ON WEIHRAUCH COMPLEXITY FOR ELEMENTARY EMBEDDINGS
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ABSTRACT. For a class of models K, we study the Weihrauch complexity of the following
model-theoretical problem: finding an elementary embedding from an arbitrary model
M € K into a countable saturated model N such that N' € K and N is elementarily
equivalent to M. We prove that for the classes of linear orders, Boolean algebras, and
abelian groups, this problem is strongly Weihrauch equivalent to the problem lim (that is,
the problem of finding limit on Baire space). We isolate some natural classes K containing
equivalence structures such that the corresponding problem for K has Weihrauch degree
that is strictly less than the degree of lim.

1. INTRODUCTION

The paper studies uniform computational content of elementary embeddability prob-
lems. We focus on the Weihrauch complexity of these problems.

Modern mathematical logic provides two well-known approaches to comparing strength
of different mathematical theorems. The first approach aims to calibrate the proof-
theoretic strength via reverse mathematics. In reverse mathematics, statements about
countably presentable structures are formalized in the second-order arithmetic Z5. One
typically chooses RCAg as a base subsystem of Zs. Another familiar subsystem is ACA
that has comprehension scheme for each arithmetic formula. We refer to, e.g., the mono-
graphs [1, 2] for the background on reverse mathematics. We note that there exists a large
body of literature that investigates reverse-mathematical aspects of model theory: see,
e.g., [3-6].

Another approach is based on the notion of Weihrauch reducibility [7,8]. Many familiar
mathematical theorems £ can be written in the following form:

(1) (Vz € X)[p(z) — (3y € Y)(z,y)],

where p and v are arithmetical formulas. Hence, such a theorem £ can be represented as a
(computational) problem F as follows. The problem F is a (partial) multi-valued function
F:CX 3Y. An element p € dom(F) = {x € X : p(x)} is called an instance of F, and
an arbitrary g € Y satisfying ¢ (p, q) is a solution (for the instance p).

Weihrauch reducibility <y and strong Weihrauch reducibility <, allow to compare
the computational strength of problems F' arising from the form . The formal definitions
of <y and <,y are given in Section 2l For the known results on Weihrauch complexity,
we refer to, e.g., the surveys [9, 10].

In this paper, we consider the Weihrauch complexity for model-theoretic problems. We
illustrate our approach via the following example. The system ACAy is often characterized
via the iterations of the familiar problem lim, see Section 3 of [10]. Here lim is the problem
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of finding the limit of a sequence in Baire space (see the formal definition in Section .
In particular, the following model-theoretic facts are known.

(1) Over the system RCAg, ACA) is equivalent to the following classical theorem: every
countable atomic model M is prime (i.e., M is elementarily embeddable into any model
N that is elementarily equivalent to M), see Theorem 2.3 of [3].

(2) This reverse-mathematical result has a natural counterpart in Weihrauch complexity.
The problem of finding an elementary embedding 6 from a given countable atomic model
M into a given countable model N' = M is strongly Weihrauch equivalent to the problem
lim, see [11].

Further known examples of Weihrauch degrees for model-theoretic problems can be
found, e.g., in Section 7.3 of [6].

The current paper continues investigations started in our previous work [11]. For a
given class of structures X, we consider the following problems:

(i) ElIEmy (prime, any):
— Instance: Complete diagrams of countable models M, N € K such that M
and N are elementarily equivalent, and M is an atomic model.
— Solution: An elementary embedding 6: M — N.
(ii) ElEmy(any,sat):
— Instance: Complete diagrams of countable models M, N € K such that M
and N are elementarily equivalent, and N is a countable saturated model.
— Solution: An elementary embedding 6: M — N.

In the previous work we have obtained the following result:

Theorem 1.1 (Theorems 5 and 11 of [11). [ (a) The class of all undirected graphs UG
satisfies EIEmyg (prime, any) =g lim.
(b) The class of all equivalence structures B satisfies ElEmg(any, sat) =g lim.

Here we focus on countable saturated models: we find the Weihrauch complexity of
ElEmg (any, sat) for various natural classes K. The paper is arranged as follows. Section
gives the necessary preliminaries. In Section [3] we isolate some natural subclasses K of
equivalence structures such that the Weihrauch degree dyy x of EIEmy (any, sat) is strictly
less than the degree degy, (lim). Namely, in Theorems and we obtain the
following realizable examples of dyy k:

e limy (the limit problem on natural numbers),
e LPO (limited principle of omniscience),
e LLPO (lesser limited principle of omniscience).

In Section [4| we prove that for the following classes K, the problem ElEmg (any,sat) is
strongly Weihrauch equivalent to lim:

e linear orders,
e Boolean algebras,
e abelian groups.

2. PRELIMINARIES

We consider only computable signatures o. We identify first-order formulas 1(Z) with
their G6del numbers. For the background on model theory, we refer to [12]. For the pre-
liminaries on computable model theory, we refer to the monograph [13] and the survey [14].

Preliminaries on computability theory can be found in [15]. As usual, (@c)ce, denotes
the standard computable numbering of all unary partial computable functions. By (-, ")
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we denote the pairing function:

(2,9) = (w+y)(ﬂ;+y+1)

By (Dg)kew we denote the standard strongly computable numbering of all finite sets:
that is, Do = 0, and if k = 2%0 4 2%1 4 ... 4+ 2¥m where xg < 1 < -+ < Ty, then
Dk = {1‘0,513‘1, ey xm}
As usual, we use the following notations for familiar order types:
e w is the order of natural numbers,
e ( is the order of integers,
e 7 is the order of rationals.

Here we give a definition of Weihrauch reducibility that is not equivalent to the general
definition of Weihrauch reducibility (for problems F' :C X = Y defined on arbitrary
represented spaces X and Y'). Nevertheless, this definition is equivalent to the general
definition in the case when X and Y are subspaces of Baire space w*. We consider only
such spaces (here we note that Cantor space 2 and the countable discrete space w can be
viewed as subspaces of w*). In particular, a given countable model M (having domain w)
is identified with the characteristic function xpp(r) € 2 of its complete diagram.

