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Abstract—TLet [-] denote the floor function. In this paper, we show that whenever 7 is real and the
constants \; satisfy some necessary conditions, then for any ﬁxed < v < 1 and 6 > 0, there exist
infinitely many prime triples p1, ps, ps satisfying the inequality

63— 64'\/ +0

[A1p1 + Aapa + )\3}?3 +19] < (maX{PbPz»Pg})

and such that p; = [n /7] 1=1,2,3.
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1. Introduction and Statement of the Result

The study of Diophantine inequalities involving prime numbers constitutes a rapidly evolving field
within analytic number theory. In 1967, A. Baker [1] proved that if A;, A2, A3 are nonzero real numbers,
not all of the same sign, A;/Aq is irrational, 7 is real and A > 0, then there exist infinitely many prime
triples p1, p2, p3 such that

|A1p1 + Aap2 + Asps + 1| < e, (1)

where €, = (logmaxp;)~*. Subsequently, the right-hand side of (1) was improved by Ramachandra [2],
Vaughan [3], Lau and Liu [4], Baker and Harman [5], and Harman [6]. The best result to date is due
to Matomaéki [7], with e; = (maxpj)_%‘HS and § > 0. In 2018, Gambini, Languasco, and Zaccagnini [8]
proved the existence of infinitely many triples of primes p1, p2, and ps such that

IA1p1 4 Aapa + A3p3 + 1| < e2, (2)

where g5 = (max{pl,pg,pg})fﬁw and 0 > 0. Weaker results were previously obtained in [9] and [10].
Another interesting question is the study of Diophantine inequalities involving special prime numbers.
Let P is a number with at most | prime factors. Very recently Todorova and Georgieva [11] solved
inequality (2) with prime numbers p;, p2, and ps such that p; +2 = P, ¢ = 1, 2, 3. In 1953, Piatetski-
Shapiro [12] showed that for any fixed 1 < v < 1, there exist infinitely many prime numbers of the form
p=In 1/ 7]. Such primes are called P1atetsk1 Shapiro primes of type 7. Subsequently, the interval for
~ was sharpened many times and the best result to date has been supplied by Rivat and Wu [13] with
ggg < 7 < 1. The primes of the form [n 1/ 7] are very much in focus nowadays and many problems are
solved using them. We mention, for example, the papers [14-16]. In 2022, the author [17] proved that
for any fixed 38 < 7y < 1, inequality (1) is solvable with infinitely many Piatetski-Shapiro prime triples
p1, p2, p3 of type . As a continuation of these studies, we solve (2) with Piatetski-Shapiro primes.

Theorem 1. Suppose that \1, A2, A3 are nonzero real numbers, not all of the same sign, that \1 /A2
is irrational, and that n is real. Let 8 > 0 and v be fixed with 64 < v < 1. Then there exist infinitely
many ordered triples of Piatetski-Shapiro primes p1, p2, and ps of type v such that

63— 64'y +0

IA1p1 + Aapa + Asp2 4+ 1| < (max{pi,p2,p3})
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2. Notations

The letter p will always denote a prime number. By § we denote an arbitrarily small positive number,
not the same in all appearances. As usual, [t] and {t} denote the integer part and the fractional part
of t, respectively. Moreover ¢(t) = {t} — 1. We write e(t) = e*™. Let v, 6, and A be real constants
such that g—i <v<1,0>0,and 0 < \p < 1. Since \1/Ag is irrational, there are infinitely many different

convergents ag/qo to its continued fraction, with \i—; - ‘;—3] < q%, (a0, q0) = 1, ag # 0 and qq is arbitrary
0

large. Denote

13

X =q; (3)
A:X_%logX; (4)
e = X Um0, (5)
2
H = logg X; (6)
Sty = D petpt)logp, k=12 (7)
Ao X<pF<X
p=[n'/7]
S = > e(tp®)logp; (8)
A X <p2<X
Uty= Y e(tn®); (9)
Ao X <n2<X
Q)= > pT@(=(p+1)7) = p(—p"))e(tp*) log p; (10)
A X <p2<X
x*
I(t) = / e(ty®)dy, k=1,2. (11)
(RoX)k

3. Preliminary Lemmas

Lemma 1. Let ¢ > 0 and k € N. There exists a function 6(y) which is k times continuously
differentiable and such that

