WONG-ZAKAI APPROXIMATIONS FOR NON-AUTONOMOUS
STOCHASTIC PARABOLIC EQUATIONS INVOLVING A
SUBELLIPTIC OPERATOR DRIVEN BY NONLINEAR NOISE
ON UNBOUNDED DOMAINS

BUI KIM MY#

ABSTRACT. In this paper, we study the long-term behavior of a class of sto-
chastic parabolic equations involving a subelliptic operator on some unbounded
domains perturbed by nonlinear noise. Employing the Wong-Zakai approxi-
mation on the noise term combined with the uniform estimates on the tails of
solutions, we first show that the Wong-Zakai approximation equation generates
a continuous random dynamical system, and then establish the existence and
uniqueness of tempered pullback attractors for the Wong-Zakai approximation
equation. Moreover, in the cases of additive noise and multiplicative linear
noise, we prove the convergence of these attractors to those of the original
equation driven by white noise when the Wong-Zakai approximation param-
eter vanishes. Some difficulties need to be overcome due to the fact that the
operator is strongly degenerate and the domain is unbounded.

1. INTRODUCTION

In this paper, we consider the initial value problem for a class of stochastic
degenerate parabolic equations that has the following form:

du+ (—Axu+yu)dt = (f(t,z,u) + g(t,x))dt + h(t,z,u) o dW (1),

u(r, z) = ur(x), (1.1)

where # € RVt > 7, v is constant, 7 > 0 is the initial time of the system,
f,h are given functions, g € L (R;L?(RY)) and W = W(t,w) is a real-valued
one-dimensional independent two-sided Wiener process on a probability space to
be specified later, and the symbol o is understood in the sense of Stratonovich
integration. Here, A is the subelliptic operator (or strongly degenerate operator)

of the form
N oo ou
o 2 _ N
Ayu = ;:1 o, (Aj(x)azj) , o= (21,...,2n5) € RV,

This operator was introduced by Franchi and Lanconelli in [15], recently, by adding
some assumptions on the functions A; [25], this operator is now known as Ajy-
Laplace operator (see Subsection 2.1 below). The operator A, belongs to the
class of degenerate elliptic operators which has received considerable attention over
the years. For some elementary properties, typical examples and recent results
on the elliptic problems involving Ajx-Laplace operator, we refer to the papers
[2, 34l 35 38, B9] and a recent survey paper [26].

We now review some previous results on the long-time behavior of equation
of type (1.1). In the deterministic case, i.e., when h(t,z,u) = 0, the long-time
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behavior of system has been studied by several authors. For example, for
v =0 and g = 0, the authors in [28] studied in the subcritical growth case, and
they proved the existence of solutions and characterized their long-time behavior.
They established the existence and finite fractal dimension of the global attractor
of the generated semigroup and the convergence of solutions to an equilibrium
solution when time tends to infinity. Later, in [31] the authors have considered the
case of critical growth nonlinearity and obtained the existence of global attractors.
Recently, in [40] Quyet et. al. extended the results in [28], where ¢ #Z 0 and
a new class of nonlinearities is considered, and they also obtained the existence
of a global attractor. Note that, the results mentioned above are for bounded
domains. In the case of unbounded domains, the long time behavior of system
is not well understood. Up to the best of our knowledge, there are few results
in this direction, for instance, the existence of a global attractor was proved in
[1L [43] in various cases of nonlinearities, however, they only established the results
for the degenerate operator has form P, gu = Azu+ Ayu + [z)?*|y[*? A, u, with
(r,9,2) € RM x RNz x RN2 | which is a special case of Ay-Laplace operator. For
more results on this topic, we refer the readers to the papers [27, [42] 37] and
references therein.

In the stochastic case, i.e., when h # 0. In the case of the classical A-Laplace op-
erator, there are many results on the existence of solutions as well as the long-time
behavior of solutions of some various classes of parabolic equations are obtained,
both in the case of additive noise and multiplicative linear noise, see e.g. [6l [17]
and references therein (see also [7, 11} 12} [14] where the diffusion term h has a very
special structure and is in the context of the Navier-Stokes equations). In the case
of degenerate parabolic equations, it seems very few results on the case of strongly
degenerate operator Ay, very recently, in [I6] the authors considered the regularity
of Wong-Zakai approximations of the non-autonomous stochastic degenerate para-
bolic equations with X-elliptic operators on bounded domains, where the existence
of the pullback random attractors with a general diffusion term. Note that the
X-elliptic operator was explicitly introduced in [30], based on some ideas applied
in [I5] and this operator contains many degenerate elliptic operators, such as sub-
Laplacians on homogeneous Carnot groups, Grushin operator, and the strongly
degenerate Ay as mentioned above. For the long term behavior of various stochas-
tic degenerate parabolic equations, we refer the reader to [10, [13] [29] B3] [36] and
references cited therein.

In the non-autonomous cases, it is well-known in the literatures, to treat the
noise term when the noise h(t,z,u) o dW(t) = h(x) o dW (t) or h(t,x,u) o dW () =
u o dW(t), i.e., the noise is additive or multiplicative, respectively, we may use
the change of variables technique to transform the original equations into the new
equations which have only random coefficients, and exploit the methods as in the
deterministic cases to obtain the existence of global random attractors or pullback
random attractors, see e.g. [0l [[3] 44, 49]. Namely, by standard techniques we first
prove the stochastic differential equation generates a random dynamical system, and
then show the existence of a family of compact sets, which is pullback absorbing for
the solution process of the original system, see e.g., [3 11} [12]. However, in general
case, i.e., when the noise has form h(t, z,u) o dW (t) where h(¢,z,u) is a nonlinear
function with respect to wu, it seems very difficulty to obtain the informations on
the existence of random attractors because we do not have a suitable the change
of variables to treat the diffusion term h(t,z,u). Therefore, it seems that there are
very few works in the literature dealing with the existence of random attractors
for stochastic partial differential equations with general nonlinear noise. In order
to deal with the nonlinear diffusion term, the author in [20] used the Wong-Zakai
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approximations given by a stationary process via the Wiener shift to study the
existence of random attractors for the two-dimensional stochastic Navier-Stokes
equations with a general Lipschitz nonlinearity. We notice that the Wong-Zakai
approximations established by Wong and Zakai in 1965 (see [54), [55]), and have
been used to study the solutions and dynamics of some stochastic equations, see
e.g. [21), 22, B2 47 52, [53]. It is worth mentioning that we may use the concept
of weak pullback mean random attractors was introduced in [45] to deal with the
Lipschitz diffusion term. For more results on this direction, we refer the reader to
[18] [19] 23], [46] and references therein.

Motivated by the above works, in this work we investigate the long-term be-
havior of system driven by a general nonlinear noise on unbounded domains.
Our problem here is not straightforward from the literature mentioned above, and
when dealing with system there are some essential difficulties that we must
overcome. One of the main difficulty of this paper lies in the non-compactness
of Sobolev embedding H}(RY) < L*(R") and so the asymptotic compactness of
solutions cannot be obtained by the standard method. In the case of deterministic
equations, this difficulty can be overcome by the energy equation approach, intro-
duced by Ball in [5] and successfully applied to deterministic equations [8] @] as well
as stochastic equations [0, 24} [51]. In our case, we overcome this difficulty by using
the method of uniform estimates on the tails of solutions [48] (see also [4, [41]).
Precisely, for every e > 0, we show that there exists a large open ball O, Cc RV
with center at origin and radius k£ > 0 such that the solutions are uniformly less
than € in L2(RY \ O}) when time is sufficiently large. Since Oy is bounded and the
embedding H}(RY) < L2?(Oy) is compact in L?(RY), by the uniform estimates, we
can prove that the solutions are compact in L?(Oy). Consequently, the solutions are
covered by a finite number of open balls in L?(Oy) with radii less than e. This along
with the uniform tail-estimates implies that the solutions are covered by a finite
of open balls in L2(RY) with radii less than ¢, and hence the associated cocycle is
asymptotically compact in L2(RY), (for more details see Lemma [3.5[in Subsection
3.2 below). Another difficulty that occurs when establishing the uniform estimates
on the tails of solutions come from the degeneracy of the operator Ay. In this case,
to obtain the uniform of the solutions we cannot use the usual test function as in
the case of the Laplace operator, instead, we need to choose a test function which
is suitable with the structure degeneracy of Ay operator, and employ more delicate
computations to obtain the uniform estimates (see Lemma in Subsection 3.2).
Compared with the equations with standard Laplace operator, the uniform esti-
mates on the tails of solutions are much more involved because of the degeneracy
of the Ajy-Laplace operator. Our results obtained here are interesting and new
for the strongly degenerate operator, even in the deterministic case on unbounded
domains.

The paper is organized as follows. In Section 2, we recall some basic notations,
definitions and results on strongly degenerate operator, on the theory of random dy-
namical systems as well as Wong-Zakai approximations. In Section 3, we prove the
existence and uniqueness of random attractors to problem driven by Wong-
Zakai approximations. In the last Sections 4 and 5, we prove the convergence of
solutions and attractors of approximate equations when the step size of approxima-
tions approaches zero for linear multipicative noise and additive noise, respectively.

2. PRELIMINARY RESULTS

2.1. The Ay -Laplace operator. In this subsection, we recall the definition and
properties of the Ay-Laplace operator as well as Sobolev spaces (see [25]).
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Let N > 2, we consider the following operator
N
Axui=" 0y, (N (2)0,u),
j=1

where 0, = %, j =1,...,N. Here the functions A; : R® — R are continuous,
J

strictly positive and of class C'! outside the coordinate hyperplanes, i.e., Aj>0,5=
N

1,...,N in RNV \ [T, where [T = {(21,...,2n5) € RY : [] z; = 0}. As in [25] we
j=1

assume that A; satisfy the following properties:
(1) M(z) =1, Aj(z) =Nj(z1,...,25-1),) =2,...,N;
(2) For every z € RN, \;(x) = \j(z*),j = 1,..., N, where
" = (Jxg], ..., |an]) if 2 = (21,...,2N5);
(3) There exists a constant p > 0 such that
0 < 20y Ni(x) < pAj(z) Vke{l,...,j—1},j=2,...,N,

and for every x € Rf ={(z1,...,an) ERN :2; >0Vj=1,...,N}
(4) There exists a group of dilations {d; }+>0

8 : RN 5 RN 6,(x) = 61, ..., xn) = (721, ..., tV ),
where 1 < ¢; < e < --- < ep, such that A; is d;-homogeneous of degree
€ — 1, i.e.,

2j(6(z)) =t \(2), VreRN t>0,j=1,...,N.
This implies that the operator Ay is d;-homogeneous of degree two, i.e.,
Aa(u(:()) = (Axu)(0e(a)),  Vu € CP(RY).

We denote by @ the homogeneous dimension of RY with respect to the group of
dilations {d; }+so0, i.e.,
Q=€+ - +en.

For O is a bounded domain in RY and p > 1, we denote by Wi’p (O) the com-
pletion of C5°(0) in the norm

1
P
ol = ( [ )"

where Viu = (A0, u, A2Opytt, . .., ANy yu). When p = 2, we denote H}(O) =
W?(O), then the following useful embedding was established in [25].

Lemma 2.1. The embedding H}(O) — L*(O), where 2§ = QZ—%, is continuous.
Moreover, the embedding Hi(O) < LY (0) is compact for every v € [1,23).

We consider the operator —A, : Hi(0) — L*(0), and set A = —A,, then by
Lemma[2.0] A is a linear, positive, self-adjoint operator with compact inverse. Con-
sequently, there exists an orthonormal basis of L?(O) consisting of eigenfunctions
;€ Hi(O), j=1,2,... of the operator A with eigenvalues

0<ps <pp <o+ and pj = 400 as j — +oo.
We also denote the Sobolev space
HY(RY) = {u:RY = R,u € L*(R"),|Vu| € L*(RM)}
equipped with the norm

ey = [ (95l + [uf)dz,
RN
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then H}(RY) is a Hilbert space, and by [I, Lemma 2.1] (see also [34, 35]) we have
the following embedding
H}(RY) — LP(RY)
is continuous for p € [2,23].
The dual spaces of Hi(O) and Hi(RY) are denoted by Hy '(0) and H; '(RY),
respectively.

We define VV/\2 P(RY) as the space of all functions u such that

ou 0 ou

LP(RNY), Ni(z)=— € LP(RN), Ni(z)=— (A LPRN), 4, j=1,...,N

we DRY), M) € PR, M) (M) ) € VRN, ij = 1,eeoo B,

with the norm

=

6 0
ludhwzr = | [, P+ sl + 3 n(a) 5, @) 5ol

i,7=1

We see that WP (RY) is a Banach space and when p = 2 the space W;*(RYN)
becomes a Hilbert space with the following inner product

ou 0 ov
= Xim—(Aj— .
(u, ”)W2 2 = (u,v) L2+Z L2+ ;1 ( 8% Aj Ox; oz, ) (‘3%‘( J Ox; )>L2
For simplicity, throughout this paper we will write || - ||z = - ||

2.2. Random dynamical systems. In this subsection, we recall some basic con-
cepts on the theory of non-autonomous random attractors for random dynamical
systems, for more details, we refer the readers to [3, 49} [(0].

