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Abstract. For a class of models K, we study the Weihrauch complexity of the following
model-theoretical problem: finding an elementary embedding from an arbitrary model
M ∈ K into a countable saturated model N such that N ∈ K and N is elementarily
equivalent to M. We prove that for the classes of linear orders, Boolean algebras, and
abelian groups, this problem is strongly Weihrauch equivalent to the problem lim (that is,
the problem of finding limit on Baire space). We isolate some natural classes K containing
equivalence structures such that the corresponding problem for K has Weihrauch degree
that is strictly less than the degree of lim.

1. Introduction

The paper studies uniform computational content of elementary embeddability prob-
lems. We focus on the Weihrauch complexity of these problems.
Modern mathematical logic provides two well-known approaches to comparing strength

of different mathematical theorems. The first approach aims to calibrate the proof-
theoretic strength via reverse mathematics. In reverse mathematics, statements about
countably presentable structures are formalized in the second-order arithmetic Z2. One
typically chooses RCA0 as a base subsystem of Z2. Another familiar subsystem is ACA0
that has comprehension scheme for each arithmetic formula. We refer to, e.g., the mono-
graphs [1, 2] for the background on reverse mathematics. We note that there exists a large
body of literature that investigates reverse-mathematical aspects of model theory: see,
e.g., [3–6].
Another approach is based on the notion ofWeihrauch reducibility [7, 8]. Many familiar

mathematical theorems ξ can be written in the following form:

(1) (∀x ∈ X)[ρ(x)→ (∃y ∈ Y )ψ(x, y)],

where ρ and ψ are arithmetical formulas. Hence, such a theorem ξ can be represented as a
(computational) problem F as follows. The problem F is a (partial) multi-valued function
F :⊆X ⇒ Y . An element p ∈ dom(F ) = {x ∈ X : ρ(x)} is called an instance of F , and
an arbitrary q ∈ Y satisfying ψ(p, q) is a solution (for the instance p).
Weihrauch reducibility ≤W and strong Weihrauch reducibility ≤sW allow to compare

the computational strength of problems F arising from the form (1). The formal definitions
of ≤W and ≤sW are given in Section 2. For the known results on Weihrauch complexity,
we refer to, e.g., the surveys [9, 10].

In this paper, we consider the Weihrauch complexity for model-theoretic problems. We
illustrate our approach via the following example. The system ACA0 is often characterized
via the iterations of the familiar problem lim, see Section 3 of [10]. Here lim is the problem
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of finding the limit of a sequence in Baire space (see the formal definition in Section 2).
In particular, the following model-theoretic facts are known.
(1) Over the system RCA0, ACA0 is equivalent to the following classical theorem: every

countable atomic modelM is prime (i.e., M is elementarily embeddable into any model
N that is elementarily equivalent toM), see Theorem 2.3 of [3].
(2) This reverse-mathematical result has a natural counterpart in Weihrauch complexity.

The problem of finding an elementary embedding θ from a given countable atomic model
M into a given countable model N ≡M is strongly Weihrauch equivalent to the problem
lim, see [11].

Further known examples of Weihrauch degrees for model-theoretic problems can be
found, e.g., in Section 7.3 of [6].

The current paper continues investigations started in our previous work [11]. For a
given class of structures K, we consider the following problems:
(i) ElEmK(prime, any):

– Instance: Complete diagrams of countable models M,N ∈ K such that M
and N are elementarily equivalent, andM is an atomic model.

– Solution: An elementary embedding θ :M→N .
(ii) ElEmK(any, sat):

– Instance: Complete diagrams of countable models M,N ∈ K such that M
and N are elementarily equivalent, and N is a countable saturated model.

– Solution: An elementary embedding θ :M→N .
In the previous work we have obtained the following result:

Theorem 1.1 (Theorems 5 and 11 of [11). ] (a) The class of all undirected graphs UG
satisfies ElEmUG(prime, any) ≡sW lim.
(b) The class of all equivalence structures E satisfies ElEmE(any, sat) ≡sW lim.

Here we focus on countable saturated models: we find the Weihrauch complexity of
ElEmK(any, sat) for various natural classes K. The paper is arranged as follows. Section 2
gives the necessary preliminaries. In Section 3 we isolate some natural subclasses K of
equivalence structures such that the Weihrauch degree dW,K of ElEmK(any, sat) is strictly
less than the degree degW (lim). Namely, in Theorems 3.3, 3.7, and 3.10, we obtain the
following realizable examples of dW,K:

• limN (the limit problem on natural numbers),
• LPO (limited principle of omniscience),
• LLPO (lesser limited principle of omniscience).

In Section 4 we prove that for the following classes K, the problem ElEmK(any, sat) is
strongly Weihrauch equivalent to lim:

• linear orders,
• Boolean algebras,
• abelian groups.

2. Preliminaries

We consider only computable signatures σ. We identify first-order formulas ψ(x̄) with
their Gödel numbers. For the background on model theory, we refer to [12]. For the pre-
liminaries on computable model theory, we refer to the monograph [13] and the survey [14].
Preliminaries on computability theory can be found in [15]. As usual, (φe)e∈ω denotes

the standard computable numbering of all unary partial computable functions. By ⟨·, ·⟩
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we denote the pairing function:

⟨x, y⟩ = (x+ y)(x+ y + 1)
2

+ x.

By (Dk)k∈ω we denote the standard strongly computable numbering of all finite sets:
that is, D0 = ∅, and if k = 2x0 + 2x1 + · · · + 2xm , where x0 < x1 < · · · < xm, then
Dk = {x0, x1, . . . , xm}.
As usual, we use the following notations for familiar order types:

• ω is the order of natural numbers,
• ζ is the order of integers,
• η is the order of rationals.

Here we give a definition of Weihrauch reducibility that is not equivalent to the general
definition of Weihrauch reducibility (for problems F :⊆ X ⇒ Y defined on arbitrary
represented spaces X and Y ). Nevertheless, this definition is equivalent to the general
definition in the case when X and Y are subspaces of Baire space ωω. We consider only
such spaces (here we note that Cantor space 2ω and the countable discrete space ω can be
viewed as subspaces of ωω). In particular, a given countable modelM (having domain ω)
is identified with the characteristic function χFD(M) ∈ 2ω of its complete diagram.
The definition below follows Definition 1.5 from Appendix A of [16].

Definition 1. Let F,G :⊆ ωω ⇒ ωω be multi-valued functions.

