YTO TAKOE BYJIEBOSHAYHBIN AHAJIN3?

C. C. KYTATEJIA/I3E

AnHoTALMsA. This is a brief overview of the technique of Boolean valued
analysis.

1. BBeaenue

TepmuH «OyJieBOZHAYHBIN aHAJIM3> BO3HUK B IIPee/iaX MaTeMaTUIeCKON JIOTUKY.
B ymorpebsienue ero Beesr TakeyTu, BBLIAIOMAINICS CHEIUAJACT B 0OJIACTH TEOPUU
nokazaresbers. TakeyTu onpeenni B [1] OyieBO3HAYHbI AHAIN3 KAK IPUJIOKEHUE
K aHaJu3y OYJIEBO3HAYHBIX MOjIeeil TeOPUU MHOYKECTB, TOCTPOEHHBIX CKOTTOM U
ConoBeem. AHajiornanble MOJIETH B Te YKe BpeMeHa npejjioxkmi Borenka. Tem ca-
MBIM BOIIPOC, BBIHECEHHBI B 3aroJIOBOK, IOJIy9YaeT HEKOTOPBIl OTBET B HYJIEBOM
npubmkennn. OHAKO 3aKAHYNBATH HA TOM ObLIO ObI paHO. YMECTHO 0OCYIUTH
6oJtee TOPOOHO CJIEYIONINE TPUA BOIIPOCA.

1.1. Badem BoOOIIle HY>KHO 3HATh HNpo OysieBo3HaYHBIN aHaau3? B mayke
MBI HEPEJIKO PYKOBOJICTBYEMCS JIIOOOBITCTBOM, & eIle Jallle 3aHNMAaeMCsl TeM, 9TO
nostygaercs. OHAKO IEHUM MBI B HayKe TO, 4TO JlejaeT Hac ymHee. ByieBoznad-
HBIIl aHaJu3 00JIa/laeT TaKON IEHHOCTHIO, pa3jBuUrasi Ipejesibl HAIIUX 3HAHUN U
CHUMasI MOPhI KATETOPUIHOCTH C IJIa3 COBEPIIEHHOIO MATEMATHKA — MaTeMaTHKa
par excellence. ['maBHast 11e/1b JAJIBHERIIIETO U3TOKEHUS — OODOCHOBATDH 9TOT TE3MWC.

1.2. [dna 4gero s3To 3HaTh paboTaoiieMmy mMareMaTuky?! YacTh oTBeTa yiKe
JaHa — 9TOOBI cTaTh yMHee. KCTh m apyroe, He MeHee BarXKHOE OOCTOSTEIHLCTBO.
ByneBosnaunblii anajm3 He TOJBKO CBSA3aH CO MHOTUMH TOIOJOTHIECKUMHU U T€O-
METPUYECKUMU UJIESIMU, HO U IIPEIOCTABJIsIET TEXHOJIOTUI0 PACIIUPEHMS COIePIKa-
HUsI y2Ke JIOKa3aHHbIX TeopeM. Kaxkast Teopema, JOKa3aHHAs KJIACCUIeCKUMU CPEJI-
crBaMu, 00J1a/1a€T HOBBIM HEOUYEBHUIHBIM COJEP2KAHUEM, OTHOCSIIMMCS K «II€PEMEH-
HBIM» MHOXKECTBaM. 109Hee rOBOpsi, JIi00as JOKa3aHHAS T€OPEMa MOPOXKIAET HOBOE
CEMeiCTBO TeOpeM, 3aHyMEPOBAHHOE BCEBO3MOXKHBIMU MOJHBIME OYJIeBBIMU aJIre6-
paMu Wik, 9TO TO 2Ke caMoe, HeFOMeOMOp(beH\/II/I CTOYHOBBIMU IIDOCTPaHCTBaMH.

1.3. Yro garor OysieBo3HAYHBIE MOJEaN Teopuu MHOXKecTB? OTBeTy Ha 3TOT
BOIIPOC OY/IyT ITOCBSIIIEHBI KAK COJIepyKaTe/IbHAsI, TAK U TEXHUYIECKas JacTu 0630pa.
B nenTpe BHuManus OyyT oOIme MeTObI, He 3aBUCHIINAE OT TOHKUX BHYTPEHHHUX
CBOICTB MCXOMIHOI TOJHON Oy/IeBO# ayredpbl. DTHU TPUEMBI IPOCTHI, HAIVISIHBI U
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y/IOOHBI B OOpAIleHnn, a IIOTOMY MOI'YT IPUTOIUTCS JI0OOMY paboTaloIeMy Ma-
temaruky. Cjreyer MOMHUATH IPU ITOM, ITO OYJICBO3HATHBIE MOJIEJA TEOPUU MHO-
JKeCTB ObLIM TPUIYMAHBI PAJId TOTO, ITOOBI YIPOCTUTDL MU3JIOXKEHMEe MeToma (hop-
cunra Kosna [2]. Maremaruka Hembicimma 6e3 pokasarenascers. Nullius in Verba.
Cratb ymHee 6e3 cobcTBeHHBIX yeminil HepeasibHO. [losToMy dacTh MecTa OymeT OT-
BeJIeHA CXeMe JI0Ka3aTe/]bCTBa HE3aBUCHMOCTH OTPHUIAHUSI I'MIIOTE3bl KOHTHHYYMa
or akcuoM teopuu MHOKecTB Llepmesno — @penkens (¢ Boibopom) ZFC. Nmenno
3a 9TOT Pe3yJIbTAT, 3AKPLIBIIII mepByio mpobiaemy I'uisbepral, B 1966 roxy Kosmy
ObL1a Tpucy kK aeHa PuiacoBCKast MeIab.

2. ByJ'IeBOBHa‘{HI)Ie Moae/in

Apena OysieBOZHAYHOTO aHAJM3a — HEKOTOpas OyJI€BO3HAYHAsT MOJEJb TEOPUN
mHOKecTB ZFC. UTo0BI 3371aTh TaKy0 MOJIE/Ib, HY?KHO B3sITh IIOJIHYIO OYyJIEBY aJi-
re6py?. U3 coobpazkenuit kompopTHOCTH 3/1eMeHTHI O 1 1 BRIGPAHHOM MOIHOIT GyJ1e-
Boit asire6pst B u onepariun B B MOXKHO ¢IUTATH HAOOPOM CIIEITUAJTBHBIX CHMBOJIOB,
HCIIOJIB3YEMBIX [PU OOCYXKEHUN BOIPOCOB UCTUHHOCTH MATEMATUIEeCKUX yTBEp-
JKJIEeHUA.

2.1. BymneBo3HauHblii yHUBepCYM. [lj1s1 KaxKI0r0 OpAMHAJIA (¢ TIOJIOKUAM

V) .= {2 | Fnc(z) A (38)(8 <o A dom(z)C W(ﬁB)) A im(z) C B}.

(Hyxuble cBenenus 06 opauHaaax cobpanbl HuxKe B mynkre 7.2.) Bosee noapobuo

WéB) =g,

((:i)l = {z |z — byukuusa, dom(z) c VP, im(z) c B},

(e}

\%

\/((IB )= U \/(ﬁB) (o — upeznenbHbIH OpIUHA).
B<la

Kuacce
VB = ) VP
a€On

I ecThb Oyaesosnaunvill yrusepcym. dmementsr V) nvenyior B-znaunvmu mHo-
orcecmeamu. Cremyer sameruts, aro V(B) cocront nekmounrensao u3 dbyuxmii. B
YaCTHOCTH, & — 3TO (DYHKIMSI C 00JIacTbIO olpejesenns & u obpaszom . Ciemno-
BATEJILHO, TPH «HIKHUX» sraxa V(5) YCTPOEHBI CJIEAYIOMUM 00pa3oM: \/EB) =,
VgB) = {o}, WéB) = {2,({9},b) | b € B}. Crour nomuepkuyth, 910 o < f§ —
\/((JB) - WEB) st JE06bIX opanHatos o u 3. Kpome toro, B VB) umeer mecto npun-
UYUN UHIYKYUY

(Vo € V) ((Vy € dom()) p(y) — () = (Vo € V) p(a),
rie ¢ — dopmyna ZFC.

T uns6epr [3] cumras npaBRONOLOGHBIM, YTO «C TOYHOCTBIO JI0 S9KBHUBAJEHTHOCTH, TAKUM 00-
pa3oM, eCTb TOJBKO BE€ COBOKYIIHOCTH YUCEJI — CUYE€THad COBOKYIIHOCTb U KOHTUHYYM».

2ByﬂeBa asnrebpa B — 310 anrebpa ¢ eaununeilt 1 (ormanoit or Hynsa 0) Hagm d6yTasemenm-
Howv noaem 2 = {0,1}, B KOTOpOi#l KaKJplii ss1eMeHT uaemnorenTed. Jdnsa a,b € B monaraior
a < b <> ab = a. Ilonanora B o3HavaeT HAJIUYINE TOYHBIX BEPXHUX U HUXKHUX TPAHUI] y JIOOOrO
[IOZMHOKeCTBa B.
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2.2. Omnenka uctuHHOCTHU. Bo3bMeM Teneps mpousBosibHy0 (hopmyny ZFC Buma
© = (u1,...,u,). Eciu 3aMEHUTD JIEMEHTBI U1, . . . , Uy HIEMEHTAMU L1, ..., Ly €
V(B) | 10 MBI IOIYYHM KOHKDETHOE YTBEPIKICHHE 00 OOBEKTAX &1, ..., &L,. IIOIpo-
OyeM IpUIHCATH STOMY YTBEPKICHUIO HEKOTOPYIO OUEHKY UCTNUHHOCTU, KOTOPYIO
KOpoYe Mbl OyJleM MMEHOBaTh IPOCTO ouenkol. Takas onenka [¢] mosKHA GBHITH
snementoMm aynrebpel B. Ilpu arom MBI ecTrecTBeHHO XOTHM, 9TOOBI Teopembl ZFC
cTajii «HanboJiee UCTUHHBIMU» B CMbBICJE HOBOM IIPOIEIyphI, Mpuodperas B Kade-
CTBe OIEHKU MCTUHHOCTU HAMOOJIbINMii 3jieMeHT 1 := 1 p anredbpsr B, T. e. ee edu-
HUY.

OrneHKy TpaBUIBLHO TOCTPOEHHONH (GOPMYJIBI CJIELyET ONPEENISTh «IBONHON» WH-
aykimeit. Bo-mepBbIx, Hy>KHO y9IECTh CIIOCOD TMOCTPOECHUS JAHHON (DOPMYJIBbI M3 aTO-
MapHbIX HOPMYJ BUJA T € Y U & = Y. BO-BTOPBIX, HYKHO OIPEJIEIUTH OIEHKU
aToMapHbIX bopMyIt ist & 1 ¥y, npoberaromux V(B) | mpusiiekas pekypcuBHOe ompe-
JiesieHre OyJIeBOZHAYTHOIO YHUBEPCYMA.

OueBumno, uTO ecam @ u ¥ yxe onenennbie dbopmynst ZFEC, a [¢] € Bu [¢] € B
— OIEHKHU 3TUX (DOPMYJI, TO CJIEJYET MOJIOKUTH

[ A9 = el A T¥I,

[ Vo] = [e] Vv [¥],

[ — ¥] =[] — [¥],
[=¢l == —l¢],
[Vz)p(@)] = N [e@)],

zeV(B)
[Go)e@)] = [e@)],
zEV(B)

IJIe B IpaBbIX YacTSX CTOAT OyJIeBBI OI€paIlil, OTBEYAIONIIUE JOTMIECKUM CBI3KaM
1 KBaAHTOpPaM B JICBBIX YacTAX: A — mepecedenue, V — 00bLeIUHEHNE, — — JIOTOJI-
HEHMe, a UMIUIAKAIASA —> ONpPeJeNIeHa MpaBuaomM: a — b := —a V b mida a,b € B.
Tonbko Takme onpeeeHns: 00ecIIeYaT 3HAYCHUE <EIUHUNA» JJIs OLEHOK KJIACCH-
YEeCKUX TaBTOJIOTUIA.

IepeiigeM Temepb K OLEHMBAHMIO aTOMApHBIX (OPMYNI T € Yy U T = ¥y s
z,y € VB Hurynrusnas niaest onpeesicHHsi COCTONT B TOM, 9TO B-3HadHOe
MHOXKECTBO ¥ <«HEYETKOE», T. €. «COIEepKUT 3djaeMeHT z u3 dom(y) ¢ BEpOATHO-
cTbi0 Y(2)». PyKoBOICTBYSICH 9TUM U Kejiasi COXPAHUTH JIOTUIECKYIO TABTOJIOIHIO
x €y (32 € y) (z = x) HAPALY ¢ AKCHOMOH SKCTEHCUOHAIBLHOCTH, MBI TIPIXOIM
K CJle/lyIoleMy peKypPCHBHOMY OIpe e IeHUIO:

[teyl:= \ wi)rlz=a4],

z€dom(y)
[x=vy] = ( /\ m(z)—)[[zéy]])/\( /\ y(z)—>[[z€:c]]>
z€dom(x) z€dom(y)
Tenepb MbI MOZKEM LIPHUIATH CMBICJI (DOPMAJIBHBIM BBIPAYKEHUAM BHAA O(X1, . . . , T ),
e 1,...,2, € VB g ¢ — dopmyna ZFC. Nuade roBopsi, MBI B COCTOSIHUU

TOYHO ONPEJENNATHh CMBICT, B KOTOPOM TEOPETHKO-MHOKECTBEHHOE YTBEPZKICHNAE
©(u1,...,Uy,) BEPHO IPH 3aJaHII HAGOPA OGBEKTOB T1, . .., x, € V(B),
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Nmenno, MbI GyfleM TOBOPUTH, 9TO Gopmyaa @(T1,...,Ty) GHINOAHEHA GHYM-
pu VB) wnn aro anemenmol x1, . . ., x, obradarom ceoticmeom ¢ enympu VB mpu
yeraosui, aro [o(z1,. .., x,)] = 1. B sroit curyarun mamyr V) = (2, ..., x,).
Ecymn mexotopas dopmyna ¢ teopun ZFC 3anmncana Ha HAIIEM €CTECTBEHHOM sI3bI-
ke, T0o u3 memanTmMa crapaT Kasbrakm V(B) = «p». Bnak ydossemeopenus =
IIPUBOIUT K YIOTPEOJIEHNIO TeOPETHKO-MOJIEIBHBIX Bhipazkenuit Tuma «V(B) — sro
byrecosnaunan modeas s p» Bmecro VB = o,

$IcHO, 9TO BCe aKCHMOMBI U TEOPEMbI MCYUCJICHUS MPEIUKATOB IIEPBOTO MOPAIKA,
sepust B V(B) . B wacrHocru,

(1) [z =2] =1,

(2) [z =y] = [y = =]

(3) [z =yl Ay =~

(4) [z =y] N[z € 2]

(6) [z =yl Az ez] <[yez]

Ormernm, aTo st mo6oit hopmyitsr ¢ Gymer VIE) =z =y A o(z) — o(y), T e.

(6) [z = y] A ()] < [e()]-

e ININIA Y
0
m
=

3. IIpunnunel 0ysIeBO3HAYHOIO aHAJIN3A

B OyseBo3HayHOM yHUBEpPCYME V(B) coorHomteHne [x = y] = 1 Hu B Koeli Mepe He
03HAYAET, YTO QYHKIMN T U Y COBIAJNAIOT Kak djeMeHTsl V. Hanpumep, dyukimus,
paBHAs HYJIIO HA KAKOM-JIHOO U3 CJIOEB W((XB), e « > 1, urpaer posb IIyCTOro MHO-
xectBa B VB), D10 06CTOATETHETBO MOKET 3aTPY/HATH HEKOTOPBIE KOHCTPYKITIH,

HeO6XOﬂI/IMbIe B ﬂaJII)HeI‘;IIlIel\I.

