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Foreword

The theory of vector lattices, stemming from the mid-thirties, is now at the stage
where its main achievements are being summarized. The sweeping changes of the
last two decades have changed its image completely. The range of its application was
expanded and enriched so as to embrace diverse branches of the theory of functions,
geometry of Banach spaces, operator theory, convex analysis, etc. Furthermore, the
theory of vector lattices was impregnated with principally new tools and techniques
from other sections of mathematics. These circumstances gave rise to a series of mono-
graphs treating separate aspects of the theory and oriented to specialists. At the same
time, the necessity of a book intended for a wider readership, reflecting the modern
diretions of research became clear. The present book is meant to be an attempt at
implementing this task. Although oriented to readers making their first acquaintance
with vector-lattice theory, it is composed so that the main topics dealt with in the
book reach the current level of research in the field, which is of interest and import
for specialists.

The monograph was conceived so as to be divisible into two parts that can be
read independently of one another. The first part is mainly Chapter 1, devoted to the
so-called Boolean-valued analysis of vector lattices. The term designates the applica-
tion of the theory of Boolean-valued models by D. Scott, R. Solovay and P. Vopénka
to constructing a special realization of a (model of) vector lattice which allows one to
treat elements of the lattice under study as reals. The starting point is an E. I. Gor-
don theorem claiming that the presentation of the field of reals in a Boolean-valued
model constitutes a universally complete vector lattice (an extended K-space in the
respective Russian terminology). Thus a huge part of the general theory of vector
lattices admits of a straightforward derivation by interpreting the familiar properties

vii



viii Foreword

of reals. This chapter also exposes Boolean-valued approaches to more advanced sec-
tions of vector-lattice theory such as lattice-normed spaces and fragments of positive
operators, approaches being proposed by A. G. Kusraev and S. S. Kutateladze. The
elementary exposition of the apparatus of model theory as well as that of vector-lattice
theory makes it possible to present the material in such a form that for a reader-logician
it appears as an introduction into new fields of applications of model theory whereas
for a reader-analyst it is an introduction into applicable model theory. More advanced
topics of the abstract theory of operators in vector lattices are treated in Chapter 5
by A. E. Gutman. His research into the properties of disjointness preserving operators
is in many aspects motivated by Boolean-valued analysis, demonstrating the power of
the latter.

The second part of the monograph consists of Chapters 2-4 and its Supplement.
It deals with operator theory in spaces of measurable functions and is oriented to the
reader who is interested in functional analysis and the theory of functions. The book
treats the classes of operators that are explicitly or implicitly tied with the natural
order relation between measurable functions.

The explicit connection is discussed, for instance, in considering regular operators
which are differences of pairs of positive operators. The implicit connection relates
to integral operators whose definition is given in the conventional terms of function
theory. It turns out that the answer to the question of which operators are integral
depends upon the theory of vector lattices not only in formulation but also in proof.
Part of Chapter 2 and the first part of Chapter 4 address the answering of the just-
mentioned question first raised by John von Neumann as long ago as the thirties. The
book presents an original solution to the problem that was given by A. V. Bukhvalov
(1974) and supplements it with the approaches that have appeared since then.

The theme of Chapter 3 and the second part of Chapter 4 is mainly concerned
with studying the stability of different classes of operators defined in terms of order,
where stability as regards multiplication by arbitrary continuous operators is treated.
As a rule it is relatively easy to demonstrate that such composition does not always
belong to the class considered initially. Thus the problem appears of describing sub-
classes of operators stable under the indicated operation. In Chapter 3 we study various
modifications of the problem for regular and dominated operators. The main results
in this direction are due to B. M. Makarov and V. G. Samarskii. The technique of
researching the topic turns out to be interwoven with the theory of p-absolutely sum-
ming operators and operator factorization theory of E. M. Nikishin-B. Maurey. This
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material related to modern Banach space theory is exposed in monograph form for the
first time. The second part of Chapter 4 treats the same problem on composition but
now for the class of integral operators.

In Chapter 4 the authors try their best to provide comprehensive information on
the solution of problems raised in the book of P. Halmos and V. Sunder “Bounded
Linear Operators on L? Spaces.” The main results here are due to the contribution
of V. B. Korotkov and W. Schachermayer. A separate supplement treats a related
problem for the convolution operator which was settled by V. D. Stepanov.

The variety of addressed subjects and results determined the style of exposi-
tion. Some of the more elementary material freely accessible to the reader is present-
ed without proofs. All principal results are however furnished with complete proofs.
Commentaries appended to all chapters contain additional information and refer to
the literature. The contributors assume the reader to be familiar with standard courses
in the theory of functions and functional analysis.

The present collection is based on its predecessor in Russian which is enriched by
Chapter 5 written by A. E. Gutman at my request. The Russian edition was a joint
venture and a joint monograph by A. V. Bukhalov, V. B. Korotkov, A. G. Kusraev,
B. M. Makarov and S. S. Kutateladze which was published in 1992. Tumultuous events
in the former Soviet Union hinder the means of communications between the contrib-
utors. As a result, I became the only one of our team who had a chance of reading the
whole manuscript in English. So, I solely bear full responsibility for all demerits of the
present edition, pretending to none of its possible merits.

S. S. Kutateladze
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The theory of vector lattices appeared in early thirties of this century and
is connected with the names of L. V. Kantorovich, F. Riesz, and H. Freudenthal.
The study of vector spaces equipped with an order relation compatible as a rule
with a given norm structure was evidently motivated by the general circumstances
that brought functional analysis to life in those years. Here the general inclina-
tion to abstraction and “sociological” approach to studying functions, operations
on functions, and equations related to them should be noted. A distinguishable cir-
cumstance was that the comparison of the elements could be added to the properties
of functional objects under consideration. At the same time, the general concept
of a Banach space ignored a specific aspect of the functional spaces—the existence
of a natural order structure in them, which makes these spaces vector lattices.

Along with the theory of vector spaces, the theory of Banach algebras was
developed almost at the same time. Although at the beginning these two theo-
ries advanced in parallel, soon their paths parted. Banach algebras were found to
be effective in function theory, in the spectral theory of operators, and in other
related fields. The theory of vector lattices developed more slowly and its achieve-
ments related to the characterization of various types of ordered spaces and to the
description of operators between them were rather unpretentious and specialized.

In the middle of the seventies the renewed interest in the theory of vector
lattices led to its fast development which was related to the general explosive de-
velopment in functional analysis; there were also some specific reasons, the main
due to the use of ordered vector space in the mathematical approach to the social
phenomena, economics in particular. The scientific contribution and unique per-
sonality of L. V. Kantorovich also played important role in the development of the
theory of order spaces and in the interplay and further synthesis of the theory with
economics and optimization. Another, although less evident, reason for the interest
in vector lattices was their unexpected role in the theory of nonstandard, Boolean-
valued, models of set theory. Constructed by D. Scott, R. Solovay, and P. Vopénka
in connection with the well-known results by P. J. Cohen about the continuum
hypothesis, these models proved to be inseparably linked with the theory of vector
lattices. Indeed, it was discovered that the elements of such lattices serve as images
of real numbers in a suitably selected Boolean-valued model. This fact not only
gives a precise meaning to the initial idea that abstract ordered spaces are derived

from real numbers, but also provides a new opportunity to infer common properties
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of vector lattices by using the fact that they, in a precise sense, depict the sublat-
tices of the field R. In fact, we grasp the opportunity while composing the present
chapter.

1.1. Vector Lattices

Here we give a sketch of the basic concepts of the theory of vector lattices.
One can find a more detailed presentation in [3, 4, 5, 9, 17, 22, 26, 27, 47, 52, 54,
55, 69)].

1.1.1. Let F be a linearly ordered field. An ordered vector space over F is
a pair (E, <), where E is a vector space over F and < is an order in E satisfying

the following conditions:

(1) f z <y and u < v then z + u < y 4+ v whatever z,y,u,v € E might
be;
(2) f e <ythen Az < Ayforallz,y€e Eand0< A eF.

Thus, in an ordered vector space we can sum inequalities and multiply them
by all positive elements of the field F. This circumstance is worded as follows: < is
an order compatible with vector space structure or, briefly, < is a vector order.

Presetting a vector order on a vector space E over F is equivalent to indicating

a set E; C E (called the positive cone of E) with the following properties:
Ei+ELCEy, MELCE;(0<)X€F), Ein-E;={0}.
Moreover, the order < and the cone E, are connected by the relation
gt<yey-z€E (z,y€kE)

The elements of E are called positive,

1.1.2. A wector lattice is an ordered vector space that is also a lattice.

Thereby in a vector lattice there exists a least upper bound sup{zi,...,z,} :=
z1 V-V, and a greatest lower bound inf{z1,...,z,} =21 A--- Az, for every
finite set {z1,...,2,} C E. In particular, every element z of a vector lattice has
the positive part z¥ := z V 0, the negative part 2~ := (—z)* := —z A 0, and the

modulus |z| := z V (—z).
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The disjointness relation L in a vector lattice E is defined by the formula
L:={(z,y) € Ex E|[z[Aly| =0}.

A set
Mt = {re E|(Vye M)z Ly},

where M is an arbitrary nonempty set in E, is called a band (a component in the
Russian literature) of E. A band of the form {z}+* with z € E is called principal.
The collection B(E) of all bands of E ordered by inclusion is a complete Boolean

algebra under the Boolean operations
IANK=LnK, LVK=(LUK)**, L[*=L%t (L K €cB(E)).

The algebra B(FE) is called the base of E.

An element 1 € E is called an (order) unity or order-unit if {1}*+ = E; i.e., if
E lacks nonzero elements disjoint from 1. The set & composed of all upper bounds
of every order-unit in E is called the order-unit filter of E. Let e A(1—¢) =0
for some 0 < ¢ € E. Then e is said to be a unit element (relative to 1). The set
¢(1) := &(E) of all unit elements with the order induced by E is a Boolean algebra.
The lattice operations in &(1) are taken from E and the Boolean complement has
the form e* := 1 — e (e € €(E)).

Let K be a band of the vector lattice E. If there is an element sup{u € K [0 <
u < z} in E then it is called the projection of z onto the band K and is denoted
by [Klz (or Pry z). Given an arbitrary ¢ € E, we put [K|z := [K]zt — [K]z~. The
projection of an element z € E onto a band K exists if and only if z is representable
asz = y+ z with y € K and z € K+. Furthermore, y = [K|z and z = [K]z.
Assume that every element z € E has a projection onto K, then the operator
z +— [K|z (z € F)is alinear idempotent and 0 < [K]z < z for all 0 < z € E, called
a band projection or an order projection. The band projection onto a principal band
is called principal. We say that E is a vector lattice with the (principal) projection
property if every (principal) band in B(E) is a projection band.

1.1.3. A linear subspace I of a vector lattice is called an order ideal or o-ideal
(or, finally, just an :deal, when it is clear from the context what is meant) if the

inequality |z| < ly| implies z € I for arbitrary ¢ € E and y € I. If an ideal I
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possesses the additional property It+ = E (or, which is the same, I} = {0}) then
it is referred to as an order-dense ideal of E (the term “foundation” is current in
the Russian literature).

A sublattice is a subspace Ey C E such that z Ay, zVy € E, for all z,y € Eq.
We say that a sublattice Ey is minorizing if, for every 0 # z € E., there exists
an element zo € Ej satisfying the inequalities 0 < 29 < 2. We say that Ey is
a majorizing (or massive) sublattice if, for every z € E, there exists zg € Eg such

that ¢ < zg. Thus, E, is a minorizing (majorizing) sublattice if and only if
E.\{0} = E4 + Eo; \ {0} (E=E4+ Ey).

Henceforth, if the field F is not explicitly specified then we presume that a vec-
tor lattice is considered over the linearly ordered field R of real numbers. An order
intervalin E is a set of the form [a,b] := {z € E | a < o < b}, where a,b € E. A set
in E is called (order) bounded (or o-bounded) if it is included in some order inter-
val. We may introduce the following seminorm in the ideal E(u) := | Jow ,[—nu, nu]

generated by the element 0 < u € E:
llz]lu ;=1inf{A € R | |z| < Au} (z € E(uw)).

If E(u) = E then we say that u is a strong unity or strong order-unit and E is
a vector lattice of bounded elements. The seminorm || - ||, is a norm if and only if
the lattice E(u) is Archimedean, i.e., the order boundedness of the set {n|z| | n € N}
implies z = 0 for all ¢ € E(u).

An element ¢ > 0 of a vector lattice is called discrete if [0,z] = [0, 1]z; i.e., if
0 <y <z implies y = Az for some 0 < A < 1. A vector lattice E is called discrete
if, for every 0 # y € E, there exists a discrete element 2 € E such that 0 < z < y.

If E lacks nonzero discrete elements then FE is said to be continuous.

1.1.4. A Kantorovich space or, briefly, a K-space is a vector lattice over the
field of real numbers such that every order bounded set in it has least upper and
greatest lower bounds. Sometimes a more precise term, (conditionally) order com-
plete vector lattice, 1s employed instead of K-space. If, in a vector lattice, least
upper and greatest lower bounds exist only for countable bounded sets, then it is
called a K,-space. Each K,-space and, hence, a K-space are Archimedean. We say
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that a K-space (K,-space) is universally complete or eztended if every its subset
(countable subset) composed of pairwise disjoint elements is bounded.

In a K-space, there exists a unique band projection onto every band. The set
of all band projections of E is denoted by PB(E). Given projections 7 and p, we
put m <pifandonlyif rz <pzforall0 <z €E.

Theorem. Let E be an arbitrary K-space. Then the operation of projecting
onto bands determines the isomorphism K — [K] of the Boolean algebras B(E)
and P(E). If there is a unity in E then the mappings 7 — 71 from B(E) into &(E)
and e — {e}*+ from €(E) into B(E) are isomorphisms of Boolean algebras too.

1.1.5. The band projection 7, onto some principal band {u}t+, where 0 <
u € E, can be calculated by the following rule simpler than that indicated in 1.1.2:

Tz = sup{z A (nu) | n € N}.

In particular, in a K,-space there is a unique projection of every element on every
principal band.

Let E be a K,-space with unity 1. The band projection of unity onto the
principal band {z}1* is called the trace of an element z and is denoted by e,.
Thus, e; := sup{1 A (nl|z]) | n € N}. The trace ¢, serves both as a unity in {z}++
and as a unit element in E. Given areal A, we denote by e the trace of the positive
part of A1 — z, i.e., €5 := ex1-z)+. The so-defined function A - e is called the

spectral function or characteristic of an element .

1.1.6. An ordered algebra over F is an ordered vector space E over F which is
simultaneously an algebra over the same field and satisfies the following condition:
if £ > 0 and y > 0 then zy > 0 whatever z,y € F might be. To characterize the
positive cone E4 of an ordered algebra E, we must add to what was said in 1.1
the property Ey - Ey C E;. We say that E is a lattice-ordered algebra if E is
a vector lattice and an ordered algebra simultaneously. A lattice-ordered algebra is
an f-algebra if, for all a,z,y € E4, the condition £ Ay = 0 implies that (az)Ay =0
and (ra) Ay = 0. An f-algebra is called faithful or ezact if, for arbitrary elements
r and y, vy = 0 implies ¢ L y. It is easy to show that an f-algebra is faithful if
and only if it lacks nonzero nilpotent elements. The faithfulness of an f-algebra is

equivalent to absence of strictly positive element with nonzero square.
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1.1.7. A complez vector lattice is defined to be the complexification E & ¢E
(with ¢ standing for the imaginary unity) of a real vector lattice E. Often it is
additionally required that the modulus

|2] := sup{Re(e"?z) | 0 < 8 < 7}

exists for every element z € E@1E. In the case of a K-space or an arbitrary Banach
lattice this requirement is automatically satisfied, since a complex K-space is the
complexification of a real K-space. Speaking about order properties of a complex
vector lattice E @ ¢E, we mean its real part E. The concepts of sublattice, ideal,
band, projection, etc. are naturally translated to the case of a complex vector

lattice by appropriate complexification.

1.1.8. The order of a vector lattice generates different kinds of convergence.
Let (A, <) be an upward-directed set. A net (z4) := (Za)aca in E is called in-
creasing (decreasing) if to < 25 (25 < z4) for a < B (a,B € A).

We say that a net (z4) o-converges to an element € E if there exists a de-
creasing net (e4)aea in E such that inf{e, |a € A} =0and [z, —z| < €4 (@ € A).
In this event, we call = the o-limit of the net (z4) and write £ = o-limz, or z4 S
In a K-space, we also introduce the upper and lower o-limsts of an order bounded

net by the formulas

limsupzy := lim 4 := inf supz
a€A « a€A o aeAﬂZa B

liminfz, := lim 2, := sup inf z4.
a€A a€A a€A f2a

These objects are obviously connected as follows:

z =o-lim z4 « limsupz, = ¢ = liminf z,.
a€A a€A a€A

We say that a net (zq)oca converges relatively uniformly or converges with
requlator to ¢ € E if there exist an element 0 < u € E called the regulator of

convergence and a numeric net (Ay)oca With the properties

ImAy =0, |zo—z|<Au (a€A)
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The element z is called the r-limit of the net (z4) and the notation z = r-limyea z4
or To @ z is used. Omne can see that the relative uniform convergence is the norm
convergence of the space (E(u),| - ||«)-

The presence of o-convergence in a K-space justifies the definition of the sum
for an infinite family (z¢)ecz. Indeed, let A := ZP5,(E) be the set of all finite
subsets of Z. Given o := {{1,...,&n} € A, we denote yo 1= z¢, + -+ + z¢,.
Thereby we obtain the net (yo)aea which is naturally ordered by inclusion. If

there exists x := o-limyea Yo then we call the element z the o-sum of the family

£€E £€=

(z¢) and denote it by

It is evident that, for z¢ > 0 (£ € Z), the o-sum of the family (z¢) exists if and only
if the net (ya)aea is order bounded; in this case

O-Z Tg = SUP Ya-
te= a€A

If the elements of the family (z¢) are pairwise disjoint then
o-z Te = sup:z:'g — sup xg
¢es £€E £€E
Every K-space is o-complete in the following sense: If a net (z4)qea satisfies
the condition

limsup [z, — 28| := inf sup |z, — zg]
T€A o, 8>

.
then there is an element £ € F such that ¢ = o-lim z,.

1.1.9. Examples of vector lattices.

(1) Let (E¢)eez be a family of vector lattices (f-algebras) over the same
ordered field F. Then the Cartesian product E := [[.cz E¢ endowed with the
coordinatewise operations and order is a vector lattice ( f-algebra) over the field F.
Furthermore, the lattice E is order complete, universally complete, or discrete if
and only if all factors E¢ possess the property. The base B(E) is isomorphic to the
product of the family of Boolean algebras B(E¢)ecz. An element e € E is unity if
and only if e(¢) is unity in E for all £ € Z. In particular, the collection R (C%)
of real (complex) functions on a nonempty set = exemplifies a universally complete

discrete K-space (complex K-space).
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(2) Every ideal and, hence, every order-dense ideal in a vector lattice
(a K-space) is a vector lattice (a K-space). The base of a vector lattice is isomorphic
to the base of its every order-dense ideal. In particular, IP(Z) is a K-space for every
1 < p < oo (see (1)).

(3) Let N be an ideal in a vector lattice E. The quotient space E:=E /N
is a vector lattice as well, provided that the order in it is defined by the positive cone
o(E4), where ¢ : E — E is the canonical coset homomorphism. The vector lattice
E is Archimedean if and only if N is closed under relative uniform convergence. If £
is an f-algebra and the o-ideal NV is also a ring ideal then Eisan f-algebra. If E is
a K,-space and is sequentially o-closed then EisaK o-space and the homomorphism

¢ is sequentially o-continuous. The base of the vector lattice E is isomorphic to

the complete Boolean algebra fia := {M2 | M € P(E)} of A-bands, where

A:={(z,y) e EXE|l|z|A|yl € N},
M2 :={z € E|(Vy€ M) (z, y) € A}.

(4) Suppose that (T, %) is a measure space, i.e., T is a nonempty set and
¥ is a o-algebra of its subsets. Denote by (T, X) the set of all real (complex)
measurable functions on T with operations and order induced from R” (CT). Take
an arbitrary o-complete ideal .4 in the algebra . Let N be the set of functions
r € #(T,%) such that {t € T | z(t) # 0} € A". Put

M(T,, ) := #(T,)/N.

Then #(T,X) and M(T,X,.4") are real (complex) K,-spaces and simultaneously
f-algebras. Suppose that g : ¥ — R U {+o00} is a countably-additive positive mea-
sure. The vector lattice L(T, X, i) := M(T,Z, p~1(0)) is a universally complete
K,-space if the measure y is finite or o-finite. In general, the order completeness of
the lattice L(T, X, u) is connected with the direct sum property for the measure
(see [12]). Here, for simplicity, we confine ourselves to the case of a o-finite mea-
sure pu. The space L%(T, X, 1) is continuous if and only if 4 has no atoms. Recall
that an atom of a measure p is a set A € T such that u(4) >0and 4’ € T, A’ C 4,
implies either u(A') = 0 or u(A") = p(A). The discreteness of L%(T, T, p1) is equiv-
alent to the fact that the measure p is purely atomic, i.e., every set of nonzero
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measure contains an atom of y. The equivalence class containing the identically
unity function is an order and ring unit in L%(T, T, u).

The base of the K-space L°(T,%,p) is isomorphic to the Boolean algebra
£/p~1(0) of measurable sets modulo sets of measure zero. By (2), the spaces

LP(T, %, ) (1 < p < o0) are also K-spaces because they are order-dense ideals of
LYT,Z, p).

(5) Let H be a complex Hilbert space and let 2 be a strongly closed
commutative algebra of selfadjoint bounded operators in H. Denote by B the set
of all orthoprojections in H involved in the algebra 2. Then B is a complete Boolean
algebra. Let 2, be the set of all selfadjoint densely defined operators a in H such
that the spectral function A — e (A € R) of a takes its values in B. Further, let
Ao be the set of densely defined normal operators in H such that if a = ua| is the
polar decomposition of a then |a| € oo. We furnish the sets oo and Ao, with the
structure of an ordered vector space in a natural way. For a,b € U, the sum a+ b
and the product ab are defined as the unique selfadjoint extensions of the operators
h +— ah + bh and h + a(bh) (h € P(a) N 2(b)), where Z(c) is the domain of c.
Moreover, given a € Ao, we set a > 0 if and only if (ah,h) > 0 for all h € D(a).
The operations and order in 2., are defined by means of complexification.

The sets oo and Ao, with the indicated operations and order are respectively
a universally complete K-space and a complex universally complete K-space with

base of unit elements B. Moreover, ¥ is the K-space of bounded elements in .

(6) Let Q be a topological space and let #(Q,R) be the set of all Borel
functions from @ into R endowed with the pointwise operations of addition and
multiplication and with the pointwise order. Then #(Q,R) is a K,-space. Denote
by N the set of Borel functions z such that {t € Q | z(t) # 0} is a meager set (i.e.,
a set of the first category). Let B(Q) := B(Q,R) be the quotient space Z(Q,R)/N
with the operations and order induced from #(Q,R). Then B(Q) is a K-space with
base isomorphic to the Boolean algebra of Borel subsets of ¢} modulo sets of the first
category. If Q is a Baire space (i.e., every nonempty open set in ) is nonmeager),
then B(B(Q)) is isomorphic to the Boolean algebra of all regular open (or regular
closed) subsets of . Both spaces Z(Q,R) and B(Q,R) are faithful f-algebras.
The function identically equal to unity serves as an order and ring unity in these

spaces. By replacing R with C, we obtain the complex K-space B(Q,C).
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(7) Let Q be again a topological space and C(Q) be the space of all con-
tinuous real functions on Q. Then C(Q) is a sublattice and a subalgebra of Z(Q,R).
In particular, C(Q) is a faithful Archimedean f-algebra. Generally speaking, C(Q)
is not a K-space. The order completeness of C(Q) is connected with the so-called
extremal disconnectedness of the space @ (see 1.12, 1.13). For a uniform topological
space @, the base of the vector lattice C(Q) is isomorphic to the algebra of regular
open sets.

Now let LSC(Q) be the set (of equivalence classes) of lower semicontinuous
functions z : @ — R := RU {—00, 00} such that z71(—o0) is nowhere dense and
the interior of the set z7!([—00,00)) is dense in Q. As usual, two functions are
assumed equivalent if their values differ only on a meager set. The sum z + y (the
product zy) of elements z, y € LSC(Q) is defined as the lower semicontinuous
regularization of the pointwise sum t — z(t) + y(¢) (t € Qo) (the pointwise product
t — z(t) - y(t) (t € Qo)), where Qq is a dense subset of @ on which z and y are
finite. Thereby LSC(Q) becomes a universally complete K-space and an f-algebra;
moreover, the base of LSC(Q) is isomorphic to the algebra of regular open sets.
Thus, if @ is Baire space then the K-spaces B(Q) and LSC(Q) are isomorphic and
if @ is uniform then C(Q) is an (order) dense sublattice of LSC(Q).

1.1.10. Operators in vector lattices.

(1) Let E and F be vector lattices. A linear operator U : E — F is called
positive if U(E4) C Fy; U is regular if it is representable as a difference of two
positive operators; and, finally, U is order bounded or o-bounded if U sends every
o-bounded subset in F into an o-bounded subset in F. If F' is a K-space then an

operator is regular if and only if it is o-bounded. The set of all regular (positive)
operators from E into F is denoted by L~(E, F) (L~(E, F)+).

The Riesz-Kantorovich theorem. If E is a vector lattice and F is some
K -space then the space L™(E,F) of regular operators with cone L~(E,F)4 of
positive operators is a K-space.

Observe that if E is a K-space then L~(E) := L~(E, E) with multiplication
defined as superposition is a lattice-ordered algebra but not an f-algebra. The
space of regular functionals is conventionally denoted by E~ := L~(E,R). The

space L~(E, F) is discrete if and only if F' and E™ are discrete. No description for
the base B(L™~(E, F)) in terms of the Boolean algebras B(E) and B(F) is known.
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However there are some advances in this direction (see [5, 40, 44]).

(2) An operator U : E — F is called order continuous (or o-continuous) if
for every net (zq4)aca in E, the relation o-limgep o = 0 yields o-limgep Uz = 0.
The set of all o-continuous regular operators furnished with the operations and
order induced from L~(E, F) is denoted by L (E,F). f U € L;(E,F) then the
band A (U)*, where 4 (U) = {z € E | U(Jz]) = 0}, is called the carrier or band
of essential positivity of the operator U. If F = R then we write E rather than
Ly (E,R).
The space LY (E,F) is a band in L~(E, F) and consequently is a K-space.
If f € E} and Ef is the carrier of the functional f then the Boolean algebras
B(f) := B({f}*+1) and B(Ey) are isomorphic. A functional f is a unity in E;” if
and only if #(f)t =E.

(3) Let E and F be again vector lattices. A linear operator U : E — F
is a lattice homomorphism if U(z Vy) = Uz V Uy for all z,y € E. It is clear that
a lattice homomorphism preserves least upper and greatest lower bounds of finite
nonempty sets and also preserves the modulus and positive and negative parts of
every element. An injective lattice homomorphism is called a lattice (rarely order)
monomorphism, 1somorphic embedding and even lattice isomorphism from E into
F. If a lattice homomorphism U : E — F is a bijection then we say that E
and F are lattice (or order) isomorphic or that U provides an latticial or (order)
1somorphism between E and F.

Latticially isomorphic vector lattices possess isomorphic bases. Such vector
lattices are or not are (universally complete, discrete or continuous) K-spaces si-
multaneously.

(4) Consider a vector lattice E and some of its vector sublattices D C E.
A linear operator U from D into E is said to be a nonezpanding operator (or
a stabilizer) if Uz € {z}1 for every z € D. A nonextending operator may fail to
be regular. A regular nonextending operator is an orthomorphism. Let Orth(E)
denote the set of all orthomorphisms acting in E and let Z(F) be the o-ideal
generated by the identity operator Ig in L~(E). The space Z(E) is often called
the center of the vector lattice E. Now, define the space of all orthomorphisms
Orth® (E). First we denote by 91 the collection of all pairs (D, r), where D is an

order-dense ideal in E and 7 is an orthomorphism from D into E. Elements (D, )
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and (D', ') in 9 are declared equivalent if the orthomorphisms « and 7' coincide on
the intersection DND'. The quotient set of M by the equivalence relation is exactly
Orth®(F). Identify every orthomorphism n € Orth(E) with the corresponding
equivalence class in Orth®(E). Then Z(E) C Orth(E) C Orth®(E). The set
Orth®(E) can be naturally furnished with the structure of an ordered algebra.

(a) Theorem. If E is an Archimedean vector lattice then Orth™(E)
is a faithful f-algebra with unity Ig. Moreover, Orth(FE) is an f-subalgebra in
Orth™(E) and Z(E) is an f-subalgebra of bounded elements in Orth(E).

(b) Theorem. Every Archimedean f-algebra E with unity 1 is alge-
braically and latticially isomorphic to the f-algebra of orthomorphisms. Moreover,
the ideal I(1) is mapped onto Z(FE).

If E is an Archimedean vector lattice then the base of each of the f-algebras
Orth™(E), Orth(E), and Z(E) is isomorphic to the base of E. If E is a K-space

then Orth®(E) is a universally complete K-space and Orth(F) is its order-dense
ideal.

1.1.11. The space of continuous functions taking infinite values on a nowhere
dense set plays an important role in the theory of vector lattices. To introduce this
space, we need some auxiliary facts. Given a function z : @ — R and a number
A € R, we denote

{z< A} ={teQ|z(t) <A}, {£<A}:={te@]|=z(t) <A}

Let @ be an arbitrary topological space, let A be a dense set in R and let
A+ Gy (X € A) be an increasing mapping from A into the set F(Q) ordered by
inclusion. Then the following assertions are equivalent:

(1) there exists a unique continuous function = : Q — R such that
{z<A}CGrC{z <A} (heA)
(2) for arbitrary A,v € A, the inequality A < v implies
c(Gy) Cint(G,).

< The implication (1) = (2) is trivial. Prove (2) = (1). Given t € @, we put
z(t) ;= inf{\ € A | t € G»}. Thereby a function z : Q — R is determined, and we
can easily verify that {z < A\} C Gx C {z < A}. It is clear also that

(e <A =U{G, | v <2}, {z<A)=n{G,] A<}
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Observe that we have used only the isotonicity of the mapping A — Gj. Consider

also the mappings
Ao Gy i=inl(Gy), Ao Gyi=cl(Gy) (A€ A)

It is seen that these mappings increase too and thereby, in view of what was said

above, there exist functions y,z : Q — R such that

(y<ACGrCly<hr), {z<A}CcBC{z<A} (AeA)

By the definition of Gy, we have G, C Gy for v < A. By virtue of the denseness of
Ain R, for all t € @ and 7 > x(t) there exist A\,v € A such that 2(t) <v < A <7,
thus, t € G, C G and 2(t) < A < 7. Sending 7 to z(t), we obtain z(t) < x(t).
The same inequality is obvious for z(t) = 400 as well. Analogously, Cor’,, C Gy for
v < \; consequently, z(¢) < y(t) for all ¢ € Q. Rewriting relations (2) as G, C G A
(v < A) and arguing as above, we again conclude that y(t) < z(t) for all t € Q.

Thus, ¢ = y = ¢t. The continuity of z follows from the equalities
{z <A} ={y< A} =U{G, | v < A, v € A},

{e <A ={z<A}=n{G, [v> X veA},
since G, is open and Cor’,, is closed for all v € A. >

1.1.12. Now let () be a compact topological space. Recall that a compact space
is called eztremally (quasiestremally) disconnected or simply extremal (quasiez-
tremal) if the closure of an arbitrary open set (open F,-set) in it is open or, which
is equivalent, the interior of an arbitrary closed set (closed Gs-set) is closed.

Let Q) be a quasiextremal compact space, let Qo be an open dense Fy,-set in Q,
and let zo : Q — R be a continuous function. There exists a unique continuous
function z : Q@ — R such that z(t) = zo(t) (t € Qo).

< Indeed, if Gy := cl{zo < A} then the mapping A — G (X € R) increases
and satisfies condition (2) in 1.11. Consequently, there exists a continuous functions
z : Q — R with the properties {z < A} C Gx C {z < A}. It is easy to verify that

z | Qo = z¢. The function z is unique since Q¢ is dense in @, >
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1.1.13. Denote by Coo(Q) the set of all continuous functions z : @ — R that
may take values 00 only on a nowhere dense set. Introduce some order on Coo(Q)
by putting z < y if and only if 2(¢) < y(t) for all t € Q. Further, take z,y € Co(Q)
and put

Qo := {|z] < 00} U {[y| < oo}.

Then @) is an open and dense F,-set in (). According to 1.12, there exists a unique
function z : Q@ — R such that 2(t) = z(t) + y(t) for t € Qp. This function z is
considered to be the sum of the elements z and y. The product of two arbitrary
elements is defined in a similar way. Identifying a number A with the function
identically equal to A on @, we obtain the product of an arbitrary ¢ € Coo(Q) and
A€eR.

It is easy to see that Coo(Q)) with the so-introduced operations and order is
a vector lattice and simultaneously a faithful f-algebra. Below we observe that
Coo(Q) is a universally complete K,-space. The function identically equal to unity
is a ring and lattice unity. The base of the vector lattice Coo(Q) is isomorphic to the
Boolean algebra of all regular open (closed) subsets of the compact space Q. If the
compact space @ is extremal then Coo(Q) is universally complete K-space whose
base is isomorphic to the algebra of all clopen subsets in @. The vector lattice C(Q)
of all continuous functions on @ is an order-dense ideal in Coo(Q); thus, C(Q) is
a K-space (K,-space) if and only if such is Coo(Q).

1.1.14. The Vulikh-Ogasawara theorem. Let @} be the Stone space of
a Boolean algebra B. Then @ is extremal (quasiextremal) if and only if B is
complete (o-complete).

1.2. Boolean-Valued Models

In the section we briefly present necessary information on the theory of Boo-
lean-valued models. Details may be found in [6, 33, 37, 48, 61, 62, 67, 68].

The most important feature of the method of Boolean-valued models consists in
comparative analysis of standard and nonstandard (Boolean-valued) models which
uses a special technique of descent and ascent. Moreover, it is often necessary to
carry out some syntax comparison of formal texts. Therefore, before we launch into
studying the descent and ascent technique, it is necessary to grasp a more clear idea
of the status of mathematical objects in the framework of a formal set theory.
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1.2.1. At present, the most widespread axiomatic foundation for mathematics
is the Zermelo-Fraenkel set theory. We will briefly recall some of its concepts,
outlining the details needed in the sequel. Observe that, speaking of a formal
set theory, we will freely (because it is in fact unavoidable) adhere to the level of
rigor accepted in mathematics and introduce abbreviations by means of the definor,

assignment operator, := without specifying subtleties.

(1) The alphabet of the Zermelo-Fraenkel theory (ZF or ZFC if the pres-
ence of choice stressed, for short) comprises the symbols of variables; the parentheses
( and ); the propositional connectives (= the signs of propositional calculus) V, A,
—, &, and —; the quantifiers V and 3; the equality sign =; and the symbol of
a special binary predicate of containment €. In general, the domain of variation of
the variables in the ZF theory is thought as the world or universe of sets. In other
words, the universe of the ZF theory contains nothing but sets. We write z € y
rather than € (z,y) and say that z is an element of y.

(2) The formulas of ZF are defined by means of a routine procedure. In
other words, the formulas of ZF are finite texts resulting from the atomic formu-
las ¢ = y and 2 € y, where ¢ and y are variables of ZF, by reasonably placing paren-
theses, quantifiers, and propositional connectives. So, if ¢ and ¢, are formulas of
ZF and z is a variable symbol then the texts ;3 — ¢ and (Fz) (1 = (Vy) 2) Ve
are formulas of ZF, whereas ¢; 3z and V (23p1¢2 are not. We attach the natural
meaning to the terms free and bound variables and the term domain of action of
a quantifier. For instance, in the formula (Vz)(z € y) the variable z is bound
and the variable y is free, whereas in the formula (Jy)(z = y) the variable z is
free and y is bound (for it is bounded by a quantifier). Henceforth, in order to
emphasize that the only free variables in a formula ¢ are the variables zq,...,z,,
we write ¢(21,...,%,). Sometimes such a formula is considered as a “function”; in
this event, it is convenient to write ¢(-,...,-) or ¢ = ¢(z1,...,2,), implying that
©(y1,-..,Yn) is a formula of ZF obtained by replacing each free occurrence of z
by yx for k:=1,...,n.

(3) Studying ZF, it is convenient to use some expressive tools absent in its
formal language. In particular, in the sequel it is worthwhile employing the concepts
of class and definable class and also the corresponding symbols of classifiers like

A, = Ay = {z | p(2)} and Ay := Ay y) = {z | ¥(z,y)}, where ¢ and 1 are
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formulas of ZF and y is a distinguished collection of variables. If it is desirable to
clarify or eliminate the appearing records then we may assume that use of classes
and classifiers is connected only with the conventional agreement un introducing

abbreviations. This agreement, sometimes called the Church schema, reads:

z € {z | p(z)} © »(2),
z € {z | P(z,y)} & ¥(2,9).

Working within ZF, we will employ some notations that are widely spread in math-

ematics. Some of them are as follows:

(32)p(2) := (32) p(2) A (V) (V) (p(2) A p(y) = = =y));
cfy:="z=y, T¢y:=-cE€y;
@:={z|z #z};

{z,9} ={z]z=2Ve=y}, {z}:={s,2},
(z,9) == {=z, {z,y}};

(Ve € y) p(z) := (Vz) (2 € y — p(2));

(Fz € y)p(z) :=(3z)(z € y Ap(a));
Uz:={z|(Jy€z)z € y};
Ne:={z|(Vy € z)z € y};
zCy:=(Vz)(z €2 >z €y);

P(z) = the class of all subsets of z := {2z | z C z};
V := the class of all sets:= {z | z = z}.

Note also that in the sequel we accept more complicated descriptions in which much
is presumed:

Funct(f) := f is a function;
dom(f) := the domain of definition of f;
im(f) := the range of f;
¢ bt :=¢ — o =1 is derivable from ¢;
aclass Aisaset:=A€V:=3z)(Vy)(y e A yex)
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Such simplifications will be used in rendering more complicated formulas without
special stipulations. For instance, instead of some rather complicated formulas
of ZF we simply write

f:z— y=*“fisa function from z to y;”
“E is a K-space;”

Ue £(X,Y)=“U is a bounded operator from X to Y.”

1.2.2. In ZFC, we accept the usual axioms and derivation rules of a first-order
theory with equality which fix the standard means of classical reasoning (syllogisms,
the law of the excluded middle, modus ponens, generalization, etc.). Moreover, we

accept the following special or proper axioms:

(1) The axiom of extensionality
(Vz)(Vy)(z CyAyCaz =z =y).
(2) The axiom of union
(Vz) (3y) (y = Ux).
(3) The axiom of the powerset
(Vz) (3y) (v = P(2)).

(4) The axiom of replacement

(Vz) ((Vy) (V2) (Vo) o(y, 2) A p(y,u) = 2z = u) = (Jv) (v = {z | Ty € 2) p(y,2)})-
(5) The axiom of foundation
(Ve)(a # @ — (3y € 2) (y Nz = 2)).
(6) The axiom of infinity

(3w) (2 € w) A (V2 € w) (z U {z} € w).
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(7) The axiom of choice

(VF)(V2) (W) (c #GAF : 2 = P(y))
= (3 f:z - yA(Vze2)f(2) € F(2))-

Grounding on the above axiomatics, we acquire a clear idea of the class of all sets,
the von Neumann universe V. As the initial object of all constructions we take
the empty set. The elementary step of introducing new sets consists in taking the
union of the powersets of the sets already available. Transfinitely repeating these
steps, we exhaust the class of all sets. More precisely, we assign V := UyeonVa,
where On is the class of all ordinals and

\%Z==g,
VQ.H = .@(VQ),
V= U V, (B is a limit ordinal).

a<lf
The class V is the standard model of the ZFC theory.

1.2.3. Now, we describe the construction of a Boolean-valued universe. Let B

be a complete Boolean algebra. Given an ordinal «, put
V{® := {z | Funct(z) A (38) (8 < a A dom(z) C VE,B) Aim(z) C B)}.
Thus, in more detail we have

V(()B) =0
Vyi)l := {z | z is a function with domain in V{# and range in B};
v .= U VI(BB) (B is a limit ordinal).
B<a

The class
v®.= |J v
a€0n
is a Boolean-valued universe. An element of the class V(B is a B-valued set. It
is necessary to observe that V(B) consists only of functions. In particular, @ is
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the function with domain & and range @. Hence, the “lower” levels of V(&) are

organized as follows:
V¥ =o, Vi”={g}, V;"={o,({2}.p)|beB}.

It is worth stressing that o < 5 — VP ¢ VI holds for all ordinals « and B.
& 8

Moreover, the following induction principle is valid in V(B);
(Yz € VB)((Yy € dom(x)) ¢(y) = ¢(@)) — (Yz € VP (a),

where ¢ is a formula of ZFC.

1.2.4. Take an arbitrary formula ¢ = ¢(uq,...,u,) of the ZFC theory. If we
replace the elements up, ..., u, by elements z1,...,z, € V(B) then we obtain some
statement about the objects zy,...,z,. It is to this statement that we intend to
assign some truth-value. Such a value [¢] must be an element of the algebra B.
Moreover, it is naturally desired that the theorems of ZFC be true, i.e., attain the
greatest truth-value, unity.

We must obviously define truth-values by double induction, taking into consid-
eration the way in which formulas are built up from atomic formulas and assigning
truth-values to the above formulas z € y and z = y, where z,y € V& in accord
with the way in which V(B is constructed.

It is clear that if ¢ and 1 are evaluated formulas of ZFC and [¢] € B and [¢] €

B are their truth-values then we should put

o Aol =[] A T¥I,
Lo vl =[] Vv [¥],
lo — 9] =l = [¥],
[l := [l
[(V2)e@]:= A [e@),

z:EV(B)

[Go)e@)]:= \ e

zGV(B)

where the right-hand sides involve Boolean operations corresponding to the logical

connectives and quantifiers on the left-hand sides: A is the taking of an infimum, Vv
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is the taking of a supremum, * is the taking of the complement of an element, and
the operation = is introduced as follows: a = b:= a* Vb (a,b € B). Only such
definitions provide the value “unity” for the classical tautologies.

We turn to evaluating the atomic formulas ¢ € y and ¢ = y for z,y € VB,
The intuitive idea consists in the fact that a B-valued set y is a “(lattice) fuzzy set,”
i.e., a “set that contains an element z in dom(y) with probability y(z).” With this in
mind and intending to preserve the logical tautology of z € y & (3z € y)(z = 2) as

well as the axiom of extensionality, we arrive at the following definition by recursion:

[reyl=\ wAlz=4l,

z€dom(y)

e=yl= A «&)=leylA N\ ) =lex]
2€dom(z) z€dom(y)

1.2.5. Now we are able to attach some meaning to formal expressions of the
form ¢(21,...,2a), where z1,...,2, € V(B) and ¢ is a formula of ZFC; i.e., we can
define exactly in which sense the set-theoretic proposition ¢(u1, ... ,un) is valid for
elements z1, ...,z € V(B), Namely, we say that the formula ¢(z1,...,25) is valid
inside V(B) or the elements zy,..., T, possess the property ¢ if [p(z1,...,2)] = 1.
In this event, we write VB E o(z1,...,z5).

It is easy to convince ourselves that the axioms and theorems of the first-order
predicate calculus are valid in V{B) In particular,

(1) [z=2] =1,

(2) [e=yl=ly=1],

3) [z=y]lAly=2]<[z=1],
(4) [z=yIn[zez] <[z € 9],
(5) [r=y]Alzez] <[ye-]

It is worth observing that for each formula ¢ we have

VP 2=y Ap(a) = (y),
i.e., in detailed notation

(8) [z =y] A lv(@)] < le(v)]-
1.2.6. In a Boolean-valued universe V(5) | the relation [z = y] = 1 in no way

implies that the functions z and y (considered as elements of V) coincide. For
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example, the function equal to zero on each layer VS,B), where o > 1, plays the role
of the empty set in V(B). This circumstance may complicate some constructions
in the sequel. In this connection, we pass from V(B) to the separated Boolean-
valued universe V(B) often preserving for it the same symbol V(8): ie. we put
v .= vP

y] = 1} in the class V(B which is obviously an equivalence. Choosing an element

. Moreover, to define V(B), we consider the relation {(z,y) | [z =

(a representative of least rank) in each class of equivalent functions, we arrive at
. B
the separated universe \_7( ). Note that

[z =9yl =1- [p(2)] = [p(y)]

is valid for an arbitrary formula ¢ of ZF and elements ¢ and y in V(B), Therefore,
in the separated universe we can calculate the truth-values of formulas paying no
attention to the way of choosing representatives. Furthermore, working with the
separated universe, for the sake of convenience, one often considers (exercising
due caution) a concrete representative rather than a class of equivalence as it is

customary, for example, while dealing with function spaces.

1.2.7. The most important properties of a Boolean-valued universe V(B) are
stated in the following three principles:

(1) The transfer principle. All theorems of ZFC are true in V(5); ie,,

the transfer principle, written in symbols as
V® E a theorem of ZFC,

is valid.

The transfer principle is established by rather laboriously checking that all
axioms of ZFC have truth-value 1 and the rules of derivation preserve the truth-
values of formulas. Sometimes, the transfer principle is worded as follows: “V(B)
is the Boolean-valued model of ZFC.”

(2) The maximum principle. For each formula ¢ of ZFC there ex-
ists zg € VB for which

[(Fz) ()] = [e(0)]-
In particular, if it is true in V(B) that there is an « for which @(x) then there is
an element zo in V(P (in the sense of V1) for which [¢(20)] = 1. In symbols,

VB £ (32)o(z) = (3ze) VB E (x0).
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In other words, the mazimum principle

(Fzo e V) [p(z)l =\ [v()]

xEV(B)

is valid for each formula ¢ of the ZFC theory.
The last equality accounts for the origin of the term “maximum principle.”

The proof of the principle represents a simple application of

(3) The mixing principle. Let (b )¢ez be a partition of unity in B, i.e.
a family of elements of the Boolean-valued algebra B such that

\be=1, (V&,n€E)(E#n—beAby=0).
£€E

For every family of elements (z¢)eez of the universe V(B and a partition of

unity (b¢)eez there exists a (unique) mixing of (z¢) with probabilities (be), i.e.

an element z of the separated universe V(B) such that b¢ < [z = z¢] for all £ € E.
The mizing of = of a family (z¢) with respect to (b¢) is denoted as follows:

r = mixges(bere) = mix{beze | € € Z}.

1.2.8. The comparative analysis mentioned at the beginning of the subsection
presumes that there is a close interconnection between the universes V and V().
In other words, we need a rigorous mathematical apparatus which would allow us
to find out the interplay between the interpretations of one and the same fact in
the two models V and V(B), The base for such apparatus is constituted by the
operations of canonical embedding, descent, and ascent to be presented below. We
start with the canonical embedding of the von Neumann universe. Given z € V, we
denote by the symbol z” the standard name of z in V(B); ie., the element defined

by the following recursion schema:
2" =0, dom(z"):={y"|ye€z}, im(z"):={1}.

Observe some properties of the mapping z + z” needed in the sequel.
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(1) For an arbitrary € V and formula ¢ of ZF we have

[3y € 2™ )] = VAlp(z" | 2 € 2},
[(vy € ™) ()] = A{lp(z"] | = € =}
(2) If z and y are elements of V then, by transfinite induction, we estab-
lish
zey o VBt ey,
z=yo VB Ezt =y
In other words, the standard name can be considered as an embedding of V

into V(B), Moreover, it is beyond a doubt that the standard name sends V onto
V@) which fact is demonstrated by the next proposition:

(3) The following assertion holds:
Vue VY Az e V) VB oy = 2™,
(4) A formula is called bounded or restricted if each bound variables in it
is restricted by a bounded quantifier; i.e., a quantifier ranging over a specific set.

The latter means that each bound variable « is restricted by a quantifier of the
form (V& € y) or (3z € y) for some y.

The restricted transfer principle. For each bounded formula ¢ of ZFC
and every collection z1,...,z, € V the following equivalence holds:

o(z1,...,20) o VB = o2 2h).

Henceforth, working in the separated universe V(B), we agree to preserve the sym-
bol z” for the distinguished element of the class corresponding to z.

(5) Observe as an example that the restricted transfer principle yields the
following assertions:

“® is a correspondence from z to y”
- VB E “®" is a correspondence from z" to y";”
“f is a function from z to y” « V(& E “f" is a function from z” to y"”
(moreover, f(a)" = f*(a”) for every a € z).

Thus, the standard name can be considered as a covariant functor of the category

of sets (or correspondences) in V to the appropriate subcategory of V(® in the

separated universe V(B),
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1.2.9. Given an arbitrary element z of the (separated) Boolean-valued uni-

verse V(B) we define the descent x| of = as
sli={ye VP [[yea] =1}.

We list the simplest properties of the descent procedure:

(1) The class z| is a set, i.e., z] € Vioreachz e VB, If [z £ @] = 1

then z| is a nonempty set.

(2) Let z € VB and [z # @] = 1. Then for every formula ¢ of ZFC we

have

[(Vz € 2) p(2)] = A{le(2)] | = € 21},
[(Bz € 2)p(2)] = Vilp(@)] | = € 21 }.

Moreover, there exists z¢ € z| such that [o(z)] = [(z € 2) p(2)].
(8) Let @ be a correspondence from X to Y in V(®), Thus, &, X, and Y

are elements of V() and, moreover, [® C X x Y] = 1. There is a unique corre-

spondence | from X| to Y| such that

OJ(Al) = 2(4)]

for every nonempty subset A of the set X inside V(B). The correspondence &
from X | to Y| involved in the above proposition is called the descent of the corre-
spondence & from X to Y in V(B),

(4) The descent of the superposition of correspondences inside V(&) is

the superposition of their descents:
(Tod)=T]o0d|.
(53) If @ is a correspondence inside V(B then
(811 = (2))".

(6) Let Ix be the identity mapping inside V(B) of the set X € V(B),
Then
(Ix)l = Ixy.
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(7) Suppose that X,Y, f € V(B aresuch that [f: X — Y] =1, i.e., fis
a mapping from X to Y inside V(B). Then £/ is a unique mapping from X | to Y|
for which

[fliz)=f=)] =1 (z€X])

By virtue of assertions (1)—(7), we can consider the descent operation as a func-
tor from the category of B-valued sets and mappings (correspondences) to the cat-
egory of usual (i.e., in the sense of V) sets and mappings (correspondences).

(8) Given zi,...,z, € V(B) denote by (z1,...,2,)B the corresponding
ordered n-tuple inside V{B), Assume that P is an n-ary relation on X inside v(B),
e, X,P e VB and [P c X" =1(n € w). Then there exists an n-ary
relation P’ on X | such that

(T1,-.,22) € P & [(21,...,2.)P € P] = 1.

Slightly abusing notation, we denote the relation P’ by the same symbol P and
call it the descent of P.

1.2.10. Let z € Vand  C VB, je., let z be some set composed of B-valued
sets or, in other words, z € Z(V(®)), Put @1 := @ and

dom(zT) =z, im(z1)={1}

if £ # @. The element 7 (of the separated universe V() ie. the distinguished
representative of the class {y € V() | [y = £1] = 1}) is called the ascent of «.

(1) The following equalities hold for every z € 2(V(B)) and every for-
mula ¢:

[(Vz € 2D)e(2)] = N\ [ew)],

yET

[(3z € 2l)e(2)] = \/ e ()]

yET

Introducing the ascent of a correspondence ® C X x Y, we have to bear in
mind a possible difference between the domain of departure X and the domain of
definition dom(®) := {x € X | ®(z) # @}. This difference is inessential for our
further goals; therefore, we assume that, speaking of ascents, we always consider
everywhere-defined correspondences; i.e., dom(®) = X.
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(2) Let X,Y,® € VB and let & be a correspondence from X to Y.
There exists a unique correspondence 7 from X1 to Y1 inside V(B such that

O1(A7) = &(A)
is valid for every subset A of the set dom(®) if and only if ® is eztensional; i.e.,
satisfies the condition
y1 € (z1) = o1 = 22] < v [y1 = v2]
¥26€%(z2)

for z1,z2 € dom(®). In this event, 7 = &'1, where &' := {(z,v)? | (z,y) € ®}.
The element ®7 is called the ascent of the initial correspondence .

(3) The superposition of extensional correspondences is extensional. In

addition, the ascent of the superposition is equal to the superposition of the ascents
(inside V{®): On the condition that dom(¥) D im(®) we have

VB E (T0)] = T10d1.

Note that if & and ! are extensional then (®1)~! = ($~1)1. However, in

general, the extensionality of @ in no way guarantees the extensionality of ®~1.

(4) It is worth mentioning that if an extensional correspondence f is
a function from X to Y then its ascent f7 is a function from X7 to Y 7. Moreover,

the extensionality property can be stated as follows:

[[1'1 = 9721] < [[f(il?l) = f(.’tz)]] (ml,xz € X).

Given a set X C V(B), we denote by the symbol mix X the set of all mixings
of the form mix(b¢z¢), where (z¢) C X and (be) is an arbitrary partition of unity.
The following assertions are referred to as the rules of canceling arrows or the

“descent-ascent” and “ascent-descent” rules.
(5) Let X and X' be subsets of V(B and f: X — X' be an extensional
mapping. Suppose that ¥,Y",g € V(B aresuchthat [Y £ @] =[¢: Y - Y] =1.

Then the following relations are valid:

X1T| = mix X;
il=£
Yir=yY;

glt =g
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1.2.11. Suppose that X € V, X # @; ie,, X is a nonempty set. Let the
letter ¢ denote the standard name embedding z — 2" (z € X). Then «(X)} = X"
and X = (}(X"|). Making use of the above relations, we can extend the descent
and ascent operations to the case in which @ is a correspondence from X to Y}
and [¥ is a correspondence from X” to Y] = 1, where Y € V(B). Namely, we put
@7 := (®o:)] and ¥] := ¥|o¢. In this case, @] is called the modified ascent of the
correspondence ® and ¥] is called the modified descent of the correspondence ¥. (If
the context excludes ambiguity then we simply speak of ascents and descents using
simple arrows.) It is easy to see that ¥] is a unique correspondence inside V(B)

satisfying the relation
[21")=2(z)1] =1 (z € X).
Similarly, ¥] is a unique correspondence from X to Y] satisfying the equality
¥(x) = U= (2 € X).
If & := f and ¥ := ¢ are functions then the indicated relations take the form

[f1e™) = f@)] =1, gl(z) =9(=") (z€X).

1.2.12. (1) A Boolean set or a set with B-structure or just a B-set is a pair
(X,d), where X € V, X # @, and d is a mapping from X x X to the Boolean
algebra B which satisfies the following conditions for arbitrary z,y,2z € X:

(2) d(z,y) =0 oz = y;

(b) d(z,y) =d(y,z);

(¢) d(z,y) < d(z,2) Vd(z,y).

An example of a B-set is given by any @ # X C V(B if we put

dlz,y) =[z#y] =z =y]" (2, y € X).

Another example is a nonempty X with the “discrete B-metric” d; i.e., d(z,y) =1
ifz+#yand d(z,y)=0ifz=y.

(2) Let (X,d) be some B-set. There exist an element 2 € V(B) and
an injection ¢ : X — X' := Z| such that d(z,y) = [tz # ] (z,y € X) and every
element 2’ € X' admits the representation ¢’ = mixgez(betz¢), where (z¢)eez C X
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and (b¢ )eez is a partition of unity in B. The element 2 € VB is referred to
as the Boolean-valued realization of the B-set X. If X is a discrete B-set then
Z = X" and iz = 2" (z € X). If X C V(B then (7 is an injection from X1 to &
(inside V(B)),

A mapping f from a B-set (X, d) to a B-set (X', d’) is said to be nonezpanding
if d(z,y) > d'(f(z), f(y)) for all z,y € X.

(3) Let X and Y be some B-sets, 2 and # be their Boolean-value
realizations, and ¢ and s be the corresponding injections X — 2’| and ¥ — #].
If f: X - Y is a nonexpanding mapping then there is a unique element g € V(B)
such that [g: 2 — #] =1 and f = %71 0g| 0o«. We also accept the notations
Z = F~(X)and g := F~(f).

(4) We present an example of a B-set important for the sequel. Let E be
a vector lattice and B :=‘B(E). Set

d(z,y) == {lz —yl}** (z,y € E).

One can easily check that d meets the conditions (b, ) of 1.2.12. At the same time,
(a) of 1.2.12(1) is valid only for an Archimedean E (see 1.1.3).
Thus, (E,d) is a B-set if and only if the vector lattice E is Archimedean.

1.2.13. Grounding on the results of 1.2.9, we can define the descent of an al-
gebraic system. For the sake of simplicity, we confine ourselves to the case of finite
signature. Let 2 be an algebraic system of finite signature inside V(). In more
detail, it means that there are elements A, fi,..., fa, P1,...,Pn € V® and natu-
ral numbers a(f1),...,a(fn), a(P1),...,a(Pn) that satisfy the following conditions
(all inside V(B));

A# @, P CAP (k=1 m),
oA 54 (1=1,...n),
Ql = (A,fl,...,fn,Pl,...,Pm).
Executing the descent of the set A, functions fi,..., f,, and relations Py,..., P,
by the rules of 1.1.9, we obtain some algebraic system | = (A[, fil,..., Pnl) of
a similar type called the descent of . Thus, the descent of an algebraic system 2/

is the descent of the underlying set A furnished with descended operations and
predicates.
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1.3. Real Numbers in Boolean-Valued Models

Boolean-valued analysis stems from the assertion due to D. Scott that the im-
age of the field of real numbers in a Boolean-valued model represents a universally
complete K-space (of measurable functions). Depending on which Boolean alge-
bra B (the algebra of measurable sets, open regular sets, or projections in a Hilbert
space) forms the base for constructing a Boolean-valued model V(®)| we obtain dif-
ferent K-spaces (the spaces of measurable functions, semicontinuous functions, or
selfadjoint operators). Thereby there appears a remarkable opportunity for trans-
ferring all the treasure-trove of knowledge about real numbers to a profusion of

classical objects of analysis. This will constitute the topic of the section:

1.3.1. By the field of real numbers we mean an algebraic system that satisfies
the axioms of an Archimedean ordered field (with distinct zero and unity) and the

axiom of completeness. Recall the following two well-known assertions:

(1) There exists a field R of real numbers which is unique to within

isomorphism.

(2) If P is an Archimedean ordered field then there is an isomorphic
embedding h of the field P into R such that the image h(P) is a subfield of R

containing the subfield of rational numbers. In particular, h(P) is dense in R.

Successively applying the transfer and maximum principles to (1), we find
an element Z € V(B for which [# is a field of real numbers] = 1. Moreover, if
an arbitrary #' € V(B satisfies the condition [#' is a field of real numbers] = 1
then it also satisfies [the ordered fields # and %' are isomorphic] = 1. In other
words, there exists a field # of real numbers in the model V(B) and such a field is
unique to within an isomorphism.

Note also that ¢(z) formally presenting the expressions of the axioms of an Ar-
chimedean ordered field is bounded; therefore, [o(R™)] = 1, i.e., [R" is an Archi-
medean ordered field] = 1. “Pulling” assertion (2) through the transfer principle,
we conclude that [R” is isomorphic to a dense subfield of the field Z] = 1. In this
regard, we further assume that Z is a field of real numbers in the model V(B and
R” is its dense subfield. It is easy to note that the elements 0 := 0" and 1 := 1"
are the zero and unity of the field Z.

Observe that the equality Z = R” is not valid in general. Indeed, the axiom of
completeness for R is not a bounded formula and may thus fail for R” inside V(8.
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Now, consider the descent Z| of the algebraic system #. In other words, we
consider the descent of the underlying set of the system Z together with descended
operations and order. For simplicity, we denote the operations and order in #
and Z| by the same symbols +, -, and <. In more detail, we introduce summation,

multiplication, and order in #Z| by the formulas

z=ztyefr=c+y]=1,
rmeyol=egl=1,
r<yefr<y]=1
(z, y, 2z € Z]).

Also, we can introduce multiplication by real numbers in #| by the rule
y=dze[MNer=y]=1 (AeR, 2,y Z)]).

1.3.2. The Gordon theorem. Let & be the ordered field of real numbers in
the model V(B). Then #| (with the descended operations and order) is a univer-
sally complete K-space with order-unit 1. Moreover, there exists an isomorphism x
of the Boolean algebra B onto the base PB(Z]) such that the following equivalences
hold:

x()z = x(b)y « b < [z = y],
x(0)z < x(b)y » b< [z <y]

for all z,y € #Z] and b € B.

< We omit elementary verification of the fact that Z| is a vector space over R
and an ordered set. Show that the operations and order in &| agree and the
necessary exact bounds exist. Take elements z,y € #| such that z < y. It means
that

V(B k= “z and y are real numbers and = < y.”

Letwu:=z+z2,v:=y+z 12 :=Az,and y' := Ay, where 2 € Z and A€ R, A > 0.
By the definition of the operations and order in Z|, we have V(B) |= “z/ o/

and v are real numbers; moreover, u =z + 2, v =y + 2z, ' = Az, and y' = A\"y.”
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the inequality A > 0 implies V(®) = A > 0" = 0. Using the requested properties
of numbers inside V(B we obtain V(B |= “u < v and z' < y'.” Thereby u < v
and z' <4y

Suppose that a set A C #] is bounded above by an element y € #|. By
definition, it means that [z < y] = 1 for every element z € A. Then V(B) |= “A1

is a set of numbers bounded above by the number y” or, in view of 1.2.10(1),

(Vo€ ANz <yl = N\le<yl=1.

TEA

The completeness of the field Z yields
[(3a € Z)(a = sup(AT))] = 1.

Employing the maximum principle, we find ¢ € V(B such that [a € Z] = [a =
sup(A7)] = 1. Thereby a € #| and if z € #| is an upper bound of A then, as
was already shown, [z is an upper bound of Af] = 1; therefore, [a < z] =1 or
a < z. Consequently, a is the supremum of the set A in #|. Incidentally, we have
established that ¢ = sup(A) if and only if [a = sup(AT)] = 1. In particular, given

arbitrary z, x1, z2 € #|, we have ¢ = 7, V 22 if and only if
[z = sup{z1,z2} =21 Vo] = 1,

since [{z1,22}] = {z1,22}] = 1. Of course, an analogous assertion is valid for
greatest lower bounds. Now, take an arbitrary set 4 C %] of positive pairwise

disjoint elements. We can see from the above remarks and 1.2.10 that

[(Vz1 € AT) (V2o € AD)z1 A2y =0] = /\ [z Az =0]=1.
T1,52€A

Hence, the numeric set A7 (inside V®)) consists of pairwise disjoint positive
elements. For such a set we have only the following two possibilities: either
[AT = {0}] = 1 and then 4 C AT| = {0}, or [AT = {0,a}] = 1 for some
0 < ae€ Z| (by the maximum principle!) and then [sup(A7) = a] = 1. As was
mentioned above, the latter relation is equivalent to the equality a = sup A. Now,

we can conclude that Z] is a universally complete K-space. Recalling that 1 := 1"



34 Chapter 1

is the unity of the field # inside V(B) and employing the formulas of 1.2.9(2)
and 1.2.4, we find

1=[(VeeR)(zA1=0—2=0)]= A [eA1=0]= [z=0].
T€ER|

Hence, we see that [t A1 = 0] < [z = 0] for each 2 € Z|. f z A1 = 0 then
[rtA1=0]=1andso [r =0] =1,ie,z =0. Thereby 1 is the unity of the
K-space Z].

Now, introduce some mapping x : B — P(Z#]). Take an arbitrary element b €
B and put x(b)z := mix{bz,b*0} for € #|. In other words, the element x(b)z €
4| is uniquely determined by the following relations (see 1.2.7(3)):

b< [x(0)z = 2], b° < [x(b)z =0].

It implies that 7 := x(b) : #Z| — Z| is an extensional mapping. Indeed, the
following inequalities hold for z,y € Z| (see 1.2.5(3)):

[e=ylAb<[z=y]Ale=n2] Ay =my] < [re = my],
b* <[z =0] A [ry =0] < [rz = my].

If p:=nT then [p: Z — Z] =1 by 1.2.10(4) and p = mix{bIEg, b*0}. Since 0
and I are idempotent positive linear mappings from & to #, such is 7. Moreover,
(Ve € Z4)pz < 2] = 1; therefore, me < z for all z € #Z|,. Thus, = = x(b)
is a band projection. Since p is positive, we have [+ < y — pz < py] = 1 for
z,y € #Z| and hence

[z <y] <oz < py] = [rz < my].
Assume 7z < wy. Then
b=[rz <my] Arz =a]Afry =y] < [z <y].
Conversely, if we assume that b < [z < y] then b < [rz < 7y]. Moreover,

b* < [rz = 0] Ay =0] A [0 < 0] < [rz < 7y];
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consequently, [rz < my] =1 or 7z < 7y.

Thereby we have established the second of the required equivalences. The first
ensues from that by virtue of the formulau=v o v <vAv =u.

It remains to demonstrate that the mapping x is an isomorphism between the
Boolean algebras B and B(Z|). Take an arbitrary band projection = € P(Z])
and put b:= [r1 = I%]. The fact that a band projection is extensional (and hence
the ascent 71 of 7 is well-defined) follows from the above-established equivalences,

because

c=[z=y] = x(c)z = x(c)y = mx(c)z = mx(c)y
— x(e)rz = x(e)ry — ¢ < [rz = my].

Since 7 is idempotent, 7T as well is an idempotent mapping in &%; i.e., either
7t = Ig or m = 0. Hence, we derive b* = [r # Ig] = [r = 0] and thereby
71 = mix{blg, b*(0)}. The mixing is unique; therefore, 7T = x(b)T, i.e., m# = x(b).
Thus, ¥ is a bijection between B and P(Z)).

Let b1, b2 € Band px := x(bi) (k := 1,2). Recalling that py = mix{bx I, b0},

we derive

Ix(bs Ab)t =I2] = by Aby = [p1 = Iz A p2 = Ig] = [p1 0 p2 = L],
[x(by Ab2)T =0] = (b1 Aby)* = [p1 =0V p2 = 0] = [p1 0 p2 = 0].

Thus,
[x(d1 Ab2)T = propa = (x(bi) Ax(B2))T] =1

and hence

x(b1 Abe) = x(b1) A x(b2).

In particular, 0 = x(b) A x(b*), for x(0) = 0. Given elements p := x(b)T and
p' = x(b*), we have [p,p' € {0,Iz}; p = 0 or p' = 0; and p and p' do not
vanish simultaneously] = 1. Hence, we see that [p + p' = Ig] = 1 and thereby
x(b)+x(b*) = Ig|. Taking stock of the above, we conclude that x preserves greatest

lower bounds and complements; i.e., x is an isomorphism. >

1.3.3. The universally complete K-space %) is also a faithful f-algebra with
ring unity 1; moreover, for every b € B the projection x(b) is the operator of

multiplication by the order-unit y(b)1.
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< The multiplicative structure on #| was defined in 1.3.1. As in 1.3.2, we
establish that %] is a faithful f-algebra. Take z € #Z] and b € B. By the definition
of the projection x(b), we have b < [x(b)x = z] and b* < [x(b*)z = 0]. Applying
these relations to z := 1 and appealing to the definition of multiplication in %,
weobtain b<[r=z-1=z-x(b)1] and b* < [0 ==z -0 =z - x(b)1]. Thereby

[x(b)e = - x(b)1] 2 [x(b)e = 2] Az = 2 x(3)1] 2 b.

In a similar way, b* < [x(b)z = x(b)1 - z]. Hence, [x(b)z =2z -x(b)1] =1. >

We see from the above that the mapping b — x(b)1 (b € B) is a Boolean
isomorphism between B and the algebra &(Z|) of order-units. This isomorphism
is denoted by the same letter x. Thus, depending on the context, z — x(b)z is

either a band projection or the operator of multiplication by the order-unit x(5).
1.3.4. Henceforth, Z denotes the field of real numbers in the model V(B), We
will clarify the meaning of the exact bounds and order limits in the K-space 4.

(1) Let (b¢)¢ez be a partition of unity in B and let (z¢)¢cz be a family
in Z). Then

mix(beze) (be)
mix(beze) Eze;x ¢)e

QIf z := mixeez(beze) then b < [z = z¢] (€ € E) (see 1.2.7(3)). According
to 1.3.2, x(b¢)ze = x(b¢)x for all ¢ € Z. Summing the last relations over ¢, we
arrive at what was required. >

(2) The following equivalences hold for a nonempty set A C #| and
arbitrary a € # and b € B:

b < [a = sup(A1)] « x(b)a = sup x(b)(4),
b < [a =inf(AT)] « x(b)a = inf x(b)(A).

< We will prove only the first equivalence. The equality
x(B)a = sup{x(B)z | = € A}

holds if and only if b < [z < o] for all z € A and for each y € Z| the relation
(Vz € A)(b < [z < y]) implies b < [a < y] (see 1.3.2).
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Using the rules for calculating the truth-values for quantifiers (see 1.2.4), we

can represent the conditions in question in the following equivalent form:

b<[(Vz € AT)z < g,
b<[(Vy e R)(AT <y —a<y)

This system of inequalities is equivalent to the formula b < [a = sup(A1)]. >
(3) Let A be an upward-filtered set and s : A — #| be a net in #|.
Then A" is filtered upward and ¢ := s : A® — R is a net in #Z (inside V(B));
moreover,
b< [z =limo] « x(b)z = olimx(b) o s
for arbitrary x € #) and b € B.

<1 The assertion “A is an upward-filtered set” can be written down as a bounded
formula. By virtue of the restricted transfer principle 1.2.8(4), we have V(B) = “A”
is an upward-filtered set.” The equality x(b)z = o-limx(b) o s means that there

exists a net d: A — Z) for which the following system of conditions is compatible:
@< fode) SdB) (@feA), inf da)=0,

Ix(b)z — x(b)s(a)] < d(a) (a€A)

Taking account of the easy formula [s(A)T = 6(A")] = 1 and putting § := dT, we
see that the indicated system of conditions is equivalent to the following system of

inequalities:
b < [inf o(A™) = 0],
b< [(Va,p € A™)(a < B — ofa) < a(B))],
b< [(Va e A" (lo — o(a)] < é(a))],

whose short form is just the relation b < [ =limo]. >

(4) Suppose that A and o € VB are such that [A is filtered upward
and 0 : A — %] = 1. Then A} is an upward-filtered set and hence the mapping
s:=0}:A]l = A] is a net in Z|. Moreover,

b <[z =limo] & x(b)z = olimx(b)os

for arbitrary ¢ € #| and b € B.
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< The proof is similar to that of (3). >

(3) Let f be a mapping from a nonempty set to #| and g := f1. Then

b<[e= ) 9] o x(®)z =) x(O)f()

£€=EN 143

for arbitrary ¢ € #| and b € B.

< First of all observe that the required equivalence holds for a finite set =y C Z=.
Afterwards, apply (3) to the net s : Pga(E) — Z|, where Pgq(E) is the set of
finite subsets of = and s(8) := 3 ., f(€), and employ the relation [Phn(E)" =
Pin(EN)] =1 (see [37]). >

1.3.5. The following relations hold for every element z € Z|:

eri=x(le A 0], §=x(z<\]) (A€R).

<1 A real number ¢ is distinct from zero if and only if the supremum of the
set {1 A (nft]) | n € w} is equal to 1. Consequently, for z € #| the transfer
principle yields b := [z # 0] = [1 = sup A], where A € V(B) is determined by the
formula A := {1A(n]z]) | n € w}. f C := {1 A(n|z]) | n € w} then we prove
that [CT = A] = 1 using the second formula of 1.2.10(1) and the representation
w” = (w)T of 1.2.11. Hence, [sup(A) = sup(C1)] = 1. Employing 1.3.4(2), we
derive

b= [sup(CT) = 1] = [sup(C) = 1] = e = 1].

On the other hand, [e, = 0] = [e, = 1J* = b*. Now, according to 1.3.2, we can
write down

x(b)es = x(b)1 = x(b), x(b%)ex =0 — x(bley = €.

Finally, x(b) = e,.

Take A € R and put y := (Al — 2)*. Since [\ = A1] = 1, we have [y =
(A — 2)*] = 1. Consequently, e = e, = x([y # 0]). It remains to observe
that inside V(®) the number y = (\* — z) V 0 is distinct from zero if and only if
AM—z>0,ie,[y#0]=[z < A"]. >
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1.3.6. Theorem. Let E be an Archimedean vector lattice, let # be the
field of real numbers in the model V(B and let j be an isomorphism of B onto
the base B(E). Then there exists an element & € VB) satisfying the following
conditions:

(1) VB = “& is a vector sublattice of # considered as a vector lattice
over R";”

(2) E':= &]| is a vector sublattice of Z| invariant under each band projection
x(b) (b € B) and such that every set of positive pairwise disjoint sets in it has
a supremum;

(3) there is an o-continuous lattice isomorphism ¢ : E — E' such that ((E) is
a minorizing sublattice in Z|;

(4) for every b € B the band projection in #| generated by the set 1(7(b))
coincides with x(b).

< Assign d(z,y) := j7'({lz — y|}**). Let & be the Boolean-valued realiza-
tion of the B-set (E,d) and E' := &| (see 1.2.12(4)). By 1.2.12(2), without loss
of generality we may assume that £ C E', d(z,y) = [z # y] (z,y € E), and
E' = mixE. Further, furnish E' with a vector lattice structure. To this end,
take a number A € R and elements z,y € E' of the form z := mix(bez¢) and
y := mix(beye ), where (z¢) C E, (y¢) C E, and (b¢) is a partition of unity in B,
and define

4y := mix(be(z¢ + y¢)),
Az := mix(be(Aze¢)),
z <y o 7 = mix(be(ze Aye))-

Inside V(B), define the summation @, multiplication ®, and order C in the
set & as the ascents of the corresponding objects in E'. More precisely, the opera-
tions @: & x & — &and O : & x R* - & and the predicate C C & x & are defined
by the relations

[zoy=z+y]=1,
[Noz=Xz]=1 (z,y€E', A eR),
[zCyl=V{le=21Aly=y]]<",y € E', o' <y'}.
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Thus, we can claim that & is a vector lattice over the field R* and, in particular,
a lattice-ordered group inside V(B), Also, it is clear that the Archimedean axiom
is valid on &, since E' is an Archimedean lattice.

Note that if ¢ € E4 then {z}*t = d(z,0) = [z # 0], i.e., {z}* = [z = 0].

Consequently, we have
[e= 0]V Iy =0) = {a}* v {y}* = 15
for disjoint z,y € E. Hence, we easily derive that [4 is linearly ordered] = 1, for
[(Vze&)(Vye &) (Jz|Aly=0—-2z=0Vy=0)]=1.

1t is well known that an Archimedean linearly ordered group is isomorphic to
an additive subgroup of the field of real numbers. Applying this assertion to & in-
side V(B without loss of generality we may assume that & is an additive subgroup
of the field Z. Furthermore, we suppose that 1 € &, because otherwise & can be
replaced by the isomorphic group e~!& with 0 < e € &. The multiplication ® rep-
resents a continuous R”-bilinear mapping from R* X & to &. Let 3 : Z x # — X
be its extension by continuity. Then B is %Z-bilinear and §(1,1) = 1" © 1 = 1.
Consequently, 3 coincides with the usual multiplication in %; i.e., & is a vector
sublattice of the field Z considered as a vector lattice over R*. Thereby E' C #|.

The fact that E' is minorizing in #| obviously ensues from the fact that [& is
dense in #] = 1. Prove that E is minorizing in E'.

It follows from the properties of the isomorphism x (see 1.3.2) that
x(b)iz =0 & §(b) < {2} &z € 5(bY),

whatever b € B and = € E; might be. Hence, x(b) is the band projection onto the
band in #| generated by the set «(j(b)). Moreover, if x(b)z = 0 for all z € E
then b = {0}. Thus, for every b € B we can find a positive element y € E for which
y = x(b)y. Now, take 0 < z € E'. The representation z = 0-} = Xx(b¢)z¢ is valid,
where (be) is a partition of unity in B and (z¢) C E;. We see that x(be)ze # 0
at least for one index £. Let 7 := x(b¢) o x([z¢ # 0]) and y be a strictly positive

element in E such that y = 7y. Then for z¢ := y A x¢ we have
0<zg < TT¢ < X(be).’be <z

and 2y € E. Thereby E is minorizing in E'. 1>
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1.3.7. The element & € V(B) arising in Theorem 1.3.6 is called the Boolean-
valued realization of the vector lattice E. Thus, the Boolean-valued realizations of
Archimedean vector lattices are vector sublattices of the field % of real numbers
considered as a vector lattice over the field R™.

Now, we indicated some corollaries to 1.3.2 and 1.3.6, with the same nota-

tions B, E, E', &, ¢, and #.

(1) For every a' € E' there exist a family (z¢) C E and a partition of
unity (m¢) in P(#]) such that

x' = O-Z TelTe.

£€=

(2) For arbitrary x € #| and € > 0 there is . € E' such that |zt —z.| <
el.

< This is a consequence of the fact that [£ is dense in Z] = 1. >

(3) Ifh: & > A\ is a lattice isomorphism and for every b € B the order
projection onto the band in #| generated by the set h(j(b)) coincides with x(b)
then there exists a € Z| such that hx = a-(z) (z € E).

<1 Indeed, if Ey :=im¢ and hg := ho ™! then the isomorphism hy : Ey — Z|
is extensional; therefore, for 7 := hyT we have [the mapping 7 : & — Z is isotonic,
injective, and additive] = 1. Consequently, hy is continuous and has the form
(@) = a-a (a € #), where a is a fixed element in #Z|. Hence, we derive that
ho(y)=a-y (y € Ep) or h(z) =a-z) (z € E). >
(4) If there exists an order-unit 1 in E then the isomorphism ¢ is uniquely
determined by the extra requirement that ¢1 = 1.
(8) If E is a K-space then & = %, E' = #|, and «(E) is an order-dense
ideal of the K -space Z|. Moreover, .1 0 x(b) o+ is the band projection onto j(b)
for every b € B.

< If E is order complete then so is the lattice E'. From 1.3.4(2) we see that the
order completeness of E' is equivalent to the axiom on existence of exact bounds
for bounded sets in &. By 1.3.1, & = # and E' = #|. Let e € E,, y € &/,
and |y| < ce. Since «(E) is a minorizing sublattice in Z|, we have y* = sup(A),
where A := {z € E4 | 1z < y*}. But the set A is bounded in E by the element e;



42 Chapter 1

therefore, sup A € E and y* = «(sup A) € (E. Similarly, y~ € «(E) and, finally,
y € (E). >
(6) The image (E) coincides with the whole #| if and only if E is
a universally complete K -space.
< If E is a K-space then & = Z by (5) and, hence, Z| = &| = mix((E).
However, for the universally complete K-space E we have mix ((E) = «(E). The
converse is obvious. >
(7) Universally complete K-spaces are isomorphic if and only if their
bases are isomorphic.
< If E and F are universally complete K-spaces and the Boolean algebras B(E)
and ‘B(F) are isomorphic then E and F' are isomorphic to the same K-space Z|

by (6). On the other hand, if A is an isomorphism from E onto F' then the mapping
K — h(K) (K € B(E)) is an isomorphism between the bases. I

(8) Let E be a universally complete K-space with unity 1. Then we can
uniquely define the multiplication in E so as to make E into an f-algebra and 1,
into a ring unity.

< By (6) and (4), we may assume that E = #| and 1 = 1. The existence of
the required multiplication in E follows from 1.3.3. Assume that there is another
multiplication ® : E x E — E in E and (E,+,0, <) is a faithful f-algebra with
unity 1. The faithfulness of the f-algebra implies that © is an extensional mapping.
But then the ascent X := ©7 is a multiplication in #Z. By virtue of uniqueness of
the multiplicative structure in #, we conclude that x = -. Hence, we derive that

© coincides with the original multiplication in E (see 1.3.3). >

1.3.8. Now, we dwell upon the questions of extension and completion of Ar-
chimedean vector lattices.

A umiversal completion or mazimal extension of an Archimedean vector lat-
tice E is defined to be a universally complete K-space mE := #|, where Z is (some
realization of) the field of real numbers in the model V(® (£ is unique to within
isomorphism!) and B := B(E). We can see from Theorem 1.3.6 that there exists
an isomorphism ¢ : E — mE; moreover, the sublattice ¢(F) is minorizing in mE
and ((E)tL = mE. Such properties determine a universal completion to within
an isomorphism which makes it possible to speak of the universal completion of
a space. More precisely, the following assertion is valid:
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(1) Let E be an Archimedean vector lattice and F be a universally
complete K-space. Assume that h is an isomorphism from E onto the minorizing
lattice F and h(E)‘* = F. Then there exists an isomorphism » from F onto mE

such that ¢ = » o h.

< We easily derive from the hypothesis that the mapping j : b — j(b) :=
h(b)1+ is an isomorphism from B := B(E) onto B(F). According to 1.3.7(5,6),
there is an isomorphism k from F onto mE such that k=10 x(b) ok is the projection
onto the component j(b) (for each b € B). Apply 1.3.6(3) to Fy := h(E) and
g:=toh™1: Fy = #|. There exists an element a € %] such that g(z) = a - k(z),

z € Fy. Put se(z) =a-k(z) (t € F). Then ¢t = »woh. >
(2) For every Archimedean vector lattice E there exists a K-space oE

unique to within an isomorphism and an o-continuous lattice isomorphism ¢ : E —
oF such that

sup{cz |z € E, w<y}=y=inf{ez |z € E, 1z >y}

for every element y € oF.

< Let oF be the order ideal in mE := £ generated by the set ((E), where ¢ :
E — mE is the same as in (1). We preserve the same notation for the isomorphism
from E into oE determined by the embedding ¢. Then (oFE,:) is the sought pair.
Indeed, ¢(E) is a minorizing and simultaneously massive lattice in the K-space oF
(see 1.3.6(3)); therefore, the required representation in terms of suprema and infima
are valid for every y € oE. The order continuity of ¢ as well is an immediate
consequence of the fact that ((E) is a minorizing sublattice. Assume that some
pair (E',/) satisfies the indicated conditions. Then J/(E') is a minorizing and
massive sublattice in oE; hence, we can easily derive that the bases B(E’) and
B(oE) are isomorphic. Thereby such are the bases B(E') and B(E), and 1.3.7(7)
implies that the K-spaces mE and mE' are isomorphic; so without loss of generality
we may assume that E' C mE. Further, arguing as in (1) and using 1.3.6(3), we
conclude that ¢/ o 71 is the restriction to E of the operator m, : Z| — #| of
multiplication by some element a € #|. It is easily seen that m,(oE) = E'; i.e.,
m, establishes an isomorphism between the K-spaces oF and E'. >

Suppose that F is a K-space and A C F. Denote by dA the set of all x € F
representable as 0-) . .= meag, where (ag)¢ez C A and (7¢ )¢ez is a partition of unity
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in P(F). Let rA be the set of all elements z € F of the form z = r-lim,_.o0 @,

where (a,,) is an arbitrary sequence in A convergent with regulator.
(3) The formula oFE = rdE holds for an Archimedean vector lattice E.
< See 1.3.6(1,2). >

1.3.9. Interpreting the concept of a convergent numeric net inside V(&) and
employing 1.3.4(3) and 1.3.7(5), we obtain useful tests for o-convergence in a K-
space F with unity 1.

Theorem. Let (24)qca be an order bounded net in E and z € E.

The following assertions are equivalent:

(1) the net (z4) o-converges to the element «;

(2) for every numbere > 0 the net (eZ("))aEA of unit elements, where y(a) :=
|z — 24|, 0-converges to 1;

(3) for every number € > 0 there exists a partition of unity (74 )aeca in the
Boolean-valued algebra B(E) such that

Tolz — 24| <l (a,B €A, B2 a)

(4) for every number € > 0 there exists an increasing net (po)aca C P(E) of

projections such that
palz —28| <el (a,B €A, B> a)

<1 Without loss of generality we may assume that E is an order-dense ideal of
the universally complete K-space Z| (see 1.3.7(5)).

(1) & (2): It suffices to consider the case yo = zo (a € A), ie., (zq) C By
and z, 2 0.

Let o be the modified ascent of the mapping s : @ — z4. Then [o is a net
in Ry] = 1. By 1.2.4(3), o-lims = 0 if and only if [limo = 0] = 1. We can rewrite

the last equality in equivalent form:
1=[(Ve e RM(e >0~ (Fa € AM)VB e AN (B > a — 25 < £))].

Calculating the Boolean truth-values for the quantifiers, we find another equivalent

form

(Ve > 0)(3(ba)aca C B) (\/ ba=LA(VBEA) (B> a— o5 <e’]> b(,))
acA
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which in turn amounts to the following:

(Ve > 0)(\/ Nlzs <M= 1).

a€A BEA
Ba

Since x([zg < €"]) = e’ (see 1.3.5), we see from the above that z, ©) ¢ if and

only if
] ] Ta Tg _
cl,lér,imfeé = v /\ e’ =1
a€A BEA
B>a

for every € > 0, i.e., el ) 1 for every € > 0.

(1) © (3): Arguing as in (1) — (2), we find that the relation o-limz, = z is
equivalent to the following:
(Ve > 0)(I(ca)aca C B)( \/ ca=1A(YB€A)B 2 a— ca < [lea—a| < 5’\]])).

a€A

By virtue of the exhaustion principle for Boolean algebras, there exist a partition
of unity (d¢)ee= in B and a mapping 6 : £ — A such that d¢ < cs¢) (£ € E). Put
bo :=\{de | a=6(¢)} if & € 6(E) and by = 0 if o ¢ 8(E). We see that (bg)aca
is a partition of unity and by < ¢o (@ € A). Thus, if £, — z then for every ¢ > 0
there is a partition of unity (b, ) such that

bo <fle—ap| <e"] (a,8€ A, B2 a)
As follows from 1.3.2, the latter means that
Telz — 28| <el (a,B €A, B> a),

where 7o := x(ba ). Since (74 ) is a partition of unity in B(E), necessity is proven.
To prove sufficiency, observe that if the indicated conditions are satisfied and
a :=limsup |z, — | then
Tal < V lzg — 2] < emal
B2a

for all @ € A. Consequently,

OS(IZZWQGSEZ‘KQ].:EI.

Since ¢ > 0 is arbitrary, we have ¢ = 0 and o-limz, = z.

(3) & (4): We only have to put po :=\/{rs |8 € A, a <B}in (3). >
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1.3.10. Let € be the field of complex numbers in the model VB, Then
the algebraic system %| represents the complexification of the K-space Z|. In
particular, %] is a complex universally complete K-space and a complex algebra.

< Since C = R & iR is equivalent to a bounded formula, we have [C" =
R* @ R = 1 (see 1.2.8(4)), where ¢ is the imaginary unity and the element " is
denoted by the same letter 7. From 1.3.1 we see that [C" is a dense subfield of the
field €] = 1 and, in particular, [i is the imaginary unity of the field €] = 1. If

z € €| then z is a complex number inside V(B); therefore,
[(FzeB)yeR)z=z+wy] =1

The maximum principle implies that there is a unique pair of elements z,y € V(5)
such that
[r,ye Z]=[z=z+iy] =1.

Hence, we obtain 2,y € #|, z = ¢ + iy, and thereby €| = #Z| & i#|. Appealing
to 1.3.2 and 1.3.4 completes the proof. &

1.4. Boolean-Valued Analysis of Vector Lattices

In this section, we show that the most important structure properties of vector
lattices such as representability by means of function spaces, the spectral theorem,
functional calculus, etc. are the images of properties of the field of real numbers in

an appropriate Boolean-valued model.

1.4.1. We start with several useful remarks to be used below without further
specifications. Take a K,-space E. By the realization theorem 1.3.6, we can assume
that E is a sublattice of the universally complete K-space %Z|, where, as usual, #
is the field of real numbers in the model V(B and B := B(E). Moreover, the
ideal E := I (E) generated by the set E in #| is an order-dense ideal of #| and
an o-completion of E. The unity 1 of the lattice E is also a unity in #Z|. The exact
bounds of countable sets in F are inherited from #|. In more detail, if the least
upper (greatest lower) bound z of a sequence (z,) C E exists in %] then z is also
the least upper (greatest lower) bound in E, provided that z € E. Thus, it does
not matter whether the o-limit (o-sum) of a sequence in E is calculated in E or Z|,
provided the result belongs to E. The same is true for the r-limit and r-sums. In
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particular, we can claim that if € E then the trace e, and the spectral function
(characteristic) e} of an element z calculated in Z| are an element of B := ¢(E)

and a mapping from R to B respectively.

1.4.2. Theorem. The following assertions hold for the spectral function of
an element of an arbitrary K,-space with unity 1:

(1) s<t—oef<ef (s,teR)

(2) VzeP ef =1, /\tGP ef =0

(3) V{eZ|seP, s<t}=¢€f (teR)

(4) x<y—>(Vt€P)e <ef;

(5)6 Y=\{eEAel|rseP, r+s=t} (teP)

(6):1:>0/\y>0—>e =V{eEAel|r,sePy, rs=t} (teP, t>0)

() e;"=V{1—-€e%,|seP, s<t} (teP)

(8) z =inf(A) « (et = VaeA et) (t € R);

(9) etV =¢f A€l (tER);

(10) c=€(1) - eff=(1—c)Ahef (t€R, t>0)

cc€l)—oeff=chef (teR, t<0).

Here P is an arbitrary dense subfield of the field R. (In (6) and (8) we assume
that the needed product and infimum exist.)

< According to remarks of 1.4.1, without loss of generality we may assume
that the K,-space under consideration coincides with #]. But then the required
relations can be easily derived from the elementary properties of numbers with the
help of 1.3.5.

Prove, for instance, (2), (6), and (8). First of all observe that P” is a dense
subfield of the field Z inside V(B) Take z € #| and consider the two formulas
p(z) := (3t € P")(z < t) and ¢(z) := (Vt € P*)(z < t). For a real number z
the formula ¢(z) is true and ¢(z) is false. Consequently, the transfer principle
implies [¢(z)] = 1 and [¢(z)] = 0. Calculating the Boolean truth-values for the
quantifiers by the rules of 1.2.8(1) yields

ViE<t"=1, Alz<t]=0

tep tepP

which is equivalent to (2) by 1.3.5.
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Take positive elements z,y € #| and a number 0 < ¢t € P. Then z, y, and
t" are real numbers in the model V(B), Make use of the following property of

numbers:
g>0Ay>0-(zy <t o (Ar,sePY)z<rAy<sArs=t)).

Employing again the transfer principle and the rules of 1.2.8(1) for calculating the

Boolean truth-values, we arrive at the relation

[zy < t'] = V [z <ALy < s]-

0<r,s€P
o=t
Hence, the required equality (6) ensues if we apply x to both sides of the preceding
equality (see 1.3.5).
Now, let A be a set in the considered K,-space. Then AT is some set of
real numbers inside V(® and the formula inf(4) < t & (3a € AT)(a < t) holds.
Employing 1.3.4(2) and 1.2.10(1), we can write down the following chain of equiv-

alences:

z =inf(A) & [z = inf(A])] = 1 & [(Vt € P")
(z <teinf(AT) <)) =1« (Vt € P)[z < t]

=[(3a € Al)a < t")] & (Vte P)[z < t'] = \/ [a < t7].
a€A

Appealing to 1.3.5 completes the proof of (8). >

1.4.3. Thus, to each element of a K,-space with unity there corresponds the
spectral function, moreover, the operations transform in a rather definite way. This
circumstance suggests that an arbitrary K,-space with unity can be realized as
a space of “abstract spectral functions.” We will expatiate upon this.

A resolution of identity in a Boolean algebra B is defined as a mapping e :
R — B satisfying the conditions

(1) s<t—oe(s) <e(t) (s,teR)

(2) Viere(t) =1, Ascpelt) =0;

(3) Viemscr(s) =e(t) (t€R).
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Let &(B) be the set of all resolution of identity in B. Introduce some order by
the formula

¢ <o (HERYE () <) (<)e" € A(B).

Further, suppose that B is a o-algebra and P is a dense countable subfield of R.
By property (3), every resolution of identity is uniquely determined by its
values on P.

Given ¢',¢e" € R(B), we can define the mapping

et \V{(r)AE (s)|r,seP, r+s=t} (teP),
e:t— \{e(s)|seP, s<t} (teR)

which is obviously a resolution of identity in B. Putting ¢’ + €' := ¢, we obtain the
structure of a commutative group in £(B); moreover, the zero element 0 and the

inverse element —e have the form

1, if t>0,
0(t) .=
0, if ¢t<0,

—e(t):=\{l—e(-s)|s€P, s<t}

Finally, define the product of an element ¢ € #(B) and a number @ € R by the

rules

(ae)(t) :=e(t/a) (a>0, t€R),
(ae)(t) == (—e)(—t/a) (a<0, tER).

1.4.4. Theorem. Let B be a complete Boolean algebra. The set &(B) with
introduced operations and order represents a universally complete K-space. The
mapping sending an element ¢ € #| to the resolution of identity t — [z < t"] (t €
R) is an isomorphism between the K-spaces #| and f(B).

< Denote the indicated mapping from Z| to (B) by the letter h. By The-
orem 1.4.2, h preserves the operations and order. Moreover, h is one-to-one, since

the equality h(z) = h(y) means

[e<t’)=[y<t'] (teR)
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or (see 1.2.8(1))
[(VteRMN(z<tey<t)]=1

and thereby is equivalent to coincidence of two numbers z and y inside V(B),
By virtue of Theorem 1.3.2, it remains to establish that h is surjective. Take
an arbitrary resolution of identity e in the Boolean algebra B. Let 8 := (tn)nez

be a partition of the real axis; ie., t, < tp41 (n € Z), limpootn = o0, and

lim,— —oo tn = —00. The disjoint sum
#(B) =Y tnt1(x(e(tns1)) — X(e(tn)))
n€’

exists in the universally complete K-space #|; here x is the isomorphism of B
onto (] ) (see 1.3.2 and 1.3.3). Denote by the letter A the set of all elements z(3).

Every element of the form
2(B) = Y ta(x(e(tas1)) = x(e(ta)))
n€Z

is a lower bound of A. Therefore, there exists z := inf A := inf{z(f)}. It is easy to

observe that
& = V{x(e(tn)) | tn < A}.
Hence, by 1.4.2(8), we infer
=\ ex= V x(e®)=x(e()) (A€R).
a€A tER, 1<

Thereby h(z) = e (see 1.3.5). >

1.4.5. We derive several important corollaries to the just-proven theorem.

(1) A universally complete K-space E with unity 1 is isomorphic to
the K-space R(B), where B = €(1). The isomorphism is established by the

mapping z — ((e3)rer) (z € E).
< It suffices to compare 1.3.7(6) and 1.4.4. >
(2) The Freudenthal spectral theorem. Let E be an arbitrary K,-

space with unity 1. Every element ¢ € E admits the representation

oo

x://\dei,

-0
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where the integral is understood to be the limit with regulator 1 of the integral
sums
z(f) = Z T,,(ef"+1 —e )y tn < Ty <tpyr,
ne’
as 8(B) := sup,ez(tnt1 — tn) — 0.
< We can assume that #Z| is a universal completion of E and E C #Z|. Let
t € E, B:= (tn)nez be a partition of R, and ¢, < 7, < tp41 (n € Z). Then

b <[th <z <t ATt <70 <th I A [t —th < 8(8)°]

<z - 72 < 8(8)™].
Taking the equality #(8) := mixnez(bn7,.) into account, we derive

[le —2(B) <8(B)*1=1 or |z—2(B) <&(B)1.
It remains to recall the remarks of 1.4.1. >

(3) For an arbitrary o-algebra B, the set &(B) (with structure defined
as in 1.4.3) is a universally complete K,-space with unity. Conversely, every
universally complete K,-space E with unity is isomorphic to &(B), where B =
¢(E).

< Let B be an o-completion of the o-algebra B. According to 1.4.4, .ﬁ(ﬁ) is
a universally complete K-space. The set &(B) is contained in ﬁ(ﬁ) Moreover,
from 1.4.2(4-7) and 1.4.4 we can see that the vector lattice structure and the exact
bounds of countable sets in &(B) are inherited from #(B ). Consequently, £(B)
is a K,-space with unity. The same arguments imply that every countable set of
pairwise disjoint elements in £(B) is bounded.

