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Abstract. It is known that the space of kernel operators forms a band in

the Dedekind complete vector lattice of order bounded operators, acting in

ideal spaces of measurable functions. In this paper we investigate the order

structure of the space of partial integral operators. We prove that the space of

all absolute partial integral operators forms a band in the Dedekind complete

vector lattice of order bounded operators acting in order dense ideal spaces

of measurable functions.
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1. Introduction

The theory of partial integral operators has numerous applications in

many areas of mathematics (see [1, 2, 3]). Various properties of these operators

are studied in [4, 5, 7, 8]. It is well known that kernel operators forms a band in

Dedekind complete vector lattice of order bounded operators, acting in ideal

spaces of measurable functions (see for example [9, 10]). The aim of this work

is to investigate the order structure of the space of partial integral operators,

acting in order dense ideal spaces of measurable functions. In Theorem 3.7 we

prove that the space of all absolute partial integral operators forms a band

in the Dedekind complete vector lattice of order bounded operators acting

in order dense ideal spaces of measurable functions.
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We use the standard notation and terminology of Aliprantis and Burkinshaw

[11] for the theory of vector lattices (see also Meyer-Nieberg [9], Zaanen [10]).

Throughout the text we assume that all vector spaces are de�ned over the

�eld of reals and all vector lattices are Archimedean. We let := denote the

assignment by de�nition, while N and R symbolize the naturals and the reals.

2. Preliminaries

In this section we give some necessary preliminaries for further discussion.

Let (Ω,Σ, µ) and (S,F ,m) be measure spaces with σ-�nite complete measures

µ and m respectively, and (Ω × S,Σ ⊗ F , µ ⊗m) be their product. We will

denote by L0(µ) := L0(Ω,Σ, µ) the set of all real-valued µ-a.e. �nite Σ-

measurable functions on Ω, and L0(µ) := L0(Ω,Σ, µ) denotes the collection

of all equivalence classes of functions from L0(µ). As usual, functions di�ering

on a set of measure zero are called equivalent. Since µ is σ-�nite measure,

in view of [9, Lemma 2.6] L0(µ) is a super Dedekind complete vector lattice

under the µ-a.e. pointwise algebraic and lattice operations. In particular, for

an arbitrary f ∈ L0(µ) the symbol f > 0 means that f(ω) > 0 for µ-almost

every ω ∈ Ω. We identify an arbitrary equivalence class f̃ ∈ L0(µ) containing

a function f ∈ L0(µ) with f . Recall that a linear subspace E is called an ideal

space in L0(µ) if for any f ∈ L0(µ) and g ∈ E the inequality |f | 6 |g| implies

f ∈ E. A linear subspace E is called an order dense if for any 0 < f ∈ L0(µ)

there exists an element g ∈ E such that 0 < g 6 f .

Further E and F will denote arbitrary order dense ideal spaces in L0(µ⊗
m) := L0(Ω× S,Σ⊗ F , µ⊗m), E+ := {f ∈ E : f > 0}. A linear operator

T : E → F is called positive (in symbol T > 0) if Tf ∈ F+ for all f ∈ E+,

and regular if it can be written as a di�erence of two positive operators. The

set Lr(E,F ) of all regular operators from E to F is a Dedekind complete

vector lattice. The symbol L(E,F )+ denotes the set of all positive operators

from E to F .

Let (fn)∞n=1 be a sequence in E and f ∈ E. The symbol 0 6 fn ↑ f means

that 0 6 fn(ω, t) 6 fn+1(ω, t) and f(ω, t) = limn f(ω, t) = supn fn(ω, t) for
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µ⊗m-almost every (ω, t) ∈ Ω×S and for all n ∈ N. Similarly, the symbol fn ↓
f means that fn(ω, t) > fn+1(ω, t) and f(ω, t) = limn f(ω, t) = infn fn(ω, t)

for µ⊗m-almost every (ω, t) ∈ Ω× S and for all n ∈ N.

De�nition 2.1. A linear operator T : E → F is said to be partial integral,

if there exists a measurable function k ∈ L0(Ω×S×S,Σ⊗F⊗F , µ⊗m⊗m)

such that

Tf(ω, t) =

∫
S

k(ω, t, s)f(ω, s)dm(s)

holds for all f ∈ E and µ ⊗m-almost every (ω, t) ∈ Ω × S. The function k
is called the kernel of T .

De�nition 2.2. A linear operator T : E → F is said to be L∞(Ω,Σ, µ)-

homogeneous, if T (hf) = hTf for all f ∈ E and h ∈ L∞(Ω,Σ, µ). Clearly,

every partial integral operator is L∞(µ)-homogeneous.