(a) F is Weihrauch reducible to G (denoted by F ≤W G) if there exist Turing func-
tionals Φ,Ψ :⊆ ωω → ωω such that:
– Φ(p) ∈ dom(G) for any p ∈ dom(F ),
– Ψ(p⊕ q) ∈ F (p) for any p ∈ dom(F ) and q ∈ G(Φ(p)).
Informally speaking, the ‘preprocessing’ operator Φ transforms a given instance

p of the problem F into an instance pG of the problem G. Given an arbitrary
solution q of the instance pG, the ‘postprocessing’ operator Ψ produces Ψ(p ⊕ q)
that is a solution of the original instance p.

(b) F is strongly Weihrauch reducible to G (denoted by F ≤sW G) if there exist Turing
functionals Φ,Ψ :⊆ ωω → ωω such that:
– Φ(p) ∈ dom(G) for any p ∈ dom(F ),
– Ψ(q) ∈ F (p) for any p ∈ dom(F ) and q ∈ G(Φ(p)).
Note that here the postprocessing operator Ψ does not use the initial instance p.

We give a list of the benchmark problems that will be used throughout the paper.

(1) For p ∈ ωω and i ∈ ω, p[i] denotes the i-th column of p, that is, p[i](x) = p(⟨i, x⟩).
The limit map (on Baire space) is the partial function lim :⊆ωω → ωω such that:

• lim(p) = limi→∞ p[i], if there exists limi→∞ p[i],
• lim(p) is undefined, otherwise.

(2) The Turing jump is the function J: ωω → ωω such that

J(p)(i) =

{
1, if Fφpi (0)↓,
0, otherwise,

for all p ∈ ωω and i ∈ ω. The following result on the connection between lim and J is
well-known:

Theorem 2.1 (see [9, Theorem 11.6.7]). The problem lim is strongly Weihrauch equivalent
to J.

(3) The problem limN is defined as follows:
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• Instance: a function p ∈ ωω such that there exists lims p(s).
• Solution: the number lims p(s) from ω.

(4) The problem LPO (limited principle of omniscience) is defined as follows:

• Instance: a function p ∈ {0, 1}ω.
• Solution: {

1, if ∃s(p(s) = 1),
0, otherwise.

(5) By 0̂ we denote the infinite string 000 . . . . The problem LLPO (lesser limited
principle of omniscience) is defined as follows:

• Instance: functions p0, p1 ∈ {0, 1}ω such that (p0 = 0̂ ∨ p1 = 0̂).
• Solution: an element of {i ∈ {0, 1} : pi = 0̂}.

The following result about our benchmark problems is known:

Theorem 2.2. We have the following strict inequalities:

(1) LLPO <W LPO ([8], see also Theorem 7.13 in [17]).
(2) LPO <W limN ([8], see also Proposition 11.7.17 and Theorem 11.7.13 in [9]).
(3) limN <W lim (Corollary 9.9 of [18], see also Example 11.6.19 in [9]).

For a signature σ, by Kσ we denote the class of all σ-structures. We recall the following
result from [11].

Proposition 2.3 (Propositions 6 and 12 of [11). ] We have ElEmKσ(prime, any) ≤sW
lim and ElEmKσ(any, sat) ≤sW lim. Consequently, any subclass K ⊆ Kσ also satisfies
ElEmK(prime, any) ≤sW lim and ElEmK(any, sat) ≤sW lim.

3. Further examples for equivalence structures

An equivalence structure A = (|A|, EA) consists of a set with an equivalence relation on
this set. If |A| is countable, then without loss of generality, we may assume that |A| = ω.
For an element a ∈ |A|, [a]A denotes the EA-equivalence class of a. The character of an
equivalence structure A is the set

χ(A) = {(n, k) : n, k > 0, and A has at least k equivalence classes of size n}.
We say that the character χ(A) is bounded if there exists a natural number m0 such that
the structure A does not have finite equivalence classes of size greater than m0.
We recall the following known result:

Proposition 3.1 (folklore). Let A be a countable equivalence structure that has bounded
character. Then the theory Th(A) is countably categorical.

Proof. First, we introduce some ancillary formulas. For n ≥ 1, we define:
• ψ≥n(x) = ∃y1∃y2 . . . ∃yn[yi are pairwise different and (yi E x)],
• the formula ψ=n(x) = ψ≥n(x)&¬ψ≥n+1(x) says that the class [x]E has size n.

Then the condition (n, k) ∈ χ(A) holds if and only if A contains pairwise non-equivalent
elements x1, . . . , xk satisfying ψ=n(xi), i ≤ k.
Fix a number m0 ∈ ω such that for any finite n > m0 the structure A does not have

classes of size n. We construct a set of axioms Γ. Consider each non-zero n ≤ m0.
(a) If A has infinitely many equivalence classes of size n, then for each k ≥ 1 we add
to Γ an axiom saying that (n, k) ∈ χ(A).

(b) IfA does not have classes of size n, then we add an axiom saying that (n, 1) ̸∈ χ(A).
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(c) Suppose that A has precisely k′-many classes of size n, where 1 ≤ k′ < ω. Then
we add an axiom saying that (n, k′) ∈ χ(A) and (n, k′ + 1) ̸∈ χ(A).

(d) For every m > m0 + 1, we add the axiom ∀x[ψ≥m0+1(x) → ψ≥m(x)]. This series
of axioms implies that every equivalence class that has size at least m0 + 1 must
be infinite.

(e) Similarly to Items (a)–(c), we also specify the number of infinite equivalence classes
in the structure. For example, ifA contains precisely k′-many infinite classes, where
1 ≤ k′ < ω, then we should say that there exist k′-many pairwise non-equivalent
xi satisfying ψ≥m0+1(xi), and one cannot find (k

′ + 1)-many elements with this
property.

Notice that Γ ⊆ Th(A).
We show that Th(A) is countably categorical. Suppose that B is a countable model of

Th(A). Since B |= Γ, we deduce the following:
• For each n ≤ m0, the structures B and A have the same number of classes of size n.
• For every finite n > m0, the structure B does not have classes of size n.
• The structures B and A have the same number of countably infinite classes.

These facts imply that B is isomorphic to A. We conclude that Th(A) is a countably
categorical theory. □

Our proofs will also use the following fact:

Theorem 3.2 (follows from § 5 of [19]). A computable equivalence structure A is decidable
if and only if the character χ(A) is computable and the set

(2) K(A) := {(a, k) ∈ ω2 : card([a]A) ≥ k}

is computable.