Now, take an arbitrary K,-space E with unity and a universal completion E
of E. If B = €E) and B := ¢(E) then B is an o-completion of B. By (1), the
spaces E and .ﬁ(ﬁ ) are isomorphic; moreover, & B) is the image of the subspace E
by (2). >

1.4.6. From 1.4.4 and 1.4.5 we can immediately derive some results on function
realization of vector lattices.

(1) Theorem. Let Q be the Stone space of a g-algebra B. The vector

lattices Coo(Q) and R(B) are isomorphic. In particular, Coo(Q) is a universally

complete K,-space with unity for every quasiextremal compact space Q).
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<1 Take ¢ € R(B). Let G be a clopen set in @ corresponding to the ele-
ment e(t) € B. By 1.1.11, there exists a unique continuous function é : Q — R such
that
{é<t}CcGyCc{é<t} (teR).

It follows from the relations 1.4.2(2) that the closed set N{G¢ | t € R} has empty
interior and the open set U{G; | ¢ € R} is dense in (). Hence, the function is
finite everywhere, except possibly the points of a nowhere dense set; therefore,

é € Co(Q).
It is easy to check that the mapping e — € is the sought isomorphism. >

(2) Theorem. Let QQ be the Stone space of a complete Boolean alge-
bra B, and let # be the field of real numbers in the model V(B). The vector
lattice C'o(Q) is isomorphic to the universally complete K-space Z|. The isomor-
phism is established by assigning to an element r € #/| the function # : Q —» R
by the formula

#g)=inf{t cR|[z <t ] €q} (¢€Q).

< The proof is immediate from (1) and 1.4.4. >

(3) Theorem. Let E be an Archimedean vector lattice and Q be the
Stone space of the base B(Q). Then E is isomorphic to a minorizing sublat-
tice Eg C Coo(Q). Moreover, E is an order-dense ideal of Coo(Q) (coincides
with Coo(Q)) if and only if E is a K-space (a universally complete K -space).

< See (2), 1.3.6, and 1.3.7(5,6). >

1.4.7. In the sequel, we need the concept of integral with respect to a spectral
measure. Suppose that (7, X) is a measure space; i.e., T is a nonempty set and T is
afixed o-algebra of subsets of T. A spectral measure is defined to be an o-continuous
Boolean homomorphism g from ¥ into the Boolean o-algebra B. More precisely,

a mapping g : £ — B is a spectral measure if u(T — A) =1 — p(A) (4 € £) and

u@An) =\ )

n=1

for each sequence (A,) of elements of X.
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Let B := €(E) be the Boolean algebra of unit elements of a K,-space E with
a fixed unity 1. Take a measurable function f : T — R. Given an arbitrary

partition of the real axis

'B = ()\k)kez’ /\k < /\k+1 (k‘ € Z), lim /\n = :tOO,

n—Zoo

assign Ax := f~1([Mk, Ak41)) and compose the integral sums
o(£,8) =D Mu(Ar), (£,8) =) Merip(Ar),
where the sums are ca,lcul;ted in E. It is clear that )
o(f,8) <Y f(tr)u(Ar) < T(f,B)

for every choice of tx € Ax (k € Z). Also, it is evident that o(f, 3) increases and
G(f,B) decreases as we refine the partition 3. If there exists an element z € E
such that sup{e(f, 8)} = ¢ = inf{5(f, B)}, where the exact bounds are calculated
over all partitions § := (Ax)rez of the real axis, then we say that the function f is
integrable with respect to the spectral measure p or the spectral integral I,(f) ezists;

in this event we write

1) = [ fdu = [ s)dut) = .
T T

1.4.8. The spectral integral I,,(f) exists for every bounded measurable func-
tion f. If E is a universally complete K,-space then every almost everywhere
finite measurable function is integrable with respect to each spectral measure.

< Note that Ay N A; = @ (k # 1) and gz Ak = T; therefore, (u(Ax))rez is
a resolution of identity in the Boolean algebra B. Putting 6 := supycz{Ak+1 — Ak},
we can write down

0<5(f,8)—o(f,) <Y 6u(Ax) = 61.
kel

Consequently, a measurable function f is integrable with respect to p if and only
if (f,3) and o(f, B) exist at least for one partition 3. If f is bounded then the
sums o(f, 3) and g(f, 3) contain at most finitely many nonzero summands. If E is
a universally complete K-space and a measurable function f is arbitrary then the
indicated sums also make sense, since in this case they involve at most countably
many pairwise disjoint elements. >
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1.4.9. Theorem. Let E := %Z| and let u be a spectral measure with values
in B := €(E). Then for every measurable function f the integral I,(f) is a unique
element of the K-space E satisfying the condition

[L(f) <X =u{f<A}) (AeR).
< Take an arbitrary number A € R and a partition of the real axis 8 := (Ax)rez
such that Ao = A. If b:= [I,(f) < A"] then
b=[(3t e RM(IL(f) <tAt <M.

By the mixing principle, there exist a partition (b )ecz of the element b and a fam-
ily (t¢)eez C R such that t¢ < A and b¢ < [I,(f) < f{'] for all . Hence, apply-
ing 1.3.2, we derive
bea(f,B) < tebe < Abe (£ € E)
and further
Aebep(Ar) < tebep(Ar) < Abep(Ax) (E€Z, k€ Z).
For k > 1 we have A\t > ); therefore, bepu(Ax) = 0. Thereby

b=\ b < N\ u(Ar) :u(T— U Ak) = p({f <A}
k=1 k=1

E€E
On the other hand, b* = [I,(f) > A\"] and, by 1.3.2, we again infer that
Ab* < B L(f) < b5 (f, B) or
A pu(Ag) L0 Aepu(Ar) (k€ Z).
For k < 0 we have \; < A; therefore, *u(Ar) = 0. Consequently,

b* < _/\ pAR)" = p (T— Do Ak) = u({f = A}).

k=-1 k=-1
This implies b > p({f < A}) and we finally obtain b = u({f < A}).

Assume that
[z <X T=p({f <)) (A€R)
for some z € #|. Then by what was established above we have [z < A'] =
[1.(f) < A*] for all A € R. This is equivalent to the relation
[VAeRM (z <A e L(f) <A =1

Hence, recalling that R” is dense in %, we obtain the equality [z = I,(f)] =1 or
z=1,(f) >
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1.4.10. Take a measurable function f : T — R and a spectral measure y :
¥ — B := €(E), where E is some K-space. If the integral I,(f) € E exists then
A= u({f < A}) (A € R) coincides with the spectral function of the element I,(f).

< We have only to compare 1.4.9 with 1.3.5. &>

1.4.11. Theorem. Let E be a universally complete K,-space and y : ¥ —
By := €(E) be some spectral measure. The spectral integral I,(:) represents
a sequential o-continuous (linear, multiplicative, and latticial) homomorphism from
the f-algebra 4 (T,%) of measurable functions into E.

<1 Without loss of generality we may assume that E C # | and #| is an o-com-
pletion of E (see 1.3.7). Here & is the field of real numbers in V(B where B is
a completion of the algebra By. It is obvious that the operator I, is linear and
positive. Prove its sequential o-continuity. Take a decreasing sequence (fp)nen
of measurable functions such that lim,_,o fo(t) = 0 for all ¢t € T, and let z, :=
I(fs) (n € N)and 0 < € € R. If we assign A, := {t € T | fo(t) < €} then
T = Jg2, An. By Proposition 1.4.10, we can write down

o0
3 Tn _ : — —
olim ¢f” = olim p(An) = Vl u(An) = 1.
n=
Appealing to fhe test for o-convergence 1.3.8(2), we obtain o-lim, .o £, = 0. Fur-

ther, given arbitrary measurable functions f,g : T — R, we derive from 1.4.2(9)
and 1.4.10 that

VY = u{f Vg < M) = u{f <M Apg <A = D A el = PV
(with I := I,,); consequently, I(f V ¢g) = I(f) V I(g). It means that I, is a lattice

homomorphism. In a similar way, for f > 0 and ¢ > 0 it follows from 1.4.2(6)
and 1.4.10 that

el =u{f-g< ) =n( | F<rinfg<s))

r,s€E,
rea=A
I(f)-1
=\ s{f<Hrp{g<sh)= \ efDnel® = DI
re€Ey r,s€Ey

rs=A rs=A\
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for A € E, A > 0. Thus, I(f - g) = I(f) - I(g). The validity of the latter equality
for arbitrary functions f and g ensues from the above-established properties of the

spectral integral:

I(f-9)=I(frg")+I(f~g7) - I(ftg7) - I(f~g")
= I(f)*I(g)* + I()"I(g)” - I(f)* I(g)” — I(f) I(9)*
=I(f)-I(g). >

1.4.12. Below we shall need a certain fact about representation of Boolean
algebras (see [56; Theorem 29.1]).

The Loomis-Sikorski theorem. Let () be the Stone space of a Boolean
o-algebra B. Let B,(Q) be the o-algebra of subsets of () generated by the
set B(Q) of all clopen sets, and let A be a o-ideal in B,(Q) composed of meager
sets. Then the algebra B is isomorphic to the quotient-algebra B,(Q)/A. If ¢ is
an isomorphism of B onto B(Q) then the mapping

t:b [(b)]a (b€ B),

where [A]a is the equivalence class of a set A € B,(Q) by the ideal A, is an iso-
morphism of the algebra B onto the algebra B,(Q)/A.

1.4.13. Let ¢;,...,e, : R — B be a finite collection of spectral functions with
values in a o-algebra B. Then there exists a unique B-valued spectral measure u
defined on the Borel o-algebra B(R™) of the space R™ such that

n

p (ﬁ(—oo,/\k)> = A e
k=1

k=1

for all A1,..., A, € R.
< Without loss of generality we may assume that B = B(Q), where Q is

the Stone space of B. According to 1.1.11(1), there are continuous functions j :
Q — R such that ex(\) = cl{zx < A} forall A\ € R and k := 1,...,n. Put
f(t) =(z1(t),...,zp(t)) if all zx(t) are finite and f(t) = oo if zx = oo at least for
one index k. Thereby we have defined a continuous mapping f : @ — R® U {oo}

(the neighborhood filterbase of the point co is composed of the complements to
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various balls with center the origin). It is clear that f is measurable with respect
to the Borel algebras #(Q) and #(R™). Let B,(Q), ¢, and [-]a be the same as
in 1.4.12.

Define the mapping p : Z(R™) — B by the formula

p(A) =" (T (Aa (A€ BRY).

It is obvious that u is a spectral measure. If 4 := [[;_;(—o0, Ax) then

£ ) = (e < M,
k=1

and hence p(A4) = e1(A1) A+~ Aeq(As). If v is another spectral measure with the
same properties as y then the set % := {A € B(R") | v(A) = u(A)} is a o-algebra
containing all sets of the form

[I(=%0.2) (A1,..., 2 €R).
k=1

Hence, Z = Z(R"). >

1.4.14. Now, take an ordered collection of elements z1,...,z, in a K,-space E
with unity 1. Let e®* : R —» B := &(1) denote the spectral function of the ele-
ment ;. According to the above-proven assertion, there exists a spectral mea-

sure p : B(R™) — B such that

n

p (H(—oo,Ak)) = A ().
k=1

k=1
We can see that the measure p is uniquely determined by the ordered collection ¢ :=
(%1,...,%n) € E™. For this reason, we write y; := p and say that g, is the spectral
measure of the collection r. The following notations are accepted for the integral of

a measurable function f : R™ — R with respect to the spectral measure y,:

Hf) = @) = f(21,...,20) = Lu(f).

If r = (z) then we also write &(f) := f(z) := I,(f) and call p, := p the spec-
tral measure of z. Recall that the space Z(R™ R) of all Borel functions in R™ is
a universally complete K,-space and a faithful f-algebra.
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1.4.15. Theorem. The spectral measures of a collection ¢ := (z1,...,Tn)
and the element f(r) are connected by the relation

piw =Heo
where f~ : B(R) — %B(R") is the homomorphism acting by the rule A — f~1(A).
In particular,

(fog)(x) = g(£(x)

for measurable functions f € B(R™ R) and g € Z(R,R) whenever f(r) and g(f(z))
exist.

< By 1.4.10, we have

B (—00,t) = ef ¥ = [F(r) < ] = gy 0 F (~00,1)

for every t € R. Hence, the spectral measures ps(X) and px o f~ defined on Z(R)
coincide on the intervals of the form (—oo,t). Afterwards, reasoning in a standard
manner, we conclude that the measures coincide everywhere. To prove the second
part, it suffices to observe that (go f)™ = f~ 0o¢*~ and apply what was established

above twice. >

1.4.16. Theorem. For every ordered collection ¢ := (21,...,2,) of a univer-
sally complete K,-space E, the mapping
£:foE(f) (f e #R"R))
is a unique sequentially o-continuous homomorphism of the f-algebra Z(R"R)
into FE satisfying the conditions

Hdty) =z (k:=1,...,n),

where dtg : (t1,...,t,) + tg stands for the kth coordinate function on R™.

< As was established in 1.4.11, the mapping f — I(f) is a sequentially

o-continuous homomorphism of f-algebras. Theorem 1.4.15 yields the equalities

Paty() = py 0 ()™ = i,

Consequently, the elements §(dtz) = dti(z) and z coincide, for they have the same
spectral function. If h : Z(R™ R) — E is another homomorphism of f-algebras
with the same properties as {(-) then h and f(-) coincide on all polynomials. After-
wards, we infer that h and (-) coincide on the whole Z(R",R) due to o-continuity. >
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1.4.17. Theorem. An element ¢ € E has the form ¢ = f(r) with some
r € E" and f € Z(R™R) if and only if im(u,) C im(g;).

<1 Necessity follows from 1.4.15. Sufficiency is left to the reader as an exercise. >

1.5. Fragments of Positive Operators

In the current section we demonstrate that the combination of Boolean-valued
and infinitesimal methods is very fruitful in the theory of vector lattices and positive
operators. It is not perfectly clear what combination is optimal and what synthetic
nonstandard analysis is desired, since there are various possibilities of combining
technical tools. Therefore, we dwell upon a concrete but important question of
calculating fragments of positive operators which can be studied in considerable

detail by systematically applying nonstandard methods.

1.5.1. First we formulate some basic statements for the reader’s comfort.
Given a set A in a K-space, we denote by AY the union of A and the suprema
of all its nonempty finite sets. The symbol A1) denotes the result of adjoining to
A the suprema of all increasing nonempty nets in A. The symbols A(T}) and A(TID
are interpreted in a natural way.

Let E be a vector lattice, let F' be a K-space, and let U be a positive operator
from E into F. Given an element e € E,, introduce an operator 7.U by the
formulas

(rel)z = sug U(z Ane) (z € Ey);
ne

(meU)z := (7reU):z+ — ()™ (z € E).

It is easy to see that n.U € L~(E,F). Moreover, 7 U is a fragment of U and
the mapping U — 7 U (U > 0) extends naturally to L~(E, F') to become a band
projection. If p € P(F') then we denote the band projection U — pU in the K-space
L~(E, F) by the same letter p.

(1) The Boolean algebra €(U) of fragments can be reconstructed from
fragments of the form (pon.)U by the formula

EU) = {(pome)U | p € P(F), c € EL}¥ID.

The set £ of all band projections in the K-space L~(E, F) is generating pro-
vided that Uzt = sup{(nU)z | 7 € P} forall U € L~(E,F)4 and z € E. Take
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positive operators U and V in L~(E, F) and the principal band projection W of V
onto {U}++.
(2) If & is the order-unit filter of F' then

We =supinf{zxVy +71Vz |0 <y <z, 7 € B(F), 7U(z —y) < €}
e€s

for every z € Ey.
(3) If & is a generating set of band projections in L™~(E, F') then

Wz = supinf{(zP)Vz |>7rPUm <e, Pe P, mn e B(F)}
e€S

for z € Ey.

1.5.2. Now, we will substantiate the above and other analogous formulas. First
we examine the case of functionals, employing the methods of infinitesimal analysis.
We shall use the neoclassical stance due to E. Nelson. A more detailed exposition
of necessary information can be found in [16, 37, 43] (see also 28, 50, 51, 53, 60]).
Here we confine ourselves to the next brief remarks. Without special stipulations,
we agree to work in the standard entourage; i.e., while using the theory of internal
sets, all free variables in a formal expression are assumed to be standard. The
sign & has the routine meaning in a K-space F: ¢ =~ y for z,y € F stands for
(V*te € &) |z — y| < € (&€ is the order-unit filter of F). It is clear that if F = R then
T — y is infinitestmal in the conventional sense of nonstandard analysis [37].

Let E be a vector space over a dense subfield R of the field R. Further, let

¢ : E — R be a sublinear functional and let A be a generating set for ¢; i.e.,

q(z) = sup{f(2) | f € A} (z € E).

Denote by 7 the topology of pointwise convergence on elements of E in E# :=
L(E,R), the algebraic dual of E. By the classical Milman theorem, for R=Rwe
have ext(g) C cl;(A) for the set ext(q) of extreme points of the subdifferential

dq:={f € E* | (Vz € E) f(2) < q(2)}-

The conclusion, the Milman converse of the Krein-Milman theorem, is also valid in

the case under consideration.
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1.5.3. Theorem. Every extreme point of the subdifferential 0q lies in the
r-closure of a generating set for g.

< It is clear that 7 is a locally convex topology in the vector space E# over
the field R. Moreover, Jq is 7-compact by Tychonoff’s theorem. Denote by D
the 7-closure of the convex hull of A. Obviously, D := cl;(co(A)) is a 7-compact
convex set. Assume that some element f € d¢ does not lie in D. By the separation

theorem, there is a 7-continuous linear functional ¢ over E# such that

sup{e(f) | f € D} = ¢(fo) <7 < o(f)

for fo € D and r € R. By the continuity of ¢,

le (NI < tfz)l V-V {f(zn)]

for some z1,...,2, € E and t € R and for all f € E#. Thereby, o(f) = a1 f(z1) +
...anf(zy) for suitable ay, ..., a, € R. Working in the standard entourage, choose
@1,...,0, € R infinitely close to a1,...,a,. Observe also that f(zx) € f*R by the
hypothesis that z; is standard and the inequality ¢(—zz) < f(zx) < ¢(zr); i€,
f(zr) is a finite number for an arbitrary f € O¢ and k:=1,...,n. Put

n
z = Z QL Tk.
k=1

Then R
o(f) = f@)+ Y (o — @) f(zx) = f(z)

k=1
for f € Oq, because ai — &y is infinitesimal for k = 1,...,n. Hence, ¢(f)+¢ > f(z)
for every standard € > 0. Thus, for such an ¢ > 0, the following estimates hold:

q(z) = sup{f(z) | f € A} <sup{e(f)+e|f €A} <o(fo)+e.
Hence, °q(z) < ¢(fo) < r. On the other hand,
(Ve > 0) r S o(f) < flz) +e <qlz) te

Consequently, °g(z) > r > °¢(z), a contradiction. Thus, D = 8¢ and cl,(4) D
ext(g) by the above-mentioned Krein-Milman theorem. >
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1.5.4. Fix some set & of band projections and the corresponding set Z(f) :=
{pf | p € P} of the fragments of a positive functional f in a vector lattice E over
a dense subfield of R (with unity). ‘

The following assertions are equivalent:

(1) #(HHD = et)

(2) P generates the fragments of f;

(3) (Vz € °E)(3p € P)pf(z) ~ f(z*);

(4) a functional g in [0, f] is a fragment of f if and only if

pig;((pLg)(w) +p(f —9)(z)) =0

for every ¢ € Ey;

(5) (Yo € °€(f) (V2 € °By)@p € 2)If — gl(c) ~ 0;

(6) inf{|pf — g|(z) | p € P} = 0 for every fragment g € €(f) and every
positive element = 2> 0;

(7) forz € E and g € €(f), there exists an element p € PV providing
the equality |pf — g|(z) = 0.

The implications (1) = (2) = (3) are beyond questions.

(3) = (4): We shall work in the standard entourage. First of all we observe that
validity of the required inequality for some functionals g and f such that 0 < g < f
yields, for a standard £ > 0, the existence of p € & for which pg(z) ~ 0 and
p(f — g)(z) = 0. Thereby,

plg A(f —9))z) <°p(f —g)(z) =0
and
o L o L — 0
p((f —9) A g)z) <°pg(z) = 0;
ie,gAN(f—g)=0.
Now, establish that, under conditions (3), the required equality is provided by
the conventional criterion for disjointness:

inf _ (g(a1)+ (f — 9)(2)) = 0.

120,22
z)4zo=z

Fixing a standard z, find internal positive elements z; and 3 such that z; +
z2 = z and, moreover, g(z;) 2 0 and f(z2) & g(z2). In virtue of (3), the fragment
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g lies in the weak closure of 2(f) by 1.5.3. In particular, there is an element p € &
for which g(z;) ~ pf(z1) and g(z2) = pf(z2). Thus, ptg(z2) ~ 0 since ptg < pf.
Finally, ptg(z) ~ 0. Hence,

p(f — 9)(z) = pf(z2) + pf(z1) — pg(2) ~ g(z2) + g(21) — pg(z) = p*g(z) % 0,

which guarantees the required inequality.
(4) = (5): Making use of the identity

Ipf = gl(z) = p*g(z) + p(f — g)(z)

and choosing p € 2 such that ptg(z) ~ 0 and p(f — g)(z) ~ 0, we prove the claim.
The equivalence (5) < (6) is obvious. The implications (5) = (7) < (1) can
be checked by the arguments exposed in [5, 40].

1.5.5. The set & of band projections is generating if and only if the following
representations hold for arbitrary positive functionals f and g and for every point
z 2 0:

(f V g)(z) = sup(pf(z) + p g(z));
pPEP

(fA9)e) = inf (pf(z) +pg(x)).
pEZF
< This is a straightforward consequence of 1.5.4. >

1.5.6. For positive functionals f and g and a generating set & of band
projections, the following assertions are equivalent:

1) g€ {f}1*h

(2) for every finite z € ""E := {z € E | (3z € °E) |z| < 7} whenever
pf(z) =0 for p € Z;

(3) (Vz € E4)(Ve > 0)(36 > 0)(Vp € P) pf(z) <6 py(z) <e.

< (1) = (2): Employing, for instance, the classical Robinson lemma [37], take
an infinitely large natural N &~ +oo such that Npf(z) =~ 0 for a positive finite vector
z. Observe that g(z) =~ (¢ A Nf)(z) for such N since g coincides with its principal
band projection onto {f}++. Hence, we conclude that pg(z) = 0, considering the
relations

pg(z) =plg —g ANf)(z)+p(g ANf)z) < (9 - Nf)(z)+ Npf(z). >
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By applying the Nelson algorithm, we see that (2) is equivalent to the following
assertion:

(2") (V**z € E)(Vp € &) pf(z) = 0 — pg(z) ~ 0.
Thus, by (2) = (2'), it remains to establish that (2') = (1).

(2") = (1): Take a functional h such that A A f = 0. Given a standard z € Ey,
by virtue of 1.5.4(4), there is an element p € 2 for which ph(z) =~ 0 and p f(z) ~ 0.
By (2'), we have plg(z) ~ 0. Consequently,

(h Ag)(z) < °(ph(z) + pTg(z)) = 0.

Grounding on 1.5.4(4), we conclude that h A g = 0; i.e., g € {f}*+ by the arbi-

trariness of h. D>

1.5.7. Theorem. Let f and g be positive functionals on E and let ¢ be a
positive element of E. The following representations hold for the principal band
projection 7y onto {f}++:

(1) 7g(z) = inf*{°pg(z) | p* f(z) % 0, p € P}

(the sign = means that the formula is exact; i.e., the equality is attained);

(2) ms9(z) = supsoinf{pg(z) | p*f(z) <e, p € P}

(3) mg(e) = inf"{°g(y) | fz —y) = 0, 0 <y <z}

(4) (Ve > 0)(36 > 0)(Vp € P) pf(z) < § = mg(z) < plg(z) +¢;

(Ve > 0)(V6 > 0)(3p € ) pf(z) < 6 Apty(e) < mpg() + €5
(8) (Ve >0)(36 > 0)(VO <y <z) flz ~y) <8 — ms9(z) < g(y) +¢;
(Ve>0)(V6 > 0)(0 <y <z) flz—y) <6Ag(y) < mpg(e) +e.

< Put h := 7sg for brevity. It is clear that h(z) < g(z) and so pg(z) > ph(z).
If p* f(z) ~ 0 then ph(z) ~ 0 and thus h(z) = °ph(z) < °pg(c). Consequently,
every standard element of the external set {°pg(z) | p € &, p* f(z) ~ 0} dominates
h(z). By the transfer principle, we conclude that the left-hand side in (1) does
not exceed the corresponding right-hand side. To prove that the equality in (1)
is attained, we observe that f A (g — h) = 0. Thus, by 1.5.5, p1 f(z) ~ 0 for
some p € & and so pg(x) ~ ph(z). Considering that A € {f}1+ and grounding
on 1.5.6(2), we derive that pLh(z) = 0. Finally,

py(z) ~ ph(z) + p*h(z) = h(z).

Thereby, h(z) = °pg(z) and (1) is proven.
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To prove (2), take § > 0 and working in the standard entourage deduce the
following:

inf{pg(z) | p* f(z) < €} <inf*{pg(z) + 6 | p* f(z) < €}
< inf*{°pg(z) | p* f(z) = 0} + &
= h(z) + 6.

By the arbitrariness of §, we conclude that
h(z) 2 supint{pg(z) | p* f(z) < }.
€
Fixing a standard number é > 0 again, we obtain the internal property

inf{pg(2) | p* f(z) S €} + 6 2 h(z)

for every infinitesimal ¢ > 0 grounding on (1). Indeed, the inequality pL f(z) < ¢
yields the relation pt f(z) ~ 0 and thus pg(z)+8 > °pg(z) > h(z). By the Cauchy
principle, the above-mentioned internal property holds for some strictly positive
standard . By making use of the transfer principle, we finally derive

(V6)(3e > 0) h(z) ~ 6 < inf{pg(2) | p* f(z) < €}

which completes the proof of (2).

To check (3), we take the proof of (1) as a pattern. Namely, if 0 <y < z and
f(z —y) = 0 then h(z — y) = 0, since h(z) = h(y) + h(z — y) < g(y) + h(z — y)
and h € {f}1; therefore, h(z) < °g(y). To establish exactness in (3), we use the
equality fA(g—h) = 0. Thisimplies f(z—y) ~ 0 and h(y) ~ g(y) for some y € [0, z].
Since k € {f}1+, we have h(z) = h(y) by 1.5.7. Thus, h(z) = °g(y). Assertions (4)
and (5) can be verified similarly by applying the Nelson algorithm. Carry out the
calculations, for instance, for (5). To this end, decipher the contents of (3). It
comprises, first, some inequality and, second, the exactness of the inequality. By
analyzing the inequality, we deduce

(M<y<z) flz—y) =0 — h(z) <°g(y)
(Ve > 0)(V0<y<z) fz—y) # 0 - h(z) < g(y) +e
(Ve > 0)(V0 <y < 2)(F6 > 0) (flz —y) <6 — h(z) < g(y) +e¢)
(Ve > 0)(F6 > 0)(V0 <y <z) fle—y) <6 h(z) < g(y) +e
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Considering the assertion about exactness, we have

(Fy) (0<y<z)Af(z —y) = 0Ah(z) ="g(y)
o(EYO0 <y <z)A(B*E>0) flz—y) SEA(Y'e>0) |h(z) — g(y)| < ¢
(Ve > 0)(v' > 0)(Fy)(0 <y <z A f(z —y) <6 A () — g(y)| <€)

Referring twice to the transfer principle completes the proof. >

1.5.8. Thus, we have described the tools for generating fragments of function-
als and exposed the representations of principal band projections. The general case
of positive operators can be analyzed by ascending into a Boolean-valued universe
and descending the obtained results for functionals. We need the following auxiliary

facts:

(1) Let f: Ax B — F be an extensional mapping and let fp(a) :=
sup f(a,D) for a € A and D C B. Then the mapping fp : A — F is extensional
too; moreover, fpl = f1p;-

< In virtue of the general rules of ascent, we successively have for a € A:

fo(a) = sup f(a, D) = sup f(a, D)1 = sup f(({a} x D)1)
= sup f1(({a} x D7) = sup f1({a}1 x DY)
= sup f1({a} x D1) = sup f1(a, DT) = f1py(a)-

Since f71 is a function inside the Boolean-valued universe under consideration,

we derive

lar = a2] < [f1p1(a1) = f1pr(az)]
= [sup f1(a1, D) = sup f1(az, D1)] = [fp(a1) = fp(a2)]

by the above-proven relation for a;,a; € A. Thus, fp is an extensional function.

Moreover,

[fp1(a) = f1p1(a)] = [fp(a) = fIpr(a)]l =1 (e € A). >

(2) Consider the standard name E” of E in the separated Boolean-valued
universe V(B) over B := B(F). Observe that E” is a vector lattice over the
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standard name R” of the field R. Moreover, R” is a dense subfield of & inside
VB, As usual, Z = F7 is the field of real numbers inside V(B). We execute
ascents of mappings from E into F up to mapping from E” into & inside V(B) by

the general rules. As is easily verified,
B"| = L(EN®)| = {U1 | U € L™(E, F)}.

The descended structures make E~~| into a K-space and even into a univer-
sally complete (extended) module over the orthomorphism algebra [37]. Moreover,
we in fact arrive at the above-studied scalar situation. For the sake of completeness,

let us explicate some necessary typical instances.

(3) Recall that, given U € L~(E,F), the ascent U7 is defined by the
rule [Utz" = Uz] =1 for z € E. Moreover, UT becomes a regular functional on
E”; namely, an element of E*™ inside V(B), The mapping Ul + (PU)T (U €
L~(E, F)) is extensional for P € . Indeed, for 7 € B we have

7 <[t =Ua1] = (Vz € E) 7 < [Uyz" = Up12"] = (V2 € E) U1z = nlsz
— (Vz € E) nPUiz = nPUsz —» m < [(PUy)T = (PU2)T].

In such a way the ascent PT is defined to be the band projection in E™ inside
V(B) acting by the rule PTUT = (PU) for U € L~(E, F).

(4) 1t is worth observing that (U AV)T = UTV V71 inside VB for U,V €
L~(E,F)+. Indeed, recalling that [(U A V)T <UTA V1] =1, we derive

[T AV)T=UTAVII = [UTAVE < @ A V]
=[(VW e EN) WLUTAW LSV W S (UAV)T]

= A WISUIAWTISVI WIS (UAV]
WeL~(E,F)4

Put
x = W1 <UTATWT < VIL
Undoubtedly, we have W < #U and #W < #V. Thus, 7W < 7(U A V). Hence,

W1 <(UAV)] = [(Vz € E*,z > 0) W1z < (U A V)1a]

= N We<@AV)a] 2
z€Ey



68 Chapter 1

i.e., the truth-value in question equals unity. In other words, the mapping W €
L~(E,F) » W1 € E*| implements an isomorphism between the structures of
L~(E,F) and E~|. Thereby, V is a fragment of U if and only if V1 is a fragment
of U1 inside V(B),

1.5.9. The following assertions are equivalent for a set & of band projections
in L~(E,F) and for U € L™(E,F)y:
(1) POV = €Y,
(2) & generates the fragments of U;
(8) an operator V € [0,U] is a fragment of U if and only if
inf (P*Ve+P(U-V)z)=0
PeZ
for every z € Ey;
(4) (Vz € °E)(3P € 2t]) PUz =~ Uz*.
< First consider the ascent &1 defined as &1 := {P{ | P € #}1. By 1.5.8,
P generates the fragments of U is and only if 2T generates the fragments of U7
inside V(B), This establishes (1) & (2) & (3) as a matter of fact.
At last, prove (2) & (4). To this end, using the definitions and the rules of

assigning truth-values, we successively derive for z € E:

[U1e"t = sup{(PUT)z" | P € #1] =1
o [(Ye>0)3P e 21) (PUNz" +e>UzT] =1

o (Vee &) \[ [(Us* — PIUTz") <e] =1
Pc

o (Vee &) \/ [(Us* - PUz) <e] =1
Pez
& (Ve € 6)(3(Pe))(3(re))(VE) me(Us™ — PUz) < ¢

& (Ve € &)(3A(Pe))(A(me))(VE) me(Ua™ — PeUz) <e
& (A(Pe))B(me))(VENV™e € 6) me(Us™ — PeUz) < ¢
¢ (A(Pe))(3(me))(¥E) me(Us™ ~ PUz) 0.
Here we have used natural notations for a family (P¢) of elements of & and a par-

tition (m¢) of unity in B. Mixing (P¢) with probabilities (r¢) as P, we arrive at the
claim.
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1.5.10. (1) A set & is generating if and only if the following relations are
valid for every U,V € L~(E,F)y and z € E:

(UVV)z = sup {(PU)z + (PV)z};
Pec

(UAV)z = inf {(PU) + (P1V)z}.

< This fact is an obvious consequence of 1.5.9 (or 1.5.5 by means of V(B)), >

(2) The set P = {=. | e € E;} of band projections is generating. In
particular, Proposition 1.5.1(1) holds.

<« It suffices to observe that if e := 2% then 7,Uz = n.Uzt = Uz* and to
apply 1.5.9(4). The second part of the assertion ensues from 1.5.9(1). >

1.5.11. The following assertions are equivalent for positive operators U and
V and a generating set & of band projections in L~(E, F):
) Ve{Uts
) (Vz € E)(VP € #)(Vr € B) nPUz ~0 — nPVz = 0;
) (Vz e mE)Vr € B) nUz =0 — 7Vz » 0;
(4) (V2 >0)(Ve € £)(36 € €)(VP € P)Vr € B) nPUz < § - nPVz <L ¢;
(5) (V2> 0)(Vee &) 36€&)VreB)nUz <b—nVz<e.

(1
(2
(3

<1 We omit the proof since this fact will not be used in the sequel. >

1.5.12. Theorem. Let E be a vector lattice and let F' be a K-space with
order-unit filter & and base B. Further, let U and V be positive operators in
L~(E,F) and let W be the principal band projection of V onto {U}+L. The

following representations hold for a positive = € E:
(1) Wz =supinf{rVy+7tUz |0<y <z, 7€ B, nU(z —y) < e};
e€s
(2) Wz = supinf{(xP)-Vz | nPUz <€, P € &P, n € B}, where P is a
£€E
generating set of band projections in L~ (E, F').

< Descend into the Boolean-valued universe V(B over the Boolean algebra
B =B(F). Considering 1.5.8, we see that W1 serves as the principal band projec-
tion of V1 onto {U1}1+ in EA~ inside V(B since the band {U1}*1 inside V(B)
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coincides with ascent of the image of the band {U}* under the ascent of map-
pings. Now, working within V(B) and employing the first part of 1.5.7, we derive
for z € E4:

[(Ve > 0)(38 > 0)(Vy € E")
(0<y<a AUz —y) <8 - Wiz" <Viy+e] =1
—(Vee &) E)Vye B)[0<y" <"
AUT(E — %) < 8) —» Wis" S VI +e] =1
Ve e &) &)VO<y<z)[U(z-y) <> Wz <Vy+e]=1
o(Vee &)(3F6€ &) (VO<y<z)[U(z—y) < < [Wz < Vy+e]
o(Vee &) 36 € &)(V0<y <z)(Vr € B)
[Uz—y)<é]>r—[We<Vy+e]>n
(Ve e £)(36 € £)(V0 <y <z)(Vr € B)
wU(z—y) <o aWae <aVy+e
(Ve € )36 € &)(V0 <y < z)(Vr € B)
U(z—y) <6 Wr<aVy+aiVrte

Put r(§) := inf{aVy + 71Vz | 7U(z —y) <6, 7 € B, 0 <y < z}. With this

notation, it is evident that
(Ve € £)(36 € &) Wz < r(8) + € » Wz < sup{r(d) | § € &}.
Analogously, we derive from the second part of 1.5.7(5):

[(Ve>0)VE>0)(FO <y <zM Uz " —y) SEAVIy < Wiz  +¢] =1
oVee &)V6e€) \| [U(e-y)<6AVy<Wate]=1
0<y<z
(Ve € &)(Vé € E)Iye))(Ame))(VE)meU(z —ye) S 6AmVye <meWz +e

for a family (y¢) of elements of the interval [0, z] and a partition (7¢) of unity in B.

Obviously, we have
r(6) < meVye + 7rgLVa:
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for all indicated parameters. Hence,
mer(8) S meVye < meWz + ¢
for every £ and thus r(§) < Wz + ¢. By the arbitrariness of €, we derive
sup{r(8) |6 € &} < Wz.

This fact, together with the above-proven reverse inequality, yields (1).
Formula (2) can be obtained by the same pattern as (1). We only ought to take
it into account that #1 := {P1 | P € P}1 generates the set of band projections

in E*™ inside V(B), Observe also the following useful identities:
(nPy'Q=Q-7PQ =Q-xPQ+7 Q=n(Q-PQ)+7Q=(xP)"Q+r"Q.

Finally, calculating the truth-values of the variants of 1.5.7(4) translated into V(B)
we derive for a positive £ € E; that

(Ve € £)(36 € &)VP € P)(Vr € B)nPUz < § » 7P Ve +7tVae + e > Wi,

(Ve € &)(V6 € &)(3(Pe))Ame)) mePeUz < §AmPiVa < meWa +e

for an appropriate family (Pg) of elements of & and a partition (7¢) of unity in B. b

1.6. Lattice-Normed Spaces

Many objects studied in functional analysis lead to spaces normed by means
of a vector lattice. A lattice-normed space becomes a normed space after ascending
into a Boolean-valued model. A discussion of the resulting interplay constitutes the

content of the current section.

1.6.1. Consider a vector space X and a real vector lattice E. We will assume
all vector lattices to be Archimedean without further stipulations. A mapping

p: X — Ej is called an (E-valued) vector norm if it satisfies the following axioms:
(1) p(z) =0 2z=0(z € X),
(2) p(Az) = Ap(z) (A € R, = € X),
(3) p(z +y) < p(z) +p(y) (2,y € X).

A vector norm p is said to be a decomposable or Kantorovich norm if



72 Chapter 1

(4) for arbitrary e;,e2 € E; and z € X, the equality p(z) = e; + €2
implies the existence of 1,2 € X such that z = z; + 2 and p(z¢) = e (k:=1,2).
The triple (X, p, E) (simpler, X or (X, p) with the implied parameters omitted)
is called a lattice-normed space if p is an E-valued norm on the vector space X.
If the norm p is decomposable then the space (X, p) itself is called decomposable.
Take a net (z4)aca in X. We say that (zq) 0-converges to an element z € X
and write ¢ = o-limz, provided that there exists a decreasing net (ey) er in E
such that inf,er e, = 0 and, for every v € T, there exists an index a(7y) € A such
that p(z — zq) < ey for all @ > a(y). Let e € E4 be an element satisfying the
following condition: for an arbitrary € > 0, there exists an index a(e) € A such
that p(z — z4) < e for all @ > oe). Then we say that (zq) r-converges to z
and write z = r-limz,. We say that a set (z4) is o-fundamental (r-fundamental)
if the net (2o — £g)(a,g)caxa O-converges (r-converges) to zero. A lattice-normed
space is o-complete (r-complete) if every o-fundamental (r-fundamental) net in it
o-converges (r-converges) to some element of the space.

Take a net (z¢)ecz and relate to it a net (ya)aea, where A 1= P, (E) is the
collection of all finite subsets of = and yq := Eee o Te. If 2 := o-limy, exists then
we call (z¢) o-summable with sum = and write z = 0-} ;= e

A set M C X is called bounded in norm or norm-bounded if there exists e € E
such that p(z) < e for all € M. A space X is said to be d-complete if every
bounded set of pairwise disjoint elements in X is o-summable.

Let F be an order-dense ideal in E. Then the set ¥ := {z € X | p(z) € F}
is a vector space. If ¢ is the restriction of p to Y then (Y, ¢, F) is a lattice-normed
space called the restriction of X with respect to F' or F-restriction of X for short.

1.6.2. We call elements z,y € X disjoint and write = L y whenever p(z) A
p(y) = 0. Obviously, the relation L satisfies all axioms of disjointness (see 0.1.9
in [2]). The complete Boolean algebra B(X) := £;(X) is called the base of X. It
is easy to see that a band K € B(X) is a subspace of X. In fact, K = k(L) :=
{z € X | p(z) € L} for some band L in E. The mapping L — k(L) is a Boolean
homomorphism from B(E) onto B(X). We call a norm p (or the whole space X)
d-decomposable provided that, for every z € X and disjoint ey, €3 € E4, there exist
z1,22 € X such that £ = 21 + z2 and p(zx) = ex (k := 1,2). Recall that, speaking
of a Boolean algebra of projections in a vector space X, we always mean a set of
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commuting idempotent linear operators with the following Boolean operations:
aVp=m+p—mop, wAp=mop, = =Ix-—m.

Theorem. Let Ey := p(X)** be a lattice with projections and let X be
an d-decomposable space. Then there exist a complete Boolean algebra & of
projections in X and an isomorphism h from B(Ey) onto & such that

mop=poh(r) (r€P(E))

< The mapping L — k(L) (L € B(Ey)) implements an isomorphism between
the Boolean algebras *B(Ej) and B(X) since X is d-decomposable and it is possible
to project onto the bands of Ey. Moreover, given K € B(X), the band K+ is the
algebraic complement of K; i.e., KN K+ = {0} and K + K+ = X. Consequently,
there exists a projection 7k : X — X onto the band K along K.

Put # := {rx | K € B(X)}. Then % is a complete Boolean algebra iso-
morphic to B(X). We associate with p € P(Ey) the projection nx € B, where
K := h(pEy), and the so-obtained mapping p — 7k is denoted by the same letter
h. Then h is an isomorphism of B(Ey) onto Z.

Take m € P(Eyp) and ¢ € X. By the definition of h, we have h(m)z € h(rEy)
or p(h(w)z) € wEy; therefore, 7*p(h(r)z) = 0. Thus, mph(n) = ph(r). Further, we
observe that p(z + y) = p(z) + p(y) for disjoint z,y € X. Indeed, the inequality
p(z) < p(z +y) + p(y) yields p(z) < p(z + y), since p(z) L p(y). In a similar way,
p(y) < p(z +y). But then p(z)+p(y) = p(z) Vp(y) < p(z +y). For z € X, we may
write down

p(z) = p(h(x)z + hx*)z) = p(h(x)z) + p(h(x")a).

Making use of the above-proven equality mph(7*) = 0, we obtain
7(z) = Tp(h(r)2) (2 € X);
i.e., 7p = mph(r). Finally,
mp = mph(m) = ph(r) (m € B(Ey)). >

1.6.3. A decomposable o-complete lattice-normed space is a Banach-Kantoro-
vich space. Assume that (Y, g, F) is a Banach-Kantorovich space and F = ¢(Y)*+.
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One can show that F is a K-space and ¢(Y') = F. By 1.6.2, the Boolean algebras
PB(F) and P(Y) can be identified and 7g = g7 (7 € P(F)).

For every bounded family (z¢)ecz in Y and a partition (7¢)ecz of unity in
P(Y), there exists T := 0-) ¢z Mexe. Moreover, z is a unique element satisfying

the relations mez = meze (€ € E).

< Put e := sup p(z¢). Then, for a, 8 € Pga(E), we have

q(ya—yﬂ)=q( > Wewe) S( > Wg)ege,

tcalp tcaAf

where y, = Zee 4 TeTe and aApf is the symmetric difference of @ and §. Hence,
the net (y,) is o-fundamental. Consequently, there exists an z := o-limy,. >

The proposition particularly involves the d-completeness of Y. Moreover, from
its definitions it is immediate that Y is also r-complete.

If F = mF then the space Y is called universally complete. This is equivalent
to the fact that every disjoint family in ¥ is o-summable. A space Y is called
a universal completion of a lattice-normed space (X, p, E) provided that (1) F =
mkE (and consequently Y is universally complete); (2) there is a linear isometry
t: X =Y, (3)if Z is a decomposable o-complete subspace of Y and im¢ C Z then
Z =Y. Later (in 1.6.7) we demonstrate that every lattice-normed space possesses

a universal completion.

1.6.4. Examples.
(1) Put X := E and p(z) := |z| (z € X). Then p is a decomposable
norm. ‘
(2) Let @ be a topological space and let ¥ be a normed space. Let
X = Cy(Q,Y) be the space of continuous bounded vector-valued functions from
Q into Y. Put E := C3(Q,R). Given f € X, we introduce a vector norm p(f) as

follows:
p(f) it IfOI (L€ Q)
Then p is decomposable and X is r-complete if and only if Y is a Banach space.

(3) Let (£2,%,u) be a measure space with o-finite measure, let Y be
a normed space, and let E be an order-dense ideal in M(Q,%, ). Denote by
M(p,Y) the space of equivalence classes of y-measurable vector-valued functions
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acting from () into Y. As usual, vector-functions are equivalent if they take equal
values at almost all points of Q. If 2 € M(y,Y) is the equivalence class of a mea-
surable function zp :  — Y then denote by p(z) :=|z| the equivalence class of the

measurable scalar function ¢ — ||zo(2)]| (t € ). By definition, assign
E(Y) = {2 € M(3,¥) | p(2) € ).

Then (E(Y'),p, E) is a lattice-normed space with decomposable norm. If Y is a Ba-
nach space then E(Y') is a Banach-Kantorovich space and M(y,Y’) is a universal

completion of it.

(4) Take the same E and Y as above and consider a norming space Z C
Y’, i.e., a subspace such that

lyll = sup{(y,¥') 4/ € Z, Iyl <1} (y€Y).

Here Y’ stands for the dual space and (-, -) is the canonical duality bracket Y «» Y.
A vector-function z : @ — Y is said to be Z-measurable if the function ¢ — (z(t),y')
(t € Q) is measurable for every y' € Z. Denote by (z,y') the equivalence class of the
last function. Let .# be the set of all Z-measurable vector-functions z for which
the set {{(z,vy') | ¢’ € Z, ||y'|| £ 1} is bounded in M(Q, X, 1). Denote by .4 the set
of all z € .# such that the measurable function t + (z(t),y’) equals zero almost

everywhere for each y' € Z; i.e., (2',y) = 0. Given z € A /A, we put

p(z) = |z :=sup{{u,y') |y’ € Z, |ly']| <1},

where uy, is an arbitrary representative of the class z and the supremum is calculated
in the K-space M(Q, %, ). Now, we define the space

EY,Z):={z€ #| AN |p(z) € E}

with the decomposable E-valued norm p. If Y is a Banach space then E (Y, Z) is
a Banach-Kantorovich space.

(53) Suppose that E is an order-dense ideal in the universally complete
K-space Co(Q}), where @ is an extremal compact set. Let Coo(Q,Y) be the set of

equivalence classes of continuous vector-valued functions u acting from comeager

subsets of dom(u) C @ into a normed space Y. A set is said to be comeager if its
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complement is meager. Vector-valued functions u and v are equivalent if u(t) = v(t)
for t € dom(u) N dom(v). Given z € Coo(@,Y), there exists a unique function
z, € Coo(Q) such that ||u(t)]| = z.(t) (¢ € dom(u)) whatever a representative u of
the class z might be. Put p(z) :=|2] := z, and

E(Y):={z€ Cx(Q) | p(z) € E}.

Let Z be the same as in (4). Denote by . the set of all o(Y, Z)-continuous
vector-functions u : o := dom(u) — Y such that dom(u) is a comeager set in Q
and the set {(u,y') [ ¢' € Z, ||y'|| £ 1} is bounded in the K-space Coo(Q). Here
(u,y') is the unique continuous extension of the function

t (u(t),y) (t€ Qo)

to the whole (). Consider the quotient set .# /~, where u ~ v means that u(t) =
v(t) (t € dom(u) N dom(v)). Given z € A4 /~, we put

p(z) =sup{(u,y') |y € Z, |y'] < 1},

EY,Z):={z € #]~|p(z) € E}.

We can naturally furnish the sets Coo(Q,Y) and .# /~ with the structure of a mod-
ule over the ring Coo(Q). Moreover, E(Y) and E,(Y, Z) are lattice-normed spaces
with decomposable norm. If Y is a Banach space then E(Y) and E,(Y, Z) are
Banach-Kantorovich spaces. Moreover, Coo(@,Y) is a universal completion of
E(Y).

(6) Let (X,p, F) and (Y, g, F) be lattice-normed spaces. A linear operator
T: X —Y is called dominated if there exists a positive operator S : E — F (called
a dominant of T) such that

¢(Tz) < S(p(z)) (z € X).

If F is a Kantorovich space and the norm p is decomposable then there exists
a least element |T| in the set of all dominants with respect to the order in the space
L~(E, F) of regular operators. The mapping T ~|T| (T € M(X,Y)) is a vector
norm on the space M(X,Y) of all dominated operators from X into Y. If Y is
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a Banach-Kantorovich space and the norm in X is decomposable then M(X,Y) is
a Banach-Kantorovich space with the above-mentioned dominant norm.

Distinguish the following two instances. First, take F := R and Y := F. Then
X is a normed space and the fact that an operator T : X — F' is dominated means
that the set

{Tz |z eX, ||lz| <1}

is bounded in F. The least upper bound of this set is called the abstract norm
of T and is denoted by |T| (the notation agrees with what was introduced above
provided that the spaces F and L™~(R, F') are identified). In this situation we say
that T is an operator with abstract norm.

Now, let E and F' be order-dense ideals in the same K-space. An operator
T € M(X,Y) is called bounded if |T| € Orth(E, F). Denote by £(X,Y’) the space
of all bounded operators. It is clear that T belongs to 4(X,Y) if and only if there
exists ¢ € mE = mF such that ¢- E C F and ¢(Tz) < ¢p(z) (z € X), where
we mean the multiplicative structure in mFE uniquely determined by the choice of
unity (see 1.3.7(8)).

1.6.5. Theorem. Let (Z,p) be a Banach space in the model V(B), Put
X := % | and p := p|. The following assertions hold:
(1) (X,p,4#\|) is a universally complete Banach-Kantorovich space.
(2) The space X can be furnished with the structure of a faithful unitary
module over the ring €| so that
() A=z (AeC zeX),
(b) plaz) = lalp(z) (a € ¥, z € X),
(¢) b<[r=0] < x(b)z =0 (b€ B, z € X), where x is an isomor-
phism from B onto B(#).
< It is easy to show that X is a universally complete (extended) abelian group
(see [37;4.2.7]). Moreover, A := €| is a complex commutative algebra with unity
1 (see 1.3.9). We denote the sum operation in £, X, %, and A by the same
sign +. Temporarily denote by © the external composition law ¥ x 2~ — 2 of
the complex vector space 2 as well as the multiplicationin %. Let - : Ax X — X
be the descent of the mapping ©. Then [a-z =a@z] =1foralla€ Aandz € X

(see 1.2.9(7)). Considering the axioms of a vector space to be valid for &, inside
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the model we can write down
a-(z+y)=a@(z+y)=a@zr+a@y=a-z+a-y,
(a+b)-z2=(a+d)Oz=a0z+bOz=a-2+b- z,
(ab)-z2=(ab)Oz=a0(bOz)=0a-(b-x),
l-z=10z=zc (a,b€ 4;z,y€X).

In view of the separatedness of V(B these relations imply that the operations +

and - determine the structure of a unitary A-module over X. Putting
Az:=(A1)-z (AeC, z€X),
we obtain the structure of a complex vector space over X with equality (a). Since
x(b)=1-x(b)oz=xz,
X(5) =0 - x(H©z =0
in the model V(B), by the definition of y (see 1.3.2) we have
b< [x(5) 0 = o] = [x(8) - = =],

6" < [x(b) © 2 = 0] = [x(b) - = = O].

If we put x(b)z = 0 in the first relation then b < [z = 0]. Conversely, if b < [z = 0]
then
b<[e=0]Ax(b)e = 2] < [x(b)z = 0]

which, together with the second of the above relations, yields x(b)z = 0. Now we
turn to studying Banach properties of the space (£, p). The subadditivity and

homogeneity of the norm p can be written as
po+<+o(pxp), po@=0o(-|xp),

where p X p : (2,3) - (p(2), p(y)) and | | X p : (a,2) o (jal, p(2). Taking into
account the rules of descent for superposition (see 1.2.9(4)), we obtain

po+<+o(pxp), po()=()o(]-]|xp).
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It means that the operator p : X — Ay satisfles 1.6.1(3) and condition (b). But
then 1.6.2(2) is also valid in view of (a). If p(z) = 0 for some ¢ € X then [p(z) =
0] = 1 in virtue of [p(z) = p(z)] = 1 and so [t = 0] = 1 or z = 0. Thus, p
is a vector norm. The decomposability of p follows from property (b). Indeed,

suppose that
ci=ple)=ctc; (z€X;cr,c2 € Ay)

There exist a;,a; € A+ such that axe = ¢k (k:=1,2) and a; + az = 1 (it suffices
to put ax := cx(c+ (1 —e.))™?, where e, is the trace of ¢). If zf 1= ax -z (k :=1,2)
then z = z; + z2 and p(zx) = plarz) = arp(c) = c.

It remains to prove the o-completeness of X. Take an o-fundamental net s :
A - X. If 5(a,8) := s(a) — s(B) (a,8 € A) then o-limp o 5(e,3) = 0. Let
o : AN - % Dbe the modified ascent of s and 5(a, §) := o(a) — 0(B) (a,B € A™).
Then 7 is the modified ascent of 3§ and po & is the modified ascent of po 3. By 1.3.5,
we have [limp o & = 0] = 1; i.e,, V(B) = “o is a fundamental net in 2".” Since
& is a Banach space inside V(®), by the maximum principle, there exists z € X
such that {lim p ooy = 0] = 1, where 0g : A" — £ is defined as o¢(a) := o(a) -z
(e € A™). The net sp : a — s(a) —z (o € A) is the modified descent of 0.
Consequently, o-limp o so = 0 and o-limp(s(e) — ) = 0 by 1.3.4. >

The universally complete Banach-Kantorovich space

= (2,0 = (Z1,0)

is referred to as the descent of a Banach space (2, p).

1.6.6. Theorem. For every lattice-normed space (X, p, E), there exists a Ba-
nach space & inside V(P) unique up to a linear isometry, where B ~ B(p(X)*1),
such that the descent & | is a universal completion of (X,p, E).

<t Without loss of generality we may assume that E = p(X )1 C mE = %]
and B = B(E). Put

d(z,y) :=p(z —y)** (z,y € X).

It is easy to verify that d is a B-metric on X. If we furnish the field C with the
discrete B-metric dp then the addition + : X x X — X and the multiplication



80 Chapter 1

-: Cx X — X become nonexpanding mappings. So is the vector norm p. All these

assertions are almost obvious. Thus, for the multiplication we have

d(az, By) = p(az — By) "+ < (lalp(z —y) ™ V(la=Blp(y)** < d(z,y)V do(a, B).

for a,f € Cand z,y € X.

Let 25 be a Boolean-valued realization of the B-set (X, d) (see 1.2.12(2)). Put
po = F~(p), @ := F~(4), and © := F~(-), where F~ is the immersion functor
(see 1.2.12(2, 3)). The mappings & and © determine in £y the structure of a vector
lattice over the field C* and the function py : 2o x £y — % is a norm. In virtue
of the maximum principle, there exist elements 27, p € V(B such that [(Z, p) is
a complex Banach space being a completion of the Banach space (25, p00)] = 1.
Moreover, we may assume that [Zp is a dense C*-subspace of 2] = 1. Let
t: X — Xy := Xy be the canonical immersion (see 1.2.12(2)). Since + is a non-
expanding mapping from X x X into X, the sum in Xg, i.e. + := &, is uniquely
determined by the equality co+ = + 0 (¢ x ¢), where ¢ x ¢ 1= (z,y) — (¢z,ty) is the
canonical immersion of the B-set X x X. The last is equivalent to the additivity

of ¢«. Analogously, for the operation (-) := ©|, we have ¢ o (-) = (-) o (3¢ x ¢), where
wxi:(Nz) (W) (Ve z e X).

Thus, ¢ is a linear operator. Applying once again the same arguments to pg := pol,
we obtain tg o pg = pg 0t, where ¢g is the canonical immersion of E. It means that
¢ is an isometry; i.e., preserves the vector norm. Consider a subspace Y C %,

¢X C Y, which is a universally complete Banach-Kantorovich space under the norm

q(y) =plly) (Y€Y).

Since ¢ is decomposable and Y disjointly complete, we have X; C Y. Indeed,
Xo = mix(:X) and, by condition (c) in 1.6.5(2), z = mix(betz¢) for z € Z°| if and
only if z = 0-), x(be)ixe. On the other hand, Y is decomposable and d-complete;
thus, Y is invariant under each projection z ~ x(b)z and contains all sums of this
form by 1.6.3. Analogously, Y = mixY. If # := Y7 then [Z0 C ¥ C Z] =1;
moreover, | =Y. Let 0 : w* — # be a Cauchy sequence and let s be its modified
descent. Then s is an o-fundamental sequence in Y, thus, there exists y = lims. It
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is seen from 1.3.4 that [y = limo] = 1. This fact establishes the completeness of
% and consequently the relations & =% and X =Y.

Let 2 be a Banach space inside V(B) such that %] is a universal completion
of the lattice-normed space X. If /' is the corresponding embedding of X into 2]
then ¢/ 0 ¢ can be uniquely extended to a linear isometry of Xy onto a disjointly
complete subspace Zg C Z]. The spaces Zp and 25 := Z;T are isometric. But
then their completions & and & C Z are isometric too. Since % | is a Banach-
Kantorovich space and /X C #| C Z|, we have #| = Z|. Therefore, Y = Z
and thus £ and Z are linearly isometric.

1.6.7. Corollaries.

(1) Every lattice-normed space (X, p, E) possesses a universal completion
(mX, pm,mFE) unique to within a linear isometry. Moreover, for arbitrary ¢ € mX
and € > 0, there exist a family (z¢)¢ez in X and a partition (7¢)eez of unity in
PB(mX) such that

Pm (:c - O'Z 7r§w:5) < ep(z).
¢€=

(2) A lattice-normed space is linearly isomorphic to an order-dense ideal

of a universal completion of it if and only if it is decomposable and o-complete,

i.e., is a Banach-Kantorovich space.

< It is convenient to prove both assertions together. By making use of the
notation from 1.6.6, we put mX := 2| and p,, := pl. Then (mX,pm,mE, ) is
a universal completion of X. Take an ¢ € mX. Without loss of generality, we may
assume that e := p,,(z) is a unity in mE. Since 2 is dense in &', for every ¢ > 0,
there is an element z, € V(B) guch that

[o. € %] = [ple —2.) <™ -e] = 1

by the maximum principle. Hence, z. € X¢ and pn(z — z.) < ce. It remains to

observe that X = mix(¢X); therefore, z, has the form

Z TelTe,

{3

where (z¢) C X and (m¢) is a partition of unity in P(mX).
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Obviously, an order dense ideal in a Banach-Kantorovich space is decomposable
and o-complete. Conversely, let X be a decomposable o-complete lattice-normed
space. One can show that Eg = p(X)*' is a K-space. Therefore, we in no way
loose generality on assuming Ey to be an order-dense ideal in #Z|. Let € mX and
pm(z) € Ey. By (1), there exists a sequence (z,,) C Xo such that

Pm(Tn — ) < %6, Pm(zn) < (1 + %) e (new).

Hence, z, € X and z € X, since an o-complete space is d-complete and r-complete.
Thereby,
X ={z € mX | pm(z) € Ep};

i.e., X is a order dense ideal in mX.

It remains to establish uniqueness in assertion (1). Let (Y,¢,mE, ) be a uni-
versal completion of X. In view of 1.6.6 and assertion (2) we may assume that
Y = % |, where & is a Banach space inside V{B). By Theorem 1.6.6, [there exists
a linear isometry A of the space & onto #] = 1. But then A] is a linear isometry
of | onto #|. >

A disjointly complete space (Y, ¢,dE), where dE stands for a disjoint comple-
tion of E, is said to be a disjoint completion (d-completion) of a lattice-normed
space (X, p, E) if there exists a linear isometry ¢ : X — Y such that ¥ = mix(+X).

A Banach-Kantorovich space (Y, ¢,0E), together with a linear isometry ¢ :
X — Y, is an order completion (o-completion) of a lattice-normed space (X, p, E)
provided that every o-complete decomposable subspace Z C Y containing ¢ X co-
incides with Y. If E = mFE then an o-completion of X is a universal completion of
it (see 1.6.3). Given a subset U C Y, introduce the notation

rU := {y == r-im ya | (ya)nen C U},

ol = {y = o-hmyo, l (ya)aEA C U}?
dU := {y 1= 0-) meye | (Ye)ee= C U}’
£E€E

where A is an arbitrary directed set, (7¢) is an arbitrary partition of unity in P(Y'),
and the limits and sum exist in Y.
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(3) For every lattice-normed space, there exists an o-completion (d-
completion) unique to within a linear isometry.

< Recall that dE C oE C mE. Put
Y :={z ¢ mX | pm(z) € oE}.

Then Y is an o-completion and di¢X is a d-completion of X. >
We always assume that a lattice-normed space X is contained in an o-comple-

tion X of X.

(4) For an o-completion X of a space X, the equality X = rdX holds.
Moreover, if X is decomposable and Ey := p(X)*1 is a vector lattice with the
principal projection property, then X = oX.

< The first part of the assertion follows from (1). Take an z € X and find
a net (z4) C X o-converging to . Endow X with the equivalence and preorder
defined by the formulas

zr~vy o plz—z)=ply - 2),

z<yep(z—2)2p(y-2).
If Ey is a lattice with the principal projection property then there exists a projection
7 € P(X) such that
mp(e —y) + 7°p(z — 2) = p(z — y) Ap(z — 2).

For u := 7y + #*2, we have

plz —u) =p(z —y) Ap(z — 2);

therefore, y < u and z < u. Thus, the preordered set (X, <) is directed upward.
Hence, the quotient set A := X/~ with the quotient order is an upward-directed
ordered set. Now, consider a net (z4)aca, where 2o € a (¢ € A). The net
(p(¢—2a))aca decreases by construction. Put e := inf p(z —z4), where the infimum
is calculated in oE. By the equality X = rdX, given an ¢ > 0, there exist a family
(z¢) C X and a partition of unity (7m¢) C B(X) such that

Pm (:t - o-z 7r5:t5) < epm(z).
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Considering 1.6.2 and 1.6.3, we can write down

e= Zwse < Z’lrep(x —z¢) = p(a: - o—Z ngg) <ep(z).

Hence e =0 and z = o-limz,. >

(5) A decomposable lattice-normed space is o-complete if and only if it

is d-complete and r-complete.
< Necessity was mentioned in 1.6.3. Sufficiency follows from (4). >

(6) Let (X,p,E) be a Banach-Kantorovich space, E = p(X)*++, and
A := Orth(E). Then there is a unique extension to X of the structure of a faithful
unitary A-module such that the natural representation of A in X implements an

isomorphism between Boolean algebras PB(E) C A and P(X). Moreover,
plaz) =lalp(z) (z € X, a € A).

< We have to apply 1.6.5(2). In particular, by virtue of condition (c) in the
mentioned subsection, the Boolean algebra P(X) coincides with the set of the
multiplication operators z — x(b)z (z € X), where b € B. >

A Banach space & inside V(P is said to be a Boolean-valued realization for

a lattice-normed space X if 27| is a universal completion of X.

1.6.8, Theorem. Let 2 and % be Boolean-valued realizations for Banach-
Kantorovich spaces X and Y normed by some universally complete K-space E.
Let £B(%, %) be the space of bounded linear operators from 2 into % inside
VB where B := B(E). The immersion mapping T + T~ of the operators
implements a linear isometry between the lattice-normed spaces £p(X,Y) and
LB, ).

<1 By Theorem 1.6.7(2), without loss of generality we may assume that E = %,
X =%, and ] =Y. Take a mapping J : & — & inside V() and put
T := 7)]. Let p and § be the norms of the Banach spaces 2" and & let p := p|
and ¢ := 8|, and let + stands for all summation operations in &, #, X, and Y.
The linearity and boundedness of Z imply validity for the relations

FTo+=40(I xT), 60T <Lkp,
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where 0 < k € #]. The descent and ascent rules for the superposition allow us to

write down the relations in the following equivalent form:
To+=+40(TxT), qoT<kp.

But this means that T is linear and bounded. Let K be the set constituted of
0< k€ Z] such that ¢(Tz) < kp(z) (zr € X). Then KT ={k € #; |00 T < kp}
inside V(B).

Appealing to 1.3.4(2), we derive

VB £ |T| = inf K = inf(K1) = || 7]

Hence, the mapping & — J| preserves the vector norm. To justify the linearity
of the mapping, it suffices to check its additivity. Given %, % € LB(X, %), we

have

(FA+ Z)(2) = (A + RK)(z) = Tz + Tz
=Alz+ Rle = (Al + Rl)z

inside V(®) for every z € X. Consequently, (7 +%)| = Zi 1+ %]. So, the descent
implement a linear isometry of £B(%,%)| onto the space of all bounded linear
extensional operators from X into Y. It remains to observe that every bounded
linear operator from X into Y is nonexpanding, or which is the same, satisfies the
inequality [z = 0] < [Tz = 0]. Indeed, if b := [z = 0] then x(b)z = 0 by 1.6.5(2);
therefore,
x(0)g(Tz) < x(b)p(z) = p(x(b)z) = 0.

Hence, ¢(x(b)Tx) = 0 or x(b)Tz = 0 and, employing 1.6.5(2) again, we conclude
that b < [Tz =0]. >

1.6.9. A normed (Banach) lattice is a vector lattice E which is also a vector
(Banach) space with norm monotone in the following sense: if |z| < |y| then ||z|| <
llyll (z,y € E). If (X, p, E) is a lattice-normed space, where E is a normed lattice,
then we can furnish X with the mixed norm

lll := llp(@)ll (= € X).

In this event, the normed space (X, || - [|) is referred to as a space with mized norm.
By virtue of the inequality |p(z) — p(y)| < p(z — y) and monotonicity of the norm
in E, the vector norm p is a continuous operator from (X, | - ||) into E.
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(1) Let E be a Banach lattice. Then (X, || - ||) is a Banach space if and
only if (X, p, E) is complete with respect to relative uniform convergence.

< <=: Take a fundamental sequence (z,) C X. Without losing generality, we
may assume that ||zn41 — z,]] < 1/n® (n € N). Put

en :=plz1) + Z kp(zkys — k) (n €N).

k=1
Then we can estimate
ntl
lensi—eall = || D kp(zrsr — o)
k=n+1
n+l n+l 1
<Y Hlara -l < ) B nlooo 0.
k=n+1 =n+1

Thus, the sequence (e,) is fundamental and so it possesses a limit € = lim ep,.

n—oc
Since entk 2> e (n,k € N), we have e = supe,. If n > m then

n+l

MP(Tpt1 — Tn) < Z Ep(ze41 — 7k) S enti—en <6
=n+1

consequently, p(zp+1 — z,) < (1/m)e. It means that the sequence (z,) is r-

fundamental. By r-completeness, there exists z := r-limz,. It is clear that
lim ||z —z,]| = 0.
n—oo

=: Suppose that a sequence (z,) C X is r-fundamental; i.e.,
p(zn ~zm) < Xke (myn,k €N, m,n > k),
where 0 < e € F and kli_’n;o Ax = 0. Then
lon — 2mll < Al = 0 a5 k — oo;

consequently, there is ¢ := lim z,. Since the vector norm is continuous (with
n—oC

respect to || - ||}, we have
p(z —zn) < Ake (n 2 k);

therefore, z = r-limz,. >
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(2) Let Fbeanidealin E. PutY :={x € X |p(z) € E}and ¢g:=p|Y.
The triple (Y, ¢, F) is called the F-restriction of the space X. If X is a Banach-
Kantorovich space then sois Y. If X is r-complete and F is a Banach lattice then
Y is a Banach space with mixed norm.
Consider a Banach space (&, p) inside V(B and an order-dense ideal F in Z|.
The restriction of the space 2| with respect to F is called the F-descent of 2 or
the descent of & with respect to F and is denoted by F|(Z"). More precisely, the
F-descent of & is the triple (F}(%),p, F), where

F{(Z)={z e Z1lple) €F}, p:=(pl) I FH(Z).
(3) If a Banach lattice E is an ideal in # then EY( %) is a Banach space

with mixed norm.

1.6.10. Consider several categories related to lattice-normed spaces.

Let Ban® be the descent of the category of Banach spaces and bounded
linear operators in the model V(). In more detail, the objects and morphisms
of the category Ban'®) are elements 2 € V(B and a € VB such that [Z is
a Banach space ] = 1 and o is a bounded linear operator] = 1 (cf. [37]).

Define the category BK(E) as follows. We enlist in the class ObBK(E) all
Banach-Kantorovich spaces (X, p) such that im(p) = E4. As morphisms in the
class we take all bounded linear operators (see the definition in 1.6.4(6)). The com-

position in the indicated categories is defined as the superposition of operators.

(1) Theorem. If E is a universally complete K-space and B ~ B(E)
then the categories Ban'®) and BK(E) are equivalent. The equivalence is estab-
lished by the pair of immersion and descent functors dual to each other.

< The proof is contained in 1.6.5, 1.6.6, 1.6.7(2), and 1.6.8. >

Let us introduce the category Ban(B). Its objects are the pairs (X, k), where X
is a Banach space and h is a Boolean isomorphism of B onto the complete Boolean
algebra of projections with norm at most 1 acting in X. A morphism from (X, h)
into (Y, ¢) is an bounded operator T : X — Y such that Toh(b) = g(b)oT for every
b € B. Taking some liberty, we suppose that B C £ (X) for every X € ObBan(B)
and say that a morphism T is commutes with projections in B or that T is B-linear.
In this sense we will understand the following inaccurate but convenient notation:
7T = Tn (r € B). The composition in the category Ban(B) is defined as the

conventional superposition of mappings.
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(2) The category BK(E) is a subcategory of Ban(B) provided that E is
a Banach lattice. '

< It follows from 1.6.9 that Banach spaces with mixed norm are objects of
BK(E). The presence of a complete Boolean algebra of projections B in each of
the spaces follows from 1.6.2. It remains to demonstrate that morphisms of the
category BK(E) commute with projections in B. The boundedness of an operator
T:X - Y (Y € ObBK(E)) means that goT < cop, where ¢ € Orth(E) and p and

¢ are E-valued norms in X and Y respectively. This is equivalent to the relation
(VS €dq) (SoT € d(cop)).

The mappings cop : X — F and ¢ : Y — E commute with projections in B
(see 1.6.2), Hence, the operators S and ST are B-linear for every S € dgq; i.e., STm =
ST = S7T (n € B) (see [36, Theorem 2.3.15]). In particular, S(7#T — T'r) = 0 for
all S € 0q, consequently; 7T = Tr. >

Consider also a subcategory Ban®)(E) of the category Ban®), where E is
a Banach lattice and an order-dense ideal in #|. The classes of objects in the
categories coincide. An element o € V{?) is a morphism of the category Ban®(E)
if and only if & € MorBan® and |a|| € Orth(E). In more detail, a morphism of
the category Ban(®)(E) is a bounded operator inside V(3 satisfying the condition

llez] < cfjz|| (= € doma)} =1

for some ¢ € Orth(E). Observe that the definition of the category Ban®)(E)
involves an object E external for V{B), Denote by E! the mapping which associate
with the object 2 € Ban®)(E) an object EY(Z) := {z € 2| | |z| € E}, and with
a morphism & € Ban®(E) such that D(a) = &, the restriction of the operator
a| to the subspace EL(Z).

If E is a K-space of bounded elements (i.e., the order ideal in #Z| generated by
unity 1 € #Z|) then we speak of the restricted descent rather than of the E-descent
and call E! the restricted descent functor.

(3) Theorem. The mapping E' of E-descent is a covariant functor from
Ban®)(E) into Ban(B). The functor E! and the immersion functor establish
equivalence between the categories Ban®)(E) and BK(E).
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<1 The first part of the theorem is contained in 1.6.8 and in (2). To complete
the proof it suffices to observe the following: Let X and Y be universally complete
Banach-Kantorovich spaces and let X and Yy be their E-restrictions (E C mE =
Z|). U T, : Xg — Y is a bounded operator then there exists a unique extension
T:X — Y of Tj such that T is a bounded operator and |T| =|To|. If X and Y
are realized as 2| and #| (see 1.6.6) then we can put T = T;T|. Conversely,
for an operator T € £(X,Y) such that |T| € Orth E its restriction Tp : T' | X,
belongs to %3(Xo,Ys). The correspondence Ty +— T is a linear isometry between
the Banach-Kantorovich spaces %(Xy,Yy) and Zg(X,Y), where Zz(X,Y) is the
Orth(E)-restriction of £(X,Y). >

1.6.11. What was exposed in the preceding subsection gives rise to the follow-
ing natural question: which Banach spaces are linearly isometric to E-descents and,
in particular, to restricted descents of Banach spaces in a Boolean-valued model?
It is clear that the phenomenon depends essentially on the geometry of a Banach
space. Consider in short a particular case of the restricted descent needed in the

sequel without launching into the topic.

(1) A Banach space X € Ban(B) is said to be B-cyclic if the unit ball
Bx := {z € X | ||z]| £ 1} is cyclic with respect to B. More precisely, X is B-cyclic
if and only if, for every partition (b¢)ecz C B of unity and an arbitrary family
(z¢)eez C Bx, there exists a unique element z € Bx such that bgz = bez¢ for all £
(recall our agreement that B C £(X)).

Theorem. A Banach space is linearly isometric to the restricted descent of
some Banach space in the model V(B) if and only if it is B-cyclic.

< Necessity follows from the definitions and 1.6.10(3). Assume X to be a Ba-
nach space with B-cyclic unit ball Bx and J : B — % to be the corresponding
isomorphism of B onto the Boolean algebra of projections in #. Let F be an
ideal in the universally complete K-space of all B-valued resolutions of identity
(see 1.4.4). Consider a finite-valued element a := Y p_; Axbk, where {b1,...,b,} is
a partition of unity in B, {}A1,...,A,} C R, and b stands for the spectral function
e: v+ e(v) € B equal to zero for v < X and unity for v > A. Put

J(a):= Zn: AeJ(be)
k=1
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and observe that J(«a) is a bounded linear operator in X. Calculate its norm:

Z AETH

k=1
= fgpsup{llbkwlll Akl |21 € be(X) Afzi]| <1}

|21 € b(X) A lzil < 1}

sup [[J(a)z]| = supsup
ll=)l<1 I<n

= max{|A1],-..,|An|}-

On the other hand, the norm |a|, of a in the K-space of bounded elements in
E coincides also with max{|}A;1],...,|An]}; consequently, J is a linear isometry of
the subspace Ey of bounded elements in E into the algebra £ (X) of bounded
operators. It is also clear that J(Ba) = J(B)J(a) for all a,f € E;. Since Ey
is dense with respect to the norm in E, J can be extended by continuity to an
isometric isomorphism of the algebra E onto a closed subalgebra of .Z(X). By
putting za := az := J(a)r for z € X and a € E, we obtain the structure of

an F-unitary module on X; moreover,
lez|| < flell- llz]l (€ B,z € X).

Furthermore, aBx + 8Bx C Bx for |a| + |f] < 1.
Now, introduce the mapping p: X — E by the formula

p(z) :=inf{a € E; |z € aBx} (z € X),

where the infimum is calculated in the K-space E. If p(z) = 0 then, for ¢ > 0, there
exist a partition (b¢) C B of unity and a family (a¢) C E; such that beae <e-1
and ¢ € agBx for all {. Afterward b;r € beagBx C eBx and thus ¢ € ¢eBx by
virtue of the B-cyclicity of the ball Bx. Since € > 0 is arbitrary, we have £ = 0. If
2 € aBx and y € §Bx for some a,§ € E then we can write down

- - a
c+y=v(y"lz+y ly)ev(;waL%Bx) C yBx,

where v := a + 3 + ¢ - 1. Consequently, p(z +y) < a + f + €1, and passage to the
infimum over all indicated a, §, and ¢ yields p(z + y) < p(z) + p(y). Further, the
following equalities hold for b € B and z € X:

bp(z) = inf{ba |0 < a € EAz € aBx}
=inf{a € E4 | bz € aBx} = p(bz).
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Therefore, we have

paz) = 3 bePelp(z) = Jo] - ()
k=1

for a = > p_, Akbx, where {by,...,b,} is a partition of unity in B. Hence, p(az) =
la| - p(z) for all a € E. Thereby, (X, p, E) is a decomposable lattice-normed space.
The disjoint completeness of X follows from the B-cyclicity of the ball Bx and the
r-completeness of X is equivalent to the completeness with respect to the initial
scalar norm, for ||z|| = ||p(z)|lec (z € X). The last relation immediately follows from
the definitions of p and || - ||eo. Finally, we conclude that (X, p, E) is a Banach-
Kantorovich space (see 1.6.7(5)). If X is a universal completion of X then X
is linearly isometric to the descent of some Banach space in the model V(B) by
Theorem 1.6.6. At the same time, X is the restriction of X with respect to E. >

Let C-Ban(B) be the complete subcategory of the category Ban(B) whose
objects comprise the class of all B-cyclic Banach spaces. Put Ba,ngg) = Ban(B)(E)
if E is an ideal of bounded elements in Z|; i.e., E = [J;—,[-n1,nl].

(2) Theorem. The restricted descent functor establishes equivalence be-
tween Ban) and C-Ban(B).

<1 This follows from 1.6.10(3) and (1). >

Comments

The bibliography below pretends to be complete in regard to neither vector
lattices nor nonstandard analysis. It mainly includes the monographs and surveys
with extensive bibliography. Original articles are cited either for priority reasons
or when they are absent from the monographs or surveys.

1.1. (1) In the history of functional analysis, the rise of the theory of ordered
vector spaces is commonly atributed to the contribution of G. Birkhoff, L. V. Kan-
torovich, M. G. Krein, H. Nakano, F. Riesz, H. Freudenthal, et al. At present, the
theory of ordered vector spaces and its applications constitute a vast field of math-
ematics representing, in fact, one of the main sections of contemporary functional
analysis. The theory is well exposed in many monographs (see (2, 4, 5, 12, 17, 22, 26,
27, 31, 33, 36, 45-47, 52, 54, 55, 69, 70, 72]). Observe also the surveys [7-10] with
rich reference lists. The necessary information on the theory of Boolean algebras is

given in [15, 56, 66].
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(2) The credit for finding the most important instance of ordered vector
spaces, an order complete vector lattice or a K-space, is due to L. V. Kantorovich.
The notion appeared in Kantorovich’s first fundamental article on this topic [23],
where he wrote, “In this note, I define a new type of space that I call a semiordered
linear space. The introduction of such a space allows us to study linear operations
of one abstract class (those with values in the space) as linear functionals.”

Here L. V. Kantorovich stated an important methodological principle, the
heuristic transfer principle for K-spaces. An exemplar application of this principle
is Theorem 3 of [23] now referred to as the Hahn-Banach-Kantorovich theorem. It
claims that the Kantorovich principle is valid in relation to the classical Dominated
extension theorem; i.e., we can replace the reals in the standard Hahn-Banach theo-
rem by elements of an arbitrary K-space and a linear functional by a linear operator

with values in this K-space.

(3) In [24], L. V. Kantorovich laid grounds for the theory of regular op-
erators in K-spaces. Also, the Riesz-Kantorovich theorem appeared in this article
for the first time (see 1.1.10(1)). F. Riesz formulated an analogous assertion for the
space of continuous linear functionals over the lattice C[a, 8] in his famous report
at the International Congress in Bologna in 1928 and thereby enlisted in the cohort

of the founders of the theory of ordered vector spaces.

(4) It is difficult to construct an example of a nonexpanding but o-un-
bounded operator (1.1.10(4), for the references see [8]). However, in the case of
a universally complete K-space, employing V(B), we can easily reduce this question
to existence of a discontinuous automorphism of the group (R, +), i.e., an additive
but not linear function from R to R. Let E be a universally complete K-space
and let B := B(E). Take a Boolean algebra B such that R" # #. Then Z is
an infinite-dimensional space over R” inside V(B), By the Kuratowski-Zorn lemma,
there exist an R”-linear but not %-linear function v : Z — Z in the model V{5,
The operator Up := u] : #| — ] is linear, extensional, and o-unbounded. If ¢ is
an isomorphism of E onto #| then U := (= oUjo. is a nonexpanding o-unbounded

operator.

1.2. (1) As was mentioned in the comment on 1.1(2), the heuristic transfer
principle proposed by L. V. Kantorovich in connection with the concept of K-space
was substantiated by the author as well as by his successors. Essentially, this
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principle turned out to be one of those profound ideas that playing an organizing
and leading role in the formation of the new branch of analysis eventually led to
a deep and elegant theory of K-spaces rich in various applications. At the very
beginning of the development of the theory, attempts were made at formalizing the
above heuristic argument. In this direction, there appeared the so-called theorems
on relation preservation which claimed that if some proposition involving finitely
many functional relations is proven for the reals then an analogous fact remains

valid automatically for the elements of every K-space (see (27, 69]).

However, the inner mechanism responsible for the phenomenon of relation
preservation still remained vague and the applicability range for such assertions
are not found nor the general causes of numerous analogies and parallels with the
classical function theory. The depth and universal character of Kantorovich’s prin-

ciple were discovered in the framework of Boolean-valued analysis.

(2) Boolean-valued analysis is a branch of functional analysis which uses
a special model-theoretic technique, the Boolean-valued models of set theory. It
is interesting to observe that the invention of the Boolean-valued models was not
connected with the theory of ordered vector spaces. The necessary language and
technical tools were available within mathematical logic in the early 1960s. How-
ever, there was no general idea to breathe life into the already-created mathematical
apparatus and promote rapid progress in model theory. Such an idea appeared along
with P. J. Cohen’s discovery; in 1963 he established that the classical continuum-
problem is absolutely unsolvable (in a rigorous mathematical sense). It was the
Cohen forcing method whose comprehension gave rise to the Boolean-valued mod-
els of set theory. Their appearance is commonly associated with the names of

P. Vopénka, D. Scott, and R. Solovay (see [58, 61, 67, 68]).

(3) The forcing method splits naturally into two parts: general and spe-
cial. The general part comprises the apparatus of Boolean-valued models of set
theory, i.e., construction of a Boolean-valued universe V(8) and interpretation of
the set-theoretic propositions in V(B), Here, a complete Boolean algebra B is ar-
bitrary. The special part consists in constructing specific Boolean algebras B pro-
viding some special (usually, pathological and exotic) properties of the objects (for
example, K-spaces) obtained from V(B). Both parts are of independent interest,

but their combination yields the most impressive results. In the present chapter, like



94 Chapter 1

in most investigations in Boolean-valued analysis, we use only the general part of
the forcing method. The special part is widely employed for proving independence
or consistency (see [6, 18, 63]). The further progress in Boolean-valued analysis will
almost surely be connected with applying the forcing method at full strength.

(4) The material of 1.2.1-1.2.8 is traditional; for its detailed exposition
see [6, 37, 63], see also [18, 48]. The methods presented in 1.2.9-1.2.11 as well as
their variants are widely used in the study of Boolean-valued models. In [32, 42],
they are translated into the descent-ascent technique which is most appropriate for
the problems of analysis. This form is used in [37]. Immersion (2.10) of the sets
with Boolean structure into a Boolean-valued universe was carried out in [32]. Such
immersion relies upon the Solovay-Tennenbaum method which was proposed earlier

for the immersion of complete Boolean algebras [59)].

1.3. (1) The Boolean-valued status of the concept of K-space is established
in Gordon’s theorem 1.3.2 obtained in [13]. This fact can be interpreted as follows:
a universally complete K-space is the interpretation of the field of reals in an appro-
priate Boolean-valued model. Moreover, it turns out that every theorem on reals
(in the framework of ZFC) has an analog for the corresponding K-space. The-
orems are transferred by means of precisely-defined procedures: ascent, descent,
and canonical embedding, that is, algorithmically as a matter of fact. Thereby
Kantorovich’s assertion that “the elements of a K-space are generalized numbers”
acquires a rigorous mathematical meaning in Boolean-valued analysis. On the other
hand, Boolean-valued analysis makes rigorous the heuristic transfer principle which
played an auxiliary piloting role in many investigations in the pre-Boolean-valued
theory of K-spaces.

(2) If B in 1.3.2 is the algebra of measurable sets modulo sets of zero
measure g then #| is isomorphic to the universally complete K-space L°(u) of
measurable functions. This fact (for the Lebesgue measure on an interval) has
already been known to Scott and Solovay (see [58]). If B is a complete Boolean
algebra of projections in a Hilbert space then Z#| is isomorphic to the space of
selfadjoint operators A4(B) (see 1.1.9(5)). The two indicated particular cases of
Gordon’s theorem were intensively and fruitfully exploited by G. Takeuti (see [61]
and the bibliography in [37]). The object #Z| for general Boolean algebras was
also studied by T. Jech [19, 20] who in fact rediscovered Gordon’s theorem. The
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difference is that in [19] a (complex) universally complete K-space with unity is
defined by another system of axioms and is referred to as a complete Stone algebra.
The interconnections between properties of numeric objects and the corresponding
objects in the K-space #| indicated in 1.3.4 and 1.3.5 were actually obtained by
E. I. Gordon [13, 14].

(3) The realization theorem 1.3.6 was obtained by A. G. Kusraev [34].
A close result (in other terms) is presented in T. Jech’s article [21], where Boolean-
value interpretation of the theory of linearly ordered sets is developed. Corollar-
ies 1.3.7(7, 8) are well known (see [27, 69]). The concept of universal completion for
a K-space was introduced in another way by A. G. Pinsker. He also proved existence
of a universal completion unique to within isomorphism for an arbitrary K-space.
Theorem 1.2.8(2) on order completion of an Archimedean vector lattice was proven
by A. L Yudin (see the corresponding references in {27, 69]). Assertion 1.2.8(3) was
established by A. I. Veksler [64].

(4) Tests 1.3.9(2) and 1.3.9(4) for o-convergence (in the case of sequences)
were obtained by L. V. Kantorovich and B. Z. Vulikh (see [27]). It was shown
in 1.3.8 that, in fact, they are merely the interpretation of convergence properties

of numeric nets (sequences).

(5) As was mentioned in the comment on 1.2(1), the first attempts of
formalizing the Kantorovich heuristic principle resulted in theorems on relation
preservation (see {27, 69]). The contemporary forms of such theorems, based on the
method of Boolean-valued models, may be found in [14, 20] (see also [37]).

(6) Subsystems of the field Z can be obtained not only by Boolean-valued
realization of Archimedean vector lattices (see 1.3.6(1)). For instance, the following
assertions are stated in [34]: (1) the Boolean-valued realization of an Archimedean
lattice-ordered group is a subgroup of the additive group of #; (2) an Archimedean
f-ring contains two complementary components one of which has zero multiplica-
tion and is realized as in (1) and the other, as a subring of #; (3) an Archime-
dean f-algebra contains two complementary components one of which is realized as
in 1.3.6 and the other, as a sublattice and subalgebra of the field # considered as
a lattice-ordered algebra over the field R" (see also [21]).

1.4. (1) The results of the section, with minor exception, are well known to

the specialists in the theory of vector lattices. The novelty consists in the method
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of proving: all basic facts are derived by interpreting simple properties of the field

of reals in a Boolean-valued model.

(2) The concepts of unity, unit element, and spectral functions were in-
troduced by G. Freudenthal. He also established the spectral theorem 1.4.5(2)
(see [27, 69]). Theorem 1.4.4 implies that for a complete Boolean algebra B the
set A(B) of resolution of identity is a universally complete K-space whose base is
isomorphic to B. This fact is due to L. V. Kantorovich [27]. Theorem 1.4.5(1) was
obtained by A. G. Pinsker (see [27]). The main result of Subsection 1.4.6, the real-
ization of an arbitrary K-space as an order dense ideal in C*°(Q)), was established

for the first time independently by B. Z. Vulikh and T. Ogasawara (see [27, 69]).
(3) It follows from 1.4.13 that every resolution of identity with values

in a o-algebra determines a spectral measure on the Borel o-algebra of the real
axis. This fact was indicated for the first time by V. I. Sobolev in [57]. However,
he assumed that such a measure can be obtained by means of the Carathéodory
extension method. D. A. Vladimirov showed that the Carathéodory extension of
a complete Boolean algebra of countable type is possible if and only if the algebra is
regular. Thus, the extension method of 1.4.13 grounded on the Loomis-Sikorski rep-
resentations 1.4.12 for Boolean o-algebras essentially differs from the Carathéodory
extension. In [71], M. Wright obtained Assertion 1.4.13 (for n = 1) as a consequence

of a version of the Riesz theorem for operators with values in a K-space.

(4) V. L. Sobolev was apparently the first who considered Borel func-
tions defined on an arbitrary K,-space with unity (see [57, 69]). Theorems 1.4.15
and 1.4.17 presented here were obtained in [38, 39]. In [38, 39], there was also
constructed the Borel functional calculus for (countable or uncountable) collections
of elements of an arbitrary K-space. A Boolean-valued proof of Theorem 1.4.16 is
given in [19].

(5) The method of Boolean-valued realization is also useful for studying
linear operators in vector lajtices. The comment on 1.1(4) reveals the simplest
example; more profound results of this sort are exposed for example in [14, 32,
33, 38]. Similar methods are involved in analysis of nonlinear operators (see [33, 36]).

1.5. (1) Exposing the material of this section, we follow the articles [30, 44].
The main idea proposed in [44] is as follows: the fragments of a positive opera-
tor U are the extreme points of the order interval [0,U]. The latter set coincides
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with the subdifferential at zero (the supporting set) 3P of the sublinear opera-
tor P(z) := Uzt. Thereby study of the fragments of a positive operator reduces
to description for the extremal structure of subdifferentials. Such a description
for general sublinear operators was obtained for the first time in the article [41] by
S. S. Kutateladze (for a detailed exposition see [36]). Observe that the approach de-
veloped in [41] solves, in particular, the problem on extremal extension of a positive

operator (for the corresponding bibliography see (8, 36]).
(2) A formula like 1.5.1(1) was established for the first time by de Pagter

(see [5]); however, it involved two essential constraints: F should have a total set
of o-continuous functional, and E must be order complete. The first constraint was
eliminated in [40] and the second, in [1, 30]. All these cases correspond to different

generating sets of projections. The concept of generating set was introduced in [44].

(3) The projection formulas like 1.5.1(2, 3) appeared gradually. A piece
of this history can be learned from [5, 72]. The general approach proposed in [44]
allows one to obtain various projection formulas by taking concrete generating sets
of band projections. For instance, if F is a K-space then the set {7 : 7 € P(E)} of
band projections, where # : U +— U o 7, is generating in L~(E, F).

(4) Making use of the remarks of the preceding subsection, we can derive
from 1.5.1(1-3) the following assertions:

(a) Let E and F be K-spaces, let U be a positive operator from E to
F, let W be the principal band projection of a positive operator V : E — F onto
the band {U}*+, z € E4, and let & be the filter of weak order units in F. Then
the following formulas hold (Kusraev and Strizhevskii [40]):

€(U) = {nUp | p € B(E), 7 € P(F)} 1D,
(V-W)z= 31€1£,sup{7erw | 7Upz <€, p € P(F), = € P(F)}

= inf sup{nVpz |7Upz <eUz, p € P(E), = € P(F)}.
0<e€R

(b) Let 0 < ¢ € E~, f € Fy, z € E4, w5 be the projection onto the
band {f}*, and let Wy, and W be the principal band projections of a positive
operator V : E — F onto the bands {¢ ® f}*1 and (E~ ® F)**. Then the
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following formulas hold (Aliprantis and Burkinshaw [5]):

Woz = sup inf{n;V,:p(z—€) <e, 0<e<z},
0<e€R

Wz= sup inf{Ve:p(z—e)<e 0<e<z}

0<p€EE™
0<ec€R

1.6. (1) The concept of lattice-normed space appeared for the first time in the
article [23] by L. V. Kantorovich. It is worth stressing that he introduced an unusual
axiom of decomposability for an abstract norm, axiom (4) (see 1.6.1(4)). It is
interesting to observe that axiom (4) was often omitted as inessential in the further
research by other authors. Its profound importance was discovered in connection
with Boolean-valued analysis (see [33]). In the same article, L. V. Kantorovich
considered for the first time the operators in abstract normed spaces dominated by
a positive linear or increasing sublinear operator. Later, such operators has been
called differently: regular, majorized, and, in some particular cases, dominated

operators or operators with abstract norm.

(2) Theorem 1.6.6 on Boolean-valued realization of lattice-normed spaces
was obtained by A. G. Kusraev. This result, certain assertions of 1.6.7 and 1.6.8,
and some other applications are presented in [33]. The assertion X = oX of 1.6.7(4)
was obtained by A. E. Gutman.

(3) The first applications of the concepts of lattice-normed space and
dominated operator related to solving operator equations by means of successive
approximation (see [27, 69]). Close ideas and methods were used by many math-
ematicians (A. V. Bukhvalov, V. L. Levin, N. Dinculeanu, et al.) while studying
spaces of vector-functions and operators therein. A. G. Kusraev and his students
constructed an advanced theory of dominated operators in lattice-normed spaces

and found a broad circle of various applications [35, 38—40].

(4) The spaces with mixed norm discussed in 1.6.9 were studied in [35].
The same article reveals various applications of the concept of mixed norm (in
particular, Theorem 1.6.1) to the geometry of Banach spaces and the theory of
linear operators. The restricted descent of 1.6.10 was earlier used by G. Takeuti in
his study of C'*-algebras by means of Boolean-valued models.

(5) 1t is desirable to obtain analogs of the projection rules of 1.5.1(2, 3)
and 1.5.2(1, 2) for general dominated operators (see Definition 1.6.4(6)). We have
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no such formulas available. However, the following formula is valid for the order

continuous component U, of a dominated operator U : X — Y:

Unpz =0li Urex (z € X),
z ‘(*{?én; ¢z (z€X)

where II is the set of all partitions of unity in the Boolean algebra §3(X) and all
the necessary limits exist. Moreover, |Up| =|U|, and |U — U,| =|U|-|U]|n.

10.

11.

As to the other problems of the theory of dominated operators, see [35].
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Operator theory is part and parcel of functional analysis whose own name is
not unlikely to be consonant with a simplest operator, a functional. The theory
of vector and Banach lattices began with distinguishing and studying the order
properties of functionals and operators.

At the International Mathematical Congress in Bologna in 1928, F. Riesz pro-
posed a calculus for continuous linear functionals over the space C[0, 1] of continuous
functions. His calculus made it possible to find the modulus and the positive and
negative components of a functional which are in many respects similar to those
of the usual modulus and the positive and negative parts of a real-valued function.
F. Riesz’s constructions relied upon considering the natural pointwise order relation
between the functions of C[0,1]. In the 1930s, while propounding a general theory
of vector lattices, L. V. Kantorovich developed a calculus for order bounded linear
operators in vector lattices which covered F. Riesz’s construction as a particular
case. Also, L. V. Kantorovich applied the calculus to solving abstract functional
equations.

Among the pathfinders of the theory of vector lattices, it is compulsory to name
a Holland mathematician H. Freudenthal who obtained the fundamental (Freuden-
thal!) theorem on “integral representation” of an element of a vector lattice already
in his first article of 1936 and a British mathematician S. Steen who defined the
modulus of an operator in the same way as L. V. Kantorovich and indicated one
of the most unexpected applications of the theory of vector lattices, the spectral
theory of selfadjoint operators in Hilbert space. The corresponding references and
historical information may be found in 3, 16, 18, 19, 28, 29, 40, 42, 46, 48].

The class of linear operators in vector lattices which is simplest in definition
(but not in the depth of its properties) is the class of positive operators; i.e., the
operators U acting from a vector lattice E into a vector lattice F' and such that
0 <z € E implies 0 < Uz € F. The deep study of specific spectral properties
of these operators stems from the Perron-Frobenius theory of positive matrices. In
the infinite-dimensional case, this theory found its generalization within the theory
of positive operators in a space with a cone which originated from M. G. Krein’s
works written in the 1940s and which was later developed by M. A. Krasnosel'skii
in the USSR and by a number of research groups abroad (see, for instance, [31, 32]).
However, here we do not intend to expose results of the spectral theory and theory

of operator semigroups with positive generators which gained a new strong impetus
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to further development in the last decade (see [3, 16, 18, 39, 48] and also the
bibliography in [18]).

