε (T ∈ L (X,E)) holds, where as usual f∗ is the Young-Fenchel transform
of the operator f .
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Let f be a convex operator from X into E⋅ and let x ∈ dom(f). Then the

following assertions are valid:

(1) for arbitrary ε ∈ E+ and T ∈ L (X,E), the inclusion T ∈ ∂εf(x) holds if

and only if f(x) + f∗(T ) ≤ Tx + ε;
(2) if 0 ≤ δ ≤ ε then ∂δf(x) ⊂ ∂εf(x);
(3) if ε, δ ∈ E+, α, β ∈ Orth(E)+, and α + β = IE then

∂αε+βδf(x) ⊃ α ∘ ∂εf(x) + β ∘ ∂δf(x);

(4) T ∈ ∂εf(x) implies that x ∈ ∂εf
∗(T ); if f∗∗(x) = f(x), then the indicated

containments are equivalent;

(5) if g : X → E⋅ is a convex operator such that f ≤ g and δ := g(x) − f(x)
then ∂εf(x) ⊂ ∂ε+δg(x).

4.2.4. We list some more assertions which are essentially reformulations of
those mentioned already.

(1) The containment T ∈ ∂f(x) holds if and only if f(x) + f∗(T ) = Tx;
(2) If f = f∗∗, then the correspondence ∂εf∗ is inverse to the correspondence

∂εf ; symbolically: (∂εf)−1 = ∂εf∗;
(3) If ∂f(x) ∕= ∅, then f∗∗(x) = f(x) and ∂f(x) = ∂f∗∗(x).
(4) Look at the mapping h : X → E⋅ acting by the formula

h(y) := f(x + y) − f(x).

Clearly, h is a convex operator and the conjugate operator h∗ has the form

h∗(T ) = f∗(T ) + f(x) − Tx (T ∈ L (X,E)).

Note also that T ∈ ∂εf(x) if and only if Ty ≤ h(y) + ε for all y ∈ X or, which is
the same, h∗(T ) ≤ ε. Thus, the following assertions hold:

(a) the convex operator h∗ : L (X,E) → E⋅ takes positive values and admits

the representation

∂f(x) = {h∗ = 0} := {T ∈ L (X,E) : h∗(T ) = 0};

(b) the ε-subdifferential of f at the point x coincides with the ε-Lebesgue set

of the operator h∗, i.e.

∂εf(x) = {h∗ ≤ ε} := {T ∈ L (X,E) : h∗(T ) ≤ ε}.
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4.2.5. We now pass to calculating the ε-derivatives and ε-subdifferentials of
a mapping f . As was already noticed before, the cases of ε > 0 and ε = 0 differ
one from the other essentially, in spite of their superficial resemblance. Therefore,
the cases are analyzed by different methods. Thus, for ε = 0, we first calculate
directional derivatives and then apply the method of general position in order to
find the respective support sets. In the case of ε ∕= 0, appealing to the rules for
changing variables in the Young-Fenchel transform, we find formulas for calculat-
ing ε-subdifferentials and then convert them into formulas for ε-derivatives, basing
on 4.2.1. In such a way, we formally cover the case ε = 0 as well; moreover, the
resultant formulas coincide with those found already. However, we are to remember
that the conditions imposed on the operators for arbitrary ε are essentially stronger
that those needed for ε equal to zero. Below (see 4.2.6 and 4.2.7), we carefully accen-
tuate the indicated distinction with the (principal!) example of the ε-subdifferential
of sum, although in what follows we shall not formulate the simplified conditions
for ε = 0.

Let C be a (convex) set in X . An element h ∈ X is called an admissible
direction for C at the point x ∈ C if there exists a t > 0 such that x + th ∈ C (by
convexity of C, we have x + t′h ∈ C for all 0 < t′ < t). We denote the totality of
all such directions by the symbol Fd(C, x). Clearly, Fd(C, x) is a cone. If x /∈ C,
we put Fd(C, x) = ∅ for convenience.

If f : X → E⋅ is a convex operator and x ∈ dom(f) then we introduce the
notation Fd(f, x) := Fd (epi(f), (x, f(x)) ). Thus, Fd(f, x) consists of the pairs
(h, k) ∈ X × E with t−1(f(x + th) − f(x)) ≤ k for t > 0 small enough. From the
definition of a one-sided directional derivative we see that f ′(x) = inf ∘Fd (f, x),
i.e.,

f ′(x) : h �→ inf{k ∈ E : (h, k) ∈ Fd(f, x)}.
4.2.6. Theorem. Let f1, . . . , fn : X → E⋅ and x ∈ X be convex operators

and a point such that the cones Fd(f1 × ⋅ ⋅ ⋅ × fn, (x, . . . , x)), �n(X) × En are in

general position. Then the representation holds

∂(f1 + ⋅ ⋅ ⋅+ fn)(x) = ∂f1(x) + . . . ∂fn(x).

⊲ Suppose that x ∈ dom(f1) ∩ ⋅ ⋅ ⋅ ∩ dom(fn) since otherwise the claim of the
theorem is trivial. If f := f1 + ⋅ ⋅ ⋅+ fn; then, for every h ∈ X , we have

f ′(x)h = o-lim
t↓0

n∑

l=1

t−1(fl(x + th) − fl(x))
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=
n∑

l=1

o-lim
t↓0

f−1(fl(x + th) − fl(x)) =
n∑

l=1

f ′
l (x)h.

Consequently, by 4.2.2 (1),

∂(f1 + ⋅ ⋅ ⋅+ fn)(x) = ∂(f ′
1(x) + ⋅ ⋅ ⋅ + f ′

n(x)).

Look at the conic correspondences Fd (f1 × ⋅ ⋅ ⋅ × fn, (x, . . . , x)) =: K0 and
K := epi(f ′

1(x) × ⋅ ⋅ ⋅ × f ′
n(x)). Observe that dom(K0) = dom(K). Moreover,

K0(x) + E+ ⊂ K0(x) for all x ∈ X . This shows that K0 − �n(X) × En =
K − �n(X) × En = (dom(K) − �n(X)) × En. By the assumption, the cones K0

and �n(X)×En are in general position. But then K and �n(X)×En are in general
position since K0 ⊂ K. The last means that the sublinear operators f ′

1(x), . . . f ′
n(x)

are in general position. It remains to appeal to the Moreau-Rockafellar formula
(see 3.2.8). ⊳

4.2.7. Theorem. Suppose that convex operators f1, . . . , fn : X → E⋅ are in

general position and x ∈ X . Then, for arbitrary ε ∈ E+, the representation holds

∂ε(f1 + ⋅ ⋅ ⋅ + fn)(x) =
∪

ε1≥0,...εn≥0,
ε1+⋅⋅⋅+εn=ε

(∂ε1f1(x) + ⋅ ⋅ ⋅ + ∂εnfn(x)).

⊲ Again take f := f1 + ⋅ ⋅ ⋅+ fn and x ∈ dom(f). If T ∈ ∂εf(x), then by 4.2.3
(1), we have

f∗(T ) + f1(x) + ⋅ ⋅ ⋅+ fn(x) ≤ Tx + ε.

By 4.1.5 (1), there exist operators T1, . . . , Tn ∈ L (X,E) such that T = T1+⋅ ⋅ ⋅+Tn

and f∗(T ) = f∗
1 (T1)+⋅ ⋅ ⋅+f∗

n(Tn). Put δl := f∗
l (Tl)+fl(x)−Tl(x) (l := 1, 2, . . . , n).

Then δ1 ≥ 0, . . . , δn ≥ 0 and ε ≥ δ1 + ⋅ ⋅ ⋅ + δn. Assuming εl := δl for l > 1 and
ε1 := ε− (ε2 + ⋅ ⋅ ⋅+ εn), we obtain ε = ε1 + ⋅ ⋅ ⋅+ εn and f∗

l (Tl) + fl(x) ≤ Tlx + εl
for all l := 1, 2, . . . , n. Hence by 4.2.3 (1), we have Tl ∈ ∂εlfl(x). Therefore,
T ∈ ∂ε1f1(x) + ⋅ ⋅ ⋅+ ∂εnfn(x). The reverse inclusion is obvious. ⊳

Again emphasize that, for ε = 0, the formula of Theorem 4.2.7 transforms into
the analogous formula of Theorem 4.2.6. At the same time, the requirement for the
cones Fd (

∏n
l=1 fl, (x, . . . , x)) and �n(X) × En to be in general position is weaker

than the same requirement for the operators f1, . . . , fn.
4.2.8. Theorem. Let f1 : X × Y → E⋅ and f2 : Y × Z → E⋅ be convex

operators and δ, ε ∈ E+. Suppose that the convolution f2 △ f1 is δ-exact at some
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point (x, y, z); i.e., δ+(f2 △ f1)(x, y) = f1(x, y)+f2(y, z). If, moreover, the convex

sets epi(f1, Z) and epi(X, f2) are in general position, then the representation holds

∂ε(f2 △ f1)(x, y) =
∪

ε1≥0,ε2≥0,
ε1+ε2=ε+δ

∂ε2f2(y, z) ∘ ∂ε1f1(x, y).

⊲ The proof may proceed by the scheme of 4.2.7 with 4.1.8 taken into account.
We present another proof, appealing to result 4.2.7.

Using the notation of Theorem 4.1.8, by exactness of the convolution, for
(T1, T2) ∈ ∂ε(f2 △ f1)(x, y), we have (T1, T2)∘� ∈ ∂ε+δ(g1+g2)(x, y, z). For the op-
erators g1 and g2, the conditions of Theorem 4.2.7 are satisfied. Hence, there exist ε1

and ε2 ∈ E+ for which ε1 +ε2 = ε+δ and (T1, 0, T2) ∈ ∂ε1g1(x, y, z)+∂ε2g2(x, y, z).
Thus, taking the representations

∂ε1g1(x, y) = (∂ε1f1(x, y))× {0},

∂ε2g2(y, z) = {0} × (∂ε2f2(y, z)),

into account, we conclude that, for some T ′
1, S1 ∈ L (X,E) and T ′

2, S2 ∈ L (X,E),
the relations

(T ′
1, S1) ∈ ∂ε1f1(x,y), (S2, T

′
2) ∈ ∂ε2f2(y, z),

(T1, 0, T2) = (T ′
1, S1 − S2, T

′
2)

take place. Hence, Tl = T ′
l (l := 1, 2) and S := S1 = S2. Consequently,

(T1, T2) ∈ ∂ε2f2(y, z) ∘ ∂ε1f1(x, y).

The converse inclusion is obvious. ⊳
4.2.9. Theorem. Let the ∨-convolution f2 ⊙ f1 of convex operators f1 : X ×

Y → E⋅ and f2 : Y × Z → E⋅ be δ-exact at some point (x, y, z) ∈ X × Y × Z, i.e.,

δ +(f2 ⊙ f1)(x, z) = f1(x, y)∨ f2(y, z). If, moreover, the convex sets epi(f1, Z) and

epi(X, f2) are in general position, then the representation holds

∂ε(f2 ⊙ f1) (x, z) =
∪

(∂ε2(α2 ∘ f2) (y, z) ∘ ∂ε1(α1 ∘ f1) (x, y)),

where the union is taken over all ε1, ε2 ∈ E+ and α1, α2 ∈ Orth(E+) such that

ε1 + ε2 = ε + δ, α1 + α2 = IE .
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⊲ Suppose that (T1, T2) ∈ ∂ε(f2 ⊙ f1) (x, y). Using 4.2.3 (1) and 4.1.13 as well
as δ-exactness of the ∨-convolution of f2 ⊙ f1 at the point (x, y, z), we can find
an operator S ∈ L (X,E) and orthomorphisms α1, α2 ∈ Orth(E)+, α1 + α2 = IE
such that

α1 ∘ f1(x, y) + α2 ∘ f2(y, z) + (α1 ∘ f1)∗(T1, S)

+(α2 ∘ f2)∗(S, T2) ≤ T1x− T2z + ε + δ.

Put ε1 := (α1 ∘ f1)∗(T1, S) + α1 ∘ f1(x, y) − T1x + Sy and ε2 := ε + δ − ε1. Then
(T1, S) ∈ ∂ε1(α1 ∘f1)(x, y) and (S, T2) ∈ ∂ε2(α2 ∘f2)(y, z), i.e., (T1, T2) is contained
in the right-hand side of the desired equality. The reverse inclusion is verified
easily. ⊳

4.2.10. Theorem. Suppose that f, g, h, and � satisfy all the conditions of

Theorem 4.1.12 (2). Suppose in addition that h(x, y) = f(x) + δ for some δ ∈
E+ and (x, y) ∈ dom (h) ∩ �, g (x, y) ≤ 0. Then, for each ε ∈ E+, there is

a representation

∂εf(x) = {T : (T, 0) ∈
∪

(∂ε1h(x, y) + ∂ε2�(x, y) + ∂ε3(α ∘ g)(x, y))},
where the union is taken with respect to all ε1, ε2ε3 ∈ E+ and α ∈ L (F,E)+

meeting the conditions ε1 + ε2 + ε3 ≤ α ∘ g(x, y) + ε + δ.
4.2.11. The following corollaries follows easily from 4.2.7 and 4.2.8.
(1) Let � ⊂ X × Y and � ⊂ Y × Z be convex correspondences and let

y ∈ � (x) ∩�−1(z) for some x ∈ X, y ∈ Y, z ∈ Z. If in addition the sets � × Z and

X ×� are in general position then

∂ε(� ∘ � )(x, y) =
∪

ε1≥0,ε2≥0,
ε1+ε2=ε

∂ε2�(y, z) ∘ ∂ε1� (x, y).

(2) Let f : X → F ⋅ be a convex operator and let g : F → E⋅ be an increasing

convex operator with the convex sets epi (f)×E and X×epi (g) in general position.

Then

∂ε(g ∘ f)(x) =
∪

T∈∂ε1g(f(x))
ε1≥0,ε2≥0,ε1+ε2=ε

∂ε2(T ∘ f)(x).

(3) Let f : X → E⋅ be a convex operator, let T x be a continuous affine

operator, where T ∈ L (Y,X), and let x ∈ X . If the convex sets T x × E and

Y × epi(f) are in general position, then

∂ε(f ∘ T x)(y) = ∂εf(Ty + x) ∘ T.
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(4) If convex sets C1, . . . , Cn are in general position then

∂ε(C1 ∩ ⋅ ⋅ ⋅ ∩ Cn)(x) =
∪

ε1≥0,...,εn≥0,
ε1+⋅⋅⋅+εn=ε

(∂ε1C1(x) + ⋅ ⋅ ⋅+ ∂εnCn(x)).

(5) Let F be a vector lattice, let f1, . . . , fn : X → F ⋅ be convex operators, and

let T ∈ L + (X,E). If epi(f1) (l := 1, . . . , n) are in general position then there is

a representation

∂ε(T ∘ (f1 ∨ ⋅ ⋅ ⋅ ∨ fn))(x) =
∪

(∂ε1(T1 ∘ f1) (x) + ⋅ ⋅ ⋅ + ∂εn(Tn ∘ fn) (x)),

where the union is taken over all T1, . . . , Tn and ε1, . . . , εn such that

εl ∈ E+, Tl ∈ L + (F,E) (l := 1, 2, . . . , n);

εn+1 := ε−
n∑

l=1

εl ≥ 0,
n∑

l=1

Tl = T ;

(T ∘ (f1 ∨ ⋅ ⋅ ⋅ ∨ fn))(x) ≤
n∑

l=1

(Tl ∘ fl)(x) + εn+1.

4.2.12. Let g : X → F ⋅ be a convex operator, and let g(x) ≤ e for some x ∈ X

and e ∈ F . If the sets epi (g − e) and −(X × F+)are in general position, then the

representation holds

∂ε({g ≤ e})(x) =
∪

T∈L +(F,E),
0≤δ≤T (g(x)−e)+ε

∂δ(T ∘ g)(x).

⊲ Let f := g − e and h := δE(−F+). Clearly,

δE({g ≤ e}) = h ∘ f.

Moreover, taking the equality epi (h) = −F+ × E+ into account, we conclude
that the conditions of the corollary are satisfied and, therefore,

∂ε({g ≤ e)} = ∂ε(h ∘ f)

=
∪

ε1≥0,ε2≥0,
ε1+ε2=ε

∪

T∈∂ε1h(f(x))

∂ε2(T ∘ f)(x).
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It is seen that T ∈ ∂ε1(h(f(x)) ↔ (∀y ∈ −F+)Ty ≤ T (g(x)−e)+ε1. Since g(x) ≤ e

by the assumption; it follows that

T ∈ ∂ε1h(f(x)) ↔ T ∈ L +(F,E) ∧ 0 ≤ T (g(x)− e) + ε1.

It remains to observe that

S ∈ ∂ε2(T ∘ f) (x) ↔ S ∈ ∂ε2(T ∘ g) (x). ⊳

4.2.13. Let 𝔄 be a compact topological space. Consider a mapping f : X×𝔄 →
E⋅. Suppose that all conditions of 4.1.14 are satisfied. Then, for the convex operator

h(x) := sup{f(x, α) : α ∈ 𝔄} (x ∈ X),

we have for all ε ∈ E+ and x ∈ dom(h)

∂εh(x) =
∪(

∂δ

(∫

𝔄

f(⋅, α)dμ(α)
)

(x)
)

,

where the union is taken over all μ and δ meeting the conditions

0 ≤ δ ≤ ε; μ ∈ rca (𝔄, E)+, μ(ē) = e (e ∈ E);

δ + sup
α∈𝔄

f(x, α) ≤ ε +
∫

𝔄

f(x, α) d μ (α).

⊲ Indeed, if the conditions of 4.1.14 are satisfied, then h = επ𝔄 ∘ ϕ, where
ϕ : X → Cπ(𝔄, E⋅) has the form ϕ(x) = (α �→ f(x, α))α∈𝔄(x ∈ X). In virtue of
this, it suffices to use 4.2.12 (2) and the description 2.1.15 (3) for the subdifferential
∂(επ𝔄). ⊳

4.3. Semicontinuity

Every closed convex set in a locally convex space is the intersection of all half-
spaces including it. Applied to epigraphs, this result claims that every convex lower
semicontinuous function is the upper envelope of all its continuous affine minorants.
Extending the last fact to general convex operators comprises an important and
nontrivial problem in whose solution the above-indicated geometric approach turns
out to be ineffective. In the current section we expose a possible way of solving this
problem based on a new concept of lower semicontinuity for a convex operator.
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4.3.1. Within the section, X := (X, τ) is a locally convex space and E is
a K-space with weak order unit 1. Recall that a partition of unity in a Boolean
algebra 𝔓𝔯 (E) of projections (onto the bands of E) is a family (πξ)ξ∈� ⊂ 𝔓𝔯 (E)
such that πξ ∘ πη = 0 for all ξ, η ∈ �, ξ ∕= η, and sup {πξ : ξ ∈ �} = IE . We
write a ≪ b for a, b ∈ E⋅ if either a ∈ E and b = +∞, or a, b ∈ E, a ≤ b and
{b − a}dd = {a}dd ∨ {b}dd, or [b + a] = [b − a], where {e}dd denotes the band
generated by an element e ∈ E and [e], the projection onto this band. The last
assertion is equivalent to each of the following:

(a) ∣e∣ = sup {∣e∣ ∧ n(b− a) : n ∈ ℕ}, e := ∣a∣ + ∣b∣;
(b) (∀e ∈ E+) (e ∧ (b− a) = 0 → e ∧ (∣a∣ + ∣b∣) = 0);
(c) for every nonzero projection ρ ∈ 𝔓𝔯 (E), ρ ≤ [e], there exist a number

ε > 0 and nonzero projection π ∈ 𝔓𝔯 (E) such that π ≤ ρ and π(a + ε1) ≤ πb;
(d) there exist a continuous partition (πξ)ξ∈� ⊂ 𝔓𝔯 (E) of [e] and a family of

strictly positive numbers (λξ)ξ∈� such that πξ (a + λξ1) ≤ πξb.
For convenience, we assume that {+∞}dd = E and [+∞] = IE .
4.3.2. Let f be a mapping from X into E⋅, let an element x0 ∈ X be fixed, and

let F be some base of the filter τ(x0). Then the following assertions are equivalent:

(1) for all e ≤ f(x0), e ∈ E, and a nonzero projection ρ ≤ [f(x0) − e], there

exist a nonzero projection π ≤ ρ and a neighborhood α ∈ F such that πe ≤ π∘f(x)
for x ∈ α;

(2) for every e ∈ E, e ≤ f(x0), there exists a partition (πα)α∈F of the projec-

tion [f(x0) − e] such that παe ≤ πα ∘ f(x0) for each x ∈ α, α ∈ F ;
(3) for every e ∈ E, e ≪ f(x0), there exists a partition of unity (πα)α∈F ⊂

𝔓𝔯 (E) such that παe ≤ πα ∘ f(x) for all x ∈ α and α ∈ F ;
(4) for a fixed c ∈ E+, [c] ≥ [f(x0)], for any number ε > 0, there exists

a partition of unity (πα)α∈F ⊂ 𝔓𝔯 (E) such that, for all x ∈ α and α ∈ F ,

(a) −επαc ≤ πα(f(x) − f(x0)) if x0 ∈ dom (f) and

(b) (1/ε)παc ≤ πα(f(x)) if x0 /∈ dom (f).
If one of the conditions (1)–(4) is true for F , then the same condition is valid for

every other base of the filter τ(x0).
⊲ (1) → (2): Using the Kuratowski-Zorn lemma, we choose a maximal family

(πα)α∈F of pairwise disjoint projections such that παe ≤ πα(f(x)) for x ∈ α and
α ∈ F . We mean the maximality with respect to the following order: (π′

α)α∈F ≤
(π′′

α)α∈F ↔ (∀α ∈ F ) (π′
α ≤ π′′

α). Put ρ := [f(x0) − e]
⋀

(IE − sup {πα : α ∈
F}). If ρ ∕= 0; then, by (1), there exist a nonzero projection π ∈ 𝔓𝔯 (E), π ≤ ρ, and
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a neighborhood β ∈ F such that πe ≤ πf(x) for all x ∈ β. Putting πβ := πβ ∨ π,
we obtain a contradiction with the maximality of (πα)α∈F . Hence, ρ = 0, and this
means that (πα)α∈F is a partition of the projection [f(x0) − e].

(2) → (3): If (πα)α∈F is a partition of the projection [f(x0)− e] satisfying (2),
then we can obtain from it the required partition of unity by adding to an arbitrary
πα the projection π := IE − sup {πα : α ∈ F}.

(3) → (4): If x0 ∈ dom (f), then we should put e := f(x0)−εc in (3); otherwise,
e := (1/ε)c.

(4) → (1): Suppose that x0 ∈ dom (f). If ρ ≤ [f(x0) − e] and ρ ∕= 0, then
ρe ≪ ρf(x0). Therefore, there exist a nonzero projection π0 ≤ ρ and number ε > 0
such that π0e ≤ π0f(x0) − επ0c. By (4), there is a partition of unity (πα)α∈F

for which −επαc ≤ πα(f(x) − f(x0)) for x ∈ α, α ∈ F . Choose α ∈ F so that
π := πα ∧ π0 ∕= 0. Then, for x ∈ α, we have πe ≤ πf(x0) − επc ≤ πf(x).

Now suppose that (1) holds and F ′ is an arbitrary base for the filter τ(x). For
e ≤ f(x0) and a nonzero projection ρ ≤ [f(x0)− e], we choose a nonzero projection
π and a neighborhood α ∈ F so that πe ≤ f(x) (x ∈ α). Since F and F ′ are
bases of one and the same filter, there exists a β ∈ F ′ such that β ⊂ α. Clearly,
the inequality πe ≤ πf(x) holds for all x ∈ β. ⊳

4.3.3. A mapping f : X → E⋅ is called lower semicontinuous at a point x0 ∈ X

if one (and, consequently, each) of the conditions 4.3.2 (1)–(4) is satisfied. We call
the reader’s attention to the similarity of the two definitions, 3.4.7 and 4.3.3. These
notions occur in different contexts and we hope that this will result in no confusion.
Immediately observe some simplest properties of semicontinuous mappings. We
say that a mapping f is lower semicontinuous if it is lower semicontinuous at every
point x0 ∈ X .

(1) If a mapping f : X → E⋅ is lower semicontinuous at a point and α ∈
Orth (E)+, then the mapping α ∘ f is semicontinuous at the same point.

(2) The sum of finitely many mappings from X into E⋅ which are lower semi-

continuous at a point is lower semicontinuous at the same point.

⊲ Suppose that mappings f1, f2 : X → E⋅ are lower semicontinuous at a point
x0. If e ≤ f1(x0) + f2(x0), then we have a representation e = e1 + e2, where
el ≤ fl(x0) (l := 1, 2). Let f := f1 + f2 and 0 ∕= ρ ≤ [f(x0) − e] ≤ [f1(x0) − e1] ∨
[f2(x0)− e2]. Then we obtain a representation ρ = ρ1 +ρ2 for ρ as well, where ρl ≤
[fl(x0) − el] (l := 1, 2). Moreover, we can assume that ρ1 ∘ ρ2 = 0. Now we choose
projections πl ≤ ρl which are not simultaneously equal to zero and neighborhoods
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α1 ∈ F so that πle ≤ πlfl(x) (x ∈ α1). Putting π := π1 + π2, α := α1 ∩ α2, we
obtain πe ≤ πf(x) (x ∈ α). ⊳

(3) The least upper bound of an arbitrary nonempty set of mappings from X

into E⋅ which are lower semicontinuous at a point is lower semicontinuous at the

same point.

⊲ Consider a family (fξ : X → E⋅)ξ∈� of mappings lower semicontinuous
at a point x0 ∈ X . Put f := sup {fξ : ξ ∈ �}. Let e ≤ f(x0). If 0 ∕= ρ ≤
[f(x0) − e], then there exist a ξ ∈ � and 0 ∕= π0 ≤ ρ such that π0e ≪ π0fξ(x0) ≤
π0f(x0). In view of semicontinuity of fξ, there are a nonzero projection π ≤ π0 and
a neighborhood α ∈ F such that πe ≤ fξ(x) (x ∈ α). But then, for the same x’s,
we have πe ≤ f(x). ⊳

4.3.4. Now we introduce the class of proscalar operators (which is interesting in
its own right). The class is related to the above-indicated concept of semicontinuity.
In the sequel, it will be demonstrated that lower semicontinuous convex operators
and only they are the upper envelopes of families of proscalar affine operators. We
preliminary state two simple facts.

(1) Let (X, τ) be a locally convex space and let E be an arbitrary K-space.

Then, for the operator T ∈ L (X,E) the following assertions are equivalent:

(a) lim supx→0 ∣Tx∣ = infV ∈τ(0) supx∈V ∣Tx∣ = 0 (the suprema are calculated

in E⋅ as usual);
(b) there exist a neighborhood of the origin V ⊂ X and an element e ∈ E+

such that T (V ) ⊂ [−e, e];
(c) there exist a continuous seminorm p : X → ℝ and an element e ∈ E+ such

that

∣Tx∣ ≤ ep (x) (x ∈ X).

⊲ If (1) is satisfied, then e = sup T (V ) < +∞ for some symmetric neighbor-
hood of the origin, V ∈ τ(0). But then T (V ) ⊂ [−e, e]. If the last inclusion holds
and V is absolutely convex then condition (3) is satisfied for p := μ(V ). Finally,
(3) implies that lim sup

x→0
Tx = e ⋅ lim sup

x→0
p(x) = 0 in view of continuity of p. ⊳

We call an operator T ∈ L (X,E) o-bounded if it satisfies each of the equivalent
equations (a)–(c) of the previous proposition. Denote by the symbol L0 (X,E) the
set of all o-bounded linear operators from X into E.

(2) An operator T ∈ L(X,E) is lower semicontinuous at some point if and

only if there is a partition of unity (πξ)ξ∈� ⊂ 𝔓𝔯 (E) such that πξ ∘ T ∈ L0 (X,E)
for all ξ ∈ �.
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⊲ First of all, it is clear that if a linear operator is lower semicontinuous at some
point, then it is lower semicontinuous at every point. Let T be lower semicontinuous
at zero. Take e ∈ E+. By 4.3.2 (2), there exists a partition (πα)α∈F of the
projection [e] such that −παe ≤ πα ∘ Tx (x ∈ α, α ∈ F ). Here F is a bases of the
filter τ(0). Replacing x by −x in the last inequality, we obtain ∣πα ∘Tx∣ ≤ παe ≤ e.
By virtue of (1), this means that πα ∘ T ∈ L0 (X,E).

Let (eξ)ξ∈� be a family in E+ such that ([eξ]) is a partition of unity. For each
ξ ∈ �, we choose a partition (πα,ξ)α∈F of the projection πξ so that ∣πα,ξ ∘ Tx∣ ≤
πα,ξ e (x ∈ α). By (1), this means that πα,ξ ∘ T ∈ L0 (X,E). It remains to observe
that (πα,ξ)(α,ξ)∈F×� is a partition of unity. ⊳

4.3.5. We call a linear operator T : X → E proscalar if it satisfies each of the
equivalent conditions of Proposition 4.3.4 (2). Denote the set of all proscalar linear
operators by the symbol Ln (X,E). It is clear that T ∈ Lπ(X,E) if and only if T

is linear and one of the following conditions is valid:
(a) T and −T are lower semicontinuous at zero;
(b) Tx = o-

∑
πξ ∘ Tξx, where (πξ) is a partition of unity in 𝔓𝔯 (E) and

Tξ ∈ L0 (X,E) for all ξ.
As in Section 4.1, we mean by an affine operator A : X → E an operator of

the form Ax = T ex := Tx + e, where T ∈ L (X,E) and e ∈ E. An affine operator
A := T e is said to be o-bounded or proscalar if T ∈ L0 (X,E) or T ∈ Lπ(X,E),
respectively. We denote the set of all proscalar minorants of the mapping f : X →
E⋅ by the symbol Aπ(f), i.e.,

Aπ(f) := {T e : T e ≤ f, T ∈ Lπ(X,E)}.

4.3.6. (1) Let P be a sublinear operator from a vector space X into E⋅, where

E is a K-space. Suppose that a point x0 ∈ dom (P ) and a conic segment C ⊂ X

satisfy

e := inf {P (x + x0) : x ∈ C} > −∞.

Then, for all x ∈ X , the inequality

μ (C) (x) (e− P (x0) ) ≤ P (x)

holds.
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⊲ Indeed, for c ∈ C, we have e ≤ P (x0+c) ≤ P (x0)+P (c) or e−P (x0) ≤ P (c).
If an element x ∈ X satisfies x ∈ tC for some t > 0, then c := x/t ∈ C and hence
e − P (x0) ≤ P (x/t) or t(e − P (x0)) ≤ P (x). Passing to the supremum on the
left-hand side of the last inequality over the indicated t’s, we acquire the sought
estimate. If the set of such t’s is empty, then the supremum equals −∞. But in this
case the equality μ (C)x = +∞ too is valid; therefore, μ (C) (x) (e− P (x0)) = −∞
for e ∕= P (x0) and μ (C) (e− P (x0)) = 0 for e = P (x0). In both cases, the needed
inequality is doubtless. ⊳

(2) Let f be a convex operator from the vector space X into E⋅. Suppose that

a point x0 ∈ dom (f) and conic segment C ⊂ X satisfy

e := inf {f(x0 + x) : x ∈ C} > −∞.

Then, for each 0 < ε < 1 and for all x ∈ X ,

f(x0) + (1 + ε) (e− f(x0)) ⋅ max
{
μ (C) (x− x0)

1 − ε
,
1
ε

}

≤ f(x)

is true.

⊲ Put g(x) := f(x + x0) − f(x0), d := e − f(x0). Then −∞ < inf {g(x) :
x ∈ C} = d ≤ 0. Let P := H(g) be the Hörmander transform of the operator g. If
∣t∣ < ε and x ∈ (1 − ε)C, then x/(1 + t) ∈ C. Therefore,

P ( (0, 1) + (x, t) ) = (1 + t) f(x/(1 + t) ) ≥ (1 + t)d ≥ (1 + ε)d.

By (1), for all x ∈ X and t ∈ ℝ

P (x, t) ≥ (1 + ε)d ⋅ μ((1 − ε)C × (−ε, ε)) = (1 + ε)d ⋅ max
{
μ(C)x
1 − ε

,
1
ε

}

.

For t = 1, we obtain from this

g(x) ≥ (1 + ε)d ⋅ max
{
μ(C)x
1 − ε

,
1
ε

}

.

Applying the relations f(x) = g(x − x0) + f(x0) and d = e − f(x0), we arrive at
the sought estimate

f(x) ≥ (1 + ε) (e− f(x0)) ⋅ max
{

1
1 − ε

μ(C) (x− x0),
1
ε

}

+ f(x0).
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(3) If f , C, and e are the same as in (2) then, for ε := 1/2, we have

f(x) ≥ 3(e− f(x0)) ⋅ max {μ(C) (x− x0), 1} + f(x0).

4.3.7. (1) Let f be a convex operator from a locally convex space X into E⋅

which is bounded below by an element a ∈ E on some open set U . Then, for every

point x0 ∈ U ∩dom (f), there exist an affine operator A : X → E and neighborhood

of the origin V such that

A ≤ f ; 3(a− f(x0)) + f(x0) ≤ Ax0;

∣Ax−Ax0∣ ≤ 3(f(x0) − a) (x ∈ V ).

⊲ If the conditions are satisfied; then, for some continuous seminorm p on X ,
we have

e := inf {f(x0 + x) : p(x) ≤ 1} > −∞.

Put
g(x) := −3(e− f(x0)) ⋅ max{p(x− x0), 1} − f(x0) (x ∈ X).

Putting C := {p ≤ 1} in 4.3.6 (3), we obtain f(x) + g(x) ≥ 0 (x ∈ X). By the
sandwich theorem (see 3.2.15), there is an affine operator A : X → E such that

−g(x) ≤ Ax ≤ f(x) (x ∈ X).

In particular, Ax0 ≥ −g(x0) = 3(e − f(x0)) + f(x0) ≥ 3(a − f(x0)) + f(x0). If
Th := A(x0 + h) − Ax0, then Th ≥ −g(x0 + h) − f(x0) for all h ∈ X . The
substitution of the expression for g in this inequality leads to the estimate

Th ≥ −3(f(x0 − e)) ⋅ max {p(h), 1} (x ∈ X).

If h ∈ V := {p ≤ 1}, then Th ≥ −3(f(x0) − e). In view of symmetry of the set V ,
we deduce from this that ∣Th∣ ≤ 3(f(x0) − e) for all h ∈ V . ⊳

(2) If a convex operator f : X → m(E)⋅ is lower semicontinuous at some

point x0 ∈ dom (f), then Aπ (f) ∕= ∅, i.e., there exists at least one proscalar affine

minorant for f .
⊲ Let e ≪ f(x0) and let a partition of unity (πα)α∈F in 𝔓𝔯 (E), where F

is a base for the neighborhood filter of x0, satisfy the inequality πα(f(x) − e) ≥ 0
for all x ∈ α and α ∈ F . The operator πα ∘ f is bounded below (by the element
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παe ∈ E) on the set α. Therefore, by (2), there exists an o-bounded affine minorant
Aα of f meeting the condition

∣Aαx− Aαx0∣ ≤ c := f(x0) − e (x ∈ β),

where c ∈ E+ does not depend on α and β is a neighborhood of the origin included
in α− x0. It is seen from this that the formula

Tαh := Aα(h) − Aα(0), a :=
∑

παAα(0);

A := Tα, Th :=
∑

πα ∘ Tαh (h ∈ X)

correctly defines the affine operator A : X → m(E); moreover, if Th := Ah − A0,
then πα ∘ T ∈ L0 (X,E) for all α ∈ F , i.e., T is proscalar. Furthermore, summing
the inequalities πα ∘Aα ≤ πα ∘ fα over α ∈ F , we obtain A ∈ Aπ(f). ⊳

4.3.8. (1) Let X be a locally convex space and let E be a universally complete

K-space. A convex operator f : X → E⋅ is lower semicontinuous at a point

x0 ∈ dom (f) if and only if

f(x0) = sup {Ax0 : A ∈ Aπ(f)}.

⊲ Suppose that f is lower semicontinuous at a point x0 ∈ dom (f). In virtue
of 4.3.7, there exists an operator A ∈ Aπ(f). If g := f − A, then g is lower
semicontinuous at the point x0 and Aπ(g)+A = Aπ(f). Therefore, the needed fact
means that g(x0) = sup {Ax0 : A ∈ Aπ(g)}. By virtue of these arguments, we can
assume that f ≥ 0 a priori. Put

g(x0) := sup{Ax0 : A ∈ Aπ(f)}.

We need to demonstrate that g(x0) = f(x0). Suppose the contrary, i.e., g(x0) <

f(x0). Then there exist a nonzero projection π ∈ 𝔓𝔯 (E) and a number δ > 0 such
that f(x0) − δπ1 ≥ g(x0) + 3δπ1. Since f is lower semicontinuous at the point
x0, there exists a partition of unity (πα)α∈F ⊂ 𝔓𝔯 (E), where F is a base of the
neighborhood filter of x0, such that

παf(x0) ≥ eα, eα := πα(f(x0) − δπ1) (x ∈ α, α ∈ F ).

Since sup {πα : α ∈ F} = IE , we obtain ρ := πβ ∘ π ∕= 0 for some β ∈ F . Apply
Proposition 4.3.7 (1) to the operator πβf at the point x0 ∈ U ∩ dom (f), where
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U := int (β). Thus we find an affine operator Aβ ∈ A0(πβf) ⊂ A0 (f) (f ≥ 0)
satisfying the estimates

πβf(x0) + 3(eβ − πβf(x0)) ≤ Aβx0;

∣Aβx−Aβx0∣ ≤ 3(πβf(x0) − eβ) (x ∈ V ),

where V stands for some neighborhood of the origin and A0 (f), for the set of all
affine minorants of f . Substituting eβ = πβ(f(x0)−δρ1) in these expressions yields

Aβx0 ≥ πβf(x0) − 3δρ1 ≥ πβg(x0) + δρ1,

∣Aβx−Aβx0∣ ≤ 3δρ1 ≤ πβ(3δ1) (x ∈ V ).

The first inequality gives Aβx0 ≫ πβg(x0) and the second implies that Aβ is
a proscalar operator, i.e. Aβ ∈ Aπ(f). Thus, we come to the contradiction:

πβg(x0) ≥ sup {πβAx0 : A ∈ Aπ(f) ≥ Aβx0 > πβg(x0)},

which proves the inequality f(x0) = g(x0). ⊳
(2) If an operator f is lower semicontinuous, then claim (1) is true for all

x0 ∈ X .
⊲ Take x0 ∈ cl (dom (f)) ∖ dom(f) and choose a net (xν) ⊂ dom (f) that

converges to x0. If a := g(x0) < +∞; then, for every e ≫ 0, there exists a partition
of unity (πα)α∈F ⊂ 𝔓𝔯 (E) such that παf(x) ≥ πα(a+ e) for all x ∈ α. Let πβ ∕= 0
and xν ∈ β for all ν ≥ ν(0), where ν(0) is a suitably fixed index. Then, for such ν

with 0 < t < 1 and zt,ν := tx0 + (1 − t)xν , we have

πβg(zt,ν) ≤ πβ(ta + (1 − t)g(xν)) ≤ tπβ(g(xν) − e) + (1 − t)πβg(xν),

πβg(zt,ν) ≤ πβg(xν) − tπβe,

since f(xν) = g(xν) by the fact proven already. Furthermore, for a fixed ν ≥ ν(0),
we have lim

t→0
zt,ν = xν . In view of semicontinuity of g at the point xν , there exists

a partition of unity (ρα)α∈F (ν) for which

ραg(x) ≥ ραg(xν) − (1/2)e (x ∈ α, α ∈ F (ν) ⊂ τ(xν)).
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We find an index γ ∈ F (ν) such that π := ργ ∘ πβ ∕= 0. For t > 0 small enough,
we have zt,ν ∈ γ. Consequently,

π(g(xν) − te) ≥ πg(zt,ν) ≥ π(g(xν) − (1/2)e).

From this fact for t → 0, we obtain the contradictory relation e ≤ 0. Thus,
g(x0) = +∞ = f(x0) should be true.

Finally, suppose that x0 /∈ cl dom (f). Choose a functional x′ ∈ X ′ so that

t := sup { ⟨x∣x′⟩ : x ∈ dom (f)} < ⟨x0∣x′⟩.

Consider the affine operator A : X → E acting by the rule A : x �→ εe(⟨x∣x′⟩ − t),
where e ∈ E+ and ε := 1/(⟨x0∣x′⟩ − t). If x ∈ dom (f), then Ax ≤ 0 ≤ f(x).
If x /∈ dom (f), then Ax < +∞ = f(x). Moreover, Ax0 = ε(⟨x0∣x′⟩ − t)e = e.
Consequently, g(x0) = sup {Ax0 : A ∈ Aπ (x0)} ≥ sup (E+) = +∞ = f(x0). ⊳

4.3.9. Observe simple corollaries to the preceding fact. Let X and E be the
same as in 4.3.8.

(1) A convex operator f : X → E⋅ is lower semicontinuous at a point x0 ∈
dom (f) if and only if

f(x0) = sup {Tx0 − f∗(T ) : T ∈ Lπ (X,E)}.

⊲ The fact follows from 4.3.8 in the same manner as 4.1.2 (4). ⊳
(2) For a convex operator f : X → E⋅ the following assertions are equivalent:

(a) f is lower semicontinuous;

(b) f is the upper envelope for the set of all its proscalar affine minorants;

(c) f(x) = sup {Tx− f∗(T ) : T ∈ Lπ (X,E)} (x ∈ X).
(3) A sublinear operator P : X → E⋅ is lower semicontinuous if and only if

P (x) = sup {Tx : T ∈ ∂aP ∩ Lπ (X,E)} (x ∈ X).

4.3.10. Suppose now that E is a locally convex K-space. This means that E is
a K-space equipped with a separated locally convex topology in which the cone E+

is normal. Denote by the symbol A (f) the set of all continuous affine minorants of
the mapping f : X → E⋅, i.e.

A (f) := {T e : T e ≤ f, T ∈ L (X,E)}.
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If f is a lower semicontinuous convex operator and Aπ(f) ⊂ A (f), then 4.3.9 (2)
implies the equality f = f∗∗, i.e. involutivity of the Young-Fenchel transform at
the operator f . Thus, in order to obtain involutivity of the Young-Fenchel in the
class of lower semicontinuous convex operators, it suffices to establish the inclusion
Lπ(X,E) ⊂ L (X,E). Examples can be easily constructed which show that this
inclusion could fail for various reasons.

On the other hand, we see from the normality of the cone E+ that L0(X,E) ⊂
L (X,E). However, the results of 4.3.9 shows that a lower semicontinuous convex
operator is an upper envelope of the set of its o-bounded affine minorants only
“piecewise.” In this connection, we introduce the following definition: For a set
A ⊂ (E∘)X we shall write f(x) = π- sup{l(x) : l ∈ A} if for each e ∈ E with
e < f(x) there exist a nonzero band projection ρ ∈ 𝔓𝔯 (E) and a mapping l ∈ A

such that ρe ≤ ρl(x) ≤ ρf(x). In this situation, we put ρ (+∞) = +∞.
(1) Theorem. Let X be a locally convex space and let E be a locally convex

K-space. Then if a convex operator f : X → E⋅ is lower semicontinuous at a point

x0 ∈ dom (f), then

f∗∗ (x0) = f(x0) = π- sup{Ax0 : A ∈ A (f)}.
(2) If X and E are the same as in (1); then, for every lower semicontinuous

sublinear operator P : X → E⋅, the representation holds

P (x) = - sup{Tx : T ∈ ∂P} (x ∈ X).

4.3.11. Concluding the section, we state a result on Boolean-valued realiza-
tion of semicontinuous mappings which gives a new insight into what was ex-
posed above. As in Section 2.4, we fix a Boolean algebra B and let R stand
for the field of real numbers in the Boolean-valued model V (B). Recall that by
the Gordon theorem 2.4.3 the descent R ↓ is a universally complete K-space. Put
E := R ↓. Take a locally convex space (X, τ). It is easy to verify that, in V (B),
(X̂, ı∧) is a topological vector space over the field ℝ

∧. In virtue of the trans-
fer principle 2.4.2 (3) and maximum principle 2.4.2 (5), there exists an element
X ∈ V (B) such that [[X is a completion of (X∧, τ∧)]] = 1. As usual, we assume
that [[X∧ is dense ℝ

∧-linear subset of X ]] = 1. Again applying the transfer prin-
ciple, we observe that [[X is a complete locally convex space]] = 1.

Theorem. Let � : X → E⋅ be a lower semicontinuous mapping. Then there

exists a unique element �̄ ∈ V (B) such that

[[�̄ : X → R⋅ is a lower semicontinuous function]] = 1
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and

[[� (x) = �̄ (x∧)]] = 1

for all x ∈ X . Conversely, if ϕ ∈ V (B) and

[[ϕ : X → R ⋅ is a lower semicontinuous function]] = 1

and, moreover, for each x ∈ X , either [[ϕ (x∧) = +∞]] = 1 or [[ϕ (x∧) < +∞]] = 1,

then there exists a unique lower semicontinuous mapping � : X → E⋅ such that

�̄ = ϕ. The correspondence � → �̄ possesses the following properties:

(1) � is convex (sublinear or linear) ↔ [[�̄ is convex (sublinear or linear)]] = 1;
(2) � ∈ Lπ(X,E) ↔ [[�̄ ∈ X ′]] = 1;
(3) T e ∈ Aπ(�) ↔ [[T̄ e ∈ A (�̄)]] = 1;

(4) � ∈ L0 (X,E) ↔ (∃C ∈ ℝ
+) (∃U ∈ τ)

([[

sup
x∈U∧

{�̄(x)} ≤ C∧
]]

= 1
)

.