The definition below follows Definition 1.5 from Appendix A of [16].

Definition 1. Let F,G :C w* = w* be multi-valued functions.
(a) F is Weihrauch reducible to G (denoted by F' <y G) if there exist Turing func-
tionals ®, ¥ :C w* — w* such that:
— ®(p) € dom(G) for any p € dom(F),
— U(p®q) € F(p) for any p € dom(F) and ¢ € G(®(p)).
Informally speaking, the ‘preprocessing’ operator ® transforms a given instance
p of the problem F' into an instance pg of the problem G. Given an arbitrary
solution ¢ of the instance pg, the ‘postprocessing’ operator ¥ produces ¥(p @ q)
that is a solution of the original instance p.
(b) F'is strongly Weihrauch reducible to G (denoted by F' <gy G) if there exist Turing
functionals ®, ¥ :C w* — w* such that:
— ®(p) € dom(G) for any p € dom(F),
— U(q) € F(p) for any p € dom(F') and ¢ € G(®(p)).
Note that here the postprocessing operator ¥ does not use the initial instance p.

We give a list of the benchmark problems that will be used throughout the paper.
(1) For p € w* and i € w, pl! denotes the i-th column of p, that is, plil(z) = p((i,z)).
The limit map (on Baire space) is the partial function lim :Cw® — w* such that:

o lim(p) = lim;_o0 pl7), if there exists lim;_,o0 pl?,
e lim(p) is undefined, otherwise.

(2) The Turing jump is the function J: w* — w* such that

1, if Fe?(0)d,
0, otherwise,

J(p)(@) = {

for all p € w¥ and 7 € w. The following result on the connection between lim and J is
well-known:

Theorem 2.1 (see [9, Theorem 11.6.7]). The problem lim is strongly Weihrauch equivalent
to J.

(3) The problem limy is defined as follows:
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e Instance: a function p € w® such that there exists limg p(s).
e Solution: the number lim, p(s) from w.

(4) The problem LPO (limited principle of omniscience) is defined as follows:
e Instance: a function p € {0,1}“.

e Solution:
1, if 3s(p(s) = 1),
0, otherwise.
(5) By 0 we denote the infinite string 000.... The problem LLPO (lesser limited

principle of omniscience) is defined as follows:

e Instance: functions pg,p; € {0,1}* such that (pyg = 0Vp = 6)
e Solution: an element of {7 € {0,1} : p; = 0}.

The following result about our benchmark problems is known:

Theorem 2.2. We have the following strict inequalities:

(1) LLPO <w LPO (/8/, see also Theorem 7.13 in [17]).
(2) LPO <w limy (/8], see also Proposition 11.7.17 and Theorem 11.7.13 in [9]).
(3) limy <w lim (Corollary 9.9 of [18], see also Example 11.6.19 in [9]).

For a signature o, by K, we denote the class of all o-structures. We recall the following
result from [11].

Proposition 2.3 (Propositions 6 and 12 of [11). /| We have ElEmg, (prime, any) <gw
lim and ElEmy, (any,sat) <gy lim. Consequently, any subclass K C K, also satisfies
ElEmy (prime, any) < w lim and ElEmy (any, sat) <gw lim.

3. FURTHER EXAMPLES FOR EQUIVALENCE STRUCTURES

An equivalence structure A = (|.A|, E4) consists of a set with an equivalence relation on
this set. If | A| is countable, then without loss of generality, we may assume that |A| = w.
For an element a € |A|, [a]4 denotes the E“-equivalence class of a. The character of an
equivalence structure A is the set

X(A) ={(n,k): n,k >0, and A has at least k equivalence classes of size n}.

We say that the character x(A) is bounded if there exists a natural number mg such that
the structure A does not have finite equivalence classes of size greater than my.
We recall the following known result:

Proposition 3.1 (folklore). Let A be a countable equivalence structure that has bounded
character. Then the theory Th(A) is countably categorical.

Proof. First, we introduce some ancillary formulas. For n > 1, we define:

o >,(x) = Jyi13y2 ... Jyn[y: are pairwise different and (y; F )],

e the formula ¢—p,(z) = ¥>p(z) & “9>n41(x) says that the class [z]g has size n.
Then the condition (n, k) € x(A) holds if and only if A contains pairwise non-equivalent
elements x1, ...,z satisfying ¢—,(z;), i < k.

Fix a number mg € w such that for any finite n > mg the structure A does not have
classes of size n. We construct a set of axioms I'. Consider each non-zero n < my.

(a) If A has infinitely many equivalence classes of size n, then for each k > 1 we add
to I an axiom saying that (n,k) € x(A).
(b) If A does not have classes of size n, then we add an axiom saying that (n,1) ¢ x(A).
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(c) Suppose that A has precisely k’-many classes of size n, where 1 < k¥’ < w. Then
we add an axiom saying that (n,k’) € x(A) and (n, k¥ + 1) € x(A).

(d) For every m > mg + 1, we add the axiom Vx[t)>my+1(z) — ¥>m(z)]. This series
of axioms implies that every equivalence class that has size at least mg + 1 must
be infinite.

(e) Similarly to Items (a)—(c), we also specify the number of infinite equivalence classes
in the structure. For example, if A contains precisely k’-many infinite classes, where
1 < k' < w, then we should say that there exist k’-many pairwise non-equivalent
x; satisfying ¢>my+1(2;), and one cannot find (k' + 1)-many elements with this
property.

Notice that I C Th(A).
We show that Th(A) is countably categorical. Suppose that B is a countable model of
Th(A). Since B =T, we deduce the following:

e For each n < my, the structures B and A have the same number of classes of size n.
e For every finite n > my, the structure B does not have classes of size n.
e The structures B and A have the same number of countably infinite classes.

