GENERALISED WEIGHTED COMPOSITION OPERATORS
ON WEIGHTED FOCK SPACES INDUCED BY A, -TYPE
WEIGHTS

YOUQI LIU

ABSTRACT. In this paper, we characterize the boundedness and com-
pactness of generalised weighted composition operators on weighted
Fock spaces FJ% ., with w € Arestricted YW also study the essential
norm of these operators on the weighted Fock spaces.

1. INTRODUCTION

Let H(C) be the space of entire functions on the complex plane C. A
function w : C — [0,00) is a weight if w belongs to L}, .(C,dA), where dA
denotes the Lebesgue measure on C. For 0 < p, @ < co and a weight w, the

weighted space L5, consists of measurable functions f on C satisfying
_pay,2
g, = [ 17 uz)aac) < .

and the weighted Fock space F4 ., = L5, NH(C). Clearly, if w = 1, then
Fh . is the classical Fock spaces F} (see, for instance, [16] and the references
therein).

Throughout the paper, we use () to denote a square in C with sides
parallel to the coordinate axes, and write I(Q) for its side length. If E C C
is measurable, we denote by |E| its Lebesgue area measure and let w(E) =
Jpw(z)dA(z). For 1 < p < oo, let p’ denote the conjugate exponent of p,
that is, § + & = 1 with 1 < p < oc.

Let 1 < p < co. We say a weight w belongs to the class A;esmcwd if

w(z) > 0 a.e. on C and, for some r > 0,

Cpr(w) = Q,IS(ICIQI)):T (@ /deA> (ﬁm/le;,dAy?/ < o0.

The pioneering work about the weight class Agesmmd was done by Isralowitz

[9]. In fact, it follows from [9, Theorem 3.1] that these classes of weights
are independent of the choice of r, and w € Agesm‘jed if and only if the or-
thogonal projection P, is bounded on £5, ,,. The boundedness of projections
on LP spaces is a classical topic, which has many applications on operator
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theory, such as [2, 12, 16]. After that, Cascante, Fabrega and Peldez [3]
investigated a new class of weight Ajestricted  That is, for fixed r > 0, a
weight w € Ajestricted if (y(2) > 0 a.e. on C and

Cir(w):= sup - w(@) < 00.
0,1(Q)=r |Qlinfess,cquw(u)
Similarly to Muckenhoupt weights, we denote
tricted ._ tricted
Ags T1Clel — U A;es T1Cle .
1<p<oo

Furthermore, the authors in [3] characterize Littlewood-Paley formulas
for weighted Fock spaces &, with w € A%estricted. Using Littlewood-Paley
formulas, the boundedness of the differentiation and integration operators
are also obtained (see [3, Theorem 1.2]). We denote D™(f) = f" with
n € N and DY(f) = f. For a positive Borel measure y on C, we supplement
the compactness of differentiation operator D™ : Fh . — Li(u) with 0 <
p,q < 0o, see Theorems 10 and 11 below. For more interesting results on
the weighted Fock spaces we refer to [4, 5, 15].

Let ¢ be an analytic self-map of C, u an entire function on C, and n €
N U {0}. The generalized weighted composition operator is defined by

ngf =u- f(n) op.

Clearly, if n = 0 and u(z) = 1, then the generalized weighted composition
operator is the well-known composition operator Cy, f = fop. And if n =0,
then we get the weighted composition operator uCy,f = u - f o ¢. These
operators have been studied in various spaces (see, for example, [4, 6, 7,
10, 13] and references therein). In [17], Zhu characterized the boundedness
and compactness of the operator Dg , between different standard weighted
Bergman spaces. Similar problems for the generalized weighted composition
operator on Bergman spaces induced by doubling weights were considered
in [11]. The bounded and compact properties of the generalized weighted
composition operator on classical Fock spaces have been studied in [8].

