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Abstract

This paper explores the well-posedness of the chemotaxis system involving two species
featuring nonlinear diffusion in response to two stimuli, along with the Navier-Stokes equa-
tion. This system describes a biological process representing two species and the influence
of chemical stimuli secreted by the species, which attract the other in a porous medium. It
is proven that the system possesses global-in-time weak and bounded weak solutions in the
three-dimensional spatial domain. Also, it is extended for a bounded domain with a smooth
boundary.

Keywords: Chemotaxis; Navier-Stokes; Weak solutions; two-species

AMS Subject Classifications: 35Q30; 35K57; 35D30; 92C17

1 Introduction

Chemotaxis is an intriguing biological phenomenon observed in various organisms, from single-
celled bacteria to complex multicellular organisms. It refers to the directed movement of cells
or organisms in response to chemical gradients in their environment. Essentially, chemotaxis

allows organisms to sense and navigate towards attractant chemicals or away from repellents,

*Email: yadhavan@nitgoa.ac.in
"Email: shangerganesh@nitgoa.ac.in
{Email: manimaran.j@vit.ac.in
YEmail: ahmed.hendy@fsc.bu.edu.eg
TEmail: smfarghaly@pnu.edu.sa



facilitating vital biological processes such as finding nutrients and avoiding toxins. First, this

phenomenon was modeled in [17, 18] as

ug = Au — V- (x(v)uVo), }

v = Av — v+ u,

(1.1)

where u refers to the density of the organism, v refers to the concentration of chemical, and y
refers to the chemotactic sensitivity function. The study of similar model equations has led to
many advances in understanding how organisms navigate and interact with their environment.
The existence of radially symmetric equilibrium solutions and its stability of (1.1) with the
growth rate incorporate cooperation and competition effects in [24]. The global existence of
classical solutions and critical blow-up of (1.1) are studied in [13]. Global-in-time solutions and
their asymptotic behavior of (1.1) are studied in [37] for small initial data. Considering (1.1)
with nonlinear diffusion and with a power factor in the drift term, the existence of a global-in-
time weak solution and its decay properties are studied in [14, 28]. The global existence of a

classical radially symmetric solution for (1.1) is established in [12].

The behavior of bacteria living in thin fluid layers near solid-air-water contact lines modeled

in [35] as

ur+u-Vu=Au—V - (x(c)uVe),

v+ u- Vo= Av — k(v)u, (1.2)

22+ 7(2-V)z+Vp=Az—uVe, divz=0,
where u refers to the density of the bacteria, v refers to the oxygen concentration, and z,p
refers to the velocity field and pressure of the fluid, respectively. The system (1.2) called the
Keller-Segel Navier-Stokes system (KS-NS) and called the Keller-Segel Stokes system (KSS) if
7 =1 and 7 = 0 respectively. The global existence of a weak solution in two dimensions of
(1.2) with some assumptions on bacteria density and movement established in [9]. A numerical
method was found to investigate the dynamics of KS-NS in [6]. The global existence of solutions
in 2D and 3D was established for (1.2) under some initial data assumptions in [22]. A local-in-
time regular solution is established in [3] for KS-NS in a two-dimensional spatial domain. Also,
with stronger assumptions in the chemosensitivity function, a global-in-time weak solution
is established. Considering oxygen concentration in (1.2) as parabolic/hyperbolic, the local

existence of a regular solution and its blow-up criterion is established in [4].

The movement of bacteria is considered as migration in a porous medium, then (1.2) becomes

ug +u - Vu = Au'T — V- (x(c)uVe),
ve+u- Vo= Av —k(v)u, (1.3)
21+ 7(2-V)z+Vp=Az—uVe, divz=0.

For 7 =0and a € (3,1] in R? and 7 = 1 and o € [0.8,1] in R? global existence of solutions
established for (1.3) in [11]. Further, global-in-time solution for (1.3) in R? when 7 = 0 and
a = § proved in [21]. Also, the global existence of weak solution for (1.3) in three dimension for

o= % in [5]. Considering initial data are sufficiently regular and positive, the global existence



of weak solutions of (1.3) for & > 1 with 7 = 0 proved in [31]. Under some conditions on
the initial data, the global existence of bounded weak solutions of (1.3) for any o > 0 with
7 = 0 was proved in [30]. The global-in-time weak and bounded weak solutions under some
assumptions on sensitivity functions and diffusive exponent were established in [8]. Similar

studies are also performed for nonlinear diffusion operators in [7].

Besides the papers mentioned above, chemotaxis models also encompass the modeling of
species evolution dynamics. It means that a species produces a chemical signal that either

attracts or repels based on the concentration of chemicals. It is modelled in [23] as follows:

ug = Au — V- (x(v)uVo) + V - ({(w)uVw),
vy = Av + fu — v, (1.4)
wr = Aw + du — nw,

where u denotes to density of the species, v denotes the chemoattractant concentration, and
w denotes the chemorepellant concentration. By assuming that v = 5, global solvability, blow
up, and asymptotic behavior of (1.4) were studied in [29]. However, the existence of solutions
of (1.4) was proved in [10] without any additional assumptions on the given data. In one-
dimensional space, the global existence of classical solutions and steady states of (1.4) was
proved in [20]. An attraction-repulsion chemotaxis system with logistic source was considered
in [38] and established the existence of a global bounded classical solution. The global existence
of a classical solution in 2D and a weak solution in 3D is established for (1.4) with the assumption
that £&6 — x8 > 0 in [16].
The model describing two competitive species attracted by one chemical signal is proposed

in [33],

up = Au— V- (x1(v)uVw) + pru(l — u — a1v),

vy = Av — V- (x2(w)vVw) + pov(l — agu — v), (1.5)

Twr = Aw + du + nv — yw,

and discussed global existence and asymptotic behavior of the system (1.5) for 7 = 0 with
some assumptions on sensitivity functions, a; and ag. The dynamics of (1.5) and decay of
species were studied in [27]. The global bounded solutions of (1.5) for 7 = 1 and its uniqueness,
asymptotic behavior for large p; and us were studied in [1]. The global asymptotic stability
under the small assumption on chemotactic sensitivity was established in [2] for (1.5) with weak
competition. Various results about global existence and steady states of (1.5) were established
in [15, 25, 26].
A Chemotaxis system involving two species and two signals with Lotka—Volterra-type ki-
netics can be modeled as
ur = Au— V- (x1(v)uVo) + mu(l — u — aqw),
Ty = Av + Bw — v,
(1.6)
wy = Aw — V- (x2(2)wVz) + pow(l — agu — w),
Tzt = Az + du — nz.



The global classical solution, boundedness, and blow-up of (1.6) with 7 = u; = p2 = 0 were
established in [32]. The result was extended to a quasi-linear chemotaxis model of (1.6) in [39].
Under the assumption of initial conditions, the unique global classical solution for (1.6) was
obtained in [19]. A global bounded classical solution for (1.6) with 7 = 0 in two dimensions was
established in [40]. Further, a global bounded classical solution was established for (1.6) with
7 =11in n > 1 under some assumptions on the chemotactic sensitivity function. The existence
of a global bounded classical solution and its rates of convergence under some assumptions,
sensitivity functions were obtained in [34]. The conditions assumed in [34] are improved in [36],

and similar results were established.

The novel contributions of this paper can be summarized as follows:

e Investigates a two-species system living in a fluid environment.

e Considers chemicals secreted by each species that attract the other species while repelling

their own.

e Incorporated the effect of the fluid environment by modeling porous medium diffusion for

both species.

The proposed model offers an advantage over earlier ones by representing bacterial movement
and diffusion through the nonlinear diffusion of porous medium type for bacterial movement.

This provides a realistic representation of the underlying biological processes.

The rest of the paper is organized as follows. In Section 2, we define and formulate our
proposed model. In Section 3, we define the weak solution of the proposed problem (2.1)
with 7 = 1, and using a suitable approximation problem, we deduce some uniform estimates.
Further, a weak solution for (2.1) with 7 = 1 is established. In Section 4, we prove the existence
of a bounded weak solution for (2.1) with 7 = 0 in R3 using uniform estimates derived in the

previous section.