Let (X,] - ||x) be a separable Banach space with Borel o-algebra B(X), and let
(2, F,P) be a probability space.

Definition 2.1. (2, F,P, (0;)tecr) is called a metric dynamical system if 6 : RxQ —
Q is (B(R) x F, F)-measurable, 0y is the identity on Q, 05 = 050; for all s,t € R,
and 0;(P) =P for all t € R.

Definition 2.2. A random dynamical system (RDS for short) is a pair (6,®)
consists of a metric dynamical system (2, F,P, (0:)ter) and a cocycle mapping P :
RT xR x Q x X — X, which is (B(RT) x F x B(X))-measurable and satisfies the
following properties:

(i) ®(0,7,w, ) is the identity of X;

(i) (t + s, 7,w,x) = O(t, 7 + 8,0,w, P(s,7,w,x)) for all T € R, t,s €

R*, z € X and for P-a.e. w € Q.
Moreover, ® is said to be continuous if ®(t,7,w, ) : X — X is continuous for all
TER,weQ andt € RT.

Definition 2.3. A mapping ¥ : R x R x Q — X is called a complete orbit of ® if
for everyt € RT, 7,5 € R and w € Q, the map v satisfies the following condition

(b(t7 T+ 57950071/}(& 7, W)) = w(t + S, T, W)

In addition, if there exists D = {D(1,w) : 7 € R,w € Q} € D such that Y(t, T,w)
belongs to D(1 +t,0,w) for every t, T € R, then 1 is called a D-complete orbit of ®.

Definition 2.4. A family K = {K(1,w) : 7 € R,w € Q} € D is called a D-pullback
absorbing set for ® if for all T € R,w € Q and for every D € D, there exists
T =T(D,r,w) >0 such that

O(t,7—t,0_w,D(t —t,0_4w)) C K(1,w) forallt>T.
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In addition, if for all 7 € R and w € Q, the set K(r,w) is a closed nonempty
subset of X and K is measurable in w with respect to F, then K is called a closed
measurable D-pullback absorbing set for ®.

Definition 2.5. The continuous cocycle ® is called D-pullback asymptotically com-
pact in X if for all T € R and w € Q, the sequence D(t,, T — tn,0_¢,w, Tp)02, is
precompact in X whenever t, — +oo and x, € B(T —t,,0_4,w) with {B(T,w) :
TeR,weQ}eD.

Definition 2.6. A family A = {A(t,w) : 7 € R,w € Q} € D is called a D-pullback
random attractor for ® if the following conditions are satisfied, for every 7 € R and
weN:
(1) A is measurable in w with respect to F and A(7,w) is compact in X;
(i1) A is invariant, that is ®(t, 7, w, A(T,w)) = A(T + ¢, 61w), for all t > 0;
(iii) A attracts every set in D, that is, for every D € D,

tlgrn dist(®(¢, 7 — t,0_tw, D(T — t,0_1w)), A(T,w)) = 0,

where dist is the Hausdorff semi-distance given by

dist(E, F) = sup inf ||z — y||x for any E,F C X.
zeBYEF

In addition, if there exists T > 0 such that
AT+ T,w) = A(T,w), Vr € R,Vw € Q,
then we say A is periodic with period T.

By the above definitions, we now state the following result for the existence of
D-pullback random attractor for non-autonomous random dynamical systems, see
e.g. [49].

Proposition 2.1. Let D be an inclusion closed collection of some families of
nonempty subsets of X, and ® be a continuous cocycle on X over R and over
(Q,F, P, {0:}1er). If © has a closed measurable D-pullback absorbing set K in D
and ® is D-pullback asymptotically compact in X, then ® has a unique D-pullback
random attractor A in D which is given by

A(r,w) = K, 7w) = | D, 7,w)
DeD
= {¢(0,7,w) : ¢ is a D — complete orbit of D},

where Q(K) and QD) are the omega-limit sets of K and D, respectively. In addi-
tion, if ® and K are T-periodic then A is also T-periodic.

We next recall some results concerned with the upper semicontinuity of non-
autonomous pullback random attractors from [50]. Let I be an interval such
that 09 € I and for each § € I, ®5 is a continuous cocycle on X over R and
(Qaf7 IP? {Ht}tER)-

Assume that for every t € RT,7 € R,w € Q,6, € I such that §, — Jp, and
r, — x for x,,x € X,

lim @5 (¢, 7,w,2,) = Ps, (t, 7,w,x). (2.1)

n—oo
For each 6 € I, suppose that Ds be a collection of some families of subsets of X,
and for every 7 € R and w € Q, there exists Rs,(7,w) > 0 such that

D={D(r,w)={z e X :|z[x <Rs(r,w): TERweN}:TER,we N} € Ds,.
(2.2)
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Next, for 6 € I is given and let A5 € D and K5 € D be a Ds-pullback random
attractor and a Ds-pullback absorbing set of ®, respectively, such that for all 7 € R
and w € ),
lim sup || K5(7,w)||x < Rs,(T,w), (2.3)
—00
where R, (7,w) is given as in (2.2)).
Finally, we assume that for all 7 € R and w € €2, the sequence

{zn};2; is precompact in X whenever d,, — dp and z,, € As, (T,w). (2.4)

Proposition 2.2 ([50]). Suppose that (2.1) and (2.3)—(2.4) hold. Then for ev-
ery 7 € R and w € Q, the non-autonomous pullback random attractor is upper
semicontinuous, that is,

dist(As (T, w), Asy (T,w)) = 0 as § — do.

2.3. Wong-Zakai approximations. Let (2, F,P) be the classical Wiener proba-
bility space, where

Q=Co(R,R) = {w € C(R,R) : w(0) =0},

with the open compact topology, F is its Borel g-algebra and P is the Wiener
measure. The Brownian motion has the form W (t,w) = w(t), and we consider the
Wiener shift 6; defined on the probability space (2, F,P) by

Ou() = wit + ) — w(t).

Then from [3], we known that the probability measure P is an ergodic invariant
measure for 6; and (Q, F,P,{0;}1er) becomes a metric dynamical system. And
there exists a {6;}+er-invariant subset Q@ C Q of full measure such that for each
w € Q, we have

w(t)

In what follows, we will write Q as the space Q. For each § € R, we denote
Ws : 2 — R is the random variable defined by

Ws(w) = %w((;), Yw € §,
then we have 5
Wi(bs) = y(6) = LD =), (2.6
and . .
t w)ds = t P uwls) s w(s) s
/OW5(05 )d —/t S d —&-/p S ds. (2.7)

By properties of Brownian motions, we known that Ws(6,w) is a stationary sto-
chastic process with a normal distribution and is unbounded in ¢ for almost all
w € Q. Hence, Ws(6w) can be viewed as an approximation of white noise in the
following sense

lim sup =0 a.s. foreach T > 0.

6=0¢e(0,17
Moreover, by (2.6) and (2.7) and the continuity of w, we obtain the uniform con-
vergence of Ws on any finite interval, i.e., for 7 € R,w € Q and T > 0, then for
every € > 0, there exists 09 = do(e,7,w,T) > 0 such that for all 0 < [¢| < o and
telrn,m+1T],

/Ot Ws(0sw)ds — W (t,w)

/Ot Ws(0sw)ds — W(Lw)‘ <e. (2.8)
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Note that the continuity of w(t) on [7, 7+T] implies that there exists ¢ = ¢(1,w,T) >
0 such that

lw®) <ec Vtelr,T+T]. (2.9)

From this and by (2.8]), we have there exist 6; = §;(7,w,T) > 0 and ¢ = ¢(7,w,T) >
0 such that for all 0 < || < é; and ¢ € [r,7 + T,

‘/Wg (Osw)ds| <

3. RANDOM DYNAMICAL SYSTEMS FOR STOCHASTIC DEGENERATE PARABOLIC
EQUATIONS BY WONG-ZAKAI APPROXIMATIONS

‘/ Ws(0sw)ds — W (t,w)| + |W(t,w)| <ec. (2.10)

To prove problem generates a random dynamical system, we first define a
continuous cocycle for random degenerate parabolic systems driven by approximate
white noise (called Wong-Zakai approximations), and then show the existence of
pullback random attractors. To do this, we need to the following assumptions on
the nonlinearity f and the nonlinear diffusion term h.

e Assumptions on f: We assume the nonlinearity f : R x RY x R — R is
continuous and satisfies

f(t @, 8)s < —ci|s|P + fi(t,x), Vt,s R,z RN, (3.1)
|f(t,x,8)] < cols|P™t + fa(t,2), Vi s€RzeRY, (3.2)
0
aSf(t z,8) < —c3|s|P7? + f3(t,x), Vt,sE€R,xeRY, (3.3)
of —2
5g (b8 8)| < falt, 2)(L+[sP75), (3.4)

where p > 2 and 01,02,03 are positive constants, fi1 € LIOC(R;LI(RN))7f2 S
LY (R; LP1(RY)) with p1+5 =1, f3 € L2 (R; LW(RN)), and f; € L= (R; L= (RY)).

loc loc
e Assumptions on h: The diffusion function h : Rx R x R — R is continuous
and satisfies

|h(t,z,s)| < hy(t,x)|s|7" + ho(t,x), Vt,s€R,zeRY, (3.5)

h(t,z,s)| < ha(t,z)|s|972 + ha(t,z), Vt,s € R,z RV, (3.6)

9
0s

where2 < g <pandh; € L PO(R; Lv—a G(RN)),hQ € LY (R; LP1(RY)) with pil—i—% =

loc loc

1, and hg, hy € L (R; L=(RN)).

loc

Remark 3.1. The assumption is a dissipativity condition (sometimes called
coercivity), while condition s a growth condition on f in s, which may include
subcritical, critical, or even supercritical cases. The assumptions and .
ensure that the nonlinearity in the diffusion is weaker than in the reactzon term.
Together, conditions and are crucial for establishing the energy estimates
and a priori bounds as well as proving global existence and uniqueness of solutions
to our problem.

3.1. Continuous cocycles. Given 7,6 € R with § # 0. We consider the following
Wong-Zakai approximation of the non-autonomous stochastic degenerate parabolic
equations defined for z € RY and ¢t > 1

{ut — Azu+yu = f(t,z,u) + g(t, x) + h(t, z,u)Ws(0iw),
u(

T,z) =u,(xr), xRV, 3.7)
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where g € L2 _(R; L?(RY)). We now prove the existence and uniqueness of solutions
of equations (3.7) in L2(R™). To do this, we first introduce the definition of weak
solutions for the equation.

Definition 3.1. Given 7 € R,w € Q and u, € L*(RY). A function u(-, 7,w,u,) €
C([r,00), LARN)) N LE (7,00, HL(RN) N L (7, 00; LP* (RY)) and
du

T € Lioc(T, 00 HH(RY)) NV LG (7, T5 L7 (RY))

is called a weak solution of [B.7) if u(r,7,w,u;) = u, and for every & € Hi(RN)N
L2(RN) 0 L1 (RN),

d
%(U,@ + /RN Vau - Vaédr 4+ v(u, §)

= [ Fta e + (6.0 + Welbw) (h(t- 1))
in the sense of distribution on [1,00).
Next, for each k =1,2,..., we denote by
Oy, = B1(0,k) x B3(0,k) x --- x By (0,kN)

and consider the following equations defined in Oy

0
% - A)\uk +’7uk = f(t,.’L',’LLk) +g(t,(E) + h(t,x,uk)Wg(Htw), t > T, T € Oka

ug(t,z) =0, t>7,2€ 00,
up (T, ) = ur(r), € O.
(3.8)

Since system is deterministic with random coefficients defined on bounded
domains Oy, thus for every 7 € R,w and u, € L*(O) are given, we can use Galerkin
method as in [40] to prove the well-posedness in L?(Oy) of (3.8). Moreover, the
solutions uy of are in (F, B(L%(O4)))-measurable with respect to w € Q. We
now show that the solution uy of tends to the corresponding solution of
as k — oo.