These facts imply that B is isomorphic to A. We conclude that Th(A) is a countably
categorical theory. O

Our proofs will also use the following fact:

Theorem 3.2 (follows from §5 of [19]). A computable equivalence structure A is decidable
if and only if the character x(A) is computable and the set

2) K(A) = {(a,k) € o? : card([ala) > k}
is computable.
We use the following ancillary problem:
Definition 2. Given a class of equivalence structures K, we define the problem SizePrEmby

(the problem of ‘size preserving’ embeddings) as follows:

e Instance: Complete diagrams of countable models A, B € K such that A is isomor-
phic to B.

e Solution: An isomorphic embedding #: A — B such that all z € A satisfy
card([0(z)]s) = card([z]4).

We note that Proposition 4 of [11] implies that for .4 = B, any such embedding 6 is an
elementary embedding.

Our first result of this section isolates a class of equivalence structures Ky;, such that
ElEmy,, (any, sat) is Weihrauch equivalent to limy.

Theorem 3.3. Let Ky;, be the class of all countable equivalence structures & such that £
has only finitely many finite equivalence classes. Then we have

ElEmy,,, (prime, any) = ElEmg,, (any,sat) =p limy.
Proof. By Proposition every structure £ from Ky;, has countably categorical the-

ory. Hence, £ is both a prime model and a countable saturated model of Th(£), and
furthermore,

ElEmy,,, (prime, any) = ElEmg,, (any, sat).

Our further proof uses the following result:

Lemma 3.4. ElEmg,,, (any,sat) = SizePrEmbyg,,, .
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Proof. Proposition implies that for any structures A, B € Ky;y, the structures A and
B are elementarily equivalent if and only if A and B are isomorphic.

Suppose that A and B are isomorphic structures belonging to Ky;,. Every size pre-
serving isomorphic embedding (in the sense of Definition [2)) §: A — B is an elementary
embedding. On the other hand, it is clear that every elementary embedding 6 must be
size preserving. O

Now we construct two Weihrauch reductions (in Propositions and below).
Proposition 3.5. limy <y SizePrEmby,, .

Proof. Fix a function p € w® such that limsp(s) exists. For this p, we construct two
equivalence structures A and B.

The domain of the structure A will be equal to {w} U {a; : i € w}U{¢; : j € w}. The
domain of B will be equal to {b; : i € w}U{d; : j € w}. We always assume that w & [a;] 4,
la;) A # [aj]a, and [b;]g # [bj] for i # j. The equivalence class [w] 4 will be infinite.

At a stage s of the construction we build finite equivalence structures A5 and Bs. We
also define an ancillary parameter r(s) € w.

At stage 0 we put Ay = {w}, Bo =0, and r(0) = 0.

Stage s 4+ 1. First, we add to the class [w]4,, , the least unused element ¢; (that is, ¢
having the least index ¢ such that ¢; has not been added to A before). We also add the
elements as and bs to As11 and Bsy 1, respectively. We use the least unused elements ¢; and
ds, respectively, to make each of the current classes [as]4,,, and [bs]p,,, have cardinality
card(Ag) + 1.

If p(s) = p(s + 1), then we set (s + 1) = r(s). For each ¢ such that r(s) < i <'s, we
proceed as follows:

s+1

e we add to the class [a;] 4, , the least unused element c;,,
e we add to [b;]s, , the least unused element d,,.

If p(s) # p(s + 1), then we put r(s + 1) = s. We declare that for every ¢ < r(s+ 1), the
classes [a;] 4 and [b;] 4 are finished: these classes will not grow at further stages.

Note that by the end of the stage s + 1 we have card([b]s,,,) = card([a;]4,,,) <
card([a;]4,,,) for all i < j < 's. We also notice the following feature of the construction:
if some d; is added into [bs]5, then we have ¢t > s.

This concludes the description of the construction. We put A = J ., As and B =
Uscw Bs- It is clear that the constructed structures are p-computable (uniformly in p).
We define the number

. Jmax{scw:p(s) #p(s+1)}, if Is(p(s) # p(s+1)),
(3) 5T 0 otherwise.

The construction ensures that for all s > s* + 1 we have r(s) = s*. Therefore, for every
j > s* +1, the classes [aj]4 and [b;|p are infinite. Hence, both A and B have infinitely
many infinite classes, and for i < s* we have

card([a;]4) = card([b;]B) < w.

We deduce that the structures A and B are isomorphic, and A, B € K.

Now we show that both A and B are p-decidable, uniformly in p.

(1) Firstly, we notice that for each finite n > 1, the structure A has at most one
equivalence class of size n. Indeed, if s > n, then card([as|4) > n + 1. In addition, if
card([a;) 4) = n, then for all j < n such that j # ¢, we have card([a;]4) # n. Therefore,
(n,k) & x(A) for all k> 2.

We describe a procedure that determines whether (n,1) belongs to x(A). We find the
least stage s’ such that by the end of the stage s, for each i < n either the class [a;] 4 is
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already finished, or card([a;]4,) > n+ 1. Then we have (n,1) € x(A) if and only if inside
the structure Ay some finished class [a;] 4, has cardinality n.

We conclude that the character x(A) = x(B) is p-computable, uniformly in p.

(2) Now given x € A and k > 1, we want to check whether card([z]4) > k is true. If
x € {c¢j : j € w}, then we can p-computably find an element v € {w} U {a; : i € w} such
that = € [u] 4. Since the class [w] 4 is infinite, in what follows we may assume that z = q;
for some i € w.

We find the least stage s’ such that by the end of the stage s’ either [a;] 4 is finished, or
card([a;]a,) > k. If [a;] 4 is already finished, then clearly, card([a;] 4) is already ‘finalized’
and is equal to card([a;],)-

We deduce that the set K(A) from Eq. is p-computable, uniformly in p. A similar
argument establishes the p-computability of K (B).

By a relativized version of Theorem we conclude that the structures A and B are
p-decidable, uniformly in p.