3.1. Otnenumsbrii yauBepcyM. B aroii cassu mer nepeiizem or V() k omdesumo-

vB) .
My 6ynesoznaHomy ynusepcymy V' OOBITHO COXPAHSs 33 HOCIEIHAM IIPEXKHIHA

—(B —(B
cimBost VB 1. e. momozkum VB = V( ). IIpu sTOM, 9TOOBI OIIPEIETNTH \/( ), MBI
PACCMOTPHM OTHOIIeHHe SKBuBasientHocTH { (2,y) | [r = y] = 1} ma V(B), BeiGupas

QJIEMEHT (Hpe,Z[CTaBI/ITeIH) HauMEHbIIIETrO paHFa) B KazKJIOM KJIaCCE SKBUBAJICHTHBIX

)

bYHKIWI, MBI U TIPUXOJUM K OT/ICJIUMOMY YHUBEPCYMY v,

Bamernm, uro ummmkanud [¢ = y] = 1 — [e(x)] = [¢(y)] cupaBemmusa mis
1pou3BoIILHO# hopmyisl ¢ Teopun ZFC i snementos z, y u3 VB . Crenosarensuo,
B OTJIEJTIMOM YHUBEPCYME MOYKHO BBITHCJISITH OIEHKY (GOPMYJI, He 00palnas HUKaKO-
IO BHUMaHWs Ha BBIOOD mpejicTaBuTesieil. B manbreiinem, mpu paboTe B OTIEINMOM
YHEBEpPCyMe, MBI 6y/1eM y100CTBa DAl PACCMATPUBATH KOHKPETHBIH [IPE/ICTABUTEH
KJIacca SKBUBAJIEHTHOCTH, & HE BECh KJacC (KAK 9TO IPUHATO B AHAJIU3E, CKAKEM,
upu pabore ¢ QyHKIMOHAIBHBIMA IPOCTPAHCTBAMU MIKAJbI Pucca).

3.2. CsoiicTBa OyJIeBO3HAYHOI Mo/iesu. Baxkueiiime cBolicTBa Oy/IeBOZHATHO-
ro yrusepcyma V(B) cobpansr B clieyomux Tpex mpeiiozKeHnsix:
(1) TTPUHLIUI IEPEHOCA. Bee teopemsr ZFC seprst B VB 1. e. cumpommaeck:

V(B) = ZFC.

[IpuaIun nepeHoca yCTaHABINBAETCA TPY/I0EMKOIl IIPOBEPKOI TOrO, YTO BCE aK-
cuombl ZFC nostyaniu onieHKy 1 1 9TO BCe IIpaBuia BBIBO/A OLEHKY (DOPMYJI YBeJIr-
apBaioT. VIHOIIA IPHHIINIT epeHoca Bhipazkaior caoam: «V(B) — 310 OyJsieBo3HAY-
Has mozesib ZFC». Tak Tepmun «Oy/reBO3HAYHAST MOJEIH TEOPUU MHOYKECTBY BXOIUT
B MaTeMaTHKY.
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(2) ITPUHIUIT MAKCUMYMA. st Kaxk1oit hopmyiist ¢ Teopun ZFC cymecrByer
snement o € VB 11 koroporo [(3z) o(x)] = [e(z0)].

B uacruoctn, ecan saytpu V(P) Bepmo, uto ects x, mis kotoporo o(z), To (B
empicie V) cymectsyer snement 2o B V() raxoit, uro [¢(xo)] = 1. Cumsosuuecku:

V® | (32) p(2) + (Fzo) VP = p(wo).

Hpunmun Makenvyma osHadaer, aro (Jzg € V) [p(z0)] = V ey [@(2)] ma
siroboit popmyiier ¢ Teopun ZFC. Ilociennee coorHoleHre OObSICHSIET ITPOUCXO-
JKJIEHUEe TEPMUHA <«IIPUHIUI MakcuMyMay. Jloka3aTebcTBO K€ 9TOro MpPUHITUIA,
COCTOWUT B HECJIO)KHOM TPUMEHEHUH CJIEIYIONIEro (DakTa.

(3) IMpuHLUI NEPEMEIUBAHUA. IIycts (be)ecz — pusbuenue edunuyvt B B,
T. €. CEMEHMCTBO 3JIeMeHTOB OyJieBoit aaredbpbl B Takoe, 9TO

\/bg:]]_, (Vﬁ,UEE)(§7E77—>b§/\bn:®)~

£e=

JI1st KazKJ10T0 ceMeiicTBa 371eMeHTOB (¢ )¢cz OyIeBOSHAYHOIO yHUBEPCYMa VB g
moboro pasbuenus exuHUIB (be )¢cx CYLIECTBYET, B IPUTOM €AUHCTBEHHOE, IIepeMe-
muBaHye (L¢) ¢ TOMOLIBIO (Unu ¢ BepoaTHocTME) (e ); T. €. JIEMEHT & OTHEIIMOrO
yausepcyma VB) rakoit, uro be < [x = x¢] mua Beex € € E.

Ilepemewusanue = cemeitctBa (x¢) ¢ moMombio (be) 0GO3HATAIOT CIIEYIOLIIM
obpasomM: & = mixgez(bexe) = mix{bexe | £ € E}. IlepemenuBanue CBA3aHO C TJIaB-
HOIT 0COOEHHOCTBIO OYIEBO3ZHAYMHON MOJIEIN — MPOIE/LYPOit «CTYIEHIATOTO» HAbOPa,
BBICIIIEl OIeHKH MCTHHHOCTH.

(4) Tycrs z € V&) u b € B. Oupepenam bynximo br na dom(bx) := dom(x)
1o pasmty: bx : t — bAz(t) ma t € dom(x). Torma br € VB i st mobwix z,y €
V(B) cipaseymser pasenctsa [ € by] =bA[r € y] u [bxr =by] =b — [z =y].

ITposepka epBOrO COOTHOINIEHHSI COCTOUT B HEIIOCPEICTBEHHOM IOjCYeTe Oyiie-
BBIX 3HAYEHWI UCTUMHHOCTH C IIPUBJIeYeHNEM GECKOHETHOIO IUCTPUOY TUBHOTO 3aK0-
Ha:

[z €by] = \/ by)t)At=z]=bA \/ yO) At =2z] =bA [z €y].
tedom(by) tedom(y)

Bropoe paBencTBo ucnosib3yer mpaBmiia ONEHUBAHUSA U3 2.2:

[bx = by] = ( N y)t)—te bm]]) A < N\ x)t) = [te by]]> —

tedom(by) tedom(bx)

( /\ (b/\y(t))%(b/\[[tG:r]]))/\( /\ (b/\x(t))%(b/\[[tGy]]))

tedom(y) tedom(x)

= A\ (@ry®) =) A((BAYE) = [tea])A

tedom(y)

AN (OAzE) = b A((BA(E) = [tey]) =
tedom(x)

:( A\ b—>(y(t)—>[[t€$]])>A( A bﬁ(m(t)%ﬂteyﬂoz

tedom(y) tedom(x)
=b— [z =1y
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(3) Mnsbc Buz c VB Gyner [bx =2] =bV]zr =] u[br =] = -bV[z =
&]. B wactiocrn, VB |= by = mix{bx, ~b@}.

(6) Ilycts (be) — pasbuenme emunmipt B B, a cemeiictso (z¢) C VB Taxoso,
aro VB = T¢ # Xy g mobeix £ # 1. Torna cymiecrByeT sjeMeHT T € VB s
koToporo [z = x¢] = be nupm Beex . B camom geste, mooxkuM « := mix(bexe) u
a¢ :== [z = x¢]. Ilo ycaosmio ag A ay = [z = x¢] Az, = 2] < —fze # 2] =0
opn { # 1. Kpome Toro, by < a¢ nnsg Bcex £ B CHly CBOICTB IepeMeNTHBAHNUS.
Takum 06pasomM, (ag) Takxke pasbuenue exununsl B B. C mpyroit cropomsl, —be =
\/n# b, < Vn# ap = -ag 1 ~bg < —ag, T. e. be > ag. UTax, pasbuennst eIuHAIDL
(be) u (a¢) coBmamgaloT.

(7) Pacemorpum dopmyiint ¢(x) u 1p(z) reopun ZFC. omycrum, 910 Jjisd HEKO-
toporo ug € V(B) sumosmmeno [o(ug)] = 1. Torma

[(Va)(p(2) = (@)] = A{[¥@)] | v e VP, [p(w)] =1},
[B2)(p(@) Ag(@)] =\ {[¥@)] | ue VP, [p(w)] =1}.

St HOPMyIIBI PACKPBIBAIOT «MO3AHIHBIE> MexaHm3Mbl Bepudukarmn B V(5.

3.3. ®yuknuoHajbHas peanudanus. [IycTs ) — CTOYHOBO IIPOCTPAHCTBO TIOJI-
Hoit GysieBoii anrebpor B. O6o3naunm depes 4 (0TaeuMblii) OyIeBO3SHAYHbIH YHU-
sepcym VB) | Jlsa kazkoit Toukn ¢ € Q BBeJEM OTHOIIEHHE SKBUBAJIEHTHOCTH ~q
Ha KJacce Y cireyromuM o6pa3oM:

U~gv < g€ u=1].
Paccvorpum pacciioenme
V9= {(¢,~(w) g€ Q ued}

U YCJIOBUMCS 0003HAYATD APy (q, Nq(u)) cuMBosIoM U(q). OYeBHHO, UTO JJIsT KAXK-
Joro aneMenTa u € $ orobpaxkenue u : ¢ — u(g) npejcraBisier coboil ceueHne
paccioennst V@, Bamernm, aro mist Besikoro x € V@ cymectsyior u € U u g € Q
rakue, 4ro u(q) = x. Kpome Toro, pasencrso u(q) = v(q) BbIIOJHEHO TOrJa U
TOJILKO TOIJia, Korna g € [u = v].

IIpespaTuM Kazk b1t cioit V4 paccioernss V@ B anreGpamdecKyio CHCTEMY CHT-
HaTyphl {€}, nonarast VI = x €y < ¢ € [u€v], rae anements u, v € 4 TakoBHI,
uro U(q) = x u v(q) = y. Jlerko ybeauThest B TOM, 9TO IPUBEIEHHOE OLPEIeIeHre
koppekTHO. [eiicrBurenbho, eciiu u1(q) =  u 01(q) = y g Kakoi-1ubo Jpyroi
Hapbl 3JIEMEHTOB U1, U1, TO yTBepkAeHust q € [u € v] u ¢ € [u; € v1] IKBUBATIEHTHBL.

HecstoxxHO y6euThest B TOM, 9TO KJIACC, COCTABJIEHHBIN MHOXKecTBaMu {u(A) |
u € U}, e A — OTKPBITO-3aMKHYTOE IIOJIMHOXKECTBO @, siBJIsieTcst 6a30i HeKo-
Topoil Tomostoruu Ha V. Dro mosBosser paccMarpuBarh V& Kak HeIpepbIBHOE
PacCIoeHne, Ha3bIBAEMOE HENPEPBLIEHbIM NOAUSEPCYMOM. 1101 Henpepbishvim ceve-
nuem pacciaoennss V@ MOHEMAIOT cedenwe, sBIISIONeeCs HEIPEPBIBHOI (byHKICE.
O6o3naunm gepe3 € KIACC BCEX HENPEPBIBHBIX cevennii VE.

Orobpazkenue u — U ocymiecTBiaseT oueknmio Mexk iy 4 n €, B KOTOpPOii Jlerko
PACIIO3HATH OCHOBY 1T yJ0OHOH (byHKIMOHAJILHON peanu3anuu OyJeBOZHATHOIO
YHUABEPCYMa V(B), Heramm 3TO#l yHUBEpCAJTHLHON KOHCTPYKITUHU, TPUHAJJIEIKAIIENH
Pyrmany u JlocenkoBy, upusejenst B |8, ri1. 6].
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3.4. Cormanuzanusa. MaremMaTnka JIBaIIATONO BeKa Jajia HeMaJjo IPUMEPOB JI0-
CTH2KEHUH, [TOJIyI€HHBIX 33 CUeT COIMAIN3aIUu O0bEKTOB U IIPODJIEM, T. €. BKIIIOUe-
HUS X B KJIacc cebe HO,HO6HI)IX3. ByﬂeBOSHa‘{HbIe MOJEJIN II0JIydaroT €CTeCTBEHHBIH
CTaTyT B paMKaxX Teopuu Karteropuii. Vies mepeMeHHOTO MHOXKECTBA CTaJIa OCHOBO
KaTErOPHOI'O aHAJIN3a JIOTHKH, OCYILIECTBIISEMOrO B PAMKaX COBPEMEHHOH Teopuu
Tomocos [4].

3.5. JducranumonHoe mogesupoBaHue. CBoiicTBa 6yI€BO3HATHOIO YHUBEPCYMA,
OTpaskaloT HOBYIO HAy4YHYIO KOHIIEHIUIO, KOTOPYIO MOXKHO HA3BATh 3A04HOIM WU
ducmanyuortvim modesuposanuem. IlogcHIM CyTh 9TOM KOHIENINY €€ CDABHEHUEM
C TPAJMIIMOHHBIMU TIOIXO/IAMHU.

CrankuBasiCh C ABYMs KJIACCHIECKUMU MOJIEJISIMU OHOI TEOPUU, MBI IBITAEMCS
YCTAaHOBUTH B3AUMHO OJTHOZHAYHOE COOTBETCTBUE MEXKJy YHUBEPCYMAMU ITUX MOJIe-
steit. Ecin Takyo OUeKIuio yaaercs: moo0parTh, IepPeBoisl IPEeIUKATH 1 OIePaIlun
OJTHOI MOJieJI B MX AHAJIOIH B JPYTOil, TO MBI TOBOPUM 00 M30MOPQHOCTH MOJe-
seit. Takum obpa3oM, OMMCcaHHOe MMpeCcTaBaeHne 00 T30MOpPU3Me MOAPA3yMEBAET
sIBHOE COIIOCTABJICHIE MOJIEJIENl — IpebsABJIeHIe ONEKIINN YHIBEPCYMOB.

IIpescraBum cebe, YTO MbI JIMIIEHBI (PU3NIECKON BO3ZMOZKHOCTH II03JIEMEHTHOI'O
CpaBHEHUsI MOJeJIeil, OJHAKO MOYKeM OOMeHMBAThCs mHpopManueil ¢ obJamarereM
JpyToii MOJIeJIM HA PACCTOSHUU. B mporecce oOIeHNs JIETKO YCTAHOBUATH, YTO HAII
[IapTHEP U3Y4YaET C MOMOIMBIO CBOEH MO/e/m 00bEKThI, KOTOPBIE OH HMMEHYET XOPO-
1110 3HAKOMBIMU HAaM CJIOBAMU, TOBOPsI O MHOYKECTBAX, NX CDABHEHUU U [IPUHAIJIEXK-
voctu. [lockonbKy Hac unTepecyer ZFC, Mbl cupalnuBaeM y HEro — HCTUHHBI JIU
akcuombl ZFC? TlopaGoras B cBoeil Mojiesin, IapTHEp COODIIAET «Jia, MCTUHHBI».
V0e uBIINCh TAKKe, 9TO HAIll MapTHED HUCIOJb3yeT Te XK€ IIPABUJIa BBIBOJA, UTO
MIPUHSATHI HAMU, MBI JTOJI2KHBI TPU3HATH, 9TO UMEIOIIASCS Y HETO MOJIEIb — ITO MO-
J1eJib mHTEpecyomeil Hac Teopun. [1o1€3H0 MOI9ePKHYTH, YTO CIEJIAB TAKOM BBIBO/I,
MBI HUYEro He y3HAJIM HU 00 00beKTaX, COCTABJISIONINX €r0 MOJIEJb, HU O IIPOIEIY-
pax, ¢ MOMOIIbI0 KOTOPBIX OH OTJINYAET UCTUHHBIE YTBEPXKIEHUS OT JIOYKHBIX.

HoBusna JuCTaHIIMOHHOIO MOJIEIMPOBAHUS CBS3aHA C OTKA30M OT OTOXK/IECTBIIE-
HUsI IPEJIMETHBIX 00JIACTEH U C JOIMyCKOM DaHee HEeM3BECTHBIX IPOIEIyD Bepudu-
Kallu! YTBEPXKJICHUIA.