2 Mathematical Model

In this paper, we propose a model to describe the chemotaxis system involving two species
featuring nonlinear diffusion in response to two secreted stimuli along with the Navier-Stokes
equation in R3 x [0, A), as
ug +n-Vu = Au'T — V- (x1(v)uVv) + V - (£1(2)uVz),
v +n-Vo=Av+ fw — v,
wy +n - Vw = Aw'™ — V- (xa(2)wVz) + V - (&2(v)wVv), (2.1)
zi+n-Vz=Az+ du—nz,
ne+7(n-V)n+ Vp=An— (u+w)Ve.

Here u, w refer to the densities of two different species, v refers concentration of chemical pro-

duced by w, z refers concentration of chemical produced by w, x1, x2 refers chemoattraction



sensitivity coefficient, &1, & chemorepulsion sensitivity coefficient, «, 3,7, d,n are positive con-
stants.

To the best of our knowledge, there is no paper in the literature which studies the solvability
of the above-proposed model. This paper aims to establish the global existence of solutions of
(2.1). The novelty of the proposed model (2.1) is briefed as follows: from the biological point
of view, the species moving in a fluid environment and two chemical stimuli secreted by the

species, which possess attraction-repulsion chemotaxis phenomena.

3 Weak Solutions

In this section, we define the weak solution and introduce a suitable approximation problem
for the proposed model (2.1) with 7 = 1. Then we deduce a uniform estimate using the
approximation problem. Using the uniform estimate, we deduce weak solutions for (2.1) with
7 =1 in R? and extend the result to a bounded domain with smooth boundary. We consider
the system (2.1) with 7 =1 as

ug +n-Vu = Au'T — V- (x1(v)uVo) + V - (£1(2)uVz),
v +n-Vo=Av+ fw — v,

wi +n - Vw = Aw'™ — V- (xa(2)wVz) + V - (&(v)wVv), (3.1)
zt+n-Vz=Az+du—nz,
ne+(n-Vin+Vp=An— (u+w)Ve. J

Definition 3.1. For a > 0 and A € (0,00), a quintuple (u,v,w,z,n) is said to be a weak
solution of (2.1) if

(i) u,v,w,z >0,
(i3) u(l + |z| + |logu|), w(1+ |z|+ [logw|) € L>=(0, A; L}(R?)),
(iii) For1 <p<1+a,
u, we L®(0,A; LP(R%)) and Vu's", Vw2 € L2(0,A; LA(R3)),
(iv) v, z € L0, A; HY(R?)) N L2(0, A; H?(R3)), and v, z € L>®(R3 x [0, A)),
(v) n is a vector-valued on R3 x (0,A) and

n e L®(0,A; L*(R%), Vn e L*(0,A; L*(RY)),

(vi) For any ¢ € L>(0,A; L?(R3)) and 1 € C§(R? x [0,A),R3) with V -9 =0,

A
/ / —up; —un - Vo 4+ Vul T . Vo —uy Vo - Vo + ué1Vz - Vo dr dt = / uop(-,0)dz,
0 R3 R3
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—zpy —z2n - Vo +Vz- -V —dup +nze dr dt = / z0(+, 0)dz,
R3

3

The model we are addressing here is complicated as it has strong degeneracy of the diffusion
terms. To reduce the complication, we consider the approximation problem of the proposed
model is given as

Ue, + N - Ve = Alue + €)' = V- (x1(v)uc Vo) + V - (€1(2e)ueVze),
Ve, + Ne + Ve = Ave + Pwe — YU,

We, + Ne - Vwe = A(we + )17 = V- (x2(2)we Vze) + V - (E2(v ) we Vo), (3.2)
Ze, + Ne - Vze = Aze + due — n2ze,

Ne, + (e - V)ne + Vpe = Ane — (ue + we) Vo,

with smooth initial conditions

Up, = Qe * Uy, Vo, = Pe * Vo, Wo, = Pe * W0, 20, = Pe * 29 and ng, = e * ng, (3.3)

where ¢, refers usual mollifier with € € (0,1). Using standard theory of existence and regularity,
(3.2) possesses local-in-time classical solution for each € € (0,1). This allows us to overcome the
complications raised by degeneracy and progress in analysis. We derive some uniform estimates
for the approximate problem, independent of €. Using that the obtained local-in-time solution
extended globally and derived a weak solution for (2.1). For the simplicity of notation, hereafter,

we use variables (e, Ve, We, ze, ne) as (u, v, w, z,n). We define the functionals as:

E@)F:égdﬂ&guﬁf+%@)+w@ﬂbgw@%+% ) da + [|u()|| o + (w10
HIVo® |2+ [[V20)]5 + In®) 3 (3.4)

and

1+o¢

1+2a 12 1+o¢
i

5 + 1Y) =" |5 + [ Vw(®) 2" |5 + |av);
—i—HAz H2+ HVn(t)H%, (3.5)

1+2o¢

D(t) == || Vu(t) + || Vu(t)
where (z) = (1+ |x\2)% Now, we prove a lemma that gives an estimate for the solution of (3.2).
Lemma 3.1. Suppose that (u,v,w, z,n) is a classical solution for system (3.2) independent of

€ and (3.3) satisfies

uo(1+ || + | log o) and wo(1 + 2| + | logwol) € LM(R?), } (3.6)

ug, wo € L*(R3),vg and 2y € L®(R3) N HY(R3), ng € L*(R3).

6



Further, assume that

1 ! !
a > 3 ¢ € WHS(R3) and x;,& € LS, fori € {1,2}. (3.7)
Then, there exists C' > 0, independent of €, such that for any 0 <t < A
sup E(7 / D(r)dr < C. (3.8)
0<r<t

Proof. Integrating (3.2); and (3.2);, we get |[u(t)|[i = |luol1 and ||w(t)]i = ||wol|li. Using
maximal principle for (3.2), and (3.2), we get [[v||goo(m3x[0,4)) < [[volloo and [|2 ||Loo R®3x[0,A)) <
|z0llco- We split the proof of the lemma into three cases by range of « as: (1) <a< 1, (ii)
3 <a <1, and (i) a > 1.

Case (i): + <a< %

Using log u as test function in (3.2),, we get

d
— [ wlogudz+ [ Vlegu-V(u+e)™ do = Vu-(x1Vv) de— [ Vu-(§Vz) de. (3.9)
dt R3 R3 R3 R3

Using Viogu - (1 + a)u*Vu = 7|Vu1+7a ‘2, the second term of LHS in above estimated as
1+a 1ta 12
Viogu-V(u+e€) ™ dz > 7“Vu = |5 (3.10)
R3

Using |Vu| = 1+a u " }VuHTQ‘ and Young’s inequality, the first term of RHS in (3.9) estimated

as o
Vu - (x1Vv) X <eHVu1J2;aH§ + C(e)/ ut Y| Vo ? d:1:> , (3.11)

R3 (0% R3

where X7 := sup  |x1(v(-))]. Using |Vu'™®| = Cu' 2" ‘VUHTQ‘ and Young’s inequality,

Lo (R3x[0,A))
the last term of RHS in above estimated as

/u1_0‘|Vv|2 de = /ul_o‘Vv~Vv dx
R3 R3

C’o</ |Vul ||Vl da:+/ ur ™Y Av| d.tv)
R3 R3
1-3a 1ta I—a
= () Cu 2 |[Vuz [|[Vu|de+ | u'"%|Av| da
R3 R3

C’C’o/ e’VuHTa}2+C’(e)u1_3a]Vv|2 dx
R3

IN

IN

+C’0/ u'" Av| da.
R3
Using above in (3.11), we get

Vu- (x1Vv) dx < C'1HVu1+TaH§ + 02/ ur ™3|\ Vo|? dx + 03/ u Y Av| dz. (3.12)
R3

R3 R3

Similarly, we get

— | Vu-(&Vz) de < C4HVU1+TQH§ + 05/ ut 3%\ V2|2 do + Cﬁ/ u Y Az| dz. (3.13)
R3 R3 R3