We use the following ancillary problem:

Definition 2. Given a class of equivalence structuresK, we define the problem SizePrEmbK
(the problem of ‘size preserving’ embeddings) as follows:

• Instance: Complete diagrams of countable models A,B ∈ K such that A is isomor-
phic to B.
• Solution: An isomorphic embedding θ : A → B such that all x ∈ A satisfy
card([θ(x)]B) = card([x]A).

We note that Proposition 4 of [11] implies that for A ∼= B, any such embedding θ is an
elementary embedding.

Our first result of this section isolates a class of equivalence structures Kfin such that
ElEmKfin(any, sat) is Weihrauch equivalent to limN.

Theorem 3.3. Let Kfin be the class of all countable equivalence structures E such that E
has only finitely many finite equivalence classes. Then we have

ElEmKfin(prime, any) = ElEmKfin(any, sat) ≡W limN.

Proof. By Proposition 3.1, every structure E from Kfin has countably categorical the-
ory. Hence, E is both a prime model and a countable saturated model of Th(E), and
furthermore,

ElEmKfin(prime, any) = ElEmKfin(any, sat).

Our further proof uses the following result:

Lemma 3.4. ElEmKfin(any, sat) = SizePrEmbKfin.
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Proof. Proposition 3.1 implies that for any structures A,B ∈ Kfin, the structures A and
B are elementarily equivalent if and only if A and B are isomorphic.
Suppose that A and B are isomorphic structures belonging to Kfin. Every size pre-

serving isomorphic embedding (in the sense of Definition 2) θ : A → B is an elementary
embedding. On the other hand, it is clear that every elementary embedding θ must be
size preserving. □

Now we construct two Weihrauch reductions (in Propositions 3.5 and 3.6 below).

Proposition 3.5. limN ≤W SizePrEmbKfin.

Proof. Fix a function p ∈ ωω such that lims p(s) exists. For this p, we construct two
equivalence structures A and B.
The domain of the structure A will be equal to {w} ∪ {ai : i ∈ ω} ∪ {cj : j ∈ ω}. The

domain of B will be equal to {bi : i ∈ ω}∪ {dj : j ∈ ω}. We always assume that w ̸∈ [ai]A,
[ai]A ̸= [aj ]A, and [bi]B ̸= [bj ]B for i ̸= j. The equivalence class [w]A will be infinite.
At a stage s of the construction we build finite equivalence structures As and Bs. We

also define an ancillary parameter r(s) ∈ ω.
At stage 0 we put A0 = {w}, B0 = ∅, and r(0) = 0.
Stage s + 1. First, we add to the class [w]As+1 the least unused element ct (that is, ct

having the least index t such that ct has not been added to A before). We also add the
elements as and bs to As+1 and Bs+1, respectively. We use the least unused elements ct and
dt, respectively, to make each of the current classes [as]As+1 and [bs]Bs+1 have cardinality
card(As) + 1.
If p(s) = p(s + 1), then we set r(s + 1) = r(s). For each i such that r(s) < i ≤ s, we

proceed as follows:

• we add to the class [ai]As+1 the least unused element cm,
• we add to [bi]Bs+1 the least unused element dn.

If p(s) ̸= p(s+1), then we put r(s+1) = s. We declare that for every i ≤ r(s+1), the
classes [ai]A and [bi]A are finished : these classes will not grow at further stages.
Note that by the end of the stage s + 1 we have card([bi]Bs+1) = card([ai]As+1) <

card([aj ]As+1) for all i < j ≤ s. We also notice the following feature of the construction:
if some dt is added into [bs]B, then we have t ≥ s.
This concludes the description of the construction. We put A =

⋃
s∈ωAs and B =⋃

s∈ω Bs. It is clear that the constructed structures are p-computable (uniformly in p).
We define the number

(3) s∗ =

{
max{s ∈ ω : p(s) ̸= p(s+ 1)}, if ∃s(p(s) ̸= p(s+ 1)),
0, otherwise.

The construction ensures that for all s ≥ s∗ + 1 we have r(s) = s∗. Therefore, for every
j ≥ s∗ + 1, the classes [aj ]A and [bj ]B are infinite. Hence, both A and B have infinitely
many infinite classes, and for i ≤ s∗ we have

card([ai]A) = card([bi]B) < ω.

We deduce that the structures A and B are isomorphic, and A,B ∈ Kfin.
Now we show that both A and B are p-decidable, uniformly in p.
(1) Firstly, we notice that for each finite n ≥ 1, the structure A has at most one

equivalence class of size n. Indeed, if s ≥ n, then card([as]A) ≥ n + 1. In addition, if
card([ai]A) = n, then for all j < n such that j ̸= i, we have card([aj ]A) ̸= n. Therefore,
(n, k) ̸∈ χ(A) for all k ≥ 2.
We describe a procedure that determines whether (n, 1) belongs to χ(A). We find the

least stage s′ such that by the end of the stage s′, for each i < n either the class [ai]A is
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already finished, or card([ai]As′ ) ≥ n+1. Then we have (n, 1) ∈ χ(A) if and only if inside
the structure As′ some finished class [ai]As′ has cardinality n.
We conclude that the character χ(A) = χ(B) is p-computable, uniformly in p.
(2) Now given x ∈ A and k ≥ 1, we want to check whether card([x]A) ≥ k is true. If

x ∈ {cj : j ∈ ω}, then we can p-computably find an element u ∈ {w} ∪ {ai : i ∈ ω} such
that x ∈ [u]A. Since the class [w]A is infinite, in what follows we may assume that x = ai
for some i ∈ ω.
We find the least stage s′ such that by the end of the stage s′ either [ai]A is finished, or

card([ai]As′ ) ≥ k. If [ai]A is already finished, then clearly, card([ai]A) is already ‘finalized’
and is equal to card([ai]As′ ).
We deduce that the set K(A) from Eq. (2) is p-computable, uniformly in p. A similar

argument establishes the p-computability of K(B).
By a relativized version of Theorem 3.2, we conclude that the structures A and B are

p-decidable, uniformly in p.