3.6. Texuomorusi. s noka3aTebCcTBa OTHOCUTEIHLHON COBMECTUMOCTH TEOPE-
THKO-MHOKECTBEHHBIX yTBep2Kaenmii yansepeym V(B) nemonssyior cieryrontyio cxe-
my. Ilycrs 7 u . — pacmmpennst teopnn Llepmesno — @penkens: ZF (6e3 Boi6opa),
npudeM u3 coBMmectumoctu ZF ciemyer coBmectumoctb ¥ . Ilpesmosioxkum, dto
MOKHO ompenesiuth B Tak, uro . | «B — nosmas Gy/iesa aarebpas U 0pu 3TOM
= [¢] = 1 nns kaxaoit akcnoMsl ¢ Teopun 7 . Torja n3 copmecrumoctu ZF cite-
nyer copmectumoctb 7. Tak V(B) ncronb3yror B MCCIe10BaHISX IO OCHOBAHMSIM
MaTeMaTUKU.

Jpyrue Bosmozkuoctn npumerenns V(B) Gasupyiorest Ha TOM, 9TO TIpH JIO6OM
BBIOOpE Oys1eBOil aysredpsl B 9TOT yHUBEPCYM — IIOJUTOH I UCIBITAHUS [TPOM3-
BOJIBHOT'O MATEMaTHIECKOTO COOBITHsI. B CHIIy IPWHIIAIIOB MEPEHOCA U MAKCHMYMa,
B so6om 13 V(B) nmerorcst 06bEeKTHI, UIPAONIE PO 9HCes, TPYII, GAaHAXOBBIX

3FI/IJ'Ib6epT ckaszas B cBoeM gmokiuaze [3]: «Ecam mHam He ynaercs HafiTH pelleHHe MaTeMaTH-
9eCKOH IPOOJIEMBI, TO YaCTO IIPUYMHA ITOTO 3aKJIIOYAETCH B TOM, YTO MbI HE OBJIAJEJU €llle JO-
CTATOYHO OOIIel TOYKOM 3peHusi, ¢ KOTOPOil paccMaTpuBaeMasi pobjieMa MPeICTABIISIETCS JIUIITh
OTJIeJIBHBIM 3BEHOM B LIENH POJCTBEHHBIX IIPOOIEM>.
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IIPOCTPAHCTB, MHOI00Opa3mil 1 BOODIIE BCEX y2Ke BBEJIEHHBIX B 000OPOT U €Ille TTOKa
HEIPUyMAHHBIX MATEMATHIECKUX MOHATHN. ITH 00BHEKTHI MO2KHO BOCIPUHUMATH
KaK HECTAHJIAPTHBIE DEATU3AIUN COOTBETCTBYIOINX MCXOHBIX 0OPA30BAHUIA.

Bce 3HAMEHUTBIE U HE OY€Hb TEOPEMbl HHTEPHPETHpYIoTcs st saementos V(5)
U TIOJIYYAIOT IIPY STOM HAUBBICIIYIO OIIEHKY UCTUHHOCTH. BO3HUKAET BO3MOXKHOCTH
HOBO TE€XHOJIOTMHM — COIIOCTABJIEHUsI MHTEPIPETAINN MaTeMaTuIecKux (hakToOB B
YHUBEPCYMax HaJl Pa3HbIMU OysieBbIME ajiredbpamu. PazpaboTka cOOTBETCTBYIONIETO
alrmapara COCTaBJIsSeT CYIECTBO OyJIeBOZHAYHOIO aHAIN3A.

4. Coycku U noabeMbl

Hukakoe cOMocTaBIeHIe HeBO3MOXKHO 6e3 cBoero posa muasora mexkay V u VB,
Hawm Hy2KeH jocTaTovHO yI0OHBI MaTeMaTUIeCKuii MHCTPYMEHTapuil Jijisi CpaBHU-
TEJIFHOTO aHAJIM3a WHTEPIIPeTaIui MOHATHH 1 (HaKTOB B pas3Hbix Momersx. Coor-
BETCTBYIOIIAsT METHUKG CNYCKO8 U N0dsemMo8 OCHOBAHA HA OIEPAIUSX KAHOHIIE-
CKOT'O TIOI'PY?KeHNsl, CIIYCKa U M0/TbeMa, KOTOPBIME MBI ceifdac u 3aiimemcst. Haamnem
¢ KAHOHUYIECKOTO TOorpyKenus yuusepcyma ¢don Heiimana.

4.1. Kanonunueckoe norpy>keunmue. Bass x € V, 0603naunM cumMBOIOM T" cmah-
dapmmnoe uma x B VPE); 1. e. seMenT, OIpe eI HHbIIT CIe LYol CXeMOii peKyPCHHE:

" =g, dom(z"):={y"|ye€z}, im(z"):={1}.

OTMeTUM HEKOTOPBIE CBOMCTBA OTOOPAXKEHUS T — T, KOTOPbIE TOHAI00ATCI HaM
B JIAJIbHEHTIIIEM.
(1) Eciiu z € V, a ¢ — bopmyna ZFC, To

[y € %) )] = \/{le(z")] | 2 € 2},
[(Vy € 2") o(w)] = Nlle(z")] | 2 € z}.

(2) Eciiu  u y — semenTsl VY, TO ¢ HOMOIIbLIO TPAHCHUHUTHON WHILYKIUH Mbl
BUJIUM, 9TO

reye VP s ey, =y VP =y

Jpyrumu cjioBaMu, CTAHIAPTHOE MMSI MOXKHO PACCMATPUBATH KaK (PYyHKTOP MOTPY-
xernst V B V(B)

ITycrs 2:= {0,1}, tne O u 1 — Hysb u eguHUNA OyseBoii aarebpsl B. 9Ty 1ByX-
9JIEMEHTHYIO aJirebpy BOCIPUHUMAIOT KaK OJIHY U3 UIOCTaceil JBOHKU. fcHO, 9To
V(@) moxno pacemarpusars Kak mogxaace V) Her comuenuii, uTo cTanmapTHOe
ums orobpazkaer V na V()| 410 duKcHpyer cleLyioliee IpeIozKeHne:

(3) (Vue V@) Az € V) VB) =y = 27

(4) Dopmyiy Ha3BIBAIOT 02paHuUNeHHOU, €CIIN KazKIasl CBsI3aHHAsl IePEeMeHHAasl B
Hell BXOJIUT TI0JT 3HAK OIPAHMYEHHOI0 KBAHTOPA; T. €. KBAHTOPA, PACIPOCTPAHEHHO-
ro Ha KakKoe-Jub0 MHOXKEeCTBO. TouHee TOBOpsi, KaXKias CBsSI3aHHAS TEPEMEHHAS T
orpanundeHa KBaHTopoM Buja (Vo € y) win (Iz € y) mjist HEKOTOPOro y.

OTr'PAHUYEHHBIN [IPUHIUII IEPEHOCA. /JIjist Kaxk10i orpaHHYeHHOH (pOpMYyJIbI
@ reopun ZFC u jsr0b6oro Habopa ri,. .., T, € VY BBIIOJHEHO COOTHOIIIEHHE:

(T, ..., Tn) < v(B) Eop(z),...,z)).

v(B)
Paboras namee B ormesmmom yHuBepcyme V' | yCIOBHMCH COXPAHATH CHUMBOJI T/
3a BBIJIEJIEHHBIM JIEMEHTOM KJIacca, COOTBETCTBYIONIETO .
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(5) B kauecTBe puMepa OTMETUM I[IOJIE3HOE CJICICTBAE OIPAHUIEHHOIO IIPUHIIA-
ma mepeHoca:

«® — cooTBeTcTBHE U3 T B Y» > v(B) E «®" — coorBercrBue u3 " B y"»;
«f — dyskIUS U3 T B Y» & v(B) E «f" — byukuus us " B y"»

(mpu stom f(a) = f"(a”) mnsa Beex a € z). Takum o6pa3oM, CTaHJIAPTHOE MM
MOKHO DACCMATPUBATH KAK KOBAPHAHTHBIN (DYHKTOD M3 KATErOPUH MHOYKECTB (UJjIn
coorsercTBmil) BHyTpE V B moxxomsmryo nogxareropuio V() BryTpu ormemmvoro
yansepcyma V(B

(6) MHOKeCTBO & HA3BIBAIOT KOHEUHbIM, ECII T COBIIAIaeT ¢ 00pa3oM (dyHKIUH,
OlpeJIeJIeHHOl Ha KOHeYHOM opuHase. CHMBOIMYIECKH 9TO BBIpaXKaroT Tak: Fin(z).
Canenosarenbho, Fin(z) := (In)(3 f)(n € w AFnc (f) Adom(f) = n Aim(f) = ),
rze, Kak obprano, w = {0,1,2,...}. Slcho, uro BeiUCaHHAsA DOPMYJIa HE SIBJISIETCS
orpanuueHHoii. Tem He MeHee NpeobpazoBaHNe KOHEYHBIX MHOXKECTB C MOMOIILIO
KAHOHUYIECKOT'O MOTPYKEHUs JIOCTATOIHO yA00HO. B caMoMm jieste, 0603HAYUM e~
pe3 Prin(r) KiIacc KOHEYHBIX IOJAMHOXKECTB Z, T. e. Prin(x) = {y € P(z) |
Fin(y)}. s so6oro muozectsa x mmeet mMecto coornomenne: V(B) = Ppy (1) =
Prin(z"). BBy HeorpaHmdeHHOCTH (DOPMYJIBI, ONPEJIEIISIIONER MHOKECTBO O/
MHOXKECTB, B 001ieM ciay4dae Gyuer tosnbko [P (z)" C P ()] = 1.

(7) IIycts p — mpousBosbHLLL aBTOMOpdu3M OyireBoit anrebper B, a 1, — aie-
ment VB onpenensemprii bymximeit {(b", p(b)) | b € B}. Toraa

(a) p(b) = [b" € 9,] mns sroboro b € B;

(b) aus muoxecrBa A C B somonnsiercs [A” C ¢, — (AN A)" € ¢¥,] =1 B oM

1 TOJBKO B TOM ciydae, ecan p (A A) = A p(A);
(c) [¢p — ymbrpadunsrp vHa B*] = 1.

(8) IIycts m — romomopdusm B B nosuyio Oyiesy anreopy C. Pexypcueii mo
ornomenuio y € dom(x) MBI MOXkeM omnpeeuTh oTobpakernue 7 : VB — v(©)
takoe, aro dom(r*z) := {r*y | y € dom(z)} n 7"z : v = \/{7(z(z)) | z €
dom(z), m*z = ’U}. Eciu romoMopdusm 7 MHBEKTUBEH, TO UHbHEKTUBHBIM OyIeT U
orobpaxkenne 7*. IIpu arom 7z : 7y — w(x(y)) mis Beex y € dom(x).

ITycrs 4 — yabrpaduasrp B Gynesoii anredbpe B, a 4’ — nBoiicTBEeHHBIH K HEMY
unean, 1. e. 4’ := {=b | b € U}. Torna daxrop-anrebpa B/i’ nsyxsnementHa u
ee MOYKHO OTOXKJIECTBUTH ¢ OysieBoit asnreGpoii 2 := {0,1}. ®akrop-romomopdusm
7 : B — 2 He gBseTCd, BOOOIIE TOBOPS, HOJHBIM. DTO HE MO3BOJISET CBA3ATDH
onenxn uctuasocta B VB u V@), Onnako eciu m moson (. e. ecim 4 — rasHbrit
yabTpadbIIbTp), TO AIst TOOBIX GOPMYIBL (L1, . . ., Ty) K HAGOPA U1, . . . , Uy € V(E)
Oyner

V@) = p(r*ug, ..., 7 uy)  [o(u, . .. un)] € U,
u6o st b € B paBHOCHIIBHBI cooTHOMmenust m(b) =1 u b € §l.

(9) IIyrem daxropusanuu u3 yHUBEPCYMA V) u yaprpadmisrpa {4 MOXKHO
CKOHCTPYHPOBATH MOeb, ormmanyio ot V().

Beegem B VIB) orromenne ~y o dopmyire ~y = {(z,y) € VB x VB) | [z =
y] € U}. fcHo, 910 ~g — IKBUBAIEHTHOCTH HA V(B O603maumm cumsosom V(B /4
dbaxrop-knacc VB) 1o ~y u mazemum ero ormomenmem €y = {(z,9) | =,y €
VB) [z € y] € U}, tme = +— T — xamommdeckoe baxrop-oTobpaskenne uz V(5
B VB /8. Moxkwo nokazats, aro VB /il = o(Z1,...,T,) < [o(21,...,2,)] € U
IS 21, . .., Zn € VB) 1 hopmyast ¢ Teopun ZFC.
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4.2. Cmyck. B3siB 1pou3BOJIBHBIN 9J1eMeHT % (OTAenMOoro) GyIeBO3HAYHOIO YHI-
sepcyma VB ompenemnm cnyck x| snementa  cieyromuM oGpasom:
) ={yeV® |[yca] =1}

ITpuseeM mpocTeiiie CBORCTBA CIIYCKOB:

(1) Knace z} — 310 Muoxkectso, . e. 2} € V mia z € VB Eem [z # 9] = 1,
TO T) — HEIYCTOe MHOXKECTBO.

(2) Iycrs z € VB u [z # @] = 1. Torma mns m060it bopmyast ¢ Teopun ZFC
Oymer

[(Vz € 2) p(@)] = Nlp(@)] | 2 € =1},
[Bz € 2) p(2)] = \[{lp(@)] | « € 21}.

ITpu sTom cymmecTByeT To € 2zl Takoi, uro [p(xo)] = [(3z € 2) p(x)].

(3) Iycrs & — coorsercrsme w3 X B'Y Buyrpm V(B), naue rosops, ®, X u'Y
— snementsr V(B) g npu sroMm [® C X x Y] = 1. Torga HaiijeTcs, 1 IPUTOM €JI1H-
crBennoe, coorsercreue P uz X| B Y| rakoe, uro ®L(A}) = ®(A)| mua aoboro
Herycroro nogamuoxkecrsa A muoxkecrsa X suyrpu V(B). Bosmmkaromee coorser-
creue ®| w3 X| B Y| HazwiBaror cnyckom coorsercreus P uz X B 'Y BHyTpH V(B),

(4) Cuyck cymeprosumun coorsercrsuii BuyTpu V(B) pasen cymepmosmmmm mx
ciyckoB: (U o @) =Tl od.

(5) Ecitu ® — coorsercrsue suytpu V(B 1o (d71)| = (&])7L.

(6) Iycrs Idx — Toxmectsennoe oTobpazkerue mexoroporo X € V(B) puyr-
pu VB, Torga (Idx)) = Idx;.

(7) Hpemnonoxum, aro ars X, Y, f € VB) ppmonmeno [f: X — Y] =1, e. f
— orobpaxenne 3 X B Y Buyrpu V&) Torna f| — emuHCTBeHHOE OTOGpAsKEHIE
u3 X| B Y], yaosuersopsitomee coorromenuto [fl(z) = f(z)] = 1 nus Beex x €
X|.

B cuiy (1)—(7), Mbl MOXKEM paccMaTPHUBATH CILYCK Kak (DYHKTOD U3 KATeropuu
B-3HaYHBIX MHOXKECTB U OTOOpazkKeHni (COOTBETCTBHIT) B KATETOPHIO OOBITHBIX MHO-
JKECTB U oToOpazkeHnil (cooTBeTCTBHH) B cMbIce V.

(8) Bass z1,...,x, € VB obosmaumm uepes (z1,...,z,)" coorBercrByromyio
yropsiiodennyio n-xy sayrpu VB Tonyerum, aro P — 9T0 n-apHOe OTHOIIEHHE
na X sayrpu VB 1 e. X, P € VB) i [P C X"] = 1. Toraa cymecrsyer n-aproe
ornomenue P’ na X Takoe, 9TO

(z1,...,2,) € P' & [(x1,...,2,)7 € P] =1.

Jomyckast HeGOIBITYIO BOJILHOCTL, MBI OyJileM 0003HadaTh OTHOIIeHHe P’ 3aHATBIM
cumMBoJioM P| 1 umeHoBaTh ero cnyckom P. AHajorndHbIM 00Pa30M OCYIIIECTBIISIOT
CIryCcK (PYHKITUI HECKOJIBKUX [TEPEMEHHBIX.

4.3. Mogwbem. ITycrs z € Vuz C VB 1. e. mycTh & — 9TO HEKOTOPOE MHOMKECTBO,
cocTaBjieHHOe U3 B-3HAMHBIX MHOMKECTB mim, apyruvm ciaosamu, © € P(V(B)),
Monoxum &1 := & u dom(x1) := z, im(z1) := {1} upu ycrosun, uro z # 2.
Dnement z1 (ormemmvoro) yumsepcyma V(B)| 1. e. BbImeseHmbIi mpemcTaBuTeH
kiacca {y € VB) | [y = 1] = 1}, nasssaior nodsemom .

