
ON PELL NUMBERS REPRESENTABLE AS PRODUCT OF TWO

GENERALIZED FIBONACCI NUMBERS

JHON J. BRAVO, PRANABESH DAS, JOSE L. HERRERA, AND JOHN C. SAUNDERS

Abstract. A generalization of the well-known Fibonacci sequence is the k-Fibonacci

sequence with some fixed integer k ≥ 2. The first k terms of this sequence are 0, 0, . . . , 1,

and each term afterwards is the sum of the preceding k terms. In this paper, we find

all Pell numbers that can be written as product of two k-Fibonacci numbers. The proof

of our main theorem uses lower bounds for linear forms in logarithms, properties of

continued fractions, and a variation of a result of Dujella and Pethő in Diophantine

approximation. This work generalizes a prior result of Alekseyev which dealt with de-

termining the intersection of the Fibonacci and Pell sequences, a work of Ddamulira,

Luca and Rakotomalala who searched for Pell numbers which are products of two Fi-

bonacci numbers, and a result of Bravo, Gómez and Herrera who found all Pell numbers

appearing in the k-Fibonacci sequence.
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1. Introduction

For k ≥ 2, we focus on the k-generalized Fibonacci sequence or, for simplicity, the k-

Fibonacci sequence F (k) := (F
(k)
n )n≥2−k which is a linear recurrence sequence of order k

defined by the relation

F (k)
n = F

(k)
n−1 + F

(k)
n−2 + · · ·+ F

(k)
n−k for all n ≥ 2,

with F
(k)
−(k−2) = F

(k)
−(k−3) = · · · = F

(k)
0 = 0 and F

(k)
1 = 1 as initial conditions. We usually

call F
(k)
n the nth k-Fibonacci number. The name of this family of sequences comes from

the fact that F (k) coincides with the famous Fibonacci sequence (Fn)n≥0 when k = 2. A

compendium of the most important and interesting properties of the Fibonacci numbers

can be found, for example, in [25, A000045] and Koshy’s book [16]. The k-Fibonacci

sequence for the particular cases k = 3, 4 can also be found in [25] as the sequences

A000073 and A000078, respectively.

Regarding the sequence F (k), it is well-known that its first k + 1 non-zero terms are

powers of two; namely

(1) F (k)
n = 2max{0,n−2} for all 1 ≤ n ≤ k + 1.
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A wide range of recent studies have focused on the problem of determining all k-Fibonacci

numbers that admit a special representation. For instance, Bravo and Gómez [2] deter-

mined all terms in F (k) that are one less than a power of 2. In another work, Bravo,

Gómez and Luca [5] identified all terms in F (k) that can be written as the sum of two

repdigits, while Bravo and Luca [8] characterized all repdigits that can be expressed as

the sum of of two k-Fibonacci numbers. In addition, Bravo, Gómez and Luca [4] found

all powers of 2 that are the sum of two k-Fibonacci numbers.

Another important sequence, closely related to the Fibonacci sequence, is the Pell

sequence. The Pell sequence (Pℓ)ℓ≥0 is defined by the recurrence

Pℓ = 2Pℓ−1 + Pℓ−2 for all ℓ ≥ 2,

with P0 = 0 and P1 = 1 as initial conditions. This sequence corresponds to entry A000129

in [25]. For the beauty and rich applications of these numbers and their relatives one can

see Koshy’s book [17].

Much research has been devoted to Diophantine equations involving Pell and k-Fibonacci

numbers. For example, Alekseyev [1] proved that the only integers belonging to both the

Fibonacci and Pell sequences are 0, 1, 2, 5, and also established analogous results for other

Lucas sequences. Bravo, Gómez and Herrera [3] extended these findings to the Pell and

k-Fibonacci sequences, showing that for every k ≥ 2, the only nontrivial common terms

are 5 and 29. Furthermore, Bravo, Herrera and Luca [6] provided a broader generalization

by determining all integers that appear in both generalized Pell and generalized Fibonacci

sequences.

