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Abstract

In this paper, we investigate whether there are infinitely many primes of the
form |ap + (] in Piatetski-Shapiro sequence for almost all irrationals a > 0
(in the sense of Lebesgue measure). Our result provides an affirmative answer
to this question by utilizing elementary and analytic methods, especially the
‘Partition of Unity’ and the estimations of exponential sums.
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1. Introduction

In 2009, motivated by the Goldbach conjecture and the twin prime conjec-
ture, H. Li and H. Pan [9] proposed the following conjecture:
Conjecture 1. Let a > 0 be an irrational number, and 8 be a real number.
Then there exist infinitely many primes p such that |ap + 5] is also a prime.
Concerned with the above conjecture, H. Li and H. Pan [9] proved a weaker

theorem (Theorem 1 in [J]) as follows:

Theorem 1. Let 8 be a real number. Then for almost all irrational a > 0 (in

the sense of Lebesgue measure),
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where

Ta,p(x) = {p < @ : both p and |ap+ B] are primes}.

On the other hand, The Piatetski-Shapiro sequence is a fundamental object
in analytic number theory, named after the Soviet mathematician Israel Moisee-
vich Piatetski-Shapiro. It refers to sequences of the form {|n¢|}>2,, where ¢ > 1
is a real number. The theory of Piatetski-Shapiro prime play an important role
in analytic number theory. In 1953 Piatetski-Shapiro [I3] give an asymptotic
formula for the counting function of Piatetski-Shapiro prime for ¢ € (1,12/11).
Tt is worth emphasizing that the range ¢ € (1,12/11) was improved by Kolesnik
[7], Heath-Brown [6], Kolesnik [8] and Liu, Rivat [I1]. The best known result in
this direction is due to Rivat and Sargos [I4], which give an asymptotic formula
for the counting function of Piatetski-Shapiro prime for ¢ € (1,2817/2426). We
remark that Rivat and Wu [I5] give the lower bound for the counting function
for ¢ € (1,243/205). This result is the best regarding the infinitude of the
Piatetski-Shapiro primes.

It is worth noting that some authors generalize the Piatetski-Shapiro primes,
interested readers can see [I], 2, [5l [T0] for examples.

Considering the above discussions of the two lines of research, we proposed
the following conjecture:

Conjecture 2. Let a > 0 be an irrational number, and 8 be a real number.
Then there exist infinitely many primes p such that |ap + 3] are primes in
Piatetski-Shapiro sequence.

We remark that Guo [4] was the first to consider Piatetski-Shapiro Primes
in Beatty sequence, the Conjecture 2 can be seen as the generalization of Guo’s
work [4]. Concerned with the above conjecture, we proved a weaker theorem as

follows:

Theorem 2. Let o, 3 and 13 < v < 1 be real numbers, and P = {Lnﬂ in €

N}. Then for almost all irrational o > 0 (in the sense of Lebesque measure),
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where

T (@) ={p <x: pisaprime, [ap+ B] € P is a prime}.

Remark. In this remark, we summarize the proof strategy of Theorem 2 as
follows. Following Li-Pan [9], the approach is to reduce the problem to a sieve
upper bound wgfﬂ (z) < 27 /alog? z (Lemma 7). In our case, the first additional
complexity arises from the formula for the characteristic function of Piatetski-
Shapiro primes (as presented in Lemma 2), while the second lies in estimating
the exponential sum involving floor functions. To address these challenges, we
employ the ‘Partition of Unity’ technique introduced in Lemma 4.

Some Notations. Let p always denote a prime. Let mes(A) denote the
Lebesgue measure of A. We shall frequently use ¢ with a slight abuse of notation
to mean a small positive number, possibly a different one each time. Given a
real number ¢, we write e(t) = e2™, {a} for the fractional part of «, [« for the
largest integer not exceeding a«. We recall that for functions F' and real nonneg-
ative G the notations F < G and F = O(G) are equivalent to the statement
that the inequality |F| < oG holds for some constant o > 0. We also write
F ~ G to indicate that FF < G and G < F.