Lemma 3.1. Let (3.1)-(3.6) hold. Then for every 7 € R,w € Q and u, € L*(RY),
problem (3.7) has a unique solution

u(, T, w,ur) € C([T,OO),LQ(RN)) NnL? (T,OO;H;(RN)).

loc
This solution is (F, B(L*(RN)))-measurable in w and continuous in initial data u,
in L2(RY).
Proof. The proof is divided three steps.
Step 1: Uniform estimates on the solutions uy:
Multiplying ug on both sides of the first equation in (3.8]) we obtain for ¢ > 7

1d
5&”%”2 + IV auk | + ylul|? = / f(t, @, up )upd +/ g(t, x)updx
Ok Ok
+W5(9tw)/ h(t, z, uk)ugde. (3.9
Oy
By (3.1), we can have that
flt, zup)upde < —cl/ |ug|Pdx + fi(t, z)dx, (3.10)
Oy Oy Ok

and by (3.5)), use Holder’s and Young’s inequalities, we obtain

Wg(@tw)/ h(t, z, ug)updr < [Ws(0w)| (ha(t, x)|ukl? + ha(t, )|uk|)dx
Ok Ok
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q/p (/e
< (/ |uk|Q~p/de) (/ |h1(x,t)W(;(athp/(p—q)dx)
Ok o

1/p 1/p1
+ </ |uk|pdm> (/ |h2($7t)W6(9tw)pldx>
Oy, Ok

Ok O
+ gl/ |Uk| x+c/ |h2(x;t)W5(9t“)| dﬁC
Ok Oy

c .
< el -+ e Wi (8) 75 1. 2)
Oy

+ 2| We (6:0) [ [[ Az (8, %)l Tps - (3.11)
Using again Young’s inequality for the last term, we have
0% 1
[ attopunds < Tl + 2 gco) (312
Ok Y

Thus, we could deduce from (3.9)—(3.12)) that for ¢ > 7,

1d
2dt

P
oy

P
L p—a

3 C1 1
e ll® + IV xull® + 7 llusll* < =S lluxll, + ;Ilg(t)ll2 + 11 @) I

+ 1 [Ws(0:)| 75 [P (8, 2) 175 + ol Ws(0:w) P [z (t, @) [

Lp—a

which indicates

d 3 2
Tl + 20V okl + S llunll® + exfluxllz, < gllg(t)Il2 + 2l A @®)] 2

+ e[ Ws (0,0) |75 |l (1, 2) |75 + ol Ws(0:0) P || ha(t, 2) |25, . (3.13)

bl
p—
Lr—a

Multiplying both sides of (3.13) by €37 and integrating on [7,t] with t > 7, we
deduce for every w € ,

¢
||uk(t,7',w,u7)||2—|—2/ e%'y(s_t)HV,\uk(s,T,w,uT)Hst

T

t P
+c / e27(s=t) ur (s, 7,w, ur) ||} ,ds
.

¢ 2
< Ay 4 [ ey (vng(s)n? n 2|h1<t,x>||u)ds

T

bog P et
o [ eDEWs 6,075 i (5)]7 3 ds
T P—aq

t
+02/ 370 W5 (B,w) P || ha () |24, ds.

Hence, we obtain

{up}32, is bounded in L*(7,T; L*(O)) N LP(1,T; LP(Oy)) N L (7, T; Hy (O%)),
(3.14)
and by (3.2), we infer that

/ |f(t, , ug)[Prdadt < c/ \uk|pd:€dt+c/ | f2(t, ) |P* dadt,
OkX[T,T] OkX[T,T] OkX[T,T]

this implies that
{f(t,x,ux)}3>, is bounded in LP*(r,T; LP*(Of)). (3.15)
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And by (3.5) and Holder’s inequality, we also obtain

s Ly Wk ~ 1\4 P k B 2\,
/ (2, u) [P davdt < c/ (a6, 2) P g @D + [ (8, )P )dard
O x[7,T) O x[71,T]

: C/ (1Rt 2) 757 + funl? + he(t, 2)[7)dadt,
OkX[T,T]

where % + p% =1, thus we conclude that
{h(t,z,ur)}peqy is bounded in LP*(7,T; LP*(Oy)). (3.16)
Therefore, from (3.14), (3.15) and (3.16)) we can conclude the boundedness of de-

rivative sequence, i.e.,

{d;tk} is bounded in L2(7,T; Hy ' (Ok)) + LP* (1, T; LP* (O%)).  (3.17)
k=1

Step 2: Existence of solutions: Let T > 0,tg € [7,7 + T| and ug (¢, 7, w, u,)
is solutions of defined in Oy. Extend uy to the whole space RY by setting
ur = 0 on RY \ O and for simplicity, we still denote this extension by ;. Thus
we can see from (3.14)), (3.15)), (3.16]) and (3.17)) that there exist functions

@€ L*(RY),
u € L®(r, T; L*(RN)) N LP (7, T; LP(RY)) N L2(r, T; HY (RY)),
X1 € LP* (7, T; LP* (RY)),

such that up to a subsequence,

up —u  weak-star in L>(7,T; L*(R")), (3.18)
up —u  weakly in LP(7,T; LP(RY)), (3.19)
up —u  weakly in L?(r,T; Hy(RY)), (3.20)
Auyp — Au weakly in L?(7, T H;l(RN)), (3.21)
ft,z,up) + Ws(0w)h(t, z,up) — x1 weakly in LP* (1, T; LPL(RY)),  (3.22)
ug(to, 7,w,ur) — @ weakly in L*(RY). (3.23)

Moreover, since the embedding H3(Of) < L?(Oy) is compact, we can choose
a further subsequence (not relabeled) by a diagonal processes such that for each
ko € N,

up — u  strongly in L(7,T; L?(Og,)). (3.24)

We next prove x1 = f(¢,-,u) + h(t, -, u)Ws(0;w). Indeed, from (3.24]) we infer that
(up to a subsequence)

up = u  ae (tx) € (r,7+T) x O.
From this and by the continuity of f, h and Ws we obtain
flt, x,uk) + h(t, z,up)Ws(0iw) — f(t,z,u) + h(t, z,u)Ws(0;w) (3.25)
for a.e. (t,z) € (1,7 +T) x Ok. Hence, by the boundedness in and (3.16),
we obtain from that
flt, x,u) + h(t, z,up) Ws(0yw) — f(t,x,u) + h(t, z,u)Ws(0;w) (3.26)

weakly in LP' (7,7 4+ T; LP*(Oy)). From (3.22), (3.26) and by uniqueness of weak
limit, we obtain

x1 = f(t,z,u) + h(t, z, u)Ws(O:w). (3.27)
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Now, for every j € Nand ¢ € C°(r,7+T), we have from (3.24) and (3.26] that
T+T
lim (f(t, - u) + h(t, -, upg) Ws(Ow), de;)dt

k—oo -
T+T
:/ (f(, - ) + h(t, - u)Ws(0,w), de; L. (3.28)

Hence, letting k — oo in (3.8)) and using (3.18])—(3.22) and (3.28), we have for every
jeNand ¢ € C®(1,7+T),

T+T T+T
—/ (u,ej)¢’dt—|—/ (Au,¢ej)H;17H;dt

T+T T+T
= ’Y/ (u, (i)@j)dt + / (le (bej)LPl ’Lpdt

T+T

T+T
+ / (f(t, - u) + h(t, -, u)Ws(0iw), pe;)dt + / (g, pe;)dt. (3.29)

Moreover, span{e;, j € N} is dense in H3 (Oy) N L?(Ok) N LP(Oy), hence we can see
that (3.29) is still valid when e; is replaced by any element in H;(Oy) N L2(Of) N
L?(Oy). Thus, we obtain that for every £ € H}(RN) N L2(RY) n LP(RY),

d
() + (A s gy + 70,8 = (1o ey + (00,6 (330)
in the sense of distribution. Hence, (3.30) and (3.27)) imply that
d
ditt = —Au+ f(t,z,u) + h(t,z, u)Ws(Ow) — yu + g, (3.31)

in L2(7,7+T; Hy "(RN)) + LPr (7, 7+ T; LP* (RY)) + L2 (7, 7+ T; L*(RY)), from this
and by u € L (7,7 + T; L*(RN) N LP(7,7 + T; Hy (RN)) N L%(7,7 + T; L*(RY)))
and % € L2(r,7 + T; Hy '(RN)) + LP* (7,7 + T; LP*(RV)) give us u € C([r,7 +
T], L*(RY)) and

1d d

——|u|* = <u,u) forae. t e (r,7+T). (3.32)
2dt dt H'4+LP1+ L2 HINLPOL2

We now prove u(7) = u, and u(7 +7T) = 4. Indeed, we choose ¢ € C*([r,7+T))
and ¢ € H}(Ok) N LP1(Oy). Multiplying (3.8) by ¢¢ and taking the limits as
previous, then we obtain from (3.18])—(3.23)) and (3.31]) that

T+T T+T
@8+ 1)~ (un 0(r) = [ @St~ [ (Au6€) 0t
+T T+T T+T
. / (u, 6€)dt + / (12 8) (1or oyl + / (g.0)dt.  (3.33)

On the other hand, from (3.30), we deduce that the right-hand side of (3.33)) is
given by

(u(r +1),8)(r +T) — (u(7),§) ().
Thus, we obtain
(Wt +7),8)d(r +T) = (u(r),§) (1) = (0, §)d(T + T) — (ur, §) (7).

Next, for ¢ € C([r, 7 + T]) such that ¢(7) = 1 and (7 + T') = 0, we first taking
¢ = 1 and then choosing ¢ = 1 — 1, we obtain

w(r)=u, and u(r+7T)=1a,
and this proves u is a weak solution of system (3.7).
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Step 3: Uniqueness of solutions: Assume u; and wus are two solutions of
system with initial conditions u; (7, x) = us1 , and ua(7, &) = ug ., respectively.
Let 4 = u; — uo and u satisfies

du

EE—Am+wﬁ:h@m+MM&mm@m,

where we used the mean value theorem for functions f and h to obtain

Al = [ G+ @ =y

" Oh
(0= [ G+ (1= nuz)dn,
0 S

Moreover, since ¢ > 2, by (3.3) and (3.6) we have for t € [r, T,
1d
sl < [ A@lalds+ wiew) [ m@la?

2 dt RN RN

1
< 03/ (/ lnuy 4 (1 — n)ug|P~2dn + fs(h@) |u)*dx
RN 0
1
a0 [ ([ s+ 0= a2+ ) o
RN 0
1
— Cg/ / |nuy + (1 — n)uz|p*2|ﬂ|2dndx —l—/ f3|ﬂ|2dx
RN JO RN
1
* C/ |haWs (6,w)| 7= [a|2dz + 03/ Inuy + (1 — n)us|P~?|al*dndx
RN 0

+ \w(;(etwn/ halal?dz
RN
< cfal*.
Therefore, for all ¢ € [r,T], we obtain
||U1 (ta T, W, ulﬂ') - Ug(t, T, W, u2,7‘) ||2 < GC(tiT) ||U177- - u277'||27 (334)
this implies the uniqueness and continuous dependence of solutions on initial data
in L2(RM).
In addition, by the uniqueness of solutions and by 4 = u(ty) we obtain that for
every w € , the sequence of solutions {uy(tg, 7,w,u,)} converges to u(ty, 7,w, u,)
weakly in L2(RY) for any fixed ty € [r,T] and w € Q. And by ug(t, 7,w,u,) is

measurable, we also have the measurablity of u(t, 7,w, u, ). Therefore, the lemma is
proved. U

Next, we prove the asymptotic compactness of solutions.

Lemma 3.2. Let {u,}3%, be a bounded sequence in L*>(RN). Then there eist
ug € L2(7,t; L2(RN)) and a subsequence {u(-, T,w,un, )}, of {u(-, 7,w,un) 2,
such that

u(, Ty w, U, ) — up(s)  in L*(Oy) (3.35)
as m — oo for every k € N and for almost all s € (7,1).
Proof. Given T be a sufficiently large time such that t € (7, T. It follows from ({3.14])
and (3.17)) that, up to a subsequence and for every k € N,

u(-, Ty w,un) = a4(-)  in L2(7,T; L*(Oy))

for some @ € L2(7,T; L2(RY)). Then, for each k, there exists a sub-interval I}, C
[7,T] with |I| = 0 and a subsequence {u* } C {u,},

Nom

u(s,r,w,uﬁm) —a(s) in L*(O4), Vs € [r,T)\ Ix.
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Then by a diagonal process, we can find a interval I C [r,T] with |I| = 0 and a
subsequence of u,, (we do not relabel) such that

u(s, T,w,uy) — G(s) in L*(Of) Vs € [r,T)\I,Vk €N,
hence follows. O
We next define a mapping ® : R x R x Q x L2(RY) — L2(RY) by
O(t, 7w ur) =u(t+ 7,7, 0_rw, ur)

where u is a solution of (3.7) and w, is the initial condition which is given in
L?(RY). Then by Lemma We obatin that @ is a continuous cocycle on L?(R™)
over complete probability space (2, F, P, {6; }+cr)-

In what follows, we will study existence of a unique D-random attractor in
L?(RN) for ®. To do this, for a bounded nonempty subset D of L?(RY) is given,
we denote by

1D = sup [I£]
£eD
is the Hausdorff semi-distance between D and the origin in L?(RY). Let
D={D=D(r,w): 7€ Rywe Q: D is tempered},

be the collection of all families of tempered nonempty subsets of L2(RY).
To show the existence and convergence of pullback attractors, we further need
to the following conditions:

/ e (lg(s)I? + 1 f1(s)llL1)ds < 400 VT €R, (3.36)
and
0
lim ect/ e (lgls + D2+ lfs(s + D)l p)ds =0, Ye>0,  (3.37)
where v > 0.

3.2. Existence of pullback random attractors. In what follows, we prove that
® has a tempered pullback absorbing set in L?(R”") and is D-pullback asymptoti-
cally compact, which implies the existence of a unique D-random attractor for the
cocycle ®.

In addition, we assume that

hy € L®(R; LP/P=D(RN)), hy € L=(R; LP*(RY)).
Lemma 3.3. Let (3.1)—(3.6)), (3.36) and (3.37) hold. Then ® has a closed mea-

surable D-pullback absorbing set
K={K(r,w):Te RweQ}eD

K(r,w) ={u e L*(RY) : ||ul|? < R(1,w)} (3.38)

0
R(va):M/ e (lg(s+ )P+ [Lf1 (s 4+ 7)1+ W5 (050) 777 + [ Wi (000 [ )ds,

(3.39)
here M is a positive constant independent of o, 7,w and D.