Finally, let θ be an arbitrary size preserving embedding from A into B. Suppose that
θ(w) ∈ [bj ]B for some j ∈ ω. Then the class [bj ]B is infinite, and hence, [bj ]B is never
declared finished. Therefore, we have j ≥ s∗ + 1, where the parameter s∗ is taken from
Eq. (3). Hence, we have either θ(w) = bj or θ(w) = dt, where t ≥ j (recall that every
dt ∈ [bj ]B must satisfy t ≥ j). We put

t∗ =

{
j, if θ(w) = bj ,

t, if θ(w) = dt.

It is clear that t∗ ≥ s∗ + 1, and hence p(t∗) = lims p(s). Therefore, using p and θ, we can
uniformly compute the limit lims p(s). We deduce that limN ≤W SizePrEmbKfin . □

Proposition 3.6. SizePrEmbKfin ≤W limN.

Proof. Let A and B be isomorphic structures from Kfin. We construct an element p =
p(A,B) ∈ ωω such that by using lims p(s) and the complete diagrams of A,B, we can build
(in a uniformly computable way) a size preserving embedding θ from A into B.
Note that for making a uniform construction of an embedding θ from A to B, it is

sufficient to know how many finite classes are contained in A and what their sizes are. We
illustrate this via an example. Suppose that we know that A contains one class of size 3
and one class of size 5, and all the other classes of A are infinite. Then our construction
of θ proceeds as follows:

• By searching through the complete diagrams of A and B, we find elements a, c ∈ A
and b, d ∈ B such that card([a]A) = card([b]B) = 3 and card([c]A) = card([d]B) = 5.
The function θ0 maps [a]A onto [b]B, and [c]A onto [d]B.
• At a stage s + 1, the finite map θs+1 ⊇ θs is defined as follows. Suppose that
s ̸∈ [a]A ∪ [c]A. Then we have to define the value θs+1(s). We first check whether
there exists x < s such that s ∈ [x]A.
– If there exists such x, then we find a fresh element y ∈ [θ(x)]B \ range(θs), and
we put θs+1(s) = y. Such element y exists, since x ̸∈ [a]A ∪ [c]A and thus, the
classes [x]A and [θ(x)]B are infinite.

– Otherwise, we find a fresh element z such that [z]B ∩ range(θs) = ∅. Such z
exists, since A and B contain the same number of infinite equivalence classes.
We put θs+1(x) = z.

It is clear that the constructed isomorphic embedding θ is size preserving.

Recall that (Dk)k∈ω is the standard effective numbering of all finite subsets of ω. We
define the function p = p(A,B) ∈ ωω as follows.
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At a stage s ∈ ω, using the complete diagram of A, we compute the finite set
F s = {a ≤ s : card([a]A) ≤ s+ 1, and (∀b < a)(b ̸∈ [a]A)}.

We put p(s) = k, where the set Dk is equal to {⟨a, card([a]A)⟩ : a ∈ F s}.
Since A contains only finitely many finite classes, there exists s0 ∈ ω such that p(s) =

p(s0) for all s ≥ s0. Thus, using the limit lims p(s), we can recover how many finite classes
are contained in A and what their sizes are. Using this information and the complete
diagrams of the structures A and B, we construct a size preserving embedding θ from A
into B. Therefore, we have SizePrEmbKfin ≤W limN. □

By Propositions 3.5 and 3.6, we conclude that SizePrEmbKfin ≡W limN. Theorem 3.3
is proved. □

Our second result of this section considers a subclass K≤1 ⊂ Kfin.

Theorem 3.7. Let K≤1 be the class of all countable equivalence structures E such that E
has at most one finite equivalence class. Then we have

ElEmK≤1(prime, any) = ElEmK≤1(any, sat) ≡W LPO.

Proof. The same argument as in the proof of Theorem 3.3 implies that

SizePrEmbK≤1 = ElEmK≤1(prime, any) = ElEmK≤1(any, sat).

We show that SizePrEmbK≤1 ≡W LPO in Propositions 3.8 and 3.9.

Proposition 3.8. LPO ≤W SizePrEmbK≤1.

Proof. Fix a function p ∈ {0, 1}ω. For this p we construct equivalence structures A and B.
The domain of the structure A will be equal to {w} ∪ {ai,j : i, j ∈ ω} ∪ {ck : k ∈ ω}.

The domain of B will be equal to {bi,j : i, j ∈ ω}. Beforehand, we declare the following:
• [ai,0]A = {ai,j : j ∈ ω},
• if i1 ̸= i2, then bi1,j1 ̸∈ [bi2,j2 ]B.

At a stage s of the construction we build equivalence structures As and Bs. Along the
construction, we could declare that the class [w]A becomes finished.
At stage 0 we put dom(A0) = {w} ∪ {ai,j : i, j ∈ ω} and B0 = ∅.
Stage s + 1. If the class [w]A is already finished, then we do nothing: i.e., we put

As+1 = As and Bs+1 = Bs.
Suppose that [w]A is not finished yet. Firstly, we add the least unused element cm into

the class [w]A.
If p(t) = 0 for all t ≤ s, then we declare that [bs,0]B = {bs,j : j ∈ ω}, and we add [bs,0]B

into Bs+1.
If s is the least number such that p(s) = 1, then we declare that the class [w]A is finished.

Notice that in this case we have card([w]A) = s + 2. Here we finalize the construction of
As+1 and Bs+1 as follows. We find the least unused cn, and set [cn]A = {cℓ : ℓ ≥ n}. We
put:

• [bs,0]B = {bs,j : j ≤ s+ 1},
• [bs,s+2]B = {bs,j : j ≥ s+ 2},
• [bi,0]B = {bi,j : j ∈ ω} for i ≥ s+ 1.

This concludes the description of the construction. We define A =
⋃
s∈ωAs and B =⋃

s∈ω Bs. Note that the constructed structures A and B are p-computable.
Notice that each of the structures A and B has infinitely many infinite classes. If

p(s) = 0 for all s, then all the classes of A and B are infinite. If s∗ is the least number
such that p(s∗) = 1, then we have

card([w]A) = card([bs∗,0]B) = s
∗ + 2,
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and all the other equivalence classes are infinite. Therefore, A ∼= B ∈ K≤1.
We show that the structures A and B are p-decidable, uniformly in p. For all n ≥ 1

and k ≥ 2, we have (n, k) ̸∈ χ(A). A pair (n, 1), where n ≥ 1, belongs to χ(A) if and only
if the class [w]A becomes finished by the end of stage n and we have card([w]An) = n.
Therefore, the character χ(A) = χ(B) is p-computable, uniformly in p.
Every class [ai,j ]A is infinite. We have card([w]A) ≥ k if and only if card([w]Ak) ≥ k.