Finally, let 6 be an arbitrary size preserving embedding from 4 into B. Suppose that
f(w) € [bj]p for some j € w. Then the class [b;]z is infinite, and hence, [b;|g is never
declared finished. Therefore, we have j > s* + 1, where the parameter s* is taken from
Eq. (3). Hence, we have either §(w) = b; or §(w) = dy, where ¢t > j (recall that every
d; € [bj|p must satisfy t > j). We put

oo L3 iE0(w) =1b;,
O\t if B(w) = dy.

It is clear that t* > s* + 1, and hence p(t*) = limg p(s). Therefore, using p and 6, we can
uniformly compute the limit lims p(s). We deduce that limy <y SizePrEmby,, . O

Proposition 3.6. SizePrEmby,, <w limy.

Proof. Let A and B be isomorphic structures from Ky;,. We construct an element p =
p(A,B) € w” such that by using lim, p(s) and the complete diagrams of A, B, we can build
(in a uniformly computable way) a size preserving embedding € from A into B.

Note that for making a uniform construction of an embedding 6 from A to B, it is
sufficient to know how many finite classes are contained in A and what their sizes are. We
illustrate this via an example. Suppose that we know that A contains one class of size 3
and one class of size 5, and all the other classes of A are infinite. Then our construction
of 0 proceeds as follows:

e By searching through the complete diagrams of A and B, we find elements a,c € A
and b, d € B such that card([a] 4) = card([b]z) = 3 and card([c]4) = card([d]g) = 5.
The function 6y maps [a] 4 onto [b]g, and [c] 4 onto [d]g.

e At a stage s + 1, the finite map 0,41 D 0, is defined as follows. Suppose that
s & [a]4U[c]a. Then we have to define the value 6,11(s). We first check whether
there exists © < s such that s € [z] 4.

— If there exists such z, then we find a fresh element y € [6(z)]g \ range(6s), and
we put 0511(s) = y. Such element y exists, since z ¢ [a] 4 U [c] 4 and thus, the
classes [z] 4 and [#(z)]p are infinite.

— Otherwise, we find a fresh element z such that [z]p Nrange(fs) = 0. Such z
exists, since A and B contain the same number of infinite equivalence classes.
We put 0s41(z) = 2.

It is clear that the constructed isomorphic embedding 6 is size preserving.

Recall that (Dy)gew is the standard effective numbering of all finite subsets of w. We
define the function p = p(45) € w* as follows.
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At a stage s € w, using the complete diagram of A, we compute the finite set
F°={a<s:card([a]4) <s+1, and (Vb < a)(b ¢ [a]a)}

We put p(s) = k, where the set Dy, is equal to {(a,card([a]4)) : a € F*}.

Since A contains only finitely many finite classes, there exists sg € w such that p(s) =
p(so) for all s > sg. Thus, using the limit lim, p(s), we can recover how many finite classes
are contained in A and what their sizes are. Using this information and the complete
diagrams of the structures A and B, we construct a size preserving embedding 6 from A

into B. Therefore, we have SizePrEmby,,, <y limy. O
By Propositions and we conclude that SizePrEmby,, =w limy. Theorem
is proved. U

Our second result of this section considers a subclass K<1 C K.

Theorem 3.7. Let K< be the class of all countable equivalence structures £ such that €
has at most one finite equivalence class. Then we have

ElEmy_, (prime, any) = ElEmg_, (any, sat) = LPO.
Proof. The same argument as in the proof of Theorem implies that
SizePrEmby_, = ElIEmx_, (prime, any) = ElEmj_, (any, sat).
We show that SizePrEmi);c o =W LP70 in Propositions aI;d
Proposition 3.8. LPO <y SizePrEmbg_, .

Proof. Fix a function p € {0,1}*. For this p we construct equivalence structures A and B.

The domain of the structure A will be equal to {w} U {a;; : i,j € w} U{c : k € w}.
The domain of B will be equal to {b; ; : i,j € w}. Beforehand, we declare the following:

o [aiola={ai;:j€w},
o if il 75 iz, then bil,jl ¢ [bi27j2]3.

At a stage s of the construction we build equivalence structures As and B;. Along the
construction, we could declare that the class [w] 4 becomes finished.

At stage 0 we put dom(Ag) = {w}U{a;; : 4,7 € w} and By = 0.

Stage s + 1. If the class [w]4 is already finished, then we do nothing: i.e., we put
A5+1 = AS and Bs+1 = Bs.

Suppose that [w]4 is not finished yet. Firstly, we add the least unused element c¢,, into
the class [w] 4.

If p(t) = 0 for all t < s, then we declare that [bso]p = {bs; : j € w}, and we add [bs |5
into Bs1.

If s is the least number such that p(s) = 1, then we declare that the class [w] 4 is finished.
Notice that in this case we have card([w]4) = s + 2. Here we finalize the construction of
Asy1 and Bgyg as follows. We find the least unused ¢, and set [¢,]4 = {¢;: £ > n}. We
put:

o [bsols = {bs;:j <s+1},
o [bsst2ls = {bs;:j > s+ 2},
o biolg={bij:jew}fori>s+1.

This concludes the description of the construction. We define A = J,c,, As and B =
Usew Bs- Note that the constructed structures A and B are p-computable.

Notice that each of the structures A and B has infinitely many infinite classes. If
p(s) = 0 for all s, then all the classes of A and B are infinite. If s* is the least number

such that p(s*) = 1, then we have
card([w] 4) = card([bs o]B) = s* + 2,
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and all the other equivalence classes are infinite. Therefore, A= B € K<;.

We show that the structures A and B are p-decidable, uniformly in p. For all n > 1
and k > 2, we have (n,k) & x(A). A pair (n, 1), where n > 1, belongs to x(.A) if and only
if the class [w]4 becomes finished by the end of stage n and we have card([w]4,) = n.
Therefore, the character x(.A) = x(B) is p-computable, uniformly in p.