The set of positive operators is not a linear space, as opposed to the set of
differences of positive operators called the space of regular operators. In 1.1.10,
we have already stated the fundamental Riesz-Kantorovich theorem claiming that,
under natural conditions, the space of regular operators is an order complete vector
lattice and that a regular operator can be described as an order bounded operator,
i.e., an operator carrying order bounded sets into order bounded sets. Henceforth,
we will, as a rule, use a shorter term “regular operators,” constantly presuming
that these classes of operators are identified.

In function spaces, the most important class of operators closely connected
with the class of regular operators is the class of integral operators. Speaking of
integral operators, we mean the operators that are defined with the help of the
usual Lebesgue integral, excluding singular integral operators defined by means of
various summation methods for divergent integrals and the operators whose kernels
represent distributions as is accepted in quantum mechanics. Integral operators
constantly attract the attention of researchers (see [26, 30, 32]). In Chapter 4, this
class of operators will be studied in more detail.

Also, there are many classes of operators defined in mixed terms of boundedness
and various forms of convergence, norm, and order. The reader may find a survey
and the corresponding bibliography in [18, 43]. Historically, the first class of such
operators was apparently the class of operators with abstract norm introduced by
L. V. Kantorovich in the late 1930s.

An operator U acting from a Banach space X into a K-space F is called
an operator with abstract norm if the image U(Bx ) of the unit ball is order bounded
in E. Having introduced such operators U, we may define the element |U] € E

[Ul = sup{[Uz| | z € X, ||| <1}

that is called the “abstract norm” of U. We call such operators dominated. It is
clear that the class of dominated operators is closely connected with the class of
bounded operators with values in the Banach space L. The specifics of this class
are mainly determined by the properties of L*™°. In the case of operators in the
Hilbert space L? a dominated operator is merely a Hilbert-Schmidt operator.
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Chapters 2-4 are united by the idea of versatile study of the above-indicated
important classes of operators. First, we solve the problem of finding the charac-
teristic properties of such operators. In Chapter 2 which is mainly preliminary by
nature, we consider the above problem for regular and dominated operators and
in Chapter 4, for integral operators. Second, we study stability of the indicated
classes of operators under the taking of composition with an arbitrary continuous
operator. As a rule, it is sufficiently easy to show that such compositions do not
always belong to the initial class of operators. Thereby it is worth posing the prob-
lem of describing the subclass of operators stable under the indicated operation. In
Chapter 3, we consider various modifications of the problem for regular and dom-
inated operators. As regards the technique of solution this topic turned out to be
closely connected with the theory of p-absolutely summing operators.

The results of the theory of vector lattices can be divided into two parts, in
particular, according to the following feature. Certain results are new only in the
abstract situation of an arbitrary vector lattice of a particular class or in the case
of specially constructed examples; whereas they have essential meaning for the
concrete spaces, say, the LP-spaces or turn into simple well-known assertions (such
is, for example, the theory of regular K-spaces). The other results involve new
ideas and are nontrivial just in the LP-spaces; however, they admit extension to
more general classes of Banach lattices, although such extensions often turn out to
be rather involved. The main results of Chapters 2—4 belong to the latter category.
In this connection, to avoid obscuring the exposition by technical details, in many
cases we confine ourselves within LP-generality, indicating possible generalizations
in the Comments.

As a rule, we omit the proofs that are given in the second and third editions
of the monograph [28] by L. V. Kantorovich and G. P. Akilov.

2.1. Ideal Spaces

We begin the chapter on regular operators with exposing the simplest facts of
the theory of a wide class of the spaces generalizing the Lebesgue LP-spaces, the so-
called 1deal spaces. The ideal spaces constitute the most important class of vector
lattices comprising almost all (but C|[0,1]) of their important particular instances:
L?, Orlicz spaces, Marcinkiewicz spaces, and Lorentz spaces. It is in terms of

ideal spaces that the material on integral operators is further stated. Opening our
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exposition of operator theory with the theory of ideal spaces, we intend to emphasize
an analogy of many properties of operator spaces with more elementary properties

of the spaces of measurable functions.

2.1.1. We start with conventions on the type of a measure space. We denote
by (T, %, 1) (sometimes, (S, A, v)) a set T with a o-algebra % of measurable subsets
and a o-finite measure g on L. The reader disinclined to so great degree of generality
may assume, without making what follows trivial, that (T, X, u) is the interval [0, 1]
with the Lebesgue measure or a domain in the space R" with the Lebesgue measure.

We denote by L%(T, %, u) or simply by L® the set of all measurable almost
everywhere finite functions on (T, X, 1) taking real or complex values, where equiv-
alent functions are identified as usual. Moreover, in proofs we assume the spaces
real by default; however, it is important for applications to operator theory that
similar results with obvious modifications remain true for complex spaces. Later
we provide relevant specification.

The convergence in measure for a sequence of functions in L° is meant to be
the convergence in measure on every set of finite measure; the following notation is

used: z, — z(p).

2.1.2. We are interested in the following order relation between functions in
L°. Given functions z,y € L?, we set z < y if 2(t) < y(t) almost everywhere. It
is clear that L® becomes an ordered set in which two arbitrary functions =,y € L°

have a supremum z Vy € L® and an infimum z Ay € L° defined by the formulas
(z Vy)(t) = max(x(t),y(2)), (1
(z Ay)(t) = min(z(t), y(t)). (2)

Moreover, for every function z € L?, we can define its positive part =, negative

part _ and modulus |z|:
ry=2zV0, z_=(—2)V0, |z|=z4+4+2-; T=24—-2_; (3)

we certainly have
|z|(t) = l=(t)]- (4)

With a given set A € & we associate the projection P4 in L? on letting

(Paz)(t) = xa(t)=(?)- (8)
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We have written down the trivial formulas (1)-(5) for they are basic although
not always acknowledged for almost all calculations in the theory of measurable
functions. However, it becomes nontrivial to derive analogs of formulas (1)—(5)
in the exposition of the calculus of order bounded operators in Section 2.2 with
operators standing in place of £ and y. Indeed, in this case we have to take troubles

of insuring linearity for the results.

2.1.3. Observe the following two simple properties of the order in L° which

demonstrate that the order and linear structure are properly compatible:
for every z € L, the relation z < y implies z + z < y + z; (6)

if £ > 0and A > 0 then Az > 0. (7

2.1.4. Now we turn to some less trivial facts. A set M C L° is called bounded
above if there exists y € LY such that z < y for all £ € M. Boundedness below is
defined analogously. A set M C L° is called order bounded (o-bounded, in short) if
it is bounded above and below. This is equivalent to existence of y € L° such that
|z] < y for all z € M. What happens if we try to find a supremum of an infinite
set M C L° which is bounded above? If M is countable then there obviously exists
y = sup M; moreover, the function y may be calculated by the formula

y(t) = sup {a(t) | = € M}. (8)

However we often wish to work with the exact bounds of the sets of arbitrary
cardinality. Observe that formula (8) is of little avail here. First, formula (8) may
give a nonmeasurable function in the case. Second, while calculating by formula (8)
we may obtain two measurable but nonequivalent functions by taking different
representatives z(t) in the class z € M of equivalent functions. To show that the
difficulties are real and unremovable, consider the interval [0, 1] with the Lebesgue
measure. In the first case, it suffices to take a Lebesgue nonmeasurable set A C [0, 1]
and to consider as M so many copies of the zero element in L? as is the cardinality
of A. It is clear that sup M = 0. Enumerate the elements of M with the points of A.
To the copy of zero with number ¢ € A assign the characteristic function of the set
{t} which is obviously measurable and equivalent to zero. Then the function y(t)

in (8) equals x 4(t), thus being nonmeasurable. In a similar way one can provide
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an example for the second case; moreover, it is clear that the same construction
“spoils” the calculation of any uncountable supremum by (8). Nevertheless the
following theorem is valid whose proof can be found in [28] (see Theorem 1.6.17):

2.1.5. Theorem. If a set M C L° is bounded above then there exists y =
supM € L°. Moreover, there is a countable set {z,} C M such that supM =
sup{z,} (the last supremum can be calculated pointwise by formula (8)) A similar
assertion is valid for the infimum of a set bounded below.

REMARK. A similar assertion is valid not only in the space L® but also in the
ordered set of all measurable functions possibly assuming infinite values on sets of

positive measure.

2.1.6. We exhibit a nontrivial application of the theorem immediately. Given
an arbitrary function z € L%, we as usual define its support

suppz = {t € T | z(t) # 0} € X.

It is clear that suppz for an element z € L° is defined to within a negligible set
(i.e., a set of measure zero). The support of an arbitrary set M C L° cannot be
defined as the union of supports of all functions in M for the same reasons that
make formula (8) incorrect. However, we proceed differently. Consider the set
M, = {xa | A = suppz, ¢ € M} which is obviously bounded above in L° (for
instance, by the function 1). Therefore, there exists y = sup M; by Theorem 2.1.5.
By definition, we assign
supp M = suppy.

It is easy to show that the set supp M possesses the natural properties of the support
of M: (1)suppz C supp M for all z € M; (2)supp M is the least set to within a set

of measure zero which possesses property (1).

2.1.7. We proceed with introducing notations. The notation z,, T means that
Tp > Tm for n > m; ¢, T z means that z, T and supz, = z (or that z, — z

almost everywhere). The notations z, | and z, | = are defined analogously.

2.1.8. Now we turn to studying subspaces of L°. An ideal space on (T, %, u)

is a linear subset E in L% such that

(z €L’ y€E; |zl <ly) = (z € E); (9)
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i.e., with every function the set E contains its modulus and each function with
smaller modulus.
Denote by E; the cone of positive elements or the positive cone of an ideal
space E:
Ey={z€E|z>0}.

A norm on an ideal space E is said to be monotone if
(z,y € E; [z < ly) = (l=I| < iyl (10)

A Banach ideal space on (T, Z, ) is defined as an ideal space E endowed with
a monotone norm making E into a Banach space.

Observe that the notions are natural and simple in formulation: practically all
spaces whose definitions do not involve smoothness or analyticity are Banach ideal

spaces. The basic example is L.

2.1.9. We use the notion of the support of a set of functions to define an
important notion of an order-dense ideal (a foundation in the Russian literature).
An ideal space F is said to be order-dense in an ideal space E if F C E and
suppF = suppE. In what follows we always suppose that an ideal space E is
an order-dense ideal in L%; i.e., supp E = T. Observe that if F is an order-dense
ideal in E then, for every z € E., there exists a sequence {z,} in F such that
tn T 2. Moreover, there exists an increasing sequence of sets {4,} such that
zxa, € Fand zx4, T z.

A band in an ideal space E is an ideal space F included in E and such that,
for every set M C F possessing the supremum y = supM in E, we have y € F. Tt
is clear that for every fixed set A € T the set

PyE = {z € E|suppz C A} (11)

is a band in F (this fact accounts for the use of the word “band”: P4 bands over
the set A). Moreover, the operator P4 defined by formula (5) is the band projection
from E onto P4E (which is incorporated in the notation). It turns out that the
converse holds and every band F has the form (11) with some A. Indeed, it suffices
to set A = supp F'. The generalization of the notions of band and band projection
are very essential for studying operator spaces.

Now we list the simplest properties of Banach ideal spaces which are important
for the sequel.
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2.1.10. Proposition [28, Lemma IV.3.2]. If a sequence z, converges to z
in the norm of a Banach ideal space E then z, — z(u); moreover, there exist
a subsequence {zn, }, a function r € E., and a numeric sequence ¢ | 0 such that

|Tn, — x| < err.

2.1.11. We do not intend here to expatiate upon general properties of Banach
ideal spaces. However, we observe that surprisingly many facts depend only on
some rather simply formulated conditions; although these facts often have highly
nontrivial proofs (see [3, 28, 47, 48]). We mean conditions (A4) and (B) to be
introduced below. The first is an abstract analog of the Lebesgue dominated con-
vergence theorem and the second, known as the “Fatou property,” of the Beppo
Levy theorem or the Fatou lemma.

We say that a norm on a Banach ideal space E is o-continuous or that cond:-

tion (A) holds in E (E € (A)) provided that
(zn 1 0) = (llzall — 0).

Let us introduce some convenient notation for dominated convergence almost ev-
erywhere in E. We say that a sequence {z,} C E o-converges in E to an z if
tn, — z almost everywhere and there is a y € E such that |z,| < y for all n (in
writing &, — z). It is easy to see that if E € (4) then z, > z implies z, — =
in norm. It is clear that L? € (A) for p € [1,00) and L*> ¢ (A). Condition (A)

distinguishes “nice” spaces:

2.1.12. Proposition [28, Theorem IV.3.3]. Suppose that a measure p is
separable (for instance, that u is the Lebesgue measure on a measurable subset of
the real axis or in R™ or pu reduces to countably many point masses; in the last
case all ideal spaces are sequence spaces). A Banach ideal space E is separable if
and only if E satisfies condition (A).

It is clear that condition (A) can be easily verified in specific situations. This

explains why the facts like Proposition 2.1.12 are useful.

2.1.13. We say that a norm on F is o-semicontinuous or that condition (C)

holds in E (E € (C)) provided that

(0< 2, T2 € E) = (sup|lza] = ||z]])-
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We say that a norm on a Banach ideal space E is monotonically complete or

that condition (B) holdsin E (E € (B)) if
(0 < z,1, sup|jzn]| < 0)=> (3z € E |z, T 2).

A Banach ideal space in which conditions (B) and (C) hold simultaneously
is called perfect. A Banach ideal space in which conditions (A) and (B) hold
simultaneously is a Kentorovich-Banach space or a K B-space for short.

All L? spaces, 1 < p < oo, are perfect and present K B-spaces for 1 < p < oo.
The space cg of all vanishing sequences presents a Banach ideal space with condition
(A) (and consequently (C)) and without (B). Condition (C) is satisfied in all

examples of concrete spaces mentioned in the beginning of the chapter.

2.1.14. Proposition [28, Lemma IV.3.5]. A Banach ideal space E is perfect
if and only if the unit ball Bg is closed with respect to convergence in measure in
L% ie,ifz, € E,z € L% ||z4]| <1Vn, 2, — () then € E and |jz|| < 1.

2.1.15. The time has come to equip the theory of ideal spaces with the termi-
nology of the general theory of vector lattices which was considered in Chapter 1.
Recall that a real vector space E is a vector lattice if E is a (partially) ordered set
in which, for every two elements z,y € E, there exist their supremum z V y and
infimum z Ay and the order and linear operations are related by axioms (6) and (7).
A vector lattice is a Kantorovich space or a K-space if it is order complete; i.e., its
every bounded above subset has a supremum. Formulas (1)-(4) show that L° is
a vector lattice and Theorem 2.1.5 states that L° is a K-space.

We make a relevant observation simplifying the verification of the fact that
a vector lattice E is a K-space. A set M C E is called directed in increasing order
or upward-directed if, for arbitrary z,y € M, there is z € M such that z > z,y.

Proposition. If, in a vector lattice E, every set which is bounded above and

directed upward has a supremum then E is a K-space.

<1 Let M be an arbitrary set bounded above. Denote by M; the set composed
of suprema of all finite collections of elements in M. Obviously, sup M and sup M;
do exist or do not exist simultaneously and sup M = sup M in the case of existence.
By construction, the set M; is upward-directed. >

The theory of vector lattices and K-spaces historically arose before the the-

ory of general ideal spaces which began developing in the 1950s with research by
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J. Diedonne, G. G. Lorentz, I. Galperin, H. W. Ellis, A. C. Zaanen, W. A. J. Lux-
emburg et al. After the papers of Diedonne, one of the most common terms for
an ideal space is a Kothe space. The term “ideal space” was coined within the
school of M. A. Krasnosel'skiil on integral operators and equations (P. P. Zabreiko,
P. E. Sobolevskii, Ya. B. Rutitskii et al.) due to the fact that an ideal space is ac-
tually an o-ideal in L°. The most important subclass of Banach ideal spaces is the
class of so-called symmetric or rearrangement invariant spaces which includes most
of the concrete Banach ideal spaces and is important for interpolation theory. This
class was studied by G. G. Lorentz, S. Shimagaki, D. Boyd, W. A. J. Luxemburg,
E. M. Seménov et al. (see [32, 33, 47]).

2.1.16. Recall some definitions of 1.1.2 and 1.1.3. An ideal in a vector lattice
E is a linear subset F' in E such that (z € E,y € F;|z| < |y|) = (z € F). It is
clear that every ideal itself is a vector lattice. Further we also consider operator
ideals where the term “ideal” is understood in a completely different sense. For that
reason an ideal in the context of the above-presented definition is often referred to
as an order ideal or briefly o-ideal.

Let E be a vector lattice. Elements z,y € E are called disjoint (z L y) if
lz] A lyl = 0. An element = € E is called disjoint from a set M C E (z L M)
ifx L yforally € M. Disjoint subsets in E are defined in an obvious manner.

Now we introduce the taking of the disjoint complement which associates with a set
M C E the set
Mt =Mi={zcE|z L M} (12)

Assign M4 = (M?)%. Observe that if M is a subset in an ideal space then M¢ is
the band over the set T \ supp M and M% is the band over supp M.

An ideal F in a K-space E is called a band if, for every set M in F possessing
the supremum y = sup M in E, we have y € F. It is not difficult to show that, for
every set M, the disjoint complement M¢ is a band and so M?¢ is a band too. The
band M4¢ is called the band generated by M. This operation has no constructive
description which is no way deprives it of important applications (see, for instance,
the proof of a criterion for integral representability in Chapter 4).

We associate canonically with every band F in a K-space E the band projec-
tion [F] from F onto F. Given z € E, we let

[F)(z) = sup{y € F} | y < z}. (13)
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By the definition of K-space, the supremum exists in E and by the definition of
band we have [F](z) € F. Given an arbitrary « € E, we assign

[Fl(z) = [Fl(z4) - [F](z-).
It is obvious that [F] is a linear operator that maps E onto F and acts identically

on F. Every element ¢ € E is uniquely representable as z = y + 2z, where y € F
and z € F¢; moreover, y = [F|(z) and z = [F¢|(z).

2.1.17. A vector lattice equipped with a monotone norm (see (10)) is called
a normed lattice. A normed lattice which is a Banach space is said to be a Banach
lattice. In a Banach lattice, it is useful to consider analogs of conditions (4), (B),
and (C) for arbitrary nets rather than for sequences. In this event the properties
holding for sequences are called sequential and the analogs are denoted by (4,),
(Bs), and (C,). In Banach ideal spaces over spaces with o-finite measure, the
corresponding properties for sequences and nets are equivalent as follows from The-
orem 2.1.5 (the remark on the theorem should be used too in the case of condition

(B)). As for the general case, see [28, 42, 46, 48].

2.1.18. Finally we explain, as was promised at the beginning of the section,
what to do in the case of spaces over the field of complex numbers. Let L° be the
space of measurable functions with complex values. For a (complex) subspace E
in L% the notion of ideal space can be introduced as above by means of (9) and
the notion of Banach ideal space, by means of (10) provided that the modulus in
the formulas is defined by the usual formula (4) (formulas (3) make no sense in the
case of complex values). The collection of all real-valued functions in a complex
ideal space E constitutes some ideal real space Re(E) (which is a Banach ideal
space if so is E). Further, we attribute some properties and notions to £ whenever
they are pertinent to Re(E). Thus, one can define bands and band projections,
condition (A), etc. In the next section, dealing with operators between ideal spaces
we have to use the decomposition E = Re(E) @i Re(E) and decompose an operator
on Re(E) into its real and imaginary components (for more details, see [42, §I1.11,

IV.1]). We will pay no attention to these issues henceforth.

2.2. The Space of Regular Operators

In the present monograph, we as a rule are interested in some entire operator

spaces rather that in a sole operator. Even such a theorem as the criterion for
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integral representability is proved with the help of some construction over operator
spaces. Therefore, we begin with formulating the main facts on the space of reg-
ular operators in the form of a specific calculus for the class of operators which is
similar to the calculus of measurable functions in form but is considerably deeper
than that in content. The main ideas in studying regular operators were proposed
by L. V. Kantorovich and extended by his disciples B. Z. Vulikh and A. G. Pinsker.
At the late 1930s the ideas were taken up by the Japanese school of the theory
of vector lattices where the eminent role of H. Nakano should be distinguished.
During the last fifteen years, the theory is enjoying its Renaissance (see the mono-

graphs [3,42,48] and surveys [16, 18]).

2.2.1. As was already mentioned, we want to attach some meaning to the
formulas similar to (1)—(5) of Section 2.1 in the case of operators. First of all, we
specify an appropriate operator space in which this can be done. All the operators
and functionals to be considered are linear.

Let E and F be vector lattices. An operator U : E — F is called order bounded
(0-bounded) if it sends o-bounded sets in E into o-bounded sets in F. Denote by
L~(E, F) the set of all o-bounded operators.

An operator U : E — F is called positive if 0 < z € E implies Uz > 0. An
operator U : E — F is called regular if U = Uy — Us, with Uy, U, : E — F positive
operators. The set of all regular operators is denoted by L™(E, F).

2.2.2. Proposition. If E is a vector lattice and F is a K-space then an op-

erator is o-bounded if and only if it is regular; i.e.,
L~(E,F)=L"(E,F).

< Every positive operator is obviously o-bounded. Moreover, the difference
of o-bounded operators is o-bounded too, which proves the o-boundedness of every
regular operator. We postpone the proof of the converse until 2.2.9. >

The coincidence of the class of order bounded and the class of regular op-
erators plays a fundamental role in the theory under consideration. Therefore,
unless the contrary is specified, we henceforth assume that F is a K-space and thus
L~(E,F) = L"(E,F). Certainly, this covers the case in which E and F are ideal
spaces. In Chapter 3, we prefer the shorter term “regular operator” to the term

“order bounded operator.”
Thus, let F be a K-space.
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2.2.3. In virtue of Proposition 2.2.2, it is obvious that the set L™(E, F) is
linear (however, we make no use of this fact for the time being). Introduce some
order into the set. Write U > 0 if U is a positive operator. Write U > V if
U —V 2 0 (in other words, if Uz > Vz Vz € E4). It is easily seen that the order
in L~(E, F) satisfies conditions (6) and (7) of 2.1.

The following theorem, obtained in full generality by L. V. Kantorovich, plays
a fundamental role (in the case of functionals on C[0,1] it had been earlier estab-
lished by F. Riesz).

2.2.4. The Riesz-Kantorovich theorem. The set L~(E, F) is a K-space.
Moreover, for all U,V € L~(E, F) and every z € E., the following formulas hold:

(UVvV)z =sup{Uzy + Vzz | 21,22 20, z = 21 + z2}; (1)

(U AV)z = inf{Uz; + Vs | e1,22 2 0, ¢ = 21 + 25}; (2)

Usz =sup{Uy |0 <y < z}; (3)

U_z=-inf{Uy|0<y <z} (4)

Uiz = sup{|Uy]| | ly| < z}; (5)

|U|m=sup{2n:|ng||x1,...,mn>0,m:iw.‘,neN}; (6)
i=1 f=1

[Uz| < |U|(lz]) Vz € E. (7)

We begin the proof of the Riesz-Kantorovich theorem with the following lemma.

2.2.5. Lemma. Let E be a vector lattice, let X be a vector space, and let

U be an operator on E; with values in X which satisfies the conditions:
U(z+y)=Uz+Uy Vz,y€ Ey; (8)

U(Az) =Uz; A>0,z € E;. (9)

Then U admits a unique linear extension to the whole vector lattice E.
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<1 The uniqueness of extension is obvious from the formula z = z4 — z_;

therefore, it remains to prove existence. For every z € E, we let
Wz =Uzy —Uz_.
Check that W is the sought extension. First of all, establish that
Wz=Wz-Wy (10)

for 2 =z —vy; z,y € Ey. From z; — z_ =z — y it follows that 24 + y = z + z_.
Then Uzy + Uy = Uz + Uz_ by (8), whence

We=Uz4p — Uz =Uz-Uy=Wz - Wy;

i.e., we have (10). By (10) and (8) it is obvious that the operator W is additive
on E. The additivity of W implies that W(—z) = —Wz for all z € E, which

guarantees the homogeneity of W in virtue of (9). >

2.2.6. We return to the proof of the Riesz-Kantorovich theorem.
<1 To establish that some ordered vector space X is a vector lattice, it suffices
to show that, for every z € X, there exists |z| = z V (—z). With this available, it

remains to use the formulas

v = 5+ fol), 22 = (el ~2)

sVy=z+(y—z), zAy=—|(-z)V (-y)|

which are straightforward from the definitions.

Verify that the operator |U| given by (5) is the modulus of U with respect
to the order in L™~(E,F). To this end, first prove that the operator |U| defined
by (5) only on E; satisfies the hypotheses of Lemma 2.2.5. First of all, observe
that formula (5) is correct in view of U € L~(E, F); i.e., the supremum in (5) exists
(for ¢ € E4 fixed, the set {y € E | |y| < z} is bounded and thus {|Uy| | [y| < z}
is bounded in F’; it remains to use the fact that F is a K-space). Condition (9) is
satisfied for |U]| trivially. Verify that |U]| is additive on E+. Take z1,z2 € E+ and
prove that

[Ul(z1 + z2) = [Ulz1 + |Ulz2. (11)
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Simplify formula (5). In virtue of the associativity of bounds, we have

[Ulz =sup{|Uy| | ly| < =}

(12)
= sup{(Uy) V (U(-y)) | ly| < z} = sup{Uy | |y| < z}.

If y; and yo are such that |y;| < z; and |yz| < z2 then |y + y2| < 1 + 22 and

Uy + Uya = U(yr + y2) < |U(21 + z2),

whence

Show the reverse inequality. Let |y| < z1 4+ z2. Set

n=a1ANyy — 1 Ay-, y2=y-1y.

It is easy to check that |y;| < z1, |y2| < z2, whence
Uyl = U(y1 + y2)| <|Uyi| + |Uys| < |Ulz1 + [U]z2

which shows (11).

In view of 2.2.5, the operator |U| admits a unique linear extension onto E which
is denoted again by [U|. We have not proved yet that [U] is the modulus of U with
respect to the order in L~(E, F). Check that [U| = UV (-U). By formula (10),
it is obvious that |U| > U and that W > +U implies W > [U|, which yields the
sought relation.

Thus, we have established that L~(E, F) is a vector lattice and the modulus of
an operator in this vector lattice can be calculated by formula (5). Formulas (1)-(4)
and (7) follow easily from (5) provided that the relations in the beginning of the
subsection are used. Prove that the vector lattice L~(E, F') is order complete. To
this end, it suffices to prove the existence of a least upper bound of an arbitrary
set bounded above. Without loss of generality, we may assume that the set is
directed upward (see Proposition 2.1.15). Thus, let M be an upward-directed set of
operators and let W € L™~(E, F') be an operator such that W > U for all U € M.
Given z € E,, assign

Ve =sup{Uz | U € M}. (13)



122 Chapter 2

Since Uz < Wz for all U € M and all z € E, the supremum in (13) exists. It is
easy to verify the possibility of applying Lemma 2.2.5 to the operator V because M
is directed upward. It is clear that the extension of V' to E given by Lemma 2.2.5
belongs to L~(E,F); indeed, U < V < W € L~(E,F) for every U € M. 1t is
obvious that V' = sup M. Thus, we have verified that L~(E, F) is a K-space.

It remains to prove formula (6). By (7), the right-hand side of (6) is greater
than or equal to the left-hand side. To prove the reverse inequality, fix an = € E4
and take an y such that |y| < z. Then

Uy = Uys = Uy- < |Uys| +|Uy-| + [U(z — |y])]

and the claim follows from (12).

2.2.7. REMARK. All suprema and infima in formulas (1)~(6) must be under-
stood in the sense of the order of L rather than pointwise (see 2.1.4) since the
bounds of uncountable sets are calculated here. We return to this question in

Chapter 4 while studying integral operators.

2.2.8. REMARK. Formula (13) for calculating the supremum fails if the set M
is not upward-directed. An extension of formulas (1) and (2) to an arbitrary set of

operators is given for instance in [28, p. 360] and [46, pp. 228-230].

2.2.9. THE COMPLETION OF THE PROOF OF PROPOSITION 2.2.2.
< By the Riesz-Kantorovich theorem, every order bounded operator U €
L~(E, F) is representable as U = U — U_, where Uy, U_ > 0. >

2.2.10. We will touch the questions as to which classical operators are o-
bounded and which are not. Confine ourselves to the case E = L?, 1 < p < 0.
First of all, o-bounded operators must be defined on the whole space, thus excluding
densely defined partial differential operators. However, the resolvents often turn out
to be o-bounded. For instance, the resolvents of second order elliptic operators are
positive (integral) operators. Integral operators (with the integral understood to be
proper) are o-bounded in suitable pairs of spaces (anyway they are such if we take
L% as the whole space). We postpone a more detailed discussion of the question
until Chapter 4 devoted to integral operators.

The operators of conditional expectation are positive operators acting in each
of the L? spaces, 1 < p < oo. The operators of weighted substitution, having the
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form
(Uz)(t) = y(t)z(e(t))

where y € L® and ¢ is a measurable transformation of the interval [0, 1], are positive
provided that y > 0. If y € L*® and ¢ is an automorphism then these operators act
in every LP. The operators of weighted substitution appear in describing the set of
isometries in L? and in more general spaces, in spectral theory and ergodic theory
(see [18, 2.2]).

Below we prove that every continuous operator acting from L! into L9 or
from L? into L is o-bounded (1 < ¢ £ 00,1 < p < o).

Until recently there have appeared no proofs of the claim that some operator
fails to be o-bounded. This happens apparently since that no application is envis-
aged for such a fact. In a series of papers (see references in [18,19]), A. V. Bukhvalov
related the question of the absence of o-boundedness of an operator with the ques-
tion of the continuity of extension of the classical operators of analysis to the case
of vector-valued functions. In this connection, a sufficiently general theorem on
the absence of o-boundedness for singular integral operators was stated in {12] and
proved in {16]. In [4], an exceptionally simple approach was developed for the proof
of some stronger fact for operators of the above-mentioned class: namely, they fail

to belong to the closure in the uniform norm of the set of regular operators.

2.2.11. We now return to the operator calculus constructed in Theorem 2.2.4.
It is possible to achieve a useful refinement by observing that the bounds in cer-
tain formulas can be calculated over disjoint elements. This fact was proved by
Yu. A. Abramovich for the analogs of formulas (1)~(5) in [1] and for the case of
formula (6) (which result is slightly weaker) in [37].

Proposition. If E is a K-space then the bounds in formulas (1), (2), and (6)
can be calculated over all disjoint sum partitions of ¢ € Ey (that is, ;3 L

in (1), (2); 2 L z; (¢ #J) in (6)):
(U \% V):l' = sup{Uzl + V.’IIg [:l' =11+ 22; 1,22 € E+, ry 1L .’122}; (14)

(UAV)z =inf{Uz1 + Vas |2 =21 — 225 21,20 € B4, 1 L 22}; (15)

1=1 =1

[U|x=sup{Z|Uxi|]x=Zzi; r; >0z, Lzj(t#£j);n€ N)} (16)
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< For simplicity, confine ourselves to the case in which E is an ideal space.
A proof in the general case differs only in some technical details connected with
applying principal band projections.

Verify formula (15). First let U AV = 0. We need to check that the infimum
on the right-hand side of (15) equals zero. By hypothesis, we have (UAV)(2z) = 0.
Consider an arbitrary representation 2z = 1 + 3; #1,22 > 0. Set

A={t]z:(t) 222(t)}, B={t]z2(t)>zi(t)}.
Then T = AU B and AN B = . Since U,V > 0, we have
Uzy +Vzy 2 U(zi1xa) + V(z2xs) > U(zxa) + V(zxs)

Taking the infimum in the last inequality over all representations 2¢ = z; + 2,
infer that the infimum on the right-hand side in (15) equals zero.
Now let operators U and V be arbitrary. The identity
(U-UAVIAN(V-UAV)=0

holds in every vector lattice. From the already-proved particular case of for-
mula (15) we infer
0=((U—-UAVIA(V =UAV))z)
=inf{U(z1) = (UAV)(z1)+ V(22) = (U AV)(z2) |
T =21 + 225 21,22 2 0; 71 L 25}
=inf{U(z1) + V(z2) —(UAV)(z) |z = 21 + z2; 21,22 >0, 21 L 22}
=inf{U(z1) + V(z2) |z = 21 + z2; 71,22 2 0, 21 L 22} — (U A V)(z)
whence (15) follows in the general case. Formula (14) is ensured by (15) in view
of the relations indicated at the beginning of 2.2.6. Finally, it is obvious that in
formula (16) the left-hand side is greater or equal to the right-hand side. The
reverse inequality can be obtained by the following calculation based on (15):
[Ulz = (UV (-U))z) =sup{Uzy —Uzy | 2 = 21 + 22, T1,22 2 0, 21 L 22}
S sup{|U:c1| + lU(I:gI | T =21+ ZT2; T1,T2 Z 0, I 1 l'g}. >
REMARK. Formulas (6) and (16) for [U| are useful in view of the fact that the
supremum in the formulas is taken over an upward-directed set. This allows one to

establish a connection between order operations and the norm in many cases. We

are going to use this observation in the near future while proving Theorem 2.2.16.
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2.2.12. The subspace of o-continuous operators plays an important role in the
K-space L~(E, F).

An operator U : E — F is called o-continuous if z, 50inE implies Uz, 20
in F (recall that the o-convergence of an ideal space is the dominated convergence
almost everywhere). The set of all o-continuous regular operators is denoted by
LY (E,F).

The following proposition can often simplify the verification of the fact that

a given operator belongs to the class L} (E, F):

Proposition. Let U € L~(E, F). The following assertions are equivalent:
(1) Ue Ly(E,F);
(2) if £, | 0 then Uz, >0 in F.

If E is an ideal space then assertions (1) and (2) are also equivalent to the following:
(3) ifz € Ey and A, | @ then U(zxa,) > 0.

< The proof can be found in [46] (Lemmas VIII.3.1 and VIIL.3.2). >

2.2.13. Proposition [46, Theorem VIL.3.3], The space L}/(E,F) is a band
in the K-space Ly(E,F).

2.2.14. It often happens that
L~(E,F)=L}(E,F). 17)

Proposition. If E is a Banach ideal space with condition (A) then equal-
ity (17) holds.

< Apply (2) of the proposition in 2.2.12. Let U € L~(E, F) and let z,, | 0. By
E € (A), we have ||z,|| — 0. Demonstrate that |U|z, | 0. Since |Uz,| < |Ulzy,,
this will yield Uz, = 0in F.

In virtue of the positivity of the operator |U|, we have 0 < |Ulz, |. Since
lzn]] — 0, in view of Proposition 2.1.10 we may assume that |z,| < e,r, where
r € E;, €, — 0, by passing to a subsequence (without losing generality in view of
the monotonicity of the sequence {|U|z,}). Then

|U|zn < enUr 50,

whence we conclude that |Ulz, | 0. >

The following statement can be proved by a similar technique:
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2.2.15. Proposition. If E and F' are Banach lattices then
L(E,F)C 4(E,F). (18)

< It suffices to observe that the second part of Proposition 2.1.10 holds in
an arbitrary Banach lattice [46, Lemma IV.3.2]. >
If we additionally suppose that F' is a K-space then (7) immediately implies

the following inequality for the norms:
10l < YT (19)

Generally speaking, inclusion (18) and inequality (19) are strict.

Henceforth the following theorem will be of use.

2.2.16. Theorem. Let one of the following conditions be valid:
(a) E = L! and F is a Banach lattice being a K-space with conditions (B)
and (C) (in terms of nets);
(b) E is an arbitrary Banach lattice and F' = L*.
Then
L~(E,F)=¥%(E,F), (20)

U1 = 11T (21)

REMARK. Conditions (B) and (C) for nets are satisfied in an arbitrary perfect
Banach ideal space (see 2.1.17).

< Case (a): Let U € £(L,F). Prove that U € L~(L!,F) and |||U]|| <
IlU]]. To this end, we use formula (6) for calculating the modulus of an operator.
Simultaneously we prove existence of the supremum on the right-hand side of the

formula and estimate the norm. Fix an z € L} with ||z < 1. Consider the set M

n
y= Z 'U‘Tilv
=1

of all finite sums of the form

where

n
w=2w,~, z; 20 (i=1,...,n).
i=1
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It is obvious that M is directed upward. Moreover, it is norm bounded in F:
lyll < Y0l < WU llaill = 1T el < U] (22)
=1 =1

Namely, in the last inequality we made use of the characteristic property of L!
expressed as the additivity of the norm for positive summands. In virtue of con-
dition (B) in F, we conclude that the set M has a supremum in F, which by (6)
means the existence of |U|z for an arbitrary z € L?; i.e., U € L™~(L!, F). Since
F € (C), inequality (22) also yields the estimate || [U|z|} < |U]| for the norm, which
implies (21).

Case (b): Let U € Z(E, L*). Make use of the fact that conditions (B) and (C)
hold in L* and the norm is an AM-norm:

eV yll = max(|iz], lyll); =y €LF-

If zq,...,z, are such that |z1],...,|z,| <z € E; then
Uz V-V |Uzn||[ 1 = max([|[Uzsl},..., [Uzal]) < U] ||z]]-

Hence by (5) there exists [U|z € L™ and || [Ulz|| < ||U|| |z||. >

If we require that equality (20) is valid together with equality (21) for the norms
then the validity of either of the conditions (a) or (b) is essentially necessary. From
this point of view, it is interesting that Yu. A. Abramovich succeeded in constructing
a pair of some Banach ideal spaces E and F, where E is not isomorphic to L! and
F is not isomorphic to a sublattice in L™, such that equality (20) holds together
with equivalence of the norms. This cannot happen in the scale of the L? spaces:
equality (20) (with equivalence of the norms) holds for E = L? and F = LY if and
only if either p = 1 or ¢ = 00. The reader may find the corresponding references

in [18,§2.6]).

2.2.17. Let E be a Banach lattice and let F' be a Banach lattice presenting

a K-space. Introduce the following norm on the operator space L~(E, F'):

“U”r = “ lUl ”-?(E,p)’

which is called the regular norm of U.
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Proposition. The space (L~(E,F),| - ||») is a Banach lattice.

< The validity of all properties of a norm, except completeness, is obvious.
In virtue of the completeness criterion for a normed lattice [28, Theorem X.3.2], it
suffices to prove that if 0 < U,T is a Cauchy sequence in L~(E, F') then there exists
U =supU, € L~(E, F). Since the regular norm is stronger than the conventional
operator norm, {U,} is a Cauchy sequence in Z(E, F) which converges to some
operator U € Z(E, F). Then, for every z € E;, we have U,z — Uz in norm and
U,z1, whence Uz = supUz, and thus U =supU,; U > 0. >

2.2.18. Substituting the scalar field for F in the definitions of the above classes
of operators, we arrive at the definitions of the K-space of regular functionals E~
and of the band F; of o-continuous functionals. In the case of an arbitrary vector
lattice E, we ought to define the spaces L (E, F') and E,’ by making use of arbitrary
nets instead of sequences [3,28,46,48]. For an ideal space on a space with o-finite
measure, Theorem 2.1.5 demonstrates that definitions with sequences and with nets

lead to the same result.

2.2.19. Let E be a Banach lattice. Then E* = E~ with the following equality
for the norms: ||f|| = || |f]|| Vf € E*; i.e., E* is a Banach lattice.

< It suffices to verify the equality for the norms, which easily follows from

formulas (5) and (7) and the monotonicity of the norm on E:

1£1(z) < 1fl(lzl) = sup{lf () | Iyl < |} < sup{l gl | vl < l=l} = I fll ll=l]. >

1t is well known [3, 28,46,48] that conditions (B) and (C) for nets are satisfied
in E*.
Consider the canonical embedding operator = : E — E**:
(z,y) =(y,mz); z€E,yeE"
As is well known (see [46, §IX.7; 3,48]), the operator is a lattice homomorphism;
i.e., it satisfies the following condition:

o] = n(lel), <€ E.

It is obvious that every lattice homomorphism also preserves suprema and infima
of finite collections of elements. Preserving infinite suprema and infima happens
only in the case E* = E; [46]. In this connection, of interest is the following
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Proposition. Let E be a Banach lattice, representing also a K -space with
conditions (B) and (C). Let M be a subset in E. If n(M) is o-bounded in E**
then M is o-bounded in E and

supg M| = [[suppe. 7(M)]| -, (23)

where the index of the supremum sign means that the operation is fulfilled in the
corresponding space.

< Without loss of generality, we may assume that M is directed upward.
Since 7(M) is o-bounded, M is norm bounded and, by condition (B), there exists
supgp M € E in E. Now we arrive at (23) since 7 preserves exact bounds of finite

sets and is an isometry while condition (C') holds both in the spaces E and E**. >

2.2.20. Now we consider o-continuous functionals. Let E be an ideal space on
(T, X, 1) which is also an order-dense ideal in L°. Define the dual space E' as

E'={y€L°[/|wy|du<oo\7’x€E}.

It is clear that the dual space is an ideal space. It may happen that E' = {0} (for
instance, if E = L°(0,1) or E = L?(0,1), 0 < p < 1). However, we shall soon
see that there are always many integral functionals in the case of a Banach ideal
space and in particular suppE’' = T. f E = L? (1 < p £ o0) then E' = L
(1p+1/p =1).

Given an y € E', we may construct some linear functional ¢, on E by the

formula
o) = [enlt)dut), o€ E. (24
By the Lebesgue dominated convergence theorem it is obvious that ¢, € E;;.

Proposition {28, Theorem VI1.1.1]. Formula (24) provides the general form
of an o-continuous functional on E. The mapping y € E' — ¢, € E; is an order
and linear isomorphism of K-spaces; i.e., y > 0 if and only if p, > 0.

Hence we may easily conclude that

foul®) = [ =Olu(Oldutt) = p(e), =€ E.

The proposition shows that E;’ is exactly the set of those functionals on F

which admit integral representation.
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2.2.21. Proposition [28, Theorem VI.1.5]. If E is a Banach ideal space then
supp E = supp E' and thus E} separates the points of E.

Identify E' with E; by Proposition 2.2.20 and extend the norm from E* to E’

as follows:
It = sup { | [ s

Now we formulate answers to some natural questions connected with the notion of

|||x|151}, yeE.

dual space.

2.2.22. Proposition [28, Theorem VI.1.2]. The dual space E' is a perfect
Banach ideal space.

Construct the second dual ideal space E" = (E')' over the ideal space E’. Then
the following inclusion and inequality for the norms hold: E C E"| ||z||g < ||z||£;
moreover, the inclusion and the inequality can both be strict. For instance, if
E = ¢y then E" = and E # E" (but the norms in the case are equal; in general,

the strict inequality for the norms is connected with an “exotic” situation, namely
with a Banach ideal space without condition (C) (see [28, Theorem VI.1.6]).

2.2.23. Proposition (28, Theorem VI1.1.7]. Banach ideal spaces E and E"
have the same elements and norms if and only if E is perfect.

The question whether all functionals on a Banach ideal space E possess integral

representation arouses a natural interest.

2.2.24. Proposition [28, Theorem V1.1.4]. If E is a Banach ideal space then
E* = Ey; if and only if E € (A) (which means separability in the case when the
measure p is separable).

< Sufficiency was already proved in Proposition 2.2.14 for the general case of
operators. >

The preceding proposition yields (L*°)* # (L*); in the case E = L*. The
so-called Banach limits on L*® provide examples of the functionals on L that are
not o-continuous (see, for instance, [28, 11.4.2]). The functionals on E* disjoint from
the functionals of E’ can be described by the generalized Yosida-Hewitt theorem

(28, Theorem XI.4.6]. We return to the question in the comments on the chapter.

2.2.25. In many constructions of functional analysis, the taking of the dual of
an operator is required. Here we address the question for regular operators.
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Let E and F be a Banach lattices; moreover, let F' be a K-space; let U €
L~(E,F). Then U € Z(E,F) and the dual operator U* € Z(F*, E*) is defined.
To begin with we consider its properties in the pair of the Banach lattices F*

and E*.

Proposition. The operator U* belongs to L™(F*,E*) and \U*| < |U[*.
QIf f' € F} and z € E4 then

(@,[U* ') = sup{(y, U f') | ly] < 2} = sup{{Uy, f') | ly] < =}
= sup{([U(ly]), ) | lyl < 2} = (Ule, ') = (e, [UI"f"). >

Example 5.9 in [3] demonstrates that the inequality of the moduli in the state-
ment of the proposition can be strict. It is important that the pathology disappears
in the case of order continuous operators.

Observe that U <V yields U* < V*, which is of use below in proving Propo-
sition 2.2.26. In the proof we also make use of the following agreement convenient
in what follows: if the operator U* acts from F}* into E’ then we identify F;”
with the ideal space F' and E;’ with the ideal space E' by Proposition 2.2.20 and
employ the same notation U* for the operator induced by U* and acting from F’
into E'.

2.2.26. Proposition. Let E and F be Banach ideal spaces. If U € L7(E, F)
then
UNFy) C Exs (25)

[U*|f' = UI"f' VS € Fy. (26)

< First we prove inclusion (25). Take an f' € F,’ and demonstrate that
U*f'€ Ey. Ifz, | 0in E then Uz, > 0 since U € LY(E, F). Then

(xn,U*f'> = (an’ f,> - 0’

which means that U* f' € EJ.
Henceforth, it is convenient to identify E; with E’ and F” with F' by making

use of Proposition 2.2.20. Then we can consider U* as a regular operator from F’

into E'; moreover, |U*| < [U}* by 2.2.25.
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To prove (26), we first check that U* € Ly(F',E'). If y, | 0 in F’ then, for

every z € E,, we have
(@, [U"yn) = ([Ulz,yn) — 0.

Since |U|*yn| by the positivity of |U|*; therefore, |U|*y, | 0. Hence,
Uyl < U™ yn < {U"yn L 0;

e, Uty, > 0in E".

Now we can apply the already-proved part of the proposition to the operator
U* and obtain the operator U** : E" — F"; moreover, it is clear that U**|g = U.
Since E is an order-dense ideal in E"| we have |Ulz = |U**|z for all z € E.
By 2.2.25, |[U**| < |U*|*. Thus, the inequality [U| = |[U**| < |U*|* implies that
[UI* < |U*]* = |U*|. Comparing the inequality with |U*| < |U]*, we arrive
at (26). >

2.2.27. Corollary. Let E and F are Banach ideal spaces with condition
(A) and let U € L~(E,F). Then U* € L~(E,F) and |U|* = |U*|.

< It is straightforward from Propositions 2.2.24 and 2.2.26. >

2.3. Spaces of Vector-Functions

Henceforth we need functions with values in a Banach space while representing
operators. We call such functions vector-functions or vector-valued functions, keep-
ing in mind that usually vectors in infinite-dimensional spaces are meant. In this
case, the various definitions of measurability appear. As a result, problems arise on
comparing different definitions of measurability of a vector-function to one another
and to the classical definition of measurability for a function of two variables. More-
over, operators of some classes are described as operators admitting representation
by means of vector-functions in the corresponding spaces of vector-functions whose
norms are calculated iteratively. Such spaces are said to be spaces with mixed norm.
In the present section, we briefly present necessary facts in this direction. We refer
the reader to [21-23] for a more detailed exposition of the material connected with

measurability.



Operator Classes Determined by Order Conditions 133

2.3.1. A function of the form

fO) =Y xa®)e (wi€X, A€, Aind;=0(i#))) (1)

=1

is called finite-valued. A function 7 : T — X is called measurable if there is
a sequence {f, } of measurable finite-valued functions such that || fn(t)— f()||x — 0

for almost all ¢t € T. Without loss of generality we may assume that

IFa®)llx < IF@IIx

almost everywhere (see [22, Theorem 6.2]).

Now let Y be a linear set of functionals in X* which is total over X. We say
that a function f : T — X is Y-scalarly measurable provided that the functions
t — (f(t),2') are measurable for every z' € Y. Two such functions f and § are
called Y-scalarly equivalent if (?(t),z’) = (g(t),z') almost everywhere for each
z' € Y (the negligible set depending generally on z'). The following theorem

describes a connection between measurability and scalar measurability:

Theorem. A function f : T — X is measurable if and only if the following
assertions are valid:

(a) f is Y-scalarly measurable for every (some) Y C X*;

(b) ? is almost separable-valued, i.e., the set f(T) is separable with respect

to the norm on X after deleting a negligible set in T.

Thus, measurability and scalar measurability coincide for functions with values
in a separable space, while failing to coincide in the general case. A discussion of
the interplay in general Banach spaces and Banach lattices can be found in [21].

Introduce two spaces of measurable vector-functions according to the defini-
tions given above (see 1.6.4(3,4)).

2.3.2. Let E be an ideal space and let X be a Banach space. We denote by
E(X) the space of all measurable functions F: T > X such that the numeric
function | f| = ||f()||« belongs to E. Equivalent functions in E(X) are identified.
If E is a Banach ideal space then the norm

171 = 171le
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makes E(X) into a Banach space. Observe that the function ||f(-)||x is automati-
cally measurable by Theorem 2.3.1.
A typical example of a space like E(X) is LP(X) with the norm

i7i=(/ n?(t)ns’{du(t))l/p.

The scope of the theory of E(X) spaces includes a wide range of problems:
questions of geometry of Banach spaces; boundedness of operators in the spaces;
applications to representation of operators; solution to various classes of equations
and so on.

Here we dwell upon only one structure question of the theory of the spaces,
namely, on the question whether the tensor product £ ® X is dense in E(X).

The algebraic tensor product E®@ X is identified with the set of vector-functions
of the form

n -

fit)= Z eit)z; (e; € E, z; € X).

=1
It is clear that E ® X is a linear subset in E(X) whose connection with the initial

spaces E and X is rather visual.

Theorem. Let E be a Banach ideal space and let X be an infinite-dimen-
sional Banach space. The following assertions are equivalent:

(1) EQ® X is dense in E(X) with respect to the norm;

(2) condition (A) is satisfied in E;

(3) the set of finite-valued functions (1) with x 4, € E is dense in E(X) with
respect to the norm.

< (2) = (3) by 2.3.1; (3) = (1) is obvious. It is these claims that we use in
applications. So here we confine ourselves only to what was said above although
the basic nontrivial implication is (1) = (2) [13]. The difficulty lies in the fact that
the validity of (1) is assumed only for a single fixed infinite-dimensional Banach
space X. >

2.3.3. Now we turn to defining some space of scalarly measurable vector-
functions which is similar to E(X). We suppose that Y is a norming subspace
(for X) in X*; i.e.,

lellx = sup{|(z,2)| |2’ € Y, ||| <1} Vze X.
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In the case under consideration, the matter is somewhat more complicated than
the definition of E(X). The reason is that the function IF(®)llx is not correctly
defined under identifying Y-scalarly equivalent functions in a way natural for such

spaces. Indeed, we have the pointwise supremum

17 @)llx = sup{I(F(£),a")| | ' € Y, Jl2'l} < 1}

of an uncountable of measurable functions for which it is easy to provide analogs

of the pathological constructions in Section 2.1. In this connection, we define

11 = sup{|(F(),a") |« € ¥, o}l <1}, (2)

where the supremum is understood with respect to the order of L°. The function |f|
is almost everywhere finite. Indeed, by the remark on Theorem 2.1.5, the supremum
in (2) is attained on some countable set {z}, } of functionals for which the estimate
|(f(t), < ||f(t)|| holds on a common set of full measure.

We denote by E,4(X,Y) the set of all Y-scalarly measurable functions F:T -
X such that | f | € E. We assume that Y-scalarly equivalent functions are identified.
If E is a Banach ideal space then the norm of E4(X,Y) is introduced as follows:

17l = 1171 1E-

Generally speaking, this normed space is not complete. However it follows from
Theorem 2.4.7 (see below) that the most important example Es(X*) = E,(X*, X )

gives a Banach space.

2.3.4. For a function f € L}(X,Y), the integral is defined in the weak sense
as some element of Y*:

([Fomes) = [Gomao, vex

In the case f € Ll(X*) we obviously have [ F(t)du(t) € X*.
For a function f € L'(X), the Bochner integral [21,23] ff(t) du(t) € X is
defined. Its definition agrees certainly with that of weak integral:

([H0ai0.) = [iioano. <ex
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2.3.5. In the present book, we are mainly interested in integral operators in the
classical sense; namely, in operators acting between spaces of measurable functions
and having measurable functions of two variables as kernels. However, we cannot
ignore the representation with the help of vector-functions since it is natural to
compare various approaches to proving integral representability. Indeed, if X = F
is a Banach ideal space of functions of a variable s then every vector-function

F:T>X=F generates a function of two variables by the formula

(s,1) = [F(D)](s). 3)

Here, the function ®(s,t) may fail to be measurable as a function of two vari-
ables even in the simplest cases (for instance, for the measure space [0,1] with
the Lebesgue measure and X = L?(0,1)). Indeed, W. Sierpinski constructed the
well-known example of a subset of a square which is Lebesgue nonmeasurable and
has at most two common points with every straight line. The characteristic func-
tion ®y(s,t) of the set is nonmeasurable as a function of two variables whereas
vector-function (3) is the zero function since V¢ ®y(s,t) = 0 almost everywhere.
By adding ®, to nonzero measurable vector-functions, we obtain similar examples
with nonzero vector-functions. However, there are no principally different exam-
ples: each function in (3) can be improved so as to become measurable provided

that f is a measurable vector-function.

2.3.6. Lemma. Let F' be a Banach ideal space on (S,A,v). For every mea-
surable function f : T — F, there is a measurable function K (s,t) on S x T
such that, for almost all t € T, the following equality holds for almost all s € S:
K(s,t) = [f()l(s)-

< Approximate f by a sequence {fn} of finite-valued functions in the sense of

norm convergence almost everywhere in F:

17a(t) = F(®)llF — 0 almost everywhere,
”f (] £ Hf(t)ll almost everywhere.

Every function f, generates a measurable function K,(s,t) by formula (3). Re-
stricting T and S, if necessary, we may assume that ||f(:)|r € L*(T,p) and
F C L'(S,v). Then ||K, — Kn| — 0 in the space L!(S x T) constructed for
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the product v ® u of measures. By the completeness of the space, there exists
a function K € L!(S x T) such that |K, — K|| — 0. By Fubini’s theorem, the
function K possesses the required property. >

The lemma shows that formula (3) determines an embedding of the space of
measurable vector-functions into the space of measurable functions on the prod-
uct assuming some reservation about improvement of a function of two variables.
Henceforth, we simply speak of the embedding defined by (3).

Studying questions about analytical representation of operators, we often need
to prove the coincidence of integrals of different types. As a rule it can be easily

established by passing to the weak integral.

2.3.7. Further, it will be convenient to compare properties of vector-functions
and functions of two variables related to one another by (3) within the framework
of the theory of spaces with mixed norm. It is all the more appropriate since the
spaces with mixed norm allow one to describe the containment of integral operators
in some important classes in terms of the properties of their kernels.

Let E be a Banach ideal space on (T, %, 1) and let F' be a Banach ideal space on
(S, A, v) with condition (C). Denote by E[F] the space of all measurable functions
K on S x T satisfying the following conditions:

(1) the function s — K(s,t) belongs to F for almost all ¢t € T}

(2) the function |K]|(t) = |K(-,t)||F belongs to E.

A nontrivial Theorem XI.1.2 in [28] stemming from the works of A. C. Zaanen,
W. A. J. Luxemburg, and Yu. I. Gribanov demonstrates that condition (C) in F
provides measurability for the function |K|. So, it is clear that E[F] is a linear
space and thus an ideal space on S x T. If E is a Banach ideal space then the
formula

1Kl ey = 1K |2

makes E[F] into a Banach space named a space with mized norm. Lemma 2.3.6
shows that formula (3) implements an isometric embedding of E(F) into E[F] as
a closed subspace and a Banach sublattice. The following statement answers the

question whether the spaces coincide.

Proposition. Let the measure y be not purely atomic. The following asser-

tions are equivalent:

(1) E(F) = E[F)] (under embedding (3));
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(2) F is a Banach ideal space with condition (A).

The case of an atomic measure is of no interest because then all functions are
measurable. The basic part of the proposition was proved by H. W. Ellis in [24]
(see also (8]).

Considerably greater difficulties appear in considering formula (3) for scalarly
measurable functions. We study this question in Chapter 4 and its solution will be

grounded on some criterion for integral representability of operators.

2.3.8. We complete the section with the statement of the generalized Kolmogo-
rov-Nagumo theorem disclosing essential difficulties that arise in study of the spaces
with mixed norm if we pass from the metric in L? to the norm of an arbitrary Banach
ideal space other than LP. These difficulties become apparent in a broad range of
questions from seeking into geometry of spaces with mixed norm to estimating
singular integrals and proving Sobolev’s embedding theorems.

By Fubini’s theorem, we have

(J meorasomin) = ([(fmenran)” v

SxT S T

(/ (/ K0 dv(s)) g du(t))%

This means that

& (s )lize,ellze,s = K (s, D)l ze sl 2o e (4)

The equality gives grounds for the methods of proof well known as “detaching
a variable.” It turns out that equality (4) is characteristic of the LP-norm.

Theorem (the generalized Kolmogorov-Nagumo theorem [15]). Let E and F
be Banach ideal spaces such that

K (s, ) zell 7 ~ WK (s, ) el e

on the set of functions
n

K(s,t)= E ex(t)fi(s),

k=1
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where {e} is an arbitrary collection of pairwise disjoint functions in E; and {fi}
is an arbitrary collection of pairwise disjoint functions in Fy. Then either there

exist p € [1,00) and weights w; (on T) and wy (on S) such that
E = LP(wydp), F = LP(wydv)

(the equality is set-theoretic with equivalence of the norms) or the norms in E
and F are equivalent to an AM-norm; i.e., there exists a C > 0 such that
| sup |zil}} < C max |z
i=1,...,n =1,..,n
for every finite collection of elements (the latter means that E and F are some

“almost” weighted L* spaces).

2.4. Dominated Operators

The material for the section was selected so as to achieve two goals. The first
is to expose the fundamentals of the theory of dominated operators to an extend
necessary for their use as the object and tools of research in Chapter 3. The second
is to present at least in surveying form the material on representation of dominated
operators by means of measurable vector-functions as an ideologically desirable line
of presentation which is parallel to the exposition of the theory of integral operators
in Chapter 4.

2.4.1. Let X be a Banach space and let E be an ideal space. An operator
U:X — F is called dominated if the image of the unit ball in X is order bounded
in E. Under the assumptions, there is some element |U| € E defined as

U] = sup{{Uz| | = € X, ||z|| < 1}.

The element |U] is called the abstract norm of an operator U. The linear
space of all dominated operators is denoted by M(X, E). It is clear that every
operator U € Z(X, L*) is dominated as an operator taking values in an arbitrary
ideal space including L*°. Moreover, the example is universal. More precisely, let
U € M(X,FE) and set ¢ = |U]. We assume that 1/0 = 0. Introduce the operator
V: X — L* by the formula

1
V= -Uzx. 1
; )
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It is clear that V € Z(X,L*) and many properties of U are determined by the
properties of V. Theorems on integral representation in various statements are
among such properties. On the other hand, the spectral properties of U, for in-
stance, have no simple expression in terms of the properties of V. Moreover, if we
consider the whole space M(X, E) and the properties of the latter as a whole rather
than an individual dominated operator then the matter certainly does not reduce
to the case L.

If E is a Banach ideal space then the norm on M (X, E) is introduced as follows:
10l = 1101 -

It is easy to demonstrate [9] that M (X, E) thus becomes a Banach space.

Consider one of the most important examples of the spaces of dominated op-
erators; namely, the space of Hilbert-Schmidt operators. Recall that an operator U
acting from one Hilbert space H; into another H is called a Hilbert-Schmidt oper-
ator ((U € 9(Hq, H;)) if the set of its s-numbers {),} is square summable and
the Hilbert-Schmidt norm is defined by the equality

o) = (Y )"

It is well known that if H; = L?(S,v) and H, = L*(T, ) then an operator U is
a Hilbert-Schmidt operator if and only if U is an integral operator

(Ua)(t) = / K(s,)a(s) dv(s)
with kernel K(s,t) satisfying the following condition:
1/2
aa(U) = (/ |K (s,t)]? dv(s) du(t)) < 00.
By Fubini’s theorem it is obvious that the preceding condition is equivalent to
1/2
o= ([ KGR a) e T

It is clear that |U] > g. If we take the set M = {|Uz| | z € L?,|z|| < 1} then
it becomes evident that |U| is the supremum of M in the K-space L? and g is
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the pointwise supremum of some function set in M. It is easy to verify that these
two suprema coincide in the separable case. The same is true in the general case
but we become able to prove this fact only at the end of the section. Anyway,
we have ¢ = |U| and thus an operator U belongs to &9(L* L?) if and only if
U € M(L?%, L?); moreover, o2(U) = ||U]| M-

We give one more example. An integral operator U € #(L?, L?) is a Carleman

operator if

1/2
g(t) = (/ |K(s,1)|2 du(s)) < oo almost everywhere,

As above, one can verify that ¢ = |U] and thus the fact that U is a Carleman
operator is equivalent to U € M(L?, L9).

2.4.2. One of the problems of the theory of dominated operators is as follows:
Given a dominated operator, exhibit a space which is as narrow as possible and
contains the abstract norm of the operator. In the theory of operators in Banach
spaces, an important role is played by the elementary coincidence of the classes of
continuous and bounded operators. A similar but less elementary theorem is true
for dominated operators.

We begin with a criterion for the o-boundedness of a set in L.

Lemma. A set M C L° is o-bounded in L°® if and only if the following
condition is satisfied:

(+) Anzn = 0 for every number sequence A, — 0 and every sequence {z,} C

M.
< If M is bounded then there is a function y € L° such that |z| < y for all

z € M whence |Apzy| < [An]y — 0 almost everywhere.

Conversely, let condition (+) be satisfied. Without loss of generality we may
assume that M consists of nonnegative functions and is directed upward. By the
remark on Theorem 2.1.5, there exists y = sup M; moreover, there is a sequence
{zn} C M such that z, 1 y in virtue of the conditions imposed on M. If y(t) < oo
almost everywhere then the set M is bounded. Suppose that y(t) = +00 on a set
A with p(A) > 0 and arrive at a contradiction. To this end, let z, T +00 on A. By
applying the Egorov theorem on uniform convergence to the sequence {1/(1+z,)},
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we conclude that there is a set B C A, p(B) > 0, satisfying
(VC > 0)(3n. € N)z,(t) > C Vt € BYn > n..

Set C = m (m € N) and construct a sequence ny < ng < --- < npy < ... such that
zp(t) > mfor all t € B for n > ny. Now we let Ay, = 1/m — 0 and obtain

AmZn,, () 2 Amm=1;t€ B, m€N,

which contradicts Az, — 0 almost everywhere in virtue of (+). >

REMARK. A similar criterion of o-boundedness is true in an arbitrary K B-
space.

< For simplicity, let E be a Banach ideal space presenting a K B-space. If
a set M satisfies condition (4) with respect to the o-convergence on E then there
is y = supM € L° by the preceding lemma. As above, we may assume that there
is {zn} C M : z, T y. Since E € (A), the set {z,} is bounded in the norm in view
of (+). Recalling that E € (B), we conclude that y € E. >

Now we present two corollaries to Lemma 2.4.2.

2.4.3. The first of the results is connected with the o-continuity of operators
and will be used in Chapter 4.

Proposition. Let E and F be ideal spaces and F = L° or F is a KB-
space. Then every o-continuous operator from E into F is o-bounded and thus is
contained in the class Ly (E, F).

2.4.4. Proposition. If E = L° or E is a KB-space then U € M(X,E) if
and only if ||z,| = 0 implies Uz, = 0 in the ideal space E.

2.4.5. To begin with we obtain some analytical representation of dominated
operators by means of scalarly measurable vector-functions. The result immediately
follows from a powerful theorem by von Neumann and Maharam on existence of
a lifting [22,27]. The lifting property is a specific feature of the space of bounded
measurable functions allowing one to choose a representative with special properties
in every equivalence class of functions, which makes it possible to define correctly
a value of a function at a point and thereby to define point functionals.

Denote by £ = £°°(T, 1) the space of bounded measurable functions in
which no identification of equivalent function was executed.
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The lifting theorem. There exists a mapping p: £ — £ called a lifting
of ¥°°, which possesses the following properties:

(a) p(f)(t) = f(t) almost everywhere;

(b) f(t) = g(t) almost everywhere yields p(f)(t) = p(g)(t) for every t;

(c) p is linear;

(d) p(1)(t) =1 for every t;

() 1(H(®)] = p(LFI)(E) for every t.

2.4.6. Lemma. Let {f,} C £ and let p(fs) = fo for every a. Then

(1) the pointwise supremum foo(t) = sup,{fa(t)} is measurable;

(2) the function fo is almost everywhere finite if and only if there exists f=
sup fo in the K-space L°(T, p); in the last case f(t) = foo(t) almost everywhere.

< First, suppose that sup fo = f € L. Then f(t) > fa(t) almost everywhere
for every a. Thus, p(f)(t) > foo(t) for every t. On the other hand, there exists
a sequence {fa,} such that f(t) = sup{fa,(t)} almost everywhere, whence f(t) <
foolt) almost everywhere and thereby foo(t) = f(t) almost everywhere and the
function fo, is measurable.

In the general case, consider

fo() = fal®) Anl (n € N).
By properties (d) and (e) of a lifting, we obtain p(f3)(t) = fa(t) for every t. As
was proved, the functions sup, {f2(t)} are measurable for every n. Since
foo(t) = sup sup{f5(t)},
assertion (1) is proved. From the above reasoning one can easily derive the validity
of (2). >
2.4.7. Theorem. An operator U : X — L°(T, y) is dominated if and only if
there exists a function f € L(X*) such that
(Uz)(t) = (z,f(¢)), z€X. 2)
Moreover,
Ul =11 3)

If E is a Banach ideal space then U € M(X,E) if and only if f € E(X*);
moreover, |[Ullas = || f]|-
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< If an operator U is defined by formula (2) then it is obvious that U €
M(X, L% and U] = |f]. Now let U € M(X,L°). By 2.4.1, we may assume that
U € Z(X,L>*) and |U| = 1. Using a lifting, define a functional on X by the
formula

pi(z) = p(Uz)(t)
for every t € T. Since

leu(@)l = 1o(Uz)(#)] = p(IU=])(?) < p(1UD(E) =1 = U]

for all t € T and = € Bx, we have ¢; € X*. On introducing the function Fite
wy € X*, we conclude that

p(U)(t) = (=, F(2)) (4)
and consequently the function f is X-scalarly measurable. Lemma 2.4.6 shows that

the function f constructed by means of a lifting possesses in addition the following
x is measurable and |f] = |F()llx~ = |U]. >

REMARK. The property just mentioned means that, for every function f €

properties: the function ¢ — ”?(t)[

E,(X™), there is a function § € E,(X*) X-equivalent to the former (i.e., represent-

ing of the same element in the space of vector-functions); moreover, the function
t— [lg()l

2.4.8. Corollary. An operator U belongs to £ (X, L*) if and only if there
exists a function f € L(X*) such that

Uz)(t) = (&, f(t)), z€X.

Moreover, ||U|| ¢(x,1-) = vrai suplfl (= vraisup Hf()”x‘ for a “good” represen-

x- is measurable and |f] = () x--

tative of f by the preceding remark).
2.4.9. By duality, we obtain the following fact:

Theorem. The general form of an operator U € £(L*, X*) is given by the
formula

Ue = / e(t) FH) dut), €L, (5)

where f € L3°(X*); moreover, ||U|| = vraisup|f|. The integral in (5) is understood
in the weak sense:

(Ue,z) = / et)(x, F() dult), =€ X.
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2.4.10. We thus obtained some analytical representations that are valid for
wide classes of operators. However, the representation with the help of a scalarly
measurable function is bad: the corresponding operators possess neither compact-
ness properties nor some other specific operator properties. In this connection, the
question whether the vector-functions in the representations could be taken measur-
able has been considered since the end of the 1930s. For the operators with values in
L, the answer is formulated in terms of equimeasurability (A. Grothendieck [25];
see also the articles [44,45] by D. A. Vladimirov and the article [10] connecting the

two approaches). For the operators on L!, the answer is given by the following

2.4.11. The Dunford-Pettis theorem. Let U € #(L',X). Given A €
¥, denote by Uy the operator Us(e) = U(exa). The following assertions are
equivalent:

(1) the operator U is representable by means of a measurable function fe
L>(X); ie.,

Ue= [ elt) Ft)dutty (©

(2) for every Aq € I, u(Ag) > 0, there exists an A € X, A C Ao, p(4) > 0,
such that the operator U4 is compact;

(3) for every Ag € X, u(Ag) > 0, there exists an A € £, A C Ag, p(A) > 0,
such that the operator U, is weakly compact.

< It is clear that (2) = (3).

(1) = (2): Approximate f by a sequence of finite-valued functions {f} such
that H?n(t) — f(t)“ x — 0 almost everywhere. By a vector version of the Egorov
theorem [21,22,23], there is a subset A C Ag, A € &, p(A) > 0, such that H?n(t) -
F®llx — 0 uniformly on A. Assign

Une = / e(t) Falt) du(t).

A

In virtue of the estimate
Ua(e) ~ Ulexa)llx < / O 1Falt) — F)lx du(t)
A

< el ll(fn = Hxallzex),
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we have U, — Uy in the norm of (L', X). Since the operators U, are finite-
dimensional, we obtain the compactness of Uy.

To prove (3) = (1), we need a criterion for the weak compactness of a set
in L.

Lemma [23, Theorem IV.8.9]. A subset M C LY(T,p) is relatively weakly
compact if and only if any of the following assertions is valid:

(a) the set M is norm bounded and uniformly integrable; i.e.,

sup{ / 12(t)] du(t) | = € M} S0, Anlo:

An

(b) if yn 20 in L®(T,u) then

sup{ / 12(8) ya(8)] du(2) | & € M} 0.

< Observe that (a) = (b) by the Egorov theorem. >

(3) = (1): Clearly we may suppose that the operator U itself is compact since
“global” representation can be trivially pasted from “local” ones. Consider the
operator U* € Z(X*, L*) which is weakly compact too. By (4), the operator

admits the representation
oU)0) = (2, FR), < € X7,

where f € L®(X** X*) and |[U*]| = || |f||lze. Demonstrate that f € L°°(X) (we
assume that X is canonically embedded in X**).

Observe that if a net 2], tends to zero in the weak topology o(X*, X) then
p(U*z!,)(t) — 0 for every t € T. First we establish that U*z), — 0 in the weak
topology o(L™,L*®)*. Take ¢ € (L*)*. Since U is weakly compact, we have
U**((L*)*) C X; whence U**¢ € X and

(U*ah,ip) = (&, U™ ) = 0.

With every point ¢ € T we associate the positive functional ¢(y) = p(y)(t), y € L.
It is clear that ¢, € (L*°)*. Thus,

p(U*z,)(t) = ¢ (U*zl,) — 0.
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Hence <x;,f(t)> — 0 for every t € T; consequently, f(t) € X.

From now on, without loss of generality we assume that 1 € L!. Indeed,
a countable set of measurable functions given on sets of some partition of T can be
joined into a measurable function.

So, the function ? : T — X is X-scalarly measurable. By Theorem 2.3.2, if we
prove that the function is separably-valued then we obtain the measurability of )_5,
thus proving the theorem.

So, it therefore suffices to prove that the image U(L!) is separable. To this
end, it sufficed in turn to establish that the image of the order interval [0,1] =
{e : 0 € ¢ < 1} under the mapping U is compact in X. We use the fact that
all order intervals are weakly compact in L! (as in every Banach ideal space with
property (A), see [3,28]; by the way, for the case of L! one can directly apply the
above lemma). Then it suffices to prove that e, — 0in o(L!, L*®) yields ||Ue,|| — 0.
Moreover, we can pass to the Banach sublattice generated by {e,}, which is itself
an L-space and in addition separable. Then U(L') is separable; therefore, we may
assume that X is separable. Suppose that |[Ue,| - 0. By passing to a subsequence
if necessary, we find ¢ > 0 such that ||Ue,|| > ¢ Vn and so there exist z}, € X*,
=5 |l < 1, such that

|<Ue,,,w'n>| > €.

We have
(Uen,z7,) = (€n, U*a},).

By the separability of X, we have z},, — z' in ¢(X*, X) for a subsequence z},, so
that U*z;, — U*z' almost everywhere as was mentioned in the beginning of the
proof. Moreover, the sequence {U*x'n} is order bounded in L*°. By the criterion
for weak compactness of a set in L! (see the lemma above), we have

sup|{eq, U*z),, — U*z')| — 0.
n

k—o0

The inequality
|(enk’U*$,>| 2 '<enuU*$'nk>l - |<enk’ U*xil,‘ - U*:E'>|

yields
Lm |(en, U*2")| > lim|(Uen, z),)| > «.
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This contradicts the fact that e, — 0 in the weak topology.
Observe a number of corollaries to the proved theorems for the cases in which
we succeed in obtaining the strong measurability of a representative vector-function

or existence of a measurable kernel with the help of the results of Section 2.3.

2.4.12. Proposition. Every operator V € £ (X, L*) admits the representa-
tion

(Va)(t) = {z, f(1))

and every operator U € (L', X*) admits the representation

e = [0 dutt)

with f € L®°(X*) in each of the following situations:

(a) X is a reflexive Banach space;

(b) X* is separable.

< Assertion (b) is straightforward from Theorem 2.3.2. Assertion (a) in the
case of £ (L', X*) follows from the fact that every operator with values in a reflexive

Banach space is obviously weakly compact and from Theorem 2.4.11. The case

Z(X,L*>) is settled by duality. >

2.4.13. Proposition 2.4.12 does not open a straightforward opportunity to
obtain theorems on integral representability for corresponding classes of operators
by measurable kernels from spaces with mixed norm in full generality. We can
obtain such theorems only in Chapter 4 by making use of another technique. In
Chapter 3 we however need particular cases of the representation theorems for L?.

We can obtain these results right now; therefore, we formulate them:

Proposition. (1) Let U € M(L?(S,v),LY(T,p)); 1 < p< o0, 1 < g < oo.
Then the following representation holds:

Ua)t) = [ K(s,0e0)an(s), =€ 17(5,0),
with K € LY[L*] (1/p+ 1/p' = 1); moreover,

Ul = 1K(s, Mlzo oo U3 = 1K ]| Lorr-
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(2) Let U € L(LYT,y)), L?(S,v)), 1 < p < 0o. Then the following integral

representation holds:
U)s) = [ Klst)et)dutt), e € (T,
with K € L®[LP']; moreover,
U1 = vrai sup [ K (s, )]l .

< For 1 < p < 00, the L? space is reflexive, and both claims follow immediately
from 2.4.12. Passage from vector integrals to pointwise integrals can be realized by
verifying the equality in the weak sense. The unsettled cases are covered by the
results of Chapter 4. >

Comments

The sources [3,16,18,29,42,46,48] are basic for the theory of regular opera-
tors in Banach lattices. It the text of the chapter, we consciously avoided the most
general statements that involve arbitrary vector lattices. In this case certain sub-
tleties are revealed sometimes. In particular, if the range is a vector lattice but not
a K-space, then there may be a difference between the classes of regular and order

bounded operators.

2.1. Ideal spaces constitute a subclass of the class of vector lattices. The theory
of ideal spaces began developing later than that of vector lattices and independently
of the latter for the time being. The synthesis of these theories occurred in the 1960s
in the works of W. A. J. Luxemburg, A. C. Zaanen, and G. Ya. Lozanovskii (see
the bibliography in [19, 48]).

2.2. Comments on this main section of Chapter 2 are in [16, 18,48]. We only
observe that the dual operator was studied by U. Krengel and Yu. Synnatzscke who
obtained much more general results than those stated in 2.2.25 and 2.2.26 (see [3]).

In the principal text, we mentioned the generalized Yosida-Hewitt theorem
for functionals describing the band in E~ complementary to E;’ as the band of
singular functionals; i.e., functionals vanishing on some order-dense ideal. The

correspondent material is in detail exposed in [48, Chapter 12] and [28, Theorem
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X.3.6]. Applications to various problems of analysis are given in [28, § X.5], [18,
§4.2], and [20].

Here we consider an operator variant of the Yosida-Hewitt theorem for general
vector lattices. To state this, we recall the definitions of some classes of operators
with slightly changing the notations of [28] so as to make them closer to [48].

Let E be a vector lattice and let F be a K-space. Then the space L} (E, F) of
o-continuous operators is defined by nets and the analogous space of sequentially
o-continuous operators is denoted by Ly, (E,F). Denote by Ly (E,F) the band
complementary to L (E, F) in the K-space L~(E, F). A member of L};, is called

~

o = (L)% and the term singular o-

a singular normal operator. The space L
normal operator are introduced similarly. It is clear that
L~=L;e®eLy, L =L, &L,

Usefulness of the versions of the Yosida-Hewitt theorem for functionals consists
in characterizing functionals disjoint from o-continuous ones as those vanishing on
massive sets. We introduce corresponding definitions in the case of operators.

An operator U € L~(E, F) is said to be singular provided that there exists an
order-dense ideal G C E such that U|g = 0. An operator U € L~(E, F) is called
strongly singular if, for every nonzero band G C FE, there exists a nonzero band Gy C
G such that U]g, = 0. The set of all singular operators is denoted by Ly(E, F)
and the set of all strongly singular operators, by Lj,(E, F). In [46], a member of
L7, is called antinormal, a member of Ly, ebnormal. In the case of F = R, the
class of strongly singular functionals was introduced by G. Ya. Lozanovskif [36] who

called their members localized functionals. It is clear that the classes L and L7,

are ideals in L™ and
L3(E,F)CL7(E,F), L7(E,F)CL3,(E,F). (1)

As is well known [46], L7 (E, F) is an order-dense ideal in L3, (E, F). Elucidation
of the conditions for equality to hold in (1) is an important matter as regards
applications.
We say that the generalized Yosida-Hewitt theorem holds for a vector lattice E
and a K-space F if
L5,(E,F) = L3(E, F). (2)



Operator Classes Determined by Order Conditions 151

It is well known that in the case of functionals the Yosida-Hewitt theorem holds
provided that E possesses the Egorov property (see below) or if there is an order-
dense ideal in E with sufficiently many o-continuous functionals (see [48]; observe
that the second case reduces in fact to the first as is shown below). The requirement
on E cannot be omitted as the instance of E = C[0, 1] demonstrates. We generalize
this result to operators.

We say that the Egorov property is fulfilled in a vector lattice E (all vector
lattices are supposed Archimedean) if the diagonal sequence theorem holds in its
every order interval: for an zo > 0 and a double-sequence {z,x} in E such that
zo 2 Tnk Lk 0 Vn € N, there exists a sequence yp | 0in E such that ym > 24 k(n,m)
for an arbitrary pair (n,m) = N x N for some k = k(n,m). It is obvious that the

Egorov property is fulfilled in every ideal space on a space with o-finite measure.

Theorem (the generalized Yosida-Hewitt theorem for operators). Let E be
a vector lattice possessing the Egorov property and let F be a K -space of countable
type. Then equality (2) holds.

<1 We sketch the proof. What we need is to verify that
UelLy(EF) 3)

for every operator U € L}, (E, F). Without loss of generality, we may assume that
U > 0. Denote by P the band projection onto Ly (E, F'). It is known [3] that

PU(z) =inf{limU(zq) |0 < zo T2}, z € E;. (4)
By the definition of L, (E, F') we have
PU(z)=0Vz € E. (5)

If we succeed in demonstrating that the infimum in (4) is attained at some net
Zo T z for every ¢ € E; then we would obtain an order-dense ideal on which U
equals zero; i.e., (3) would be verified. However, we failed to succeed in finding
a direct proof of the fact; therefore, we use the band projection P, onto Ly (E, F)
which acts by a formula similar to (4) with sequences standing for nets. Represent
the operator U as

U=P,U+(I-P,)U.
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By making use of the Egorov property of E and the fact that F' is of a countable
type, one can easily prove that, for every operator V, the value P,V(z) is attained
at some sequence. Since P,V = 0for V = (I—P,)U, hence it follows that (I — P, )U
equals zero on some order-dense ideal.

The operator P,U belongs to Ly, (E,F)N Ly,(E,F). The proof of Theo-
rem 87.6 in [48] in which the case of functionals is discussed can be word for word
translated to the case of operators (only the countable type of F is used). In virtue
of the result, we have P,U € Ly (E, F).

Thus, U € LY(E, F). >

Observe the following: For F' to be of countable type is necessary for validity
of the above theorem.

< Indeed, let E = L°°(0,1) be an ideal space (and thus the Egorov property is
fulfilled). By the realization theorem for a K-space of bounded elements, L>°(0,1)
is isomorphic to the K-space C(Q), where @ is an extremally disconnected compact
set. Define some positive operator U : L*°(0,1) = C(Q) — [*°(Q) by the formula

Ue)(t) = {=(t) |t € @}.

It is obvious that U is strictly positive and thus U ¢ L7(C(Q),!°(Q)). On the other
hand, by (4) one can easily verify that PU = 0 whence U € L}, (C(Q),!*°(Q)). >

REMARK. The statement of the generalized Yosida-Hewitt theorem can be
slightly improved. Namely, it suffices to require that E possesses an order-dense
ideal Eq that admits a decomposition into arbitrarily many bands with the Egorov
property. An instance of such a vector lattice is provided by a vector lattice F
possessing an order-dense ideal with sufficiently many o-continuous functionals. To
prove this fact, we can take the order completion of such an ideal, which also has a
total set of o-continuous functionals and is realizable as an ideal space (see [28]).

The results of the subsection are exposed for the first time. They were obtained
jointly by A. V. Bukhvalov and M. Ya. Yakubson. For detailed exposition and
development of the presented results see [5] by A. Basile, A. V. Bukhvalov, and
M. Ya. Yakubson.

2.3. The material on Banach-space-valued functions and on analytical rep-
resentation of operators by such functions can be found in [21,23]. The spaces

E(X) were introduced at the beginning of the 1950s in the articles on the the-
ory of ideal spaces. Theorem 2.3.3 stems from the article of B. S. Mityagin and
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A. S. Shwartz [38] in which, however, only the case X = I* was considered in
proving the nontrivial implication (1) = (2). The general situation demanded
a quite different technique related to o-continuous projections which was developed
by A. V. Bukhvalov in [13].

The cited definition of the spaces of scalarly measurable functions was given and
used in [7,11] although it in essence dates back to the Grothendieck article [25]. The
priority references on the material of Subsections 2.3.6 and 2.3.7 see in [8,21,24].

The generalized Kolmogorov-Nagumo in a nontrivial isomorphic setting was
first appeared in the N. J. Nielsen article [41]. The general result, presented here,

was proved in [15].

2.4. Dominated operators were first introduced by L. V. Kantorovich in the
1930s under the name “operators with abstract norm”; he also established the
result of Proposition 2.4.4 (see [29] and the bibliography therein). S. Bochner,
N. Dunford, B. J. Pettis, R. S. Phillips et al. began studying the L?(X) spaces in the
1930s in connection with analytical representation of operators (see the bibliography
in [21,23]). We refer to [21,22,23] as regards the plentiful literature about the
history of Theorem 2.4.11 and its corollaries.

The reader could observe that various objects were denoted by the same sym-
bol | - | in Section 2.4. This relates to the fact that we deal with different examples
of lattice-normed spaces which were also introduced by L. V. Kantorovich at the
end of the 1930s (see [28,29,46]). The ideology of lattice-normed spaces was con-
sistently applied to constructing the whole theory of vector-functions spaces and
some classes of operators (including dominated operators) by A. V. Bukhvalov [17]
(see also [6-11]) The general theory of such spaces with various connections and

applications is now developed by A. G. Kusraev and his students (see, for instance,
[34,35] and also Section 1.6).
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This chapter is mainly devoted to studying those properties of Banach lattices
and operators on them whose description requires the vector lattice structure as
well as the pure Banach space structure. In particular, we study the properties of
the operators acting between vector lattices and remaining to be order bounded
under multiplication by arbitrary Banach endomorphisms in these lattices. In spite
of being natural, such classes of operators have attracted very little attention of
mathematicians. At present, the theory of p-absolutely summing operators plays
a key role in solving the arising problems; in Sections 3.1-3.3 and 3.5, we briefly
expose those results of the theory which are most important for us. The reader

interested in a more complete presentation of the theory will refer to the mono-
graphs [42, 32, 45] and the articles [20, 22, 39].

3.1. p-Absolutely Summing Operators

Throughout this section the letters X, Y, and Z (possibly, with indices) stand
for Banach spaces and the letters E and F, for Banach lattices.

3.1.1. Definition. Let 0 < p < 0o. An operator U € Z(X,Y) is called

p-absolutely summaing if there exists a constant C such that

1/p

n 1/p n
(vaxkn") < Csup (Zuxk,x'n") 2 e X", K <1y (1)

for every n € N and arbitrary z4,... ,z, € X.
The infimum of numbers C satisfying (1) is denoted by 7,(U) and is called the
p-absolutely summing norm of the operator U. It is easy to verify that

n 1/p 1/p
(lekall”) < mp(U) sup (Zl(wk, ,,) |z' e X*, ' <1; (2)

k=1

for every n € N and arbitrary z;,... ,z, € X. Inequality (2) immediately implies
that ||U]| < 7p(U).

We denote by II,,(X,Y) the set of all p-absolutely summing operators belonging
to Z(X,Y). For the sake of consistency, we assume that [Io(X,Y) = Z(X,Y),
Too(U) = [|U].
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REMARK. From the definition of the p-absolutely summing norm of an operator
it is straightforward that, for every C' > 0, the set {U € II,(X,Y) | 7,(U) < C} is

closed in Z(X,Y’) under pointwise convergence.

3.1.2. Theorem. Given p > 1 (0 < p < 1), the function 7, is a norm
(quasinorm) in I(X,Y). The space II,(X,Y) is complete with respect to the
norm (quasinorm). IfV € Z(Xo,X), W € Z(Y,Y,), and U € I,(X,Y) then
WUV € II,(Xo,Yo) and mp(WUV) < |[W|| - |V} - 7p(U).

< The completeness of II,(X,Y") follows from Remark 3.1.1 and the lemma

given below. The proof of the remaining statements is left to the reader. >

Lemma. Let L be a Hausdorff sequentially complete topological vector space,
let X be a normed (quasinormed) space, X C L and let the embedding of X into
L be continuous. If the unit ball B of the space X is closed in L then X is

complete.

< Let {z,}52, be a Cauchy sequence in X. Then it is also a Cauchy sequence
in L, thus convergent in L. Prove that the vector zy = limz, belongs to X and
Tnp — Zo in X. Fix an arbitrary ¢ > 0 and find N such that z, — z,,, € ¢B for
n,m > N. Passing to the limit as m — oo, conclude that z, —zo € ¢B forn > N
since B is closed in L. >

REMARK. It is obvious that every restriction of an operator of the class II, is an
operator of the same class. Moreover, if j is an isometric or isomorphic embedding
of a space Y into a space Y, then operators U € £(X,Y) and jU are or are not
p-absolutely summing simultaneously. In this sense the containment of an operator
in the class II, does not depend on the arrival set ¥ of the operator (in contrast to
its containment in, for instance, the space of nuclear operators; the matter will be

discussed later). This property of the class I, is called injectivity.

3.1.3. Theorem. If 0 < p < ¢ then II,(X,Y) C II,(X,Y) and the inequality
74(U) < 7,(U) holds for every operator U € II,(X,Y).

We omit the simple direct proof of the theorem which leans on the Holder
inequality. Another proof will be given further (see 3.1.8, Corollary 4).

As is well known (see [4, 30}), for 0 < p < 1, the set II,(X,Y") is stable, i.e.,
I,(X,Y) =1I,(X,Y) for 0 < ¢ < p < 1. Therefore, the operators belonging to the
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classes I, for p < 1 will be also called 0-absolutely summing and the set of such
operators will be denoted II3(X,Y) alongside with II,(X,Y).

3.1.4. A simple and important criterion for an operator to belong to the class

II, is given in the next theorem.

Theorem. Let U € #(X,Y), let (T,%, ) be a measure space, let f €
L,®(T, p, X*), and let || f|| = Vraisup{||f®)]| | t € T} (see 2.4.7). If

Vel < c( / |<x,i(t>>|‘°dn<t>)1/p
T

for every z € X then U € I,(X,Y) and mp(U) < C(w(T))| 7|
< Let zy,...,2, € X. Then

S Uzl < 07 / S ew FO dut)
k=1 T k=1

< CPu(T) sup {Z I(za, )" | lla"] < II?II}
k=1
= C*u(T)||f | sup {Z (e, 2")7 | [l2"]] < 1} . D
k=1

3.1.5. Examples.

(a) Henceforth a finite regular Borel measure on subsets of a compact
space K will be called a Radon measure. Let u be such a measure and let ¢, be
the identity embedding of C(K') into LP(K,u). Then i, € I,(C(K),LP(K,u))
and mp(ip) = (u(K))'"".

< Indeed,

> lipeel? = [ Y- lertP dutt) < u(K)sup {Z ex(®) | € K}
k=1 K k=1 k=1

< p(K)sup {Z ek, ') | 2 € CH(K), |l2']| < 1}

k=1
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whence it follows that i, € II,(C(K), LP(K,u)) and m,(¢p) < (p(K)))l/p. Other-
wise, (i) 2 [igl] = (u(K))"/". o
As will be seen below, every p-absolutely summing operator is presentable as

product of a restriction of the operator ¢, and some continuous operator.

(b) Let (T,,p) be an arbitrary measure space, let ¢ € LP(T,p), and
let My : L°°(T,pu) — LP(T, 1) be the multiplication operator:

My(z) =gz (z € L=(T, ).

Then M, € IL,(L(T, 1), L?(T, u)) and my(My) = gl

<! This result reduces to example (a) by realizing L°(T, 1) as a space of con-
tinuous functions and considering the measure i with density |¢g|P with respect to
the measure p. However, it is easy to obtain the proof of the claim of the example
directly if we observe that it is sufficient to establish inequality (1) only for vectors
in some set everywhere dense in X and check that in this case inequality (1) is valid

for a function with finite range. >

(c) Each dominated operator U € £(X,LP(T,p)) belongs to the space
O,(X, LP(T, 1)); moreover, mp(U) < ||U||m.

< The statement follows from example (b) and the fact that U can be repre-
sented as the product U = MV, where V € Z(X, L°°(T, 1)), |V|| £ 1, and M, is

a multiplication operator. >

(d) U € L~L®(T', w"),L7(T, 1)) then U € W,(L>(T", p'), L*(T, 1))
and m,(U) < |[|U]].

<1 This follows from example (c) since the operator U is dominated and |[U||a =

Ul >

(e) Let J : I' — I? be the identity embedding. Then J € I (I*,1%);
moreover, mp(J) =1 for 2 < p < 00 and 7p(J) < By, for 0 < p < 2, where B, is
the constant in the Khinchin inequality (3.5.1).

< Assume that 0 < p < 2, {ri}$2, is the sequence of Rademacher functions,
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and z = (z,23,...) € I'. We have

Jz|| = oo|z|>
1z (H" /

B,,(
0

where f(t) = {rr(t)}2, € I° = (I)*. To complete the proof, we are left with
appealing to Theorem 3.1.4. >

1/2

3.1.6. The next simple theorem is a convenient technical tool often involved

in proving that an operator belongs to the class II,.
Theorem. Let p > 1 and U € £(X,Y). Then U € II,(X,Y) if and only if
UV e Hp(l”’,Y) for every operator V € .?(IP',X). Moreover,
mp(U) = sup{m(UV) | V] <1} 3)

(here p' = p/(1 — p) and, for p = 1, the symbol I?" stands for the space cg).
QKU € I(X,Y), the containment UV € TI(I”,Y) together with the inequal-
ity
mp(UV) <mp(U) - V] (4)
follows from 3.1.2. Let now UV € II,(I7,Y) for every V € (I, X). Since
the mapping V — UV from #(I*, X) into T,(",Y) is obviously closed, it is

continuous in virtue of the closed graph theorem and, therefore,
a =sup{m,(UV) | V|| <1} < o0.

Given an arbitrary collection ;,z4,... ,z, of vectors in X, we define the operator

V : P = X by the equality
= Z ty - Tk,
k=1

where t = (t;)32, € I?'. It can be easily verified that

1/p
IVH—SHP{(EM, |) |||w'||§1}.
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In addition, V(ex) = zx for k = 1,2,... ,n (ex are the canonical basis vectors for

I7"). Thus,

n 1/p n 1/p
(Swar) - (S evar)
k=1 k=1
1/p
< mp(UV)sup { (Zl (ex,t P) [t e, |t < 1}

=mp(UV) <oV

n 1/p
:asup{(Z!(xk,x'HP) |z’ € X*, ”zlllgl}.
k=1

Consequently, U € II,(X,Y") and 7,(U) < a. This fact together with inequality (4)
provides equality (3).

3.1.7. The Pietsch inequality. Here we establish one of the most important
characteristics of the operators of the class II,. By K we denote the unit ball of
the dual space of X equipped with the weak* topology.

Theorem. For U € II,(X,Y), there exists a probability Radon measure v
over K (K C X*) such that

1/p
el < m@)( [ e aiP ) @ e,
K
< Let @ C C(K) be the set of all functions ¢ of the form
n n
') =Y UzlfP - 72(U) Y [(zx, 2") P,
k=1 k=1
where ' € K and z1,22,... ,z, are arbitrary vectors in X. Observe that

. 1 < .
n&fgo(z)_o

As easily seen, ® is a convex cone disjoint from the (open) cone G consisting of

strictly positive functions. Let f (f # 0) be a functional separating these cones:

flo) <O f(y) forallp € @ and ¥ € G. (5)
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Since the functional f is positive, it can be represented by some measure v that
may be assumed to be a probability measure without loss of generality. On taking
as @ in inequality (5) the function

¢ (@) = U] = w3 (U)|(z, 2"},

we obtain

f(g) = Ul - 2(U) / \(z 2"} P dv < 0,
K

and so

el < sy (@) [ ltea) dv)l/p. >
K

3.1.8. Corollaries to the Pietsch inequality. As far as the support of the
measure v in the Pietsch inequality is concerned, we only know that it is included
in K. Is it always possible to choose the measure in such a way that it is supported
by a given closed subset @) of the compact set K? For p > 1, this is possible
provided that the closure of the absolutely convex hull of @ coincides with K. In
this case, the cones ¢ and G introduced in the proof of the Pietsch inequality (if
considered as cones of functions on @) are still disjoint since the greatest lower
bounds of the functions in ® over the sets K and @ coincide in view of concavity of
these functions; therefore, the proof of the Pietsch inequality given in Subsection
3.1.7 remains valid if we replace K with Q.

In particular, if p > 1 and X = C(S), where S is a compact space, then (by
identifying the points of S with the functionals generated by unit masses loaded in

the points) we can take @ as coinciding with S. Thus, we proved

Corollary 1. If p > 1 and U € I1,(C(S),Y) then there exists a probability
Radon measure v on S such that

el < sy(@)( [ it du(s>)1/p (= € C(5).
S

We list other corollaries to the Pietsch inequality.
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Corollary 2. Every p-absolutely summing operator maps a weakly conver-

gent (and weakly fundamental) sequence into a norm convergent sequence.

< It follows immediately from the Pietsch inequality and Lebesgue’s dominated
convergence theorem. >

Corollary 3. Every p-absolutely summing operator defined on a reflexive

space is compact.

Corollary 4. f0<p<qand U € I,(X,Y) then U € I1i(X,Y); moreover,
mq(U) < mp(V).

< Since y
0zl < 7 (0) 1[ )P dote'))
and
1/p 1/q
(I[Km)l @) < (I[Km)l W)

the claim follows from Theorem 3.1.4. >

3.1.9. Canonical factorization. The Pietsch inequality allows one to im-
plement factorization of an operator in the class II, in a canonical way. Preserving
the notation of 3.1.7, we may assert that an operator U can be represented as
the product V1,5, where j is the canonical embedding of the space X into C(K)
((jz)(@') = {z,2"), 2’ € K, = € X), 1, is the restriction of the identity embedding
i, of the space C(K) into LP(K,v) to the set Xo, = j(X), and V is some operator
defined on the closure of ,j(X) in L?(K,v). Moreover, ||j|| = 1, m,(7,) = 1, and
IV = mp(0).