In this article, we continue those lines of research for this class of opera-
tors. To state our main results, we need some more notations. Let p be a
positive Borel measure on C and h a measurable function on C. Let ¢ be
an analytic self-map of C, we define the measure related to i by

p)(®) = [ N
-~

for every Borel subset E of C. We denote by D(z,7) the Euclidean disk of

center z and radius r > 0. We write R(z) for the real part of a complex
number z, and w,(z) := % with 7 € R (see (3) for more details).
For a positive Borel measure v and 0 < ¢ < p < oo, [11, Theorem 1.1]

describes the bounded and compact operators Dg , acting from weighted

Bergman space AL, to L. As an application of Theorem 10, we deduce the
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following consequence, which generalizes this result on weighted Fock spaces
]:gw with w € ATestricted
’ 00 .

Theorem 1. Suppose that 0 < ¢ < p < 00, a € (0,00), w € Arestricted
n € NU{0} and v is a positive Borel measure on C. Let ¢ be an analytic
self-map of C and u € L. Then the following conditions are equivalent:

(i) D}, : Faw — Li is bounded;

(i) DY, : Fow — Li is compact;

(iii) The function

1 an a,,
(D, 1)) /D(U,U doa(ful'v)(2)

is in Lp%q(C,wnp).

When 0 < p < ¢ < oo, Liu studied the boundedness and compactness
of the operator D, acting between different weighted Bergman spaces AL
(see [11, Theorem 1. 3]) Recently, Chen characterized the boundedness and
compactness of composition operator Cy, acting between different weighted
Fock spaces Fh ., with w € Arestricted see [4, Theorem 1.1]. We extend these
results to our weighted Fock spaces as follows.

Theorem 2. Suppose that 0 < p < ¢ < 00, a,f > 0, w € Alestricted

n € NU {0} and v is a weight. Let ¢ be an analytic self-map of C and
u€ Fj,. Then:

(i) DG, : Fow — Fg,, is bounded if and only if

’u(z)’q qa%(ﬁ(ﬂ(z))_ﬂmP_ﬂlz‘g
w [ o e Flol' =51 (2)dA(2) < o0

(ii) Dg ., Fhw — Fi is compact if and only if

vV

lim / ‘U(Z)‘q eanR(agp(z) _%MQ—%"ZFV(Z)dA(Z) _
la|—o0 JC wnp(D(aa 1))q/p

In addition to boundedness and compactness, we intend to consider the
essential norm of the generalised weighted composition operator D . For
classical Fock spaces F&, Tien and Khoi [13] provided lower and upper esti-
mates for essential norm of weighted composition operator uC,. Later on,
Hu, Li and Qu [8] extended these estimates for the operator D ,, on the Fock
spaces F%. Inspired by these papers, we investigate lower and upper esti-
mates for essential norm of the operator Dy ,, on weighted Fock spaces Fhw
via Littlewood-Paley formulas (see [3, Theorem 1.1]). Combining Theorem
16 with Corollary 17 below, we offer these estimates of D&u : ]-'g,w — ]-"g,w
whenever ¢(z) = az + b with 0 < |a|] < 1.

Theorem 3. Suppose that 1 < p < oo, a > 0, w € Arestricted ¢ NuU {0}.
Let u € FL be a nonzero function and o(z) = az +b with 0 < |a|] < 1. If
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Dy, : Fh o — Fhw is bounded, then

2
limsup m. n(u, 9) S |1Dgylle S lal™» limsup w

The rest of paper contains the proofs of the conclusions as above. In
Section 2, we provide some auxiliary results. The proofs of Theorems 1 and
2 are given in Section 3. Finally, we establish lower and upper estimates for
essential norm of the operator Dg ,, on weighted Fock spaces F& . in Section
4.

In the following, the notation U(z) < V(2) (or equivalently V' (2) 2 U(z))
means that there is a constant C' such that U(z) < CV/(z) holds for all
z in the set of a question. Furthermore, we write U(z) =< V(z) if both
U(z) SV(z) and V(z) S U(2).

2. PRELIMINARIES

By [3, Remark 2.3], if w € A%estricted  for any ¢+ > 0 and N € N there is
C = C(w, N, p) such that

w(D(a,1)) < w(D(a, N1)) < Ceo(D(a,)), aeC,
and for any z,w € C such that |z — w| < L (L > 0),
(1) w(D(z,7)) < w(D(w,R)), C'<rR<C.