Every element ct satisfies the following: either ct ∈ [w]At+1 , or at the stage t+ 1 we have
already declared that the class [ct]A is infinite. Therefore, the set K(A) from Eq. (2) is
p-computable, uniformly in p. A similar argument shows that K(B) is also (uniformly)
p-computable. By a relativized version of Theorem 3.2, we deduce that A and B are
p-decidable, uniformly in p.
Finally, let θ be an arbitrary size preserving embedding from A into B. We find the

index i0 such θ(w) = bi0,j .

• If LPO(p) = 0, then p(s) = 0 for all s ∈ ω. In particular, we have (∀s ≤ i0)(p(s) =
0).
• If LPO(p) = 1, then choose the least s∗ such that p(s∗) = 1. Then we have
card([w]A) = s∗ + 2 and bi0,j ∈ [bs∗,0]B. Consequently, we have i0 = s∗ and
(∃s ≤ i0)(p(s) = 1).

We obtain that

LPO(p) = 1 ⇐⇒ (∃s ≤ i0)(p(s) = 1).
Therefore, by using θ and p, we can uniformly compute LPO(p). This shows that LPO ≤W
SizePrEmbK≤1 .

□

Proposition 3.9. SizePrEmbK≤1 ≤W LPO.

Proof. Let A and B be isomorphic structures from K≤1. We construct a function p(A,B) ∈
{0, 1}ω such that by using LPO(p(A,B)) and complete diagrams of A,B, we can build (in
a uniformly computable way) a size preserving embedding θ from A into B. We describe
the construction of p = p(A,B).
At a stage s, by using the complete diagram of A, we find the finite set

F s = {a ≤ s : card([a]A) ≤ s+ 1}.
If F s is empty, then put p(s) = 0. Otherwise, set p(s) = 1.
If p(s) = 0 for all s, then A and B contain only infinite equivalence classes. In this case,

similarly to Proposition 3.6, we can map the equivalence classes of A to the equivalence
classes of B in a uniform way. If ∃s(p(s) = 1), then A contains only one finite class. In this
case we can find the size of this finite class (by searching through the complete diagram
of A). Similarly to Proposition 3.6, we recover a size preserving embedding θ : A → B.
Hence, using LPO(p(A,B)) and the compete diagrams of A,B, we can uniformly construct

an elementary embedding from A into B. Therefore, SizePrEmbK≤1 ≤W LPO. □

By Propositions 3.8 and 3.9, we have the following:

SizePrEmbK≤1 = ElEmK≤1(prime, any) = ElEmK≤1(any, sat) ≡W LPO.
This concludes the proof of Theorem 3.7. □

The third result of this section considers another subclass K=2 ⊂ Kfin.

Theorem 3.10. Let K=2 be the class of all countable equivalence structures E such that
E has exactly two equivalence classes and at most one finite class. Then we have

ElEmK=2(prime, any) = ElEmK=2(any, sat) ≡W LLPO.
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Proof. The same argument as in the proof of Theorem 3.3 implies that

SizePrEmbK=2 = ElEmK=2(prime, any) = ElEmK=2(any, sat).

We show that SizePrEmbK=2 ≡W LLPO in Propositions 3.11 and 3.12.

Proposition 3.11. LLPO ≤W SizePrEmbK=2.

Proof. Fix functions p0, p1 ∈ {0, 1}ω such that (p0 = 0̂ ∨ p1 = 0̂). For these p0, p1 we
construct equivalence structures A and B.
The domain of the structure A will be equal to {ai : i ∈ ω} ∪ {cj : j ∈ ω}. The domain

of B will be equal to {bi : i ∈ ω} ∪ {dj : j ∈ ω}. Beforehand, we declare that a0 /∈ [c0]A
and b0 /∈ [d0]B.
At a stage s of the construction we build equivalence structures As and Bs. Along the

construction, we could declare that the classes [a0]A, [c0]A, [b0]B, [d0]B become finished.
At stage 0 we put A0 = {a0, c0} and B0 = {b0, d0}.
Stage s+1. If one of the classes [a0]A, [c0]A, [b0]B, [d0]B is already finished, then we do

nothing: i.e., we put As+1 = As and Bs+1 = Bs.
Suppose that none of the classes is finished. Firstly, we add as+1, cs+1, bs+1, and ds+1

to the classes [a0]A, [c0]A, [b0]B, and [d0]B respectively.
If p0(t) = p1(t) = 0 for all t ≤ s, then we do nothing: i.e., we put As+1 = As ∪

{as+1, cs+1} and Bs+1 = Bs ∪ {bs+1, ds+1}.
If s is the least number such that p1(s) = 1, then we declare that the classes [c0]A and

[d0]B are finished. In this case we have card([c0]A) = card([d0]B) = s+ 2. Then we put:

• [a0]A = {ai : i ∈ ω} ∪ {cj : j > s+ 1},
• [b0]B = {bi : i ∈ ω} ∪ {dj : j > s+ 1}.

If s is the least number such that p0(s) = 1, then we declare that classes [a0]A and [d0]B
are finished. In this case we have card([a0]A) = card([d0]B) = s+ 2. Then we put:

• [c0]A = {ci : i ∈ ω} ∪ {aj : j > s+ 1},
• [b0]B = {bi : i ∈ ω} ∪ {dj : j > s+ 1}.

This concludes the description of the construction. We define A =
⋃
s∈ωAs and B =⋃

s∈ω Bs. Note that the constructed structures A and B are p-computable.
Notice that each of the structures A and B has exactly two equivalence classes. Fur-

thermore, A ∼= B ∈ K=2.
We show that A and B are p-decidable, uniformly in p. For all n ≥ 1 and k ≥ 2 we

have (n, k) ̸∈ χ(A). A pair (n, 1), where n ≥ 1, belongs to χ(A) if and only if one of the
classes [a0]A or [c0]A becomes finished by the end of stage n, and we have card([a0]An) = n
or card([c0]An) = n respectively. Therefore, the character χ(A) = χ(B) is p-computable,
uniformly in p.
We have card([a0]A) ≥ k if and only if card([a0]Ak) ≥ k. Every element at satisfies