⊲ Now we demonstrate that the mapping � : X → E⋅ is lower semicontinuous
if and only if � ↑: X∧ → R ⋅ is a lower semicontinuous function in V (B). The last
means that the equality

[[ (∀x0 ∈ X∧) (∀e ∈ R) (e < � ↑ (x0)

→ (∃α ∈ τ∧) (∀x ∈ α) (e ≤ � ↑ (x∧))) ]] = 1

holds.
Calculations of the truth-values for first two universal quantifiers lead to the

following equivalent formulation: for all x0 ∈ X and e ∈ E,

[[e < �(x0) → (∃α ∈ τ∧) (∀x ∈ α) (e ≤ � ↑ (x∧)) ]] = 1

or
[[e < �(x0)]] =

⋁

α∈τ

⋀

x∈α

[[e ≤ � (x∧)]].

Observe that ρ ≤ [[e < �(x0)]] if and only if ρe ≪ ρ�(x0). Consequently, applying
the mixing principle, we can find a partition (πα)α∈τ of the projection π onto the
band {�(x0) − e}dd such that παe ≤ πα�(x) for all x ∈ α. Summarizing, we
conclude that [[� ↑ is lower semicontinuous]] = 1 only if the following condition
is satisfied: for all x0 ∈ X and e ∈ E, e ≤ f(x0), there exists a partition (πα)
of the projection π := [�(x0) − e] such that παe ≤ πα�(x) for x ∈ α. The last
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is the condition of lower semicontinuity for the mapping � in view of 4.3.2. Let
cl (epi (� ↑)) be the closure of the epigraph epi (� ↑) ⊂ X∧ × ℝ

∧ in the space
X × R. Then inside of V (B), there exists a unique lower semicontinuous function
�̄ : 𝔛 → R ⋅ that is given by the condition epi (�̄) = cl (epi (� ↑)). In this situation,
we have [[(∀x ∈ x∧) (�̄(x) = � ↑ (x))]] = 1, i.e., [[�(x) = �̄ (X∧)]] = 1 for all
x ∈ X . Since a lower semicontinuous function can be uniquely recovered from
its values on a dense subset, the converse is true too, i.e., under the indicated
condition, for a lower semicontinuous function ϕ : X → R ⋅, there is a unique
lower semicontinuous mapping � : X → E⋅ (namely, � := (ϕ ↾ X∧) ↓) such
that �̄ ↑= ϕ ↾ X∧ and, thus, �̄ = ϕ. The remaining assertions reduce to easy
calculations. ⊳

4.4. Maharam Operators

In convex analysis, the role played by subdifferentiation of integral functionals
or operators is as important as the that of the rule for differentiation of an integral
with respect to a parameter in the calculus of variations. However, the commu-
tativity phenomenon for subdifferentiation and integration turns out to be more
complicated than its classical analog and requires to invoke rather subtle methods
of functional analysis. Studying the indicated phenomenon is intimately associated
with analyzing a special class of sublinear operators to which the current section is
devoted.

4.4.1. Let X and E be some K-spaces and let P be an increasing sublinear
operator from X into E. We say that P satisfies the Maharam condition (= pos-
sesses the Maharam property) if, for every x ∈ X+ and e1, e2 ∈ E+, the equality
P (x) = e1 + e2 implies the existence of x1, x2 ∈ X+ such that x = x1 + x2 and
P (xl) = el (l := 1, 2). An increasing order-continuous sublinear operator satisfying
the Maharam condition is called a sublinear Maharam operator. Observe that, for
a positive linear operator T : X → E the Maharam condition is satisfied only if
T ( [0, x] ) = [0, Tx] for all x ∈ X+. Thus, a linear Maharam operator is exactly
an order-continuous positive operator preserving order intervals.

Denote by the symbol XP the carrier of P , i.e.,

XP := {x ∈ X : P (∣x∣) = 0}d.

Let in addition Ep := {P (∣x∣ ) : x ∈ X}dd and let Dm (P ) be the greatest order
dense ideal in the universal completion m(X) of the space X (see 2.4.8) to which



234 Chapter 4

P is extendable by o-continuity. Thus, z ∈ Dm (P ) if and only if z ∈ m(X) and
the set {P (x) : 0 ≤ x ≤ ∣z∣} is bounded in E. We say that a sublinear operator
Q : X → E is absolutely continuous with respect to P if Q(x) ∈ {P (x)}dd for all
x ∈ X . Denote by the symbol Orth∞ (E) the set of all ordered pairs (α,D (α) ) such
that α ∈ Orth (m(E)) and D (α) := {e ∈ E : αe ∈ E}. Observe that the ortho-
morphism algebra Orth (m(E)) is a universally complete K-space. Moreover, the
correspondence α �→ (α, D (α)) is a bijection from Orth (m(E)) onto Orth∞ (E).
Thus, on the set Orth (E), there are structures of an f -algebra and a universally
complete K-space.

4.4.2. Examples.
(1) Every increasing sublinear functional satisfies the Maharam condition.
(2) Every sublinear orthomorphism, i.e. an increasing sublinear operator act-

ing on a K-space and keeping every band invariant, is a Maharam operator.
(3) Let E be an arbitrary K-space and let 𝔄 be an arbitrary set. Denote by

the symbol l1 (𝔄, E) the totality of all o-summable families of elements in E indexed
by 𝔄:

l1 (𝔄, E) :=

{

(eα)α∈𝔄 ∈ E𝔄 : o-
∑

α∈𝔄

∣eα∣ ∈ E

}

.

Define the operators P and T from l1 (𝔄, E) into E by the formulas

P (u) :=
∑

α∈𝔄

e+
α , Tu :=

∑

α∈𝔄

eα

(u := (eα)α∈𝔄 ∈ l1 (𝔄, E) ).

Then l1 (𝔄, E) with its natural vector structure and order is a K-space and P and
T are sublinear and linear Maharam operators respectively. As is seen, T ∈ ∂P .

(4) Let l∞ (𝔄, E) be the space of all order bounded mappings from 𝔄 into E.
It is easy to verify that the canonical sublinear operator ε𝔄,E satisfies the Maharam
condition. However, ε𝔄,E is not a Maharam operator for infinite 𝔄 since, in this
case, the order continuity condition fails. Nevertheless, the restriction of ε𝔄,E to
l1 (𝔄, E) is a Maharam operator. In particular, the finitely generated canonical
operator εn := ε{1,...,n},E : En → E, εn : (e1, . . . , en) �→ e1 ∨⋅ ⋅ ⋅∨ en, is a Maharam
operator.

(5) Let (Q,	, μ) be a probability space and let E be a Banach lattice. Consider
the space X := L1 (Q,	, μ, E) of Bochner integrable E-valued functions and let
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P : X → E denote the Bochner integral of the positive part

P (f) :=
∫

Q
f+dμ (f ∈ X).

If the Banach lattice E is (conditionally) order complete and has order continuous
norm (xα ↓ 0 → ∥xα∥ → 0) then X is a K-space under the natural order (f ≥ 0 ↔
f(t) ≥ 0 for almost all t ∈ Q) and P is a sublinear Maharam operator.

4.4.3. Theorem. Let X and E be some K-spaces and let P be a sublinear

Maharam operator from X into E. Then there exists a linear and lattice isomorphic

h from the universally complete K-space Orth∞ (EP ) onto the regular K-subspace

Orth∞ (XP ) such that the following conditions hold:

(1) h (𝔓𝔯 (EP ) ) is a regular subalgebra of the Boolean algebra 𝔓𝔯 (XP );
(2) h(Z (EP ) ) is a sublattice and a subring in Z(XP );
(3) for every increasing o-continuous sublinear operator Q : X → E absolutely

continuous with respect to P , the equality π ∘ Q(x) = Q ∘ h(π) (x) holds for all

π ∈ Orth∞ (EP )+ and x ∈ D (π); in this case Q is a Maharam operator.

⊲ Without loss of generality, we can assume that X = Xp and E = Ep. For
each band L of the K-space E, we put h(L) := {x ∈ X : P (∣x∣) ∈ L}. In view
of sublinearity of P , the set h(L) is a vector subspace in X with h ({0} ) = 0 and
h(E) = X . Moreover, h(L) is a band in X for every L ∈ 𝔅 (E). (The symbol
𝔅 (E) stands for the Boolean algebra of the bands in E.)

Indeed, if x ∈ h(L) and ∣y∣ ≤ x then P (∣y∣ ) ≤ P (x) ∈ L, i.e. y ∈ L, which
proves normality of the subspace h(L). Suppose that a set A ⊂ h(L)∩X+ is directed
upward and bounded above with an element x0 ∈ X+. Then the set P (A) ⊂ L is
bounded above with the element P (x0). Consequently, taking o-continuity of the
operator P into account, we obtain

P (sup (A) ) = sup {P (x) : x ∈ A} ∈ L.

Thus, sup (A) ∈ L. From this we conclude that h(L) is a band in X .
It is easy to observe that the mapping h : 𝔅 (E) → 𝔅 (X) is isotone: L1 ⊂ L2

implies h(L1) ⊂ h(L2). We now demonstrate that h is injective. To this end, we
suppose that h(L1) = h(L2) for some L1, L2 ∈ 𝔅 (E) and, nevertheless, L1 ∕= L2.
Take an element 0 < e ∈ L1 such that edL2. Since e ∈ L1 ⊂ E = P (X)dd, there
exist 0 < c1 ∈ E and 0 < x ∈ X such that c1 ≤ e ∧ P (x). If e2 := P (x) − e1

then, by the Maharam condition, x = x1 + x2 and P (xl) = el (l := 1, 2) for some
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0 < xl ∈ X (l := 1, 2). But then x1 ∈ h(L1) and x1 /∈ h(L2), which contradicts the
supposition h(L1) = h(L2). This proves injectivity of h.

Let B ′ the set of bands in X ordered by inclusion and coinciding with the image
under h, i.e. B ′ := {h(L) : L ∈ 𝔅 (E)}. The above-established fact means that h

is an isomorphism of the ordered systems 𝔅 (E) and B ′. Clarify what operations
in B ′ correspond to the Boolean operations in 𝔅 (E) under the isomorphism h.
First of all, observe that

h(inf (𝔘) ) = h (
∩

(𝔘) =
∩

{h(L) : L ∈ 𝔘} (𝔘 ⊂ 𝔅 (E) ).

Further, let L1 ⊕ L2 be a disjoint decomposition of the K-space E. Then h(L1) ∩
h(L2) = {0}. If x ∈ X then P (x) = e1 + e2, where el := PrLl (e) (l := 1, 2). Hence,
by the Maharam condition for P , there exist x′

1 and x′
2 ∈ X+ such that ∣x∣ = x′

1+x′
2

and P (x′
l) = el (l := 1, 2). Furthermore, for some x1, x2 ∈ X , we have x = x1 + x2

and ∣xl∣ = x′
l (l := 1, 2). The last yields x1 ∈ h(L1) and x2 ∈ h(L2). Consequently,

X is the algebraic direct sum of subspaces h(L1) and h(L2). Moreover, if xl ∈
h(Ll) (l := 1, 2) then P (∣x1∣ ∧ ∣x2∣ ) ≤ P (∣x1∣) ∧ P (∣x2∣) ∈ L1 ∩ L2 = {0}. Hence
P (∣x1∣∧ ∣x2∣ ) = 0 and, by essential positivity of P (X = XP ), we obtain x1dx2. So,
the bands h(L1) and h(L2) form a disjoint decomposition of the K-space X . Thus,
h(Ld) = h(L)d for all L ∈ 𝔅 (E). Since the mapping h : 𝔅 (E) → B ′ preserves
infima and complements, it is an o-continuous monomorphism of 𝔅 (E) onto a o-
closed subalgebra B ′ of the base 𝔅 (X). Let B be a Boolean algebra of projections
onto the bands in B′. Denote by the same symbol h the respective isomorphism
from 𝔓𝔯 (E) onto B ′ ⊂ 𝔓𝔯 (X). Then, by the definition of the isomorphism h, we
have h(π)x = 0 if x ∈ h(π (E)d) and h(π)x = x if x ∈ h(π(E)) for each π ∈ 𝔓𝔯 (E).

Consider a sublinear operator Q : X → E absolutely continuous with respect
to P . By the definition of the isomorphism h, for π ∈ 𝔅 (E) and x ∈ X ,

Q ∘ h(π)x ∈ {P ∘ h(π)x}dd ⊂ π (E)

holds. Consequently, πd ∘Q ∘ h(π) = 0 or Q ∘ h(π) = π ∘Q ∘ h(π). Replacing π by
πd in the previous argument, we obtain π ∘Q ∘ h(πd) = 0. It follows

0 = ∂ (π ∘Q ∘ h(πd) ) = π ∘ (∂ Q) ∘ (Ix − π).

Therefore, π ∘ T = π ∘ T ∘ h(π) for all T ∈ Q. But then π ∘ Q = π ∘ Q ∘ h(π).
We thus arrive at the sought relation π ∘ Q = Q ∘ h(π). The isomorphism h is
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uniquely extended to the isomorphism from the space Orth∞ (E) onto the regular
subspace in Orth∞ (X) constituted by those elements in Orth∞ (X) whose spectra
take their values in the Boolean algebra B = h (𝔓𝔯 (E) ). Denote this isomorphism
by the same symbol h. If α :=

∑n
l=1 αl, πl, where λ1, . . . , λn ∈ ℝ

+ and {π1, . . . , πn}
is a partition of unity in the algebra 𝔓𝔯 (E), then, obviously, πl ∘ α ∘ Q = πl ∘
Q (λlh(πl) ) = πl ∘ Q ∘ h(α) for all l. Summing over l yields α ∘ Q = Q ∘ h(α).
Finally, if α ∈ Orth∞ (E)+ then α = sup (αξ) for some upward-filtered family (αξ)
in Z(E). Whereas the elements of Z(E) are the r-limits of orthomorphisms of the
form

∑n
l=1 λlπl. Thus, to complete the proof, it remains to appeal to o-continuity

of the operator Q. ⊳
4.4.4. Let X and E be some K-spaces and let T : X → E be a regular operator

such that ∣T ∣ is a Maharam operator. If (Tx)+ > 0 for some x ∈ X+ then there

exists a projection π ∈ 𝔓𝔯 (X) such that T (πx) > 0 and the operator T ∘ π is

positive.

⊲ Suppose Tx ≱ 0 and look at the set � of all projections π ∈ 𝔓𝔯 (X) meeting
the inequality 0 ≥ T ∘ πx. It is easy to see that � ∕= ∅. Hence, by order con-
tinuity of the operator T , every chain in � is bounded above. Consequently, by
the Kuratowski-Zorn lemma, there exist a maximal element π0 of the set �. If the
projection 0 < π1 ≤ πd

0 is such that T ∘ π1x ≤ 0 then

T ∘ (π1 + π0)x ≤ T ∘ π1x + T ∘ π0x ≤ 0,

and we arrive at a contradiction: π0 < π0 + π1 ∈ ∏
. Hence, T ∘ π1x ≰ 0 for every

0 ∕= π1 ∈ [0, πd
0]. We now demonstrate that every such projection does satisfy the

inequality T∘π1x ≥ 0. To this end, we suppose that π1 ∕= 0, π1dπ0, and (T∘π1x)− >

0. Let ρ be a projection onto the band generated by the element (T ∘ π1x)−. Then
0 > ρ ∘ T ∘ π1x and, in virtue of Theorem 4.3.3, we have T ∘ h(ρ)π1x < 0. This in
particular implies that h(ρ)∘π1 > 0; and since h(ρ)∘π1dπ0, by the above-mentioned
property of the projection π0 we obtain T ∘h(ρ)∘π1x ≰ 0. This contradiction shows
that T ∘ π1x > 0 for all π1 ∕= 0, π1dπ0. Finally let [x] be the projection onto the
band generated by the element x. Then π := πd

0 ∘ [x] is a sought projection. Indeed,
T ∘πx = T ∘πd

0x and Tx = T ∘πd
0x−(−T ∘π0x). It follows that T ∘πd

0x ≥ (Tx)+ > 0.
On the other hand, if 0 ≤ y ∈ {x}dd and (eyλ)λ∈R is the spectral function (or
characteristic) of the element y relative to x then eyλ = 0 for λ < 0 and, for λ ≥ 0,
we have T ∘ π(eyλ) = T ∘ πd

0(eyλ) = T ∘ πd
0 ∘ [eyλ]x ≥ 0. Appealing to the Freudental
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spectral theorem well known in the theory of K-spaces, we finally obtain:

T ∘ π(y) = T ∘ π

(∫ ∞

0
λ deyλ

)∫ ∞

0
λ d(T ∘ π(eyλ) ) ≥ 0. ⊳

4.4.5. Theorem. Let X and E be some K-spaces and let T : X → E be

an essentially positive Maharam operator. Then there exists an isomorphism ϕ

from the Boolean algebra 𝔊 (T ) of order units of {T}dd onto 𝔓𝔯 (X) such that

T ∘ ϕ(S) = S for all S ∈ 𝔊 (T ).
⊲ Let T0 stand for the unique o-continuous extension of the operator T to

Dm (T ). Then corresponding to each operator S ∈ 𝔊 (T0) its restriction to X is
an isomorphism of the Boolean algebras 𝔊 (T0) and 𝔊 (T ). Similarly, the Boolean
algebras 𝔓𝔯 (X) and 𝔓𝔯 (Dm (T ) ) are isomorphic. Thus, without loss of generality,
we can assume X = Dm (T ). Assign to each projection π ∈ 𝔓𝔯 (X) the operator
ψ (π) := T ∘ π. Then ψ is an increasing mapping from 𝔓𝔯 (T ) into {T}dd and
ψ(0) = 0 and ψ(IX) = T . Clearly, if the projections π and ρ are disjoint then
the carriers of the operators ψ(π) and ψ(ρ) are disjoint too; therefore, ψ(π)dψ(ρ).
Moreover, for π ∈ 𝔓𝔯 (X), the equalities

ψ(IX − π) = T ∘ (IX − π) = T − T ∘ π = T − ψ(π)

are valid. Consequently, ψ(πd) = ψ(π)d. Thus, ψ(π) ∈ 𝔊 (T ) for all π ∈ 𝔓𝔯 (X).
Consider now two arbitrary projections π1 and π2 ∈ 𝔓𝔯 (X). Since the projec-

tions ρl := πl − π1 ∘ π2 (l := 1, 2) are disjoint, the operators ψ(ρ1) and ψ(ρ2) are
disjoint too. On the other hand,

ψ(π1) ∧ ψ(π2) − ψ(π1 ∧ π2) = T ∘ π1 ∧ T ∘ π2 − T ∘ π1 ∘ π2

= (T ∘ π1 − T ∘ π1 ∘ π2) ∧ (T ∘ π2 − T ∘ π1 ∘ π2) = ψ(ρ1) ∧ ψ(ρ2) = 0.

Hence, ψ(π1 ∧ π2) = ψ(π1)∧ψ(π2). Thus, ψ is a homomorphism from the Boolean
algebra 𝔓𝔯 (X) into the Boolean algebra 𝔊 (T ). Essential positivity of the operator
T implies that if ψ(π) = 0 for some π ∈ 𝔓𝔯 (X) then π = 0. This means that ψ

indeed is a monomorphism and it remains to establish surjectivity for it.
Let S ∈ 𝔊 (T ) and look at the set

� := {π ∈ Orth (X)+ : T ∘ π ≤ S}.
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Using the Kuratowski-Zorn lemma, we now demonstrate that � contains a maximal
element. Indeed, � is nonempty and, for a linearly ordered set (πξ)ξ∈� in � the
set (T ∘ πξ)ξ∈� is bounded since it is included [0, S]. But then the assumption
X = Dm (T ) implies that (πξ)ξ∈� is a bounded set. If π0 := sup {πξ : ξ ∈ �} then
π0 = o- limπξ and, by order continuity of the operator T , we have:

T ∘ π0 = T ∘ (o- limπξ) = o- lim T ∘ πξ ≤ S,

i.e. π0 ∈ �. Thus, there is a maximal element π ∈ � in the set �. Show that
T ∘ π = S. To this end, suppose the contrary and let the operator S1 := S − T ∘ π

take strictly positive value at some 0 < x0 ∈ X . Then, for a suitable 0 < ε < 1
and 0 ∕= ρ ∈ 𝔓𝔯 (E), we have ρ (S1x0 − ερ ∘ Tx0) > 0. The operator ρ ∘ ∣S1 − εT ∣
is absolutely continuous with respect to T and, by Theorem 4.4.3, is a Maharam
operator. According to Proposition 4.4.4, there exists a projection πε ∈ 𝔓𝔯 (X) such
that (S1 − εT ) ∘πεx0 > 0 and (S1 − εT ) ∘πε ≥ 0. The former relations implies that
πε > 0 and, from the latter, we have T (π+επε) ≤ S. Thus, π < π+επε ∈ �, which
contradicts the maximality of π in �. This substantiates the relation S = T ∘ π.
Further, by the assumption, S ∧ (T − S) = 0; hence, 0 = (T ∘ π)∧ (T ∘ (Ix − π) ) ≥
T (π ∧ (Ix − π) ) ≥ 0. In view of essential positivity of T , the last leads to the
equality π ∧ (IX − π) = ∪ which is equivalent to the containment π ∈ 𝔓𝔯 (X).
The surjectivity of ψ is thus proven. It remains to observe that ϕ := ψ−1 is the
isomorphism sought since T ∘ ϕ(S) = ψ ∘ ϕ (S) = S. ⊳

4.4.6. Observe the following corollaries to Theorems 4.4.4 and 4.4.5.
(1) Let X , E, and T be the same as in Theorem 4.4.3. Then operators S1

and S2 of the band {T}dd are disjoint if and only if their carriers XS1 and XS2 are

disjoint.

⊲ Disjointness of the carriers XS1 and XS2 obviously implies that of the op-
erators S1 and S2 (this fact does not depend on the Maharam condition and is
valid for arbitrary regular operators). To prove the converse, we first observe that
if T1 and T2 are positive o-continuous operators and T1 ∈ {T2}dd then XT1 ⊂ XT2 .
Indeed, assuming the contrary, we can find a projection π such that 0 < T1 ∘π ≥ T1

and XT1∘πdXT2 , which contradicts the containment T1 ∈ {T2}dd by virtue of the
previous remark.

Let now S1 and S2 be disjoint. Then the projections T1 and T2 of T onto
the bands {S1}dd and {S2}dd are disjoint too. On the other hand, XSl = XT

by the previous remarks. By Theorem 4.4.5, XT1dXT2 has to be valid; therefore,
XS1dXS2 . ⊳
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(2) Let P : X → E be an increasing o-continuous sublinear operator. Then

the following conditions are equivalent:

(a) P satisfies the Maharam condition;

(b) there exists an isomorphism h from the Boolean algebra 𝔓𝔯 (EP ) onto the

regular subalgebra of the Boolean algebra 𝔓𝔯 (XP ) such that π ∘ P = P ∘ h(π) for

all π ∈ 𝔓𝔯 (EP );
(c) the structure of an ordered module over the ring Z(EP ) can be defined

on Xp so that the natural representation of Z(EP ) in XP is a ring and lattice

isomorphism from Z(EP ) onto a subring and sublattice in Z(XP ) and the operator

P is Z(EP )+-homogeneous.

4.4.7. Theorem. For every o-continuous sublinear operator P : X → E the

following assertions are equivalent:

(1) P is a Maharam operator;

(2) the set ∂P consists of Maharam operators.

⊲ In virtue of 1.4.14 (2), P is an increasing operator if and only if ∂P ⊂
L+ (X,E). If P is a Maharam operator then, by 4.4.6 (2), it is module sublinear
and, by 2.3.15, every operator T ∈ ∂P is a module homomorphism. Supposing that
0 ≤ e ≤ Tx, we can find an orthomorphism 0 ≤ α ≤ IE such that e = α (Tx) =
T ∘ h(α)x. Consequently, T preserves intervals since 0 ≤ h(α) ≤ IX . The order
continuity of T ∈ ∂P is apparent.

Suppose now that ∂P consists of Maharam operators. Without loss of gener-
ality, we put X = XP . Denote Q(x) := P (x+) (x ∈ X). Clearly, Q is a sublinear
operator.

Since ∂Q =
∪ {[0, T ] : T ∈ ∂P}; therefore, ∂Q consists of Maharam operators

too. If we prove that Q is a Maharam operator then the same, of course, is true for
P . Let (Tξ)ξ∈� denote a maximal family of pairwise disjoint elements of ∂Q which
exists by the Kuratowski-Zorn lemma. If S ∈ (∂Q)dd, S > 0 then 0 < S0 ≤ S

for some S0 ∈ ∂Q. Consequently, S cannot be disjoint to all Tξ. Thus, (∂Q)dd =
{Tξ : ξ ∈ �}dd. Given arbitrary indices ξ and η ∈ �, consider the operator T :=
(1/2)Tξ + (1/2)Tη. Since T ∈ ∂Q; by the assumption, T is a Maharam operator.
Moreover, Tξ and Tη are absolutely continuous with respect to T . In virtue of 4.4.6
(1), the carriers XTξ and XTη of the operators Tξ and Tη are disjoint. It is easy
to see that (Xξ := XTξ) is a complete system of bands in X . By Theorem 4.4.3,
for each ξ ∈ �, there exists an o-continuous homomorphism hξ from the Boolean
algebra 𝔓𝔯 (EP ) onto a regular subalgebra Bξ of the Boolean algebra 𝔓𝔯 (Xξ) such
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that π ∘ Tξ = Tξ ∘ h(π) for π ∈ 𝔓𝔯 (EP ). Here we regard every projection π ∈ BP

as acting on the whole X , i.e. we assume that 𝔓𝔯 (Xξ) ⊂ 𝔓𝔯 (X).
Define the mapping h : 𝔓𝔯 (EP ) → 𝔓𝔯 (X) by the formula

h : π �→ {hξ (π) : ξ ∈ �}.

It is easy to verify that h is an isomorphism from 𝔓𝔯 (EP ) onto some regular sub-
algebra in 𝔓𝔯 (X). Let now S ∈ ∂Q and Sξ := S ∘ ρξ, where ρξ is the projection
onto the band Xξ. Then S = sup (Sξ) and, moreover, the equalities

π ∘ S = sup (π ∘ Sξ) = sup (Sξ ∘ hξ(π) )

= sup (S ∘ ρξ ∘ hξ (π) ) = S ∘ (sup (hξ (π) ) ) = S ∘ h(π)

are valid. Finally, taking it into account that Q is the upper envelope of its support
set ∂Q, we obtain

π ∘Q(x) = sup {π ∘ Sx : S ∈ ∂Q}
= sup {S ∘ h(π)x : S ∈ ∂Q} = Q ∘ h(π)x.

It remains to refer to 4.4.6 (2). ⊳
4.4.8. In the sequel, one more fact is needed on representations of order con-

tinuous operators. Let X and E be some K-spaces and let m(X) be, as usual, the
universal completion of the space X with a fixed algebraic and order unit 1. Suppose
that, on some order dense ideal D (�) ⊂ m(X), an essentially positive Maharam
operator � is defined which acts on E and D (�) = Dm (�). Let X0 := X ∩D (�),
let �0 be the restriction of the operator � to the order dense ideal X0, and regard
�0 as an order unit in the band {�0}dd ⊂ Lr (X0, E).

Denote by the symbol L� (X,E) the set of all o-continuous regular operators
from X into E whose restriction to X0 belongs to the band {�0}dd, i.e.

L� (X,E) := {S ∈ Ln (X,E) : S ↾ X0 ∈ {�0}dd}.

As is seen, an operator S belongs to L� (X,E) if and only if it results from the
extension of some S0 ∈ {�0}dd by o-continuity. This in particular implies that
L� (X,E) is a band in Ln (X,E).

Consider the set X ′ ⊂ m(X) defined by the relation

X ′ := {x′ ∈ m(X) : x′ ⋅X ⊂ D (�) }.
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4.4.9. Theorem. The set X ′ is an order dense ideal in the space m(X) which

is linear and lattice isomorphic to the space L� (X,E). The isomorphism is realized

by assigning the operator Sx′ ∈ L� (X,E) to an element x′ ∈ X ′ by the formula

Sx′ (x) = � (x ⋅ x′) (x ∈ X).

⊲ The fact that X ′ is a normal subspace in m(X) is immediate from the defini-
tions. On the other hand, the bases of spaces L�(X,E) and m(X) are isomorphic
by 4.4.5. Therefore, X ′ becomes an order dense ideal for m(X) if we establish the
sought isomorphism of the spaces m(X) and L�(X,E).

Obviously, if x′ ∈ X ′ then Sx′ is an order continuous regular operator from X

into E. Observe that �0 is a Maharam operator. Consequently, if e ∈ 𝔊 (1), i.e.,
e is a unit element relative to 1, then, by Theorem 4.4.5, the operator Se is a unit
element relative to �0 and therefore Se ∈ {�0}dd. Let (ex

′
λ )λ∈ℝ be the spectral

function of the element x′. Then, by the Freudental spectral theorem,

x′ =
∫ ∞

−∞
λ dex

′
λ ,

where the integral on the right-hand side is the r-limit of integral sums of the form
∑∞

−∞ ln (eλn+1 − eλn), ln ∈ (λn, λn+1), λn → +∞, and λ−n → −∞ for n → +∞.
It follows that the operator Sx′ has the representation

Sx′ (x) =
∫ ∞

−∞
λ d (� (x ⋅ ex′

λ ) ),

i.e., the operator Sx′ is made from operators of the form Se, e := ex
′

λ by the
operations of summation and passage to the o-limit. Since every band is closed
under these operations, we have Sx′ ∈ {�0}dd. Thus, S0 ∈ {�0}dd and Sx′ ∈
L� (X,E). Also, it is clear that the correspondence x′ �→ Sx′ is an injective linear
operator from X ′ into L� (X,E) and x′ ≥ 0 if and only if Sx′ ≥ 0.

It remains to show that, for every S ∈ L� (X,E), there exists an x′ ∈ X ′ such
that S = Sx′ . Indeed, let T be the restriction of S to X0 and consider the spectral
function (eTλ )λ∈ℝ of the operator T (with respect ot the order unit �0). In virtue
of 4.4.5, the family (h (eTλ ) )λ∈ℝ is a resolution of unity in 𝔊 (1); consequently, for
some x′ ∈ m(E), we have ex

′
λ = h (eTλ ) for all λ ∈ ℝ. Moreover,

eTλ (x) = � (x ⋅ ex′
λ )
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for all λ ∈ ℝ and x ∈ X0. From this, by appealing to the Freudental spectral
theorem and elementary properties of o-summable families, for every x ∈ X+ we
obtain the relations

Tx =
(∫ ∞

−∞
λ d (eTλ )

)

x =
∫ ∞

−∞
λ d (eTλ (x) )

=
∫ ∞

−∞
λd� (x ⋅ ex′

λ ) = �

(

x ⋅
∫ ∞

−∞
λdex

′
λ

)

= � (x ⋅ x′).

Suppose now that x ∈ X+, (xα) ⊂ X ′ and sup (xα) = x. Then � (xα ⋅ x′) ≤ S(x)
and since D (�) = Dm (�), the family (xα ⋅ x′) is bounded in D (�). Hence, x ⋅ x′ ∈
D (�) and Sx = � (x ⋅ x′). Thus, x′ ∈ X ′ and the sought representation holds. ⊳

4.4.10. The facts exposed in the section are sufficient to fix some analogy
between Maharam operators and isotone o-continuous sublinear functionals and to
hint the conjecture: every fact on functionals of the indicated form ought to have
its parallel variant for a Maharam operator. The theory of Boolean-valued models
discloses full profundity of such an analogy and allows one to transform the said
heuristic argument into an exact research method. We expose without proof only
one result in this direction. As in 2.4.3, we assume that B is a complete Boolean
algebra and R is the field of reals in the Boolean-valued universe V (B).

Theorem. Let X be an arbitrary K-space and let E be a universally complete

K-space R ↓. Assume that P : X → E is a sublinear Maharam operator such that

X = XP = Dm (P ) and E = EP . Then there exist elements X and p ∈ V (B) such

that the following assertions hold:

(1) [[X is a K-space and p : X → R is an isotone o-continuous sublinear

functional and X = Xp = Dm (p)]] = 1;
(2) if X ′ := X ↓ and P ′ = p ↓ then X ′ is a K-space and P ′ : X ′ → E is

a sublinear Maharam operator;

(3) there exists a linear and lattice isomorphic h from X onto X ′ such that

P = P ′ ∘ h;
(4) an operator P is linear if and only if in V (B) the functional p is linear;
(5) for a linear operator �, the conclusion � ∈ ∂P is true if and only if there

exist ϕ ∈ V (B) for which [[ϕ ∈ ∂P ]] = 1 and � = (ϕ↓) ∘ h.

4.5. Disintegration

In this section we are interested in the equality ∂ (T ∘P ) = T ∘∂P as well as in
related formulas for calculating support sets, conjugate operators, ε-subdifferentials,
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etc. The phenomenon expressed by these formulas is called disintegration and
the formulas themselves are called disintegration formulas. General methods of
disintegration unify, in a conventional form of the rules of calculus, various facts
of the theory of K-spaces which are based on the Radon-Nikodým theorem. Here
an analogy can be established with the fact that the calculus of support sets provides
a uniform approach to different variants of the extension principles based on the
application of the Hahn-Banach-Kantorovich theorem.

4.5.1. Consider K-spaces E and F together with a vector space X . Let P :
X → E be a sublinear operator and let T : E → F be a positive operator. Then the
operator T ∘P is sublinear and the inclusion ∂(T ∘P ) ⊂ T ∘∂T is apparent. Simple
examples demonstrate that the inclusion is often strict. For instance, if X = E and
the operator P : E → E acts by the rule e �→ e+ then

∂(T ∘ P ) = [0, T ] := {S ∈ L (E, F ) : 0 ≤ S ≤ T}

and
∂P = [0, IE] := {π ∈ L (E) : 0 ≤ π ≤ IE}.

However the equality [0, T ] = T ∘ [0, IE] is nothing but the restricted version of the
Radon-Nikodým theorem; for every operator 0 ≤ S ≤ T , there exists an orthomor-
phism 0 ≤ π ≤ IE in E such that S = T ∘π. The last assertion fails already for the
operator T : ℝ2 → ℝ

2, Tx := (f(x), f(x))(x ∈ ℝ
2), where f : ℝ2 → ℝ is a positive

linear functional.
If, for a positive operator T : E → F , the relation [0, T ] = T ∘ [0, IE] holds

then T satisfies the Maharam condition.

⊲ Indeed, suppose that 0 ≤ f ≤ Te for some e ∈ E+. If P (e) = T (e+) then P

is a sublinear operator and −P (−e) = 0 ≤ f ≤ P (e) = Te. In virtue of 1.4.14 (3),
there exists an S ∈ ∂P = [0, IE] such that f = Se. By hypothesis, S = T ∘ α for
a suitable orthomorphism 0 ≤ α ≤ IE ; therefore, f = T ∘αe and 0 ≤ αe ≤ e. Thus,
T preserves order intervals. ⊳

4.5.2. Theorem. Let E and F be some K-spaces and let Q be a sublinear Ma-

haram operator from E into F . Then, for every vector space X and for an arbitrary

sublinear operator P from X into E, the formula

∂(Q ∘ P ) = ∂Q ∘ ∂P

holds.
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⊲ Recall that there is a linearization rule (see 2.1.6 (3)):

∂(Q ∘ P ) =
∪

{∂(T ∘ P ) : T ∈ ∂Q}.

Therefore, taking Theorem 4.4.9 into account, it suffices to prove validity of the
representation ∂(T ∘P ) = T ∘∂P for an arbitrary linear, Maharam operator T from
E into F . Let D be a Stone compact set of the base for the K-space E and let 𝔅 (D)
denote the algebra of clopen subsets of D. Without loss of generality, we can assume
that E is an order dense ideal in the K-space C∞ (D) and the constant-one function
belongs to E. Consider the space rm St (D,X) of all X-valued step functions on
D, i.e., u ∈ St (D,X) if and only if u :=

∑n
l=1 xlχel for some x1, . . . , xn ∈ X and

e1, . . . , en ∈ 𝔅 (D) (conventionally, χe is the characteristic function of a set e ⊂ D).
Denote by the symbol [e] the projection into E which corresponds to a clopen set e.
It is easy that the relation

P : u →
n∑

l=1

T ∘ [el] ∘ Pxl

(

u :=
n∑

l=1

xlχel ∈ St (D,X)

)

correctly defines a sublinear operator P from St (D,X) into F .
Suppose that A ∈ ∂(T ∘P ) and consider the operator A0 : x ⋅χD �→ Ax on the

subspace of constant X-valued functions L := {x ⋅χD : x ∈ X}. Then A0u ≤ P(u)
for every u ∈ L. By the Hahn-Banach-Kantorovich theorem, there exists a linear
operator A : St (D,X) → F such that A ∈ ∂P and A is an extension of A0 to
the whole St (D,X).

Now, for every x ∈ X , we define the function ϕx : 𝔅 (D) → F by putting
ϕx(e) := A (xχe). From the definition of ϕx and from the obvious inequality

∣ϕx(e)∣ ≤ T ∘ [e](P (x) ∨ P (−x)) (e ∈ 𝔅 (D), x ∈ X)

it follows that ϕx is an additive o-continuous function.
Let Dm(T ) ⊂ C∞(D) be a maximal domain of the operator T and let E ⊂ E1 ⊂

C∞(D) and E2 ⊂ C∞(D) be such that y ∈ Ek if and only if y ⋅ El ⊂ Dm(T ) (k ∕=
l; k, l := 1, 2).

Define the operator Sx : E2 → F by the equality

Sx(y) :=
∫ ∞

−∞
λ dϕx(eyλ),
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where (eyλ) is the spectral function of an element y ∈ E2.
The boundedness of ϕx and the existence of the integral for every y ∈ E2 follow

from the above-indicated inequality for ϕx; hence, Sx is an order continuous regular
operator and ∣Sx∣ ≤ T ∘ π, where π : E2 → Dm (T ), π : y �→ y ⋅ (P (x) ∨ P (−x)).
Thus, Sx ∈ LT (E2, F ) for every x ∈ X . Now let U : LT (E2, F ) → E1 be the
isomorphism of Theorem 4.4.9 and let V : x → Sx (x ∈ X). Put S := U ∘ V . Then
S : X → E1 is a linear operator; and, for all x ∈ X and e ∈ 𝔅(D), we have

T ∘ [e] ∘ Sx = T (χeU(Sx)) = T (x ⋅ χe) = ϕx.

On the other hand, by the definition of ϕx, the inequalities

−T ∘ [e] ∘ P (−x) ≤ T ∘ [e] ∘ Sx ≤ T ∘ [e] ∘ P (x)

hold. These relations imply that T ∘ S = A и S ∈ ∂P . In particular, S ∈ L(X,E).
This proves the needed fact since the remaining reverse inclusion is obvious. ⊳

Combining Theorem 4.5.2 with the change-of-variable technique in the Young-
Fenchel transform, we can obtain a series of disintegration formulas for conjugate
operators, ε-subdifferentials, etc. Expose several examples.

First introduce necessary notions. A convex operator f : X → E is called
regular if there exist elements e1, e2 ∈ E and a sublinear operator P : X → E such
that

P (x) + e1 ≤ f(x) ≤ P (x) + e2 (x ∈ X).

If, moreover, X is a K-space, f is increasing and o-continuous, and P is a Maharam
operator then f is said to be a convex Maharam operator.

It is easy that a convex operator f is regular if and only if it admits a repre-
sentation f = ε𝔄,E ∘ ⟨𝔄⟩u, where 𝔄 is a weakly order bounded set in L(X,E), u ∈
l∞(𝔄, E) and ⟨𝔄⟩u is the affine operator from X into l∞(𝔄, E) acting by the rule

⟨𝔄⟩u : x �→ (α(x) + u(α))α∈𝔄.

4.5.3. Theorem. Let f : X → E be a convex regular operator and let g :
E → F be a convex Maharam operator. Then, for every S ∈ L(X,F ), the exact

formula

(g ∘ f)∗(S) ⇀ inf {T ∘ f∗(U) + g∗(T ) : U ∈ L(X,E),

T ∈ L+(E, F ), S = T ∘ U}
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holds.

⊲ First of all observe that if T ∈ L+(E, F ), S ∈ L(X,E), and S = T ∘ U

then (g ∘ f)∗(S) ≤ T ∘ f∗(U) + g∗(T ). In particular, if (g ∘ f)∗(S) = +∞ then the
needed formula is valid. Suppose that S ∈ dom (g ∘ f)∗). Then, in accordance with
the rule for calculating the Young-Fenchel transform established in 4.1.9 (2), there
exists an operator T ∈ dom (g∗) such that

(g ∘ f)∗(S) = (T ∘ f)∗(S) + g∗(T ).

By hypothesis, there exist a sublinear Maharam operator P and elements e1, e2 ∈ E

for which P (e) + e1 ≤ g(e) ≤ P (e) + e2. This implies the inclusion dom (g∗) ⊂ ∂P .
By Theorem 4.4.5, we conclude that T is a Maharam operator.

Let us use the representation f = ε𝔄,E ∘ ⟨𝔄⟩u, where 𝔄 and u are the same as
in 4.5.2. Applying formula 4.1.9 (4) to the sublinear operator T ∘ ε𝔄,E and affine
operator ⟨𝔄⟩u and taking the relation ∂(T ∘ ε𝔄,E) = T ∘ ∂ε𝔄,E into account, we
obtain:

(T ∘ f)∗(S) = inf{β ∘ ⟨𝔄⟩u)∗(S) : β ∈ ∂(T ∘ ε𝔄,E)}
= inf{−T ∘ α(u) : α ∈ ∂ε𝔄,ET ∘ α ∘ ⟨𝔄⟩ = S}.

Since the last formula is exact, there exists an operator ᾱ ∈ ∂ε𝔄,E such that T ∘ ᾱ∘
⟨𝔄⟩ = S and (T ∘f)∗(S) = −T ∘ ᾱ(u). Let U := ᾱ∘⟨𝔄⟩ and again apply the change-
of-variable rule for the Young-Fenchel transform, this time for the composition
ε𝔄,E ∘ ⟨𝔄⟩u. Then

f∗(U) = inf {(α ∘ ⟨𝔄⟩u)∗(U) : α ∈ ∂𝔄,E}

= inf {−α(u) : α ∈ ∂ε𝔄,E , α ∘ ⟨𝔄⟩ = U} ≤ −ᾱ(u);

consequently,
T ∘ f∗(U) ≤ −T ∘ ᾱ(u) = (T ∘ f)∗(S).

All that we have said implies T ∘U = S and T ∘ f∗(U)+ g∗(T ) ≤ (g ∘ f)∗(S), which
means the validity of the sought representation. ⊳

4.5.4. It is worth to distinguish two particular cases of the theorem.
(1) If f : X → E is a convex regular operator and P : E → F is a sublinear

Maharam operator then, for every S ∈ L(X,F ), the exact formula

(P ∘ f)∗(S) ⇀ inf {T ∘ f∗(U) : T ∈ ∂P, T ∘ U = S}
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holds.

(2) If f is the same as in (1) and T : E → F is a linear Maharam operator

then, for each S ∈ L(X,E), the exact formula

(T ∘ f)∗ ⇀ inf{T ∘ f∗(U) : T ∘ U = S}

is valid.

In particular, if T : E2 → E is the operation of summation then we again
obtain the exact formula

(f1 + f2)∗ ⇀ f∗
1 ⊕ f∗

2 ,

although imposing the requirement of regularity on the operators f1 and f2 which
is stronger than that in 4.1.5 (1).

4.5.5. Now expose some simple corollaries which correspond to Examples 4.4.2.
(1) We say that a family of convex operators fα : X → E (α ∈ A) is uniformly

regular if there exist c := (cα)α∈A, e := (eα)α∈A ∈ l1(A,E), and a family of
sublinear operators Pα : X → E (α ∈ A) such that the sum

∑
α∈A Pα(x) exists for

all x ∈ X and
Pα(x) + cα ≤ fα(x) ≤ Pα(x) + eα (x ∈ X)

for all α ∈ A. Obviously, if (fα)α∈A is a uniformly regular family of convex operators
(in this case (fα(x))α∈A ∈ l1(A,E)) then the operator

f(x) :=
∑

α∈A

fα(x) (x ∈ X)

is correctly defined; moreover, f is a convex regular operator. In this situation, for
each S ∈ L(X,E), the exact formula

f∗(S) ⇀ inf

{
∑

α∈A

f∗
α(Sα) : Sα ∈ L(X,E) (α ∈ A),

∑

α∈A

Sα = S

}

is valid, where the equality
∑

α∈A Sα = S means (here and below!) that
∑

α∈A Sαx

= Sx for all x ∈ X .
(2) Again let (fα) be a uniformly regular family of convex operators. Since

l1(A,E) ⊂ l∞(A,E); it follows that (fα(x))α∈A belongs to l∞(A,E). Hence, we
can define a regular convex operator f : X → E by the formula

f(x) := sup {fα(x) : α ∈ A} (x ∈ X).
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In this case, for each S ∈ L(X,E), the exact formula

f∗(S) ⇀ inf

{
∑

α∈A

πα ∘ f∗
α(Sα) : Sα ∈ L(X,E),

πα ∈ Orth(E)+ (α ∈ A),
∑

α∈A

Sα = S,
∑

α∈A

πα = IE

}

holds.
(3) Let X be a vector space and let (Q,	, μ) and E be the same as in 4.4.2 (5).