<! We first define the operator V on the functions of the form i,j(z) by the
equality V(2,5(z)) = Uz. As easily seen, the definition of V is correct and

IV (ipi (@)l = U]l < mp(u)ll2ps (2)]-

Therefore, |V|| < 7p(U). Extending V to the closure X, of the set (i,5)(X), we
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obtain the following commutative diagram

x 4 v
il . v
Xeo =& X,
n n

C(K)-2 LP(K,v).

Moreover, [ = 1 and since 7p(U) < [ mGo)IVIl < mGp)IVI < IVI] < mp(0),
we have m,(1p) = 1, ||V]| = mp(U). >

The factorization demonstrates in particular that every p-absolutely summing
operator is weakly compact. This fact together with Corollary 2 of 3.1.8 implies in
turn that the product of a pair of p-absolutely summing operators is a compact

operator.

3.1.10. Canonical factorization (refinement). The shortcoming of the
described factorization is the fact that the operator V is defined not on the whole
space LP( K, v) but only on a subspace X, of it about which little is known. However,
in some important cases we may assume the operator V to be defined on the whole

LP(K,v). Now we list some of the cases.

(a) p>1and X = C(S). Grounding on the inequality in Corollary 1 of
3.1.8 and arguing as in constructing the diagram in 3.1.9, we infer that the operator
U admits the factorization

U

Cc(S) Y
N A
Lr(S,v).

Constructing the operator V, we now take as X, the closure of C(5), i.e. the whole
space LP(S,v).

(b) p = 2. In this case, the subspace X, is complemented in L?(K,v),
so, by using an orthogonal projection, we can extend the operator V on the whole
space L%(K,v), preserving the norm of V.

(¢) The space Y is a Z;-space. By definition, this means that every

Y-valued operator defined on an arbitrary subspace of an arbitrary Banach space



168 Chapter 3

Z possess a norm-preserving extension to the whole space Z. Examples of Z;-
spaces are provided by the spaces [*°, L*°(T, 1) and the space [*°(Q2) of all bounded

functions defined on a set £ and endowed with the sup-norm.

3.1.11. Let U € Z(X,Y). For U to be inII,(X,Y) it necessary and sufficient
that U** € I1,(X**,Y**). In addition, mp(U) = mp(U**).

< Sufficiency is obvious. Necessity is easily obtainable from the local reflexivity
principle (see 3.5.4). >

Considering the operator J in Example 3.1.5(¢), we see that, although J €
IIo(11,12), its adjoint operator is p-absolutely summing for no p < oo since it is

defined on a reflexive space and is not compact.

3.2. p-Absolutely Summing Operators in Hilbert Space

Throughout this section the symbols H and H; stand for Hilbert spaces and
{r£}52,, the sequence of Rademacher functions.

3.2.1. It is well known (see, for instance, [8]) that an operator U € Z(H, H;)

is compact if and only if it can be represented as

oo

Uz = Zsk(z,ek)e'k (zr € H),

k=1

where {ex}72, and {e}c}:::] are orthonormal systems in the spaces H and H; and
{s&}£2; is a nonincreasing scalar sequence that tends to zero. If
o0
-sz < +o0

k=1

then U is called a Hilbert-Schmidt operator. We set

o N\ 1/2
o(U) = (Z Si)
k=1

(see 2.4.1).
The following theorem is easily verified (see [8]):
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Theorem. An operator U € £ (H, H,) is a Hilbert-Schmidt operator if and
only if the sum Y, |Ueal||? is finite for some (or, equivalently, for an arbitrary)

complete orthonormal system {€q}aca in H. In this event,

() = (X Iveal?) .

3.2.2. Theorem. An operator U € £(H, Hy) is a Hilbert-Schmidt operator
if and only if U € II;(H, Hy). Moreover, ao(U) = m2(U).

< If U is a Hilbert-Schmidt operator then (see 3.2.1)

o0

Uz = Zsk(m,ek)e'k, (1)

k=1

o
where {e;}52, and {e}},_, are orthonormal systems and ) ;2 s} < co. Conse-

quently,
oo 1/2 1o 2\ /2
IIUwII=(ZSiI(m,ek)|2) = /Zsk(%ek)rk(t) | . (2
k=1 0 k=1
By putting

o0

f&) =) sera(tex, 3)

k=1

we can rewrite inequality (2) as

1 1/2
|Uz]| = ( / ROV dt) .

Since

. 1/2
IF@ < <Z Si> = o2(U)

k=1

for all ¢ € (0,1), we have (see 3.1.4)

U e y(H, Hy), )< o) (4)
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On the other hand, if U € IIy(H, H;) then the operator U is compact (see
3.1.8, Corollary 3) and therefore it is representable as (1). Since |[Uer|| = s
(k=1,2,...), we have

k=1

k=1

n 1/2
< m(U) sup { (Z |(ek,:c')l2) |z' € H, ||lz'|| < 1} < m(U)

for every n € N. Hence, U is a Hilbert-Schmidt operator and o2(U) < m2(U), which
together with inequality (4) provides the equality o2(U) = mo(U). >

3.2.3. In the current and subsequent subsections we establish that all classes
of absolutely p-summing operators in a Hilbert space are pairwise coincident. In the
theorem below, the symbol A, stands for the constant in the Khinchin inequality
(3.5.1).

Theorem. If 0 < p < 2 then II,(H,Hy) = II,(H, H,); moreover, ,(U) <
AZ1my(U) for every operator U € Il,(H, Hy).

< Let U € II5(H, Hy). By using representation (1) and the Khinchin inequality,
we obtain

o0 oo
Uzl = Y se(z,ex)rs < 4,1 Zsk(x,ek)rk
k=1 L2(0,1) k=1 Lr(0,1)

1 1/p
= 47 ( [0 dt) ,

where f(t) is the vector-valued function defined by equality (3).
Theorem 3.1.4 implies that U € II,(H, H;) and

(V) < 47 swp{[|f(®)Il | ¢ € (0, 1)} < 4,7 o(U). >

Corollary. Since A; = 1/+/2, we have =, (U) < V2m2(U).
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3.2.4. The our next goal is to demonstrate that II,(H, H,) = IIy(H, H;) not
only for 0 < p < 2 but also for 2 < p < 00. By using the notion of 2-cotype space

(see 3.S.2), we can obtain the following more general result.

Theorem. Let 2 < p < oo and let Y be a 2-cotype space. Then II,(X,Y) =
3(X,Y); moreover, m(U) < Co(Y)Bypny(U) for every operator U € I (X,Y)
(here B, is the constant in the Khinchin inequality (3.5.1) and C3(Y') is the
2-cotype constant for the space Y').

< Let U € II,(X,Y). By 3.1.7, we have

1/p
el < @) [P ) Q
K
where K = {¢' € X* ||2'|| £1} and v is a probability Radon measure on K.
Given vectors 2y, 22,... ,2, € X, we have
n 1/2 Ly .
(Z |IU$kI|2) < C2(Y)/ Zrk(t)ka dt
k=1 o k=1
1 n » 1/p
< Ox(Y) ( [lv (Z rk(t)wk> dt) ,
0 k=1

which together with inequality (5) gives

n 1 n » 1/p
(’;Huxkn?) < Co(Y)my(U) ( 0/ 1[ <’;rk(t)xk,x'> du(m')dt)
/(/

p 1/p
dt) dz/(x')) .
K

Estimating the innermost integral on the right-hand side with the help of the

1/2

n

PR CIING

k=1

= Gy(Y)mp(U) (

Khinchin inequality, we derive

n 1/2 n /2 1/p
(Z ”ka”z) < Co(Y)mp(U) (/ B} <Z| (zr, @ 2) d'/(f”'))
k=1 i

k=1

n 1/2
SCz( ) pﬂ'p(U Sup{(Z]xk, 2) lx'EK}. >

k=1
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Observe that if Y is a Hilbert space then we can obtain a more precise estimate
72(U) < Bpmy(U) for w2 (U) by making use of the identity

2
dt (yla"' 3Yn € Y)

> el = [ |3 rectiu
k=1 0 k=1

Corollary. 11,(H,H,) = II;(H, H,) for every p, 0 < p < co.

The adjoint of a Hilbert-Schmidt operator is a Hilbert-Schmidt operator again;
therefore, an operator acting between Hilbert spaces is p-absolutely summing simul-

taneously with its adjoint in contrast to the general case (see 3.1.11).

3.3. Nuclear Operators

3.3.1. Definitions. An operator U € Z(X,Y) is called nuclear if there exist
vectors Yy, € Y and functionals z}, € X* (n = 1,2,...) such that

o0

Uz = Z(a’.?x:@)yn (z € X), (1)

n=1

>l -l < . .

Let the symbol z' ® y, where ' € X* and y € Y, denote the rank-one operator
z — (z,z')y. The nuclearity of an operator U means that it can be represented as

an absolutely convergent series of rank-one operators
o0
U= o, Qyn. (3)
n=1

Representation (1) satisfying condition (2) or, which is the same, representa-
tion (3) will be referred as nuclear representation of U. The greatest lower bound
of sums (2) over all nuclear representations of U is called the nuclear norm of U
and is denoted by »(U). The set of all nuclear operators in .2 (X,Y’) is denoted by
N(X,Y).
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3.3.2. Properties of nuclear operators.
(a) A nuclear operator is compact.

< Let 5°>° | 2!, ® yn be a nuclear representation of U. Then the finite rank

operators
k

Uk:zx,n®yn

n=1
approximate U in operator norm. >
(b) IFV € £(Xo,X), W € 2(Y,Ys), and U € N(X,Y) then WUV ¢
N(Xo,Yo) and y(WUV) < |[W|l - [V - »(U).
(¢) U € N(X,Y) then U* € N(Y*, X*) and v(U*) < v(U).
(d) N(X,Y) ¢ IIi(X,Y); moreover, m1(U) < v(U) for every nuclear
operator U.

< Let U € N(X,Y) and € > 0. Fix a nuclear representation

oo

n=1

of U such that N
Y llzh )l lyall < w(@) + ¢
n=1

Without loss of generality we may assume that ||w'n|| =1forn=1,2,.... Then

oo

el < 3 |uynu—/|m dua') (@ € X),

where K = {z' € X* | ||z'|| = 1} and p is the measure generated by the masses
llyll at the points z, (n = 1,2,...). By making use of 3.1.4 with the identity
mapping f on K, we obtain U € II;(X,Y) and m(U) < v(U) + ¢. Consequently,
71(U) € v(U) in view of the arbitrariness of . >

(e) Let H and Hy be Hilbert spaces and let U € #(H, Hy). An operator
U is nuclear if and only if it is compact and the numbers sy in the representation

o0

Uz = Zsk(x,ek)e'k (z € H)

k=1

satisfy the condition Y 4o sk < 00.
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< Sufficiency of the condition is obvious. Check it necessity. Let

U=§:$Z®yn
n=1

be a nuclear representation of U. Then

(e o]

skep = Uer = Z(ek,w;)yn
k=1
and o
sk = (Uex,€}) ZZ(ek’xQ)(ymek Zl(e’“ 7o)+ | wm )]
n=1
Consequently,
o0 [ ] [o o]
ZskSZZI €k, T n yn,ek)l
k=1 n=1 k=1
o 1/2 /o 1/2
(Sl ) (Slmenr)
k=1 k=1

M8 i &8

lz%]] - lynll < 00. >

3
fi
-

(f) The function U — v(U) is a norm on N(X,Y). The set N(X,Y)
endowed with the norm becomes a Banach space.

3.3.3. Example. Let (T,2, ) be a measure space and let f € LYT,1;Y).
Then the operator U : L°(T,p) — Y defined by the equality

Uz = [a0F®dut) (o€ L™T,0)

T

is nuclear; moreover, v(U) < H;”Ll(T’“;y).

< As was pointed out in 2.3.2, the set of functions assuming finitely many values
is dense in L!(T, u; Y). Therefore, f can be represented as an absolutely convergent
series of such functions: f = E:;l f,,. Fix an arbitrary ¢ > 0. Replacing, if
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necessary, f; with a partial sum of sufficiently large index of the series Y oo f,,,

we may assume that
Y IFal < il +e.
n=}1

Let
My
Fo=) XBa; ®Unis
=1

where E,, ;N E, ; = @ for i # j. Then

oo my,

Us=3Y, [ edutin; (o€ L=(T.0)

n=1 jzlE,. i

is a nuclear representation of the operator U; moreover,

o0 My (=)

v(U) <Y IxBas lnmmllynil = Y Ifall < Il +e.

n=1 j=1 n=1

This fact yields the estimate ¥(U) < ||f|| in view of the arbitrariness of €. >

3.3.4. Lemma. Let (T,2,p) be a space with finite measure; let i be the
identity embedding of L°(T, u) into L'(T, p); let Z be a reflexive space, and let
W e ZL(LNT,p),Z2) and Wy € £(Z,L°°(T, n)). Then

(1) the operator U = Wi is nuclear and v(U) < ||W||u(T);

(2) the operator V =1iW; is nuclear and v(V') < |Wq||u(T).

< Since the space Z is reflexive, the operator W is weakly compact. Therefore,
by Theorem 2.4.14, it can be represented as

Wz = / s(WF(t) du(t) (z € L\(T, ),

T

where f € L®(T,u, Z), |W|| = ||}.”L°°(T,u,Z)~ Consequently, the operator U is
nuclear as was established in 3.3.3. Moreover,

v(U) < flwscrmz < I Fllne a2 8(T) = [[W[u(T).
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Passing to studying the operator V, we see that the operator V* is repre-
sentable in the form Wyi, where W is the restriction of the operator Wy to
LY(T,u). Therefore, the operator V* is nuclear by the first claim of the lemma
and the inequality v(V*) < ||W;||u(T). Consequently, the operator V** is nuclear
too (see 3.2.2(c)) and so the operator V is nuclear as well since it is representable in
the form PV**, where P is the canonical projection of (L*(T, u))** onto L!(T, )
(see [18]). Moreover, |[P|| = 1 and therefore

v(V) = v(PV™) Sv(V™) < w(VF) < W[u(T). >

3.3.5. Lemma. Let (T,2,u) be a space with probability measure; let ¢ be
the identity embedding of L™(T,u) into L*(T,u); let H be a Hilbert space; let
W : L?(T,u) — H be a Hilbert-Schmidt operator, and let Wy = Wi. Then
Wo € I (L(T, ), H); moreover, n1(Wy) < mo(W).

< Since W € IIy (L%(T, 1), H) (see 3.2.3), the containment Wy € II;(L>°(T, ),
H) is obvious and the only difficulty is the proving of the claimed estimate for
71(Ws). Let 7 be a partition of T into pairwise disjoint subsets E1,... , En of pos-
itive measure, and let P, be the projection corresponding to the partition (“condi-

tional expectation”):
I [edig, (o € 17T, 0.
J=1 E;

Estimate the nuclear norm of the operator Wy P,. Since W is a Hilbert-Schmidt
operator, it can be represented as

Z z,ep)e, (7 € L2(T,#)),

k=1
oo 1%
where {ex}52, and {e % } 4~ are orthonormal systems and

o 1/2
<Z s;‘:) = m(W).

k=1
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Therefore,
WoPrz =) sk E(M(E N~ / / ekdu} ek_Z(#(E ) / z dpy;,
k=1 j=1 3 B j=1 B
where

oo
y; = Zsk/ek d,uesc.

=1 E,’

The representation of Wy P yields the inequality

Y(WoP;) < Z lys1l- 4)
Since - \ -
il? =) st | exdu| <) stu(E;) [ lexl® dp,
lly ’; kl e dp ; A7 P! k| dp
we have
N 0o 12
Zny,n DI DI 2R
1=1 k=1 Ej
N /2 /[ N 1/2
S <Z#(EJ)> (ZZSi/leklzd#)
=1 3=1 k=1 E','
oo 1/2
= (Z Si) = ma(W)
k=1

This fact together with inequality (4) yields the estimate v(Wy P, ) < my(W).

Supposing the set of partitions to be naturally ordered, we see that the operator
W is the pointwise limit of the net {Wy P, },. By making use of the remark in 3.1.1
and the inequality of 3.3.2(d), we obtain

m(Wo) < supm(WoP;) < supy(WoP;) < m(W). >
T r

3.3.6. Multiplication theorem. Now we are in a position to obtain an im-

portant result which links 2-absolutely summing operators with nuclear operators.
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Theorem. The product of two 2-absolutely summing operators is a nuclear
operator. More precisely, if U € II;(X,Y) and Ue O,(Y,Z) then UU € N(X,2)
and v(UU) < mo(U)my ().

<1 Consider the canonical factorization of the operators U and U (see 3.1.10(b)):

U:X 2 oK) -5 INK,v) L Y,
7.y 2 o®) - 13K, 9) L 2.
Recall that ||V|| = m3(U) and ||V|| = 75(U). Then
UU : X -5 O(K) 25 LYK, v) 5 LYK, 5) % 2,

where W = 123V and mo(W) < ||V|| = m2(U). By applying Lemma 3.3.5 to
the operator Wy = Wiy, we see that m(Wp) < ma(W) < 72(U). Therefore (see
3.1.10(a)), the operator Wy admits the canonical representation

Wo : C(K) 25 LK, v') 2 L¥(K, )

since the operator is given on the space of continuous functions; in addition, | Vsl =
71(Ws) < ma(U). Now, Lemma 3.3.4 implies that Wy, € N(C(K), L*(K,#)) and
v(Wh) < ||[Vol| £ m2(U). Therefore,

U TU) = (VW) < ilv(Wo)IV]| < mo(U)ma(D). o>

3.3.7. Here we demonstrate that the nuclearity property of an operator de-
pends essentially on the arrival set of the operator. More precisely, we exhibit a
nonnuclear operator U on a Hilbert space H such that the operator jU turns out
nuclear for every isometric embedding j of H into I°°. Thus, the nuclearity of an
operator can be lost in narrowing the arrival set (compare with the remark in 3.1.2).

< Indeed, let U be a nonnuclear Hilbert-Schmidt operator in a Hilbert space
H and let j be an isometric embedding of H into [°°. Since U € IIy(H, H) and [*®

is a 2P -space, the operator jU (see 3.1.10(c)) admits the canonical factorization
jUH L 0(K) 25 LV K, v) 5 1e°.

By Lemma 3.3.4, the operator ¢ is nuclear and so the operator jU is nuclear
too. >
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3.3.8. Trace of a nuclear operator in a Hilbert space.

(a) Lemma. Let H be a Hilbert space, let {€,}°2, be an orthonormal
basis for H, let U : H — H be a nuclear operator, and let

U=§:w'n®yn
n=1

be a nuclear representation of U. Then the series

Z(yn’x'n)’ (5)
Y (Uen,en) (6)

converge absolutely and their sums coincide.

<1 The absolute convergence of series (5) is obvious. To prove absolute conver-

gence of series (6), we observe that

(Uenaen) =Z(en,mlk)(ykaen) (n: 1727"')' (7)
k=1
Therefore,
Z ](Uen,en)| S ZZ enawk (ykaen)|
n=1 k=1n=1

IA
s T

oo 1/2 / oo 1/2
(Z en,zk |2> (Z ](yk,en)|2)
= Y _llakll - llyall < oo.
k=1

sar

Moreover, by summing equalities (7), we obtain

(e <]

Z(Ue"’e" =ZZ €n, Th yk,en)—Z(yk,w'k). >

n=1 k=1n=1 k=1
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(b) Definition. Let H be a Hilbert space, let U € N(H, H), and let
U=) 2 Qu
k=1

be a nuclear representation of U. The sum

o0

> (e zh)

k=1
(independent of the choice of a nuclear representation of U by Lemma (a)) is called
the trace of the nuclear operator U and is denoted by trace(U).
(¢) Lemma. If U is a nuclear operator in a Hilbert space then |trace(U)]
<v(U).

< Indeed, let 3" p, i @ yk be a nuclear representation of U. Then, obviously,

|trace(U)] < Y (v, xi)| < Y llekll - 1yl
k=1 k=1

It remains to observe that v(U) is the greatest lower bound of the right-hand sides

of this inequality over all possible nuclear representations of U. 1>

3.3.9. As was established in 3.1.8, every p-absolutely summing operator de-
fined on a reflexive space is compact. In many cases the indicated result can be
essentially strengthened. Not addressing this question in full generality, we confine

ourselves to the next

Theorem. Let 1 < p < oo. Then the set of finite rank operators is dense in
the space II; (LP(T, 1), Y).
< Consider the canonical factorization of the operator U € IIy(LP(T, p),Y):

U : LT, 1) 2 X oo X, oY

]\‘ n N
C(K) 5 LY(K,v).

Since the space LP(T,p) is reflexive, the operator W = 715 is nuclear by Lemma

3.3.4. Consider the nuclear representation of W:

1)
LV-==§£:$269f%’

k=1
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where

zh € L7 (T,p), fx € L Z lzill -l fell < oo.

Without loss of generality we may assume that || fx]] =1 (k =1,2,...). Then, after
putting Wy = ¢ o, we have

[Wo()| = [W(2)|| < ZI z,24)| (8)

for every z € LP(T,p). This inequality allows us to approximate the operator W
as well as the operator U by finite rank operators.

To do this, we construct a new factorization of Wy. Take the numbers ax > 0
such that

o0
Y ait|ek] < o0
k=1

and a; — 0. Define the operators A : LP(T,u) — ¢ and A : ¢g — I! by the
equalities
Az) = {ax(z, 2/ ||zt )} e, (@ € LP(T,m)),

Al) = {og [ zhllte e, (8= {tk}s € co).
Note that the operator A is compact and the operator A is nuclear. On the range
L of the operator AA, we define the operator V; : L — X by the equality Vo(z) =
Wo(z) for = = AA(z). With the help of inequality (8) it is easy to verify that the
definition is correct and

oo

[Vo(2)ll = [Wo(=)]l Z zi)| = AA()]| = ||=[.

Extending V; onto the closure L of the set L, we obtain the following factorization

of the operator Wy:

Wo : LP(T, ) = X ST X,
N N N
Co 511,

where X is the closure of the range of A in the space ¢g; A is the restriction of A to

X; and Ay is the same operator A considered as a mapping from LP(T, p) into X.



182 Chapter 3

Since the operator Ay is compact, there exist finite rank operators A,, : LP(T, ) —
X such that ||A, — Ao|| = 0. Put W,, = VoAA,. Then

m1(Wa = Wo) = m1(VoA(4n — Ao)) < [|Vo||m1(B)]| An — Aof| - 0.
Consequently, 7"'I(U - VWn) S ||V”7l'1(W0 - Wn) — 0 >

3.4. Stably Dominated Operators

In this section we consider certain interrelations between the properties of
operators acting in partially ordered spaces with the properties of p-absolutely
summing operators. Recall that the letters X, Y, and Z stand for Banach spaces,
the letters E and F stand for Banach lattices, and p’ denotes the conjugate exponent
to p.

3.4.1. (a) Theorem. If U € II,(E, X), V € £(E*,E*) then the operator
VU* is dominated; moreover, |[VU*||y < i (U)||V].

< Since the space E* satisfies conditions (B) and (C) (see 2.2.19), it suffices
to verify that the inequality [|®]| < m1(U) - ||V]|, with

® = max{|VU*a}|,[VU*a}|,... ,|VU*, |},
is valid for arbitrary vectors z},},... ,z!, € Bx+. It is clear that
n
&= | PVU"z,
k=1
where Py,..., P, are projections onto pairwise disjoint bands in E*. Let £ be
a functional in E** such that ||¢7]| =1 and
<E P VU*z4, g> =Y VU || = ||2].
k=1 k=1
Then
12l =D (PVU e, &) < Y UV R
k=1 k=1
< m(U™V)sup {Z|<s',szs'>| ¢ e B, €] < 1}
k=1

[€ € E", €N <1, fex] < 1}-

< m(U)IV]| Sup{ ) exPit’
k=1
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Since m1(U**) = m1(U) (see 3.1.11) and

< ¢l

Eekpkfl

k=1

in view of pairwise disjointness of the projections Pj, we obtain the sought esti-
mate. >

(b) By repeating the arguments in the proof of the preceding theorem,

we can convince ourselves that the following theorem is valid:

Theorem. If a Banach lattice E satisfies conditions (B) and (C) (see 2.2.13),
U e Z(X,E) and U* € II;(E*, X*) then the operator U is dominated and
Ul < w1 (U™).

3.4.2. In the case E = LP(T, u), the claims in 3.4.1 can be made more precise.

(a) Theorem. Let 1 < p < oo. H U € IL,(L? (T, 1), X) then the opera-
tor U* is dominated and |[U*||s < mp(U).

< The proof of the theorem is similar to that of Theorem 3.4.1(a) from which
our theorem appears as a particular case with p = 1. Therefore, in what follows we
suppose that p > 1. It suffices to verify that the inequality ||®{|, < 7,(U), where

® = maxi<i<na |U*x}|, is valid for arbitrary vectors z},... ), € Bx+. It is clear
that
n
¢ = Z Xe U],
k=1
where ey, ... ,e, are pairwise disjoint subsets of T. Then

12lE = > e Ui
k=1
Choose functions ¢ € L? (T, 1) such that

IXer U zkllp = (s xea U™ k), Mleklly =1 (B =1,2,...,m).
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We see that

n 1/p n
”‘I)“p = (Zl<§k7XCkU*x;c)lp) < (Z ”UXenflc“g')
k=1 k=1

n 1/p
< mp(U)sup { (Z I(xekék,n)l”) [ € LP(T, ), lInll, < 1}
k=1

1/p

n 1/p
< mp(U)sup { (Z IIXemIIi) | n € LP(T, u), |Inllp < 1} :
k=1

Since

n
Y lxesnll < lInll,
k=1

we obtain the claimed estimate. [>
(b) By duality, the preceding theorem yields
Theorem. Let 1 < p < co. IfU € (X, LP(T,p)) and U* € I,(L? (T, ),
X*) then U € M(X,L?(T, u)); moreover, ||U|lp < 7p(U*).

(c) In the case 0 < p < 1 when the dual operator to the operator U :
X — LP(T,p) fails to exist, the preceding theorem can be supplemented with the

following assertion.
Let 0 < p < 1; let U: X — LP(T,u) be a finite rank operator, and let
Vet(ZX) IFV*elly(X*, Z*) then |[UV|ym < ||U|l7p(V*).

< The operator U, being a finite rank operator, is representable as

N

Uz = Z(m,x;c)fk,

k=1

where z,... ,2%y € X* and f1,..., fv € L?(T, ). By putting

N
e(t)=) ft)z, (teT)
k=1

we obtain

(Uz)(#) = (=, (t)) (t€T).
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Therefore,
sup{{UV2|| 2 € Z, ||2|| < 1} = sup{[{z, V¥e( )| | 2 € Z, |lz|| <1} = [[VZ()ll

and, by 3.1.7, we have

vt = ( [ 17017 du(t))llp

T
1/p
<m0 T/ ,[ o ") au(v)

where K is {z" € X** | ||z"|| < 1} with the topology ¢(X**,X*) and v is a proba-

bility Radon measure on K. Since the function
e s [ ot a")P dut)
T
is continuous on K, we have

sup ! (601 du(t) <" € K |

—sup{ [ e ()P dutt) = € X, el <1};
T
therefore,

UV < 7rp(V*)sup{/ [{z, @ ()P du(t) |z € X, [|o]| < 1}
T

= (VU] >

3.4.3. Asis easily verified, Theorems (a) and (b) in 3.4.2 cannot be converted.
Thus, the operator of multiplication M, : L*(T,u) — L*(T,u) by a function
g € L*(T,p) is obviously dominated but its dual is not p-absolutely summing for
any p < oo since it is defined on a reflexive space but fails to be compact (see 3.1.8,
Corollary 3).

However, the assertions of theorems in 3.4.2 can be strengthened, which makes
it possible to achieve validity of the converse theorems. Henceforth the following

notion will be convenient for us:
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DEFINITION. An operator U € .Z(X, E) is called stably dominated if the op-
erator VU is dominated for every operator V € Z(E, E).
The operator M, in the above-exhibited example is obviously dominated but

not stably dominated.

3.4.4. Theorem. Let 1 < p < 0. An operator U € £(X,LP(T, p)) is stably
dominated if and only if U* € IL,(L? (T, u), X*). Moreover,

mp(U") = sup{||[VU|lm | V € L(LX(T, p), L*(T, w)), |Vl <1}. ey
< Sufficiency together with the inequality
sup{[[VUl|[m | V € L(LP(T, p), L*(T, ), IVII < 1} < mp(U™) (2)

follows from 3.4.2(a).

To prove necessity, we first convince ourselves that the quantity
Co = sup{|[|VUllm | V € L(LX(T, p), L*(T, w)), IV < 1}

is finite. Indeed, the mapping V' +— VU acting from Z(LP(T,u), L?(T,)) into
M(X,L?(T,u)) satisfies the hypotheses of the closed graph theorem and conse-
quently is continuous. The real Cy is none other than the norm of the mapping.

Let £,... ¢, € L?(T,p). To estimate the sum S ke NU*EL|IP, we actually
use the fact that the functions £, belong to the range of the canonical basis under
some operator W defined on I?'. The dual of the operator W defined below is none
other than a modification of Wy which acts in the space L' (T, ).

Let eg,... , e, be pairwise disjoint subsets of a set T of positive measure. Define
the operator W : LP(T, u) — LP(T, i) by the equality

W) =) xeu(&: € ler)) P (€ € LP(T, ).
k=1

Then
WHE) = S (e 26, [€du (€ € 17 (T
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and W*n, = &, where nj, = (u(ex))™/"'xe, (for p = 1 we put nj = xey), kb =
1,...,n. It is clear that

n 1/p
W]} = sup { (Z l(f,éé)l") | € € LP(T, p), i€l < 1} : 3)
k=1

Fix an arbitrary positive ¢ and find vectors z1,... ,z, € X such that
UGN < (1+€) (2, U™&), lmell=1, k=1,2,...,n.

Then

3

n 1/p
(Z HU*&H”)
k=1

1/p
| xth*ﬁk )

1/p
ek, U*W*ni) P )

._.

1+€ (
n

<(1+4¢) (
k

1/p
<(1+¢) ( (WUzg, i) )

_(1+€)( I(%m)l) ,
k=1

where a = sup{|WUz| | z € X, |[z|| <1}. Consequently,

n 1/p n 1/p
(ZHU*&;H‘”) <(+e) (Z / @ du)
k=1 kzlele

=1 +e)[WUllm < (1+)CoW]|.

Il
A

3

3

This fact together with equality (3) provides the relations
U* € TL(L” (T, u), X*), w,(U*)<(1+¢)Co.

In view of the arbitrariness of € it thus follows that 7,(U*) < Cj, whence we obtain

equality (1) on use made of equality (2). >
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Corollary. Let H be a Hilbert space and let U : H — L*(T, u) be a Hilbert-
Schmidt operator. Then ||Ulja = n2(U).

< By the preceding theorem and 3.2.2; we have
[Ullar < m2(U™) = 02(U) = ma(U).

On the other hand, 72(U) < ||U||ar by 3.1.5(c). >
3.4.5. Theorem. Let 1 < p < 00. An operator U € .?(LP'(T,,u),X) is p-

absolutely summing if and only if the operator U* is stably dominated. Moreover,
mp(U) = sup{[W*U||m | W € L(L¥ (T, ), L7 (T, 1)), W] < 1}.

< This theorem follows from 3.4.4 by duality. >

3.4.6. Corollaries. (a) Let U € Z(X,Y). Then U € II,(X,Y) (U* €
H,(Y™*, X*)) if and only if the operator V*U* (WU) is dominated for every oper-
ator Ve Z(I" X) (W € £(Y,IP), respectively).

< The proof consists in comparing Theorem 3.4.5 (3.4.4) with Theorem 3.1.6. 1>

(b) Let 1 < p < oo and let U € ZL(L* (T',u'), L?(T, 1)). The following

assertions are equivalent:

(o) U € M(LP(T', '), L*(T,n)); (') U* € M(LP (T, p), L*(T", u"));
(B) U € Wy(LP(T', '), LX(T, p);  (B') U* € Wy(LP (T, p), LP(T", u")).

<1 The proof follows from validity of the implications (a) = (8) = (') =
(B') = (a), the first and the third of which follow from 3.1.5(c) and the rest,
from 3.4.2. >

Note that if we know a general form of an operator in M(L?' (T', u'), LP(T, 1))
then we know a general form of an operator in IL,(L?' (T", '), L?(T, 1)) too.

3.4.7. Invariantly order bounded sets.

DEFINITION. We say that a set A C LP(T, ) is tnvariantly order bounded if
the V-image of A is order bounded in L?(T, p) for every operator V € Z(L?(T, p),
L¥(T, p)).

Observe that for p = 1 every order bounded set will be also invariantly order
bounded, since every operator in Z(LY(T, u), L*(T, 1)) is regular.
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Theorem. Let 1 < p < co and let A be a norm bounded subset in LP(T, u).
The set A is invariantly order bounded if and only if there exists an operator
U € (LY (T", '), L?(T, 1)) such that A C U(B), where B is the unit ball of the
space LP (T', ).

< Sufficiency follows from Corollary 3.4.6(b) and 3.4.4. To prove necessity,
consider the set X = lin(Z), where A is the closed absolutely convex hull of A.
Make X into a Banach space by taking the Minkowski functional of the set A as
a norm in X (the completeness of X follows from Lemma 3.1.2). Since the identity
embedding i : X — L?(T, u) is stably dominated, we have i* € IL,(L?'(T, u), X*).

Consequently, the operator :* admits the canonical factorization

i*: LV (T, ) X o2 X, ¥ X *
n n
C(K) 3 LP(K,v).

Thus, * € Va, where o = Z,,j € HP(LPI(T,/L),XP). Therefore,
A" Ca*(|V]l- Bx;) C [Vle™e (B (k,.))»

where ¢ is the canonical homomorphism of LP'(K ,v) onto X . Since the operator
U = |V||e*y is dominated by Corollary 3.4.6(b), it is p-absolutely summing as
well. >

Corollary. A set A C L*(T,p) is invariantly order bounded if and only if
there exists a Hilbert-Schmidt operator U : I* — L*(T,u) such that A C U(B),
where B is the unit ball of 1.

Observe that the corollary (certainly, together with the theorem) gives a de-
scription for invariantly order bounded sets purely in terms of Banach spaces. In
particular, a set A C L*(0,1) and its isometric image in the space I? are (or are not)
invariantly order bounded simultaneously whereas the orders in the spaces L*0,1)
and [? are quite different.

3.4.8. Here we prove two auxiliary assertions that are necessary for the further

study of invariantly order bounded sets in a space.
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(a) Lemma. Let Hy be a Hilbert space and let zi,... ,z, € Ho. If

dim He > n and
suP{Zl(d’”k,l?')P 2"l < 1} <1

k=1
then there are nonnegative numbers a;,... ,an and a family of orthonormal sys-
tems {ey)};::l in Hy (1=1,2,...,N) such that

N
Zai =1
i=1

and

N
TE = Za;ei'), k=12,...,n.
=1

< Without loss of generality we may assume that dim Ho = n. Let {gx}}_, be
an orthonormal basis for Hy and let A : Hy — Hy be the operator defined by the
equality

n

Az =) (z,91)z (z € Hy).
k=1
Then
Al <1, Ag=z (k=12,...,n)

Since the set of unitary operators is the set of extreme points of the unit ball in

Z(Hy, Hy), the set A is a convex combination of unitary operators Q;:

N N
A= Za;Qi, Za, =1, ;20
k=1 k=1
Consequently,
N
T = Agk = Za,-Q,-gk (k = 1,2,... ,n).
k=1
Thus,

{Qigk};cl=l (7‘ = 1’27“' 3N)

is the sought family of orthonormal systems. >
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(b) Lemma. Let H be an infinite-dimensional space; let Hy C H,
codimHy =m < oo; let V € £(H,Y), and let Ko > 0. If

Y Vel < K2
E>1

for every orthonormal system {ex}r>1 C Ho then there exists a number K such
that

VAP < K?

E>1
for every orthonormal system {hi}i>1 C H.

< Let {hx}$2, be an arbitrary orthonormal system in H; let g1,...,gm be
a orthonormal basis for Hi", and let P be the orthogonal projection onto Hy. Fix
anatural n and put z; = Phy (k=1,2,... ,n). Since the vectors z1,... ,z, satisfy
the hypothesis of Lemma (a), they are representable as

N
Tp = Za,-ei') (k=1,2,...,n),
i=1

where a; > 1, ZkN=1 a; =1, and {eii)}}::l are orthonormal systems in Hy (i =
1,2,...,N). Thus,

m

hi =Y (hk,9;)9; + 2
i=1
and
m N )
Vhy = Z(hk’gj)ng + ZaiVei') (k=1,2,...,n).
j:l =1
Consequently,

m N
VA < IVIY. I(hey i)l + Y il Vel
=1

1=1
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By using the triangle inequality for the norm in /2, we obtain

1/2
n

n 1/2 m N ) 2
(Z nvmw) <> [IIVHZI(hk,gj)I +ZaiHVe§:)ll}
k=1 j=1 i=1

k=1
m n 1/2 N n X 1/2
<13 (Sima)  + Lo (Swdr)
=1 \k=1 1= k=1

i=1
1/2
SIIVII( Ilyjllz) + Ko.
1

7=
So, we may put K := ||V|m + Ko. >

3.4.9. Definition. Let H be a Hilbert space; let & = {ex}52; be an orthonor-
mal system in H, and let A C H. Put

ck = ck(4, &) = sup{|(z, ex)| | = € A}.

The numbers ¢, are called the gauges of A with respect to the system &.

Theorem (see [53,54]). Let A be a norm bounded subset in L*(T, p). The
following assertions are equivalent:

(1) the set A is invariantly order bounded;

(2) Yre, ci(A, &) < oo for every orthonormal system & = {ex}2, C L*(T, p),
where ci(A, &) the gauges of A with respect to the system &;

(3) there exists a number K > 0 such that

) ci(4,6) < K*
k=1
for every orthonormal system & C L*(T, ).

< (1) = (2): According to Corollary 3.4.7, there exists a Hilbert-Schmidt
operator U : 12 — L¥(T, ) such that A C U(B), where B is the unit ball of the
space [2. Then

ck(4,8) < sup{|(Uy,ex)| | y € B} = [[Uexll.
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Since U™* is a Hilbert-Schmidt operator, we have

Y (4,8) <Y U] < oo
k=1 k=1

(2) = (3): Let (3) be false. Then by Lemma 3.4.8(b) we see that

given a subspace Hy C H, codim Hy < oo,

there exists an orthonormal system

G = {gr}rey1 C Hy, such that Zci(A, G) > 1. 4)
k=1

Fix a finite system {ex};L, C H such that

Z A {ek}k =1

and put
Hy = (ﬁn({ek}:;l)).]_'

By virtue of (4), there exists a finite orthonormal system {ex};2, ., C Hp such
that

n2

Z C%(A, {ek};:z:nl_*.l) Z 1

k=n1+l

Continuing the construction by induction, we obtain the orthonormal system & =
{ex}32, in H such that

o0

Y k(4,8) =

k=1
which is impossible by condition (2).
(8) = (1): Consider the set X = lin(A), where 4 is the closure of the absolutely
convex hull of A and make it into a Banach space by taking the Minkowski functional

of the set A as a norm in X (the completeness of X follows from Lemma 3.1.2).
Prove that the identity embedding j : X — L%(T, ) is a stably dominated operator,
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which obviously ensures the invariant order boundedness of A. By Theorem 3.4.4,

it is

sufficient to verify that j* € IIo(L?(T, u), X*). We check that

1/2

n 1/2 n
(Z IIJ'*wk||2> < K'sup (Z |($k,$')|2) []l2 <1
k=1 k=1

for arbitrary functions z;,... ,z, € L%(T, ). In view of homogeneity of the pre-

ceding inequality, we may assume that

n 1/2
sup (E |($k,$')|2) Hz'le <1 <1
k=1

By making use of the result and notation of Lemma 3.4.8(a), we have

xk—zae(') =12,...,n,

where &§; = { e(')} p=y (1=1,2,...  N) are orthonormal systems. Consequently,

and

lj*zx] < Zazlla* Ol

1/2
willive <*>||) )

(%
(Zur o) ) g > (iczm,@)m
a; K =

n

(kz:; 7 *zkllz)

IA
NN
T

IN

i Mz i Mz

k=1

IN

K.

Corollary. If A C I? and the set U(A) is order bounded for every unitary

operator U : I — [% then A is an invariantly order bounded set.

< The hypothesis of the corollary is equivalent to item (2) of the theorem. >
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3.4.10. V. N. Sudakov’s theorem. The following result shows that each
set that fails to be invariantly order bounded in L?(0,1) can be “rotated” so that
it fails to be order bounded even in the space L%(0,1). We start with proving the

following

Lemma. Letcy,... ,cp be a collection of positive numbers and let ¢1,... ,oN
be a collection of step functions on (0,1). Then there are a constant a > 0
and an orthonormal function system fi,... , f, € L?(0,1) possessing the following
properties:

(1) each of the functions fy assumes only two nonzero values thy, where
hi = acy' and fol fr(t)dt =0;

(2) fa Lpj forallk=1,2,...,p; 5 =1,2,... ,N;

(3) the sets on which the functions fi take nonzero values are pairwise disjoint.

< Suppose that some functions fi are constructed. Let

e = {t €(0,1) | fu(t) # 0}

and let 6 be the measure of e, k =1,2,... ,p. Then

k=1

and
et =1for k=1,2,...,p.
Consequently,
» 1/2 » -1
a= (Z ci) , bp=ct <Z ci) . (5)
k=1 k=1
Now we turn out to constructing the functions fi on assuming that the values
a and 6 were chosen by formulas (5). Let each of the ¢q,... ,pn be constant

on each of the sets 4,,..., Ay making up a partition of (0,1) and let ey,... ,e,

be another partition of (0,1) which consists of some sets of measures é;,...,8,

respectively. Put ex; = e; N A; and divide each of the sets ex; onto two parts etj
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and €k of the same measure. Define a function f; as

M
hi, ifte U e:j,
i=1

_ M
=3 _hy, itte U eg,
Jj=1

0, if ¢ ¢ €k.
It is clear that the so-defined functions fi satisfy all requirements of the lemma. >

In what follows we for brevity shall use the symbol |A| to denote the set

{lz| | = € A}. All spaces under consideration may be either real or complex.

Theorem (see [53,54]). Suppose that a set A C L?(0,1) is norm bounded
but not invariantly order bounded. Then there exists a unitary operator U :
L%(0,1) — L%(0,1) such that sup |U(A)| = +oo almost everywhere on (0,1).

< We split the proof of the theorem into three steps.

L. Let & = {4}, be an orthonormal system in L(0,1) and let cx = cx(4, &)
be the gauges of A with respect to &. Prove that if ) p ; c3 = oo then there exists
an orthonormal system of functions {f¢}§2; C L*(0,1) such that

sup {

is valid almost everywhere on (0,1);

() the equality

Z(‘T,fk)

k=1

IweA}zoo

(B) lin({fx}g2,) possesses an infinite-dimensional orthogonal complement.
Fix z; € A such that |(zk,ex)| > cx/2 (k= 1,2,...) and put

oo
n@)= Y el
j=k+1
We construct the sought system by induction. Let m; = 1; let f; be an arbitrary
step function with || fi]|2 = 1, and let
51 = max cilfi(t)].
Find p; > 2 such that

1 mi+p1 1/2
5( Z Ci) >S5+ 1.

k=m1+l
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Fix an arbitrary step function g1, ||g1]|2 = 1, which is orthogonal to f;. By ap-
plying the lemma to the numbers ¢p,41,... ,¢m,+p, and to the functions f; and
g1, we obtain functions fm,41,... , fm,+p,- NOW we choose my > m; > p; so that
Mm, (i) < 1/p? for every i = 1,2,... ,m1 + p1. AS fmytpi+1,-- » fm, we take an
orthonormal system of step functions on A; = (0,1/p1) such that these functions
are orthogonal to fi,..., fm,+p, and g;. Put

ma
Sy = max _10klfk(t)l-
Suppose that the natural my,... ,m; and py,... ,pj—1 and the step functions
g1,---,9gj—1 and f1,..., fm; are already constructed so as

(1) Pi-1<pi, mi+pi<mipfori=1,2,...,7-1;

(2) Mmipa(zr) <1/ptfor k=1,2,... ;mi+p; (i =1,2,...,5 = 1);

(3) the functions g1,... ,gj-1; f1,-. , fm; form an orthonormal system;

(4) given m; < k < m; + p;, the functions |fx| take only the values 0 and hy,
their supports are pairwise disjoint and

mi+p; /2
ckhk=( Z c?) ;

I=m;+1

(5) the following inequality is valid:

1 mi+p; 1/2
5( Y cf) >Si+i+1,

I=m;+1
where .
Si= max )  cklfi(t)],
k=1
Now put
m;
5j = max 2_:1 ekl fi(t);
find a number p; > p;_; such that
1/2

1 m;+p;
5 Yood] >Si+i+1,
l=mj+1
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and fix a step function g; with ||g;|l2 = 1 which is orthogonal to all functions g; for

i < j and fi for k < m;. By applying the lemma to the numbers cp; 41, -+ ; Cm; +p;
and the functions
g1,---+9;, fl"--,fmj, (6)
we construct functions fi;4+1,... , fm;+p;- Choose now mjy1 > m; + p; so that
+1(zn) < 1/p2 for 1 < n < mj + p;. We tak Frni4p;s fon:
Nm;+1(Zn pj for 1 < n < mj +pj. We take as fm;4p;4+1,.-.  fm;;, an

orthonormal system of step functions vanishing outside the interval A; = (0,1/p;)
so that these functions be orthogonal to all functions g; for i < j and fi for
k < mj + p; that completes the induction step.

Thus, we constructed the orthonormal system {fx}52, satisfying (8) (because
fx L gj for all k and j). Prove that (a) is satisfied as well. Fix a natural j and

= Z(x, ek)fk,
k=1

consider the function

where z € A. We have

mj41
el 2| Y (@ en)f —Zuek Afel=| D (@ en)fi]
k=m;+1 k>mj 4
m;+p; mj41
> Z (z,ex)fi| — Z (z,ex)fr| — S; I Z (z,ex) fkl
k=m;+1 k=m;+p;+1 k>mjqq
The sum
M1
Z (‘Taek)fk
k=m;+p;+1

is identically zero beyond the interval A;. Therefore, beyond A; we have

m;+p;
splisl > swp | S (@men)fe|-Si— _max il
T€A m; <n<m;j+p; k=41 m; <n<m;j+p;
2
1 [ ™itE Y
> - 2 -5; - max
= 2 k J mj<"<mj+pj |¢nlv
k=m;+1

where

Pn = Z (mmek)fb

k>m;4
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Hence, by (5), it follows

>j+1- . 7
suplye| 2 j+1-  max il (7)
Estimate the maximum on the left-hand side of inequality (7). By choosing m;1,
we have ||[q|3 < 1/p? for every n < m; + p;. Put

m;+p;

en={t€(0,1)|a(¥)| 21}, Ei= |J en

n=m;+1
Since mes(ey) < |[al3 < 1/p3, we have mes(E;) < 1/p; and

<1
2 (] <

for t ¢ E;. This fact together with inequality (7) provides

sup |yz(t)| 2 j for t ¢ E; UA;.
€A

Hence the required result follows because j is arbitrary and mes(E; UA;) — 0.
—00

II. In addition we now suppose that A is a relatively compact set. By 3.4.9,
there is an orthonormal basis {€,}32 for L?(0,1) such that 3 oo &2 = co, where
én = sup{|(z,€,)| | z € A}. Since é, — 0, in view of the relative compactness of A
we can choose a subsequence {€,, }$2, such that 2k%¢,, <1fork =1,2,.... Divide
the system {€,}52, into two parts: the sequence {é,, }32; and the complement to
it denoted by {ex}$2,. By applying the result of the first step of the proof to this
system, we obtain some orthonormal system {fi} that satisfies (&) and (8). Let
{fr}2, be an orthonormal basis for the orthogonal complement to lin ({x}32,)-
Define the unitary operator U : L%(0,1) — L?(0,1) by the equalities

Uler)=fr, Uén)=Ff (k=1,2,...).

We now check that sup |U(A4)| = oo almost everywhere on (0,1). Indeed, let
P be the orthogonal projection onto lin({fx}$2,). Then

(1) sup |[UP(A)| = oo almost everywhere on (0, 1);

(2) the set C = U(I — P)(A) is order bounded.
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The first assertion is obvious. For proving the second, we use Corollary 3.4.6(d)
and verify that the set C is contained in the image of the unit ball under some
Hilbert-Schmidt operator. Indeed, if z € A then

() i 5 0 1 3
U(I-P)x= Z(z,enk)fk = Z Etkfk’
k=1 k=1
where
. 1 d 9
[tk] = [k(z,€n, )| < % ; [te]® < 1.
By putting

oo te ~
V(t) = Z ?fka
k=1
where ¢t = {t}52, € %, we see that V is a Hilbert-Schmidt operator and
Cc{v)|tel, |t <1}
Therefore, ® = sup{|y| | y € C} < oo almost everywhere and consequently
|Uz| > |UPz| - |U(I - P)z| > |[UPz| - ®

for z € A. Hence, sup |[U(A)| = sup [UP(4)| = co almost everywhere.

ITI. Finally, let A be a set satisfying the hypotheses of the theorem and let
V : L?(0,1) — L2%(0,1) be an operator such that sup|V(4)] ¢ L*(0,1). Take
a sequence {z,}3%, C A such that ||y,|| — oo, where

yn = max{|Vzy|,|Vas|,... ,|Vz.[}.
Put b, = 1+ ||lyn]|'/? and #, = z,/b,. The set {#;,42,...} is relatively compact

but not invariantly order bounded since ||y, /bn| — oo and

max(|V#],...,|V&,|) = max (%[lel,... ,i[Vxnl) > z—:

Consequently, by what was proven above, there exists a unitary operator U such

that sup |U(&,)| = co almost everywhere on (0,1). Then
sup [U(A)| > sup [U(zy)| > sup |U(Zn)| = c0. >

Corollary. Let the space L?(T,u) be separable and let A C L*(T,u) be
a norm bounded set. The set A is invariantly order bounded if and only if the set
U(A) is order bounded for every unitary operator U : L*(T, pu) — L*(T, p).
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< The space L%(T,p) treated as a Hilbert space and as a partially ordered
space is isomorphic either to L2(0,1), or to 2, or to the direct sum of L?(0,1) and
12, or, finally, to the direct sum of L2(0,1) and 2. In all the cases, the assertion of
the corollary follows from Theorem 3.6.10 and Corollary 3.4.9. >

REMARK. Another proof of the corollary (in the complex case) ensures from
the fact that every operator in a Hilbert space H is a linear combination of at most
eight unitary operators.

<1 Obviously, it suffices to prove the preceding assertion only for a positive
operator V : H — H such that ||V]| € 1. Assign U = V +i(I — V?)!/2 where
I is the identity operator in H. As easily verified, U is a unitary operator and

U* =V —i(I — V22, Therefore, V = (1/2)(U + U*). b

3.4.11. Having an acquaintance with Theorem 3.4.10 may inspire oneself to
transfer it on the arbitrary spaces LP(0,1) by replacing unitary operators with

isometries. This is however impossible since the isometries are too “scarce” in
L?r(0,1) for p # 2.

Theorem. Let 1 < p < 00, ¢ >0, and A C L? = L?(0,1). Ifsup|A| ¢ L?
then there exists a positive operator U : LP — LP such that ||U — I|| < ¢ and
sup |U(A)| = oo almost everywhere on (0,1).

First we prove the following two lemmas.

(a) Lemma. Let (T,%, ) be a measure space with finite measure p; let

A C LT, ), and let sup|A| > C almost everywhere on T. Given § > 0, there

exist functions zy,... ,zN in A and a set e C T such that
sup{|zi],...,|zn|} > C on T\ e and pu(e) < 4.

We leave a simple proof of the lemma to the reader.

(b) Lemma. Let 1 < p < oo, A C L? = L?(0,1), and sup|A| ¢ L*.

Given C > 0 and 6 > 0, there exists a positive isometry U : L — LP such that
sup |[U(A)| > C on a set of measure greater than 1 — 6.

< First we suppose that A consists of nonnegative functions. Obviously, with-
out loss of generality we may assume that the range of the function sup A consists of
numbers 0 < A; < A2 <.... (Otherwise, we can replace A with the set consisting
of the functions min(z, f), where ¢ € A, f < sup A, f ¢ L?(0,1), and the range
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of f is composed of the numbers A¢.) Then with the help of a measure preserving
automorphism of a segment one can make h = sup |A| nonincreasing. If h(t) = +o0
on some open segment (0,a), where 0 < a < 1, then as is easily verified, the sought

isometry U can be given by the formula

(Ua)(t) = (' (£) /P2 (o (1),

where the function ¢ takes the values 0, a, and 1 at the points 0, 1 — §, and 1 and
is linear on the segments [0,1 — é] and [1 —§,1].

Now we consider the case in which h(t) < 400 on (0,1). Since h ¢ L?, there
exists an a € (0,1) such h(a) > 0. We shall look for a strictly increasing absolutely
continuous function ¢ on (0,1 — §] satisfying the conditions

(@) p(1-6)=a

(B) (@' (1)) /Ph(p (1)) =Ct7 /P for 0<t <1-86.
The preceding property implies

1-6 1-6
(014
@ [reewna= [ Fa=cmn

8

1-46
s

for0<s<1-6.

Put .
H(u) =/h”(v)du

for 0 < u < a. Considering (a), we can rewrite (vy) as

H(p(s)) = C’ln((1 - 6)/s)

for 0 < s <1 —§. The above reasoning demonstrates that the function ¢ must be
defined by the equality

¢(s)=H(C?In((1-6)/s)), 0<s<1-6.

Consequently, it is absolutely continuous since |H'(u)] > h?(a) > 0, satisfies
condition (3) and also condition (a) in view of H(a) = 0. Moreover, we have
HI—?O ¢(s) = 0, since lim+0go(s) = 400. Put ¢(0) = 0 and ¢ (1) = 1 and assume

the function ¢ linear on the segment [1 — §,1]. Thus we obtain the isometry

Ua)(t) = (' (1) Pz (¢ () (t€(0,1); z€L?). >
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If the set A consists not only of nonnegative functions then it suffices to con-
struct an isometry for the set |A| in the above-indicated fashion.

Now we turn to proving the theorem.

< First, let A consist only of real functions; let sup A ¢ LP, and let sup A < 400
almost everywhere on (0,1). Also assume that ¢ < 1.

By induction, construct sequences of positive numbers {e,}52,, {Cr}32,, a se-
quence {A4,}%2, of finite subsets of A such that A, C A1, and a sequence
{Un}32, of positive isometries in LP which, for n € N, satisfy the following condi-
tions:

(1) 2"en|lhn-]l < 27"/P where ho = 0 and hy,_y = sup |Ap-1], €n < €7

(2) mes{t € (0,1) | (sup Vaz1(A))(t) > Cpn} < 27", where Vy = I and V,_; =
I+eUi+...+en-1Un-y;

(3) supUn(An) > (Cy + n)/en outside the set e, with mes(en) < 27™.

Put €; = €/2 and choose a C} so that

mes{t € (0,1) | (sup(4))(t) > C1} < 1/2.

Let U; be a positive isometry such that sup U;(A) > (C1 + 1)/e1 outside a set of
measure less than 1/4. Let A; be a finite subset of A such that supU;(4;) >
(C1 4 1)/ey outside a set of measure less than 1/2. We thus have a base for induc-

tion.

Suppose that some numbers ey, ... ,en—1; C1,... ,Cn=1, finite sets 4, C A, C
... C An_1 C A, and positive isometries Uy, ... ,Un_ that satisfy conditions (1)-
(8) for n = 1,2,... ,N — 1 are constructed. Now construct ey, Cn, An, and

Un. Choose the number ¢n so that condition (1) be satisfied and Cn so that
condition (2) be satisfied. By Lemma (b), there exists a positive isometry Uy such
that supUn(4) > (Cn + N)/en outside a set of measure less than 27V~1. By
Lemma (a), there exists a finite set B C A such that supUn(B) > (Cn + N)/en
outside a set ey with mes(en) < 27N, By putting Ay = B U Ay_;, we obtain
validity of condition (3).

Now demonstrate that the operator U = I +¢,U; +¢2Ua +. .. meets the claim.
It is clear that U > 0 and ||U — I|| < €1/(1 —&1) < e. Estimate supU(4) from
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below. Given an arbitrary n € N, we have

supU(A) > supU(A,) 2 ensupUn(An) —supVy_1(4,) — Z €jUj(hn)
j=n+1
> ensupUy(Ar) — sup Vp—1(4) — Z g;Uj(hj-1) (8)
j=n+1

(recall that hy = sup |Ag|, h1 < hy <...). By condition (3), we have
ensupUn(4n) > Crn+n
outside a set e, with mes(e,,) < 27". By condition (2), we have
sup Vo-1(4) < Cn

outside a set e}, with mes(e],) < 27". To estimate the sum

Y &iUi(hj-1),
j=n+1
consider E; = {t € (0,1) | £;(U;R;)(t) > 277}. Then
mes(E;) < (¢;27|Ujhj-1)? = (€527 | hj-1))-
By virtue of condition (1), we have mes(E;) < 277. Thus, (8) implies that
supU(A) 2 Cr+n—Co— Y 279 >n-1
Jj=n+1
everywhere on (0, 1) outside the set
e, U e:l U U Ej
j=n+1

of measure less than 3-27". Hence supU(A) = +oo almost everywhere on (0,1) in

view of the arbitrariness of n.
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If sup A = 400 on a set eg of positive measure, then we can change the set A by
“truncating” its functions properly. Indeed, let f be a positive almost everywhere

finite function not summable on e3. Put
A = {min(z, f) | z € A}.

It is clear that sup A < +00 almost everywhere and sup;{ ¢ LP. Let U be a positive
operator such that sup U(A) = +oc. Since U(z) > U(min (z, f)), we have

supU(4) > sup U(E) = 4o0.

If sup A € L? then we may replace the set A with the set —A. Finally, we have
to apply the obtained result to one of the sets {Rez | z € A} and {Imz | z € A}

in the complex case.

Corollary. If a set A C L?(0,1) is not invariantly order bounded then, given
€ > 0, there exists an operator U : L?(0,1) — LP(0,1) such that supU(A) = oo
almost everywhere on (0,1) and |[U — I|| < e.

< The case sup |A| ¢ LP(0,1) was considered in the theorem. Let now sup |4| €
L?(0,1) and let V : LP(0,1) — LP(0,1) be an operator such that sup |[V(4)| ¢
L?P(0,1) and ||V|| = 1. Put Vo = I — &0V, assuming ¢¢ < ¢/3 and g9 < 1. Then
obviously V; is an isomorphism and sup |Vy(4)| ¢ L?(0,1) since sup |Vo(4)| >
eosup |V(A)| — sup |A|. Let now Uy : LP(0,1) — LP(0,1) be the operator in the
theorem constructed for the set Vy(A) and let ||I — Up|| < go. Put U = UpV,. Tt is
clear that

11 = Ul < I = Uoll + 1ol - | — Vol < €0 + &0(1+e0) <. >

3.4.12. Tandori’s theorem. This and next subsections are dedicated to
results connected with the famous Menshov-Rademacher theorem that reads as

follows:

If -
Z lan In n|? < 400

n=1

then the series
o0
> anpn
n=1

converges almost everywhere on T for each orthonormal system {p,}32; C L*(T, ).
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It turns out that if we confine ourselves to decreasing sequences {a, }5%, then
the condition Y oo ; |@x In n|? < 0o in the Menshov-Rademacher theorem will be not
only sufficient but also necessary (if arbitrary orthonormal systems are considered).

The following Tandori’s theorem (see [1,57]) demonstrates the claim.

Theorem. If a, | 0 and

Z(an Inn)? =00

n=1

then there exists an orthonormal system {f,}5%; C L?(0,1) such that the series

o0

Zanfn

n=1

converges almost everywhere on (0,1).

< Let {ex}§2, be a sequence of pairwise disjoint subsets of (0,1) of positive
measure. Put ¢ = (mes(ex))™'/2y., and show that the set A of the partial sums
of the series E:il akp is not invariantly order bounded.

Consider the operator H defined with the help of the Hilbert matrix on the
closed subspace l-fﬁ( {(pk}‘;":l) and vanishing on the complement of the subspace. In

o () =55 =S

other words,

k=1 j=1 k#j k=1
where
1 o0
2
¢k=zj—_—k%’, Z|$k| < oo
J#Fk k=1

and H(f) =0 for f L lin({¢x}32,). Put S =sup|H(4), i.e.,

n

) axtpr

k=1

S =sup

n

Estimate S from below. If ¢ € ¢, then

YD) = ——pm (1)
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for k # m. Therefore,

S(t) > 2—: axPi(t)| = (Z—: maf k) Pm(t)
k=1 k=1

1 1
> am (1 + 3 4ot m) Ym(t) > am Inmpm(t)

for t € e, and m > 2. Consequently,

m=2

/52(t)dt > i /Sz(t)dt > i(am In m)? = +o0.

By Corollary 3.4.10, there exists a unitary operator U : L*(0,1) — L?*(0,1) such

that
U (E akcpk)

k=1

sup = 400

n

almost everywhere on (0,1). Thus, the series

o0

EakUtpk

k=1

diverges to oo almost everywhere on (0,1) and so {Upx } 32, is a sought orthonormal

system. >

3.4.13. The following generalization of the Menshov-Rademacher theorem is
well known (see [32, p. 120]).
If a series
Y i
k=1

converges unconditionally in the space LP(T, ) then the series

converges almost everywhere on T.
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This fact implies that if a sequence {¢r}%2,; C LP(T,u) is equivalent to the
standard basis for the space I? (i.e., the series Yy, ax¢k converges in norm if and
only if 5, |ak|? < 00) and

Z lag In k| < oo,
k=1

then the series
[o ]

S o

k=1

converges almost everywhere on T. In the case when the sequence {ax}f2, is

decreasing, the condition
o0
E laxIn kP < oo
k=1

turns out to be not only sufficient but necessary too. More precisely, the following

generalization of Tandori’s theorem is valid:

Theorem. Let 1 <p< oo. If ax | 0 and
Z(ak In k)Y =00
k=1

then there exists a sequence {fi}52; C L?(0,1) equivalent to the standard basis

for 1P such that the series
o0

Zakfk

k=1
diverges almost everywhere on (0,1).

<t The Hilbert matrix defines a continuous operator in I? for 1 < p < oc.
Thus, to prove the theorem we have to repeat the proof of Tandori’s theorem given
in 3.4.12 while putting

ok = (mes(ex) T /7¢,

and appealing to Corollary 3.4.11 instead of 3.4.10.
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3.5. Coincidence of Some Classes of Operators
in the Scale of the Banach Spaces L?

In this section we prove some important theorems on properties of p-absolutely
summing operators in the scale of Lebesgue’s spaces, in particular, the famous
Grothendieck theorem that gives grounds for various applications and provides an

impetus to developing the theory of absolutely summing operators.

3.5.1. Two lemmas. (a) Let (T,2, ) be a space with probability measure.
(1) If1<¢<2andU € Z(X,L*T,p)) then

Ul x—ze NUIGZOL 0 G 2)0.

(2) f2<p<oo and V € Z(L*T,u),Y) then
Vlize—y < IVIS22IVIEE., .

< First assertion can be easily obtained with the help of the Holder inequality.
By putting ¢ = p’ and applying the first assertion to the operator V*, we deduce

the second assertion of the lemma. >
(b) Let U € I,(C(K),Y). Then my(U) < /m(U)||U].
< To prove, we consider the canonical factorization of U (see 3.1.10(b)):
U:CK)3 IXK,v) LY,
where ||V]|p 2y = 72(U). Then
m(U) < |Vlizamy, U= IVllzeoy
and our assertion follows from the lemma (a) for p = 4. >

3.5.2. Maurey’s theorem. Now we are in a position to prove the following
important theorem.

Theorem. If'Y is a 2-cotype space then
Z(C(K),Y) =T(C(K),Y);

moreover, ©3(U) < (Co(Y)B4)?|\U||, where U € £(C(K),Y) and By = /3 is the
constant in the Khinchin inequality (see 3.5.1).
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< Let U € Z(C(K),Y). First we suppose that rank(U) < co. Then U €
I,(C(K),Y) and m2(U) < C2(Y)Bymy(U) by Theorem 3.2.4. By making use of
Lemma 3.5.1(b), we see that

m2(U) < Co(Y)Bamy(U) < Co(Y)Ba/ma(U)||U}|

and consequently

m2(U) < (C2(Y)Bs)*|U].

The general case is settled by Remark 3.1.1 since the operator U can be approxi-

mated pointwise by finite rank operators with norms not exceeding ||U||. >
Observe that the proven theorem remains valid if we replace the space of con-

tinuous functions with either the space L>°(T, ) or a complemented subspace of

the space of continuous functions, for instance, the space cg.

3.5.3. Corollaries.
(a) Let 1 < p <2 andlet (T, 1) be a measure space. Then

Z(C(K), (T, p)) = 2(C(K), L*(T, p))

for a 2-cotype space LP(T, p).
(b) If X is a 2-cotype space then II,(X,Y) =II;(X,Y).
< Let U € II3(X,Y). According to 3.1.6, to prove U € II;(X,Y) it suffices to
verify that UV € II (¢, Y) for every operator V € #(cp, X). Since V € I2(co, X)

by Maurey’s theorem, the operators U, V' admit the canonical factorization
U:X50E) B 12K, nBY, Viedo®) 3I¥E, 55X

The operator 155 V1, presenting a Hilbert-Schmidt operator, is an 1-absolutely sum-
ming (see 3.2.3). Consequently, the operator UV is also 1-absolutely summing. >
The proven assertion can be strengthened in the following way:
(c) If X is a 2-cotype space then IIo(X,Y) = Ho(X,Y); ie, Io(X,Y) =
II,(X,Y) for every p, 0 <p < 2.
The reader can find the proof of the fact for instance in [42].
(d) If X and Y are a 2-cotype spaces then II,(X,Y) = II(X,Y) for
every p € (0,+00).
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Indeed, we have II3(X,Y) = II,(X,Y) for 2 < p < o0 in view of 3.2.2 and
I(X,Y) = II,(X,Y) for 1 < p <2 by Corollary (b) and, for 0 < p < 1, by the
preceding corollary.

Note that the last result generalizes Corollary 3.2.4.

3.5.4. Grothendieck’s theorem. Let H be a Hilbert space. Then
L(L\(T, ), H) = I(L\(T, ), H).

< Since L*(T, 1) is a 2-cotype space, in accord with 3.5.3(b) it suffices to verify
that

_?(LI(T, /‘)»H) = H2(L1(T’”)»H)'

To this end we prove (see 3.1.6) that the product UV is a Hilbert-Schmidt operator
for arbitrary operators U € Z(LY(T,p),H) and V € £(12,LY(T, ). Indeed, we
have V* € IIo(L>(T, pt),1?) by 3.5.2. Therefore, (UV)* = V*U* and, consequently,
UV are Hilbert-Schmidt operators. >

By Grothendieck’s theorem there is a constant C' such that = (U) < C||U]|
for every operator U € Z(LY(T, ), H). The least of such constants is called the
Grothendieck constant and denoted by K. As is easily verified, the Grothendieck
constant does not depend on the choice of the measure space (provided the corre-
sponding space L! is infinite-dimensional), but it turns out miraculously that the
constant depends on the scalar field over which the space are considered; so it would
be more precise to write Kg and Kg rather than K¢ for real and complex cases

respectively. In the present time, the following estimates for K} and K§ are known
(see [42,45]):

< 1,782,

SRS

5K85e1‘7<1,527<g§K§§

2In (1 + v2)

here v is the Euler constant.

REMARK. The qualitative result obtained in Corollaries 3.5.3(a) and (b) can
be supplemented with some estimates. Prove that, for 1 < p < 2, the estimate
72(U) < Kg||U|| holds for every operator U € Z(C(K), L*(T, 1)) and m(U) <
Kgmo(U) holds for every U € II,(LP(T, p),Y).
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< Let V € Z(I2,C(K)). Since the space C*(K) is isometric to the space
LY(Ty, po) with a suitable choice of the measure space, we have m,(V*) < Kg||V||.
Therefore (see 3.4.1(b)),

IUVIm <m((UV)*) < KellU]| - [ V]
Consequently,
m(UV) < mp(UV) <|UVim < Kel|U] - |V

by 3.1.5(c). Now the sought estimate follows from 3.1.6.
KU e O (LP(T,u),Y) and V € L(co, LP(T, 1)) then

m(UV) < vUV) < ma(U)ma(V) < Kama(D)V ]

by the multiplication theorem. The required result follows again from 3.1.6. >
Recall that if U is a Hilbert-Schmidt operator, then a slightly better estimate
is valid: 71(U) < v2m2(U) (see 2.3.2, the corollary).

3.5.5. L. Schwartz’s duality theorem [51). Let H be a Hilbert space and
let Ue Z(X,H). If U* € 1,(H,X*) for some q < oo then U € lIy(X, H).

< To prove U € IIo(X, H) it suffices to verify that U|x, € Io(Xo, H), where
Ulx, is the restriction of U to a separable subspace Xo C X. So we may suppose
that the space X is separable and H = 2. Let w,, 0 < r < o0, be a family of
isomorphic embeddings of 1% into L7(0,1) satisfying the condition

Wy = o rws for 0 < r < s < o0, (1)

where j, r is the identity embedding of L*(0,1) into L7(0,1). We shall construct
such a family later, but now we apply it to completing the theorem.
Fix r € (0,q) and prove that U € II,(X,I?). By virtue of condition (1), the

operator w,U admits the factorization
weU X 52 % 1900,1) 25 L7(0,1).
Clearly, the operator wgU is dominated since

(qu)* = U*wq* € Hq(Lq’(O’ 1)3X*)
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(see 3.4.2(b)). Therefore, the operator w,U is dominated too and consequently it is
r-absolutely summing (see 3.1.5)). Since w, is isomorphic embedding, the operator
U is r-absolutely summing together with w,U.

To complete the prove, it remains to construct the family {w,}o<r<oco. Let
{gx}32.; be a sequence of standard independent Gaussian variables defined on (0,1).
Given r € (0,+00), define w, by the equality

we(€) = Zﬁkgk (E={a)}2. € P).
k=1

Observe that w,(£) is a Gaussian random variable with mean zero and variance

li€l|?. Therefore,

(O = / gjlskgkm L :j/ooiurdq» (m) ,

where @ is the distribution of a standard Gaussian random variable. Consequently,
+00 1/r

lor (&)l = J€] / trde) | = Cilell,

o0

+o00 1/r
1 2
Cr=—= [ |t|"e ¥ /?at .
(\/27r / I I ¢ )

Thus, the operator w, is an isometric embedding of I? into L"(0,1) to within the
multiplier C,. Condition (1) holds obviously. &

where

3.5.6. To generalize Schwartz’s duality theorem, we need the notion of a ran-
dom variable distributed by the p-stable law (see, for instance, {24, §5.7]). Recall
that the distribution function F of a random variable is called p-stable for some p,
0 < p £ 2, if a linear combination af + bg of two independent random variables
f and g distributed by the law F(z) will be distributed by the law F(z/c), where
¢ = (|al? + |b|P)'/P. We shall consider only symmetric random variables distributed
by the p-stable law F'. In this case, the characteristic function

+o0
Bls) = / S dF(t) (s €R)

-0
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of the law F has the form F (s) = e~°Is", The constant ¢ can be replaced with 1
by the suitable change of variables. Henceforth, arguing about random variables
distributed by the p-stable law, we shall mean only symmetric variables and suppose
that ¢ = 1. The distribution law of such variables will be denoted by Fj. It is well
known (see [24, §5.8, 5.9]) that

F, €C'(R), Fyuw) ~ Cplul™

P U—o0

for 0 < p < 2, where

C, = Sin(frﬂl‘(l +p).

Particularly,

+o0
/ ful” dFy () < oo

for0<r<p.

Lemma. Let 0 < r < p < 2 and let {h,}32, be a sequence of symmetric
independent random variables on (0,1) distributed by the p-stable law F,. Then
the equality

wr() =) Eehy, where £ = {&}32, € P, (2)

k=1

determines an isomorphic embedding w, of the space IP into the space L7(0,1);

moreover,
lw©llr = Co.rlléll, (€ €P), 3)
where
+o0 1/r
Cpr = ( / Iul’de(u)) ,
and
Wr = Jo,rws for 0 <r < s < p, (4)

where j, , is the identity embedding of L*(0,1) into L7(0,1).
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4 By the definition of p-stable law, the distribution function of the random
variable Y r_, éxhi is Fp(z/0n), where

n 1/1’
On = (Z |€k|p> .
k=1
1/r

+o0
- /wm,(}) = Cp,r0n.

T —00

Therefore,

> kb
k=1

This implies the convergence of series (2) in the space L"(0,1) and equality (3).
Equality (4) is obvious. >

3.5.7. S. Kwapien’s duality theorem [21]. Let 1 < p < 2 and U €
L(X,LP(T,p)). I U* € M, (L? (T,u),X*) for some g < p then the containment
U € Iy(X, L?(T, 1)) holds.

< First of all we note that, as in Theorem 3.5.5, we can assume the space X
to be separable and consequently the measure y to be o-finite. By Remark 3.1.1
we may consider the operators P,U rather than operator U, where P, are the
projections (“conditional expectations”) generated by at most countable partitions
7 of the set T. This fact allows us to reduce the proof of the theorem to the case
LP(T, u) = IP. The further reasoning proceeds on use made of Lemma 3.5.6 by the
same scheme as the proof of Theorem 3.5.5. &

3.5.8. Corollary. Let 0 <p< qg<s<2andlet ¢>1 Then
HQ(LSI(T’ ﬂ)?Lq(Tlvul)) = HP(LsI(Tv N)?Lq(Thul ))

< Let U € I, (L* (T, 1), L9(T1, 1)) and V = U*. Applying Theorem 3.5.7 to

the operator V. (V* = U € I,(L* (T, p),L9(Ti, 1)) and ¢ < s) we infer that

V=U"¢ Hp(Lq’(Tl,,ul),L’(T, ©)). Applying the same theorem to the operator
U, we obtain the claim. >

3.6. Nikishin-Maurey Factorization Theorems

In this section we consider the question concerning some special factorization
for operators with values in the space LP(T, ) which expresses the fact that some-
times a mapping from a Banach space into L?(T, i) is “in the main” a mapping in
the space LY(T, 1) for some ¢ > p.
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3.6.1. DEFINITION. Let U € Z(X,L?(T,p)) with 0 < p < ¢ < o0, 1/p =
1/g+ 1/r. We say that the operator U admits strong factorization through the
space LY(T, ) if there exists a function ¢ € L"(T, u) such that U = M,V where
Ve ZL(X,LYT,yp)),and My : LY(T, p) — LP(T, p1) is the operator of multiplication
by the function g : Myf = gf (f € LY(T, u)).

REMARK. Each dominated operator U € Z(X, L?(T, 1)) admits strong fac-
torization through L*(T, x). Indeed, let

g:=sup{|Uz| |z € X, |lz|| <1}.

We can obtain a factorization by defining the operator V' as

Vx::% (z € X)

(we put $ :=0).
The converse holds obviously: if an operator U : X — L?(T, 1) admits strong
factorization through L°°(T, y) then it is dominated.

3.6.2. Our next aim is to give necessary and sufficient conditions for strong
factorization. Before achieving it in the next subsection, we are to establish the

following important auxiliary fact.

Lemma. Let X be a set; let (T, 2, ) be a measure space, and let A be the
set of all finitely supported scalar families & = (a;)zex. Let now 0 < p < ¢ < oo,
1/p=1/q+1/r, and let (f;)zex be a function family in LP(T,p). If

(J(S st )" < (5 eut)™ o)

T z€X z€X

for every family (a;)zex in A then there exists a function ¢ € L™(T, p) such that

fe

gl < 1, ! -

q
du<l

for all z € X.
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< To prove, we use the Fan Ky lemma (see 3.5.5). Let s = ¢/p and let K
be a set of nonnegative functions in the unit ball of the space L* (T, 1) endowed
with the topology o(L* (T, i), L*(T, 1)) It is clear that K is a compact convex set.

Consider the set ® consisting of all functions ¢4, that are defined on K and have

pa(h) = / (22) du= Y el

T z€X

the form

where

a = (az)IEXa Wa = (Z |azleq)p/qa heK.

zeX

We verify below that ® satisfies the conditions of the Fan Ky lemma. Right now
we finish the proof on the assumption that the above-indicated fact is true. By
the Fan Ky lemma, there exists a function hg € K such that ¢(he) < 0 for every
@ € A. Fix a point zo € X and put o = (a2);ex, where o =1 and af = 0 for

T # zg. Then wy, = |fz,|? and consequently

_ |ffolq
goao(ho) = T d[L -1 S 0.
hO
T

Put g = htl,/”. We have

/g’du=/h3/"du=/h3'du§1
T T T
q[

In view of the arbitrariness of zg, this ¢ is a sought function.

and

fzo
g

9 q
du=/%dusl.
i 0

Now we verify that the set & satisfies the conditions of the Fan Ky lemma.
Convexity of ® is obvious. Convexity of the functions ¢, follows from convexity
of the function u — u™° (0 < u < 00). Prove that the functions ¢, are lower

semicontinuous; i.e., that the sets

K(pa <C)={h€ K | ¢o(h) < C}
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are closed for every C' € R. Observe that the set K(¢o < C) is convex in view of
convexity of ¢,. Therefore, it suffices to prove the closure of the set in the norm
topology rather than in the topology o(L* (T, 1), L*(T, ). Since norm convergence
implies convergence in measure, the closure of K(p, < C) follows from Fatou’s

theorem. Last, verify that

min{pq(h) | h € K} <0.

1/s’

Put hy = cows’~ , where the constant ¢ is chosen so that

/hf,'dp=1,
T

ie.,

Then

palha) / (‘,j—) T Jal

zeX

a/p
=c; /w dy — |az|q= (/wadu) —Z[axlq.
T z€X T

z€X

By virtue of condition (1) we obtain @4(he) < 0. >

3.6.3. Theorem. Let 0 < p < ¢ < o0, 1/p = 1/q+ 1/r; let Cy > 0; let
(T, 2, p) be a measure space, and let U € (X, LP(T, ut)). The following assertions
are equivalent:

(1) the operator U admits strong factorization through LY(T,p); that is,
U = M,V; moreover, ||g||r <1 and ||V|| < Cy;

(2) for arbitrary vectors z1,... ,z, € X, the following inequality holds:

(o)

1/p

n 1/q
<Co (2 nxkuq) .

k=1
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< The implication (1) = (2) follows from the Holder inequality (s = ¢/p):

n ?/q 1/p n »/q 1/p
(/ (ZIkal“> du) :(/ 1gl"<Z|kalq> du)
T k=1 T k=1
1/q
1/s' n
<|{ [ gl du (Z|V$k|qdﬂ)
(Jora) (/2
n 1/q n 1
= |lglI? (Z ||ka||") < (Z ||Vl|q|l$kl|q)
k=1 k=1
n 1/q
sco(anv) -
k=1

The implication (2) = (1) can be proven with the help of Lemma 3.6.2. Put

/e

f=Cilllz| Uz (z € X,z #0).

Then we have

n »/q 1p n RNRL 1/p
/ (E Iakfz,,lq) du] =Cg' / (Z Y <|I_;TT> ) du
T k=1 T k=1 k
"l 0\ /¢
<ciic £k
0 o (,; el
n 1/q
k=1
for numbers aq,... ,a, and vectors z1,...,z, € X (zx # 0). By Lemma 3.6.2,
there exists a function g € L™(T, i) such that
Cy'Uz !

dp <1,

T/ gll<
()

for every z € X. By putting Vz = %, we obtain a sought factorization. >

ie.,

q 1/q
du) < Colle]




220 Chapter 3

REMARK. If an operator U is the pointwise limit of some family of operators
each of which satisfies condition (2), i.e., admits strong factorization with a uniform
estimate; then operator U satisfies condition (2) and consequently admits strong

factorization too.

3.6.4. Theorem. Let 1 <p<q<oo,1/p=1/¢+1/r, C >0, and let X be
a Banach space. The following assertions are equivalent:

(1) given a Banach space Y, the equality II,(X,Y) = II,(X,Y) holds; more-
over, m,(U) < Cry(U) for every operator U € I1,(X,Y);

(2) Oy(X,19) = II,(X,19); moreover, m,(U) < Cmy(U) for every operator
U € II(X,19)

(3) for arbitrary operators U € .Z(X*,L?(T,p)) and V € II(X,1?) the esti-
mate |[UV*||m < Cry(V)||U|| holds;

(4) every operator U € £(X*, L?(T,p)) admits strong factorization through
LY(T, ), that is, U = MgV; moreover, ||g||r <1 and |V] < C|U]|;

(5) for a finite collection of vectors z1,...,zn € X, there exist collections

of scalars ay,...,a, and of vectors %,...,%, € X such that z; = ap%; for

k=1,2,... ,n and
Y lal =1,
k=1

n 1/q
sup { <Z |(ik,m’>|q> |z' € X*, ||2'|| < 1}
k=1
n 1/p
SCSUp{(Zl(zk,z’)ll’) |z' € X*, ||2'|| 51}.
k=1

The implication (1) = (2) is trivial.
(2) = (3): Put W =UV*. Then

mp(W*) = mp(V*U™) < mp (VU || = mp (VU] < Crr(V)U]-
By Theorem 3.4.2(b), the operator W is dominated; moreover,

[Willa < mp(W*) < Crg(V)|IUJ-
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(3) = (4): Let {m'k}:=1 C X*. Assuming z}, = 0 for k£ > n, define the operator
V : X — 9 by the equality

Ve = {(:1:,9:',:)}:;1 (z € X).

. . . ’ .
It is clear that V*e; = x},, where e are the canonical basis vectors for {7 . Since

sup{|Vz| | [lel| < 1} = {ll241}3=1,

we have
n 1/q
Vs = (Z Ilw'kllq>
k=1

and consequently (see 3.1.5(c))

n 1/q
m(V) < IVllne = (2 ux;nq> .

Now we find
§ =sup{|UV*E| €€ 1, ¢ <1},
Since .
UVl = |3 6UVrel,
k=1

where £ = {£;}7_, € 17, we have

n 1/q
k=1

Consequently,

/a 1/p
(/ (Z lU%I") d#) = lUV*|lm < ClU|Imy(V)

n 1/q
<cju (Z llw'kll") :
k=1
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It remains only to refer to Theorem 3.6.3.
(4) = (5): To prove this implication one ought to apply (4) to the operator
U:X* — [P defined as

Uz = {(zx,2)}i=1 (2 € X)

(5) = (1): Let U € I(X,Y), z1,... ,zn € X. Representing {zx};-; in the
manner indicated in (5), we obtain (s = ¢/p):

n 1/p
(ZIIkali") (
k=1 1

1/ps' ;s 4 1/q
( lakv") (anv)
k=1 k=1

1/r 1/q
< < lakl') U)sup (Zl (Zk, 2 ") 'l <1
k=1
1/p
< Cry(U) sup{(Zl By ) I 31} >

REMARK. For 0 < p < 1 < ¢, Theorem 3.6.4 remains true together with the

NE

1/p
Iakl"llUikll”>

E
]

IN
3

2

proof of all implications except (2) = (3) provided that in items (3) and (4) one
only considers finite rank operators U. For proving the implication (2) = (3), we
ought to refer to 3.4.2(c).

3.6.5. Strong factorization in the scale of Lebesgue spaces.
(a) Theorem. Let 1 <p<qg<s<ooandl/p=1/q+1/r. If either
g <2< sorq< s < 2 then every operator U € Z(L¥T',u'), L (T, p)) is
factorizable through LY(T,p); moreover, for ¢ < 2 < s, there is a factorization
U = M,V satisfying the estimate ||g||, < 1, |[V|| < Kg||U||, where Kg is the

Grothendieck constant.

< By Theorem 3.6.4, it suffices to prove that the equality

I(LY (T, 1), 1) = Ty(L*(T', 1), 1)
holds for indicated p, ¢, and s. For ¢ < 2 < s, the equality and the estimate

71(U) < Kgma(U) for operators U € I, (L* (T', u'), 19) were obtained in 3.5.3(b)
and Remark 3.5.4. For ¢ < s < 2, the equality was established in 3.5.8. [>
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(b) Corollary. If 1 <p<2<s< o0 and 1/p=1/2+1/r then every
operator U € Z(L*(T',u'),LP(T,p)) is strongly factorizable through L*(T,u);
that is, U = MgV with the estimate

lgll- <1, VIl < Ke|lU]-

(c) REMARK. In the case 1 < p < 2 = s, the estimate obtained in (b)
can be improved. Indeed, the estimate 7,(U) < m1(U) < v/2m3(U) holds for each
operator U € I(L%(T', '), 1%) (see Corollary 3.2.3). By using the equivalence of
items (2) and (4) in Theorem 3.6.4, we infer that the operator U admits strong
factorization U = M,V with the estimate ||g||» < 1, ||V < V2||U||.

3.6.6. Strong factorization of regular operators.

Theorem. Let 1 < p < ¢ < oo, let (T,A,p) and (S,B,v) be arbitrary
measure spaces, and let U € L~(L(S,v), L?(T,u)). Then the operator U admits
strong factorization through the space LY(T, ).

< Verify condition (2) of Theorem 3.6.3. Take z1,... ,2, € L(S,v). Then
n 1/q n
(Z IU:cqu) = sup{ ZakUa:k | Z |ak|"’ < 1}
k=1 k=1

k=1
<o {01 ([l ) 13-t <1
k=1 k=1

< U ((g Iwkl">1/q) :

1/p n 1/q
(Z |U.1:k|q)
k=1
4

( / (ZH)’ dﬂ) _
o (See) )| <vere | (&)
=l (Z nxkug> 1,(,‘ >

k=1

n

n

Therefore,

< < HUTI-

P
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3.6.7. Strong factorization of regular operators (continuation). We
say that an operator U : X — L°(T, p) admits strong factorization through LI(T, u)
if there exist a function ¢ € L%(T, ¢) and an operator V : X — LT, i) such that
U = M,V, where My : LYT, 1) — L%(T, p) is the operator of multiplication by the

function g¢.

Lemma. Let (T, ;1) be a o-finite measure space, let E be a Banach space,
and let U € £~(E,L%T,u)). Then the operator U admits strong factorization
through LY(T, p), that is U = M,V , where V : E — L(T, p) is a regular operator.

< Set
B={yeL’(T,p) |3z € E: |lg| < 1, ly| < |U|(J=])}-

It is easy to verify that the set B is absolutely convex, closed, and bounded in
L%T,y). Put Z = lin(B). If we assume B to be the unit ball, then Z becomes
an ideal Banach space; moreover, the identity embedding i : Z — L%T,pu) is

continuous. Thus, the operator U admits the factorization
U:EZL 2 2 1T, p),

where U) is the operator defined by the equality Usz = Uz (z € E). It is clear that
the operator Uy is regular and ||Up|| < 1. Let g be a function from the dual space
to Z which is strictly positive on T (see 2.2.21). Then the operator ¢ is factorizable
as follows:

i:2 25 INT, ) 2o 19(T, ),

where My and M}, are the operators of multiplication by the functions gand h = 1/g¢
respectively. So, U = MV, where V = M U is a sought factorization. b

Theorem. Let (T,?,u) be a o-finite measure space, 1 < ¢ < oo, U €
L~(LY(S,v),L%T,u)). Then the operator U admits strong factorization through
the space LI(T, ).

<1 To prove the theorem it suffices to successively apply the lemma and Theo-
rem 3.6.6 to the operator U.
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3.7. Stably Regular Operators

3.7.1. DEFINITION. Let p,q € [1,+o0]. An U € ZL(L?(T,p),LY(T1, 1)) is
called right (left) stably regular if the operator UV (WU) is regular for every
operator V € Z(LP(T, n), LP(T, u)) (every operator W € £ (LT, p1), L4(T1, p1))
If the operator WUV is regular for all operators V and W in the above-indicated
spaces then U is called (bilaterally) stably regular.

We denote by £ (LP(T, p), LY(Ty, p1)) the set of all bilaterally stably regular
operators in Z(LP(T, n), LY(T1, p1))-

Observe that the right stable regularity does not generally yields the left stable

regularity and vice versa (see example 4.9.9).

3.7.2. Properties of stably regular operators. While speaking of L?,
L9, etc. in the current and next subsections, we mean spaces that are constructed

possibly over different measure spaces.

(a) An operator U € #(L?,L?) is right (left) stably regular if and only
if the operator U* is left (right) stably regular. An operator U* is bilaterally
stably regular together with U.

We leave the reader with proving.

(b) Let p,r € [1,4+00], g € [1,00], max(r,q) > 2, and Uy € £L(L9,L"). If

an operator U : L? — L1 is left stably regular then the operator UyU is left stably

regular too.

< Since Uy is arbitrary, it suffices to verify the regularity of UgU. To this end,
we prove that the image of every interval in L? under the mapping UpU is an order
bounded set in L7. Let g € LP, ¢ > 0, and I; = {z € L? | |z| < g} and let M, :
L® — L? be the operator of multiplication by g. Since the operator U is left stably
regular, the operator UM, is stably dominated; thus, (UM,)* € Hq(Lq',(L‘”)*)
by 3.4.4. Further, we have

(UoUM,)* = (UM,)*Ug € Ty((L7)*, (L))

The condition max(r,q) > 2 implies that at least one of the spaces L¢ or (L7)*
has cotype 2 (see 3.5.2). Since (L*°)* is a 2-cotype space as well, by making use
of 3.5.3(d) we see that

(UoUM,)*™ € IL((L7), (L%)7).
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Consequently, the operator UgUM, is dominated (see 3.4.1(b)) and thus the set
UoU(1,) is order bounded. >

(c) Let p € (1,400}, q,s € [1,+00], min(p, q) < 2, and Uy € Z(L*, L?).
If an operator U : LP — L1 is right stably regular then the operator UUy is right
stably regular too.

<1 This property can be obtained from property (b) by duality. >
Observe that the conditions ¢ < oo in (b) and p > 1 in (c) are essential.

3.7.3. Lemmas. (a) If U : C(K) — L*(T, ) is a stably dominated operator
then U € N(C(K),L*(T, p)).

< Let A = U(B), where B stands for the unit ball in C(K). By Corollary 3.4.7,
there exists a Hilbert-Schmidt operator V : H — L?(T,u) such that A C V(Bg)
where H is a Hilbert space and By is the unit ball in H. Without loss of generality,
we may assume that the operator V is one-to-one. Let V=1 be the operator on V(H)
inverse to V. Since V(H) D U(C(K)), the composition W = V~1U is defined. As
is easily verified, the operator W is closed and thus continuous. It is also clear that
U = VW. By Theorem 3.5.2, we have W € II,(C(K), H) and for completing the
proof it suffices to appeal to the multiplication theorem 3.3.6. >

(b) Let H be a Hilbert space and let W € £(co,H). If the operator

WR is nuclear for each operator R : H — ¢o then the operator W is nuclear too.

< First of all we note that since the mapping R — WR from Z(H,co) into

N(H,H) is closed, it is continuous and there exists a number C such that
WWR) < CIR| (R € 2(H,c0))

Let hy = W(ex), where {ex}§2, is the canonical basis for cg. Then
Wt =tk (t= {0} € ).
k=1

Verify that
> llhwll < oo,
k=1
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which yields nuclearity of W. Define the operator R,, : H — ¢g as

k=1

We have

n h n
Rl =1, WRy(z)= <x, ———k—-\ hg, trace(WR,) = Z 1fkll-
2\ Tl ) 2

Since |trace(WR,)| < v(WR,) < C (see 3.3.8), we have

pY L et

which yields convergence of the series Y p, ||h|| in view of the arbitrariness of
n. >

3.7.4. Interrelations between stably regular and 1-absolutely sum-
ming operators.

(a) Theorem. Let 1 < p < oo and U € ¥(LP,L?%). The following

assertions are equivalent:

(1) U € (L7, I%)

(2) the operator U is left stably regular,

(3) U € I (L7, L?).

< The implication (1) = (2) is trivial.

(2) = (3): If p=1then U € II;(L!, L?) by Grothendieck’s theorem (see 3.5.4).
If p = oo then U € N(L*,L?) by Lemma 3.7.3(a). Let now 1 < p < oco. It suf-
fices to verify that UV € I1(co, L?) for every operator V € £ (cg, L?) (see 3.1.6).
Prove that the more strong assertion is valid: the operator W = UV is nu-
clear. By Lemma 3.7.3(b), it suffices to check nuclearity of WR for an arbitrary
R € Z(L% c). Take such an R. By Grothendieck’s theorem, the operator R* as
well as the operator (V R)* belongs to the class II;; therefore, the operator VR is
dominated (3.4.1(b)). Consequently, the operator VR admits strong factorization
VR = MyRy, where Ry € #(L* L™) and M, is the operator of multiplication by
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a function g € LP. By putting Uy = UM,, we obtain the following commutative
diagram:

rw:i*Ec % Y oo,

M,
R ] ‘ UO

Lw
Since the operator Uy satisfies the hypothesis of Lemma 3.7.3(a), it is nuclear
as well as the operator RW.
(3) = (1): It suffices to prove that the operator U is regular. Since the operator
U* is dominated (see 3.4.11), it is regular. Therefore, U** is regular and U is regular
too. >

(b) Theorem. Let 1 < p < o0 and U € £(L% L?). The following

assertions are equivalent:

(1) U e £3(L%, L%);

(2) U is right stably regular;

(3) U* € (L2, L?).

If 1 < ¢ < 2 then assertions (1)3) are equivalent to the following:

(4) U € I,(L?%, LY).

< The equivalence of (1)~(3) can be established by duality and Theorem (a).

(3) = (4): By Theorem 3.4.1(b), the operator U is dominated and consequently
U € II,(L?, LY) (see 1.3.5(c)). It remains to observe that II,(L?, L9) C II5(L?, L9)
since ¢ < 2.

(4) = (3): By making use of the canonical factorization of a 2-absolutely
summing operator, we obtain the representation U = WV, where V is a Hilbert-

Schmidt operator. The operator U* is absolutely summing together with V*. >

(c) Corollary. Let U € £(L? L?). The following assertions are equiv-
alent:
(1) U is left stably regular;
(2) U is right stably regular;
(3) U is a Hilbert-Schmidt operator.

3.7.5. (a) Theorem. Let 1 < p<o00,1<¢<2 andU € £L(L*,L%). IfU
is right stably regular then U € II(LP, L9).
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< In accord with 3.1.6 it suffices to verify that UV € IIo(L?,LY) for every
V € £(L* LP). By 3.7.2(b), the operator UV is right stably regular. It remains
to appeal to Theorem 3.7.4(b). >
(b) Corollary. If 1 < p < o0 and 1 < ¢ < 2 then £ (LP,L%) C
I,(LP, L7).
(c) REMARK. As will be demonstrated in 3.8.2, the equality

%:(Lp’ Lq) = HZ(Lpa Lq)

holdsfor 1 <p<2and1<¢<2.

(d) REMARK. An example of the identity embedding of the space I! into
the space [? shows that Theorem (a) is false forp=1and 1 < ¢ < 2.
(e) Corollary. Let U € Z(L?(T,p),L9(T1,p1)) with 1<p<2,1<q¢<2.
If dim LP(Tp, o) = oo and UV is regular for every V € L(LP(Ty, po ), LP(T, p1))
then U € II,(L?(T, pu), LY(T, p)).
< It is clear that the operator UV : LP(Ty, po) — L9(T1, p1) is right stably
regular. By Theorem 3.7.5(a),

UV € (L (To, pro), L(Th, 1)) C Upr(LP(T, 1), L (T3, p1))-
Since the space {? is isomorphic to a complemented subspace in L?(Ty, s ), we have
UW € Iy (1P, LY(Ty, p1))

for every W € Z(IP, LP(T,u)). Hence, U € Iy (LP(T,p), LY(T1, p1)) (see 3.1.6).
Since LTy, p1) is a 2-cotype space, it remains to appeal to 3.2.4. >

3.7.6. Theorem. Let 1 < p <2< g < 00, 1/2=1/g+1/s, and U €
Z(LP,L7). The following assertions are equivalent:

(1) U € (I», 19,

(2) U is left stably regular;

(2) U is right stably regular;

(3) MU € Iy(L?, L) for every g € L°, where M, : LY — L? is the operator
of multiplication by the function g;

(4) VU € I,(LP, L?) for every V € £L(L?, L?).
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< The implications (1) = (2) and (1) = (2') are trivial. Prove (2) = (3) =
(4) = (1) and (2') = (1).