7



Using (3.10), (3.12) and (3.13) in (3.9) and choosing sufficiently small C;, Cy4 such that C' > 0,
we get

d Lfe 2 1-3a 2 l-a

— | wlogudz+C||Vuz ||, <Cs | u Vol de+Cs [ w ™ %|Av| dzx

dt Jps 2 R3 R3

+C'5/ w73V 2)? dx—i—Cg/ u T Az| dz. (3.14)
R3 R3

Similarly, using log w as a test function in (3.2)5, we get

d o
— wlog w dx+C’oHle%
dt Jps

H; < 07/ w3\ V2|? dx + Cg/ w™¥ Az| dx
R3 R3
+ C'g/ w! 3 Vo|? da + Cll)/ w' ™| Av| da.
R3 R3
(3.15)
Using (x) = (1 + |$’2)% as test function in (3.2); and simple algebraic calculations in order to

bound logu in (3.14), we get

d
pn Rg(w)u dx
= / un - V{(x)dx —i—/ (u+ )" T*A(z) du +/ V{(z) - ux1Vv dx — V{z) - u&1Vz dx
R3 R3 R3 R3
14a 12
< C(L+ |Inl3 + IVol3 + [[V2]13) + (Cle) + €[ Va2 |3). (3.16)

Similarly, to bound logw in (3.15), we get

d

7 Rs(x>w dr < C1(1 +|In]|3 + V2|5 + HVUH%) + (C(q) + 61HVU)HTQH2). (3.17)

2

Using u® as test function in (3.2),, we get

I+a a 14a _ a _ a
T a dtH H1+a + /R3 Vu®-V(u+e€) ™ dx . Vu® - u(x1 Vo) dz - Vu® - u(é1Vz) de.
(3.18)
o 1+2a)% 2a-
Using }VUH; ‘2 = (+4a)u2 : |Vu| the second term of LHS in above estimated as
4a(1 + «) li2a
a 1+a d 1
RSVU V(u+e) xr > 1+ 20) H H2 (3.19)

Using Young’s inequality, the first term of RHS in (3.18) is estimated as

Vu® - u(xVv) de < C’/ ‘Vulgm‘(uaVvD dx
R3
C’(eHVuH;aH;—{—C(e)/ u|Vol? d:c>
R3

C'(eHVuH;aH;—i—C'(/ V||V dm+/ u|Av| dx))
R3 R3

_ C’(eHVquQaH;—1—00/3ul_zga}VuH;aHVU\dx—i—C'/gu\Avdac)
R R

R3

IN

IN




< o(dvatE I+ ol v
—i—Co/ w2 V)2 dx—l—C'/ u|Av| dm)
R3 R3
< Cl\\Vu“‘zQ“\@+02/ u1_2a|Vv|2dx+C’3/ ulAvlds.  (3.20)
R3 R3

Similarly, we get

1+

— | Vu*-u(&V2) dr < Cy||Vu 2 H; + C'5/ w2\ V2|2 do + C@/ u|Az| dz. (3.21)
R3 R3

R3
Using (3.19), (3.20) and (3.21) in (3.18) and choosing sufficiently small C, Cy such that C' > 0,
we have

142

1+a+C'HVu 2 H; < 02/ u 2| Vu)? da:+C'3/ u|Av| dzx
R3 R3

d
%HuHPra
+C5/ w2 V2|2 dx—i—C’G/ u|Az| dx. (3.22)
R3 R3

Similarly, using w® as a test function in (3.2),, we get

d 1 14+2a 12 —%
%HwHJZ—FCOHVw 2 H2 < C’7/IRs w2 V2 |? dx + Cy /RS w|Az| dx
+C'9/ w! 2| V2 d:U+C'10/ w]Av| dz. (3.23)
R3 R3
Using —Awv as test function in (3.2),, we get
EHVUHE + QHA’UH; < / Av - (n-Vv) dx — 6/ w|Av|dx —i—’y/ v|Av|dz. (3.24)
dt R3 R3 R3
The first term in RHS of the above evaluated as
A--Vd:—/ Oiv Ojv Oin;j d
Rsv(n v) dx RS%:U]U n; dx
= / ZU 8i8j’U ainj dx
R3
< C[|VnllyfAv]l,
Using above in (3.24), we get
d 2 2
C1Ivol + 2l ] < © HVnH2HAvH2—B/ng|Av|d:c—|—'y/RSv\Avldx. (3.25)

Similarly, using —Az as test function in (3.2),, we get

d
%HV’Z‘E —G—ZHAzHg <C HVnHQHAzH2 - 5/]1{3 u|Azdac—|—77/]RS z|Az|dz. (3.26)

Using n as test function in (3.2),, we get

d
< linll3 + 21 Va3 < / (u + w)lnldz. (3.27)

R3

9



Adding (3.14)-(3.17), (3.22), (3.23), (3.25)-(3.27) and choosing sufficiently small constants such
that Cy > 0, we get

4
dt

(/R u(logu + 2(z)) + w(ogw + 2(z)) da -+ [[u] 7 + w2 + |Vl + | V2] + ”n”g>

142« 1+« 142

[Vu =+ [V =+ [V H§+HAvH§+HA2||§+IIVn||%)

# o [7u'5);

< C'(/) / ut 3| Vo2 dm—i—/ w3V 2 ? dm—i—/ w! ™3| V2|2 dx—i—/ w3\ Vo|? dz
R3 R3 R3 R3

+/ u' =22l dac—i—/ u' |V dx—i—/ w' |V z)? d:}c—i—/ w' 2| Vol? da
R3 R3 R3 R3

+/ u' " Av| dm+/ u' | Az| dﬂH‘/ w' | Az] df”"‘/ w! ™ Av| de
R3 R3 R3 R3

+/ u|Av| dx+/ u|Az| da:+/ w|Az| d:z—i—/ w|Av| dz
R3 R3 R3 R3

+/ v|Av| d:c+/ z|Az| d:c+/ (u+ w)|n| da:).
R3 R3 R3

(3.28)
As0<1—-3a< %, using the Hélder inequality and Sobolev embedding, we get
2
Ce) +eus)|Vo? de if i <a< i
/ w3 Vo2 de < /RS( ) 6 3
RS V)3 if o= 1.
2 .
[ v ratoltiag g <as<y
I Wl if o = 1.
Similarly, we get
C(e sz—}—eu%AzQ if L <a< i,
J L R Y
R V72113 if a =g,
Ce V22+eu§A22 if L <a<i,
[ < { QTR A cacd
R V72113 if a =g,
C(e2)|| V]2 + ealwol| 3 || Av]|2 if L <a<i,
[wtspetae < | COOlVeRabmlfladg it <a<h
= V7013 if a =g,
[t veR de < Ce) Vol + el A (33
2
[ Ve o < CleIVaI + eolluol 1421, (3:34)
R
2
/3 w2V dr < Cler)|| V2|3 + erllwol| 3| Az]3, (3.35)
R
2
/3w12“\W!2 dr < C(es)|Vol3 + esllwol|3 | Avl3. (3.36)
R

10



As

4 6— 6«
3

< 273 < 2, using the Holder, Young and Gagliardo-Nierenberg inequality, we get
@

[ wladde < Clenluls + ealldol3
e lta ) 5758 2
< Ceo)Clluolly™ [[Vu=" [|37°% + egl| Av]l3
Tisa a2 2
< Cleg)C( Clero)lluoll T + €| Va2 [[5 ) + eol|Avll3
1ta
= C1+Co||Vu 2 |3+ 6ol Avl 3. (3.37)
Similarly, we get
/ W0 Az| dr < Oy + Cl |5 |2 + e | Az, (3.38)
R3
/3 w' ™| Az| do < Cs + CﬁHVﬂ)HTaHZ + €12]|Az||3, (3.39)
R
/ w' ™| Av| dz < C7 + CgHVwHTaHz + e13]|Av|3. (3.40)
R3
3 6 . . . . .
As 3 < 776 < 2, using the Young and Gagliardo-Nierenberg inequality, we get
a
[ uladlde < Claplul}+euldvl}
R
e 1420 | 50 9
< Clew)Colluoll ™ [V |37 + erallAv]3
o 1420 12 9
< Clew)Co| Clers)lluoll ™ + ers||Vu™2 || | + e1al|Avl3
1420
= Cg—i—Cl()HVu 2 Hg—i—eMuAU”%. (3.41)
Similarly, we get
CulAz] de < O+ Cra||[Vu ™2 |2 + exs|| Az]3. (3.42)
R
14+2a 12 2
3w\Az| dr < 012+CIQHVw 2 H2—|—616”A2H2. (3.43)
R
1+2a 12 2
3w|Av| dzr < 013+C'12HV1U 2 H2+617||Av||2. (3.44)
R
Also, using Young’s inequality, we get
2
/3U\Avl dzx < 014HUH2—|—618||A’UH%. (3.45)
R
2
/3 z|Az| dx < 015HzH2 + e0]|Az][3. (3.46)
R