Let � : X → L1(Q,	, μ, E) be a convex regular operator and

f(x) :=
∫

Q
�(x)dμ (x ∈ X).

Then, for every S ∈ L(X,E), the exact formula

f∗(S) ⇀ inf
{∫

Q
�∗(U) dμ : U ∈ L(X,L1(Q,	, μ, E)),

Sx =
∫

Q
Uxdμ (x ∈ X)

}

holds.
4.5.6. Theorem. Let f : X → E be a convex regular operator and let g :

E → F be a convex Maharam operator. Then, for every x ∈ X and ε ∈ F+, the

representation

∂ε(g ∘ f)(x) =
∪

{T ∘ ∂δf(x) : T ∈ ∂λg(f(x)), δ ∈ E+, λ ∈ F+, T δ + λ = ε}

holds.

⊲ If U ∈ ∂δ(x), T ∈ ∂λg(f(x)), and ε = Tδ + λ, where λ ∈ F+ and δ ∈ E+,
then by definition

Ux′ − Ux ≤ f(x′) − f(x) + δ,

Te− Tf(x) ≤ g(e) − g(f(x)) + λ.

In particular, T ∈ dom(g∗); therefore, T ≥ 0. Applying T to the first of the above
inequalities and using the second, we obtain

T ∘ Ux′ − T ∘ Ux ≤ T ∘ f(x′) − T ∘ f(x) + Tδ
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≤ g(f(x′)) − g(f(x)) + Tδ + λ.

From this, owing to the arbitrariness of x′ ∈ X , we have T ∘ U ∈ ∂ε(g ∘ f)(x).
Prove the reverse inclusion. To this end, consider the operator S ∈ ∂ε(g ∘ f)(x).
By the formula for ε-subdifferentiation of a composition (see 4.2.11 (2)), there exist
ν, μ ∈ F+ and an operator T ∈ ∂νg(f(x)) such that ε = ν+μ and S ∈ ∂μ(T ∘f)(x).
This means that (T ∘f)∗(S)+T ∘f(x) ≤ Sx+μ. By 4.5.4 (2), there exists an operator
U ∈ L(X,E) such that S = T ∘ U and (T ∘ f)∗(S) = T ∘ f∗(U). Thus,

T ∘ f∗(U) + T ∘ f(x) ≤ T ∘ Ux + μ

or, which is the same,
T (f∗(U) + f(x) − Ux) ≤ μ.

Put δ := f∗(U) + f(x) − Ux and λ := ε − Tδ. Then δ ≥ 0, λ = μ − Tδ + ν ≥ ν,
and Tδ +λ = ε. It is also clear that U ∈ ∂δf(x) and T ∈ ∂λg(f(x)). Consequently,
S enters in the right-hand side of the sought equality. ⊳

4.5.7. Expose several corollaries to Theorem 4.5.6 whose easy proofs are left
to the reader.

(1) If f , x, and ε are the same as in Theorem 4.5.6 and T : E → F is a linear

Maharam operator then the representation

∂ε(T ∘ f)(x) =
∪

{T ∘ ∂δf(x) : δ ∈ E+, T δ = ε}

holds.

(2) Let (fα)α∈A be the same as in 4.5.5 (1), let f :=
∑

α∈A fα, let ε ∈ E+,

and let x ∈ X . Then the representation

∂εf(x) =
∪

{
∑

α∈A

∂εαfα(x) : εα ∈ E+ (α ∈ A),
∑

α∈A

εα = ε

}

holds.

It is worth to mention here that, for A = ℕ and ε = 0, we obtain a subdiffer-
ential variant of the classical rule for termwise differentiation of a series:

∂

( ∞∑

n=1

fn

)

(x) =
∞∑

n=1

∂fn(x).
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(3) Let (fα) be the same as in 4.5.5 (2) and let f := sup{fα : α ∈ A}. Then,

for every x ∈ X and ε ∈ E+, there is a representation

∂εf(x) =
∪

(
∑

α∈A

πα ∘ ∂εαfα(x)

)

,

where the union is taken over all δ ∈ E and families (εα)α∈A ⊂ E and (πα)α∈A ⊂
Orth(E) satisfying the following conditions:

0 ≤ δ; 0 ≤ εα (α ∈ A),

δ +
∑

α∈A

παεα = ε;

0 ≤ πα (α ∈ A),
∑

α∈A

πα = IE ,

f(x) ≤
∑

α∈A

πα ∘ fα(x) + δ.

(4) Let �, f , and E satisfy all the assumptions of 4.5.5 (2). Then, for each

x ∈ X and ε ∈ E+, the representation

∂εf(x)

=
{∫

Q
S(⋅)dμ : δ ∈ L1(Q,	, μ, E)+, S ∈ ∂δ�(x),

∫

Q
δdμ = ε

}

holds.

(5) Let f1, . . . , fn : X → E be convex regular operators and let S : E → F be

a linear Maharam operator. Then the representation

∂ε(S ∘ (f1 ∨ ⋅ ⋅ ⋅ ∨ fn))(x) =
∪

(S1 ∘ ∂δ1f1(x) + ⋅ ⋅ ⋅ + Sn ∘ ∂δnfn(x))

is valid, where the union is taken over all collections S1, . . . , Sn ∈ L(E, F ) and

δ1, . . . , δn ∈ E such that

0 ≤ δl (l := 1, . . . , n), δ := ε−
n∑

l=1

Slδl ≥ 0;
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0 ≤ Sl (l := 1, . . . , n), S =
n∑

l=1

Sl;

S ∘ (f1 ∨ ⋅ ⋅ ⋅ ∨ fn)(x) ≤
n∑

l=1

Sl ∘ fl(x) + δ.

4.5.8. It is possible to obtain more special disintegration formulas by using
lifting theory or measurable selectors, but we abstain from going in detail. In
conclusion, we mention only one direct generalization of the original Strassen dis-
integration theorem which can be easily obtained from 4.5.7 (1). If X and E

are normed spaces then, for a continuous sublinear operator P :→ E, we put
∥P∥ := sup{∥P (x)∥ : ∥x∥ ≤ 1}.

Theorem. Let (Q,	, μ) be a space with complete finite measure and let E be

an order complete Banach lattice with order continuous norm. Consider a separable

Banach space X and a family (Pt)t∈Q of continuous sublinear operators Pt : X → E.

Suppose that, for each x ∈ X , the mapping t �→ Pl(x) belongs to L1(Q,	, μ, E)
and the function t → ∥Pt∥ (t ∈ Q) is summable. Then, for every � ∈ L (X,E)
such that

�(x) ≤
∫

Q
Pt(x) dμ(t) (x ∈ X),

there exists a family (�t)t∈Q of linear operators �t ∈ L (X,E) such that �t ∈ ∂Pt

for all t ∈ Q, �(⋅)x ∈ L1(Q,	, μ, E) for each x ∈ X , and

�x =
∫

Q
�tx dμ(t) (x ∈ X).

⊲ From 4.5.7 (1), existence follows of a linear operator T : X → L1(Q,	, μ, E)
such that

�x =
∫

Q
Tx dμ (x ∈ X)

and Tx ≤ P(⋅)(x) for all x ∈ X . Let X0 be a countable ℚ-linear subspace in X

(where, as usual, ℚ is the field of rationals). Using countability of X0, we can
construct a set of full measure Q0 ⊂ Q and a mapping T0 : X → EQ0 such that,
for all x ∈ X0, we have T0x ≤ P(⋅)(x) pointwise on Q0 and [T0x] = Tx, where
[u] stands for the equivalence class of a measurable vector-function u. For a fixed
t ∈ Q0, the operator x �→ (T0x)(t) (x ∈ X0) is linear and continuous. Let �t be
a unique extension by continuity of this operator to the whole X . Then �t ∈ ∂Pt
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for each t ∈ Q0. Appealing to the Lebesgue dominated convergence theorem for
the (Bochner) integral, we obtain the remaining properties of the family (�t). ⊳

For E = ℝ the fact established is referred to as the Strassen disintegration
theorem.

4.5.9. As is seen from the results exposed above, disintegration is possible
only in a class of operators subject to a rather restrictive Maharam condition.
Nevertheless, there is an urgent need to calculate the subdifferential ∂(Q ∘ P ) also
in the case when Q is not a Maharam operator. The linearization rule 4.2.11 (2)
permits us to constrain ourselves by the case of a positive linear operator Q := T .
Thus, the following problem arises: How can we explicitly express the subdifferential
∂(T ∘ f) via some given positive operator T and convex operator f? An approach
to the problem is essentially outlined in 4.5.5 (2). Let (fα)α∈A be a uniformly
regular family of convex operators from X into E and let f := sup (fα). Put
�(x) := (fα(x))α∈A (x ∈ X). Then � : X → l∞(A, E) is a convex operator and
f = εA,E ∘ �. However, εA,E : l∞(A, E) → E is not a Maharam operator and, in
general, ∂f(x) ∕= ∂εA,E ∘ ∂f(x). On the other hand, the restriction Q := εA,E ↑
l1(A, E) is a Maharam operator. Hence, if �(X) ⊂ l1(A, E) then f = Q ∘ � and
∂f(x) = ∂Q(�(x)) ∘ ∂�(x). Thus, solving the proposed problem is connected with
suitably modifying the operator T in order to transform it into a Maharam operator.

4.5.10. We now describe a general method for opening up an opportunity to
transform every positive operator into a Maharam operator. For an Archimedean
vector lattice X , let E be a K-space as before and let T : X → E be an arbitrary
positive operator. Denote by the letter V the set of all mappings v : X → 𝔓𝔯 (E)
such that v(X) is a partition of unity in 𝔓𝔯 (E). If D is a Stone compact space
of E then V can be identified with the set of all mappings u : D(u) → X of the
form u(t) =

∑
xξχDξ, where (Dξ) is a family of disjoint clopen sets, the union

D(u) =
∪

Dξ is dense in D, and (xξ) is a family of elements in X such that xξ = xη

implies Dξ = Dη. It is seen from this that V naturally becomes a vector lattice.
We define some m(E)-valued monotone seminorm p on V by the formula

p(v) :=
∑

x∈X

v(x) ∘ T (∣x∣),

The monotonicity of p means that ∣v∣ ≤ ∣u∣ implies p(v) ≤ p(u). Put V0 := {v ∈
V : p(v) = 0} and, on the factor space Y = V/V0, define the m(E)-valued norm

y
:= inf{p(v) : v ∈ y} (y ∈ Y ).
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Then Y is a vector lattice and
⋅is a monotone m(E)-valued norm. Equip Y with

the structure of a topological group taking as a base for the neighborhood filter of
the origin the family of sets

{y ∈ Y :
y
≤ ε1} (ε ∈ ℝ, ε > 0),

where 1 is a fixed order unit in m(E). Denote the completion of the topological
group Y by Ỹ . The vector norm

⋅can be extended from Y to Ỹ by continuity.
Finally, put

ET (X) := {z ∈ Ỹ :
z
∈ E},

�z :=
z+−z−

 (z ∈ ET (X)).

It can be demonstrated that ET (X) is a K-space, � : ET (X) → E is an essentially
positive Maharam operator, and for all x ∈ X and π ∈ 𝔓𝔯 (E) the equality π∘Tx =
� ∘ i(x⊗ π) holds, where i is a factor mapping from V into Y . In particular,

Tx = � ∘ jx (x ∈ X),

where f(x) := i(x ⊗ IE). Consequently, for every sublinear operator P : Z → X ,
we have

∂(T ∘ P ) = ∂(� ∘ j ∘ P ) = � ∘ ∂(j ∘ P ).

Thus, the problem of disintegration for an arbitrary positive operator T is reduced
to calculating the subdifferential ∂(j ∘ P ) for the operator f ∘ P : Z → ET (X).

4.6. Infinitesimal Subdifferentials

In Section 4.2 we made acquaintance with some rules for calculating ε-subdiffe-
rentials. The rules, which yield a formal apparatus for accounting for the measure
of precision in dealing with subdifferentials (for instance, in the analysis of convex
extremal problems; see Sections 5.2 and 5.3), do not completely correlate with the
practice of “neglecting infinitesimals” used in many applied works. For example, an
“approximate” gradient of a sum is viewed as the sum of “approximate” subgradients
of the summands. Needless to say that this does not match with the exact rule for
ε-subdifferentiation of a sum which is provided by Theorem 4.2.7.

The rules for approximate calculation are in perfect accord with the routine
infinitesimal conception that the sum of two infinitesimals is infinitesimal. In other
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words, the practical methods of using ε-subgradients correspond to treating ε as
an actual infinitesimal.

In modern mathematics, such conceptions are substantiated in the context
of infinitesimal analysis called sometimes by expressive but slightly arrogant term
“nonstandard analysis.” By applying the indicated approach, a convenient appara-
tus can be developed for dealing with approximate, infinitesimal subdifferentials,
which adequately reflects the rules for calculating “practical” optima.

4.6.1. We begin with short preliminaries clarifying the version of infinitesimal
analysis to be of use in the sequel.

(1) We shall follow the so-called neoclassic stance of nonstandard analysis
which steams from the E. Nelson internal set theory IST where we deal with the
universe V I of internal sets. Visually, the world V I coincides with the usual class
of all sets of ZFC, the von Neumann universe. However, in the formal language of
IST, there is a new primitive unary predicate St(⋅), with the formula St(x) reading
as “x is standard” or “x is a standard set.”

By implication, by the property of a set to be standard we mean definability
of it in the sense that usual mathematical existence and uniqueness theorems, if
applied to already available standard objects, define some new standard sets. We
assume also that every infinite set contains at least one nonstandard element. Use
of the term “internal sets” is often explicated by the need to emphasize that among
the “Cantorian” sets, the “definite, well-differentiated objects of our intuition or our
thought,” there are, of course, many objects absent in the Zermelo-Fraenkel theory
ZFC and in the internal set theory IST either.

(2) In more precise terms, IST is a formal theory resulting from adjoining
a new unary predicate to the formalism of ZFC. A formula of IST (i.e. ϕ ∈ (IST))
constructed without use of St is called internal, which is denoted by ϕ ∈ (ZFC). If
ϕ ∈ (IST) and ϕ ∕∈ (ZFC) then we say that ϕ is an internal formula. Introduce the
following convenient abbreviations:

(∀stx)ϕ := (∀x) (St(x) → ϕ),

(∃stx)ϕ := (∃x) St(x) ∧ ϕ,

(∀st finx)ϕ := (∀stx) (fin(x) → ϕ),

(∃st finx)ϕ := (∃stx) fin(x) ∧ ϕ,

where fin(x) means conventionally that x is a finite set (i.e. a set not admitting
a bijection with one of its proper subsets). In what follows, it is convenient for us to
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emphasize by some expression like ϕ = ϕ(x1, . . . , xn) that the variables x1, . . . , xn

are free in the formula ϕ. The axioms for IST results from adjoining the following
three axioms to those for ZFC which are named the principles of nonstandard
analysis.

(3) Transfer principle:

(∀stx1) . . . (∀stxn) ((∀stx)ϕ(x, x1, . . . , xn) → (∀x)ϕ(x, x1, . . . , xn))

for every internal formula ϕ = ϕ(x, x1, . . . , xn), ϕ ∈ (ZFC).
(4) Idealization principle:

(∀x1) . . . (∀xn) ((∀st finz)(∃x)(∀y ∈ z)ϕ(x, y, x1, . . . , xn)

→ (∃x)(∀sty)ϕ(x, y, x1, . . . , xn)),

where ϕ = ϕ(x, y, x1, . . . , xn), ϕ ∈ (ZFC).
(5) Standardization principle:

(∀x1) . . . (∀xn)(∀stx) ((∃stx)(∀stz)z ∈ y ↔ z ∈ x ∧ ϕ(z, x1, . . . , xn))

for every formula ϕ = ϕ(z, x1, . . . , xn), ϕ ∈ (IST).
The last principle is analogous to the comprehension principle. It amplifies the

well-known method of introducing the set Aϕ by gathering in A all elements with
some prescribed property ϕ: Aϕ := {x ∈ A : ϕ(x)}. The procedure is amplified by
opening up an opportunity to select standard elements with a prescribed property.
Namely, by the standardization principle, for a standard A, there exists a standard
∗Aϕ such that (∀stz) z ∈ ∗Aϕ ↔ z ∈ Aϕ. The set ∗Aϕ is called the standardization
(more exact, the standardization of Aϕ), with the index ϕ often omitted. A more
figurative expression is used: ∗A := ∗Aϕ := ∗{x ∈ A : ϕ(x)}. Let A be a standard
set and let ∘A := {a ∈ A : St(a)} be an external set (= a Cantorian set given
by an external formula of IST). The set ∘A is said to be the standard core of A.
Obviously, A = ∗∘A. Such symbols are used for the external subsets of standard
sets as well, and one also speaks of their standardization.

Emphasize that we treat external sets in the spirit of the Cantor (“naive”) set
theory. There are mathematical formalisms providing the necessary logical basis
for such an approach.

(6) The fundamental fact of the internal set theory is the following assertion:
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Powell theorem. The theory IST is a conservative extension of ZFC; i.e., for

an internal formula ϕ,

(ϕ is a theorem of IST) ↔ (ϕ is a theorem of ZFC)

holds.

4.6.2. Let X and E be vector spaces and let E be ordered by the cone E+.
Consider a convex operator f : X → E⋅ and a point x0 in the effective domain
of the operator f . Let a descending filter E of positive elements be distinguished
in E. Assuming E and E to be standard sets, we define the monad μ(E ) of E

by the relation μ(E ) := ∩{[0, ε] : ε ∈ ∘E }. The elements of μ(E ) are said to be
positive infinitesimals (with respect to E ). In what follows, we assume without
further specialization that E is a K-space and the monad μ(E ) is an (external)
cone over ∘

ℝ and, moreover, μ(E ) ∩ ∘E = 0. (In applications, as a rule, E is the
filter of all order units in E.) We also use the relation of infinitesimal proximity
between elements of E, i.e.

e1 ≈ e2 ⇔ e1 − e2 ∈ μ(E ) ∧ e2 − e1 ∈ μ(E ).

4.6.3. The equality

∩

ε∈∘E

∂εf(x0) =
∪

ε∈μ(E )

∂εf(x0)

holds.

⊲ Given T ∈ L(X,E), we successively deduce:

T ∈
∩

ε∈∘E

∂εf(x0)

↔ (∀stε ∈ E )(∀x ∈ X) Tx− Tx0 ≤ f(x) − f(x0) + ε

↔ (∀stε ∈ E ) f∗(T ) − (Tx0 − f(x0)) ≤ ε

↔ f∗(T ) − (Tx0 − f(x0)) ≈ 0

↔ (∃ε ∈ E+) ε ≈ 0 ∧ f∗(T ) = Tx0 − f(x0) + ε

↔ T ∈
∪

ε∈μ(E )

∂εf(x0). ⊳
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4.6.4. The external set appearing in both sides of the equality 4.6.3 is called the
infinitesimal subdifferential of f at the point x0 and denoted by Df(x0). Elements
of Df(x0) are called infinitesimal subgradients of f at the point x0. We do not
especially indicate the set E since the probability of confusion is insignificant.

4.6.5. Let the hypothesis of “standard entourage” holds; i.e., the parameters

X , f , x0 are standard sets. Then the standardization of the infinitesimal subdif-

ferential of f at the point x0coincides with the (zero) subdifferential of f at x0,

i.e.
∗Df(x0) = ∂f(x0)

⊲ Given a standard T ∈ L(X,E), by the transfer principle, we have

T ∈ ∗Df(x0) ↔ T ∈ Df(x0)

↔ (∀stε ∈ E )(∀x ∈ X) Tx− Tx0 ≤ f(x) − f(x0) + ε

↔ (∀ε ∈ E )(∀x ∈ X) Tx− Tx0 ≤ f(x) − f(x0) + ε

↔ T ∈ ∂f(x0)

since inf E = 0 in view of μ(E ) ∩ ∘E = 0. ⊳
4.6.6. Let F be a standard K-space and let g : E → F ⋅ be an increasing

convex operator. If the sets E × epi(g) and epi(f)×G are in general position then

D(g ∘ f)(x0) =
∪

T∈Dg(f(x0))

D(T ∘ f)(x0).

If, moreover, the parameters are standard (except, possibly, the point x0) then, for

the standard cores the representation

∘D(g ∘ f)(x0) =
∪

T∈∘Dg(f(x0))

∘D(T ∘ f)(x0)

is valid.

⊲ Observe that by assumption the monad μ(E ) is a normal external subgroup
in F , i.e.,

ε ∈ μ(E ) → [0, ε] ⊂ μ(E ),

μ(E ) + μ(E ) ⊂ μ(E ).
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Taking this into account and appealing to 4.6.3 and the rules for calculating
ε-subdifferentials (see 4.2.11 (2)), we successively obtain

D(g ∘ f)(x0) =
∪

ε∈μ(E )

∂ε(g ∘ f)(x0)

=
∪

ε∈μ(E )

∪

ε1+ε2=ε
ε1≥0,ε2≥0

∪

T∈∂ε1g(f(x0))

∂ε2(T ∘ f)(x0)

=
∪

ε1≥0,ε2≥0
ε1≈0,ε2≈0

∪

T∈∂ε1g(f(x0))

∂ε2(T ∘ f)(x0)

=
∪

ε1≥0,ε1≈0

∪

T∈∂ε1g(f(x0))

∪

ε2≥0,ε2≈0

∂ε1(T ∘ f)(x0)

=
∪

ε1≥0,ε1≈0

∪

T∈∂ε1g(f(x0))

D(T ∘ f)(x0).

Assume now the hypothesis of standard entourage and let S ∈ ∘D(g ∘ f)(x0).
Then, for some infinitesimal ε, we have

(g ∘ f)∗(S) = sup
x∈dom(g∘f)

(Sx− g ∘ f(x)) ≤ Sx0 − g(x0) + ε.

By the change-of-variable formula for the Young-Fenchel transform 4.1.9 (2), with
the transfer principle taken into account, there is a standard operator T ∈ L(E, F )
such that T is positive, i.e., T ∈ L+(E, F ) and, moreover,

(g ∘ f)∗(S) = (T ∘ f)∗(S) + g∗(T ).

This implies

ε ≥ sup
x∈dom(f)

(Sx− Tf(x)) + sup
e∈dom(g)

(Te− g(e)) − Sx0 + g(f(x0))

= sup
x∈dom(f)

(Sx− Sx0 − (Tf(x) − Tf(x0)))

+ sup
e∈dom(g)

(Te− Tf(x0) − (g(e) − g(f(x0)))).
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Put
ε1 := sup

e∈dom(g)
(Te− Tf(x0) − (g(e) − g(f(x0)))),

ε2 := sup
x∈dom(f)

(Sx− Sx0 − (Tf(x) − Tf(x0))).

Clearly, S ∈ ∂ε2(T ∘ f)(x0), i.e., S ∈ ∘D(T ∘ f)(x0); and T ∈ ∂ε1(g(f(x0)), i.e.,
T ∈ ∘Dg(f(x0)) since ε1 ≈ 0 and ε2 ≈ 0. ⊳

4.6.7. Let f1, . . . , fn : X → E⋅ be convex operators and let n be a standard

number. If f1, . . . , fn are in general position then, for a point x0 ∈ dom(f1) ∩ ⋅ ⋅ ⋅ ∩
dom(fn),

D(f1 + ⋅ ⋅ ⋅+ fn)(x0) = Df1(x0) + ⋅ ⋅ ⋅+ Dfn(x0)

holds.

⊲ The proof consists in applying 4.6.3 and the rule 4.2.7 for ε-subdifferentiation
of a sum with due regard to the fact that the sum of a standard number of infinites-
imal summands is infinitesimal again. ⊳

4.6.8. Let f1, . . . , fn : X → E⋅ be convex operators and let n be a standard

number. Assume that f1, . . . , fn are in general position, E is a vector lattice, and

x0 ∈ dom(f1 ∨ ⋅ ⋅ ⋅∨ fn). If F is a standard K-space and T ∈ L+(E, F ) is a positive

linear operator then an element S ∈ L(X,F ) serves as an infinitesimal subgradient

of the operator T ∘ (f1 ∨ ⋅ ⋅ ⋅∨ fn) at the point x0 if and only if the following system

of conditions is compatible:

T =
n∑

k=1

Tk, Tk ∈ L(E, F ) (k := 1, . . . , n),

n∑

k=1

Tkx0 ≈ T (f1(x0) ∨ ⋅ ⋅ ⋅ ∨ fn(x0)),

S =
n∑

k=1

D(Tk ∘ fk)(x0).

⊲ Define the following operators:

(f1, . . . , fn) : X → (En)⋅, (f1, . . . , fn)(x) := (f1(x), . . . , fn(x));

ϰ : En → E, ϰ(e1, . . . , en) := e1 ∨ ⋅ ⋅ ⋅ ∨ en.



The Apparatus of Subdifferential Calculus 261

Then the representation

T ∘ f1 ∨ ⋅ ⋅ ⋅ ∨ fn = T ∘ ϰ ∘ (f1, . . . , fn)

is valid. By taking 4.6.5 into account and recalling that T ∘ϰ is a sublinear operator,
we deduce the sought fact. ⊳

4.6.9. Let X be a vector space, let E be some K-space, and let 𝔄 be a weakly
order bounded set in L(X,E). Look at the regular convex operator

f = ε𝔄 ∘ ⟨𝔄⟩e;

where, as usual, ε𝔄 is the canonical sublinear operator

ε𝔄 : l∞(𝔄, E) → E, ε𝔄(f) := sup f(𝔄)

and, for e ∈ l∞(𝔄, E), the affine operator ⟨𝔄⟩e acts by the rule

⟨𝔄⟩ex := ⟨𝔄⟩x + e, ⟨𝔄⟩x : T ∈ 𝔄 → Tx.

4.6.10. Let g : E → F ⋅ be an increasing convex operator acting into a standard

K-space F ; assume that, in the image f(X), there is an algebraically internal point

of dom(g); and let x0 be an element in X such that f(x0) ∈ dom(g). Then the

representation

D(g ∘ f)(x0)

= {T ∘ ⟨𝔄⟩ : T ∘�𝔄 ∈ Dg(f(x0)), T ≥ 0, T ∘�𝔄f(x0) ≈ T ∘ ⟨𝔄⟩ex0}
holds.

⊲ If S ∈ D(g ∘ f)(x0) then, by 4.6.3, we have S ∈ ∂ε(g ∘ f)(x0) for some
ε ≈ 0. It remains to appeal to the respective rule of ε-differentiation. If T ≥ 0,
T ∘�𝔄 ∈ Dg(f(x0)), and T ∘�𝔄f(x0) ≈ T ∘ ⟨𝔄⟩ex0 then, for some ε ≈ 0, we surely
have T ∘�𝔄 ∈ ∂εg(f(x0)). In addition put δ := T ∘�𝔄f(x0) − T ∘ ⟨𝔄⟩ex0. Then
δ ≥ 0 and δ ≈ 0 by hypothesis. Hence, T ∘ ⟨𝔄⟩ ∈ ∂ε+δ(g ∘ f)(x0). It remains to
observe that ε + δ ≈ 0. ⊳

4.6.11. Under the assumptions of 4.6.10, let the mapping g be a sublinear

Maharam operator. Then

D(g ∘ f)(x0) =
∪

T∈Dg(f(x0))

∪

δ≥0,T δ≈0

T (∂δf(x0)).
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⊲ In virtue of 4.6.5 we can assume that g := T . If, for every x ∈ X , we have

Cx− Cx0 ≤ f(x) − f(x0) + δ

and Tδ ≈ 0 then the inclusion

TC ∈ ∂Tδ(T ∘ f)(x0) ⊂ D(T ∘ f)(x0)

is beyond question. In order to complete the proof, take S ∈ D(T ∘ f)(x0). By
virtue of 4.6.3, there is an infinitesimal ε such that S ∈ ∂ε(T ∘ f)(x0). Appealing
to the respective rule 4.5.6 for ε-differentiation, we find a δ ≥ 0 and a C ∈ ∂δf(x0)
such that Tδ ≤ ε and S = TC. That is what we need. ⊳

4.6.12. Let A be some set and let (fα)α∈A be a uniformly regular family of

convex operators. Then the representations

D(
∑

α∈A

fα)(x0) =
∪

ε∈l1(A,E)

∑

α∈A

∂ε2fα(x0),

D(sup
α∈A

fα)(x0) =
∪

{
∑

α∈A

πα∂εαfα)(x0) : 0 ≤ πα ≤ 1E ,

∑

α∈A

πα = 1E ,
∑

λ∈A

παfα(x0) ≈ sup
α∈A

fα(x0),
∑

α∈A

παεα ≈ 0

}

hold.

⊲ The proof is immediate from 4.6.11 with use made of the rules for disinte-
gration 4.5.7 (1), (2). ⊳

4.6.13. It is useful to observe that the formulas 4.6.7–4.6.12 admit refinements
analogous to 4.6.6 in the case of standard entourage (with the possible exception
of the point x0). Emphasize also that, following the above-presented patterns, we
can deduce a large spectrum of various formulas of subdifferential calculus (dealing
with convolutions, Lebesgue sets, etc.).

4.6.14. Let, as above, f : X → E⋅ be a convex operator acting into a standard
K-space E and let X := X (⋅) be a generalized point in dom(f), i.e. a net of
elements in dom(f). We say that an operator T ∈ L(X,E) is an infinitesimal
gradient of f at the generalized point X if, for some positive infinitesimal ε,

f∗(T ) ≤ lim inf(TX − f(X )) + ε
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is true. (Here, of course, the rule TX := T ∘ X is presumed.) Thus, under the
hypothesis of standard entourage, an infinitesimal subgradient is merely a support
operator at a generalized point. Agree to denote by the symbol Df(X ) the totality
of all infinitesimal subgradients of f at X . For a good (and obvious) reason, this set
is called the infinitesimal subdifferential of f at X . Expose the proof of two main
rules for subdifferentiation at a generalized point which are of profound interest,
since no exact formulas for the respective ε-subdifferentials are known.

4.6.15. Let f1, . . . , fn be a collection of standard convex operators in general

position and let a generalized point X belong to dom(f1) ∩ ⋅ ⋅ ⋅ ∩ dom(fn). Then

D(f1 + ⋅ ⋅ ⋅ + fn)(X ) = Df1(X ) + ⋅ ⋅ ⋅ + Dfn(X ).

⊲ Let Tk ∈ Dfk(X ) for k := 1, . . . , n, i.e.,

f∗
k (Tk) ≤ lim inf(TkX − fk(X )) + εk

for suitable infinitesimals ε1, . . . , εn. In this case,

(f1 + ⋅ ⋅ ⋅+ fn)∗(T1 + ⋅ ⋅ ⋅+ Tn) ≤
n∑

k=1

f∗
k (Tk)

≤
n∑

k=1

lim inf(TkX − fk(X )) + εk

≤ lim inf
n∑

k=1

(TkX − fk(X )) +
n∑

k=1

εk

by the usual properties of the Young-Fenchel transform and lower limit. It remains
to observe that ε1 + ⋅ ⋅ ⋅+ εn ≈ 0 and to conclude the validity of the inclusion ⊃ for
the sets in the equality under consideration.

To verify the reverse inclusion, after reducing everything to the case n = 2, we
take T ∈ D(f1 + f2)(X ). Then, for some ε ≈ 0, T1, and T2 such that T1 + T2 = T ,
we have

(f1 + f2)∗(T ) = f∗
1 (T1) + f∗

2 (T2),

f∗
1 (T1) + f∗

2 (T2) − lim inf(TX − (f1 + f2)(X )) ≤ ε.

Put by definition:

δ1 := f∗
1 (T1) − lim inf(T1X − f1(X )),
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δ2 := f∗
2 (T2) − lim inf(T2X − f2(X )).

It is seen that, for k := 1, 2, the inequalities

0 ≤ sup
x∈dom(fk)

(Tkx− fk(x)) − lim sup(TkX − fk(X )) ≤ δk

hold. Hence, it remains to verify that δ1 and δ2 are infinitesimal. We have

δ1 + δ2 ≤ ε + lim inf(TX − (f1 + f2)(X )) −
2∑

k=1

lim inf(TkX − fk(X ))

≤ (ε + limsup(T1X − f1(X )) − lim inf(T1X − f1(X )))

∧(ε + lim sup(T2X − f2(X )) − lim inf(T2X − f2(X )))

≤ (ε + f∗
1 (T1) − lim inf(T1X − f1(X )))

∧(ε + f∗
2 (T2) − lim inf(T2X − f2(X ))) ≤ ε + δ1 ∧ δ2.

It follows 0 ≤ δ1 ∨ δ2 ≤ ε, which completes the proof. ⊳
4.6.16. Let F be a standard K-space and let g : E → F ⋅ be an increasing

convex operator. If the sets X × epi(g) and epi(f)×F are in general position then,

for a generalized point X in dom(g ∘ f), the equality

D(g ∘ f)(X ) =
∪

T∈Dg(f(X ))

D(T ∘ f)(X )

holds.

⊲ If we know that

(T ∘ f)∗(S) ≤ lim inf(SX − T ∘ f(X )) + ε1,

g∗(T ) ≤ lim inf(T ∘ f(X ) − g ∘ f(X )) + ε2

for some infinitesimals ε1 and ε2 then

(g ∘ f)∗(S) ≤ (T ∘ f)∗(S) + g∗(T )

≤ lim inf(SX − T ∘ f(X )) + ε1 lim inf(T ∘ f(X ) − g ∘ f(X )) + ε2

≤ lim inf(SX − g ∘ f(X )) + ε1 + ε2.
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Consequently, S ∈ D(g ∘f)(X ) and the right-hand side of the formula under study
symbolizes the set included into the left-hand side.

In order to complete the proof, take S ∈ D(g ∘ f)(X ). Then there are an in-
finitesimal ε and an operator T such that

(g ∘ f)∗(S) = (T ∘ f)∗(S) + g∗(T ) ≤ lim inf(SX − g ∘ f(X )) + ε.

Put
δ1 := (T ∘ f)∗(S) − lim inf(SX − T ∘ f(X )),

δ2 := g∗(T ) − lim inf(T ∘ f(X ) − g ∘ f(X )).

Taking the properties of upper and lower limits into account, we deduce, first,

δ1 ≥ (T ∘ f)∗(S) − lim sup(SX − T ∘ f(X )) ≥ 0,

δ2 ≥ g∗(T ) − lim sup(T ∘ f(X ) − g ∘ f(X )) ≥ 0,

and, second,

δ1 + δ2 ≤ lim inf(SX − g ∘ f(X )) + ε− lim inf(SX − Tf(X ))

− lim inf(T ∘ f(X ) − g ∘ f(X ))

≤ (lim sup(SX − T ∘ f(X )) − lim inf(SX − T ∘ f(X )) + ε)

∧(lim sup(T ∘ f(X ) − g ∘ f(X )) − lim inf(T ∘ f(X ) − g ∘ f(X )) + ε)

≤ δ1 ∧ δ2 + ε

since the obvious inequalities

lim sup(T ∘ f(X ) − g ∘ f(X )) ≤ g∗(T ),

lim sup(SX − T ∘ f(X )) ≤ (T ∘ f)∗(S)

are valid. Thus, 0 ≤ δ1∨δ2 ≤ ε, δ1 ≈ 0, and δ2 ≈ 0. This means that T ∈ Dg(f(X ))
and S ∈ D(T ∘ f)(X ). ⊳
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4.7. Comments

4.7.1. The Young-Fenchel transform has a long history which is well exposed
in [4, 153, 187, 349]. In a modern form, it was introduced by Fenchel for a finite-
dimensional space and further by Brfinsted and Moreau for the infinite-dimensional
case. For operators with values in a vector lattice, the Young-Fenchel transform
appeared in V. L. Levin [263] and M. Valadier [397]. S. S. Kutateladze [240] created
the algebraic variant of calculus of conjugate operators, see also [98, 263]. Joining
the methods developed in that work and the method of general position led to the
“continuous” calculus exposed in this chapter.

The notion of a conjugate function is close to the Legendre transform (see [349]).
Basing on this, some authors prefer to speak of the Legendre transform (see [1]).

4.7.2. The notion of an ε-subdifferential for scalar functions was introduced
by R. Rockafellar [349]. Further results for scalar case can be found in [16, 77,
96]. The general ε-subdifferentiation in the class of convex operators is developed
in S. S. Kutateladze [219, 239, 242]. Some rules for ε-subdifferentiation are inde-
pendently proved in [383, 384].

4.7.3. The fundamental role of semicontinuity in convex analysis is reflected
in [1, 96, 153, 349]. For vector-valued mappings, there are various notions of semi-
continuity. The definition given in 4.3.3 and the main results of Sections 4.3.8–
4.3.10 were first published in the authors’ book [226]. The problem of involutiv-
ity for the Young-Fenchel transform in the class of convex operators was investi-
gated in J. M. Borwein, J.-P. Penot, and M. Thera [45] and in J.-P. Penot and
M. Thera [328]. The subdifferential of a convex vector-valued function was first
considered by V. L. Levin [109, 263].

4.7.4. In a large series of works published from 1949 to 1961, D. Maharam
worked out an original approach to the study of vector measures and positive op-
erators in functional spaces (see the survey [285]). The fragment of the Maharam
theory connected with the Radon-Nikodým theorem was extended to the case of
positive operators in vector lattices by W. A. Luxemburg and A. R. Schep [281]. The
sublinear Maharam operators were introduced and studied in A. G. Kusraev [202,
212]. Theorem 4.4.10 was established by A. G. Kusraev; for linear operators, it
is published in [202]. The theorem means that, in essence, every sublinear Ma-
haram operator is an o-continuous increasing sublinear functional in a suitable
Boolean-valued model. Theorem 4.4.9 for functionals was established in a work by
B. Z. Vulikh and G. Ya. Lozanovskĭı [405].
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4.7.5. Disintegration in K-spaces exposed in 4.5.2 and 4.5.3 was developed
by A. G. Kusraev in [212, 214]. Theorem 4.5.8 is proved by M. Neumann [305].
In the scalar case, it transforms into the well-known result by W. Strassen. In
the voluminous literature on subdifferentiation and the Young–Fenchel transform
for convex integral functionals, we point out the monographs by A. D. Ioffe and
V. M. Tikhomirov [153], C. Castaing and M. Valadier [61], and V. L. Levin [264]
where further references and comments can be found as well.

The idea proposed in 4.5.10 is originated from D. Maharam. To some extend,
it is realized in A. G. Kusraev [215].

4.7.6. The material of Section 4.6 is taken from S. S. Kutateladze [251].



Chapter 5

Convex Extremal Problems

The conventional field of application for convex analysis is the theory of extremal
problems. The respective tradition ascends to the classical works of L. V. Kan-
torovich, Karush, and Kuhn and Tucker. Now we will touch the section of the
modern theory of extremal problems which is known as convex programming. The
exposition to follow is arranged so that everywhere we deal with multiple criteria
optimization, i.e. the extremal problems with vector-valued objective functions are
treated, whereas the bulk of the presented material is of use for analyzing scalar
problems (those with a single target).

The characteristic particularity of the problems of multiple criteria optimiza-
tion consists in the fact that, while seeking for an optimum solution, we must take
account of different utility functions contradictory to each other. At this juncture
it is as a rule impossible to distinguish a separate objective without ignoring the
others and thus changing the initial statement of the problem. The indicated cir-
cumstance leads to the appearance of specific questions that are not typical of the
scalar problems: what should be meant by a solution to a vector program; how
can different interests be harmonized; is such a harmonization possible in principle;
etc.? At this juncture we discuss various conceptions of optimality for multiple
criteria problems; the ideal and generalized optima, the Pareto optimum, as well as
the approximate and infinitesimal optima.

The apparatus of subdifferential calculus presents an effective tool for ana-
lyzing extremal problems. The change-of-variable formulas for the Young-Fenchel
transform are applied to justification of numerous versions of the Lagrange princi-
ple: an optimum in a multiple criteria optimization problems is a solution to an
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unconstrained problem for a suitable Lagrangian. With the aid of ε-subdifferential
calculus we deduce optimality criteria for approximate and infinitesimal solutions
together with those for Pareto optima. We pay the main attention to the general
conceptual aspects, leaving aside those that are thoroughly dealt with in the vast
literature on the theory of extremal problems.

5.1. Vector Programs. Optimality

In this section we discuss different notions of optimality in problems of vector
optimization.

5.1.1. Let X be a vector space, E be an ordered vector space, f : X → E⋅

be a convex operator, and C ⊂ X be a convex set. We define a vector (convex )
program to be a pair (C, f) and write it as

x ∈ C, f(x) → inf .

A vector program is also commonly called a multiple objective or multiple criteria
extremal (optimization) problem. An operator f is called the objective of the pro-
gram and the set C, the constraint. The points x ∈ C are referred to as feasible
elements or scarser feasible plans. The indicated notation of a vector program re-
flects the fact that we consider the following extremal problem: find a greatest
lower bound of the operator f on the set C. In the case C = X we speak of an
unconstrained problem or a problem without constraints.

Constraints in an extremal problem can be posed in different ways, for example,
in the form of equation or inequality. Let g : X → F ⋅ be a convex operator,
� ∈ L(X, Y ), and y ∈ Y , where Y is a vector space and F is an ordered vector
space. If the constraints C1 and C2 have the form

C1 := {x ∈ C : g(x) ≤ 0},
C2 := {x ∈ X : g(x) ≤ 0, �x = y};

then instead of (C1, f) and (C2, f) we respectively write (C, g, f) and (�, g, f), or
more expressively,

x ∈ C, g(x) ≤ 0, f(x) → inf;

�x = y, g(x) ≤ 0, f(x) → inf.
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5.1.2. An element e := infx∈C f(x) (if exists) is called the value of the program
(C, f). It is clear that e = −f∗(0). A feasible element x0 is called an ideal optimum
(solution) if e = f(x0). Thus, x0 is an ideal optimum if and only if f(x0) is the
least element of the image f(C), i.e., f(C) ⊂ f(x0) + E+.

We can immediately see from the definitions that x0 is a solution of the un-
constrained problem f(x) → inf if and only if the zero operator belongs to the
subdifferential ∂f(x0):

f(x0) = inf
x∈X

f(x) ↔ 0 ∈ ∂f(x0).

In the theory of extremum we distinguish local and global optima. This differ-
ence is not essential for us, since we will consider only the problems of minimizing
convex operators on convex sets. Indeed, let x0 be an ideal local optimum for the
program (C, f) in the following (very weak) sense: there exists a set U ⊂ X such
that 0 ∈ coreU and

f(x0) = inf{f(x) : x ∈ C ∩ (x0 + U)}.

Given an arbitrary h ∈ C, choose 0 < ε < 1 so as to have ε(h − x0) ∈ U . Then
z ∈ C ∩ (x0 + U) for z := x0 + ε(h − x0) = (1 − ε)x0 + εh, whence f(x0) ≤ f(z).
Hence, f(x0) ≤ (1 − ε)f(x0) + εf(h) or f(x0) ≤ f(h).

5.1.3. Considering simple examples, we can check that ideal optimum is ex-
tremely rare. This circumstance impels us to introduce various concepts of opti-
mality suitable for these or those classes. Among them is approximate optimality
which is useful even in a scalar situation (i.e., in problems with a scalar objective
function).

Fix a positive element ε ∈ E. A feasible point x0 is called an ε-solution
(ε-optimum) of the program (C, f) if f(x0) ≤ e + ε, where e is the value of the
program. Thus, x0 is an ε-solution of the program (C, f) if and only if x0 ∈ C and
f(x0) − ε is a lower bound of the image f(C), or which is the same, f(C) + ε ⊂
f(x0) + E+. It is obvious that a point x0 is an ε-solution of the unconstrained
problem f(x) → inf if and only if zero belongs to ∂εf(x0):

f(x0) ≤ inf
x∈X

f(x) + ε ↔ 0 ∈ ∂εf(x0).

5.1.4. We call a set 𝔄 ⊂ C a generalized ε-solution of the program (C, f) if
infx∈𝔄 f(x) ≤ e + ε, where, as above, e is the value of the program. If ε = 0,
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then we speak simply of a generalized solution. Of course, a generalized ε-solution
always exists (for instance, 𝔄 = C); but we however try to choose it as least as
possible. A minimal (by inclusion) generalized ε-solution is an ideal ε-optimum,
for 𝔄 = {x0}. Any generalized ε-solution is an ε-solution of some vector convex
program. Indeed, consider the operator F : X𝔄 → E𝔄 ∪ {+∞} acting by the rule
(α ∈ 𝔄, χ ∈ X𝔄):

F (χ) : α �→
{

f(χ(α)) if imχ ⊂ dom f,

+∞ if imχ ∕⊂ dom f .