This line of research, originally focused on finding intersections of two linear recurrence

sequences, has been extended to the broader problem of determining all terms in a given

sequence that can be expressed as products of terms from another sequence. In partic-

ular, such results have been given on the k-Fibonacci, Pell, and other linear recurrence

sequences. For example, in 2016, Ddamulira, Luca and Rakotomalala [11] proved that the

only Fibonacci numbers that are the product of two Pell numbers are 1, 2, 5, 144, and the

only Pell numbers that are the product of two Fibonacci numbers are 1, 2, 5, 169. Like-

wise, Daşdemir and Varol [10] found all Pell numbers that are the product of two Lucas

numbers, and all Lucas numbers that are the product of two Pell numbers. Also, Rihane,

Akrour and Habibi [23] found all Fibonacci numbers that are the product of three Pell

numbers and all Pell numbers that are the product of three Fibonacci numbers. More-

over, Rihane [24] proved the following theorem, giving all the terms in the k-Fibonacci

sequences that are products of two terms in the Pell sequence.

Theorem 1 (Rihane [24]). All positive integer solutions (ℓ,m, k, n) of the Diophantine

equation

(2) PℓPm = F (k)
n ,
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with k ≥ 3 and 2 ≤ ℓ ≤ m, are

(ℓ,m, k, n) = (2, 2, k, 4), (2, 4, 3, 7), (4, 7, 8, 13), (3, 8, 9, 13).

In this paper, we pursue the opposite problem and search for Pell numbers that can

be expressed as the product of two k-Fibonacci numbers. In this sense, our work may be

viewed as an extension of the results established in [1, 3, 11].

Our main result is as follows.

Theorem 2. All positive integer solutions (n,m, k, ℓ) of the Diophantine equation

(3) F (k)
n F (k)

m = Pℓ,

with k ≥ 2 and n ≥ m ≥ 3, are

(n,m, k, ℓ) = (7, 7, 2, 7), (6, 6, 3, 7), (15, 3, 5, 12).

In the previous theorem, we can establish the condition m ≥ 3 because if m = 1 or

m = 2, the original equation reduces to F
(k)
n = Pℓ, and this case was already solved by

Alekseyev [1] and by Bravo, Gómez and Herrera [3], as previously mentioned.

2. Preliminary Results

In this section, we present the notation and background required for the proof of Theo-

rem 2. In particular, we review some results concerning Pell and generalized Fibonacci

numbers, along with the mathematical tools that will be employed throughout the paper.

2.1. The Pell sequence. An explicit Binet formula for the Pell sequence is well known.

Namely, for all ℓ ≥ 0, we have that

(4) Pℓ =
γℓ − γℓ

γ − γ
=

γℓ − γℓ

2
√
2

,

where (γ, γ) := (1+
√
2, 1−

√
2) are the roots of the characteristic equation x2−2x−1 = 0.

In particular, (4) easily implies that the inequality

(5) γℓ−2 ≤ Pℓ ≤ γℓ−1 holds for all ℓ ≥ 1.

Additionally, in view of (4), we can write

(6) Pℓ =
γℓ

2
√
2
+ ξ(ℓ) where |ξ(ℓ)| < 1/5 for all ℓ ≥ 1.

There are several well-known results concerning the Pell sequence. For example, a result

of Ljunggren [18] shows that Pℓ is a perfect square only when ℓ = 0, 1 or 7. Later, Pethő

[22] proved that these are, in fact, the only perfect powers in the entire Pell sequence (see

also [9]). We state their result which will be used in the sequel.

Lemma 1. The Diophantine equation Pℓ = xm in positive integers ℓ, x and m with m ≥ 2

has only the solutions (ℓ, x,m) = (1, 1,m) and (7, 13, 2).
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2.2. On k-Fibonacci numbers. We begin by mentioning that the k-Fibonacci sequence

is a linear recurrence sequence with characteristic polynomial

Ψk(z) := zk − zk−1 − · · · − z − 1,

which is irreducible over Q. This polynomial has exactly one positive real root α := α(k)

outside the unit complex disk (see [20, 21]), while the other roots are strictly inside the

unit circle. More precisely, 2(1 − 2−k) < α(k) < 2 (see [15, Lemma 2.3] or [27, Lemma

3.6]). The root α(k) is known as the dominant root of F (k) and in what follows we shall

omit the dependence on k of α.