Every class [a;;].4 is infinite. We have card([w]4) > k if and only if card([w]4,) > k.
Every element c; satisfies the following: either ¢; € [w]4,,,, or at the stage ¢ + 1 we have
already declared that the class [¢;] 4 is infinite. Therefore, the set K(A) from Eq. is
p-computable, uniformly in p. A similar argument shows that K (B) is also (uniformly)
p-computable. By a relativized version of Theorem we deduce that A and B are
p-decidable, uniformly in p.

Finally, let 6 be an arbitrary size preserving embedding from A into B. We find the
index ig such §(w) = b, ;.

e If LPO(p) = 0, then p(s) =0 for all s € w. In particular, we have (Vs < ip)(p(s) =
0).
e If LPO(p) = 1, then choose the least s* such that p(s*) = 1. Then we have
card([w]4) = s* +2 and by,; € [bs<o]g. Consequently, we have i = s* and
(3s < io)(p(s) = 1).
We obtain that
LPO(p) =1 <= (3s <ip)(p(s) =1).
Therefore, by using 6 and p, we can uniformly compute LPO(p). This shows that LPO <y
SizePrEmby_, .
- ]

Proposition 3.9. SizePrEmb;CSl <w LPO.

Proof. Let A and B be isomorphic structures from K<;. We construct a function p(4 5) €
{0, 1} such that by using LPO(p(4 5)) and complete diagrams of A, B, we can build (in
a uniformly computable way) a size preserving embedding € from A into B. We describe
the construction of p = p(4 5)-

At a stage s, by using the complete diagram of A, we find the finite set

F® ={a<s:card(a]a) < s+ 1}.

If F® is empty, then put p(s) = 0. Otherwise, set p(s) = 1.

If p(s) = 0 for all s, then A and B contain only infinite equivalence classes. In this case,
similarly to Proposition we can map the equivalence classes of A to the equivalence
classes of B in a uniform way. If 3s(p(s) = 1), then A contains only one finite class. In this
case we can find the size of this finite class (by searching through the complete diagram
of A). Similarly to Proposition we recover a size preserving embedding 6: A — B.

Hence, using LPO(p( A,B)) and the compete diagrams of A, B, we can uniformly construct
an elementary embedding from A into B. Therefore, SizePrEmby_, <y LPO. O

By Propositions [3.8) and we have the following:
SizePrEmbg_, = ElEmy_, (prime, any) = ElEmg_, (any, sat) = LPO.
This concludes the proof of Theorem O

The third result of this section considers another subclass K—o C K ¢;p,.

Theorem 3.10. Let K_o be the class of all countable equivalence structures € such that
E has exactly two equivalence classes and at most one finite class. Then we have

ElEmy_, (prime, any) = ElEmx_, (any, sat) = LLPO.
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Proof. The same argument as in the proof of Theorem implies that
SizePrEmby_, = ElEmy_, (prime, any) = ElEmy_, (any, sat).
We show that SizePrEmby._, = LLPO in Propositions and
Proposition 3.11. LLPO <y SizePrEmby_, .

Proof. Fix functions pg,p; € {0,1}* such that (py = ov p1 = 6) For these pg,p1 we
construct equivalence structures A and B.

The domain of the structure A will be equal to {a; : i € w} U {¢; : j € w}. The domain
of B will be equal to {b; : i € w}U{d; : j € w}. Beforehand, we declare that ag ¢ [co]a
and b() ¢ [dO]B-

At a stage s of the construction we build equivalence structures A; and Bs. Along the
construction, we could declare that the classes [ag] .4, [co]4, [bo]B, [do]g become finished.

At stage 0 we put Ay = {ag, co} and By = {bo,dp}.

Stage s+ 1. If one of the classes [ag], [co]a, [bo]s, [do]s is already finished, then we do
nothing: i.e., we put As11 = As and By = Bs.

Suppose that none of the classes is finished. Firstly, we add as+1, ¢s+1, bs+1, and dsy1
to the classes [ag]a, [co].a, [bo]B, and [do]s respectively.

If po(t) = p1(t) = 0 for all ¢ < s, then we do nothing: ie., we put As41 = As U
{asi1,cs01}) and Bsyr = Bs U {bsy1,ds41}

If s is the least number such that p;i(s) = 1, then we declare that the classes [co] 4 and
[do]p are finished. In this case we have card([co]4) = card([do]s) = s + 2. Then we put:

° [ag]A:{ai:iEw}U{cj Zj>5+1},
° [bo][g:{bi:’iEw}U{dj:j>S+1}.

If s is the least number such that po(s) = 1, then we declare that classes [ag] 4 and [dy]s

are finished. In this case we have card([ap]4) = card([do]s) = s + 2. Then we put:
° [Co]A:{Ci:iew}U{aj :j>$+1},
° [bo]gz{biiiew}U{dj 2j>$+1}.

This concludes the description of the construction. We define A = J,,,
Uscw Bs- Note that the constructed structures A and B are p-computable.

Notice that each of the structures A and B has exactly two equivalence classes. Fur-
thermore, A = B € K_,.

We show that A and B are p-decidable, uniformly in p. For allm > 1 and k > 2 we
have (n,k) € x(A). A pair (n,1), where n > 1, belongs to x(A) if and only if one of the
classes [ag] 4 or [cp] 4 becomes finished by the end of stage n, and we have card([ap]4,) = n
or card([co]4,,) = n respectively. Therefore, the character x(.A) = x(B) is p-computable,
uniformly in p.

We have card([ap]4) > k if and only if card([ap]4,) > k. Every element a; satisfies
the following: either a; € [ag]4,,,, or at the stage ¢ + 1 we have already declared that
the class [a¢] 4 is infinite. The same argument is true for card([cp]4) and the elements
from {c; : j € w}. Therefore, the set K(A) from Eq. is p-computable, uniformly in p.
A similar argument shows that K (B) is also (uniformly) p-computable. By a relativized
version of Theorem we deduce that A and B are p-decidable, uniformly in p.