Let χ0 ∈ X𝔄 and χ0(α) = α (α ∈ 𝔄), and suppose (without loss of generality) that
F (χ0) ∈ l∞(𝔄, E).

Now take μ ∈ ∂ε𝔄(−F (χ0)), where ε𝔄 : l∞(𝔄, E) → E is the canonical
operator (see 2.1.1). According to 2.1.5, we have

μ ≥ 0, μ ∘�𝔄,E = IE ,

μ ∘ F (χ0) = −ε𝔄(−F (χ0)) = inf
x∈𝔄

f(x).

If 𝔄 is a generalized ε-solution then

μ ∘ F (χ) ≥ −ε𝔄(−F (χ)) = inf
α∈𝔄

f(α) ≥ inf
x∈C

f(x)

≥ inf
α∈𝔄

f(α) − ε = μ(F (χ0)) − ε

for χ ∈ C𝔄. Consequently, χ0 is an ε-solution of the program

χ ∈ C𝔄, F (χ) → inf .

Conversely, if χ0 is an ε-solution of the last problem then

μ ∘ F (χ0) ≤ μ ∘ F ∘�𝔄,X(x) + ε = μ ∘�𝔄,E ∘ f(x) + ε = f(x) + ε

for every x ∈ C . Thus, the following relations hold:

inf
α∈𝔄

f(α) = μ ∘ F (χ0) ≥ inf
x∈C

f(x) + ε,

i.e., 𝔄 is a generalized ε-solution of the program (C, f).
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From what was said above we can conclude, in particular, that a set 𝔄 ⊂ X is
a generalized ε-solution of the unconstrained problem f(x) → inf if and only if the
following system of equations is compatible:

μ ∈ L+(l∞(𝔄, E), E), μ ∘�𝔄,E = IE ;

μ ∘ F (χ0) = inf
α∈𝔄

f(α), 0 ∈ ∂ε(μ ∘ F ) (χ0).

5.1.5. The above-considered concepts of optimality are connected with a great-
est lower bound of the objective function on the set of feasible elements, i.e., with
the value of the program. The notion of minimal element leads to a principally
different concept of optimality.

Here it is convenient to assume that E is a preordered vector space, i.e., the
cone of positive elements is not necessarily sharp. Thereby the subspace E0 :=
E+ ∩ (−E+), generally speaking, does not reduce to the zero element alone. Given
u ∈ E0, we denote

[u] := {v ∈ E : u ≤ v, v ≤ u}.
The notation u ∼ v means that [u] = [v].

A feasible point x0 is called Pareto ε-optimal in the program (C, f) if f(x0) is
a minimal element of the set f(C) + ε, i.e., if (f(x0)−E+) ∩ (f(C) + ε) = [f(x0)].
In detail, the Pareto ε-optimality of a point x0 means that x0 ∈ C and for every
point x ∈ C the inequality f(x0) ≥ f(x) + ε implies f(x0) ∼ f(x) + ε. If ε = 0,
then we simply speak of the Pareto optimality. Studying the Pareto optimality,
we often use the scalarization method , i.e., the reduction of the program under
consideration to a scalar extremal problem with a single objective. Scalarization
proceeds in different ways. We will consider one possible variant.

Suppose that the preorder ≤ in E is defined as follows:

u ≤ v ↔ (∀l ∈ ∂q) lu ≤ lv,

where q : E → ℝ is a sublinear functional. This is equivalent to the fact that the
cone E+ has the form E+ := {u ∈ E : (∀l ∈ ∂q) lu ≥ 0}. Then a feasible point x0

is Pareto ε-optimal in the program (C, f) if and only if for every x ∈ C either
f(x0) ∼ f(x) + ε, or there exists a functional l ∈ ∂q for which lf(x0) > l(f(x)+ ε).
In particular, a Pareto ε-optimal point x0 ∈ C satisfies

inf
x∈C

q(f(x) − f(x0) + ε) ≥ 0.
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The converse is not true, since the last inequality is equivalent to a weaker concept
of optimality. Say that a point x0 ∈ C is Pareto weakly ε-optimal if for every x ∈ C

there exists a functional l ∈ ∂q such that l(f(x) − f(x0) + ε) ≥ 0, i.e., if for
any x ∈ C the system of strict inequalities lf(x0) < l(f(x) + ε) (l ∈ ∂q) is not
compatible. As we can see, Pareto weak ε-optimality is equivalent to the fact that
q(f(x) − f(x0) + ε) ≥ 0 for all x ∈ C and this concept is not trivial only in the
case 0 /∈ ∂q.

5.1.6. The role of ε-subdifferentials is revealed, in particular, by the fact that
for a sufficiently small ε an ε-solution can be considered as a competitor for a “prac-
tical optimum,” “practically exact” solution to the initial problem (see 5.1.3–5.1.5).
As was mentioned, the rules for calculating ε-subdifferentials found in 4.2 yield a for-
mal apparatus for calculating the limits of exactness for a solution to the extremal
problem but do not agree completely with the practical methods of optimization in
which simplified rules for “neglecting infinitesimals” are employed.

An adequate apparatus of infinitesimal subdifferentials is developed in Sec-
tion 4.6. It is naturally connected with the concept of infinitesimal solution.
The corresponding definition is given within E. Nelson’s theory of internal sets
(see 4.6.1).

Let X be a vector space and E be an ordered vector space; moreover, suppose
that an upward-filtered set E of positive elements is selected in E. We assume
that X , E, and E are standard. Take a standard convex operator f : X → E⋅ and
a standard convex set C ⊂ X . Recall that the notation e1 ≈ e2 means that the
inequality −ε ≤ e1 − e2 ≤ ε is valid for every standard ε ∈ E .

Assume that there exists a limited value e := infx∈C f(x) of the program (C, f).
A feasible point x0 is called an infinitesimal solution if f(x0) ≈ e, i.e., if f(x0) ≤
f(x) + ε for every x ∈ C and every standard ε ∈ E . Taking the definition of
the infinitesimal subdifferential given in 4.6.4 and what was said in 5.1.3, we can
state the following assertion. A point x0 ∈ X is an infinitesimal solution of the
unconstrained problem f(x) → inf if and only if 0 ∈ Df(x0).

5.1.7. A generalized ε-solution introduced in 5.1.4 exists always. However,
the class of all feasible sets in which we take generalized solutions can be immense.
A generalized solution itself is an object difficult for analysis as well, for it has no
prescribed structure. In Section 5.5 we will introduce one more concept of gener-
alized solution which does not always exist but possesses nice structure properties.
We will prove one motivating assertion.
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Let X be an arbitrary set; E be some K-space, and ε, an order unit E. Then

for every bounded-below not identically +∞ mapping f : X → E⋅ there exists

a partition of unity (πξ)ξ∈� in the Boolean algebra of projections 𝔓𝔯(E) and a

family (xξ)ξ ∈ � in X such that πξf(xξ) ≤ infx∈X f(x) + ε for all ξ ∈ �.

⊲ Making use of the realization theorem for K-spaces, without loss of generality
we can assume that E is an order dense ideal in the K-space C∞(Q) and ε coincides
with the function identically equal to one on Q. Put e := inf {f(x) : x ∈ X}. Since
e ∕= +∞, we have e(t) < e(t) + 1 for all t ∈ Q0. By the definition of the exact
bounds in the K-space C∞(Q), there exists a set Q0 ⊂ Q such that Q∖Q0 is
a meager set and −∞ ∕= e(t) ≤ inf {f(x) (t) : x ∈ X} < +∞ for all t ∈ Q0. For
every t ∈ Q0 there exists xt ∈ X such that f(xt) (t) < e(t)+1 and, by continuity of e
and f(x), the inequality f(xt) (τ) < e(τ)+1 holds in some clopen neighborhood Qt

of the point t. By Zermelo’s theorem, the set Q0 is totally orderable, i.e., there is
a bijection ϕ : [0, λ) → Q0, where [0, λ) is the set of all ordinals ξ < λ. Assign

Qξ := Q(ϕξ)∖ cl
(∪

η<ξ

Qϕ(η)

)
, xξ := xϕ(ξ) (ξ ∈ [0, λ)).

Afterwards f(xξ) (t) < e(t) + ε for all t ∈ Qξ and the family (Qξ)ξ∈[0,λ) is pairwise
disjoint with a union dense in Q. If πξ is a projection corresponding to a clopen
set Qξ and � := [0, λ), then (πξ)ξ∈� and (xξ)ξ∈� are the sought families. ⊳

The above-proven proposition suggests that the family (xξ)ξ∈� together with
the partition of unity (πξ)ξ∈� should be called a generalized ε-solution of the ex-
tremal problem f(x) → inf.

5.2. The Lagrange Principle

“We can formulate the following general principle. If we seek a maximum or
a minimum of a certain function in many variables provided there exists a con-
nection between these variable given by one or several functions, then we have to
add to the function whose extremum is sought the functions giving the connection
equations multiplied by indeterminate factors and afterwards seek a maximum or
a minimum of the so-constructed sum as if the variables are independent. The
resulting equations supplement the connection equations so that all unknown could
be found.”

It was exactly what J. Lagrange wrote in his book “The Theory of Analytic
Functions” in 1797. This statement now called the Lagrange principle is ranked
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among the most important ideas forming grounds of the modern theory of extremal
problems. In this section we will justify the Lagrange principle for multiple objective
problems of convex programming.

5.2.1. We consider a vector program

�x = y, g(x) ≤ 0, f(x) → inf, (P)

where f : X → E⋅ and g : X → F ⋅ are convex operators, � ∈ L (X, Y ), y ∈ Y ,
X and Y topological vector spaces, and E and F are ordered topological vector
spaces. We always suppose (except for 2.10) that E is a K-space. Let us list
several conditions that will be of use below.

(a) The Slater condition: there exists a point x0 ∈ C for which the ele-
ment −g(x0) belongs to the interior of the cone F+.

(b) The weak Slater condition: the convex sets epi(g)∩ (C×F ) and −X ×F+

are in general position.
(c) There exists an increasing sublinear operator p : F → E such that if

g(x) ≰ 0 then p ∘ g(x) ≥ 0 for every point x ∈ C.
(d) The quasiregularity condition: the greatest lower bound of the set {{(p ∘

g(x))−}d : x ∈ C} in the Boolean algebra of bands 𝔅(E) is the zero band. In other
words, for every nonzero projection π ∈ 𝔓𝔯(E) there exists a nonzero projec-
tion π′ ≤ π and an element x′ ∈ C such that π′p ∘ g(x′) < 0.

(e) The openness condition: the subspace �(X) is complemented in Y and the
operator � : X → �(X) is open, i.e., for every neighborhood U ⊂ X about the
origin the set �(U) is a neighborhood about the origin in �(X).

(f) The continuity condition: an operator f is continuous at some point x̄ ∈ C.
A program (C, g, f) is called Slater regular (Slater weakly regular) if (a) and (f)

((b) and (f)) are satisfied. If (c), (d), and (f) are valid, then we say that the program
is quasiregular. The corresponding concepts of regularity for a program (P) are
defined in the same way, except we put C := {� = y} and, moreover, require the
openness condition (e). The continuity condition (f) can be weakened, of course,
by replacing it with the requirement that the appropriate convex sets be in general
position, but doing so would be too bulky. The meaning of the regularity conditions
will be clarified later in deriving the Lagrange principle and optimality conditions.

5.2.2. Let α ∈ L +(E), β ∈ L +(F,E), and γ ∈ L (X,E). We put by defini-
tion

L(x) := L(x, α, β, γ) := α ∘ f(x) + β ∘ g(x) + γ ∘ �x− γy.
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If α /∈ L +(E) or β /∈ L +(F,E) then we set L(x, α, β, γ) = −∞. Thereby L is
defined on the product X×L +(E)×L +(F,E)×L (Y,E), moreover, the operators
L(⋅, α, β, γ) and −L(x, ⋅, ⋅, ⋅) are convex for all x, α, β, γ. The mapping L is called the
Lagrangian of program (P) and the operators α, β, and γ, the Lagrange multipliers.

5.2.3. Let X , Y , and Z be topological vector spaces and � ∈ L (X, Y ) be

an operator satisfying the above-stated openness condition (e). Then the following

conditions are equivalent for an arbitrary operator T ∈ L (X,Z):
(1) ker(�) ⊂ ker(T );
(2) there exists a continuous linear operator S : Y → Z such that S ∘ � = T .

⊲ The implication (2) → (1) is obvious. Prove (1) → (2). It follows from (1)
that if �x1 = �x2, then Tx1 = Tx2 for all x1 and x2 ∈ X . Hence, for every
y ∈ �(X) the set T (�−1(y)) consists of the only point that will be denoted by the
symbol S0y. Thus, the equality S0y = T (�−1(y)) (y ∈ �(X)) defines the operator
S0 : �(X) → Z such that S0 ∘ � = T . If V is a neighborhood of the origin in Z,
then S−1

0 (V ) = �(T−1(V )) is a neighborhood of the origin in �(X) by continuity
of T and the openness condition for �. Consequently, S0 ∈ L (�(X), Z). If P is
a continuous projection in Y onto the subspace �(X), then the operator S := S0∘P
is the sought one. ⊳

5.2.4. In Proposition 5.2.3 the openness condition for � can be replaced by the
following one: the spaces X and �(X) are metrizable; moreover, �(X) is nonmeager
and complemented in Y . Indeed, if these requirements are satisfied then � is an
open mapping from X into �(X) (see 3.1.18).

Now if Y is a locally convex space and Z := ℝ, then we can omit the require-
ment that �(X) be complemented in Y . Indeed, the functional S0 : �(X) → ℝ

(see 2.3) can be extended as continuous linear functional S : Y → ℝ by the Hahn-
Banach theorem.

5.2.5. Let C ⊂ X be a convex set and f : X → E⋅ be a convex operator

continuous at a point x0 ∈ C. Then the sets epi(f) and C × E+ are in general

position.

⊲ We can assume that x0 = 0 and f(x0) = 0. Take arbitrary neighbor-
hoods U ′ ⊂ X and V ′ ⊂ E about the origins and a number ε′ > 0 and put
W ′ := (−ε′, ε) × U ′ × V ′. Choose a number ε > 0 and neighborhoods U ⊂ X
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and V ⊂ E about the origins so as to satisfy the conditions:

2ε < ε′, V − εV ⊂ V ′, V ∩E+ − V ∩ E+ = V,

εx0 + U ⊂ U ′, f(x0 + (1/ε)U) ⊂ V.

If (e, x, t) ∈ W := U × V × (−ε, ε) then

(x, e, t) = (εx0 + x, εf(x0 + x/ε)+ + e+, ε + t+)

−(εx0, εf(x0 + x/ε)− + e−, ε + t−).

Hence, we can see that W ⊂ H(epif) ∩W ′ − (H(C) ×E+) ∩W ′. ⊳

5.2.6. Let e ∈ E be the value of a Slater weakly regular problem (C, g, f).
Then there exist β ∈ L +(F,E) and λ ∈ L (X,E) such that

inf
x∈X

{f(x) + β ∘ g(x) + λ(x)} = e + sup
x∈C

{λ(x)}.

⊲ Consider the mapping h : X → E⋅ acting by the formula h(x) := f(x)− e+
δE(F−) ∘ gC(x), where gC := g + δF (C). We see that h is a convex operator and
inf {h(x) : x ∈ X} = 0; in other words, h∗(0) = 0. Apply the rule for calculating
the conjugate operator of a sum (see 4.1.5 (1)). The needed condition of general
position is guaranteed by 5.2.3. By virtue of the corresponding exact formula, there
exists a continuous linear operator γ′ : X → E such that

(f − e)∗ (γ′) + (δE(F−) ∘ gC)∗ (−γ′) = 0.

Now make use of the exact formula for calculating the conjugate operator of a com-
position (4.1.9 (3)). Now the needed condition of general position follows from the
Slater regularity. Thus, there is an operator β ∈ ∂δE(F−) such that

(β ∘ gC)∗ (−γ′) = (δE(F−) ∘ gC)∗ (−γ′).

Taking this fact into account, we obtain

0 = (f − e)∗ (γ) + (β ∘ gC)∗ (γ′) ≥ inf {(f − e)∗ (γ′)

+(β ∘ gC)∗ (−γ) : γ′ ∈ L (X,E)} = (f − e + α ∘ gC)∗ (0).
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The inclusion β ∈ ∂δE(F−) implies that β ≥ 0; therefore, f − e + α ∘ gC ≤
f − e + δE(F−) ∘ gC and (f − e + β ∘ gC)∗ (0) ≥ h∗(0) = 0. Finally,

(f − e + β ∘ g + δE(C))∗ (0) = 0.

Since the operator f − e + βg is continuous at some point of the set C, we can use
again the rule for calculating the dual to a sum grounding on 5.2.3. Furthermore,
we infer that there exists an operator λ ∈ L (X,E) such that

(f − e + β ∘ g)∗ (−λ) + C∗(λ) = 0.

Now using the definition of the conjugate operator, we immediately arrive at the
required relation. ⊳

5.2.7. Let e ∈ E be the value of a quasiregular problem (C, g, f). Then there

are operators α ∈ L +(E), β ∈ L +(F,E), and λ ∈ L (X,E) such that ker(α) = {0}
and

αe + sup
x∈C

{λx} = inf
x∈X

{αf(x) + βg(x) + λx}.

⊲ Consider the convex operator h : X → E⋅, h(x) := (f(x) − e) ∨ p ∘ g(x),
where e is the value of the program (C, g, f). It is clear that

0 = inf {h(x) : x ∈ C} = inf
x∈X

{h(x) + δE(C)},

or what is the same, (h + δE(C))∗ (0) = 0. In the same way as in 2.6, we have
h∗(−λ) = C∗(λ) for some λ ∈ L (X,E). Now make use of the rule for calculating
the conjugate operator of the supremum of convex operators of 4.1.5 (3). The corre-
sponding exact formula guarantees existence of orthomorphisms α, α′ ∈ Orth+(E)
and operators λ1, λ2 ∈ L (X,E) such that α + α′ = IE , −λ = λ1 + λ2, and

(α ∘ (f − e))∗ (λ1) + (α′ ∘ p ∘ g)∗ (λ2) = −δE(C)∗ (λ).

Applying exact formula 4.1.9 (3) again, we obtain

(α(f − e))∗ (λ1) + (β ∘ g)∗ (λ2) = −C∗(λ),

where β ∈ ∂(α′ ∘ p). Since α′ ∘ p is an increasing sublinear operator, we have
β ∈ L +(F,E) (see 1.4.14 (6)). By 4.1.5 (1) and the preceding formula, we have

(α ∘ (f − e) + β ∘ g)∗ (−λ) ≤ −C∗(λ).
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On the other hand,

α(f(x) − e) + βg(x) ≤ α(f(x) − e) + α′p ∘ g(x) ≤ h(x)

and, according to 4.1.2 (5), we obtain

−C∗(λ) = h∗(−λ) ≤ (α(f − e) + βg)∗ (−λ).

Thereby we arrive at the equality

C∗(λ) = −(α(f − e) + βg)∗ (−λ).

Recalling the definition of the Young-Fenchel transform, we derive

sup
x∈C

{λx} = − sup
x∈X

{−λx− αf(x) + αe− βg(x)}

= −αe + inf {αf(x) + βg(x) + λx}.

Prove that ker(α) = {0}. Denote by the letter π the projection onto the
band ker(α) ⊂ E. It is clear that πα = απ = 0. From the already-proved equality
we see that

αe + λx′ ≤ αf(x) + βg(x) + λx (x ∈ X, x′ ∈ C).

For x = x′ ∈ C we have α(f(x) − e) + βg(x) ≥ 0. Consequently,

0 ≤ π(αf(x)− αe) + πβg(x) = πβg(x) ≤ πα′pg(x) = π(IE − α)pg(x) = πpg(x).

Thus, πpg(x) ≥ 0 for every x ∈ C. By regularity, the assumption π ∕= 0 implies
existence of 0 ∕= π′ ≤ π and x′ ∈ C such that π′pg(x′) < 0 and thereby leads to
a contradiction: π′pg(x′) = π′(πpg(x′)) ≥ 0. Therefore, π = 0 or ker(α) = {0}. ⊳

5.2.8. Now we state a variant of the Lagrange principle which claims that
a finite value of a vector program is the value of the unconstrained problem for an
appropriate Lagrangian.

The Lagrange principle for the value of a vector program. Let e ∈ E

be the value of vector program (P).
(1) If program (P) is Slater weakly regular then there are operators β ∈

L +(F,E) and γ ∈ L (Y,E) such that

e = inf
x∈X

{f(x) + βg(x) + γ�x− γy}.
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(2) If program (P) is quasiregular then there exist operators α ∈ Orth+(E),
β ∈ L +(F,E), and γ ∈ L (Y,E) such that ker(α) = {0} and

αe = inf
x∈X

{αf(x) + βg(x) + γ�x− γy}.
⊲ Put C := {x ∈ X : �x = y} and apply 5.2.6. Then C∗(λ) ∕= +∞ if and

only if ker(�) ⊂ ker(λ). If the last condition is satisfied then C∗(λ) = λx0, where
x0 ∈ X and �x0 = y. It remains to use 5.2.3. Arguing so, we implicitly assume
that C ∕= ∅. In the case C = ∅ we should set γ = 0. The arguments in the second
part are the same, except that we have to use 5.2.7 instead of 5.2.6. ⊳

5.2.9. The Lagrange principle for 𝜺-solutions to vector programs.
A feasible point x0 is an ε-solution of a quasiregular vector program (P) if and

only if there are operators α ∈ Orth+(E), β ∈ L +(E,E), and γ ∈ L (Y,E) such

that ker(α) = {0}, the complementary slackness condition δ := αε + βg(x0) ≥ 0 is

satisfied, and x0 is a δ-solution of the unconstrained problem for the Lagrangian

L(x) := αf(x) + βg(x) + γ�x− γy (x ∈ X).

⊲ If x0 is an ε-solution of our program, then f(x0) ≤ e + ε. Hence, taking
5.2.8 (2) into account, we derive

αf(x0) ≤ αε + αe ≤ αε + L(x, α, β, γ) (x ∈ X);

moreover, α, β, and γ satisfy the necessary conditions.
Adding βg(x0) to both sides of the inequality, we obtain

L(x0, α, β, γ) ≤ L(x, α, β, γ) + αε + βg(x0).

For x = x0 we see that δ = αε + βg(x0) ≥ 0. Consequently,

L(x0, α, β, γ) ≤ inf
x∈X

{L(x, α, β, γ)}+ δ,

i.e., x0 is a δ-solution to the unconstrained problem L(x, α, β, γ) := L(x) → inf.
Conversely, assume that x0 is a δ-solution to the indicated problem, ker(α) =

{0}, and δ := αε + βg(x0) ≥ 0. Then

αf(x0) + βg(x0) ≤ αf(x) + βg(x) + γ�x− γy + δ (x ∈ X).

Assuming x ∈ {� = y} and g(x) ≤ 0, we can easily reduce the inequality to the
form

0 ≤ α(f(x) − f(x0)) + αε + βg(x) ≤ α(f(x) − f(x0) + ε).

Hence, the required inequality f(x0) ≤ f(x) + ε ensues, for ker(α) = {0}. ⊳
Suppose that the order in E is defined as described in 5.1.5 and, moreover, the

functional q is continuous and 0 /∈ ∂q. Then the following assertion is valid.
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5.2.10. The Lagrange principle for Pareto 𝜺-optimality. If a feasible

point x0 is Pareto ε-optimal in a Slater regular program (P), then there exist

continuous linear functionals α ∈ E′, β ∈ F ′, and γ ∈ Y ′ such that α > 0, β ≥
0, δ := αε + βg(x0) ≥ 0, and x0 is a δ-solution to the unconstrained problem for

the Lagrangian L(x, α, β, γ).
Conversely, if δ ≥ 0, x0 is a δ-solution to the unconstrained problem

L(x, α, β, γ) → inf,

and ker(α)∩E+ ⊂ {e ∈ E : q(e) = 0}, then x0 is Pareto ε-optimal in program (P).

⊲ As was mentioned in 5.1.5, given a Pareto ε-optimal point x0, we have
q(f(x) − f(x0) + ε) ≥ 0 for all x ∈ X provided that g(x) ≤ 0 and �x = �x0.
Consider the set

C := {f(x) − f(x0) + ε + α : x ∈ X, g(x) ≤ 0, �x = �x0, α ∈ E+}.
It is clear that C is convex and q(c) ≥ 0 for all c ∈ C. Applying the sandwich
theorem 3.2.15 to convex functions q and δℝ(C), we find a functional α ∈ ∂q such
that αc ≥ 0 for c ∈ C. Thereby αf(x0) ≤ αf(x) + αε whenever g(x) ≤ 0 and
�x = �x0. In other words, x0 is an α(ε)-solution to the program

�x = �x0, g(x) ≤ 0, αf(x) → inf

with the scalar objective function αf . Note that α ≥ 0, since q increases and α ∕= 0,
for 0 /∈ ∂q. By the Slater condition, the element 1 := −g(x̄) with some feasible
point x̄ is an interior point of F+ and thereby the strong order unit in F .

Put by definition

p(u) := inf {t ∈ ℝ : u ≤ t1} (u ∈ F ).

It is easy to note that p is an increasing continuous sublinear functional; further-
more, g(x) ≤ 0 if and only if pg(x) ≤ 0. Taking stock of the above, we conclude
that x0 is an α(ε)-solution to the scalar problem

�x = y, pg(x) ≤ 0, αf(x) → inf .

This problem satisfies the conditions of Theorem 5.2.8 (2). Consequently, there
exist λ, μ ∈ ℝ and γ′ ∈ Y ′ such that λ > 0, μ ≥ 0, and

λe = inf
x∈X

{λαf(x) + μpg(x) + γ′(�x− y)},
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where e is the value of the program. Hence,

−λe = (λαf + μpg + γ′(�− y))∗ (0) = (λαf + β′g + γ′(�− y))∗ (0)

for some β′ ∈ ∂(μp). Putting β := β′/λ, γ := γ′/λ, we find

e = inf
x∈X

{αf(x) + βg(x) + γ(�x− y)}.

Taking account of the inequality αf(x0) ≤ e + αε, we can write down

αf(x0) − αε ≤ e ≤ αf(x) + βg(x) + γ(�x− y) (x ∈ X),

or which is the same,

L(x0, α, β, γ) ≤ L(x, α, β, γ) + βg(x0) + αε (x ∈ X).

Taking x = x0 in this inequality, we see that δ := αε + βg(x0) ≥ 0. Thereby x0 is
a δ-solution to the unconstrained problem for the Lagrangian.

Now assume that δ := αε + βg(x0) ≥ 0 and x0 is a δ-solution to the prob-
lem L(x, α, β, γ) → inf, where 0 < α ∈ E′, 0 ≤ β ∈ F ′, γ ∈ Y ′, and 0 ≤ ε ∈ E.
Then α(ε + f(x) − f(x0)) ≥ 0 for every feasible x. Show that zero is a minimal
element of the set {f(x) − f(x0) + ε : g(x) ≤ 0, �x = y}. If x is a feasible point
and c := f(x) − f(x0) + ε ≤ 0, then αc ≤ 0 and −c ≥ 0. Thus, α(−c) = 0, i.e.,
−c ∈ ker(α) ∩ E+. By virtue of the additional assumption concerning α, we have
q(−c) = 0; therefore, lc ≤ 0 for all l ∈ ∂q. The arguments show that if a feasi-
ble point x satisfies f(x0) − ε ≥ f(x), then f(x0) − ε ≤ f(x), i.e., x0 is a Pareto
ε-optimum in problem (P). ⊳

5.3. Conditions for Optimality and
Approximate Optimality

In this section, using the above-established variants of the Lagrange princi-
ple, we derive conditions for ε-optimality, generalized ε-optimality, and Pareto ε-
optimality of vector programs. Putting ε = 0 in the assertions to be stated, we
obtain conditions for exact optimality. It is worth to emphasize that the case ε = 0
can be analysed in a somewhat different way under less restrictive constraints on
the data of the program under consideration (cf. 4.2.5). However, we will omit such
details below.
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5.3.1. Theorem. A feasible point x0 is ε-optimal in a Slater weakly regular

problem (P) if and only if the following system of conditions is compatible:

β ∈ L +(F,E), γ ∈ L (Y,E);

0 ≤ ε1, ε2 ∈ E, β ∘ g(x0) + ε ≥ ε1 + ε2;

0 ∈ ∂ε1f(x0) + ∂ε2(β ∘ g) (x0) + γ ∘ �.

⊲ Assume that the given system is compatible. Then, by Theorem 4.2.7, we
have

0 ∈ ∂ε1+ε2(f + βg + γ�) (x0),

i.e., x0 is an ε1 +ε2-optimum in the unconstrained problem f(x)+βg(x)+γ�(x) →
inf. For the feasible point x0 we have

f(x0) ≤ f(x) + βg(x) − βg(x0) + ε1 + ε2 − γ�x− γ�x0

≤ f(x) + βg(x) + ε ≤ f(x) + ε;

hence, we can see that x0 is an ε-optimum in problem (P).
Now assume that x0 is an ε-solution of the considered program. By virtue of

the Lagrange principle 5.2.8 (1), the value e ∈ E of the program (P) is the value of
the unconstrained problem for the Lagrangian L(x) := f(x) + βg(x) + γ�x− γ�x0

with appropriate Lagrange factors β ∈ L +(F,E) and γ ∈ L (Y,E). Consequently,
f(x0) − ε ≤ e = infx∈X {L(x)} ≤ L(x). This relation implies f(x0) − ε ≤ L(x0) =
f(x0) + αg(x0). Hence, the element δ := ε + βg(x0) is positive. Moreover,

0 ≤ ε + L(x) − f(x0) = f(x) + βg(x) + γ�x− (f(x0) + βg(x0) + γ�x0) + δ

for all x ∈ X and, thus,

0 ∈ ∂δ(f + β ∘ g + γ ∘ �) (x0).

Using the formula for ε-subdifferentiation of a sum (Theorem 4.2.7), we find 0 ≤
ε1, ε2 ∈ E such that ε1 + ε2 = δ and

0 ∈ ∂ε1f(x0) + ∂ε2(β ∘ g) (x0) + γ ∘ �. ⊳
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5.3.2. Theorem. A feasible point x0 is ε-optimal in a quasiregular prob-

lem (P) if and only if the following system of conditions is compatible for some

α ∈ L (E), β ∈ L (F,E), and γ ∈ L (Y,E):

α ≥ 0, β ≥ 0, ker(α) = {0},

0 ≤ ν, λ ∈ E, ν + λ ≤ αε + βg(x0),

0 ∈ ∂ν(α ∘ f) (x0) + ∂λ(β ∘ g) (x0) + γ ∘ �.

⊲ In order to prove the theorem, we have to use the Lagrange principle 5.2.9
for ε-solutions and the formula for ε-subdifferentiation of a sum given in 4.2.7. ⊳

5.3.3. If all conditions of Theorem 5.2.6 are satisfied then a feasible point x0

is ε-optimal for program (C, g, f) if and only if the following system of conditions

is compatible for some λ, μ, ν ∈ E, β ∈ L +(F,E), and γ ∈ L (X,E):

λ ≥ 0, μ ≥ 0, ν ≥ 0, λ + ν ≤ ε + βg(x0) + μ;

supx∈C {γx} ≤ γ(x0) + μ;

0 ∈ ∂λf(x0) + ∂ν(β ∘ g) (x0) + γ.

⊲ The proof can be extracted from 5.2.6 in the same way as in 5.3.1. ⊳

5.3.4. Theorem. The set of feasible points
{
x0

1, . . . , x
0
n

}
is a generalized ε-

optimum in a Slater weakly regular vector program (P) if and only if the following

system of condition is compatible:

0 ≤ ε1, ε2 ∈ E, 0 ≤ α1, . . . , αn ∈ L +(E);

0 ≤ β1, . . . , βn ∈ L (F,E), γ1, . . . , γn ∈ L (Y,E);

ε1 + ε2 ≤
n∑

k=1

βk ∘ g
(
x0
k

)
+ ε,

n∑

k=1

αk = IE ;

n∑

k=1

αk ∘ f
(
x0
k

)
= f

(
x0

1
) ∧ ⋅ ⋅ ⋅ ∧ f

(
x0
n

)
;

0 ∈ αk∂ε1f
(
x0
k

)
+ ∂ε2(βk ∘ g)

(
x0
k

)
+ γk ∘ � (k := 1, . . . , n).
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⊲ Suppose that
{
x0

1, . . . , x
0
n

}
is a generalized ε-solution of the program (P).

Assign w :=
(
f
(
x0

1
)
, . . . , f

(
x0
n

))
and assume that α ∈ ∂εn,E(−w), where

εn,E(e1, . . . , en) = e1 ∨ ⋅ ⋅ ⋅ ∨ en ((e1, . . . en) ∈ En).

According to 2.1.5 (2), there exist orthomorphisms 0 ≤ α1, . . . , αn ∈ Orth (E) such
that

α1 + ⋅ ⋅ ⋅+ αn = IE ,

n∑

k=1

αk ∘ f
(
x0
k

)
= −εn,E(−w) = f

(
x0

1
) ∧ ⋅ ⋅ ⋅ ∧ f

(
x0
n

)
,

α(e1, . . . , en) =
n∑

k=1

αkek ((e1, . . . , en) ∈ En).

Define the operators ϕ : Xn → E⋅, ψ : Xn → (Fn)⋅, and λ : Xn → Y n by the
formulas

ϕ(x1, . . . , xn) =
n∑

k=1

αk ∘ f(xk),

ψ(x1, . . . , xn) = (g(x1), . . . , g(xn)),

λ(x1, . . . , xn) = (�x1, . . . , �xk).

It is clear that ϕ and ψ are convex operators continuous at some point (x0, . . . , x0)
such that �x0 = y and λ is a continuous linear operator satisfying the openness
condition. Further, since the sets (epi(g)∩ ({� = y}×E))n and −Xn × (E+)n are
in general position; therefore, such are the sets epi(ψ)∩ ({λ = v}×En) and −Xn×
(E+)n that coincide with them up to a rearrangement of coordinates. Consequently,
the program

λu = v, ψ(u) ≤ 0, ϕ(u) → inf

is Slater weakly regular and the vector u0 =
(
x0

1, . . . , x
0
n

)
is one of its ε-solutions.

By Theorem 5.3.1, there are operators β ∈ L +(Fn, E) and γ ∈ L (Y n, E) and
elements ε1, ε2 ∈ E such that

ε1 ≥ 0, ε2 ≥ 0, β ∘ ψ(u0) + ε ≥ ε1 + ε2,

0 ∈ ∂ε1ϕ(u0) + ∂ε2(β ∘ ψ)(u0) + γ ∘ λ.
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It is clear that β and γ are determined by the collections β1, . . . , βn ∈ L +(F,E)
and γ1, . . . , γn ∈ L (Y,E) :

β(x1, . . . , xn) =
n∑

k=1

βk(xn), γ(x1, . . . , xn) =
n∑

k=1

γk(xk);

therefore, the preceding relations can be written as

ε1 + ε2 ≤
n∑

k=1

βk ∘ g
(
x0
k

)
+ ε,

0 ∈ αk∂ε1f
(
x0
k

)
+ ∂ε2(βk ∘ g)

(
x0
k

)
+ γk ∘ � (k := 1, . . . , n).

We leave justification of the converse assertion an exercise for the reader. ⊳

5.3.5. Theorem. If a feasible point x0 is Pareto ε-optimal for a Slater regular

program (P) then there exist continuous linear functionals α ∈ E′, β ∈ F ′, and

γ ∈ Y ′ and numbers ε1, ε2 ∈ ℝ such that the following system of conditions is

compatible:

α > 0, β ≥ 0, ε1 ≥ 0, ε2 ≥ 0;

ε1 + ε2 ≤ αε + β ∘ g(x0);

0 ∈ ∂ε1(α ∘ f) (x0) + ∂ε2(β ∘ g) (x0) + γ ∘ �.

Conversely, if these conditions are satisfied for some feasible point x0 and

ker(α) ∩E+ ⊂ {q = 0}, then x0 provides a Pareto ε-optimum in program (P).

⊲ The assertion of the theorem ensues readily from the Lagrange principle for
approximate Pareto optimality (see 5.2.10) with the help of the rules for subdiffer-
entiation of a sum 4.2.7. ⊳

5.3.6. Closing the section, we consider one more simple application of subd-
ifferential calculus to deriving a criterion for ε-optimality in a multistage dynamic
problem. Let X0, . . . , Xn be topological vector spaces and Gk be a nonempty con-
vex correspondence from Xk−1 into Xk, k := 1, . . . , n. The collection G1, . . . , Gn

determines the dynamic family of processes (Gk,l)k<l≤n, where Gk,l is the corre-
spondence from Xk into Xl defined by the equalities

Gk,l := Gk+1 ∘ ⋅ ⋅ ⋅ ∘Gl if k + 1 < l;
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Gk,k+1 := Gk+1 (k := 0, 1, . . . , n− 1).

It is obvious that Gk,l ∘Gl,m = Gk,m for all k < l < m ≤ n.
A path or trajectory of the considered family of processes is defined to be an

ordered collection of elements (x0, . . . , xn) such that xl ∈ Gk,l(xk) for all k < l ≤ n.
Moreover, we say that x0 is the beginning of the path and xn is its ending.

Let E be a topological K-space. Fix convex operators fk : Xk → E⋅ (k :=
0, 1, . . . , n) and convex sets D0 ⊂ X0 and DN ⊂ XN . Given a collection 𝔵 :=
(x0, . . . , xn), put

f(𝔵) =
N∑

k=1

fk(xk).

A path is called feasible if its beginning belongs to D0 and the ending, to DN . A
path 𝔵0 :=

(
x0

1, . . . , x
0
N

)
is called ε-optimal if x0

0 ∈ D0, x0
N ∈ DN , and f(𝔵0) ≤

f(𝔵) + ε for every feasible path 𝔵. A dynamic extremal problem consists in finding
an ε-optimal (or optimal in some other sense) path of the dynamical family under
consideration.

Introduce the sets

C0 := D0 ×X ; C1 := G1 ×
N∏

k=2

Xk;

C2 := X0 ×G2 ×
N∏

k=3

Xk; . . . , CN :=
N−2∏

k=0

Xk ×GN ;

CN+1 :=
N−1∏

k=1

Xk ×DN , X :=
N∏

k=0

Xk.

Let the operator f̃k : X → E⋅ be defined by the formula

f̃k(𝔵) = fk(xk) (𝔵 := (x0, . . . , xN ), k := 0, . . . , N).

5.3.7. Theorem. Suppose that convex sets

C0 × E+, . . . , CN+1 ×E+, epi(f̃0), . . . , epi(f̃N )

are in general position in the space X×E. A feasible path
(
x0

0, . . . , x
0
N

)
is ε-optimal

if and only if the following system of conditions is compatible:

0 ≤ δ, δk, εk ∈ E; αk ∈ L (Xk, E) (k := 0, . . . , N);
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δ +
N∑

k=0

δk +
N∑

k=0

εk = ε;

(αk−1, αk) ∈ ∂δkGk

(
x0
k−1, x

0
k

)− {0} × ∂εkfk
(
x0
k

)
(k := 1, . . . , N);

−α0 ∈ ∂δ0D0(x0) + ∂ε0f0(x0); αN ∈ ∂δDN (xN ).

⊲ Obviously, an ε-optimal path u :=
(
x0

0, . . . , x
0
N

)
is also an ε-solution of the

program
v ∈ C0 ∩ ⋅ ⋅ ⋅ ∩ CN+1, f(v) → inf;

consequently,

0 ∈ ∂ε

(
N∑

k=0

f̃k +
N+1∑

k=0

δE(Ck)

)

(u).

By the assumption of general position, we can apply Theorem 4.2.7 on sub-
differentiation of a sum. Hence, there are 0 ≤ εk, δk ∈ E (k := 0, . . . , N), 0 < δ :=
δN+1 ∈ E, and linear operators Ak,Bl ∈ L (X,E) for which the following relations
hold:

N∑

k=0

εk +
N+1∑

k=0

δk = ε,

Ak ∈ ∂δkCk(u) (k := 0, 1, . . . , N),

Bl ∈ ∂εl f̃l(u) (l := 0, 1, . . . , N),

0 =
N+1∑

k=0

Ak +
N∑

k=0

Bl.

It is easy to see that the operators Ak and B can be written as (B := B1 + ⋅ ⋅ ⋅ +
BN ) :

A0 = (α′
0, 0, 0, . . . , 0, 0, 0),

A1 = (α0, α
′
1, 0, . . . , 0, 0, 0),

A2 = (0,−α1, α
′
2, . . . , 0, 0, 0),

...

AN−1 = (0, 0, 0, . . . ,−αN−2, α
′
N−1, 0),

AN = (0, 0, 0, . . . , 0,−αN−1, α
′
N ),
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AN+1 = (0, 0, 0, . . . , 0, 0,−αN),

B = (−β0, β1, β2, . . . , βN−2, βN−1, βN ),

where αk, α
′
k ∈ L (Xk, E) and −βl ∈ ∂εlfl(x

0
l ) (l := 1, . . . , N). Hence, we derive

α′
k = αk − βk (k = 1, . . . , N). Afterwards, owing to the differential inclusions for

the operators Ak, for k := 1, . . . , N we can write down

(αk−1, α
′
k) = (αk−1, αk − βk) = (αk−1, αk) + (0,−βk) ∈ ∂δkGk̂

(
x0
k−1, x

0
k

)

and
(αk−1, αk) ∈ ∂δkGk

(
x0
k−1, x

0
k

)− {0} × ∂εkfk
(
x0
k

)
.

Furthermore, for k = 0 and k = N + 1 we obtain the relations

−α0 = α′
0 − β0 ∈ ∂δ0D0

(
x0

0
)

+ ∂ε0f0
(
x0

0
)
, αN ∈ ∂δN+1DN

(
x0
N

)
. ⊳

5.3.8. The dynamical extremal problem considered above is called terminal if
the objective function depends only on the terminal state:

f(𝔵) = fN (xN ) (𝔵 := (x0, . . . , xN ) ∈ X).

We assume that f is a convex operator from XN into E.
If (x0, . . . , xN ) is an ε-optimal path in a terminal problem then xN is an

ε-solution of the extremal problem

x ∈ C := C0,N (D0) ∩DN , fN (x) → inf .

It is a consequence of the fact that there obviously exists a path with beginning
a ∈ D0 and ending b ∈ C. On the other hand, if x̄ is an ε-solution of the ex-
tremal problem then x̄ ∈ G0,N (x0) for some x0 ∈ D0 and the path joining x0

and x̄ is ε-optimal. At the same time it is clear that we are interested in global
characterization of an optimal path rather than of its terminal state only. This is
the difference between the problem under consideration and any program of the
form x ∈ C, f(x) → inf.

A sequence of linear operators αk ∈ L (Xk, E) (k := 0, . . . , N) is called an
ε-characteristic of a path (x0, . . . , xN ) if the following relations hold for some 0 ≤
ε1, . . . , εN ∈ E:

ε1 + ⋅ ⋅ ⋅ + εN = ε,
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αkx− αly ≤ αkxk − αlxl + εk+1 + ⋅ ⋅ ⋅+ εl,

((x, y) ∈ Gk,l, 0 ≤ k < l ≤ N).

5.3.9. Theorem. Suppose that convex sets C0 × E+, . . . , CN+1 × E+ and
∏N−1

k=0 Xk × epi(f) are in general position. Then a feasible path (x0, . . . , xN ) is ε-

optimal if and only if for some 0 ≤ δ ∈ E there exists a δ-characteristic (α0, . . . , αN )
of the path such that the following conditions are satisfied:

ν, μ ∈ E+, ν + μ + δ = ε; α0(x0) ≤ inf
x∈D0

{α0(x)} + μ;

αN ∈ ∂νf(xN ) + ∂λDN (xN ).

⊲ The subdifferential inclusions of 5.3.7 can be rewritten as

(αk−1, αk) ∈ ∂δkG(xk−1, xk) + ∂εk−1fk−1(xk−1) × {0} (k := 0, 1, . . . , N − 1);

−α0 ∈ ∂δ0D0(x0);

αN ∈ ∂εNfN (xN ) + ∂δDN (xN ).

Hence, the claim immediately follows. ⊳

5.4. Conditions for Infinitesimal Optimality

In this section we analyze infinitesimal solutions to convex vector problems
(see Section 5.1). The necessary prerequisite is in Section 4.6.

5.4.1. A standard unconstrained program f(x) → inf has an infinitesimal solu-

tion if and only if, first, f(X) is bounded below and, second, there exists a standard

generalized solution (xε)ε∈E of the program under consideration, i.e., xε ∈ dom (f)
and f(xε) ≤ e + ε for all ε ∈ E , where e := inf f(X) is the value of the program.

⊲ By virtue of the idealization principle 4.6.1 (4), transfer principle 4.6.1 (3),
and 4.6.3, we derive

(∃x0 ∈ X) 0 ∈ Df(x0) ↔ (∃x ∈ X) (∀stε ∈ E ) 0 ∈ ∂εf(x0)

↔ (∀st finE0 ⊂ E ) (∃x ∈ X) (∀ε ∈ E ) 0 ∈ ∂εf(x)

↔ (∀stε ∈ E ) (∃xε ∈ X) 0 ∈ ∂εf(xε)
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↔ (∀ε ∈ E ) (∃x ∈ X) (∀x ∈ X) f(xε) ≤ f(x) + ε. ⊳

5.4.2. Consider a regular convex program

g(x) ≤ 0, f(x) → inf .