(2) = (3): Let g € L*. By 3.7.2(b), the operator M U is left stably regular
and thus M,U € II;(LP, L?) C II3(L?, L?) by Theorem 3.7.4(a).

(3) = (4): Let V € £(L?,L?). By 3.6.5(b), the operator V* admits strong
factorization V* = M,W, where W € £(L* L?) and g € L°. Since M,U €
o (L?, L?), we have VU = W*M,U € IIo(LP, L?).

(4) = (1): It suffices to check regularity of the operator U because an arbitrary
operator U; UU satisfies condition (4) together with U, where U; € £(L?, L) and
Uy € £(L?,L?). Regularity of U is equivalent to the fact that the operator UM,
is dominated for every operator My : L® — LP of multiplication by a function
h € LP. Since p < 2, the operator M}, obviously factors through the space L?;
that is, My = aff, where @ € £(L?,L?) and B € £(L*,L?). Thus, it suffices to
prove that Ua is dominated. To this end, we prove that (Ua)* € II,(L?, L?). Let
V € £(L9,L?). By hypotheses, we have VU € II5(L?, L?) and consequently VUa
is a Hilbert-Schmidt operator. Therefore,

(VUa)* = (Ua)*'V* € (L2, L?)
and
(Ua)* € (LY, L*) C T, (L7, L?)

in view of the arbitrariness of V (see 3.1.6).
(2') = (1): Since the operators U and U* are stably regular simultaneously, it
suffices to observe that U* is stably regular and to use the equivalence (1) < (2)

for the operator.

3.8. Certain Operator Lattices

3.8.1. Regularity of 2-absolutely summing operators. Let 1 < p < 2,
1<¢<2,1/p=1/2+1/r, and U € L(LY(T, p), LY(To, po)) and let

My : L2(T’ P‘) - LP(T, tu)

be the operator of multiplication by a function g € L™(T, ). The following asser-
tions are equivalent:
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(1) Ue H2(LP(T7 “)7Lq(T0aF‘0));

(2) UM, € TI(L*(T, p), LY(To, po)) for every function g € L"(T, p);
(3) UM, € M(L*(T, p),L%(Ty, pto)) for every function g € L™(T, p).
If an operator U satisfies the conditions (1)~3) then

2(UMy) < UMyl < V2ma(UM,), 1)

m2(U) < VZsup{m(UM,) | llgll- < 1} (2)

< The implication (1) = (2) is trivial.
(2) = (8): Consider the canonical factorization of the operator UMj:

UM, : L¥(T, ) > C(K) 3 LX(K,v) 5 LYTy, o),

where |V|| = m(UM,) and my(iz5) = 1. Clearly, Vo = 135 and V{* are Hilbert-
Schmidt operators. Therefore, Theorem 3.4.1(b) implies that the operator UM, is
dominated and

IUMllae < mi((UMg)") < m(VOIIVI = m1(Vy )ma (U M)
Since 71(Vy) < v2ma(Vy) by Corollary 3.2.3, we have
IUMllar < V2ma(V5)ma(UMy) = V2ra(Vo)ma(UM,) = V2ma(UM,),

which proves the right inequality in (1). The left inequality follows from 3.1.5(c).

(3) = (1): By 3.1.6, it suffices to verify that UV € IIo(L*(T,u), L4(To, po))
for every operator V € £(L*(T,u),L?(T,u)). By Remark 3.6.5(c), the opera-
tor V admits strong factorization V' = M,V, with the estimates ||g||, < 1 and
IVall < V2|V, where Vs € L(L¥(T, p), L*(T, p)). Consequently, UV = UM,V, €
Mo(L%(T, p), L9(Ty, o). Moreover,

ma(U) = sup{m(UV) | V € L(LX(T,u), L*(T, ), V]| <1}
< sup{m2(UMgVo) | llgll- < 1, Vo € L(LX(T, ), L*(T, ), Vol < V2}
< sup{ma(UM)||Voll | llgll- < 1, Vo]l < v2}
= V2sup{m(UM,) | |- < 1}.

3.8.2. Corollaries. Throughout this subsection we assume that 1 < p < 2,
1< ¢ <2, L? = LP(T, ), and L? = LY(Ty, po)-
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(a) The space IIo(L?,L9) is an o-ideal in the lattice L™~(L?,L?); more
precisely, II(L?  LY) C £ (LP,L?) and if

UeMy(L?,L7), Vel~(L* L), [VI<|U]|

then V € I,(L?,L?) and m2(V) < 2my(U).

< Let U € TIo(LP, L?). Check that U € £ (L?, L9). Obviously, it suffices to
prove that U € L~(L?, LY); i.e., that the image U(I4) of the interval I = {z €
L? | |z| < h} is order bounded for every h € L% . Assign

—==—5, 9=k g=kPl Iy ={ye L’y <g}.

Then U(I) = (UM, )(I,, ). Now the order boundedness of U(I) follows from the
fact that the operator UM, is dominated and the set Iy, is norm bounded.

£V € LI, L9) and V| < |U| then [VM,| < [UM,] for all ¢ € L7 =
L™(T, p); therefore, VM, € M(L? L?). By making use of inequalities (1) and (2)

in Theorem 3.8.1, we obtain

ma(V) < V2sup{my(VM,) | |lgll- < 1}

< V2sup{|[VMylln | llgll- < 1} < VZsup{|UM]ln | |9l < 1}
< 2sup{me(UM,) | llg]l- < 1} < 2me(U). >

(b) F1<p<2andl<q<?2 then ly(L?, L9) = L (L?, L9).
< This fact follows from (a) and 3.7.4(e). >
(c) Let 2<p< o0 and 2 < g < co. If an operator U € £ (LP,LY) is left
stably regular then U € £ (L*?,LY).

< Stable regularity of U is equivalent to stable regularity of U*. The latter is
true in view of right stable regularity of the operator U*, Theorem 3.7.5(a) and the
preceding corollary. >
(d) Ifp, q, U, and V satisfy the hypothesis of Corollary (a) then m (V) <
2Kgm(U), where K¢ is the Grothendieck constant.

< This follows from (a) and Remark 3.5.4. >
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(e) If U € T,(L?,L7) then U* € M(LY,L?) (see 3.4.4 and 3.5.3(b)).
Therefore, U* and U are integral operators. If K is the kernel of U then condi-
tion (3) of Theorem 3.8.1 means (see 2.4.13) that

sl = ([ ([ st duco) " duo)l/q <o @

o, T

for every g € L"(T, p). By using (3), we can easily verify that the inclusions
M(L? L?) C Hy(LP, L) C M (LP L9) = {U € L(L?,L) | U* € M(LY ,L*'}

are proper for p < 2.

3.8.3. Two Lemmas.

(a) Lemma. Let ry,r3,... be the Rademacher functions. For arbitrary
arj €C(k=1,...,n; j=1,...,m), the following inequality is valid:

n,m

akjTi(s)r;j(t)| dsdt.

k,j=1

(Er) =]

YJ_

< To prove the lemma, apply the Khinchin inequality twice (see 3.S.1). Put

n,m

Z akjri(s)ri(t)].

k7j=1

O(s,t) =
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Then

(E |ak;] )1/2 = (jj@?(s,t)dsdt) " < /12 (/ld)(s,t)dt)2 ds

k,g=1 0 0 0

1/2

=i\ [at0d  <v2 [18 0l d

Y L2(0,1)

/ZZ%WWQ

k=1 ]_
1
0
1

Zzakﬂ"](t)"k 3)
=20//(I>(s,t)dsdt. >

1/2

ds dt

l\?

dsdt

=1 j=1
0

(b) Lemma. Let 1 <r < q<p <7, L? = L?(T,p), LY = LY(Ty, o),

LT =L"(T\,m1), and U € L(L?,L9) and let J be an arbitrary isometric embedding
of L? into L". The following assertions are equivalent:

(1) U e I(L?, LY);

(2) U* e (LY, L*");

(8) JU € M(L?,L™).

If (1)«(3) are satisfied then the equalities n,(U) = n,(U*) = ||JU||p are valid.

< (3) = (1) by 3.4.2(c), where the inequality 7 (U) = n(JU) < ||JU||m was
established too.

(2) = (3) by 3.4.2(b), whence the estimate ||JU||y < 7. ((JU)*) < 7, (U*)
ensues.

The above assertion implies that if U* € II(L¢,L?") then U € II(L?, L9);
moreover, 7,.(U) < 7.(U*).

(1) = (2): By applying the preceding remark to the operator U* and by using
the fact that the operator U** is r-absolutely summing simultaneously with the
operator U (see 3.1.11), we infer that 7(U*) < 7 (U**) = #.(U). >
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3.8.4. Interrelations between the spaces ITI;(LP, L?) and M (LP,LY).

Theorem. Let 1 < ¢ <2 < p < o0, L? = LP(T,p), and L = LI(Ty, o).
Then

(1) if 1 < ¢ < p' <2 then IIy(L?,L9) = M(L?,L?);

(2) if 1 <p' < q<2then

Iy (L7, L9) = M®=(IP, L) = {U € £(I?,L%) | U* € M(L¥, L?)};

(3) if 1 < p' = q <2 then I (L7, [*') G M(L?,L¥') = I, (L?, L*');
(4) Ty (L, L) = M(L*®, L'); moreover, m(U) = |Ul|p for U € My (L, L*).
< (1) By 3.5.8 and 3.1.5(c), we have

I0,(L?, L7) = IL,(L?, L%) D M(L?, L9).

By making use of Lemma 3.8.3(b) for r = 1, we find that the relations U €
Iy (L?,L%) and U* € I, (LY, L?') are equivalent. Hence II;(L?,L%) C M(L?,L?)
(see 3.4.1(b)).

(2) 1t is clear that II;(LP,L7) C M*(L?, L?) (see 3.4.1(a)). On the other
hand, if U € M4ve(L? L9) then U* € II/(L¢,L?') and U € I;(L?,L9) by 3.5.7
since p' < q.

(3) By 3.4.6(b), we have

M(L?, L¥') = (L7, I¥') D Ty(LP, LP).

Check that the preceding inclusion is proper. Since the spaces [P and 1P are iso-

morphic to complemented subspaces of L? and L?' respectively, it suffices to prove
that I (12, 1P") # TL (17, 1),
Take a = {ar}32, € I?, 0 < ax < 1. Demonstrate that if

then the diagonal operator M, : I — 17" defined by the equality

M,(z) = {arxz}iz; (z={zk}52, € PP)
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belongs to IL,(I7,1?") but does not belong to II;(I?,1?'). The assertion 3.1.5(b)
yields M, € H,,:(l",l”’). Suppose to the contrary that M, € II;(I?, l”') and let wy :
I’ 5 L'(0,1) be the isomorphic embedding defined in the proof of Lemma 3.5.6:

() =Y tehe (t={te)52, € 7),

k=1
where {hx}$2, is a sequence of symmetric independent random variables on (0,1)
distributed by a p'-stable law Fys. Since

(wlM ) = awl € Hl(Loo(O 1) I ),

the operator w; M, is dominated in view of 3.4.1(b) and consequently there exists
a summable function f on (0,1) such that

[e ]

Zak.’ckhk

k=1

|(w1Ma)(z)| = < fli=l,

where z = {24}$2, € IP. Thus, the series 35 |axhx|P converges almost every-
where. The functions |azhi|P’ are independent, so, by the three series theorem
(see, for example, [14, p. 194]), for the series to converge almost everywhere it is

necessary that the series

/ jahi(r)? dr
k=1p,
converges, where Ex = {1 € (0,1) | |axhi(7)| < 1}. As was pointed out in 3.5.6,

Fy(u) ~ Clu'*

therefore, there is @ > 0 such that Fj,u > au~17? for u > 1. Consequently,

oo>Z/|akhk () dr>2 /u” dF,(u)

k=15
o a-l oo
[ du 1
>a) a Z ey ==
k k
u ak
k=1 1 k=1

which is impossible. Thus, M, ¢ II;(!?, l”').
We leave to the reader the proof of assertion (4) grounding on 3.1.5(c) and
34.1. >
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Corollary 1. Let 1 < ¢ €2 < p < oo and let U € II;(L?,LY). Then U
is an integral operator; moreover, its kernel K satisfies the following conditions
(see 2.4.13):

e = ([ ([ 10 dute)) " duo(s))l/q <ooforg <7,
T

To

whae = ([ ([ 1o duo(s>)p'/q du(t))l/pl <ooforg>p.
T

To

Corollary 2. If 1 < ¢ <2< ¢< 00 and ¢ # p' then II;(L?, LY) is an o-ideal
in the lattice £~(LP, L9).

The last corollary leaves the question open whether the set II,(L?, LPI) is an
o-ideal in L™~ (L?, L”’). Moreover, Theorem 3.8.4 does not contain an estimate for
the m1-norm of V in terms of the 7;-norm of U in the case |V| < |U|. The following

assertion fills in the gaps.

Theorem. Let 1 < ¢<2<p<ooandU € II;(L?,L?). Then

(1) |U| € T14(LP,L?) and m(|U]) < 27 (U);

(2) if V e L~(LP,L%) and |V| < |U| then V € II;(L?,L?) and m (V) <
2m (|U]).

< To begin with, we prove the theorem on assuming that L? = 2 and LY = I7,.
Moreover, at first we suppose that p < oo and ¢ > 1.

Let the operator U be determined by the matrix (u jk);'?,;';l. Define an isometric
embedding J of the space {¢, into L!(0,1) by the equality

J(t)=C;1 Y tih;,
p

where t = {t;}7.; € lf, (see Lemma 3.5.6). By Lemma 3.8.3(b), we have m(U) =
[JU||sm for r = 1. Find ||JU||p. Since

JU(x)=Cpi ) (Z ujm) hj, ©={z}i €1,
j=1 \k=1
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we have

o\ VP

VU] = sup{TUG) | € B, el < 1} = Ot | 5[5 why

k=1|5=1

Let {gx}?_; be a family of independent symmetric random variables on (0,1)
distributed by a p'-stable law. By making use of Lemma 3.5.6 again, we obtain

1, n /9
/ Zakgk(o) do =Cp 1 (Z Iakl”') .
5 k=1

k=1

Therefore,

|7UI(r) = C; 104 Z

n

(Zu,kh 7')) gr(7)| dr

o k=1 \4=1
and consequently
11 m,n
1781 = 11700 ex00) = €654 [ [| 3 wiehs(r)on(o)| dor
o o [4k=1

Since the random variables g; and h; are symmetric, the equality
11

1701 = cgich [ [

0 0

m,n

Y ujeereihi(r) gr(o)

5k=1

dodr

is valid for all ex = +1 and €} = £1; therefore,

190l = C7iC5 / / [ / / ':Z wikre(a)75() by () 94(2)

where ry,72,... are the Rademacher functions. By making use of Bunyakovskii’s

dsdt} dodr, (4)

inequality, we obtain

11/, 1/2
10l < ciicsh [ | ( y lujk12h§(r)gz<a)) dodr,  (5)
0 ¢

5k=1
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and, by Lemma 3.8.3(c),

1/2 Ll
(Z 1u,-k12h§<r)gz<o)) <2 [ 1Y wnomOnn)ono)] dsae
jk=1 0 o k=1
Thus, (4) and (5) yield
11 /i 1/2
1901 < C3ch [ [ 3 i) die))  dodr <2300 (0
0 0 \pk=1

If the matrix (vjx)j 4=, corresponds to an operator V : If, — If, and |V| < |U| then
[vjel < lujkl (7 =1,...,m; k=1,...,n). From (6) it follows that

11 /g 1/2
IIJVHMsC;}C,;,II// (Z Ivjk|2h§(f)gi(0)) dodr

k=1
11 1/2
<cicyh | | S R glo) | dodr < 21TT
00 \ik=l
By Lemma 3.8.3(b) (with r = 1), we obtain
(V) =[JVlm £2||JU|u = 2m (V). (7)

In the case ¢ = 1 or p = oo, we have to replace the functions h; (gi) with the
characteristic functions of pairwise disjoint sets of equal measure and the constant
Cy,1 (respectively Cp 1) with the measure of these sets.

Now we turn to the case of arbitrary spaces L? and L?. By virtue of claim
(4) of Theorem 3.8.4, we may except the case of p = oo and ¢ = 1. For all
other values p and ¢, the set of finite rank operators is dense in II;(L?,L?). For
p < 00, this fact was established in Theorem 3.3.9 and for p = o0 and ¢ > 1,
we have II;(L*°,L?) = N(L°°,L?) by Lemma 3.3.4. Therefore, every operator
U € I, (L?, L?) can be approximated by operators of the form

U=QUP, (8)
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where P and @ are positive projections (“conditional expectations”) onto the sub-
spaces L C L? and M C L spanned over finite families of characteristic functions of
pairwise disjoint sets. The subspaces L and M are isometric (with the preservation
of order) to the spaces I2 and !, where n = dim L and m = dim M. Therefore,
inequality (7) remains valid for the operators U and V of the form (8) provided
that [V] < |U].

Let U; = Q:UP; (i = 1,2,...) be a sequence of operators of the form (8)

convergent to U in the norm =y. Since ||Ux| - |U;|| < [Uix — Ujl, we have
m1(|Uk| = |U;]) < 2m (Ui = Uj)
by (7). Thus, the sequence {|Ux|}32, converges in II;(L?, L?). Prove that
Jim [0 = D],

To this end, it suffices to verify that |Us| — |U| pointwise. Without loss of gener-
ality, we may (and shall) assume that

oo

ZWI(U};.H - Uk) < o0,
k=1
Then we have
(Uj+1 = Uj)
k

[UI(z) = [Ukl(z) | < |U = Ukl(J=]) = (I=))

<Y Ui = Ul (JeD),
=k

for all ¢ € L?. Consequently,

1T1(z) = 1Ul(@)]| < Y N Use1 = Ul 1]

=k

< el m (U1 = Ujl)

j=k

<2llz| Y m(Ujsa ~ Uj) 0

=k
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Thus, klim |Ux| = |U]|. Moreover,
m (|U]) = kl_if{.loﬂl(lUkl) < len;o2ﬂ1(Uk) =2m(U).

If V € L~(L?,L7) and |V| < |U] then |[QVP| < Q|VIP < Q|U|P and
m1(QV P) < 2m(Q|U|P) by (7). By passing to the limit in the preceding inequality,
we obtain m(V) < 2m([U]). >

3.8.5. Structure of a vector lattice in the space II.(LP,L9) for 1 <
r<2and1<¢g<2.fl<r<2and1<¢<2andeither (1)1 <p<
v or (2) r = p' < ¢ then II(L?,L9) = II;(L?,L9). For p < 2, the preceding
equality is valid in view of Corollary 3.5.3(b) and for the rest of the cases, by 3.5.8.
Thus, the set II.(L?, L) for these values of p, ¢, and r is an o-ideal in the lattice
L~(LP,L7) by 3.8.5, that is also true for 1 < r = p' = ¢ in view of the equality
I,(L?,LP') = M(L?,L*?") (see 3.4.6(b)). In this case, the space II;(L?, L?") gives
us a nontraditional example of an operator vector lattice. One can also prove that
(L%, L%) is an o-ideal in £*°(L>, L?) for every ¢, 1 < ¢ < 0o. The question
whether the set II,(L™,L9) is an o-ideal in L~(L" ,L9) for 1 < q < r < 2 is left
open so far as we know. For the remaining values of p,q, r, 1 < ¢, r < 2, the space
II(L?, LY) is not isomorphic to any Banach lattice (see 3.9.7).

In conclusion we observe that the space II.(LP(0,1),L9(0,1)) for 1 < r <
g <2 < p <7 is isometric to a subspace of L™((0,1) x (0,1)) as follows from
Lemma 3.8.3(b).

< Indeed, let U and J be such as in Lemma 3.8.3(b) and let J; be an isometric
embedding of L?'(0,1) into L(0,1). Then = (U) = |[JU|p = |JUJ||nm and
since the space M(L™(0,1),L7(0,1)) is isometric to the space L7((0,1) x (0,1))
(see 2.4.13), we conclude that the mapping U — JU J§ is a sought isometry. >

3.8.6. The lattice of stably regular operators. As follows from 3.8.2(a)
and (b), the set £ (LP,L?) for 1 < p,q < 2 is an o-ideal in the lattice L~(L?, L?).
This fact is also valid for 2 < p,q < oo by duality. These results can be supple-
mented with the following statement.

Theorem. Suppose that 1 < p < 2 < ¢ < oo and let L? = LP(T,u) and
L? = LYTo,p0). The set L (LP,LY) is an o-ideal in L~(LP,L7). Moreover,
O (LP,L9) C £ (LP,LY) for every t < oo.
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< Let w € Z3(L?P,L%), V € L~(L?,L9), and |V| < |[U|. By 3.7.5, V €
L3 (L?, L9) is equivalent to the fact that

Vo = MyV € T (1P, L¥(To, o))

for every function h € L*(Ty, po), where s is defined by the equality 1/2 = 1/¢+1/s.

By 3.8.1, this is equivalent to the containment VoM, € M(L%(T, p), L*(Tp, po)) for

arbitrary function ¢ € L"(T, ), where 1/p = 1/2 + 1/r. The last containment is

valid since |VoM,|=|MyV My| < |MyUM,| and MyUM, € M(L*(T, u), L*(To, po))-
Finally, observe that if U € II,(L?, L?) then

MU € (L, L*(To, po)) = Ta(L?, L*(To, o))

and consequently U € £ (L?,L9). It is well known (see [42, Chapter XXII]) that
the spaces II,(LP,L?) for 1 < p < 2 < q < oo are different for ¢ sufficiently large,
which implies that the inclusion II,(L?, L?) C £3(L?, L?) is proper. >

Corollary. Let 1 <p<2< ¢<t<oo. Then
M(L?,L7) C II,(L?, LY) C TI,(L?, L) C Z3(LP, LY).
Moreover,
M3 LP L9 = (U € £(LP,LY) | U* € M(LY ,L*)} C £y (L?, LY).

< The preceding relation is true since M(LY , L?') ¢ £5(LY , L?'). >
REMARK. As was established in [58], the set £ (I?,1?) is included into the set

of compact operators for 1 < p <2 < ¢ < oo and 1/p—1/g < 1/2 and the identity
embedding of I into {7 is stably regular for 1/p —1/¢ > 1/2.

3.9. Operator Spaces and
Local Unconditional Structure

3.9.1. DEFINITION. A sequence {z,}52; of linearly independent vectors in X
is called C-unconditional if

n
Y brcras

k=1

n

)k

k=1

1<k<n

for all scalar sequences {6;}7_; and {cx};_; and for every n € N.
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DEFINITION. We say that a Banach space Z possesses local unconditional
structure (briefly LUST; denotation: Z € LUST) if there is a number L such that,
for every finite-dimensional subspace H C Z, there exist a finite-dimensional space
U with some 1-unconditional basis and operators V € Z(H,U) and W € £(U, Z)
such that WV = Iy and ||W||||V|| < L.

The greatest lower bound of L satisfying this condition is called the local un-
conditional constant for the space Z and is denoted by x.(Z).

The following two remarks are obvious:

REMARK 1. If Z, is a subspace of Z, P is the projection from Z onto Z,, and
Z € LUST then Z, € LUST; moreover, x4(Zo) < ||Plxu(2).

REMARK 2. If dim Z < oo then xu.(Z) = x«(Z2*).

3.9.2. In this subsection we prove that each Banach lattice possesses LUST.

Recall that the band projection of an element of a K-space onto a band is

called a fragment of the element.

Lemma. Let E be an arbitrary K-space, let e € E., let I(e) be the principal

ideal generated by e, and let € be an arbitrary positive number. Given z € I(e),

there exist pairwise disjoint fragments w; (j = 1,...,N) of e and numbers a; such
that
N
z— Z ajw;| < ce.
j=1

< First we will assume that the space E is real. Let |z] < Ce. Select scalars
ag,a1,...,an so that ap < —C < a; <---<any-1 <C<anyandaj —aj_1 <c¢
for j = 1,...,N. Let n, be the band projection onto the band generated by the

vector = and let 29 = 0, zj = m(4;¢—z),(€), and wj = z; — z;_;. Then
N N
20=0<z1<---<zy=¢, ij:e, erj=IE.

Moreover, 7, (aj-1€) < Tu; (2) < 7y (aje); ie., ajo1w; < 7y, (2) < ajw;. Summing

the last inequalities, we obtain

N

N N
Zaj_le < waj(z) =2z< Zajwj.
=1 j=1

J=1
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Consequently,

N
(aj —aj_1)wj < €ij = ¢ce.
1 =1

<

J

zZ— E (1](0]

N
j:] =

Now we turn to the case in which the space F is complex. Represent z as
z = u + 1v where u and v are real elements of the lattice E. As was proven, there

exist real b; and c; and fragments w; and w} of the vector e such that

N
€ .
u—ijw;- Sie’ wi Awy, =0 for k # j,
=1
al €
v—ZcJ'w;' 556, wj Awy =0 for k # j.
i=1

Assign wjx = w; A wy and aji = bj + ick. Then we obviously have

N N N
z - Z ajrwik| < ju— Z bjwjk + v — z CrWik
j1k=1 j;k=1 jvk=1

= + §%e+ge=ee. [

N
v— Z Ckwi
k=1

N
!
i=1

Corollary. If 6 > 0 and hy,...,hy, € I(e) then there exist pairwise disjoint

fragments w; of the vector e and numbers a§~k) such that

N
hk — Za;k)wj < be

k=1

forallk=1,...,m.

< In the case of two vectors, the proof almost word for word repeats the
arguments in the proof of the lemma for the complex case. The general case is

settled by induction. >

Theorem. Every Banach lattice E has LUST; moreover, x4(E) = 1.
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< First we suppose that E is a Banach K-space. Fix an arbitrary ¢ > 0 and

consider an arbitrary finite-dimensional subspace H C Z. Let hy,..., hy be a basis

for H. Put o
e=)_ |kl
k=1

and choose a number C so that

m

Y el

k=1

Z Ak

k=1

for all numbers A\i. Let vectors w; and numbers agk) be such as in the corollary to
the above-proven lemma, where § > 0 is chosen so that

§Clle] <1, msC|el|(1 - 6C|je])™" < e.

Put .
U= lin({wj};\;l), hy = zaﬁk)wj, H= lin({Rr}r,).

—1

It is clear that {wj};v:l is a l-unconditional basis for U. Define an operator V :
H — U by the equality

V(h) = Aih, where h =Y Aihs.
k=1 k=1

Then we have
Z [Ak|be
k=1

= ||l + 8llell Y 1Akl < (1 + 6C|lel)lIRIl < (1 + e)]Al]-
k=1

Z Ae(hy = hy)

k=1

IV(R)Il < NiAll+ <Al +

On the other hand,

m

Z Ae(he — hi)

k=1

VIl = Il - 2 (1= 8CJlelIR])-
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Therefore, ||V]| <14¢and ||V < (1-6C|e|)".
Now we define an operator W : U — Z by the equality

Wu=V'Pu4u—Pu (uel),

where P : U — U is the projection carrying U onto H and such that ||P|| < m.
Assuming P(u) = 1., Akhi, we have

Z Ae(he — hi) Z Arhy

k=1 k=1
= [lu[l + 6Clell[V ™" Pull < (1 +8C|lell [V PIDu]-

W ()]l < flufl + < lull + éllellC

By making use of the estimates for ||V ~!|| and || P||, we obtain
W ()]l < (1+méClle]l (1 = Cllel)™llull < (1 +€)llu]l.

Thus, WVh = hfor h € H and ||W| ||V| < (14¢)?. In view of the arbitrariness
of £, we have the claim.

Now we turn to the case in which E is an arbitrary Banach lattice. Let again
H C E,dimH < o0, and ¢ > 0. Identifying E with a subspace of E** canonically,
we see from the above that there is a finite-dimensional subspace U with a 1-
unconditional basis and operators V : H — U and Wy : U — E** such that
WoV = Ig and ||[V| [|Wo| < VI +e. Let M = Wy(U). Clearly, M D> H. By the
local reflexivity principle (see 3.S.4), there exists an operator J : M — E such that
7]l € V1+4¢€ and J(h) = h for h € H. To complete the proof, it suffices to put
W=JW,. >

REMARK. As was proven in [3], there is a space with LUST which is not
isomorphic to any Banach lattice. Such is the space of [2] which is predual to I!

and isomorphic to none of the spaces of continuous functions.

3.9.3. The following theorem is the main tool for studying operator spaces with
LUST. The symbol Av.er £y denotes the arithmetic mean of a family {{,}yer of

finite numbers; §;; stands for the Kronecker symbol.
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Theorem. Let Z € LUST and let {h;}}Y; be a basis for a subspace H C Z.
Suppose that there are operators R; € ¥(Z,Z) (i=1,...,N), a subset & of the
Cartesian product {—1,1}", and a constant M such that

(1) Ri(hj) = 8ih;;
(2) for every collection {a;}}¥; of numbers, the following inequality holds:

N 1/2 N
a,-2 <M Av €;041 .
() < el

Then the basis {h;}Y, is (M K)?xy(Z)-unconditional, where

ZeR

= Imax
" (e)ee

N
ALletz € Hyz =) zihij,and |6;] <1(i=1,...,N). Estimate the quantity
1=1

—sup{

=1

| fez, l|f||<1} (1)

N
=) bizif(hs)|.
1=1

It is clear that N N
$ <3 lal If(ha)l = 3 lail [(REF)(a)]- )

By the definition of x.(Z), for every L > x.(Z), there is a finite-dimensional
subspace U with 1-unconditional basis {e,}nw,, m = dimU, and operators V €
Z(H,U)and W € Z(U, Z) such that WV = Iy and ||V|||W] < L.

Assign

m

V(hi) =) ainen, W'RI(f) = binel, (3)

n=1 n=1

where {e}, } , 1s the basis for U* dual to {e,}7;. Then

( ) h ) = (W*R* (Vh Zaln in.
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Substituting the preceding expression in (2), we have

N m
S S Z m;l Z Iaznl Iban - Z Z |$t| |a"l' Ib"ll

n=1:=1

. 1/2 1/2
£(E) )

Now, by using hypothesis (2) of the theorem, we obtain

Ze TiQin Zs bin
en,z Ze bin

S<M? A
- {e; }‘éé’{e }Eé’zl

< M? ;

)

=1|=1 n=1 | =1
SMZ(C)(S X z Ze,m Qinl €n z Ze bin| e 4)
! n=1[i=1 U lln=1|i=1 U+

Estimate the norms on the right-hand side of (4). By virtue of (3) and 1-un-

conditionality of the bases {e,}n-, and {e} }7_,, we have

N m
i L3 E Gin€n
=1 n=1

Z Zs:cam €n ZZaxamen
n=1|i=1 U n=1i=1 t U
N
<[vi (Z €:'Ri> (z)
U i=1 Z
< |VIK]<ll;
analogously,
Z 25 btn 6 226 bzne i ine;
n=1|i=1 U+ n=1 i=1 U+ =1 1= U=
N
Zs W*R(f)|| < IV (Zs:R:) (f)
=1 Z*

< HWIIKIIfH-
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Substituting the estimates in (4), we obtain
S < VIIWIMPE el | £l < LMK |||l || £]]

Now (1) implies that
N

Z zih;

=1

< L(MK)?

N
ZOizihi

i=1

Since L > x4(Z) was arbitrary, we arrive at the claim.

REMARK. Asis easily seen from the proof, we could suppose that the operators
R; acts from Z not into Z but rather into some space Z; that contains Z as
a subspace. In this case the supremum in (1) should be calculated over all f in the

unit ball of the space Z7.

Corollary. Let 1 <p, < oo, E=1, and F =1, let {ex}}., and {f;}7,
be the canonical bases for the spaces I? and li, respectively, let {e'k}:=1 and
{ f]'};nz1 be their dual bases, and let (2, «) be an arbitrary Banach operator ideal
(see 3.8.3). Then the basis {hi;}p =, for A(I8,18,), where hy; = €} @ hj, is

A-unconditional, A := 4xu(Ql(lp T ))

< Let H =2 =2(12,1%) and let Rij(U) = Q;UPx, where Px = ¢} Q ey,
Qi=f®fj,andU € 2A(12,12,). Put N = mn and represent the set {—1,1}" as

{erj | exj =1, k=1,...,n, j=1,...,m}.
Finally, assume that
E={ere |er=F1fork=1,...,n; e =xlforj=1,...,m}.
j J

Since Rijhit = 6kibjihii, the reference to the theorem provides the claimed
result considering that, obviously, M = 2 and by virtue of Lemma 3.8.3(a) K = 1. >

3.9.4, We need certain auxiliary statements to use Theorem 3.9.3 for finding
out conditions under which a band of a Banach ideal (see 3.5.3) is a vector lattice.

Lemma 3 is the main of the statements aiming at our goals.
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DEFINITION 1. Let E and F be Banach K-spaces. An element U € E* @ F
is referred to as a quasimatriz operator if there exist pairwise disjoint functionals
zy,...,zy € E}, pairwise disjoint vectors yy,...,yn € F, and coefficients u;; for
which the following equality holds:

N
U= Z ui;T; ® yj. (5)

45=1

Quasimatrix operators possessing representations (5) with the same z} and y; will
be called simslar.

As is easily verified, the quasimatrix operators

N
U= ) ujzi®y;
=1

and
N

U= i ej;
ij=1
are similar provided that, in their representations, the functionals z} and ! are
fragments of the same functional z; € E* and y; and §; are fragments of the same
element yo € F. To this end, it suffices to represent the operators U and U as
a linear combination of rank-one operators of the form (z} A &) ® (y; A §1).
We leave to the reader the proof of the following

Lemma 1. Let N
U= ) wjziQy
1,)=1

be a quasimatrix operator. Then the operator |U| has the form

N
Ul= ) lujlei @ ;.
i,j=1
Lemma 2. Let E and F be Banach K-spaces and let U, € E* @ F and

er > 0. Then there are pairwise similar quasimatrix operators Ui such that
v(Ur — Ui) < €k, k € N, where v is the nuclear norm.
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< To prove the lemma it suffices to apply the corollary to Lemma 3.9.2, with
8 > 0 sufficiently small, to the elements z}, ; and yx; participating in the represen-

tation m
k
Uk =) ah; O usj-
i=1
As e we have to take
oo me
o= m Y |ok]
k=1 i=1

or
oo mi
vo=) mk Y lyksl,
k=1 j=1
where 9 > 0 are so small that the series containing them converge. >

DEFINITION 2. Let (2, ) be a Banach operator ideal. We say that « is a 1-
tensor norm for spaces X and Y if the inequality

o(W @ Iy)4) < [[W]la(A)

holds for every operator W € Z(X*,X*)and all A € X*RY.
REMARK. If « is the dual norm and if a(A4) = a(A**) for every finite rank
operator then « is a l-tensor norm for all spaces X and Y. If the space X is

reflexive and X* has the metric approximation property then « is a 1-tensor norm
for spaces X and Y for each Y.

The norms 7, and v, in the ideals of p-absolutely summing and nuclear oper-

ators provide examples of 1-tensor norms (for all spaces X and V).

Lemma 3. Let (U,a) be a Banach operator ideal; let E and F be Banach
K-spaces, and let U(E,F) D> Z D Uo(E,F), where Uo(E, F) is the closure of
E*® F in A(E,F). Suppose that Z € LUST and U,V € ¥#(E,F) are similar
quasimatrix operators, |V| < |U|. If the norm in X is order continuous or the

operator norm « is 1-tensor for spaces E, F, and Z = %o(E, F) then
a(V) < 4xu(Z2)a(U).
< 1. Let the norm in E be order continuous and let

N N
U= Z uijz; ®y;, V= Z 0i;T; ® Yj,

i,5=1 i,5=1
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where z{ > 0 and y; > 0; z{ Az = 0 and y; Ay; = 0 for j #:. By Lemma 1, we

have
N N
U= lujlei @ws, [VI= D losjlel @ yj;
=1 i\=1
therefore,
joij] < luizly 6§ =1,..., N, ©)

Since the norm in E is order continuous, each functional has the band of
essential positivity; moreover, disjoint functionals have disjoints bands of essential
positivity (see [18]). Denote by P; the band projection onto the band of essential
positivity of the functional 2} € E* and by @;, the band projection onto the band
generated by y; € F. It is clear that

N
Z 6,'P,'
=1

N
N
<1, E S;Qj <1, {si}il\ilv {69}]':1 € {_l’l}N’ (7)
Jj=1

Qjyt = Sjtyr, Py = i (®)
Define operators R;; with range in %A(E, F) by the equalities
Ri;j(W)=Q;WP; (WeUE,F); ij=1,...,N)

Then
N N N
i,5=1 Jj=1 i=1

and by (7) we have

N
!
> ciciRi;

i,J=1

<1, ({edy {h)n, € -1 1Y), 9

Put
hij ==} @yj, H=lin({hi}m1)-

Observe that by (8)

Rij(hxt) = 8ibiehrr  (3,4,k,1,=1,...,N). (10)
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Lemma 3.8.3(a) and relations (9) and (10) together justify applying Theorem 3.9.3
to the basis {hkz}ﬁ 1= for the space H; moreover, in the case Z # Ao(E, F') one
has to take into account the remark on Theorem 3.9.3 assuming Z; = A(E, F).
Thus, the basis {hi;};_; is 4xu(Z)-unconditional and, considering (6), we obtain
the claimed estimate.

2. If the norm a is 1-tensor for the space E then operators R;; : Ao(E, F) —
o(E, F) can be constructed in the following fashion: consider the band projections
S; in E* onto the principal bands generated by the elements zi € E* and put
Rij(W) = (S; ® Q;)(W). Arguing as above, we can easily verify that

N N
' !
Z 6,‘6]-R,'j Zé'ij
Jj=1

ij=1
and Rijhr = 6ix6jihsr and the proof can be completed as in the preceding case. >

N

Z 8,’5,’

=1

< <1

3.9.5. Existence of the structure of a vector lattice in an operator
space.

Theorem. Let (U, o) be a Banach operator ideal; let E and F be Banach
K-spaces, and let Uo(E, F) be the closure of E* ® F in A(E,F). Further, let
Ao(E,F)C Z CUE,F) and Z € LUST. If the norm in E is order continuous or
if a is a 1-tensor norm for E, F, and Z = Ao(E, F) then Ao(E, F) is a sublattice in
L~(E, F); moreover, a(|U|) < 4x4(Z)a(U) and a(V) < dxu(Z)a(|U]) for U, V €
QIO(E7F)’ IV| < [UI

< Let U € Ao(E, F); let Uy, be finite rank operators, and let

a(U = U,) = 0.

By Lemma 2 in 3.9.4, we may assume U,, to be pairwise similar quasimatrix oper-
ators. Since

HUnl - IUmlI S lUn - Uml,

by Lemmas 1 and 3 from 3.9.4 we have

A|Un| = [Unm) < 4xu(Z)e(Un — Up) —— 0.

n,m—00

Thus, the sequence {|Un|}3%, converges in norm « to some operator W € %y (E, F).
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Given %, z € E, |Z| < |z|, we have
U#] = lim [U#] < lim |U|(|2]) < lim |Un[(|e]) = W([=]).
Therefore, the operator U is regular and |[U] < W. Show that [U| = W. Without

loss of generality we may assume that

o0

Za(Un.H - Un) < 00.

n=1

Moreover,
(|Un] = [UN(2) < [U = Unl(l2]) = | Y (Uktr = Un)| (Ie)) € D [Urs1 — Usl(J=])-
k=n k=n

Consequently,
110 = 1016 € - 1 = O -1
<3 ollUess - Dl
< (D)ol Y. o(Usss ~ ) ——0.
k=n

Thus, the sequence {|Un|}3%; converges pointwise to [U] and so W = |U|. Hence
it follows that Ae(E, F) is a sublattice in L~(E, F). Moreover,

a(U) =lima(|Un|) < 4xu(2)lim an(U) = 4xu(2)a(U). (11)

Let now V € %y(E, F) and |V| < |U|. Consider a sequence {V,}32, of finite-
rank operators which converges to V' with respect to the norm a. By Lemma 2
from 3.9.4, we may assume that V,, and U, are similar quasimatrix operators. By

the above, we have |V,| — |V|, |[U,| — |U], and

[Un| =Vl = [Tl = VI = U] = V]
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in A(E, F). Since |Vy| < |Va| + | |[Un] ~ |Val|, we have
o(Va) < 4xu(Z)a([Va| + [|Un] = [Val])
by Lemma 3 from 3.9.4. By passing to the limit, we obtain
a(V) <4xu(Z)a([V]+ U] = [V]) = 4xu(Z)(|U])- (12)

Corollary. If A(E,F) € LUST and the norm in E is order continuous then
Ao(E, F) € LUST; moreover, xu(Uo(E, F)) < 16[x4(A(E, F))]*> and so Ae(E, F)
is a sublattice in A(E, F).

< Indeed, (11) and (12) imply that if U,V € A(E,F) and |V| < |U] then
a(V) < Aa(U), where X := [4x,(UA(E, F)))*. >

REMARK 1. As was provenin 3.9.2, every Banach lattice possesses local uncon-
ditional structure. Theorem 3.9.5 in particular implies that the converse implication

is valid for a sufficiently large class of operator spaces; moreover, the order of the
spaces is the conventional order of the spaces of regular operators.

REMARK 2. In general the lattice 2o(E, F') is not an o-ideal in L™~(E, F') and
is not even a K,-space. To see this, consider the next

EXAMPLE. Let E := !, F := L*(0,1), and %(I*, L%*(0,1)) = 2(1*, L*(0,1)).
Then o(I*,L%(0,1)) is the set K(I',L*(0,1)) of compact operators. Since
LN, L*0,1)) = L~(',L*0,1)) (see 2.2.16), the set K(I',L?*(0,1)) is a sub-
lattice in L~(1', L%(0,1)) by the corollary to Theorem 3.9.5. Demonstrate that
K(1',L?(0,1)) is not a K,-space.

< Let 1 be the function on (0,1) identically equal to unity and let {rg}$2, be

the sequence of Rademacher functions
er = {0k}, €1%°, ha=) e, h={L1,..}.
k=1

Consider the operators V,, and V in .2 (I}, L%(0,1)):

Vn=E€k®Tk, V=Z€k®rk-
k=1 k=1
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1t is clear that |V,| = h, ® 1 and |V| = A ® 1. Thus,

Va + [Va|

0<Un= <|V|, U, V€K@, L*0,1)).

However,

aupl = L g k1, 170,
n

since the operator V' is not compact. >

3.9.6. Evaluation of the local unconditional constant for certain op-

erator spaces.

Lemma. Let (U, a) be an arbitrary Banach operator ideal; let 1 < p, ¢ < o0,
and let U : I2 — 1% be an arbitrary operator whose matrix consists of entries with
modulus 1. Then

1 nl/P'ml/e  o(U)
P 14 z
Xu( (07, 1)) 2 3 max { a(U) "nl/e'mi/e |’

.:;

< Let ¢ = (1,1,...,1) € I® and f = (1,1,...,1) € 19. Then, obviously,
Ul =¢® f and
a(|U]) = ']l [ £] = n'/?'m/1.

From Corollary 3.9.3, we infer that
a(|U]) < 4xu(B(R, 15))e(U),  a(U) < dxu(UE, 15))e((U]). >

Theorem. Let (A, a) be an arbitrary Banach operator ideal; let 1 < p < oo,
1< ¢ < 0o, and let I, be the identity embedding of I2, into I2. Then

X0 1) 2 4By S

where B, is the constant in the Khinchin inequality (see 3.5.1).
< Let the operator U : I — I, be determined by the matrix (uji), where

27 —1 .
Ujk = Tk (3%), k=1,...,n; 5 =1,...,2",



Stably Dominated and Stably Regular Operators 257

and ry,r2,... be the Rademacher functions. Then, for z = {zx}}_, € [2, we have
2" | n 0i 1 q 1/¢q 1, ¢ 1/q
J — n
Wzl = [ 3 e (——W ) =2t | [ eanato)] @
71=1 k=1 ¢ k=1

By virtue of the Khinchin inequality, we have

n 1/2
U] < 27/B, <Z lmkl"’) -

k=1

Therefore, considering the factorization of U as
voe Iz Yo

where the operator Uy is defined by the same matrix as U, we obtain the estimate
|Usl| < B,2"/9. Consequently,

o) < a(L)Us < B,2"1a(L,).

It remains to apply the lemma for m = 2" and to use the preceding inequality. >

3.9.7. Absence of local unconditional structure in some spaces of
r-absolutely summing operators. We assume that the spaces L? and L? con-

sidering below are constructed over arbitrary measure spaces.

(a) fl<r<2,p>r',and1<q< o then
I(L?,L?) ¢ LUST.

< Since the space Hr(l{;, lg..) is isometric to a l-complemented subspace in
II,(L?, L?), it suffices to prove that

Xu (I (2, 14,)) —— oo.

n—od

For ¢ < o0, we have

Xu(TIr (8, 3.)) 2 (4B,)”
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by Theorem 3.9.6; here I,, is the identity embedding of /2 into [2. Estimate 7,(I).
It is obvious that

n 1/2 n 1/r n . 1/r
| Tnz|l = (Z ka|2> < (Z |$k|r> =nl/" (Z |xk|r;)
k=1 k=1 k=1

for & = (z1,...,%4) € I2. Hence it follows that 7,.(I,) < nl/" (see 3.1.4). This fact
together with (12) yields

Xo(ILe(12,18,)) > (4B,) " 'n(/2)-A/) o,
For ¢ = oo, we use the following inequality that is established in Lemma 3.9.6:

17.(U)
X"(H"(lfwlg")) 2 Z nl/v

(13)

To this end, estimate 7,(U) from below. Let z(¥) € I2 be the vector coinciding with
kth row of the matrix U in Theorem 3.9.6. Then |[Uz®|| = n (k = 1,2,...,2")

and since

on 1/r on 1/r
(Z ||U$(k)||r) < (U) { (Z l(x(k),w')lr) Hla'ller < 1} ;
k=1 k=1

we have

2n 1/T
n2"" < m (V)2 sup { (2-" ) !<w<’°’,w'>l’) e/l < 1} .
k=1

By making use of the inequality

1

2—n 2 I(:l)(k),m' lf‘z
g

0

n T

PIEA0)

k=1
n < 7o(U)sup ( /

dt,

where z' := (21,...,2}), we see that

1

Y wkre(t)

k=1

r 1/r
dt) el <1
0

n 1/2
< 7 (U) sup { (Z IIH?’) 2"l < 1} < 7 (V).
k=1
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This, together with (13), yields

Xu (A(12,152)) > %nl/” — 00 D

n-—-+oo

(b) F1<r<2,1<p<oo, and 2< g < oo then II.(L?, L) ¢ LUST.
< The proof of the assertion can be made analogously as the proof of asser-
tion (a). >
(¢) F1<r<2,1<p<oo,and?2<q< oo then II.(L?, L) ¢ LUST.

< As in the preceding cases, we may consider only finite-dimensional spaces
and prove that

X“(H (2"’ n)) — 0.

n—oo

Since
Xu (T (B, 1)) = xu ([T (B0, 1))

(see 3.9.1, Remark 2) and
[T (., 18)]" = 24 (18, 1),

where (2*,a*) is the dual ideal to (II,,n,) (see 3.S.3), by Theorem 3.9.6 the fol-
lowing inequality is valid:

Xa (O (B, 1)) = xu (¥ (5, 8.)) = (4B,) ™

nl/e
(X*(In) } (14)
where I,, is the identity embedding of ¢ into /2. Estimate a*(I,). Represent I, as

the product I, = v/, where v and $ are the identity embeddings of I into 2 and
of I¢ into IZ°. Then for every operator W € £(I2,1%) we have

|trace(I,W)| = |trace(WI,)| < v(WI,) < v(W+).

Considering the canonical basis {ex}}_; for I3°, we see that

v(W7) <Y [Wrlew)l| < m(W7)-
k=1
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1/ 1/q
1/r % LUST /? 0o LUST 7
1/27 Tis WHERE M%
i ¥
no LUST 1/r1 :____J%
I/I'r* 11/p 1}2 1/IT' 11/p
(a) (b)
Fig. 1. Presence or absence of LUST in the spaces II.(L?, LY)
(a)for1<r <2 (b)for2<r< oo,
Therefore,

o*(In) = sup{|trace(IyW) | W : 2 — I, = (W) < 1}
<sup{m(Wv) |W: 2 12, r(W)<1}
< 7"1"(7) < 7"2(7) < \/ﬁ

This fact together with (14) implies that

X"(Hr(lg"’qut)) 2 (4Bq)—1n1/q_1/2 — 0. D

n—oo

(d) f2<r<g<ooand1<p<oo then II,(L?, L7) ¢ LUST.
< The proof of the assertion can be made in analogy with the proof of assertion
(). >
REMARK. Assertions (¢) and (d) remain also valid for p = oo; however, we will
not expatiate on proving.

The results of the subsection and of the theorems of 3.8 can be visually repre-
sented as diagrams (Fig. 1)



Stably Dominated and Stably Regular Operators 261

On Fig 1,4, the boundary of the shaded rectangle is adjoint to it except the
part p = r’ and 1 < ¢ < r indicated by the dotted line. The question remains
open on presence or absence of LUST in the spaces H,(L’"',Lq) corresponding to
the points of this part.

On Fig 1,b, the boundary of the shaded polygon is included into it except the
part 1 < p < ' and ¢ = r indicated by the dotted line. The question remains
open on presence or absence of LUST in the spaces II.(L?, L?) corresponding to
the points of the part and to the points of the square r' < pand 2 < ¢ <.

3.9.8. Uniqueness of operator ideals with LUST.

Theorem. Let 1 <p<2andl<q<2andlet (A, a) be a Banach operator
ideal. If the space A(LP,LY) has LUST then %(L?, L7) = IIy(L?, L9).

<1 Let 2o(L?, L7) be the closure of the set of finite-rank operators in %4(L?, L?).
By Theorem 3.9.5, Ao(L?, L?) is a sublattice in L~(LP, L?). Check that

Ao(LP, L9) = I, (LP, L9).

It is obvious that o(LP,L?) C Z5(L?,L7) and since £ (L?,L9) C II(LP,LY)
by 3.7.2(e), we have
Ao(L?,L7) C My(L?,L7).

Let (A*, a*) be the dual ideal to (2, o). Since (Ao(L?, L9))* =A*(L?, L?) (see 3.5.3),
A*(LI, LP) is a lattice. Moreover, if an operator V € A*(LP,LP) is positive,
(Vy,a') = trace VU > 0 for every rank-one positive operator U = ' @y, where z' €
L‘_’; and y € L. Thus, the order in 2*(L?, L?) as in the dual space to 2(L?, L?)
coincides with the order induced from L~(L¢, L?) and A*(L9,LP) C L~(LY,LP).
Hence

A* (L, LP) C £ (L9, LP) C TIo (L9, LP). (15)

On the other hand, since Ao(LP, L?) C IIo(L?, L?) and [II2(LP, L9)]* D IIy(L9, LP)
(see 3.5.3), we have

A*(L, LP) = [Ao(LP, L))" D [M2(LP, L)]* D I(LY, L?).
This fact, together with (15), yields

[o(LP, L)]" = Ty(L4, L) = [M2(L*, L)[*
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which implies the equality o(L?, L?) = II5(L?, L?).
With the help of the closed graph theorem, we easily deduce that the norms
7, and a are equivalent and the inequality m(U) < Ca(U) holds in particular for
some number C and every operator U € o(L?, L?).
To complete the proof, it now suffices to verify that 2A(L?,L?) C II(L?, LY).
Let (Py)eco be a net of finite rank operators in L? satisfying the following condi-
tions: = = lién P,z for every z € L? and || Py}l < 1 for every 6 € ©. If U € A(L?, L9)
and Uy := UPy then Uy € Ho(LP, L) and Uz = li(I)n Ugz for each 2 € LP. Moreover,
72(Us) < Ca(UPs) < Ca(U). Since the unit ball of the space II3(L?, L?) is closed
under strong operator convergence (see 3.1.1), we have U € IIo(L?, L?). >
REMARK 1. The following assertions complement Theorem 3.9.8 (the symbol
K(X,Y) stands for the set of compact operators):
(1) If A(L?,L') € LUST then Ao(L?,L*) = N(L?,L*).
(2) IFA(L', L?) € LUST then Ao(L*, L?) = K(L*, L?).
(3) If A(L',L>) € LUST then Ao(L!, L) = K(L',L*™).
(4) If A(L>®,L') € LUST then Ao(L®,L*) = N(L*=,L).
< By Theorems 3.9.5 and 3.7.4(d), we have

QlU(L2’L1) C -?;,:(L2’L1) C H2(L2’L1)a

whence N(L?,L') C %(L?, L") in view of the closure of the unit ball in IIo(L?, L')
under pointwise convergence. It remains to observe that %(L?,L') C II(L?, L")
and II(L%, L) = N(L?,L%).

To prove the forth assertion we notice that Ao(L>,L') = N(L*°,L') since
Ap(L>®, L') C Z7 (L, L) by Theorem 3.9.5 (see [49, Chapter IV, §5]).

Proofs of assertions (2) and (3) can be easily deduced from (1) and (4) by
duality. >

REMARK 2. The hypotheses 2(L?, L?) € LUST in Theorem 3.5.8 and in Re-
mark 1 on it may be replaced with the hypotheses 2o(L?,L?) € LUST which is

weaker to some extent as is seen from the corollary to Theorem 3.9.5.

Corollary. Let 2 < p and q < co. If A(L?,L?) € LUST then

A(L?,L9) = {U € £(LP,L%) | U* € (LY, LP)} = TI3™*(Z7, LY).
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Moreover, if (L, L?) € LUST then %o(L>°, L) = N(L*, L?); if (L?,L*>) €

then o(L?, L) = K(L?, L™).

The corollary is straightforward from Theorem 3.9.8, Remark 1 on it, and the

definition of dual ideal.

The results of Theorem 3.9.8, of the
Remark, and of the Corollary to it can
be conveniently exhibited as the diagram
(see Fig. 2), where at the point (1/p,1/q),
the results are reflected for ideals of oper-
ators acting between L? and L? and the
shaded domain corresponds to uniqueness
of an ideal in LUST. It is easy to check
that, for boundary points situated between
(1/2,1) and (1,1) and between (1,1/2) and
(1,1), the spaces N(LP,L'), I(L? L)
and No(L',L?), K(L',L?) for 1 < p < 2
and the spaces N(L!, L!), Np(L!, L!), and
K(L',L') for p = 1 (pairwise disjoint)

serve as vector lattices with everywhere

UG’

” ,//

12 1 l/p

Fig. 2

dense set of finite rank operators; here Np(X,Y) stands for the closure of the

set of finite rank operators in the space II;(X,Y"). By duality, one can easily obtain

the corresponding results for the points (0,0) and (0,1/p), (1/p,0) for 2 < p < oo.

The uniqueness of operator ideals with vector lattice structure fails at the points
(1/p',1/p) for 1 < p < oo, p # 2 either. For 1 < p < 2, the ideals HP(L”',L”) and
Hl(L”I , L?) provide the sought examples. For the other points of the diagram, the

question of uniqueness seems to remain open.

3.S. Supplement to Chapter 3

3.5.1. The Khinchin-Kahane inequality. The classical Khinchin inequal-

ity (see [15,16]) reads as follows: for every p, 0 < p < oo, there exist positive

constants A, and B, such that

n 1/2
Ap (Z Ick|2) <
k=1

n

k=1

D cur

n 1/2
<B, (Z lck|2)

k=1
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for all n € N and all numbers ¢;,...,c¢,, where ri,re,... are the Rademacher
functions. In what follows we assume that the constants A, and B, are the best of
those possible. It is clear that A, =1 for p > 2 and B, = 1 for p < 2. By direct
calculations one can easily establish that By = v/3 (see, for instance, [16]). In [55],
it was proven that A; = 271/2 and, in [50], A, and B, were calculated for all p.
Observe that B, ~ (p/e)!/? as p — 0.

A generalization of the Khinchin inequality for vector-valued functions means

that, for every p, 0 < p < 00, there are positive constants o, and 8, such that the

1 1/2 1
o | [ <(/
0 0

inequality
1/p

t):l)k

Z rk(t)mk
k=1

1
o/
holds for all normed space X, all n € N, and all vectors z;1,...,2, € X This
inequality we shall call the Khinchin-Kahane inequality.

1/2
dt (1)

Tk(t)xk

As is easily verified, the left-hand side in inequality (1) is a corollary to the
right-hand one. Therefore, it suffices to prove that

1, » i/p 1y, 9 1/2
( ) etz dt) <+vp-1 ( ) etz dt) (2)
o k=1 ¢ k=1

for p > 2. The result (where \/p — I was replaced with p) was essentially obtained
in [17]. The proof presented bellow is taken from [43] (see also [23]).

Lemma. Let 2<p < oo and € = (p—1)"'/2. Then the inequality

1+ P 1— f 4 1/p
(I ez|P +| ez ) S(1+lzl2)l/2 (3)

2

holds for every z € C.

< We propose to the reader to convince himself that it suffices to prove in-
equality (3) only for z € R. (If we put z = |z|e’?, 0 < ¢ < 2, and fix || then the
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left-hand side in inequality (33) attains the greatest value at ¢ = 0.) By putting
ez = t, we see that (3) is equivalent to the inequality

P —tlp 1/p
(I1+t| ;ll I ) S(1+(p—1)t2)1/2, tZO (4)
First we prove inequality (4) for 0 < ¢ < 1. Assign s = (1 —1¢)/(1 +t). Then

we can rewrite (4) as

b4 1/p
2(123 ) <(p+2p-2)s+psH)?, 0<s<1. (5)
It is clear that (5) is equivalent to the inequality
P(s) <Pp(1) =271 0<s<, (6)

where 1(s) = (1+ s?)1/?(p— 2(p — 2)s + ps®)~1/2. It is easy to verify that the sign
of ¥'(s) for 0 < s < 1 coincides with the sign of the function h(s) = ps?~! — (p —
2)s? —ps+(p—2). Since h is convex on the interval (0,1) and h(1) = h’(1) = 0 then
h(s) > 0 for 0 < s < 1. Thus, ¥ increases and inequality (6) holds. Consequently,
inequality (4) holds for 0 <¢ < 1.

Let now ¢t > 1. Put r=1/t. Then 0 < 7 <1 and

(|1+t|1’+ 1 -t]")l/” _t(]1+1'|1’+ -7
2 B 2

=(p-1+)2 <1+ (p- 1)/ >

1/p
) st -y

Corollary. Let p>2,e=(p—1)"1/2, and a,b,c,d € C. Then

(|a+€c|" + |b—ed|P)1/” . (A2 +B2>1/2
2 =\ 2 ’

where A = max{|a + ¢|,|b + d|} and B = max{|a — ¢|,|b — d|}.
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<dAssigna=a+c,f=a—c,y=b+d, 6§ =b—d,andt=(A- B)/(A+ B).
Then

P

2

4
)
la +ecP + [b—ed|f = '%(1+e)+ g(l——e) + lz(l —&)+ 5(1+s)

P

< (§(1+s)+ §(1-s))p+ (g(l—e)+ §(1+e))
B (A+B+ A—B)”+<A+B ) A—B)"

“\T2 T2 N
- (A_;E) (1 — eb)? + (1 +et)?].

By using the lemma, we obtain

(|a+6cl”+lb—edl”)”" _A+B [(1+et)"+(1—et)pr/p

2 2 2
= 2 - 2 2
A? + B2 1/2
=( ’ ) b

Theorem. Let p > 2; let ¢ = (p — 1)_1/2;, let X be an arbitrary normed

9 1/2
dt) e

< Prove the theorem by induction. Let n = 1. Then inequality (7) means that

space, and let z¢,21,...,%, € X. Then

(b

0
For z¢ = 1, the inequality coincides with (2).

zo + Z Tk(t).’lzk
k=1

n
To +€ Z re(t)zk
k=1

2o + 21|12 + lloo — ex1 P\ Y? _ [ llzo + 1|2 + [lzo — 21 ]2 )/ ,
2 < 2 - (™

Let f,g € X* be functionals such that

fll =llgll =1, f(zo+ex1)=|lzo+ex]l, g(xo—ex1)= ||z —ez1].
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Then
llzo +ez1|l” + ||zo — ez1||? = |f(zo + e f(z1)IP +19(z0) — eg(21)IP.

By the corollary to the lemma with

A = max{|f(z0) + f(21)],|9(z0 + g(z1)]} < llzo + 21,
B = max{|f(z0) - f(z1)],lg(z0 — g(1)I} < llwo — 211,

we convince ourselves that inequality (7') is true.

Now we assume that inequality (7) holds for all vectors z¢,z1,...,z, € X for

4
k }dt’

n < m and prove it for n = m + 1. In view of the equality

1
1
m+1=§
0

and inductive hypothesis, we obtain

1

Im+1 = 2—1/}1 (/
0

1

+f

0

1

2—1/p (/
0

1

; ( /
0

Applying to the right-hand side the inequality

P

m
+ |20 — eTmi1 +€ Y ri(t)e
k=1

m
To+ ETmi1 +€ Z re(t)Ti
k=1

4

m
To+ETmy1 +€ Z rie(t)zx
k=1

To + ETmt1 + € Z ri(t)zk

» 1/p
dt)

2 p/2
dt)

2 »/2
dt)
p/2 2/p

/ F(t)dt / (t) dt < [1sopr +lgoprye i
0 0

0

ZTo +E€Tmi1 + Z re(t)zk
k=1

1/p

m
Zo + ETmi1 + Z re(t)zk
k=1
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with
m 2 m 2
f= |z +eTmyr + Zrkl'k sy 9= ||To —ETm41 + Zrkwk )
k=1 k=1
we see that

( o + Z re(t)zk + €Tm41

k=1

N |

1
Im+1 _<_ /(
]

m
To + E re(t)Tr — €Tm41
k=1

+

1/2

P\ N\ 2/p
)) "

Estimating the integrand on the right-hand side with the help of inequality (7)

(where the vector zg is replaced with

m
T + Z re(t)Tk
k=1

and z;, with Z,,41), we obtain the claim. >

REMARK. Inequality (7) admits the following generalization:

1 m P 1/p
/ o+ € Z rk(t)xk + ¢ Z rk(t)rz(t)xkl dt
o k=1 1<k<i<n
. . 1/2
< / To + Z 'I‘k(t):l:k + Z t)rz(t)wkz dt
¢ 1<k<i<n

The proof of the inequality coincides essentially with the proof of the theorem.
One can prove some further generalizations of (7) which use the Walsh functions
representable as a product of at most three, at most four etc. Rademacher functions.
Thus,

1 1/p

/” Z e (O)rk,(8) .o Th (D) Ty Thy - T “p dt

1<k <kp <ok <n
<p™/* / ”

. 1/2
0 1<k1<k2< - <km<n

Z Tk, (t)'l‘k2 (t) o Tk, (t)wkl Tky - Tk, “2 dt
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for all m < n and all vectors zg,k,.. &, € X.
As was observed, the left-hand side in inequality (1) is a consequence of the

right-hand one. Prove this for p = 1 (the general case can be proven similarly).

Let f € L*(0,1) and | f|l4 < a| f]l2- Then

1 1 1/3 1 2/
I1£13 = / IFOPPIF@)P dt < ( / F{Gls dt) ( / If(t)ldt)

< (allfll)*21A157%;

ie., [ fl2 < a®||fll- By putting

3

n

D ek

k=1

f= , a=+3,

we obtain the claim with ay = 1/3.

3.5.2. 2-Cotype spaces.
DEFINITION. We say that a normed space X is of (Rademacher) 2-cotype if
there is a number C such that the inequality

n 1/2 1,
(Z ||mk||2) <C / ri(t)zkl| dt,
k=1 o k=1
holds for all n € N and z1,...,z, € X, where r1,r9,... are the Rademacher

functions. The least possible constant C is said to be the 2-cotype constant for the
space X and is denoted by Ca(X).
By the Khinchin-Kahane inequality, the integral

in the definition of 2-cotype space may be replaced with

» 1/p
dt)

Zn: ri(t)zk
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for every p > 0. Recall that in a Hilbert space the following identity holds:

n 2

E re(t)zi

k=1

E sl = ]

Theorem. For 1 < p < 2, the space LP(T, u) is a 2-cotype space; moreover,
CUIP(T, ) < V3.

Let z1,...,7, € LP(T, ) and yx = |z&|%. Then

n n
Y llaklly = livellpre-
k=1 k=1

Since p/2 < 1, we obtain

n /2 2r
- ( / (Z Iwk(t)l2> du(t)) ®
p/2 T

k=1

n
Y llzelly <
k=1

by the reverse triangle inequality. Estimating the sum Y ;_, |z«(¢)[> by the Khin-
chin inequality, we see that

(Z m(t)l?) s /

where AT! = /2. This fact together with (8) yields

(kg ||xk||?,)l/2 <V2 ( T[ ( /

rk(u)xk t)| du,

Since

1
< [ st
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from (9) it follows that

> uxknp) =
4

3.5.3. Banach operator ideals. Recall that the symbol £(X,Y’) stands
for the set of all continuous linear operators acting from a Banach space X into

a Banach space Y.

DEFINITION. A class 2 of operators acting between arbitrary Banach spaces
is said to be an operator ideal if it satisfies the following conditions:

(D) AX,Y)=2ANnZL(X,Y) is a linear set;

(2) 2 contains all finite rank operators;

B)if W e Z(Xo,X), V € £(V,Yy), and U € A(X,Y) then VUW €
A(Xo,Ys).

The set A(X,Y) is called a component of operator ideal A.

DEFINITION. Given an operator ideal %, a nonnegative function « is called
a norm in the operator ideal if

(1) the restriction of a to A(X,Y") is a norm in A(X,Y’) for arbitrary X and Y;

(2) a(z' @ y) = ||z|| |ly|| for every rank-one operator &' ® y : X — Y;

B W e Z(Xo,X), V € L(Y,Yy), and U € AX,Y) then o (VUW) <
IVIHIW] @)

If the normed space A(X,Y) is complete for arbitrary Banach spaces X and
Y then the pair (2, a) is called a Banach operator ideal.

The class II, (p > 1) with the norm 7, and the class of nuclear operators with
the nuclear norm provide examples of Banach operator ideals.

A norm « in a Banach operator ideal (2, a) is called dual if there exists a Ba-
nach operator ideal (%8, §) such that a (U) = B(U*) for every operator U € 2.

Let (%, &) be a Banach operator ideal. We say that an operator U € .£(X,Y)
belongs to the dual operator ideal U* if there exists a constant C such that

| trace(UAV B)| < C||Alla (V)| BIl,
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where V € (Y, Xo), A € £(Xo,X), rank A < o0, B € Z(Y,Y}), and rank B <
oo. Put o*(U) = inf{C}.

One can prove that the pair (2*,a*) is a Banach operator ideal (see [42, The-
orem 9.1.3]). It is said to be the dual ideal to the ideal (A, o). By using the notion
of dual ideal, it is possible to describe dual spaces to components of a given ideal in
a series of cases. In the cases when the trace of a nuclear operator in a space X is
correctly defined, one can try to establish a duality between the spaces 2A(X,Y) and
A*(Y, X) by the formula (U, V) = trace VU, where U € A(X,Y) and V € A*(Y, X).
Thus, we would like to identify an operator V' € 2*(Y, X) with the functional Fy
defined on A(X,Y) by the equality Fyy = trace VU (U € U(X,Y)). This program
is implementable in a wide class of cases. The following theorem is a particular case

of Theorem 10.3.5 in [42].

Theorem. Let 1 < p < oo and 1 < ¢ < o0; let (A, @) be an arbitrary Banach
operator ideal, and let %o(LP, L1) be the closure of the set of finite rank operators
in A(LP, L9).

(1) If V € A*(L9, L?) then VU € N(L?, L?) for every operator U € Ao(LP, L)
and the equality

Fy = traceVU (U € %o(L?,L7)) (%)

defines a continuous linear functional on Ae(L?, L?); moreover, ||Fy| = a*(V).
(2) For every functional F € [o(L?,L?)]*, there exists a unique operator
V € A*(LP,L?) such that F is representable in the form ().

The next theorem is a particular case of the result obtained in [39].

Theorem. Let 1 < p < oo and L? = LP(T,pn). Then [Io(LP,Y)]* =
(Y, L?).

< We confine ourselves to a part of the proof of the theorem and establish
inclusion IIy(Y, L?) C [II;(LP,Y)]* which is only used in Section 3.9 (as above, we
assume that a duality between spaces IIy(L?,Y") and II5(Y, L?) is provided by the
trace).

Let V € IIy(Y, L?). By Theorem 3.3.6, the operator VU is nuclear for every
U € II5(L?,Y’). Moreover,

[trace(VU)| < v(VU) < mo(V)me(U).
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Thereby we obtain the sought inclusion.

The reader can find a detailed exposition of the theory of Banach operator
ideals in [11,42].

3.S.4. The local reflexivity principle. A number of statements are con-
solidated by this title which have their origin in a result obtained by Lindenstrauss
and Rosenthal. Its various refinements and generalizations are exposed in {7,15].
We use the variant of the local reflexivity principle in the formulation presented

below. We suppose that the space X is canonically identified with a subspace of
X**.

Theorem. Let X be an arbitrary Banach space; let L C X**, dim L < oo;
let M C X*, dim M < oo, and let ¢ > 0. There exists an operator U : L — X
such that

(1) (1= e)ll2"]| < [U"]| < (1 + &)fa"| for every 2" € L;

(2) (Uz",2'") = (2',2") for all ' € M and 2" € L;

(B)Uz'"=2" forz" €e LN X.

3.S.5. The Fan Ky lemma.

Lemma (see [5]). Let K be a compact convex subset of an Hausdorff topo-
logical vector space and let ® be a convex set of convex functions lower semicon-
tinuous on K. If each of the functions in ® takes a nonpositive value on K then

there is a point z9 € K at which the values of all functions in ® are nonpositive.

Comments

3.1. The concept of 1-absolutely summing operator (under the name of right
semi-integral operator) appeared in the fundamental article [12] by A. Grothendieck.
Independently of tensor product technique, 1-absolutely summing operators were
studied by A. Pietsch (see [41], where further literature directions are given), who
introduced the notion of p-absolutely summing operator in [40]. A rather complete
exposition of results obtained in the field in the last 20 years was given in the

Pietsch monograph [42].

3.2. Theorem 3.2.3 was obtained in [40], Theorem 3.2.4 for the case in which
Y is a Hilbert space, in [36]. In the general form, it is contained in [32].
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3.3. Theorem 3.3.6 is a particular case of multiplication theorems obtained

in [30].

3.4. Theorems of 3.4.1 are given in [49], where the further bibliography is in-
dicated. As for Theorems 3.4.2-3.4.5 see [6,34]. Equivalent formulation of these
assertions are presented in [25]. Corollary 3.4.6(b) is proven in [38]. As to The-
orem 3.4.7 see [25]. Corollary 3.4.7 is obtained in [53]. In 3.4.8 and 3.4.9 we use
the idea of the article [52] for generalizing the results of [53,54]. Theorem 3.4.10 is
borrowed from [54]. The result of 3.4.11 was announced in [25].

3.5. Theorem 3.5.2 was proven in [33]. Theorem 3.5.4, due to Grothendieck,
is one of the important and deepest results of the theory of p-absolutely summing

operators. We expose the proof of this theorem in line with [33,44]. Other proofs
of the theorem may be found in [20, 22, 37].

3.6. Some of the theorems presented in 3.6.1-3.6.3 are valid not only for lin-
ear operators but also for convex operators as well as for operators with values
in L%(T, 1) They were obtained for the first time in [35]. Our exposition adheres
to [32]. Theorem 3.6.4 was obtained in [32], and Theorems 3.6.6 and 3.6.7 are given
in [35]. The presented proof of Theorem 3.6.7 was proposed by A. V. Bukhvalov.

3.7. The results of this section are borrowed from [27] (see also [26]).
3.8. As to Corollary 3.8.2(a) see [47]. The other results of 3.8.1-3.8.6 are
presented in [29]. Theorem 3.8.7 appears for the first time.

3.9. We use the concept of local unconditional structure put forward in [10].
The proof of Theorem 3.9.3 follows that of K. Schiitt’s theorem [50] which was
proposed in [56]. Theorem 3.9.5 was obtained in [28]. Theorem 3.9.6 is given in [46].
As to the results of Subsection 3.9.7 see [46,50]. The first result on uniqueness of
the ideal of operators with local unconditional structure was likely obtained for the
first time in [9]. Theorem 3.9.8 was exposed in [27] and its generalization to the
case when the spaces L? and L7 with 1 < p and ¢ < 2 are replaced by arbitrary
Banach lattices of 2-cotype is given in [48].
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In the present chapter, we will consider various problems connected with inte-
gral operators. First of all we solve the problem of finding conditions for an operator
to be an integral operator. In Section 4.2, a necessary and sufficient condition for
integrality of linear operators is given and, in Section 4.3, we apply this criterion
to finding sufficient conditions for integrality of some classes of operators (in par-
ticular, dominated). In Section 4.4, the criterion for integral representability is
used for integral representation of vector measures and, in Section 4.5, of nonlinear
operators. The second part of Chapter 4 is mainly devoted to studying operators
that remain integral (or belong to some classes of integral operators) after multipli-
cation by an arbitrary operator of some class (for example, a unitary or bounded
operator). Moreover, we expose as completely as possible the state of art in regard

to the problems raised in the monograph [19] by P. Halmos and V. Sunder.

4.1. Basic Properties of Integral Operators

4.1.1. Throughout this chapter E and F denote ideal spaces over (T, L, u)
and (S, A, v) respectively. An operator U : E — F is called integral if there exists
a measurable function K(s,t) (t € T, s € S) such that for every z € E the value
y = Uz is the function

y(s) = / K(s,8)2(t) du(2). (1)
T

The function K(s,t) is referred to as the kernel of the integral operator U. The set
of all integral operators acting from E into F is denoted by J(E, F).

4.1.2. Observe that operator (1) must be given on the whole ideal space E
and the integral in (1) is understood to be the usual Lebesgue integral. This cir-
cumstance excludes the operators that are densely defined in L? by formula (1)
as well as the operators in which the convergence of integrals is understood in the
sense of some summation method: singular operators (where the integration is un-
derstood in the sense of principal value, pointwise almost everywhere, or in the
metric of LP, 1 < p < 0o) which in fact fail to be not only integral operators in
the sense of (1) but also to be even order bounded operators with values in the
widest ideal space L°. This case formally includes the “integral representation for
the resolvent,” classical in the theory of ordinary differential operators, which in-

volves passage to the limit in the metric of L. Many potentials however admit
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integral representation for the resolvent. Nevertheless, the question seems to be
open for some classes of operators. Note also that passage to the limit in L? can
lead to loosing the property of integral representability. Indeed, the Fourier trans-
form operator & : L(—00,00) — L*®(—00,00) is an integral operator, whereas the
Fourier-Plancherel operator obtained by passing to the limit in L? is not o-bounded
from L?(—~00,00) into L%(—00,00) and, therefore, cannot be an integral operator
(see below). Finally, definition (1) excludes the operators whose kernels are dis-
tributions, because otherwise every operator could be considered as an integral
operator once the class of distributions is defined appropriately.

It was just the discussion between John von Neumann and Paul A. M. Dirac
about a possibility of applying the theory of integral operators to studying operators
in quantum mechanics that led John von Neumann to the problem of describing
the class of integral operators in the sense of (1). Of course, now the discussion
is not that challenging due to appearance of the mathematically sound apparatus
of distributions and the technique of rigged Hilbert spaces. However historically,
it seems to lead to the fundamental article [58] by John von Neumann in which
he solved the problem of finding all operators in L?(0,1) unitarily equivalent to
some selfadjoint integral operator (see the monograph [38] by V. B. Korotkov) and
posed the problem of finding necessary and sufficient conditions for a given operator
in L?(0,1) to admit integral representation (1) [58, p. 4]. Solving the problem is
the topic of Section 4.2.

4.1.3. We turn to considering integral operators. First we present their ele-
mentary properties.

The definition of operator (1) presumes the following two conditions to be
satisfied:

(1) For every z € E the integrand in (1) is summable for almost all s € S; i.e.,

[ K ta®ldute) < o0 2
for almost all s € S.
(2) For every z € E function (1) belongs to the space F} i.e., for instance, in
the case of F = L? we require that

/ | / K(s,t) 2(t) dp(t)

2
dv(s) < oo. (3)
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Note that the set of measure zero constituted by the points s € S at which (2)
is violated depends, generally speaking, on the function z. Indeed, suppose that
E = L? and property (2) is satisfied for all z € L? and all s € S\ B, where v(B) = 0.
Then the function K(s,-) generates a continuous functional on L? for all s € S\ B;

whence,

/ K (5, )2 du(t) < oo (4)

for almost all s € S. An integral operator U in L? with kernel satisfying (4) is
called a Carleman operator. The kernel of a Carleman operator possesses some
extra summability as compared with (2). There are as many operators in L? whose
kernels do not satisfy (4) as desired. As a simplest example we take a function k €

L(0,1)\ L?(0,1/2) and define the kernel to be K(s,t) = k(|s — t]), i.e.,

1

(Uz)(s) = /k(]s —t))z(t)dt, =z e L*0,1).

0

Since k € L', the operator U is bounded in L?, but

1

[ts=thar= [lropars [P =oo

0
for every s € [0,1], i.e., (4) is not valid.

In the case of a finite measure g, making the substitution z = 1, we obtain

[ 1K, dutt) < o0 (5)

for almost all s. The kernel may fail to meet any summability condition stronger

than (5).

4.1.4. Now we turn to condition (2) and, in particular, to (3). Note that in (3)
the modulus sign cannot be inserted under the inner integral sign.

Alongside with (1) we consider the integral operator with kernel |K (s, t)|:

(Wa)(s) = / K (5, 1)] 2(2) dp(t). (6)
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By (2), the function Wz is defined for all z € E and is finite almost everywhere,
i.e., Wz € L°. Thus, the operator W always acts from F into L°. Now what about
the action in F'? Even in the case E = F = L?(0,1) the operator W may fail to
act from L? into L? (see, for example, [42, p. 78-81]. In this connection, we give
the following definition.

Operator (1) is called a regular integral operator from E into F if operator (6)
with kernel |K(s,t)| acts from F into F. It is evident that if W acts from E into F,
then U acts from E into F. The converse is true only for regular integral operators,
and what was said before the definition means that there exist irregular integral
operators in L2. Property (2) shows that every integral operator is a regular integral
operator if it is considered as an operator acting from E into L°, which fact will be
of use later.

The set of all regular integral operators is denoted by #~(E, F).

4.1.5. Now we establish a connection between the concept of integral operator
with the calculus of o-bounded operators which was discussed in Chapter 2. First
of all it is obvious that every regular integral operator from E into F' is o-bounded

from F into F. In fact, a far less trivial assertion holds.

Proposition. An integral operator U (see (1)) is a regular integral operator
from E into F if and only if it is o-bounded from E into F. Moreover, the
modulus |[U| in the sense of the calculus of Chapter 2 coincides with the operator W
(see (6)), i.e.,

(IUl2)(s) = / |K(s,t)|2(t) du(t), <€ E. (7)

The proposition has a simple proof for separable measure spaces [8, 88]; we
present this proof below. In the general case the proof is very involved. In [50]
there is a proof that grounds on approximating the kernel K(s,t) with finite-di-
mensional kernels. In [25] (see Theorem XI.1.2) there is another proof based on one
Yu. I. Gribanov’s result [16] (earlier a close result was established by W. Luxem-
burg [49, 50]). All subtlety of the theorem lies in the fact that, under some condi-
tions on the set of functions in the domain of definition of an integral operator, the
supremum of the values of the operator on this set calculated in the K-space L°
coincides with the pointwise supremum.

We will return to the proof of Proposition 4.1.5 after the next section.
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4.1.6. Now consider the question concerning the continuity properties of inte-
gral operator (1).

Proposition. Let U : E — L° be an integral operator (1).

(1) If z, — 0 almost everywhere and |z,| < z € E (n € N) then Uz, — 0
almost everywhere.

(2) Hz, — 0(p) and |z,| <z € E (n € N) then Uz, — 0 almost everywhere.

(3) U acts from a Banach ideal space E into a Banach ideal space F', then

U is continuous.

<1 Assertions (1) and (2) are obvious corollaries to the Lebesgue dominated

convergence theorem by virtue of formula (2).

(3): According to the closed graph theorem, it suffices to check that the conver-
gence of z,, — z in the norm of E and the convergence of Uz, — y in the norm of
F imply that y = Uz. By Proposition 2.1.10, there exists a subsequence z,, —
in E. Then Uz,, — Uz almost everywhere by (1). Using Proposition 2.1.10 again,

we infer that Uz,, — y in measure. Hence y = Uz. >
Claim (3) of Proposition 2.2 in the case of a Banach ideal space with some

condition (in particular, L? included) is due to S. Banach; and in the general case,

to Yu. I. Gribanov (see the bibliography in [8]).

REMARK. In view of the above presentation, every integral operator from a Ba-
nach ideal space E into L° is continuous (L° is considered as endowed with the
topology of convergence in measure) and therefore takes a ball of the space E into
a set bounded in measure.

The question of describing in terms of the kernel the situation in which the
operator acts from L? into L? lies beyond the scope of the work (the sufficient
conditions found by L. V. Kantorovich are given in [42, §7] and [25, § X1.3], and
some necessary and sufficient conditions are presented in [79, (7.1.6)]; the idea of
the latter conditions is connected with that of the so-called Schur’s method).

4.1.7. We prove Proposition of 4.1.5 in the separable case.

< It suffices to establish that if the integral operator U acts from E into L°
then formula (7) holds for all z € E, z > 0. Fix such a function = and consider the
set M = {y | |y| < «} involved in formula (5) of Section 2.2 for calculation of the
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modulus. We have
JISEECLTOR sup{ [ KGou0au0 v e M} ®)

for almost all s, where the supremum on the right-hand side of (8) is calculated
pointwise. In order to check (8), it is sufficient to observe that, for every s, the

function
ys(t) = sign(K(s, 1)) (t) 9)

satisfies |y,| < = and

J G 01a0dute) = [ K(s,00.(0)dutt) (10)
Formula (12) of 2.2 asserts that
[Ulz = sup{Uy | y € M}, (11)

but the supremum on the right-hand side of (11) is that in L°. The widely-spread
fallacy in proving formula (7) consists in the fact that one does not distinguish
between the natures of suprema in (8) and (11). In Section 2.1 it was explained
that, generally speaking, information about the pointwise supremum tells nothing
about the supremum in L° even in the case of the Lebesgue measure. Here we
ought to use the particularity of our set U(M). By virtue of the separability of L°,

there exists a countable everywhere dense set {y,} in M. Prove that

|K(s,t)|z(t)dt = sup K(s,t)yn(t)dt | n€ N} almost everywhere;
) J—
sup{Uy | y € M} =sup{Uy, | n € N} (13)

which immediately yields (7). If y € M is arbitrary, then there is a sequence yp,,
such that y,, — y in measure. Since the set M is o-bounded in E, we have

Uya, — Uy almost everywhere by Proposition of 4.1.6(2). Therefore,

Uy < supUyn, < supUyy, (14)
k

which immediately implies (13). Putting y = y, in (14), where y, is defined by
formula (9), we obtain (12).
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Corollary. An integral operator U is positive if and only if K(s,t) > 0 u-
almost everywhere. The operator U is identically zero if and only if K(s,t) =0

p-almost everywhere.

An elementary proof of the preceding corollary which does not rely upon the

more complicated Proposition 4.1.5 is given in [25, p. 393].

4.1.8. Now consider the question about the integrality of the dual of an integral
operator.
Let U be an integral operator (1) acting from a Banach ideal space E into

a Banach ideal space F. Alongside with (1) we consider the “transpose”

U*9)) = [ K(s,0u() ). (15)

IfU € L~(E, F) then we have U € Ly (E, F) by Proposition 4.1.6. We identify
E' with E} and F' with F}’. Appealing to Subsections 2.2.25 and 2.2.26, we can
assume that the dual operator U* acts from F' into E' and is regular. Employing
Fubini’s theorem (see also [25, § XI.1]), we readily derive the following

Proposition. If U : E — F is a regular integral operator then U* : F' — E'
is a (regular) integral operator and U* = U¥#.

The claim of the proposition can be valid without the assumption of the regular-
ity of U (for instance, in the case when the kernel is symmetric or skew-symmetric,
see [42, p. 84]), but it does not hold in general [19, Example 7.2; 11, Example 11.1.17].
In [63], an example was constructed of a normal integral operator in L%(0, 1) whose
dual is not an integral operator (and, hence, the operator U does not act into L2
(19, Theorem 7.5]), which solves the long-posed problem (see, for example, [19,
Problem 11.12]).

4.1.9. Now we state criteria for an operator to belong to some important
classes of operators (for proofs see [25, § XL1.1]).

Theorem. Let E be a Banach ideal space. If U is an integral operator (1)
then U € M(E, F) if and only if K € F[E']; moreover, |U| =|K|. If F is a Banach
ideal space then ||U||\pm = || K ||p(gy-

4.1.10. Theorem. Let F be a perfect Banach ideal space. If U is an integral
operator (1) then U € £(L*,F) if and only if K € L*®[F}; moreover, |U|| =
| K || Loy = vraisup, || K(-, )] F-
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These results explain the usefulness of the spaces with mixed norm which were
introduced in Chapter 2. Until Section 4.3 we leave open the question about the
conditions under which the dominated operators or operators defined on L' admit

integral representation.

4.2. Integral Representation of Linear Operators

Now we turn to the question of conditions for a linear operator to admit integral
representation. This problem was posed by John von Neumann in [58] and solved

in [5, 6] (see also the bibliography).

4.2.1. John von Neumann seems to be the first who proved that the identity
operator I in L%(0,1) does not admit integral representation. This example is quite
sufficient for illustrating the difference between conditions (1) and (2) of Propo-
sition of 4.1.6 resultant from two perfectly equivalent statements of the Lebesgue
dominated convergence theorem. In the case of the operator I condition (1) is obvi-
ously satisfied (it is simply a tautology) whereas condition (2) fails definitely, since
we can easily indicate a sequence of characteristic functions z, on [0,1] such that
zn, — 0 in measure, but {z,} does not vanish almost everywhere. This argument
is the simplest proof of the fact that I is not an integral operator. It turns out that
condition (2) of Proposition 4.1.6 characterizes integral operators.

Let E and F be ideal spaces on (T, X, u) and (S, A, v).

Theorem. Let U : E — F be a linear operator. The following assertions are
equivalent:
(1) U is an integral operator, i.e., U admits representation (1);
(2) f 0<z,<z€FE (n€N)andz, — 0 in measure then Uz, — 0 almost
everywhere;
(3) the operator U satisfies the following two conditions:
(a) if p(An) = 0 (A, € %) and x4, <z € E (n €N) then U(xa,) — 0
almost everywhere;
(b) if 0Lz, <z € E (n €N) and z, — 0 almost everywhere then
Uz, — 0 almost everywhere.

REMARK. If E is a Banach ideal space with condition (4), then, by virtue of
Proposition 2.1.10, assertions (1)—(3) are equivalent to the following condition:
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(4) if 0<z, <z € E (n€N) and z, — 0 in norm, then Uz, — 0 almost
everywhere.

4.2.2. The proof of Theorem 4.2.1 will be given in 4.2.11, and now we discuss
its statement. The implication (1) = (2) is trivial and is proven in Proposition 4.1.6.
The main equivalence of Theorem 4.2.1is (1) & (2) whose nontrivial part happens
to be of profound interest because the implication (2) = (1) is a sufficient condition
for an operator to be an integral operator. The implication (2) = (3) is obvious.
Assertion (3) appears as refinement of the main assertion (2). The main condition
in (3) is (a), meaning fulfillment of a condition equivalent to (2) but for characteris-
tic functions, which turns out to be useful in applications (see Sections 4.4 and 4.5).
Thus, to prove Theorem 4.2.1, we ought to establish only (3) = (1) which will be
done in Subsection 4.2.11.

If the measure y is discrete, then all operators admit integral representation
(25, p. 394-395]; therefore, the discrete case is of no interest. The basic cases are
T=S=10,1 and T = S = R" with the Lebesgue measure. Here the reader is free
with choosing the desired level of generality, for it in no way simplifies the proof.

Furthermore, even the case E = F' = L?(0,1) reveals all the difficulties. Now
we will discuss possible approaches to proving Theorem 4.2.1 just in this case.
First of all, looking at condition (2) that presumes some specific continuity of
the operator U, one can think that some theorem on integral representation of
functionals might be useful. It would be natural to fix s € S and introduce the

functional on L? acting by the formula

ps(z) = (Uz)(s)-

However, the term “value of a measurable function at a point s” (more exactly,
“value of a class of equivalent functions”) is not defined. There is a quite intricate
theorem due to von Neumann and Maharam on existence of a lifting (see Subsec-
tion 2.4.5) which enables us to attach rigor to this concept for functions in L*, but
in the case of the L? spaces with p < oo the concept of lifting cannot be defined in
principle. Assume, however, that we can overcome this difficulty. Further, checking
continuity of ¢ on L? for almost all s, we would face another difficulty; the problem
is that the set of measure zero where the convergence Uz, — 0 of condition (2) may

fail to hold depends on {z,}. Assume again that we could overcome the difficulty.
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Afterward, we can apply Riesz’s theorem on the general form of a functional in L?

and write down
ox(a) = [w(®)2(0)dutt)

or

(Ua)(s) = ulz) = / K(s,)a(t) du(t),

where K (s,t) = y,(t). Generally speaking, the function K(s,t) is not measurable as
a function in two arguments, but in 4.3.6 we will see that it can be amended so as to
become measurable. Now observe that Riesz’s theorem yields [ |y,(t)|*du(t) < oo

for every s and, hence,

] K (s, D)2du(t) < oo

for almost all s. Thus, we conclude that the kernel K (s, t) satisfies (4) of Section 4.1
with necessity, which means that U is a Carleman operator. As we know, there
are non-Carleman operators; consequently, the chain of our arguments contains
essential gaps and such approach to proving Theorem 4.2.1 fails.

Let us try to take another approach. Any theorem on integral representation
suggests making use of the Radon-Nikodym theorem. This theorem appears even-
tually in our proof, but as a simple part of the reasoning, whereas all sophisticated
arguments rely upon the calculus of o-bounded operators. We try to explain why
an attempt to apply the theorem straightforward is doomed to failure. Assume that
the operator U satisfies (2) and suppose for simplicity that u(T),v(S) < co. The
natural measure whose Radon-Nikodym derivative yields the kernel of U is defined
as follows:

/\(AXB)z/U(XA)d,u, AeX, BeA. (1)

B

Function (1) can be easily extended to a finite-additive measure (not necessarily
positive) over the algebra of subsets of T' x S generated by the product of the o-
algebras ¥ and A. However, its countable additivity (or, which is the same, absolute
continuity with respect to p @ v) is difficult to check, because the integration in (1)
“obliterates” the difference between condition (2) of Proposition 4.1.6 with con-
vergence in measure and condition (1) with convergence almost everywhere which
is in no way sufficient for integral representability. The only known proof of the
countable additivity of the extension of (1) relies upon Theorem 4.2.1 itself. We
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believe that the “operator” version of Theorem 4.2.1 cannot be plainly reduced to
measure theory without nontrivial application of operator theory.

Observe that any idea of proving Theorem 4.2.1 must explain where the dif-
ference between convergencies in measure and almost everywhere plays its role.

In conclusion, we answer the question why the very fact that an operator is
an integral operator draws attention. First of all it is an interesting property in
its own right which reveals the structure of an operator; the relevant problems are
involved and have long history. Moreover, the fact that an operator is an integral
operator yields some information on its spectrum [38, 58] and specific criteria for
compactness. Once we have mentioned the concept of spectrum, we close the section

with J. von Neumann’s classical theorem of the article [58].

4.2.3. Let U be a linear operator in L?(0,1). A number ) belongs to the limit
spectrum o.(U) of the operator U if there exists an orthonormal sequence {e,} such
that [Uen, — Aen]| — 0.

The J. von Neumann theorem [58]. Suppose that U is a bounded selfad-
joint operator in L2(0,1). The following assertions are equivalent:

(1) U is unitarily equivalent to an integral operator (in L(0,1));

(2) U is unitarily equivalent to a Carleman integral operator;

(3) 0 €0 (V).

Theorem 4.2.3 extends to the case of nonselfadjoint and unbounded operators,
for instance, in [38, 19] (see also the bibliography therein).

Note that, clearly, not every operator unitarily equivalent to an integral one
is an integral operator itself; therefore, Theorems 4.2.1 and 4.2.3 are in no way

connected—they solve different problems.

4.2.4. Before launching into the proof of Theorem 4.2.1, we present one more
criterion for integral representability which has an implicit form in contrast with
Theorem 4.2.1; the latter characterizes every individual integral operator, whereas
the theorem given below characterizes the whole class of regular integral operators
and attaches rigorous meaning to the intuitively clear fact that integral operators
must be connected with finite-rank operators. It is evident that the norm in the
space of operators in L? is not suitable for describing this connection: every compact
operator is a limit of finite-rank operators, but not every compact operator is an

integral one, since there are integral operators (for example, Volterra operators)
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not compact in L? and, consequently, not approximable in norm by finite-rank
operators.

Fix ' € E' and y € F. Denote by z' ® y the one-rank operator

@ ove) = ( [+ Odwuv) s <€k,

that obviously belongs to Ly (E, F) and is a regular integral operator with ker-
nel K(s,t) = y(s)z'(t). Denote by K(E,F) the band in the K-space L} (E, F)
which is generated by all operators of the form ' ® y (¢' € E',y € F).

Theorem. S~ (E ,F) = K(E,F).

In the case when E and F are Kantorovich-Banach spaces on [0, 1] the theorem
was proven by G. Ya. Lozanovskii [47]. The general form was obtained in [5].

4.2.5. While proving Theorem 4.2.4, we will use the following lemma which
looks like the Dunford-Pettis theorem and is well known for a long time at least in
the case of the interval [0,1] with the Lebesgue measure. In [5], there is a proof
grounded on the Bochner integral (in [67] the proof of Theorem 4.2.4 was reduced to
the Radon-Nikodym theorem which is somewhat longer). Here we present a simple
proof which is based only on the general form of a linear functional over L! and

whose idea is similar to that of the proofs of more general facts in [7].

Lemma. Every continuous linear operator U : L} (T, u) — L*(S,v) is an in-
tegral operator.

< Let M be the set of functions of the form
L(s’t) = Z ’\iXAi(t) XBi(s)
i=1
(u(Ai),v(B;) < 00), where AiNAj =@ (1 # j). Put

¢(L) = Z/\i/U(XA‘.)du.
=1 B

It is easy to see that the linear functional ¢ is defined on M correctly.
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Assign LY (T x §) = LY(T x S,p @ v) and L®(T x S) = L®(T x S,u @ v).
Then

le(L)| < IIUI1Y - Xiv(Bi) p(Ai) = UL IL] £ (7xs)s
i=1

whence ¢ is continuous on M endowed with the norm of L}(T x S). Since M is
dense in L}(T x §) in norm [25, Lemma XI.1.2], we can extend ¢ by continuity to
a bounded functional over L!(T x S) for which we preserve the previous notation.
Then there exists a function K € L*(T x S) such that

(L) = / L(s,) K(s,t)d(u ® v) (s,8), L e L'(T x S).
TxS

Hence, Uz can be expressed by means of formula (1) of Section 4.1 with ker-
nel K(s,t) for finite-valued functions z € L'(T, x). In view of K € L°(T x §), we
infer that the representation can be extended by continuity to the whole L(T, ). 1>

4.2.6. Without loss of generality we may assume that 17 € E' and L*(S,v) C
F (therefore 15 € F). The general case easily reduces to the case by decomposition
of measure spaces (see [5, 86, 87]). Now we present some technical lemmas of use

in proving Theorem 4.2.4.
Lemma. Denote V, = nlr ® 1s (n € N). If 0 < U < supV,, then U is
an integral operator.

< It is obvious that
Uz]|Lee < |[Vallz])]lze =/I$(t)|du(t) = |z[|2:

for all = € L; therefore, we can extend U to a continuous linear operator from L!

into L*° and apply Lemma 4.2.5. t>

4.2.7. Lemma. For an arbitrary U € K(L* F), U > 0, we have U AV, 1 U.

REMARK. Appealing to the analogy between the theory of functions and the
theory of o-bounded operators discussed in Chapter 2, we can attach a simple
meaning to Lemma 4.2.7. It consists in the fact that the operator V; plays the role
of a function identically equal to one. Then the operators U A V,, are cutoffs of the
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operator U and, therefore, Lemma 4.2.7 means convergence of the cutoffs to the
operator itself.