2. Auxiliary results

For readers’ convenience, we list some auxiliary results before proving The-

orem 2. Firstly, we need the following approximation of Vaaler [17].

Lemma 1. Let ¢(z) = ¢ — |x] — 1/2, then for any H > 1 there are numbers

an, by such that

)= Y ane(th)| < > bue(th),

0<|h|<H |n|<H
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where

< ! by, < !

a — —=.
RSPt < g

We need the following lemma, which is Lemma 4 in [16].

Lemma 2. A natural number m has the form |n°| if and only if X(m) = 1,

where

X(m) = ym? " +p(=m7) = P(=(m +1)7) + O(m*7?),
and v =1/c.

Lemma 3. Let f be three times continuously differentiable on a subinterval I

of (N,2N]. Suppose that for some X > 0, the inequalities
A< |f (@) < A

hold, where the implied constants are independent of f and . Then

Ze(f(n)) < N)\L/6 +N3/4 +N1/4)\_1/4.
nel

Proof. This is Theorem 2.6 in [3]. O

The following lemma is the so-called ‘Partition of Unity’.

Lemma 4. For Z € N, there exists periodic functions g,(t) (0 < z < Z), such

that
0<g.(t) <1,if ‘t z ‘< !
9200 = Bt ARV
1 z 1
Zt:07‘ 7§‘t_7‘ o
9:() = 0.4 57 AR
g:(t) = > BPe(nt) + Oz~ l="),
In|<Z(log z)*
where
|5(Z)| < i
nl=92z
We also have
271
D g(t)=1
z=0



Proof. This is Lemma 2 in [16]. O

Lemma 5. We have
a-1 ma d, Zf d | m;
>e(7g) =
a0 0, otherwise,

Proof. The proof of this lemma is easy, so we left it to readers. O

3. Some lemmas

Lemma 6. Suppose that by > by > 0, 12/13 < v < 1, a, B and are arbitrary
real numbers. For each 0 < & < 1/16800 and all sufficiently large real number
x, there exists an exceptional set Jg C (by,be) with mes(Jg) = O(x™¢) such

that for any square-free d < 2171 and irrational o € (b1, b2)\JE,

1 Y1 1 v—e
{1<n<z:dnlontB], lantB] = [m7 ]} =2 df” I1 (2 p)+o <”"d > .
pld
Proof. Let
S = Z 1, (1)
lan+p]=|m!/7]
d|n|an+S]

and

1, ifd||an+8];

Eapa(n) =
0, otherwise.

By Lemma 2, we have
Xy (m) = ym ™!+ p(=m?) = P(~(m +1)7) + O(m*~?). (2)
Let

P={1<n<z:dn|lan+ 8], Lan—&-ﬁJ:Lm%J}. (3)



So by (1) and (3), we have

S=|P|

:Z Hl<n<uz/s:|asn+ ] =0(modd/s),(n,d/s) = 1,ns € P}|
s|d

:Z Z w®){l1 <n<azx/s:|asn+ | =0(modd/s),t|n,ns € P}|
s|d t|(d/s)

= Z p){1 <n<z/s:|asn+ ] =0(modtd/s),ns € P}
s|d,t|s

= > ut) D (loms+ 87 w(=lans +8]7) — w(~(lons + 5] +1)7)
s|d,t|s n<z/s

td/s||ans+f]
+O0(lans + 8]77?))
=51 4+ S + O(z7 7119, (4)

where

Si= Y ut) Y Alasn+p]
s|d,t|s n<z/s
td/s||lans+8]