the following: either at ∈ [a0]At+1 , or at the stage t + 1 we have already declared that
the class [at]A is infinite. The same argument is true for card([c0]A) and the elements
from {cj : j ∈ ω}. Therefore, the set K(A) from Eq. (2) is p-computable, uniformly in p.
A similar argument shows that K(B) is also (uniformly) p-computable. By a relativized
version of Theorem 3.2, we deduce that A and B are p-decidable, uniformly in p.
Finally, let θ be an arbitrary size preserving embedding from A into B.
Notice that the class [b0]B is always infinite. The value θ(a0) satisfies one of the following

two cases:
Case 1. Suppose that θ(a0) = bj for some j ∈ ω. Then θ(a0) ∈ [b0]B, and this implies

that the class [a0]A is infinite. Hence, [a0]A is never declared finished, and p0 = 0̂. Thus,
0 is a solution of LLPO(p0, p1).
Case 2. Otherwise, θ(a0) = dj for some j ∈ ω. Then we check whether there exists

t ≤ j such that 1 ∈ {p0(t), p1(t)}.
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Assume that such t exists. If p0(t) = 1, then p1 = 0̂ and 1 is a unique solution of
LLPO(p0, p1). If p1(t) = 1, then 0 is a unique solution of LLPO(p0, p1).
If there is no such t ≤ j, then the element θ(a0) = dj belongs to [d0]B. Then we have

θ(c0) ∈ [b0]B, and thus, the class [c0]A is infinite. Hence, [c0]A is never declared finished,
and p1 = 0̂. Therefore, 1 is a solution of LLPO(p0, p1).
We conclude that by using θ, p0, and p1, we can uniformly compute a solution of

LLPO(p0, p1). This shows that LLPO ≤W SizePrEmbK=2 . □

Proposition 3.12. SizePrEmbK=2 ≤W LLPO.

Proof. Let A and B be isomorphic structures from K=2. We construct functions p0,(A,B) ∈
{0, 1}ω and p1,(A,B) ∈ {0, 1}ω such that by using LLPO(p0,(A,B), p1,(A,B)) and complete dia-
grams of A,B, we can build (in a uniformly computable way) a size preserving embedding
θ from A into B. We describe the construction of p0 = p0,(A,B) and p1 = p1,(A,B).
First, by searching through the atomic diagrams of A and B, we find elements a0, c0 ∈ A

and b0, d0 ∈ B such that [a0]A ̸= [c0]A and [b0]B ̸= [d0]B.
By using the complete diagrams of A and B, we define the functions p0 and p1 as follows:

p0(s) =






1, if card([a0]A) = s+ 1 and card([b0]B) > s+ 1,

1, if card([a0]A) > s+ 1 and card([b0]B) = s+ 1,

0, otherwise.

,

p1(s) =






1, if card([a0]A) = card([b0]B) = s+ 1,

1, if card([c0]A) = card([d0]B) = s+ 1,

0, otherwise.

Notice the following: if p1(s) = 1 for some s ∈ ω, then card([a0]A) = card([b0]B) ∈
{s+ 1, ω}. Therefore, if p1 ̸= 0̂, then p0 = 0̂. We deduce that the pair (p0, p1) belongs to
dom(LLPO).
If 0 is a solution of LLPO(p0, p1), then the following two cases are possible. In the first

case, the classes [a0]A and [b0]B are both infinite. In the second case, [a0]A and [b0]B are
both finite and have the same size. So, in any of these two cases, one can build a size
preserving embedding θ : A → B by mapping [a0]A to [b0]B and [c0]A to [d0]B.
If 1 is a solution of LLPO(p0, p1), then the cardinalities of the classes [a0]A and [d0]B

are the same. We build a size preserving embedding θ : A → B by mapping [a0]A to [d0]B
and [c0]A to [b0]B.
Hence, using LLPO(p0, p1) and the complete diagrams of A,B, we can uniformly con-

struct an elementary embedding from A into B. Therefore, SizePrEmbK=2 ≤W LLPO. □

By Propositions 3.11 and 3.12, we have SizePrEmbK=2 ≡W LLPO. Theorem 3.10 is
proved. □

4. The problem lim and familiar classes

4.1. Linear orders. We refer to the monograph [20] and to the survey [21] for the back-
ground on countable linear orders.
For a linear order L = (L,≤), the adjacency relation Adj is defined as follows: Adj(x, y)

holds if and only if
x < y & ¬∃z(x < z < y).

The block relation Bℓ is defined as follows: Bℓ(x, y) holds if and only if there are only
finitely many z ∈ L satisfying minL(x, y) ≤ z ≤ maxL(x, y). If Bℓ(x, y) is true, then we
say that x and y belong to the same block (inside L).
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A linear order L is discrete if every a ∈ L satisfies the following properties:
• If a is not a greatest element of L, then a has an immediate successor b (that is, b
satisfying Adj(a, b)).
• If a is not a least element, then a has an immediate predecessor c (i.e., c satisfying
Adj(c, a)).

Proposition 4.1 (Langford [22). , see also Theorem 2.12 of [21]] A discrete linear order
L is decidable if and only if L is computable and its adjacency relation AdjL is also
computable.

We obtain the following result:

Theorem 4.2. For the class DL of all discrete linear orders, we have ElEmDL(any, sat) ≡sW
lim.

Proof. By Proposition 2.3 and Theorem 2.1, it is sufficient to prove that the problem J is
strongly Weihrauch reducible to ElEmDL(any, sat).
Note that it is known that for an arbitrary linear order τ , the discrete order ω+ ζ · τ is

elementarily equivalent to ω (Corollary 6.12 of [20]). In addition, the order ω + ζ · η is a
countable saturated model of the theory Th(ω) (see, e.g., Exercise 13.84 in [20]).
We choose a linear order B as a decidable copy of the order ω+ ζ · η such that the block

relation BℓB is computable.
Given an instance p ∈ ωω of the jump J, we build a p-decidable linear order Ap = ω+Lp

(where ω is chosen as a decidable linear order). The order Lp will have order type ζ · ω.
Stage 0. For each i ∈ ω, add the following points into Lp:

. . . <Lp ui,−2 <Lp ui,−1 <Lp ci <Lp di <Lp vi,1 <Lp vi,2 <Lp . . . .

Our adjacency relation Adj inside Lp will satisfy the following: for a non-zero k ∈ ω,
we have Adj(ui,−k−1, ui,−k) and Adj(vi,k, vi,k+1). In addition, we have Adj(ui,−1, ci) and
Adj(di, v1).
We declare that (at the current stage) the set {ci}∪{ui,−k : k ≥ 1} is the intended block

of ci, and {di} ∪ {vi,k : k ≥ 1} is the intended block of di. Along the construction, we
could declare that the blocks of ci and di are finished.
Here we always assume that every element from the intended block of di is strictly less

than any element from the intended block of ci′ for i
′ > i.