We now present a lemma that summarizes the main properties of the k-Fibonacci

sequence (see [4, 7, 12]). This result will be used repeatedly in the proof of Theorem 2.

Lemma 2 (Properties of F (k)). Let k ≥ 2 be an integer. Then

(a) αr−2 ≤ F
(k)
r ≤ αr−1 for all r ≥ 1.

(b) F (k) satisfies the following “Binet–like” formula

F (k)
r =

k∑
i=1

fk(αi)α
r−1
i ,

where α = α1, . . . , αk are the roots of Ψk(z) and

fk(z) :=
z − 1

2 + (k + 1)(z − 2)
.

(c) 1/2 < fk(α) < 3/4 and |fk(αi)| < 1 for 2 ≤ i ≤ k.

(d) |F (k)
r − fk(α)α

r−1| < 1/2 holds for all r ≥ 2− k.

The following estimate due to Bravo, Gómez and Luca [5] is currently one of the key

points in addressing the large values of k when solving Diophantine equations involving

terms of generalized Fibonacci numbers (see also [3]).

Lemma 3. Let k ≥ 2 and suppose that r < 2k/2. Then

F (k)
r = 2r−2(1 + ζr) where |ζr| <

2

2k/2
.

2.3. Linear forms in logarithms. To prove Theorem 2, we use lower bounds for linear

forms in logarithms of algebraic numbers. In this subsection, we present the main tool

for this purpose. Before that, we recall some important concepts from algebraic number

theory.

Let η be an algebraic number of degree d, and let
∑

0≤j≤d ajx
j be its minimal primitive

polynomial in Z[x]. The logarithmic height h(η) of η is given by

h(η) =
1

d

(
log(|ad|) +

d∑
i=1

logmax
{
|ηi|, 1

})
,

where η1, η2, . . . , ηd are the conjugates of η. In particular, if η = p/q ∈ Q is in the lowest

terms with q ≥ 1, then h(η) = logmax
{
|p|, q

}
. The following properties [26, Property
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3.3] of the logarithmic height will be used with or without further reference as and when

needed.

• h(η1 ± η2) ≤ h(η1) + h(η2) + log 2;

• h(η1η
±1
2 ) ≤ h(η1) + h(η2);

• h(ηr) = |r|h(η), r ∈ Z;

For later estimates, it will be important to take into account that

(7) h(α) = (logα)/k < (log 2)/k and h(fk(α)) < 2 log k for all k ≥ 2.

See [2] for further details of the proof of (7).

Let η1, . . . , ηt be nonzero elements of a number field K of degree D, and let b1, . . . , bt

be integers. Set

B ≥ max
{
|b1|, . . . , |bt|

}
and Λ = ηb11 · · · ηbtt − 1.

Let A1, . . . , At be real numbers such that

Ai ≥ max
{
Dh(ηi), |log ηi| , 0.16

}
for all i = 1, . . . , t.

With the previous notation, the main result of Matveev [19] implies the following estimate.

Theorem 3. Assume that Λ is nonzero. If K is real, then

|Λ| > exp
(
−1.4 · 30t+3 · t4.5 ·D2 (1 + logD) (1 + logB)A1 · · ·At

)
.

2.4. Reduction tools. Theorem 3 is a fundamental tool for solving certain exponential

Diophantine equations. However, the bounds obtained from Matveev’s result are typically

quite large, making them unsuitable for subsequent computational searches. To reduce

these bounds, we employ a result from the theory of continued fractions. The following

lemma is a slight variation of a result originally due to Dujella and Pethő [13]. Specifically,

we use the version presented by Bravo, Gómez and Luca (see [4, Lemma 1]).

Lemma 4. Let M be a positive integer and let A,B, µ and τ be given real numbers with

A > 0 and B > 1. Assume that p/q is a convergent of the continued fraction of τ such

that q > 6M . Let ϵ := ∥µq∥ − M ∥τq∥, where ∥·∥ denotes the distance from the nearest

integer. If ϵ > 0, then there is no solution to the inequality

0 < |uτ − v + µ| < AB−w

in positive integers u, v and w with u ≤ M and w ≥ log(Aq/ϵ)/ logB.