When is a positive L∞(Ω,Σ, µ)-homogeneous operator from E to F partial

integral? The answer is given in the following result.

Theorem 2.3. Let (Ω,Σ, µ), (S,F ,m) be measure spaces with σ-�nite

measures µ and m respectively. Let E, F be order dense ideal spaces in L0(Ω×
S,Σ ⊗ F , µ ⊗ m) and T : E → F be a positive L∞(Ω,Σ, µ)-homogeneous

operator. Then the following are equivalent:

(1) There exists a measurable function k ∈ L0(Ω × S × S,Σ ⊗ F ⊗ F)

such that k > 0 µ⊗m⊗m-a.e. and

Tf(ω, t) =

∫
S

k(ω, t, s)f(ω, s) dm(s) (1)

holds for all f ∈ E and µ⊗m-almost every (ω, t) ∈ Ω× S.
(2) For any sequence (fn)∞n=1 ⊂ E such that 0 6 fn 6 f ∈ E for all

n ∈ N, fn → 0 in measure µ⊗m on every subset of �nite measure, and for

any set C ∈ Σ⊗F such that χCTf ∈ L1(Ω× S,Σ⊗F , µ⊗m)∫
Ω

χC(ω, t)Tfn(ω, t) dµ(ω)→ 0

holds for m-almost every t ∈ S.
� The proof given in [12, Theorem 1]. �
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3. Main Results

In this section we investigate the order structure of the space of partial

integral operators. As in section 2, E and F will denote arbitrary order dense

ideal spaces in L0(µ⊗m) := L0(Ω× S,Σ⊗F , µ⊗m).

Lemma 3.1. Let T be a partial integral operator from E into F with

kernel k ∈ L0(Ω× S × S,Σ⊗F ⊗F). Then the following holds:

(i) T is positive if and only if k > 0 holds µ⊗m⊗m-a.e. on Ω× S × S.
(ii) T = 0 if and only if k = 0 holds µ⊗m⊗m-a.e. on Ω× S × S.
� (i) It is evident that if k(ω, t, s) > 0 holds µ⊗m⊗m-almost everywhere

on Ω×S×S then T is positive. For the converse, assume that T is positive.

By [10, Theorem 86.2] there exists a sequence (Cn)∞n=1 ⊂ Σ ⊗ F such that

C1 ⊂ C2 ⊂ . . .,
⋃∞
n=1 Cn = Ω×S, µ⊗m(Cn) <∞ and χCn ∈ E for all n ∈ N.

For an arbitrary n ∈ N denote by Tn the operator from E to F de�ned by

Tnf(ω, t) =

∫
S

χCn(ω, t)k(ω, t, s)f(ω, s) dm(s)

for all f ∈ E and for µ ⊗ m-almost every (ω, t) ∈ Ω × S. Then Tn is

positive partial integral operator from E to F with kernel χCnk and 1Ω×S ∈
E, where 1Ω×S is the equivalence class of the function identically equal to

one everywhere on Ω × S. Since limn χCn(ω, t)k(ω, t, s) = k(ω, t, s) for all

(ω, t, s) ∈ Ω × S × S it is enough to show that χCnk > 0 holds µ ⊗m ⊗m-

almost everywhere for all n ∈ N.
Thus, without loss of generality we can assume that µ⊗m(Ω×S) <∞ and

L∞(Ω × S,Σ ⊗ F , µ ⊗m) ⊂ E. From 1Ω×S ∈ E it follows that the function

h :=
∫
S
|k(ω, t, s)| dm(s) is �nite µ ⊗ m-almost everywhere on Ω × S. So,

0 6 h ∈ L0(Ω× S,Σ⊗F , µ⊗m). Denote by Un the following set

Un := {(ω, t) ∈ Ω× S : h(ω, t) 6 n}

for all n ∈ N. Then χUnh ∈ L1(Ω × S,Σ ⊗ F , µ ⊗ m) for all n ∈ N and

χUn ↑ 1Ω×S holds. For an arbitrary n0 ∈ N de�ne the operator Tn0 : L∞(Ω×
S,Σ⊗F , µ⊗m)→ L0(S,F ,m) by formula

(Tn0f)(t) :=

∫
Ω×S

χUn0
(ω, t)k(ω, t, s)f(ω, s) dµ⊗m(ω, s)
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for all f ∈ L∞(Ω×S,Σ⊗F , µ⊗m) ⊂ E and for m-almost every t ∈ S. Then
Tn0 is a positive kernel operator with kernel χUn0

k and by [10, Theorem 91.1]