(1) Cremyrommue pasencrsa crpaseymse s seex z € 2 (VE)) u moboit bop-
MYJIBL :

[(Vz e at) ()] = Alew)], [Gz € at)p()] = [p®)]-

yex yex
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IIpousBoma moabem coorBercTBusag ® C X X Y, ciemyer mMeTh B BUIY BO3MOXK-
HOE DPa3/jivdne MEXKIy ero o0JacThio OTipasieHus X u 00JACTBIO OIPeIesIeHUsT
dom(®) := {z € X | ®(z) # @}. 10 06CTOATEIBCTBO HECYIECTBEHHO JJIs HAIINX
6smkaitimux eseit. [losTomy roBopst o ciryckax, Mbl Beerma OyjieM UMETb B BHJLY
TOJILKO BCIOZY ompenesieHHble coorBercrus: dom(P) = X.

(2) Hyers XY, €V, X|Y C VB) 1 & — coorsercreue u3 X B Y. CymecTBy-
€T, U IPUTOM eIMHCTBeHHOe, coorBeTcTBre T m3 X1 B Y1 BHYTpPH V(B) takoe, uto
paserctBo PT(AT) = P(A)T cupasemuBo yist KaXKJIOro MOAMHOXKeCTBA A MHO-
xkecrBa dom(®), B TOM M TOJBKO B TOM ciiyuae, ecian P sxcmencuonaavro, T. e.
YJIOBJIETBOPSIET CJIEIYIOIIEMY YCJIOBHIO:

Y1 € &(x1) = [11 = 22] < \/ [yr = y2]
y2€P(x2)

st z1, 79 € dom(®). Ipu stom &1 = &1, tme @' := {(z,y)? | (z,y) € ®}.
OneMeHT P HA3BIBAIOT NOJBEMOM MUCXOIHOIO COOTBETCTBUS .

(3) Cymnepnosuisi 9KCTEHCHOHAIBHBIX COOTBETCTBHUI TOXKE IKCTEHCHOHAJIBHA.
TIpu 5TOM HOIBbEM CYTEPIO3UIMI PaBeH cyneprnosuiun noabemos (Bayrpu V(B)):
1. e. ipu ycaosun dom(¥) D im(®) Gymer VB = (¥ o &) = Ut o &f.

Bamerum, uto ecim ® u &1 skcrencunonanbub, To (1)1 = (&)1, Oanaxo,
B OOIIEM CJIyvae SKCTEHCHOHAJLHOCTh ® HUKAK He TapaHTHPYET SKCTEHCHOHAJb-
HOoCTh O 1.

(4) Crour ynoMsiHyTh, UTO €CJIHM YKCTEHCHOHAJBHOE COOTBETCTBHE f SIBJISETCS
dbyuknueit w3 X B Y, 1o mogbem f1 coorBercrBust f Oyner dyuknueit uz X1 B Y.
IIpu 3TOM CBOHCTBO 3KCTEHCHOHAJBLHOCTH MOYKHO 3allUCATH CJICIAYIOIIIM O0pPa30M:
[z1 = z2] < [f(x1) = f(x2)] na Beex z1,22 € X.

Jast muoxkecrsa X C VB cumponon mix(X) mbr Gyzem 0603HAYATH COBOKYII-
HOCTb BCex IepeMemnBanuii una mix(bexe), rme (z¢) C X u (be) — mpoussosnbHOe
pasbuenne e uHUIbl. HIzKec ey onpme IpeIJIoXKeHIsT HMEHYIOT NpasuAdMY COKPa-
WEeHUA CTMPEAOK WA NPACUAAMU N00BEMOE U CNYckos. ECTh MHOTO BECKHX OCHOBa-
HUI HA3BIBATH UX IIPOCTO Npasusamu Swepa [6].

(5) Iycrs X u X' — na mogmmoxectsa V(B i f 1 X — X' — sxcrencuonaibmoe
orobpazkenue. Ipemonoxnm, aro Y,Y’, g € VB yrosnersopsior yciomio [Y #
gl=[g:Y = Y'] =1. Torna

X1l =mix(X), Yit=Y;
fix=f git=g.

(6) TIo anasorun ¢ 4.1 (6) Jrlerko BBIBECTH CJIEIyIOIIEE MOIE3HOE COOTHOIICHNE
Prin(X 1) ={01] 0 € Ppin(X)}1.

B O6LT.[€M CJIydae MOXKHO yTBeEpP2KJ1aThb JIAIIb, YTO BHYTPHA \/(B) nMeeT MeCTO BKJIIO-

qerne Z(X 1) D {01] 8 € Z(X)}H1.

4.4. MomudunuupoBaHHbIe CITycKu U noabembl. [lycte X € V. X £ & 1. e.
X — menycroe muoxkecTBO. IlycTh, majee, 6ykBa ¢ 0603HAYAET KAHOHUIECKOE BJIO-
xenne x — " (z € X). Torga o(X)t = X" u X =1 1(X"]). Ucnonbsys npuse-
JIEHHBIE COOTHOIIEHUST, MbI MOXKEM PACIIPOCTPAHUTH OMEPAINN CITYCKA U TOIbeMa Ha,
cayuaii, korga ® — coorsercreue 3 X B Y|, a [¥ — coorsercrBne m3 X" Y] = 1,
e Y € VB, Nmenno, nonoknm $7 = (®or 1)t m U] := ¥} o1 B sroit curya-
nnn 3jeMeHT P HazbIBAIOT MOJUPUUUPOSAHHLIM NodsEMOM cooTBeTcTBUSA P, a U]
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UMEHYIOT MOoJuPuyuposantvm cnyckom coorsercreus V. (B ciydae, Korja KoH-
TEKCT yCTPAHSET JBYCMBICJIEHHOCTD, MBI GYJIEM TO-PEXKHEMY TOBOPHTDH ITPOCTO O
MOIbEMAX U CITyCKAX U MCTIOJB30BATh OOBIKHOBEHHBIE CTPEJIKH. ) JIETKO TIPOBEPHTS,
aro ®] — exmncrBennoe coorsercraue sayTpu V(B yropmersopsomee coorHome-
o [@1(z") = ®(x)1] = 1 gna Beex ¢ € X. Ananornuno, U] — eAMHCTBEHHOE
coorBercrBue u3 X B Y, miug koroporo pasencrso V] (z) = ¥(x")| umeer mecro
pu Bcex = € X.

Ecmu @ := f u ¥ := g — 310 )YyHKIMH, TO IPUBEICHHBIE COOTHOIICHUS TPUHU-
mator Bug [f1(z") = f(x)] =1, gl(x)=g(z") nus Beex z € X.

5. DJiiemeHTHI OyJI€BO3HAYHOI'O aHAJIN3a

B kaxkmom OysieBOZHAYHOM yHUBEPCYME MMEETCs IOJIHBIA HAOOp MaTeMaTmde-
CKIX O0bEKTOB, BKJIIOYAIOIIIII MHO2KECTBA C JIIOOBIMU JIOINOJIHATEIBHBIMU CTPYKTY-
paMu: TPYIIIbI, KOJbIla, aJreOpsl u T. 1. IIpuMmenenne cnycka K ajaredbpamdecKum
cucreMaM B OyJIeBO3HAYHON MOJe/M BbLIeJisieT 00pa30BaHUsl ¢ HOBBIMU CBOWCTBa-
MU ¥ BEJIET K BBISBJICHUIO (PAKTOB 00 MX CTPOSHWM M B3aUMOCBs3aX. Haxoxmenue
TaKUX CBsI3eil M COCTABJISIET CO/EpKaHne OyJIeBO3HAYHOIO aHAJn3a. B HACTOAIEM
0030pe eCTeCTBEHHO OrPAHUIUTHCS OCHOBAMU COOTBETCTBYIOIIEH TEXHUKH.

5.1. BysneBsl MHOXKecTBa. HauHneM ¢ pacriosHaBaHUsI IIPOCTENRINNX 0OBEKTOB, pe-
aJIM3yeMbIX BHYTPHU OYyJI€BO3HAYHOI'O YHUBEPCYMaA.

(1) Byaeso mmootcecmeo unm muosicecmeo ¢ B-cmpyxkmypotd win xke npocro B-
MHooicecmeo — 31o 1o onpegesenuio mapa (X,d), rtme X € V, X # &, u d —
orobpazkenne n3 X X X B OysneBy aarebpy B Takwe, 9TO i BCeX X,Y,z € X
BBIIIOJIHEHO:

(a) d(z,y) =0z =1y;

(b) d(w,y) = d(y7$);

(¢) d(z,y) < d(z,2)Vd(zy).

IIpumep B-MHOMXKeCTBa TPEJICTABISIET KaXKI0e HEIyCTOe MOJAMHOXKECTBO & # X C
VB) ecim camrars, uro d(z,y) = [z # y] = -z = y] an= z,y € X. Jpy-
ol MpuUMep BO3HUKAET, €CTU CHAOAUTHL HEITyCTOe MHOKECTBO X «IUCKpETHOH B-
MeTpuKoOl» d, T. e. cumrarh, uto d(z,y) = 1, ec;im = # y, u d(z,y) = 0, ecom
T =y.

(2) Ha sro6oii GyseBoii anrebpe D B KauectBe D-METPUKE MOXKHO B3STh CUM-
mempuueckyto pasnocmv: . Ay = (x A —y) V (y A —z). Pasbepem cBsazanHyIO
¢ atuM KoHcTpykIimio. Ilycts ¢ — yabrpadunbtp Ha Oymesoit aarebpe D. Pac-
cmorpuM 6yseBo MHOXKecTBO (X, dx) ¢ D-merpukoit dx. Beenem GuHapHOe OTHO-
menne ~y B X dopmynoii (z,y) € ~y <> ndx(z,y) € ¥. U3 onpenenenns 6y-
JIEBOJ METPHUKY BHJHO, UTO ~y — OTHOLICHHE SKBUBaJEHTHOCTU. IIycTh X /~vy —
daxTop-MHOKecTBO X II0 9KBUBAJEHTHOCTH ~y, & Tx : X — X/~ — KaoHu-
gyeckoe dakTop-orobparkenue. Eciau Mbl Hadnnauu ¢ Gynesa Mmaoxkectsa (D, A), To
B KauecTsBe D/~ MOTyIHTCSI IByX3/eMeHTHas OyieBa aurebpa 2. Ilpu sToMm cyrme-
CTBYeT euHCTBeRHOe oTobpazkenue d : X/~ — 2 Takoe, uto d(mx (), mx(y)) =
7p(d(z,y)) mna seex x,y € X. Kpome Toro, d — auckperHas OyjeBa METpPHKa Ha
X/~y. Ecoin dx — muckperHast MeTpHKa, TO ~y = Idx n X/~y = X.

(3) Mycrs (X,d) — mexoropoe B-muoxkectBo. Ilyers ¢ := t1q, — yabTpa-
dbwmibTp, mocrpoenusiit B coorsercTsuu ¢ 4.1 (7) va B”. Ilo orpaHnYeHHOMY IPUH-
uuny nepesoca (X, d") saBigercsa B*-MHOXKeCTBOM BHYTDU V&) Tlonoxum 2 =
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X"/~ Ipu stoMm [2" ~y y'] = —d(z,y) maa seex z,y € X. CuemosarensbHo,

cymecrsyor smement 2 € VB i pabexkmus ¢ 1 X — X' = 2| takume, uTo
d(z,y) = [o(z) # 1(y)] ns Beex x,y € X wm kaxmpiii snement ' € X' momyckaer
npezcraienne ¢’ = mixees(ber(xe)), e (e)ecz C X u (be)ecz — pasbuenne

equanmpl B B. Duemenr 2 € V(B) maswator 6yaesosnawnol peasusayuet B-
muO)kecTBa X . Ecom X — nuckpernoe B-mHOXKecTBO, T0 2 = X" u () = 2 jg1st
Beex ¢ € X. Ecmn X € VB 10 1 — unvexmus u3 X1 B 2 sayrpu VB,
(4) Orobpaskenne f uz B-muoxecrsa (X,d) B B-muoxecrso (X', d') HaspBaror
corcumarougum 1ipu yeiosuu, uro d' (f(x), f(y)) < d(x,y) mus Beex x,y € X.
[Iycts X m Y — mekoropblie B-muoxkectBa. [lycts, manee, 2" u % — ux 6y-
JIEBO3HAYHBbIE peajm3anuu, a 1 : X — 2l u j: Y — #| — coorBercrByiomue
nabekimn. Ecn f @ X — Y — cxumaromiee orobparkeHne, TO CyIIeCTBYeT, U IIPH-
tom egmmcrsen, siement g € VB) taxoit, uro [g: X — #]=1u f =35 'ogloa
Yeaosumest mmcars 2= F7(X) =X~ nug:=F~(f) = .
(5) CupapeyiuBBI yTBEPKICHUSI:
() V) | f(AY = f~(A™) gun A C X;
(b) Ecmu g:Y — Z — cxumaromiee orobpazkeHue, T0 go f TakzKe CKUMAIONIee
oroGpazkerne 1 VB) = (go )~ = g~ o f~;
(c) VB = «f~ — umbexnmsi» B TOM I TOIBLKO B TOM CIIy9ae, €I f CIy’KHT
B-uzomeTtpuei;
(d) VB) = «f™ —ciopbeims» B TOM H TOJILKO B TOM CJIyHae, eciu Gyier

(vy e Y) \{d(f(2),y) |z € X} =1.

6) Paccmorpum B-mmoxkectso (X, d). Ilycrs (be) — pasbmenmne emwaUIbl B B
3

u (z¢) — cemeiicTBO a1eMenTOB B-MHOKecTBa X. [lepemewusanuem cemeticmea
(x¢) ¢ nomowwro (be) HasbiBaroT sjeMenT & € X Takoif, uro be A d(x,z¢) = 0 nus
Beex &. Kak u paHblle, mepeMernnBanie o003HadaeM CHMBOJIOM & = mix(bexe).

[MepemernmuBanue (ecju OHO CYIIECTBYET) €AMHCTBEHHO. B camom zere, ecin y € X
u (V&) (be Ad(y, z¢) = 0), To

be Nd(z,y) < be A (d(z,ze) Vd(ze,y)) =0.

B mosmoit 6yneBoit aiarebpe B BBITOIHEH OECKOHEYHBIN IUCTPUOYTUBHBIN 3aKOH H,
CTaJIO OBITh,

d(z,y) = \/{be A d(z,y)} = 0.

3Haunt, * = y.

Iomuepkaem, 9T0 B oTymdme or yamepcyma V(F) (cMm. 4.3) mepemernuBanus
B aOCTPAKTHOM B-MHOXKECTBE CYIIECTBYIOT HE BCETIA.

(7) Basas A C X, obosnaunm cumBosioM mix(A) MHOKECTBO BCEX MepeMelnBa-
Huit ssmementos u3 A. Ecin mix(A) = A, o rosopar, uro A — yukauseckoe nood-
mrooicecmeo X . Ilepeceyenne Becex MUKIMYECKUX MHOXKECTB, cogepzkaimux A, 06o-
3HA4AI0T CcUMBOJIOM cyc(A). ByneBo MHOXKecTBO X HA3BIBAIOT PACUUPEHHDIM I
YHUBEPCANBHO NOAHYIM, ECITH B HEM CYIIECTBYIOT IepeMernuBanust mix(bex¢ ) 00X
cemeiicT (r¢) C X oTHOCHTENBHO MOOLIX pasbuenuii exuunisl (be) C B. B ciyuae,
KOIJIa TaKUe MepeMelnBaHusl CYIIECTBYIOT JIUIIb JJisl KOHEUHBIX CEMEHCTB JJIeMeH-
TOB, caMO X HA3BIBAIOT Pa3A0dicuMbiM. MOXKHO mOKa3aTh, 9To ecian X — DacIIu-
pennoe B-muoxkecrso, To mix(A) = cyc(A) s moboro A C X . Hukiandeckoe 1moj-
MHOKECTBO B-MHOXKeCTBa He BCETIa SABJISETCS PaCIIIpeHHbIM B-MHO)KecTBOM. B TO
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K€ BpeMs IUKJINYECKOE ITOIMHOXKECTBO V(B) ¢o cBoelt KAHOHIIECKOR B-meTpukoit
€CTh pacImpeHHoe B-MHOXKeCTBO.