Combining these results with [9, Lemma 3.4], [3, Lemma B] and [4, Lemma 2.2],
we have the following lemma. As mentioned earlier, the notation Qi(z)
means the square of center z € C with side length [(Q)) = 1. Besides, since
R? can be canonically identified with C, we will treat Z? as a subset of C.

restricted
Are .

Lemma 4. Suppose that w €
(i) There exists C' > 0 such that for any v,v' € Z2,

W(Ql (U)) [v—v’|
s SC

(ii) For any z,u € C such that |z — u| < 1,
w(Q1(2)) < w(Q1(u)) < w(D(z,1)) < w(D(u,1)).

Some preliminary results, which will be used to prove our main conse-
quences in the later.

Lemma 5. ([3, Lemma 2.8]) Assume w € ASsricted . Then there exists o
such that for any r € (0,79) and for any 5 > 0,

/(Ce_BZPw(z)dA(z) < C(w,r, Bw(Q-(0)) < 0.
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Lemma 6. ([3, Lemma 3.1]) Let 0 < p,t < oo, a > 0 and w € Alestricted,
Then, there exists a constant C = C(«, p,w,t) such that

[P~ 512 _¢ w)Pe= "z 1P (u u
7(2) < S Joy T ()dA(u).

for any z € C and f € H(C).

The following two lemmas generalize [3, Lemma 3.1 and Corollary 3.2]
and [8, Lemmas 2.2 and 2.3] to the weighted Fock spaces F4 .

Lemma 7. Let 0 < p,t < 00, a > 0, w € Arestricted gndn € NU{0}. Then
there exists a constant C = C(a, p,w,t) such that

n 2z 1+ |2])"
10()] < cmedlt LEED" g

w(D(z,t))»

for any z € C and f € H(C).

Proof. Firstly, let n be a positive integer. For |z|

< 1, Lemma 6 and Cauchy
integral formula indicate

(n) n! 1£(O)l
PO g [ <t mas )

Rk
< Cunl|fll 5, max

= w(D(C 1))

For |z| > 1, we conclude from Cauchy integral formula again that

_1
< C1Conle™| fllpp w(D(2,2)) 7.

OIS [ el <l ma 17(0)

o212
< Conllzl"|f 17, max

"Il w(D(C 1))
2]l

2
< CLCyIe? (1 + 2"l —
T w(D(z,t2))P

The case n = 0 follows from [3, Corollary 3.2], which ends this proof. O

D=

Lemma 8. Let 0 < p,t < o0, a >0, w € Aggsmcted and let n be a positive
integer. Then there exists a constant C = C(«, p,w,t) such that

(L +[=)"

SRS LAV A e 5P 1P (6)dA g
SET ([ INEGEEG ©)
for any z € C and f € H(C).

‘ﬂ”)(z)e‘Z"Z'Q < Cnl




6 YOUQI LIU

Proof. Let first |z| < 1. By the joining of Lemma 6 and the proof of Lemma
7, we have

F (2)e 2l

<IPE)I <+ ]2 max |£(0)

=

< C1n!(1 + |2])" max (w(D(C,ro))_l/

II<2 D(¢ro)

|f<u>e—3'u'2|pw<u>dA<U>>

< CLOmI(1 + |2])"w(D(z,3)) ( / |f<u>e—%'“2|pw<u>dA<u>) '

(2,3)
If |z| > 1, then we obtain

alz|?

’f<”><z>e—°%'z2 <nlle[e™" 2 max |f(C)]
lz=—CI<|2 1
_alsl? el S fuf? z
< Cinljz"e” 2 max ——— |f(w)e 2" Pw(u)dA(u)
F=CI<ET w(D(¢, 1)) e N D)
1
< nleDl max (/ |f(u)€g”|2\pw(u)d,4(u)> P
w(D(z,m1))r lF=CI<lETE NI D¢
1
S (] e putddn) )
W(D(Z/I’Q))E D(Z,T1+1)
This completes the proof. O

The following lemma, see [1, Lemma 4.10] or [14, Lemma 3.7], plays a key
role to study compactness of linear operators.

Lemma 9. Let X and Y be two Banach (or quasi-Banach) spaces of entire
functions on C, and let T : X — Y be a linear operator. Suppose that the
following conditions are satisfied:

(i) The point evaluation functionals on'Y are bounded.