As 1 < g < 34+ 6a and 0 < ﬁ < 2, using the Young, Gagliardo-Nierenberg, and Sobolev

inequality, we get

[ ulnl dz < Collullglnlls < eanllulf + Clea) VI3
R

11



3+10c

+20¢
< Ouoll 7 [V HMQ + C(e0)||Vnlf3
3410
< C'luoll 7 (2| VT3 + Clear)) + Cleao) [V 3
1+2a
= Cir+Cigl|Vu 2" 3 + Clean) | V3. (3.47)
Similarly, we get
142
/3 wln| dz < Collwls(lnlls < Cio+ Cool| Vw2 [[3 + C(e2) | V3. (3.48)
R

Substituting (3.29) — (3.48) in (3.28) and and choosing sufficiently small constants such that
C,C > 0, we have

d

dt(/RS u(logu + 2(z)) + w(log w + 2(z)) dz + Hu\ﬁjj + kuﬁj + Vo2 + || V2|2 + ||n||g>

1+«

+c<}|wu2+ [Vu 2

1+2a 1+ 1+2o¢

5+ Vw5 + ||V

I3+ ol + <] + 19 )
< CO(1+|Vo|5+ [ V2]3).

Integrating above with respect to ¢, we get (3.8).
Case (ii): + <a <1
Using log u as test function in (3.2),, we get
d
— [ wlogudz+ [ Vlegu-V(u+e)'™ da < Vu-(x1Vv)de— [ Vu-(§&Vz) de. (3.49)
dt Jrs R3 R3 R3
As «a does not affect (3.10) and (3.11), it holds in this case. Proceeding as similar as (3.11), we
get

2
— | Vu-(§&Vz)dr < & (elHVu 2 H2 + C(q)/ ut Y V2| dx) . (3.50)
R3 1+a R3

Using (3.10), (3.11) and (3.50) in (3.49) and also choosing sufficiently small constants such that
C1 > 0, we have

/ ulogu dx+01||Vu 2 H <C’2/ u' =Vl d:z:—i—C’g/ u YV z|? dr. (3.51)
R3 R3
Similarly, we get
d a
— [ wlogw dx + C4HVw1%H2 < 05/ w!™|Vz|? do + 06/ wi=¥ Vo2 de.  (3.52)
dt R3 2 R3 R3

Using u® as test function in (3.2),, we get

H H1+a 4a 1—i-04 H 1+2a

< *e - e . .
1+ 1+ 20)2 = /]R3 Vu®-u(x1Vv) dz » Vu® - u(&Vz) de. (3.53)

l—i—adt

Using Young’s inequality, the first term of RHS in the above is estimated as

< C [ |Vu 2 |(uz|Vv]) d

12



142

< C<62HVU 2 H;+C(€2)/ u|Vol? dx)
R3

1420

= Ce|Vu = H§+CC(62)/ u|Vo|? dx
R3

1420

< Ce|Vu 2 H;+CC(€2)63</ |Vu|| Vol dx+/ u|Av| dm)
R3 R3

142«

= Ce|Vu = H;—i-CC(eg)eg/ u|Av| dx+C'C(62)63/ ukTa‘VuHTa|\Vv] dx
R3 R3

142«

< Ce|Vu 2 H§+C’C(62)63/ u|Av| dx
R3

+CC(ez)es <€4HVUHQ—Q H; + C(ea) /R3 ul = Vol? dx)

142

Cr||Vu > ;|§+08Hvu1§°“uj+cg/ ul = Vol? da:+C1o/ ulAv| dz.  (3.54)
R3 R3

Similarly, we get

— [ Vu*-u(&Vz) de
R3
14+2a

< Cul|vu 2 H; —i—CleVuHTaHZ +C’13/3u1_0‘]Vz|2 dx+014/3u]Az| dz. (3.55)
R R

Using (3.54) and (3.55) in (3.53) and choosing sufficiently small constants such that C' > 0, we

have

d o a lta —a
$Hu“ia +CHVU1+22 H; < C15HVu1§ H; + Cy /RS u'~ ¥ Vol? dz + Cig /11{3 ulAv| dz
+C’13/ u' |V 2|2 dac—i—CM/ u|Az| dz. (3.56)
R3 R3
Similarly, we get
d a a 1ta —a
a”w”iia + C’HVwH’z2 H; < 016HVU1J5 H; + Ci7 /R3 w'™|Vz|? de + Cig /R3 w|Az| dx

—1—019/ w' Y| Vol dac—i—Cgo/ w|Av| dx. (3.57)
R3 R3

As «a does not affect (3.16), (3.17) and (3.25)-(3.27), adding those with (3.51), (3.52), (3.56),
(3.57) and choosing sufficiently small constants such that Cp, C{, > 0, we get

d
dt(/R ulogu +2(2)) +wllogw +2(x)) da+ [[ul 13 + [wll3g + [Voll; + [1V2];+ HnH%)
+ CO(HWI?‘H; [V 5+ Vw5 |+ [T+ (Al + [|Az]5 + ||Vn||%>

< C’é(/ ut Y Vol d:c—i—/ ut Y V2 dx—l—/ w! ™|V z|? Cll‘-l—/ w!' ™| Vo|? dz
R3 R3 R3 R3

+/ u|Av| da:—i—/ u|Az| da?—i—/ w]Az| dx—i—/ w|Av| dz
R3 R3 R3 R3

+/ v|Av| dm+/ z|Az| d:L‘+/ (u+ w)|n| d:n).
R3 R3 R3
(3.58)

13



AsO0<l—-ax< %, using the Hélder inequality and Sobolev embedding, we get

/ (Cler) + elu%)|Vv\2 dr iff<a<l,
R3

/ u Vo2 dz <
R Vo3 if o = 1.
Cle)|I Vol + exlluoll 5[ Av)3 if ;<a<l,
< (3.59)
INUIE if a =1.
Similarly, we get
Clea) || V2|2 + ealluol3||Az|2 if L <a <1,
[ ae < CONTEalfiag 1
R3 V213 ifa=1,
C(e3)|V2|2 + esllwo 5 | Az)2 if L <a <1,
/ WV dr < (e3)[[V2]3 + es|lwol| 3| Azll3 3
R? V213 ifa=1,
Cl(e2) || V]2 + eallwo |3 | Av]2 if 2 <a <1,
[ < | OO ellatg i
R3 V|3 if a =1.

6
As 0 < 5% <2and 1< = <3+6a, (3.41)-(3.48) holds. Substituting (3.59), (3.41)-(3.48)

and above inequalities in (3.58) and choosing sufficiently small constants such that Cy, C > 0,

we get
d
dt(/Rg u(logu + 2(x)) + w(log w + 2(x)) dz + |[ul|, 7% + [|w||; 15 + || Vol|; + || V2]l; + ”””§>
+ Co( D05+ 702+ 95 24 70022 2 asol + el + 93

< C(1L+||Vol3 +|V2]3).