5.2. Asarebpaudeckue B-cuctembl. BecrmoMuanM, 9T0 MO cuenamypoti TOHIMA-
10T Tpoiiky o := (F, P,a), riue F' u P — HekoTopble (BO3MOXKHO, I1yCTbIE) MHOXKECTBA
u a — orobpakenne u3 F'U P B w. Ecin muoxkectsa F' 1 P KOHEYHBI, TO 0 UMEHY-
10T KOHeWHOU cuenamypol. B MpuiioyKeHnsiX 0OBIMHO HAM MPUXOJUTCI UMETD JIEJI0
¢ anredpanvdecKUMHU CUCTEMAMU KOHEYHOW CUTHATYpbI. X paccMoTpeHueM MbI U
OTPAHUIUMCS.

[ox n-aprot onepayueds u n-aprvm npedurxamom Ha B-mHOXKecTBe A MOHUMAIOT
ckumatomue orobpazkenust f : A™ — A u p: A" — B coorBercrBeHHO. IIpunsaTo
CYUTATD f U P COCUMANOUWUMY TIPA YCIIOBAU, ITO

3
|
-

d(f(a07'"7an—1)7f(a67"'70’;7,—1)) S d(ak,a%),

<

i
L

A (plao, .-y an—1),p(ag, - an_1)) < \/ d(ax,az)
0

e
Il

JUISL BCEX A, G, - - -5 An—1, dn,_1 € A, Tie d — 910 B-MeTpuka Ha A.

$IcHO, 9TO JAHHBIE BBINIE ONPEIEJICHAS 3aBUCAT OT B u ObLIo Obl IpaBHIbHEE
roBoputh 0 B-onepamusx, B-upeaukarax u T. 1. Crout, pasymeercs, NPUIEPKU-
BaThCA 0OoJlee TIPOCTONW W SKOHOMHOW NPAKTHKHU, KOTJIA 9TO He BBI3BIBAET OCOOBIX
HEeJIOPa3yMEHUI.

Aunzebpauneckasn B-cucmema 2 curHATYPBI 0 — 3TO 10 onpeiesiernto napa (4, v),
rjie A — HerycTroe B-MHOMKECTBO, 0CHOBHOE MHOMCECTNEO WA HOCUMEAD UITH YHU-
eepcym cucreMbl A, a v — O0TOOPAKEHUE TAKOE, ITO

(a) dom(rv) = F U P;
(b) v(f) — aro a(f)-apuas oneparus na A st Beex f € F
(c) v(p) — 10 a(p)-apublil upeaukar Ha A i Beex p € P.

IIpunsito Ha3BIBaTL ¥ unmepnpemayuet A u ucroab3oBaTh obo3nadenus: f¥ u p”
Bmectro v(f) u v(p). Curnarypy anrebpawmdeckoii B-cucrembr 2 := (A,v) wacrto
obozradaior yepes o (), a Hocureap A cucremsr A cumsosiom |2A|.

Asnrebpandeckyto B-cucremy 2 := (A, V) IMEHYIOT pactuuperhoti WA Pa3A0HCU-
Mo, ec/ii TaKoBBIM sBjifercs HocuTesb A. Pas A = {@}, To 0-apuble oneparuu u
npejnKaThl Ha A npejicraBisiior cob6oro orobparkenust u3 {@} B MHOXKecTBO A 1 aJi-
re6py B coorBercTBeHHO. MbI 6y1eM 0TOXK 1eCTBIATH OTObpaxkenue g : {&} — AUB
¢ astemenToM ¢(@). Kaxmas 0-apuas onepaius Ha A TpaHchOPMUDPYETCsl TAKUM
00pa3oM B €JIMHCTBEHHBI 3/1eMeHT A. AHAJIOrMYHO, MHOXKECTBO Beex 0-apHBIX mpe-
JjukaToB Ha A npesparaercst B OyjeBy ajarebpy B.

Eciu F := {f1,...,fn}t u P := {p1,...,pm}, TO anrebpandeckyio B-cucremy
curHarypsl o 4acro samuckiBaor kak (A,v(f1),...,v(fn), v(p1),.-.,v(pm)) wm
naxe (A, fi,...y fny D1y, Pm). IIpu 9T70M MBI OyJieM HOACTABIATH BBIPAYKEHUE
o= (f1y--+y fns P1y--.,Dm) BMecTO 0 = (F, P, a).

Ilepeiimem Kk B-3HaYHON MHTEPIIPETAIINY S3bIKa MIEPBOrO MOpsiiKa. PaccMoTpum
anrebpanyeckyto B-cucremy 2 := (A,v) curnarypst o := o(2) := (F, P, a).

Mycrs p(xo, - .- Tn—1) — DOPMYJIBI CUTHATYPBI 0 C T CBOOOJHBIMHU [IEPEMEHHbI-
mu. omycruMm, 9T0 33/1aHBI ag, . .., 0n—1 € A. B 9T0# cuTyanunm MbI MOXKeM Ompe-
JIeJTATH OTEHKY WCTHHHOCTH |p|* (ag, ..., an_1) € B dbopmymsl ¢ B cucreme 2 s
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JaHHOrO HAabOpa 3HAYEHUU ag,...,0dp_1 HEPEMEHHBIX X(,...,ZTn—1. OUpenenenne,
KaK 0OBIYHO, JaeTcsl HHIyKInei mo fajumae hopmyssl . PaccmarpuBas siormdeckue
CBA3KM M KBAHTOPBI, ITOJIO?KAM

lo A ¢|Ql (agy ... ap_1) := |<p|m(a0, cey Q1) A \w\m(ao, ey Qno1);
loV 1/1|Ql (agy.--yap_1) := |go|ﬁ(a0, ceyp_1) V \w\m(ao, ey Qno1);

[=@l* (a0, -+ an-1) = =le[*(ao, .-, an-1);
|(V@o)el® (a1, ..., an_1) := /\ lo/®(ag, ...\ an_1);
ap€A
|(3zo)el® (a1, ..., an_1) := \/ lo|®(ag, .-\ an_1)-
apg€EA

Teneps ciiesryer pasobparbest ¢ aromapHbiMu dopmysiamu. Jlomycrum, aro p € P
CAMBOJIU3UPYET M-apHBII IpeinKaT, ¢ € P — 310 0-apHbIil TpeIUKAT, a £, . . ., tm—1
— TepMbI CUTHATYPBI 0, IPUHUMAOITHE 3HadeHus by, . . . , by,—1 IPU 38JaHHBIX 3HA-
YEHUSIX AQ, - . ., (Gp—1 TEPEMEHHBIX X0, . .., Tp—1. 110 OIPEIEIIEHNIO MBI TIOJIOKIM:

lo*(ao, .-, an—1) == v(q), ecmm ¢ =g;
lo[* (a0, .- -, an—1) := ~d(bo,b1), ecmm @ = (to = t1);
lo[(ag, ... an_1) :=1p"(bo,...,bm—1), ecam o =p(to,... ,tm_1),

rae d — 310 B-merpuka na A.

Dopmyiy o(Zog, - . ., Tn—1) HABIBAIOT GuINOAHEHHOT B ajrebpandeckoii B-cucreme
2 npu 33JaHHBIX 3HAYEHUAX QQ, . ..,0n_1 € A IEPEMEHHBIX Xq,. .., Tn_1 ¥ TAIYT
2 = ¢(ag, - - - ,an,_1) npu yciosun, ato |p|*(ag,...,an,_1) = 1. AlbTepHATUBHDIE
BBIPA’KEHHs B 9TOI CUTyaliy TAKOBBL: 3HAYEHHS Ay, . . . , Gn_1 € A ydosaemesopsiom
o(zo, ..., Tpn_1) wim @(ag,...,an—1) ucmunno B 2A. B caygae nyxanemMeHTHON Gy-
JIEBOI anrebpbl MbI MPUXOJAUM K OOBITHOMY HMOHMMAHUIO BBLITOJHEHUST (DOPMYJIbI B
anrebpandeckoil cucTeme.

BemomManM, 9T0 3aMKHYTYIO (DOPMYJIY (0 CUTHATYPBI 0 HA3BIBAIOT MaABMOA02UET
[IPU YCJIOBUU, YTO ( BBIIOJIHEHA B JIIODOH ajredbpandeckoil 2-cucremMe CUrHaTyPhI O

(1) Paccmorpum remeps anrebpandeckue B-cucremsr A := (A,v) n © = (D, p)
onHOM curHaTyphl 0. Orobpaxkenne h : A — D HaswBaioT 2omomoppusmom A B D
[PYU YCJIOBUU, UTO JJIA BCEX AQ, ... ,0n_1 € A BBINOJHEHBI CJIEIyIONIe COOTHOIIe-
HUST:

(@) dp(h(a1),h(az)) < da(a1,a2);

(b) h(f") = f*, ecm a(f) = 0;

(c) h(f¥(agy-.-,an-1)) = f*(h(ag),...,h(an-1)), ecmm 0 # n := a(f);
(d) p¥(ag,...,an-1) < pH(h(ap),...,h(an-1)), tae n := a(p).

(2) Tomomopduam h HABBIBAIOT CUAbHbLM, €CJIU JJIsd JII60ro p € P rakoro, 4ro
0 # n := a(p), npu Beex dy,...,d,_1 € D BBHIIOJIHEHO HEPABEHCTBO

p*(do, ... dn-1) <
S \/ p”(ao,...,an_l)AﬁdD(do,h(ao))/\...AﬁdD(dn_l,h(an_l)).

@Q,..yan1€EA
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Ecin B (a) u (d) mMeer MecTo paBeHCTBO, TO h HA3BIBAIOT u3oMmopPusmom n3 A B
©. HecomuenHO, 9TO KarXKIblil CIOPBHEKTUBHBI N30MOPGMU3M U, B YACTHOCTHU, TOXK-
nectBenHoe otobpaxkenune Idy : A — A ciayxar cuabHbIME TOMOMODPhu3Mamu. Cy-
neprosuryst (CHIBHBIX) TOMOMOPMU3MOB — CHOBa (CHIIbHBIH) romomopdusm. Oue-
BHUJIHO, 9TO ecJii b — roMoMopdu3M i b~ Toyke romoMopdusM, To h B30MOPDU3M.

CHOBa OTMETHM, YTO B CJIy4ae JIBYX3JIEMEHTHON OyJIeBOH ajareOpbl Mbl IIPUXO-
JIUM K CaMbIM OOBIYHBIM TOHSITHSM MOMOMOPGU3MA, CHJIHBHOIO TOMOMOp(hU3MaA U
n30MOppU3MA.

5.3. Cuyck gaBoiiku. Ilpexie, deMm repexojuTh K OINPEIEIEHNI0 CIIyCKa 0o0Iei
aredpanvIecKoil CHCTEMbI, PACCMOTPHUM CIIYCK JIBYX3JIEMEHTHON OyJieBoil ajireOphl.
BriGepeM mpomnssobabie jaBa daementa 0, 1 € V(B yrnopmersopsiomnue yeioBmo
[0 # 1] = 1. Hanpumep, moxkn0 cunrars, 910 0 := 0% n 1 := 1%. Cuyck D nByx-
semMenTHoit Gysesoit anrebper {0, 1}2 BryTpn V(B) npencrasisier coboil MOIHYIO
GyseBy anrebpy, usomopduyo B. @opmyinsr [x(b) = 1] = b u [x(b) = 0] = —b, tne
b € B, 3amaior uzomopdusm x : B — D.

5.4. Coyck anarebGpaumdeckoii B-cucrembl. Paccmorpum Terneps ajrebpande-
ckyio cucremy 2 komeunoit curaaryper o ayTpu V) i nyers VIB) = «A = (A, v)
st HeKOTOpbIX A u v». Cnycxom A nazsiator napy 2 := (Al, u), rne p — byHk-
IUsl, OTPEJIesIieMasl ¢ MOMOIIbIO cieayomux dopmyir: f# := fY| mua f € F, a
pt = x"Lop¥| mra p € P. 3aech Y — yKazaHHBIH B 5.3 m30MOpGU3M Gy/IeBbIX
anre6p B u {0,1}5].

(1) Tycrs ¢(xg,...,Tn—1) — bukcupoBanHas GHOpMyIa CUTHATYPHl 0 OT N
CBOBOJIHBIX IlepeMeHHbIX. Bprmummem dopmyiny ®(zo, ..., Z,—1,2) g3bKa Teopun
MHOXKeCTB, Koropas (dbopmanusyer yreepxkiaenue 2 = o(zg, ..., T,—1). PDopmyna
A = o(zo, ..., Tn_1) 387aeT n-apHbli npeauKaT Ha A WK, 9TO TO XKe caMoe, 0T00-
paxenne u3 A" B {0,1}. B cry IpUHIMIOB MAKCUMyMa U TIEPEHOCA CYIIECTBYET,
u purom emmmcTien, stement |p|% € VB) raxoit, uro

llo* - A" = {0,1}"] =1,
[lel*(ao, ... an_1) = 1] = [®(ag, ..., an_1,A)] = 1

JUISL BCEX Qg - - - ,Ap_1 € Al.
Taxmm o6pasom, dopayra VE) = «p(ag, ..., a,_1) ncTummo B A» BepHA B TOM
U TOJIBKO B TOM ciyuae, ecan [®(aq, ..., a,—1,2A)] = 1.

(2) Hycrs A — anreGpanmdeckas cucrema curmarypsl o saytpu V(B Torma A
— 9TO pacmmmpenHas ajgrebpandeckas B-cucrema curnarypst o. [Ipu sTom

xolol™ = le*y
JIIST KazK10i (pOPMYJIBI (0 CUTHATYPHI 0.

(3) Iycrs A u B — aBe asrebpandecKue CUCTEMbL OOIIEH CUIHATYPBI 0 BHYTPU
VB, Tomomum A := AL u B’ := B|. Torga ecitu h — romoMopdusM (CHIBHBIH 10~
MOMOPGhU3M) BHYTPH V&) u3 A BB, 10 b’ := h| — romomopduzM (cooTBeTCTBEHHO,
cuibHBIH roMoMopdusm) B-cucrem A" u B,

Hao6opor, ecim b’ : A" — B’ — romomopdusm (cusbHbI ToMOMOpdU3M) anres-
pamdeckux B-cuctem, To h := h't — 310 roMoMopdu3M (COOTBETCTBEHHO, CUITBHBII
romomopdusM) u3 2A B B BHYTPU V(B),

(4) Hycrs A := (A,v) — anrebpandeckas B-cucrema curaarypsl o. Torja Hail-
nyrest o p € VB) makie, 9TO BBINOIHEHBI CJIEIYIONIIE YCIOBUS:
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(a) VB = «(of, ) — anrebpanmtieckast CHCTEMa CHTHATYPBI 0 ;

(b) ecau A := (A’, V") — cuyck (o, u), 1o A — pacmupennas ajarebpandeckast
B-cucrema curHatypsl o;

(c) umeercst mzomopdusm 2 u3 A B A’ Takoit, uro A’ = mix(2(A));

(d) mast kax0# HGOPMYIIBI 0 CUTHATYDBI 0 OT 1 CBOOOJHBIX HEPEMEHHBIX Bbl-
[IOJTHEHBI DABEHCTBA

10| (ag, -y an—1) = |o/* ((ag),. .., 1(an_1)) =
=x"((Ie* N(ao), .- -, u(an-1)))

pu JIIOOBIX Qg .. . ,0n—1 € A, TJI€ X OIPEIEJEHO BBIIIIE.

6. ByJIeBO3Ha‘IHbIe BeEIlleCTBEHHbIE YNCJIa

Teneps MBI y2Ke B COCTOAHAN IPUMEHUTH TEXHUKY OyJIEBO3HATHOTO AHAJIN3A K AJI-
reOpandecKoil crucTeMe HaWIEePBEHIero 3HadYeHns /s BCeil MaTeMaTuK — K I0-
JIIO BEIIeCTBEHHBIX dnces. HarmoMHuM cHa4vasa HEKOTOpble HEOOXOuMbIe (PAKTHI U3
TeOPUU BEKTOPHBIX PEIIETOK.