We finish this subsection with an analytical tool and a simple fact concerning the

exponential function (for a proof, see [14, Lemma 7] and [6, Lemma 8], respectively). We

list them as lemmas for further reference.

Lemma 5. If s ≥ 1 is an integer and x and T are real numbers such that

T > (4s2)s and
x

logs x
< T, then x < 2sT logs T.
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Lemma 6. For any nonzero real number z, we have

(a) 0 < z < |ez − 1|.
(b) If z < 0 and |ez − 1| < 1/2, then |z| < 2 |ez − 1|.

3. Proof of Theorem 2

Assume throughout that (n,m, k, ℓ) is a solution of the equation (3). First, note that if

k = 2, the resulting equation was completely solved by Ddamulira, Luca and Rakotomalala

in [11], where it was shown that (n,m, k, ℓ) = (7, 7, 2, 7) is the only solution with m ≥ 3.

Therefore, from now on, we may assume that k ≥ 3. On the other hand, if n = m,

then equation (3) becomes (F
(k)
n )2 = Pℓ. Since n ≥ 3, Lemma 1 implies that ℓ = 7, and

consequently F
(k)
n = 13. This yields k = 3 and n = 6. Hence, the only solution to equation

(3) with k ≥ 3 and n = m is (n,m, k, ℓ) = (6, 6, 3, 7). Thus, in the remainder of the proof,

we may assume that n > m ≥ 3.

Now, if n ≤ k + 1, then F
(k)
n = 2n−2 and F

(k)
m = 2m−2 by (1) and so equation (3)

becomes 2n+m−4 = Pℓ, which can be seen to have no solutions in view of Lemma 1. Thus,

for the rest of the paper, we assume that n ≥ k + 2 which gives n ≥ 5 and n+m ≥ 8. It

then follows from the above and (3) that Pℓ ≥ F
(3)
5 F

(3)
3 = 7 · 2 = 14 implying ℓ ≥ 5.

We now want to establish a relationship between the variables of (3). For this purpose,

we use (3), (5) and Lemma 2(a) to get

αn+m−4 ≤ F (k)
n F (k)

m = Pℓ < γℓ−1

and

γℓ−2 < Pℓ = F (k)
n F (k)

m ≤ αn+m−2.

Thus

(n+m− 4)

(
logα

log γ

)
+ 1 < ℓ < (n+m− 2)

(
logα

log γ

)
+ 2.

Taking into account that n + m ≥ 8 and using the fact that 1.89 < α(3) ≤ α < 2, we

conclude that

(8)
2(n+m)

5
< ℓ <

9(n+m)

10
,

which is an estimate on ℓ in terms of n+m.

On the other hand, by Lemma 2(d), we can write

(9) F (k)
r = fk(α)α

r−1 + ek(r) where |ek(r)| < 1/2,

and a simple computation gives

(10) F (k)
r = fk(α)α

r−1(1 +Xr) where |Xr| <
2

αr
.

At this point, we use (6) and (10) to rewrite (3) as

f2
k (α)α

n+m−2 − γℓ

2
√
2
= ξ(ℓ)− f2

k (α)α
n+m−2X,
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where X = Xn+Xm+XnXm for which |X| < 8/αm. Taking absolute values and dividing

both sides of the above relation by f2
k (α)α

n+m−2, we obtain the inequality

(11) |Λ1| :=
∣∣∣γℓ · α−(n+m−2) · (2

√
2f2

k (α))
−1 − 1

∣∣∣ < 10

αm
.

In the first application of Theorem 3, we take t := 3 and the parameters

(η1, b1) := (γ, ℓ), (η2, b2) := (α,−(n+m− 2)) and (η3, b3) := (2
√
2f2

k (α),−1).

Let us start by noticing that η1, η2 and η3 are real numbers belonging to K := Q(α,
√
2)

for which D := [K : Q] ≤ 2k. The fact that Λ1 ̸= 0 is justified as follows. Suppose, for the

sake of contradiction, that Λ1 = 0. Then

(12) f2
k (α)α

n+m−2 =
γℓ

2
√
2
.