STOCHASTIC PARABOLIC EQUATIONS INVOLVING A SUBELLIPTIC OPERATOR 15

Proof. From (3.7), for all p € L%(RY), we have
(ue, ) + (Vau, Vagp) + v(u, ) = (f(t, 2, u) + g(t, ), 0) + Ws(Ow)h(t, z,u), ).

Taking ¢ = u, we obtain

d
G+ 21Vl 4 2l =2 [ (7t + g0t 0)ude

+ 2W;(6w) / h(t, z,u)udx. (3.40)
RN
By Young’s inequality we have
¥ 1
[ att.ouds < Tl + g0l (3.41)
RN v

and by (3.1) we have
[tz uw)udr < —cl/ |u|Pdx +/ fi(t, x)dx, (3.42)
RN RN RN
and also by (3.5)), we obtain

Wi (01 /RN h(t, 2, w)udz < W(0iw)| /RN(hl(t,x)W + ot ) [u)dx

<o [ lulda + e Ws (O PO I (D17
RN

+ c[Ws(0:0) [P | R () || - (3.43)
From ({3.40)—(3.43)), we have
d Y
§||U||2 +2[[Vaul? + §||U||2 + c1lull7
2 _p
< =yl + ;Hg(t)ll2 + 2 f1(@®)lr + c((Ws(Orw)|[7=7 + Ws(biw)[P1).  (3.44)

Multiply (3.44) by et and integrate over (7 — t, o), then for every w € €, we have

d Y
G ullP) + 27 ullfgy + G e lull® + e lullz,

2 _p_
= ;Hg(t)ll2 + 27 fr() |21 + ce (Ws(:0) |77 + [Ws(O,w) [P*).
Hence, we obtain

o
u(o, 7 —t,0_rw,ur¢)||* + 2/ 7= |u(s, T — 179—TW7UT—t)||?{)1\dS
T—1

+ % / = (s, T —t,0_rw,ur_4)||*ds
T—1

o

Se’Y(T—t—U)||uT_t”2+/

T—t

) Clg(o) P+ 21 1)) s

*%/ Y= (Ws(8s—rw)| 757 + [Ws(0s—rw)|P*)ds
T—1

o—T

§67(77t70)||u7__t”2+/

—0o0

2
=) (;IIQ(S + 1)+ 2l fuls + 1)l )ds

te / ) (W (0.500)| 757 + W (B,) [P ) ds. (3.45)

— 00
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Since uT t € D 7' —t 0_tw) and D is tempered w(t) — 0 as t — +oo, using

. and (| , we deducing from (3.45|) that

lim sup e’Y(T_t_")HuT,tH < lim sup eV(T_t_")HD(T —t,0_w)|? =
t—+o0 t——+oo

)

which shows that there exists T'= T'(o, 7,w, D) > 0 such that for all ¢ > T,

1T Ju, |2 < / AT (W5 (0,w)| 75 + [Ws(0,w)[P s (3.46)

— 00

It follows from (3.45) and ([3.46|), there exists M > 0 independent of o, 7,w and D
such that

o
lu(o, 7 —t,0_rw,ur_¢)||* + 2/ V= u(s, 7 — 1,0_,w, uT_t)||%,ids
T—1

<M / =) ([l g(s + 7)1 + 2| fa (s + 7)1

+ [Ws(0,w)[757 + [Ws(0,w) [P )ds
We denote by

o—T

R(r,w)=M / Y= (||g(s + 7)|12 + 2] f1 (s + )| 2

+ [Ws(85w) |77 + [Ws(8sw) [ )ds
and
K(r,w)={ue LQ(RN) : ||uH2 < R(r,w)}.

Then we claim that K is tempered. Indeed, let > 0 be arbitrary positive number,
for each 7 € R and w € 2, we have

MK (1 +t,0w)|*> < e™R(T +t,0,w)
t
- Ment/ e (lgls + 7+ O + [ fr(s + 7+ )] 1) ds

t
+ Me / €7 (W (0 140) | 757 + [Ws (0 100)|P )ds. (3.47)

— 00

For the first term on the right-hand of (3.47)), let t — —o0, we deduce from (3.37)
that

0
lim e"(TH)/ e”s(||g(s—|—7'+t)|\2—|— lfi(s +7+t)||L1)ds = 0. (3.48)

t——o0 o

Choose 11 = min{n,v}. Then for the last term in (3.47)), we have for ¢ < 0,

0
ent/ e (Ws (0sq1w) 7= + W5 (0s0w) [P )ds

0
= / M D (W5 (00 44w) 777 + [We (0 42w) [P )ds
— 00
t
= / M D ([Ws (00 44w) P77 + [We (0 g2w) [P )ds. (3.49)
—00
Recall that from (2.6)—(2.7) and @ — 0 as t — 400, we infer that

0 P
/ e (IWs(0s40w)| 77 + [Ws(0s514w)[P*)ds < +o00,

— 00
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thus we obtain from (3.49)

0
i ent/ € (Ws(0s44w)| 777 + [Ws (05 4w) [P )ds = 0. (3.50)
Combining (3.47), (3.48) and (3.50), we deduce that K belongs to D.

Moreover, for each 7 € R we have R(7,) : & — R is (F, B(R))-measurable,
thus the set K given by (3.38) is also measurable. Therefore, K € D is a closed
measurable D-pullback absorbing set for ®. This completes the proof. O

—00

We next establish some uniform estimates on the tails of solutions for large space
and time variables, which will play an important role in proving the asymptotic
compactness of solutions.

Lemma 3.4. Suppose that (3.1)—(3.6) and (3.36) are satisfied. Then for every
TeER, weQ, D={D(r,w): 7€ R,w}t €D and for any € > 0, there exist T =
T(r,w,D,e) > 1 and N = N(1,w,€) > 0 such that for allt > T and o € [t — 1, 7],

/ lu(o, 7 —t,0_ w,ur¢)|?de < e, (3.51)
RN\ON
where ur_y € D(1 —1,0_4w) and Oy = B1(0, N“') x ... x Bx(0, N°V).
Proof. We first consider N functions ¢1 g, 92 R, ..., @nN,r such that
(] _ |z N |~
P1,R = ¥1 Rer sy PN.R = PN Ren )
where x = (z1,...,2y) € RV, with
1 in[0,1]
0< ¢ <1, ;= 2b 21, N,
== 7 {0 in [1,+o0],
and satisfy
0 0
LRI o & |EEMR) o © (3.52)
0x1 Re oxpn Rew~

for some constant ¢ > 0. Denoting by ¢r = ¢1,r X Y2,r X -+ X @n,r and taking
the inner product of (3.7) with pru in L2(RY), we have

d
— apR|u|dx—2/ wrA\u udz
dt RN RN

— 2y [ nluPdo 2 [ pni(towuds
RN RN

+ 2/ g(t, z)udz + 2Wp(0tw)/ wrh(t, z,u)udx.
RN RN
We first observe that
—/ orA\uudr = / Rl Vaul/?dz +/ Valeru)Vude,
RN RN O2r\ORr

where Or = B1(0, R°*) x ... x By (0, R*V).
Since Vapr = (M1 (), 0s,0R, - - -, AN(Z), Oz ©R), hence on O3 \ Og, by (3.52)
we have

IVaer| < [M(@)]|0z,0r| + -+ + [AN(2)]|02 5 R
< 2R, poor---NRI+ e+ 2RY o1k oN—1,RON R

a-1, ¢ 4 g1, €
SRV oo+ R Ao

C

=5
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where we used the fact that |\;(z)] < cR%~1 Vo € Og,i = 1,...,N, (see, e.g.
[2, 36l 37, 138, [39]). Thus, we have

—/ ngA,\uuda:S/ <pR||V>\u||2dm+%/ |uV su|dx
RN RN O2r\OR

c
< [ enlVaulPde+ OVl + ). (359
RN
By (3.1), we obtain
/ orft, z,u)udr < —cl/ pr(x)|ulPdx +/ or(@)|fi(t,z)|dx.  (3.54)
RN RN RN
And by Young’s inequality, we find
/ or(z)g(t, v)ude < l/ lu|?dx +
RN 2 Jp~
Using (3.5)), we also have

W, (0rw) / er(x)h(t, x,u)udx

RN

1

2y /RN r(@)lg(t,z)[*dz. (3.55)

IN

[Ws(0uw)| /RN pr(2)(ha(t, ©)[ul? + ho(t, ) ul)dx

<% [ en@luPds + W0 75 [ ona)lin(t0)|rdo
RN RN

+ | Ws(0w) P / or(z)|ha(t,z)|P dx. (3.56)
RN
Thus, from (3.53)—(3.56]), there exists Ny = Ny(e) > 0 such that for all R > Ny,

d
— <pR|u\2da:+cl/ |u|pdx+7/ orlul*de
dt Jp~ RN RN

el +e [ (gt +A(a))ds

Or

+ | Ws(6uw) |75 da / ol (t, )75 de
RN

T [ W (6,0 P /R pnlha(t, )P da (3.57)

Now, given t > 1,7 € R and w € Q, multiplying (3.57) by ¢ and then integrating
over (1 —t,0), where o € [T — 1, 7] we have

/ or(x)|u(o, T —t,0_rw,ur_;)|2dx
RN

g
< 67(771570)”%__15”2 + 6/ GV(S*U)HU(S,T - t,@_.,.w,uT_t)H?{i(RN)ds
T—1

+ / eV(st7=0) /7 (lg(s+ T, as)|2 + fi(s+ 7,x))dxds

—0o0 k

+c/ 67(S+T”)<|Wp(05w)|pz/ |hi (s, @)|7 a da
e

—0o0 k

+|W5(05w)|p1/7 |h2(s,x)|p1dx)ds. (3.58)
5

k

By the fact that u,_, € D(7 — t,0_,w) and D is tempered, we obtain

lim sup e "t |Ju,_¢||? < 7 limsup e || D(r — t,0_,w)||*> = 0,
t—+o0 t—+o0
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which means that we can choose Ty = Ty (7,w, D,€) > 1 such that for all ¢t > Ty,
T, | < e (3.59)

By (3.36)), there exists a constant No = Na(7,7,€) > N, such that for all k& > Ny,

/ eY(stm—0) L , (lg(s+, ;v)|2 + fi(s+7,2))dzds

—o00 Qp

0
< e”/ e’ /7 (lg(s +7,2)|* + fi(s + 7, 2))dzds < €. (3.60)
—0o0 QZ
By (2.5)), (2.6) and (2.7, we find
/ eY(etr=e) (W5<esw>|p”q / (5, 2) |7 d
RN

— 00

+|W5(95w)\p1/ |h2(s,$)|p1dm)ds
RN

<ec / eV (s+7=0) (|w5(9sw)\ﬁ i |W5(05w)|p1) ds < +oo,

— 00

which implies that there is a N3(7,v,w,€) > Ns such that for all k > Nj,
[ et (el [ il
—oo RN

W (0s0) P / |h2(s,m)|p1dx)ds§e. (3.61)
RN

Combining (3.58)—(3.61)) and Lemma [3.3] we have that for all o € [r — 1,7],t >
Ty (r,w,D,¢) and k > N3,

L lu(o, 7 —t,0_rw,ur_¢)|*dx
Ok

S/ or(x)|ulo, T —t,0_rw,ur_;)|2dx

RN
0
<ee(14 [ Ollats+ mal? + 1o+ )l
+ [ Ws(Bw)|77 + W(;(st)|p1)ds),

which concludes the proof. O

Lemma 3.5. Suppose that (3.1)—(3.6) and (3.36|) are satisfied. Then the continu-
ous cocycle ® of problem (3.7)) is D-pullback asymptotically compact in L?(RN).

Proof. By Lemma there exist T = T(r,w,D) > 0 and ¢ = ¢(7r,w) > 0 such
that for all ¢ > T and ug € D(7 —t,0_,w),

lu(t — 1,7 — ¢, 0_rw,up)|| < c(r,w). (3.62)

Since t, — 400 and ug, € D(r —t,,0_4,w), from (3.62) there exists a N; =
Ni(7,w, D) > 0 such that

lu(r — 1,7 = tn, 0_rw,upn)| < c(r,w).
hence, the sequence

{u(T — 1,7 — tn, 0w, u0.,)}5%, is bounded in L*(RY).
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Thus, by Lemma there exist s € (1 — 1,7),ug € L%(RY) and a subsequence
(we do not relabel) such that for every k € N,

w(s, T —tn,0_rw,ugpn) =u(s, 7—1,0_;w,u(t— 1,7 —tn,0_rw,upn)) = uo (3.63)

in L?(0f) as n — oo. Moreover, since ug € L*(RY), we have for any € > 0, there
exists k1 = k1(€) > 0 such that for all k > &,

/ luo|?dx < e. (3.64)
RN\ O

On the other hand, by Lemma there exist Ny = Na(r,w,D,e) > 1 and
ko = ko(T,w, €) > ki such that for all n > Ny and k > ko,

/ [u(s, T — tn, 0_rw,up.n)2de < e (3.65)
From (3.63)), there exists N3 = N3(7,w, D,€) > N5 such that for all n > N3,
/ [u(s, T — tn, 0_rw,up n) — up|?dr < €. (3.66)
OkZ

By (3.34)), we have

llu(T, s, 0_rw,u(s, T —tn, 0_rw,upn)) —u(r,s,0_rw, uo)\|2

< c/ [u(s, T — tn, 0_rw,up.n) — uo|*dx
RN\OkQ
+C/ [u(s, T — tn, 0_rw, uo.n) — up|?dx
Ok,
< c/ (Ju(s, T = tn, 0_rw, ugp)|* + uo|?) da
]RN\O)CQ

e / (8, 7 =ty Bt 0,0 — 10| 2d,
Ok,

which together with (3.64)—(3.66]) implies that
(T, 8,0 _rw,u(s, T — tn, 0_rw,u0.n)) —u(T,s,0_;w,up)||> = 0 in L*(RY)

as n — 0o. Moreover, since ®(t,,, 7 —ty,, 0, w, Uo.n) = u(T, T —ty, 0_rw,ug ), thus
we obtain the conclusion as stated in the lemma. O

We now give the main result of this section, namely, the existence of D-pullback
attractors for ® with general noise.