Stage s+ 1. If the blocks of ci and di are not finished yet, we add a fresh element w as
a new greatest element inside the intended block of ci. We also add a fresh w

′ as a new
least element inside the intended block of di.
If φpi,s(0)↑, then we (explicitly) declare that w and w′ are not adjacent inside Lp.
If s is the least stage such that φpi,s(0) ↓, then we declare that w and w′ are adjacent.

We also declare that the intended blocks of ci and di are finished.

This concludes the description of the construction. It is clear that the constructed order
Lp is computable in p. In addition, we have AdjLp(x, y) if and only if some stage s ∈ ω
satisfies AdjLp,s(x, y), and the elements x and y have not been explicitly declared non-
adjacent at this stage. This implies that the set AdjLp is p-computable, uniformly in p.
By applying a relativized version of Proposition 4.1, we deduce that the order Ap = ω+Lp
is p-decidable, uniformly in p.
Note the following key property of the construction: for i ∈ ω, φpi (0)↓ if and only if the

elements ci and di belong to the same block inside Ap.
Let θ be an arbitrary elementary embedding from Ap into B.
• If φpi (0)↓, then we have Bℓ

Ap(ci, di) and Bℓ
B(θ(ci), θ(di)).

• If φpi (0)↑, then ¬Bℓ
Ap(ci, di) and ¬BℓB(θ(ci), θ(di)).
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Hence, information about the embedding θ allows us to compute J(p). We deduce that
J ≤sW ElEmDL(any, sat). Theorem 4.2 is proved. □

Corollary 4.3. The class of all linear orders LO satisfies ElEmLO(any, sat) ≡sW lim.

4.2. Boolean algebras. For the background on countable Boolean algebras, we refer to
the monograph [23]. Boolean algebras are viewed as structures in the signature σBA =
{∨,∧,C, 0, 1}. For a Boolean algebra B, its ordering ≤B is defined in a standard way:
a ≤B b if and only if a∨b = b. If L is a linear order with a least element, then by Intalg(L)
we denote the induced interval Boolean algebra. This algebra contains all finite unions of
intervals of the form

(4) [a, b) = {x : a ≤L x <L b} or [a,∞) = {x : a ≤L x},

where a <L b (see Section 1.6 of [23] for further formal details).
Let B be a Boolean algebra. An element a ∈ B is an atom if a is a minimal non-zero

element (i.e., a ̸= 0B and there are no b satisfying 0B ̸= b <B a). By Atom(B) we denote
the set of atoms of B. The Fréchet ideal F(B) of the algebra B contains all finite sums of
atoms of B.
A Boolean algebra B is atomic if for any b ̸= 0B, there exists an atom a ≤B b.
We will use the following known fact concerning Boolean algebras:

Proposition 4.4 (Corollary 3.5.2 in [23). ] An atomic Boolean algebra B is decidable if
and only if the algebra B is computable and its set of atoms Atom(B) is also computable.

We obtain the following result:

Theorem 4.5. The class AB of all atomic Boolean algebras satisfies ElEmAB(any, sat) ≡sW
lim.

Proof. It is known that all infinite atomic Boolean algebras are elementarily equivalent
(see, e.g., Theorem 2.3.3 in [23]). In addition, the atomic algebra Intalg(1 + ω · η) is a
countable saturated model (Proposition 2.3.3 of [23]).
Beforehand, we choose a Boolean algebra C as a decidable copy of the algebra Intalg(1+

ω · η) such that its Fréchet ideal F(C) is a computable set.
It is sufficient to prove that J ≤sW ElEmAB(any, sat). Given an instance p ∈ ωω of the

problem J, we build a p-decidable atomic Boolean algebra Bp. The algebra Bp is defined
as the interval algebra Intalg(Lp), where Lp is a p-computable linear order. We describe
the construction of Lp.
Firstly, we define an ancillary computable linear order M. The domain of M equals

{ai,j : i, j ∈ ω}, and we have ai,j ≤M ak,ℓ if and only if either i <N k or (i = k and j ≤N ℓ).
Note that the orderM is isomorphic to the ordinal ω2.
The desired order Lp will be built as a suborder ofM. Along the construction, we also

define an ancillary p-c.e. set V ⊆ ω × ω.
Stage 0. We add the elements ai,0, i ∈ ω, into dom(Lp).
Stage s+ 1. For each i ∈ ω we proceed as follows.
If φpi,s(0)↑, then add the element ai,s+1 into dom(Lp).
If s is the least stage such that φpi,s(0) ↓, then we add the pair (ai,s, ai+1,0) into the

set V .
This concludes the description of the construction. As usual, by using a p-computable

bijection acting from ω onto dom(Lp), without loss of generality we may assume that
dom(Lp) = ω and that the order Lp is p-computable.
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By applying the standard effective construction of an interval Boolean algebra (see
Proposition 3.2.1 of [23]), we obtain that the algebra Bp = Intalg(Lp) is p-computable,
uniformly in p.
An interval [ai,s, aj,t) (recall Eq. (4)) is an atom of the algebra Bp if and only if one of

the following conditions is satisfied:

• j = i, t = s+ 1, and the element ai,s+1 has been added to Lp at the stage s+ 1,
• j = i+1, t = 0, and the pair (ai,s, ai+1,0) has been enumerated into V as the stage
s+ 1.

This observation implies that the set Atom(Bp) is p-computable, uniformly in p. In ad-
dition, every non-zero element x from the algebra Bp has an atom y such that y ≤Bp x.
Hence, the algebra Bp is atomic. By a relativized version of Proposition 4.4, we deduce
that the structure Bp is p-decidable, uniformly in p.
Let θ be an arbitrary elementary embedding from Bp into C. Since the set of atoms is

first-order definable, we have the following: for an arbitrary x ∈ Bp,

card({y ∈ Atom(Bp) : y ≤Bp x}) = card({z ∈ Atom(C) : z ≤C θ(x)}).

Therefore, x belongs to the Fréchet ideal F(Bp) if and only if θ(x) ∈ F(C). We obtain the
following:

• If φpi (0)↑, then the element xi := [ai,0, ai+1,0) does not belong to F(Bp), and hence
θ(xi) ̸∈ F(C).
• If φpi (0) ↓, then choose the least stage s∗ such that φ

p
i,s∗(0) ↓. The element xi =

[ai,0, ai+1,0) is a sum of (s
∗ + 1)-many atoms, and hence θ(xi) ∈ F(C).