< (1) First we prove the sought relation for U = z' @ y, where z' € E, and
y € Fy. It is clear that

(UAVR)(z)(s) = /x(t) (@' (t) y(s) Anlrxs(s,t))du(t)

(this follows, for example, from Proposition 4.1.5, but can be checked straightfor-
wardly). Since

z'(t) y(s) Anlrxs(s,t) T 2'(¢) y(s),
it remains to employ Beppo Levy’s theorem and formula (13).
(2) Now we check that W € K(E,F), W >0, and W AV; =0 imply W = 0.
Take an arbitrary operator V > 0 of the form ' @ y. Then sup(V A V)=V
by the above. Hence,

WAV =WAsup(VAV,)=sup(WAV AV,)=0,

for 0 < WAV, < n(WAV) = 0. By the definition of K(E, F) as the band
generated by operators of the form z' ® y, we have W = 0 (we have proven that W
is disjoint from K(E, F)).

(3) We return to proving the lemma for an arbitrary operator U. By Theo-
rem 2.2.4, there exists an operator V = sup(U AV,) < U in the K-space L™(E, F).
It is clear that

sup(Vo AV) =sup[(Va AU)AV] =sup(Vu, AU)AV = V.
Put W =(U-V)AV; >0. Afterward,
(VaAV)+W =V + W)AV +W) < Vo1t AU
and, therefore,
V=sup(UAV,) =sup(UA V1) 2sup(VAVL)+ W=V +W.

Consequently, W < 0. Thus, W = 0, i.e., (U —V)AV; =0. The operator U — V
belongs to K(E, F); therefore, appealing to Step (2), we have U = V, which was
required. >
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4.2.8. Now we pass to proving Theorem 4.2.4.

< (1) Suppose that U € K(E, F). Since U = U} — U_, we can assume that
U > 0. We ought to show that U admits integral representation. By Lemma 4.2.6,
for U, = U AV, there exists a kernel K, (s,t), i.e.,

(Unz)(s) = /Kn(s,t) z(t)du(t), z €E.

Since 0 < U,T, we have 0 < KT by Proposition 4.1.5. According to Lemma 4.2.7,
U, TU. Put
K(s,) = sup Ka(s,)

(the function can a priori take the value 400 on a set of positive measure). By
formula (13) of Section 2.2, we obtain Upz T Uz, = € E;. By Beppo Levy’s
theorem, we infer that U is an integral operator with kernel K(s,t) (which then is
automatically finite almost everywhere).

(2) Let U be a regular integral operator. Show that U € K(E,F). By the
regularity of U, we have U € Ly (E, F'). Without loss of generality we can assume
that U > 0. Assign K,(s,t) = K(s,t)Anl(s,t) and let U, be the integral operator
with kernel K,(s,t). Then for z € E; we have

(Uaa)0) < (v [ (0 dutt) ) 15(5) = (o))

Since V,, € K(E,F) and 0 < U, < V,,, we obtain U, € K(E, F), for every band
is an ideal. By Beppo Levy’s theorem, U, T U (here we again use formula (13) of
Section 2.2 afterward U € K(E, F) by the definition of band). b

Corollary. The set of regular integral operators from E into F is a band.

Despite the fact that the corollary lacks the information on the structure of
the band of integral operators, it is very useful. Note that the nontrivial part of
the proof consists in checking that regular integral operators form an ideal. In this
connection, we state the indicated result as a separate criterion often effective in
particular situations (see [8]).

4.2.9. Theorem. An operator U : E — LY is an integral operator if and only
if there exists an integral operator V > 0 such that |U| < V.
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4.2.10. Let us return to proving Theorem 4.2.1. We start with an elementary

lemma ensuing from the diagonal sequence theorem.

Lemma. Let {P,} be a sequence of subsets in L%(S,A,v) such that Ppn D
Ppt1 (m € N) and inf{y | y € Pn} = 0 Vm. Then there is a sequence of
functions {ym} such that

limyn,(s) =0 almost everywhere; (2)

(Vm) (3n(m)) {yn | n 2 n(m)} C Pr. 3)

< Since inf{y | y € Pn} = 0, for every m there exists a sequence {hgm} of the
form

where ygm) € P,,, such that hg, | 0 as ¥ — co. By the diagonal sequence theo-

rem [34, Theorem VIL.4.5], there exists a sequence k1 < k3 < --- < kp < -+ such
that hg_m — 0 almost everywhere as m — co. We define the sequence {y,} as

follows. First we write down the elements ygl), ... ,yg) that determine hg,q; then

the ygz), e ,yg) that determine hg,2; etc. For every [ € N we have

inf{y, | n >0} <hg,.m
whenever m > my. Letting m — 0, we obtain
inf{y, | n>1} =0,

whence lim y, (s) = 0 almost everywhere. Property (3) follows by construction from
the fact that P,, decreases. >

4.2.11. We prove the implication (3) = (1) in Theorem 4.2.1.

<! We can assume that F = L%(S,v), since we have to prove only integral
representability. Afterward, condition (b) implies that U € L(E, L®) by Proposi-
tion 2.4.4.

By Theorem 4.2.4, the set #(E, L°) = #~(E, L°) of integral operators from E
into LY is the band K(E, L°) generated by the finite-rank integral operators. Re-

calling the basic properties of the operator calculus of Chapter 1, we conclude that
there exists a projection Pr of the K-space Ly(E,L°) onto the band K(E,L°).
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Put W = U — PrU. The operator W € L} (E, L®) satisfies condition (3a) of The-
orem 4.2.1. Since the action of Pr cannot be described constructively, this fact is
difficult to be obtained straightforwardly from the fact that the operator U pos-
sesses the indicated property. Here we have to make use of Theorem 4.2.4 again.
Indeed, by Theorem 4.2.4, the operator PrU admits integral representation and,
hence, satisfies (a). Now U and PrU satisfy (a) and consequently the operator W,
their difference, satisfies this condition too.

Assume that U is not an integral operator. Then W # 0 by Theorem 4.2.4.
We will derive a contradiction from it.

By the definition of band projection, the operator W is disjoint from the
band K(E, S) and, in particular, from all finite-rank integral operators. Fix an
arbitrary set C € £, u(C) < o0, x¢ € E, and demonstrate that

W(xc)=0. (4)

By the above, we have |[W| A (z' ® 1s) = 0, in particular, for ' = x¢ € E'.

Afterward, using formula (15) of Section 2.2 for the infimum of operators, we obtain

(WA (2’ ® 1s))(xc)
= inf{ [W](xa) + u(B)1s)| C=AUB, ANB=0}=0. (5)

Assign
Pn ={[W|(xa)+u(B)ls)| C=AUB, ANB =2, p(B) <1/m}.
It is clear that Py O Ppry1 (m € N). From (5) we derive

0 = inf P, Ainf{ |[W|(xa) + ¢(B)ls)| C=AUB, ANB =0, u(B)>1/m}
> inf P A ((1/m)1s),

whence inf P, = 0 for all m € N. By Lemma 4.2.10, there are sequences {A,} and
{Bp} such that

C=AnUB,, A.NB,=2, (6)
lim ({ [W|(xa,) + #(Ba)ls) =0 almost everywhere, (7)

n—o0

W(Bx) = 0. (8)
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Property (7) ensues from (2), and property (8), from (3). Since |W(xa4,)| <
[W|(x4,), from (7) we obtain

lim ({ |[W(xa,)| + #(Bn)ls) =0 almost everywhere. (9)

n—oo

In view of x5, < xc¢ € E and (8), using the fact that the operator W possesses
property (a), we obtain W(xp,) — 0 almost everywhere. Consequently,

W(xa,)=W(xc)—W(xs,) — W(xc) almost everywhere. (10)

Now choose an arbitrary s € S so that both limit relations (9) and (10) be valid.

From (9) we derive

lim |[W(xa,)(s)| =0.

n-—=00
Comparing it with (10), we see that W(x¢)(s) = 0 for such s; thus, W(xc)(s) =0
almost everywhere, i.e., (4) holds.

We are about to complete the proof; therefore, it is time to explain where we
have used the difference between convergences almost everywhere and in measure
(i.e., between conditions (1) and (2) of Proposition 4.1.6). Passing to a subsequence,
we could make y B., 0 almost everywhere by (8), but then equality (7) would
be violated (the problem is that (7) involves the lower limit rather than the usual
limit almost everywhere where passage to a subsequence spoils nothing).

Now it remains to complete the proof of the equality W = 0 by extending
the already-proven equality (4) to all functions in E by continuity, which fact is
guaranteed by W € Ly (E, L°). >

4.2.12. For the first time Theorem 4.2.1 was published in the articles [5, 6]
by A. V. Bukhvalov (about the later articles [67, 68] by A. Schep see [8]). The
monograph [86] by A. Zaanen gives a proof very close to the original one.

All above-mentioned works use the idea of the proof of H. Nakano’s theorem on
bilinear forms [57]. In 1988 Professor R. Nagel from Tibingen University informed
A. V. Bukhvalov that a disciple of H. Nakano, a well-known Japanese mathematician
T. Andd, presented Theorem 4.2.1 in the course of lectures he delivered at the
university in the late 1960s. However, his proof, which relies upon Nakano’s theorem
as well, was never published.
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4.2.13. A new proof of the implication (1) = (2) in Theorem 2.4.1 was found
by L. Weis [83]. His proof is remarkable for he managed to use the Dunford-
Pettis theorem (Theorem 2.4.11), thereby connecting the theory of representation
of operators by means of vector-functions and the theory of integral operators.

Henceforth, we suppose for simplicity that u(T"),»(S) < oo and L*®(T, u) C
E C LT, u).

In the case of operators acting in L, we can reformulate Theorem 2.4.11 on

using Proposition 2.3.7 as follows:

Lemma. A bounded linear operator U : L}(T,u) — L'(S,v) is an integral
operator if and only if for every € > 0 there exists a set AC T, u(T\ A) < ¢, such
that Ux 4 is a weakly compact operator.

4.2.14. We state an elementary ezhaustion lemma.

Lemma. Let (P) be a property of measurable sets in ¥ such that
(a) w(A)=0= A€ (P);
(b) Ae (P)=>(B€X, BCA= Be(P))
(¢) A, Be(P)=> AUB € (P),
(d) for every A € £, pu(A) > 0, there is a B € (P) such that B C A and
uw(B) > 0.
Then there exists a sequence {A,} of pairwise disjoint sets such that UA, = T

and A, € (P)VneN.
Using Lemma 4.2.13, we can obtain the following result.

4.2.15. Corollary. If a bounded linear operator U : L}(T,p) — LY(S,v) is
not an integral operator, then there exist § >0 and A € X, pu(A) > 0, such that

n(B) = u(lc“fio lixc Uxsll > é

for every B C A, u(B) > 0.

<1 Suppose to the contrary that, for arbitrary ¢ > 0 and A € ¥, u(4) > 0,
there exists a B C A, u(B) > 0, such that n(B) <e. If BN By = &, n(B1) < ¢,
and n(B) < € then n(By U By) < ¢. Consequently, the property n(B) < & meets
the conditions of the exhaustion lemma 4.2.14. Therefore, there is a sequence {A,}

such that u(T \ A,) — 0 and (A,) <e. Given a A > 0 and a numeric sequence
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{€n} such that €, — 0, find sets B, satisfying the relations u(T' \ B,) < A/2" and
n(Bp) < €n. Then for B = NB, we have u(T\ B) < A and n(B) =0. f n(B) =0
then the operator Uxp is weakly compact by the criterion for weak compactness
in L' (see the lemma of Subsection 2.4.11). Since A > 0 is arbitrary, U is an integral
operator by Lemma 4.2.13, which contradicts the hypothesis. >

4.2.16. We will prove the implication (2) = (1) in Theorem 4.2.1 following
L. Weis [83].

< As above, U € LY(E, L®). Choose a partition { B,} of the set S so as to have
xB,|U|17 € L*®(S,v). Then xgU € Ly (L>®,L>®). By 4.1.8,if (xg,U)* : L' — L?
is an integral operator, then xp,U is an integral operator on L*. Recalling that
U € L7 (E, L°), we can easily infer that U is an integral operator too.

Thus, it suffices to establish that if U : L> — L*° satisfies condition (2), then
U* : L' — L! is an integral operator.

Suppose to the contrary. By virtue of Corollary 4.2.15, there exist § > 0 and
C € A, v(C) > 0, such that

W, o Uxalleo = B s Uxolls )

for every D C C, v(D) > 0.
Fix an ¢ > 0. By (11), for every D C C, v(D) > 0, there exists a set D' C D,
v(D') > 0, satisfying the condition

(P.): there are finitely many functions «; such that

0<z; <1, /:c,- du <e, and sqplUw,'I > 6/2 almost everywhere on D’.

Property (P, ) satisfies the conditions of the exhaustion lemma 4.2.14. Consequently,
there are sets D € (P.) such that v(C \ D) is arbitrarily small. Afterward, for
every m € N, we can successively construct functions zp,,+1,-..,%n,,,, such that
0<z;<land [z;dp< ;ln- for i =nm, +1,...,n,41; moreover, if
Bn={s| sup  |(Usi)(s)| 26/2},
=n,m+l,..,0m4
then v(C \ B,) < v(C)/2™*!. Thus the set B = NB,, has positive measure and,

consequently, Uz; -+ 0 almost everywhere, though z; — 0 in measure, which con-
tradicts condition (2) imposed on U. >
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4.3. Applications of the Criterion
for Integral Representability

4.3.1. We start with considering the problem left open in 4.1: When is a dom-

inated operator an integral operator?

Theorem. Let E be a Banach ideal space and take U € M(E,L°(S,v)). The
operator U is an integral operator if and only if the following condition is satisfied:
() if zp — 0 (in o(E, E'")) then Uz, — 0 almost everywhere.

< If U is an integral operator, then its kernel K belongs to L°[E'] by Theo-
rem 4.1.9 and therefore condition (*) is satisfied.
Conversely, if condition (*) is satisfied then condition (2) of Theorem 4.2.1 is

obviously satisfied and, consequently, U is an integral operator. 1>

4.3.2. Theorem. If E is a Banach ideal space satisfying condition (4), then

every operator in M(E, L°) admits integral representation.

< By virtue of condition (A), we have E* = E;’ = E'; therefore, the conver-
gence in () is the usual weak convergence. It remains to use the representation by
means of vector-functions given in Theorem 2.4.7.

Hence we immediately obtain the following corollary.

4.3.3. Corollary. If E is a Banach ideal space satisfying condition (*) then
Ly(E*) = Ly(E',E) = L°[E'].

4.3.4. Theorem. If F is a Banach ideal space satisfying condition (A) then
every operator U € (L', F') is an integral operator.

< The assertion ensues from Corollary 4.3.3 and Theorem 2.4.9. >

Observe that condition (A) in Theorems 4.3.2 and 4.3.4 cannot be omitted,
which is demonstrated by the example of the identity operator (in L* and L?!).
Recall that the identity operator is not an integral operator which is an immedi-
ate consequence of the fact that convergence in measure and convergence almost
everywhere do not agree in the case of a continuous measure.

Theorem 4.3.2 involves criteria for an operator to lie in the Hilbert-Schmidt

and Carleman classes (see Chapter 2).

4.3.5. Now we indicate simple corollaries to Theorem 4.2.1 which are con-

nected with the integral representability of the superposition of operators.
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Let E, F, and G be three ideal spaces and let U: E — F and V : F — G be

linear operators.

Proposition. (1) If U : E — F is a regular integral operator and V €
Ly (F,L%) then W = VU is an integral operator.

(2) KU € LY(E,F) and V : F — G is an integral operators then W = VU
is an integral operator.

< Let us check (1), for example. Suppose that 0 < 2, < z € E and 2, — 0
in measure. Since U is an integral operator, we have Uz, — 0 almost everywhere;
moreover, the regularity of U implies that the sequence {Uz,} is o-bounded in F,
ie., Uz, — 0in F. Owing to V € LY(F, L), we obtain VUz, — 0 almost
everywhere. >

Note that the conditions of the proposition cannot be weakened. In [37]
and [62] examples were independently constructed of two integral (compact) oper-
ators in L2(0,1) whose superposition is not an integral operator (the same articles
and [36] contain many other interesting results about integrality of the product of

operators).

4.3.6. With the help of Theorem 4.2.1, one can easily prove that if an “in-
tegral” operator is generated by a nonmeasurable kernel, then the kernel can be

replace by a measurable one.

Proposition [5]. Let E be an ideal space and suppose that a function (s, 1),
which may be nonmeasurable in general, is such that the v-almost everywhere finite

v-measurable function

v(s) = [ 8(s,0)2(t) dult

is defined for all z € E. Define the operator Uz =y (¢ € E). Then there exists
a p-measurable function K(s,t) such that

W) = [#sa(dutt) = [ K)ot du(t)

for all z € E and v-almost all s (the exceptional set depends, generally speaking,

on z).

< In the same way as in the proof of Proposition 2.2, using Lebesgue’s theorem,
we check that U satisfies condition (2) of Theorem 4.2.1. >
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Corollary [17]. If, under the conditions of the proposition, (T, X, u) is sepa-
rable then K(s,t) = ®(s,t) for v-almost all s and p-almost all t.

REMARK. The Corollary can be extended to the general measure spaces.

New proofs of Proposition 4.3.6 and corollaries to it were found in [61]. Observe
that the Proposition and its Corollary can be interpreted in terms of the theory of
stochastic processes. Note also that Proposition 4.3.6 shows a way for obtaining
results on integral representability of operators in the sense of (1) from the results

on representability of operators by means of vector-functions.

4.4. Linear Operators and Vector Measures

The theory of vector measures and the theory of operators are closely connected
with one another. For an arbitrary vector measure we can construct an operator
defined on the space C(K) or L™ (or some their subspaces). Moreover, it may
occur that a certain property of a vector measure can be adequately expressed in
terms of the corresponding operator. Condition (3) of Theorem 4.2.1 shows that in
the case of the problem on integral representation of a vector measure with values in
an ideal space or a Banach ideal space the case of a measure reduces to considering

operators. We will clarify this idea in the present section.
4.4.1. A function @ : £ — L% = LS, v) is called additive if
F(AU B) = 3(4) + #(B)

for all 4, B € £, ANB = &. We always suppose that u(A) = 0 implies $(A4) = 0. Of
course, this condition is insufficient for integral representability of @ (for instance,
J(A) = xa). A function @ is called bounded if there exists

9(7) = sup{|3(4)| | A € T} € L.

Denote by L the set of all measurable finite-valued functions

=) Xixa, (Aind;=2,i#j)

i=1

on T. Every additive function  generates a linear operator U on L by the formula

U(f) = Z Aip(Ai)-
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Conversely, every linear operator U generates the additive function $(A) = U(x4),
It is well known (and easily verified) that if a function @ is additive and bounded,
then the operator U can be uniquely extended to a regular operator from L®°(T, )
into L%(S,v) ([26, Theorem VIIL1.17]; the converse is true as well). If @ is o-
continuous, i.e., x4, — 0 almost everywhere implies $(A,) — 0 almost everywhere,
then the operator U is o-continuous ([26, Theorem VIII.1.33]; the converse is true

as well).

4.4.2. Proposition. Let 3 : £ — L% be an additive function. The following
assertions are equivalent:

(1) there exists a measurable function K(s,t) such that

B(4)(s) = / K(s,t)du(t), A€ (1)
A

(2) @ is bounded and p(A,) — 0 implies $(A,) — 0 almost everywhere.
< (1) = (2): The boundedness follows from the inequality

|B(A)(s)| < / |K(s,t)|du(t) < oo for almost all s.
T

Afterward the validity of the second property in (2) is a consequence of the Lebesgue
dominated convergence theorem.

(2) = (1): By (2), the measure @ is o-continuous and then the operator U
constructed above is o-continuous from L™ into L°. By Item (3) of Theorem 4.2.1,

the operator U and, hence, ¢ admit of integral representation. >

4.4.3. We present one immediate corollary to Proposition 4.4.2 which is proven
independently in {11].
If X is a Banach space, then bva (X, X') denotes the set of all vector measures

m: £ — X of finite variation (see [12]).

Theorem. Let F be a Banach ideal space over (,A,v). The following
assertions are equivalent:

(1) F is a Kantorovich-Banach space;
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(2) given a measure space (T,X,v), a measure m € bva (X, F') admits of the
representation
4) = [dau, §e LT, uF)
A
if and only if % is o-absolutely continuous with respect to p, i.e., (u(An) — 0) =
(M(A,) 20 in F).

<1 The implication (2) = (1) is not connected with the criterion for integral
representability, therefore, we refer the reader to [11].

(1) = (2): By analogy with the proof of Theorem 2.2.16, the condition i €
bva(Z, F) implies that the measure is bounded, afterward, then integral representa-
tion (1) holds by virtue of Proposition 4.4.2. Since i € bva (X, F) and F is perfect,
we easily derive K € L![F]; now F € (A) implies L![F] = L*(F) by 2.3.7. >

4.5. Integral Representation of Nonlinear Operators

The main goal of the section is to state a nonlinear analogue of Theorem 4.2.1.
However, to make the presentation complete, we start with L. Drewnoski and

W. Orlicz’s result on representation of nonlinear functionals [13].

4.5.1. Let E be an ideal space over (T, Z, 1) and let X be a linear space. An
operator U : E — X (in particular, a functional) is called orthogonally additive if
for arbitrary z1,z2 € E the condition z; L z implies U(zy +22) = U(z1) + U(z,).

We say that a function K : T X R — R satisfies the Carathéodory condition if
the function £ — K (%,r) is measurable for every r € R and the function r — K(¢,r)

is continuous for almost all t € T'.

Theorem. Let f be a real functional over E. The following assertions are
_equivalent:

(1) there exists a function K(t,r) satisfying the Carathéodory condition and
such that K(t,0) = 0 almost everywhere and

ﬂ@=/Kmdm@m

for every z € E;

(2) the functional f is orthogonally additive, z, — 0 almost everywhere, and
|zn| < z € E implies f(z,) — 0.
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< A proof is given in [13]. It uses, in particular, some ideas of L. V. Kantorovich
and A. G. Pinsker’s works [27, 28] dating back to the late 1930s. >

4.5.2. With the help of Theorem 2.4.1, one can easily obtain the integral rep-
resentation of orthogonally additive operators on the set of finite-valued functions L

on (T, %, p).
Theorem. Let W : L — L°(S,v) be an orthogonally additive operator. The

following assertions are equivalent:
(1) there is a function K(s,t,r) on S x T x R such that the function (s,t) —
K(s,t,r) is measurable for every r € R, K(s,t,0) = 0 for almost all (s,t), and the

following representation holds:
(Wa)e) = [ Ks,t,a(t) dute) 1)

(2) the following two conditions are satisfied:
(a) sup{{W(rxa)| | A €T} € L0 ¥r € R;
(b) p(A;) = 0= W(rxa,)— 0 Vr € R almost everywhere.
< The implication (1) = (2) is plain.
(2) = (1): Introduce the additive function $.(4) = W(rxa). By Proposi-
tion 4.4.2, there exists a function K(s,t,r) satisfying the imposed measurability

requirements and such that
W(rxa)(s) = +(A)(s) = / K(s,t,r)du(t) = / K(s,t,rxa®)du(t).  (2)
A A

If r = 0 then
/K(s,t,O)du(t) =0 VAeX.
A

Therefore, subtracting from K(s,t,r) the value K(s,t,0), we can make the condi-
tion K(s,t,0) = 0 almost everywhere be valid without violating condition (2). In
essence, here we normalize K(s,t,7) so as to guarantee uniqueness of the kernel in

representation (1).

Check equality (1). If

:E:Z/\iXA‘ A,'nAjzg (z;é]),

i=1
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then, by virtue of the orthogonal additivity of W, we have

(Wa)s) = S WOoxa®) = 3 [ K(s,t hoxa () duct)

=1 A

- /[ K(s,t,;/\;x,q;(t)) du(t) = A/ K(s,t,2(8)) du(t). >

4.5.3. In the case of linear operators, obtaining integral representation on the
set L settles the question of integral representability on the whole ideal space, pro-
vided the operator is order continuous. This is guaranteed by the possibility of
passing to the limit by Beppo Levy’s theorem. If K(s,t) is the kernel of an inte-
gral operator then, writing it in the form (1), we obtain K (s,t) = K(s,t)r. Here
we easily obtain (and use) monotonicity and continuity with respect to r. In the
nonlinear case, we can guarantee neither without additional conditions; therein lies
the nontriviality of the assertion. Moreover, in the case of operators we cannot im-
mediately transfer the method for validating the Carathéodory condition developed
in [13] for proving Theorem 1.5.1. Furthermore, the fact that the kernel K(s,t,r)
has a majorant monotone in r distinguishes a proper subclass of the set of all
nonlinear integral operators, the class of regular operators (see [88, 42]).

Here we present a solution to the posed problem obtain by S. Segura de Ledn,
a Spanish mathematician and a disciple of J. Mazén [71, 72].

An operator U : E — L° is called an abstract Urysohn operator if it is or-
thogonally additive and order bounded (the latter is understood as in the linear
case).

An operator U : E — L9 is called an Urysohn operator if representation (1)
holds for it with a kernel K : § x T x R — R satisfying the following conditions:

(1) K(s,t,0) =0 for almost all (s,t) € S x R;

(2) the function r — K(s,t,r) is continuous for almost all (s,t);

(8) the function (s,t) — K(s,t,r) is measurable for almost all r € R.

Theorem. Let U : E — L® be an abstract Urysohn operator. The following
conditions are equivalent:

(1) U is an Urysohn operator;

(2) if {zn} and {y,} are two order bounded sequences in E and z, —y, — 0
in measure, then Uz, — Uy, — 0 almost everywhere.
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The proof uses Theorem 4.5.2 as the first step. Afterward we have to prove the
required properties of the kernel using (2). The order boundedness of the operator

guarantees existence of the a monotone dominant.

4.6. Algebraic Properties of Integral Operators

In [19] (see p. 66) P. Halmos and V. Sunder posed the following problems on
the algebraic properties of integral operators.

(I) Is the set of all integral operators in L? a right ideal?

(II) ¥ U : L*(Ty) — L%(T3) is an integral operator and V : L%(T}) — L%*(T3)
is a continuous linear operator, does it follow that UV : L%(Ty) — L%*(T3) is an
integral operator?

(III) Is UV integral if U is a regular integral operator?

(IV) Even if the set of all integral operators in L? is not a right ideal, is it at
least an algebra?

In this section we present solutions to the above problems and some other
problems from the monograph [19] by Halmos and Sunder. Without loss of gen-
erality we may consider operators in L?(0,1), since the construction of [38] (see
pp. 154, 155) enables us to transfer all the results given below to the case of oper-

ators in a separable space L?(T, 1) with measure y not purely atomic.

4.6.1. Henceforth in this section LZ = L?(0, 1); by an operator we mean a con-
tinuous linear operator acting from L? into L?; ||-|| and (-, -) stand for the norm and
scalar product of L?; and mes(A) denotes the Lebesgue measure of a set A C [0, 1].

Theorem [36, 38]. If UV is an integral operator for an arbitrary operator V
then U is a Carleman integral operator.

< It is clear that U is an integral operator. Let K(s,t) be its kernel and let
{rn} be the Rademacher system, {w,} be the Walsh system [20], and {¢,} be

an arbitrary orthonormal basis for L2. Consider the operator

Vof =Y (f,7a) #n-
n=1

Let Kj be the kernel of the integral operator UV;. Then

/|K0(s,t)]dt < oo, (1)
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1

/Ko(s,t) rndt = UVpra(s) =Upa(s), n=1,2,..., (2)

0
1

/Ko(s,t)r,ﬁdt=o, m=123,..., (3)
0

for almost all s € [0,1], where {rL} is the system obtained by excluding the
Rademacher system from the Walsh system. From (1)-(3), using Khinchin’s in-
equality (see 3.5.1), we obtain

1 2

JirGora=Y| [Kaoet)d] =3 oo =

0
2

= i /KO(S,t)rn(t)dt S 64 (/ IKO(s’t)Idt) < oo

n=1

for almost all s € [0,1]. >
This proof seems to be simpler than the original of [23, 25].

4.6.2. Theorem 4.6.1 implies that UV} is not an integral operator if U is not
a Carleman operator. An example of a non-Carleman integral operator is provided

by the operator
1
Gs) = [ Kis =t ft)
0

where 0 < K : R — R is a periodic measurable function with period 1 whose
restriction to [0,1] belongs to L'(0,1) \ L%(0,1). Thus, the above remark and the
example give a negative answer to the first three questions (I)—(III).

Theorem 4.6.1 also gives a negative answer to the following question posed by
Halmos and Sunder [35, Problem 17.6]: Is an integral operator U characterized by
the conditions that if {h,} is an orthonormal basis and @ = {@,} is a sequence
in % then there exists a set A(a) C [0,1] of measure zero such that

Z lanUhp(s)] < 00 4)
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whenever s ¢ A(a)? Indeed, if the integrality of U is characterized by this condition,
then UV is an integral operator itself for every unitary operator V. Since every
operator W is a linear combination of four unitary operators, UW is an integral
operator. This fact together with Theorem 4.6.1 implies that U must be a Carleman
integral operator. Thus, condition (4) characterizes not all integral operators but
only Carleman integral operators.

In his article [61, Example 6.6] W. Schachermayer constructed an integral op-
erator Uy with a nonnegative kernel and a (nonintegral) operator V; such that UyVj
is an integral operator. This example also gives a negative answer to Halmos and
Sunder’s questions (I)-(III). Also, in his article [62] W. Schachermayer constructed

an example of an integral operator not meeting condition (4).
4.6.3. Theorem 4.6.1 yields the following corollary:

Corollary. Each right ideal in the set of all operators (in L?) which is com-
posed of integral operators is contained in the right ideal of this set comprising all

Carleman integral operators.

4.6.4. It is of interest to find the form of the greatest left and right ideals in

the set of all operators (in L?) which are composed of integral operators.

Theorem [39, 40]. If WU is an integral operator for every operator W then
U is an integral Hilbert-Schmidt operator.
<t Show that WU is a regular integral operator for every W. Let E be an ar-
bitrary order bounded absolutely convex set in L?. Choose 0 < hy € L? so that
|z| < ho for every function z € E. The set WU(E) is absolutely convex. Assume
that the set WU(E) is not order bounded. Then, by V. N. Sudakov’s theorem
(see 3.4.10), there exist an operator V, a sequence {z;} C E, and a set A C [0,1],
mes (A4) > 0, such that
sup |[VWUz(s)| = oo (5)
1

for all s € A. Let K(s,t) be the kernel of the integral operator VWU. Then
1
[VWU2z(s)| < /IK(s,t)I ho(t)dt < o0
0

for almost all s € [0,1] and all ¢ = 1,2,3,..., which contradicts (5). Thus, WU is
a regular integral operator. Then (WU)* = U*W™* is a regular integral operator.
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Consider the operator
~ o0
Wf= Z(f’ ‘Pn)"'na
n=1

with {¢n} an orthonormal basis. Let K be the kernel of the integral operator U W,
Then

1
/ |K(s,1)| dt < o0,
0

1
/ 5,8)rn(t)dt = U*W*r,(s) = U*on(s), n=12,3,...,
0

1
/ (,)r=()dt =0, m=1,2,3,...,
0

for almost all s € [0,1]. Hence, as in the proof of Theorem 1, we have

2

0 1
31U pn(s)l? < 64 ( / K (s,8)] dt
n=1 0

for almost all s € [0,1] and, consequently,

Y T eall® < 64/ (/ IK(s,t)ldt) ds = 2[[{U"W*[xpo,yI* < co.
n=1

0 0

Thus, U* is an integral Hilbert-Schmidt operator. Therefore, U is an integral
Hilbert-Schmidt operator. >

The presented proof seems to be simpler than the original proof of the theorem
which is given in 39, 40].

4.6.5. Corollary. Each left or two-sided ideal in the set of all operators
(in L*) which is composed of integral operators is contained in the two-sided ideal
of this set constituted of all integral Hilbert-Schmidt operators.
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4.6.6. We now turn to Problem (IV).

Theorem [37, 38]. The set of all integral operators is not an algebra.

< To prove the theorem, we construct a compact integral operator M and
a compact Carleman integral operator N such that M N is not an integral operator.

Let {4,} be a sequence of pairwise disjoint sets of positive measure in [0, 1]
and let

XAq
Nf Z’\n(fﬂ“n m

with the sequence {A,} — 0 to be chosen below. It is clear that N is a compact

Carleman integral operator with kernel

ZA m ra(t).

Let {¢,} be an orthonormal system of absolute convergence for I* (i.e., such
a sequence that the series

o0
z lantn(s)]
n=1
converges almost everywhere for an arbitrary sequence {a,} € ? and the set of

convergence of the series depends on {a,}). Furthermore, assume that {4} satisfies
the following condition: there exists a set A C [0,1], mes(A) > 0, such that

Z W)n(s)]z =0

for all s € A. Existence of such a system ensues from E. M. Nikishin’s theorem [59,
Theorem 13]. Then there exist a set Ag C A, mes(Ag) > 0, and a sequence
{tn} — 0 such that

Y luatpa(s)F = 00

for all s € Ay.
Now choose {A\;} — 0 and a set A; C Ao, mes(4;) > 0, so as to have

Z I/\m“n@[’n(s)l2 =00 (6)
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for all s € A;. Let

Mf= pn (f, ——%) $n,
M(s,H) =Y ﬂnz/;n(s)—\/g;_(_——a—).

Since

/[M(s,t)| [F()dt =Y lia] [oa(s)] (lfl, \/%) <o

for every function f € L? and almost all s € [0,1]; therefore, M is a compact
integral operator with kernel M(s,t). If we assume that L = MN is an integral
operator with kernel L(s,t), then

1
/ IL(s,8)| dt < o,
0
1
/L(s,t)rn(t)dt = Apfintn, n=123, ...,
0

1
/L(s,t)r;(t)dt =0, m=123,...,
)
for almost all s € [0,1]. Hence, as in the proof of Theorem 4.6.1, we have

Z |/\nll'n'¢'n(3)|2 < oo

n=1
for almost all s € [0,1], which contradicts (6). >

4.6.7. REMARK. Theorem 4.6.6, the Schachermayer-Weis theorem [65, The-
orem 5.1, and the lemma on right multiplication [54] imply that there exists a
compact regular integral operator and a compact Carleman integral operator such

that their product is not an integral operator.
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4.6.8. In [61, Example 6.8] Schachermayer constructed an integral opera-
tor No : L2 — I and a compact integral operator M : I> — L? such that MyNy is
not an integral operator.

Henceforth, we need the so-called generalized Rademacher functions. Let A C
[0,1] be a measurable set of positive measure. Put r; 4 = x4/+/mes(A4). Split A
into two disjoint sets A; and A, of equal measure and put

1

2,4 = m(ml — XA»)-

Further, split each set A;, ¢ = 1,2, into two disjoint sets A; i, k = 1,2, of equal
measure and put
1
mes (A)

Repeating the process, we obtain the system of the generalized Rademacher func-

T3,A = (XAI,I = XAi1,2 + XAz — XA2,2)'

tions {rp,a}. It is clear that {r, 4} is an orthonormal system.
4.6.9. Also, we need the following lemma:

The Riemann-Lebesgue lemma. Let f € L!(0,1) and let {u,} be an or-
thonormal system such that |u,(s)] < C for all n € N and almost all s € [0,1].
Then

lim (f,un)=0.
n—oo
< Given an arbitrary ¢ > 0, we can find f. € L? so that

1

Jir-saa<e

0

Afterward, we have

[(f,ua)l < C/ \f = feldt + |(fes un)l < Ce + |(fe, un)l.

Since f. € L?, Bessel’s inequality implies that lim,—oo(fe,un) = 0, which was
required. >



Integral Operators 315

4.6.10. Lemma. Let U be an integral operator with kernel K(s,t). Then
for every € > 0 there exists a set A= A, C [0,1] such that mes([0,1]\ A) < ¢ and

lim [[U*rs 4] = 0.

< By E. M. Nikishin’s theorem [59], for every ¢ > 0 there exists a set A =
Ac C [0,1] such that mes([0,1]\ A) < € and the integral operator U; = P4|U| with
kernel x 4(s)|K(s,t)| acts continuously from L? into L!. Here P4f = x4f. Then
the adjoint operator U} : L — L? is an integral operator; namely,

U3t = [ xa(9) K01 h(s)ds

Consequently, U*P4 : L™ — L? is an integral operator too and

1

U*Pah(t) = /XA(S)K(S,t) h(s)ds.

0

Since

/XA(S)|K(S,t)|ds < 00

for almost all ¢ € [0,1] and |rn 4] < 1/4/mes(A), n € N; on appealing to the
Riemann-Lebesgue lemma, we obtain

1
U*rn,a(t) = U'Parp a(t) = /XA(S) K(s,t)rp a(s)ds =0
0

as n — oo for almost all ¢ € [0,1]. Moreover,

XA

—=—c L%
mes (A)

]U*Tn,A| = IU*PAT,‘,A] < U;

Hence, limp, .o [|[U*rn, 4]l = 0 by the Lebesgue dominated convergence theorem. >
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4.6.11. Now consider the following question: Is the adjoint of an integral
operator an integral operator? As the following example shows [22}, the answer to
the question is negative in general.

Put

Uof Z(fv‘pn)m

where {A4,} is some sequence of pairwise disjoint sets of positive measure in [0, 1]
and {5} is some orthonormal basis. It is evident that Up is a Carleman integral
operator with kernel

XA,. on ( ).

mes (
We will show that not only U§ fails to be an integral operator but also it fails to
be similar to any integral operator. Indeed, if there is a linear homeomorphism V
such that U = VUV~ is an integral operator then, by Lemma 4.6.10, there exists
A C [0,1], mes(A) > 0, such that [|[U*ry 4|l — 0 as n — oo. Put hy = V*ry 4,
n € N. Therefore,

|Uokn|| = [|[V*U*rn,all = 0 as n — oo.

But ||Uphnll = |{hall, n € N, and we arrive at a contradiction.

The situation is different when U is a normal Carleman integral operator, thus,
satisfying the identity U*U = UU*. In this case, as was established by B. Misra,
D. Speiser, and G. Targonski [54], the adjoint operator is an integral operator
too. Indeed, since U is a normal operator, applying the spectral theorem, we have
U* = WU, where W is a unitary operator. Consequently, by the lemma on right
multiplication [54], U* is a Carleman integral operator.

In this connection, in [35, Problem 11.12] Halmos and Sunder posed the fol-
lowing question: Is the adjoint of a normal integral operator an integral operator?

A negative answer to this question was given by Schachermayer [63, Proposi-
tion 1.1].

4.6.12. The integral operators considered above admit integral representation
on the whole L?. However, we can study operators that admit integral representa-

tion only on linear manifolds of L?. Here we confine ourselves to considering the
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operators that admit integral representation on L*. Such operators were intro-
duced in [34] and called partially integral operators.
The class of partially integral operators is much broader than the class of

integral operators. Indeed, consider the operator

UOf Z(fvﬂon)\/%

where {4, } is any sequence of pairwise disjoint sets of positive measure in [0,1]

satisfying the condition
Z vmes(4,) < oo
n=1

and {¢,} is any orthonormal basis. As was shown above, the operator

XAn

i1 =3 (1 e ) o

is not similar to any integral operator. Show that UJ is a partially integral operator

with kernel
An(t)
\/mes (4,)

Take f € L™ and let || f|loc denote the norm of f in L*. Then

K(s,t)= Zgon(s

1 o
/ K (s, D) 1 (®)ldt < [ flloo S v/05 (An)lpn(s)
n=1

0
1/2

< l1fllo <Z \/mes<An)> (Z V/mes (An)lson(8)12> < oo

for almost all s € [0, 1], because
/Z v/mes (A, )|pa(s)? ds = z v/mes (A
n=1

Note that Uy is a Carleman integral operator and Us Uy = I, where I is the identity

operator.
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4.6.13. The following theorem essentially strengthens the above result.

Theorem [41]. Every operator U (in L?) can be represented as U = VW,
where V is a partially integral operator and W is a Carleman integral operator.

< Alongside the partially integral operator Uy acting by the rule

Upf= Z(f, \/—Eﬁ—) @n, Z\/mes n) < 00,

we will consider the operators

Vf=UUsf= Z(f, 7%—?,4_5) Upn,

Wf= Z(f,% %;

the so-defined operator W is a Carleman integral operator with kernel

W(s,t) = Z ,————XA"((X @a(t)

n=1

Consider the kernel

Uon X4a(t)
Z Pnls) A rn

Let f € L*°. Then

/ V(s D F @] dt < [flleo S v/mes (An) [Un(s)

. 1/2 /o 1/2
< [fll (Z ¢mes<An>) (Z Vmes (4,) IU<Pn(S)l2> <o

for almost all s € [0, 1], because

/Z vmes(An) [Upa(s)? ds < ||U}? Z vmes(4,) < oo.

n=1 n=1
Therefore, V is a partially integral operator. Since Uy, = VWe,, n € N, we
conclude that U = VW. >

The following theorem demonstrates why the partially integral operator V in
the preceding theorem may fail to be an integral operator.
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DEFINITION. We say that 0 belongs to the limit spectrum of an operator U if
there exists an orthonormal system {f,} such that lim,—o ||U fa| = 0.

4.6.14. Theorem [41]. An operator U with 0 not in the limit spectrum of U*
cannot be approximated in operator norm by linear combinations of finitely many
operators of the form KL, where K is an arbitrary integral operator and L is an

arbitrary operator.

< Suppose to the contrary that there is a sequence

N()
Ui= ) Ki;Li;
J=1

converging to U in the operator norm, where K; ; is an integral operator and L; ; is
an operator (presumed to be neither integral nor partially integral), j = 1,..., N(7),
i =1,2,3.... By Lemma 4.6.10, there exists a set A C [0, 1], mes(4) > 0, such
that

lim |K;jrnall=0, j=1,...,N(), i=123,....

Hence,

Tim (|33 a4l = 0.

But then

lim |U*rp 4| =0,
n—o0
i.e., 0 belongs to the limit spectrum of U*. This contradiction proves the theorem. >

4.7. Universal Integral Operators
and Operators with Integral Commutators

4.7.1. In his article [33] (see also [38]) V. B. Korotkov described the oper-
ators in L%(0,1) whose unitary orbits consist of integral operators. In [19], such
an operator is called universal integral which accounts for the terminology used
below.

Our goal is, first, to generalize the V. B. Korotkov result and the result of [75]
to the case of operators acting in the spaces L? with p # 2 and, second, to modify
the result by considering the set of all commutators of a given operator instead of
the orbit. Throughout the section all spaces are assumed complex.
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DEFINITION. Let 1 < p < 00. An operator A : LP(T, u) — LP(T, u) is called
a universal regular operator if the operator UAU™! is regular for every isomor-
phism U : LP(T, u) — LP(T, it). Recall the definition of essential spectrum (see [31])
which will be used below.

DEFINITION. Let X be a (complex) Banach space and let A € Z(X,X).
A number a belongs to the essential spectrum of the operator A if at least one
of the following conditions is satisfied:

(a) the range (A — aI)(X) of the operator A — a I is not closed;

(b) dimker(A — aI)= oo and dimker(A — a I)* = oco.

It is well known that if X is an infinite-dimensional space then the essential
spectrum of an operator T in B(X) is nonempty and is preserved under compact
perturbations of T (see [31, p. 306)).

In the sequel, we will need the following lemma whose proof is left to the reader.

Lemma. Suppose that X and Y are Banach spaces, with X reflexive, and
Ue Z(X,Y). Ifthe set U(X) is not closed then there exists a sequence {z,}32, C
X possessing the following properties: ||zn}| =1 (n € N), z, — 0 weakly, and

[Vzall =2, 0.

4.7.2, Theorem. Let 1 < p < oo; (T,%, i) be a space with o-finite measure;
LP = LP(T,u); A € Z(LP,L?); and 0 < ¢ < 1. The following assertions are
equivalent:

(1) A is a universal regular operator;

(2) UAU! is a regular operator for every isomorphism U in #(LP, LP) such
that U — I|| < €, where I is the identity operator in L?;

(3) the operator A can be represented as A = aI + B, where a € C and
B e L3 (L?, LP).

< The implications (1) = (2) and (3) = (1) are plain. Prove (2) = (3). First
of all note that we can assume that zero belongs to the essential spectrum of A, for
otherwise we can replace A by A — a I, where o belongs to the essential spectrum
of A. Prove that A is stably regular. Obviously, it suffices to prove the assertion
for p < 2, since the case of p > 2 will be settled by replacing A with A*.

Also, observe that we can evidently exclude the case when the measure y is

continuous and has finitely many point masses. Afterward, since the measure py is
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o-finite, we can decompose the set T into some parts e, so that (see [81, 51] and

also [32, 73])

oo

Ue,,:T, enNem = @ for n # m (n,m € N),
" (1)

and every space Lf(e,, ) is isomorphic,

as a Banach lattice, to L”.

In this event, it is obvious that LP(e!,, u) with €], = T'\ e, is isomorphic to L?, since

= (Z LP(ek,m)
Ir

k=1

and

D = (3 Plern)

k#n r

We split the further proof into several steps. If ¢ C T then we use the nota-
tion LP(e, p) rather than LP(e).

I. Decompose the set T into two parts e and e’ so that LP(e) and LP(e') be
isomorphic to L?. We naturally identify LP(e) and LP(e') with subspaces (bands)
of L? and let P and P’ be the band projections in L? onto LP(e) and L*(e')
respectively (it is evident that P and P’ are merely the operators of multiplication
by xe and x.s). Check that the operators Aj2 = PAP' and Ay = P'AP are 2-
absolutely summing (and consequently compact and stably regular (see 3.7.5(a)).
Let

WeZ(LP P, U=I-§PWP, (2)

where 0 < § < ¢||W||~!. Then U~! = I+ 6§PWP' and ||U — I|| < . By hypothesis,
the operator UAU ™! is regular and consequently

PUAU'=P'A— P APWP =P'A— Ay ;WP'

is a regular operator as well. Hence, in view of the arbitrariness of W and Corol-
lary 3.7.5(d), we conclude that Ay, € II;(L?, L?). Interchanging e and €', we find
that A2 € Hz(LP,Lp).
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II. Consider A;; = PAP and Aj; = P'AP' as operators in L?(e) and LP(e')
and prove that zero belongs to their essential spectra. Let w : LP(e') — L?(e) be
an arbitrary isomorphism. “Transfer” the operator A;; into L?(e) by replacing it
by the operator wAj,w™! which has obviously the same spectrum and the same
essential spectrum as the operator A;,. We prove that the difference 4;; — wAw™!
is a compact operator. Take an operator U defined by equality (2). Then the oper-
ator UAU™! satisfies condition (2) of the theorem with ¢ replaced by a sufficiently
small number &; > 0 (it is sufficient that &; satisfy the inequality

1+ + I+ U]l <e).
Appealing to the first step of the proof, we conclude that the operator PUAU ! P’

belongs to the class II, and consequently is compact. Simple calculations show that
P(UAU~1 - A)P, = 6(A11WP, - PWAzzP’) = 5;

Thus,
A=A WP — PWAyuP € K(L?,LP), (3)

where K(L?,LP) is the set of compact operators. Put W = jwP’, where j is
the identical embedding of L?(e) into LP. Then (3) implies the compactness of
the operator A Lr(ery = Anw — wAjz. Consequently, the operator Ay — wAw™!
is also compact. Thus, the operators A;; and A;; have the same essential spec-
trum; moreover, the kernels of these operators are or are not finite-dimensional
simultaneously. Now verify that 0 belongs to the essential spectrum of these oper-
ators. Suppose to the contrary. Then the ranges of the operators are closed, which
implies the closure property for the ranges of the operators PAy P + P'Aq P’
and A. If dimker(4;;) < oo (or dimker(A};) < o) then dimker(As2) < oo (or
dimker(A3;) < o0); hence, dimker(A4) < oo (dimker(A*) < oc). Thus, 0 does not
belong to the essential spectrum of A, which is impossible.

III. Now prove that, using decomposition (1), we can construct a projec-
tion @ : LP — L? such that the subspace Q(L”) is isomorphic to I and QA is
a nuclear operator. Let P; be the band projection onto L?(e;) and let A; = P;AP;.
As was established at the preceding step of the proof, 0 belongs to the essential
spectrum of A4; (with A considered as an operator in L?(e;)). Therefore, there

exists a sequence {mgn}zo___l C L?'(e;) such that

”x'jan, =1, zj, e 0 weakly, ||A;z — 0. (4)

2
jn”p’ n—oo
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Indeed, if dimker(A}) = oo it is obvious. Otherwise, it follows from the fact
that the range of the operator A; and consequently that of A} are not closed (see
Lemma 4.7.1). Set @; = I — P; and B; = P;AQ;. As was proven at the first step
of the proof, the operators B; are compact. Therefore, if the sequence {x;n}:):l

satisfies condition (4), then

185 <5all, =2, 0 (4)

P n—oo

From (4) and (4') it follows that for every j = 1,2,... there is a function z} €
LP'(e;) such that ”x;H =1and HA;‘x; |+ ”B;x; | <279, Afterward

[47z5]| = [|4"P; || < ||A5a5]| + ||Bj Sl < 277
and, therefore,
>[4zl < oo (5)
j=1

Let z; € LP(e;) be functions such that [|zj], = 1 = (z;,z}). We define the
projection @ : LP — LP? by the equality

o)

Qz = Z(m,m”w, (z € L?).
i=1
It is obvious that -
QAz = Z(w,A*m})wj
i=1

and, by (5), we conclude that

[eo)

Z A* .’E; ® zj

i=1

is a nuclear representation of the operator QA. Since QA is a nuclear operator, it
is a stably regular operator.

IV. Let Py = I — Q. It is evident that the operator PpA = A — QA satisfies
condition (2) of the theorem. Demonstrate that the operator PyAWQ is regular
for every operator W in .#(L?, L?). By analogy with (2), we put U = I — §P,WQ,
where é > 0 is a sufficiently small number. Then

L™(I?,I?) S UP, AU = Py A — 6Py AP, W Q. (6)
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Afterward we assign V = I — 6QWQ, where the number § > 0 is chosen so small
that 6]|QWQ]|| <1 and ||[I — V|| <e. Note that the operator V! has the form

V1=I+R=I+RQ,

where -
R=) (6QWQ)*
k=1
and ||R|| < €. Therefore,

L~(LP,IP) 5> VIR AV = Py A — Py AQWQ.

Subtracting the last equality from (6), we obtain what was required.

V. By Corollaries 3.1.5(d) and 3.8.2, in order to prove the stable regularity
of the operator PyA, it suffices to check that PyAS is a regular operator for every
operator S : [P — LP. Define the mapping ¢ : [P — L? by the equality

(,O(t) = Zthk (t = {tk}f__l € lp).
k=

It is obvious that ¢ is a regular isometric mapping of {? onto E({xk}zil) Put
W = Sp~1'Q. Then S = Wy and W = WQ, and it follows from what was
proven above that the operator PpAW = PyAW(Q is regular and thereby such is
the operator PyAS = PpAWo. >

4.7.3. Theorem 4.7.2 claims that if the orbit of an operator is “small” in the
sense that it is contained in L~(L?,LP), then the operator differs from a scalar
operator by a stably regular summand. Another classical quantity, alongside the
orbit, showing to what extent an operator differs from a scalar one is the set of
commutators of the operator. It turns out that, replacing the orbit by this set, we

obtain the following theorem which is similar to Theorem 4.7.2.

Theorem. Let 1 < p < oo, (T,%, 1) be a space with o-finite measure, LP =
LP(T,pu), A€ £(LP,LP), and 0 < € < 1. The following assertions are equivalent:

(1) UA— AU € L™~(L?,LP) for every operator U in £ (L?, LP);

(2) UA — AU € L~(L?,LP) for every isomorphism U : L? — L? such that
U — I|| < e, where I is the identity operator in LP;

(3) the operator A can be represented as aI + B, where « € C and B €
212, 17)
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< The implication (3) = (2) is trivial. The implication (2) = (1) ensues from
the identity
(I+8U)A-—A(I+6U)=6(UA- AU),

where 0 < § < ¢||U||™! and U is an arbitrary operator in .£(L?, L?).

(1) = (3): The proof of this implication represents a modification of the argu-
ments proving Theorem 4.7.2. As in that case, we can assume that 1 < p <2 and
0 belongs to the essential spectrum of A. Split the further proof into several steps.

I. We decompose the set T into two parts e and €' so that the spaces LP(e) =
L?(e,p) and LP(e') = LP(e', u), as Banach lattices, be isomorphic to L? (as in the
proof of Theorem 4.9.2 we may assume that the measure g is continuous or has
infinitely many atoms). Identify L?(e) and LP(e') with subspaces (bands) of L?,
and let P and P' be the band projections onto these subspaces in L?. Let W ¢
Z(L?,LP). By hypothesis, the operator PW A — APW is regular. Multiplying it
by P’ from the left, we see that P'"APW € L~(L?,LP). Thus, the operator P'AP
is right stably regular and consequently (see 3.7.5(¢) and 3.8.2) we obtain

P'AP € II,(L?,L?) = £ (L?,L?) C K(L?,LP).
In a similar way,
PAP' ¢ II,(L?,L?) = & (L?, L?) C K(L?,LP).

I1. Consider the operators Ay; = PAP and Az; = P'AP' as operators in LP(e)
and LP(e') respectively and prove that 0 is a point of their essential spectra.
Putting U = PWP’, we find that

PWP'A— APWP' € L™(I?,I?).

Afterward multiplying the left-hand side of the containment by P from the left and
by P’ from the right, we obtain

PW A P' — AyWP' € L~(I?, I7). (7)

Fix an arbitrary order isomorphism w : LP(e') — LP(e) and assign W = wP'V,
where V is an arbitrary operator in Z(L?, L?). Then (7) implies that

WP'V AP — AywP'VP' € L™(I, IP)
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and consequently
P'VAyuP —w A wP'VP € L™(L?,LP). (8)

Furthermore,
P'VP'A— AP'VP' € L~(L*? LP).

Multiplying the left-hand side of the containment by P’ from the left and the right,
we obtain

P’VAzzP' — A22VP’ € LN(LP, Lp)

Subtracting the left-hand side of the preceding containment from the left-hand side
of (8), we infer that

(Ag2 —w'Aw) P'VP' € L~(L7, LP).

Since the operator V is arbitrary, the latter containment shows that the opera-

tor Az2 — w1 Ajjw is right stably regular and consequently (see 3.7.5(c))
Agr —w T Anw € T (LP(e"), LP(e")) € K(LP(e"), LP(€")).

Thus, the operators A2 and w™!A4;;w and, hence, Ay; and A;; have the same
essential spectrum and the kernels of the operators are finite-dimensional or not
simultaneously. Now repeating verbatim the closing part of the second step of the
proof of Theorem 4.7.2, we infer that 0 belongs to the essential spectrum of the
operators.

II1. Repeating the arguments of the third step of the proof of Theorem 4.7.2,
we can construct an operator @ : LP — LP such that QA is a nuclear operator
and the subspace Q(L?) coincides with lin({z¢}$2,), where the functions z; have
pairwise disjoint supports.

IV. Let Py = I — (). It is obvious that the operator PgA = A — QA satisfies
condition (1) of the theorem. Prove that PpAWQ € L~(LP?, LP) for every opera-
tor W in Z(L?, L?). Indeed, UPyA — Py AU € L~(L?,LP) and, putting U = WQ,
we obtain PpbAWQ € L~(L?,LP).

V. Now, to prove the stable regularity of the operator PyA, we repeat the
arguments of the last (fifth) step of the proof of Theorem 4.7.2. b
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4.7.4. In the case p = 2 arbitrary isomorphisms in Theorems 4.7.2 and 4.7.3
may be replaced by unitary operators.

Theorem. Let (T,2, 1) be a space with o-finite measure, L? = L?(T, u), and
A€ (L% L*). The following assertions are equivalent:

(1) the operator UAU™! is regular for every unitary operator U : L? — L%

(2) the operator UA — AU is regular for every unitary operator U : L? — L?;

(38) the operator A can be represented as A = oI + B, where o € C and B
is a Hilbert-Schmidt operator.

< The implications (3) = (1) and (3) = (2) are trivial. The proof of the
implication (1) = (3) is similar to that of Theorem 3.9.2 (see also the proofs of close
assertions in {19, Theorem 16.5] and in [75]). To prove the implication (2) = (3),
it suffices to recall that every operator is a linear combination of unitary operators
(see the Remark next to Corollary 3.4.10). >

4.7.5. L%-regular operators.

DEFINITION. Let 1 < p,¢ < oo. An operator U : L?(T, u) — LI(Ty, p1) is said
to be L°-regular if it carries each LP(T, u)-order bounded set to an L°(T, uq)-order
bounded set; i.e., if it is regular as an operator from LP(T, i) to L°(Ty, p1).

If an operator UV (WU) is L%-regular for every V € Z(LP(T,p), LP(T, 1))
(W € Z(LY(T1,p1), LTy, p1))) then the operator U is called right (left) stably
L°-regular.

It is clear that if the measure p; is purely atomic then every operator with
values in LI(Ty, y11) is L-regular. For this reason, we henceforth confine ourselves
to the case when T = (0,1) and g, is the Lebesgue measure.

(a) Lemma. If 0 < e <1, A € Z(LP(T,p),L1(0,1)), and the oper-
ator UA is L°-regular for every isomorphism U : L9(0,1) — L9(0,1) such that
lU — I|| < e (in particular, if the operator A is left stably L°-regular), then the
operator A is left stably regular.

< The assertion of the lemma is a restatement of Corollary 3.4.11. 1>

(b) Lemma. Let 0 < r < oo and U € Z(X,L?(T,n)). If VU ¢

II(X,1?) for every operator V in £ (LP(T,y),1?) then U € (X, LP(T, u)).
< The closed graph theorem implies that the inequality =,.(VU) < C||V||
holds for some number C and an arbitrary operator V in £ (LP(T, ), !?). Consider
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an arbitrary collection z1,...,z, of vectors in the space X and put fy = Uz;. Fix
an arbitrary number €, 0 < ¢ < 1, and for every function fi find a step function gx
such that

Ife —arll Sellfell (k=1,2,...,n).

Let L = lin{Xe,,.--,Xen), Where xe; are the characteristic functions of pairwise
disjoint sets e; C T, so that the subspace L contains all functions gx; and let P be
a projection of LP(T, p) onto L, || P|| = 1. Finally, let w be the isometric embedding
of L into I? and let V = wP. Since ||fi|| < 1 |lgx|l, we have

n 1/r 1 n 1/r

YolTzkl") < =D llaell”
1-¢

k=1 k=1

n 1/r
1
= (Z [VUzi — V (Usy —gk)n*)
k=1

n 1/r n 1/r
< 1 [(Z“VUMHT) 'f‘(Z”fk“‘gk“r) }
k= k=1

1/r
’R‘r VU sup{ lek, ") |;1:’€X*’ “z'“Sl}-i-lie

It follows from the arbitrariness of ¢ that

n 1/r n 1/r
(Z llvxkn*) < (VU)sup { (Z e, m'w) 1EE 1}
k=1 k=1

n 1/r
< 0sup{ (Z l(%x’)l’) ') < 1} S
k=1

(c) Lemma. Let S € £(X,L?(0,1)). If oo = sup{|Sz| | ||z]| < 1} on
some set Ey C [0,1}, mes(Ey) > 0, then there exist a sequence (zx)3%, C X and
a set E C Ey such that

mes(E) >0, lim |za]|=0, sup{|Sza|} =00 onE.
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(n) (n)
1

< By Lemma 3.4.11(a), for every n € N there are vectors zy ’,...,Zm, such
that
1) HJ:E")H <lforneN,j=12,...,my;
(2) supi<j<m, iSmE")I > 4" on the set By \ e, and mes(e,) < 27" ! mes (Ey).
Putting E := E, \ ,_, ex and enumerating the family {2_":05")}, where

n € Nand 1 < j < my, in an arbitrary manner, we obtain the required assertion. >

4.7.6. There is an assertion strengthening Theorem 4.9.2 for L%-regular oper-

ators in LP(0,1). As a preliminary, we give the following definition:

DEFINITION. An operator A € £ (LP(0,1),L?(0,1)) is a universal L®-regular
(universal regular) operator if UAU™! is a L%-regular (integral) operator for every
isomorphism U : LP(0,1) — L?(0,1).

Theorem. Let 1 < p < 0o, L? := L?(0,1), and A = #(L?, L?). The follow-
ing assertions are equivalent:

(1) the operator A is universal L°-regular;

(2) the operator UAU™! is L%-regular for every isomorphism U : L? — L?
such that ||U — I|| < &

(3) the operator A can be represented as A = aI + B, where a € C and
B e Zy(L7, 7).

<1 The implications (3) = (1) and (1) = (2) are trivial. Prove (2) = (3). Asin
the proof of Theorem 4.7.2, we may assume that 0 belongs to the essential spectrum
of the operator A. However, we cannot confine ourselves to the case 1 < p < 2,
since passing to the adjoint operator, we, generally speaking, loose the property of
L% regularity. Therefore, the cases p < 2 and p > 2 should be considered separately,
despite they have much in common, as we will see. First we suppose that 1 < p <2
and split the proof into several steps that are modifications of the corresponding
steps of the proof of Theorem 4.7.2. The symbol mes(e) stands for the Lebesgue
measure of a set e.

I. Let e C (0,1), 0 < mes(e) < 1, and €' := (0,1) \ e. We identify the
spaces LP(e) and LP(e') with subspaces of LP. Let V and W be automorphisms
of LP(e) and LP(e') such that

IV = Il <&, W —Ipsenll <e,
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and U =V @ W; and let P and P’ be the band projections onto L?(e) and LP(e')
in LP. Note that PU = UP and P'U™! = U~'P'. The operator UAU™! and,
hence, the operator PUAU ! P’ are L°-regular. Putting A;5 := PAP', we see that
the operator VA;oW™! is L%-regular too. It follows from the arbitrariness of the
operator V that the operator A;W™! is regular (moreover, it is stably regular
from the right). Taking W™ = 6R + Ips(er), where R is an arbitrary operator
in Z(L?(e'), LP(e')) and § is a sufficiently small positive number, we find that the
operator Ajs is stably regular from the right. Consequently (see 3.7.5(a)), we have

A € (L7, IP) = £7(LP, I7) C K(L?,LP).

Similar inclusions are obviously valid for the operator A2; := P'AP.

II. The arguments of this step of the proof repeat verbatim those of the second
and third step of the proof of Theorem 4.7.2 with the only difference that the
operator @) is defined by the equality

!
Ty ® Tk,

Q=

[]8

k=2

where the summation is carried out over k > 2 rather than over k > 1. In this
regard, the subspace (I — Q)(L?) contains LP(e;).

III. Put Py := I—@Q and check that the operator Py A is stably regular. Indeed,
the operator PyA = A— QA obviously satisfies condition (2) of the theorem. There-
fore, putting U := I — §P,VQ for an arbitrary V € #(L?, L?) and a sufficiently
small § > 0, we see that the operator

UP,AU™! = PyA + 64,V Q,

where A := Py AP,, and thereby AV @ satisfy condition (2) of the theorem with ¢
replaced by €1 > 0. Now take an arbitrary operator W in #(L?, L?) and assign

U1 =1~ 61P0WP0,

where 8 is a sufficiently small positive number. It is clear that

Ul =1+ (PWP)F =1+ R=1+ PR,
k=1
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where R := U;! — I and ||R|| < ¢1. Simple calculations show that
U1 AVQUT! = AV Q — 6, BeW AV Q. (9)

As follows from the definition of the operator @ at the end of the preceding step
of the proof, the band projection P; onto LP(e;) satisfies the equalities PPy =
Py P, = P;. Multiplying the equality by P, we find that

the operator P,W AoV Q is L°-regular. (10)

Since W is arbitrary (and the spaces L? and LP(e) are order isomorphic), we con-
clude that the operator AoV @ is regular by Lemma 4.9.5. Arguing as in part V of
the proof of Theorem 4.7.2 (with A, instead of PyA), we infer that the operator Ao
is stably regular.

Now put Ay := PyAQ and prove that the operator AV Q is regular. Like PpA
the operator Aj = PyA— Ay satisfies condition (2) of the theorem too. Assign U :=
I — §PyW Py, where W is an arbitrary operator in .£(LP, L?) and § is a sufficiently

small positive number. Then
UAU™ = UA} = Ay - 6P, W Ay,

It shows that the operator PoW Aj meets condition (2) of the theorem with ¢
replaced by a sufficiently small positive number. Now put U;! = I — §,QVQ,
where V is an arbitrary operator in .Z(L?, L?) and §; is a sufficiently small positive
number. Then

Uy=I+) (6QVQ*=I+R=I+RQ.
k=1
Therefore
UrPo AU = PoW AU = PoW AL — 6P W ALV Q.

Consequently, the operator PoW AV Q is L°-regular and thereby such is the op-
erator PiIW ALV Q. Afterward the arguments can be completed as for the opera-
tor WAV Q.

Thus, PyA = A + A € Z;(L?,L?) and the theorem is proven in the case
l<p<L2.
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IV. Now we turn to the case 2 < p < oo. At the first step of the proof,
as in the case p < 2, we conclude that the operator A;s is left stably regular.
Consequently, the operator A}, is right stably regular in L?. Since 1 < p' < 2, by
Theorem 3.7.5(a), this means that

Y e LX(IP LYY C K(LP , L¥).

It is evident that a similar inclusion holds for the operator A1, itself.

The further argument remains the same up to relation (10) inclusively.

Since W is arbitrary; therefore, (10) implies that AoV @ is left stably regu-
lar by Lemma 4.7.5(a). Consequently, the operator (4,VQ)* = @*V*Ag, which
is right stably regular, is 2-absolutely summing by Theorem 3.7.5(a). Since the

space Q*(L”’) is isomorphic to I?" and V is arbitrary, we obtain
£ € (P, 1) = Z5(L7 | 1F)

by Lemma 7.4.5(b). Consequently, Ao € £5(L*',L?").

Passing to the operator A := PyAQ, as in the case p < 2, we find that the
operator PoW Ay is L%-regular for every W € #(L?, L?). The operator PyW A}, is
LC%-regular along with it. It follows from Lemma 4.7.5(a) that the operator A} is
left stably regular. Consequently, A; € £ (L?, L?) by Corollary 3.7.5(f). >

Corollary. Let 1 < p < oo, L? = L?(0,1), and A € £ (L?,L?). FUAU! is
an integral operator for every U : LP — LP then A € £,;;7(L?,L?).
< By Theorem 4.7.6, A = a I + B, where B € .£;’(L?,L?). As was mentioned

in 3.8.2(d), B is an integral operator. Consequently, «] = A — B is an integral
operator, which is possible only for a = 0. >

REMARK. For p = 2 assertions (1) and (3) of Theorem 4.7.6 remain equivalent

if we consider in (1) only unitary operators (see [75]).

4.7.7. In the case of the space L?(0,1) Theorem 4.7.3 can be strengthened as
follows:

Theorem. Let 2 < p < oo, L? = LP(0,1), A € £(LP,L?), and 0 < € < 1.
The following assertions are equivalent:
(1) the operator UA — AU is L°-regular for every operator U € £ (LP, LP);
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(2) the operator UA — AU is L°-regular for every isomorphism U : L? — L?
such that |U — I|| < ¢;

(3) the operator A may be represented as A = I + B, where o € C and
B e £3(Lr,L?).

To prove the theorem, we need the following lemma (see, for example, {60,
Theorem 49]).

Lemma. If g € L?(T,p), My : L>(T,pu) — LP(T, u) denotes the operator of
multiplication by the function g, and U : X — L*(T, u) is a compact operator;

then the operator M,U admits the following factorization:
x B Mo, 2, g
MU : X —1® =P — LP(T,p),

where a € ZL(IP, LP(T, p)), B € Z(X, 1), and M is the operator of multiplication
by a sequence é € IP.

Let us turn to proving the theorem.

< The implication (3) = (2) is trivial, and the implication (2) = (1) is proven
as in Theorem 4.7.3. We will prove (1) = (2).

As in Theorem 4.7.3, we can assume that 0 belongs to the essential spectrum of
the operator A. Split the further arguments into several steps, following the general
scheme of the proofs of Theorems 4.7.2, 4.7.3, and 4.7.6. As above, we identify the
space LP(e), where e C (0,1), with a subspace of L?.

I. Let e be an arbitrary measurable subset of the interval (0,1), 0 < mes(e) <
1, ¢’ :=(0,1) \ e, and P and P' be the band projections onto L?(e) and LP(e') in
the space LP. The operator PV PA— APV P is L%-regular for every V € #(L?, L?)
by hypothesis; therefore, multiplying it by P’ from the right, we see that PV PAP’
is an L%-regular operator. Since the operator V is arbitrary and the spaces LP
and LP(e) are order isomorphic, owing to Lemma 4.7.5(a), we infer that the op-
erator PAP' is left stably regular and, consequently, bilaterally stably regular by
Corollary 3.7.5(f). It is clear that the operator P'AP is stably regular as well.

1. Now consider the operators A;; := PAP and Ag; := P'AP' as operators
in LP(e) and LP(e') and check that 0 belongs to their essential spectra. Let W €
ZL(LP,LP) and V' := PWP'. Then it is easy to establish that

V'A—~AV' = PWAnP — jALWP' + T,
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where j is the identical embedding of L?(e) into L? and U € .£,7(L?, L?). There-
fore, the operator PW A3 P' — jA;;WP' is L%-regular. Fix an arbitrary order
isomorphism w : LP(e) — LP(€') and put W := jVw, where V € £ (L?(e), L?(e)).
Afterward, the L%-regularity of the operator PW Ao P' — jA;;WP' implies the
LO-regularity of the operator

VwAgs — AnnVw : LP(e') — LP(e)
and, consequently, the L%-regularity of the operator
VwAzw™ — A1,V : LP(e) — LP(e). (11)

Moreover, since the commutator V; A — AV; is L%-regular for V; := PjV P, mul-
tiplying it by P from both sides, we infer that the operator PViAP — PAVi P is

L% regular and, hence, so is the operator
VA1 — AV : LP(e) — L¥(e).
Using (11), we see that the operator
V(wAzw™ — A1) : LP(e) — LP(e)

is L%-regular. This fact, together with Lemma 4.7.5 and Corollary 3.7.5(f), yields
whApw™! — A1y € £ (LP,LP), which implies that wAsw™ — A;; is a compact
operator.

Repeating the arguments of steps II and III of the proof of Theorem 4.7.2,
we see that, in fact, zero belongs to the essential spectrum of the operators Aj;
and Ajg; hence, there are sequences {z,}52, C L? and {z],}32.; C L? such that

(1) the supports e, of the function z,, are pairwise disjoint;

(2) eally = ety = (onrh) =1 (n:=1,2,...)

(3) T2, 4% < oo.

We can obviously assume that mes ({ Jzo, €x) < 1. Put

eo =(0,1)\ | J ex

k=1
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and let Py be the band projection onto LP(eg) in LP. It is clear that the operator Q) :
L? — L? defined by the equality

o]

Qz = Z(-’Bk,w';;)wk (z € LP)

k=1

is a projection onto the subspace L = ﬁﬁ({xk}i‘_’__l) which is isomorphic to the
space P (as a Banach space). Furthermore, it is clear that Py (I-Q) = P and QA is
a nuclear operator. Since QA € £ (L?, L?), all commutators of the operator 4 =
(I — Q) A are L°-regular. Therefore, the operator

WQAg — AWQ = —AWQ (12)

is L%-regular for every operator W € #(L?,LP). Check that the operator AW is
L% regular too. Suppose the contrary. Then there exist an operator Wy : LP — L?
and a function go € L% such that the set

C:={|AcWoz| |z € I, },

where I, := {z € L? | |z] < go}, is unbounded in L°(0,1). Assign Ep := {t €
(0,1) | (supC)(t) = oo}. Put S = AWoM,,, where My, : L*>(0,1) — L? is
the operator of multiplication by the function go. By Lemma 4.7.5(c), there exist
a compact set K contained in the ball Bre(p,1) and a set E C Ey, mes(E) < 0,
such that sup{|Sz| | ¢ € K} = o0 on E. Obviously, we may suppose that the
set K is absolutely convex. Put X = lin(K') and make the set X into a Banach
space by furnishing it with the norm defined as the Minkowski functional of K.
Appealing to the lemma stated before the proof of the theorem, we see that the
operator Myi, where ¢ is the identical embedding of X into L*°(0,1), meets the
following commutative diagram:

- M
X — L®(0,1) —2 Lp

8| " } l o

IOO

3
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where a € Z(IP,L?), B € ZL(X,I®), ||B]| £ 1, and Mj is the operator of multipli-
cation by a sequence § = {§;}32, in I?. Since the subspace L is isomorphic to {7,

the operator a admits the following factorization:
a:l”—LLLLP&L”,

where ¢ is the isomorphism between [P and L sending the standard basis of {? into
the functions zx, o = a1Q, and j is the identical embedding of L into L?. Let

g1=) Il lael, I, ={z€L?] |o| < g1},
k=1

and let C; = oMsB(K). 1t is clear that Cy C I, and C; = Q(Cy) C Q(I,,).
Therefore, My, (K) = a1(C1) C a1Q(Iy, ). Consequently,

AWoMy (K) C AgWoa1 Q(1y,)

and
sup |(AoWoe1Q) (I, )| 2 sup [(AWoM,,) (K)| =00 on E.

Thus, the operator AgWya;Q is not L-regular, which contradicts the above-proven
L°-regularity of an operator of the form (12).

Thus, we have checked that the operator AqW is L%-regular for every W ¢
Z(LP,LP). Since the commutator WA — AW is L%-regular as well, the opera-
tor WA is L°-regular too. Hence, Lemma 4.7.5(a) implies that the operator Ag
is left stably regular. By Corollary 3.7.5(f), the latter is equivalent to the stable
regularity of the operator Ag. >

Corollary. Let 2<p < oo, L? = L?(0,1), and A € £(L?,L?). fUA - AU
is an integral operator for every U € £(LP,LP), then the operator A can be
represented as A = oI + B, where a € C and B € £ (L?,L?).

4.7.8. In the case of Hilbert space, Theorems 4.7.6 and 4.7.7 may be restated

as follows:

Theorem. Let L? = L%(0,1) and A € £(L? L?). The following assertions
are equivalent:
(1) the operator UAU is L°-regular for every unitary operator U : L? — L?;



Integral Operators 337

(2) the operator UA — AU is L®-regular for every unitary operator U : L? —
L2.

(3) the operator A is representable as A = oI + B, where a € C and B is
a Hilbert-Schmidt operator.

< The implications (3) = (1) and (3) = (2) are trivial. As was mentioned in
Corollary 4.7.6, the implication (1) = (3) was actually established in {75]. The im-
plication (2) = (3) can be proven in the same way as the corresponding implication
in Theorem 4.7.4. >

4.7.9. Theorems 4.7.6 and 4.7.7 generalize Theorems 4.7.2 and 4.7.3. However,
unlike Theorem 4.7.6, which is valid similarly as Theorems 4.7.2 and 4.7.3 for every p
in the interval (1,00), Theorem 4.7.7 covers only the case 2 < p < co. It turns out
that this restriction is essential and Theorem 4.7.7 fails for 1 < p < 2. The aim of

this section is to construct a corresponding counterexample:

Theorem. Let 1 < p < 2 and L? = L?(0,1). There exists a positive compact
operator A : LP — LP with the following properties:

(1) UA and AU are integral operators for every operator U : L? — LP;

(2) the operator A* is dominated;

(3) there is a function g in L°(0,1) such that ||Az|| < g||z| for every X € L?;

(4) the operator A is not a stably regular but is left stably regular.

REMARK. Property (1) implies that all commutators of the operator A are in-
tegral operators. Comparing this fact with property (4), we see that Theorem 4.7.7
fails for 1 < p < 2.

< Let {ex}32, be a sequence of pairwise disjoint subsets of the interval (0,1)
such that

e o]
ar = mes(ex) > 0, Zaz/z = oo0.

k=1
Put -
K(5,8) =Y o /"xen(s)Xes(t) (5,8 €(0,1)) (13)
k=1
and define

(40)(9) = [ Klsyaat (€27, s€ @)
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It is easy to check that A € Z(L?,L?), ||A]| £ 1, and A > 0. The operator A is
a compact operator, since it is approximated by the operators A, generated by the

partial sums of series (13):
4~ Al < max /™.
Verify that the operator A possesses all other required properties. We have
(AP = [Kenusds el te @)
therefore,

(4%) ()] < Za'l P / ly(s)| ds
1/p'

<erk (/ )P ds) =(gxek<t> [ as) <l

for t € (0,1). Thus, the operator A* is dominated. It follows that all possible
operators A*U*, where U € #(L?,L?), are dominated and consequently integral

/v

and regular operators. Hence, UA are regular and integral operators as well. In
particular, this guarantees left stable regularity for the operator A.
Now consider the operators AU. From the equality

oo

(AUz)(s) = Zak PXer(8) (U2, Xer ) Z Xek(s 2, U Xex)

k 1 =

it follows that the operator AU is generated by the kernel
Ku(s,t) =Y 07 P xea(s) U xe () (s,t € (0,1)).
k=1
Moreover,

I(AU=z) ()] < Z a7 Xer () 211U xeu | < NUllg(s) 2],
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where
o0

g(s) =Y g 1P TPy ().

k=1
In order to check that U ¢ %7 (L?, L?), we use Remark 3.8.2(d) which demon-
strates that the inclusion U € %;7(L?, L?) = IIo(L?, L?) implies that the integral

1 p/2

/1 /K(s,t) dt ds

0
is finite. However,

r/2
o

Kz(s,t) = Z Xek(s)Xek(t /K2(3 t zal’ﬂ IXCk

k=1

and, therefore,

r/2

1 /1
/ /K2(s,t)dt ds= Za”ﬂ 00.
o \o

Comments

The monographs [38, 42, 19] are the main sources as regards the questions of
the theory of integral operators which are discussed in this chapter; see also [8,
10, 25].

Some relevant references to the results of the introductory Section 4.1 are given
in the text. The results of 4.19 (in a more general statement) were established in [7]
and repeated in [67, 68].

As was mentioned in the main text, Theorem 4.2.1 was obtained in [5, 6]; for
a thorough priority analysis see [8] and 4.2.11.

Theorem 4.2.1. was generalized to various fields: to spaces of measurable vector-
functions [43, 44], noncommutative spaces of measurable operators, nonlinear oper-
ators (see 4.5). As to the material of Section 4.2 see also [45, 46, 55-57, 61, 67-70,
86, 87]. Applications to the theory of semigroups of linear operators are exposed in
the article [3] by W. Arendt and A. V. Bukhvalov.

The results of Section 4.3 were mainly published in [5-7).
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Proposition 4.4.2 was proven in [9]. The presented proof of Theorem 4.4.3 is
given in more detail in [10].

Theorem 4.5.1 was proven in [9]. Certain results on representation of nonlinear
operators were obtained in [89]. As to the material of Section 4.6 see also [1, 2,
74-76, 78].

Let us briefly discuss the problems raised in the monograph [19] by P. Halmos
and V. Sunder. The problem of finding a criterion for integrability posed in the
introduction to the book was solved earlier in [5, 6] and Problem 8.4, in [5, 17] and
later in [61].

The main contribution to solving many other problems belongs to V. B. Ko-
rotkov (see Section 4.6) and W. Schachermayer (see Section 4.6 and [61-65]). This
series of articles by W. Schachermayer comprises many other remarkable results. In
particular, there is an example of a positive nonintegral operator U € .#(L?) such
that U € &, for all p > 2. It is clear that for p = 2 we obtain the Hilbert-Schmidt
class of integral operators; i.e., the example cannot be refined in the power scale.

Section 4.7 is devoted to generalization of the results of the articles [33, 75] to
the case of operators in #(L?) with an arbitrary p, 1 < p < co. Theorems 4.7.2
and 4.7.3 in a weaker form were announced in [53]. Theorems 4.7.6, 4.7.7, and 4.7.9
are published here for the first time.

In [52], D. Maharam surveyed the results of her original approach to the prob-
lem of representing positive operators.

Since the late 1970s, the theory has been intensively developed of pseudointe-

gral operators, i.e., those of the form

Ue)s) = [ a(t)dus(e)
A

where {y,} is a “random” measure, i.e., a family of measures satisfying certain
measurability conditions. Formula (1) yields a general form of an o-continuous
operator in the space of measurable functions [77]. Interest to representation (1) is
stirred up not by its complexity but rather by various applications in the geometry
of Banach and quasi-Banach spaces, in the spectral theory of operators, in studying
the particle transport equation, etc. (see, for instance, [4, 15, 21-24, 83-85]).
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The goal of the Supplement is to expose a solution to Problem 11.8 from the
P. R. Halmos and V. S. Sunder book [4] in a strengthened form; namely, a counterex-
ample of nonintegrability of a superposition is constructed in the class of integral
operators of convolution which is essentially narrower than the class of all integral
operators. This result was obtained by V. D. Stepanov [16, 18]; as was mentioned, it
refines the results of V. B. Korotkov which are exposed in Chapter 4. The complete
proof is presented here in the case p = 2 which is simpler. As regards the method of
proof, the result relates to harmonic analysis and stands aside of the tools used in
this book. It is for that reason that this material appears in a separate supplement.

We emphasize that integral operators of convolution are as before understood
to be integral operators in the sense of the definitions of Chapter 4 (i.e., singular
operators are not considered still). Thus, an integral operator of convolution with

a measurable function k given on the axis R is defined for functions f € L?(R) as

(b )0 = [ k=050

moreover, the condition
/ [k(s —t)f(t)]dt < 0o

is supposed to be valid for all f € LP(R). It is clear that we obtain a particular
case of the conventional definition of Chapter 4 of integral operator with kernel

K(s,t) =k(s—1).

0.1. Let 0 < p,q < oo. The amalgam (L?,19) is the space of measurable
functions f on the real axis for which

- n+2 a/p) 1/

flpa=1{ 3 / ()P de < oo,

n=—o0

0.2. It is easy to see that (L?,/P) = L?(R) and amalgams form a scale in each of
the exponents with the other fixed. For amalgams, valid are some analogs of many
classical results such as the Holder inequality, the Young inequality for convolutions,
the Young-Hausdorff inequality for the Fourier operator, the interpolation theorems,
etc. The survey of J. J. F. Fourier and J. Stewart can help to acquire more detailed

knowledge of the subject.
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1.1. Consider the convolution operators f + k * f. In the theory of integral
operators, the problem is well known of finding criteria on the kernel of operator
for its natural domain to include some ideal space of measurable functions. The
case in which the latter is the Lebesgue space LP(R) was considered in [7]. For

convolutions, this case is solvable in terms of amalgams.

1.2. Let 1<p<oo and 1/p+1/p' =1. Then

Vf e L’(R) / |k(s —t)f(t)| dt < oo for almost all s € R (1)

if and only if k € (L!,1?).

The result was obtained by R. S. Busby and H. A. Smith [2] and independently
in [11,14].

< First we consider the case p = 1. We need to show that k € (L!,I°®°).

Suppose to the contrary. Then there exists a sequence {nn,} of integers such that

[nm] — oo and
nym41

/ Ik(t)] dt = A — 0.

Ny

By passing to a subsequence, if necessary, we may assume that n,, > 0, npp1—"p >
2,and A\, = m2. Let Ep = [-n, — 1, ~npm + 1/2]. Put

f(&) = Y (1/mlog*(m + 1))x5, (2).

m=1

It is obvious that f € L!(R); therefore, (1) implies that

o> [o k(s — £)£(t)] dt = m2=:1(1/m10g2(m+ 1))E/ k(s — )] dt

fty,+1

= Z(l/mlogz(m+1)) / k(s +1)| dt
m=1 nyp—1/2
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for almost all s € (0,1/2). Assigning a suitable value s € (0,1/2) to s, we find out

00 nm+1
00 > Z(l/mlogz(m +1)) / |k(so +1)| dt
m=1 Nm—1/2
0o nm+1
> 3 (1/mlogi(m + 1)) / Ik(t)] dt = co.

The contradiction shows that k € (L*,1®).

The case p = oo is trivial since k € L}(R) = (L',I') in view of (1) with
flz)=1.

Consider the case 1 < p < 0o. Let us employ the E. Landau theorem {6, §1.1.3]
which states that if p > 1 and, for every sequence {a,} € IP', the series Y p Gnby is
convergent then {b,} € I?'. Let {a,} € I? and f(t) =Y, anX[n,n+1)(t). By (1), we
have

o> [ ks =)f0ld =Y lanl [ lk(s-+0lat

for almost all s € (—1/2,1/2). Assigning suitable values to s; € (0,1/2) and
82 € (—1/2,0), we find out
n n—1/2
0> 3 ol / k@Bldt, 00> Y Janl / [k (2)] dt.
" n—1/2 " n—1
Hence it follows that k € (L!, l"l) by the E. Landau theorem. >
This proof is simpler than the initial one in {14].

1.2.1. (a) Conditions (1) in statement 1.2 can be relaxed by replacing

the requirement f € LP(R) with f € (L°°,[P).

(b) A particular case of the Young inequality for convolutions [3] has the
form

Ik * fllp,r < Cilikll1qll flip.ps
where 1 <p<o00,1<¢<p',1/r=1/¢+1/p-1, and C is an absolute constant.
For r = p, 00, the inequality admits a generalization for k(t) > 0 in the following
sense. If k(t) > 0, r = p or r = 00, and

£+ £llp,r < Cllfllp.p
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for all f € LP(R) then k € (L*,19), where ¢ = 1 or ¢ = p respectively; moreover,
[lk]l1,4 < C2C, where C3 > 0 is an absolute constant (Cy = 1 for r = p). The
case r = p was considered, for instance, in [10]; the case r = oo follows from 1.2.
For p < r < 00, a similar result is false by the Hardy-Littlewood-Polya theorem
[5, Theorem 381}.

2.1. We illustrate the application of Theorem 1.2 to two problems on bounded
convolution operators in LP. The first problem consists in studying asymptotic
behaviour of the symbol of the kernel of such an operator; the second is an analog
of the Halmos and Sunder problem [4, Problem 11.8] for convolutions asking whether

such operators form an algebra.

2.2. Let 1 £ p < 00. Following [4], we denote
Int(p) = {k € (L', ") | [lk * fll, < C||fll, Vf € L*(R)}.

The elements of Int(p) will be called kernels; they are in one-to-one correspondence
with integral operators of convolution acting boundedly in L?(R).

2.3. In the asymptotic behaviour of the symbols (= the Fourier transforms
in the distribution sense) of kernels in Int(p), the “Riemann-Lebesgue effect” is
observed; i.e., the symbol vanishes at infinity in some sense. This contrasts the
asymptotic behaviour of kernels of singular convolutions, which can be attracted
at infinity to a constant as, for instance, the symbol of the kernel of the Hilbert
transform [9, Chapter 6, §1].

2.3.1. Let 1 < p < oo and let p be fixed. If k € Int(p) and
A(n,A) = mes{{ € (n —1/2,n +1/2) | [k"(§)] > A} (2)

then lim A(n,A) =0 for every A > 0.

The proposition was obtained for p = 2 by V. B. Korotkov and in the general
case, in [15, 16].
< Let 2(€) = X1 X X{-1,1(E —). Then n(y) = sin? 2mye?™™ /(xy)? and

lealls <4, lipollpra < 4,
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where A is an absolute constant. For |[{ — n| < 1/2, we have ¢, (§) > 1; therefore,

we obtain

A(n,A) < mes{ﬁ €(n- 1/2,n +1/2) | |k’\(§)cp2(§)| > /\}

1
< eI = S5l * pallh < sl * oallplk = oall
C <p,,

CA
* Qallp < j\Tllk * Onllpr-

by the Parseval inequality and the Hélder inequality. Further,

o

sin? 27
kxpn(z) = / k(z - y) C )2y62’""y dy.

—0o0

Since k € (L', 1?"), we have k(z — y)sin? 2ry/(my)? € L'(R) for each z € R fixed.
By the Riemann-Lebesgue lemma, we obtain

lm kxp,(z)=0 VzeR.

[n]—o0

In virtue of the Young inequality for convolutions [19)

E* eal [l < 1kl llollpr 1,

we find that
[k * @a(@)] < B(z) = || * o] € L”'(R).

Hence

lim ||k * pally =0
|nj—o0

by the Lebesgue dominated convergence theorem, and Proposition 2.3.1 is proven. >
2.3.2. Generally speaking, condition (2) is not sufficient for k£ € Int(p)

even if k determines a bounded operator in LP(R) by the formula (T f)" = k" f2.
The function

ENE) =) signkX(-1/210g |k],1/210g k1 (€ — k)
Ik[>2
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provides an instance of this. In virtue of the Parseval equality, it is obvious that
Ty : L*(R) — L%(R); however,

T

k(z) = :—; Z sin Togk sin27kx ¢ (L, l2)1
k=2

since k has a nonsummable singularity at zero. The last is derived from the Salem
theorem [1, Chapter 10, § 7).

2.3.3. Let k € Int(2). What is the rate of decrease of the portions A(n, \)
as |n] — oo with A > 0 fixed in relation (2)? The question arises from a natural
attempt at finding a metric criterion for the containment k¥ € Int(2) in terms of the
portions A(n, ), since the space Int(2) has the simplest structure and it can be
easily made into a Banach space by introduction of the norm ||k ||1e(2y = ||Kll1,2 +
|6*|oo- It turns out that the rate of decrease of the portions A(n,)) can be
arbitrarily small in some sense. For instance, there is no finite constant > 1
universal for the whole space Int(2) and such that 3, [A(n, A)[® < oo for all A > 0.
An example here is provided by the kernel

KNE) =D Xt-1/21kie 1214121 (€ = F)-
k#0

with a € (0,00) fixed. It was demonstrated in [17,19] that K, € (L!,[?) for every
a > 0 and the operator of convolution with kernel K, acts boundedly from L?(R)
into LP(R) only for p = 2.

2.3.4. Let 1 < p < oo. The operators of convolution f — k * f with
kernels k € Int(p) form an algebra only for p =1, c0.

< The positive part of the assertion is trivial since Int(1) = Int(co) = L1(R).
Let 1 < p < 0o. To prove the result it suffices to exhibit an example of a kernel
k € Int(p) such that k*k ¢ Int(p). Consider a family k. s of functions given by the

formula

oo
2mi 1—e+$8
k‘e,g(w) = Z emn X[—1/2n(1+¢)/2,1/2n(1+‘)/2](w - n),
n=1

where 1/2<e<land0<é<e.
The following properties hold:

6 6
I3 Y = T . ac S S y
k. s € Int(p) 2(1 1_€+26> P 2(1+1_6) (3)
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kes* ke ¢ (L1 17), p>2/(2-6), (4)
By letting 2/(2 — 8) = 2(1 — §/(1 — € + 26)), we find the relation

b=((1-¢)/22+1-c—(1-¢)/2

under which the kernel k. 5 € Int(p) determines an integral operator of convolution,

which acts boundedly in LP(R) and has a nonsummable square since ke s * ke,5 ¢
(L', 1?"); moreover, the interval in which p changes in (3) can be arbitrarily full.

A complete proof of assertion (3) is sufficiently cumbersome. It is grounded on
the A. Miyachi theorem on multiplicators of the Fourier transform with a narrow
interval of action [8] and the methods of the articles [12,13]. However, it is not
difficult to verify that k.5 € (L',1?) and k}; € L(R). The first inclusion is
elementary; the second can be deduced by applying a Van der Corput theorem [20,
Chapter5, §4,5]. Therefore, k. s € Int(2) which together with (2) provides the
claimed for p = 2.

Prove (4). Let k(z) = ke 5 * ke s(z). For £ = m 4 ¢, where m is an integer and
lt| < 1/2, we write down

m—1

milnl= ¢+t L (m—n)l—cto
k(m+t)=Y ¥« Hm=m) ) % Xmn(2),

n=1

where x, = X[—1/2n(1+e)/2,1 j2n(1+)/2]- Let m=2(l+1)and n =k + 1+ 1. Then

l
KU+ +8) =) Jet) = Jolt) + Vil2)-
k=-1
We have

)1—w

Jo(t) = A DT i * xaa(2),

where w = ¢ — §. As easily seen,
1/2
1
[ 101t < s xunal < 5z
_i/2
Further,

1

: 1—w 1—w
Vi) = Zezm((k+l+1) +(I4+1-k) )Xk+l+1 * Xip1-k(2).
k=1
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Assertion (4) follows from the equality

1/2 2/8

3 [ keasn+oid| = 5)
=1 \_1/2
Put

k
vk = Xiprek* X1k, (1) =((+1+8) T (I+1-8)7%, Up= ) e,

m=1

By applying the Abel transform for sums, we obtain

Vi(t) = §Uk(Av)k + U,
We have
@) =01-w) ((l + 11+t)w ¥ 11- t)w) <0, teltd,
'O <1 -w)1-1/Q21+1)*] <qu <1, 1>l
Hence

{
U= / 2T gt 4 C (Gl < Au.
1

by the Van der Corput theorem. Here and henceforth A, stands for a finite constant
depending only on w.

Let

|
J()= /exp(21ri<p(t)) dt.

As | — o0, the following asymptotic formula holds:

eir/4

24/2w(1 —w)

J() = 821ri(l+1)"“l(1+w)/2(1 +O(l—(1—w)/6))’ I 5 oo
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this can be obtained by the method of stationary phase. Hence

1/2
/ [Ui(t)wi()| dt > AJ72, 1> 1,

-1/2
By applying the Van der Corput theorem again, we obtain

1/2 -1

) Uk(Av)

k=1

dt < A, I~+et0/2,

-1/2

The last two estimates yield (5). >
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Disjointness preserving operators have its own theory which is very rich in re-
sults and includes such questions as boundedness, continuity, spectral and geometric
properties, multiplicativity, compactness, etc. The list of publications devoted to
studying disjointness preserving operators is so extensive that it could serve as
a reason for a separate review. Leaving aside many rather interesting directions,
we will only concentrate our attention on analytic representation and decompo-
sition of disjointness preserving operators. B.Z.Vulikh [7-9] was one of the first
who considered these questions. Later, disjointness preserving operators were stud-
ied by Yu. A. Abramovich, E. L. Arenson, D. R. Hart, A. K. Kitover, A. V. Koldunov,
P.T.N.MacPolin, A.I Veksler, A. W. Wickstead, A.C.Zaanen, and many others
(see, for instance, [1-3, 19, 32, 37, 41, 42]). We also observe that the question of
analytic representation of disjointness preserving operators includes such a power-
ful direction as descriptions of isometries of vector-valued LP-spaces (the so-called
Banach-Stone theorems).

In the current chapter, we study disjointness preserving operators in K-spaces
and lattice-normed spaces. In particular, we find their analytic representations
and decompositions into simpler components. We begin with studying general
properties of disjointness preserving operators; then we consider orthomorphisms,
shift operators, weighted shift operators, and, finally, return to arbitrary operators

and apply the accumulated experience.

5.1. Prerequisites

This section contains some preliminary information about Boolean homomor-
phisms, vector lattices, and lattice-normed spaces which was not exposed in the pre-

vious chapters.

5.1.1. In the sequel, we deal with various convergences (such as o- and r-con-
vergences) and related notions (such as o- and r-closures, o- and r-continuity, etc.).
For the sake of convenience and in order to avoid duplication, we present some gen-
eral definitions now.

Let X be an arbitrary set and let ¢ be some convergence in X. The totality
of the c-limits of all c-convergent nets in X constituted by elements of some subset
Xy C X is called the c-closure of X,y. A set is called c-closed if it coincides with
the c-closure of itself. The set X, is said to be c-dense in X if X is the c-closure



362 Chapter 5

of Xo. Suppose now that X; and X, are some sets with convergences ¢; and ¢,
respectively. A mapping f: X; — X; is called ¢ -c; -continuous if ¢;-convergence
4 — z implies cp-convergence f(z,) — f(z) for every net (z4)aea in X; and
every element z € X;. If the convergences ¢; and ¢, have the same notation ¢, then
any ¢;-c¢;-continuous mapping is called ¢-continuous.

Considering only countable nets in the above definitions results in the no-
tions of countable c-closure, countable c-closedness, countable c-density, and count-
able cy-cz-continuity. By replacing nets with sequences, we obtain the notions of
sequential c-closure, sequential c-closedness, sequential c-density, and sequential

¢ -Co -continusty.