Theorem 3.1. Suppose that (3.1)—(3.6) and (3.36) hold. Then the process ® has

a unique D—pullback random attractor A, which is given by for each T € R and
w € Q,

A(r,w) = UK, 7,w) = | B, 7,w)
BeD
={I(0,7,w) : T is a D — complete orbit of P},

where K is given by (3.38). In addition, if f,g,h and f1 are T-periodic functions
with respect to t, then the D-pullback random attractor A(T,w) is also T-periodic.

Proof. We first see that from Lemma [3.3] that, the cocycle ® has a closed mea-
surable D-pullback absorbing set K as in , and by Lemma we obtain ®
is asymptotically compact in L?(RY). Therefore, all conditions of Proposition
are satisfied, thus we obtain the existence and uniqueness of D-pullback random
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attractor A(7, w) for ®. Moreover, if the functions f, h, g and f; are T-periodic with
respect to t, then ® is also T-periodic, i.e.,
O(t, 7+ T,w,-) =d(t,7,w,-) teRT 1R weQ.
Thus, by Lemma [3.3] we have
Kir+T,w)=K(r,w), VreR weQ,

this shows that the T-periodicity of A follows from the periodicity of ® and K by
Proposition [2.1 O

4. RANDOM ATTRACTORS: MULTIPLICATIVE NOISE

In this section, we consider a class of stochastic degenerate parabolic equations
involving A ,-Laplace operator driven by multiplicative noise. More precisely, we
consider problem (|1.1]) in the case of multiplicative noise,

Ju dW (t
E—AAu—i—vu—f(t,x,u):g(t,x)—i—uo dt()’

with the initial condition

t>7,2cRY, (4.1)

u(r, x) = ur(z). (4.2)
To show the existence of random attractors of problem 7, we will use
the change of variables
v(t, T,w) = e_“’(t)u(t,T,w)
to convert (4.1]) into a pathwise deterministic equation

Z—;} — Mo+ —e“Dftz,e Do) e WOyt ), t>7, (4.3)
with the initial condition

(T, x) = v (x), (4.4)
where v, (z) = e “(Mu,(2). Then, given w € Q,7 € R and v, € L*(RY), sys-
tem f is a deterministic system. Thus, by a standard Faedo-Galerkin
approximation technique (see e.g., [43]), one can show that for a.e. w € Q, there
exists unique solution v(-,7,w,v,) € C([r,00); L*(RN)) N L2 (7, 00; HL (RY)) if f
satisfies and (4.4). Moreover, v(-, T, w, v,) is continuous in v, with respect to
the norm of L2(RY) and is (F,B(L?(RY)))-measurable in w € €. Thus, we can
define a continuous cocycle ®; : R x R x Q x L2(RN) — L2(RY) over R and

(Qv-/__.a ]P)v {at}tGR) by
Do(t, Ty w,ur) =ult +7,7,0_rw,ur) = e‘”(t)_w(_ﬂv(t +7,7,0_;w,v,), (4.5)
where t € RT,7 € R and w € Q.

4.1. Existence of pullback random attractors: multiplicative noise. We
first show that system (4.1)—([4.2) has a D-pullback random attractor in L?(R™).

Lemma 4.1. Assume that (3.1)—(3.3) and (3.36) hold. Then for every o,7 €
R,weQ and D ={D(r,w) : 7 € R,w € Q} € D, there exists T =T (o, 7,w,D) >0
such that for allt > T,

XD u(o, 7 — t, 0w, ur_y)]?

o
+/ G%V(S_U)_%(S_T)HU(&T—taefrwwrft)”i;;ds
T—t

0
< [ b g(s o) s+ o)),
—o0

where u,_y € D(T —t,0_4w) and M is a positive constant independent of o, 7, w
and D.
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Proof. Multiplying v on both sides of ,
1d
2 dt

Next we give some estimates on the above equation, by we have

ol IVl 4alol? =0 [ faapodore = [ gtt.ajods. (46)

N

e~w® flt, z,u)vde < —cle_zw(t)||u||1£,, A TGS (4.7
RN
and by Young’s inequality
—w vy 2 _
e [ gt.opde < Lol + ZeOlg(o)” (48)
RN Y
Thus, we could deduce from (4.6)—(4.8) that
d —2)w
S0l + 20 Zx0]? + 2 ol + 2e1e 2O o7,
3 4 5, _
< =3l + Zem = Ollg@) I + 26Ol fi )l (4.9)

Multiplying (4.9) by 37t and then integrating over (—7 —t,0) with 0 > 7 — ¢, we
have for every w € (,

lv(o, T —t,w, v ) ||* + 2/

T—

g
G|V au(s, T — t,w, vy ||ds
t

,y g
+ = / eV(s=9) lv(s, T —t,w, vT,t)Hst
4 T—t

o

33%7(77t70)||v7_t||2+/

T—t

S5\(8—0)—2w(s 4
3620 (g2 4 2 (9 ). (2.10)

Replacing w by 6_,w in (4.10]), by the fact that for any s > 7 — ¢,
w(s, T —t,0_rw,tr_y) = eIy (s r — 10w, vr_y), (4.11)
thus we have

e u(o, 1 — t,0_rw, ur_y)||?

+ 2/ e371(s70) =2 (s=7) IV au(s, 7, 0_rw,urt)||*ds

—t

+ % / e21(s=0) =2 (s=7) (s, 7,0_rw,u,_;)|*ds
T—t

g
§e%”’(T*t”)*%(*t)HuT,t||2+/

T—t

Sn(s—0)—2w(s—T 4
oo (L) 4 20 1 (6) s s

< e%’y(q——ta)—mu(—t)HuT_tHZ
Y s tusron) (4 2
+/ dr-22040=0) (2 g(s + 0) | + 20 fi(s + )| ) s, (4.12)
By (2.5) and (3.36)), we obtain
0
: 4
/ 275 2w(sto—T) (79(8 +o)* + 2| fu(s + 0’)L1>d8 < +o0. (4.13)
—00

Since u,_; € D(7 —t,0_w) and D is tempered, we obtain

lim sup e%’y(-rftfo)fm.;(ft) ”ur—t H2
t—o0

< lim sup e%V(T_t_U)_Qw(_t)HD(T —t),0_w|* =0,
t—o00
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from this, there exists T'= T'(7,w, D) > 0 such that for all ¢t > T,

e%'y('rftfcr) 2w(— ||U7' t”

0 P
< / e vs—2w(sto—T) (7||g(s + U)||2 +2||f1(s+ a)||L1>ds < +00,

which together with (4.12) and (4.13)) gives the desired estimates. O

Corollary 4.1. For every 7 € R,w € Q,T > 0 there exists ¢ = c(r,w,T) > 0 such
that for allt € [r,7 + T, the solution v satisfies

t
ot o w 2+ [ o) s < el + [ (o) + 1)

As in Lemma u we have the asymptotic compactness of solutions of (4.1]) on
bounded domains.

Lemma 4.2. Assume that f are satisfied and {u,}°2 1 be a bounded se-
quence in L?(RN). Then for every 7 € R,t > 7 and w € §, there ewist ug €
L2(1,t; L2(RY)) and a subsequence {u(-,T,w,un,)}32,; of {u(-,7,w,u,)}2, such
that u(s, 7,w, upn,) — ug(s) in L*(Ok) as £ — oo for every k € N and for almost all
s € (7,1).

We next establish some uniform estimates on the tails of solutions.

Lemma 4.3. Suppose that 7 and are satisfied. Then, for every
TE€ERweN D={Dnw) :7€Rwe N} €D and for any ¢ > 0, there
exists T = T(7,w,D,e) > 1 and N = N(1,w,€) > 0 such that for all t > T and
o € [t — 1,7], the solutions u of system satisfies
/ lu(o, 7 —t,0_rw,ur_¢)|?de < e,
N
where ur—y € D(T —1,0_4w).

Proof. Let k be a fixed positive integer which will be specified later and take g ()
as in Lemma Multiplying (4.3) by ¢x(x)v and integrating over RY, we have

1d
1d / i) of2d = / ou (@) (Axv)odz — / on(@) o dx
2dt Jrn RN RN

+e_“(t)/ on(x) f(t, 2, e*Dv)vd
RN

+ev® /RN or(x)g(t, z)vde. (4.14)
Similarly to , we obtain
| o@@ds < = [ o) DaolPde+ FU00IP + o). (415)
From , we also have that

e*‘“(t)/ or(@) f(t, 2, e Doyvdr < —016(”72)‘”“)/ pr(a)|v[Pdx
RN RY

+e 0 [ o@lhtolds  (110)
RN

By Young’s inequality, one has

1
e /RN or()g(t, z)vde < %/RN or (@) |v[*dx + ;e_%(t) /RN or(2)]g(t, )P dz.
(4.17)
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Hence, from (4.14)—(4.17)), we infer that

d 3
— or(2)|v|?dz + f’y/ or(2)|v|?dx
dt RN 2 RN
c —2w
< Zloliy + 0 [ outa)(al? + 1 (118)
Therefore, by (4.18)), there is a N3 = Ny (e) > 0 such that for all k > Ny,
d 3
G [ o@llde+ 3y [ o@lePds
t RN 2 RN
< el +ce~20 /O (192 + | f1]) e (4.19)

k

Given t > 1,7 € R and w € , multiplying (4.19) by e3! and integrating over
(t —t,0) with o € [T — 1, 7], we obtain

/ or(x)|v(o, T —t,0_rw,vr_y)|?dt
RN

< e%“f("_t_”)HvT_t||2—|—e/ e%V(S_”)HU(s,T—t,G_Tw,uT_t)H?{ids (4.20)

T—t

4 ee2el=n) / o3 (sHT—0)—2u(s) / (Ig(s +7,2)] + |f1(s + 7, z)|)dads.
—o0 Oy,

Combining (4.11)) and (4.20]), we obtain
/ or(@)|u(o, —t,0_rw,u, )| da
RN

< e?w(o—T)e%'y('r—t—o)—Qw(—t) ||u7_7t HQ

+ ee2w(07‘r)/ e%v(sfa)f2w(sfr)||u(s’7. _ t,H—TW,UT—t)H?{idS (4.21)
T—t

_|_Ce2w(cff‘r)/ e%’Y(s+’rfa)*2w(s) /]RN\O (\g(s+7,x)\2+ ‘f1(8+7',ﬂ?)|)d1'd$-
k

Note that u,_; € D(7 — t,0_,w) and D is tempered, thus we have

lim sup e%’y(r—t—o)—&u(—t) ||U'rft ”2
t—o0

< 37 lim sup e 37t-2w(=1) |D(r — t,6_w)||> =0,
t—o0

— 00

which implies that there exists T3 = T1(7,w, D, €) > 1 such that for all ¢ > T3,
620.)(0'—7')e%’y(T—t—O’)—2w(—t)||uT7t||2 <e. (4.22)

On the other hand, by (£.13) and Lemmal[4.1] there is a 7o = T5(7,w, D) > T} such
that for all ¢ > Ty,

o
/ e%'y(sfo)fzw(sfr)||u(87 0w, u'r—t)”?qids
T—1

IA

P T P
e3 / e3v(s=7)—2w(s—T) lu(s, 7 —t,0_rw, U'rft)”?q)l\ds
T—t

IA

O P
o [ b B gs 4 DI 4 s+ T )ds < . (4:23)
Using (3.36)), there exists a Ny = Na(7,€) > N; such that for all k& > Na,

/ 6%7(5“1’7‘70’)72(.«)(3)/ (|Q(S+T,l’)|2+|f1(s+7’,:17)|)d$d5

— 00
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0
< e%v/ e%vsfw(s)/ (19(s + 7 2) + | fo(s + 7 2)|)deds < e.  (4.24)

— 00

Summing up from (4.21)) to (4.24), we obtain

/ lu(o, 7 —t,0_ w, ur_¢)|*dx
S/ or(x)|ulo, T —t,0_rw, ur_y)|?dx
]RN

0 -
et [ ATBO (s 4 P+ s+ 7)),
— o0

this gives us the conclusion of the lemma. O

We now show the existence of D-pullback attractors for ®.