Finally, let # be an arbitrary size preserving embedding from A into B.

Notice that the class [by]s is always infinite. The value 6(ag) satisfies one of the following
two cases:

Case 1. Suppose that §(ag) = b; for some j € w. Then 6(ag) € [bo|g, and this implies
that the class [ag] 4 is infinite. Hence, [ap]4 is never declared finished, and py = 0. Thus,
0 is a solution of LLPO(pg, p1).

Case 2. Otherwise, 0(ag) = d; for some j € w. Then we check whether there exists
t < j such that 1 € {po(¢t),p1(t)}.

A, and B =
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Assume that such ¢ exists. If po(t) = 1, then p; = 0and 1is a unique solution of
LLPO(po, p1)- If p1(¢t) = 1, then 0 is a unique solution of LLPO(py, p1).

If there is no such ¢ < j, then the element 6(ag) = d; belongs to [do]z. Then we have
O(co) € [bo]B, and thus, the class [¢g] 4 is infinite. Hence, [c]4 is never declared finished,
and p; = 0. Therefore, 1 is a solution of LLPO(pg, p1).

We conclude that by using 6, pg, and p;, we can uniformly compute a solution of

LLPO(pg, p1). This shows that LLPO <y SizePrEmby_,. O

Proposition 3.12. SizePrEmbyx_, <y LLPO.

Proof. Let A and B be isomorphic structures from K—p. We construct functions pg 4 5) €
{0, 1} and py (4,5) € {0, 1}* such that by using LLPO(pg,(4,5), P1,(4,8)) and complete dia-
grams of A, B, we can build (in a uniformly computable way) a size preserving embedding
¢ from A into B. We describe the construction of py = pg (4,5 and p1 = p1 (4, 5)-

First, by searching through the atomic diagrams of A and B, we find elements ag, ¢y € A
and by, dy € B such that [ag]4 # [co]4 and [by]s # [do]B-

By using the complete diagrams of A and B, we define the functions pg and p; as follows:

1, if card([ao]a) = s+ 1 and card([bo]g) > s+ 1,
po(s) = ¢ 1, if card([ap]a) > s+ 1 and card([bo|g) =s+1,

0, otherwise.
1, if card([ap]a) = card([bo]) = s + 1,
1, if card([co)a) = card([do|g) = s+ 1,
0, otherwise.

pi(s) =

Notice the following: if pi(s) = 1 for some s € w, then card([ag]4) = card([bo]p) €
{s + 1,w}. Therefore, if p; # 0, then pp = 0. We deduce that the pair (po, p1) belongs to
dom(LLPO).

If 0 is a solution of LLPO(pg, p1), then the following two cases are possible. In the first
case, the classes [ag]4 and [by]p are both infinite. In the second case, [ap] 4 and [bg|g are
both finite and have the same size. So, in any of these two cases, one can build a size
preserving embedding 6: A — B by mapping [ap]4 to [bo]s and [co] 4 to [do]s.

If 1 is a solution of LLPO(pg, p1), then the cardinalities of the classes [ag]4 and [do]s
are the same. We build a size preserving embedding 6: A — B by mapping [ag] 4 to [do]s
and [C()]_A to [bo]B.

Hence, using LLPO(po, p1) and the complete diagrams of A, B, we can uniformly con-
struct an elementary embedding from A into B. Therefore, SizePrEmbx_, <y LLPO. O

By Propositions and we have SizePrEmbx_, =w LLPO. Theorem is
proved. O

4. THE PROBLEM lim AND FAMILIAR CLASSES

4.1. Linear orders. We refer to the monograph [20] and to the survey [21] for the back-
ground on countable linear orders.

For a linear order £ = (L, <), the adjacency relation Adj is defined as follows: Adj(z,y)
holds if and only if

r<y & Iz(x<z<y).

The block relation B is defined as follows: B{(z,y) holds if and only if there are only
finitely many z € £ satisfying ming(z,y) < z < maxg(z,y). If Bl(z,y) is true, then we
say that z and y belong to the same block (inside £).
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A linear order L is discrete if every a € L satisfies the following properties:

e If a is not a greatest element of £, then a has an immediate successor b (that is, b
satisfying Adj(a,d)).

e If a is not a least element, then a has an immediate predecessor ¢ (i.e., ¢ satisfying
Adj(c, a)).

Proposition 4.1 (Langford [22). , see also Theorem 2.12 of [21]] A discrete linear order
L is decidable if and only if L is computable and its adjacency relation Adj* is also
computable.

We obtain the following result:

Theorem 4.2. For the class DL of all discrete linear orders, we have EIEmpy (any, sat) =g
lim.

Proof. By Proposition and Theorem [2.1] it is sufficient to prove that the problem J is
strongly Weihrauch reducible to EIEmpy (any, sat).

Note that it is known that for an arbitrary linear order 7, the discrete order w + ¢ - 7 is
elementarily equivalent to w (Corollary 6.12 of [20]). In addition, the order w + ¢ -7 is a
countable saturated model of the theory Th(w) (see, e.g., Exercise 13.84 in [20]).

We choose a linear order B as a decidable copy of the order w + ¢ -7 such that the block
relation B¢? is computable.

Given an instance p € w* of the jump J, we build a p-decidable linear order A, = w+L,
(where w is chosen as a decidable linear order). The order £, will have order type ( - w.

Stage 0. For each 7 € w, add the following points into Lp:
<Ly Wi—2 <L, Wi—1 <g, G <L, d; <L, Vi1 <L, Vi2 <g, .-

Our adjacency relation Adj inside £, will satisfy the following: for a non-zero k € w,
we have Adj(u; —k—1,ui—%) and Adj(v;k,vik+1). In addition, we have Adj(u;—1,¢;) and
Adj(d;, v1).