6.1. IIpoctpancrtBa KantopoBuya. Haunem ¢ onpesesnennit. DyieMeHTBI T U Y
BeKTOpHOI pemterkn E HaspiBalor dusstonkmuvimy (1 mamryt ¢ L y) npu ycrosuw,
qro |z|Aly| = 0. ITosaoca unu xomnonerma E oupenernena Kak Jussionkmnoe 0onos-
nenue M+ :={zx € E | (Vy € M)z L y} kaxoro-imu6o nomvuoxectsa M C E. Taw,
IJIe 9TO YMECTHO, MBI yJI00CTBa paJU UCKJIIOYaeM U3 PACCMOTPEHHUA TPUBUAIBHYIO
BEKTOPHYIO PEIIETKY, COCTOSAIIYIO U3 OHOTO HYJIS.

YuopsiodeHHoe 110 BKII09eHnIo MEOKecTBO B (E) mosoc E npeJicraBisger coboio
HOJTHY10 OyJieBy ayre6py OTHOCHTEJBHO CIIEIYIONIUX OIepariuii:

LANK=LNK, LVK=(LUK)** -L=L' (L, Kc%B(E)).

Byaesy anrebpy B(FE) gacro umenyior 6a3oti E.

Hopsadkosoti npoexmop B E — 310 naeMIIOTEHTHBIN JTUHEHHBINH oniepaTop 7 : B —
E, ynosnersopsionuit HepaserncrBaMm ) < wx < x upu Beex 0 < x € E. MuoxkecTBO
B(E) BCex NOPSIIKOBBIX IPOEKTOPOB, YIIOPSIOUEHHOE IIPABIIIOM T < p <= T o p =
T, sABJIIeTCsi OyJIeBOIl ajrebpoii CO CIeMYIONUMU OITEPAIIMSIMIU:

TAp=mop, wNVNp=m+p—mop, —-w=Ig—7 (mp€(E)).

ITycts u € E4 e (u—e) =0 aust Hekoroporo 0 < e € E. Torya e — 310 ipae-
MEHM WA 0CK0A0K U. MHOXKecTBO € (1) BCEX OCKOJIKOB HEHYJIEBOTO 3J1eMeHTa U € F
C TIOPSIIKOM, WHIYIIUPOBAHHBIM U3 F, mpejcTaBageT coboio OyseBy anrebpy ¢ pe-
MIETOYHBIMA OTIEPATIUSIME, TAKAMHY K€ Kak B F, 1 monosHenweM, MefCTBYOMIM 10
NPaBUILy —e:= u — e.

BeKkTOpHY0 pelerky HasblBalOT npocmpancmeom Kanmoposuuwa wma K-npo-
CTNPAHCIMBOM, €CIIU KAXKJI0€ HEIyCTOe OrPAHUYEHHOE CBEPXY IOJMHOXKECTBO B HEil
uMeeT TOYHYIO BEPXHIO Ipanuily. Eciiu Kaxkioe ceMeificTBO MOIAPHO JIU3BHIOHKT-
HBIX 37eMeATOoB K-npoctpancTsa E orpanmueno, To E HA3BIBAIOT pacuuperHbim
WIH YHUBEPCAALHO NOAHBLM.

(1) IIycers E — npoussonbhoe K-npocrpanctso. Torma orobpaxkenue 7 — w(E)
sagaer uzoMopdusm Mexay Oyneseivu aarebpamu P(E) u B(E). Ecu B E ecrb
nopsiiKoBast eauHuIa 1, To orobparkenus T — w1l mz P(E) B (1) u e > {e}++
u3 €(1) B B(F) Takke OCYIIECTBIISIOT U30MOP(MU3M COOTBETCTBYIOIUX OYJIEBBIX
aareop.
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(2) Kaxnoe pacmupennoe K-npocrpanctBo F ¢ nopsakoBoit exuauneir 1 mo-
2KeT OBITh HAJEJIEHO €JIMHCTBEHHBIM YMHOXKEHHEM, IIpeBpamanimM F B TodHyO
f-anredpy, a 1 — B eauHUIly KOJibIla. B 310l f-airedpe KaxKablil OPSIKOBbII IIPO-
extop 7 € ‘P(E) coBuamaer ¢ omnepaTopoMm yMHOKeHUs Ha m(1).

6.2. Cmyck 1oJisi BeieCTBEHHbIX yncesi. Ha oCHOBaHWM IIPUHITUIIOB MAKCUMY-
Ma 1 meperoca cymectsyer saement Z € V(B) qaxoit, aro V(B) = «% — ynopsio-
JEHHOE TI0JIe BEIeCTBEHHBIX dncens. Slcro, uro BayTpu V(B) nojme Z ennncrBenHo
€ TOYHOCTBIO 710 U30MOpGhU3Ma, T. €. e #Z' — APYroe moJie BelIeCTBEHHDIX YUCe T
BHYTpHU VB 1o V(B) E «uona Z u Z’ uzomopduni». Hecitoxkno nokazars, uro R”
— apxuMmejoBo yropsitodennoe noste BayTpr V(B) | TTosToMy MBI MOXKeM CUHTATS,
aro VB E «R" C # u % — (merpuueckoe) nonosHerne R”». B3siB 0ObIKHOBEHHY O
equnuiy 1 8 R, samerum, uro V(B E «1:= 1" cuy:KuT HOPSJIKOBOIL eJuHuIei X .

Pacemorpum cniyck %), anrebpanyeckoit cucrembt % = (%), +, -, 0,1, <).

(1) B coorBercTBun ¢ 001ieil HpOIEyPOH Mbl IPEBPAIIAEM CIIYCK HOCUTENs
B aJiIreOpanvdecKkyro CUCTEMY, CILyCKasl OIlepali 1 MOpsIoK u3 Z.

Bonee oapobHo, ciiozkenne, yMHOYKEHNE U CPABHEHNE BOZHUKAIOT JIJIsI 9JIEMEHTOB
Y,z € Z}L u A€ R 1o cieyromum mpaBuam:

() z+y=z¢z+ty=2]=1;

(b) zy=z< Jry=2] =1;

(c) z<yez<yl=1;

d) =y [MVz=y]=1.

(2) Anrebpamueckast cucrema | upezcrasiisier coboii pacumpenaoe K-1po-
crpancTBo. [Ipu sToM umeercs (kanonndeckuii) uzomopdusm x GyseBoit airebpor B
Ha 6a3y P(Z ) upocrpancrsa #| Takoii, 4ro

x(b)z = x(b)y <> b < [z = y],

x(b)z < x(b)y < b < [z < y]

JUIst Beex T,y € #|l u b € B.

OTOT 3aMedaTe/IbHBIA Pe3yJbTaT, YCTAHOBUBINNAN MMMAHEHTHYIO CBS3b MEXKILY
OyJIEBO3HAYHBIM aHAJIM30M U TEOPUU BEKTOPHBIX PEIIETOK, MPUHAJIEKUT [opo-
uy [7]. Teopema Topmoma mokasasna, 9TO pacIIMPEHHBIE MPOCTPaHCTBA KaHTOPO-
BUYA SIBJISIIOTCSI HOBBIME DABHOIPABHBIME MOJIEJISIMU TIOJISI BEIIECTBEHHBIX THCEJ.
IIpu sTOM Kaxkjasi apXuMe 0Ba BEKTOPHAsI PeIeTKa, HAIpUMep, JIF0D0oe MPOCTPaH-
cTBO Ly, p > 1, mogHNMaETCA B IUIOTHYIO MOJPEIIETKY Hosst R B cooTBeTCTBYIOIIEH
Oy/JIeBO3HAYHON MOJIEJIH.

CIryCK T0JIs1 CKaJIIPOB OTKPBLI JIOPOT'Y K MIMPOKOMY HCIIOJIB30BAHUIO OYJI€BO3HAY-
HBIX Mojesieil B (hyHKIMOHATBLHOM aHajM3e. B HacTosiiee BpeMsi TaKOW aHAJN3
IIPOBE/IEH JIOCTATOTHO TOJHO JIJIsi HAHAXOBBIX TPOCTPAHCTB, OAHAXOBBIX aIredp, pe-
[IETOYHO HOPMHUPOBAHHBIX ITPOCTPAHCTB U MojyJieil. COOTBETCTBYIOIIUI MaTepHAa
noapobHO npeacrasieH B [8, ri. 10-12].

7. KapauHaabHBIN cIBUT

ByneBosnaunbie Mosiesin ObLIA MIPEJJIOKEHBI JIJIsi PAOOTHI B OCHOBAHUSIX MaTe-
MaTukn. Muorne Toukne cpoiicrsa oobektos BuyTpu V() cymecrsemnto sasucsr
oT crpoenus OyseBoit anredbpsr B. Bozuukaroriee paznoobpa3ue BO3MOXKHOCTEH U
OT'POMHBII Darazk cBeJieHnit 0 OyAeBBIX ajaredbpax caenann OyTeBO3HATHBIE MOJIETH
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OJTHUM W3 CAMBIX MOIHBIX WHCTPYMEHTOB COBDEMEHHBIX MCCJICIOBAHNIT B OCHOBAHI-
SAX MaTEeMATHUKU.

Paboraromuit MmaTeMaTnK Kpaiite peaKo OIIyIIaeT 3aBUCUMOCTh OT OCHOBAHUIA,
IIO9TOMY BBIITIE MBI PACCMATPHBAJIH TaKie KOHCTPYKIH i cBoiictsa V(B | B KoTopbIx
crieruraeckue ocobeHHocTr OysieBoit ajaredbpol B He urpasu posiu. VIMeHHO HA HUX
1 3M2KIETCsT OCHOBHOM OJIOK Oy/IeBO3HAYHOIO aHam3a. MexK Iy TeM 3aBUCHMOCTb 11~
pa MaTeMaTHKN OT OCHOBAHUIT NCKJIFOYUTEILHO CYIECTBEHHA. By/IeBOZHAYHBIN aHa-
g3 00sI3aH CBOMM IIPOUCXOXKJICHUEM IIPEKpacHBIM pesyiabraram ['énens n Kosma,
MIPOJIEMOHCTPUPOBABIIUM HAM HE3aBUCUMOCTD THITOTE3bI KOHTUHYYMa OT OCTAJIBHBIX
akcuoMm Teopuu ZFC. BriosiHe ymecTHO 00CYIUTh CBsI3aHHBIE C 9TUM BOIIPOCHI.

7.1. 3aragku KoHTUHYyMa. [lonsaTie KOHTUHYyMa OTHOCUTCS K YHCJIY BasKHeil-
X B 00IIeHay YHOM HHCTpyMeHTapun. MaremaTnyeckre BO33peHns Ha KOHTHHYYM
POJICTBEHHBI (DUBUIECKUM IIPEJICTABJIEHUSIM O BDEMEHU U CBSI3aHHBIX C HUM IIepeMe-
Hax. JlocraTrouno cociaTbes Ha Besmmkux Hetorona u Jleiibauia, mo-pasHomy BOC-
MpUHUMABIINX KOHTHHYYM. [l1aBHOE Tedenne, 00pa3 mprOBIBAIONINX U YOBIBAIOIINX
TEKy4YUX apryMeHTOB, HEIIPEPHIBHO IIOPOXKIAIOIINX N3MEHEHUs 3aBUCIINX OT HUX
IIepeMEHHBIX BEJINYNH, JIeKaT B OCHOBe MHPOBO33peHus HbloToHa u ero meroza
[IEPBBIX U IOCJIEIHUX OTHOIIeHuH. [IpuHIunna pHoe 3aTpyIHEHNE IPeICTaBICHUI
HeroroHa cBsizaHO ¢ HEBO3MOYXKHOCTHIO BOOOPA3UTh HEIIOCPEICTBEHHO IIPEJIIIeCTBY-
FOIUiT MOMEHT BpEMEeHU, OJIMKANIITYIO K JAHHOM, COCETHIO TOYKY YHCJIOBOTO KOH-
tuayyma. s JleitOnuna nepeMennast BeIMINHA KyCOYHO IOCTOAHHA B OECKOHEY-
HO MAaJIOM C TOYHOCTBIO JI0 HEJOCTYIIHBIX OIYIIEHUIO BEJINYUH BBICIIUX ITOPSIIKOB.
KonTunyywm 17151 Hero pacrajiaetcs B HabOp HelepeceKaronuxcsi MOHa T, COBEPITIEH-
HO OCOOBIX UJICAJIbHBIX CYIITHOCTEHH.

Bozzpenus Herorona u Jleitbauia cyMMUPYIOT UM, BOCXOJSIINE K TUIYOOKOM
npesroctu. Maremaruku JlpeBreil Dabl pa3indair TOYKA U MOHAJIBI, SKCILIU-
IUpys JBONCTBEHHYIO IPUPOY F€OMETPUIECKUX U YUCJIOBBIX 0OBHEKTOB MATEMATH-
ku. OT mpartypoB CKBO3b BeKa IPHILJIA K HAM TallHA YCTPOUCTBA KOHTHHYYMA.

TeopeTuko-MHOXKECTBEHHAsI YCTAHOBKA OOHAPYXKWJIa HOBYIO 3arajKy KOHTHUHYY-
Ma. KaHTop ycTaHOBUJI HEPABHOMOIITHOCTH HATYPAJIbLHOIO PSJa U MPOCTEHINero Ma-
TEeMATHIECKOT0 KOHTHHYYMa — YHCJIOBO# mpsimoit. Hemerenno BO3HUK 1A TTPOOIIE-
Ma KOHTHHYYMa — 3a/1a9a O HAXOK/IEHUU MOITHOCTEN IIPOMEYKYTOTHBIX MHOXKECTB.
I'unoresa KOHTHHYYMa COCTOUT B TOM, YTO HUKAKAX HOBBIX MOIIHOCTEH IIPOMEXKY-
TOYHBIE [TOJIMHOXKECTBA HE MMEIOT.

IIpobsiema KOHTHHYyMa CTOsiJIa IEPBOIl B y2Ke IUTHUPOBAHHOM JIOKJaje | 'miib-
Gepra [3]. Y6exkaennbiii anti-ignorabimus, I'nibbepT Beerga CKIOHSIICST K COPABEI-
JINBOCTH TUIIOTE3bI KOHTUHYYMA. JIIOOOIBITHO, YTO OFHA W3 €ro CAMBIX SAPKAX U
KpacuBbIX crateil 5], narnposannast 1925 romom u cojieprKamast 3 HaMeHUTyo hpa-
3y O KAHTOPOBOM pae, MOCBSIIEHa HA CaMOM Jiejie OIMUOOYHOMY JI0KA3aTe/hCTBY
TUIIOTE3bI KOHTUHYYMA.

Pycckuit mpoBuzern JIly3un cunuTal HECOCTOSTEIBLHBIM ITPOCTOE IPEJIMOTOXKEHNE
0 HE3aBHUCHUMOCTHU TUOTe3bl KOHTHHYYMa. OH oTMeuas Ha Bcepoccuiickom cbesme
mareMaTukoB B 1927 r.: «IlepBoe, 94T0o nmpuxoauT HA yM, 3TO TO, 9TO YCTAHOBJIEHUE
MOIITHOCTX cohtinuum’a ecThb J1eJI0 CBOOOHON aKCHOMBI, BPO/Ie aKCHOMBI O IIapaJi-
JieJisix jyist reomerpun. Ho B TO »Ke BpeMsi, KaK IIPU MHBAPUAHTHOCTU BCEX MPOYMX
aKCHOM reoMeTpuu EBKJIMIA ¥ TP BAaPbUPOBAHUN AKCHOMBI O ITAPAJLIEIbHBIX MEHSsI-
€TCsl CaMBIil CMBICJT IPOM3HECEHHBIX WJIM HAIMCAHHBIX CJIOB: ,,TOYKA", . ipsiMasi’, etc.
— CMBICJI KAKHUX CJIOB JIOJI2KEH MEHSTDLCsI, €CJIM MBI JeJIaeM MOIHOCTE continuum’a
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IIO/IBUZKHON Ha ajieddUIecKoil IIKaJse, Bce BpeMs JOKa3blBasi HEIPOTUBOPEIUBOCTH
9Toro aBmKeHus! MoOITHOCTL continuum’a, ecjii TOJBKO MBICIUTD €r0 KaK MHOXKe-
CTBO TOYEK, €CThb €J[MHasl HeKasl PeaJlbHOCTb U OHa JIOJI?KHA HaXOJUTHCS Ha aJle-
duueckoil mKaJje TaM, IJie OHA Ha Hell eCThb; HyXK/Ibl HET, €CJIH OIIPEeJIeIeHre ITOI0
MeCTa 3aTPY/HUTEIHLHO nin, Kak npudasui 661 J. Hadamard, ,,maxe HEeBO3MOXKHO
JUIst Hac, Jirogeits [9)].