Integrating above with respect to t, we get (3.8).
Case (iii): a > 1
Using log u as test function in (3.2); and (3.10), we get

d 4 Lta 2
& s ulogu dx + mHVU 2 H2 < /11@3 Vu - (x1Vv) dx — » Vu - (§1Vz) dx. (3.60)

Using our assumption ¥ € L and € € L in RHS of above, we get

loc loc

Vu- (x1Vv) de < Cl/ u| Vol d:z:—I—C’2/ u|Av| dx,
R3 R3 R3

— Vu(flv,z) dr < 03/ u|Vz]2 dl‘—i—C4/ u|Az| dx.
R3 R3 R3

Using above in (3.60), we get

1+«

d 4
dt/Rgmogu dx+1+—aHVuT 2 < Cl/R3 u|Vu)? dx+CQ/R3u\AU\ dz

14



—i—Cg/ u|Vz|? dx+C4/ u|Az| dz. (3.61)
R3 R3

Similarly, we get

1+o¢

d 4 lta

< C5/ w|Vz)? dx—l—Cg/ w|Az| dx
dt Jrs R3 R3

+C7/ w|Vol? dm—i—Cg/ w|Av| dz. (3.62)
R3 R3

Using u® as test function in (3.2),, we get

14+a 4a 1+ 04 1+2a
Ll 2D v

2 < a. - a. e
1—|—adt /]1@3 Vu®-u(x1Vv) dx . Vu*-u(§1Vz) de. (3.63)

The first term of RHS in the above estimated as

Vu® - u(x1Vo) de < C’/ IVU%KU%‘VUD dx
R3 R3
+2a

C5HVu1 2 H; + Cs /R3 u|Vol? da. (3.64)

IN

Similarly, we get
142«
— [ Vu* u(GVz) de < Cr||Vu 2
R3
Using (3.64) and (3.65) in (3.63) and choosing sufficiently small C5, C7 such that Cg > 0, we
get

2+08/ u|Vz|? da. (3.65)
R3

1 d o a
Hia@HuHiO‘ + Cg“VUHf H2 < C6/3 u|Vu|* dr + Cs /]R3 u|Vz|? da. (3.66)
Similarly, we get
: +adtH wl[{ 1+ O Ve |3 < Cony /3w|Vz|2 dz + Cz /ng|Vv|2 dr.  (3.67)

As «a does not affect (3.16), (3.17) and (3.25)-(3.27), adding those with (3.61), (3.62), (3.66),
(3.67) and choosing sufficiently small constants such that Co, C} > 0, we get

d N N
35 (] mtosu+2000) + witogan-+ 2m) ol 24 22+ 9 + 9215 + 1ol

1+

+CO(HwH2 + || VU2

1+2a 1+a

142
I;

+ HVw 2

v I3+ ol + =] + 19ni2)

I;

< C’é(/ u| Vol dac—i—/ u|Vz)? dx+/ w|Vz|? d:):+/ w|Vo|? da
R3 R3 R3 R3
+/ u|Av] dw—{—/ u|Az| dm—{—/ w|Az| dac—}—/ w|Av| dz
R3 R3 R3 R3

+/ v|Av| dw+/ z|Az| daz+/ (u+ w)|n| d:r;).
R3 R3 R3

As H‘“ > 1, using Young’s inequality, we get

(3.68)

/u\Vv[de < elHVUH%—I—C(el)/ W5 Vol da
R3 R3
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= Vo2 + c<el>/ 5V Vo do
R3

IA

e1||Vol|3 + C(e1) </ Vu' . Vo da:—l—/ u' s Aw d:v)
R3

IN

ltg a
e[ Vo2 +01<Hw I+ 1Vl + lulie + ||Av||%). (3.69)

As 5 +3a < 2, using the Gagliardo-Nierenberg and Young inequality, the third term in RHS of
the above is evaluated as

JulkEs < Culuoll 5 [V 5[5 < Cie) + ol 7

Using above in (3.69), we get
/ uVol? di < Cy + C3|Vu'5® |2 + Cul|Vol]2 + Cs | Ao2 (3.70)
R3
Similarly, we get
2 1f+a 12 2 2
ulVz|* de < Cs 4+ Cr||Vu 2 || + Csl|Vz|5 + Col|Az|3, (3.71)
R3
[ wl9el? do < o+ Cul|[ 905 ] + Coal V13 + Cual A2l (3.72)
R
1+«
/3 wW|Vof? di < O + Cus|[ Vw5 |2 + Cra| Vol + Cur Ao (3.73)
R

As 0 < H% <2and 1< g < 3+ 6a, (3.41)-(3.48) holds. Substituting (3.70), (3.71) and
(3.41)-(3.48) in (3.68) and choosing sufficiently small constants such that Co, C' > 0, we get

d

dt(/g u(logu + 2(z)) + w(logw + 2(z)) dz + HuHiZ + HwHHa + HW\@ + Hvsz + ||n||g>

14+«

1+2a 1+« 1+2a

o+ V= [l + [V

+Co( 765 3+ u I3+ 180l + A2] + 19)
< CL+|IVoll3 +11V2]3)-
Integrating above with respect to t, we get (3.8). |

Lemma 3.2. Suppose that (u,v,w, z,n) is a classical solution for system (3.2) independent of
e and (3.3) satisfies

uo(1 4 |z| 4 [logug|) and wo(1 + |z| + [logwe|) € L' (R?),
ug, wo € LYY(R3),vp and zp € L¥(R®) N HY(R?), ng € L*(R?).
Further, assume that

1
a>=, ¢eW?»(R? and

6 ¢ (&) (3.74)
Xi»&i € Liye. fori € {1,2} with x;(-) > x;, for some constant x;, .

Then, there exist C' > 0, independent of €, such that for any 0 <t < A

sup E(t / D(r)dr < C. (3.75)
0<7<t
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Proof. 1t is enough to prove for the case 0 < a < % as the case @ > % already established in

previous lemma. Using logu as test function in (3.2),, we get
d/ ulo udx+4HVu1§aH2</ Vu- (x1Vv) dx — Vu- (& Vz) dx (3.76)
dt R3 & 14+« 2= R3 X R3 ! ’ '

Using our assumption y € Ly and x; () > X1,> We get

Vu-(x1Vv)dz = —/ (x11V0)? + x1Av)u da
R3 R3

< X /RS u|Vol? dz + Gy /R3 UPTQ‘VUHTQHVUI dx

IA
!
-

/ u|Vo|* dr + CQHVUHT‘W@ + 03/ ut = Vo|? dz.(3.77)
R3 R3
Similarly, we get

— | Vu-(64Vz2) dz < —510/ u|Vz|? dx+C4Hvu1§“}|§+05/ W22 da. (3.78)
R3 R3 R3

Using (3.77) and (3.78) in (3.76) and choosing sufficiently small constants such that C; > 0,

we get,
d 1+a 12 2 2
— [ wulogu dm—f—C’lHVu 2 H +x1 u|Vol* dx + & u|Vz|* dx
dt Jgrs 2 O Jr3 © Jr3
< 03/ W0Vl do + 05/ WOV 2 da. (3.79)
R3 R3
Similarly, we get
d Lta 2 2 2
— [ wlogw dz+ C1||Vw 2 |5 + X2 w|Vz|* dr + &, w|Vou|* dz
dt Jps 2 O Jr3 o Jr3

< C@/ w' |V 2|2 dx + C7/ w' | Vo|? da. (3.80)
R3 R3

Using u® as test function in (3.2),, we get

1+a 40d 1+ Oé H 1+2a

1o adt H H1+a 1+2a H2 / Vu®-u(x1Vv) de— Vu®*u(§1Vz) de. (3.81)

RS

As HZO‘ > 0, using Young’s inequality, the first term of RHS in the above is estimated as

2001 o
Vu® - u(x1Vo) de < 00(1/ |Vu1+22 ‘(U%|VU|) dx
R3 14+« R3

1+2a

S CSHVU 2

H; + Cg/ u|Vol? da.
R3
Similarly, we get

—/ Vu® - u(&Vz) de < C'loHVu%H; + Cll/ u|Vz|? dr.
R3 R3

17



Using above two estimates in (3.81) and choosing sufficiently small Cg, Cy¢ such that Cg > 0,
we get
142

1+ dtH HiszCMHVu 2 H; < C’g/RSu|Vv|2 d:L‘+C’11/Rgu|Vz|2 dr. (3.82)