Thus, g, f : X → E⋅ (for simplicity dom (f) = dom (g) = X), for every x ∈ X

either g(x) ≤ 0 or g(x) ≥ 0, and the element g(x̄) with some x̄ ∈ X is an order unit
in E.

5.4.3. In standard entourage, a feasible interior point x0 is an infinitesimal

solution to the regular program under consideration if and only if the following

system of conditions is compatible:

α, β ∈ ∘ [0, IE], α + β = IE , ker (α) = {0};

β ∘ g(x0) ≈ 0, 0 ∈ D(α ∘ f) (x0) + D(β ∘ g) (x0).

⊲ ← In case of compatibility of the system for a feasible x and some infinites-
imals ε1 and ε2 we have

αf(x0) ≤ αf(x) + βg(x) − βg(x0) + ε1 + ε2 ≤ αf(x) + ε

for every standard ε ∈ E . In particular, α(f(x0) − f(x)) ≤ αε for ε ∈ ∘E , since
α is a standard mapping. By virtue of the condition ker (α) = {0} and general
properties of multiplicators, we see that x0 is an infinitesimal solution.

→ Let
e := inf {f(x) : x ∈ X, g(x) ≤ 0}

be the value of the program under consideration. By hypothesis and the transfer
principle, e is a standard element. Hence, employing the transfer principle again, by
the vector minimax theorem 4.1.14, we find standard multiplicators α, β ∈∘ [0, IE]
such that

α + β = IE ,

0 = inf
x∈X

{α(f(x)− e) + βg(x)}.

Arguing in a standard way, we check that ker (α) = {0}. Moreover, since x0 is an
infinitesimally optimal solution; therefore, ε = f(x0) − e for some infinitesimal ε.
Consequently, the following estimate holds for every x ∈ X :

−αε ≤ αf(x) − αf(x0) + βg(x).
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In particular, 0 ≥ βg(x0) ≥ −αε ≥ −ε, i.e., βg(x0) ≈ 0 and

0 ∈ ∂αε+βg(x0)(αf + βg) (x0) ⊂ D(αf + βg) (x0),

for αε + βg(x0) ≈ 0. ⊳

5.4.4. Consider a Slater regular program

�x = �x̄, g(x) ≤ 0, f(x) → inf;

i.e., first, � ∈ L(X,𝔛) is a linear operator with values in some vector space 𝔛,
the mappings f : X → E⋅ and g : X → F ⋅ are convex operators (for the sake
of convenience we assume dom(f) = dom(g) = X); second, F is an Archimedean
ordered vector space, E is a standard K-space of bounded elements; and, at last,
the element g(x̄) with some feasible point x̄ is a strong order unit in F .

5.4.5. Criterion for infinitesimal optimality. A feasible point x0 is an

infinitesimal solution of a Slater regular program if and only if the following system

of conditions is compatible:

β ∈ L+(F,E), γ ∈ L(𝔛, E), γg(x0) ≈ 0,

0 ∈ Df(x0) + D(β ∘ g)(x0) + γ ∘ �.

⊲ ← In case of compatibility of the system, for every feasible point x and some
infinitesimals ε1 and ε2, we have

f(x0) ≤ f(x) + ε1 + βg(x) − βg(x0) + ε2 − γ�x + γ�x0

≤ f(x) + ε1 + ε2 − βg(x0) ≤ f(x) + ε

for every standard ε ∈ E .
→ If x0 is an infinitesimal solution, then it is also an ε-solution for an ap-

propriate infinitesimal ε. It remains to appeal to the corresponding criterion for
ε-optimality. ⊳

5.4.6. A feasible point x0 is called Pareto infinitesimally optimal in pro-
gram 5.4.4 if x0 is Pareto ε-optimal for some infinitesimal ε (with respect to the
strong order unit 1E of the space E), i.e., if f(x) − f(x0) ≤ −ε1E for a feasible x,
then f(x) − f(x0) = ε1E for ε ∈ μ(ℝ+).
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5.4.7. Suppose that a point x0 is Pareto infinitesimally optimal in a Slater

regular program. Then the following system of conditions is compatible for some

linear functionals α, β, and γ on the spaces E, F , and 𝔛 respectively:

α > 0, β ≥ 0, βg(x0) ≈ 0,

0 ∈ D(α ∘ f)(x0) + D(β ∘ g)(x0) + γ ∘ �.

If, in turn, the above relations are valid for some feasible point x0, α(1E) = 1
and ker (α) ∩E+ = {0}, then x0 is a Pareto infinitesimally optimal solution to the

program under consideration.

⊲ The first part of the claim ensues from the usual conditions of Pareto
ε-optimality with the above-mentioned properties of infinitesimals taken into ac-
count. Now, if the hypothesis of the second part of the claim is valid then, appealing
to the definitions, for every feasible x ∈ X we derive

0 ≤ α(f(x) − f(x0)) + βg(x) − βg(x0) + ε1 + ε2

≤ α(f(x) − f(x0)) + ε1 + ε2 − βg(x0)

for appropriate infinitesimals ε1 and ε2. Put ε := ε1 + ε2 − βg(x0). It is clear that
ε ≈ 0 and ε ≥ 0. Now if f(x) − f(x0) ≤ −ε1E for a feasible x, then we obtain
the equality α(f(x0) − f(x)) = ε. In other words, α(f(x̄) − f(x) − ε1E) = 0 and
f(x̄) − f(x) = ε1E . The latter just means that x̄ is a Pareto ε-optimal solution. ⊳

5.4.8. Following the above pattern, one can obtain tests of infinitesimal so-
lutions for the other basic forms of convex programming problems; for instance,
one can derive nonstandard analogs of the characteristic theorem for naturally-
defined infinitesimally optimal paths in multistage terminal dynamic problems (see
5.3.6–5.3.9).

5.5. Existence of Generalized Solutions

Here we introduce the concept of generalized solution to a vector program
which was mentioned in 5.1.7. We establish a vector-valued variant of Ekeland’s
theorem; afterwards we give some its applications to studying generalized solutions
and ε-subdifferentials.
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5.5.1. In this subsection Q is assumed to be an extremally disconnected com-
pact set and E, the universally complete (extended) K-space C∞(Q), i.e., the space
of continuous functions from Q into ℝ taking the values ±∞ only on meager sets.
For simplicity we assume that the compact set Q satisfies the following regularity
condition: the intersection of any countable set of dense open subsets of Q con-
tains some dense open set. Throughout this section X is a Banach space. Denote
by the symbol C∞(Q,X) the set of all continuous mappings z : dom (z) → X ,
where dom(z) is a certain dense open subset in Q (particularly, for every z). In-
troduce the addition operation in C∞(Q,X) according to the following rule: if
dom (z1)∩ dom (z2) = Q0 then dom (z1 + z2) = Q0 and (z1 + z2) (t) = z1(t) + z2(t)
for all t ∈ Q0. Moreover, put (λz) (t) = λ ⋅ z(t) (t ∈ dom (z)), where λ is a num-
ber. The mappings z1, z2 ∈ C∞(Q, X) are said to be equivalent if they coincide
on dom (z1) ∩ dom (z2). At last, denote by E(X) the quotient set of C∞(Q,X)
by the above-indicated equivalence relation. The usual translation of operations
from C∞(Q,X) makes E(X) into a vector space. For every u ∈ C∞(Q,X) the func-
tion t �→ ∥u(t)∥ (t ∈ dom(u)) is continuous and determines a unique element of the
space E := C∞(Q) which is one and the same for equivalent u and v ∈ C∞(Q,X).
Now given z ∈ E(X), define the element

z
∈ E according to the rule

z
(t) = ∥u(t)∥ (u ∈ z, t ∈ dom (u)).

It is easy to check the following properties of the mapping
⋅: E(X) → E:

(1)
z
≥ 0;

z
= 0 ↔ z = 0;

(2)
z1 + z2

≤z1
+

z2
;

(3)
λz

= ∣λ∣ ⋅z.
Henceforth, we shall take liberty of identifying equivalence classes z ∈ E(X)

with their representatives u ∈ z. If z ∈ E(X) and π ∈ 𝔓𝔯(E), then we denote by
the symbol πz the vector-function from dom(z) into X such that (πz) (t) = z(t)
for t ∈ Qπ ∩ dom (z) and πz(t) = 0 for t ∈ dom (z) ∖Qπ, where Qπ is a clopen
subset of Q corresponding to the projection π. Note that in this case

πz
= π

z
.

We identify each element x ∈ X with the constant mapping t �→ x (t ∈ Q) and
suppose that X ⊂ E(X). Now if (xξ) is a family in X and (πξ) is a partition of
unity in 𝔓𝔯(E), then

∑
πξxξ is a mapping from E(X) taking the value xξ on the

set Qπξ .

5.5.2. Recall (see 4.3.4) that the set of all o-bounded operators from X into E

is denoted by the symbol L0(X,E). In the case of a Banach space X the inclu-
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sion T ∈ L0(X,E) means that the set {∣Tx∣ : ∥x∥ ≤ 1} is order bounded in E

(see 4.3.4 (c)). Put by definition

T
:= sup {∣Tx∣ : x ∈ X, ∥x∥ ≤ 1}.

It is clear that the mapping
⋅ : L0 (X,E) → E satisfies the above-listed

properties 5.6.1 (1)–(3) too.

5.5.3. Theorem. The following assertions are valid:

(1) for arbitrary 0 < ε ∈ ℝ and z ∈ E(X) there exist a family (xξ) in X and

a partition of unity (πξ) in 𝔓(E) such that ∣z −∑
πξxξ∣ ≤ ε1;

(2) for every family (zξ) in E(X) and for an arbitrary partition of unity (πξ)
in 𝔓(E) there is a unique element z ∈ E(X) such that πξz = πξzξ for all ξ;

(3) the space (E(X),
⋅) is r-complete, i.e., for every sequence (zn) in E(X),

the relation r-limn,m→∞
zn − zm

= 0 implies existence of z ∈ E(X) such that

r-limn→∞
z − zn

= 0.

⊲ Take an arbitrary number ε > 0 and an element z ∈ E(X). Since dom(z) is
an dense open subset of Q; therefore, there exists a partition of unity (Qξ) in 𝔅(Q)
such that Qξ ⊂ dom (z) for all ξ. By continuity of z, the set z(Qξ) is compact in X ;
consequently, there exists a finite ε-net {xξ,1, . . . , xξ,n(ξ)} ⊂ z(Qξ) for it. It is easy
to construct clopen subsets Qξ,1, . . . , Qξ,n(ξ) ∈ 𝔅(Q) such that Qξ,k ∩Qξ,l = ∅ for
k ∕= l and xξ,k ∈ z(Qξ,k) for all 1 ≤ k ≤ n(ξ). Put

zε,ξ :=
n(ξ)∑

k=1

χQε,kxξ,k

and define zε by the condition that zε (t) = zε,ξ (t) for t ∈ Qξ. Then we have

∥z (t) − zε(t)∥ = ∥z(t) − zε,ξ(t)∥ = ∥z (t) − xξ,k∥ ≤ ε

for t ∈ Qξ,k. Hence,
z − zε

≤ ε1.

(2) If (zξ) and (πξ) satisfy the above-stated conditions, then the element z ∈
E(X) with the needed properties can be determined by the formulas

dom(z) :=
∪

{Qξ}; z(t) := zξ(t) (t ∈ Qξ),
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where Qξ is the clopen set in Q corresponding to the projection πξ.
(3) Assume that for a sequence (zn) in E (X) there exists e ∈ E+ and a nu-

merical sequence (λn) such that
zn − zm

≤ λke for n,m ≥ k. Let (Qξ)ξ∈� be
a partition of unity in 𝔅(Q) such that Qξ ⊂ dom (e) for ξ ∈ �. If πξ is a projection
in E of the form πξa = χQξ ⋅ a (a ∈ E) then

∥πξzn(t) − πξzm(t)∥ ≤ λke (t) ≤ λk∥e∥C(Qξ)

for m,n ≥ k and t ∈ Qξ.
Hence, we can see that the sequence (πξzn)n∈N is fundamental in the Banach

space C (Qξ, X) of all continuous functions from Qξ into X . Consequently, there
is a continuous function zξ : Qξ → X such that

∥πξzn(t) − zξ(t)∥ ≤ λke (t) (n ≥ k, t ∈ Qξ).

We will assume that zξ is given on the whole Q and equals zero on the complement
to Qξ.

Now define the element z ∈ E (X) so that πξ

z − zξ
= 0 for all ξ ∈ �. This

element exists according to the already-proven condition (2). Then for n ≥ k we
have

πξ
zn − z

=
πξzn − πξz

≤πξzn − πξzξ
+

πξzξ − πξz
≤ λke.

Summing over ξ, we obtain
zn − z

≤ λke for n ≥ k, i.e.,
zn − z

r-converges
to zero. ⊳

5.5.4. Throughout this subsection we denote by the symbol E the set of all
continuous functions from Q into ℝ = ℝ ∪ {±∞}. Introduce in E the partial
operations of sum and multiplication by scalars by putting (u+ v) (t) = u(t) + v(t)
and (λu) (t) = λ ⋅ u(t) (t ∈ Q0) in the case when the right-hand sides of the
relations make sense for every t in some nonmeager set Q0 ⊂ Q. The order in E

is defined pointwise, i.e., u ≤ v means that u(t) ≤ v(t) for all t ∈ Q. It is clear
that E ⊂ E, moreover, the order and the operations in E are induced from E.
Every projection π ∈ 𝔓𝔯(E) is extended onto E so that for v ∈ E the function πv

coincides with v on Qπ and vanishes on Q ∖Qπ.

5.5.5. Lower semicontinuity is introduced in the same way as in 4.3.3. Taking
account of the particularity of the situation under study, we can give the following
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definition. Take a mapping f : X → E and a point x0 ∈ X . Denote by π∞ the
projection in E for which π∞f(x0) ≡ ∞ and πd

∞f(x0) ∈ E. Say that f is lower
semicontinuous at the point x0 if for every number ε > 0 there exists a countable
partition (πn)n∈ℕ of the projection πd

∞ such that

πnf(x) ≥ πnf(x0) − ε1, πd
nf(x) ≥ (1/ε)πd

n1

for all n ∈ ℕ and x ∈ X , ∥x− x0∥ ≤ 1/n.
A mapping f : X → E is lower semicontinuous at a point x0 ∈ X if and only if

f(x0) = sup
n∈ℕ

inf {f(x) : x ∈ X, ∥x− x0∥ ≤ 1/n}.

5.5.6. Theorem. For every lower semicontinuous mapping f : X → E there

is a unique mapping f̃ : E(X) → E satisfying the conditions

(1) for arbitrary π ∈ 𝔓𝔯(E) and u, v ∈ E(X) the equality πu = πv implies

πf̃(u) = πf̃(v);
(2) f̃ is lower semicontinuous in the following sense:

(∀u ∈ E(X)) f̃(u) = sup
ε↓0

inf {f̃(v) : v ∈ E(X),
u− v

≤ ε1};

(3) f(x) = f̃(x) for all x ∈ X .

Moreover, f is convex (sublinear, or linear) if and only if f̃ is a convex (sub-

linear, or linear) mapping.

⊲ Denote by E0(X) the set of all elements z ∈ E(X) of the form z =
∑

ξ∈� πξxξ, where (πξ) is a partition of unity in 𝔓𝔯(E) and (xξ) ⊂ X . For ev-
ery such z we set

f̃(z) =
∑

ξ∈�

πξf(xξ).

Further, for an arbitrary z ∈ E(X) we set by definition

f̃(z) = sup
n∈ℕ

inf
{

f̃(z′) : z′ ∈ E0(X),
z − z′

≤ 1
n
1
}

.

Check validity of conditions (1)–(3). Let

u :=
∑

πξxξ, v =
∑

πξyξ,
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and π ∈ 𝔓𝔯(E). If πu = πv, then π ∘ πξxξ = π ∘ πξyξ; hence, xξ = yξ whenever
π ∘ πξ ∕= 0. Hence, we derive

πf(u) =
∑

π∘πξ ∕=0

π ∘ πξf(xξ) =
∑

π∘πξ ∕=0

π ∘ πξf(yξ) = πf̃(v).

For arbitrary u and v ∈ E(X) validity of the desired relation follows from the fact
that πu = πv implies

πf̃(u) = sup
n∈ℕ

inf
{

πf̃(u′) : u′ ∈ E0(X),
u− u′≤ 1

n
1
}

= sup
n∈ℕ

inf
{

πf̃(v′) :
u− u′≤ 1

n
1, πu′ = πv′

}

= sup
n∈ℕ

inf
{

πf̃(v′) :
v − v′

<
1
n
1, v′ ∈ E0(X)

}

= πf̃(v).

If z0 ∈ E(X), then, by the definition of f̃ , we have

f̃(z0) ≥ sup
n∈ℕ

inf
{

f̃(z) : z ∈ E0(X),
z − z0

≤ 1
n
1
}

= sup
n∈ℕ

inf
|z−z0|≤ 1

n1
sup
m∈ℕ

inf
{

f̃(u) : u ∈ E0(X),
u− z

≤ 1
m

1
}

≥ sup
n,m∈ℕ

inf
{

f̃(u) : u ∈ E0(X),
u− z

≤ 1
n

1;
z − z0

≤ 1
n
1
}

≥ sup
m,n∈ℕ

inf
{

f̃(u) : u ∈ E0(X),
u− z0

≤
(

1
n

+
1
m

)

1
}

= sup
ε>0

inf {f̃(u) : u ∈ E0(X),
u− z0

≤ ε1} = f̃(z0).

Consequently, f̃ is lower semicontinuous at the point z0. Finally, property (3)
immediately follows from the definition of f̃ . We see from (3) that if f̃ is a convex
operator, then f is a convex operator too. Conversely, assume that f̃ is a convex
mapping. Then the following relations hold for u =

∑
πξxξ, v =

∑
πξyξ, and

0 < λ < 1:

f̃(λu + (1 − λ)v) = f̃
(∑

πξ(λxξ + (1 − λ)yξ)
)

=
∑

πξf(λxξ + (1 − λ)yξ)

≤
∑

πξλf(xξ) +
∑

πξ(1 − λ)f(yξ)

= λf̃(u) + (1 − λ)f̃(v).
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At last, we have

f̃(λu− (1 − λ)v) = sup
n∈ℕ

inf
{

f̃(z) :
z − λu− (1 − λ)v

≤ 1
n
1
}

≤ sup
n∈ℕ

inf
{

f̃(λu′ + (1 − λ)v′) :
u− u′≤ 1

n
1,
u− u′≤ 1

n
1
}

≤ sup
n∈ℕ

inf
{

λf̃(u′) + (1 − λ) f̃(v′) :
u− u′≤ 1

n
1,
v − v′

≤ 1
n
1
}

≤ λf̃(u) + (1 − λ)f̃(v) (z, u′, v′ ∈ E0(X))

for arbitrary u, v ∈ E(X). This proves convexity of the operator f̃ . ⊳

5.5.7. An operator T ∈ L0(X,E) belongs to the subdifferential ∂εf(x) if and

only if T̃ ∈ ∂εf̃(x).

⊲ If T ∈ ∂εf(x) and z :=
∑

πξxξ ∈ E0(X), then for every ξ we have

πξTxξ − πξTx ≤ πξf(xξ) − πξf (x) + ε.

Summing this inequality over ξ, we obtain

T̃ z − T̃ x ≤ f̃(z) − f(x) + ε.

Now the following relations hold for an arbitrary u ∈ E(X):

T̃ u− T̃ x = lim inf
z∈E0(X)

z→u

(T̃u− T̃ x) ≤ lim inf
z∈E0(X)

z→u

(f̃(z) − f̃ (x)) + ε = f̃(u) − f̃(x) + ε.

Hence, T ∈ ∂εf̃(x). The converse assertion is trivial. ⊳

5.5.8. The above-proved assertion suggests the following definition. An oper-
ator T ∈ L0(X,E) is called an ε-subgradient of a convex operator f : X → E⋅ at
a point z ∈ E(X) if T̃ ∈ ∂εf̃(z). Denote by ∂εf(z) the set of all ε-subgradients of f
at a point z:

∂εf(z) : = {T ∈ L0(X,E) : T̃ ∈ ∂εf̃(z)}
= {T ∈ L0(X,E) : (∀x ∈ X) T̃ z − Tx ≥ f̃(z) − f(x) − ε}.

As usual, ∂f(z) := ∂0f(z).
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Let f : X → E⋅ be a lower semicontinuous mapping. An element z ∈ E(X) is
called a generalized ε-solution of the unconstrained problem f(x) → inf if f̃(z) ≤
infx∈X f(x)+ε. As we can see, z is a generalized ε-solution if and only if 0 ∈ ∂εf(z).
The following result claims that near to every ε-solution there exists a general-
ized ε-solution that yields an ideal optimum to a perturbed objective function.
In the case E = ℝ this fact is well-known in literature as the Ekeland variational
principle (see [96]).

5.5.9. Theorem. Let f be a lower semicontinuous mapping from X into E⋅.
Assume that f(x0) ≤ inf{f(x) : x ∈ X}+ ε for some 0 < ε ∈ E and x0 ∈ X . Then

for every invertible 0 ≤ λ ∈ E there exists zλ ∈ E(X) such that

f̃(zλ) ≤ f(x0),
zλ − x0

≤ λ,

f̃(zλ) = inf {f(x) + λ−1ε
zλ − x

: x ∈ X}.
⊲ Let π be the projection onto the band {ε}dd and assume that the desired

assertion is already proved for the mapping πf ; i.e., there is zλ ∈ E(X) such that
πf̃(z′λ) ≤ πf(x0), π

z′λ − x0
≤ λ, and πf̃(z′λ) coincides with the infimum of the

values πf̃(x) + λ−1επ
z′′λ − x

 for x ∈ X . Then the element πz′λ + πdx0 satisfies
all necessary conditions, since πdf(x0) = inf{πdf(x) : x ∈ X}. Thus, we can
henceforth assume without loss of generality that ε is an order unit in E. Define
a sequence (un) in the space E(X) by induction. We start with u0 := x0 and
assume that the term un is already defined. If

f̃(z) ≥ f̃(un) − λ−1ε
un − z



for all z ∈ E(X), then we put un+1 := un. Otherwise, we have

πf̃(z) ≤ πf̃(un) − πλ−1ε
un − z



for some element z ∈ E(X) and a nonzero projection π ∈ 𝔓𝔯(E). By 5.5.6 (1), the
element v := πz + πdun satisfies the relations

πf̃(z) = πf̃(v), πdf̃(v) = πdf̃(un);

hence,
f̃(v) ≤ f̃(un) − λ−1ε

un − v
.
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Denote the set of all v ∈ E(X) satisfying the last inequality by Vn. Assign

e :=
1
2
(f̃(un) − inf{f̃(v) : v ∈ Vn}) +

1
2n

1.

There exists a partition of unity (πξ) in 𝔓𝔯(E) and a family (vξ) in Vn such that

πξf̃(vξ) ≤ inf f̃(Vn) + e,

since e ≥ (1/2)n1. If un+1 :=
∑

πξvξ, then πξf̃(un+1) = πξf̃(vξ); therefore,

f̃(un+1) ≤ inf f(Vn) + e

and
f̃(un+1) ≤ f̃(un) − λ−1ε

un+1 − un
.

In particular, un+1 ∈ Vn. Note that

λ−1ε
un+k − un

≤ λ−1ε
un+1 − un

+ ⋅ ⋅ ⋅+ λ−1ε
un+k − un+k−1



≤ f̃(un) − f̃(un+1) + ⋅ ⋅ ⋅ + f̃(un+k−1) − f̃(un+k)

= f̃(un) − f̃(un+k).

The sequence f̃(un) decreases and is bounded below; therefore,

o- lim
n,k→∞

(f̃(un) − f̃(un+k)) = 0.

But then we have also o-limn,k→∞
un+k − u

= 0. By virtue of o-completeness of
the space E(X), there exists an element zλ ∈ E(X) for which o-limn→∞

un − zλ
=

0. By lower semicontinuity of the mapping f̃ , we have

f̃(zλ) ≤ sup inf
n≥m

f̃(un) = o- lim
n→∞ f̃(un).

Further, we put n = 0 and pass to the o-limit as k → ∞ in the inequality

λ−1ε
un − un+k

≤ f̃(un) − f̃(un+k)

to obtain

λ−1ε
x0 − zλ

≤ f(x0) − inf
n

f̃(un) ≤ f(x0) − inf{f̃(v) : v ∈ E(X)}+ ε.
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Now invertibility of the element ε yields
zλ − x0

≤ λ. Given x ∈ X , we set

πx := inf {π ∈ 𝔓𝔯(E) : πdx = πdzλ}.

Observe that x ∕= zλ only in the case when πx ∕= 0. Moreover, πd
xx = πd

xzλ. Show
that

πf̃(zλ) < πf(x) + λ−1ε
zλ − x



for all x ∕= zλ and 0 < π ≤ πx. If it is not true, then we have

πf̃(zλ) − πλ−1ε
zλ − x

≥ πf(x)

for suitable zλ ∕= x ∈ X and 0 < π ≤ πx. But then it is easily seen that f̃(w) ≤
f̃(zλ) − ελ−1zλ − w

 for the element w := πx + πdzλ. Since f̃(zλ) ≤ f̃(un) −
λ−1ε

zλ − un
for all n ∈ ℕ, we have

f̃(ω) ≤ f̃(un) − λ−1ε(
zλ − un

+
ω − zλ

) ≤ f̃(un) − λ−1ε
un − ω

.

Consequently, ω ∈ Vn for all n ∈ ℕ. On the other hand, we chose un+1 so as to
have

2f̃(un+1) − f̃(un) ≤ inf f̃(Vn) +
1
2n

1 ≤ f(w) +
1
2n

1.

Passing to the r-limit as n → ∞ and taking account of lower semicontinuity of the
mapping f̃ , we obtain f̃(zλ) ≤ o-lim f̃(un) ≤ f̃(w). Appealing to the definition
of w, we arrive at a contradiction:

f̃(zλ) ≤ f̃(w) ≤ f̃(zλ) − λ−1ε
zλ − x

< f̃(zλ).

Thus, for every x ∈ X we can write down

f̃(zλ) = πxf̃(zλ) + πd
xf̃(zλ)

≤ πxf(x) + πxλ
−1ε

zλ − x


+ πd
xf(x) ≤ f(x) + λ−1ε

zλ − x
.

Thereby, f̃(zλ) is the greatest lower bound of the range of the mapping f(x) +
λ−1ε

zλ − x
(x ∈ X). ⊳
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5.5.10. (1) In the conditions of the theorem, a somewhat stronger assertion
holds. Namely:

There exists zλ ∈ E(X) such that the mapping z �→ f̃(z)+λ−1ε
zλ − z

attains

its least value on the whole E(X) at the point zλ.

Indeed, if z :=
∑

πξxξ, then

πξ f̃(zλ) ≤ πξf(xξ) + πξλ
−1ε

zλ − xξ



for all ξ and summation over ξ leads to the inequality

f̃(zλ) ≤ f̃(z) + λ−1ε
zλ − z

.

In case of an arbitrary z ∈ E(X) we pass to the limit and make use of lower
semicontinuity of the operator f̃ .

(2) We see from the proof of the theorem that zλ possesses the following extra
property. The following inequality holds for all z ∈ E(X) and 0 < π ≤ πz, where
πz := sup {ρ ∈ 𝔓𝔯(E) : ρdzλ = ρdz}:

πf̃(zλ) < πf̃(z) + λ−1ε
zλ − z

.

If z = x ∈ X , then the assertion is contained in the proof of the theorem. If
z =

∑
πξxξ, then πz ∘ πxξ ≤ πxξ for every ξ; hence, for 0 < ρ ≤ πz we have

ρξ = ρ ∘ πxε ≤ πxξ and

ρξπf̃(zλ) ≤ ρξf(xξ) + ρξλ
−1ε

zλ − xξ

.

Summation over ξ yields

ρf̃(zλ) ≤ ρf(z) + λ−1ε
zλ − z

.

In case of an arbitrary z ∈ E(X) we have to observe that there exist a partition
of unity (πξ) and a number δ > 0 such that for all u ∈ E0(X) the inequality
u− z

< δ1 implies ππξu = ππξz for all ξ.

5.5.11. Theorem. Suppose that a mapping f : X → E⋅ is lower semicontin-

uous and bounded below, and f ∕≡ +∞. Then for every 0 < ε ∈ E there exists

zε ∈ E(X) such that

πεf̃(zε) ≤ inf {πεf(x) : x ∈ X} + ε,

πεf̃(zε) = inf {πεf(x) + ε
zλ − x

: x ∈ X},
where πε is the projection onto the band {ε}dd.
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⊲ Without loss of generality we can assume that πε = IE , i.e., ε is an order
unit in E. Then there is a partition of unity (πξ) in 𝔓𝔯(E) and a family (xξ) in X

such that πξf(xξ) ≤ infx∈X {f(x)}+ ε (see 5.1.7).
By Theorem 5.5.9 (with λ := 1), for every xξ there exists an element zξ ∈ E(X)

which satisfies the relations

πξf̃(zξ) ≤ πξf(xξ), πξ

zξ − xξ

≤ 1,

πξf̃(zξ) = inf {πξf(x) + επξ

zξ − x
; x ∈ X}.

Assign zε :=
∑

πξzξ and sum the so-obtained relations over ξ. Since πξzε = πξzξ,
we have πξ f̃(zξ) = πξf̃(zξ) (see 5.6.6 (1)). Hence, f̃(zε) ≤ inf {f(x) : x ∈ X} + ε

and
f̃(zε) = inf {f(x) + ε

zε − x
: x ∈ X},

which was required. ⊳

5.5.12. Theorem. Let f : X → E⋅ be a lower semicontinuous convex opera-

tor. Suppose that T ∈ ∂εf(x0) for some x0 ∈ X , 0 ≤ ε ∈ E, and T ∈ L0(X,E).
Then for every invertible 0 ≤ λ ∈ E there exists zλ ∈ E(X) and Sλ ∈ L0(X,E)
such that

zλ − x0
≤ λ,

Sλ − T
≤ λ; Sλ ∈ ∂f(zλ).

⊲ Put g := f − T and note that if T ∈ ∂εf(x0) then 0 ∈ ∂εg(x0), i.e.,

g(x0) ≤ inf
x∈X

{g(x)} + ε.

The mapping g satisfies all conditions of the theorem; therefore, for an invertible λ ∈
E there exists an element zλ ∈ E(X) such that

g̃(zλ) ≤ g(x0),
zλ − x0

≤ λ,

g̃(zλ) = inf {g(x) + λ−1ε
zλ − x

: x ∈ X}.
The latter relation is equivalent to the inclusion

0 ∈ ∂(g̃ − λ−1ε
zλ − (⋅)) (zλ).

By the formula for subdifferentiation of a sum, there exists an operator

Tλ ∈ ∂(λ−1ε
zλ − (⋅)) (zλ) = λ−1ε∂(

zλ − (⋅)) (zλ)
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such that −Tλ ∈ ∂g̃(zλ). Moreover, it is easy to see that

∂(
zλ − (⋅)) (zλ) = {T ∈ L(X,E) : (∀x ∈ X)Tx ≤x}

= {T ∈ L0(X,E) :
T
≤ 1};

consequently,
Tλ

 ≤ λ−1ε. Now we observe that continuity of the operator T

implies g̃ = f̃ − T̃ ; therefore, −Tλ ∈ ∂f(zλ)−T or T −Tλ ∈ ∂f(zλ). It is clear that
Sλ := T − Tλ gives what was required. ⊳

We say that a mapping f : X → E⋅ is Gâteaux differentiable at a point z ∈
E(X) if f̃(z) ∈ E and there exists an operator T ∈ L (X,E) such that

Th = o-lim
t↓0

f̃(z + th) − f̃(z)
t

for all h ∈ X . In this case we shall write f ′(z) := T .

5.5.13. Theorem. Let f : X → E⋅ be a lower semicontinuous mapping

bounded below. Suppose that f(x0) ≤ inf {f(x) : x ∈ X} + ε for some 0 < ε ∈ E

and x0 ∈ X . If the mapping f is GΘateaux differentiable at every point of the

set {z ∈ E(X) :
z − x0

≤ λ} with some 0 < λ ∈ E, then there exists an ele-

ment zλ ∈ E(X) such that

x− zλ
≤ λ, f̃(zλ) ≤ f(x0),

f ′(zλ)
≤ λ−1ε.

⊲ The mapping f satisfies the conditions of Theorem 5.5.9; therefore, there
is zλ for which

zλ − x0
≤ λ, f̃(zλ) ≤ f(x0), and

f(u) − f̃(zλ) ≥ −λ−1ε
zλ − u

 (u ∈ E(X)).

Put u := zλ + th in this relation. Then

t−1(f̃(zλ + th) − f̃(zλ) ≥ −λ−1ε∥h∥.

Passing to the limit as t → 0, we obtain f ′(zλ)h ≥ −λ−1ε∥h∥, or replacing h by −h,
f ′(zλ)h ≤ λ−1ε∥h∥. Hence,

f ′(zλ)
≤ λ−1ε. ⊳

5.6. Comments

The bibliography on the theory of extremal problems is immense. We only list
some monographs in which convex programming is presented: [4, 9, 96, 100, 121,
153, 165, 175, 256, 309, 333, 349, 365].
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5.6.1. Multiple objective optimization stems from economics and its develop-
ment is primarily connected with V. Pareto. An exhaustive survey of the subject
from 1776 to 1960 is given in W. Stadler [377]. In the fifties vector optimization en-
tered in general mathematical programming; thereby a new stage of its development
began.

Vector programs with attainable ideal solutions in the smooth case were con-
sidered by K. Ritter [345]; there are many practical examples of problems “with
beak” (i.e., those in which the ideal is attainable), see comments in [240].

The further events in the field of multiple criteria optimization are reflected
in [1, 127, 220]. In this chapter we have presented some methods for analyzing vector
programs which are based on subdifferential calculus. The concepts of generalized
solution (5.1.4) and infinitesimal solution (5.1.6) were introduced by S. S. Kutate-
ladze (see [235, 251]).

5.6.2. Profundity and universality of the Lagrange principle are fully revealed
in the monographs by A. D. Ioffe and V. M. Tikhomirov [153] and V. M. Alekseev,
V. M. Tikhomirov, and S. V. Fomin [4]. The Lagrange principle in the form of
saddle point theorem for solvable vector programs was justified in J. Zowe [431,
433]. A series of conditions for existence of simple vector Lagrangians is given
in S. S. Kutateladze and M. M. Fel′dman [234]. The Lagrange principle for the
value of a vector program (the algebraic version of 2.5.8 (1)) was first established
by S. S. Kutateladze [236]. The results of this section were never published before
in the above-presented form. The Slater condition is well known in convex analysis;
the weak Slater condition was introduced in A. G. Kusraev [198].

In proving auxiliary assertions 5.2.6 and 5.2.7, we used the method of penalty
functions (see [220]).

5.6.3. In presentation of the results on approximate optimality (5.3.1–5.3.5),
we follow S. S. Kutateladze [225, 242]. In the smooth case, Pareto optimality was
studied in the famous series by S. Smale [374].

As for dynamical extremal problems like 5.3.6 and their connection with the
models of economic dynamics see [287, 336, 364]. A principal scheme of 5.3.6–5.3.9
was published in [218].

5.6.4. Section 5.4 is based on S. S. Kutateladze’s article [251].

5.6.5. The results of Section 5.5 were obtained by A. G. Kusraev. As was
mentioned, the scalar variant of Theorem 5.5.9 is the Ekeland variational principle
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which has gained wide application to nonlinear analysis (see I. Ekeland’s survey [94]
and also [16, 65, 96]). Theorems 5.5.12 and 5.5.13 in the scalar case are related to the
celebrated Bishop-Phelps [36] and Brfinsted-Rockafellar [52] theorems (for relevant
references and comments see [138, 349]).

A powerful smooth variational principle was discovered by J. M. Borwein and
D. Preiss [46]. An extended discussion of variational principles is presented in
P. D. Loewen [276], N. Ghoussoub [128], and J.-P. Aubin and I. Ekeland [16]; we
cite also [420]. As a nice relevant topic completely outside the scope of the book
should be indicated intensive study of the differentiability properties of continuous
convex functions and subdifferentiability properties of lower semicontinuous non-
convex functions in fruitful interconnection with the geometry of Banach spaces
(for references see [276, 332]). In connection with 5.5.1–5.5.3 the theory of lattice
normed spaces and dominated (majorized) operators should be mentioned, see [216,
217, 32].



Chapter 6

Local Convex Approximations

In nonsmooth analysis there has been intensive search of convenient ways for
local one-sided approximation to arbitrary functions and sets. A principal starting
point of this search was the definition of subdifferential for a Lipschitz function
given by F. Clarke [62].

The idea behind the F. Clarke definition has an infinitesimal origin. His obser-
vation reads as follows: if one collects all directions that are feasible for all points
arbitrarily closed to the point under study, then a convex cone arises which ap-
proximates the initial set so closely that it can be successfully employed in deriving
necessary conditions for an extremum. The Clarke cone results in a flood of research
ideas and papers in nonsmooth analysis which changes drastically the scene of the
theory of extremal problems. Thus we were impelled to give some information on
the field. However, the present stage of the development is in no way close to the
culmination (contrary to the case of subdifferential calculus for convex operators
and extremal problems).

We thus decided to include only exposition of several new ideas pertaining to
local convex approximation of nonsmooth operators, which at the same time involve
tools and technique similar to those of the previous topics.

Our main goal was to explicate the infinitesimal status of the Clarke cone and
analogous regularizing and approximating cones.

6.1. Classification of Local Approximations

Tangent cones and the corresponding derivatives constructed and studied in
nonsmooth analysis are often defined by cumbersome and bulky formulas. Here we
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shall apply nonstandard analysis as a method of “killing quantifiers,” i.e. simplifying
complex formulas. Under a conventional supposition of standard entourage (in case
when the free variables are standard (see 4.6.1–4.6.5)) the Bouligand, Clarke and
Hadamard cones and the regularizing cones pertaining to them prove to be de-
termined by explicit infinitesimal constructions which appeal directly to infinitely
close points and directions. In the sequel we use the tools of nonstandard analysis
(see 6.6) without further specification (and much ado).

6.1.1. Let X be a real vector space. Alongside with a fixed nearvector topol-
ogy σ := σX in X with the neighborhood filter 𝔑σ := σ(0) of the origin, consider
a nearvector topology τ with the neighborhood filter of the origin 𝔑τ := τ(0). (Re-
call that a nearvector topology by definition provides (joint) continuity of addition
and continuity of multiplication by each scalar.) Following common practice, we
introduce a relation of infinite proximity associated with the corresponding unifor-
mity: x1 ≈σ x2 ↔ x1 − x2 ∈ μ(𝔑σ), an analogous rule acting for τ . Below, if not
otherwise stated, τ is considered to be a vector topology. In this case the monad of
the neighborhood filter σ(x) will be denoted by μ(σ(x)); while the monad μ(σ(0)),
simply by μ(σ).

6.1.2. In subdifferential calculus for a fixed set F in X and a point x′ ∈ X the
following Hadamard, Clarke, and Bouligand cones are, in particular, considered:

Ha(F, x′) :=
∪

U∈σ(x′)
α′

intτ
∩

x∈F∩U
0<α≤α′

F − x

α
;

Cl(F, x′) :=
∩

V ∈𝔑τ

∪

U∈σ(x′)
α′

∩

x∈F∩U
0<α≤α′

(
F − x

α
+ V

)

;

Bo(f, x′) :=
∩

U∈σ(x′)
α′

clτ
∪

x∈F∩U
0<α≤α′

F − x

α
,

where, as usual, σ(x′) := x′ + 𝔑. If h ∈ Ha(F, x′) then we sometimes say that F

is epi-Lipschitzian in x′ along h. Obviously,

Ha(F, x′) ⊂ Cl(F, x′) ⊂ Bo(F, x′).

6.1.3. We also distinguish the cone of hypertangents, the cone of feasible
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directions and the contingency of F at the point x′ by the following relations:

H(F, x′) :=
∪

U∈σ(x′)
α′

∩

x∈F∩U
0<α≤α′

F − x

α
;

Fd(F, x′) :=
∩

α′>0

F − x′

α′ ;

K(F, x′) :=
∩

α′
clτ

∪

0<α≤α′

F − x′

α
.

For the sake of brevity it stands to reason to assume x′ ∈ F . For instance, one can
obviously say that the cones H(F, x′) and K(F, x′) are the Hadamard and Bouligand
cones for the case in which τ or σ is the discrete topology respectively. Therefore,
throughout the sequel we assume x′ ∈ F with the following abbreviations taken to
save space:

(∀⋅x)ϕ := (∀x ≈σ x′)ϕ := (∀x)(x ∈ F ∧ x ≈σ x′) → ϕ,

(∀⋅h)ϕ := (∀h ≈τ h′)ϕ := (∀h)(h ∈ X ∧ h ≈τ h′) → ϕ,

(∀⋅α)ϕ := (∀α ≈ 0)ϕ := (∀α)(α > 0 ∧ α ≈ 0) → ϕ.

The quantifiers ∃⋅x, ∃⋅h, ∃⋅α are defined in the natural way by duality, i.e. we
assume that

(∃⋅x)ϕ := (∃x ≈σ x′)ϕ := (∃x)(x ∈ F ∧ x ≈σ x′) ∧ ϕ,

(∃⋅h)ϕ := (∃h ≈τ h′)ϕ := (∃h)(h ∈ X ∧ h ≈τ h′) ∧ ϕ,

(∃⋅α)ϕ := (∃α ≈ 0)ϕ := (∃α)(α > 0 ∧ α ≈ 0) ∧ ϕ.

We now establish that the cones under discussion are defined by simple in-
finitesimal constructions.

6.1.4. The Bouligand cone is the standardization of the ∃∃∃-cone; i.e., for

a standard element h′ we have:

h′ ∈ Bo(F, x′) ↔ (∃⋅x)(∃⋅α)(∃⋅h) x + αh ∈ F.
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⊲ The following equivalences follow from the definition of the Bouligand cone:

h′ ∈ Bo(F, x′) ↔ (∀U ∈ σ(x′))(∀α′ ∈ ℝ)(∀V ∈ 𝔑τ )(∃x ∈ F ∩ U)

(∃0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F

↔ (∀U)(∀α′)(∀V )(∃x)(∃α)(∃h)

(x ∈ F ∩ U ∧ h ∈ h′ + V ∧ 0 < α ≤ α′ ∧ x + αh ∈ F ).

By virtue of the transfer principle we deduce:

h′ ∈ Bo(F, x′) ↔ (∀stU)(∀stα′)(∀stV )(∃stx)(∃stα)(∃sth)

(x ∈ F ∩ U ∧ h ∈ h′ + V ∧ 0 < α ≤ α′ ∧ x + αh ∈ F ).

Next, making use of the weak idealization principle we obtain:

h′ ∈ Bo(F, x′) → (∃x)(∃α)(∃h)(∀stU)(∀stα′)(∀stV )

(x ∈ F ∩ U ∧ h ∈ h′ + V ∧ 0 < α ≤ α′ ∧ x + αh ∈ F )

→ (∃x ≈σ x′)(∃α ≈ 0)(∃h ≈σ h′) x + αh ∈ F

→ (∃⋅x)(∃⋅α)(∃⋅h) x + αh ∈ F.

Let, in turn, a standard element h′ belong to the standardization of the “∃∃∃-
cone.” Since standard elements of a standard filter contain the monad of the filter,
we derive

(∀stU ∈ σ(x′))(∀stα′ ∈ ℝ)(∀stV ∈ 𝔑τ )

(∃x ∈ F ∩ U)(∃0 < α < α′)(∃h ∈ h′ + V ) x + αh ∈ F.

By virtue of the transfer principle, we conclude h′ ∈ Bo(F, x′). ⊳

6.1.5. The just-proved statement can be rewritten as

Bo(F, x′) = ∗{h′ ∈ X : (∃x)(∃α)(∃h) x + αh ∈ F}.

where, as usual, ∗ is the symbol of standardization. This is why some more impres-
sive notation is used:

∃∃∃(F, x′) := Bo(F, x′).

Further we shall use analogous notations without additional specification.
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6.1.6. The Hadamard cone is the standardization of the ∀∀∀-cone:

Ha(F, x′) = ∀∀∀(F, x′).

In other words, for standard h′, F and x′, we have

h′ ∈ Ha(F, x′) ↔ (x′ + μ(σ)) ∩ F + μ(ℝ+) ⋅ (h′ + μ(τ)) ⊂ F,

where μ(ℝ+) is the external set of positive infinitesimals.

⊲ The proof is obtained from 6.1.4 by duality, provided (which is by all means
legitimate) we forget that F is present in ∃x. ⊳

6.1.7. From the statements deduced above we can derive the following rela-
tions:

h′ ∈ H(F, x′) ↔ (∀⋅x)(∀⋅α) x + αh′ ∈ F,

h′ ∈ K(F, x′) ↔ (∃⋅x)(∃⋅α) x + αh′ ∈ F.

