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Abstract. We prove that, under certain circumstances, a quasivariety contains contin-
uum many Q-universal subquasivarieties for which the finite membership problem and
the quasi-equational theory are undecidable.
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1. Introduction

When certain sufficient conditions are satisfied by a quasivariety K, K turns out to have
a highly complicated inner structure. First conditions of this type were offered by M.E.
Adams and W. Dziobiak [1] and similar conditions were found by V.A. Gorbunov [2].
Later, stronger conditions than those in [1] were found in [3]; under these conditions,
many complexity results for quasivarieties were established in [3]–[6] as well as in other
papers by the same authors. In particular, it was established in [4] that some algorithmic
problems are undecidable in a quasivariety K once K satisfies the conditions from [3].

In [7], more general conditions than those in [3] were introduced, see Definition 2.3.
These conditions still imply the conditions of M. E. Adams and W. Dziobiak [1]. Moreover,
under these conditions, the results of [3, 5, 6] still hold, as demonstrated in [7]–[9].

Here, we generalize some results from [4] and show that Theorem 6.5 from [4] has a much
wider application area than just Corollary 7.8 in [4]. In particular, Theorem 4.1, presents
new examples of quasivarieties where certain algorithmic problems are undecidable. For
the notation and notions not defined here, we refer to V.A. Gorbunov [2] as well as to
[1, 7].

2. Preliminaries

In this section, we present known results on quasivarieties containing countable subclasses
possessing particular properties.

2.1. Adams–Dziobiak classes. The following definition is due to M.E. Adams and W.
Dziobiak [1]. In the present form, it appears in [10].

Definition 2.1. Let a class A = {AX | X ∈ Pfin(ω)} of structures of finite similarity
type σ possess the following properties.

(P0) For each X ∈ Pfin(ω), the structure AX is l-projective in Q(A) and the trivial
congruence ∆AX

is a dually compact element in ConQ(A) AX .
(P1) A∅ is a trivial structure.
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(P2) If X = Y ∪ Z in Pfin(ω) then AX ∈ Q(AY ,AZ).
(P3) If ∅ 6= X ∈ Pfin(ω) and AX ∈ Q(AY ) then X = Y .
(P4) If AX ≤ B0 × B1 for some B0, B1 ∈ Q(A) then there are Y0, Y1 ∈ Pfin(ω) such

that AY0 ∈ Q(B0), AY1 ∈ Q(B1), and X = Y0 ∪ Y1.
In this case A is called an AD-class. If each structure from A is finite then A is called a
finite AD-class.

For statement (i) in the following theorem, we refer to M.E. Adams and W. Dziobiak [1,
Theorem 3.3]. For statement (ii) — to Corollary 3.5 and Theorem 4.4 in [10].

Theorem 2.2. Let a quasivariety K contain an AD-class. Then
(i) K is Q-universal;
(ii) K contains continuum many classes K′ ⊆ K such that the set of [isomorphism

types] of finite sublattices of the K′-quasivariety lattice Lq(K′) is not computably
enumerable.

2.2. B∗-classes.

Definition 2.3. [7] Let M ⊆ K(σ) be a quasivariety of a finite similarity type σ and let
V ⊆ K(σ) be a variety. A class A = {AF | F ∈ Pfin(ω)} ⊆ M is a B∗-class with respect
to M and V, if A satisfies the following conditions.

(B0) For each nonempty F ∈ Pfin(ω), the structure AF is finitely presented in M; A∅
is a trivial structure.

(B1) If F = G ∪H in Pfin(ω) then AF ∈ Q(AG,AH).
(B∗

2) For each F,G ∈ Pfin(ω), if F 6= ∅ and AF ∈ Q(AG,V) then F = G.
(B∗

3) For every F ∈ Pfin(ω) and every i < ω, if f ∈ Hom(AF ,A{i}) then either f(AF ) ∈
V or i ∈ F .

(B∗
4) H(A) ∩ (M\V) ⊆ A.

(B∗) For all F,G ∈ Pfin(ω) such that ∅ 6= G ⊆ F , for all B ∈ V, and for all homo-
morphisms f ∈ Hom(AF ,B) and g ∈ Hom(AF ,AG), there is a homomorphism
h ∈ Hom(AG,B) such that f = hg.

If AF is a finite structure for every nonempty set F ∈ Pfin(ω) then A a finite B∗-class
with respect to M and V.

Remark 2.4. The B-classes with respect to a quasivariety M ⊆ K(σ) introduced in [3]
are nothing else than the B∗-classes with respect to M and the trivial variety T.

Moreover, each finite B∗-class with respect to a variety and a quasivariety is a finite
AD-class according to [7, Proposition 3.3].

2.3. C-classes. The following two definitions appear in [4].

Definition 2.5. [4, Definition 5.1] Let σ be a finite similarity type, let M ⊆ K(σ) be a
quasivariety, and let C = {Cn | n < ω} ⊆ M be a class of nontrivial structures with the
following properties.

(C1) For m,n < ω, the structure Cm embeds into the structure Cn if and only if m = n.
(C2) For each n < ω, the structure Cn is M-subdirectly irreducible and finitely presented

in M.
Then C is called a C-class with respect to M. If the structure Cn is finite for all n < ω
then C is a finite C-class with respect to M.

We note that the definition of computable sequence, a notion used below, can be found in
the second paragraph of Section 6 in [4].
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Definition 2.6. [4, Definition 6.1] Let M be a quasivariety and let C be a C-class with
respect to M. Then C is an effective C-class with respect to M if there is a computable
sequence ∆ =

{
(Xn,∆n, An) | n < ω

}
, where for all n < ω, Xn = {x0, . . . , xln}, Cn

∼=
FM(Xn,∆n), and An(x0, . . . , xln) is a monolith-generating atomic formula for Cn in M.