Similarly, we get

142

H H1+a+C15HVw 2 H; < Clg/sw\VzF dat+C’13/3w|Vv|2 dr. (3.83)
R R

1+adt 4o

As a does not affect (3.16), (3.17) and (3.25)-(3.27), adding those with (3.79), (3.80), (3.82)
and (3.83) and choosing sufficiently small constants such that Cp, C}, > 0 and Cy, C41, C12, Ci2,

we get

d X X
dt(/RS u(logu + 2(z)) + w(log w + 2(z)) dz + Hu\ﬁja + kuﬁa + |Vl + || V2|3 + ||n||g>
#Co([[905° [3 4 [0 95+ [0 3+ ol + el + 9

—I—/ u|Vol? dw—i—/ u|Vz|? d:):—l—/ w|Vz|? dx—i—/ w|Vol? dx)
R3 R3 R3 R3

< C’é(/ ut | Vol? d:v—{—/ ut | Vz|? dx+/ w! ™|V z|? dx+/ w!'=|Vo|? dx
R3 R3 R3 R3

+/ U\Av]dx—i—/ z]Az\dx—/ u\Az|daz—/ w|Av|da:+/ (u+w)|n|da:>.(3.84)
R3 R3 R3 R3 R3

Using Young’s inequality and choosing sufficiently small e, the first term of RHS in the above

is estimated as

/RS ut ¥ Vol? dx < /RS (C(e) + eu)|Vo|? dz < C1|| V|3 (3.85)
Similarly, we get
/R3 W0 V[ dz < Co|| V2|2, (3.86)
/R3 WOV do < G| V22, (3.87)
/Rg w ™| Vol? de < Cy||Volf2. (3.88)

As a does not affect (3.45)-(3.47), it holds. Substituting (3.85)-(3.88) and (3.45)-(3.47) in (3.84)
and choosing sufficiently small constants such that Cy, C > 0, we get

i (L wtome 200+ wlomw 202 o ol 72+ o+ 901+ 9215+ )
+ Co( V05 902 98 4 7022 2 asol + el + )
< C(1L+ ||Vl +[IV2]3).
Integrating above with respect to ¢, we get (3.75). Hence, the lemma holds. |

18



Now, we are ready to present the main findings of this paper,(i.e.) the existence of weak

solution for (2.1) in R3 and extend the same for a bounded domain with smooth boundary.

Theorem 3.1. Assume that either (3.7) or (3.74) holds true and (ug,vo, wo, 20,n0) Satisfies
initial data (3.6). Then for each A > 0, the system (3.1) possesses a weak solution (u,v,w, z,n),
such that

oi‘fg/\ (/Rd u(t)(logu(t) + 2(x)) + w(t)(logw(t) + 2{x)) dx + Hu Hiz Hw(t)HiZ

Vo) |2 + || V(@)||2 + ||n(t)|\§>

A 1+7a 1+2a 1+7a 1+2a
b [ (17002 3+ 1702 24 [V 3+ 90053+ 200
A=)+ |yVn(t>||§> dt < C,
where C' is a constant depends on initial conditions.

Proof. As the convergence of (ug_, vo,, wo,, 20,, o, ) ensures the estimate obtained in Lemma 3.1
and 3.2 is uniform, the constant C in (3.8) can be chosen without dependence of e. In similar,

there exists positive constant C' such that for ¢ < oo

el ooy < G [[Vue® 2 gonyczs < C
[|Vell oo (0,410 (m3Y) < C, ||U6||L‘1(0,A~W2’Q(R3)) <C, Nvellzaoa;zamsy < Cs

Hw6||L°°((O,A)><R3) <C, vae HLQ ((0,A)xIR3) <C,
zell oo 0, awram3)) < O, zellLao,aw2am3y) < €, lzellago,a;09m3)) < C,
7l oo (0,01 amsyy < O, Inellao,aw2amsyy < C, el La,a;namsy) < C-

As the above estimates are uniform, the local solution obtained can be extended to any time
interval (0,A) (Ref. [28], [21]). Let k be a positive number with & > 2 + a. Then, u.,, u"

€t

and wft € LY(0,A;W=22(R3)). As € — 0, using Aubin-Lions compactness lemma, we have a

We,

weak limit indeed a weak solution. [ |

The above theorem can be extended for bounded domains with Neumann boundary condi-
tions applied to u, v, w, z, and no-slip boundary conditions for n.(i.e.)

ou_ov_ow_ o

ov  Ov  ov  Ov

Consider the system (3.2) in Q x [0,A) where @ C R? be a bounded domain with smooth

boundary. Next, we state and prove the next result of this paper.

=0, n=0on0dQ, (3.89)
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Theorem 3.2. Assume that either (3.7) or (3.74) holds true by replacing R® with Q and
(uo, vo, wo, 20, n0) satisfies initial data (3.6). Then for each A > 0, the system (3.1) with (3.89)

possesses a weak solution (u,v,w,z,n), such that

oiLtlgA (/R3 u(t)(log u(t) + 2(x)) + w(t)(logw(t) + 2{x)) dx + Hu Hiz Hw(t)HiZ

Vo3 + |V=0)|; + Hn(t)”%)

l+2a

12 + || Av()]|3

A HJ 1+2a HJ
[ (1900 5+ 1900+ [ 7t ¥ [ + 700
+HAz(t)H§ + HVn(t)H%) dt < C,

where C' is a constant depends on initial conditions.

Proof. As the proof is similar, we address the modification in the proof of the above theorem.

As negative part of / ulogu is bounded by [[ul[z1(q), (3.18) is not required. Also, (3.41)
Q

modified slightly for the case of bounded domains, and using Gagliardo-Nirenberg inequality

we get
P 1+2o¢ p
lull < CHUoHﬁfQ [Vu H2+6 + Cllullf1
Following a similar procedure as in the proof of Theorem 3.1 completes the proof. |

4 Bounded Weak Solutions

In this section, we define a bounded weak solution and introduce a suitable approximation
problem for the proposed model (2.1) with 7 = 0. Then we prove a certain important lemma
and using that, we establish the existence of bounded weak solution in R3. We consider the
system (2.1) with 7 =0 as
ug +n-Vu = Au'T — V- (x1(0)uVo) + V - (£1(2)uVz),
v +n-Vo=Av+ fw — v,
wy +n - Vw = Aw'™ — V- (xa(2)wVz) + V - (&2(v)wVv), (4.1)
zi+n-Vz=Az+ du—nz,
ne+ Vp=An— (u+ w)Ve.
Definition 4.1. For a > 0 and A € (0,00), a weak solution (u,v,w,z,n) of (4.1) with T =0,

as defined in Definition 3.1, is said to be a bounded weak solution if

(i) For any p € [1,00),

u, we L¥((0,A);R3) and Vu"2", Vw"s" € L*(0,A; L*(R?)),

(i1) For any q € [2,00),
v, z, n € LY0, A; W?UR3)) and vy, 2, ny € LU0, A; LY(R?)).
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The approximation problem of the proposed model (2.1) given by

Ue, + N - Ve = Alue + €)1 = V- (x1(v)uc Vo) + V - (€1 (2ze)ueVze),
Ve, + Ne - Ve = Ave + Swe — Y,

We, + N - Vwe = A(we + €)1 =V - (x2(2)we V) + V - (€o(v)we Vo), (4.2)
Ze, + Ne - Vze = Aze + due — 02z,
Ne, + Vpe = Ane — (ue +we) Vo,

with smooth initial conditions given by
Up, = Pe * Up, Vo, = Pe * Vo, Wo, = Pe * W0, 20, = Pe * 20 and ng, = e * N, (4.3)

where ¢, refers usual mollifier with € € (0,1). We derive some uniform estimates for the approx-
imation problem and using that we derive a bounded weak solution for (2.1). Now, we prove
a lemma that gives an estimate for the bounded weak solution of (4.2). For the simplicity of

notation, hereafter, we use variables (ue, Ve, We, z¢, 1) as (u, v, w, z,n).

Lemma 4.1. Suppose that (u,v,w, z,n) is a classical solution for system (4.2) independent of
e and (4.3) satisfies

uo(1 + |z] + |log uol), wo(l + [a] +[logwo|) € L(R?),

ug, wo € LR} U L®(R3), wg, 20 € L¥(R®) N HYR?) and ng € L*(R?),

and for any q € [2,00)
vo, 20 € WH(R?), and ng € WHI(R3). (4.4)

Further, assume that

1
a> -, e W2®(R?), y=n=0 and
o ¢ (R%), v=n (4.5)

Xi & € LS, for i € {1,2} with x;(-) > Xi, for some constant x; .