χUn0
k > 0 µ ⊗ m ⊗ m-almost everywhere on Ω × S × S. Thus, χUnk > 0

µ⊗m⊗m-almost everywhere on Ω× S × S for all n ∈ N. Since χUn ↑ 1Ω×S

holds, we have χUnk → k µ⊗m⊗m-almost everywhere on Ω×S×S. So,k > 0

µ⊗m⊗m-almost everywhere on Ω× S × S, as desired.
(ii) Follows by applying the result in part (i) to T and −T . �

Lemma 3.2. Let T, S be leaner operators from E into F such that 0 6

T 6 S. If S is an L∞(Ω,Σ, µ)-homogeneous operator then T is also an

L∞(Ω,Σ, µ)-homogeneous operator.

� Let 0 6 T 6 S with L∞(Ω,Σ, µ)-homogeneous S. First we show that

TχA = χAT holds for all A ∈ Σ, where χA is the characteristic function of

A ∈ Σ. Fix an arbitrary A ∈ Σ. It follows from the inequalities 0 6 T 6 S and

L∞(Ω,Σ, µ)-homogeneity of S that 0 6 χAcTχA 6 χAcSχA = SχAcχA = 0,

where χAc = 1 − χA = χΩ\A. Hence, χAcTχA = 0, and so we have TχA =

χATχA + χAcTχA = χATχA. Thus,

TχA = χATχA (2)

holds for all A ∈ Σ. It follows from (2) that TχAc = χAcTχAc holds for all

A ∈ Σ. That is, T (1−χA) = (1−χA)T (1−χA) = T (1−χA)−χAT +χATχA.

Thus, χAT = χATχA and in view of (2), we deduce that

TχA = χAT (3)

holds for all A ∈ Σ. It follows from (3) that Tfn = fnT holds for every step

function fn of the form fn =
∑l(n)

i=1 αiχAi
, where Ai ∈ Σ, αi ∈ R, n, l(n) ∈ N.

By [11, Theorem 2.8] or [6, Theorem I.6.3] for every function f ∈ L∞(Ω,Σ, µ)

there exists a sequence of step functions (fn)∞n=1 such that fn converges

uniformly to f . Since every positive operator is uniformly continuous, we

have Tf = limn Tfn = limn fnT = fT for all f ∈ L∞(Ω,Σ, µ) �

Lemma 3.3. Let 0 6 T 6 U be positive operators from E into F . If U

is a partial integral operator then T is also a partial integral operator.
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� Let 0 6 T 6 U be positive operators from E into F with U partial

integral. Since U is L∞(Ω,Σ, µ)-homogeneous, it follows from Lemma 3.2 that

T is L∞(Ω,Σ, µ)-homogeneous. Therefore, it su�ces to show that assertion

(2) of Theorem 2.3 holds. In order to do this, let (fn)∞n=1 be a sequence in E

such that 0 6 fn 6 f ∈ E for all n ∈ N, fn → 0 in measure µ⊗m on every

subset of �nite measure, and let C ∈ Σ ⊗ F satisfy χCTf ∈ L1(Ω × S,Σ ⊗
F , µ⊗m). We must show that∫

Ω

χC(ω, t)Tfn(ω, t) dµ(ω)→ 0

holds for m-almost every t ∈ S. Since Uf > 0, by [6, Corollary IV.3.1]

there exists an increasing sequence (Ci)
∞
i=1 ⊂ Σ ⊗ F such that, χCi

Uf ∈
L1(Ω× S,Σ⊗F , µ⊗m) for all i ∈ N and 0 6 χCi

Uf ↑ Uf . For an arbitrary

n ∈ N we have 0 6 χCTfn−χCi
χCTfn = (1−χCi

)χCTfn 6 (1−χCi
)Uf ↓ 0.

Thus, 0 6 χCi
χCTfn ↑i χCTfn holds uniformly over all n ∈ N, and so by

Dominated Converges Theorem for an arbitrary ε > 0 there exists i(ε) ∈ N
such that