6.1.8. For standard h′, F and x′ (under the assumption of weak idealization)

the following statements are equivalent:

(1) h′ ∈ Cl(F, x′);

(2) there are infinitely small U ∈ σ(x′), V ∈ 𝔑τ and α′ > 0 such that

h′ ∈
∩

0<α≤α′
x∈F∩U

(
F − x

α
+ V

)

;

(3) (∃U ∈ σ(x′))(∃α′)(∀x ∈ F ∩ U)(∀0 < α ≤ α′)(∃h ≈τ h′) x + αh ∈ F.

⊲ Using obvious abbreviations, we can write

h′ ∈ Cl(F, x′) ↔ (∀V )(∃U)(∃α′)(∀x ∈ F ∩U)(∀0 < α ≤ α′)(∃h ∈ h′+V )x+αh ∈ F.

Applying the transfer principle and weak idealization, we infer

h′ ∈ Cl(F, x′) → (∀stV )(∃stU)(∃stα′)(∀x ∈ F ∩ V )

(∀0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F

→ (∀st{V1, ..., Vn})(∃stU)(∃stα′)(∃stV )(∀k := 1, ..., n)

Vk ⊃ V ∧ (∀x ∈ F ∩ U)(∀0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F

→ (∃U)(∃α′)(∃V )(∀stV ′)V ′ ⊃ V ∧ (∀x ∈ F ∩ U)

(∀0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F.
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Hence, we can obviously deduce that for an infinitesimal α > 0 and for some V ∈ 𝔑τ

and U ∈ σ(x′) with V ⊂ μ(τ), and U ⊂ μ(σ) + x′ we have (2) and, moreover, (3).
If, in turn, (3) is fulfilled then, taking the definition of the relation ≈ into

account, we obtain

(∀stV )(∃U)(∃α′)(∀x ∈ F ∩ U)(∀0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F.

Thus, by the transfer principle, h′ ∈ Cl(F, x′). ⊳

6.1.9. The Clarke cone is (under the assumption of strong idealization) the

standardization of the ∀∀∃-cone

Cl(F, x′) = ∀∀∃(F, x′).

In other words,

h′ ∈ Cl(F, x′) ↔ (∀⋅x)(∀⋅α)(∃⋅h) x + αh ∈ F.

⊲ Let first h′ ∈ Cl(F, x′). Choose arbitrarily x ≈σ x′ and α > 0, α ≈ 0. For
any standard neighborhood of V , which is an element of the filter 𝔑τ , by virtue of
the transfer principle there is an element h for which h ∈ h′ + V and x + αh ∈ F .
Applying strong idealization, we obtain

(∀stV )(∃h)(h ∈ h′ + V ∧ x + αh ∈ F )

→ (∃h)(∀stV )h ∈ h′ + V ∧ x + αh ∈ F → (∃⋅h) x + αh ∈ F,

i.e. h′ ∈ ∀∀∃(F, x′).
Let now h′ ∈ ∀∀∃(F, x′). Choose an arbitrary standard neighborhood V in

the filter 𝔑τ . Fix an infinitesimal neighborhood U of the point x′ and a positive
infinitesimal α′. Then, by hypothesis, for a certain h ≈τ h′, we obtain

(∃x ∈ F ∩ U)(∀0 < α ≤ α′) x + αh ∈ F.

In other words,

(∀stV )(∃U)(∃α′)(∀x ∈ F ∩ U)(∀0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F.



314 Chapter 6

Finally, we apply the transfer principle and find h′ ∈ Cl(F, x′). ⊳

6.1.10 Now we will exhibit an example of applying the above nonstandard
criterion for the elements of the Clarke cone to deducing its basic (and well-known)
property. A more general statement will be derived below in 6.1.4, 6.1.20 and 6.1.22.

6.1.11. The Clarke cone of an arbitrary set in a topological vector space is

convex and closed.

⊲ By virtue of the transfer principle, it suffices to consider the situation of
standard entourage in which the parameters (space, topology, set, etc.) are stan-
dard. Thus, take h0 ∈ clτ Cl(F, x′). Choose a standard neighborhood V in 𝔑τ

and standard elements V1, V2 ∈ 𝔑τ such that V1 + V2 ⊂ V. There is a standard
element h′ ∈ Cl(F, x′) such that h′ − h0 ∈ V ′. In addition, for any x ≈τ x′ and
α > 0, α ≈ 0 we have h ∈ h′ + V2 and x + αh ∈ F and for a certain h. Obviously,
h ∈ h′ + V2 ⊂ h0 + V1 + V2 ⊂ h0 + V and, hence, h0 ∈ Cl(F, x′).

In order to prove that the Clarke cone is convex it suffices to observe that
μ(τ) + μ(ℝ+)μ(τ) ⊂ μ(τ), since the mapping (x, α, h) �→ x + αh is continuous. ⊳

6.1.12. Let θ be a vector topology and θ ≥ τ . Then

∀∀∃(clθF, x′) ⊂ ∀∀∃(F, x′).

Moreover, if θ ≥ σ then

∀∀∃(clθF, x′) = ∀∀∃(F, x′)

⊲ Let h′ ∈ ∀∀∃(clθF, x′) be a standard element of the cone in question. Choose
elements x ∈ F and α > 0 such that x ≈σ x′ and α ≈ 0. Clearly, x ∈ clθF . Hence,
for a certain h ≈τ h′ we have x+αh ∈ clθF . Take an infinitely small neighborhood
W in μ(θ). The neighborhood αW is also an element of θ(0); thus, for a certain
x′′ ∈ F we have x′′−(x+αh) ∈ αW . Put h′′ := (x′′−x)/α. Obviously, x+αh′′ ∈ F

and αh′′ ∈ αh + αW . Therefore,

h′′ ∈ h + W ⊂ h′ + μ(τ) + W ⊂ h′ + μ(τ) + μ(θ) ⊂ h′ + μ(τ) + μ(τ ⊂ h′ + μ(τ),

i.e. h′′ ≈τ h′. Hence, h′ ∈ ∀∀∃(F, x′).
Let now θ ≥ σ and h′ ∈ ∀∀∃(F, x′). Choose an arbitrary infinitesimal α and

an element x ∈ clθF such that x ≈σ x′. Find an x′′ ∈ F for which x − x′′ ∈ αW ,
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where W ⊂ μ(θ) is an infinitely small symmetric neighborhood of the origin in θ.
Since θ ≥ σ, we have μ(θ) ⊂ μ(σ), i.e. x − x′′ ∈ μ(θ) ⊂ μ(σ) or, in other words,
x ≈σ x′ ≈σ x′′. By definition (the element h′, as usual, is considered standard!), for
a certain h ≈σ h′ we have x′′ +αh ∈ F . Setting h′′ := (x′′ − x)/α+ h we obviously
deduce

h′′ ∈ h + W ⊂ h + μ(θ) ⊂ h′ + μ(θ) + μ(τ) ⊂ h′ + μ(τ) + μ(τ) ⊂ h′ + μ(τ).

i.e. h′′ ≈τ h′. Moreover,

x + αh′′ = x + (x′′ − x) + αh = x′′ + αh ∈ clθF.

Finally, h′ ∈ ∀∀∃(clθF, x′). ⊳

6.1.13. From the representation obtained above we can in particular infer:

Ha(F, x′) ⊂ H(F, x′) ⊂ Cl(F, x′) ⊂ K(F, x′) ⊂ clτ Fd(F, x′).

Under the condition σ = τ , given a convex F , we obtain

Fd(F, x′) ⊂ Cl(F, x′) ⊂ cl Fd(F, x′);

whence
Cl(F, x′) = K(F, x′) = cl Fd(F, x′).

6.1.14. The nonstandard criteria for the Bouligand, Hadamard and Clarke
cones presented above show that these cones are chosen from the list of eight possible
cones with the infinitesimal prefix (Q⋅x)(Q⋅α)(Q⋅h) (here Q⋅ is either ∀ or ∃). For
a complete description of all these cones it obviously suffices to characterize ∀∃∃-
cones and ∀∃∀-cones.

6.1.15. The following presentation is valid:

∀∃∃(F, x′) =
∩

α′,V∈𝔑τ

∪

U∈σ(x′)

∩

x∈F∩U

(

V +
∪

0<α≤α′

F − x

α

)

.
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⊲ To prove this statement it should be first of all observed that the sought
equality is an abbreviation of the following statement: for standard h′, F , x′, we
have:

(∀⋅x)(∃⋅α)(∃⋅h) x + αh ∈ F

↔ (∀V ∈ 𝔑τ )(∀α′)(∃U ∈ σ(x′))(∀x ∈ F ∩ U)

(∃0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F.

Therefore, given h′ ∈ ∀∃∃(F, x′), a standard V ∈ 𝔑τ , and α > 0 we can choose
an internal subset of the monad μ(σ(x′)) as the required neighborhood of U . The
successive application of transfer and strong idealization implies

(∀stV )(∀stα′)(∀x ≈σ x′)(∃0 < α ≤ α′)(∃h ∈ h′ + V ) x + αh ∈ F

→ (∀x ≈σ x′)(∀st{V1, . . . , Vn})(∀st{α′
1, . . . , α

′
n})

(∃h)(∃α)(∀k := 1, . . . , n)(0 < α ≤ α′ ∧ h ∈ h′ + Vk ∧ x + αh ∈ F )

→ (∀x ≈σ x′)(∃h)(∃α)(∀stV )(h ∈ h′ + V ) ∧ (∀stα′)(0 < α ≤ α′ ∧ x + αh ∈ F )

→ (∀⋅x)(∃⋅h)(∃α ≈ 0) x + αh ∈ F

→ h′ ∈ ∗{h′ : (∀⋅x)(∃⋅α)(∃⋅h) x + αh ∈ F}
→ h′ ∈ ∀∃∃(F, x′).

The proof is thus complete. ⊳

6.1.16. Alongside with the eight infinitesimal cones of the classical series dis-
cussed above, there are nine more pairs of cones containing the Hadamard cone and
lying in the Bouligand cone. Such cones are evidently generated by changing the
order of quantifiers. Five out of these pairs are constructed in a somewhat bizarre
way by the type of the ∀∃∀-cone, the remaining pairs generated by permutations
and dualizations of the Clarke and ∀∃∃ cones. For instance, in natural notation we
have

∀α∀h∃x(F, x′) =
∩

U∈σ(x′)

∪

α′
intτ

∩

0<α≤α′

∪

x∈F∩U

F − x

α
,

∃h∃x∀α(F, x′) =
∪

α′

∩

U∈σ(x′)

clτ
∪

x∈F∩U

∩

0<α≤α′

F − x

α
,

∃h∀x∀α(F, x′) =
∩

U∈σ(x′)
α′

clτ
∪

0<α≤α′
x∈F∩U

F − x

α
.
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The last cone is narrower than the Clarke cone and is convex when μ(σ) +
μ(ℝ+)μ(τ) ⊂ μ(σ), in which case it is denoted by Ha+(F, x′). It should be observed
that

Ha(F, x′) ⊂ Ha+(F, x′) ⊂ Cl(F, x′).

Also convex is the ∀α∃h∀x-cone denoted by In(F, x′). Obviously,

Ha+(F, x) ⊂ In(F, x′) ⊂ Cl(F, x′).

6.1.17. When calculating tangents to the composition of correspondence, we
made use of special regularizing cones.

Namely, if F ⊂ X × Y , where the vector spaces X and Y were provided
with topologies σX , τX and σY , τY respectively, and a′ := (x′, y′) ∈ F , we set
σ := σX × σY and

R1(F, a′) :=
∩

V ∈𝔑τY

∪

W∈σ(a′)
α′

∩

a∈W∩F
0<a≤α′

(
F − a

α
+ {0} × V

)

,

Q1(F, a′) :=
∩

V ∈𝔑τY

∪

W∈σ(a′)
α′

U∈𝔑σ

∩

a∈W∩F
0<α≤α′
x∈U

(
F − a

α
+ {x} × V

)

,

QR2(F, a′) :=
∪

W∈σ(a′)
α′

U∈𝔑σ

∩

a∈W∩F
0<α≤α′
x∈U

(
F − a

α
+ (x, 0)

)

.

The cones R2(F, a′), Q2(F, a′) and QR1(F, a′) are determined by duality.
Moreover, we use analogous notation for the case of the product of more than
two spaces, bearing in mind that the upper index near the symbol of an approx-
imating set denotes the number of the coordinate on which the condition of the
corresponding type is imposed. It should be also remarked that in applications we
usually consider pairwise coinciding topologies: σX = τX and σY = τY . Let us give
obvious nonstandard criteria for the regularizing cones described.
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6.1.18. For standard vectors s′ ∈ X and t′ ∈ Y we have:

(s′, t′) ∈ R1(F, a′)

↔(∀a ≈σ a′, a ∈ F )(∀α ∈ μ(ℝ+))(∃t ≈τY t′) a + α(s′, t′) ∈ F ;

(s′, t′) ∈ Q1(F, a′)

↔(∀a ≈σ a′, a ∈ F )(∀α ∈ μ(ℝ+))(∀s ≈τX s′)(∃t ≈τY t′) a + α(s, t) ∈ F ;

(s′, t′) ∈ QR2(F, a′)

↔(∀a ≈σ a′, a ∈ F )(∀α ∈ μ(ℝ+))(∀s ≈τX s′) a + α(s, t′) ∈ F.

6.1.19. As seen from 6.1.18, the cones of the type QRj are variations of the
Hadamard cone, while the cones Rj are particular cases of the Clarke cone. In
this case the cones Rj are also obtained by specialization of cones of the type Qj

on appropriately choosing discrete topologies. Under conventional suppositions the
cones under discussion are convex. Let us prove this statement only for the cone
Qj, which is quite sufficient by virtue of what has been said above.

6.1.20. If the mapping (a, α, b) → a + αb is continuous as acting from (X ×
Y, σ)× (ℝ, τℝ)× (X×Y, τX ×τY ) to (X×Y, σ), then the cones Qj(F, a′) are convex

for j := 1, 2.
⊲ By transfer, the proof can be carried out in standard entourage, i.e., the

parameters considered can be assumed to be standard, and use can be made of
criterion 6.1.18. So, let (s′, t′) and (s′′, t′′) lie in Q1(F, x′). For a ≈σ a′ and a ∈ F ,
for a positive α ≈ 0 and s ≈τX (s′ +s′′), we get, by virtue of 6.1.18, a1 := a+α(s−
s′′, t1) ∈ F for a certain t1 ≈τY t′. By hypothesis, μ(σ) + α(μ(τX) × μ(τY )) ⊂ μ(σ.
Therefore, a1 ≈σ a and a1 ∈ F . Applying 6.1.18 again, we find t2 ≈τY t′′, for which
a1 + α(s′′, t2) ∈ F . Obviously, for t := t1 + t2 we get t ≈τY (t′ + t′′) and

a + α(s, t) = a + α(s− s′′, t1) + α(s′′, t2) = a1 + α(s′′, t2) ∈ F,

which was required, since the homogeneity of Q1(F, a′) is ensured by stability of
the monads of nearvector topologies under multiplication by standard scalars. ⊳

6.1.21. The analysis conducted above shows that it is worthwhile introducing
into consideration the cones Pj and Sj resulting from the following direct standard-
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izations:

(s′, t′) ∈ P2(F, a′)

↔(∃s ≈τX s′)(∀t ≈τY t′)(∀a ≈σ a′, a ∈ F )(∀α ∈ μ(ℝ+)) a + α(s, t) ∈ F ;

(s′, t′) ∈ S2(F, a′)

↔(∀t ≈τY t′)(∃s ≈τX s′)(∀a ≈σ a′, a ∈ F )(∀α ∈ μ(ℝ+)) a + α(s, t) ∈ F.

The explicit forms of the cones Pj and Sj can in principle be written out (the
trick will be discussed in the section to follow). However, the arising formulas
(especially of that for Sj) are of little avail since they are enormously cumbersome.
But, as we have already convinced ourselves, the formulas of the type obscure
analysis by hiding the transparent ‘infinitesimal’ essence of the constructions.

6.1.22. For j := 1, 2 we have

Ha(F, a′) ⊂ Pj(F, a′) ⊂ Sj(F, a′) ⊂ Qj(F, a′) ⊂ Rj(F, a′) ⊂ Cl(F, a′).

In this case the cones in question are convex provided μ(σ) + α(μ(τX) × μ(τY )) ⊂
μ(σ) for all α > 0, α ≈ 0.

⊲ The inclusions to be proved are obvious from the nonstandard definitions of
the corresponding cones. We have already pointed out that the majority of these
cones is convex. Let us, to make the picture complete, establish that S2(F, a′) is
convex.

The fact that S2(F, a′) is stable under multiplication by positive standard
scalars results from indivisibility of a monad. Let us check if S2(F, a′) is a semigroup.
Hence, for standard (s′, t′) and (s′′, t′′) in S2(F, a′), let us choose t ≈τY (t′ + t′′).
Then t− t′′ ≈τY t′ and there is an s1 ≈τX s′ which serves t− t′′ in accordance with
the definition of S2(F, a′). Let us choose an s2 ≈τX s′′ which serves t′′ in the same
obvious sense. It is clear that (s1 +s2) ≈τX (s′+s′′). In this case for any a ∈ F and
α > 0 such that a ≈σ a′ and α ≈ 0 we get a1 := a + α(s1, t− t′′) ∈ F . Since a1 is
seen to be infinitely close (in the sense of σ) to a′, from the choice of s2 we conclude
that a1 + α(s2, t′′) ∈ F . Hence, we can directly deduce a + α(s1 + s2, t) ∈ F , i.e.
(s′ + s′′, t′ + t′′) ∈ S2(F, a′).

An analogous straightforward argument proves that Pj(F, a′) is convex. ⊳

6.1.23. From the proof of 6.1.22 one can deduce that it is possible to consider
convex “prolongations” of the cones Pj and Sj , i.e. the cones P+j and S+j obtained
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by “leapfrogging the quantifier ∀α.” For instance, the cone P+2(F, a′) is determined
by the relation

(s′, t′) ∈ P+2(F, a′) ↔ (∀α ∈ μ(ℝ+))(∃s ≈τX t′)(∀a ≈σ a′, a ∈ F )a + α(s, t) ∈ F.

Obviously, it stands to reason (see 6.1.19) to use the regularizations obtained by
the specialization of the cone Ha+ on choosing discrete topologies, the corresponding
explicit formulas omitted. The importance of regularizing cones is associated with
their role in subdifferentiation of composite mappings which will be discussed in
Section 6.5.

6.2. Kuratowski and Rockafellar Limits

In the preceding section we have seen that many interesting constructions
are associated with the procedure of transposing quantifiers in infinitesimal con-
structions. Similar effects arise in various problems and pertain to certain facts
of principal importance. Now we are going to discuss those which are most often
encountered in subdifferentiation. We start with general observations concerning
the Nelson algorithm, one of the principal tools of nonstandard analysis.

6.2.1. Let ϕ = ϕ(x, y) ∈ (ZFC), i.e. ϕ is a certain formula of Zermelo-Fraenkel

theory which contains no free variables but x, y. Then

(∀x ∈ μ(𝔉))ϕ(x, y) ↔ (∃stF ∈ 𝔉)(∀x ∈ F )ϕ(x, y),

(∃x ∈ μ(𝔉))ϕ(x, y) ↔ (∀stF ∈ 𝔉)(∃x ∈ F )ϕ(x, y)

(here, as usual, μ(𝔉) is the monad of a standard filter 𝔉).
⊲ It suffices to prove the implication → in the first of the equivalences. By

hypothesis, for any remote element F of the filter 𝔉 the internal property ψ := (∀x ∈
F )ϕ(x, y) is fulfilled. Hence, by the Cauchy principle, ψ is valid for a standard F . ⊳

6.2.2. Let ϕ = ϕ(x, y, z) ∈ (ZFC) and 𝔉, 𝔊 be certain standard filters (in some

standard sets). In this case

(∀x ∈ μ(𝔉))(∃y ∈ μ(𝔅))ϕ(x, y, z)

↔ (∀stG ∈ 𝔊)(∃stF ∈ 𝔉)(∀x ∈ F )(∃y ∈ G)ϕ(x, y, z)

↔ (∃stF (⋅))(∀stG ∈ 𝔊)(∀x ∈ F (G))(∃y ∈ G)ϕ(x, y, z);

(∃x ∈ μ(𝔉))(∀y ∈ μ(𝔊))ϕ(x, y, z)

↔ (∃stG ∈ 𝔊)(∀stF ∈ 𝔉)(∃x ∈ F )(∀y ∈ G)ϕ(x, y, z)

↔ (∀stF (⋅))(∃stG ∈ 𝔊)(∃x ∈ F (G))(∀y ∈ G)ϕ(x, y, z)
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(here the symbol F (⋅) denotes a function from 𝔊 to 𝔉).
⊲ The proof consists in appealing to the idealization and construction princi-

ples of nonstandard analysis with use made of 6.2.1. ⊳

6.2.3. Let ϕ = ϕ(x, y, z, u) ∈ (ZFC) and let 𝔉,𝔊,ℌ be three standard filters.

When the set u is standard, the following relations are fulfilled:

(∀x ∈ μ(𝔉))(∃y ∈ μ(𝔊))(∀z ∈ μ(ℌ))ϕ(x, y, z, u)

↔ (∀G(⋅))(∃F ∈ 𝔉)(∃Finℌ0 ⊂ ℌ)(∀x ∈ F )

(∃H ∈ 𝔎0)(∃y ∈ G(H))(∀z ∈ H)ϕ(x, y, z, u);

(∃x ∈ μ(𝔉))(∀y ∈ μ(𝔊))(∃z ∈ μ(ℌ))ϕ(x, y, z, u)

↔ (∃G(⋅))(∀F ∈ 𝔉)(∀Finℌ0 ⊂ ℌ)(∃x ∈ F )

(∀H ∈ ℌ0)(∀y ∈ G(H))(∃z ∈ H)ϕ(x, y, z, u).

where G(⋅) is a function from ℌ to 𝔊, and the superscript Fin labelling a quantifier

denotes its restriction to the class of nonempty finite sets.

⊲ By the Nelson algorithm, we deduce:

(∀x ∈ μ(𝔉))(∃y ∈ μ(𝔊))(∀z ∈ ℌ))ϕ

↔ (∀x ∈ μ(𝔉))(∀stG(⋅))(∃stH ∈ ℌ)(∃y ∈ G(H))(∀z ∈ H)ϕ

↔ (∀stG(⋅))(∀x)(∃stF ∈ 𝔉)(∃stH ∈ ℌ)

(x ∈ F → (∃y ∈ G(H))(∀z ∈ H)ϕ)

↔ (∀stG(⋅))(∃st Fin𝔉0)(∃st Finℌ0)(∀x)(∃F ∈ 𝔉0)(∃H ∈ ℌ0)

(F ∈ 𝔉 ∧H ∈ ℌ ∧ (x ∈ F → (∃y ∈ G(H))(∀z ∈ H)ϕ))

↔ (∀stG(⋅))(∃st Fin𝔉0 ⊂ 𝔉)(∃st Finℌ0 ⊂ ℌ)(∀x)(∃F ∈ 𝔉0)

(x ∈ F → (∃H ∈ ℌ0)(∃y ∈ G(H))(∀z ∈ H)ϕ)

↔ (∀G(⋅))(∃Fin𝔉0 ⊂ 𝔉)(∃Finℌ0 ⊂ ℌ)(∀x)

((∀F ∈ 𝔉0) x ∈ F → (∃H ∈ ℌ0)(∃y ∈ G(H))(∀z ∈ H)ϕ)

↔ (∀G(⋅))(∃Fin𝔉0 ⊂ 𝔉)(∃Finℌ0 ⊂ ℌ)(∀x ∈
∩

𝔉0)

(∃H ∈ ℌ0)(∃y ∈ G(H))(∀z ∈ H)ϕ.

Now we have to observe that for a nonempty finite 𝔉0 lying in 𝔉 the relation
∩

𝔉0 ∈ 𝔉 is valid by necessity. ⊳
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6.2.4. The above statement makes it possible to characterize the ∀∃∀-cones
and similar constructions explicitly. The arising standard descriptions are obviously
cumbersome. Let us now discuss the constructions most important for applications
and pertaining to the prefixes of the type ∀∃, ∀∀, ∃∀ and ∃∃. We start with certain
means allowing one to use the conventional language of infinitesimals for analyzing
such constructions.

6.2.5. Let � be a direction, i.e. a nonempty directed set. In line with the
idealization principle, in � there are internal elements majorizing ∘�. Let us recall
that they are called remote, or infinitely large in �. Consider a standard basis of
the tail filter 𝔅 := {σ(ξ) : ξ ∈ �}, where σ is the order in �. The monad of the
tail filter is obviously composed of the remote elements of the direction considered.
The following presentations are used: a� = μ(𝔅) and ξ ≈ +∞ ↔ ξ ∈ a�.

6.2.6. Let �,H be two directed sets, and ξ := ξ(⋅) : H ↔ � be a mapping.

Then the following statements are equivalent:

(1) ξ(aH) ⊂ a�;

(2) (∀ξ ∈ �)(∃η ∈ H)(∀η′ ≥ η)ξ(η′) ≥ ξ.
⊲ Indeed, (1) implies that the tail filter of � is coarser than the image of the

tail filter of H, i.e. that in each tail of the direction � lies an image of a tail of H.
The last statement is claim (2). ⊳

6.2.7. Whenever equivalent conditions 6.2.6 (1) and 6.2.6 (2) are fulfilled, H is
said to be a subdirection of � (relative to ξ(⋅)).

6.2.8. Let X be a certain set, and x := x(⋅) : � → X be a net in X (we also
write (xξ)ξ∈� or simply (xξ)). Let, then, (yη)η∈H be another net of elements of X .
We say that (yη) is a Moore subnet of the net (xξ), or a strict subnet of (xξ), if H is
a subdirection of � relative to such a ξ(⋅) that yη = xξ(η) for all η ∈ H, i.e. y = x∘ξ.
It should be emphasized that by virtue of 4.1.6 (5) we have y(aH) ⊂ x(a�) fulfilled.

6.2.9. The last property of Moore subnets is a cornerstone of a more free
definition of a subnet which is attractive by its direct relation with filters. Namely,
a net (yη)η∈H in X is termed a subnet (or a subnet in a broader sense) of the net
(xξ)ξ∈�, provided

(∀ξ ∈ �)(∃η ∈ H)(∀η′ ≥ η)(∃ξ′ ≥ ξ) x(ξ′) = y(η′),
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i.e. in the case when every tail of a net x contains a certain tail of y. It goes
without saying that in terms of monads the condition y(aH) ⊂ x(a�) is fulfilled or,
in a more expressive form,

(∀η ≈ +∞)(∃ξ ≈ +∞) yη = xξ.

In this case, for the sake of expressiveness, it is often said that (xη)η∈H is a subset
of a net (xξ)ξ∈� (which can result in ambiguity). It should be emphasized that
generally speaking subnets are not necessarily Moore subnets. It should also be
stressed that two nets in a single set are called equivalent if each one of them is
a subnet of the other, i.e. if their monads coincide.

6.2.10. If 𝔉 is a filter in X , and (xξ) is a net in X then we say that the
considered net is subordinate to 𝔉 under the condition ξ ≈ ∞ ↔ xξ ∈ μ(𝔉). In
other words, the net (xξ) is subordinate to 𝔉 provided that its tail filter is finer
than 𝔉. In this case a certain abuse of language is allowed when we write xξ ↓ (𝔉)
meaning an analogy with topological notations of convergence. It should also be
observed here that when 𝔉 is an ultrafilter, 𝔉 coincides with the tail filter of any
net (xξ) subordinate to it, i.e. such a net (xξ) is itself an ultranet.

6.2.11. Theorem. Let ϕ = ϕ(x, y, z) be a formula of Zermelo-Fraenkel set

theory which contains no free parameters but x, y, z, where z is a standard set.

Let 𝔉 be a filter in X , and 𝔊 be a filter in Y . Then the following statements are

equivalent:

(1) (∀G ∈ 𝔊)(∃F ∈ 𝔉)(∀x ∈ F )(∃y ∈ G)ϕ(x, y, z);

(2) (∀x ∈ μ(𝔉))(∃y ∈ μ(𝔊))ϕ(x, y, z);

(3) for any set (xξ)ξ∈� in Y subordinate to 𝔉 we can find a net (yη)η∈H in Y

subordinate to 𝔊, and a strict subnet (xξ(η))η∈H of the net (xξ)ξ∈� such that for

all η ∈ H, we have ϕ(xξ(η), yη, z), i.e. symbolically,

(∀xξ ↓ 𝔉)(∃yη ↓ 𝔊)ϕ(xξ(η), yη, z);

(4) for any net (xξ)ξ∈� in X subordinate to 𝔉 there is a net (yη)η∈H in Y

subordinate to 𝔊, and a subnet (xη)η∈H of the net (xξ)ξ∈� such that for all η ∈ H
we have ϕ(xη, yη, z); i.e., symbolically,

(∀xξ ↓ 𝔉)(∃yη ↓ 𝔊)ϕ(xη, yη, z);
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(5) for any ultranet (xξ)ξ∈� in X subordinate to 𝔉 there is an ultranet (yη)η∈H

subordinate to 𝔊, and an ultranet (xη)η∈H equivalent to (xξ)ξ∈� such that for all

η ∈ H we have ϕ(xη, yη, z).
⊲ (1) → (2): Let x ∈ μ(𝔉). By the transfer principle, for every standard G

there is a standard F such that (∀x ∈ F )(∃y ∈ G)ϕ(x, y, z). Therefore, for x ∈ μ(𝔉)
we obtain (∀G ∈ ∘𝔊)(∃y ∈ G)ϕ(x, y, z). Applying the idealization principle, we
deduce (∃y)(∀G ∈ ∘𝔊)(y ∈ G)ϕ(x, y, z). Hence, y ∈ μ(𝔊) and ϕ(x, y, z).

(2) → (3): Let (xξ)ξ∈� be standard net in X subordinate to 𝔉. For every
standard G of 𝔊, put

A(G,ξ) := {ξ′ ≥ ξ : (∀ξ′′ ≥ ξ′)(∃y ∈ G)ϕ(xξ′′ , y, z)}.
By 4.1.8, a� ⊂ A(G,ξ). Since A(G,ξ) is an internal set, we use the Cauchy principle
and conclude: ∘A(G,ξ) ∕= ∅. Therefore, there are standard mappings ξ : H → � and
y : H → Y , defined on the direction H := 𝔊×� (with the natural order), such that
ξ(η) ∈ A(G,ξ) and yη ∈ G for G ∈ 𝔊 and ξ ∈ � with η = (G, ξ). Obviously, for
η ≈ +∞ we have ξ(η) ≈ +∞ and yη ∈ μ(𝔊).

(3) → (4): This is obvious.
(4) → (1): If (1) is not fulfilled then, by hypothesis,

(∃G ∈ 𝔊)(∀F ∈ 𝔉)(∃x ∈ F )(∀y ∈ G)¬ϕ(x, y, z).

For F ∈ 𝔉 we choose xF ∈ F in such a way that we had ¬ϕ(x, y, z) for all y ∈ G.
It should be observed that the so-obtained net (xF )F∈𝔉 in X , as well as the set G,
can be considered standard by virtue of the transfer principle. Doubtless, xF ↓ 𝔉

and, hence, in view of (3), there are a direction H and a subnet (xη)η∈H of the net
(xF )F∈𝔉 such that for a certain net (yη)η∈H we have ϕ(xη, yη, z) for any η ∈ H.
By definition 6.2.9, for any infinitely large η the element xη coincides with xF for
a certain remote F , i.e. xη ∈ μ(𝔉). By condition, yη ∈ μ(𝔊) and, moreover, yη ∈ G.
In this case it appears that ϕ(xη, yη, x) and ¬ϕ(xη, yη, x), which is impossible. The
contradiction obtained proves that the assumption made above is false. Therefore,
(1) is fulfilled (as soon as (4) is valid).

(1) ↔ (5): In order to prove the sought equivalence, it suffices to remark that
the equivalence becomes evident in the case when 𝔉 and 𝔊 are ultrafilters. Now we
have to observe that every monad is a union of the monads of ultrafilters. ⊳

6.2.12. In applications it is often convenient to consider specification of 6.2.11
corresponding to the cases when one of the filters is discrete. Thus, using natural
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notation, we deduce:

(∃x ∈ μ(𝔉))ϕ(x, y) ↔ (∃xξ ↓ 𝔉)ϕ(xξ, y);

(∀x ∈ μ(𝔉))ϕ(x, y) ↔ (∀xξ ↓ 𝔉)(∃xη ↓ 𝔉)ϕ(xη, y).

6.2.13. Let F ⊂ X × Y be an internal correspondence from a standard set X

to a standard set Y . Assume that there is a standard filter 𝔑 in X and a topology
τ is given in Y . Let us set

∀∀(F ) := ∗{y′ : (∀x ∈ μ(𝔑) ∩ dom(F ))(∀y ≈ y′) (x, y) ∈ F},
∃∀(F ) := ∗{y′ : (∃x ∈ μ(𝔑) ∩ dom(F ))(∀y ≈ y′) (x, y) ∈ F},
∀∃(F ) := ∗{y′ : (∀x ∈ μ(𝔑) ∩ dom(F ))(∃y ≈ y′) (x, y) ∈ F},
∃∃(F ) := ∗{y′ : (∃x ∈ μ(𝔑) ∩ dom(F ))(∃y ≈ y′) (x, y) ∈ F},

where, as usual, ∗ is the symbol of standardization, while the expression y ≈ y′

means that y ∈ μ(τ(y′)). The set Q1Q2(F ) is called a Q1Q2-limit of F (here Qk

(k := 1, 2) is one of the quantifiers, ∀ or ∃).

6.2.14. In applications it is sufficient to restrict considerations to the case in
which F is a standard correspondence given on a certain element of the filter 𝔑 and
to study the ∃∃-limit and the ∀∃-limit. The former is termed the limit superior or
upper limit, the latter is called the limit inferior or lower limit of F along 𝔑.

If we consider a net (xξ)ξ∈� in the domain of F then, bearing in mind the tail
filter of the net, we assign

Liξ∈� F := lim inf
ξ∈�

F (xξ) := ∀∃(F ),

Lsξ∈� F := lim sup
ξ∈�

F (xξ) := ∃∃(F ).

In such cases we speak about Kuratowski limits.

6.2.15. For a standard correspondence F we have the following presentations:

∃∃(F ) =
∩

U∈𝔑

cl
∪

x∈U

F (x);

∀∃(F ) =
∩

U∈𝔑̈

cl
∪

x∈U

F (x),
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where 𝔑̈ is the grill of 𝔑, i.e. the family composed of all the subsets of X meeting

the monad μ(𝔑). In other words,

𝔑̈ = ∗{U ′ ⊂ X : U ′ ∩ μ(𝔑) ∕= ∅} = {U ′ ⊂ X : (∀U ∈ 𝔑)U ∩ U ′ ∕= ∅}

In this respect the following relations must be observed:

∃∀(F ) =
∩

U∈𝔑̈

int
∪

x∈U

F (x),

∀∀(F ) =
∪

U∈𝔑

int
∩

x∈U

F (x).

6.2.16. Theorem 6.2.11 immediately yields a description for limits in the lan-
guage of nets.

6.2.17. An element y lies in the ∀∃-limit of F if and only if for every net

(xξ)ξ∈� in dom(F ) subordinate to 𝔑 there is a subnet (xη)η∈H of the net (xξ)ξ∈�

and a net (yη)η∈H convergent to y such that (xη, yη) ∈ F for all η ∈ H.

6.2.18. An element y lies in the ∃∃-limit of F if and only if there is a net

(xξ)ξ∈� in dom(F ) subordinate to 𝔑, and a net (yξ)xi∈� convergent to y, for which

(xξ, yξ) ∈ F for any ξ ∈ �.

6.2.19. For any internal correspondence F we have

∀∀(F ) ⊂ ∃∀(F ) ⊂ ∀∃(F ) ⊂ ∃∃(F ).

In addition, ∃∃(F ) and ∀∃(F ) are closed, while ∀∀(F ) and ∃∀(F ) are open sets.

⊲ The sought inclusions are obvious. Therefore, in view of duality we establish
for definiteness only the fact that the ∀∃-limit is closed.

If V is a standard open neighborhood of a point y′ of cl∀∃(F ), then there is
a y ∈ ∀∃(F ) for which y ∈ V . For an x ∈ μ(𝔑) we can find an y′′ so that we had
y′′ ∈ μ(τ(y)) and (x, y′′) ∈ F . Obviously, y′′ ∈ V since V is a neighborhood of y.
Therefore,

(∀x ∈ μ(𝔑))(∀V ∈ ∘τ(y′))(∃y′′ ∈ V )(x, y′′) ∈ F.

Using now the idealization principle, we deduce: y′ ∈ ∀∃(F ). ⊳
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6.2.20. The general statements given above make it possible to characterize
the elements of many approximating or regularizing cones in terms of nets, which is
common practice (see [65, 215, 227, 354]). It should be, in particular, observed that
the Clarke cone Cl(F, x′) of a set F in X is obtained by means of the Kuratowski
limit:

Cl(F, x′) = Liτ(x′)×τ
ℝ+ (0) �F ,

where �F is the homothety associated with F , i.e.

(x, α, h) ∈ �F ↔ h ∈ F − x

α
(x, h ∈ X, α > 0).

6.2.21. In convex analysis use is often made of special variations of Kuratowski
limits pertaining to the epigraphs of functions which acts into the extended reals
ℝ. Let us, first of all, recall important characteristics of the upper and lower limits.

6.2.22. Let f : X → ℝ be standard function defined on a standard X , and let

𝔉 be a standard filter in X . For every standard t ∈ ℝ, we have

sup
F∈𝔉

inf f(F ) ≤ t ↔ (∃x ∈ μ(𝔉)) ∘f(x) ≤ t,

inf
F∈𝔉

sup f(F ) ≤ t ↔ (∀x ∈ μ(𝔉)) ∘f(x) ≤ t.

⊲ Let us first check the first equivalence. Applying the transfer and idealization
principles, we deduce:

sup
F∈𝔉

inf f(F ) ≤ t → (∀F ∈ 𝔉) inf f(F ) ≤ t

→ (∀F ∈ 𝔉)(∀ε > 0) inf f(F ) < t + ε

→ (∀ε)(∀F )(∃x ∈ F ) f(x) < t + ε

→ (∀stε)(∀stF )(∃x)(x ∈ F ∧ f(x) < t + ε)

→ (∃x)(∀stε)(∀stF )(x ∈ F ∧ f(x) < t + ε)

→ (∃x ∈ μ(𝔉))(∀stε > 0) f(x) < t + ε

→ (∃x ∈ μ(𝔉)) ∘f(x) ≤ t.

We now observe that for any standard element F of the filter 𝔉 we have x ∈ μ(𝔉) ⊂
F . Hence, inf f(F ) ≤ t (as inf f(F ) ≤ f(x) < t + ε for every ε > 0). Therefore, by
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virtue of the transfer principle, for an internal F of 𝔉 we have inf f(F ) ≤ t, which
was required.

Taking into account the above statements and the fact that −f and t are
standard, we deduce

sup
F∈𝔉

inf f(F ) ≥ t ↔ − inf
F∈𝔉

sup f(F ) ≤ −t ↔ sup
F∈𝔉

inf(−f)(F ) ≤ −t

↔ (∃x ∈ μ(𝔉)) ∘(−f(x)) ≤ −t ↔ (∃x ∈ μ(𝔉)) ∘f(x) ≥ t.

Therefore, we obtain

inf
F∈𝔉

sup f(F ) < t ↔ ¬
(

inf
F∈𝔉

sup f(F ) ≥ t
)

↔ ¬((∃x ∈ μ(𝔉)) ∘f(x) ≥ t) ↔ (∀x ∈ μ𝔉)) ∘f(x) < t.

And, finally, from the above we conclude

inf
F∈𝔉

sup f(F ) ≤ t ↔ (∀ε > 0) inf
F∈𝔉

sup f(F ) < t + ε

↔ (∀stε > 0)(∀x ∈ μ(𝔉)) ∘f(x) < t + ε

↔ (∀x ∈ μ(𝔉))(∀stε > 0) ∘f(x) < t + ε

↔ (∀x ∈ μ(𝔉)) ∘f(x) ≤ t,

since the number ∘f(x) is standard. ⊳

6.2.23. Let X, Y be standard sets, f : X×Y → ℝ be a standard function, and

𝔉, 𝔊 be standard filters in X and Y , respectively. For any standard real number t

we have

sup
G∈𝔊

inf
F∈𝔉

sup
x∈F

inf
y∈G

f(x, y) ≤ t ↔ (∀x ∈ μ(𝔉))(∃y ∈ μ(𝔊)) ∘f(x, y) ≤ t.

⊲ Assign fG(x) := inf{f(x, y) : y ∈ G}. Observe that fG is a standard function
if G is a standard set. Now successively making use of the transfer principle,
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Proposition 6.2.22 and (strong) idealization we deduce:

sup
G∈𝔊

inf
F∈𝔉

sup
x∈F

inf
y∈G

f(x, y) ≤ t

↔ (∀G ∈ 𝔊) inf
F∈𝔉

sup
x∈F

fG(x) ≤ t

↔ (∀stG ∈ 𝔊) inf
F∈𝔉

sup
x∈F

fG(x) ≤ t

↔ (∀stG ∈ 𝔊)(∀x ∈ μ(𝔉)) ∘fG(x) ≤ t

↔ (∀x ∈ μ(𝔉))(∀stG ∈ 𝔊)(∀stε > 0) inf
y∈G

f(x, y) < t + ε

→ (∀x ∈ μ(𝔉))(∀stε > 0)(∀stG ∈ 𝔊)(∃y ∈ G) f(x, y) < t + ε

→ (∀x ∈ μ(𝔉))(∃y ∈ μ(𝔊))(∀stε > 0) f(x, y) < t + ε

→ (∀x ∈ μ(𝔉))(∃y ∈ μ(𝔊)) ∘f(x, y) ≤ t.

For an internal element F ⊂ μ(𝔉) of the filter 𝔉 and standard element G of the
filter 𝔊 the last relation yields (by virtue of the transfer principle):

sup
x∈F

inf
y∈G

f(x, y) ≤ t → inf
F∈𝔉

sup
x∈F

inf
y∈G

f(x, y) ≤ t

→ (∀stG ∈ 𝔊) inf
F∈𝔉

sup
x∈F

inf
y∈G

f(x, y) ≤ t

→ (∀G ∈ 𝔊) inf
F∈𝔉

sup
x∈F

inf
y∈G

f(x, y) ≤ t. ⊳

6.2.24. In relation with 6.2.23 the quantity

lim sup𝔉 inf𝔊 f := sup
G∈𝔊

inf
F∈𝔉

sup
x∈F

inf
y∈G

f(x, y)

is often referred to as the Rockafellar limit of f .
If f := (fξ)ξ∈� is family of functions acting from the topological space (X, σ)

into ℝ, and if 𝔑 is a filter in �, then we determine the limit inferior or lower limit
at the point x′ ∈ X of the family f , and its limit superior, or upper limit, or the
Rockafellar limit

li𝔑f(x′) := sup
V ∈σ(x′)

sup
U∈𝔑

inf
ξ∈U

inf
x∈V

fξ(x),

ls𝔑f(x′) := sup
V ∈σ(x′)

inf
U∈𝔑

sup
ξ∈U

inf
x∈V

fξ(x).

The last limits are often called epilimits. The essence of this term is revealed by
the following obvious statement.

6.2.25. The limit inferior and the limit superior of a family of epigraphs are the

epigraphs of the respective limits of the family of functions under consideration.



330 Chapter 6

6.3. Approximations Determined by a Set
of Infinitesimals

In this section we shall study the problem of analyzing classical approximating
cones of Clarke type by elaborating the contribution of infinitely small numbers
participating in their definition. Such an analysis enables one to single out new
analogs of tangent cones and new descriptions for the Clarke cone.

6.3.1. We again consider a real vector space X with a linear topology σ and
a nearvector topology τ . Let, then, in F be a set in X and x′ be a point in F . In
line with 6.2, these objects are considered standard.

Fix a certain infinitesimal, i.e. a real number α for which α > 0 and α ≈ 0.
Let us set

Haα(F, x′) := ∗{h′ ∈ X : (∀x ≈σ x′, x ∈ F )(∀h ≈τ h′) x + αh ∈ F},
Inα(F, x′) := ∗{h′ ∈ X : (∃h ≈τ h′)(∀x ≈σ x′, x ∈ F ) x + αh ∈ F},
Clα(F, x′) := ∗{h′ ∈ X : (∀x ≈σ x′, x ∈ F )(∃h ≈τ h′) x + αh ∈ F},

where, as usual, ∗ is the symbol of taking the standardization of an external set.
We now consider a nonempty and, generally speaking, external set of infinites-

imals �, assigning

Ha
�

(F, x′) := ∗ ∩

α∈�

Ha
α

(F, x′),

In�(F, x′) := ∗ ∩

α∈�

Inα(F, x′),

Cl�(F, x′) := ∗ ∩

α∈�

Clα(F, x′).

Let us pursue the same policy as regards notation for other types of the ap-
proximations introduced. As an example, it is worth emphasizing that by virtue of
the definitions for a standard h′ of X we have

h′ ∈ In�(F, x′) ↔ (∀α ∈ �)(∃h ≈τ h′)(∀x ≈σ x′, x ∈ F ) x + αh ∈ F.