To see that (12) is not possible, we argue as follows. Let L = Q(α1, . . . , αk, γ) be the normal

closure of K and let σ1, . . . , σk be elements of Gal(L/Q) such that σi(α) = αi. Since k ≥ 3

and γ has two conjugates, the elements σ1(γ), . . . , σk(γ) cannot all be distinct. Therefore,

there exist indices i ̸= j in {1, 2, . . . , k} such that σi(γ) = σj(γ). Note that, if we put

σ−1
j (αi) = αs, then s ̸= 1 because σj(α1) = αj ̸= αi. Applying σ−1

j σi to the relation (12),

we get

f2
k (αs)α

n+m−2
s =

γℓ

2
√
2
.

Taking absolute value in the above relation we see that this is not possible since its right-

hand side exceeds 1 for all ℓ ≥ 5, while its left-hand side is smaller than 1. Thus, Λ1 ̸= 0.

On the other hand, h(η1) = (log γ)/2 and h(η2) = (logα)/k < (log 2)/k, so one may

take A1 := k log γ and A2 := 2 log 2. To estimate h(η3), we use the properties of the

logarithmic height to get

h(η3) ≤ h(2
√
2) + 2h(fk(α)) ≤

3 log 2

2
+ 4 log k ≤ 5 log k

for all k ≥ 3, where we used the fact that h(fk(α)) < 2 log k as mentioned before. Hence,

we can choose A3 := 10k log k. Finally, since ℓ < 2n by (8), it is appropriate to set

B := 2n. Then, Theorem 3 tells us that

(13) log |Λ1| > −3.83× 1013k4 log2 k log n,

where the inequalities 1 + log(2k) ≤ 2.6 log k for all k ≥ 3 and 1 + log(2n) ≤ 2.1 log n

for all n ≥ 5 have been applied. Taking logarithms in (11) and comparing the resulting

inequality with (13), it follows that

(14) m logα < 3.9× 1013k4 log2 k log n.
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Let us now get a second linear form in real logarithms. To this end, we use (4) and (10)

again to rewrite (3) this time in the form

fk(α)α
n−1F (k)

m − γℓ

2
√
2
= ξ(ℓ)− fk(α)α

n−1F (k)
m Xn,

where |Xn| < 2/αn. Taking absolute values on both sides of the above relation and

dividing it across by fk(α)α
n−1F

(k)
m , we obtain

(15) |Λ2| :=
∣∣∣γℓ · α−(n−1) · (2

√
2fk(α)F

(k)
m )−1 − 1

∣∣∣ < 3

αn
,

where we used that F
(k)
m ≥ F

(3)
3 = 2. In the second application of Theorem 3, we take

t := 3 and

(η1, b1) := (γ, ℓ), (η2, b2) := (α,−(n− 1)) and (η3, b3) := (2
√
2fk(α)F

(k)
m ,−1).

As before K := Q(α,
√
2) contains η1, η2 and η3 and has D := [K : Q] ≤ 2k. The choices

of A1, A2 and B are the same as in the first application. To see why Λ2 ̸= 0, note that

otherwise, we would get the relation

γℓ = 2
√
2fk(α)α

n−1F (k)
m .

Applying now the automorphism used in the first application of Matveev’s theorem, which

fixes γ and maps α to another conjugate, we obtain that for some s ≥ 2,

γℓ = 2
√
2fk(αs)α

n−1
s F (k)

m .

Taking absolute values on both sides yields

γℓ < 2
√
2F (k)

m = 2
√
2

Pℓ

F
(k)
n

<
2
√
2

7
γℓ−1,

where we used the fact that F
(k)
n ≥ F

(3)
5 = 7. It then follows from the above that

γ < 2
√
2/7 which is not possible. Thus, Λ2 ̸= 0.

Let us now estimate h(η3). Applying the properties of h(·) and taking into account the

inequality (14), we get

h(η3) ≤ h(2
√
2) + h(fk(α)) + h(F (k)

m )

<
3 log 2

2
+ 2 log k + (m− 1) logα

< 4× 1013k4 log2 k log n.