Theorem 4.2 (Existence of random attractors with muliplicative noise).

Let the assumptions (3.1))(3.3) and (3.36)—(3.37) hold. Then, the continuous co-

cycle g of equation (4.1) has a unique D-pullback attractor Ay = {Ao(T,w) : 7 €
R,w € Q} € D in L*>(RY). In addition, if f,g and f1 are periodic functions with
respect to t, then the D-pullback attractor Ag is also T-periodic.

Proof. By Lemma [3.3] we see that for every 7 € R and w € Q, there exists an
absorbing set of ®( given by

Ko(r,w) = {u € L*(RY) : ||lu||? < Ro(r,w)} (4.25)

where
0
Ro(1,w) = M/ 312 (|lg(s + )2 + | fo(s + 7)| 22 )ds. (4.26)
—o0

Indeed, by Lemma there exists T = T'(,w, D) > 0 such that for all t > T
Dy (t, 7 —t,0_yw, D(T —t,0_,w)) C Ko(T,w).

Similar to previous section, by (2.5) and (3.37) we can show that K, in is
tempered. Therefore, Ky € D is a closed measurable D-pullback absorbing set

for ®y. By Lemmas and using similar arguments as in Lemma [3.5] one
can obtain the D-pullback asymptotically compact for ® in L?(RY). Thus, by
Proposition we obtain the desired result. O

4.2. Convergence of the approximation solutions in the case of multi-
plicative noise. We consider the approximation equation of (4.3) by

d
%ué - AAU6 — Yus + f(t,.]?, U5) + g(t,x) + U5W5(9tw)a t> T, (427)
subject to the initial condition
us(T,x) = us (), xRV, (4.28)

where Wj is the Wong-Zakai approximation (see Subsection 2.3).

We first observe that, for every & # 0, problem ([4.27)~(4.28) is pathwise deter-
ministic equation, and as previous section we can see that problem 7
defines a continuous cocycle ®5 in L?(R”Y) which has a unique D-pullback attractor
As.

Let

’Ug(t, T, W, Ué,v’) =e fot Wg(@,w)dru(s (tv T, W, ué,‘r)v (429)

"t
where vs, = e~ Jo Wa(Orw)dry, s
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Thus, we obtain that

d ¢ ¢
%—A,\vg—i—’yw =e Jo Wa(Orw)dr ¢ (g, x,ug)+e” Jo W‘S(GT“)d’“g(t7 x), t>, (4.30)
subject to the initial condition

vs(1,2) = vs. (), x€RVN. (4.31)
We first show the uniform estimates for the solutions of (4.30).

Lemma 4.4. Assume that (3.1)—(3.3) and (3.36) are satisfied. Then for every
TeERweQand T > 0, there exist 69 = do(7,w,T) > 0 and ¢ = ¢(r,w,T) > 0
such that for all 0 < || < 09 and t € [1,7 + T}, the solution vs of equation (4.30))
satisfies

t t
Jos(e,rvs. )P+ [ os(o s v s+ [ st i) s
T T

t
< clos |+ < [ (lgts)IP + 1 a(s) 22

Proof. For every w € 2, multiplying (4.30) by vs we have
1d

g gl + IV o = = S0 | g
+e” lo WJ(GT“’)dr/ g(t, x)vsda. (4.32)
RN
Using (3.1) we have that
e~ Jo Ws(Orw)dr f(t, z,us)vsda
]RN
— e 2Jo Wi (Orw)dr ft,x, us)usdx
]RN

< ey P2 Sy WaOrw)dr |, 12 =2 Js Wi (6r)dr| £, (1)) 1. (4.33)

And by Young’s inequality we have
. 2 't
R e PO TR
RN 8 Y
Hence, from (4.32)—(4.34), we obtain
d Y
L osl? + s + 2Jos P
3 — t w)dr
< =5l [P = 2y e T W
Y oot r —2 [t r
TR g (1)|2 4 26 2D )] (435)

Next, for every w € €2, multiplying the above inequality by e%“ft7 then integrating
over (7,t) with ¢ > 7,

t

Y Ba(s—

IIva(t,T,w,va,r)szLZ/ €27 |us (s, 7,w, v5.7) || Pds
T

t
) / 316D |V 5(s, 7, w, vs,,)||2ds

t
+261/ e%’Y(S*t)Jr(P*Q)fosWé(ev'w)dT”v&(s,T,w,v577)||ipd5
-

< e 2 s |2
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t s 2
+ 2/ e%"/(sft)vL(P*Z) Jo Ws(0rw)dr (Ig(s)||2 + ||f1(5)||L1> ds, (436)
. v
which together with (2.10) and (4.36]) gives us the desired estimates. O

Lemma 4.5. Foreveryd #0,7 e R,w € Qand D = {D(1,w) : 7T € R,w € Q} € D,
there exists T = T(7,w, D, d) > 0 such that for allt > T, the solutions us of (4.27))
satisfies

||’LL5(7', T —t, 0*7'0')3 u5,T*t)||2

0
n g / 3SR LI W0y Lm0 g |ds
—t

0
+ 2/ e3vst2 [y W‘;(er“’)drﬂv,\u(;(s +7,7—t0_ w, u(;,T_t)Hst

—t

0
2
< 4/ o35 +2 [ Ws(0rw)dr (7|g(s +)I>+ | fils+ r)llu) ds,

— 00

where us ;¢ € D(1 —t,60_,w).

Proof. Using (4.29) and (4.35)) we obtain that

||U§(7', T—t,0_;w, u57T—t)||2

-
+ % / e%y(s—r)—? JT Ws(OT—Tw)drHué(& T—t,0_,w, U577—_t)H2d8
T—1

-
+ 2/ e21s=m)=2 ] W (br—r)dr |7 s (5,7 — t,0_rw, us 1| *ds
T—t

< e BV T W Orgddryy 12

T - 2
+2/ e%“/(sfr)+2fs Ws (07— rw)dr (7||g(5+7)||2 + ||f1(5+7')||L1> ds, (4'37)
T—1

which implies the estimates as desired. O

As an immediately consequence of Lemma we obtain the existence of a
tempered pullback absorbing set for ®.

Lemma 4.6. For every 7 € R and w € €, the continuous cocycle ®5 has a closed
measurable D-pullback absorbing set Ks = {Ks(T,w) : 7 € R,w € Q} € D given by

Ks(t,w) = {u € L*(RY) : ||lu||® < Rs(1,w)}, (4.38)

where Rs(T,w) is defined by
0
R(S(Ta w) = 4/

— 00

: 2
edret2 [ Ws(Or)dr <7||9(S + I+ (s + T)Ll) ds. (4.39)

Moreover, we have for every T € R and w € €,

lim Rs(7,w) = Ro(T,w), (4.40)
0—0

where Ro(T,w) is defined in (4.26).

Proof. For each § # 0, we known that Ks given by (4.38) is a closed measurable
random set in L2(RY). Given 7 € R,w € Q and D € D, by Lemma there exists
Ty = To(1,w, D, 6) > 0 such that for all ¢t > Ty,

Os(t, 7 —t,0_yw, D(T —t,0_4w)) C Ks5(1,w).

This shows that K pullback attracts all elements in D. By (2.5) we can check
that K is tempered. In addition, by using the Lebesgue dominated convergence
theorem, we obtain the convergence in (4.40) . O
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We next derive uniform estimates on the tails of solutions with respect to 9.

Lemma 4.7. Let (3.1)—(3.3) and (3.36) hold. Then for every 7 € R,w € Q and
€ > 0, there ezist 69 = dp(w) > 0,T = T(7,w,€e) > 0 and N = N(7,w,€) > 0 such
that for allt > T and 0 < |0 < do, the solution us of (4.27)) satisfies

/ lus (T, 7 —t,0_rw), U5,T_t|2d.1‘ <e,
N

where usr—¢ € Ks(T —t,0_4w) with K5 given by (4.38).

Proof. Let ¢y, be the function defined as in Lemma From (4.38) we infer that

1d
—— @k(x)|v5|2dz—/ @k(x)(AAv(;)vgdx—F'y/ or(x)|vs|*da
2dt ]RN RN RN

= = [ Ws(Ore)dr /N pu(@) f(t, w, ug)vsd + e~ I WolOr)dr /N er(2)g(t, T)vsda.
R R
By the same steps used to derive (4.21)), we also have that
/ o (@) us(T, 7 —t,0_rw, us ) |*dzx
RN
< 6—%72&—&-2 S, Ws(0rw)dr / O (:E)|U5 ~r—t|2d33
RN

2¢ 0 5 0
+ 0 e27vs+2 S Ws (0rw)dr

—t

0 1
+ 2/ e 375+2 [0 Wi (8rw)dr / (’y|g(s + )2+ |fi(s + T)|> ds. (4.41)
— 00 ¢

By property of Ws, we have

2/0 Wi (Opw)dr = —2 /SH w?) dr +2 /06 w?) dr. (4.42)

3 w(r

lus(s + 7,7 —t,0_rw, u577_t)||§{§ds

dr — 0 as 6 — 0, thus there exists

Using the continuity of w, it follows that f
91 = 01(w) > 0 such that for all 0 < |§] < 41,

‘2/6 w((;)dr’ <1 (4.43)

s+6 w(s) ds —
2w(ry), and since # — 0 as |s| = oo, there exists 71 = T1(w) < 0 such that for
all s < T and |§] < 1, we have

Moreover, by the mean value theorem, there is r; € (s, s+d) such that [,

7
< = — =s. 4.44
‘ =8 8’ (4.44)
Thus, from (4.42)-(4.44)), for 62 = mln{él,l} we have for all 0 < |§| < d2 and
s <1,
/W(;ew g% %+1 (4.45)

On the other hand, using a similar argument as in , we also obtain there exist
dp = do(w) € (0,02) and ¢1(w) > 0 such that V0 < \6| < dpand T1 < s <0,

0

2 / Wis(0sw)ds
S

which together with (4.45]) shows that

0
2‘ / Wi (0s0)ds| <

< 1 (w),

- %s + co(w), V0 < |6] < §p and s < 0, (4.46)

X
8
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where co(w) = ¢1(w) + 1. Thus, by (4.39) and since us,—1 € Ks(7 —t,0_w), we
obtain

67%7t+2 fEt Wi (6rw)dr tH2

Hué,‘r

< T PRI s (r 1,0 0)|?

0
< g Srt2 [0, Ws(0rw)dr / 22 [0 W0, w)dr

x(ﬁm@+7—wW+nﬁw+T—wde8

—t
< 467%'yt+2 fft Ws (er)dr/ e%'y(s+t)+2 f;t Ws (0rw)dr

x(jww+7ﬂﬁ+|ﬁw+7wLQd& (4.47)

Hence, by (4.46) we deduce that for all 0 < |§] < §p, s <0 and ¢ > 0,

—t
2‘ W (0,w)dr

S

0 0
<2‘/ W (0,w)dr +2‘/ W (0,w)dr
s —t

v g i
<X yoe,+ 241
_4+ C2+8 887

from this and by ([3.36) and (4.47)), for all 0 < |§| < dg, we have

e~ 3VtH2 2, Wi (0,w)dr gl

—t
< fedrt3e2 — Rt /

— 00

esv(stt)+gyt—gys (g”g(s )2+ I fa(s+ 7—)||L1) ds

& 11 —t 1 1
< 4e%V+3cze—?’Yt/ G%V(s-‘rt)-‘rg’yt—ng (%Hg(s + 7_)”2 + ||f1(3 + T)”Ll) ds
—t
< 4e%v+362e*%vt/ e (gHg(s F )%+ (s + T)||L1) ds (4.48)
— 0 as t — oo.
Thus, a positive Ty = Ta(7,w, €) > 0 exists such that for all t > T5 and 0 < |§| < do,

67%7t+2 fEtW5(0rw)dr||u57T7t||2 < % (4.49)

Combining (4.37) and (4.46)), there exists T3 = T5(7,w) > 0 such that for all t > T5
and 0 < |4| < dg, we have

0
/ e%'Ys+2 f:] Ws(erw)drHué(s + 77—t 9—Twaué,r—t)||§-1/l\d3
—t

s 2
S G T R T P P
Y

— 00
N 0
<14 2este /

— 00

evs (i”g(s + )2+ 11 f1(s + T)||L1) ds,

and from this, there exists Ny = Nj(7,w,€) > 0 such that for all k > Ny, ¢t > T3
and 0 < |d| < dp, we have

200

- e%’Ys-‘rQ N Wa(&w)dr”ué(s +7,7—t0_rw, u(s’.,—ft) ||?{}\d8 <
—t

(4.50)

Wl ™
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Moreover, by (4.46) we have for all 0 < |0] < dp,

0
. 1
2 / 3752 [) Ws(0,0)dr / <7lg(s+7)l2+ |f1(s+T>> dzds
—o0 Oy

x 0 1
< 26§+C2(“’)/ 6’75/ <7|g(3 + 1)+ [ f1(s + T)|> dzds,

which implies that there exists No = Na(7,w, €) > 0 such that for all & > Ny and
0 < |0] < do,

0
2/ e%fys+2f50W5(0rw)dr/
—0o0 (@)%

Let N = max{Ny, No} and T = max{T},T>}, then from (4.41)—(4.51)), we obtain
forallt > T,k > N and 0 < |d] < do,

/s

The proof is completed. 0

(4.51)

Wl ™

(’1y|g(8 + )2+ fi(s + 7')|) drds <

lus (T, 7 —t, H_Tw,u577_t)|2dx < /N o (x)|us(r, 7 — ¢, H_Tw,u(;77_t)|2da: <e.
c R
V2k

We next show the uniformly compactness of the attractor Ag for ®y.