(ii) The closed unit ball of X is a compact subset of H(C), where H(C)
is endowed with the topology of uniform convergence on compacta.

(iii) T : X — Y is continuous, where both X and Y are endowed with the
topology of uniform convergence on compacta.

Then T : X — Y is a compact operator if and only if for any bounded
sequence {f;} in X such that f; — 0 uniformly on compact subset of C as
Jj — 00, the sequence {1 f;} converges to zero in the norm of Y as j — oo.

3. PROOFS OF THEOREMS 1 AND 2

In this section, we will provide the boundedness and compactness of gener-
alised weighted composition operator Dg ,, between different spaces. At first,
we consider the compactness of differentiation operator D™ : Fh ,, — L9(u)
with 0 < ¢ < p < co. This result is a supplement of [3, Theorem 1.2].
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Theorem 10. Let a € (0,00), w € Arestricted ¢ NU {0} and let p be a
positive Borel measure on C. For 0 < g < p < oo, the following conditions
are equivalent:

(i) D™ : Fh o — Li(u) is bounded;

(i) D™ : Fh o — Li(p) is compact;

(iii) The function

T oy 09
Wnp(D(, 1)) Jpun) H

is in LP%I(C,wnp).

Proof. 1t is clear that (ii) = (i), and the proof of (i) = (iii) follows by [3,
Theorem 1.2]. Next, we show (iii) implies (ii). It is enough to give that
for any bounded sequences {fy} € Fh . which tends to zero uniformly on
compact subsets of C as k — oo, we deduce HD”kaqu(#) — 0 as k — oo.

Set || fillzz , < M < co. By Lemma 8 with ¢t = 1, we have

a 1+ |z|)me’s #

or =316 0, ‘
1) e L e 1 i)

Note that 14 |£] < 1+ |z| for & € D(z,1), and then by Fubini’s theorem
and Lemma 4, we get

< C(n!)q(

D"l S [ 10 2 SEENS [ [ @A)

For any € > 0. Duo to the hypothesis, there is an R > 0 such that

(L+ g e p/(p—q)w .
/«:\Dm ( (D1 >>/ en® O >) (E)dA(E) < /=),

Since { fi} uniformly converge on compact subsets of C as k — oo, we may

choose ko € N such that |f;(£)|? < € whenever k > ko and & € D(0, R).
Therefore,

a 2
D™ fioll Lo apy S ( [+ / )|fk(s)e—2'5' K
JD(0,R) C\D(0,R)

D™ [ sy
w(D(E 1) /Dm dpu(2)w(E)dAE)
Qi)™ [ q
< su e dulz AEVdA
NfeD(ER) w(D(&,1)) ~/D(§71) 2 >/D(0,R) | f1(&)|w(§)dA()

pP—q

=/ |fk<§>Pw<s>dA<s>)Q/p

' (/C\D(O R ((1(4—('2')7; /D({,l) eq;lﬂzdﬂ(z)) pqu(@dA(g)) p
Setelfullzz, < 1+ Me

And hence, D™ : Fh ., — L9(p) is compact, which finishes the proof. O
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With the help of the above conclusion, we can now provide the proof of
Theorem 1.
Proof of Theorem 1. Notice that the non-univalent change of variables
formula indicates || D}, f|| 1 = £ o . This together with Theorem

ox(Juldy

10 ends the proof. O
The following theorem concerns the compactness of differentiation oper-
ator D" : Fh ,, — L9(u) with 0 < p < g < oo.