O(y) =1 for |y| < 3¢/4;
0<6(y)<1 for 3ec/4< |yl <e;
O(y) =0 for |y| > e,

and its Fourier transform

o) = / 6(y)e(—zy)dy

satisfies the inequality

y@(ac)\gmin<E ! 1( i )k)

4 x| w|z| \27|x|e/8

PROOF. See [18]. O
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Lemma 2. For any fixed % <7 <1, we have
X7
Z L~ log X
p<X ©8
p=[n'/7]

PRrOOF. See [19, Theorem 1]. O

Lemma 3. We have
(i) f_AA 1S1(t)|? dt < X log® X and [ |S1(t)|?dt < X*> 7log X,

(i) 2, ()2 dt < X and [2 |L(t)[2 dt < 1.
ProoF. For (i) see [17, Lemma 6]. For (ii) see [11, Lemma 15].

Lemma 4. Let |t| < A. Then the asymptotic formula

X
S1(t) = I (t) + O<W>
holds.
PRrROOF. See [17, Lemma 5]. O

Lemma 5. Let ﬁ <y < 1. Then

Q) < X 3010,

PROOF. See [20, Lemma 6]. O

O

Lemma 6. Let k > 1 and 1/2X <Y < 1/2X176%+5. Then there exists a positive constant c1(d),

which does not depend on k, such that

Y 2
Xi21og? X
/Z(t)—U(t)|2dt <

-Y

PROOF. See [8, Lemmas 1 and 2]. O

Lemma 7. Let %

X1,Xo,--+ — 00 such that

37—-12
min{|S; (A\it)], [S1(Aat)|} < X;?

PRrROOF. See [17, Lemma 7]. O

Lemma 8. We have
1

/ So ()| dt < X*F0,
0

PrOOF. See [21, (12)]. O

+Y2X + Xt exp (—cl(

/
loZi?X ) 1 3)'

< v < 1land A < |t| < H. Then there exists a sequence of real numbers

5 log® X, j=1.2
g j’ ]_ 9y e
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4. Beginning of the Proof

Consider the sum

DX)= > 00upi+dapa+Aspd+m)pr py py " logpi log ps log ps.

Ao X <p1,p2,pi<X
pi=ln;/")i=1,.2,3

Using the inverse Fourier transform for the function 6(x), we obtain

I'X) = > i py "ps "logpilogpalogps

/\0X<p1,p2,p§SX
1 )
pi=ln;/7),i=1,2,3

X / O(t)e((A1p1 + Aap2 + Asp3 + n)t) dt

_ / O(£)S1 (Mt)S1 (Mat)Sa (Ast)e(nt) dt

We decompose I'(X) as follows:
D(X) = T3(X) + Ta(X) + T5(X),
where
L) = [ eWSiAS (et Ssat)elnt)dr
[t|<A
Ty(X) = / O(1)S1 (Mt)St (Aat) Sa(Nst)e(nt) d.
asii<n
Ty(X) = / O(1)S1 (M) S1 (A1) S (st )e(nt) dt.

[t|>H

(12)

(13)

(14)

(15)

(16)

We will estimate I'1 (X)), I'2(X), and I's(X), respectively, in Sections 5-7. In Section 8 we will complete

the proof of Theorem 1.

5. Lower Bound of I'; (X))

Lemma 9. Let % <~ < 1. Then

21-Ty

Sy(t) = yS(t) + O(X ~2 +9),

ProOF. From (7), (8), (10), and the well-known asymptotic formula
(p+1)7 =p ="+ O

we write
Sot)y=" > p([-p"] = [~(p+ 1) )e(tp®) log p
Ao X <p?<X
= Y p e+ 1) = pe(tp®) logp
A X <p?<X
+ Y P T (=(p+ 1)) = (=p"))e(tp?) log p
Ao X <p?<X

= 95(1) + Q1) + O(1).
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Bearing in mind (17) and Lemma 5, we establish the statement in the lemma. O

Put
10 J(X) =73 / O(t)I1(Mt, X)I1 (Mot, X)Ix(Ast, X)e(nt) dt.
[t|<A
Now (4), (7), (8), (9), (11), (14), (18), Cauchy’s inequality, Lemmas 1, 3, 4, and 9 imply
LX) - 00 = 7% [ 8)(SI0) — v BN e at)el) e
[t|l<A
+r [ BOSIDS0at)  7h et ENat)eCrnt) d
[t|<A