Therefore, we can take A3 := 8× 1013k5 log2 k log n. Theorem 3 now tells us that

(16) log |Λ2| > −3.1× 1026k8 log3 k log2 n,

where the inequalities 1 + log(2k) ≤ 2.6 log k for all k ≥ 3 and 1 + log(2n) ≤ 2.1 log n for

all n ≥ 5 have also been used. Comparing the above inequality (16) with (15) implies that

n < 4.9× 1026k8 log3 k log2 n,
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and so

(17)
n

log2 n.
< 4.9× 1026k8 log3 k.

In order to get an upper bound for n depending on k we next use Lemma 5. Indeed,

taking s := 2, x := n, T = 4.9× 1026k8 log3 k and using the fact that

log(4.9× 1026k8 log3 k) < 61.46 + 8 log k + 3 log log k ≤ 65 log k

for all k ≥ 3, inequality (17) yields n < 8.3 × 1030k8 log5 k. We record what we have

proved so far as a lemma.

Lemma 7. If (n,m, k, ℓ) is a solution of equation (3) with k ≥ 3 and n ≥ k+2, then the

inequalities

n < 8.3× 1030k8 log5 k and ℓ < 1.7× 1031k8 log5 k

hold.

3.1. The case of small k. Suppose that k ∈ [3, 420]. Here, we need to find better bounds

for n, m and ℓ than those implied by Lemma 7 for these values of k. To do this, we first

let

z1 := ℓ log γ − (n+m− 2) logα− log(2
√
2f2

k (α))

and observe that (11) can be rewritten as

|ez1 − 1| < 10

αm
.

Suppose that m ≥ 5 and note that z1 ̸= 0. If z1 > 0, we apply Lemma 6(a) to deduce

that |z1| < |ez1 − 1| < 10/αm. If, on the contrary, z1 < 0, then |ez1 − 1| < 10/αm < 1/2

since m ≥ 5. Hence, from Lemma 6(b) it follows that |z1| < 2|ez1 − 1| < 20/αm. In either

case, we obtain the bound |z1| < 20/αm. Replacing z1 in the aforementioned inequality

by its formula and dividing it across by logα, one can see that

(18) 0 < |ℓτk − (n+m− 2) + µk| < A ·B−m,

where we have put

τk :=
log γ

logα
, µk := −

log(2
√
2f2

k (α))

logα
, A := 32 and B := α.

We also setMk := ⌊1.7×1031k8 log5 k⌋ which is an upper bound on ℓ by Lemma 7. Observe

that τk is irrational since γ and α are multiplicatively independent. Applying now Lemma

4 to inequality (18) for each k ∈ [3, 420] we find, with help of Mathematica, that m ≤ 210.

We now put

z2 := ℓ log γ − (n− 1) logα− log(2
√
2fk(α)F

(k)
m ).

This allows us to rewrite inequality (15) as

|ez2 − 1| < 3

αn
.
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Note that z2 ̸= 0. By analyzing the cases where z2 is positive or negative, and taking

into account that |ez2 − 1| < 3/αn < 1/2 since n ≥ 5, Lemma 6, along with the earlier

argument, allows us to deduce that |z2| < 6/αn. Replacing z2 in the aforementioned

inequality by its formula and dividing it across by logα, we conclude that

(19) 0 < |ℓτk − (n− 1) + µk,m| < A ·B−n,

where we now put

τk :=
log γ

logα
, µk,m := − log(2

√
2fk(α)F

(k)
m )

logα
, A := 10 and B := α.

With this new choice and taking again Mk := ⌊1.7 × 1031k8 log5 k⌋ as upper bound on

ℓ, we apply Lemma 4 to inequality (19) for each k ∈ [3, 420] and m ∈ [3, 210] obtaining

that the possible solutions all have n ≤ 205. This bound on n allows us to conclude that

ℓ < 370 by (8) and k ≤ 203 since k + 2 ≤ n. Finally, a brute force search done in the

range

3 ≤ k ≤ 203, k + 2 ≤ n ≤ 205, 3 ≤ m < n and 5 ≤ ℓ < 370

gives the sporadic solution (n,m, k, ℓ) = (15, 3, 5, 12).

3.2. The case of large k. Suppose now that k > 420. In this case the following inequal-

ities hold:

m < n < 8.3× 1030k8 log5 k < 2k/2.