The following statement is a slight modification of [4, Theorem 6.5] and follows from its
proof.

Theorem 2.7. Let σ be a finite similarity type, let M ⊆ K(σ) be a quasivariety, and let
C = {Cn | n < ω} ⊆ M be a finite C-class with respect to M. The following statements
hold.

(i) There are continuum many quasivarieties K ⊆ M which have an independent
quasi-equational basis relative to M.

(ii) If C is a finite effective C-class with respect to M then there are continuum many
quasivarieties K ⊆ M such that the finite membership problem is undecidable for
K, the quasi-equational theory of K is undecidable, and K has an independent
quasi-equational basis relative to M.

3. Main results

The following statement generalizes Lemma 5.2 in [4].

Proposition 3.1. Let σ be a finite type and let A = {AF | F ∈ Pfin(ω)} ⊆ K(σ) be a
finite AD-class possessing the following property

(P5) If α : A{n} →
∏

i∈X A{i} is an embedding for some n ∈ ω and some finite nonempty
set X ⊆ ω then n ∈ X and πnα is an embedding.

Then C = {A{n} | n < ω} is a finite C-class with respect to Q(A).

Proof. It follows from conditions (P1) and (P3) in Definition 2.1 that C consists of finite
(and thus finitely presented in Q(A)) nontrivial structures. Condition (C1) in Definition
2.5 follows from condition (P3) in Definition 2.1.

In order to prove (C2), we fix n < ω and suppose that A{n} = Cn ≤s
∏

i∈I Bi is
a subdirect decomposition of Cn such that Bi ∈ Q(A) for all i ∈ I. Since Cn is a
finite structure of finite type, Cn ≤s

∏
i∈F Bi for some finite nonempty set F ⊆ I. This

means that, for each i ∈ F , there is an onto homomorphism αi : Cn → Bi such that
∆Cn =

⋂
i∈F ker αi. Without loss of generality, we may assume that F is a minimal set

with this property. Then we also have that, for all i ∈ F , Bi is a finite nontrivial structure
of finite type. Since Bi ∈ Q(A), we conclude by condition (P2) of Definition 2.1 that
Bi ∈ Q(C) for all i ∈ F . Hence, there are finite nonempty sets Zi ⊆ ω, i ∈ F , such
that Bi ≤

∏
t∈Zi

Ct. We may again assume that the set Zi is minimal with respect to
this property. Therefore, for each i ∈ F and each t ∈ Zi, there is an onto homomorphism
βit : Bi → Dt ≤ Ct such that

∆Cn =
⋂
{ker βitαi | i ∈ F, t ∈ Zi}.

In particular, the map βitαi : Cn → Ct is a homomorphism for all i ∈ F and all t ∈
Zi. Applying (P5), we obtain that n ∈ Zi for some i ∈ F and that βinαi : Cn → Cn

is an embedding whence αi : Cn → Bi is an isomorphism. This proves the subdirect
irreducibility of Cn in Q(C). �
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Lemma 3.2. If a quasivariety M ⊆ K(σ) contains a finite B∗-class A = {AF | F ∈
Pfin(ω)} with respect to M and a variety V ⊆ K(σ) then A is a finite AD-class satisfying
the condition (P5) In particular, C = {A{n} | n < ω} is a finite C-class with respect to M.

Proof. It follows from [7, Proposition 3.3] that A is a finite AD-class with respect to M.
For all i < ω, we put Ci = A{i} for the sake of brevity. Furthermore, let n < ω and a finite
nonempty set F ⊆ ω be such that α : Cn →

∏
i∈F Ci is an embedding. Since Cn /∈ V by

[7, Lemma 1.3(i)], we conclude that there is i ∈ F such that πiα(Cn) /∈ V. By condition
(P5), this means that πiα(Cn) = πiα(A{n}) ∼= AG for some finite nonempty set G ⊆ ω.
Then the inclusion G ⊆ {n} follows by [7, Lemma 1.3(iii)]. Hence, G = {n}. Since Cn is
a finite structure, we conclude that πiα is an isomorphism and condition (P5) follows.

The last statement follows from Proposition 3.1. �

4. Applications

We present in this section some applications of Theorem 2.7 and Proposition 3.1.

Theorem 4.1. Let K be one of the following classes:
(a) the quasivariety of pseudocomplemented semilattices generated by the 3-element

chain;
(b) the locally variety Ai, where i < ω, of (0, 1)-lattices constructed in [11];
(c) the variety of idempotent semigroups.

Then there is a quasivariety M ⊆ K which contains continuum many Q-universal subqua-
sivarieties M′ ⊆ M such that the finite membership problem is undecidable for M′, the
quasi-equational theory of M′ is undecidable, and M′ has an independent quasi-equational
basis relative to M.

Proof. For each of the classes listed in (a)–(c), an effective procedure was given by M.E.
Adams et al. in the papers [12], [11], [13] respectively to construct a finite AD-class A.
That this AD-class A possesses the property (P5) follows from [12, Proposition 4.3], [11,
Lemma 3.6], [13, Lemma 4.5] respectively. By Proposition 3.1, the quasivariety Q(A)
contains an effective C-class with respect to Q(A). The desired statement follows from
Theorem 2.2 and Theorem 2.7. �

Remark 4.2. In view of Proposition 3.1 and Lemma 3.2, the results of [4, Corollary 7.8]
and from [7] follow from Theorem 2.7 in a uniform way.

Other examples where Proposition 3.1 and Lemma 3.2 apply to obtain the conclusion of
Theorem 4.1 can be found in M.E. Adams, W. Dziobiak [14, 15] as well as in V. Koubek,
J. Sichler [16]–[19].
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