+ / O(1)S1 (A1) S1 (Aat)(Sa(Ast) — 7 Lo(Aat) e (it) dit

[t|<A
1 1
X 2 ’ 2 ’
< z’fm ’Il(/\gt)’ dt |IQ()\3t)‘ dt
[t|<A [t|<A
1 1
2 2
+ ( / &(m)ﬁdt) ( [ im0 dt)
[t|<A [t]<A
11 +e / 151 (A8)] 151 ()| [y S (Ast) — vIa(Ast) + O(X 50 +9)| dt
[t|<A
12 X3
LKe——s t¢ ’Sl(/\lt)’ |S1()\2t)‘ ‘Z(Agt) — U()\gt)‘ dt
e(lOgX) /
[t|<A
13 te / 1S1(0)] 11 (ot [T (Ast) — (st d
[t|l<A
X2
= E(:(logX)l/G + Jl + J2)7
say. Using Cauchy’s inequality and Lemmas 2, 3, and 6, we get
2 : X3
14 Ji <<X< / |S1(A\it) |2dt> </|E (Ast) — U(Ast)| dt> < g
By Euler’s summation formula, we have
15 L) —U(t) < 1+t X.

From (21), Cauchy’s inequality, and Lemma 3, we derive

1

A A
Jo < (1+AX)</]S1(>\1t)|2dt> </|Sl()\2t)|2dt> < AX?%log® X.
-A —A

(19)
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On the other hand for the integral defined by (18), we write
J(X) = B(X) + &,

where

BOY) =+ [ O@nM0n (0t aat)e(nt)dt.

and

3 < / O 1L (A\at) Ty (Aot Fa (st .
A

Arguing as in [22, Lemma 4], we deduce that if

A1 Ao 1 )

A i (77777
0 S TR\IDG] | 16

then .
B(X)>eX2.
By (11) and [23, Lemma 4.2], we get
Ii(t) < X+ 'min(X, [t| ).
Using (24), (26), and Lemma 1, we obtain

1

eX?2

) _
<A

Bearing in mind (4), (19), (20), (22), (23), (25), and (27), we establish
T (X) > eX?.

6. Upper Bound of I';(X)

Put
6(t,X) = min{]Sl(/\lt)L ’Sl(/\gt”}

Taking into account (15), (29), Lemma 1, and Lemma 7, we deduce
Dy (X;) < & / S(t, X;)2 |51 (Mt)|7[S1(Aat)| [Sa(Nat)]| dt
A<[tl<H
ve [ (XS )] S100) S0t e
A<|t|<H

37—12~v

<<5Xj 52

+5(\1/1 + ¥s),

where
H

v, = / S0 8) 3151 (hat)] [Sa(Ast)] d,
A

H
Wy — / 151 Ont)] 151 )35 (Mgt d.
A

(24)

(29)

(30)



We estimate only Wy and the estimation of Wy proceeds in the same way. From (31) and Cauchy’s
inequality, we derive

H 1 H 1 H 1
Uy <<< \Sl()\gt)|2dt) < \Sl(/\lt)|2dt) ( Sg()\gt)|4dt> : (33)
/ / /

Using Lemma 3(i), we obtain

H
/ SO dE < HX2 M log Xj, k=1,2. (34)
A
By Lemma 8, we find
H
/ |Sa(Ast) [ dt < HXT 7. (35)
A
Now (33)—(35) yield
Uy < HX; (36)

Combining (5), (6), (30), and (36), we get

14164y | s eX
X2t x e i 37
j j SlogX; (37)

37-12y &
Do(X)) < X, =

7. Upper Bound of I's(X)
By (7), (16), and Lemmas 1 and 2, it follows

(e}

e [ () - ()
H

Choosing k = [log X] from (6) and (38), we deduce

I3(X) <« 1. (39)

8. Proof of the Theorem
Summarizing (5), (13), (28), (37), and (39), we derive
3 14164y ¢
LX) >eX? =X, »
The last estimation implies
I'(X;) 200 as X; — oo. (40)
Bearing in mind (12) and (40) we establish Theorem 1.
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