At this point, we require the estimation from Lemma 3 to prove that equation (3) has no

solutions for large values of k. Indeed, since m < n < 2k/2, Lemma 3, together with (3)

and (6), implies that

2n+m−4 − γℓ

2
√
2
= ξ(ℓ)− 2n+m−4ζ,

where ζ = ζn+ζm+ζnζm for which |ζ| < 8/2k/2. Dividing both sides of the above equation

by 2n+m−4 and taking absolute values we get

(20) |Λ3| :=
∣∣∣γℓ · 2−(n+m−3) · (

√
2)−1 − 1

∣∣∣ < 9

2k/2
,

where we used the fact that n+m− 4 > k/2. Now we use for the third time Theorem 3

with t := 3 and the parameters

(η1, b1) := (γ, ℓ), (η2, b2) := (2,−(n+m− 3)) and (η3, b3) := (
√
2,−1).

Note that η1, η2 and η3 belong to the field K := Q(
√
2) so that D := [K : Q] = 2.

In addition, h(η1) = (log γ)/2, h(η2) = log 2 and h(η3) = (log 2)/2, so we can choose

A1 := log γ, A2 := 2 log 2 and A3 := log 2. Since ℓ < 2n by (8), we can take B := 2n as we

did before. It remains to prove that Λ3 ̸= 0. If it were, then γ2ℓ = 22n+2m−5 ∈ Q which is

not possible. Thus, Λ3 ̸= 0. It follows from Theorem 3 that

(21) log |Λ3| > −1.1× 1012 log n,
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where we used the inequality 1+ log(2n) ≤ 1.3 log n for all n ≥ 420. Comparing the above

inequality (21) with (20) leads to

(22) k < 3.2× 1012 log n.

However, by Lemma 7 we have that

log n < log(8.3× 1030k8 log5 k) < 71.2 + 8 log k + 5 log log k < 22 log k

for all k > 420, which combined with (22) implies that

k < 7.1× 1013 log k.

Combining the last inequality with Lemma 7 and (8), we obtain the following absolute

upper bounds:

(23) k < 2.6× 1015, n < 9.8× 10161 and ℓ < 2× 10162.

The next step involves reducing the above upper bounds by applying Lemma 4 once again.

To this end, define

z3 := ℓ log γ − (n+m− 3) log 2− log
√
2

and observe that (20) can be written as

|ez3 − 1| < 9

2k/2
.

Note that z3 ̸= 0. If z3 > 0, then by Lemma 6(a) it follows that |z3| < |ez3 − 1| < 9/2k/2.

If, on the contrary, z3 < 0, one has |ez3 − 1| < 9/2k/2 < 1/2 since k ≥ 420. Hence,

from Lemma 6(b), it holds that |z3| < 2|ez3 − 1| < 18/2k/2. In any case, the inequality

|z3| < 18/2k/2 is valid. Replacing z3 in the aforementioned inequality by its formula and

dividing it across by log 2, one obtains that

(24) 0 <

∣∣∣∣ℓ( log γ

log 2

)
− (n+m− 3)− 1

2

∣∣∣∣ < 26 · (
√
2)−k.

We now apply Lemma 4 to inequality (24) with the choices

τ :=
log γ

log 2
, µ := −1

2
, A := 26 and B :=

√
2.

It is clear that τ is an irrational number. Note that ℓ < M := 2 × 10162 by (23). By

using Mathematica, we found that p302/q302 is a convergent of τ with q302 > 6M . A direct

computation yields ϵ := |µq302∥ −M ∥τq302∥ > 0.499. It then follows by Lemma 4 that

k <
log (Aq303/ϵ)

logB
≤ 1110.

Thus, n < 3.3× 1059 and ℓ < 2n < 6.6× 1059 by Lemma 7 and (8). The reduction process

is then repeated using this refined upper bound for ℓ. Indeed, applying Lemma 4 to the

inequality (24) with M := 6.6× 1059 as the new upper bound for ℓ yields k ≤ 420, which

contradicts our assumption that k > 420. This completes the analysis of the case when k

is large and therefore the proof of Theorem 2.
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