I'énenp O0Ka3a/ COBMECTUMOCTD IMIIOTE3bI KOHTHHYYMa ¢ akcnomamu ZFC, mo-
CTPOMB YHUBEPCYM KOHCTDYKTUBHBIX MHOXKecTB [10]. Kosn ycranoBui coBmecTn-
MOCTb OTPHIIAHUS THIIOTE3BI KOHTHHYyMa ¢ akcumomamu Teopun ZFC ¢ momomnisio
Popcurza, m300PETEHHOTO UM HOBOI'O METOJA M3MEHEHUsI CBOICTB MMEIOIIIXCS WU
TUIIOTETUYIECKUIX MO/JIEJIel TEOPUH MHOYKECTB. BysrleBo3HatMHbIe MOIEIN CAeNIaN TPY/I-
el pesyabrar Kosma mpocteiv?, mposeMoncTpuposas paboTaomneMy MaTeMaTHKY
HE3aBUCUMOCTD IMIIOTE3bI KOHTHHYYMa C TO K€ HAIVISJIHOCTHIO, UTO U Mojiesb 11y-
aHKape JJI HeeBKJINI0BOM reOMeTprH. 3HAKOMBIE C 9TOH TeXHUKOI JIIOIN CKJIOHHDI,
crenyst Kosny [2, ¢. 282], cunTarh rumoresy KOHTUHYYMa «04e8UOHO JIOXKHOM».

Bynem pyKoBOJCTBOBATHCS 3HAMEHUTHIM yKazanueM Jle/IeKnn/ia «He IPUHUMATD
6€e3 JI0Ka3aTeIHCTB HUYEro U3 TOT0, YTO MOYKHO JI0Ka3aTh» U 00CyIMM BKpaTiie (op-
MaJIbHYIO cTOpoHy jesa. ComeprKaTesbHble apryMeHThI COOPAHbl B 3aMeYaTe/IbHbIX
crarbsax Kanamopu [12], Kosna [13] u Manuna [14].

7.2. Opauuassbi. KoHnennus opauHaia OTpaXkaeT JPEeBHENHINNH MeXaHU3M CIeTa
C TIOMOIIBIO TIOCJIEJIOBATELHOIO HAHECEeHUs 3apyOOK.

Kiace X Ha3bIBAIOT MpaH3umueHsim, eCIu KaxKIbli 3jeMeHT X sIBJISIeTCS TOJI-
muO)kecTBOM X, T. e. Tr (X):= (Vy)(y € X — y C X).

OpounasvHbLM KAGCCOM UMEHYIOT TPAH3UTHBHBIA KJIACC, BIIOJIHE YIOPSIOYEH-
HBII oTHOMEHneM npuHaexHoctn €. 3ammuch Ord (X) osmauaer, uro X — op-
JUHATBHBIN Kiaacc. OpAMHATBHBIA KJIACC, SIBJSIONIMACST MHOXKECTBOM, HA3BIBAIOT
OPOUHAAOM, TOPAIKOSHIM T MPAHCHUHUMHBLM “ucsom. Kiace Bcex opauHAIOB
oboznagaror On. CaMu OpUHAJIBI TPUHATO 0003HAYATH MAJIBIMU IPEIECKUMU OYK-
Bamu. [Ipu sTOM HCIONB3YIOT ciieyonme cokparienus:: a < f:= a € , a <
Bi=(aeB)V(ea=0), a+l:=aU{a}. Ecmm o < §, To roBopdr, 4ro «
npedwecmsyem (3, a B caedyem 3a a.

[Ipusnekast akcnomy (byHIUPOBaHUsI, JIETKO YCTAHOBUTH, YTO MOXKHO IOJIB30-
BaTbCs OOJIee TPOCTBIM OIPEJIEJIEHUEM: OPMHAJ — 9TO TPAH3UTHBHOE MHOYXKECTBO,
JITHEIHO yTIOPSI0IEHHOE HA OCHOBE OTHOIINEHUS! TPUHAJIEXKHOCTH:

Ord(X) - Tr(X)ANVueX)VveX)(u€ev V u=v V v Eu).

OTMeTnM 10JI€3HBIE BCIIOMOTaTEIbHbIE (DAKTHI.
(1) IIycrs X u'Y — npoussosbHble Kiaaccsl. Eciu X opauHaseH, Y TpaH3uTHBEH
u X #Y, to paBHOCWIbHBI cooTHoriennss Y C X n'Y € X.
(2) Iepeceuenne 06BIX ABYX OPAMHAIBHBIX KJIACCOB €CTh OPAMHAJBHbI KJIACC.
(3) Eciu X n' Y — opaunasnbuble Kiaaccel, o X € Y VX =Y VY € X.
(4) CupaBeyiuBbI CJIEIYIONIIE YTBEPKIEHUSL:
(a) smemenTaMu JI0GOrO OPAUHAJIBLHOIO KJIACCA MOTYT OBITH TOJLKO OPIMHAJIB;
(b) On — eIMHCTBEHHBIN OPAMHAJIBHBIN KJIacc, He SBJISIONIUICT OPAUHAJIOM;
(c) JuIst KaxKJ0r0 OPAMHAJA (@ MHOYKECTBO & + 1 CJIY?KHUT OPAMHAJIOM, TIPHIEM
HaNMEHBIINM U3 BCEX CJIEIYIONTNX 38 (v OPJIUHAJIOB;

40 cpoem pesyabrare Kosn opnaxapl 3amerna [11, c¢. 82]: «Ho, KOHEUHO, 3TOT pe3ysbTaTr Ha
camom dene JIETKUN B TOM CMBICJIE, YTO TYT €CTh sICHAsI (PUIOCOMCKAS UIEsT>.
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(d) obbenuuenue | J X wvemycroro xiacca oppuaagos X C On CHOBa Op/IMHAJIb-
HbIi KJacc; ecian X — MHOXKeCTBO, TO | J X ecTb BepxXHsisi IPAHUIIA MHOXKE-
crBa X B ynopsiiodennom kiacce On.

(5) Touny BEpXHIOI I'DAHUIy MHOXKECTBA OPJMHAJIOB & IPHHSATO 0OO3HAYATH
lim(z). Opaunan o HazbBAIOT Npedeavrvim, ecan o # & u lim(a) = a. IxsBuBa-
JIEHTHO, (v — TIPEJIEJIBbHBIA OP/MHAJ, €CJAM OH HempeacTaBuMm B Buae o = 3+ 1 ¢
kakuM-inbo G € On. Cumpos K 0603HaYaeT Kjacc BCEX IMPEIEIbHBIX OPIUHA-
noB. Opaunassl, He BXOAAUMe B K, 06pa3yIorT Kiace Henpedesvoll OpIUHAJIOB
Ki:= On\Kj; = {a € On|(38 € On)(a = B + 1)}. Obosuaumum GykBoii w Hau-
MEHbIIHH TIpeJebHbIH opuHal. [IpUsTHO BCHOMHUTB, YTO 3JIEMEHTHI W HA3bIBAIOT
TLONOIHCUTNEADHBMU YEADMU YUCATMU.

(6) Iockombky qis x € V dopmysa Ord (x) orpammdena, To B cuy 4.1 (4)

o€ On & VB = Ord (o).

(7) s npoussosbroro = € VB) prmosmeno VB |= Ord (z) B Tom 1 TosIBKO B
TOM CJIydae, ey cymecTByior opaunaln 3 € On u pasbuenue equuuisl (by)qecg C B
Takue, 9T0 & = MiXqaeg(baa’).

7.3. Kapaunassbi. Konmemnus KapauHaia BOCXOIUT K AJIE0TUTIIECKOMY METOLY
repecyeTa CpaBHEHHEM C 3apaHee M3BECTHOI COBOKYITHOCTBIO. DTOT IIPUEM 3aCBU-
JIETEJILCTBOBAH aPXEOJIOTMICCKUMU HAXOJIKAMU MHOTOYUC/IEHHBIX OYJLT C TOKCHAMHU.

JlBa MHOXKECTBa HA3BIBAIOT PAGHOMOUMHBLMU, €CJIA CYIIECTBYeT B3aUMHO OIHO-
3HAYHOE OTODpaXKEHWe OIHOTO W3 HuX Ha Apyroe. OpamHas, He PABHOMOIIHBIN HU-
KAKOMY TIPEJIIIECTBYIONIEMY OpJMHAJY, HA3BIBAIOT kapdurasom. Takum obpazom,
Kap/IMHAJIBI — 3TO 3TAJIOHBI CPABHEHUs MOIIHOCTENl OPAWHAJIOB, pedepeHTHl Me-
PbI KostmdecTBa. JI106oe 1es10e moI0KUTETbHOE YUCTIO CIIYKUT KapauHajaoMm. Zcuo,
9TO W CIIYZKAT HAMMEHBITNM OECKOHEYHBIM KapauHajoM. st 1roboro 6eckoreIHO-
ro OpAMHAJA (v CYIIECTBYeT, U IPUTOM €JUHCTBEH, HauMeHbInuil Kapaunan 2 (a),
MIPEBOCXOJISIUN (v. DTU OPJUHAJLI IPUHATO HA3BIBATH GAePaMU U UCIOJIH30BATH
JUIE HUX TPAIAIIMOHHBIE, HECKOJIBKO M30bITOYHbIE 0003HAYEHNUSI:

Ng i = wp := w;
Not1 1= wat1 1= H(wq) (o € On);
N :=wg :=lim{w, |« € B} (8 € Kn).

(1) Besikoe MHOXKECTBO & DABHOMOIIHO €JIMHCTBEHHOMY KapJMHAJy |Z|, Ha3bIBa-
eMOMY KaPOUHAADHBIM HUCAOM UITT MOULHOCTIHIO ITOI0 MHOXKeCTBa. MHOXKECTBO
cuemmo, eCn |x| = wo:= w, u ne 6oaee wem cuemno, ecan |x| < wp.

(2) Cranpaprable IMEHA ODJAMHAJIOB M KAPAUHAJIOB [PUHSITO HA3BIBATH CMAH-
dapmivimu opdunasamu 1 cmandapmusimy Kapdunasamu. Ecim a € On, to V(B) =
Ord (a”) u, crajo GbITh, BHYTpH V(B) cymectByer enmucTBenHHBIH amed Non. Kak
ormedero B 7.2 (7), NPOU3BOJBLHBI ODIMHAJN BHYTPH V(B) ecTh mepemermuBamize
CTAHJIAPTHBIX OPJUHAJIOB. AHAJIOTUIHO, JII060 OyJI€BO3HATHBIN KAPINHAI CJIYKUT
IepeMeImBaHneM HEKOTOPOTO MHOYKECTBA, CTAHJIAPTHBIX KapIIMHAJIOB.

(3) Hyist sroGoro KapauHasIa o BBIIOMHEHO cooTHoIeHNE [(wq)” < Ron] = 1.

(4) BysieBa anreGpa B umeer cuemmoill mun, €Cau JH060e MHOXKECTBO HONAPHO
JTU3BIOHKTHBIX 971eMeHTOB B He 60jee yeM cueTHO. B Takoit ajrebpe mjs j1o60ro
opmunama o € On Gymer VB = (we)" = Ran.
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7.4. T'unore3a KOHTUHYYMa. B35B IpPOU3BOJIBHBIN OPAWHAI (, MBI 00O3HATUM
CHMBOJIOM 2“® MOIIHOCTb MHOXKECTBa P (wy,), T. €. 2% := | P (w,)|. Takoe 0603Ha-
YeHHUe OUPABIAHO TeM, IT0 2% u F(x) paBHOMOIIHBI JJIs JI000r0 T, rje 2% — Kiiace
BCex orTobparkenuit u3 x B 2. KaHTOp 0GHAPYKUI U J0Ka3ad1, uTo |z| < |2¥| KakoBo
OBl HI OBLIO MHOYKECTBO . B gacTHOCTH, W, < 2¥ mi1st Jroboro opauHaia «. Crajio
OBITD, 10 OLPEIEJIEHUIO Wo+1 < 2%,

Bormpoc o Tom, nmerorcs win HeT Kakue JTu0O0 TPOMEXKY TOIHBIE MOIITHOCTH MEXKLY
Wa+1 U 2% T. e. BBIIIOJIHEHO JIH PABEHCTBO Wq 41 = 29%, COCTABJSET COAEepXKaHUE
00606uenrot npobaemovr Konmunyyma. IIpu a = 0 3T0 KiTaccudeckast npobaema KoH-
MUHYYMAQ.

Ilox eunomesoti KonmuHyyma TTOHUMAIOT PABEHCTBO w1 = 2“. 'mmore3a KoOH-
THHYYMa TO3BOJISET BIIOJHE YIOPSI0OYUTH OTPE30K YUCJOBON MPSIMOIl CIIOCOOOM,
Ipr KOTOPOM JIIO0OH COOCTBEHHBIN MOMNOTPE30K B HOBOM MOpsiake Oymer me 0o-
jee ueM cdeTHbIM. OTCyTCTBHE POMEXKYTOYHBIX MOIMHOCTEMH, T. €. COOTHOIIEHUE
(Va € On) wat1 = 2¥+, HA3BIBAIOT 0600WeHHOU 2UNOME30t KORMUHYYMA.

7.5. Anarebpst dopcuHra. 3aiiMeMcs OIMCAHUEM CHENUAIBHOTIO Kracca OyIeBbIx
anrebp B, obecrednBaionnx TaKne BO3MOXKHOCTHU, KAK «CKJIEUBAHWE» JIBYX CTaH-
JIAPTHBIX GECKOHEYHBIX KAp/MHAJIOB NpH norpyxkenun B yuusepeym V(B) | tax u
pPa3JINIHbIE CMEIIEeHns Ha ajieUIecKoil ImKaJe.

(1) Pacemorpum ynopsnouennoe muoxecrso P:= (P, <). Bynem npezmosararn,
qaro B P umeercs HanmenbInmii 3siemerT 0. Eciu ke B P oTcyTCTBYeT HAMMEHBITHH
9JIEMEHT, €ro BCeryla MOXKHO 100aButh, 3amenns P wa P U {0}. B muOXKecTBE P
BBejIeM OMHApHOEe OTHOIeHne |, moJrarast

plqge (VreP)r<pAr<qg—r=0).

Paccmorpum nonsipy AL := 7, (A) := {q | (Vp € A) q L p} u 6yaem nonbzosaThes
coxpamenHoit 3amuceio [p] ;= {p}tt. Ornomenne | cummerpmamo. Kpome Toro,
upu p L p 6yzmer p = 0. B wactHOCTH, HauMeHbIIas | -KoMmoHenTa P coBmamaer ¢
{0}. Herpyaso nuposeputh, 4ro oTobpazkeHue p — [p] ©30TOHHO, & | npejcTaBisgerT
co0boii Tak Ha3bIBaEMOE omHoweHue dudsronkmuocmu Ha P. B cuny obmux cBoiicTs
Takux orHomenwmit MuOoxkectso R (P) := {At | A C P} Bcex L-xommoment B
P, ynopsiJlo4eHHOe 110 BKJIIOYEHHIO, 0O6pa3yeT MoJIHyIo OysieBy ajredpy. Hamomumm,
YTO TTOJMHOXKECTBO P GysieBoit anreOpbl B HA3BIBAIOT MAOMHYLM, €CITH JJIs JTIO60r0
HEHYJIEBOT'O 3jieMeHTa b € B cyiecTByeT HEHYJIEBOH 3ieMeHT p € P, na koroporo
p < b
(2) dunst ymopsi;ioueHHOrO MHOYKECTBa P pABHOCHJIBHBI Y TBEDIK JIE€HUSI:

(a) ecim p,g € P u 0 # g & p, TO cymecTByer HeHyJeBoil snement p’ € P, ns
kotoporo p' < qup L p;

(b) [p] = [0, p] 1z moGoro p € P;

(c) orobpaxkenue p — [p| B3AUMHO OJHO3HAUHO;

(d) orobpazkenue p — [p] cayKuT MOPAAKOBBIM H30MOpduU3MOM P Ha TWIOTHOE
LIOZIMHOKECTBO HONIHOM Gysiesoit anre6per K (P).