Lemma 4.8. Let (3.1)—(3.3), (3.36) and (3.37) hold. Then for every 7 € R and

w € Q, the sequence {u,} is precompact in L*(R"™) whenever &, — 0 and u, €

As, (T,w).

Proof. For € > 0 is given and d9 = Jp(w) as in Lemma we will prove that
U0<|5|<5O As(7,w) has a finite covering of balls of radius less than e. Indeed, it

follows from (4.39)) and (4.46) that for all 0 < |6] < do,

0
2
Rs(t,w) < desrHe / e <fy||g(s+7’)||2 + ||f1(s+7')||L1ds> ds. (4.52)

Set
B(r,w) ={ue LQ(R”) : ||uH2 < R(1,w)}, (4.53)

with
L 0 2
R(t,w) = 4657“2/ eV (7|g(5+7)||2 + ||f1(s+T)||L1ds> ds. (4.54)

Hence, from f we obtain that
Ks(r,w) C B(t,w) Y0 < |8] < 8, T € R,w € Q.
Thus, for every 7 € R and w € 2, we have
U As(T,w) C U Ks(1,w) C B(r,w).
0<|8]<do 0<|d]<do

Moreover, by Lemma there exist T = T(7,w,e) > 0 and N = N(7,w,€e) > 0
such that V¢ > T and 0 < |§] < o,

/ ‘u5(7—7 T = t7 9—7’“7 ué,T—t)|2dx < (455)
@]

c
N

€

2 b
whenever us -4 € Ks5(7—t,0_4w). Hence, by the invariance of As we infer from (4.55)
that

/O. wPdr< s vue |J Asnw) (4.56)

N 0<|d]<do
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Moreover, on each bounded domain Ox C RY, we can repeat exactly the same
techniques as in [40] to show that the sequence {u,}5 ; is precompact in L*(Oy).

This together with (4.56]) yields the conclusion as desired. O

We next show the convergence of solutions of (4.27)) as § — 0.

Lemma 4.9. Suppose that 7 are satisfied. Let u and us are the solutions
of and , respectively. Then, for every 7 € Rjw € QT > 0 and € €
(0,1), there exists 5o = do(T,w,T,€) > 0 and ¢ = c(7,w,T) > 0 such that for all
0< ] <dp and t € [r,7+ T,

Us(l, T, W, Us ) — UL, T, W, Ur > CllUs,r — Ur
[[us (t ) — ult * <l I

t
+ce <1+||ua,r|2+ur||2+/ (If2()IZes +||g(8)||2+||f1(8)||L1)d8>- (4.57)

Proof. Using Corollary [.1] and Lemma [4.4] we first observe that for v = vs — v, by
(4.3) and (4.27)) one has

3 P [0l 4 ool = [ (e B omatr — om0 g(tyud
RN
+ / (e_ Jo Ws(Orw)dr £(¢ g, elo Ws(Orw)dr oy o=@ f(t g, e“’(t)v)>vdx. (4.58)
RN
By (3.1)-(3.3) and (3.4), we have
/ (e_ S s Or)dr p (1, s W0:Hryy — =) £ (1, ewf’v))“dx
RN
:/ o JEWs(0w)dr <f(t,x,ef$ Wa0,)dry ) _ f(t g el wawrw)drv)) sdi
RN
+/ (6_ I W‘;(er)drf(t,x, efot W(;(Orw)drvts) _ e_w(t)>f(t,l', efot W5(97'w)drv)’l7d$
RN
+ / e—w® (f(t, x, elo W‘s(er‘”)‘"v) — 67“’(t)f(t, x, 6w(t)v) vdx
RN
= / Ozﬁ(t,x, s)dx
RN 88
+ / (e— Iy Wi(0rw)dr ¢ (¢ o eJo Ws(6rw)dry, oy e—w(t)) f(t,z, eJo Wi (0r)dr )il
RN
+/ (efﬂt W“(G"w)drw(t)>6vaf(t,m, s)dx
RN 83
< ||f3(f)||L°°H77||?{; +|e” Jo We(6rw)dr _ efw(t)|
x / (cae®=D Jo WoOreddr |y p=Li5| 4 £, (¢, @) [0])dz
RN
o+ [elo Wor =) | ()
[ (e g 2] 1 o) (459)
RN

Thus, from (3.7)—(3.1) and by Lemma for every € > 0, there exists §; =
d1(e, 7w, T) > 0 such that for all 0 < |§] < é; and ¢ € [r,7 + T, we have

e fof Ws(Orw)dr e_“’(t) <e and e fOf W (Orw)dr—w(t) <e (4'60)
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Hence, from (4.59)) and (4.60]) there exists ¢; = ¢1(7,w,T) > 0 such that for all
0< |8 <dyandter,7+T],

/ <6 s W(;(Orw)drf(t’ z, efot W(;(Orw)drvé) _ efw(t)f(t, z, ew(t)v)>17d:c
RN

< 1ol +cle—|—016/ (ol + losl? + | fo(t, 2)|P)d. (4.61)
RN
Moreover, from (4.60) for all 0 < |§] < §; and ¢ € [r,7 + T, we have

- [ ~w)ar —w = 1 = 1
(7 Jo WOl — =) (g (1), 0)| < ello]® + Sellg®®. (4.62)

Combining ([4.58), (4.61)) and (4.62)), for all e € (0,1),0 < |§] < 61 and ¢ € [7,7+T],

d, _
aIIUH2 < col|0]|* + e (1 + [[oll7 + lvslTo + lg@I? + | f2(0) 1751 )-
Applying Gronwall’s inequality, we find that for all 0 < |[6] < §; and t € |1, 7 + T,

I9]]* < e=¢=7]jo]?

t
+ 026662@77)/ (L+ llvs(s, 7w, v, 170 + 0I5 + lg()I1” + [ f2(5) 15, ) ds.
By Corollary and Lemma we have that there exist d, € (0,81) and c3 =
es(T,w, T) > 0 such that for all 0 < |§] < 3 and ¢ € [r,7 + T,

Hvts(thvw?U&T) - U(t777w77}7)||2 < ecz(t_T)HU&T - UTHQ

¢
+ czee (77 (1 + v ? + [lvs -1 +/ (AL + g1 + Nl f2(s)] Tm)d5> :
(4.63)

Since

— eJo Ws(Orw)dr

us (b, Ty w, us ) — u(t, 7,w, ur) vs(t, T w, v5.+) — ew(t)v(t, T, W, Vr)

= eJo Ws(0rw)dr (Ug(t, T,w,v5,.) — v(t, T, w, 1}7—))
- ((zfot W (Orw)dr _ e“’(t))v(t, T, W, Ur) (4.64)

where v, = e~ o Wf‘(erw)dru(gﬁ and v, = e~ “®uy,. Therefore, from (2.9)(2.10)
and (4.64]) there exist d3 € (0,02) and ¢4 = c4(7,w,T) > 0 such that for all 0 <
|0] < é3 and t € [r, 7+ T,

lus(t, 7w, us. ) — w(t, T, w, ur)|| < callvs(t, 7,w,v5,-) — v(t, Ty w, v
+ C4|ef0t We (Orw)dr—w(t) _ 1|||v(t,7',w, vr)||-
Hence, by Corollary (4.60) and (4.63]), we obtain (4.57) as desired. O

From (4.57), we immediately have the following convergence of solutions of (|4.30))
as § — 0.

Corollary 4.3. Let (3.1)—(3.4) hold and 6, — 0. Let us, and u be the solutions
of (4.30) and (4.1) with initial data us, r and u,, respectively. If us, » — ur in
L2(RY) as n — oo, then for every 1 € R,w € Q and t > T,

us, (t, 7, w,us, ) = u(t, 7, w,ur)  in L2(RY),

ny

as n — oQ.

We are now ready prove convergence of random attractors in the multiplicative
noise case.
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Theorem 4.4. Suppose that (3.1)—(3.4) and (3.36)—(3.37) are satisfied. Then, for
every fired T € R and w € (),

lim dist 72 (gvy (As (7, w), Ao(T,w)) = 0, (4.65)
5—0

where dist denotes the Hausdorff semi-distance.

Proof. Let 6, — 0 and u,, — u, in L*(RY). Then, by Corollary for all
T€R,t>0and w € Q, we have

®s, (t,7,w,us, 7) = Po(t,7,w,u,;) in L2(RY). (4.66)
Thus, by (4.40) and (4.52) one has for all 7 € R and w € Q,

lim || K5(7,w)|| < Ro(T,w),
d—0

which together with (4.66]) and Lemmaveriﬁes all the conditions in Proposition
Therefore, we obtain (4.65)) as claimed. d

5. RANDOM ATTRACTORS: ADDITIVE NOISE

In analogy with Section 4, in this section we investigate the stochastic equation
driven by additive white noise together with its approximation

ou dw (1)

o = M= quk () +glta) +h@) D, te (5)
with the initial condition (4.2)), and the approximation equation

0

8—? =Ayu—yu+ f(t,x,u) + g(t,x) + h(x)Ws(Orw), t> T, (5.2)

with the initial condition ([&27)), where h € Wy *(RN) N WP (RN).
As previous sections, we use the change of variables

v(t, T, w) = u(t, 7,w) — h(z)w(t).
Then equation (5.1)) becomes the following pathwise deterministic equation,

a—: —Ayv+yv = f(t,x, v+ h(x)w(t)) + g(t, ) — yh(z)w(t) + w(t) Axh(z), t > T,

0
(5.3)
supplement the initial condition
o(r,z) = ve(z), zeRY, (5.4)
where v, = u,; — h(z)w(r). Given w € Q,7 € R and v, € L?(R"Y), we can ar-
gument as in [43] to show system (5.3)—(5.4) has a unique solution v(-, 7,w,v,) €
C([r,00); L2(R™)) under assumptions (3.1)—(3.3). In addition, v(-,7,w,v,) is con-
tinuous in v, with respect to the norm of L?(R") and is (F, B(L?*(RY)))-measurable
in w € Q. This allows us define a continuous cocycle @y : Rt x R x Q x L2(RY) —

L?(RY) for system (5.1)-(5.2) by
o (t, 7w, ur) = u(t + 7,7, 0_rw, ur)
=v(t+7,7,0_;w,v;)+ h(x)(w(t) —w(—T1)), (5.5)
where v; = u; + h(z)w(—7).

To obtain the asymptotic behavior of solutions in the case of additive noise, we
assume the following conditions for the function f5 in (3.2):

/ e[| f2(s)||h ds < 400 for every T € R, (5.6)

— 00
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and for any ¢ > 0
Jdim e [ (s )| ds =0, (57)

where v > 0.
We first show the existence of a closed measurable D-pullback absorbing set for

the cocycle @ in (15.5)).
Lemma 5.1. Suppose that (3.1)—(3.3)), (3.36)—(3.37) and (5.6)—(5.7) are satisfied.

Then the continuous cocycle Wq has a closed measurable D-pullback absorbing set
By ={Bo(r,w): TER,weEN} €D

which is given by for every T € R and w € Q

Bo(r,w) = {u € L*(RY) : [|u]|Z. < Mo(r,w)}, (5.8)
where My(T,w) is given by
0
Mo(r,w) = C+C/ e (llg(s + )72 + 1f1(s + )llor + I fals + 1)l )ds
0
+ c/ e"¥|w(s) — w(—7)[Pds + c|w(—T)|?, (5.9)

with ¢ is a positive number independent of T,w and D.

Proof. Multiplying (5.3) by v, then we have

1d
5 71017+ Vvl + ol

= (f(t,z,v+ h(z)w(t)),v) + (g(t,x),v) — yw(t)(h(z),v) + (Arh,v)w(t). (5.10)
From and , there exists ¢; > 0 such that
(F(0 + heo(£),8),0) = (f(t 2,0 + hl@)(t)), v + ha) — w(F(t, 2,0+ hw), h)

1 1
< —gallv+holf, +elw@P IRz, + 1A + [ f2017 -
And by Young’s inequality, we have
¥ 2
(g(t,2), ) < Lloll” + =llg®)17,
v
1
Ylw®) (@), v)] < 2w (B[R] + S [lvll?,
1 1
(A, ) (t)] < SIVx0l + SO 1y
Thus, by above estimates we obtain from (5.10|) that
d
Sl + 130l + 2ol + eallul,
4
< —7lvl* + ;IIg(t)H2 +20A@r + 202017 + 21+ [w®)P),  (5.11)
where ¢, is a positive constant.