Sa= Y ult) D (W(-lasn+B]) = p(~(lasn+ 5] +1)7)).
s td/srrfaain/:+ﬁj

By Lemma 7 in [9], we have for almost all a > 0
T —2¢
Z Eq g tays(ns) = g(l +O0(z™™)). (5)
n<z/s
For S1, by summation by parts we have

s, = av;xv H <2 ;) L0 <mde> . ©)

pld

For S5, it’s enough to prove

Sp= Y (-lasn+ B~ g(—(lasn+ 8]+ D) < T ()
td /37|L f;x:w |




For Sé, by Lemma 5, we have

So="3 Bupass(ms)(l(—lasn + B)7) — (~(lasn + 8] + 1))

n<lz/s

dt/s
= Z (Y(—|asn+ B]7) — p(—(lasn + B] +1)7 L/Z (OM)

n<z/s

(8)

By Lemma 1 with H = dz'~7¢, we have

P(=lasn + B]7) — (= (lasn + 8] +1)7)
= Z ap(e(hlasn+ B]7) —e(h(|lasn + 8] +1)7))

0<|h|<H

O ( Z bu(e(hlasn + B]7) + e(h(lasn + 8] + 1)"))) .

|h|<H

So we have

dt/s

Sl Y &

a= 10<|h\<H

1
a2

a=10<|h|<H

Y (elhlasn+p5]7)

n<z/s

Yoo (W +hLasn+ﬁJ”>

n<xz/s

V™€
Z_T1+T2+O( d > (9)

We only treat 75, it is enough to prove

Z e (W +h|_048n+ﬁj’y) < $'ZZ—€.

n<z/s
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By Lemma 4 with Z = d?22~27*¢, we have

Yoo (GSLO‘SHJ“BJ +hLasn+,8J”)

n<z/s td
27-1
-y e(“slo“‘:;*m +hLasn+6Jv) > g(asn + )
n<x/s z=0
__QZ ! as ont+—asﬁ as L 0 21
;) ; ( ( - 91az * (O‘S"J“B_QZ))‘L ( Z ))
x g (asn + )
22! aas“n + asf zZ\"
=> 3 < (+h<asn+ﬁ—2z) ))gz(aanrﬁ)
2=0 n<z/s
V¢
+0< p )
27-1

2
<<Z Z |ﬁ£z)‘ Z (e(W+h(asn+ﬂ2z) +T(o¢5n+ﬂ)>>

2=0 |r|<Z(log a)* n<a/s

¢
vo (T ).

. . . Y€ . .
For the innermost sum, in the interval [1, #.—] we estimate the innermost sum

trivially, and next we divide the interval [“‘ﬁdfe, 2] of the innermost sum into

intervals of the form [%, IQ—/JS} and apply Lemma 4 to the innermost sum, we

have

3 e <W +h\_asn+ﬁj7>

<<Z(x1/2+’y/6h1/6d1/2 434 4 xl—'y/4h—1/4) logz + O <$v—s>
d
xV—E
10
<— (10)
By (7), (9) and (10), we have
V¢
Sy < d
this together with (6) completes the proof of this lemma. O

Lemma 7. Suppose that by > by > 0, 12/13 < % =~v <1, and o, B

are arbitrary real numbers. And we denote P the set {p : Ln%j = |ap +



90

95

100

B], pis a prime}, For all sufficiently large real number x, there exists an
exceptional set Jg C (b1,ba) with mes(Jg) = O(x~%) such that for irrational

a € (b1, bo)\Jg, we have

2
Hi1<p<az,pe P:pisa prime}| < x2 :
log” x

Proof. Let d be a squarefree number such that d < 27 Let 2 = dr/?,

Pz = [ »

p<z,p prime
and

S(A,z) ={a€ A:(a,P(2)) =1}.

Let A(a) = {n|lan+ 8] :1<n <z} We find
{plap+ 8] :a"(z—=B+1)<p<a,p€P,pand |ap+ (] are primes}

is a subset of S(A(«),z). Then by Lemma 7, we know that there exists an
exceptional set Jg C (by, by) with mes(Jg) = O(x~¢) such that for any square-
free d < 21 ~3 and any irrational « € (b1, b))\ JE,

o= 1 o) o (5).

pld

where Ag4(a) = {z € A(a) : d|z}. We define a completely multiplicative func-
tion such that g(p) = %f ]% for each prime p. Define G(2) =}, . 1 p(-) 9(m).