0 6
∫

Ω

χC(ω, t)Tfn(ω, t) dµ(ω)−
∫

Ω

χCi
(ω, t)χC(ω, t)Tfn(ω, t) dµ(ω) 6 ε

for all i > i(ε) and for all n ∈ N. Consequently, applying Theorem 2.3

to the partial integral operator U and taking into account that χCi(ε)
Uf ∈

L1(Ω× S,Σ⊗F , µ⊗m), we get

0 6
∫

Ω

χC(ω, t)Tfn(ω, t) dµ(ω) =∫
Ω

χC(ω, t)Tfn(ω, t) dµ(ω)−
∫

Ω

χCi(ε)
(ω, t)χC(ω, t)Tfn(ω, t) dµ(ω)+∫

Ω

χCi(ε)
(ω, t)χC(ω, t)Tfn(ω, t) dµ(ω) 6 ε+

∫
Ω

χCi(ε)
(ω, t)Ufn(ω, t) dµ(ω)→ ε

as n → ∞ for m-almost every t ∈ S. Thus,
∫

Ω
χC(ω, t)Tfn(ω, t) dµ(ω) → 0

holds for m-almost every t ∈ S. �

Lemma 3.4. Let (Ω,Σ, µ), (S,F ,m) be measure spaces with σ-�nite

measures µ and m respectively. Let E, F be order dense ideals in L0(Ω ×
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S,Σ ⊗ F , µ ⊗ m) and k be a positive Σ ⊗ F ⊗ F-measurable function with

values in R ∪ {+∞} such that∫
S

k(ω, t, s)f(ω, s) dm(s) <∞

holds for µ⊗m-almost every (ω, t) ∈ Ω× S an for all f ∈ E. Then k < ∞
µ⊗m⊗m-a.e., that is, k ∈ L0(Ω× S × S,Σ⊗F ⊗F , µ⊗m⊗m).

� Put P := {(ω, t, s) ∈ Ω × S × S : k(ω, t, s) = ∞}. Assume �rst that

1 ∈ E, where 1(ω, s) = 1 for all (ω, s) ∈ Ω×S. Then
∫
S
k(ω, t, s) dm(s) <∞

holds for µ ⊗ m-almost every (ω, t) ∈ Ω × S. Consequently, k(ω, t, s) < ∞
holds for m-almost every s ∈ S and for µ ⊗m-almost every (ω, t) ∈ Ω × S.
In other words, the section Pω,t := {s ∈ S : (ω, t, s) ∈ P} has measure zero

for µ⊗m-almost every (ω, t) ∈ Ω× S. Thus, by Fubini's Theorem we have

µ⊗m⊗m(P ) =

∫
Ω×S

m(Pω,t) dµ⊗m(ω, t) = 0,

and so k <∞ µ⊗m⊗m-a.e.

Now consider the general case. By [10, Theorem 86.2] there exists a

sequence (Cn)∞n=1 ⊂ Σ ⊗ F such that C1 ⊂ C2 ⊂ . . .,
⋃∞
n=1 Cn = Ω × S,

µ ⊗m(Cn) < ∞ and χCn ∈ E for all n ∈ N. Fix an arbitrary n ∈ N. Then
we have ∫

S

χCn(ω, t)k(ω, t, s)f(ω, s) dm(s) <∞

for µ⊗m-almost every (ω, t) ∈ Ω× S and all f ∈ L∞(Ω× S,Σ⊗F , µ⊗m).

Consequently, since L∞(Ω×S,Σ⊗F , µ⊗m) is an order dense ideal, χCnk <∞
µ ⊗ m ⊗ m-a.e. for all n ∈ N. In other words, k < ∞ µ ⊗ m ⊗ m-a.e. on

Cn × S for all n ∈ N. Thus, k <∞ µ⊗m⊗m-a.e. �

De�nition 3.5. A partial integral operator T : E → F with kernel

k ∈ L0(Ω×S×S,Σ⊗F⊗F , µ⊗m⊗m) is called an absolute partial integral

operator if the operator [T ] de�ned by

[T ]f(ω, t) =

∫
S

|k(ω, t, s)|f(ω, s)dm(s)

for µ⊗m-almost every (ω, t) ∈ Ω× S, maps E into F .
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Denote by Lpk(E,F ) the space of all absolute partial integral operators

from E into F .

Lemma 3.6. If T, U ∈ Lpk(E,F ) are absolute partial integral operators

from E into F with kernels kT , kU respectively, then T∨U is a absolute partial

integral operator with kernel equal to the pointwise supremum of kT and kU

µ⊗m⊗m-a.e. In particular, Lpk(E,F ) is a vector sublattice of Lr(E,F ).