Then, for any t € (0, A]

u and w € L=(0, A; LP(R?)), (4.6)
Va3 and Vo3 € L*(0,A; LA(R?)), 1<p< oo, (4.7)
v, z,n € L0, A; WH(R?)) N LI(0, A; WHI(R3)), 2 < g < oo, (4.8)
ve, 2z, € L9(0,A; LYR?)), 2 < q< oo (4.9)
Proof. For 1 < p <1+ a, from Lemma 1.1, we have
we L0, A LP(RY), Vu's® € L3(0, A L(RY)), } (4.10)
w e L0, A; LP(R?)) and Vw"2" € L2(0, A; L*(R?)). '
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To prove (4.6)-(4.8), it is enough to show above holds for o > é. Above is not available in the
case that ¢+ < o < +. Using u?~! as test function in (4.2);, we get

1d
7%””“2 + /RS Vur™ Y (u+ €)' de = / uP7IV - (1uVv) do +/ uP~IV - (6uV2) da.

R3 R3
(4.11)
From ‘Vupga }; = WUPJ“O‘_%VUP, we get
_ 4p—1)(1+ ) pta
Pl e dy > 4.12
VU V' de > SR [V (4.12)
2x1 «
The first term in RHS of above estimated using u? 'V - (yjuVo) < ( jfl ) |Vu B |u 3 \Vy]
p+a
and Young’s inequality as
- 2x1 pta 2 -
— plv, Vo) dz < (vz +C /Pav2d>
/RSU (x1uVv) dr < ot o) e” u H2 (¢) RSU |Vu|* dx
< 0y|vuF |2 + 02/ WP =o|Vof? de. (4.13)
R3
Similarly, we get
WPV - (G uV B2 v
1uVz) de < CgHVu 2 H2 +Cy uP™|\Vz|* du. (4.14)
R3 R3

Substituting (4.12)-(4.14) in (4.11) and choosing sufficiently small C7, C3 such that C5 > 0, we
get

pto

||u|]p + C5HV'LL7H2 < Cg/ P~ V|* dx + C’4/ P~V z|? dr, (4.15)
R3 R3

The ﬁrst term in RHS of the above estimated using the Hdlder, Sobolev, and Young inequality
as
[ areI9u? do < Collull a0l s,
R3 2p+3

a p—o 9
< 06<p s puuug> e (4.16)

/ uPTYVz|? dx < Cq (a +2
R3 p

Substituting (4.16) and (4.17) in (4.15), we get

Similarly, we have

(8]
||uug) . (4.17)

1d o
~ =l + Os || v E

< Cula s, + 1<l Y1l + Co(l00 s, + 5] )

2p+3a

Using the Gronwall inequality above, we get

¢
Jullh < exp</0 | Av(s H oo+ || Az(s H 6p ds>

2p+3a 2p+3a
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t
<[ A0 e+ 826 ds o+ ol
0 2p+3a 2p+3a

Hence, u and w € L%°(0, A; LP(R?)) for p € [1,00) holds, whenever the following holds

2p+3a 2p+3a

A
/ 120() | s+ [Az(s)|2 e ds <00, 1+a<p<oo (4.18)
0

We prove the above by considering « in two cases.
Case (i): a> %

Using maximal regularity estimate of heat equation in (4.2),, we have

A A
Ja] ds<C’1(HVv0H o+ [ oG ds+/ In- Voo ds>.(4.19>
0 0

Zp+3a 2p+3a 2p+3a 2p+3a

As a > %, for p > 1 + «, the third term in RHS of the above estimated using interpolation

inequality as

(142a)(4p—3a) (1420) (4p—3a)

A t
2 2= o o
/0 lw(s)|* o ds < Cy /0 Wt D (s 5, 2000 ds

, |
2p+3a
A
< 02/ V’U)HQM( )
0

4 __ Ba
1+3a  p(1+3a)

ds. (4.20)

2

The last term in RHS of (4.19) evaluated using n € L°°(0, A; LS(R?)) as

A
J A R R
2p+3a

C/ |Av 2,, ds. (4.21)

A

IN

Using maximal regularity estimate for the heat equation in (4.2),, we get
A 2 2 A 2 A 2
[ 1ol s < o <||vvo;|2,, [ ) ds+ [ Vvﬂgpds)
0 pto pta 0 pta 0 pta
A A
< Co+ 03/ HVU(S)H2 op ds —I—/ Hw(s)H%ipds. (4.22)
0 2p+3a 0 pta

The last term in RHS of the above is estimated as

A 2 30420)(p-a) 3(1420) (=)
/ Hw(s)”zipds < / Hw Hl 2(1+3a)p Hw H3+6a2(1+3a)p ds
0 pta

A 3(p—a)
1420 p(1+3a)
< Cy Vw2 ds.
0 2

Using above in (4.22) and substituting the resulting equation in (4.21), we have

3(p—a)
2 p(1F3a)

ds. (4.23)

A A
/ - Yo% e ds§C5+06/ 170(s) ds+C7/ V™2 (s
0 e 0 2p(~3£73a
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A 3(p—«a .
As % <2, [y IVu(s)]2 ds < oo for q € [2,6], p((1p+3a)) > 0 and using (4.20) and (4.23), we

have for max{1 + a, 3a} < p < o0,

we L0, A; LP(R%)) and Vu'2" € L2(0, A; L2(R3)).
Proceeding as similar as above, we get for max{l + «, 3a} < p < o0,

w e L®(0,A; IP(R?)) and Vw'™* € L2(0, A; L2(R3)).

Using (4.10) it can be extended for p € (1 + a, 00). Also, for every 1 < p < oo, we have for all

g < 0
v, V20,2, V22, Vin € L((0,A) x R3) and

Vo, Vw, Vz € L®((0,A) x R?).
Using above and interpolation inequality in (4.15), we get

_a p(p—a—1) p(p—a—1)

d _ = = &
Sillulp < Cusllullp=a < Cusllully ™ lull, " < Cusflull, ™

Using Gronwall’s inequality above, we get for t < A
1
lu(®)]lp < (CP*H)7 + Jluollp.

As p — 0o, we have

[u(@)ll oo 3y < 1+ [[uol| oo (ms)-
Similarly, we get

[w ()| Lo (rs) < 14 [[wol| oo (rs)-
Therefore, for 1 + a < p < 0o, we have u and w € L>(0, A; LP(R3)).
Case (ii): % <a< %
In order to derive (4.18), it is enough to prove that for 1 <p < 1+ 4«

we L0, A; LP(R%)) and Vu'2" € L2(0, A; L2(R3)). (4.24)

The first term in RHS of (4.15) evaluated using |[Vuf~®| = Cu"7* }VuﬁTa‘ and Young’s in-

equality as

/upO‘Vv]2 der = /upo‘Vv-Vvd:c
R3 R3

< C1</ |VuP™|| Vo] da:—l—/ uP~ | Av dac)
R3 R3

< Cl(/ Cu"=" | Va2 || Vol dw+/ uP~%| Av)| dm)
R3 R3

<

CCl/ e!VuHTaf + Ce)uP 3| Vo|? dx + Cl/ uP~Y Av| dx.
R3 R3
Similarly, we get

/ uPTYVz|? dx < CgCg/ E‘VUHT&‘Q + C(e))uP™3%|\V2|? dx + 03/ uP™YAz| dx.
R3 R3 R3
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Substituting above estimates in (4.15) and choosing sufficiently small constants such that Cy >
0, we have