We declare that (at the current stage) the set {¢;} U{u; _ : k > 1} is the intended block
of ¢i, and {d;} U {v; : kK > 1} is the intended block of d;. Along the construction, we
could declare that the blocks of ¢; and d; are finished.

Here we always assume that every element from the intended block of d; is strictly less
than any element from the intended block of ¢; for i’ > 1.

Stage s + 1. If the blocks of ¢; and d; are not finished yet, we add a fresh element w as
a new greatest element inside the intended block of ¢;. We also add a fresh w’ as a new
least element inside the intended block of d;.

If 7 (0) 1, then we (explicitly) declare that w and w’ are not adjacent inside L.

If s is the least stage such that goﬁ 5(0) ], then we declare that w and w’ are adjacent.
We also declare that the intended blocks of ¢; and d; are finished.

This concludes the description of the construction. It is clear that the constructed order
L, is computable in p. In addition, we have Adjcr (z,y) if and only if some stage s € w
satisfies Adj“»=(z,y), and the elements z and y have not been explicitly declared non-
adjacent at this stage. This implies that the set Adj“? is p-computable, uniformly in p.
By applying a relativized version of Proposition 4.1, we deduce that the order A, = w+L,
is p-decidable, uniformly in p.

Note the following key property of the construction: for i € w, ¢¥(0){ if and only if the
elements ¢; and d; belong to the same block inside A,,.

Let 0 be an arbitrary elementary embedding from A, into B.

o If ©7(0) ], then we have BEAP(CZ', d;) and BEB(H(CZ'), 0(d;)).
o Tf GF(0)1, then ~BE (ci,ds) and ~BEE(0(c:), 6(dy)).
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Hence, information about the embedding 6 allows us to compute J(p). We deduce that
J <sw ElEmpy (any, sat). Theorem is proved. O

Corollary 4.3. The class of all linear orders LO satisfies EIEmp g (any, sat) =g lim.

4.2. Boolean algebras. For the background on countable Boolean algebras, we refer to
the monograph [23]. Boolean algebras are viewed as structures in the signature ops =
{V,A,C,0,1}. For a Boolean algebra B, its ordering <p is defined in a standard way:
a <pbifand only if a\VVb =b. If L is a linear order with a least element, then by Intalg(L)
we denote the induced interval Boolean algebra. This algebra contains all finite unions of
intervals of the form

(4) [a,b) ={z:a <z < b} or [a,00)={z:a <, x},

where a <, b (see Section 1.6 of [23] for further formal details).

Let B be a Boolean algebra. An element a € B is an atom if a is a minimal non-zero
element (i.e., a # Og and there are no b satisfying 0 # b <p a). By Atom(B) we denote
the set of atoms of B. The Fréchet ideal F(B) of the algebra B contains all finite sums of
atoms of B.

A Boolean algebra B is atomic if for any b # 0, there exists an atom a <g b.

We will use the following known fact concerning Boolean algebras:

Proposition 4.4 (Corollary 3.5.2 in [23). | An atomic Boolean algebra B is decidable if
and only if the algebra B is computable and its set of atoms Atom(B) is also computable.

We obtain the following result:

Theorem 4.5. The class AB of all atomic Boolean algebras satisfies EIEm g (any, sat) =g
lim.

Proof. 1t is known that all infinite atomic Boolean algebras are elementarily equivalent
(see, e.g., Theorem 2.3.3 in [23]). In addition, the atomic algebra Intalg(l + w - n) is a
countable saturated model (Proposition 2.3.3 of [23]).

Beforehand, we choose a Boolean algebra C as a decidable copy of the algebra Intalg(1+
w - n) such that its Fréchet ideal F(C) is a computable set.

It is sufficient to prove that J <,y ElEm,g(any,sat). Given an instance p € w* of the
problem J, we build a p-decidable atomic Boolean algebra B,. The algebra B), is defined
as the interval algebra Intalg(L,), where £, is a p-computable linear order. We describe
the construction of L.

Firstly, we define an ancillary computable linear order M. The domain of M equals
{ai; : 1,7 € w}, and we have a; ; <aq agy if and only if either ¢ <y k or (i = k and j <y ).
Note that the order M is isomorphic to the ordinal w?.

The desired order £, will be built as a suborder of M. Along the construction, we also
define an ancillary p-c.e. set V C w X w.

Stage 0. We add the elements a;, i € w, into dom(L)).

Stage s+ 1. For each ¢ € w we proceed as follows.

If goﬁS(O)T, then add the element a; 41 into dom(Lp).

If s is the least stage such that gpﬁs(O) 1, then we add the pair (a;s,ai+1,0) into the
set V.

This concludes the description of the construction. As usual, by using a p-computable
bijection acting from w onto dom(L,), without loss of generality we may assume that
dom(L,) = w and that the order £, is p-computable.
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By applying the standard effective construction of an interval Boolean algebra (see
Proposition 3.2.1 of [23]), we obtain that the algebra B, = Intalg(L,) is p-computable,
uniformly in p.

An interval [a;,a;;) (recall Eq. (4))) is an atom of the algebra B, if and only if one of
the following conditions is satisfied:

e j=1i,t=s+1, and the element a; ;1 has been added to £, at the stage s + 1,
e j=1i+1,¢t=0, and the pair (a;s, ai+1,0) has been enumerated into V' as the stage
s+ 1.

This observation implies that the set Atom(B,) is p-computable, uniformly in p. In ad-
dition, every non-zero element x from the algebra B), has an atom y such that y <p, =.
Hence, the algebra B, is atomic. By a relativized version of Proposition we deduce
that the structure B, is p-decidable, uniformly in p.

Let 6 be an arbitrary elementary embedding from B, into C. Since the set of atoms is
first-order definable, we have the following: for an arbitrary = € B,

card({y € Atom(B,) : y <p, z}) = card({z € Atom(C) : z <¢ 0(x)}).