By Selberg’s sieve method, we have

A(a) s
[S(A(a), 2)] < G +0 (Z gw(d) /d) ,

d<z?

where w(d) denotes the number of distinct prime divisors of d. So we have
39(@) « d=. So the error term is negligible. By the prime number theorem and

Theorem 7.14 of [12], we have

G(z)> [ (1 —9(p) " > log® 2.

p<z

This completes the proof of this lemma. O



1w0s 4. Proof of the Theorem 2

The proof of this theorem is similar to the proof of the Theorem 1 in [9]. The
only difference is the formula (4) in [9]. For completeness, we give the whole
proof of this theorem.

Suppose that by > by > 0. Let

110

F ={a € (b1,by) : limsup )5 (2) log? z/27 < 1},

r—00

and

Fn = {a € (b1,bo) : limsup 7. 5 () log? z/z7 < 1—1/n}.

T—r00
Obviously F =

Assume on the contrary that there exists n > 1 such that mes(F,) > 0. Let

ns1 Fn- So it suffices to show mes(F,) = 0 for every n > 1.
I := (c1,c2) be an arbitrary sub-interval of (bq,b2), and let P denotes the set of

us  Platetski-Shapiro primes, we have

/C2 T s (x)do = /C2 Z Z 1| da

“ ¢\ p<wz ap+B—-1<q<ap+B
pEP q is a prime

> 3 > mes([(¢ — B8)/p, (¢+1—B)/p) N[e1,c2])

p<z cip+B—-1<g<cap+p

peEP q is a prime

1

= > >

p<x c1p+B—1<q<cap+p

peP q is a prime
= (aq—c )ZL <1+O<1>)

L £ logp log(c1p)
peP
ol 1

> —c)—=(1+0 11
> (a cQ)(logx)2 < + <logx>> ) (11)

Suppose that C' > 1 is the implied constant in Lemma 8. Let £; = F,,N[ and

Lrs(x) ={aecl: ) 5(x) log?z/x7 < 1—06}.

For any two primes p, g,
Jpq={ael:|ap+p] =q}

10
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is an interval or an empty set. Let

7‘[]75(1‘) = U ﬂ JPijj
k>(1-68)z7 /(log )2 Jj=1
pi, ,pr<x are distinct and p,€P
g1, ,qr are primes
So we have
Lis(x) =1\ Hrs(z)

is measurable.

By Lemma 8,

(1 —d)a” Cx”
W + (ca — 1 — mes(Ly 5(x))) (Toga)®"

Combining the above inequality with (12), we have

/ T g(x)da < mes(Ly s(x))

mes(Lr,s(z)) < c-1

< mmes([). (12)

We claim that

Lr=) U N Lrim-r1/m). (13)

m>ny>1 x>y
yeZ x€Z

In fact, for any m > n, if

limsup 7,5 () log?z/x" <1—1/n+1/m,

TrT—00

then there exists yo such that for any z > yo
Tas(x) <(1—1/n+ 1/m)z” /(log® ).

On the other hand, if & € Uy Ny>y L71/n—1/m (), clearly we have

limsup m)"; () log? /2" <1—1/n+1/m.

T—> 00

By (13) and (14), we get

-1
mes(Lr) < limsupmes(Ly,1/3,(z)) © mes(I).

[
oo = C—1+1/3n

11
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Since mes(F,) > 0, there exist open intervals Iy, I, --- C (b1, bs) such that

(@

fn c Ik
k=1
and
Zmes([k) < C_CliwﬂLmes(}'n).
But by (13),
- C—1+1/4n
mes(F, Z s(Lr,) < =— 1 T 1/3 Zmes Ii) < Tl/?mmes(fn).

k=1
This leads to a contradiction.
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