Hu\|P+c4HvU*H2 < 05/ uP=3%| vyl ? dac—i—C’6/ uP3\V2)? da
R3 R3

—i—Cl/ uP Y Av| dx—i—Cg/ uPTYAz| dx.  (4.25)
R3 R3
Integrating the above with respect to t, we get

t pta 12
Jullp+Ci [ 705 s
0

t t
< 05/ / uP 3% Vo|? do d8+06/ / uP3\V 2% dx ds
0 JR3 0 JR3

t t
+C1/ / uP" Av|dx ds—}-C’g/ / uP™ ¥ Az| dx ds + HUOHP
0 JR3 0 JR3 p

t t
05/ / uP ™3|\ Vo|? da ds + Cﬁ/ / P3|\ V2| da ds
0 JR3 0 JR3

¢ t
+0r [ ullpZa ds O [ |avlen 4 AsTe ds+ ol @20

IN

As % <a< % and 1 < p < 1+ 4a, the first term in RHS of above evaluated using the Holder
inequality and maximal regularity estimate as

t t
// uP~3%|Vol? deds < C/ Hup_SO‘(s)HHiaH\VU(S)PH 1t dS
0 R3 3a 1+4a—
< o / O] e
< CC1HVU0H 6+6a /Hw H 6+6a +Hn VUH 6+6a dS
5+1da

5+14a—3p 5+14a—3p

(4.27)

for all p satisfies 1 + a@ < p < 1 4+ 4. The third term in RHS of the above evaluated using
interpolation inequality as

t _a ;(‘;aii;p)(?;-p)) (1—<124ai-§pl(f;+p)
[T e a5 < [ it g,
C, /
0

As 1< % < 3, the last term in above evaluated using maximal regularity estimate of
(4.2)y, n € L>(0,A; L5(R3)) and interpolation inequality as

t
/Hn Vo(s)|* oree_ds < c/ IVl _ssce
5+14a— 3;7 0 4+13a—3p

t
< 01/ |AV|| 2+2a
0 2+5a—p

N

2(1—14a)
pta || (2a+3p—1)

Vw 2z

IN

(4.28)

2
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< a(IVelame + [0 e + - Volo) asze ds)
2+ba 24+5a—p
(p+ 8)(6;;;) —p)
<GP0l asae va‘”? T P g s
20

Using (4.28) and above in (4.27), we get

//3up 3a‘VU‘2 drds < CQHVU()H 6+6a +C3/ HVU H 6+6a
R

54+14a—3p
2(1—14a) 8(1+a)
pta (2a+3p—1) pta (p+a)(24+5a—p)
+C4/ Vw2 + HVw 2 ds. (4.29)
0 2 2
Proceeding as similar as above, we can get
2
/ / P3|\ V2|2 do ds < C’5HVZOH _Stsa +C’6/ HVz H 6460
R3 5+140—3p
2(1-14q) 8(1+a)
pta || (2a+3p—1) pta || (PHa)(2+5a—p)
+C7/ ‘Vu 2 —i—’ u 2 ds. (4.30)
0 2 2
Similarly, we deduce
t +1 t +1 +1
b~ p—« p—«
Nl s+ cs [ avlpman Az s+
2 2
< CgHV’U()Hp atl + Cg”VU()Ha(pra) + ClOHVZOH6(1+p7a)
T+p—a T+p—a
6(p—2a) 1+5a—5p 1+5a—5p
2a+3p—1 pta 1-3a—3p pta 1-3a—3p
+C11 Vu 7 + C12||Vu 2 + C13|Vw 2
2 2 2

3(p—a—1) 3(p—a—1)

+Cl4HAv0H22(p ofD) | CI5HA2’0H2<p aF )

Using (4.29), (4.30) and above in (4.26), for p € (1 + a, 1 + 4a), we get

A
’qu—i-C4/ HVuiugds <™y —i—Cg/ HVUHQ 6+6a T HVZH2 616 ds, 0 <t <A. (4.31)
0 5+14a—3p

+14a—3p

Similarly, we can deduce
t pta 192 A 2
Hng+07/ [Vw™= H2ds < Cg+/ HVUHA + HVzH _Gtta ds 0<t<A. (4.32)
0 0 5+14a—

As fOA [Vu(s)]|2 ds < oo and fOA [V2(s)]|2 ds < oo for q € [2,6], we have for p € (251214 4a)
u,w € L0, A; LP(R%)) and Vu'2", Va2 € L2(0, A; LA(R?)). (4.33)

Using (4.10), it is extended to 1 +a < p < 1 + 4a. Hence, (4.24) holds. Choose g = 3 — 32.

Then from (4.33), u € L°°(0,A; L™ (R?)) as 1 < ryp < 1+ 4a. Using maximal regularity estlmate
for (4.2),, we have

A A A
/ A, < Cl/ Hsz ds—i—Cl/ In - Vo, ds (4.34)
0 0 0
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71 52 The first term in RHS of the above evaluated as

= 2p+3a-
A A (rg+o)(6p—2prg—3arg) (rg+a)(6p—2prg—3arg)
2—210 0 0 —2prg
/0 Hw||72"1 ds < Cl/o H’UJHTO 2(2rg+3a) HwH37«0+33(2 0+3a) ds

A e P24 Garg

¢ o e,
0
A rota | 2—22Batdrg—6)t6arg

= Cl/ HVwTHQ p(2ro+3a) ds. 135)
0

The second term in RHS of the above evaluated using (4.21) as

A 2
/ HnVUH 6p dS
0

2p+3a

IN

A
c/ |A0(s)]|2p ds
0 pta

A A
< C(Ivnlls + [ ds+ [ 9ol )
pto 0 pta 0 pto

A (oc+1)<3a((2a+1))+6ap+p) 3<2a+1><?<a+1>>+<a*1>1’>
5a+2 Sa+2
< v [ . B o
A 142a 6(‘?:1735;;_’7)
< 02+Cs/ Hw(s) 2 HlJr;a " (4.36)
0

Proceeding as similar as above and using fOA ||Vv(s)||3 ds < oo and fOA ||Vz(8)\|g ds < oo for
q € [2,6], we have (4.18) holds for this case also. Hence, we have u,w € L>(0, A; LP(R?)) for
p € (1 + «,0), as (4.18) holds for o > %. As proof is similar to above, proof for boundedness

of v and w in L —norm is omitted. [ |

Now, we state and prove another result established in this work.

Theorem 4.1. Assume that (4.5) holds and (ug,vo, wo, 20, n0) satisfies initial data (3.6) and
(4.4). Then for each A > 0, the system (4.1) possesses a bounded weak solution (u,v,w,z,n),
such that

pto

pta
[[ul| oo ((0,0)xR3) + 1wl Lo ((0,0)xR3) + ||V 2

y T [Vw™= HLz((o,A)xR3)

HLZ((O,A)XR3
+ 1ol Lao,asw2aws)) + 121l Lago,a;na®3)) + 72l Lago,am20(3))

+ [vell Lao,aw2za@sy) + 12ell Lago,a;La®syy + 1nell Lago,n;00ms)) < C, (4.37)

where C is a constant depends on initial conditions.

Proof. We omit the proof of the local existence of weak solution as it is similar to the proof of
Theorem 3.1. From Lemma 4.1 and Aubin-Lions compactness lemma, in fact, it is a bounded

weak solution. [ |

The above theorem can be extended for bounded domains with (3.89) as boundary condi-

tions. The extension is given as a corollary below.
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Corollary 4.1. Assume that (4.5) holds and (ug,vo, wo, 20,n0) satisfies initial data (3.6) and
(4.4). Then for each A > 0, the system (4.1) with (3.89) possesses a bounded weak solution
(u,v,w, z,mn), such that

pta pto
lall e 0,y x62) + ol zoe 0,0)x0) + V4" [ 12 0.y + V07 [ 2 0.y e

+ vl Lago,a;w2a(0)) + 12l ao,asza(0)) + 172l Lao,aw29(02))

+ vl Lago,am2a()) + 2l Lago,n:za(0)) + (17l Laco,asz0(0)) < Cs (4.38)
where C is a constant depends on initial conditions.
5 Conclusion
A two-species chemotaxis system in a fluid environment is modeled, where each species secretes
chemicals that attract the other species while repelling their own. The effect of the fluid
environment is incorporated by considering porous medium diffusion for both species. A global
existence of weak and bounded weak solutions is established for the system and extended to a
bounded domain. In future work, we aim to extend our study by developing a finite element

framework for the proposed model in a three-dimensional spatial domain, complemented by a

rigorous theoretical error analysis.
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