5.1.2. Ring and Boolean homomorphisms are often met in our further consid-
eration. We recall the relevant definitions.

Let A and B be Boolean algebras. A mapping h: A — B is called a ring
homomorphism if the following equalities hold for all a;,a; € A:

(a) h(a1Vay) =h(a1)V h(az);
(b) h(a1 A a2) = h(al) A h(ag);
(c) h(ai\az) = h(a1)\h(a2),

where \y stands for z A y* and z* stands for the complement of z in a Boolean
algebra. We observe that (a) is a consequence of (b) and (c), as well as (b) is
a consequence of (a) and (c). Every ring homomorphism h: A — B preserves
order, i.e., a1 < ay implies h(a1) < h(az) for all ay,a2 € A.

A ring homomorphism h: A — B is called a Boolean homomorphism in case
h(1) = 1. Obviously, a mapping h: A — B is a Boolean homomorphism if and only
if it satisfles one of the conditions (a) or (b) and, in addition, h(a') = h(a)* for
all a € A. Every ring homomorphism h: A — B is a Boolean homomorphism into
the Boolean algebra Bj(1y = {b € B : b < h(1)}. The image h[A] of the homomor-
phism % is a Boolean subalgebra of By(;y. A bijective Boolean homomorphism is
called a Boolean isomorphism.

The following description of Boolean homomorphisms is convenient in studying

disjointness preserving operators.

Proposition. Let A and B be Boolean algebras. A mapping h: A — B is
a Boolean homomorphism if and only if, for every partition (ay,as,a3) of unity
in A, the triple (h(a1), h(az), h(a3)) is a partition of unity in B.
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<1 Necessity is obvious; thus, we only prove sufficiency. Suppose that the map-
ping h preserves triple partitions. Applying this property of k to the triple (0,0,1),
we obtain the equality A(0) = 0. Considering the triple (a,a',0), we conclude that
h(at) = h(a)' for every a € A. It remains to establish the relation h(a; V a3) =
h(a1) V h(az). First, we prove this equality for disjoint a; and az. To this end,
it is sufficient to apply the partition preservation property of h to the triples
(al,az,(al V az)t) and (a1 Vag,(a; V ag)J‘,O). Finally, taking arbitrary elements
ay,az € A and using the above-established facts, we obtain

h(ar V az) = h((a1\az2) V (a1 A az) V (az\a1))
= h(ai\a2) V h{a; A az) V h(az\a1)
= (h(a1 \a2) V h(a; A (12)) v (h(a1 Aag)V h(ag\al))
= h(a1) V h(az). >

5.1.3. Proposition. Let A and B be Boolean algebras.

(a) The following properties of a Boolean homomorphism h: A — B are
equivalent:
(1) h is o-continuous;
(2) if a subset C C A has a supremum then h(sup C) = sup h[C];
(3) if a subset C C A has an infimum then h(inf C') = inf h[C};
(4) if (ax)ren Is a net in A and ay T 1 then supygy h(ar) =1;
(5) if (ax)rea 1s a net in A and ax | 0 then infaea h(ax) = 0.

(b) The following properties of a Boolean homomorphism h: A — B are
equivalent:
(1) h is countably o-continuous;
(2) if a countable subset C C A has a supremum then h(supC) =

sup h[C];
(3) if a countable subset C C A has an infimum then h(inf C') = inf h[C];
(4) if (an)nen is a sequence in A and a, 71 then sup, ey h(an) = 1;
(5) if (an)nen is a sequence in A and a, | 0 then inf,en h(a,) = 0.
If the Boolean algebra A is complete (o-complete) then each of the five condi-

tions (a) (respectively, (b)) is equivalent to the following one: suph[D] = 1 for
every (countable) partition D of unity in A.
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In view of the equivalence of conditions (a)(1)-(a)(3), o-continuous homomor-
phisms are often called full or complete. Observe that the implication (b){5)=(b)(1)
implies equivalence of countable and sequential o-continuities of a Boolean homo-

morphism.

5.1.4. Let A and B be Boolean algebras. We say that a ring homomorphism
h: A — B dominates a function hg: A — B (and write kg < k), if ho(a) < h(a) for
all a € A.

Proposition. Let A and B be Boolean algebras. A ring homomorphism
h: A — B dominates a ring homomorphism ho: A — B if and only if ho(a) =
ho(1) A h(a) for all a € A.

< The equality ho(a) = ho(1)Ah(a) ensues from the relations ho(a) < ho(1)A
h(a), ho(at) < ho(1) A h(at), and ho(a) V ho(at) = ho(1). ©

5.1.5. Let E be a vector lattice. Given an element e € E, the symbol (e)
denotes the band projection onto the principal band {e}++ (if such a projection
exists). For e, f € E, we define (e < f) := ((f — e&)t), {e < f) == (f < e)*,
(e > f):=(f <e),and (e > f) := (f > e). It is clear that (e < f) = max{r €
Pr(E): e < nf}.

5.1.6. Let f be an arbitrary positive element of a vector lattice E. An element
s € E is called an f-step element, if s = 5 ._, \im; f for some Aq,..., A\, € R and
T1y...,7n € Pr(E).

Proposition. Suppose that a vector lattice E possesses the principal projec-
tion property (for instance, E is a K, -space). Let E; be the ideal of E generated
by a positive element f € E. Then, for every element e € E¢ and every number
€ > 0, there is an f-step element s € Ey such that |s| < |e|] and |e — 5| < ef.
In particular, the set of all f-step elements is r-dense in Ey.

< Assume all the hypotheses of the proposition to be satisfied and consider
an arbitrary element e € E¢ and a number € > 0. Let numbers m,n € N be such
that |e| < mf and 1/n < . Then the sum

-1 Z Z—]. . mn . . +1
> ;< - f<e<§f>f+;§<§f<e<’n f>f

i=—mn

is a desired f-step element. >
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5.1.7. We use the abbreviation LNS for “lattice-normed space” (see 1.6.1)
and BKS for “Banach-Kantorovich space” (see 1.6.3). Each LNS considered in
the current chapter is assumed to be normed by a K-space (if the opposite is not
stated explicitly). The lattice-valued norm in an LNS is denoted by |-| by default.
The phrase “% is an LNS over E” means that E is a K-space and (%, ||, E) is
an LNS in the sense of 1.6.1. We assume that the equality {|u] : v € Z}*+ =E
holds for every LNS % over E that we consider. We also assume by default that
all the LNSs are d-decomposable (see 1.6.2). The Boolean algebra of band projec-
tions in an LNS % over E is denoted by Pr(% ) and conventionally identified with
the Boolean algebra Pr(E) of band projections in E (see 1.6.2).

5.1.8. One of useful properties of d-decomposable LNSs is realized in the pos-
sibility of evaluating band projections on their elements and mixing them to obtain
new elements. Here, we will discuss such operations.

If (ug¢)eez is an arbitrary family in an LNS % and (m¢)eez is a partition
of unity in the Boolean algebra Pr(%), then the sum 0-) ..z meue (if the latter
exists) is called the mizing of the family (u¢)eez with respect to (mg)eez. Let ¥ be
a subset of %. The totality of all mixings of arbitrary (finite) families in ¥ is called
the cyclic hull (the finstely cyclic hull) of ¥ and denoted by mix ¥ (by mixgsi, ¥).
The cyclic hull of the union ¥ U {0} is called the d-closure of ¥ and denoted by d¥'.
Similarly, the symbol din ¥ is used to denote the finitely cyclic hull of ¥ U {0}.
The set ¥ is called cyclic (finitely cyclic) if mix ¥ = ¥ (mixgin ¥ = ¥). It easy
to verify that the (finitely) cyclic hull of a set ¥ is the smallest (finitely) cyclic set
that includes 7. Obviously, for a set 7 to be finitely cyclic, it is sufficient that it
contain the sums mv + 71w for all v,w € ¥ and 7 € Pr(%).

5.1.9. Let % be an arbitrary, not necessarily d-decomposable, LNS over an ar-
bitrary vector lattice E. Suppose that a d-decomposable LNS % over E contains %
as a subspace with the induced norm. We say that the LNS % is a d-decomposable
hullof % , if dgin% = % ,i.e., % is a minimal d-decomposable LNS that contains %

as a subspace with the induced norm.

Proposition. Suppose that a vector lattice E possesses the principal pro-
Jjection property. Then every (not necessarily d-decomposable) LNS over E has
a d-decomposable hull which is unique to within an isometry.
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< In order to construct a d-decomposable hull of an LNS % over E, we em-
ploy the schema of formal mixing, which is traditionally used in similar situations
(cf. [5, 6, 16]). Denote by % the totality of all finite families ((7r;, u,-)) icl of elements
in Pr(E) X % such that (7;)ier is a partition of unity in the Boolean algebra Pr(E).
Introduce in % the equivalence relation by letting ((ri,ui)ie P ((pj,vj))j es if
and only if 1r,-pj|u; — vjl =0foralli € I and j € J. Define % to be the quotient set
?’-/V/r\a and agree to denote the coset of a family ((w;,ui)_ia by 3 ;ermiui- By idili_
tifying the elements u € % with “monomials” lu € %, we assume that % C %.
It is easy to become convinced that % is an LNS over E under the operations

Y omui Y pvii= Y mips(ui+v;),

i€l j€J t€l,jed
)\Z’R’iu; = Zﬂ';)\u;,
i€l i€l
Emu,- = Zm[u;l
i€l i€l

and is a d-decomposable hull of %. Uniqueness of a d-decomposable hull is obvi-

ous. D

5.1.10. Let E be a universally complete K-space and let (E¢)¢cz be a fam-
ily of pairwise disjoint ideals of E. The symbol 69665 E; denotes the ideal of
the K-space E constituted by all elements e € E that satisfy the relation (E¢)e € E
for each £ € E. Obviously,

PDeE = {OZ e¢ : (eekeez €[] Ee}-

£€E £€E £€=

Suppose that, for every £ € =, we are given an LNS % over E¢. It is not difficult
to become convinced that the vector space [[;cz % is an LNS over B,z E¢ with
respect to the norm I(uf)f‘EEI = O'ZeeE |u5| This LNS is denoted by EB{GE U
and called the disjoint sum of the family of LNSs (% )¢c=.

5.1.11. Let E and F be K-spaces and let % be an LNS over E. Suppose that
a function S: E — F satisfies the following conditions:

(a) S(e1 + €2) < Sey + Seg for all positive ey,e; € E;



Disjointness Preserving Operators 367

(b) S(Ae) = ASe for all positive e € E and A € R;
(c) if 0 < €1 < g then Sey < Sey.

Consider the vector subspace % := {u € % : S|u| = 0} and agree to denote by
Sau the coset in % /% containing an u € %. It is easy to become convinced
that the space % /% is an LNS over F with respect to the norm |Squ| := Sjul.
Observe that the LNS % /% need not be d-decomposable (for instance, in case
% = E = F =R? and S(z,y) = (z,z)). Slightly abusing the language, we call
a d-decomposable hull of the LNS % /%, the norm transformation of % by means
of S and denote it by S%. The linear operator So : % — S% is called the operator
of norm transformation of % by means of S.

5.1.12. As is known (see 1.3.7(8)), every universally complete K-space E can
be endowed with multiplication so that E becomes a commutative ordered algebra.
If we additionally fix an order unity in E and require it to be a multiplication unity
then the way of introducing multiplication in E becomes unique. Furthermore, for
every f € E, there exists a unique element g € E such that fg = (f}1, where1 € E
is the multiplication unity. We denote such an element g by 1/f. The product
e(1/f) is denoted by e/ f for brevity.

As is known (see 1.6.5), every BKS % over a universally complete K-space E
with a fixed order unity 1g can be endowed with the structure of a module over E
so that 1gu = u and |eu| = |e||u] for all e € E and u € . Below (see 5.5.17)
we will see that the relation [eu| = |e|ju]| uniquely determines the structure of
a module in %.

Let % be an arbitrary BKS over an order-dense ideal E of a universally com-
plete K-space & with a fixed order unity. Given arbitrary ¢ € & and u € %, we
say that the product eu is defined in % (and write eu € %), if the product eu
calculated in the universal completion of % belongs to %. Obviously, the latter is
true if and only if |e||u] € E.

5.1.13. The module structure of a BKS is often used for finding elements that

satisfy certain conditions imposed on their norm. Here is one of typical examples.

Lemma. Let % be a BKS over E. For all u € % and e € E*, there exists
an element u, € % such that |u.| = e and |u — ue| = ||u] — €l.

< Fix an order unity 1 in the universal completion E of the K-space E, en-
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dow E with the corresponding multiplication and introduce in the universal com-
pletion % of % the structure of a module over E. Let @ be an element of % such

that |a| =1 and u = |u|a. Obviously, u, := eu is the desired element. ©

5.2. Order Approximating Sets

In this section, we introduce the notions of order approximating and h-approx-
imating subsets of an LNS. We also present equivalent descriptions of the notions
in terms of convergences of various types. The notion of order approximation seems
to be useful in the general theory of LNSs. As for h-approximation, it will play its

role in studying disjointness preserving operators.

5.2.1. Lemma. Let % be an LNS over a K -space E and let ¥ be a finitely
cyclic subset of % . Then, for every u € %, there exists a net (vy)aea I ¥ such
that the net (Ju - val)aEA decreases and {|u —va|:a € A} ={Ju—v|:v € ¥V}
In particular, Ju — va] \, infyey Ju — v].

< Suppose that a set ¥ C % meets the hypothesis of the lemma and fix
an arbitrary element u € % . We introduce in ¥ relations of equivalence and

preorder as follows:

vrw & Ju—v|=]u—wl|,

vsw & |lu—v]| 2 |lu—w|

For any two elements v,w € ¥ we can find a projection # € Pr(E) such that
lu —(mv + W'Lw)l = |u — v| A |u — w]. Since ¥ is finitely cyclic, the latter means
that the set (¥, <) is directed. Therefore, the quotient set A := ¥/~ (endowed
with the quotient order) is a directed ordered set. Taking an element v, € « in

every coset a € A, we obtain the desired net (va)aea. D

5.2.2. Let ¥ be a subset of an LNS %. We say that ¥ (orderly) approzimates
an element u € % if infyey |u —v| = 0. We say that ¥ (orderly) approzimates
o subset W C % if ¥ approximates every element of #". A subset of % is called
(order) approzimating if it approximates /. Any order dense ideal of an LNS is

an example of an approximating set.

Proposition. Let X, Y, and Z be subsets of an LNS. If X approximates Y
and Y approximates Z, then X approximates Z.
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< For an arbitrary element z € Z, denote inf;¢x |z — 2| by € and assume by
way of contradiction that e # 0. Since infyey |y — 2| = 0, there is an element y € ¥
and band projection p such that p|y — z| < pe/2. Similarly, in view of the equality
infzex |z — y| = 0, there is an element z € X and an band projection 7 such that

wlz — y| < wpe/2. The following contradictory relations complete the proof:
npe < mplz — z| < wple —y| + 7ply — 2| < wpe/2 + wpe/2 = wpe. >

5.2.3. Proposition. Let ¥ be a subset and let u be an element of an LNS.
The set ¥V approximates u if and only if u is the o-limit of some net in mixg, V.

< If ¥ approximates v then inf {|u —w] : w € mixg, “//} = 0. Therefore, in
view of 5.2.1, there exists a net (wq)oea in mixgy, ¥ such that |u — wa] \, 0.
Conversely, if u is the o-limit of a net in mixg, ¥ then mixg;, ¥ approximates u.

It remains to use Proposition 5.2.2 on observing that ¥ approximates mixg, ¥. >

Corollary. If a subset ¥ of an LNS % is finitely cyclic, then its o-closure
consists of all elements u € % approximated by V.

Corollary. If a subset ¥ of an LNS % is finitely cyclic, then its o-closure is
o-closed and, hence, is the least o-closed subset of % that includes ¥

< The claim follows from the previous corollary and Proposition 5.2.2. >

5.2.4. Proposition. The following properties of a subset ¥ of an LNS %
are equivalent:

(1) ¥ is an approximating subset of % ;

(2) for every ideal % C %, the set diin¥ N % is o-dense in %;
(3) the set dgin ¥ is o-dense in % ;

(4) diin ¥ is an approximating subset of % .

< The implications (2) = (3) = (4) are obvious. It remains to prove that
(1) = (2) and (4) = (2).

(1) = (2): Suppose that the set ¥ C % satisfies condition (1), fix an arbitrary
ideal % C % and its element u € %, denote the set dgjn ¥ N % by #/, and
assign e := infyew |u — w]. Obviously, e < |u]. According to 5.2.1, there exists
a net (wq)eea in # such that |u —we| \, e. It remains to show that e = 0.
If e # 0 then, in view of 5.2.3, there are w € mixg, ¥ and 7 € Pr(E) such that
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m|u — w| < we. The inequalities |rw| < |7w — mu| + |ru] < e + |u| € 2|u] ensure
the containment 7w € #  and, thus, we have the following contradictory relations:
me < mlu — Tw| < we.

(4) = (1): Denote the set dgin ¥ by # and suppose that it is an approximating
subset of % .

Denote inf,ey |v| by e and prove that e = 0. If it is not so, then there is an ele-
ment u € % that satisfies the inequalities 0 < |u] < €/2. Sinceinfyew |[u — w| =0,
there is an band projection 7 # 0 and an element w = mv; + -+ + v, € ¥
(vi € V) such that mo|u — w| < mo|u| for all 0 # 7o < 7. It is clear that 7w # 0
and, hence, p := T A7 # 0 for some ;. Now, the inequalities p|u — v;] < pju] < pe/2
lead to a contradiction: pe < plvi| < plu — vi| + plu] < pe/2 + pe/2 = pe.

Thus, inf,ey v} = 0, which implies that ¥ approximates ¥ U{0}. However, it
is obvious that the set ¥'U {0} approximates dsin ¥ and the latter approximates % .
It remains to apply Proposition 5.2.2.

REMARK. Replacing dfiy ¥ by mixgiy, ¥ in condition (2) of the last proposition
can lead to a nonequivalent assertion even if % = E. Indeed, the totality ¥ of
all numeric sequences convergent to 1 is an approximating subset of the K -space
% of all sequences; however, the set mixsin ¥ coincides with ¥ and has empty

intersection with the order-dense ideal %4 C % of all vanishing sequences.

5.2.5. Lemma. If ¥ is an approximating subset of a d-complete LNS % over
E then, for every u € %, e € E, and n € N, there exists an element w € mix ¥
satisfying the inequality (e)|u — w| < e/n.

< Suppose that % and ¥ meet the hypotheses of the lemma and consider
arbitrary elements u € %, ¢ € E, and n € N. According to 5.2.4, there is a net
(Va)aea in mixsiy ¥ o-convergent to u. We may assume that this net is order
bounded. In view of 1.3.9, there is a partition of unity (7%)aeca in the Boolean
algebra Pr(E) such that 77 ({e}|ve — u| < e¢/n for all @ € A. 1t is clear that the sum
W = 0-),ca Tavq is the desired element of mix ¥. >

5.2.6. Suppose that an order unity 1 is fixed in the norming K-space of
an LNS. Then the r-convergence with regulator 1 is called the uniform conver-
gence in the LNS. The notions of uniformly dense subset and uniform closure are
introduced in such an LNS similarly.
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Proposition. Let ¥ be a subset and let u be an element of an LNS over
a K -space with a fixed order unity. The set ¥ approximates u if and only if u is

a uniform limit of some sequence in mix ¥

< Necessity is a straightforward consequence of Lemma 5.2.5; sufficiency is

established as in the proof of Proposition 5.2.3. >

5.2.7. Proposition. Let % be a d-complete LNS over a K -space with a fixed
order unity. The following properties of a subset ¥ C % are equivalent:

(1) ¥ is an approximating subset of %

(2) for every ideal % C %, the set d¥ N % is uniformly dense in %;
(8) d7 is uniformly dense in %;

(4) dV is an approximating subset of % .

< Suppose that an LNS % over E meets the hypotheses of the proposition
and 1 is an order unity in E. The implications (2) = (3) = (4) are obvious
and the implication (4) = (1) is established as in the proof of Proposition 5.2.4.
It remains to show that (1) = (2).

Suppose that a subset ¥ C % satisfies condition (1), fix an arbitrary ideal
% C %, and denote the set d¥ N % by #'.

Show that #  approximates %;. For this purpose, we fix an arbitrary element
u € %, assign e := infyew |Ju — w|, and establish the equality e = 0. If € # 0 then,
in view of 5.2.6, there are w € mix¥ and n € Pr(E) such that n|u — w| < =e.
Obviously, e € |u]. The inequalities |rw| < |rw — 7u| + [ru| < e + |u] € 2|u]
ensure the containment 7w € # and, thus, we have the following contradictory
relations: e € 7|u — 7w| < we.

Since # approximates %, in view of 5.2.5 there exists a sequence (wy)nen
in mix# such that (u)|u —w,] < (Ju] A1)/n for all n € N. It is clear that
the sequence ((u)wn)n N 18 constituted by elements of # and r-converges to u
with regulator 1.

REMARK. Replacing d¥ by mix ¥ in condition (2) of the last proposition
can lead to a nonequivalent assertion even if % = E. Indeed, the totality ¥ of
all numeric sequences with every member nonzero is an approximating subset of

the K-space % of all sequences; however, the set mix ¥ coincides with ¥ and has
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empty intersection with the order dense ideal % C % of all finitary (= terminating)

sequences.

5.2.8. Proposition. Let ¥ be a subset and let u be an element of an LNS.
The set ¥V approximates u if and only if u is the r-limit of some sequence in

mix ¥ .

< SUFFICIENCY: Suppose that ¥ approximates u. Consider an arbitrary
element v € ¥ and assign e := |u]| V |v]. It is sufficient to fix an n € N and
find an element w € mix ¥ that satisfies the inequality |u — w| < e/n. According
to Lemma 5.2.5, there exists an element wo € mix ¥ that satisfies the inequality
(e)Ju — wo| < e/n. Itis clear that the sum (e)wo+(e)Lv belongs to mix ¥, coincides
with (e)wg, and, thus, is the desired element w.

Necessity is established in the same way as in Proposition 5.2.3.

5.2.9. Proposition. Let % be a d-complete LNS. The following properties
of a subset ¥ C % are equivalent:

(1) ¥ is an approximating subset of %

(2) for every ideal % C %, the set d¥ N % is r-dense in Y;
(3) d¥ is r-dense in %;

(4) dV is an approximating subset of % .

< The implications (2) = (3) = (4) are obvious, the equivalence (4) & (1) is
established in Proposition 5.2.7, and the proof of the implication (1) = (2) word for
word repeats that of the analogous implication in Proposition 5.2.7, with the only
difference that 1 is replaced by |u]. >

REMARK. Replacing d¥ by mix ¥ in condition (2) of the last proposition can
lead to a nonequivalent assertion. There is an appropriate example in the previous
remark (see 5.2.7).

5.2.10. A net (eq)aea In a vector lattice E is said to be asymptotically bounded
if there exists an index & € A such that the set {eq : @ > a} is order bounded.
Obviously, every o-convergent net is asymptotically bounded.

In the sequel, we need some modification of Theorem 1.3.9.

Lemma. Let (eq)aca be a net in a K-space E and let e € E.
(1) The net (eq)aca o-converges to e if and only if it is asymptotically
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bounded and the relation o-limaea(d)(|ea —€| > d) = 0 holds in the Boolean
algebra Pr(E) for all positive d € E.

(2) Let D be a set of positive elements in E such that the band D1 contains
e and all the members of the net (eq)aca. If the net (eq)aca is asymptotically
bounded and o-limaea (d)(|ea — €| > d/n) =0 for all d € D and n € N, then

o-limyep €4 = €.

< (1) 1t is easy to verify the necessity of the criterion formulated, and its
sufficiency follows from (2).

(2) Let an index @ € A be such that the set {eq : a > a} is bounded. Assign
eo :=infazasupgy, les — €], If the net (e4)aeca does not converge to e then ey > 0
and, thus, there are 7 € Pr(E), d € D, and n € N such that 0 < xd/n < e,.

Therefore, for each index a > &, we have

sup(d)(Jes — ¢| > d/n) = <d><;g§ leg — ¢l > d/n) > ,

za

which contradicts the convergence of (d)(|e — €| > d/ n) to zero. >

Corollary. Suppose that a K-space E has an order unity 1, (ea)aca is
an asymptotically bounded net in E, and ¢ € E. Then o-limgca €q = € if and
only if the relation o-limaea (leq ~ €] > 1/n) = 0 holds in the Boolean algebra
Pr(E) for all n € N.

The condition of asymptotic boundedness presented in the above assertions is
essential. Indeed, let a net (74 )aea of band projections and an element ¢ € E be
such that o-limaea 7o = 0 and 7qe # 0 for all @ € A. Endow the Cartesian product
A x N with the lexicographic order:

(e,m)<(B,n) & a<pB or (a=p and m < n).

Then o-lim(q n)ea xN(d)<|n7rae| > d> = 0 for all positive d € E; however, the net

(nTa€)(a,n)eaxN i Dot asymptotically bounded and, hence, has no order limit.

5.2.11. By simplifying the proof of Lemma 5.2.10, we can obtain the following

assertion.
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Lemma. Let (e¢)¢cz be a family of positive elements of a K -space E.

(1) The equality infeez e = 0 is valid in the K -space E if and only if the re-
lation infeez(d){e¢ > d) = 0 holds in the Boolean algebra Pr(E) for all positive
deE.

(2) Let D be a set of positive elements of E such that e € D1+ for all ¢ € E.
If infeez(d)(e¢ > d/n) =0 for all d€ D and n € N, then infeez e = 0.

Corollary. Suppose that a K-space E has an order unity 1 and (e¢)eez is
a family of positive elements of E. Then inf¢ez e¢ = 0 if and only if the relation
infeez(e¢ > 1/n) = 0 holds in the Boolean algebra Pr(E) for all n € N.

5.2.12. Throughout the remainder of the current section, we assume that E
is a K-space, B is a complete Boolean algebra, and h : Pr(E) — B is a ring
homomorphism. Say that a net (74)aca in Pr(E) h-converges to zero and write
h-limyea mo = 0 whenever o-limyep 7o = 0 in the Boolean algebra Pr(E) and
o-limyea h(mo) = 0 in the Boolean algebra B. In case h-limaep 7 = 0, ie., if
o-limgea 7o = 1 and o-limgep (7o) = h(1), we say that the net (7o )aca h-con-
verges to unity and write h-limgea o = 1. We say that a net (eq)oca in E h-con-
verges to e € E and write h-limaep e = € if the net (e4)aeca is asymptotically
bounded and h-limaea (d)(lea — €| > d) = 0 for all positive d € E. In this case,
we call the element e the h-limit of the net (eq)aca. We say that a net (uaq)qea
in % h-converges to u € % and write h-limgea g = u if h-limyea Jue — u] = 0.
In this case, we call the element u the h-limit of the net (uq)aca. The totality
of the h-limits of all h-convergent nets in a subset ¥ C % is called the h-closure
of ¥. We call a set h-closed if it coincides with the h-closure of itself. We say that
a set is h-dense in % if its h-closure coincides with % .

If a family (m¢)¢ez in Pr(E) is such that infgez m¢ = 0 in the Boolean algebra
Pr(E) and inf¢ez h(m¢) = 0 in the Boolean algebra B, then we write h-infgez me =0.
In case h-infgez 7 = 0, ie., if supgezme = 1 and supges h(me) = h(1), we
write h-supgez m¢ = 1. For an arbitrary family (eg)eez of positive elements of
a K-space E, the notation h-infgez e; = 0 means that h-infeez(d)(ee > d) = 0 for
all positive d € E.

REMARK. The criterion for o-convergence which is formulated in Corollary

5.2.10 has no analog for h-convergence. The same is true of Corollary 5.2.11. In-
deed, consider as E the K -space of all numeric sequences. Let the Boolean homo-
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morphism k : Pr(E) — {0,1} be the characteristic function of some nonprincipal
ultrafilter in the Boolean algebra Pr(E). Denote by F the set of all positive se-
quences convergent to 1. Obviously, the sequence e = (m)men is an order unity in £
and the relation h-infse p( f>e/ n> = 0 holds for all n € N. Moreover, indexing
each element of F' by itself and endowing the index set with the reverse pointwise
order, we obtain a set (f)ser that satisfies the relation h-limger(f > e/n> =0.
Nevertheless, h(f > 1/2> =1forall feF.

The following assertion follows from Lemmas 5.2.10 and 5.2.11.

Proposition. (a) For every net (eq)aca in E and arbitrary element e € E,
from h-limgep €o = e it follows that o-limyea eq = €. If the homomorphism
h is o-continuous, then the relations h-limyca € = € and o-limyep €4 = € are
equivalent.

(b) For every net (e¢)eez of positive elements of E, from h-infeez e = 0 1t fol-
lows that inf¢ez e = 0. If the homomorphism h is o-continuous, then the relations

h-infeez e¢ = 0 and infeez e = 0 are equivalent.

5.2.13. REMARK. In the sequel of the current chapter, while establishing
equalities of the form limaea h({d){ea > d)) = 0 or infeez h({d)(e¢ > d)) = 0,
we often assume that h{d) = 1. This assumption does not restrict generality. In-

deed, leaving aside the trivial case h{d) = 0 and replacing B by the Boolean algebra
{b€ B:b< h(d)}, we arrive at the situation h(d) = 1.

5.2.14. Let ¥ be a subset of an LNS %. We say that ¥ h-approzimates
an element u € % if h-inf,cy |u —v| = 0. We say that ¥ h-approzimates a set
W C % if ¥ h-approximates every element of #. A subset of an LNS % is called
h-approzimating if it h-approximates %. From Proposition 5.2.12 it follows that
every h-approximating set is approximating and, in case the homomorphism A is

o-continuous, the notions of approximating and h-approximating set coincide.

Proposition. Let X,Y, and Z be subsets of an LNS. If X h-approximatesY
and Y h-approximates Z, then X h-approximates Z.

< Consider an arbitrary element z € Z, fix a positive element d of the norm-
ing lattice, and assign b := infzex h((d)(|z — 2| > d)). Due to 5.2.2, it is sufficient
to establish the equality b = 0. For simplicity, we assume that h{d) = 1 (see 5.2.13).
Suppose to the contrary that b # 0. Then, in view of infycy A(ly — 2} > d/2) =0,
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there is an element y € Y such that by := b A h{ly — 2| > d/2) < b. Similarly,
in view of the equality inf,ex h{lz — y| > d/2) = 0, there is an element z € X
such that (b\bo) A h{lz —y| > d/2) < (b\by). It is easy to verify that z satisfies
the inequality b A h{]z — z| > d) < b, which contradicts the definition of b. >

5.2.15. Proposition. Let ¥ be a subset and let u be an element of an LNS.

The set ¥ h-approximates u if and only if u is the h-limit of some net in mixg, V.

< NECESSITY: If ¥ h-approximates u then, in view of 5.2.1, there exists

a net (Wq)aca in Mixgn ¥ such that the net (Iu — Wy I)a €A decreases and
{lu —wql:a €A} ={|u—w|:w € mixg, ¥}.

It remains to observe that h-limyea |u — wo| =0.

SUFFICIENCY: If u is the h-limit of a net in mixg, ¥, then mixg, ¥ h-ap-
proximates u. It remains to observe that ¥ h-approximates mixs, ¥ and to use
Proposition 5.2.14. >

Corollary. If a subset V' of an LNS % is finitely cyclic, then its h-closure
consists of all elements u € % h-approximated by V.

Corollary. If a subset ¥V of an LNS % is finitely cyclic, then its h-closure
is h-closed and, hence, is the least h-closed subset of % that includes V.

< The claim follows from the previous corollary and Proposition 5.2.14.

5.2.16. Proposition. Let ¥ be a subset of an LNS % and satisfy the relation

h-inf,ey |v]| = 0. Then the following assertions are equivalent:

(1) ¥ is an h-approximating subset of %

(2) for every ideal % C %, the set dgin ¥ N % is h-dense in %p;
(3) the set dgin ¥ is h-dense in %

(4) dgin¥ is an h-approximating subset of % .

< The implications (2) = (3) = (4) are obvious. It remains to prove that
(1) = (2) and (4) = (1).

(1) = (2): Suppose that a subset ¥ C % satisfies condition (1). Fix an
arbitrary ideal % C % and denote the set dgin ¥ N %4 by #. Consider an arbitrary
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element u € %. According to 5.2.15, there exists a net (wq)aea in mixg, ¥ that

h-converges to u. For each a € A, we assign 74 := {Ju — w,| < |u]). The relations

Iﬂawal < Iul + Iu - Wawa' = Iul +(7T01|u _wal +7er;|u|)

< lul + (molul + w3 |u]) = 2]u]
ensure that the net (Tawq)aea is constituted by elements of # and the relations
lu = Tawa| = To|u — wao| + W&L|u| < malu —we| + W(J;Iu —wo| = |u — wq

together with hA-limaea |u — wo| = 0 give hA-limyen [u — Towo| = 0.

(4) = (1): From the relation h-inf,ey |v]| = 0 it follows that ¥ h-approximates
7 U {0}. On the other hand, the set ¥ U {0} obviously h-approximates dgj, ¥,
the latter in turn h-approximating % . It remains to apply Proposition 5.2.14. >

5.2.17. The difference between the statements of Propositions 5.2.4 and 5.2.16
is essential: the condition h-infyey |v] = 0 in the latter proposition cannot be
omitted. Indeed, consider the K-space E of all numeric sequences and assign
% = {u € E : inf(Lim|u[\{0}) > 0}, where Lim|u| is the set of all partial
limits of the sequence |u|. We make % an LNS over E by defining |u| := |u] for all
u € % . As in Remark 5.2.12, let the Boolean homomorphism h : Pr(E) — {0,1} be
the characteristic function of some nonprincipal ultrafilter in the Boolean algebra
Pr(E). Consider as ¥ the set {u € E : inf Lim |u| > 0} and assign d := (1/n).en.
It is clear that dgin ¥ = %; however, h{jv| > d) =1 forallv € ¥.

Proposition. Let % be an LNS over E. Suppose that, for every positive
e € E, there is an element u € % satisfying the inequalities e < |u| < 2e (this
is true, for instance, in case % is o-complete, see 1.6.3). Then the condition

h-inf,ey |v] = 0 in the statement of Proposition 5.2.16 can be omitted.

< Consider an arbitrary subset ¥ C %, denote dgi, ¥ by #/, suppose that #
h-approximates %, and establish the relation h-inf,ey |v| = 0. Due to 5.2.4
(we now use the implication (4) = (1)), it is sufficient to fix an arbitrary positive
element d € E and to show that
inf h((d){]v] > d)) =0.

vEY
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For the sake of simplicity, we assume that h{d) = 1 (see 5.2.13). Denote the element
infyey h{lv] > d) by b and assume to the contrary that b # 0. Consider an arbitrary
element u € % satisfying the inequalities d/4 < |u] < d/2. In view of the equality
infyew h{Ju —w] > d/5) = 0, there exists an element w = 7v1 + -+ + Tpvp € #
(vi € ¥) such that b A h(Ju — w| > d/5) < b. Using the equality

(lu —w| > d/5)
=m{lu—vi] >d/5) V- Vap{lu —va| > d/5) V(7 V---Vrn)‘L(d),

it is easy to verify that bAR(Ju — v;] > d/5) < bfor at least one index : € {1,...,n}.
Then, applying the relations

(loil > d) < (lu — vil + [u] > d) < (fu —vil > d/2) < (Ju —vi] > d/5),

we arrive at the equality b A h{]vi] > d) < b, which contradicts the definition
ofb. D

5.2.18. A disjoint family (7¢)¢ez in the Boolean algebra Pr(E) is called an
h-partition of unity if h-supgezme = 1. If (ug)eez is an arbitrary family in
an LNS % over E and (7¢)¢ez is an h-partition of unity in Pr(E), then we call
the sum 0-) .= meug (if it exists) the h-mizing of the family (ug)eez with respect
to (m¢)ee=. For an arbitrary subset 7" C %, the totality of various h-mixings of all
(all countable) families in ¥ is called the h-cyclic hull (the countably h-cyclic hull)
of the set ¥ and denoted by h-mix ¥ (by h-mix, ¥, respectively). A set ¥ C %
is called h-cyclic if it coincides with the h-cyclic hull of itself. It is easy to verify
that the h-cyclic hull of ¥ is the least h-cyclic set that includes 7.

5.2.19. REMARK. We confine ourselves to the criteria for h-approximation
given in Propositions 5.2.15 and 5.2.16. We did not succeed in using the notion of
h-cyclic hull to obtain efficient descriptions for h-approximation analogous to those
presented in 5.2.6-5.2.9.

5.3. Order Bounded Operators

In this section, we depart from the general conventions made in 5.1.7 and
consider not only decomposable LNSs over K -spaces but also arbitrary LNSs over
arbitrary vector lattices. We do it not for the sake of generality but rather for
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avoiding duplication of formulations both for LNSs and vector lattices. Indeed,
every vector lattice together with the modulus function |-| is an LNS over itself.
Thus, a definition or an assertion formulated for LNSs can be formally extended to
the case of vector lattices. Observe that a vector lattice is o-complete as an LNS

(i.e., is a BKS) if and only if it is a K-space.

5.3.1. Let % be an LNS over a vector lattice E. A net (uq)aca in Z is called
asymptotically bounded if the net (Juqs|)aea possesses this property; i.e., if there
exists an index @ € A such that the set {Juqs| : @ > @} is order bounded in E.

(a) We say that a subset # C % is r-annullable (0-annullable, boundable)
if, for every net (wq)aca in # and every vanishing numeric net (¢4)aca, the net
(EaWa)aea is T-convergent to zero (o-convergent to zero, asymptotically bounded).

(b) We say that a subset # C % is countably r-annullable (countably o-an-
nullable, countably boundable) if, for every countable net (wq)aca in # and every
vanishing numeric net (€4)aea, the net (€4wq)aea is r-convergent to zero (o-con-
vergent to zero, asymptotically bounded).

(c) We say that a subset #' C % is sequentially r-annullable (sequentially
o-annullable, sequentially boundable) if, for every sequence (wp )nen in # and every
vanishing numeric sequence (&, )nen, the sequence (€, wy ))ney is r-convergent to zero
(o-convergent to zero, bounded).

(d) We say that a subset # C % is semibounded (countably semibounded,
sequentially semibounded) if, for every net (countable net, sequence) (wq)aea in #
and every vanishing numeric net (€4)aea, the relation infaea |€awa] = 0 holds in
the vector lattice E.

Theorem. Let % be an LNS over a vector lattice E and let # C % .

(a) The following assertions are equivalent:

(1) the set # is r-annullable;

(2) the set # is o-annullable;

(3) the set ¥ is boundable;

(4) the set {jw}: w € #'} is order bounded in E.
(b) The following assertions are equivalent:

(1) the set # is countably r-annullable;

(2) the set # is countably o-annullable;

(3) the set # is countably boundable;
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(4) for every countable subset Wy C ¥, the set {|w|: w € #4} is order
bounded in E.
(c) The following assertions are equivalent:
(1) the set W is sequentially r-annullable;
(2) the set W is sequentially o-annullable;
(3) the set ¥ is sequentially boundable.
(d) The following assertions are equivalent:
(1) the set ¥ is semibounded,
(2) the set # is countably semibounded,
(3) the set ¥ is sequentially semibounded;
(4) infpen |wn]/n = 0 for every sequence (wp)nen in #'.

< (a) The implications (4) = (1) = (2) => (3) are obvious. We will show
that (3) = (4). Order the Cartesian product # x N by comparing the second
component: (w1,n1) < (w2,n2) € ny < ng. Applying assertion (3) to the nets
(w)(w,nyewxn and (1/1)(y n)ew xN, We obtain a pair (@0,n) € # xN and an element
e € E such that |w/n| < ¢ for all (w,n) > (¥,7). In particular, |w/(7 +1)| < e
for all w € #/, which implies that the set {jw]: w € #'} is bounded from above by
(7 4 1)e.

(b) This is established in the same way as (a).

(c) The implications (1) = (2) = (3) are obvious. We will show that (3) = (1).
Fix an arbitrary sequence (w;, )nen in # and a vanishing numeric sequence (€, )nen-
According to (3), the set {I|<‘:n|l/2
In order to prove assertion (1), it remains to observe that |e,wn| < |€,,|1/ %e for all
n €N,

(d) The implications (1) = (2) = (3) = (4) are obvious. We show that
(4) = (1). Fix an arbitrary net (wq)qea in # and a vanishing numeric net (€4 )aea-

wnl : n € N} has some upper bound e € E.

For each natural n € N, choose an index a(n) € A so that e4(n) < 1/n. Then,
using (4), we obtain the relations infyea |€qwa | € infpen Isa(n)wa(n)l =0. >

A subset # C % satisfying the conditions listed in items (a), (b), and (c)
of the last theorem is called bounded, countably bounded, and sequentially bounded,

respectively.

5.3.2. Obviously, every bounded set is countably bounded, every countably
bounded set is sequentially bounded, and every sequentially bounded set is semi-
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bounded. We observe that the four types of boundedness differ pairwise even if
% = E. Indeed, in the K-space of all functions e : R — R with countable supports
e”1[R\{0}], the set {e; : t € R} of the characteristic functions of all singletons
{t} C R is countably bounded but not bounded. The set {e : n € N} of the char-
acteristic functions of all singletons {n} C N is a sequentially bounded but not
a countably bounded subset of the K -space of vanishing numeric sequences.

We will give an example of a semibounded but not sequentially bounded subset
in the K-space M ([0, 1]) of cosets of real-valued Lebesgue-measurable functions on
the interval [0, 1]. For this purpose, we construct the family of intervals I}, (n €N,
m € {1,2,...,2"}) as follows:

e[ 1[5 2)
B[4 B L3 Be= R B
=[] B=lkE, . =525

and denote by f7 the coset in M([0,1]) containing the characteristic function of
the interval I7,. Then the set {2"f,',‘1 :n €N, me€ {1,2,...,2"}} is the desired one.

5.3.3. Theorem. Let % and ¥ be LNSs over respective vector lattices E
and F and let T be a linear operator from % into V.

(a) The following assertions are equivalent:
(1) T is r-continuous;
(2) T is ro-continuous;
(3) if r-limgea uq = 0 in % then the net (Tuy)aca is asymptotically
bounded,
(4) T takes bounded subsets of % into bounded subsets of ¥
(5) for every e € E*, the set {|Tu] : |u] < ¢} is bounded in F.

(b) The following assertions are equivalent:
(1) T is countably r-continuous;
(2) T is countably r-o-continuous;
(3) if r-limyea ue = 0 in % and the index set A is countable, then
the net (Tuqy)qea Is asymptotically bounded,
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(4) T takes countably bounded subsets of % into countably bounded
subsets of V;

(5) T takes bounded subsets of % into countably bounded subsets of 7,

(6) T takes countable bounded subsets of % into bounded subsets of V.

(c) The following assertions are equivalent:

(1) T is sequentially r-continuous;

(2) T is sequentially r-o-continuous;

(8) if r-limpenun, =0 in % then the sequence (Tun)nen is bounded;

(4) T takes sequentially bounded subsets of % into sequentially bounded
subsets of ¥,

(5) T takes bounded subsets of % into sequentially bounded subsets
of V.

(d) The following assertions are equivalent:
(1) if r-limyea uo =0 in % then infyen |Tuol = 0;
(2) if r-limgep uo = 0 In % and the index set A is countable, then
infoea 'Tuo1| = 0;
(3) if r-limpenupn in % then infpen |Tun| = 0;
(4) T takes semibounded subsets of % into semibounded subsets of ¥;
(5) T takes bounded subsets of % into semibounded subsets of V.

< (a) The implications (1) = (2) = (3) and (4) = (5) are obvious. Using
boundability as a criterion for boundedness (see Theorem 5.3.1(a)), it is easy to
deduce (4) from (3). It remains to show that (5) = (1). Suppose that the oper-
ator T satisfies condition (5) and, for every positive element e € E, denote by f,
some upper bound of the set {|Tu| : |u] < e} in the lattice F. Let (uq)aca be
an arbitrary net in % r-convergent to zero with regulator ¢ € E. Fix an arbitrary
number € > 0 and choose an index @ € A so that |uy| < €e for all @ > a. Then,
for all & 2> @, we have: |Tu,| = elTuo,/el <Lefe.

(b) The implications (1) = (2) = (3) and (4) = (5) = (6) are obvious.
Using countable boundability as a criterion for countable boundedness (see Theo-
rem 5.3.1(b)), it is easy to deduce (4) from (3). It remains to show that (6) = (1).
Suppose that the operator T satisfies condition (6). Let (uq)aeca be an arbitrary
countable net in % r-convergent to zero with regulator e € E. For every nat-
ural n, denote by a, an element of A such that Jus| < ¢/n for all @ 2> a,.
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The set % := {nus : n € N, @ € A, a 2 a,} is countable and bounded;
hence, there is an element f € F such that |Tu| < f for all u € 2. Then
[Tuo| = |Tnugl/n < f/n for all a 2 a,.

(c) The implications (1) = (2) = (3) and (4) = (5) are obvious. Using sequen-
tial boundability as a criterion for sequential boundedness (see Theorem 5.3.1(c)),
it is easy to deduce (4) from (3). It remains to show that (5) = (1). Let (#n)nen be
an arbitrary sequence in % r-convergent to zero with regulator e € E. Then there
exists a vanishing numeric sequence €, > 0 such that |u,| < €pe for all n € N.
Boundedness of the set {u,/e, : n € N} and condition (5) allow us to conclude
that the set {Tun/e, : n € N} is sequentially r-annullable and, hence, the sequence
(Tun)nen r-converges to zero.

(d) The implications (1) = (2) = (3) = (4) are obvious. We will show that
(4) = (1). Let (uq)aca be an arbitrary net in % r-convergent to zero with regulator
e € E. Then, for every natural n € N, there exists an index a(n) € A such that
|tta(n)| < €/n. Boundedness of the set {nuq(n) : 7 € N} and condition (4) allow us
to conclude that the set {Tnuq(,) : n € N} is semibounded, hence, infqea [Tuq | <
inf,en ITuo,(,,)l = infhen ITnua(,,)|/n =0 (see Theorem 5.3.1(d)). >

An operator T : % — 7V satisfying the conditions listed in items (a), (b),
(c), and (d) of the last theorem is called bounded, countably bounded, sequentially
bounded, and semibounded, respectively. Obviously, every bounded operator is
countably bounded, every countably bounded operator is sequentially bounded,
and every sequentially bounded operator is semibounded. We devote a large part
of this section to presenting examples which show that the four types of bounded-
ness of operators differ pairwise. Operators arising in each of the examples below

act from Banach spaces into K -spaces.

5.3.4. EXAMPLE. There exist a Banach space X, a universally complete
K-space F, and an operator T : X — F that is countably bounded but not
bounded.

We call a sequence (ai,as,...) of countable ordinals a, finitary if there is
an index n € N such that @, # 0 and a, = 0 for all m > n. In this case,
the number n is called the dimension of the sequence a and denoted by dim(a).
Denote the set of all finitary sequences of countable ordinals by A and endow it

with the lexicographic order by defining o < 3 if and only if, for some n € N, we
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have a; = B1, ..., Gn—1 = PBn-1, and a, < Pp. For all @, € A, we denote by
Ja, B[ the open interval {y € A: a <y < f}.

For every sequence a € A, assign
a+l:= (0(1, -+ +y Odim(a)—1> O¥dim(a) T 1,0,0,.. )

Consider o, € A. We say that « is a fragment of § and write a C S if o =
(B1, B2, - -+ Bdim(a)» 0,0,... ).

Lemma 1. For all o, € A, the following relations are equivalent:

(1) Je,a+1[N]B, 8+ 1[ # 2;

(2) lo,a+1{c]B,8+ 1 orJo,a+1[D]8,8+1];

(3) acBorBCoa.

< If dim(a) = dim(B) then the claim is obvious. For definiteness, assume
that dim(a) < dim(B). Therefore, if o < (f1,...,Bdim(a),0,0,...) then a + 1 < 3,
and if & > (B1,...,Bdim(a),0,0,...) then o > § + 1. In both cases, the intervals
la,a + 1] and |3, 8 + 1] are disjoint. The lemma is proven. >

Endow the set A with the order topology, for which {]a,[ : a,8 € A} is
a base of open sets. Denote by @} the Stone compactum of the Boolean algebra
Rop(A) of regular open subsets of A. Let U — U be an isomorphism of Rop(A)
onto the Boolean algebra Clop(Q) of clopen subsets of Q. Observe that Rop(4)
contains all intervals Ja, 8] (o, € A). For every sequence a € A, assign Q4 :=
Ja, @ + 1[" € Clop(Q) and denote the characteristic function of the subset Qo C Q@
by Xa- Thus, xo € C(Q).

Lemma 2. For every nonempty open set U C A and every n € N, there is
a sequence a € A such that dim(a) > n and |a,a+ 1[C U.

< By the definition of order topology, the set U includes some interval e, £,
@ < (. Assign m := min{s € N: o; < i} and k := max{m,n}. The sequence
(a1,...,ak,ap+1 + 1,0,0,...) is the desired one. >

Lemma 3. For every n € N, the relation
sup {la,a+1] : @€ 4, dim(a)2n} = 1
holds in the Boolean algebra Rop(A).

< The claim is immediate from Lemma 2. >
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Lemma 4. In the K-space Coo(Q) the sum fs := 0y, s dim(a)y, exists
for every countable subset S C A.

<4 The formula f(g) := },csdim(a)xq(g) defines a function f : Q — R.
According to [12: Chapter XIII, Theorem 2.32], in order to prove the lemma, it
is sufficient to establish that f~'(oco) is a meager subset of Q. Taking account of
Lemma 1, we conclude the following: if a point ¢ € Q satisfies f(q) = oo, then
there is a chain o C o® C ... C o™ C ... of pairwise different elements
in § such that ¢ € ey Qatm- Thus, f71(0) C N, en Uaes(n) @a> Where S(n) =
{a € §: dim(e) 2 n}. Consequently, the lemma will be proven if we establish that
int(), eyl UaES(n) Qo = 9, e, infnenSuP,eg(n) Qo = 0 in the Boolean algebra
Clop(Q) or, equivalently, inf,ey SUPaes(n)J@ @+ 1[ = 0 in the Boolean algebra
Rop(A).

Assume that the last equality does not hold. Then, according to Lemma 2,
there exists a sequence § € A such that the interval }8,8 + 1 is included in
SUP4es(n)|@, @+ 1[ for every n € N and, in particular, for n = dim(8) + 1. De-
note the set {y € S(dim(8) +1) : 18,8+ 1[N}y, v+ 1[ # @} by I'. Obviously,
18,8 + 1[ C sup,er J7,7 + 1[ and, consequently, for every sequence o < B+1, there
exists an element y € I such that v + 1 > a. However, Lemma 1 implies that Bis
a fragment of every element of I'; therefore, for all ¥ € T', we have

v+ 1= (ﬂlw . 7/6dim(ﬂ)77dim(ﬂ)+la +++ s Ydim(5) + 1707 07 .. )
< (/317 s 7ﬂdim(ﬂ)’7dim(ﬂ)+l + 17070’ e )
< (,31" .. 7ﬂdim(/3)’ sup (7('iim([3)+l + 1)’0707 .. ) < ﬂ +1,
Y €T

which easily yields a contradiction.

Let 2 be the vector space of all bounded functions z : A — R with countable
support {a € A : z(a) # 0}. Obviously, & is a Banach space with respect to
the uniform norm ||-|| , and a K -space with respect to the pointwise order.

Lemma 5. For every function © € &, the sum 0" , dim(a)z(a)yq exists
in the K-space Coo(Q).

< Denote by S the support of the function z € 2. Applying Lemma 4, we
have ) ., dim(a)z*(a)xa(g) € l|lz]| o fs(q) at every point ¢ € @, which implies
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the existence of the sum 0-y ¢ 4 dim(a)z¥ (@)x4 in Coo(Q). Similar arguments for
the function 2~ complete the proof of the lemma. >

We now begin defining the spaces X and F and the operator T. The Banach
space X is defined as the closure of the subspace of & constituted by all functions
with finite supports. As the K-space F, we take Coo(@). Finally, the operator
T : X — F is defined by the formula

Tz = o- Z dim(a)w(a)Xa,
a€A

in which the existence of the o-sum is guaranteed by Lemma 5.

The operator T is countably bounded. Indeed, if the norms of all the elements
of a countable subset X3 C X are bounded from above by a number A and S is
the union of the supports of all the functions in X, then, in view of Lemma 4, we
have |Tz| < Afs for all ¢ € X,. Thus, the operator T satisfies condition (b)(6)
of Theorem 5.3.3, i.e., it is countably bounded.

We show that the operator T is not bounded. For every sequence o € A, denote
the characteristic function of the singleton {a} C A by z4. If the set {Tz:z € X,
llzll . < 1} had an upper bound in the K-space F, then, according to Lemma 3,
for every n € N we should have

sup{Tz:z € X, ||z||,, € 1} 2 sup{Tzq: @ € 4, dim(a) > n}
> sup{nyx. : a € 4, dim(a) > n} =nlp,

where 1p is the identical unity. Thus, the operator T does not satisfy condition
(a)(5) of Theorem 5.3.3, i.e., it is not bounded.

5.3.5. EXAMPLE. There exist a Banach space X, a K -space F', and an operator
T : X — F that is sequentially bounded but not countably bounded.

< Endowing the vector space cg of vanishing numeric sequences with the uni-
form norm |-||, we obtain a Banach space to be denoted by X. On the other hand,
endowing the space ¢g with pointwise order, we obtain a K -space which we denote
by F. Consider the identity mapping T : ¢y — cg as an operator from X into F.
For every natural n € N, denote by e, the characteristic function of the subset
{n} C N. The operator T is not countably bounded, since it takes the bounded
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countable subset {e, : n € N} of the Banach space X into an unbounded subset of
the K-space F' (see (b)(6) of Theorem 5.3.3).

We will show that the operator T is sequentially bounded by using criterion
(¢)(3) of Theorem 5.3.3. Consider an arbitrary sequence (2, )nen in X convergent
in norm to zero and define a sequence z by the formula z(m) = sup,cy |zn(m)|
(m € N). It is sufficient to show that z(m) — 0 as m — oco. Fix an arbitrary
number ¢ > 0. Let a number 72 € N be such that ||z,|| < ¢ for all n > 72 and let
m € N be such that (|z1|V [z2| V-V [za[)(m) < € for all m > m. Then z(m) < ¢
forallm>m. >

5.3.6. EXAMPLE. There exist a Banach space X, a universally complete
K -space F, and an operator T : X — F that is semibounded but not sequentially
bounded.

<t Denote by A the set of all finite sequences of unities and zeroes: A :=
{(6(1),...,8(n)) : n € N, §(i) € {0,1}}. Enumerate the elements of the set A,
listing first all the sequences of length 1, then of length 2, etc.:

b :=(0), & :=(1)
b3 :=(0,0), & :=(0,1), & :=(1,0), & :=(1,1);

627!_1 :=(0,0,...,0), 62" :=(0,0,..‘,1), ceey 62n+1_2 ::(1,1,...,1);

For every element § = (6(1),...,8(n)) € A, denote by I; the following interval of

the real line:

[65_})4’%%)-{---'4-65:), %4—6—53—)_{....4_55:)4_2%]'

By way of explication, we observe that
Iy=0, Iy=1, I,=0}, I,=1% Iy, =1I%, Ij,=1I% ...,

where I, are the intervals considered in 5.3.2.
Denote by X the Banach space £'(A) of summable functions z : A — R
with the norm |[[z]| = } 5.4 [2(6)| and define F to be the K-space M([0,1]) of
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cosets of real-valued Lebesgue-measurable functions on the interval [0,1]. For ev-
ery element § € A, denote by fs the characteristic function of the interval I
and by f5 the coset in M([0,1]) that contains the function f5. Define the op-
erator T : X — F by the formula Tz = o) ;e 29™%2(8)f5, where dim$ is
the length of a sequence §. The last o-sum exists, since the corresponding pointwise
SUm Y 5cn 24im 8 (6) f5 is, obviously, measurable and the integral of its modulus is
equal to Y sen 2478 |2(6)| p(Is) = Ysen |2(6)| = ||z|| and, hence, is finite. Thus,
J |Tz| = ||z||, which immediately implies semiboundedness of the operator 7.

We show that the operator T constructed is not sequentially bounded. For ev-
ery element § € A, denote by €5 the characteristic function of the singleton {6} C A.
Then the sequence (27 4im é» egn)n €N

(fén)n eN with respect to the operator T does not r-converge to zero. >

converges in norm to zero; however, its image

5.3.7. Let % and ¥ be LNSs over respective vector lattices E and F. A pos-
itive operator S: E — F is said to be a dominant of an operator T: % — V if
|Tu] < Slu] for all u € % . An operator possessing a dominant is called dominated.
The totality of all dominated operators from % into ¥ is denoted by M(%Z, V).
Obviously, M(% , V) is a vector subspace of the space of all linear operators from %
into V.

Proposition. Let E and F be vector lattices and let % and ¥ be LNSs.
(1) An operator T: E — F is regular if and only if it is dominated.
(2) If an operator T: % — ¥ is dominated then it is bounded.

(83) If F is a K-space and an operator T: E — F is bounded then it is
dominated (= regular).

< Assertions (1) and (2) are obvious. A proof of (3) is presented in [12:
VIIL.1.27; 10: Theorem VIIL.2.2]. >

REMARK. A bounded operator need not be dominated. Indeed, by endowing
the vector space £*° of bounded numeric sequences with coordinatewise order, we
obtain a K-space (hence, a BKS) which is denoted by %. On the other hand, by
endowing £°° with the uniform norm, we obtain a Banach space (hence, a BKS)
which is denoted by ¥". Then the identity mapping of £°° onto itself, as an operator
from % into ¥, is bounded but not dominated.
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5.3.8. Theorem [16]. Let % be an LNS over E and let ¥ be an LNS over F.

(1) Every dominated operator T: % — V¥ possesses a least dominant (With
respect to the order of the vector lattice M(E, F) of regular operators), denoted
by |T| and called the ezact dominant of T.

(2) If ¥ is a BKS then the mapping |-|: T — |[T| is a decomposable
M(E, F)-valued norm on M(% ,7") under which M(%,V’) is a BKS.

5.3.9. Theorem [16]. Consider a BKS % over E, an LNS ¥ over F, and

a linear operator T: % — V. For each positive element e € E, assign

T¢(e) == {ITusl + - + | Tual : wi € Z, |l + -+ |unl < e},
T-(e) :={|Tur|+ -+ |Tun] : vi €%, lur] + -+ |un]| =€},

Ti(e):={|Tuil + - +|Tun] : ui € % are pairwise disjoint,
[ur] + -+ + Jun] < e}

The operator T is dominated if and only if, for every positive element e € E,
one (hence, each) of the sets T¢(e), T=(e), or Tyi(e) is bounded. In this case,
|T|e = supT¢(e) = supT=(e) = sup Ty (e) for all e > 0.

5.4. The Shadow of an Operator

Our main tool for studying disjointness preserving operators is the so-called
shadow, a ring homomorphism in Boolean algebras which is generated by the action
of the operator on bands. Many properties of an operator are expressible in terms

of its shadow. In particular, this is true of certain questions of continuity.

5.4.1. Let % and ¥ be LNSs. An operator T: % — ¥ is said to be dis-
joininess preserving whenever uy L us implies Tuy L Tus for all uy,us € Z. It is
not difficult to become convinced that every disjointness preserving positive oper-
ator in K-spaces is a lattice homomorphism. The following assertion shows that
all disjointness preserving operators, not only positive, are closely related to lattice

homomorphisms.

Theorem. Let E be a vector lattice, let F be a K-space, and let T: E — F
be a regular disjointness preserving operator. Assign p := (T*[E"]), where E* =
{e € E: e >0}. Then the operators poT and —poT are lattice homomorphisms.
In particular, T = (p — p1)|T|.
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< The claim follows directly from [21: Theorem 3.3]. >

In the sequel, we repeatedly use the last theorem in order to reduce considera-
tion of an arbitrary regular disjointness preserving operator to the case of a positive

operator.

5.4.2. The shadow of an operator T: % — ¥ is the mapping h: Pr(%) —
Pr(7) defined by the formula h(7) = sup,cq (T7u). In other words, h(r) =
(T[r%)).

Proposition. A linear operator in LNSs is disjointness preserving if and only

if its shadow is a ring homomorphism.

< Only necessity requires proving. Assume that a linear operator T: % — ¥
in LNSs % and ¥ is disjointness preserving. Without loss of generality, we may
assume that (imT)"" = ¥. Prove that the shadow h: Pr(%) — Pr(¥) of T is
a Boolean homomorphism. To this end, use Proposition 5.1.2. Let (71,72, 73) be
a partition of unity in the algebra Pr(%). Then

h(my) Ah(my) = sup (Tmiur) A sup (Tmaug) = sup (Tmug) A (Tmoug) =0,
u 1 E% u EU uy,u €%

i.e., h(my) L h(my). The relations h(m;) L h(m3) and h(my) L h(m3) can be estab-

lished similarly. Moreover,

A(m1)V h(ma)V h(ns) =  sup  (Tmiu) V(Tmous) V (Tmsus)
u1,U2,u3€
= sup <T(7r1u1 + moug + 7r3u3)> = sup (Tu) = 1,
u1,u2,u3€¥ wEY

whence it follows that (h(w),h(m2), h(m3)) is a partition of unity in the algebra
Pr(7). >

5.4.3. Proposition. Consider LNSs % and ¥, a linear operator T: % — ¥V
and a ring homomorphism h: Pr(%) — Pr(¥). The following assertions are
equivalent:

(1) h dominates the shadow of T (see 5.1.4);

(2) (Tu) < h(u) for all u € %;

(3) Tmu = h(x)Tu for all u € % and 7 € Pr(%).
If, in addition, h(l) = (imT) then each of conditions (1)~(3) is equivalent to
coincidence of the shadow of T with h.



Disjointness Preserving Operators 391

< The implications (3)=>(1)=(2) are obvious. Assume (2) to be satisfied
and prove (3). Fix arbitrary elements v € % and 7 € Pr(%). From (2) it follows
that Tnu and Tr1u are disjoint. Consequently, there exist a projection p € Pr(%)
such that T7u = pTu and Trtu = p1Tu. In order to ensure the equality pTu =
h(m)Tu, it is sufficient to show that p(Tu) = h(r)(Tu). The relations p(Tu) =
(Tru) < h(r) imply the inequality p(Tu) < h(7)(Tu). One can establish similarly
that p1(Tu) < h(n1)(Tu). The two last inequalities directly imply the equality
p{Tu) = h(m)(Tu).

According to Proposition 5.1.4, condition (1) and the equality A(1) = (im T
imply that the shadow of T coincides with h. >

5.4.4. Proposition. Let T be a dominated operator acting from a BKS into
an LNS. Then the shadows of T and |T| coincide.

< Let an operator T acts from a BKS % over FE into an LNS ¥ over F. De-
note the shadow of T' by ht and the shadow of | T| by hyr|. Of course, coincidence
of the functions hr: Pr(%) — Pr(¥) and hyr|: Pr(E) — Pr(F') is understood
with the identifications Pr(%) = Pr(E) and Pr(¥) = Pr(F) taken into account
(see 1.6.3). The inequality hr(r) < hyri(r) (v € Pr(E)) is obvious. To prove

the reverse inequality, it is sufficient to observe, that the conditions
e€E, n€Pr(E), uy,...,un €%, Jui]+--+|un] < we
imply
({Tur]+- - +1Tunl) = (|Trus |+ - +|Trugl) = (Trur) V-V (Tru,) < hp(n),

and to use the formula |T|re = sup T¢(we) (see 5.3.9). >

Corollary. A dominated operator T from a BKS into an LNS is disjointness

preserving if and only if its exact dominant |T| is disjointness preserving.

5.4.5. Let % and ¥ be LNSs and let h: Pr(%) — Pr(7) be a ring homomor-
phism. Following the general rule (see 5.1.1), we say that the mapping T: % — ¥
is h-o-continuous whenever h—lig{i uq = u (see 5.2.12) implies o- lié% Tuq = Tu for

every net (uq)aea in % and every u € %.
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Theorem. Let E and F be K-spaces. Every disjointness preserving operator

T: E — F is h-o-continuous, where h is the shadow of T.

< Since the shadow of |T| coincides with the shadow of T' (see Proposi-
tion 5.4.4), we may assume that the operator T is positive. To prove h-o-con-
tinuity of T, it is sufficient to consider a net (eq)aeca in E, which is h-convergent
to zero, and to show that o-iigi Te, = 0. Asymptotic boundedness of the net
(Teqa)aea follows from that of (eq)qea and from boundedness of T. According to
Lemma 5.2.10(2), o-convergence of Te, to zero will be established if we prove that
O'li£<Te><Te“ > Te/n) = 0 for all e € F and n € N. The latter relation can be

obtained as follows:

(Te)(Teq > Te/n) = (Te){(T(ea — e/n)) ™) = (Te)(T((ea — e/n)t))
< h((e))h{{(ea — e/n)")) = h({e){ea > ¢/n)) 2 0. >

Corollary. Every disjointness preserving dominated operator from a BKS

into an LNS is h-o-continuous, where h is its shadow.

< The claim follows from Proposition 5.4.4 and the last theorem. >

REMARK. It is sometimes useful to take the following fact into account (the
fact follows directly from the last assertion): if % is a BKS, ¥ is an LNS, and
a ring homomorphism h: Pr(%’) — Pr(¥) dominates the shadow of an operator
T: % — V¥, then the latter is h-o-continuous.

5.4.6. Corollary. The following properties of a disjointness preserving dom-
inated operator T from a BKS into an LNS are equivalent:

(1) T is (sequentially) o-continuous;

(2) 1T is (sequentially) o-continuous;

(3) the shadow of T is (sequentially) o-continuous.

Countable and sequential o-continuity of the operator T are equivalent.
< It is sufficient to combine 5.4.4, 5.1.3, 5.2.12, and 5.4.5. >
5.4.7. Corollary. Consider a BKS % and an LNS ¥ and assume that

the shadows of two dominated operators S,T: % — ¥ are dominated by the same
ring homomorphism h: Pr(% ) — Pr(¥). If S and T coincide on some h-approxi-
mating subset of % (see 5.2.14) then they coincide on the entire % .
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< The claim follows from Remark 5.4.5 and Propositions 5.2.16 and 5.2.17. >

5.4.8. Proposition. Let % be an LNS over E, let ¥ be a vector subspace
of F, let % let %, Ty: % — V¥ be a linear operator, let S: E — F be a dis-
jointness preserving positive operator, and let h: Pr(E) — Pr(F) be the shadow
of S. Denote by h%, the LNS of all elements of % that are h-approximated by %,
(see 5.2.14, 5.2.15). Assume that | Toug| < Sluo| (respectively, | Touo| = Sluol) for
all ug € % . Then there exists a unique linear extension T: h%y — ¥ of the op-
erator Ty such that |Tu| < S|u| (respectively, |Tu| = S|ul) for all u € h%,.

< First, we prove the assertion about extension with the inequality preserved.
r e Pr(%) and ug € % are such that mug = 0, then h(m)Toue = 0, since
h(m)| Touo| € h(m)S|ug| = S7|uo| = 0. This fact implies that the following defini-

tion of an operator Ty is sound:

T, (i Wiug) = i h(mi)Tou;
=1 i=1

(7(,- € Pr(% ) are pairwise disjoint, u; € %),

which extends Ty onto ds,% and satisfies the inequality ITgul < Slu| for all
u € dan%. In view of Proposition 5.2.15, for every u € h%4, there exists a net
(4a)aea in din% that is h-convergent to u. From the inequality IToua -~ ToUﬂI <
Slua - uﬂl and h-o-continuity of S (see 5.4.5) it follows that the net (Toua)aeA 1s
o-fundamental. Since the LNS ¥, is o-complete, it contains an o-limit of the net.
Obviously, the limit depends only on u and, therefore, can be denoted by Tw. It is
not difficult to become convinced that the operator T: h% — ¥ thus obtained is
the desired one. Uniqueness of the extension constructed is ensured by its h-o-con-
tinuity inherited from S.

Assume now that |Toug] = Slue] for all vy € 2. In view of what was
proven above, there exists an extension T': h%4 — ¥ of the operator T, such that
|Tu| < Slu] for all u € h%p. For every ug € % and 7 € Pr(%'), the relations

Sluol = |Tuo| = |Truo| + lTﬂ'"‘uoI < Slrue] + Sleuol = Sluo|

and the inequalities |T7uo| < S)rug| and |T7rLu0| < Slwluol imply |Truo| =
S}muol. Since ug € % and 7 € Pr(% ) were chosen arbitrarily, we have |Tu| = S|u|
for all u € dga%. The equality |Tu| = S|u| for all u € h% is now deduced from
what was proven with the help of Proposition 5.2.16. >
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Corollary. Let % be an LNS over E, let ¥ be a BKS over F, let % be
an approximating vector subspace of %, let To: % — ¥ be a linear operator,
and let S: E — F be a disjointness preserving o-continuous positive operator.
Assume that |Toug| < S|uo] (respective]y, |Touo] = Sluol) for all ug € %. Then
there exists a unique linear extension T: % — V of Ty such that |Tu| < S|u|
(respectively, |Tu| = S|ul) for all u € %.

5.4.9. If D is a subset of a K-space E then |D| denotes the set {|d|: d € D},
and lin|D| stands for the linear span of |D|. The smallest ideal of E that contains D
is conventionally denoted by Ep.

Lemma. Let E be a K-space, let D be a subset of E, let ¥ and # be
arbitrary LNSs over the same K-space F, and let S: E — ¥ and T: E - W
be dominated operators. Assume that the shadows of S and T are dominated
by the same ring homomorphism h: Pr(E) — Pr(F') and denote the h-closure of
the ideal Ep by hEp.

(1) If ¥ =¥ and the operators S and T coincide on D, then they coincide
on hEp.

(2) If |Se| = |Te] for all e € lin|D| then |Se| = |Te| for all e € hEp.

< We only prove assertion (1), since (2) can be proven similarly and even
easier. Assume that the operators S and T meet all the hypotheses of the lemma
and coincide on D. We will prove coincidence of S and T on hEp in several steps.
(a) Suppose that e € | D}, i.e., e = |d| for some d € D. Then

Se = S(d*)d + S{d~)d = h((d*))Sd + h({(d™))Sd
=h((d*))Td + h((d"))Td = T(d*)d + T{d")d = Te.

(b) From (a) it follows that the operators S and T coincide on the set lin|D].

(c) Let e be a d-step element of E with d € lin|D|, i.e.,e = Y"1 m;A;d for some
numbers A; and pairwise disjoint projections m; € Pr(E). Then, in view of (b), we
have

Se = Z S(ﬂ',‘/\,'d) = Z /\,'h(m)Sd = E /\,'h(’lr,')Td = i T(ﬂ','/\,'d) =Te.
=1 i=1 =1 =1
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(d) Suppose now that e € Ep. Then |e| < d for some d € lin|D|. In view
of 5.1.6, there exists a sequence (en)nen of d-step elements of E that is r-conver-
gent to e. According to (c), the operators S and T coincide on the elements e,.
Therefore, using r-continuity of S and T, we arrive at the equality Se = Te.

(e) Finally, if e is an arbitrary element of hEp then the equality Se = Te
follows from (d) and h-o-continuity of S and T. >

Corollary. Let % be a BKS over E, let D be a set of positive elements in E,
let ¥ and # be arbitrary LNSs over the same K-space F, and let S: % — V
and T: % — W be dominated operators. Assume that the shadows of S and T
are dominated by the same ring homomorphism h: Pr(E) — Pr(F) and denote
by hEp the h-closure of the ideal Ep.

(1) If ¥ = # and the operators S and T coincide on the set {u € % : |u| € D}
then they coincide on the set {u € % : |u| € hEp}.

(2) If|Sul = |Tu]| for all w € % with norm |u| € linD then |Su| = |Tu]| for
all w € % with norm |u| € hEp.

< Prove assertion (1) (assertion (2) can be proven similarly). Assume that
the operators S and T meet all the hypotheses of the corollary and coincide on
the set {u € % : |u] € D}. Consider an arbitrary element u € % with norm
|u] € hEp and establish the equality Su = Tu.

Fix an order unit 1 in the universal completion E of the K-space E, introduce
the corresponding multiplication in E and endow the universal completion % of %
the structure of a module over E (see Corollary 5.1.12). Let @ be an element of %
such that |#] = 1 and u = |u]a. Consider operators S,,T,: E — ¥ acting by
the rules Sye = S(eu) and Tye = T(eu). 1t is clear that the shadows of S, and T,
are dominated by the homomorphism h and the operators themselves coincide on D.
Therefore, according to assertion (1) of the last lemma, the operators S, and T,

coincide on hEp. In particular, Su = Sylu| = Ty|u] = Tu. >

5.4.10. As is seen from the following theorem, all the four types of bounded-
ness introduced in 5.3.3 coincide for each disjointness preserving operator defined

on a vector lattice.

Theorem. Let E be a vector lattice and let ¥ be an LNS. The following

properties of a disjointness preserving operator T: E — ¥ are equivalent:
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(1) T is bounded;

(2) T is countably bounded;

(3) T is sequentially bounded,;

(4) T is semibounded;

(5) if e1,e2 € E and |e;| < |ez| then |Tey| < |Tez|.

< The implications (5)=>(1)=(2)=(3)=>(4) are obvious. The proof of The-
orem 2.1 in [37] that establishes the implication (4)=(5) is presented for the case

¥ = E; however, it remains valid for an operator with values in an arbitrary

LNS. >
The proof of the implication (4)=>(5) becomes particularly simple and clear in

the case when E possesses the principal projection property (for instance, when E
is a K,-space). Indeed, assume that an operator T meets condition (4), fix ar-
bitrary elements €;,e; € E satisfying the inequality |e;| < [e2], and denote by S
the set {31, midilea| : m € Pr(E), |A:] < 1}. It is not difficult to become con-
vinced that |T's| < |Tey| for all s € S. Moreover, in view of 5.1.6, there exists
a sequence (sp)nen Of elements in S that is r-convergent to e; with regulator |es].
Condition (4) together with the relations |Te;| < |Ter — Tsn| + [Tez| (n € N)
now yields the desired inequality |Te;| < |Teq].

5.4.11. The analog of Theorem 5.4.10 for operators defined on LNSs is not
true. Moreover, all the four types of boundedness are pairwise different for this
class of operators. Indeed, every normed space is an LNS over R and every linear
operator from a normed space into an arbitrary LNS is disjointness preserving.
Consequently, operators considered in Examples 5.3.4-5.3.6 act from BKSs into
BKSs and are disjointness preserving.

5.4.12. Lemma. Let % be a BKS over E, let ¥ be an LNS, let T: % -V
be a disjointness preserving semibounded operator, and let e be a positive element

of E. For each u € % satisfying the inequality |u| < e, there is an element @ € %
such that |@]| = e and |Tu| < |Tal.

<1 Suppose that |u] < e. Due to the equality {ju] : v € ¥} = {e € E :
e > 0}, we do not restrict generality by assuming that (u) = (e). Obviously,
the product (e'/|u])u is defined in % for all ¢’ € E (see 5.1.12). Define an operator
S: E — ¥ by the formula S(¢') = T((¢'/]u|)u) and assign 4 := (e/|u])u. It is easy
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to see that the operator S is disjointness preserving and semibounded. According
to Theorem 5.4.10, the operator S meets condition 5.4.10(5). This allows us to
conclude that |Tu| = S]u| < Se = |Tu|. It remains to observe that |u] =e. >

Proposition. Let % be a BKS over E and let ¥ be an LNS. A disjointness
preserving operator T: % — V is dominated if and only if it is bounded. Fur-
thermore, |T|e = sup{|Tu|: u € %, |u| < e} = sup{|Tu| : u € %, |u| = ¢} for
all positive e € E.

< For an arbitrary positive element ¢ € E, the equality |T|e = sup{|Tu] :
u € %, |u| < e} is easily deduced from the criterion 5.3.9 involving the set T (e).

It remains to employ the lemma proven above. >

The last result does not provide any new information about operators in vector
lattices, since dominatedness and boundedness are always equivalent for operators
with values in a K-space (see Proposition 5.3.7(3)). However, an analog of the last

proposition is true in the case of vector lattices:

Theorem [38]. Let E and F be arbitrary vector lattices. A disjointness

preserving operator T: E — F is regular (= dominated) if and only if it is

bounded.

5.4.13. As was noted in 5.4.11, countable boundedness is not sufficient for
boundedness of a disjointness preserving operator. It is interesting to clarify which
(easily verified) additional assumptions yield boundedness of operators bounded in
a weaker sense. Leaving this question open, we only formulate one corollary to

Lemma 5.4.12 which is a small step in the indicated direction.

Proposition. Let % be a BKS over E and let ¥ be an LNS over F. A dis-
jointness preserving operator T: % — V¥ is bounded if and only if it is semi-
bounded and, for every positive element e € E, the set {|Tu| :u € %, |u| =€} is
order-bounded in F.

Note that any semibounded disjointness preserving operator defined on a vector
lattice obviously meets the hypotheses of the last proposition. This allows us to

consider Proposition 5.4.13 as a generalization of Theorem 5.4.10.

5.4.14. One of the main results concerning disjointness preserving operators
provides their representation as sums of certain special operators taking pairwise

disjoint values (see Section 5.7). Here we pay attention to such sums.
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Lemma. Let % and ¥V be LNSs and let S,T: % — ¥ be linear operators.
The following assertions are equivalent:

(1) Su L Tu for all u € %;
(2) Suy L Tuy for all uy,u; € %, ie.,imS L imT.

< Only the implication (1)=(2) requires proving. Let u; and u; be arbitrary
elements of %. The relations Su; L Tu; and Suz L Tus imply:

IS'U,1| A IT'U,2| = |Su1| A |Tu1 +TU2 < lT(u1 + uq I
IS'U,1| A |Tu2| = |Su1 +SU2| A ITU2 < IS Uy +U2)l

It remains to observe that S(u1 + u2) L T(u1 + u2). >

Operators S and T that meet each of the equivalent conditions (1) or (2) are
called strongly disjoint. Let % and ¥ be LNSs and let (T¢)¢ez be a family of linear
operators from % into 7. We say that an operator T: % — ¥ is decomposable
into the strongly disjoint sum of operators T (and write T = @ teE T&)a whenever
the operators T are strongly disjoint and, for every u € %, the relation Tu =
0-) ¢z Teu holds.

Assume that T = Dz T¢ and assign p¢ := (im T¢) for each { € E. According
to the lemma, the projections pg are pairwise disjoint; therefore, for all £ € =
the equality T; = p¢ o T holds. In particular, this implies that the strongly disjoint
sum Pcz T is disjointness preserving if and only if so is each summand T.

5.5. Orthomorphisms

This section is devoted to one of the simplest classes of disjointness preserv-
ing operators, the class of band preserving operators. Simplicity of such operators
notwithstanding, the question about their regularity (= order boundedness) is far
from trivial. It is known that all band preserving operators in a universally com-
plete K-space are regular if and only if the K-space is locally one-dimensional.
However, it seems to have been unknown so far whether there exist nondiscrete
locally one-dimensional K-spaces. In the present section we give a positive an-
swer to the question. As an auxiliary result, we establish that a K-space is locally
one-dimensional if and only if its base is o-distributive.

Throughout the section, G is a universally complete K-space with a fixed order
unity 1g, @ is the Stone compact space of the Boolean algebra Pr(G) (recall that
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this algebra is the base of G), E and F are order-dense ideals of G, and % and ¥ are
LNSs over E and F, respectively. We introduce a multiplication in the K-space G
which makes it a commutative ordered algebra with unity 1g (see 5.1.12). Recall
also that we identify the Boolean algebras Pr(G), Pr(E), Pr(F), Pr(% ) and Pr(¥).
A subset of a Boolean algebra with supremum unity is called a cover of the algebra.
A cover constituted by pairwise disjoint elements (i.e. a partition of unity) is referred

to as a partition of the algebra for brevity.

5.5.1. An element g € GV is called locally constant with respect to an f € G¥,
ifg= V&eE Aeme f for some numeric family (A¢)eez and a family (mg)eez of pair-
wise disjoint band projections. A universally complete K-space G is called locally
one-dimensional if it satisfies one of the following equivalent conditions (see [37:

Theorem 3.1]):

(1) all elements of G* are locally constant with respect to some order unity
of G;

(2) all elements of G* are locally constant with respect to every order unity
of G;

(3) for every function g € Coo(Q), there exists a partition (Ug)eez of the alge-
bra Clop(Q) such that the function ¢ is constant on each of the sets U,.

5.5.2. A linear operator T: G — G is said to be band preserving if, for all
f.g € G, from f L g it follows that T'f L g.

The following statement combines a result of Yu. A. Abramovich, A. 1. Veksler,
and A. V. Koldunov ([3: Theorem 2.1]) and that of P. T. N. McPolin and A. W. Wick-
stead ([37: Theorem 3.2]).

Theorem. Let G be a universally complete K-space. Every band preserving

operator T: G — G is regular if and only if G is locally one-dimensional.

In order to avoid misunderstanding, while reading the articles [3] and [37], one
should be aware of the following two circumstances. First, despite of the fact that
an arbitrary nondiscrete K-space is mentioned in the statement of Theorem 2.1
of [3], the proof of the theorem is given only for locally one-dimensional K-spaces.
Second, the example of a nondiscrete locally one-dimensional K-space presented
in [37] contains an error, which was recently reported by A. W. Wickstead in the ar-
ticle [22]. Thus, the question whether every locally one-dimensional K-space must

be discrete (i.e. have an atomic base) seems to have been open so far.
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5.5.3. The notion of locally one-dimensional K-space admits the following
Boolean-valued interpretation. (For an explanation of the main notions of Boolean-
valued analysis, we refer the reader to Chapter 1 of the present book and to the sec-
ond part of the monograph [15].) Let B be a complete Boolean algebra, let # be
the field of reals inside V(&) and let R” be the canonical embedding of R into V{(B),

Theorem. The equality R* = & holds if and only if the descent of # is
a locally one-dimensional K-space.

< Knowing the general structure of the descents of objects that have the form
X", it is easy to deduce the stated assertion from E.I. Gordon’s theorem 1.3.2 (see
also [15: 3.1.1(1), 5.2.1, and 5.2.2]). >

From private conversations with colleagues, the author of the present chapter is
aware that, among the specialists in the domain of Boolean-valued analysis, the su-
perstition is rather popular of atomicity of all Boolean algebras B that provide
the equality R* = 2 in VB, Thus, the question about the connection between
discrete and locally one-dimensional K-spaces has a rather wide domain of appli-
cations, at least including vector lattices, positive operators, and Boolean-valued
analysis.

After a certain preliminary discussion of the main notions, we give an example
of a purely nonatomic locally one-dimensional K-space. Due to Theorem 5.5.2, we
shall thus obtain a purely nonatomic universally complete K-space G, for which all
band preserving operators T: G — G are regular. Due to Theorem 5.5.3, we shall

have a purely nonatomic complete Boolean algebra B, for which R* = Z in V&),

5.5.4. A o-complete Boolean algebra B is called o -distributive if it satisfies

one of the following equivalent conditions (see [18: 19.1]):

(1) /\nEN VmEN b7 = Vimenn /\neN b%(n) for all b7, € B (n,m € N);

(2) Vaen Amen b = Amen Vioen b"m(n) for all b, € B (n,m € N);

(3) Veept,~1pvNnené(n)bn = 1 for all b, € B (n € N), where 1b, = by
and (—1)b, is the complement of by,.

5.5.5. Let B be an arbitrary Boolean algebra and let C be a cover of B.
A subset Cy of the algebra B is said to be refined from C if, for each ¢q € Cy, there
exists a ¢ € C such that ¢y € ¢. An element b € B is called refined from C if the set
{b} is refined from C, i.e., b < ¢ for some element ¢ € C. If (Cy )nen is a sequence of
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covers of the algebra B and an element b € B is refined from each of the covers C,
(n € N), then we say that b is refined from the sequence (Cyr)nen. We also refer
to a cover, all elements of which are refined from the sequence (Cp)nen, as refined

from the sequence.

Proposition. Let B be a o-complete Boolean algebra. The following asser-

tions are equivalent:

(1) the algebra B is o-distributive,

(2) from every sequence of countable covers of B, one can refine a (possibly,
uncountable) cover;

(3) from every sequence of finite covers of B, one can refine a (possibly,
infinite) cover;

(4) from every sequence of two-element partitions of B, one can refine a cover.

<1 A proof of the equivalence (1)<(2) can be found in [18: 19.3]). Asser-
tion (4) is a reformulation of condition (3) in the definition of o-distributivity.
The implications (2)=>(3)=>(4) are obvious. >

Corollary. Let B be a complete Boolean algebra. The following assertions

are equivalent:

(1) the algebra B is o-distributive;

(2) from every sequence of countable partitions of B, one can refine a (pos-
sibly, uncountable) partition;

(3) from every sequence of finite partitions of B, one can refine a (possibly,
infinite) partition;

(4) from every sequence of two-element partitions of B, one can refine a par-

tition.

< The claim follows from the last proposition in view of the exhaustion prin-
ciple. >

5.5.6. We say that a function ¢ € Coo(Q) is refined from a cover C of the
Boolean algebra Clop(Q) if, for every two points ¢',¢" € Q satisfying the equality
g(¢') = g(¢"), there exists an element U € C such that ¢',¢" € U. If (Cp)nen is
a sequence of covers of the algebra Clop(@Q) and a function g is refined from each

of the covers C;, (n € N), then we say that g is refined from the sequence (Cp)nen.
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Lemma. From every sequence of finite covers of the algebra Clop(Q), one

can refine a function of C(Q).

< Let (Cp)nen be a sequence of finite covers of the algebra Clop(@). With
the help of induction, it is not difficult to construct a sequence of partitions P, =

{U, U, ..., Ufs} of the algebra Clop(Q)) possessing the following properties:
(1) for every n € N there is a number m € N such that the partition P, is

refined from the cover Cj;
(2) Ur = Uz";f% v UZ";'H forallm € Nand j € {1,2,...,2™}.
For each number m € N, define a two-valued function x, € C(Q) as follows:

2m—1

Xm = Z x(U3),
i=1
where x(U) is the characteristic function of a subset U C Q. Since the series
Y om=1 3 Xm is uniformly convergent, its sum g belongs to C(Q). We will show
that the function g is refined from (Cp)nen. Due to property (1) of the sequence
(Pm)men, it is sufficient for this to establish that the function g is refined from
(Pm)men-

Assume the contrary and consider the smallest number m € N, for which
the function ¢ is not refined from the partition P,. In this case, there are two
points ¢',¢" € Q that satisfy the equality g(¢') = ¢(¢") and belong to distinct
elements of Pp,. Since the function ¢ is refined from the partition Pp,—y (for m > 1),
from property (2) of the sequence (Pm)men it follows that the points ¢' and ¢"”
belong to adjacent elements of Pp, i.e. elements of the form U and U}, where
j € {1,...,2™ — 1}. For definiteness, suppose that ¢’ belongs to an element with
even subscript and ¢” with odd one, i.e., xm(¢') = 1 and xm(g") = 0. Therefore,
taking into account the fact that xi(¢') = xi(¢"") foralli € {1,...,m — 1}, we have:

oo} o0

' " 1 1 ! " 1 1 1
- = — —{x: — Xi 2 — - a1 — 9
9(¢) - 9(¢") = 3o + ign;l 3 (6(d) = xi(e") > 57 i=;{-l 3 =537 >0

which contradicts the equality ¢(¢') = ¢(¢"). >

5.5.7. Theorem. A universally complete K-space is locally one-dimensional
if and only if its base is o-distributive.
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< Let G be a universally complete K-space and let @ be the Stone com-
pact space of its base. Suppose that G is locally one-dimensional and consider
an arbitrary sequence (P, )nen of finite partitions of the Boolean algebra Clop(Q).
According to Corollary 5.5.5, in order to prove o-distributivity of the base of G,
it is sufficient to refine a cover of Clop(Q) from (P, )nen. In view of Lemma 5.5.6,
one can refine a function g € Coo(Q) from the sequence ( Py, )nen. Since G is locally
one-dimensional, there exists a partition (Ug )eez of the algebra Clop(Q) such that
the function ¢ is constant on each of the sets Ug. Show that the partition (Ug)ee

1] m

is refined from the sequence (Pp)nen. To this end, we fix arbitrary indices £ € =
and n € N and establish that the set U is refined from the partition P,. We may
assume that Us # @. Let go be an element of U;. Finiteness of the partition P,
allows us to find an element U of it such that go € U. It remains to observe that
Ue C U. Indeed, if ¢ € Ug then g(g) = g(go) and, since the function g is refined
from P,, the points ¢ and ¢, belong to the same element of the partition Py, i.e.,
geU.

Now, assume that the base of G is ¢-distributive and consider an arbitrary
function ¢ € Coo(Q). According to condition (3) of the definition of a locally one-
dimensional K-space, it is sufficient to construct a partition (Ug )¢cz of the algebra
Clop(@) such that the function g is constant on each of the sets Ug. For every
natural n and every integer m, denote by U the interior of the closure of the set of
all points ¢ € Q for which 2 < g(¢) < ™ and define P, := {U} : m € Z}. Due
to Corollary 5.5.5, from the sequence (Py)aen of countable partitions of the alge-
bra Clop(@), one can refine some partition (Ug)ee=. It is not difficult to become
convinced that the partition constructed is the desired one. ©

Thus, the question about existence of a purely nonatomic locally one-dimen-
sional K-space is reduced to existence of a purely nonatomic o-distributive complete
Boolean algebra. The remainder of the note is devoted to constructing such an al-
gebra.

5.5.8. A Boolean algebra B is called o -inductive if every decreasing sequence
of nonzero elements of B admits a nonzero lower bound. A subalgebra By of
a Boolean algebra B is said to be dense if, for every nonzero element b € B, there

exists a nonzero element by € By such that by < b.

Lemma. If a o-complete Boolean algebra contains a o -inductive dense sub-
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algebra then it is o-distributive.

< Let B be a o-complete Boolean algebra and let By be a o-inductive dense
subalgebra of B. Consider an arbitrary sequence (Cr)nen of countable covers of B,
denote by C the set of all elements in B that are refined from (C; )nen, and assume
by way of contradiction that C is not a cover of B. Then there exists a nonzero
element b € B that is disjoint with all elements of C'.

By induction, we construct sequences (b, )nen and (cn)nen as follows. Let ¢;
be an element of C; such that 8 A ¢; # 0. Since By is dense, there is an element
b; € By such that 0 < b; < bAcy. Suppose that the elements b, and ¢, are already
constructed. Let cp+1 be an element of Cp41 such that b, A cpy1 #0. As bpyg we
take an arbitrary element of By that satisfies the inequalities 0 < bp41 < b A cngr.

Thus, we have constructed sequences (bp)nen and (cn)nen such that b, € By,
by < cn € Cpand 0 < byy1 € by < bfor all n € N. Due to the fact that By
is o-inductive, it contains an element by which satisfies by < by, for all n € N.
In view of the inequalities by < ¢,, the element by is refined from (Chr)nen, i-€.,
belongs to C. On the other hand, b < b, which contradicts disjointness of b with
all elements of C. >

5.5.9. As is known, for every Boolean algebra B, there exists a complete
Boolean algebra B that contains B as a dense subalgebra (see [18: Section 35]).
Such an algebra B is unique to within an isomorphism and called a completion
of B. Obviously, a completion of a purely nonatomic Boolean algebra is purely
nonatomic. In addition, due to Lemma 5.5.8, a completion of a o-inductive algebra
is o-distributive. Therefore, in order to prove existence of a purely nonatomic o-dis-
tributive complete Boolean algebra, it is sufficient to present an arbitrary purely
nonatomic ¢-inductive Boolean algebra. Examples of such algebras are readily
available. For the sake of completeness, we present here one of the simplest con-

structions.

EXAMPLE. Let B be the Boolean algebra of all subsets of N and let I be
the ideal of B consisting of all finite subsets of N. Then the quotient algebra B/I

(see [18: Section 10]) is purely nonatomic and o-inductive.

<! Pure nonatomicity of the algebra B/I is obvious. In order to prove that
the algebra is o-inductive, it is sufficient to consider an arbitrary decreasing se-
quence (b, )nen of infinite subsets of N and construct an infinite subset b C N such
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that the difference b\b, is finite for each n € N. We can easily obtain the desired
set b = {m, : n € N} with the help of induction by letting m; := minb; and

Mpt1 ;= min{m € byy1 :m >my}. >

5.5.10. A linear operator T': % — ¥ is said to be band preserving if it satisfies
one of the following equivalent conditions:

(1) (Tu) < (u) for all u € %;

(2) Tru = 7Tu for all u € Z and 7 € Pr(G);
(3) mu = 0 implies 7Ty = 0 for all u € % and 7 € Pr(G);

(4) |u]| L g implies |Tu] L g for all w € % and g € G;

(5) |ul L g implies |Tu] L ¢ for all u € % and all elements g of some order-

dense ideal of the K-space G.

Obviously, the last definition generates the known notion of band preserving oper-
ator acting in vector lattices (see 5.5.2 and [2, 3, 37,41, 42]).

5.5.11. Bounded band preserving operators are called orthomorphisms. The
totality of all orthomorphisms from % into ¥ is denoted by Orth(%, 7). We write
Orth(%) instead of Orth(%, % ).

In accordance with Theorem 5.5.2, it seems interesting to clarify, which addi-
tional requirements imposed on band preserving operators yield their boundedness.
Of course, band preserving operators are disjointness preserving and, therefore,
they are subject for such boundedness criteria as 5.4.10 and 5.4.13. It is known (see
5.3.4-5.3.6), that semiboundedness, sequential boundedness, and even countable
boundedness of a disjointness preserving operator do not yield its boundedness.
In the case of band preserving operators, the situation is different:

Theorem. The following properties of a band preserving operator T from
a BKS into an LNS are equivalent:

(1) T is bounded;

(2) T is countably bounded;

(3) T is sequentially bounded;

(4) T is semibounded.

<1 The implications (1)=>(2)=(3)=(4) are obvious. It remains to show that
(4)=(1). Assume that an LNS % is order-complete and an operator T: % — ¥

is band preserving and semibounded. Fix an arbitrary positive element e € G and
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prove that the set {|Tu| : |u]| < e} is order-bounded in F. We divide the proof
into two steps.

(a) Show first that the set {|Tu|: Ju] < e} is order-bounded in the universally
complete K-space G. Without loss of generality, we may assume that G = Co(Q),
where @ is an extremally disconnected compact space (see Theorem 1.4.6 (3)). De-
note by D the totality of those points ¢ € @, for which sup{|Tu|(q) : |u] < e} = o0.
Assume that the set {|Tu] : |u| < €} is not bounded in Coo(Q). Then, accord-
ing to [12: Chapter XIII, Theorem 2.32], the clopen set U := intcl D is nonempty.
For each natural n and each point ¢ € UN D, consider an element uf € % satisfying
the conditions |ul | < e and |Tuf|(¢) > n. Denote by U{ a clopen subset of @ such
that ¢ € U2 C U and |Tul|(p) = n for all p € US. It is clear that, for each n € N
the relation sup,eynp U§ = U holds in the Boolean algebra Clop(Q). In view of
the exhaustion principle, there exists a family (an )qEUn p of pairwise disjoint ele-
ments of Clop(Q) such that V{ C U{ for all ¢ € UN D, and sup,ecynp Vi§ = U.
According to 1.6.7(5), the sum 0y qunD<an )ug exists in the BKS %. Denote
the sum by u,. For all n € N and ¢ € U N D, we have

(VO Tunl = | TV ua| = |T(Vul| = (VHITuL| > nxvy.

After passing to the supremum over ¢ € U N D, we obtain |Tu,| > nyy for all
n € N; which, together with the inequalities |u,| < e, yields a contradiction with
semiboundedness of T'.

(b) Denote by f the upper envelope of the set {|Tu]| : |u| < e} in the K-space G
and show that f € F. Without loss of generality, we may assume that f > 0 on some
comeager subset of Q. Then, according to [12: Chapter XIII, Theorem 2.32], the set
of all points ¢ € @, for which 0 < sup{]Tu|(¢q) : |u| < e} = f(g) < o0, is comeager
in Q. For any such point ¢, consider an element u, € % satisfying the conditions
|ug] < e and lTqu(q) > f(g)/2. By repeating the idea of step (a) and “mixing up”
the elements u, in an appropriate way, we can construct an element v € % such
that |Tu| > f/2; whence the containment f € F follows directly. >

Additional requirements, yielding boundedness of band preserving operators,
can be imposed on the spaces rather than on operators acting in them. In the
present article, we are not going to develop this idea. We only observe that many

results in the indicated direction are presented in [2: Theorem 2; 3: Theorem 3.2
and 3.3; 37: Corollaries 2.3 and 2.4].
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5.5.12. It is easy to become convinced that Orth(E,F) is an ideal of the
K-space M(E, F) and, therefore, is also a K-space.