It is worth to remark that when � is the monad of the corresponding standard
filter 𝔉�, where 𝔉� := ∗{A ⊂ ℝ : A ⊃ �} then, say, for Cl�(F, x′) we have

Cl�(F, x′) =
∩

V ∈𝔑

∪

U∈σ(x′)
A∈𝔉�

∩

x∈F∩U
α∈A,α>0

(
F − x

α
+ V

)

.
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If � is not a monad (for instance, a singleton), then the implicit form of
Cl�(F, x′) is associated with the model of analysis which is in fact under inves-
tigation. It should be emphasized that the ultrafilter U (α) := ∗{A ⊂ ℝ : α ∈ A}
has the monad not convergent to the initial infinitesimal α; i.e., the set Clα(F, x′)
is, generally speaking, broader than Clμ(U (α))(F, x′). At the same time, the above-
introduced approximations prove to possess many advantages inherent to Clarke
cones. When elaborating on the last statement, we will, without further specifica-
tion, use, as was the case in 6.2, the supposition that the mapping (x, β, h) �→ x+βh

from (X × ℝ × X, σ × τℝ × τ) to (X, σ) is continuous at zero (which “in standard
entourage” is equivalent to the inclusion μ(σ) + μ(ℝ+)μ(τ) ⊂ μ(σ)).

6.3.2. Theorem. For every set � of positive infinitesimals the following state-

ments are valid:

(1) Ha�(F, x′), In�(F, x′), Cl�(F, x′) are semigroups and, moreover,

Ha(F, x′) ⊂ Ha�(F, x′) ⊂ In�(F, x′) ⊂ Cl�(F, x′) ⊂ K(F, x′),

Cl(F, x′) ⊂ Cl�(F, x′);

(2) if � is an internal set, then Ha�(F, x′) is τ -open;

(3) Cl�(F, x′) is a τ -closed set; moreover, for a convex set F we have

K(F, x′) = Cl�(F, x′)

as soon as σ = τ ;

(4) if σ = τ , then the following equality is valid:

Cl�(F, x′) = Cl�(clF, x′);

(5) the Rockafellar formula holds

Ha�(F, x′) + Cl�(F, x′) = Ha�(F, x′);

(6) if x′ is a τ -boundary point of F then, for F ′ := (X − F ) ∪ {x′},

Ha�(F, x′) = −Ha�(F ′, x′).
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⊲ (1) Check for definiteness that In�(F, x′) is a semigroup. If standard h′

and h′′ belong to In�(F, x′) then for every α ∈ � and a certain h1 ≈σ h′ we get
x′′ := x + αh1 ∈ F as soon as x ∈ F and x ≈σ x′. By hypothesis, there is an
h2 ≈τ h′′ for which x′′ + αh2 ∈ F , as x′′ ≈σ x. Finally, h1 + h2 ≈τ h′ + h′′ and
h1 + h2 “serves” the inclusion h′ + h′′ ∈ In�(F, x′).

If h′ ∈ Cl�(F, x′) and h′ is standard then x′ + αh ∈ F for some α ∈ � and
h ≈τ h′, which implies h′ ∈ K(F, x′). The rest of the inclusions written in (1) are
obvious.

(2) If h′ is a standard element of Ha�(F, x′) then

(∀x ≈σ x′, x ∈ F )(∀h ≈τ h′)(∀α ∈ �) x + αh ∈ F.

Taking 6.3.2 into account and using the fact that � is an internal set, we deduce:

(∃stV ∈ 𝔑τ )(∃stU ∈ σ(x′))(∀x ∈ U ∩ F )(∀h ∈ h′ + V )(∀α ∈ �) x + αh ∈ F.

Choose standard neighborhoods V1, V2 ∈ 𝔑τ in such a way that V1 +V2 ⊂ V . Then
for all standard h′′ ∈ h′ + V1 the condition

(∀x ∈ U ∩ F )(∀h ∈ h′′ + V2)(∀α ∈ �) x + αh ∈ F

is valid, i.e. h′′ ∈ Ha�(F, x′) for any h′′ ∈ h′ + V1.
(3) Let now h′ be a standard element of clτ Cl�(F, x′). Take an arbitrary

standard neighborhood V of the point h′ and again choose standard V1, V2 ∈ 𝔑τ

satisfying the condition V1 + V2 ⊂ V . By definition, there is an h′′ ∈ Cl�(F, x′)
such that h′′ ∈ h′ + V1. By 6.3.1 and 6.3.2, we have

(∀α ∈ �)(∃stU ∈ σ(x′))(∀x ∈ F ∩ U)(∃h ∈ h′′ + V2) x + αh ∈ F.

Moreover, h ∈ h′′ + V2 ⊂ h′ + V1 + V2 ⊂ h′ + V . In other words,

(∀stV ∈ 𝔑τ )(∀α ∈ �)(∃stU ∈ σ(x′))(∀x ∈ F ∩ U)(∃h ∈ h′ + V ) x + αh ∈ F.

Therefore, h′ ∈ Clα(F, x′) for every α ∈ �, i.e. h′ ∈ Cl�(F, x′).
If now h′ ∈ Fd�(F, x′) and h′ is standard, then for a certain standard α′ > 0,

by the transfer principle, we have x′ + α′h′ ∈ F . If x ≈σ x′ and x ∈ F , then
(x − x′)/α′ ≈σ 0. For h := h′ + (x − x′)/α′ we get h ≈τ h′ and, moreover,
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x+α′h ∈ F . Taking the convexity of F into account we conclude x+ (0, α′]h ⊂ F .
In particular, x + �h ⊂ F . Hence,

(∀x ≈σ x′, x ∈ F )(∀α ∈ �)(∃h ≈τ h′) x + αh ∈ F,

i.e. h′ ∈ Cl�(F, x′). Therefore,

Fd(F, x′) ⊂ Cl�(F, x′) ⊂ K(F, x′) ⊂ cl Fd(F, x′).

Taking into account the fact that Cl�(F, x′) is τ -closed, we conclude: K(F, x′) =
Cl�(F, x′).

(4) The proof is carried out as in 6.2.11.
(5) For standard k′ ∈ Ha�(F, x′) and h′ ∈ Cl�(F, x′), for every α ∈ � and any

x ∈ F such that x ≈σ x′, having chosen some h that enjoys the conditions h ≈τ h′

and x + αh ∈ F , we successively derive

x + α(h′ + k′ + μ(τ)) = x + αh + α(k′ + (h− h′) + μ(τ))

⊂ (x + μ(σ)) ∩ F + α(k′ + μ(τ)) + μ(τ))

⊂ (x + μ(σ)) ∩ F + α(k′ + μ(τ)) ⊂ F,

which implies the relation h′ + k′ ∈ Ha�(F, x′).
(6) Let −h ∕∈ Ha�(F ′, x′). Then for a certain α ∈ � there is an element

h ≈τ h′ such that x−αh ∈ F for an appropriate x ≈σ x′, x ∈ F . If at the same time
h ∈ Ha�(F, x′) then, in particular, h ∈ Haα(F, x′) and x = (x−αh)+αh ∈ F , since
x−αh ≈σ x. Hence, x ∈ F∩F ′, i.e. x = x′. In addition, (x′−αh)+α(h+μ(τ)) ⊂ F ,
since h+μ(τ) ⊂ μ(τ(h′)). Therefore, x′ is a τ -interior point of F , which contradicts
the assumption. Hence, h ∕∈ Ha�(F, x′), which ensures the inclusion −Ha�(F, x′) ⊂
Ha�(F ′, x′). Substituting F = (F ′)′ for F ′ in the above considerations, we come to
the sought conclusion. ⊳

6.3.3. It is important to emphasize that in many cases the described analogs
of the Hadamard and Clarke cones are convex. In fact, the following propositions
are valid.

6.3.4. Let τ be a vector topology and t� ⊂ � for a certain standard t ∈
(0, 1). Then Cl�(F, x′) is a convex cone. If, in addition, � is an internal set, then

Ha�(F, x′) is a convex cone too.
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⊲ Assume that we deal with Ha�(F, x′) and h ∈ Ha�(F, x′) is a standard
element of this set. By virtue of 6.3.2 (2) Ha�(F, x′) is open in the topology τ .
Moreover, th ∈ Ha�(F, x′), where t is the standard positive number mentioned in
the hypothesis. ⊳

6.3.5. Let t� ⊂ � for every standard t ∈ (0, 1). Then the sets Cl�(F, x′),
In�(F, x′) and Ha�(F, x′) are convex cones.

⊲ Assume, for definiteness, that the set Cl�(F, x′) is dealt. Let h′ be a standard
vector of the set under discussion, and 0 < t < 1 is a standard number. Take
x ≈σ x′, x ∈ F and α ∈ �. For x and tα ∈ � we choose an element h, for which
h ≈τ h′ and x+αth ∈ F . Since th ≈τ th′ by virtue of 6.1.7, we have th′ ∈ Clα(F, x′).
In other words, by the transfer principle, (0, 1) Cl�(F, x′) ⊂ Cl�(F, x′). Now we are
to recall 6.3.2 (1). ⊳

6.3.6. A set � is called representative, provided that Ha�(F, x′) and Cl�(F, x′)
are (convex) cones. Propositions 6.3.4 and 6.3.5 give examples of representative �’s.

6.3.7. Let f :→ ℝ be a function acting into the extended real line. For an
infinitesimal α, a point x′ in dom(f) and a vector h′ ∈ X , we set:

f(Ha
α

)(x′)(h′) := inf{t ∈ ℝ : (h′, t) ∈ Ha
α

(epi(f), (x′, f(x′)))},

f(Inα)(x′)(h′) := inf{t ∈ ℝ : (h′, t) ∈ Inα(epi(f), (x′, f(x′)))},
f(Clα)(x′)(h′) := inf{t ∈ ℝ : (h′, t) ∈ Clα(epi(f), (x′, f(x′)))}.

The derivatives f(Haα), f(Inα) and f(Clα) are introduced in a natural way. It
should be remarked that the derivative f(Cl) := f(Clμ(ℝ)+)) is called the Rockafellar
derivative and is denoted by f↑. Therefore, we write:

f↑
α(x′) := f(Clα)(x′), f↑

�(x′) := f(Cl�)(x′).

If τ is the discrete topology then Ha�(F, x′) = In�(F, x′) = Cl�(F, x′). In this case
the Rockafellar derivative is called the Clarke derivative and the following notation
is used:

f∘
α(x′) := f↑

α(x′), f∘
�(x′) := f↑

�(x′).

For � = μ(ℝ+), the indications of � are omitted.
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When considering epiderivatives, the space X × ℝ is assumed to be endowed
with the conventional product topologies σ×τℝ and τ×τℝ, where τℝ is the ordinary
topology in ℝ. It is sometimes convenient to furnish X × ℝ with the pair of the
topologies σ×τ0 and τ ×τℝ, where τ0 is the trivial topology in ℝ. When using such
topologies, we speak about the Clarke and Rockafellar derivatives along effective
domain dom(f) and add the index d in the notation: f∘

d , f↑
�, d, etc.

6.3.8. The following statements are valid:

f↑
α(x′)(h′) ≤ t′ ↔ (∀x ≈σ x′, t ≈ f(x′), t ≥ f(x))(∃h ≈τ h′)

∘((f(x + αh) − t)/α) ≤ t′;

f∘
α(x′)(h′) < t′ ↔ (∀x ≈σ x′, t ≈ f(x′), t ≥ f(x))(∀h ≈τ h′)

∘((f(x + αh) − t)/α) < t′;

f↑
α,d(x

′)(h′) ≤ t′ ↔ (∀x ≈σ x′, x ∈ dom(f))(∃h ≈τ h′)
∘((f(x + αh) − t)/α) ≤ t′;

f∘
α,d(x

′)(h′) < t′ ↔ (∀x ≈σ x′, x ∈ dom(f))(∀h ≈τ h′)
∘((f(x + αh) − t)/α) < t′.

⊲ For the proof appeal to 2.2.18 (3). ⊳

6.3.9. If f is a lower semicontinuous function, then

f↑
α(x′)(h′) ≤ t′ ↔ (∀x ≈σ x′, f(x) ≈ f(x′))(∃h ≈τ h′)

∘
(
f(x + αh) − f(x)

α

)

≤ t′;

f∘
α(x′)(h′) < t′ ↔ (∀x ≈σ x′, f(x) ≈ f(x′))(∀h ≈τ h′)

∘
(
f(x + αh) − f(x)

α

)

< t′.

⊲ Only the implications from left to right have to be checked. Let us do it
for the first of them, since the proofs are identical. As f is lower semicontinuous,
we can deduce: x′ ≈σ x → ∘f(x) ≥ f(x′). Therefore, for x, t such that t ≈ f(x′)
and t ≥ f(x), we have ∘t ≥ ∘f(x) ≥ f(x′) = ∘t. In other words, ∘f(x) = f(x′) and
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f(x) ≈ f(x′). Selecting a suitable element h according to the conditions, we come
to the conclusion

∘(α−1(f(x + αh) − t)) ≤ ∘(α−1(f(x + αh) − f(x))) ≤ t′,

which ensures the claim. ⊳

6.3.10. For a continuous function f the following equalities are valid:

f↑
�,d(x

′) = f↑
�(x′), f∘

�,d(x
′) = f∘

�(x′).

⊲ It suffices to remark that the continuity of f at a standard point yields
(x ≈σ x′, x ∈ dom(f)) → f(x) ≈ f(x′). ⊳

6.3.11. Theorem. Let � be a monad. Then we have the following statements:

(1) if f is a lower semicontinuous function then

f↑
�(x′)(h′) = lim sup

x→fx
′

α∈𝔉�

inf
h→h′

f(x + αh) − f(x)
α

,

f∘
�(x′)(h′) = lim sup

x→fx
′

α∈𝔉�

f(x + αh′) − f(x)
α

,

where x →f x′ means x →σ x′ and f(x) → f(x′);

(2) for a continuous function f we have

f↑
�, d(x

′)(h′) = lim sup
x→x′
α∈𝔉�

inf
h→h′

f(x + αh) − f(x)
α

,

f∘
�,d(x

′)(h′) = lim sup
x→x′
α∈𝔉�

f(x + αh) − f(x)
α

.

⊲ For the proof we have to recall the criterion for the Rockafellar limit 6.2.23,
as well as 6.3.9 and 6.3.10. ⊳

6.3.12. Theorem. Let � be a representative set of infinitesimals. The follow-

ing statements are valid:
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(1) if f is a mapping directionally Lipshitzian at the point x′, i.e.

Ha(epi(f), (x′, f(x′))) ∕= ∅,

then

f↑
�(x′) = f∘

�(x′);

if in addition f is continuous at x′ then

f↑
�(x′) = f↑

�,d(x
′) = f∘

�,d(x
′) = f∘

�(x′);

(2) if f is an arbitrary function, and the Hadamard cone of its effective domain

at the point x′ is nonempty, i.e. Ha(dom(f), x′) ∕= ∅; then

f↑
�,d(x

′) = f∘
�,d(x

′).

⊲ The proof of both statements sought is carried out in the same pattern as that
of Theorem 6.3.2. Let us consider in detail the case of directionally Lipshitzian f .

Put 𝔄 := epi(f), a′ := (x′, f(x′)). By hypothesis, Cl�(𝔄, a′) and Ha�(𝔄, a′)
are convex cones. Moreover, Ha�(𝔄, a′) ⊃ Ha(𝔄, a′) and, hence,

intτ×τℝ Ha�(𝔄, a′) ∕= ∅.

On the basis of the Rockafellar formula we deduce:

clτ×τℝ Ha�(𝔄, a′) = Cl�(𝔄, a′).

This equality implies the required statement. ⊳

6.3.13. Theorem. Let f1, f2 : X → ℝ be arbitrary functions, and let x′ ∈
dom(f1) ∩ dom(f2). Then

(f1 + f2)
↑
�,d(x

′) ≤ (f1)
↑
�,d(x

′) + (f2)∘�,d(x
′).

If, in addition, f1 and f2 are continuous at the point x′ then

(f1 + f2)
↑
�(x′) ≤ (f1)

↑
�(x′) + (f2)∘�(x′).
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⊲ Let a standard element h′ be chosen as follows

h′ ∈ dom((f2)∘�,d) ∩ dom((f1))
↑
�,d).

If there is no such an h′ the sought estimates are obvious.
Take t′ ≥ (f1)

↑
�,d(x

′)(h′) and s′ > (f2)∘�,d(x
′)(h′). Then, by virtue of 6.3.8, for

every x ≈σ x′, x ∈ dom(f1) ∩ dom(f2), and α ∈ � there is an element h for which
h ≈τ h′ and moreover,

δ1 := ∘((f1(x + αh) − f1(x))/α) ≤ t′;

δ2 := ∘((f2(x + αh) − f2(x))/α) < s′.

Hence, we deduce: δ1 + δ2 < t′ + s′, which ensures (1). If f1 and f2 are continuous
at the point x, then 6.3.10 should be invoked. ⊳

6.3.14. By way of concluding the present stage of discussion, let us consider
special presentations of the Clarke cone which arise in a finite-dimensional space
and pertain to the following remarkable result.

6.3.15. Cornet theorem. In a finite-dimensional space the Clarke cone is the

Kuratowski limit of contingencies:

Cl(F, x′) = Lix→x′
x∈F

K(F, x).

6.3.16. Corollary. Let � be an (external) set of strictly positive infinitesimals,

containing an (internal) sequence convergent to zero. Then the following equality

is valid:

Cl�(F, x′) = Cl(F, x′).

⊲ By the Leibniz principle, we can work in standard entourage. Since the
inclusion Cl�(F, x′) ⊃ Cl(F, x′) is obvious, take a standard point h′ in Cl�(F, x′)
and establish that h′ lies in the Clarke cone Cl(F, x′).

In virtue of 6.3.13 the following presentation is valid:

Lix→x′
x∈F

K(F, x) = ∗{h′ : (∀x ≈ x′, x ∈ F )(∃h ≈ h′) h ∈ K(F, x)},

and we conclude that if x ≈ x′, x ∈ F then there is an element h ∈ K(F, x) infinitely
close to h′.
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If (αn) is a sequence in � convergent to zero then, by hypothesis,

(∀n ∈ ℕ)(∃hn) x + αnhn ∈ F ∧ hn ≈ h′.

For any standard ε > 0 and the conventional norm ∥⋅∥ in ℝ
n we have ∥hn−h′∥ ≤ ε.

Therefore, taking into account finite dimensions, we can find sequence (ᾱn) and (h̄n)
such that

ᾱn → 0, h̄n → h̄, ∥h̄− h′∥ ≤ ε, x + ᾱnh̄n ∈ F (n ∈ ℕ).

Applying the strong idealization principle, we come to the conclusion that there
are sequences (ᾱn) and (h̄n) serving simultaneously all standard positive numbers
ε. Obviously, the corresponding limiting vector h is infinitely close to h′, and, at
the same time, by the definition of contingency, h ∈ K(F, x). ⊳

6.3.17. In the theorem given above we can use as a set � the monad of any
filter convergent to zero, for instance, of the tail filter of a fixed standard sequence
(αn) composed of strictly positive numbers and vanishing. Let us recall the charac-
teristics of the Clarke cone pertaining to this case and supplementing those already
considered. For the formulation we let the symbol dF (x) denote the distance from
the point x to the set F .

6.3.18. Theorem. For a sequence (αn) of strictly positive numbers convergent

to zero the following statements are equivalent:

(1) h′ ∈ Cl(F, x′),

(2) lim sup
x→x′
n→∞

dF (x+αnh
′)−dF (x)

αn
≤ 0,

(3) lim sup
x→x′

lim sup
n→∞

dF (x+αnh
′)−dF (x)

αn
≤ 0,

(4) lim
x→x′
x∈F

lim sup
n→∞

dF (x+αnh
′)

αn
= 0,

(5) lim sup
x→x′

lim inf
n→∞

dF (x+αnh
′)−dF (x)

αn
≤ 0,

(6) lim
x→x′
x∈F

lim inf
n→∞

dF (x+αnh
′)

αn
= 0.
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⊲ First of all observe that for α > 0 the following equivalence is valid:

∘(α−1dF (x + αh′)) = 0 ↔ (∃h ≈ h′) x + αh ∈ F,

where ∘t is, as usual, the standard part of the number t.
Indeed, in order to establish the implication ←, put y := x + αh′. Then

dF (x + αh′)/α = ∥x + αh′ − y∥/α ≤ ∥h− h′∥.

Checking the reverse implication, we invoke the strong idealization principle
and successively deduce:

∘(α−1dF (x + αh′)) = 0

→ (∀stε > 0) dF (x + αh′)/α < ε

→ (∀stε > 0)(∃y ∈ F ) ∥x + αh′ − y∥/α < ε

→ (∃y ∈ F )(∀stε > 0) ∥h′ − (y − x)/α∥ < ε

→ (∃y ∈ F ) ∥h− (y − x)/α∥ ≈ 0.

Setting now h := (y − x)/α, we see that h ≈ h′, and x + αh ∈ F .
Let us now go over to the proof of the sought equivalences.
Since the implications (3) → (4) → (6) and (3) → (5) → (6) are obvious, we

only establish that (1) → (2) → (3) and (6) → (1).
(1) → (2): Working in standard entourage, take x ≈ x′ and N ≈ +∞. Choose

an x′′ ∈ F in such a way that we had ∥x = x′′∥ ≤ dF (x′)+α2
N . Since the inequality

dF (x + αNh′) − dF (x′′ + αNh′) ≤ ∥x− x′′∥

is valid, we can deduce the following estimates:

(dF (x + αNh′) − dF (x))/αN

≤ (dF (x′′ + αNh′) + ∥x− x′′∥ − dF (x))/αN

≤ dF (x′′ + αNh′)/αN + αN .

By h′ ∈ Cl(F, x′), and the choice of x′′ and N , we get x′′ + αNh ∈ F for
a certain h ≈ h′. Therefore, from the above, we infer ∘(dF (x′′ + αNh′)/αN) = 0.
Hence,

(∀x ≈ x′)(∀N ≈ +∞) ∘(α−1
N (dF (x + αNh′) − dF (x))) ≤ 0.
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This is, by 6.3.22, the nonstandard criterion for (2) to be valid.
(2) → (3): It suffices to observe that for a function f : U × V → ℝ and filters

𝔉 in U and 𝔊 in V , we have the chain of equivalences

lim sup𝔉 lim sup𝔊 f(x, y) ≤ t

↔ (∀x ∈ μ(𝔉)) ∘ lim sup𝔊 f(x, y) ≤ t

↔ (∀x ∈ μ(𝔉))(∀stε > 0) inf
G∈𝔊

sup
y∈G

f(x, y) < t + ε

↔ (∀x ∈ μ(𝔉))(∀stε > 0)(∃G ∈ 𝔊) sup
y∈G

f(x, y) < t + ε

↔ (∀x ∈ μ(𝔉))(∃G ∈ 𝔊)(∀stε > 0) sup
y∈G

f(x, y) < t + ε

↔ (∀x ∈ μ(𝔉))(∃G ∈ 𝔊)(∀stε > 0) sup
y∈G

f(x, y) ≤ t + ε

↔ (∀x ∈ μ(𝔉))(∀G ∈ 𝔊)(∀y ∈ G) ∘f(x, y) ≤ t.

Here, as usual, μ(𝔉) is the monad of the filter 𝔉.
(6) → (1): First, observe that in the notation of the preceding fragment of the

proof, we have

lim sup𝔉 lim inf𝔊 f(x, y) ≤ t

↔ (∀x ∈ μ(𝔉)) sup
G∈𝔊

inf
y∈G

f(x, y) ≤ t

↔ (∀x ∈ μ(𝔉))(∀stε > 0)(∀G ∈ 𝔊) inf
y∈G

f(x, y) ≤ t + ε

↔ (∀x ∈ μ(𝔉))(∀G ∈ 𝔊)(∀stε > 0) inf
y∈G

f(x, y) < t + ε

↔ (∀x ∈ μ(𝔉))(∀G ∈ 𝔊)(∀stε > 0)(∃y ∈ G) f(x, y) < t + ε

↔ (∀x ∈ μ(𝔉))(∀G ∈ 𝔊)(∃y ∈ G) ∘f(x, y) ≤ t.

Using the conditions, from the just-established characteristic we deduce:

(∀x ≈ x′, x ∈ F )(∀n)(∃N ≥ n) ∘(α−1
N dF (x + αNh′)) = 0.

In other words, for a certain hN with hN ≈ h′, we get x + αNhN ∈ F . Taking into
account the above considerations presented similarly as in 6.3.16, we can deduce
that h′ lies in the lower Kuratowski limit of the contingencies of the set F at the
points close to x′, i.e. in the Clarke cone Cl(F, x′). ⊳
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6.4. Approximation to the Composition of Sets

We now proceed to studying tangents of the Clarke type and compositions of
correspondences. To this end we have to start with some topological considerations
pertaining to open and nearly open operators.

6.4.1. Take, as before, a vector space X with topologies σY and τX and one
more vector space Y with topologies σY and τY . Consider a linear operator T from
X to Y and study, first of all, the problem of interrelation between the approxi-
mating sets to F at the point x′, where F ⊂ X , and to its image T (F ) at the point
Tx′.

We say that T , F and x′ satisfy the condition of (relative) preopenness, or
condition (ρ−) if

(∀U ∈ σX(x′))(∃V ∈ σY (Tx′))T (U ∩ F ) ⊃ V ∩ T (F ).

In the case when

(∀U ∈ σX(x′))(∃V ∈ σY ((Tx′)) clτY T (U ∩ F ) ⊃ V ∩ T (F ),

the parameters T , F and x′ are said to satisfy the condition of (relative) near-
openness, or condition (ρ̄). Finally, the condition of (relative) openness or condition
(ρ) mean that the parameters under consideration possess the following property:

T (μ(σX(x′)) ∩ F ⊃ μ(σY (Tx′)) ∩ T (F ).

6.4.2. The following statement are valid:

(1) the inclusion

T (μ(σX(x′)) ∩ F ) ⊃ μ(σY (Tx′)) ∩ T (F )

is equivalent to the condition of (relative) preopenness;

(2) condition (ρ−) combined with the requirement that T is a continuous

mapping from (X, σX) to (Y, σY ) is equivalent to condition (ρ);

(3) condition (ρ̄) is valid if and only if

(∀W ∈ 𝔑τT )T (μ(σX(x′)) ∩ F ) + W ⊃ μ(σY (Tx′)) ∩ T (F ).
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⊲ Statements (1) and (2) are obtained by specialization of 6.3.2. To prove (3),
denote

A := T (σX(x′) ∩ F ), B := σY (Tx′) ∩ T (F ),

N := {N ⊂ Y 2 : (∃W ∈ NτY )N ⊃ {(y1, y2) : y1 − y2 ∈ W}},

i.e. N is the uniformity in Y corresponding to the topology in question. Using
the introduced notation, applying 6.3.2, and involving the principles of idealization
and transfer, we successively deduce:

(∀N ∈ N )N(μ(A )) ⊃ μ(B)

↔ (∀N ∈ N )(∀b ∈ μ(B))(∃a ∈ μ(A )) b ∈ N(a)

↔ (∀N ∈ N )(∀stA ∈ A )(∃stB ∈ B)(∀b ∈ B)(∃a ∈ A) b ∈ N(a)

↔ (∀stA ∈ A )(∀N ∈ N )(∃stB ∈ B)B ⊂ N(A)

↔ (∀stA ∈ A )(∃stB ∈ B)(∀N ∈ N )B ⊂ N(A)

↔ (∀stA ∈ A )(∃stB ∈ B)B ⊂ clA

↔ (∀A ∈ A )(∃B ∈ B)B ⊂ clA,

where the closure is calculated in the corresponding uniform topology. ⊳

6.4.3. Theorem. The following statements are valid:

(1) if T , F and x′ satisfy condition (ρ) and the operator T is continuous as

a mapping from (X, τX) to (Y, τY ) then

T (Cl�(F, x′)) ⊂ Cl�(T (F ), Tx′),

T (In�(F, x′)) ⊂ In�(T (F ), Tx′);

if, moreover, T is an open mapping from (X, τX) to (Y, τY ) then

T (Ha�(F, x′)) ⊂ Ha�(T (F ), Tx′));

(2) if τY is a vector topology, T , F and x′ satisfy condition (ρ̄), the operator

T : (X, τX) → (Y, τY ) is continuous then

T (Cl�(F, x′)) ⊂ Cl�(T (F ), Tx′).
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⊲ Check, for instance, the second of the required inclusions. To this end,
having fixed h′ ∈ In�(F, x′), for α ∈ � we choose an h ≈τX h′ such that x+αh ∈ F

for all x ≈σX x′, x ∈ F . Obviously, Th ≈σX Th′ and Tx + αTh ∈ T (F ). Applying
condition (ρ), we conclude: Th′ ∈ In�(T (F ), Tx′).

Assume now that T satisfy the additional condition of openness, i.e.

T (μ(τX)) ⊃ μ(τY )

according to 6.4.2 (1). Combined with the continuity of T , this implies that the
just-obtained monads coincide. If now y ∈ T (F ), y ≈σY Tx′, then by condition (ρ)
we have y = Tx, where x ∈ F and x ≈σY x′. In addition, for z ≈τY Th′ we can
find an h ≈τX h′, with z = Th. Therefore, for all α ∈ � we have x + αh ∈ F , i.e.
y + αz = Tx + αTh ∈ T (F ) as soon as a standard h′ is such that h′ ∈ Ha�(F, x′).

(2) Take an infinitesimal α ∈ � and any standard element h′ ∈ Clα(F, x′).
Let W be a certain infinitely small neighborhood of the origin in τY . Then, by
hypothesis, αW is also a neighborhood of the origin. On the basis of (ρ̄), having
taken y ≈σY Tx′, y ∈ T (F ), we find x ∈ μ(σX(x′))∩F such that y = Tx+αω and
ω ≈τY 0. Since h′ belongs to the Clarke cone, there is an element h′′ ≈τY h′ for
which x+αh′′ ∈ F . Hence, y+α(Th′′−w) = y−αw+αTh′′ = T (x+αh′′) ∈ T (F ).
Indeed, from here we deduce: Th′′−w ∈ Th′ +μ(τY )−w ∈ Th′ +μ(τY )+μ(τY ) =
Th′ + μ(τY ). Therefore, we have established: Th′ ∈ Clα(T (F ), Tx′). ⊳

6.4.4. We now consider vector spaces X , Y , Z furnished with topologies
σX , τX ; σY , τY ; and σZ , τZ , respectively. Let F ⊂ X × Y and G ⊂ X × Z be
two correspondences, and let a point d′ := (x′, y′, z′) ∈ X × Y × Z meets the con-
ditions a′ := (x′, y′) ∈ F and b′ := (y′, z′) ∈ G. Introduce the following notation:
H := X ×G∩ F × Z, c′ := (x′, z′). It should be remarked that G ∘ F = PrX×Z H,
where PrX×Z is the operator of natural projection onto X × Z parallel to Y . Fur-
thermore, introduce the following abbreviations:

σ1 := σX × σY ; τ1 := τX × τY ;

σ2 := σY × σZ ; τ2 := τY × τZ ;

σ := σX × σZ ; τ := τX × τZ ;

σ̄ := σX × σY × σZ ; τ̄ := τX × τY × τZ .
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It worth recalling that the operator PrX×Z is continuous and open (when “samelet-
ter” topologies are used). Still fixed is a certain set � composed of infinitesimals.
Observe also the next property of monads which is needed:

6.4.5. The monad of a composition is the composition of monads.

⊲ Let 𝔄 be a filter in X × Y , while 𝔅 be a filter in Y × Z. Denote by 𝔅 ∘ 𝔄
the filter in X ×Z generated by the family {B ∘A : A ∈ 𝔄, B ∈ 𝔅}, where the sets
A and B can be considered nonempty. It is obvious that

B ∘A = PrX×Z(A× Z ∩X ×B).

Therefore, the filter under consideration, 𝔅 ∘ 𝔄, is the image PrX×Z(ℭ), where
ℭ := ℭ1 ∨ ℭ2 and ℭ1 := 𝔄 × {Z}, ℭ2 := {X} ×𝔅. Since the monad of a product
is the product of monads, the monad of the least upper bound of filters is the
intersection of their monads, and the monad of the image of a filter coincides with
the image of its monad, we come to the relation

μ(𝔅 ∘ 𝔄) = PrX×Z(μ(𝔄) × Z ∩X × μ(𝔅)) = μ(𝔅) ∘ μ(𝔄),

which was required. ⊳
6.4.6. The following statements are equivalent:

(1) for the operator PrX×Z , a correspondence H and a point c′, condition (ρ)
is fulfilled;

(2) G ∘ F ∩ μ(σ(c′)) = G ∩ μ(σ2(b′)) ∘ F ∩ μ(σ1(a′));
(3) (∀V ∈ σY (y′))(∃U ∈ σX(x′))(∃W ∈ σZ(z′))

G ∘ F ∩ U ×W ⊂ G ∘ IV ∘ F,

where IV is, as usual, the identity relation on V .

⊲ Applying 6.3.2, we can rewrite (3) in equivalent form:

(∀V ∈σY (y′))(∃O ∈ σ(c′))(∀(x, z) ∈ O (x, z) ∈ G ∘ F )

(∃y ∈ V ) (x, y) ∈ F ∧ (y, z) ∈ G

↔ (∀(x, z) ≈σ c′ (x, z) ∈ G ∘ F )(∃y ≈σY y′) (x, y) ∈ F ∧ (y, z) ∈ G

↔ μ(σ(c′)) ∩G ∘ F ⊂ μ(σ2(b′)) ∩G ∘ μ(σ1(a′)) ∩ F.

It remains to observe that

PrX×Z(μ(σ̄(d′)) ∩H) =
{
(x, z) ∈ G ∘ F :

x ≈σX x′ ∧ z ≈σZ z′ ∧ (∃y ≈σY y′) (x, y) ∈ F ∧ (y, z) ∈ G
}

= μ(σ2(b′)) ∩G ∘ μ(σ1(a′) ∩ F. ⊳
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6.4.7. The following statements are equivalent:

(1) for the operator PrX×Z , a correspondence H and a point c′, condition (ρ̄)
is fulfilled;

(2) (∀W ∈ 𝔑τ )μ(σ2(b′)) ∩G ∘ μ(σ1(a′)) ∩ F + W

⊃ μ(σ(c′)) ∩G ∘ F ;
(3) (∀V ∈ σ2(b′))(∀U ∈ σ1(a′))(∃W ∈ σ(c′))

W ∩G ∘ F ⊂ clτ (V ∩G ∘ U ∩ F );
(4) (∀U ∈ σX(x′))(∀V ∈ σY (y′))(∀W ∈ σZ(z′))(∃V ∈ σ(c′))

O ∩G ∘ F ⊂ clτ (G ∘ IV ∘ F ∩ U ×W );
(5) if τ ≥ σ, then (∀V ∈ σY (y′))(∃U ∈ σX(x′))(∃W ∈ σZ(z′))

G ∘ F ∩ U ×W ⊂ clτ (G ∘ IV ∘ F ),
(in this event condition (ρ̄c) is said to be fulfilled for the point d′ := (x′, y′, z′)).

⊲ From Proposition 6.4.2 (3) and the proof of 6.4.2 (3) we directly infer validity
of the equivalences: (1) ↔ (2) ↔ (3).

In order to prove the equivalence (3) ↔ (4), it suffices to observe

(V ×W ) ∩G ∘ (U × V ) ∩ F = {(x, z) ∈ X × Z :

x ∈ U ∧ z ∈ W ∧ (∃y ∈ V ) (x, y) ∈ F ∧ (y, z) ∈ G}
= G ∘ IV ∘ F ∩ U ×W

for any U ⊂ X , V ⊂ Y , W ⊂ Z.
Therefore, it remains to be established that (4) ↔ (5); this implication, how-

ever, is obvious, since (5) results from specialization of (4) for U := X and W := Z.
In order to check (5) ↔ (4) take V ∈ σY (y′) and select an open neighborhood

C ∈ σ(c′) such that G ∘ F ∩ C ⊂ clτ A, where A := G ∘ IV ∘ F . Having chosen
open U ∈ σX(x′) and W ∈ σZ(z′), put B := U × W and O := B ∩ C. Obviously,
G ∘F ∩O ⊂ (clτ A)∩B. Working in standard entourage, for an a ∈ (clτ A)∩B we
find a point a′ ∈ A with a′ ≈τ a. Clearly, a′ ≈σ a, since μ(τ) ⊂ μ(σ) by hypothesis.
As B is σ-open, we get a′ ∈ B, i.e. a′ ∈ A ∩ B and a ∈ clτ (A ∩ B). Finally,
G ∘ F ∩O ⊂ clτ (A ∩B) which was to be proven. ⊳

6.4.8. The following inclusions are valid:

(1) Ha�(H, d′) ⊃ X × Ha�(G, b′) ∩ Ha�(F, a′) × Z;

(2) R2
�(H, d′) ⊃ X × R1

�(G, b′) ∩ R2
�(F, a′) × Z;

(3) Cl�(H, d′) ⊃ X × Q1
�(G, b′) ∩ Cl�(F, a′) × Z;
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(4) Cl�(H, d′) ⊃ X × Cl(G, b′) ∩ Q2
�(F, a′) × Z;

(5) Cl2(H, d′) ⊃ X × P2(G, b′) ∩ S2(F, a′) × Z, where the cone Cl2(H, d′) is

determined (in standard entourage) by the relation

Cl2(H, d′) := ∗{s′, t′, r′) ∈ X × Y × Z : (∀d ≈σ̄ d′, d ∈ H)

(∀α ∈ μ(ℝ+))(∃s ≈τX s′)(∀t ≈τY t′)(∃r ≈τZ z′)

d + α(s, t, r) ∈ H
}
.

⊲ Only (1) and (5) are to be checked, the remaining statements provable by
the same scheme.

(1) Assume that an element (s′, t′, r′) is standard and belongs to the right-hand
side of the relation in question. Take a d ≈σ̄ d′ and α ∈ �, where d := (x, y, z) ∈ H.
Clearly, a := (x, y) ∈ F and a ≈σ1 a′, while b := (y, z) ∈ G, b ≈σ2 b′. Therefore, for
α ∈ � and (s, t, r) ≈τ̄ (s′, t′, r′) we get a + α(s, t) ∈ F and b + α(t, r) ∈ G. Hence,

d + α(s, t, r) = (a + α(s, t), z + αr) ∈ F × Z,

d + α(s, t, r) = (x + αs, b + α(t, r)) ∈ X ×G,

i.e. (s′, t′, r′) ∈ Ha�(H, d′).
(5) Take a standard element (s′, t′, r′) from the right-hand side of (4). By

definition, there is an element s ≈τX s′ such that for any t ≈τY t′ for some r ≈τZ r′

and all a ≈σ1 a′ and b ≈σ2 b′, we have a+α(s, t) ∈ F and b+α(t, r) ∈ G. Obviously,
we get d + α(s, t, r) ∈ H as soon as b ≈σ̄ d′ and d ∈ H. ⊳

6.4.9. It should be emphasized that the mechanism of “leapfrogging” demon-
strated in 6.4.8, can be modified in accord with the purposes of investigation. Such
purposes include, as a rule, some estimates of approximation to the composition of
sets. In this case it would be most convenient to use the scheme based on the use of
the method of general position [327, 404], as well as the results discussed above and
detailing and generalizing this scheme. We formulate one of the possible results.

6.4.10. Theorem. Let τ be a vector topology with τ ≥ σ. Let correspondences

F ⊂ X×Y and G ⊂ Y ×Z be such that Ha(F, a′) ∕= ∅ and the cones Q2(F, a′)×Z

and X × Cl(G, b′) are in general position (relative to the topology τ̄). Then

Cl(G ∘ F, c′) ⊃ Cl(G, b′) ∘ Cl(F, a′),
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provided that condition (ρ̄c) is fulfilled at the point d′.
⊲ The proof is carried out by the scheme proposed in [97, 135] (compare

6.5.10) and consists in verifying the (presumed) conditions ensuring validity for the
following statements:

Cl(G ∘ F, c′) = Cl(PrX×Z H,PrX×Z d′) ⊃ clτ PrX×Z Cl(H, d′)

⊃ PrX×Z clτ̄ (X × Cl(G, b′) ∩ Q2(F, a′) × Z)

= PrX×Z(clτ̄ (X × Cl(G, b′)) ∩ clτ̄ (Q2(F, a′) × Z))

= PrX×Z(X × Cl(G, b′) ∩ Cl(F, a′) × Z)

= Cl(G, b′) ∘ Cl(f, a′). ⊳

6.5. Subdifferentials of Nonsmooth Operators

In this section we consider the method of subdifferentiation of mappings with
values in K-spaces and briefly give some necessary optimality conditions in nons-
mooth multicriteria optimization problems. For the sake of diversity, we use here
standard approach and admit some repetitions.

6.5.1. Let E be a topological K-space. The E-normal cone to a set C at
a point x ∈ cl(C) is the set

NE(C, x) := {T ∈ L (X,E) : Th ≤ 0, h ∈ Cl(C, x)}.

If x /∈ cl(C), then we put NE(C, x) = L (X,E) ∪ {∞}, where ∞ is the operator
from X to E⋅ with the only value +∞. Observe that if C is a convex set and x ∈ C

then T ∈ NE(C, x) if and only if Th ≤ 0 for all h ∈ Fd(C, x).
The notion of E-valued normal cone allows one to settle the case of nonlinear

operators with values in a K-space E.

6.5.2. The subdifferential of a mapping f : X → E at a point x, f(x) ∈ E, is
the set

∂f(x) := {T ∈ L (X,E) : (T, IE) ∈ NE(epi(f), (x, f(x)))}.
The operator f∘(x) : X → E, defined by

f∘(x) : h �→ inf{k ∈ E : (h, k) ∈ Cl(epi(f), (x, f(x)))},

is said to be the generalized directional derivative.
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It is easily seen that for a convex operator f the definitions take the form:

∂f(x) := {T ∈ L (X,E) : Ty − Tx ≤ f(y) − f(x), y ∈ X},
f∘(x)h = f ′(x)h := inf

t>0

f(x + th) − f(x)
t

.

In particular, the support set ∂P of a sublinear operator P coincides with its subd-
ifferential at the origin. It also should be noted that ∂f(x) and f ′(x), for a convex
f , do not depend on vector topologies in X and E.

We now describe a general method for calculating normal cones and subdiffer-
entials which is based on the concept of general position.

6.5.3. Let C,C1, . . . , Cn be arbitrary sets and K,K1, . . . , Kn be cones in a topo-

logical vector space X . Consider a point x ∈ X and assume that the conditions are

fulfilled:

(1) C = C1 ∩ ⋅ ⋅ ⋅ ∩ Cn, K ⊃ K1 ∩ ⋅ ⋅ ⋅ ∩Kn;
(2) K ⊂ Cl(C, x), cl(Kl) ⊃ Cl(Cl, x), l = 1, . . . , n;
(3) the cones K1, . . . , Kn are in general position.

Then the following formulas are valid:

Cl(C, x) ⊃ Cl(C1, x) ∩ ⋅ ⋅ ⋅ ∩ Cl(Cn, x),

NE(C, x) ⊂ NE(C1, x) + ⋅ ⋅ ⋅+ NE(Cn, x);

moreover, the right-hand side of the latter inclusion is closed in the topology of

pointwise convergence in L (X,E).
⊲ The proof is straightforward from 3.2.4. ⊳

6.5.4. The cones Kl, appearing in 6.5.3, are said to be regularizing , while the
condition cl(K) ⊃ Cl(C, x) is called K-regularity of C at x. Observe that the cone
of feasible directions of a convex set C serves as one of its regularizing cones. In
addition, if x belongs to the intersection of convex sets C1, . . . , Cn then

Fd(C1 ∩ ⋅ ⋅ ⋅ ∩ Cn, x) = Fd(C1, x) ∩ ⋅ ⋅ ⋅ ∩ Fd(Cn, x).

Therefore the inclusion in 6.5.3 is actually an identity, provided that the cones
Fd(C1, x), . . . ,Fd(Cn, x) are in general position.
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6.5.5. Let a set C ∈ X , a point x ∈ C and an operator T ∈ L (X, Y ) satisfy
the condition ρ. Suppose that T is open. Then

Cl(T (F ), Tx′) ⊃ clT (Cl(F, x′)),

NE(T (C), Tx) ⊂ {S ∈ L (X, Y ) : S ∘ T ∈ NE(C, x)}.

⊲ The proof is straightforward from 6.4.3. ⊳

6.5.6. The above propositions form a basis for the method proposed. Assume
that a mapping

ψ :
n∏

j=1

2Xj → 2Y

can be represented as a finite combination of intersections and linear continuous
images with {y} = ψ({x1}, . . . , {xn}) (xj ∈ Xj). Then, by induction, in virtue of
Propositions 6.5.3 and 6.5.5 we have

Cl(ψ(C1, . . . , Cn), y) ⊃ ψ(Cl(C1, x1), . . . ,Cl(Cn, xn)),

NE(ψ(C1, . . . , Cn), y) ⊂ ψ∗(NE(C1, x1), . . . ,NE(Cn, xn)),

where the right-hand side of the latter inclusion is closed in the topology of pointwise
convergence in L (Y,E). The mapping ψ∗ is uniquely defined by ψ and can be easily
obtained, using 6.5.5. The induction steps, in which Proposition 6.5.3 is applied,
require some regularity assumption.