Recall that the set F(C) is computable. Therefore, information about the embedding θ
allows us to compute J(p). We conclude that J ≤sW ElEmAB(any, sat). Theorem 4.5 is
proved. □

Corollary 4.6. The class of all Boolean algebras BA satisfies ElEmBA(any, sat) ≡sW lim.

4.3. Abelian groups. For the background on computable abelian groups, we refer to the
surveys [24] and [25]. Abelian groups are viewed as structures in the signature σAG =
{+, 0}. By P we denote the set of all prime numbers. Here Q denotes the abelian group
of rationals.
Let A be an abelian group. For a non-zero N ∈ ω and x ∈ A, we write (N | x) iff

A |= ∃y(Ny = x).

An abelian group A is divisible if (N | x) for all x ∈ A and all N ≥ 1. For example, the
group of rationals Q is divisible.
Let x be a non-zero element of A. The order of x, denoted by ord(x), is defined as

follows. If there exists n ∈ ω \ {0} such that nx = 0, then ord(x) is equal to the least such
n. Otherwise, ord(x) =∞.
An abelian group A is torsion-free if every non-zero element x ∈ A has infinite order.
We will use the following known result (see, e.g., Proposition 1.1 in [24] and Theorem 3.3

in [25]).

Proposition 4.7 ([26). ] Let A be a computable abelian group. The group A is decidable
if and only if its theory Th(A) is decidable and the unary predicates (qk | ·), where q ∈ P
and k ≥ 1, are uniformly computable.

We also need the following folklore fact:
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Lemma 4.8 (folklore). (a) The theory Th(Q) is decidable (see, e.g., Corollary 1.2 of [24]).
(b) For each non-zero β ≤ ω, the direct sum

⊕
i<β Q is elementarily equivalent to the

group Q. (This fact follows, e.g., from a direct analysis of the Szmielew invariants [27],
see Section 7.1 of [24] or Theorem 2.9 of [28]).

We obtain the following theorem:

Theorem 4.9. The class TF of all torsion-free abelian groups satisfies ElEmTF(any, sat) ≡sW
lim.

Proof. Consider the countable direct sum U :=
⊕
i<ω Q. It is known that U is a countable

saturated model of the theory Th(Q) (see, e.g., Section 3 of [28]).
Suppose that g0, g1, . . . , gn are elements from U . As usual, we say that the elements

g0, g1, . . . , gn are linearly independent if for arbitrary c0, c1, . . . , cn ∈ Z, the equality c0g0+
c1g1 + · · ·+ cngn = 0 implies that c0 = c1 = · · · = cn = 0.
We say that a computable group A ∼= U has an algorithm for linear independence if

given an arbitrary tuple ḡ = g0, g1, . . . , gn from A one can computably check (uniformly
in ḡ) whether ḡ is linearly independent in A.
Beforehand, we fix a decidable copy C of U that has an algorithm for linear independence.
We prove that J ≤sW ElEmTF(any, sat). We fix an instance p ∈ ωω of the problem J.
Since Th(Q) is decidable and the group U is divisible, a relativized version of Proposi-

tion 4.7 implies that every p-computable copy of U is also p-decidable. Thus, we describe
a uniform construction of a p-computable group Ap that is isomorphic to U .
We fix two ancillary computable groups: G1 that is isomorphic to Q, and G2 that is

isomorphic to Q⊕Q. We assume that dom(G1) = dom(G2) = ω.
For i ∈ {1, 2}, we also fix a computable sequence of finite partial groups (Gis)s∈ω such

that Gis ⊆ Gis+1 for all s, and
⋃
s∈ω Gis = Gi. Here the term “partial group” means the

following: the operation +Gis is defined only on some subset of dom(G
i
s)× dom(Gis).

We choose two elements c and d from G2 such that c, d are linearly independent. We
may assume that c, d ∈ G20 .
The desired group Ap is built as a countable direct sum

⊕
i<ω Bi. For each i ∈ ω, the

domain of Bi will be equal to {i} × ω = {(i, x) : x ∈ ω}.
Stage 0. For each i ∈ ω, we define the finite partial group Bi,0 as an isomorphic copy of

G20 : that is, the map x 7→ (i, x) induces an isomorphism from G20 onto Bi,0.
Stage s+ 1. For each i ∈ ω we proceed as follows.
If φpi,s(0) ↑, then we extend Bi,s ∼= G2s to a finite structure Bi,s+1 that is isomorphic to

G2s+1.
Suppose that s is the least stage such that φpi,s(0) ↓. Since the groups G2 ∼= Q ⊕ Q

and G1 ∼= Q are elementarily equivalent (by Lemma 4.8.(b)), there exists a finite partial
subgroup D ⊆ G1 such that D is isomorphic to Bi,s ∼= G2s . Therefore, one can find
(effectively in p) an isomorphic embedding ψ : Bi,s ↪→ G1. We declare that the group Bi is
finished and that Bi is isomorphic to G1. More formally, we extend the finite map ψ to a
bijection ψ̂ ⊇ ψ that maps {i} × ω onto ω, and for x, y ∈ Bi, we put

x+Bi y = ψ̂
−1(ψ̂(x) +G1 ψ̂(y)).

This concludes the description of the construction. Observe that the group Ap =⊕
i<ω Bi is isomorphic to C ∼=

⊕
i<ω Q. In addition, the construction ofAp is p-computable,

uniformly in p.
Let θ be an arbitrary elementary embedding from Ap into the decidable group C.
• If φpi (0)↑, then the group Bi is isomorphic to G2, and the elements (i, c), (i, d) from
Bi are linearly independent. Since the embedding θ is elementary, the elements
θ(i, c) and θ(i, d) must be also linearly independent.
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• If φpi (0)↓, then Bi ∼= G1, and the elements (i, c), (i, d) are linearly dependent. Then
θ(i, c) and θ(i, d) are also linearly dependent.

Recall that the group C has an algorithm for linear independence. This implies that by us-
ing information about θ, we can compute J(p). We conclude that J ≤sW ElEmTF(any, sat).
Theorem 4.9 is proved. □

Corollary 4.10. The class of all abelian groups AG satisfies ElEmAG(any, sat) ≡sW lim.
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