If an element ¢ € G is such that ¢ - ¢ € F for all ¢ € E then the operator of
multiplication by ¢ is obviously an orthomorphism from E into F. Many papers
about disjointness preserving operators contain results in this direction (see, for
instance, [1-3, 23, 24, 41, 42]). The following statement generalizes, in a sense,
the experience from finding multiplication representation of orthomorphisms acting

in K-spaces.

Theorem. For every orthomorphism T: E —» F, there exists a unique el-
ement gr € G such that Te = g7 -¢ for all e € E. The mapping T — gr
performs a linear and order isomorphism of the K-space Orth(E, F') onto the ideal
{g€G:g-e€F for all e € E} of the K-space G.

Identifying an orthomorphism T with the element g7 € G, we assume in the se-
quel that Orth(E, F) C G. Obviously, Orth(E) contains 1¢ and is a subalgebra
of G. In particular, Orth(E) is an f-algebra (see [32, 42]). The last theorem justifies

the term weight operator which is sometimes used instead of “orthomorphism.”

5.5.13. Proposition. Let an LNS % be order-complete. A linear operator
T: % — V¥ is an orthomorphism if and only if it is dominated and its exact
dominant |T|: E — F is an orthomorphism. In particular, the space Orth(%,¥)
endowed with the dominant-norm is a BKS over the K-space Orth(E, F).

< The claim follows directly from Propositions 5.4.12 and 5.4.4. >

5.5.14. Corollary. Every orthomorphism from a BKS into an LNS is o-con-
tinuous.

5.5.15. Corollary. If two orthomorphisms from a BKS % into an LNS ¥
coincide on some order-approximating subset of % (see 5.2.2), then they coincide
on the entire % .

< The claim follows from 5.5.14 and Proposition 5.2.4. >

5.5.16. Corollary. If two orthomorphisms S,T € Orth(E,¥) inequality on
a subset Ey C E then they coincide on Ej-*. In particular, if the K-space E has
an order unity 1 and S(1) = T(1) then S=T.
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5.5.17. Proposition. For every BKS % over E there exists a unique opera-
tion Orth(E) x % — % making % a module over Orth(E) such that |gu| = |g||u|
for all g € Orth(E) and u € % . Furthermore, % is a unital module, i.e., lgu = u
for all u € % . For every g € Orth(E) and u € %, the element gu coincides with
the product of g and u calculated in the universal completion of % (see 5.1.12).

< Let a BKS m% over G be a universal completion of %. Then Z = {u €
m% : |u| € E}. In view of 5.1.12, the space m% can be endowed with the structure
of a module over the ring G so that lgu = u and |gu| = |g|]u| for all ¢ € G and
u € m% . In order to prove existence of a desired module structure in the BKS %,
it is sufficient to observe that, for all ¢ € Orth(E) and u € %, we have |g||u] € E
and, consequently, gu € % .

Now prove uniqueness. Assume that, together with the operation (g,u) — gu
introduced above, there is another one, (g,u) — g * u, also making % a module
over Orth(E) and satisfying the condition |g * u] = |g||u| for all ¢ € Orth(E) and
u € %. Fix an element u € % and define the mappings S,T: Orth(E) — ¥ by
the formulas S(g) = gu and T(g) = g *u. Obviously, S and T are orthomorphisms.
Observe that T(1g) = S(1g), i.e., 1g * u = u. Indeed,

|1c,~*u—u|=lg-|lg*u—u|=|lg*(lg*u—-u)|

:I(lg-la)*u—lg*u|=0.

For proving the equality S = T, it remains to employ 5.5.16.

The fact that any BKS over G can be endowed with the structure of a module
over G allows us to define a simple class of orthomorphisms. If a BKS % over E and
a BKS ¥ over F are order-denseideals of the same BKS over G and g € Orth(E, F'),
then the operator v — gu is an orthomorphism from % into ¥. We call such

operators scalar orthomorphisms.

5.5.18. Proposition. Let % be an order-complete LNS, T € Orth(%, V),
g €G, and u € %. If the product gu is defined in % (see 5.1.12) then the prod-
uct gT(u) is defined in ¥ and the equality T(gu) = ¢gT(u) holds. In particular,
Tog=goT for every orthomorphism g € Orth(E).

< Fix an arbitrary element u € % and denote by G, the order-dense ideal
{9 € G : gu € %} of the K-space G. Let m¥ be the universal completion of ¥.
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Consider the mappings L,R: G4 — m7 defined by the formulas L(g) = T(gu)
and R(g) = ¢T(u). Obviously, L and R are orthomorphisms and L(1g) = R(1g).
From 5.5.16 it follows that L=R. »

5.5.19. We conclude this section by a useful fact, which will be repeatedly
employed in the sequel.

Theorem [17]. Let E be a vector lattice and let F' be a K-space. A positive
operator T: E — F is disjointness preserving if and only if, for every operator
S: E — F satisfying the inequalities 0 < S < T, there is an orthomorphism
g € Orth(F) such that 0 < ¢ < idp and S = go T, where idp: F — F is
the identity operator.

Combining the last theorem with Theorem 5.4.1, we obtain the following result.

Corollary. Let E be a vector lattice and let F' be a K-space. A regular
operator T: E — F is disjointness preserving if and only if, for every regular
operator §: E — F satisfying the inequality |S| < |T|, there is an orthomorphism
g € Orth(F) such that |g| <idr and S =goT, whereidr: F — F is the identity

operator.

5.6. Shift Operators

Another class of disjointness preserving operators is considered in this section.
Here, we introduce and study so-called shift operators, which are abstract analogs
of the composition mappings f — fos. This class of operators is closely related
to another notion discussed here, the notion of operator “wide on a set.” While
studying shift operators, we suggest their equivalent characterizations, describe
the maximal domain of definition on which they can be extended, and show that
the notions of shift operator and that of a multiplicative operator coincide. We also
introduce here the notion of the shift of a disjointness preserving operator, which
concentrates, in a sense, multiplicative properties of the operator.

Throughout the section, & and & are universally complete K-spaces. In case
order unities 1o and 1g are fixed in § and &, we regard the K-spaces as ordered
algebras with unities 14 and 1g (see 5.1.12). The ideal of the K-space & generated
by d € & is denoted by &;. In particular, 81 stands for the ideal of & gener-
ated by 1g. We point out that some notions introduced in this section depend of

a concrete choice of 1o and 1g.
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5.6.1. Let E be a K-space, let D be a subset of E, and let ¥ be an LNS. We say
that an operator T: E — ¥ is wide on the set D whenever T[D]*+ = T[E]++.

Proposition. Suppose that E is a K-space, D is a subset of E, ¥ is an LNS,
T: E — V¥ is a disjointness preserving operator, and h: Pr(E) — Pr(¥) is its
shadow. The following assertions are equivalent:

(1) T is wide on the set D;

(2) T is wide on the ideal Ep;

(3) the shadow of the restriction of T onto Ep coincides with the shadow

of T;
(4) the set T[Ep] is o-dense in T[E];
(5) the ideal Ep h-approximates the space E.

< The implications (1)=>(2)<(4) are obvious. Since the shadow of T' domi-
nates that of the restriction of T onto Ep, the equivalence (2)<(3) readily follows
from Proposition 5.1.4. We show that (1)<(2)=>(5)=(4).

(2)=(5): Assume condition (2) to be satisfied, consider an arbitrary element
e € E, and show that h-infrer e = e, where I = {r € Pr(E) : me € Ep}.
For every n € N and d € Ep, assign 74 := (|e| < n|d|). Obviously, 74 € II. Since

|d - ndd| = (x2)M1d] < (72) “lel/n < Jel/n

for all n € N, we have r- hm ndd = d. Using r-continuity of the operator T

and taking account of the equahty T( dd) = h( n)Td, we arrive at the relation
sup, ey h(rd) > (Td). Since the element d € Ep was chosen arbitrarily, we conclude
by (2) that sup,cp h(7) = k(1) and, consequently, h-infrer 7e = e.

(5)=(4): Consider an arbitrary element e € E. From (5) and Proposition 5.2.3
it follows that e is the h-limit of some net (eq)aca of elements in Ep. In view of
Corollary 5.4.5, we have o-iié% T(eq) = Te.

(2 )=>(1)' For every element e € Ep, there exist di,...,d, € D such that
|e| |di|+ - +|dn|. In view of Theorem 5.4.10, we conclude that (T'e) < (T'd;) Vv

V (Td,). It remains to employ condition (2).
REMARK. As is seen from the last proposition, the fact that an operator T is

wide on a set D reflects connection of D with the domain of definition and with
the shadow of T rather then with the operator T itself.
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5.6.2. Let % and ¥ be LNSs and let D be a subset of the norming lattice
of %. We say that an operator T: % — ¥ is wide on the set D, whenever
{Tu: |u| € D}** = (imT)*+. I % and ¥ are K-spaces then the last definition

is equivalent to that given in 5.6.1, which justifies preservation of terminology.

Lemma. Let % be a BKS over a K-space E, let ¥ be an arbitrary LNS, and
let D be a subset of positive elements in E. A disjointness preserving operator

T: % — V¥ is wide on D if and only if its exact dominant |T| is wide on D.

< A proof can be easily obtained with the help of Proposition 5.4.12. Indeed,
the relations

<|T|e> = sup (Tu) < sup (Tu) =sup sup (Tu)= sup (IT1d),
[z]=e |u]eD deD |u]|=d de

which hold for every positive element e € E, prove necessity; whereas the relations

< (ITMul) € sup (IT|d) = sup sup (Tu) = sup (Tu),
€D Jul=d luleD

that are valid for each element v € %, establish sufficiency. >

Proposition. Suppose that % is a BKS over a K-space E, D is a subset
of positive elements in E, ¥ is an arbitrary LNS, T: % — V¥ is a disjointness
preserving bounded operator, and h: Pr(%) — Pr(¥) is its shadow. The following

assertions are equivalent:

(1) T is wide on the set D;
(2) T is wide on the ideal Ep;
(3) the shadow of the restriction of T onto the set {u € % : |u| € Ep}
coincides with the shadow of T
(4) the set {Tu: |u| € Ep} is o-dense in im T}
(5) the ideal Ep h-approximates the space E.
< The equivalence (2)<>(3) is established in the same way as in 5.6.1. Equiv-
alence of assertions (1), (2), and (5) ensues from Propositions 5.4.4 and 5.6.1 and
the last lemma. The implication (4)=(2) is obvious. It remains to show that
(8)=(4).
Let u be an arbitrary element of %. From (5) and Proposition 5.2.3 it fol-

lows that Ju| is the h-limit of some net (eq)aca of positive elements in Ep.
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In view of Lemma 5.1.13, there exists a net (uq)aea in % such that |us] = eq
and |u — us| = ||u| — o] Then h-li& uq = % and, according to Corollary 5.4.5,
[ 4

we have o-limgep Tug = Tu. D>

5.6.3. Proposition. Let E be an ideal of & generated by a positive element
d € &. For every ring homomorphism h: Pr(&) — Pr(#F), the following sets

coincide:

(1) the h-closure of E;

(2) the h-cyclic hull of E;

(3) the countably h-cyclic hull of E;

(4) the set of such e € & that inf,en h(le| > nd) = 0.

< The relations (4)C(3)C(2)C(4) are obvious. The inclusion (4)C(1) can
be easily established with the help of the first corollary in 5.2.18. It remains to
show that (1)C(4). Suppose that a net (eq)aea of elements in E h-converges to
e € &. For each a € A, denote by n, the natural number satisfying the inequality
lea| € nod. By using the relations h-infaep |6 — 4] = 0 and

h{le] > 2n.d) < h(le| > 2]eq|)
= h({e){le| = leal > lel/2)) < h((e){le - ea] > lel/2)),
we obtain the desired equality infn,en h(le| > nd) =0. >
The coincident sets (1)—(4) described in the last proposition are denoted by hE.

5.6.4. Proposition. Fix an order unity 1¢ in the K-space &. Then the set
hé, is a subalgebra of &.

<t This fact ensues from 5.6.3 (we mean the equality hé} = (4) for d = 14)
and from the following relations:
;rég h(lef] > nlg) = mi,r':iéNh(Iefl > mnleg)
< _inf h({lel > m1s) v (1f] > nle))
= infe'N(h(]eI > mlg) Vh(|f| > nle))

= 'iréil;l h{le] > mlg) Vixg‘ R{|fl > nle). >
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5.6.5. Lemma. Let d be an arbitrary order unity in &. For every sequence
(mn)nen of projections in Pr(&) that decreases to zero, there is an element e € &

such that 7, = (le| > nd) for all n € N.

< Since the K-space & is universally complete, the series Y o°  m,d has
an o-sum in it. Denote the sum by s. It is clear that (s > nd) = mp4q1 for all
n € N and, consequently, we can take s + d as the desired element e. >

Corollary. Let h: Pr(&) — Pr(&) be a ring homomorphism and let d be
an arbitrary order unity in &. The equality h&y = & holds if and only if the ho-
momorphism h: Pr(&) — Pr(F) is sequentially o-continuous.

5.6.6. Let % be an LNS over an order-dense ideal E of the universally com-
plete K-space &, let d be a positive element of &, and let ¥ be an arbitrary LNS.
We say that an operator T: % — ¥ is wide at the element d whenever it is wide
on the set {e € E : e is a fragment of d}.

Lemma. Suppose that E is an order-dense ideal of &, d is a positive element
of & ¥ is an LNS, T: E — ¥ is a disjointness preserving bounded operator,
and h is its shadow. Assign Il := {r € Pr(&) : nd € E}. The following assertions
are equivalent:

(1) the operator T is wide at the element d;
(2) sup,ep h(7) = k(1) and, for all = € II the equality (T'nd) = h(7) holds;
(3) E C héy.

< The equivalence of (1) and (3) is contained in Proposition 5.6.1, the im-
plication (2)=>(1) is obvious. It remains to show that (1)=-(2). If (1) is valid then,
for every projection 7y € II, we have

h(mg) = h(mo)sup(Te) = h(mp) sup(Tnd) = sup(Twond) = (Tmed). >
e€E n€ll w€ll

5.6.7. Proposition. Fix arbitrary order unities 1¢ and 1 in the K-spaces &
and #. For every ring homomorphism h: Pr(&) — Pr(%), there exists a unique
regular operator S: héy — % such that the shadow of S is equal to h and
S(1¢) = h(1)1g. Furthermore, the operator S is positive.

<1 For the sake of convenience, assume that h(1) = 1. We divide the con-
struction of the operator S into three steps.
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1. Define the operator S on the set of step-elements of & by letting

ZA mile) : E/\ h(mi)ls

for arbitrary Aj,...,An € Rand my,...,m, € Pr(&).

2. Extend the operator S onto &;. To this end, fix an arbitrary element e € &
and choose a sequence (e, )nen Of step-elements in & so that it r-converges to e
with regulator 1¢. It is easy to verify that the sequence (Sen)nen is r-fundamental
(with regulator 1¢). Assign Se:=r- hm Seq.

3. Finally, extend S onto the entlre set hé&;. Every element e € hé} can be rep-
resented as the mixing O-En eN Tn€n of elements e,, € 61 by means of an h-partition
(Tn)nen. Assign Se:=0-), .y h(Tn)Sen.

It is easy to verify that the definition of S is sound at each of the steps. Obvious
positiveness of S ensures its regularity. In order to prove uniqueness of §, it is

sufficient to observe that, at step 3, the sequence (E,’f:l 7r,,e,,) is r-convergent

meN
to e with regulator o-y_ oy n7nlen| € A& >

The operator S, whose existence is asserted in the last proposition, is called
the shift by h and denoted by S;. Let E be an order-dense ideal of & and F be
an order-dense ideal of #. We say that an operator S: E — F' is a shift operator,
if there exists a ring homomorphism h: Pr(&) — Pr(%#) such that E C hé) and
S = S, on E. It is clear that, in this case, the homomorphism A is the shadow of S.
Observe that the notion of the shift and that of shift operator depend on the choice
of unities 1¢ and 1# in the K-spaces & and .Z.

5.6.8. Proposition. Fix order unities in the universally complete K-spaces &
and F. Let E be an order-dense ideal of &, let F' be an order-dense ideal of %,
and let S,S: E — F be shift operators. If $ < S then § = po S for some
projection p € Pr(F).

< The claim ensues from Propositions 5.1.4 and 5.6.7. >

Let p € Pr(F), let h: Pr(&) — Pr(F) be a ring homomorphism, and let S
be the shift by A. Then the shift by the homomorphism p o h is denoted by pS.
Observe that, in general, dom pS is wider than dom S; therefore, pS differs from
the composition p o S. However, in view of the last proposition, the operators pS

and p o S coincide on dom S and, thus, pS extends po S.
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5.6.9. Theorem. Fix order unities 1¢ and 1g in the K-spaces & and %.
Let E be an order-dense ideal of & and let F be an order-dense ideal of #. A linear
operator S: E — F is a shift operator if and only if it satisfies the following
conditions:

(a) S is disjointness preserving;

(b) S is regular;

(c) S takes fragments of 1¢ into fragments of 1g;

(d) S is wide at 1g.

< Necessity of conditions (a)—(c) is obvious and necessity of (d) follows from
5.6.6. Let us show sufficiency. Suppose that the operator S satisfies conditions
(a)-(d), denote the shadow of S by h and assign Il := {7 € Pr(&) : 7ls € E}.
Lemma, 5.6.6 implies the equality (S(r1¢)) = h(r) for each 7 € II, which, together
with condition (c), yields S(7lg) = Sa(nls). The same lemma ensures the inclu-
sion E C hé;. In view of Lemma 5.4.9, we now conclude that $ =S5, on E. b

Corollary. Fix order unities 1¢ and 1g in the K-spaces & amd %. Let E
be an order-dense ideal of & containing 1¢ and let F be an arbitrary order-dense
ideal of #. A linear operator S: E — F is a shift operator if and only if it satisfies
the following conditions:

(a) S is disjointness preserving;

(b) S is regular;

(¢c) S(1¢) is a fragment of 1 g;

(d) {S(1e)} = (m )L,

REMARK. Conditions (d) in the statements of the theorem and the corollary
may not be omitted. Indeed, let # = R, let & be the space of all sequences, and
let E be the ideal of & generated by the sequence ey(n) = n (n € N). Denote
by Q the Stone-Cech compactification of the discrete topological space N and fix
an arbitrary point ¢ € Q\N. Naturally identifying the spaces 6 and Coo(Q), define
an operator S: E — & by the formula Se = (e/e)(g). Letting 1#(n) = 1 (n € N)
and 1g = 1, we see that the operator S satisfies conditions (a)-(c) of the last
lemma, but S(14) = 0.

REMARK. In particular, from the last corollary it is clear that the domain of
definition h&; of the shift by A is maximally wide. More precisely, h& contains
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the domain of definition of every regular operator S acting from an order-dense
ideal of & into &, having shadow h, and satisfying the equality S(1¢) = h(1)lg.

5.6.10. Fix order unities 1¢ and 1 in the K-spaces & and #. A linear
operator S: E — % defined on an order-dense ideal E C & is called multiplica-
tive if Se;Se; = S(ejez) for any two elements e1,e; € E, whose product belongs
to E. Observe that the notion of multiplicative operator depends on the choice of

unities 1g and 1¢.

Theorem. Let E be an order-dense ideal of &. A linear operator S: E — &

is a shift operator if and only if it is multiplicative.

< The fact that every shift operator is multiplicative is easily established by
checking all the steps of its construction in 5.6.7. We will show that any multi-
plicative operator S: E — & is a shift operator by verifying conditions (a)-(d) of
Theorem 5.6.9.

(a) Disjointness of elements e1,e; € E is equivalent to the equality eje; = 0.
The same is true for elements of #. Consequently, S is disjointness preserving.

(b) Show that the operator S is positive. We divide the proof into three steps.

(b)) If e € E and 0 < e < 1 then Se > 0. Indeed, in this case, €* and e /e
belong to E in view of the inequalities €* < e and e/e < e; consequently, (Se)® =
S(e%) = S((ev/e)?) = S(eve)’ > 0.

(b2) If e € E and e > 1s then Se > 0. Indeed, in this case, \/e € E in view of
the inequality v/ < e; consequently, Se = S((ve)?) = S (\/5)2 > 0.

(b3)Ife € Eand e > 0then Se > 0. Indeed, Se = S{e < 1g)e+S(e > 1g)e 2 0
in view of (b1) and (bs).

(c) The fact that an element e € E is a fragment of 1,4 is equivalent to the equal-
ity e2 = e. The same is true for fragments of 1z. Consequently, S takes fragments
of 14 into fragments of 1 ¢.

(d) Show that {Se : |e] € 1g}** = (im S)t+. Consider the projection p €
Pr(#) onto the band {Se : |e] < 1g}* and define an operator T: E — & by
the formula Te = pSe. The proof will be completed if we establish that T = 0.
Obviously, the operator T is multiplicative and T'e = 0 whenever |e¢] < 1. We also
observe that, in view of (b), the operator T is positive. Let e be an arbitrary
positive element of E. For each n € N, the equality T(e/n) = Te, holds, where
en = (e/n > 1g)e/n. Since \/e, < en < €/n, we have the inclusions \/en, e, € E
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and the inequality T'y/e, < Ten. Consequently,
Te=nTe, = nT(\/e—nZ) = n(T\/e—,;)2 < n(Ten)? = n(Te/n)? = (Te)?/n

for all n € N, which is possible only in case Te = 0. >

5.6.11. REMARK. There is a number of results describing multiplicative oper-

ators (= shift operators) as extreme points of certain sets of operators (see [25, 26,

39)).

5.6.12. REMARK. It is known (see [10: Theorem VIII.10.1}) that every regular
operator T: & — & admits an integral representation

Te = / )\dcp((e < /\1,3’)) (6 € éal))

where ¢ is an arbitrary order-bounded additive function from Pr(&’) into F. It is
not difficult to become convinced that T is a shift operator if and only if the values
of the function ¢ are fragments of 1. Furthermore, the shadow h of T is defined by
the formula h(7) = (p(n)). Some classes of multiplicative operators (= shift oper-

ators) are described form the viewpoint of the integral representation in the papers

by B.Z. Vulikh [7, 9].

5.6.13. Fix order unities 14 and 1# in the K-spaces € and &. Let % and ¥
be LNSs over order-denseideals E C £ and F C &, let T: % — ¥ be a disjointness

preserving operator, and let h: Pr(E) — Pr(F) be its shadow. Then the shift
Sh: h&1 — F by h is called the shift of the operator T.

Proposition. Let % and ¥ be LNSs over order-dense ideals E C & and
F C % and suppose that the LNS % is order-complete. Assume thatT: % — V
is a disjointness preserving bounded operator with shift S. If elements e € dom S
and u € % are such that the product eu is defined in % , then the product S(e)T(u)
is defined in ¥ and the equality T(eu) = S(e)T(u) holds. In particular, Tog =
S(g) o T for every orthomorphism g € Orth(E) N dom S.

< Fix an arbitrary element v € % and denote by &, the order-dense ideal
{e € dom S : eu € %} of the K-space &. Let m¥ be the universal completion of ¥.
Consider the mappings L, R: &, — mY defined by the formulas L(e) = T(eu) and
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R(e) = S(e)T(u). Obviously, the operators L and R are bounded (= dominated)
and disjointness preserving; moreover, their shadows are dominated by the shadow
of T. Since L(lg) = R(lg) and &, C dom S, Lemma 5.4.9 implies the equality
L=R »

5.6.14. Fix order unities 1 and 1g in the K-spaces & and F. Let Z be
an LNS over an order-dense ideal E C 4 and let ¥ be an LNS over an order-dense
ideal F C &. An operator S: % — ¥ is called a shift operator if there exists a shift
operator s: E — F such that |Su| = s|u] for all u € . Obviously, s = |S], i.e.,

the operator s is the exact dominant of S (see 5.3.8).

REMARK. Thus, if S: % — ¥ is a shift operator then it is dominated and its
exact dominant |S| : E — F if a shift operator. The converse is false in general.
Indeed, if % and ¥ are Banach spaces and the norm of an operator S: Z — ¥ is
equal to unity then its exact dominant |[S]: R — R is the identity operator (and,
hence, a shift operator), while the operator § itself is a shift operator only if it is

an isometric embedding.

Proposition. Let % be an LNS over an order-dense ideal E C & and let ¥
be an LNS over an order-dense ideal F C &. An operator S: % — ¥ is a shift
operator if and only if there exist a shift operator s: E — F and an F-isometric
embedding ¢: s% — V¥ such that S = 10 sq, where sqg: % — s% 1is the norm

transformation of % by means of s (see 5.1.11).

<0 Only necessity requires proving. An elementary verification shows that
the formula

L(Z p,-s%u;) = Zp;Su; (ui € %, pi € Pr(¥))
i=1 i=1

soundly defines a function ¢: s% — ¥ that is the desired isometry. >

5.6.15. The following description of shift operators generalizes criterion 5.6.9
to the case of LNSs.

Theorem. Fix order unities 1¢ and 1 in the K-spaces & and %. Let % be
a BKS over an order-dense ideal E C & and let ¥ be an LNS over an order-dense
ideal F C & . An operator S: % — V¥ is a shift operator if and only if it satisfies

the following conditions:
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(a) S is disjointness preserving;

(b) S is bounded;

(c) if u € % and |u| is a fragment of 1¢ then |Su| is a fragment of 1g;
(d) S is wide at 1.

<1 Necessity of conditions (a)-(d) follows immediately from Theorem 5.6.9.
Assume that an operator S satisfies conditions (a)-(d). Denote by |S]| the exact
dominant of S and show first that |S|: E — F is a shift operator by verifying
conditions (a)-(d) of Theorem 5.6.9. Condition (a) ensues from Corollary 5.4.4,
condition (b) is ensured by the fact that | S| is positive, condition (c) follows from
Proposition 5.4.12, and condition (d) from Lemma 5.6.2. Thus, |S| is a shift oper-
ator. Since the shadows of S and |S| coincide (see Proposition 5.4.4), the opera-
tor |S| is the restriction of the shift of S onto E.

Assign % = {u € % : |u| is a fragment of 1,5»}, consider an arbitrary element
u € %, and show that |Su] = |S||u]. For the sake of convenience, we assume
that |u| = 1¢ and |S|lg = 1g. This assumption does not restrict generality,
since § [(u)% ] C {ISllu])¥, and, therefore, we may regard S as an operator from
()% into {|S|lu|)¥. Denote the projection (Su)* by p. Since | Su| is a fragment
of 1, it is sufficient to show that p = 0. Assume to the contrary that p # 0.
Then, by Proposition 5.4.12, there is an element u; € % such that |u;| = 1g
and pSu; # 0. Assign e := |u; + 3u]. The equalities |u| = ju;| = le readily
imply 21¢ < e < 41¢g; hence, ilg <1l/e %lé». The last inequality proves that
the product @ := (1/e)(u1 + 3u) is defined in %. By using Proposition 5.6.13 and
the equality pSu = 0, we obtain:

pISTl = p|S((1/e)(u + 3u))| = Al SI(1/€)] S(us + 3u)]
= 1SI(1/e)lpSu1 + 3pSul = pISI(1/) Sus] = (pSui)IS|(1/e).

Observe that || = 1s and, consequently, |S%| is a fragment of 1. Therefore,
the relations

ISl = (pSuISI(1/¢) > (pSun)IS1(51e) = 3 (pSurlls,

yield the inequality p|S4| > (pSu1)le, which contradicts the following relations:

(pSur)Ls < plSul = (pSun)ISI(1/e) < (pSunlS1(51e) = 5(pSur)Ls.
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Thus, we established that |Su] = |S|lu| for all u € %;. Denote by h
the shadow of S. As is known, h coincides with the shadow of |S|. Then, ap-
plying Corollary 5.4.9(2) to the operators S: % — ¥ and |S|y : % — |S|%, we
obtain the equality |Su| = |S||u] for all * € % with norm in hé;. It remains to
observe that {u € % : |u] € hé1} = %, since E = dom |S| C h&1. >

5.7. Weighted Shift Operator

Weighted shift operators considered in this section are the compositions W o
S o w of two orthomorphisms w and W and a shift operator S. Representability
of a disjointness preserving operator as such a composition is related to existence
of a bounded set on which the operator is wide. In addition to this criterion,
we also suggest some sufficient conditions for representability of an operator in
the form W o S o w. The main result of the present section is representation
of an arbitrary disjointness preserving operator as the strongly disjoint sum of
weighted shift operators. Thus, operators of the form WoSow play the role of simple
elements, from which wider classes of operators are constituted. In the sequel,
this fact will allow us to construct one of analytic representations of disjointness
preserving operators.

Throughout the section, E and F and order-dense ideals of the K-spaces &
and #. In the spaces & and %, we fix order unities 1¢ and 1 and consider
the multiplication that makes the spaces commutative ordered algebras with unities
1# and 14, respectively (see 5.1.12). We recall that orthomorphisms in the K-spaces
under consideration are multiplication operators and we identify them with the cor-
responding multipliers (see 5.5.12). The ideal of the K-space & generated by the el-
ement lg is denoted by &7. Observe that some notions introduced in this section

depend on a concrete choice of unities 1 and 1&.

5.7.1. We say that a linear operator T': E — F is a weighted shift operator
if there exist order-dense ideals E' C & and F' C &, orthomorphisms w: E — F’
and W: F' — F, and a shift operator S: E' — F' such that T = W o Sow, i.e.,

the diagram
E—X1-F

o [w
B 5,
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is commutative. The composition W ¢ S o w is called a WSW-representation of T,
and the operators W, S, and w are respectively called the outer weight, the shift,
and the snner weight of the representation W o S o w.

Observe that, in view of Theorem 5.4.1, a regular operator T: E — F is
a weighted shift operator if and only if so is its modulus |T|. Moreover, if one
of the operators T or |T'| admits a WSW-representation then the other one admits
a WSW-representation with the same shift and inner weight. Thus, while discussing
the question of whether an operator is a weighted shift operator, we may always
assume the operator positive.

From the viewpoint of the above definition, the property of a mapping to be
a weighted shift operator depends on the choice of 14 and 1. Actually, there is

no such a dependence. Indeed, let an operator T admit a WSW-representation
Te=WxS(wxe) (e€E),

where “*” is the multiplication corresponding to the unities 14 and 1 &. Then, after
replacing 1¢ and 1# by 1) and 1’y and introducing the new multiplication “-” in
the K-spaces under consideration, the operator T remains a weighted shift operator

and admits the WSW-representation

Te=W-S'(w'-e) (e€E),
where

S'z=(lg/1g) S(ls-2) (.’L‘ € (dom S)/l,g)

and w' = w/1% (here, the division and the power operation also correspond to
the new unities). Thus, the notion of a weighted shift operator T: E — F makes
sense for “pure” K-spaces E and F, without any dependence on their embed-
ding into universally complete K-spaces and introducing a multiplicative structure.
In particular, this implies that a positive operator T: E — F is a weighted shift
operator if and only if it can be made a shift operator by an appropriate choice of
unities 1 and 1.

Simple examples show that a single weighted shift operator can have different
WSW-representations. However, variety of the components of a WSW-representa-
tion for a given operator T' is naturally restricted by their connection with T and
with each other. Two main aspects of this connection are reflected in the following
proposition.
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Proposition. Let T: E — F be a weighted shift operator and let Wo Sow
be a WSW-representation of it. Assign p:= (imT).

(1) Denote the shift of T by St. Then St extends p o S and the equality
WoSow=WoSTow holds.

(2) Identify w and W with the corresponding elements of & and & and
assign Wr := o—}rié?ITw(lg/w) € F, where Il = {r € Pr(&) : n(le/w) € E}.
Then pW = Wr and WoSow =WroSow.

< Assertion (1) readily follows from 5.6.7 and 5.6.8. Let us prove (2). Due to
the obvious equality T o (w)® = 0, we do not restrict generality by assuming that
(w) = (1). Then

o—1lr1€r111I Tr(le/w) = o-1lr1éII1I WSrwr(le/w) = 0-11r1é1111 WSrrle = (ilellpl h(7r)>W,

where h is the shadow of T. Since p = h(1), it is sufficient to show the relation
supe A7) = h(1). From E C dom(St o w) it follows that w[E] C dom S = hé;
and, hence, E C hé/,. It remains to employ Lemma 5.6.6. >

Thus, a WSW-representation of a concrete operator determines to a great ex-
tent by the choice of the inner weight. Observe that every weighted shift operator
admits a WSW-representation with positive inner weight. Indeed, consider an ar-
bitrary WSW-representation W o § o w. Identifying the orthomorphism w with
an element of & (see 5.5.12), denote the projection (w*) € Pr(E) by m and assign
p:=(S(nle)). Then

WoSow=WoSo (rw| —rtw|)
=Wo(poSo|w|—ptoSolw|)=(pW —p W)oSoluw|

REMARK. If WoSowis a WSW-representation of an operator T with positive
inner weight w, then the operators T+, T~ and |T'| admit the following WSW-rep-
resentations: Tt =W+t oSow, T- =W~ 0Sow, and |T| = |W|o S o w.

5.7.2. Theorem. Let w be an arbitrary positive element of &. A linear
operator T: E — F admits a WSW-representation with inner weight w if and

only if it is disjointness preserving, regular, and wide at the element 1¢/w.
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< Necessity ensues from Proposition 5.7.1(2). Let us prove sufficiency. Sup-
pose that a disjointness preserving operator T: E — F is wide at 1g/w. With-
out loss of generality, we may assume that the operator T is positive. Assign
II := {r € Pr(#) : 7(1¢/w) € E} and denote by W the orthomorphism of multipli-
cation by supen Tn(lg/w) € #. Consider the composition (1g/W)oTo(le/w) as
an operator from w[E] into .# and denote it by S. By proving that S is a shift oper-
ator, we will obtain the desired WSW-representation WoSow for T. In accordance
with Theorem 5.6.9, it is sufficient to show that the operator S satisfies conditions
(a)—(d) presented in the statement of that theorem. Verification of the conditions
causes no difficulties. >

We say that a subset of the K-space E is &-bounded if it is bounded in &.
A subset % of an LNS over E is called &-bounded if the set {|u0| Tug € %} is
& -bounded.

Corollary. A linear operator T: E — F is a weighted shift operator if and
only if it is disjointness preserving, regular, and wide on some & -bounded subset

of E.

< If the operator T is wide on a set D C E and an element ¢ € & is such
that |d| < e for all d € D, then the operator T is wide at e and, in view of the last
theorem, it admits a WSW-representation with inner weight 1g/e. >

5.7.3. Proposition. Assume that regular operators T,T: E — F are dis-
jointness preserving and satisfy the inequality |T| < |T| Then T is a weighted
shift operator if and only if so is T'. Moreover, the following assertions are true:

(1) If W 0o S oW is a WSW-representation of T then the operator T admits
a WSW-representation of the form W o § o w, where |W| < IWI

(2) If W o S o w is a WSW-representation of T then the operator T admits
a WSW-representation of the form W o S o w, where (imT)|W| < |W|.

< Without loss of generality, we may assume that the operators T and T are
positive.

(1) The claim is ensured by Corollary 5.5.19.

(2) Assume that T admits a WSW-representation W o .S o w and assign p :=
(imT). According to Theorem 5.7.2, the operator T is wide at the element 1/w.
Then the operator T also has this property and, by the same Theorem 5.7.2, it
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admits a WSW-representation W o S o w. The desired interrelation between W
and W ensues from Proposition 5.7.1. >

5.7.4. In accordance with Theorem 5.7.2, it seems interesting to study situa-
tions in which an operator T': E — F turns out to be wide on some &-bounded
subset of E. Without touching the general problem, we will only discuss several
particular cases.

First of all, we point out a trivial corollary to Theorem 5.7.2: if {Te}tt =
(imT)+L for some element ¢ € E then T is a weighted shift operator (and it
admits a WSW-representation with inner weight 1¢/e). In particular, the following

assertion holds:

Proposition. If there exists a strong order unity e in the K-space E then ev-
ery disjointness preserving regular operator T: E — F is a weighted shift operator
and admits a WSW-representation with inner weight 1¢/e.

Of course, the indicated cases admit generalizations. For instance, since every

set of pairwise disjoint elements in E is &-bounded, we have the following assertion:

Proposition. Let T: E — F be a disjointness preserving regular operator.
If {Teg : ¢ € E}L = (imT)t for some family (e¢)eez of pairwise disjoint
elements in E, then T is a weighted shift operator.

The condition stated in the last proposition is not necessary. indeed, let
& = C(P), where P is an extremally disconnected compact space containing
a nonisolated point p € P. Denote by E the order-dense ideal {e € & : ¢(p) = 0}
of the K-space &. Consider the set @ := P\{p} and let &# be the K-space of
all real-valued functions defined on . Define an operator T': E — % as follows:
Te = ¢|q. Obviously, the operator T is wide on the £-bounded set {e € E : |¢| < 1}
(and, therefore, it is a weighted shift operator), but the family (e¢)¢cz mentioned
in the statement of the last proposition does not exist.

Another class of weighted shift operators resulted by combining Lemma 5.6.6
and Corollaries 5.4.6 and 5.6.5.

Theorem. Every disjointness preserving sequentially o-continuous regular
operator T: E — F is a weighted shift operator. Moreover, for every order unity

w € &, such an operator T admits a WSW-representation with inner weight w.



Disjointness Preserving Operators 425

5.7.5. It is known that not every disjointness preserving regular operator is
a weighted shift operator. For the sake of completeness, we will present here the cor-
responding example from [19], the more so as the example is, in a sense, typical
(see below).

Let @ be an extremally disconnected compact space without isolated points.
In this case, we can find an order-dense ideal E C Coo(Q), a family (eg)eez in E,
and a family (g¢)eez in @ so that the following conditions be satisfied: the set
{ge : € € E} is dense in @, e¢(ge) = oo for all £ € Z, and, for each e € E,
the number set {(e/e¢)(g¢) : € € Z} is bounded. Then the operator T: E — {*°(E)
acting by the rule (Te)(§) = (e/e¢)(ge) is disjointness preserving and regular (even
positive), but is not a weighted shift operator.

The above construction of an operator T possesses the following property: if
we denote by p¢ the operator of multiplication by the characteristic function x e,
then we obtain a partition of unity (p¢)eez in the algebra Pr(¢°°(Z)) such that all
fragments of the form p¢ o T are weighted shift operators. It turns out that of all

disjointness preserving regular operators are structured in the same way.

Theorem. Let T: E — F be a disjointness preserving regular operator.
Then there exists a partition of unity (p¢)eez in the algebra Pr(F) such that,
for each { € Z, the composition pe o T is a weighted shift operator. Moreover,
the projections pg can be taken so that each composition p¢oT admit a WSW-rep-
resentation with inner weight 1¢/e¢, where e¢ is a positive element of E. In this

case, the operator T is decomposed into the strongly disjoint sum
T= @Wopgso(lg/eg),
¢€E

where S is the shift of T and W: # — % is the orthomorphism of multiplication
by 03 ¢cz peTee.

< By applying the exhaustion principle to the relation

sup (Te) = (imT),
e€E+

we obtain a disjoint family (p¢)eez in the algebra Pr(F) and a family (e¢)¢ez of pos-
itive elements in E such that supgez pe(T'eg) = (im T'). After adding the projection
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(im T)* to the family (p¢)¢ez and the zero element to the family (e¢)eez, we make
(p¢)eecs a partition of unity and preserve the relation supgez pe(Teg) = (imT).
By Theorem 5.7.2, for each ¢ € =, the composition pg o T is a weighted shift oper-
ator and admits a WSW-representation with inner weight 1¢/e;. If S is the shift
of T then the shift of p¢oT is equal to p¢.S (see 5.6.8); thus, using Proposition 5.7.1,
we conclude that pg o T = peTeg 0 peSo(lg/eg). D

5.7.6. Let % be a BKS over an order-dense ideal E C & and let ¥ be a BKS
over an order-dense ideal F' C #. We say that a linear operator T: % — ¥ is
a wesghted shift operator if there exist a BKS %' over an order-dense ideal E' C &,
a BKS 7" over an order-dense ideal F' C %, orthomorphisms w: % — %' and
W:¥' — ¥, and a shift operator S: %' — ¥’ such that T = Wo Sow, i.e.,
the diagram

vy L,y

oL w

L
is commutative. As in the case of an operator in K-spaces, the composition WoSow
is called a WSW-representation of T and the operators W, § and w are respectively
called the outer weight, the shift, and the inner weight of the representation WoSow.
Of course, use of the terminology of 5.7.1 in the case of operators in LNSs is not quite
correct, since a K-space is a particular case of an LNS. Therefore, in order to avoid
confusion, we sometimes call a weighted shift operator scalar or vector, referring
to definition 5.7.1 or 5.7.6, respectively. By analogous reasons, we speak about
scalar or vector WSW-representations. A vector WSW-representation Wo S ow of
an operator T: % — ¥ will be called semivector if w is a scalar orthomorphism
(see 5.5.17), i.e., Z and %' are order-dense ideals of the same BKS over & and
the orthomorphism w acts by the rule u — eu for some fixed orthomorphisms

e € Orth(E, E'").

Theorem. Let % be a BKS over an order-dense ideal E C & and let ¥V
be a BKS over an order-dense ideal F C #. A linear operator T: % — ¥V
is a vector weighted shift operator if and only if it is dominated and its exact
dominant |T|: E — F is a scalar weighted shift operator. Moreover, the following

assertions hold:
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(1) fWoSow is a vector WSW-representation of T then |T| admits a scalar
WSW-representation W o I_S-'_I o |w] such that 0 < W < IWI

(2) Let W o S ow be a scalar WSW-representation of |T| with positive
weights W and w. Then T admits a semivector WSW-representation W 0 S o @
such that lWl =W, I?I = §, and W is the orthomorphism of multiplication by w.

< (1) The claim readily follows from 5.7.3(1).

(2) Suppose that W o § o w is a scalar WSW-representation of |T'|, where
w:E—>E,S:E — F and W: F' — F. Let m% be the universal completion
of % ,let %' betheideal {u € m% : |u| € E'} ofthe BKS m%,andlet w: % — %'
be the orthomorphism of multiplication by w. Denote by ¥” the o-completion of
the norm transformation of %' by means of S (see 5.1.11) and consider the corre-
sponding operator of norm transformation S: %' — ¥’. Now, we are to construct

an orthomorphism W: 7' — ¥.
Assign ¥ := (S ow)[%] and define a linear operator Wy : ¥ — ¥ as follows:

Wo(Swu) := Tu. Such a definition is sound, since the equality Swu; = Swu,

implies

|Tu1 - TU2| < |T||u1 - u1| = WSw|u1 - u1|
= Wslwul - w’uzl = Wl?ﬁul — STU—’U2| =0.

Assign p := (imT). Since p < ((S o W)[%]) and W[%] = {v' € V' : |V'| €
w[E]}, the operator p o S is wide on the ideal w[E] C E'. Consequently, by
Proposition 5.6.2((2)=>(3)), the set ¥/ = (p o §)[w[%]] approximates (p o §)[%"].
The latter set, by the definition of the norm transformation S%’, approximates
the set p[S%'}], which in turn approximates p[¥’]. Therefore, in view of 5.2.2,
the set ¥ approximates p[¥']. Obviously, [Wovg| < W]|v| for all vj € .
According to Corollary 5.4.8, the operator Wy admits a (unique) linear extension
Wi: p[¥'] = ¥ such that |W1v'| < le’l for all v' € ¥'. Then the composition
Wiop: 7' — ¥ satisfies the inequality I—W—l ) pl £ W and, consequently, it
is an orthomorphism. Thus, we have already constructed a WSW-representation
(W10p)0Sotw of the operator T. However, we cannot assign W := W1 o p at this
moment, since the equality IWI = W will not be guaranteed.
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For all positive e € E, we have

|W1 o plS’we = sup{IWIpv'l v eV, |v'| = Swe}
2 sup{plWov(')l tvy €Y, Iv(')l = Swe}
= sup{p|W0§Uu| uE%, |§m| = Swe}
= sup{lTu| : Swlu| = Swe}
> sup{|Tu]: [u| = e} = [T]e = WSwe,

whence |W1 o p|Swe = WSwe by the inequality |W1 o p| < W. Thus, WoSow
and |W1 o pl 0 S ow are two WSW-representations of the operator |T'|. Hence,
according to Proposition 5.7.1(2), the equality lWl o pl = pW holds. To ensure
the equality |W| = W, it is sufficient to define W as the sum of the orthomorphism
W10p and some “inactive” supplement with norm pW. Proposition 5.5.13 implies
existence of an orthomorphism W3 € Orth(%,¥) such that lel = W. We assign
W::Wl op+W2 opl. >

REMARK. (1) The inequality W < IW' presented in assertion (1) of the last
theorem can be strict. In other words, the equality |T'| = |_W_| o |§| o |w| cannot be
guaranteed for every WSW-representation T = WoSow. (A simple counterexample
can be given in the case when % and ¥ are Banach spaces.) However, (2) implies
that every weighted shift operator T: % — ¥ admits a WSW-representation W o
S 0 such that |T| = IW' o |§| o |w].

(2) From the last theorem it follows that each vector weighted shift operator
admits a semivector WSW-representation. Moreover, if an operator admits a vector
WSW-representation with inner weight w then it admits a semivector WSW-repre-
sentation with inner weight the operator of multiplication by |w].

(3) If we consider each of the K-spaces E and F as a BKS (over itself) then
the exact dominant of every regular operator T': E — F coincides with its modu-
lus [T'|. This observation and the last theorem allow us to conclude the following:
a mapping T': E — F is a vector weighted shift operator if and only if it is a scalar
weighted shift operator. This fact justifies correctness of using the common term

“weighted shift operator” for operators in BKSs as well as for operators in K-spaces.

5.7.7. Each of the assertions stated in the following theorem readily follows

from a similar “scalar” assertion (see 5.7.1-5.7.4) and Theorem 5.7.6.
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Theorem. Let % be a BKS over an order-dense ideal E C & and let ¥ be
a BKS over an order-dense ideal F C &.

(1) The property of a mapping T: % — ¥ to be a weighted shift operator
does not depend on choosing unities 1 and 1g.

(2) A linear operator T: % — V¥ is a weighted shift operator if and only if it
is disjointness preserving, bounded, and satisfies the relation T[%)*+ = T[%]*+
for some & -bounded subset % C % .

(3) Let w be an arbitrary positive element of &. A linear operator T: % — ¥
admits a WSW-representation with inner weight of norm w if and only if it is

disjointness preserving, bounded, and wide at the element 1¢/w.

(4) Let T: % — 7V be a disjointness preserving bounded operator. If the rela-
tion {Tu}*++ = (im T)1 holds for some element u € % then T is a weighted shift
operator and admits a WSW-representation with inner weight of norm 1g/|u].

(5) If there exists a strong order unity e in the K-space E then every disjoint-
ness preserving bounded operator T: % — 7V is a weighted shift operator and
admits a WSW-representation with inner weight of norm 1g/e.

(6) Every disjointness preserving sequentially o-continuous bounded operator
T: % — YV is a weighted shift operator. Moreover, for every order unity w € &,

such an operator T admits a WSW-representation with inner weight of norm w.

5.7.8. Theorem. Suppose that % is a BKS over an order-dense ideal E C
&, V is a BKS over an order-dense ideal F C %, m% and m?¥ are universal
completions of % and ¥, and T: % — V¥ is a disjointness preserving bounded
operator. Then there exists a partition of unity (p¢)¢cz in the algebra Pr(¥') such
that, for each { € =, the composition pg o T is a weighted shift operator.

The projections p¢ can be chosen so that each composition pe o T admit
WSW-representation with inner weight of norm lg/e¢, where e¢ is a positive
element of E.

For each £ € Z, assign E¢ := {efe¢ : e € E} and % := {u € m% : |u| € E¢},
where m% is the universal completion of %, and denote by w¢ : % — % the scalar
orthomorphism of multiplication by l1g/ee. Then there exist a BKS V' over Z,
strongly disjoint shift operators Sg: % — V' (€ € E), and an orthomorphism
W: ¥'" — mV¥ such that the operators T and |T| decompose into the following
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strongly disjoint sums:

T=§GWOS€O’LUE, ITI=§9IWIOIS§IOIU)£I.
€E €=

< Consider an arbitrary disjointness preserving bounded operator T: % —
. By Theorem 5.7.5, there exists a partition of unity (p¢)eez in the algebra Pr(F)
such that, for each £ € Z, the composition p¢ o |T| is a weighted shift operator
and, moreover, admits a WSW-representation with inner weight 1/eg, where e¢
is a positive element of E. Define BKSs % and orthomorphisms we: % — % in
the same way as in the statement of the theorem being proved. By Theorem 5.7.6,
for each ¢ € Z, there exist a BKS ¥ over an order-dense ideal F¢ C p¢[#], a shift
operator S¢: % — V¢, and an orthomorphism W : % — pe[¥] such that p¢o T =
We o Seowe and pe o |T| = |W€| o I.S'fl o wal In order to complete the proof,
it remains to construct the desired BKS ¥’ and “glue” the orthomorphisms We
together to obtain a single orthomorphism W.

Assign ¥ := @¢ez % (see 5.1.10) and denote by ¥” a universal completion
of the BKS ¥;. Naturally identifying % and p¢[¥]], we regard S¢ as an oper-
ator from % into ¥'. For each element vj = (v¢)eez € %5, assign Wy(v') =
0 ¢cz We(ve) € m¥. Due to Corollary 5.4.8, the orthomorphism Wy : % — m¥

admits a unique extension to an orthomorphism W: ¥’ - m7?. >

5.8. Representation of Disjointness Preserving Operators

Constructing analytic representations of disjointness preserving operators is
an old tradition. This question was studied by everyone who was interested in
these operators from the abstract point of view. Representation of various classes
of operators as composition and multiplication mappings is presented, for instance,
in [2, 3, 8,9, 14, 19-21, 41, 42]. According to Theorem 1.4.6(3), an order-dense
ideal of the K-space C'o(Q), where Q) is an extremally disconnected compact space,
is the general form of a K-space. This fact provides a base for representation
methods of studying operators in K-spaces. Analytic representations of operators
are constructed in this section with the help of such operations as a continuous
change of variable and the pointwise multiplication by a real-valued function.

Throughout the section, X and Y are totally disconnected, and P and @
extremally disconnected compact spaces. The symbol 1 denotes the function on

a set M which is identically equal to unity.
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5.8.1. Assume that some “abstract” objects A and B (for instance, Boolean
algebras, K-spaces, or BKSs) are represented via isomorphisms i: A — A and
j:B— B in the form of some “concrete” objects Aand B (for instance, algebras
of sets or spaces of functions). Then the interpretation of a mapping f: A —

B (with respect to the representations ¢ and j) is defined to be the composition
jofoi'1:2—>§.

5.8.2. Denote by Co(Y, X) the totality of all continuous functions s: ¥y —» X
defined on various clopen subsets Yy C Y.

Proposition. A mapping h: Clop(X) — Clop(Y) is a ring homomorphism
if and only if there exists a function s € Co(Y,X) such that h(U) = s~*{[U] for all
U € Clop(X). For every ring homomorphism h, such a function s is unique.

< The claim follows directly from the well-known theorem of R. Sikorski (see
[18: §11; 40]). >

The relation h(U) = s~1[U] is called the representation of the ring homomor-
phism h by means of the function s. Observe that, due to the Stone theorem,
the last proposition describes the structure of ring homomorphisms acting in arbi-

trary Boolean algebras.

5.8.3. The following proposition shows that every ring homomorphism (to

within an isomorphism) is the mapping of intersection with a fixed set.

Proposition. Let h: Clop(X) — Clop(Y) be a ring homomorphism. Then
there exist a closed subset Z C X and an order isomorphism 1 of the Boolean

algebra Clop(Z) onto im h such that h(U) =i(U N Z) for all U € Clop(X).

< Let h(U) = s71[U] be the representation of h by means of a function
s € Co(Y, X). Assign Z :=ims and, for each element W € Clop(Z), define the set
#(W) € Clop(Y) by the formula (W) := s~}[W]. Verification of the assertions of
the theorem causes no difficulties. D>

5.8.4. Proposition. Let E and F be order-dense ideals of Coo(Q). A map-
ping W: E — F is an orthomorphism if and only if there exists a function
w € Coo(Q) such that W(e) = we for all e € E. For every orthomorphism W,
such a function w is unique.
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<1 The assertions stated are a reformulation of Theorem 3.5.12 with account

taken of Theorem 1.4.6(3). >

The relation W(e) = we is called the representation of the orthomorphism W
by means of the function w. Observe that, due to Theorem 1.4.6(3), the last

proposition describes the structure of orthomorphisms acting in arbitrary K-spaces.

5.8.5. Given arbitrary s € Co(Q, P) and e € Coo(P), the function ees: Q — R

is defined as follows:
e(s(g)) if ¢ € doms,

(ees)e) = { 0 if ¢ € @\ domss.

Of course, to ensure correctness, while using the notation e e s, we must always have
in mind a fixed set @ containing doms. Obviously, the function e o s is continuous
but, in general, does not belong to Coo(@), since it can assume infinite values on
a set with nonempty interior. The totality of all functions e € Co(P) for which
e s € Co(Q) is denoted by Cy(P).

Proposition. Let h: Pr(Coo(P)) - Pr(Coo(Q)) be a ring homomorphism
and let hC(P) be the order-dense ideal of Coo(P) defined in 5.6.3. Then hC(P) =
Cy(P), where h(U) = s~1[U] is the representation of h by means of an s € Co(Q, P)
(with respect to the natural representations of Pr(Coo(P)) and Pr(Ceo(Q))).

< The claim follows from Propositions 5.6.3 and 5.8.2. >

A continuous function s: Q@ — P is called o-ezact, if s71[c1G] = cls™1[G] for
every open o-closed subset G C P. Below (see. 5.9.1), this property of a function
is considered in more detail.

Lemma. Denote the image of a function s € Co(Q, P) by R.

(1) For every function e € C,s(P), the intersection RN dome is dense in R,
ie, Cs(P) C {e € Co(P): ¢|r € Coo(R)}.

(2) If the function s|® is o-exact then Cy(P) = {€ € Co(P) : €|r € Coo(R)}
and Coo(R) = {e|R ie € C,(P)}.

< (1) Consider an arbitrary function e € C4(P). If there were a nonempty
open set W C R disjoint from dom e then the function e @ s would assume infinite
values on the nonempty open set s~1[W], which would contradict the inclusion

e e s € Co(Q). Consequently, the intersection RN dome is dense in R.
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(2) Let a function e € Cy(P) be such that the intersection R N dome is dense
in R. Then, using the fact that the function s|® is g-exact and the intersection

RN dome is a o-closed open subset of R, we obtain

cl(eos) ! [R] = cls™!{dome] = cl s} [RN dome]
= s"![cl(RNdome)] = s™'[R] = doms,

and the first equality is established. The second equality follows from the first one
due to the Tietze-Urysohn theorem. >

REMARK. The requirement in condition (2) of the lemma, that the function s|®
be o-exact, is essential, since the set C4( P) is not in general determined by the image
of s. Indeed, suppose that p € P is not a P-point, i.e., the intersection of some
sequence of neighborhoods of p is not a neighborhood of p. Let P := P U {00}
be the enrichment of P by a new isolated point co. Then the identity function
s: P — P and the function 5 := sU {(0c0,p)} : P — P have the same image, while
the sets Cs(P) and C5(P) does not coincide.

5.8.6. If E C Coo(P) and R C P then the set {e|r : ¢ € E} is denoted by
E|r.

Lemma. Denote the image of a function s € Cy(Q, P) by R and assume that
the function s|® is o-exact. Then

(1) Cwo(R) is a vector sublattice of Coo(R);
(2) if E is an ideal of the K-space C,(P) then E|g is an ideal of the vector
lattice Coo( R).

< Assertion (1) readily follows from Lemma 5.8.5(2). Let us prove (2). As-
sume that a function ¢ € Coo(R) satisfies the inequalities 0 < g < e|g for some
positive element e € E. In view of Lemma 5.8.5(2), there is a positive function
€ € C4(P) such that g = €|g. TheneAe€ Eandg=(eAe)|lp. >

5.8.7. Proposition. Let E be an order-dense ideal of Coo(P) and let F be
an order-dense ideal of Coo(Q). A mapping S: E — F is a shift operator if and
only if there exists a function s € Co(Q, P) such that Se =ees for alle € E.

< Sufficiency can be easily established with the help of Theorem 5.6.9. Let us
show necessity. Suppose that S: E — F is a shift operator and h: Pr(E) — Pr(F)
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is its shadow. Represent the algebras Pr(E) and Pr(F) as Clop(P) and Clop(Q)
and consider the representation h(U) = s~1[U] of the corresponding interpretation
h: Clop(P) — Clop(Q) of the homomorphism h by means of an s € Cy(Q, P).
According to Proposition 5.8.5, the equality hC(P) = C,(P) holds. Since the op-
erators (e — e @ 5): C4(P) = Coo(Q) and Si: hC(P) — Coo(Q) have the same
shadow h and satisfy the equalities 1pes = Sp(1p) = h(1)1g, they coincide in view
of Proposition 5.6.7. Therefore, Se = Spe =eesforalle€ E. >

5.8.8. The function s connected with the shift operator S in the way described
in the last proposition is not unique in general. Indeed, assume that the compact
space P contains two different nonisolated points p; and ps, assign E := {e €
Cow(P) : e(p1) = e(p2) = 0} and consider the functions s;1,s2: @ — P identically
equal to p; and ps, respectively. Then ees; =ces; =0 forall e € E.

The following proposition clarifies the question about uniqueness of a repre-

sentation of a shift operator.

Proposition. Let E be an order-dense ideal of Coo(P), let F be an order-
dense ideal of Coo(Q), and let S: E — F be a shift operator. Assign Qp :=
suppim § = cl|J,¢ g supp Se.

(1) If functions sy, sz € Co(Q, P) satisfy the equalities Se = ees; = ee sy for
all e € E then @ C doms; Ndom s, and s; = 83 on Q.

(2) There exists a unique function s € C(Qq, P) such that Se = e e s for all
e € E. Furthermore, if s is such a function then h(U) = s~1[U] is a representation
of the shadow h of the operator S.

< (1) Denote by D the totality of all points in P, at which some functions
in E are nonzero. Obviously, the set sT 1[D] is dense in Qo; therefore, it is sufficient
to establish the equality s; = s, on this set. Take an arbitrary point ¢ € s [D] and
assume to the contrary that s1(q) # s2(g). Since s;(g) € D, there exists a function
e € E that satisfies the relations e(s;(g)) # 0 and e(s2(g)) = 0, which contradicts
the equality e ¢ 5, = ¢ @ 55.

(2) Existence of the function s follows from Proposition 5.8.7, and its unique-
ness from assertion (1). The fact that s represents the shadow of S ensues from
the proof of the Proposition 5.8.7. >

If a function s satisfies the conditions stated in assertion (2) then the relation
Se = e e s is called the representation of the shift operator S by means of the func-
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tion s. Observe that, due to Theorem 1.4.6 (3), Propositions 5.8.7 and 5.8.8 describe

the structure of shift operators acting in arbitrary K-spaces.

5.8.9. The following proposition shows that every shift operator (to within

an isomorphism) is the operator of restriction onto a fixed set.

Proposition. Let E be an order-dense ideal of C(P), let F' be an order-
dense ideal of Coo(Q), and let S: E — F be a shift operator. Then there exist
a closed subset R C P and a mapping i: E|g — F such that

(1) E|g is a vector sublattice of the K-space Coo(R);
(2) i is a linear and order isomorphism of E|g onto im S;
(3) Se=1i(e|r) for all e € E.

<1 Let Se = e o s be the representation of S by means of a function s €
Co(Q,P). Assign R := ims and, for each element g € E|g, define the function
i(g) € C(Q,R) by the formula i(g) := g e s. Verification of assertions (1)~(3) causes
no difficulties.

5.8.10. Theorem. Let E be an order-dense ideal of Coo(P) and let F be
an order-dense ideal of Coo(Q)). A mapping T: E — F is a weighted shift operator
if and only if there exist functions s € Co(Q,P), w € Coo(P), and W € Coo(Q)
such that we e s € Coo(Q) and Te = W(we e s) for all e € E.

< The claim readily follows from Propositions 5.8.4 and 5.8.7. >

5.8.11. Simple examples show that the components of a representation Te =
W(wees) of a weighted shift operator T are not unique. However, omitting certain
details, we may say that the function s is unique and W is uniquely determined by

the choice of w. This observation can be precisely stated as follows.

Proposition. Let E be an order-dense ideal of C(P), let F' be an order-
dense ideal of Co(Q), and let T: E — F be a disjointness preserving regular
operator. Assign Qg := suppimT.

(1) Let functions s1,s2 € Co(Q,P), wi,ws € Coo(P) and W1, W, € Coo(Q)
be such that Te = Wi(wie e s1) = Wy(wze 0 s3) for all e € E. Then Qy C
doms; Ndomsy and s; = s2 on Q. If, in addition, w; = wy; then W, = W,

on Qo.
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(2) Let a positive function w € C(P) be such that the operator T is
wide at 1/w (see 5.6.6). Then there exist unique functions s € C(Qo, P) and
W € Coo(Q) such that W = 0 outside Qo and Te = W(we o s) for all e € E. Fur-
thermore, supp W = s~} [suppw] = Qo, Se = e e s is a representation of the shift S
of the operator T, and h(U) = s~![U] is a representation of its shadow h.

< Assertion (1) follows immediately from Proposition 5.7.1 (due to 5.8.4
and 5.8.8). Let us show (2). Existence of functions s and W ensues from The-
orems 5.7.2 and 5.8.10, and their uniqueness from assertion (1). Connection of
the function s with the shift and shadow of the operator T follows from Proposi-
tions 5.7.1(1) and 5.8.8(2). >

If s, w, and W satisfy the conditions stated in assertion (2), then the relation
Te = W(we o s) is called the representation of the weighted shift operator T' by
means of the functions s, w, and W. Observe that, due to the Theorem 1.4.6(3),
assertions 5.8.10 and 5.8.11 describe the structure of weighted shift operators acting
in arbitrary K-spaces.

REMARK. If Te = W(wees) is a representation of a weighted shift operator T
then the operators T+, T~, and |T| admit the following representations: Tte =
W(wees), Te=W(wees), and |T|e = |W|(we o 3).

5.8.12. Given arbitrary functions f,g € C(Q,R), the product fg € C(Q,R)
is defined by the rule

f(q)g(q) if the product f(q)g(g) makes sense,
(fo)lq) := i.e., does not have the form 0-+o00 or +o00-0,
0 if f=0o0r ¢ =0 in a neighborhood of ¢
on a dense subset of @ and then extends onto the entire space @ by continuity.
Theorem. Let E be an order-dense ideal of Coo(P), let F' be an order-dense
ideal of Co(Q), and let T: E — F be a disjointness preserving regular operator.
Consider the representation h(U) = s~1[U] of the shadow h of the operator T by
means of a function s € Co(Q, P). Then there exist a family (w¢)eez of positive

functions in Coo(P) and a family (W¢)eez of pairwise disjoint functions in Coo(Q)
such that 1/w¢ € E for all £ € Z and

Te = o-z We(weeos) (e € E). (%)
éez
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< The assertion stated is a reformulation of Theorem 5.7.5 with account
taken of Proposition 5.8.11(2).

Observe that the functions wee o s in the representation (), being continuous
functions from @ into R, need not belong to Coo(@Q), while the products We(weees)
do belong to Coo(Q).

We call the relation Te = 0) ;= We(wee o s) the representation of the op-
erator T by means of the functions s, we, and We. Observe that, due to The-
orem 1.4.6(3), the last theorem describes the structure of disjointness preserving

regular operators acting in arbitrary K-spaces.

REMARK. If Te = 0) ..z We(wee o 5) is a representation of the operator T
then the operators T+, T~, and |T| admit the following representations:

The = O-Z W?(wfe ° S),

{3

T e= o—z We (wee e s),
¢eE

ITle = 0y [Wel(wee o 5).
==

5.8.13. REMARK. It is known (see [16, 27]) that order-dense ideals of the LNS
Coo(@, &) of extended continuous sections of an ample Banach bundle & over
an extremally disconnected compact space @ exhaust all BKSs. Furthermore, ev-
ery BKS over a Kantorovich-Pinsker space is isometric to an ideal subspace of
M(Q, &), the BKS of cosets of measurable sections of a measurable Banach bun-
dle 2 with lifting over a measure space Q (see [28]).

These facts allow us to construct analytic representations for operators in
Banach-Kantorovich spaces which are analogous to those for operators in K-spaces
(see, for instance, [31]). Unfortunately, we cannot present here the corresponding
results for reasons of space.

5.9. Interpretation for the Properties of Operators

The representation theorems of § 5.8 allows us to interpret various properties of
orthomorphisms, shift operators, weighted shift operators, and arbitrary disjoint-

ness preserving operators in terms of the properties of certain components of their
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representation. As an illustration, we consider order continuous operators, injective
operators, and operators with ideal image.

Throughout the section, P and @ are extremally disconnected compact spaces.

5.9.1. Lemma. Let X and Y be totally disconnected compact spaces and

let s: X = Y be a continuous function.

(a) The following assertions are equivalent:
(1) s~![int F] = int s~ [F] for every closed subset F C Y
(2) s71[clG] = el s7Y[G] for every open subset G C Y;
(3) if F is a closed subset of Y and int F = @& then int s™1[F] = &;
(4) if G is an open subset of Y and clG =Y then cls~1[G] = X;
(5) the inverse image s~1[D] of every meager subset D C Y is a meager
subset of X;
(6) the inverse image s~![D] of every comeager subset D C Y is a comea-
ger subset of X.
(b) The following assertions are equivalent:
(1) s~ ![int F] = int s~1[F] for every closed o-open subset F C Y,
(2) s7clG] = cls71[G] for every open o-closed subset G C Y';
(3) if F is a closed o-open subset of Y and int F'= & then int s~ [F] = &;
(4) if G is an open o-closed subset of Y and c1G =Y thencls™![G] = X.

A function s satisfying any of the conditions in (a) (in (b)) is called ezact
(0-ezact).
REMARK. If the compact space Y is extremally disconnected then the list (a)

can be extended by the following equivalent assertions:

(7) if U is a clopen subset of X then s[U] is a clopen subset of Y;
(8) if U is an open subset of X then s[U] is an open subset of Y.

As is known, a function s satisfying condition (8) is called open. Thus, if
the compact space Y is extremally disconnected then the classes of exact and open
functions s € C(X,Y’) coincide. The author does not know analogs of assertions (7)
and (8) that are equivalent to the fact that the function s is o-exact.

5.9.2. Proposition. Let X and Y be totally disconnected compact spaces
and let h: Clop(X) — Clop(Y') be a ring homomorphism. Consider the represen-
tation h(U) = s™1[U] of h by means of a function s € Cy(Y,X). The homomor-
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phism h is o-continuous (sequentially o-continuous) if and only if the function s

is exact (o -exact).
< There is a proof in [18: §22]. >

5.9.3. Let % and ¥ be LNSs over order-dense ideals of the K-spaces Coo(P)
and Coo(Q), respectively. If T: % — ¥ is a disjointness preserving operator and
h(U) = s~1[U] is the representation of the shadow h of the operator T by means of
a function s € Co(Q, P), then we say that s is the shift function of the operator T.

Theorem. Suppose that E and F are order-dense ideals of Co(P) and
Cso(Q) (respectively), % is a BKS over E, ¥ is an LNS over F, T U -V
is a disjointness preserving bounded operator, and s € Co(Q, P) is its shift func-
tion. The operator T is o-continuous (sequentially o-continuous) if and only if
the function s is exact (o-exact).

< Since the function s represents the shadow of T, the claim follows from 5.9.2
and 5.4.6. >

5.9.4. Proposition. Let X and Y be totally disconnected compact spaces
and let h: Clop(X) — Clop(Y) be a ring homomorphism. Consider the represen-
tation h(U) = s~![U] of h by means of a function s € Co(Y,X). The homomor-
phism h is injective if and only if the function s is surjective.

5.9.5. Theorem. Suppose that E and F are order-dense ideals of Coo(P)
and Coo(Q) (respectively), T: E — F is a disjointness preserving regular operator,
and s € Co(Q, P) is its shift function. The operator T is injective if and only if
the function s is surjective.

< NECESSITY: In view of Proposition 5.9.4, it is sufficient to assume injec-
tivity of the operator T and establish injectivity of its shadow h: Pr(E) — Pr(F).
Consider an arbitrary projection © € Pr(E) and suppose that h(r) = 0. Then
Tre = 0 for all e € E. Due to injectivity of T, the latter means that me = 0 for all
ec E,ie,nm=0.

SUFFICIENCY: Let Te = Deez W(wee e s)|q, be the representation of the op-
erator T by means of s € Co(Q, P), w¢ € Coo(P), Q¢ € Clop(Q), and W € Coo(Q).
Assume that the function s is surjective. For each ¢ € Z, assign P := suppwg. Con-
sider an arbitrary functions e € E and suppose that Te = 0. Then W(w¢ees)|g, =0
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for all £ € =. The latter means that, for each £ € Z, the equality wee ¢ s = 0 holds
én Q, which implies the equality wee = 0 on s[Q¢] and, hence, the equality e = 0 on
s[Q¢]N Pe. Thus, the function e is equal to zero on the union D := J,cz s[Q¢] N Pe.
It remains to show that the set D is dense in P.

Let a clopen set U be contained in the difference P\D. Then, for all e € E
and ¢ € E, the equality we(U)e = 0 holds on U+ U PgL. From the inclusion
s[Qe] N Pe C U it follows that we(U)e = 0 on s[Q¢]. Therefore, (we(U)e) o s =0
on Q¢ and, hence, W ((we(U)e)es)|q, = 0. Arbitrariness of £ € = allows us to con-
clude that T{U)e = 0, and arbitrariness of e € E yields the equality h({(U) = 0. Ac-
cording to injectivity of k (see Proposition 5.9.4), the latter means that U = @. >

5.9.6. REMARK. The author did not succeed in obtaining an adequate crite-
rion for injectivity of an operator in BKSs. Simple examples show that the direct
generalization of the last theorem to the case of an operator in BKSs is not true.
Interpretation for injectivity of such operator must involve the outer weight of

the representation.

5.9.7. Proposition. Let X and Y be totally disconnected compact spaces
and let h: Clop(X) — Clop(Y') be a ring homomorphism. Consider the representa-
tion h(U) = s[U] of the homomorphism h by means of a function s € Cy(Y, X).
The equality im h = [0, h(1)] holds if and only if the function s is injective.

5.9.8. Lemma. A continuous function s: @ — P is injective if and only if
the operator (e — eo s): C(P) — C(Q) is surjective.

< If the function s is injective then it is a homeomorphism of € onto im s.
In this case, every function f € C(Q) can be represented as gos, where g € C(im s).
By the Tietze-Urysohn theorem, the function ¢ extends to an e € C(P).

If points ¢;,¢2 € @ are different then there is a clopen set V' C @ that contains
only one of them. If the operator e ++ € o s is surjective then the characteristic

function of V can be represented as e o s, whence s(q1) # s(¢g2). >

5.9.9. In the sequel, we discuss interpretation of the fact that an operator has
ideal image. In order to clarify this property, we present a result established in [32:
Lemma 2.7].

Lemma. Let E and F be vector lattices and let T: E — F' be a disjointness
preserving regular operator. The following assertions are equivalent:
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(1) imT is an ideal of F;
(2) im|T| is an ideal of F;
(3) |T|[0,€] = [0,]Te] for all positive e € E.

The list of equivalent properties (1)—(3) of the operator T can be extended by
the following one: the operator T takes ideals of E into ideals of F, i.e., for every
ideal Eq C E, the set T[Ey] is an ideal of F.

5.9.10. Proposition. Suppose that E and F are order-dense ideals of C( P)
and Coo(Q) (respectively), T: E — F is a disjointness preserving regular operator,
and s € Co(Q, P) is its shift function. Assume that (Te) = (imT) for some element
€ € E. The image of T is an ideal of F if and only if the function s is injective.

<1 Due to Theorem 5.4.1, we may assume that the operator T is positive and
€ 2 0. Moreover, for the sake of convenience, we assume that (im7T) = 1, i.e.,
doms = Q.

Let the image of T be an ideal. In view of Lemma 5.9.8, to prove injectivity of s,
it is sufficient to fix an arbitrary function 8 € C(Q), 0 < § < 1, and represent it as
a o s, where a € C(P). According to Lemma 5.9.9, the inequalities 0 < BTe < Te
imply existence of an element e € E such that 0 < ¢ € € and Te = fTe. Let a
function @ € C(P) be such that e = ae. Then, according to 5.6.13, we have
(a0 s)Te =T(ag) = Te = fT€, whence a0 s = 3 due to the equality (Te) = 1.

Suppose now that the function s in injective. Fix arbitrary elements e € E and
f € F satisfying the inequalities 0 € f € Te and show that f € imT. Let a function
B € C(Q) be such that f = 8Te. By injectivity of the operator (e — eos): C(P) —
C(Q) (see 5.9.8), there exists a function @ € C(P) such that aos = . Then ae € E
and, in view of 5.6.13, we have T(ae) = (a08)Te =pTe=f. >

5.9.11. Existence of an element € € E satisfying the equality (Te) = (imT)
is an essential condition in the statement of Proposition 5.9.10. Without this re-
quirement, the function s need not be injective even when T is a surjective shift

operator. We will give a corresponding example in this subsection.

Lemma. Consider functions s € Co(Q,P) and f € Co(Q). Suppose that
there is an open set D C P such that s is injective on s™![D] and f is the identical
zero outside s™1[D]. Then f = e e s for some function e € Coo(P). For a positive
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and/or bounded function f, the corresponding function e can be chosen with

the same property.

< Denote the image of s by R and define a function g: R — R as follows:

f(s'(p)) ifpeRND,
9(p) = 0

if pe R\D.

Fix an arbitrary point p € R and show that the function ¢ is continuous at p.

(1) Suppose that p € RN D. Since the set D is open, we thus have a clopen
set U C P such that p € U C D. From injectivity of s on s71[D] it follows
that the restriction s|V is a homeomorphism of s™![U] onto RN U. Therefore,
the function gly = fo (slU)_1 is continuous.

(2) Suppose now that p € R\D. Fix an arbitrary number ¢ > 0 and show
that |g| < ¢ in a neighborhood of p. Assign Q. := {q € Q : |f(¢q)| > ¢}. Taking
account of the fact that f = 0 outside s~![D], we have the inclusion Q. C s~*[D];
hence, s[Q.] C D. Since |f| < ¢ outside @., we conclude that |g| < € outside s[Q.].
It remains to observe that R\s[Q.] is a neighborhood of p in the space R.

Thus, the function ¢ is continuous. Obviously, g ¢ s = f. This implies that
g € Coo(R) (if |g| = co on a nonempty open set W C R then |f| = |g® s| = co on
the nonempty open set s~[W], which contradicts the containment f € Cuo(Q)).
According to the Tietze-Urysohn theorem, there exists a function e € Coo( P) such
that e = g on R. Obviously, e is the desired function. Observe that positiveness
and/or boundedness of the function f implies the same property of ¢, which in turn
allows us to choose a function e with the appropriate property. >

EXAMPLE. As is known, the difference SN\N contains a discreet set D of
cardinality continuum (see [4: Chapter IV, Problem 52]). Denote by s: D — N
the continuous extension of the identity mapping of D. Introduce the notation
D:=cgnD,E:={ecC(fN):e=00on D\D}, F:={f € C(BD): f=0on
BD\D}, and assign Se:=eosforalle € E. Then S: E — F is a surjective shift

operator, while its shift function s is not injective.

< First of all, show that s is actually the shift function of the operator S.
To this end, we should establish the equality suppim S = D (see 5.8.8). Since
the subset D C BN is discreet, each point ¢ € D has a neighborhood U C 8N such
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that U N D = {¢}. Then xv € E and (Sxv)(q) = xv(s(q)) = xv(g) = 1. Thus,
D C suppim S, whence suppim S = 8D.

Now, show that the operator § is surjective. Fix an arbitrary element f € F
and assign 2 := SN\(D\D). Then 2 is an open subset of 8N, s71[2] = s~1[D] =D,
s is injective on D, and f is the identical zero outside D. Therefore, in view of
the last lemma, there exists a function e € C(fN) such that f = eos. It is clear
that e € E and, therefore, f €im S.

It remains to observe that the function s: BD — SN is not injective, since (see

[4: Chapter VI, Problem 180])
D] = 227 > 2™ = |gN,

where |X| stands for the cardinality of a set X.

5.9.12. Theorem. Suppose that E and F are order-dense ideals of Coo(P)
and Coo(Q) (respectively), T : E — F is a disjointness preserving regular operator
and s € Co(Q, P) is its shift function. The image of T is an ideal of F if and
only if, for every element e € E, the function s is injective on the set supp Te.
The last property of the function s is equivalent to its injectivity on the union

U{suppTe: e € E} (which is an open dense subset of dom s).

< NECESSITY: Suppose that the image of T is an ideal and consider an ar-
bitrary element e € E. It is clear that the image of the composition (Te) o T is
an ideal too and, in view of Proposition 5.9.10, its shift function is injective. It re-
mains to observe that the shift function of the operator (Te) o T' coincides with
the restriction of s onto supp Te.

SUFFICIENCY: Theorem 5.4.1 allows us to assume that the operator T is pos-
itive. Fix arbitrary positive elements e € E and f € F satisfying the inequality
f € Te and show that f € im7. Since the function s is injective on the set
suppTe, in view of Proposition 5.9.10, the image of the composition (Te) o T is
an ideal of F. According to Lemma 5.9.9, the inequalities 0 < f < (Te)Te imply
existence of an element ey € E such that 0 < eo < e and (Te)Tey = f; whence
Teo = f

Injectivity of the function s on each set of the form suppTe (e € E) implies
injectivity of s on the union U{suppTe : e € E}, since the containments ¢; €
suppTe; and ¢z € suppTe; yield q;,¢; € suppT(|el| Vies]). >



444 Chapter 5

REMARK. Under the hypotheses of the last theorem, injectivity of the func-
tion s on the union U{SuppTe : e € E} is not sufficient for the image of T to be
an ideal (here Supp f = {g € Q : f(q) # 0}). Indeed, assign P = @ = PN, fix
a point p € P\N, and, naturally identifying C(Q) and £°°, consider the operator
T: C(P) — C(Q) acting by the rule

e(p) ifn=1,

(Te)n) = { e(n)/n ifn>1 (neN)

for all e € C(P). The image of T is not an ideal, since, for instance, (1, %, e %, .l)
belongs to im T, but (1,0,0,...) does not. However, the shift function s of the oper-
ator T is injective on the set U{SuppTe: e € E} = N, since s(1) = pand s(n) =n
whenever n € N\{1}.

5.9.13. As is known (see 5.5.17), every BKS over an order-dense ideal of
Coo(P) is a module over C(P). A subset % of such BKS is called a C(P)-submodule
of it, if au € % for all u € % and a € C(P).

Lemma. Suppose that E and F are order-dense ideals of Coo(P) and Coo(Q)
(respectively), % is a BKS over E, and ¥V is a BKS over F. The following
properties of an operator T: % — V¥ are equivalent:

(1) T takes C(P)-submodules of % into C(Q)-submodules of ¥;
(2) for every u € % and every f € C(Q), there exists a function a € C(P)
such that T(au) = fTu.

< It is sufficient to observe that the set {ou : « € C(P)} is a C(P)-submod-
uleof . >

5.9.14. Proposition. Suppose that E and F are order-dense ideals of Co( P)
and Coo(Q) (respectively), % isa BKSover E, ¥ isa BKSover F, T: % — ¥V is
a disjointness preserving bounded operator, and s € Co(Q, P) is its shift function.
Assume that (Tu) = (imT) for some element & € % . The operator T takes
C(P)-submodules of % into C(Q)-submodules of ¥ if and only if the function s
is injective.

< For the sake of convenience, we assume that (imT) = 1, i.e., doms = Q.
Suppose that T takes C(P)-submodules of % into C(Q)-submodules of 7. In view
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of 5.9.8, to prove injectivity of s, it is sufficient to fix an arbitrary function g € C(Q)
and represent it as a0 s, where & € C(P). According to Lemma 5.9.13, there exists
a function a € C(P) such that T(au) = fT4. Then, due to 5.6.13, we have

laos—B|Tu| = |(a os)Tu— ﬂTﬂI = |T(au) - ATu| = 0;

whence a 0 s = 8 in view of the equality (T'a) = 1.

Now, such that the function s is injective. Fix arbitrary elements u € % and
B € C(Q). According to surjectivity of the operator (¢ — eos): C(P) — C(Q)
(see 5.9.8), there exists a function o € C(P) such that aos = . Then, due to 5.6.13,
we have T(au) = (a0 s)Tu = BTu. It remains to employ Lemma 5.9.13. >

5.9.15. Lemma. Let % be a BKS over an order-dense ideal of Ceo(Q).
For any elements u,v € %, there is a function f € C(Q) such that (u + fv) =

(u) V (v).

< As f we can take any function that is different from |u]/|v| everywhere.

For instance, we may let

= (Jul/lv] €2)3 + (Jul/lv] > 2)1.

Then the equality (u + fv) = (u) V (v) ensues from the following relations:

(u) V (o) < (lul # fIvl) < (u+ fo) <)V (o). >

Theorem. Suppose that E and F are order-dense ideals of Co(P) and
Coo(Q) (respectively), % is a BKS over E, ¥ is a BKS over F, T: %4 — V
is a disjointness preserving bounded operator, and s € Co(Q, P) is its shift func-
tion. The operator T takes C(P)-submodules of % into C(Q)-submodules of ¥
if and only if, for every element u € %, the function s is injective on the set
supp |Tu|. This property of the function s is equivalent to its injectivity on
the union U{supp |Tu|: u € %} (which is an open dense subset of dom s).

<! NECESSITY: Suppose that T takes C(P)-submodules of % into C(Q)-sub-
modules of ¥ and consider an arbitrary element u € %. It is clear that the compo-
sition (T'u) o T preserves submodules too and, in view of Proposition 5.9.14, its shift
function is injective. It remains to observe that the shift function of the operator
(Tu) o T coincides with the restriction of s onto supp|Tu]|.
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SUFFICIENCY: Fix arbitrary elements u € % and § € C(Q). Since the func-
tion s is injective on the set supp |T'u], in view of Proposition 5.9.14, the composi-
tion (Tu)oT takes C(P)-submodules of Z into C(Q)-submodules of ¥'. According
to Lemma 5.9.13, there exists a function a € C(P) such that (Tu)T(au) = BTy;
whence, due to the relations (T'(au)) = ((a e s)Tu) < (Tu), we have T(au) = fTu.

Show that injectivity of the function s on each set of the form supp|Tul|
(v € %) implies injectivity of s on the union U{supp|Tu| : u € }. To this
end, it is sufficient to fix arbitrary elements u;,us € % and find a u € % such
that supp |Tu| = supp|Tu; | U supp |[Tuz]. According to the last lemma, there is
a function B € C(Q) that satisfies the relation supp |Tu; + ST uz} = supp |Tu;} U
supp | Tuz]. Injectivity of s on the set supp |Tuz|, in view of Lemma 5.9.8, implies
existence of a function a € C(P) such that a 0 s = 4 on supp |Tuy|. It remains to
observe that T'(u; + auz) = Tu; + (a 0 s)Tuy = Tuy + fTus. >

Comments

It is worth noting that as a rule we confine ourselves to considering K-spaces
and Banach-Kantorovich spaces. Generalizations of the obtained results to the case

of arbitrary vector lattices and lattice-normed spaces will appear elsewhere.

5.1. Section 5.1 only contains the information about vector lattices and lattice-
normed spaces which was not exposed in the previous chapters. For the basic
definitions and facts about the objects under consideration, we refer the reader to
Chapter 1.

The description of Boolean homomorphisms stated in Proposition 5.1.2 is ob-
tained in [29]. Propositions 5.1.3-5.1.6 are well known (see [10, 18]). The schema
of a formal mixing employed in the proof of Proposition 5.1.9 steams from [5, 6,
16]. The notion of the disjoint sum of a family of LNSs (see 5.1.10) is introduced to
be employed in the main result 5.7.8 on decomposition of a disjointness preserving
operator into weighted shift operators. The new notion of the norm transformation
of an LNS (see 5.1.11) is used for describing vector shift operators in Section 5.6.

5.2. Naturally, the notion of order convergence or o-convergence plays an im-
portant role in the theory of lattice-normed spaces. However, certain key problems
related to this notion were not solved for a long time. Among them, the follow-
ing natural question deserves mentioning: Is the o-closure of a subset of an LNS
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o-closed, i.e., is it true that the second o-closure does not add new elements? Since
o-convergence is not topological, this question is not trivial. While constructing
the o-closed hull, authors had to consider Borel classes, i.e., to enrich a given set
with o-limits of its elements, then with o-limits of o-limits, etc. (see [12]). Induction
(and even transfinite induction) thus resulted made the proofs and constructions
rather intricate (see, for instance, [13: 1.4.11, 4.1.8(b); 16: 3.6-3.11]).

The concept of order approximation which is developed in Section 5.2 allows us
to solve the indicated problems. All the results in this section appeared for the first
time in [29]. The section also contains a generalization of the concept of order
approximation to the case of h-convergence, which is useful in studying questions

of continuity for disjointness preserving operators.

5.3. The notion of dominated operator is based on a simple idea ascending
from Cauchy’s method of dominants. Loosely speaking, the idea can be expressed
as follows: if an operator is dominated by another operator, called a dominant,
then the properties of the latter have a substantial influence on the properties of
the former. Thus, an operator possessing a dominant qualified in a sense must be
qualified itself.

A mathematical apparatus providing a natural shape for the idea of a dominant
was suggested by L. V. Kantorovich in 1935-36 (see [11,12]). Later, many authors
studied various particular cases of dominated operators within the theory of vector
and normed lattices. Recent achievements in studying dominated operators in
lattice-normed spaces belong to A.G.Kusraev and his students (see [13, 14, 16,
33-36)).

The notion of dominated operator is closely related to so-called order-bounded
operators. In many cases, the two classes of operators coincide (see, for instance,
Proposition 5.4.12). From the theory of topological vector spaces it is well known
that some continuity of a linear operator is often equivalent to its boundedness of
relevant type. The indicated idea seems to be left without attention in the theory of
lattice-normed spaces. In particular, this explains the fact that connection between
different types of continuity of operators in LNSs is also not studied in its essence.

This circumstance is expressed for instance in the general delusion that r-con-
tinuity is sequential. It is a simple matter that r-convergence is sequential, but

this fails for r-continuity. In Section 5.3, we show in particular that r-continuity
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and sequential r-continuity differ. Moreover, countable r-continuity differs from
each of the two properties and occupies a strictly intermediate position between
them. All the results and examples in this section, except 5.3.7-5.3.9, appeared for
the first time [29].

5.4. The shadow of an operator as a Boolean homomorphism (without intro-
ducing the corresponding term) was first considered in [14: Theorems 1.I' and 1.6]
for lattice homomorphisms and disjointness preserving operators in lattice-normed
spaces.

In Section 5.4, we develop this notion and show that many properties of dis-
jointness preserving operators can be expressed in terms of their shadows. In partic-
ular, this is true of certain questions of continuity. The results stated in 5.4.1-5.4.9
are published for the first time.

The problem of finding sufficient conditions for an operator to be bounded
or dominated is traditionally studied for disjointness preserving operators (see [14:
6.5]). Yu.A.Abramovich’s condition (R) [19: Theorem A] was the first equiva-
lent for boundedness of disjointness preserving operators weaker than sequential
r-o-continuity. Later, this condition was also weakened. P.T.N.MacPolin and
A.W. Wickstead showed [37: Theorem 2.1] that, for a disjointness preserving oper-
ator in vector lattices to be bounded, it is sufficient that the operator under test be
r-semicontinuous (the latter term is introduced in 5.3.3 and the result is presented
in 5.4.10).

Attempts at generalizing the Abramovich-MacPolin-Wickstead criterion to the
case of operators in lattice-normed spaces cannot lead to a success, since all the four
types of boundedness considered in 5.3.3 are pairwise different for that class of
operators (the corresponding examples are presented in 5.3.4-5.3.6). Thus the main
problem about sufficient conditions for boundedness remains open for disjointness

preserving operators in LNSs. A small step in this direction is made in 5.4.13.

5.5. An orthomorphism is a band preserving operator that is order-bounded.
The problem of finding sufficient conditions for boundedness of disjointness preserv-
ing operators is actually solved for operators in vector lattices (see [19: Theorem A;
37: Theorem 2.1] and Theorem 5.4.10). However, the problem remains actual for

operators in lattice-normed spaces (see the commentary for Section 5.4). Our The-
orem 5.5.11 asserts that, for band preserving operators in LNSs, all the types of
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boundedness coincide. However, this result does not answer the natural question,
whether every band preserving operator must be bounded automatically. This ques-
tion, raised for the first time by A. W. Wickstead in [41], admits different answers
depending on spaces in which the operator in question acts. There are many results
that guarantee automatic boundedness for a band preserving operator acting in con-
crete classes of vector lattices (see [2: Theorem 2; 3: Theorem 3.2; 3: Theorem 3.3;
37: Corollary 2.3]).

For the first time, existence of an unbounded band preserving operator was
announced in [2: Theorem 1]. Later, it was clarified that the situation described in
the paper is, in a sense, typical. Namely, it was established (see [3: Theorem 2.1; 37:
Theorem 3.2]) that all band preserving operators in a universally complete K-space
are automatically bounded if and only if the K-space is locally one-dimensional.
(The definition of a locally one-dimensional K-space is presented in [37: 3.1] with
a preliminary analysis. See also 5.5.1 and 5.5.2.)

Thus, A. W. Wickstead’s question about boundedness of band preserving op-
erators was given an exhaustive answer. However, a new notion of locally one-
dimensional K-space crept into the answer. Unfamiliarity of this notion resulted in
the conjecture about its coincidence with the notion of discrete (= atomic) K-space.
Interesting events are connected with the conjecture. In 1981, Yu. A. Abramovich,
A.1 Veksler, and A.V.Koldunov [3: Theorem 2.1] gave a proof for existence of
an unbounded band preserving operator in every nondiscrete universally complete
K-space, thus corroborating the conjecture of coincidence locally one-dimensional
and discrete K-spaces (see also [19: Section 5]). However, the proof occurred to
be erroneous. Later, in 1985, P.T.N.MacPolin and A. W.Wickstead [37: Sec-
tion 3] gave an example of a nondiscrete locally one-dimensional K-space, con-
futing the conjecture this time. However, an error was discovered in the exam-
ple. Finally, in 1993, A. W. Wickstead [22] fixed the conjecture as an open ques-
tion.

It is interesting that the same superstition (naturally, expressed in other terms)
was popular among the specialists in Boolean-valued analysis (see 5.5.3).

The conjecture under discussion is confuted in 5.5.4-5.5.9. This is made with
the help of describing a locally one-dimensional K-space in terms of its base (The-
orem 5.5.7). The mentioned results belong to A. E. Gutman [30].
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Subsections 5.5.12-5.5.19 are devoted to a study of the module structure in
a Banach-Kantorovich space and its relation to the notion of orthomorphism. The

results presented here are essentially known (see, for instance, [13]).

5.6. The study of multiplicative operators in vector lattices was initiated by
B.Z. Vulikh [7, 9] who proved that o-continuous shift operators in K-spaces with
unity are multiplicative. Theorem 5.6.10 generalizes this result to the case of ar-
bitrary shift operators in arbitrary K-spaces. The idea of considering the shift of
a disjointness preserving operator is not new. Analogs of this notion occur, for

instance, in [32] and in many papers about isometries of L?-spaces.

5.7. The main criterion for WSW-representability stated in 5.7.2 is close to [21:
3.12]. Some of the criteria presented in 5.7.4 and 5.7.7 are also known (see [1,
20, 21]). Note that one of the sufficient conditions for WSW-representability (the
second proposition in 5.7.4) was mistakenly regarded as necessary in [1: Theorem 5.
The corresponding counterexample is given in 5.7.4. Existence of a similar example
due to A.V.Koldunov is mentioned in [21: 3.14].

It is worth observing that our notion of weighted shift operator differs slightly
from the analogous construction in the literature. The classical construction does
not contain an inner weight (see [2: Theorem 6; 3: Theorem 4.1; 14: Theorems 2.8
and 2.9; 1: Theorem 6; 21: 3.8-3.18]). We regard this circumstance is a small
demerit of the theory which, in particular, restricts the class of representations
of vector lattices providing the WSW-representability and makes the problem of
a global WSW-representation more difficult.

None of the known results ensured representation of an arbitrary bounded
disjointness preserving operator on the entire domain of definition. Each repre-
sentation theorem either restricted the class of operators under consideration (for
instance by requiring order continuity), or restricted the class of spaces (for in-
stance, by considering only Banach lattices), or did not guarantee a representation
on the entire domain of definition (but only, for instance, on its principal ideals).
In our opinion, the failure in searching for a global representation of disjointness
preserving operators is mainly determined by the absence of an inner weight in
the definition of a weighted shift operator. Involving an inner weight allows us to
decompose an arbitrary bounded disjointness preserving operator in lattice-normed
spaces into the strongly disjoint sum of weighted shift operators (Theorem 5.7.8).
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This result is new even for the case of operators in K-spaces (Theorem 5.7.5).

5.8. Many facts presented in Section 5.8 are not new. Some of them just repeat
Yu. A. Abramovich’s results and treat the corresponding representations in more
detail. Only Theorem 5.8.12 is new. This theorem interprets the decomposition
in 5.7.5 of a disjointness preserving operator into the sum of weighted shift operators

in terms of their functional representations.

5.9. The global representation of 5.8.12 for a disjointness preserving operator,
as well as the notions of the shift of an operator and the corresponding shift function,
allows us to interpret the abstract properties of the operator in terms of its concrete
function representation or in terms of the properties of its shift function. Examples

of similar interpretations can be found, for instance, in [1, 20, 21].
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Kantorovich-Banach, 115
Kothe, 116
lattice-normed, 72
measure, 10
o-complete, 72
ordered vector, 4
perfect Banach ideal, 115
quasiextremal topological, 15
r-complete, 72
rearrangement invariant, 116
second dual, 130
symmetric, 116
universally complete, 74
with mixed norm, 85, 137
special axiom, 19
spectral function, 7
spectral integral, 53
spectral measure, 52
stably dominated operator, 186
standard name, 24
step element, 364
strong order-unit, 6
strong unity, 6
strongly disjoint operators, 398
strongly disjoint sum of operators, 398
strongly singular operator, 150
subdifferential, 60
sublattice, 6
sum
disjoint, of a family of LNSs, 366
o, 9
support, 112
supremum, 110
symmetric space, 116

trace

of an element, 7

of a nuclear operator, 180
transfer principle, 23
truth-value, 21

uniform closure of a set, 370
uniform convergence, 370
uniformly dense set, 370
unit element relative to 1, 5
unity

order, 5
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strong, 6
universal L%-regular operator, 329
universal completion, 74
of an Archimedean vector lattice, 42
universal integral, 319
universal regular operator, 320, 329
universally complete K-space, 7
universally complete space, 74
universe, 17
Boolean-valued, 20
separated Boolean-valued, 23
von Neumann, 20
upper o-limit, 8
upward-directed set, 115
Urysohn operator, 307

variable

bound, 17

free, 17
vector WSW-representation, 426
vector lattice, 115

of bounded elements, 6

with the projection property, 5

vector norm, 71
vector shift operator, 426
von Neumann universe, 20

WSW -representation of an operator
in LNSs, 426
in vector lattices, 421
weighted shift operator
in LNSs, 426
in vector lattices, 420
wide operator
at an element, 413
on a subset of an LNS, 411
on a subset of a vector lattice, 410

Y-scalarly equivalent functions, 133
Y-scalarly measurable function, 133

Z-measurable vector-function, 75

o-distributive Boolean algebra, 400
g-exact function, 438

o-inductive Boolean algebra, 403
o-normal singular operator, 150
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