6.5.7. The regularizing cones introduced in 6.1.17 are frequently used for our
purpose. Let � denote R or Q. If z /∈ cl(G) then we put �j(G, z) = ∅. As we
saw in 6.1.20, �j(G, z) a convex cone and �j(G, z) ⊂ Cl(G, z). Instead of �j(G, z)-
regularity we shall speak about �j-regularity of a set G at z. Agreeing on using the
abbreviation �(f, x) := �(epi(f), (x, f(x)), we call a mapping f : X → E �-regular
at x if its epigraph epi(f) is �-regular at the point (x, f(x)).

For a comparison we now give a standard proof of Proposition 6.1.20.

6.5.8. The sets Rj(C, z) and Qj(C, z) (j = 1, 2), are convex cones for all

C ⊂ X × Y and z ∈ X × Y .

⊲ It suffices to prove the proposition for some j, say, for j = 1. Consider
two pairs (h1, k1) and (h2, k2) in R1(C, z) and put (h, k) := (h1 + h2, k1 + k2).
For an arbitrary neighborhood V ∈ 𝔅k select the neighborhoods Vi ∈ 𝔅kj with
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V1 + V2 ⊂ V . In virtue of the inclusion (h2, k2) ∈ R1(C, z) there are ε2 > 0 and
U2 ∈ 𝔅z, such that

(z′ + t ⋅ {h2} × V2) ∩ C ∕= ∅

for all z′ ∈ U ∩C and t ∈ (0, ε). Let a number ε′ > 0, a set U ′ ∈ 𝔅z and V ′ ∈ 𝔅k1

satisfy the conditions

V ′ ⊂ V, U ′ + (0, ε′) ⋅ {h1} × V ′ ⊂ U2.

Finally, making use of the inclusion (h1, k2) ∈ R1(C, z), choose U1 ∈ 𝔅z and 0 < ε1,
so that

(z′ + t ⋅ {h1} × V ′) ∩ C ∕= ∅

for all z′ ∈ U1 ∩ C and t ∈ (0, ε1). Put U := U1 ∩ U2 ∩ U ′ and ε := min{ε1, ε2, ε′}.
Now, if z′ ∈ U ∩ C and t ∈ (0, ε) then we have z′ + t(h1, v1) ∈ C for some v1 ∈ V ′.
Since z′ + t(h1, v1) ∈ U2, the inclusion

z′ + t(h1, v1) + t(h2, v2) ∈ C

is also true under the appropriate choice of v2 ∈ V2. Taking into account that
z′ + t(h1, v1) + t(h2, v2) ∈ z′ + t ⋅ {h} × V , we arrive at the relation

(z′ + t{h} × V ) ∩ C ∕= ∅.

As V ∈ 𝔅k was chosen arbitrarily, we conclude that (h, k) ∈ R1(C, z).
Suppose now that (hi, ki) ∈ Q1(C, z), i = 1, 2, while (h, k), V, V1 and V2 have

the above meaning. According to the definition of Q1(C, z) there exist ε2 > 0,
U2 ∈ 𝔅z and W2 ∈ 𝔅h2 such that

(z′ + t{w2} × V2) ∩ C ∕= ∅

for all z′ ∈ U2 ∩C, t ∈ (0, ε2) and w2 ∈ W2. Consider a number ε′ > 0 and the sets
U ′ ∈ 𝔅z, W ′ ∈ 𝔅h1 and V ′ ∈ 𝔅k1 satisfying the conditions

V ′ ⊂ V, U ′ + (0, ε′) ⋅W ′ × V ′ ⊂ U2.

Making use of the definition of Q1(C, z) again, we can select ε1 > 0, U1 ∈ 𝔅z and
W1 ∈ 𝔅h1 such that

(z′ + t ⋅ {w1} × V ′) ∩ C ∕= ∅
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for all z′ ∈ U1∩C, t ∈ (0, ε) and w1 ∈ W1. Put U := U1∩U2∩U ′, ε := min{ε1, ε2, ε′}
and W := W1 ∩ W ′. Suppose that z′ ∈ U ∩ C, t ∈ (0, ε), w1 ∈ W1 ∩ W ′, w1 ∈ W2

and w := w1+w2. Then by the above said u = z′+t(w1, v1) ∈ C for certain v1 ∈ V ′

and, since u ∈ U2, there is such v2 ∈ V2, that u + t(w2, v2) ∈ C. The observation
u + t(w2, v2) ∈ z′ + t ⋅ {w} × V gives

(z′ + t{w} × V ) ∩ C ∕= ∅.

Hence, (h, k) ∈ Q1(C, z). The following inclusions are obvious:

λR1(C, x) ⊂ R1(C, x);

λQ1(C, x) ⊂ Q1(C, x),

which completes the proof. ⊳

6.5.9. We now consider the problem of calculating the normal cone to the
composition of correspondences. Let �1 ⊂ X × Y , �2 ⊂ Y × Z, where X, Y, Z are
topological vector spaces. If � := PX×Z is a natural projection from X × Y × Z

onto X × Z then the representation holds

�2 ∘ �1 = �
(
(�1 × Z) ∩ (X × �2)

)
.

Consider one more point u := (x, y, z) ∈ X × Y × Z and state condition (ρ) for
the triple �, M := (�1 × Z) ∩ (X × �2) and u in the form: for each V = 𝔅y there
exist neighborhoods U ∈ 𝔅x and W ∈ 𝔅z, such that �1(x) ∩ �−1

2 (z) ∩ V ∕= ∅ for
all (x, z) ∈ (U ×W ) ∩ (�2 ∘ �1). If the last condition is met then we shall say that
�1 and �2 satisfy condition (ρc) at u. Denote u0 := (x, z), u1 := (x, y), u2 := (y, z).
Recall that in view of our agreements in 2.1.7 we have

NE(�1, u1) := {(S, T ) ∈ L (X,E)× L (Y,E)

: Sh− Tk ≤ 0, (h, k) ∈ Cl(�1, u1)}.

6.5.10. Theorem. Assume that �1 and �2 satisfy condition (ρc) at u and one

of the following condition is met:
(1) �1 is R2-regular at u1, �2 is R1-regular at u2, while the cones R2(�1, u1)×Z

and X × R1(�2, u2) are in general position;
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(2) �1 is Q2-regular at u1, while the cones Q2(�1, u1) × Z and X × Cl(�2, u2)
are in general position;

(3) �2 is Q1-regular at u2, while the cones Cl(�1, u1) × Z and X × Q1(�2, u2)
are in general position.

Then the formulas are valid

Cl(�2 ∘ �1, u0) ⊃ Cl(�2, u2) ∘ Cl(�1, u1),

NE(�2 ∘ �1, u0) ⊂ NE(�2, u2) ∘ NE(�1, u1);

in addition, the set in right-hand side is closed in the topology of pointwise conver-

gence in L (X × Z,E).
Moreover, if �1 and �2 are convex correspondences then they are automatically

R-regular at the points u1 and u2 respectively, and the inclusions are identities,

provided that the general position hypothesis in (1), (2) or (3) is met.

⊲ The projection operator � := PX×Z is continuous and open, while condition
(ρc) ensure the validity of condition (ρ) for M , � and u. Therefore, by virtue of
6.5.5

Cl(�2 ∘ �1, u0) = Cl(�(M), u0) ⊇ �
(
Cl(M,u)

)
.

Each of the hypothesis (1)–(3) enables us to apply Proposition 6.5.3. Hence, taking
6.4.8 into consideration as well as the obvious identities

Cl(U × V, (u, v)) = Cl(U, u) × Cl(V, v),

R1(U × V, (u, v)) = R (U, u) × Cl(V, v),

Q1(U × V, (u, v)) = Q (U, u) × Cl(V, v),

we come to the first of the sought inclusions. Making again use of Propositions
6.5.3 and 6.5.5 we conclude that if (A,B) ∈ NE(�2 ∘ �1, u0) then

(A,B) ∘ � = (A1, B1, 0) + (0,−B2, C)

for some (A1, B1) ∈ NE(�1, u1) and (B2, C2) ∈ NE(�2, u2). From this we deduce
A = A1, B = C2 и B1 = B2 hence, (A,B) ∈ NE(�2, u2) ∘ NE(�1, u1).

Next, it is easily seen that for a convex set V we have cl(R (V, v) ⊃ Fd (V, v) at
any point v ∈ V , whence its R-regularity follows. It only remains to observe that
Ri(V, v) ⊃ R(V, v) and refer to 6.1.11, 6.5.4 and 6.5.5. ⊳
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6.5.11. From this fact one can deduce many corollaries about calculating the
subdifferentials of composite functions, as well as the normal cones of composite
sets. Varying the regularizing cones Kj, we obtain different regularity conditions
and different domains of validity for subdifferentiation formulas. We restrict ourself
to several examples.

6.5.12. Let C1, . . . , Cn be sets in a topological vector space X and a point

x ∈ X . Assume that at least one of the following condition is fulfilled:

(1) Cj is R-regular for j = 1, . . . , n, and the cones R(C1, x), . . . ,R(Cn, x) are

in general position;

(2) Cj is Q-regular for j = 2, . . . , n, and the cones

Cl(C1, x),Q(C2, x), . . . ,Q(Cn, x)

are in general position.

Then the formulas in 6.5.3 are valid.

6.5.13. A mapping F : X → E⋅⋅⋅ is called faithful at x in the direction h ∈ X

if f∘(x)h ∈ Tf,x(h) ∪ {+∞}, where

Tf,x(h) := {k ∈ E : (h, k) ∈ Cl(f, x) := Cl
(
epi(f), (x, f(x))

)
.

Assume that the subspace E0 := E+−E+ is complemented in E. If f∘(x)h > −∞,
and E is an order complete topological vector lattice with o-continuous norm then
f is faithful at x in the direction h. Indeed, under the listed hypothesis the set
Tf,x(h) is a lower semilattice, i.e.

k1, k2 ∈ Tf,x(h) → k1 ∧ k2 ∈ Tf,x(h),

therefore f∘(x)h = inf Tf,x(h) = limTf,x(h).
We say that the mappings f : X → E⋅⋅⋅ and g : E → F ⋅⋅⋅ satisfy condition (ρf) at

x ∈ dom(g ∘ f), if for each neighborhood V of y := f(x) there exist neighborhoods
U ∈ 𝔅x and W ∈ 𝔅g(y) such that V ∩ (f(x) + F+) ∩ g−1(z − E+) ∕= ∅ for all
(x, z) ∈ (U × W ) ∩ epi(g ∘ f). There are simple sufficient condition for (ρf). For
instance, if the restriction of f onto dom(f) is continuous at x then f and g satisfy
condition (ρf) at this point for whatever g.
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6.5.14. Theorem. Assume that the mappings f : X → F and g : F → E

satisfy condition (ρf) at x ∈ dom(g ∘ f) and g increases on (f(U) + V ) ∩ dom(g)
for some U ∈ 𝔅x and V ∈ 𝔅0. Let g is Q1-regular at y = f(x), while the cones

Cl(f, x)× E and X × Q1(g, y) are in general position. Then

∂(g ∘ f)(x) ⊂
∪

S∈∂g(y)

{T ∈ L (X,E) : (T, S) ∈ NE(f, x)}.

In addition, if f is faithful at x in the direction h ∈ X then

(g ∘ f)∘(x)h ≤ g∘(y) ∘ f∘(x)h;

if f is faithful at x in all direction h ∈ X then

∂(g ∘ f)(x) ⊂
∪

S∈∂g(y)

{∂(S ∘ f∘(x))}.

The right-hand sides of these inclusions are closed in the topology of pointwise

convergence in L (X,E).
⊲ Put �1 := epi(f) and �2 := epi(g). For a neighborhood y + V of y select

V1 ∈ 𝔅x and W1 ∈ 𝔅g(y) in accordance with condition (ρf); moreover we can
assume that U1 ⊂ U . Then g is increasing on f(U1) + V and one can easily
see that (U1 × W1) ∩ epi(ϕ) = (U1 × W1) ∩ �2 ∘ �1, where ϕ := g ∘ f . Hence,
Cl(ϕ, x) = Cl(�2 ∘ �1, (x, ϕ(x))). Condition (ρf) implies validity of condition (ρc)
for �1 and �2 at (x, f(x), ϕ(x)); moreover, condition (3) of Theorem 6.5.10 is fulfilled.
Thus, by virtue of Theorem 6.5.10 we have

Cl(ϕ, x) ⊃ Cl(�2, (y, g(y))) ∘ Cl(�1, (x, f(x))) = Cl(g, y) ∘ Cl(f, x).

If ∂ϕ(x) ∕= ∅ then the first formula is evident.
Suppose that T ∈ ∂ϕ(x). Then (T, IE) ∈ NE(ϕ, x) and by Theorem 6.5.9

there is S ∈ L (F,E) such that (T, S) ∈ NE(f, x) and (S, IE) ∈ NE(g, y). The last
containment means that S ∈ ∂g(y), whence the first formula follows.

Since g is increasing in a neighborhood of y, it can be easily verified that k1 ≤ k2

implies Tg,y(k1) ⊃ Tg,y(k2); thus, g∘(y)k1 ≤ g∘(y)k2. Therefore, by directional
faithfulness of f we obtain the second formula. Finally, the last formula is a direct
consequence of 3.2.10 (2) and what was proven. ⊳
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6.5.15. The above-considered objects of local convex analysis, i.e. tangent
cones, directional derivatives, subdifferentials with their various modifications form
the basis of the theory of necessary optimality conditions. Detailed expositions are
galor. Here we give only a simple example of necessary optimality conditions in
a multistage terminal dynamical problem.

Let X0, . . . , Xn be topological vector lattices and Gi be a correspondence from
Xi−1 to Xi, (i := 1, . . . , n). As in 5.5.4. the set of correspondences G1, . . . , Gn

defines a dynamic family of processes (Gi,j)i<j≤n, where Gi,j is the correspondence
from Xi to Xj determined by

Gi,j := Gi+1 ∘ ⋅ ⋅ ⋅ ∘Gj , if j > i + 1,

Gi,i+1 := Gi+1, i := 0, 1, . . . , n− 1.

Clearly, Gi,j ∘Gj,k = Gi,k for all i < j < k ≤ n. A path or trajectory of the family
of processes is defined as in 5.5.4.

Let E be a topological K-space, f : X → E and G0 ⊂ X0. A path (x0, . . . , xn)
is said to be locally optimal if there exists a neighborhood U of xn such that for any
path (y0, . . . , yn) with y0 ∈ G0 and xn ∈ U the inequality holds f(xn) ≤ f(yn).

Consider the cones

K1 := R(G1, (x0, x1)) ×
n∏

i=2

Xi, . . . ,

Kn :=
∏

i=0

Xi × R(Gn, (xn−1, xn)) ×E,

Kn+1 :=
n−1∏

i=0

Xi ×
1
R(f, x),

K0 := R(G0, x0) ×
n+1∏

i=1

Xi,

and put Xn+1 := E.

6.5.16. Theorem. Assume that f is R1-regular at x, the set G0 is R-regular

at x0, and Gi is R-regular at (xi−1, xi) for i = 1, . . . , n. Let (x0, . . . , xn) be a locally

optimal path and the cones K0, . . . , Kn are in general position. Then there exist

operators αi ∈ L (Xi, E) satisfying the conditions

α0 ∈ NE(G0; x0), α ∈ ∂f(xn),

(αi−1, αi) ∈ NE(Gi, (xi−1, xi)) (i := 1, . . . , n).



Local Convex Approximations 357

In addition, if f is a convex operator, Gi is a convex set for i = 0, 1, . . . , n and

the containments are valid for some α ∈ L (X0, E), . . . ,L (Xn, E) then (x0, . . . , xn)is
a locally optimal path.

⊲ Put W :=
∏n+1

j=0 Xj . Define the sets �0, . . . , �n+2 in W by

�0 :=

(
n−1∏

j=0

Xj

)

× U ×E, �1 := G1 ×
n+1∏

j=2

Xj ,

�2 := X0 ×G2 ×
n+1∏

j=3

Xj, . . . , �n :=

(
n−2∏

j=0

Xj

)

×Gn × E,

�n+1 :=

(
n−1∏

j=0

Xj

)

× epi(f), �n+2 := G0 ×
n+1∏

j=1

Xj,

and put � :=
∩n+2

j=0 �j . If v := (x0, . . . , xn) is a locally optimal path then e ≥
f(xn) for every pair (v, e) ∈ �. From this we deduce that k ≥ 0, as soon as
(h0, h1, . . . , hn, k) ∈ Cl(�, (v, f(xn))); hence,

(0, . . . , 0, IE) ∈ NE(�, (v, f(xn))).

In virtue of 6.5.11 there exist Ai ∈ NE(�i, (v, f(xn))) (i := 0, 1, . . . , n + 2), such
that A0 + ⋅ ⋅ ⋅ + An+2 = (0, . . . , 0, IE)). The equality implies that A0 = 0, A1 =
(α0, α1, 0, . . . , 0), . . . , An = (0, . . . , αn−1, αn, 0), An+1 = (0, . . . , 0, α, β), An+2 =
(α0, 0 . . . , 0) for some α0, . . . , αan, β satisfying the conditions:

α0 ∈ NE(G0; xn), β = IE , (α, β) ∈ NE(f, xn)

(αj−1, αj) ∈ N(Gj, (xj−1, xj)) (j = 1, . . . , n).

Thus, the sought containments follow.
Assume now that all data are convex and the containments are valid. Then

for every path (y0, . . . , yn) of the dynamical system we have

α0(y0) ≤ α0(x0), αn(yn) − αn(xn) ≤ f(yn) − f(xn),

αi−1(yi−1) − αi(yi) ≤ αi−1(xi) − αi(xi) i := 1, . . . , n.

Summing the last inequalities over i, we obtain

0 ≤ α0(y0) − α0(x) ≤ αn(yn) − αn(xn) ≤ f(yn) − f(xn). ⊳
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6.6. Comments

The literature on nonsmooth analysis is too large to be surveyed in detail
anywhere. We point out only some standard references. There are several ex-
cellent books that reflect the main directions of research and the state of the art:
F. H. Clarke [65], R. T. Rockafellar [354], R. T. Rockafellar and R. J.-B. Wets [359],
J.-P. Aubin and I. Ekeland [16], J.-P. Aubin and H. Frankowska [17], P. D. Loewen
[276], V. F. Dem′yanov and A. M. Rubinov [76], etc.

6.6.1. The Renaissance of the theory of local approximation stems from the
F. Clarke discovery of the tangent cone which is named after him (see [62, 65]).
Invention of a general definition in an arbitrary topological vector space turns out
to be far from triviality. This was implemented mainly by R. T. Rockafellar.

The sweeping changes in nonsmooth analysis due to the Clarke cone are re-
flected in dozens of surveys and monographs [16, 65, 76, 77, 276].

The diversity of various approximating cones necessitated search into their
classification.

The articles by S. Dolecki [85, 87] and D. E. Ward [407–409] are to be mentioned
in this respect. The classification of tangents which involves infinitesimals was
proposed by S. S. Kutateladze in [249].

The regularizing cones of type R1 and Q1 (see 6.1.17) were introduced by
A. G. Kusraev [197, 199, 203] and L. Thibault [387, 388].

The original definition of Clarke’s subdifferential was based upon the idea of
a limiting normal cone, i.e., the cone was defined as the closed convex hull of the
limits of differentials at smooth points as the points tend to a given one [62]. Later
F. Clarke [64] extended the definition of his subdifferential to an arbitrary Banach
space persuing completely different approach which uses the distance function, see
also [65]. The two approaches give the same result in finite-dimensions; and to
find infinite-dimensional spaces which share the same property was an exciting
question for many years. J. M. Borwein and H. M. Strojwas succeeded in this di-
rection, see [47, 48]. “Limiting subdifferentials” (convexification-free) were explored
by B. S. Mordukhovich [295, 297, 298] and A. Ya. Kruger [191, 193]. There are
cases in which such subdifferentials are better than the Clarke subdifferential [299].

A fundamental contribution was made by A. D. Ioffe. In [108, 145–147] he
developed a general theory of approximate subdifferentials.

6.6.2. The theory of different convergences based on epigraphs was intensively
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developed in recent years in demand of optimization theory. A notable role in the
process was played by a book of H. Attouch [13]. We emphasize with pleasure a con-
tribution of S. Dolecki who elaborated interrelations with the theory of convergence
spaces.

Our exposition follows [253].

6.6.3. The idea of involving fixed sets of infinitesimals for constructing ap-
proximation was proposed in [252]. In presentation of the questions pertaining to
Cornet’s theorem we mainly follow J.-B. Hiriart-Urruty [135].

6.6.4. A general approach to constructing approximations of sums and com-
positions was proposed in [203, 213]. Our exposition follows S. S. Kutateladze [253].

6.6.5. The Clarke type subdifferentials for mappings acting into an infinite-
dimensional (ordered) vector spaces were first considered by A. G. Kusraev [195]
and L. Thibault [385, 386]; then by J.-P. Penot [327], N. S. Popageorgion [323], and
T. W. Reiland [342, 343]. In these articles Lipschitz type operators were introduced
and first order optimality conditions for nonsmooth programs were obtained, see
also [197, 199, 385, 387].

In [343] one can also find a discussion and comparison of different concepts
proposed in these articles. A. D. Ioffe [140, 141, 143] developed a rather differ-
ent approach to subdifferentiation of vector-valued functions in Banach spaces and
provided many fundamental results in nonsmooth analysis, see also 1.6.6 and [139,
145–147, 149].

The method of subdifferentiation discussed in 6.5.3–6.5.7 was proposed by
A. G. Kusraev [199, 203, 213] (see also [215, 220]).

6.6.6. Its advantages notwithstanding, Clarke’s conception fails to be conve-
nient and effective in all cases. It is easy to give examples in which the behavior
of a function or a set near some point is better described by another approxima-
tion. Other types of approximation, alongside with the Clarke cone, are to be
involved in obtaining additional information, on a particular class of problems,
sets, or functions. For instance, it is often preferable to use the directional deriva-
tives of a function. In the books by A. D. Ioffe and V. M. Tikhomirov [153] and
B. N. Pshenichny̆ı [337] locally convex and quasidifferentiable functions were con-
sidered, i.e., functions whose directional derivatives exist and are convex. This
approach was further pursued in V. F. Dem′yanov and A. M. Rubinov [76].
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(a) Quasidifferential. Let X be a Banach space and X ′, its dual. Say that
a function f defined on a set U ⊂ X is quasidifferentiable at a point x ∈ U if the
directional derivative f ′(x)h = limt↓0 t−1[f(x+th)−f(x)] is defined at every h ∈ X

and, moreover, f ′(x) is representable as difference of sublinear functionals. One
defines the quasidifferential ∂f(x) of a function f at a point x as the element of
the space CSc(X ′) := CSc(X,ℝ) of convex sets in X ′ which corresponds to the
functional f ′(x) under the isomorphism

(A1, A2) �→ s, s(x) = sup
μ∈A1

μ(x′) − sup
ν∈A2

ν(x′),

where A1 and A2 are weakly compact convex sets in X ′ (see 1.5.3 and 1.5.7). If
(∂f(x), ∂f(x)) is some pair in the coset ∂f(x) then we write ∂f(x) = (∂f(x), ∂f(x)).
In V. F. Dem′yanov and A. M. Rubinov’s book [76] a calculus of quasidifferentials
is developed and necessary conditions for an extremum are obtained in terms of
quasidifferentials. For further references see [73, 76, 77].

(b) First order convex approximation. Consider a set � in a topological
vector space X . A convex set F ⊂ X is called a first order convex approximation
to � if the following conditions are satisfied:

a) 0 ∈ F and F ∕= {0},
b) if {x1, . . . , xn} is an arbitrary finite subset in F and U is an arbitrary

neighborhood of the origin in X , then there exists a number ε0 > 0 such that for
every 0 < ε < ε0 there is a continuous mapping ϕε : ℝn → X satisfying the relation

ϕε(a) = ϕε(a1, . . . , an) ∈
[

ε

(
n∑

i=1

aixi + U

)]

∩ �

for all a ∈ ℝ
n.

Grounding on the concept of first order convex approximation, L. W. Neustadt
in [307] developed some abstract variational theory.

(c) Tents. Let � be an arbitrary set in ℝ
n. A convex cone K ⊂ ℝ

n is called
a tent of the set � at a point x0 is there exists a smooth mapping ϕ that is defined
on some neighborhood of the point x0 in ℝ

n and satisfies the following conditions:
a) ϕ(x) = x + r(x) and limx→x0

∣r(x)∣
∣x−x0∣ = 0;

b) f(x) ∈ � for x ∈ U ∩ (x0 + K), where U is a ball centered at x0.
A cone K is called a local tent of the set � at a point x0 if for every point x′ ∈

riK there exists a cone L ⊂ K such that L is a tent of the set � at the point x′,
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x′ ∈ riL, and L − L = K − K. About application of tents to extremal problems
see V. G. Boltyanskĭı [37].

(d) LMO-approximation. So is termed some modification of the concept
of refined convex approximation introduced in E. S. Levitin, A. A. Milyutin, and
N. P. Osmolovskĭı [266], see also [139].

Suppose that f is a real function given in some neighborhood U of a point x0

in a normed vector space X . A function ϕ : U × X → ℝ is called an LMO-
approximation of f at the point x0 if the following conditions are satisfied:

a) ϕ(x, 0) = f(x), x ∈ U ;
b) the function h �→ ϕ(x, h) is convex and continuous for all x ∈ U ;
c) limx→x0 infh→0 ∥h∥−1[ϕ(x, h) − f(x + h)] ≥ 0.
LMO-approximation (as the method of selecting LMO-approximations) is one

of the most powerful and elegant tools for analysis of extremal problems. LMO-
approximation yields higher order necessary and sufficient conditions [265, 266],
whereas other types of unilateral approximation are aimed at obtaining first order
necessary conditions.

(e) Upper convex approximation. Let f and x0 are the same as in (d).
A sublinear function p : X → ℝ is said to be an upper convex approximation to f

at x0 if the directional derivative f ′(x0) exists and f ′(x)h ≤ p(h) for all h ∈ X .
Lower convex approximations are defined analogously. This concept was introduced
and elaborated by B. N. Pshenichny̆ı [336], see also [76].

(f) We further indicate some types of local approximation to nondifferentiable
functions. In N. Z. Shor [372] the notion of almost-gradient was introduced for
the class of almost differentiable functions. The set of almost-gradients of such
a function at some point is a closed set whose convex hull coincides with the Clarke
subdifferential. A notion somewhat more general than the Clarke subdifferential
was considered by J. Warga [412].

Close concepts of subgradient were introduced in the articles by A. Ya. Kruger
[192]; M. S. Bazaraa and J. J. Goode [23]; and M. S. Bazaraa, J. J. Goode, and
M. Z. Nashed [24]. This circle of ideas comprises the concept of weakly convex
function and its quasigradients studied by A. Ya. Kruger [191, 193].

Observe also the concepts of upper convex approximation and upper and lower
directional derivatives in the sense of J. P. Penot [327].
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180. Kirov N. K., “Generic Fréchet differentiability of convex operators,” Proc.
Amer. Math. Soc., 94, No. 1, 97–102 (1985).

181. Koshi Sh. and Komuro N., “A generalization of the Fenchel-Moreau theorem,”
Proc. Japan Acad. Ser. A Math. Sci., 59, 178–181 (1983).

182. Kochi Sh., Lai H. C., and Komuro N., “Convex programming on spaces of
measurable functions,” Hokkaido Math. J., 14, 75–84 (1989).

183. Komuro N., “On basic properties of convex functions and convex integrands,”
Hokkaido Math. J., 18, No. 1, 1–30 (1989).

184. Konig H., “On the abstract Hahn-Banach theorem due to Rodé,” Aequationes
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190. Krĕın M. G., “On a minimal decomposition of a functional into positive parts,”

Dokl. Akad. Nauk. SSSR, 28, No. 1, 18–21 (1940).
191. Kruger A. Ya., “On properties of generalized differentials,” Sibirsk. Mat. Zh.,

26, No. 6, 54–66 (1985).



374 References

192. Kruger A. Ya., “Subdifferentials of nonconvex functions and generalized di-
rectional derivatives,” submitted to VINITI, 1977, No. 2661-77.

193. Kruger A. Ya., “Generalized differentials of nonsmooth functions and nec-
essary conditions for an extremum,” Sibirsk. Mat. Zh., 26, No. 3, 78–90
(1985).

194. Kuhn H., “Nonlinear programming: a historical view,” in: Nonlinear Pro-
gramming, Amer. Math. Soc., Providence, 1976, pp. 1–26.

195. Kusraev A. G., “On necessary optimality conditions for nonsmooth vector-
valued mappings,” Dokl. Akad. Nauk. SSSR, 242, No. 1, 44–47 (1978).

196. Kusraev A. G., “On the subdifferential mappings of convex operators,” in:
Optimization. Vol. 24 [in Russian], Inst. Mat. (Novosibirsk), Novosibirsk,
1980, pp. 36–40.

197. Kusraev A. G., “Subdifferentials of nonsmooth operators and necessary con-
ditions for an extremum,” in: Optimization. Vol. 24 [in Russian], Inst. Mat.
(Novosibirsk), Novosibirsk, 1980, pp. 75–117.

198. Kusraev A. G., “Some applications of nonoblateness in convex analysis,”
Sibirsk. Mat. Zh., 22, No. 6, 102–125 (1981).

199. Kusraev A. G., “On a general method of subdifferentiation,” Dokl. Akad.
Nauk SSSR, 257, No. 4, 822–826 (1981).

200. Kusraev A. G., Some Applications of the Theory of Boolean-Valued Models to
Functional Analysis [Preprint, No. 5] [in Russian], Inst. Mat. (Novosibirsk),
Novosibirsk (1982).

201. Kusraev A. G., “Boolean-valued analysis of the duality of universally complete
modules,” Dokl. Akad. Nauk SSSR, 267, No. 5, 1049–1052 (1982).

202. Kusraev A. G., “General disintegration formulae,” Dokl. Akad. Nauk SSSR,
265, No. 6, 1312–1316 (1982).

203. Kusraev A. G., “On subdifferentials of the composition of sets and functions,”
Sibirsk. Mat. Zh., 23, No. 2, 116–127 (1982).

204. Kusraev A. G., “Some rules for calculating tangent cones,” in: Optimization.
Vol. 29 [in Russian], Inst. Mat. (Novosibirsk), Novosibirsk, 1982, pp. 48–55.

205. Kusraev A. G., “The open mapping and closed graph theorems for convex
correspondences,” Dokl. Akad. Nauk SSSR, 265, No. 3, 526–529 (1982).

206. Kusraev A. G., “On the discrete maximum principle,” Mat. Zametki, 34,
No. 2, 267–272 (1983).



References 375

207. Kusraev A. G., “On openness of measurable convex correspondences,” Mat.
Zametki, 33, No. 1, 41–48 (1983).

208. Kusraev A. G., “On some categories and functors of Boolean-valued analysis,”
Dokl. Akad. Nauk SSSR, 271, No. 1, 281–284 (1983).

209. Kusraev A. G., “Reflexivity of lattice-normed spaces,” Sem. Inst. Prikl. Mat.
Dokl., No. 18, 55–57 (1984).

210. Kusraev A. G., “On a class of convex correspondences,” in: Optimization.
Vol. 32 [in Russian], Inst. Mat. (Novosibirsk), Novosibirsk, 1983, pp. 20–33.

211. Kusraev A. G., “Boolean-valued convex analysis,” in: Mathematische Opti-
mierung. Theorie und Anvendungen, Wartburg, Eisenach, 1983, pp. 106-109.

212. Kusraev A. G., “Abstract disintegration in Kantorovich spaces,” Sibirsk. Mat.
Zh., 25, No. 5, 79–89 (1984).

213. Kusraev A. G., “On the subdifferential of a sum,” Sibirsk. Mat. Zh., 25,
No. 4, 107–110 (1984).

214. Kusraev A. G., “Order continuous functionals in Boolean-valued models of
set theory,” Sibirsk. Mat. Zh., 25, No. 1, 69–79 (1984).

215. Kusraev A. G., Vector Duality and Its Applications [in Russian], Nauka,
Novosibirsk (1985).

216. Kusraev A. G., “On Banach-Kantorovich spaces,” Sibirsk. Mat. Zh., 26,
No. 2, 119–126 (1985).

217. Kusraev A. G., “Linear operators in lattice-normed spaces,” in: Studies in Ge-
ometry in the Large and Mathematical Analysis. Vol. 9 [in Russian], Trudy
Inst. Mat. (Novosibirsk), Novosibirsk, 1987, pp. 84–123.

218. Kusraev A. G. and Kutateladze S. S., “The Rockafellar convolution and char-
acteristics of optimal trajectories,” Dokl. Akad. Nauk SSSR, 290, No. 2,
280–283 (1980).

219. Kusraev A. G. and Kutateladze S. S.,“Convex operators in pseudotopological
vector spaces,” in: Optimization. Vol. 25 [in Russian], Inst. Mat. (Novosi-
birsk), Novosibirsk, 1980, pp. 5–41.

220. Kusraev A. G. and Kutateladze S. S.,“Local convex analysis,” in: Contempo-
rary Problems of Mathematics [in Russian], VINITI, Moscow, 1982, pp. 155–
206.

221. Kusraev A. G. and Kutateladze S. S.,“Analysis of subdifferentials via Boolean-
valued models,” Dokl. Akad. Nauk SSSR, 265, No. 5, 1061–1064 (1982).



376 References

222. Kusraev A. G. and Kutateladze S. S.,“Subdifferentials in Boolean-valued mod-
els of set theory,” Sibirsk. Mat. Zh., 24, No. 5, 109–132 (1983).

223. Kusraev A. G. and Kutateladze S. S., Subdifferential Calculus [in Russian],
Novosibirsk Univ., Novosibirsk (1983).

224. Kusraev A. G. and Kutateladze S. S., Notes on Boolean-Valued Analysis
[in Russian], Novosibirsk Univ., Novosibirsk (1984).

225. Kusraev A. G. and Kutateladze S. S., Subdifferentials and Their Applications
[in Russian], Novosibirsk Univ., Novosibirsk (1985).

226. Kusraev A. G. and Kutateladze S. S., Subdifferential Calculus [in Russian],
Nauka, Novosibirsk (1987).

227. Kusraev A. G. and Kutateladze S. S., Nonstandard Methods of Analysis
[in Russian], Nauka, Novosibirsk (1990).

228. Kusraev A. G. and Kutateladze S. S., “Nonstandard methods for Kantorovich
spaces,” Siberian Adv. in Math., 2, No. 2, 114–152 (1992).

229. Kusraev A. G. and Kutateladze S. S., “Nonstandard methods in geometric
functional analysis,” Amer. Math. Soc. Transl., 151, No. 2, 91–105 (1992).

230. Kusraev A. G. and Malyugin S. A., Some Questions in the Theory of Vector
Measures [in Russian], Inst. Mat. (Novosibirsk), Novosibirsk (1978).

231. Kusraev A. G. and Neze R., “On extension of convex operators,” in: Opti-
mization. Vol. 33 [in Russian], Inst. Mat. (Novosibirsk), Novosibirsk, 1983,
pp. 5–16.
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sandwich theorem for correspondences, 205
sandwich theorem for operators, 205
saturated family, 178
saturated set, 39
scalarization method, 272
second conjugate operator, 200
semilinear mapping, 49
separated Boolean-valued universe, 110
Slater condition, 275
Slater regular program, 275
Slater weakly regular program, 275
slice, 3
space of sublinear operators, 54

space of support sets, 55
standard core, 256
standard name, 111
standardization, 256
standardization principle, 256
straight line, 5
Strassen disintegration theorem, 253
strict subnet, 322
strong operator convexity, 89
strongly cyclic, 89, 112
strongly cyclic hull, 89
subadditive operator, 25
subdifferential, 213
subdifferential at zero, 34, 42, 93
subdirection, 322
subgradient, 213
sublinear Maharam operator, 233
sublinear operator, 25
sublinear operators in general position, 156
subnet, 322
subnet in a broader sense, 322
subordinate net, 323
support function, 171
support hull, 63
support set, 34, 42
supporting operator, 42
symmetric family, 191
symmetric hull, 6
symmetric Kelley property, 191
symmetric KreΦßn-Smulian property, 192
symmetric set, 3

tent, 361
terminal dynamical extremal problem, 289
topological subdifferential, 151
topology of uniform convergence, 178
total operator, 24
trajectory, 287
transfer principle, 256, 290

ultranet, 323
uniformly regular, 248
upper limit, 325, 329
upper limit of a net, 189
upper semicontinuous correspondence, 183

value of a program, 270
variational principles, 307
vector convex program, 269
vector minimax theorem, 208, 209
vector subspace, 3
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Vietoris topology, 187

von Neumann universe, 111

weak Slater condition, 275
weakly bounded set of operators, 50

weakly order bounded set, 63
well-capped set, 125

Young-Fenchel transform, 182, 200

ZFC (Zermelo-Fraenkel set theory), 255

𝐴-conic lattice, 49

𝐴-conic semilattice, 49
𝐴-extension property, 94

𝐴-linear, operators, 93
𝐴-module, 93

𝐴-sublinear, 93
𝐴+-homogeneous, operator, 93

𝐵𝑟-completeness, 196

𝔅-topology, 178
𝛿-function, 119

-correspondence, 13
-hull, 4

-set, 2

𝐸-normal cone, 348
𝐸-ray, 125
E -valued fan, 36
𝐸-valued measure 71
𝐸-valued support function, 202
𝜀-characteristic of a path, 289
𝜀-derivative, 213
𝜀-optimal path, 287
𝜀-optimum, 270
𝜀-solution, 270
𝜀-subdifferential, 213
𝜀-subgradient, 213, 299
inf-convolution, 28
𝑜-bounded operator, 224, 225
𝑜-continuity, 72, 79
𝑜-extreme points, 79
+-convolution, 32
+-saturated, 39
Q1Q2-limit, 325
𝜎-convex, 146
(𝜎,∞)-distributive, 75
𝑇 -cap, 130
𝑇 -extreme point, 79
∨-convolution, 32
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𝐴𝜑 ↓, 112
𝐴∙, 178
𝐴𝜑, 256
∗𝐴, 256
∗𝐴𝜑, 256
∘𝐴, 256
A (𝑓), 231
A𝜋 , 225
𝑎(𝐶), 6
aco(𝑀), 6
aff(𝑀), 5
𝛼𝐶, 2
𝛼 ⋅ ∂𝑃 , 160
B(𝐸) := 𝔓𝔯(𝐸), 119
Bo(𝑓, 𝑥′), 309
BSbl(𝑋,𝑌,𝐸⋅), 51
ba(𝔄), 70
bal(𝑀), 5

𝐶(𝔄) ⊙ 𝐸, 73
𝐶 + 𝐷, 2
𝐶∗, 178
𝐶∗(𝑆), 202
𝐶∘, 167
𝐶𝑟(𝔄, 𝐸), 72
𝐶𝜋(𝔄, 𝐸), 73
CS(𝑋), 7
CS(𝑋,𝐸), 50
CS+(𝑋), 56
CS#(𝑋), 56
CS𝑐(𝑋,𝐸), 54
CSeg(𝑋), 20, 56
Ch(𝑃 ), 79
Cl(𝐹, 𝑥′), 309

ClA(𝑋), 191
ClC(𝑋), 188
ClC(𝑋,𝑆), 189
ClC(𝑋,𝑥), 189
Cone(𝑋), 20
ca(𝔄,A , 𝐸), 71
co(𝑀), 5
co((𝑓𝜉)𝜉∈), 29
cone(𝑀), 5
cop, 54
core(𝐴), 21
core𝐵(𝐴), 21
sco(𝑀), 6
scyc(𝔄), 89
sh(𝐶), 177

𝐷𝑓 , 258
dom(𝑓), 23
dom(𝜇(𝐶)), 166
𝑛(𝑋), 18

𝑛, 142

𝔄 := 𝔄,𝐸 , 63
𝛿𝐸(𝐶), 24

𝐸+, 24
𝐸⋅, 24
E (𝑇, 𝑃 ), 79
E (𝔏, 𝑃 ), 79
E0(𝑃 ), 79
epi(𝑓), 23
𝜀𝑛, 62
𝜀𝔄, 62
𝜀𝔄,𝐸 , 62
𝜀𝑟
𝔄
, 77

𝜀𝜋
𝔄
, 77
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𝜀𝔄∧ , 118
𝜀𝔄, 261

Fan(𝑋,𝑌 ), 51

Fan𝑏(𝑋,𝐿(𝑌,𝐸)), 55

Fan𝑐(𝑋,𝐿(𝑌,𝐸)), 55

Fd(𝐹, 𝑥′), 310
𝑓 ′(𝑧), 305
𝑓 ′(𝑥0), 213
𝑓𝜀(𝑥0), 213

𝑓(Cl𝛼)(𝑥′)(ℎ′), 334
𝑓(Ha𝛼)(𝑥′)(ℎ′), 334
𝑓(In𝛼)(𝑥′)(ℎ′), 334

(𝑙𝑌
𝑛−1), 174

𝐻, 4

Ha(𝐹, 𝑥′), 309
Hom+(𝑉 ), 48

Hom𝐴(𝑋,𝐸), 93

H(𝐹, 𝑥′), 310

𝐼𝐸 , 64

𝐼𝜇, 73

Inv+(𝐴), 48

Isa(𝑉 ), 47

I (𝐹 ), 37

K(𝐹, 𝑥′), 310
ker, 45

𝐿(𝑋,𝐸), 123

𝐿(𝑋,𝑌 ), 8, 26

𝐿+(𝑋,𝑌 ), 62

𝐿𝑛(𝐸, 𝐹 ), 74

𝐿𝑟(𝐸), 48

𝐿𝐴(𝑋,𝐸), 93

𝐿𝜋(𝐶𝜋(𝔄, 𝐸), 𝐹 ), 76
Li, 325

Ls, 325

𝑙1 (𝔄, 𝐸), 234
𝑙∞(𝔄, 𝐸), 62
𝑙∞(𝔄∧,R), 115

𝑙∞(𝔄), 70
lin(𝑀), 5

𝑀(𝐸), 66

𝜇(𝐶), 165

𝜇(E ), 257

𝑁(𝑇 ), 82

Orth(𝐸), 48, 99

Orth∞, 234
op(U ), 49

𝑃fin(𝑀), 4

P(𝑋), 3

P(𝔄), 70
P(𝑋), 2

Pcl(𝑋), 187

Pfin(𝑀), 4

Pr𝑁 , 82

Pr𝑇 , 82

𝑝∘, 167
𝜋- sup, 231

𝜋𝐸(𝐾), 153

Q1(𝐹, 𝑎′), 317
Q2(𝐹, 𝑎′), 317
QR1(𝐹, 𝑎′), 317
QR2(𝐹, 𝑎′), 317
qca(𝔄, 𝐸), 72

ℝ+, 3

R, 114

R1(𝐹, 𝑎′), 317
R2(𝐹, 𝑎′), 317
rca(𝔄, 𝐸), 72
rec(𝐶), 6

ri(𝐴), 21

Sbl(𝑋,𝐸), 49

Sbl(𝑋,𝐸⋅), 49
Sbl+(𝑋), 56

Sbl#(𝑋), 56

St(𝔄,A ), 73

𝑠(𝐶), 171

sim(𝑀), 6

sk(𝐶), 177

𝜎𝑛, 17, 155

𝑉 (𝐵), 109

(𝑋𝑛−1
𝑙), 174

𝑋#, 70, 166

𝑋𝑃 , 233

𝑥↓, 112
𝑥↑, 112
𝑥∧, 111

ℤ, 94

𝑍(𝐸) = Z (𝐸), 67, 99
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∂𝐴𝑝, 94
∂𝑎𝑃 , 151
∂𝑏𝑃 , 164
∂𝑐𝑃 , 151
∂𝑓(𝑧), 299
∂𝑝, 42, 167
∂, 39
∂𝜀𝑓(𝑥0), 213
∂𝜀𝑓(𝑧), 299
∂ ∘ 𝜇, 167

[𝑎, 𝑏], 36
[𝑢], 272
[Sbl(𝑋,𝐸)], 54
[[𝜑]], 109

|𝑇|, 295

∀𝛼∀ℎ∃𝑥(𝐹, 𝑥′), 317
∀∀(𝐹 ), 325
∀∀∀(𝐹, 𝑥′), 312
(∀st fin𝑥)𝜑, 255
(∀st𝑥)𝜑, 255
∃ℎ∃𝑥∀𝛼(𝐹, 𝑥′), 317
∃∀(𝐹 ), 325
∃∃(𝐹 ), 325

∃∃∃(𝐹, 𝑥′), 311
(∃st fin𝑥)𝜑, 255
(∃st𝑥)𝜑, 255
⟨𝔄⟩, 63
⟨𝔄⟩𝑒, 261
⟨ ⋅⋅⋅ ∣ ⋅⋅⋅ ⟩, 166

∔, 17
+. , 17⊕
, 28

⊕, 28
⊙, 18, 33, 160
≈, 257
#, 31
Ω#, 174

#. , 174

#𝑇 , 84

×, 28
∨, 27
△, 33
≪, 222