Therefore, z belongs to the Fréchet ideal F(B),) if and only if 6(z) € F(C). We obtain the
following:

o If ©P(0)1, then the element ; := [a; 0, ai11,0) does not belong to F(5,), and hence
0(zi) & F(C).

o If ¢7(0) ], then choose the least stage s* such that ¢y .(0)]. The element x; =
[ai,0,ai+1,0) is @ sum of (s* 4+ 1)-many atoms, and hence 0(x;) € F(C).

Recall that the set F(C) is computable. Therefore, information about the embedding 6
allows us to compute J(p). We conclude that J < ElEm,g(any,sat). Theorem is
proved. O

Corollary 4.6. The class of all Boolean algebras BA satisfies EIEmp, (any, sat) =g lim.

4.3. Abelian groups. For the background on computable abelian groups, we refer to the
surveys [24] and [25]. Abelian groups are viewed as structures in the signature o4 =
{+,0}. By P we denote the set of all prime numbers. Here Q denotes the abelian group
of rationals.

Let A be an abelian group. For a non-zero N € w and z € A, we write (N | z) iff

A= Jy(Ny = z).

An abelian group A is divisible if (N | z) for all z € A and all N > 1. For example, the
group of rationals Q is divisible.

Let z be a non-zero element of A. The order of z, denoted by ord(x), is defined as
follows. If there exists n € w\ {0} such that nz = 0, then ord(x) is equal to the least such
n. Otherwise, ord(z) = oco.

An abelian group A is torsion-free if every non-zero element xz € A has infinite order.

We will use the following known result (see, e.g., Proposition 1.1 in [24] and Theorem 3.3
in [25]).

Proposition 4.7 ([26). | Let A be a computable abelian group. The group A is decidable
if and only if its theory Th(A) is decidable and the unary predicates (¢ | ), where ¢ € P
and k > 1, are uniformly computable.

We also need the following folklore fact:
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Lemma 4.8 (folklore). (a) The theory Th(Q) is decidable (see, e.g., Corollary 1.2 of [24]).
(b) For each non-zero § < w, the direct sum @KBQ is elementarily equivalent to the

group Q. (This fact follows, e.g., from a direct analysis of the Szmielew invariants [27],
see Section 7.1 of [24] or Theorem 2.9 of [28]).

We obtain the following theorem:

Theorem 4.9. The class TF of all torsion-free abelian groups satisfies ElIEmrr(any, sat) =sw
lim.

Proof. Consider the countable direct sum U := @, _,, Q. It is known that I is a countable
saturated model of the theory Th(Q) (see, e.g., Section 3 of [28]).

Suppose that gg,91,--.,9n are elements from . As usual, we say that the elements
9o, g1, - - -  gn are linearly independent if for arbitrary cg, c1,...,c, € Z, the equality cogo +
c191 + - + ¢cpgn = 0 implies that co =c¢; =--- =¢, = 0.

We say that a computable group A = U has an algorithm for linear independence if
given an arbitrary tuple § = go,91,-..,9n from A one can computably check (uniformly
in g) whether g is linearly independent in A.

Beforehand, we fix a decidable copy C of U that has an algorithm for linear independence.

We prove that J <, ElEm7yp(any,sat). We fix an instance p € w* of the problem J.

Since Th(Q) is decidable and the group U is divisible, a relativized version of Proposi-
tion implies that every p-computable copy of U is also p-decidable. Thus, we describe
a uniform construction of a p-computable group A, that is isomorphic to U.

We fix two ancillary computable groups: G! that is isomorphic to Q, and G? that is
isomorphic to Q @ Q. We assume that dom(G!) = dom(G?) = w.

For i € {1,2}, we also fix a computable sequence of finite partial groups (G%)se, such
that gg C g};H for all s, and Usz g;' = G'. Here the term “partial group” means the
following: the operation +g; is defined only on some subset of dom(G?) x dom(G?).

We choose two elements ¢ and d from G? such that c,d are linearly independent. We
may assume that ¢, d € G3.

The desired group A, is built as a countable direct sum
domain of B; will be equal to {i} x w = {(i,2) : z € w}.

i<w Bi- For each i € w, the

Stage 0. For each ¢ € w, we define the finite partial group B; o as an isomorphic copy of
G2: that is, the map = > (i,z) induces an isomorphism from G2 onto Bio-

Stage s + 1. For each i € w we proceed as follows.

If Lpis(O) T, then we extend B; s = G? to a finite structure B; s+1 that is isomorphic to
931

Suppose that s is the least stage such that wzs(()) 1. Since the groups G2 =2 Q& Q
and G! = Q are elementarily equivalent (by Lemma (b)), there exists a finite partial
subgroup D C G! such that D is isomorphic to B;s = gf. Therefore, one can find
(effectively in p) an isomorphic embedding v : B; s — G'. We declare that the group B; is
finished and that B; is isomorphic to G'. More formally, we extend the finite map v to a

bijection 121\ D % that maps {i} X w onto w, and for z,y € B;, we put

z 45,y =10 (¥(@) +g1 P(y)).

This concludes the description of the construction. Observe that the group A, =
P, .., Bi is isomorphic to C = ), _,, Q. In addition, the construction of A, is p-computable,
uniformly in p.

Let 6 be an arbitrary elementary embedding from A, into the decidable group C.

<w

e If ©¥(0) 1, then the group B; is isomorphic to G2, and the elements (i, ¢), (i, d) from
B; are linearly independent. Since the embedding 6 is elementary, the elements
6(i,c) and 6(i,d) must be also linearly independent.



16

N.A. BAZHENOV AND M.I. MARCHUK

o If o¥(0)J, then B; = G1, and the elements (i, c), (i, d) are linearly dependent. Then
0(i,c) and 0(i,d) are also linearly dependent.

Recall that the group C has an algorithm for linear independence. This implies that by us-
ing information about 6, we can compute J(p). We conclude that J <,y ElEmyp(any, sat).
Theorem is proved. O

Corollary 4.10. The class of all abelian groups AG satisfies EIEm g (any, sat) =g lim.
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