Multiplying (5.11)) by €?* and replacing w by _,w and then integrating over
(1 —t,0) with o > 7 — ¢, we obtain

g
lv(o, T —t,0_rw,v._)||* + %/ V= |lu(s, 7 —t,0_rw,v,_y)||?ds
T—t

+ / e’y(s_a) Hv)\v(sv T = tv 0770‘)7 UT*t)”2d8
T—1
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g
o [ uls,r = 1,0 wyur ) [uds
T—t

< T o2+ 2+ CQ/ Y= D|w(s — 1) — w(—7)|Pds
Y

T—t

7 2
vt [0 (ZIg? WAl + 1 )ds (5.12)

—t
Since s > 7 — t, then we have
w(s, 7 —t,0_rw,ur—t) =v(s, 7 —t,0_rw,vr—¢) + h(w(s — 7) —w(—7)),
which together with ([5.12)) implies
lu(o, T —t,0_rw,ur_¢)||* + % / e”*(‘("_“)Hu(s7 T—t,0_rw,ur_¢)||?ds
T—1

+/ T Vau(s, T — t,0_rw, ur_y)|ds
T—t

o
+c / 1T u(s, T — t,0_w,ur—y)|%,ds
T—1

g

< 2lv(o, T —t,0_;w,v,—)||> + ’Y/

T—

||U<S7 T — t7 977'(*)7 v‘l’*t)HQdS
t
+2/ =DV aw(s, 7 — t,0_rw,v-—¢)|2ds
T—1

o
+ Cl/ 67(870-)‘|u($77' — t7 977_w7u7_7t)||12pds
T—1

+2[[hl*w(o = 7) — w(=7)|* + 7||h||2/ " w(s — 1) — w(-7)|%ds

T—t

+2[[hlJ% / 6 (s — 1) — w(—7)[2ds

—t
< 47T (lup—y |2 + || ) w(—t) — w(=7)|?) + c5

+c3 / "= w(s — 1) — w(—7)|Pds
T—t

[0 e (LR + 1A + 1 )ds
T—1
—|—2||h||2|w(0—7') —w(—7)|2. (5.13)
Thus, from (5.13)) there exists 71 = Ty (7, w, D) > 0 such that for all ¢ > 77,

[og
llu(o, 7 —t,0_rw,ury)||* + %/ e u(s, 7 —t,0_rw,ur_y)||*ds
T—t

+/ DV u(s, T =, 0_rw, ur )| ds
T—t
o [ O MNalor 60w ur)uds
T—t
0
§C+C/ e’ys|w(s+o—_7)—w(—7')|pd8

0
* C/ e (lg(s + o)* + [ f1(s + o)l + [[p2(s + o) |75, )ds

— 00

—"—C‘OJ(O'—T) —OJ(—T)|27 (514)
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where ¢ > 0 is a constant independent of 7,w and D. Thus, from (5.14]) we infer
that

w(r, T —t,0_w, D(T —t,0_w)) C Bo(r,w), (5.15)
where By(7,w) is given by (5.8). By using (2.5), (3.37) and (5.7)), we can check that
By is tempered in L?(RY), which along with (5.15]) completes the proof. O

We now prove the compactness of the cocycle dq by using the method estimate
the tails of solutions.

Lemma 5.2. Suppose that f, f and f are satisfied.
Then for every 1 € R,w € Q, D ={D(1,w) : 7 € R,w € Q} € D and for any € > 0,
there exist T = T(1,w,D,e) > 0 and N = N(r,w,€) > 0 such that for allt > T
and o € [T — 1,7], the solution u of satisfies

/ lu(o, 7 —t,0_rw,ur_y)|?de < e,
RN\On

where ur_y € D(1 —t,0_w).

Proof. Taking the inner product of (5.3) with pr(x)v in L2(RY), we arrive at

1d
—— @R(x)\v|2dm—/ @R(m)vAAvdac—&—v/ wR(x)\dex
2 dt ]RN RN RN

:/ @R(x)f(tm,v—i—hw)vdx—i—/ or(x)g(t)vdx
RN RN

- 'yw(t)/ or(x)hvdr + 2w(t)/ vr(xz)Azhvdz. (5.16)
RN RN
By (3.1) and (3.2)), we have

2/ pr(@)f(t,z,v+ hw)vdz
RN

= / wR(m)f(t,x,v—l—hw)(v—i—wh)dx—2w(t)/RNapR(ac)f(t,xm—l—hw)hdx

< —2¢; /RN or(x)v+ hw\de—|—2/]RN or(@)|f1(t, z)|dx
2] [ enlalbcalo+ b+ () da
< e / or(@)lo + holPdr +2 / en@|fi(t,2)lds

w2l [ on@iPdater [ ool fatt.n)m do (5.17)

where ¢; is a positive constant. The last three terms in ([5.16)) are bounded by

%/RN @R(m)\v|2dx+02|w(t)|2/RN @R(x)(\h|2+ \A,\h|2)dx+c2 /RN @R(w)Ig(t)Fdx,

(5.18)
Then, from (5.16))—(5.18]) we deduce that

d 3
— @R(:c)\v|2dx+*’y/ or(@)|v|*dz
dt RN 2 RN

&
< Sl el [ pde e [ (0P AP
RN\Og RN

R

e / (g + 1f1(8)] + | fo(8)|P ) (5.19)
RN\Og
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Thus, by (5.14), (5.19) and repeating the arguments of Lemma we obtain (5.9)

as claimed. |

The existence of D-pullback random attractors for @ is given in the following
theorem.

Theorem 5 1 (Existence of random attractors with additive noise). As-

sume that ., - and | . are satzsﬁed Then, the contin-

uous cocycle (I>0 has a unique D-pullback mndom attractor Ay = AO(T w):={r €
R,w € Q} € D in L2RY). In addition, if f,g, fi and fo are T-periodic functions
in t, then the D-pullback random attractor Ag(T,w) is also T-periodic.

Proof. By Lemmas and repeating the arguments as in Section 4, we also
obtain the existence of a D-pullback random attractor Ag for ®y as claimed. [l

We next consider the approximation equation . We observe that, for every
0 # 0, equation defines a continuous cocycle @4 in L2 (RY) which possesses
a unique D-pullback random attractor Ag(’l’,w). We now show the convergence of
As = Ay as § = 0. To do this, as in previous section, we denote by

t
vs(t, T, w,v5.) = us(t, T,w, us ) — h(x)/ W (0,w)dr, (5.20)
0
where vs , = us, — fo W (0,w)dr.
From this and by ., we obtain
d t
= Avs 405 = fat,v5 + h(z) / W (0r0)dr) + (¢, )
0

t t
+ A;\h/ Ws(0rw)dr — fyh(:c)/ Ws(0,w)dr, (5.21)
0 0
with the initial condition
1)5(7 x) = vs,+ (), reRN. (5.22)

Lemma 5.3. Let . and - . ) hold. Then, the continuous cocycle
s associated with system - ) has a closed measurable D-pullback absorb-

ing set Bs = {Bs(T,w) : T € R w € Q} € D, where

Bs(t,w) = {u e L*RN) : ||u||* < Ms(r,w)}, (5.23)
with
~ 0
Ms(r,w) = C/ e (llg(s + DI + 1 f1(s + 7)o + 1 f2(s + 7)1 ) ds
0 s p s 2
+ c/ e’ Ws(0,w)dr| ds+ ¢ Ws(0rw)dr| ds+¢c, (5.24)

here ¢ is a positive constant independent of T,w and §. Moreover, for every T € R
and w € Q, we have

lim M;(7,w) = Mo(,w), (5.25)
6—0

where MO(T,w) is given by (5.9).

Proof. From , it follows that for every w € ,

- dt||va||2+||VA’U5||2+7||’05||2 [ sttt [ wsoiryusas

+ (g(¢),vs) —/0 W (0,w)dr(V\h, Vvs) +7/0 W (0rw)dr(h, vs). (5.26)
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Using (3.1)), we deduce that

flt,z,v5 + h(zx) /t W (Orw)dr)vsdx
0

RN
c t P
<= Fluslly + 1O + 1201 +a| [ WaGwr| . (527
0
and by Young’s inequality, we obtain
¥ 2
(9(t),vs) < gllvéH2 + ;Ilg(t)HQ- (5.28)
For the last two terms in (5.26[), we have
t t
/ Wi (0,0)dr(V ah, Vavs) + / W (0,w)dr(h, vs)
0 0
g 1 ! ’
< g||v5||2 + 5||VmH2 + ¢ (/ W5(9rw)dr) . (5.29)
0

Thus, we obtain from (5.26)—(5.29)) that

d 3
allv(sll2 + pllvall2 +[IVavs )| + e llus)7

p

4 t
s;me+Mﬁm&a+@/W%@mw tes.
0

Multiplying the above inequality by ¢?* and replacing w by #_,w, and integrating
over (T —t,0) with o > 7 —t, we have

o
Jostovr = .0 vsr -l + 3 [ Mos(s,7 = 0,05, ds
T—t

+/ "= ||V avs (s, 7 — t,0_rw, v5., )| *ds

—t

o
+c1 / " us(s, 7 — t,0—rw, usr—t) || ds
T—t

o S§—T P
<t s % + %3 + 03/ eV(s=o) Ws(0,w)dr| ds
T—t -7
g o 2
+ 2/ 1) (7|9(8)|2 + [1f1(s)ll e + f2(5)||1£11>1) ds. (5.30)
T—1

On the other hand, by (5.20) and (5.30) we have

o
lus(o, T —t,0_;w, u(;’T,t)HQ + % / eY(s=9) llus(s, 7 —t,0_rw, u(;,T,t)Hst
—t
" T
—|—/ 67(570)HV>\U§(S,T — t,G_Tw,u(;J_t)HZdS
T—1

(e
+c / e lus (s, 7 — t,0—rw, usr—y) ||, ds
T—t

g

< 2||vs(oy T — ¢, 07w, v(;,T,t)H2 + 7/ 67(8_‘7)”1)5(8, T—t,0_,w, U(;,T,t)||2ds

T—1

+ 2/ Y|V avs (s, 7 — t,0_r,v5.—1)||*ds
T—1

[ea
+c / eV(s=9) lus(s, 7 —t,0_rw,us )|} ,ds
T—t
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2 2

ds

o—T

W (0,w)dr W (0,w)dr

wal? [ ee=
T—1

—T

2

+ 2 VAR / ¢15=0) W (Oyw)dr| ds
T—1 —T
—t 2
< 4eV(7—t=0) <||u(;’7t||2 W (0,w)dr )
o S—T p
—I—C4+C4/ e1(5=9) Ws(0,w)dr| ds
T—t —T

v [ (2ol 1A Wl + 1 ) d

2

o—T

+cq

Ws(0,w)dr

)
-7

where ¢4 is a positive constant independent of 7,w and D. Hence, we obtain that
for every 7 € Ryw € Q and us,—y € D(r —t,0_,w) € D, there exists T1 =
Ty (r,w, D, d) > 0 such that for all ¢ > T,

o
Yy _
||U5(U7 T — tv 0_7—(,07 uéﬂ'—t) H2 + 5 / G’Y(S o) ||U§(S, T = ta 9_7—&], u5,T—t)||2ds
—t
" T
—|—/ V= Vaus(s, T — t,0_rw, us )| *ds
—t
T o
+c / eY(5=9) lus(s, 7 —t,0_rw,us )|} ,ds
T—1
0 s+o—T1
<c+ c/ e’? / W (0,w)dr
— 00
0

+C/_ ™ (lg(s + o) + [1f1(s + ) ler + llfas + 0)I5, ) ds

P
ds+c

o—T

W (0,w)dr

—T

where c is a positive constant independent of 7,w and D. Hence, we obtain that for
all ¢ Z Tl, B
us(T, T —t,0_;w,D(T — t,0_,w)) C Bg(’T w),

where Bg(’]’ w) is given by (5.23] - Moreover, combmlng . 7)) and | .

we have that By is tempered. It remains to prove but thls is Slmllar to ,
so we omit it here. The proof is completed. O

The following lemma shows the convergence of solutions of (5.2) to solutions

ofma55—>0.

Lemma 5.4. Let . . ) hold, and u,us, be the solutions of (b.1) and ( .
with initial data v, and us, ,, respectively. If us, » — ur in LQ(R) whenever

ny

dn — 0 as n — oo, then for everyt € R, w € Q, T >0 and t € [r,7 + T, we have
us, (t, 7w, us, ) — u(t,7,w,ur)  in L2(RY) as n — oo.

Proof. The proof can be completed by using the same arguments as in Lemma
therefore we omit it here. O

We now establish the results on upper semicontinuity of random Aj for sys-

tem .
Lemma 5.5. Let . , and . . hold. Then, for every

T € R and w € Q, the sequence {u - n}n_l 18 precompact in LQ(RN) whenever
O = 0wy, € As, (T, w).
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Proof. By the same calculations as in Lemma [£.§] together with the uniform small-
ness of the tails of solutions as in Lemma, @ we also obtain the conclusion of the
lemma. O

Finally, we present the main result of this section, namely, the upper semiconti-
nuity of random pullback attractors for system (|5.1)).

Theorem 5.2. Let (3.1)—(3.3), (3.36) —(3.37)) and (5.6)—~(5.7) hold. Then, for every

TER and w € (Q,
lim diSth(RN)(./L;(T, w), AO(T7 UJ)) =0.
6—0

Proof. To this end, we can repeat the same arguments as in Theorem using
Lemmas and hence we obtain the result as desired. O
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