� Let T, U ∈ Lpk(E,F ) with kernels kT , kU respectively. Then T + U is

a partial integral operator with kernel kT + kU . It follows from |kT + kU | 6
|kT | + |kU | that T + U is absolute, and so Lpk(E,F ) is a vector subspace of

Lr(E,F ). In view of T ∨ U = 1
2

(
T + U − |T − U |

)
, it is su�cient to show

that |T | is a partial integral operator from E to F and |T | = [T ], where

[T ]f(ω, t) =

∫
S

|kT (ω, t, s)|f(ω, s)dm(s)

for all f ∈ E and for µ ⊗ m-almost every (ω, t) ∈ Ω × S. Since [T ] > T

and [T ] > −T , we have [T ] > |T |. Consequently, it follows from Lemma 3.3

that |T | is a partial integral operator from E to F . It remains to shaw that

[T ] 6 |T |. Let k1 be the kernel of |T |. Since |T | > T and |T | > −T , it follows
from Lemma 3.1 that k1 > kT and k1 > −kT , and so k1 > |kT |. Therefore,
by Lemma 3.1 again |T | > [T ], which implies |T | = [T ] holds, as desired. �

Recall that a vector latticeX is called super Dedekind complete, if whenever

an arbitrary subset D ⊂ X has a supremum, then there exists at most a

countable subset C of D with supC = supD. The following theorem is the

main result of this paper.

Theorem 3.7. Let (Ω,Σ, µ), (S,F ,m) be measure spaces with σ-�nite

measures µ and m respectively. Let E, F be order dense ideal spaces in

L0(Ω × S,Σ ⊗ F , µ ⊗ m). Then the space Lpk(E,F ) of all absolute partial

integral operators from E into F is a band in Lr(E,F ) and is super Dedekind

complete. Moreover, if T, U ∈ Lpk(E,F ) with kernels kT , kU respectively, then

kT ∨ kU is the kernel of T ∨ U .

� It follows from Lemmas 3.3 and 3.6 that Lpk(E,F ) is an ideal in
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Lr(E,F ). If T, U ∈ Lpk(E,F ) with kernels kT , kU respectively, then by

Lemma 3.6 kT ∨ kU is the kernel of T ∨ U .
Consider an increasing net (Tα)α∈A ⊂ Lpk(E,F ) such that 0 6 Tα ↑ T

for some T ∈ Lr(E,F ). It is su�cient to show that T ∈ Lpk(E,F ). Let

kα be the kernel of Tα for all α ∈ A. Then (kα)α∈A is increasing net in

L0(Ω×S×S,Σ⊗F ⊗F , µ⊗m⊗m)+. Since µ⊗m⊗m is σ-�nite measure,

by [9, Lemma 2.6.1] L0(Ω×S×S,Σ⊗F ⊗F , µ⊗m⊗m) is super Dedekind

complete.

Let P (Ω× S × S) := P (Ω× S × S,Σ⊗F ⊗F , µ⊗m⊗m) be the set of

all Σ⊗F ⊗F -measurable functions k on Ω× S × S assuming non-negative

values in R ∪ {+∞}. Functions di�ering only on a µ ⊗ m ⊗ m-null set are

identi�ed. The set P (Ω,×S × S) is partial ordered as usual, i.e., k1 6 k2

means that k1(ω, t, s) 6 k2(ω, t, s) holds µ ⊗ m ⊗ m-almost everywhere on

Ω× S × S. Then P (Ω× S × S) is a lattice.

It follows from [10, Lemma 94.4] that there exist an increasing sequence

(αn)∞n=1 ⊂ A and a function 0 6 k ∈ P (Ω×S×S) such that k = supn kαn =

supα∈A kα holds in P (Ω× S × S). So, we have 0 6 kαn ↑ k and

(Tαnf)(ω, t) =

∫
S

kαn(ω, t, s)f(ω, s) dm(s) 6 Tf(ω, t)

holds for all f ∈ E, n ∈ N and for µ ⊗ m-almost every (ω, t) ∈ Ω × S.

Consequently, by Levi's theorem there exists

lim
n

∫
S

kn(ω, t, s)f(ω, s) dm(s) =

∫
S

k(ω, t, s)f(ω, s) dm(s)

for all 0 6 f ∈ E and for µ ⊗ m-almost every (ω, t) ∈ Ω × S. If we de�ne

Tk : E → F by

Tkf(ω, t) =

∫
S

k(ω, t, s)f(ω, s) dm(s),

then by Lemma 3.4 k < ∞ µ ⊗ m ⊗ m-a.e., and so 0 6 Tk ∈ Lpk(E,F ).

Since Tkf = supn Tαnf holds for all f ∈ E and Tαn 6 T for all n ∈ N,
we have Tk 6 T in Lr(E,F ). On the other hand, since k > kα µ ⊗ m ⊗
m-a.e. for all α ∈ A it follows from Lemma 3.1 that Tk > Tα for all
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α ∈ A. Consequently, Tk > T , which implies Tk = T . Therefore, T ∈
Lpk(E,F ). Super Dedekind completeness of Lpk(E,F ) follows from equalities

T = supα∈A = supn∈N Tαn . �
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