VopsiIoueHHOe MHOYKECTBO P HA3bIBAIOT USMEABYEHHbLM, €CIIH OHO YIOBJIETBO-
pger oxHoMmy (a Torma u Kaxkiomy) u3 yesaosuit (a)—(d) mz 7.5(2). Takum obpa-
30M, M3MEJIBLUEHHBIE YIOPSIOUYEHHBIE MHOXKECTBA M TOJIBKO 9TH MHOXKECTBa U30-
MOPQHBI TJIOTHBIM TOJAMHOYKECTBAM TOJTHBIX OyaeBbix aarebp. IIpm srom OymneBy
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asrebpy R (P) UPUHATO HA3BIBATD OYACEHIM NONOAHENHUEM YIOPITOICHHOIO MHO-
xkecrBa P. PaccmorpumM HeoOGxoiuMble HAM IIPUMEPHI H3MEJIbIEHHBIX YIIOPsI0UeH-
HBIX MHOYKECTB.

(3) Bosbmem sBa HemyceTbix MHOXKecTBa x U Y. O6ozHaumM cumsosom C(z,y)
MHOKECTBO Bcex (DYHKIHIL, OIPEeIeIEHHBIX Ha KOHEYHBIX [TOJIMHOYKECTBAX & U Jei-
crByfomux B y. Takum oOpasom,

Cla,y):={f [ Fuc(f) A dom(f) € Prin(z) A im(f) Cy}.

Ornomenue nopsaka B C(z,y) Beesem dbopmyioit g < f «» g D f. Ecom g £ f, 1o
6o dom(f) C dom(g) u f # gldom(y), 60 dom(f) me mexur B dom(g).

B nepsom cirydae nosioxkum f':= g, a Bo BTopoM cirydae onpenenum f’ dopmyiia-
i dom(f") = dom(f)Udom(g), f'laom(y) = g /|- # fl-, tae 1= dom(f)\dom(g).
B oboux caydasix Jserko suzerh, uro f < gwu f L f' B C(x,y) U {0}. 3uaunr,
C(z,y)U{0} — uamesbueHHOE yropsijiodeHHOe MHOXKeCTBO. COOTBETCTBYIOILY IO IT0JI-
HyI0 OyJieBy anarebpy Mbl 0603HAYUM cUMBOJIOM B(z,y).

(4) Ilycrp s — GeckOHEYHBIH Kap/uHaJ, a & U Y — Te XKe, 910 u B (3), upudem
ly| > 2. O6oznaanm cumposiom O, (x, y) MHOKECTBO Beex DYHKIHIA, OTpe/IeIeHHBIX
Ha TIOJIMHOYKECTBaX & MOITHOCTH CTPOT'O MeHbIIe, YeM ». VIHade roBops,

Co(w,y):={f [ Fnc(f) A dom(f) € Z(z) A |dom(f)] <3 A im(f)Cy}.

Hopsinok B C,.(z,y) BBOAMTCA Tak Ke, Kak U B (3). Temu ke paccyKIeHUsAMHU,
9TO ¥ BBIIE, MOXKHO yoemurbest, aro C,(z,y) U {0} — usmenbueHHOE YOS IOTEH-
Hoe MHOKeCTBO. COoOTBeTCTBYIONIEE OY/IEBO HOIMOJHEHNE MBI O003HAMAM CAMBOJIOM
B,.(z,y). fcuo, uro C(z,y) = Cy(z,y) u B(x,y) = By(z,y).

7.6. Cmernenne anedos. Habop OyeBbix aaredp, npeabsaBIeHHBI B 7.5, T03-
BOJISIET JOOUTHCH KApPAUMHAJIBHOIO CABUTA B HOJXOsAIIEN OyIeBOZHAYHON MOMEIN U
TeM CaMbIM IOJIyYUTh IIpEeKpacHbIil pe3ysnbraT Kosna. B ceoem mokmasme 2001 ro-
Ja 06 orkpbiTHU (popcuHra KoH OTMETH/I, 9TO «HUCIIOJb30BAHKE SI3bIKA OYJIEBBIX
ayreOp IpUb/IMKAET HAILY TeXHUKY (HDOPCUHIa K OObIYHBIM Ipuemams [13, ¢. 1096].

(1) IIycte A — npousBosibHBLE GeckoHeuHbIl KapauHasa. BosbMeM nosHyo Gy-
neBy anrebpy B := B(w, )\). Torma |\"| — cuernsiii kapausan sayrpun VB 1. e,
V) = |\ = Ro.

(2) Hdost mr066IX GECKOHEUHBIX KapMHAJOB » U A CYIIECTBYeT IMOJHas OyJieBa
anrebpa B rakas, aro VB =8| = [\

(3) B(z,2) — GymeBa anrefpa CIETHOTO THIIA.

(4) Tlycrb & — HemycTOE MHOXKECTBO U |Z| = w,,. Torma cupaseyimBsl OlEHKN

wa < |B(2,2)] < (wa)*.

(5) Ecnt (wq)“° = wo 1 Bi= B(w X wq,2), To VB) 2R = R A,

(6) Eciim ZF — mnenporusopeunsasi Teopusi, To Henporupopeunsa u ZFC npu
J00aBIeHNN K Hell aKCHOMBI 2“0 = ws.

B camom zene, I'énens mokasau [10], aro menporuBopeunsocts ZF He ucuesner
[IPU PUHSTHU aKCHOMBI BBIOOpa U OOOOIMEHHON TUIOTE3bI KOHTUHYYMa. 3HAYNT,
MOXKHO HPEJIIONIOKATE, 9T0 (wg)¥° = (2“’1)wo = 2¥1%o = 29 = y. B cuny
(5) maiinercss mommas Gymesa anrebpa B rtaxas, aro VB) = 280 = Non. Beuuy
ouesmtoro coorromrenns V(B) =24 = 2 Gyner VIB) |=Ryn = Ry u, crregoBatesmo,
V(B) |=2%0 = R,. Kpome Toro, V(B |= ZFC no npurnumy neperoca 3.2 (1).
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(7) HemnpepbiBHOCTH BCex rOMOMOPMU3MOB KJIACCUUECKOH GaHAXOBON aarebpbl
C(]0,1]) me 3aBucuT OT OCTAJNBHBIX akcuoM Teopuu ZFC, HO 3aBHCHAT OT MOIIHO-
cru 2¢°. 06 srom cm. [15, c. 19].

(8) IIycts A — muOkecTBO dyHKIHMI U3 R B cuerHble nogmuokecrBa R. Ec-
mi f € A, a x uy — HayraJ B3siThle YHCIA, TO MOXKHO JyMaTh, 910 y € f(z) ¢
BepositHOCTBIO 0, T. . ¢ f(y) ¢ BepositHOCTBIO 1. AHasornuno, y ¢ f(z) ¢ Bepost-
HOCTBIO 1. PYyKOBOZCTBYSICH 3THMU COepsKaTeIbHBIMA cooOpaskenusMu, Opeituar
upempaoxkui B [16] akcuomy AX cienyromero copepxkanust: (Vf € A)(3x)(3y) = ¢
fy) Ay ¢ f(x). pu stom B ZFC akcnoma AX okasbiBaercst mepedOpMyTIPOBKOLL
orpunanus runore3pl KoHTHHYyyMa CH. DTO CIyKuT eme OJHUM apryMeHTOM B
nosb3y cyxaenns Kosna: «koncencyc 6yaer gocruruyt na toMm, aro CH — noxuas
runoresas [13, c. 1099).

ITpuBenenublii moax0M K IpobsieMe KOHTUHYYMa B OCHOBHOM u3j102keH B [17]. Tlo
MOBOJLY OIYIIEHHBIX jeTatieil u Gubmunorpadun cm. (8, ror. 9. Ilpencrasnenune o co-
BPEMEHHOM COCTOSTHUA MeTo/ia (hOPCHHTA MOYKHO COCTaBUTH 10 MoHOrpadun [18].

8. Jloruka u cBoboma

Maremaruka — apesreiinias Hayka. OqHako cHadasa 66110 cjioBo. [loe3Ho momM-
HUTDb, YTO CTAPUHHBIA «JIOPOC» YKUBET HE B TPAMMATHKE, & B JIOTUKE U JIOTMCTHKE.
TTopsiok B MBIC/ISAX U IOPSAIOK XPAHEHUS — JAPArOIEHHDIE JAPbl HAIUX [IPAIILYPOB.

Ha unrennekTyaabHOM TOJIe HE JIEHCTBYET 3aKOH YOBIBAIOIIETO TIJIOA0PO A, deMm
6OJ'H)IHe MbI y3Ha€eM, TeM 3HaduTeJIbHEee CTaHOBUTCA I'DaHUIla C HE3HA€MbIM, TEM
Jaine Mbl CTAJKHUBAEMCs C HeBeJOMbIM. JIBaanaThiil BeK 0OOraTumi HAIKA T'eoMeT-
pUYecKue IIpeJCTaB/IeHUs] TOHATUSIMU ITPOCTPAHCTBAa-BPEMEHN M (DPAKTAIbHOCTH.
Kaxxmoe koHKpeTHOE 3HaHIE — 9TO COOBITHE, JIEMEHT IIPOCTPAHCTBA MUHKOBCKOTO.
Tlosnannoe HaMu 0Opa3yeT SBHO OrpAHUTIEHHOE MHOXKECTBO 3HaHuil. Pybexkn nayku
COCTABJISAIOT TPAHUILY TO3HAHHOTO C HEBEJOMBIM, KOTOpPasi HECOMHEHHO (DpaKTasIb-
Ha, ¥ Yy HAC HeT HUKAKUX OCHOBAHUI IIPEIIIOJIAraTh ee CIPSMIISEMOCTb WJIN U3MepPH-
MocTb. CTOUT IIPU 9TOM OTMETHUTB, UTO MAPIIPYTHI K MEPEIOBLIM I'PDAHUAIIAM HAYKH,
IIPOKJIA/IbIBAEMbBIE IIPEIOIaBaTeIaMu B cdepe 00pa30BaHus, JOCTATOTHO TJIAIKHUE.
Ilenarornka He JIOONT CKAYKOB W PE3KOW CMEHBI CJIOXKUBIIIEHCST MapaIurMbl. Bos-
MOKHO, YTO 9THU TOMOJOTHIECKHUE MTPEISATCTBUS OTPAYKAIOT OO'bEKTHBHBIE TPYIHOCTH
MOJIEpHU3AIIMN 00PA30BAHMSI.

He cuecrs j1o0ka3aTe/ibcTB (DpakTaJIbHOCTH IPAHUIIBI 3HAHUS U He3HaHus. Cpeau
HUX TaKue HEraTUBHbBIE SBJICHUS, KAK O€3yIepKHBII POCT IICEBIOHAY KM, MACTHUITI3-
Ma ¥ WHBIX (DOPM MPaKODeCcHsi, 3aI0JI3aAI0IINX BO BCE JIAKYHDBI HEIO3HAHHOTO. 1Ipo-
SIBJIEHUSIMUA (DPAKTAJILHOCTH CJIY?KAT TaKKe CaMble HEOXKWJIAHHBIE, TPEKPACHBIE U
[opas3uTe/ibHble B3AMMOCBS3U BHEIITHE JIAJIEKUX OTPacjeil U pas3/iejioB HayKU.

PeBouttormonnbie n3MeHeHNs MaTeMaTUKU Ha py0Oerke JIEBATHAIIATOrO U JIBAIIA~
TOrO BEKOB CBSI3aHBI HE TOJIBKO C HOBBIM MCUYUC/EHUEM OECKOHEYHOCTH, CO3IAHHBIM
Kantopom B ero teopmm mMuoxkecTB. He MeHbIlee 3HaYEeHWE MMEJIO CTAHOBJIEHUE
U pPa3BUTHE MATEMATHYECKOW JIOTMKHU, MOJBEPIINEHl CTPOrOMY AHAJM3Y CaM IpO-
I[ECC MATEMATUYIECKOTO JIOKA3aTeIbCTBA. Pa3pemmnMocTh U Hepa3permMOCTh, J0-
Ka3yeMOCTb M HEJI0KA3yeMOCTh, IPOTUBOPEYNBOCTh U HEIIPOTHBOPEYNBOCTD BOILIU
B HCCJIEJIOBATEILCKUI JIEKCUKOH COBEPIIEHHOr0 MaremaTuka. MaremaTnka craja
pedJIeKCUBHOI HAyKOMl, 3aHATON HE TOJIBKO ITOMCKOM HCTHUHBI, HO U HM3yYAONIEei
COOCTBEHHBIE CIIOCODBI €€ MTONCKA.
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Jloruka Apucroresisi, anmopun 3enona, 6pursa Busbsama uz Okkama, ocesnr Bypu-
mana, Calculemus Jleitbrurma u anrebpor Byss — Beimarommecs JOCTUXKEHUS €10~
BEYECKOI'0 TeHHsI, OCBETUBIIINE JIOPOry K HOBOMY 3TAIly JIOTUYECKUX UCCIIEI0BAHUIA.
®pere obeccMepTUII CBOE HMMsl, CO3/IaB HCYHCJIEHHE IPEIUKATOB — OCHOBY COBpDE-
MEHHON MaTeMaTU4eCKON JIOTUKHU.

JBaiiaThiil BEK OTMEYEH CTPEMUTE/IbHBIM ITPOHUKHOBEHUEM Heil MareMaTude-
CKOM JIOTHKHW BO MHOTHE Pa37ejIbl HAYKN U TeXHUKU. JIOTHKa He TOJIBKO OPraHu3yeT
U yHOPSI0YNBAET MBIINIJIEHUE, HO U OCBOOOXKIaeT HAC OT JOIMATU3MAa IIPU BBIOODE
O00BEKTOB M METOJIOB MaTeMaTHIeCKOro aHajn3a. JIornka Hammx gHeil — BaKHel-
Ul UHCTPYMEHT M MHCTUTYT MaTeMaTudecKoil ¢cBOOOIbI. By/ieBO3HAUHbBIN aHAJIN3
CJIyKUT TOMY OJIECTSIIIIUM TIOATBEPKIEHUEM.

Bozpparrasice K MCXOIHOMY OIPEIETIEHUIO OYJIeBO3HAYHOTO AHAIN3A, JTAHHOMY
TakeyTn, MBI JOJ2KHBI KOHCTATHPOBATH €0 YPE3MEPHYIO IMUPOTY. BysreBo3HavdHast
MOJIeSIb, OCHOBAHHAsI Ha JUJIEMME <«UCTUHA» WU <«JIOXKb», HEIBHO HUCIIOJIB3YETCS
TOJIABJISIFOIIUIM OOJIBIIMHCTBOM MaTeMaTuKoB. Haru Gecesibl Ha ceMUHapax He 3a-
CJIy?KUBAIOT KBaJIM(PUKAIINYA TPOU3BeieHni Tpo3bl. 1lo aHajoruu, Bpsif Ji CTOUT
roBOpHUTH, uTo Dityiep, Komu u Abens 3anuManch OyJI€BOZHAYHBIM AHATH30M.

ByneBosnaunbrit anam3 — 9TO CHEIUAIbHAS MATEMATHIeCKAsT TEXHUKA, OCHOBAH-
Hasl Ha OIEHKe UCTHHHOCTH C TOMOIIBI0 HETPUBUAJILHOI OysreBoit ajrebpol. C Teo-
DPETHKO-KATeropHO! TOYKHU 3PEHUs OyJIeBO3HAYHBIN aHAJIN3 — TEOPHs OYyJIEBBIX TO-
mocoB. C TOIOJIOTMYECKON TOYKM 3PEeHUs — TEeOPHs HEIPEPBIBHBIX IOJUBEPCYMOB
Ha CTOYHOBBIX ITPOCTPAHCTBAX.

Max yuni HaC SKOHOMUU MBIIIeHns. BO3MOXKHO, cieayeT IPUMEHUTD €ro IPWH-
W ¥ COKPATUTH TPOMO3IKHUI TEPpMUH «OyI€BO3ZHATHBIN aHAIM3y. MaTeMaTu3armst
3aKOHOB MBIIIUIEHAST BOCXOWT K Byutio [19] u mocroiina sanmmapHoro tutyna «Gysies
AHAJI3Y.
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