Theorem 11. Let a € (0,00), w € Arestricted ¢ NU {0} and let pu be a
positive Borel measure on C. For 0 < p < g < 0o, the following conditions
are equivalent:

(i) D™ : Fho — Li(w) is compact;

(i)

|z 2
lim - / e%du(z) =0.
lal=2 (wnp(D(a, 1)) 7 /D(a1)

Proof. We begin with the case n = 0. Assume that I; : Fh, — LI(u) is
compact. Let

(2) fa(2) = w(D(a, 1)) VPeomz=5lal® ¢ C,

It follows from [4, Lemma 2.3] that [|fu[z» =< 1 and f, tends to zero
uniformly on compact subsets of C as |a| goés to co. Hence the closure of
the set {fs, : a € C} is compact in L(u). For any e > 0, the open balls
B(fase) = {f € LUu) : ||fa — fllra(w) < €} cover the closure of the set
{fa : @ € C}. Then there is a finite subcover {B(f,,,¢) :n=1,--- ,N =
N(e)}. For each a € C, let j = j(a) € {1, -+, N} such that f, € B(fq;,€).
Therefore, for each R > 0,

/ Fal2)du(2)
C\D(0,R)

S /C\D(QR) |[fa(2) = fa; (2)dp(2) +/ | fa; (2)"dpu(z)

C\D(0,R)

< — fa. ]| 1
<o =Sl + e, [ o GG,

and so

lim [Fal2)|%dpa(z) = 0
R—oco Je\D(0,R)
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uniformly in a. Combining with the uniform convergence, we deduce

0= lim |fall7,() > lim | fa(2)|?dp(z)
|al— la|=c0 J D(a,1)

= lim w(D(a, 1))—5/ 5 AP =T lamal gy 2)
D(a,1)

la]—o0

> lim w(D(a, 1))—5/ 51 g ().
(@)

la]—o0

Conversely, assume (ii) holds, let {f;}r € Faw be a sequence such that
sup || frllzz . = M < oo. Then we conclude from [3, Corollary 3.2] that
keN '

{fx}x is uniformly bounded on compact subsets of C. With the help of
Montel’s theorem and Weierstrass’ theorem, there is a subsequence { fx; };
converges uniformly on compact subsets of C to a function f which is in
H(C). And thus f € FA, by Fatou’s lemma. Set |a,| — oo as n — oo.
Then the hypothesis gives that, for any € > 0, there exists N = N(¢) € N
such that

1 aaz|?
T ¢ e T du(z) < e
(w(D(an,1)))7 /D(aml) p(z) <

This together with (1), Lemma 6 and Minkowski’s inequality in continuous
form (Fubini’s theorem in the case p = ¢) shows

Z /D( . fiy (2)|7dp(z)
S Z/ ) wz));</D(zJ) |f(u)—fkj(u)|1’ep2a|u|2w(u)dA(U)>:du(z)

e (S € du(2)\ § 4
) Z U{w(z (e iy ) T PP ( w(/)a(z,n)?u( )> ola)iA)

s Z (/ |f(w) = fi, <u>lpe"’2‘"“'2w<u>dA<u>)
{u:D(z,1)ND(an,1)#0}
Self folty, <M

B

Therefore,

lir_nsup/ |f(= 2)|dp(z)

o N-1 o0

< hﬁnjfip ( ; /D(aml) £ (2) = fi,; (2)|dp(z) + nz;\,/D(an,l) 1f(2) — fkj(Z)quu(Z)> Se
because of

N-1
jim > [ ) i G)rdtz) =0
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by the uniform convergence in compact subsets. And hence, for any € > 0,
we get

lim sup / F(2) = fiy (2)]7dp(z) = 0,
Jj—o0

which concludes I : F& ., — L9(u) is compact. Next, by [3, Lemma 2.1], we

have

j w(2) icted
3 wE Arestmcted < wa(z) = c Arestmcte .
( ) (e'¢) ’Y( ) (1 + |Z|)7 0
Now, combining Lemma 9, the proof for case n € N is an analogue of above,
we omit the details here, and the desired consequences are complete. O

We use ,u "(Ju|?) to denote the positive measure on C defined by
v _ab|,|2
pg” (Jul ) (B) =/ u(2)|%e” % P u(2)dA(2)
e (E)

for every Borel subset E of C. Next, we study the boundedness and com-
pactness of D t Fhw — ]:q with 0 < p < g < oco. For this goal, we will
divide Theorem 2 into two theorems as follows.

Theorem 12. Suppose that 0 < p < ¢ < o0, a,B > 0, w € Aggsmcted,
n € NU{0} and v is a weight. Let ¢ be an analytic self-map of C and
u € fg - Then D7, : F&o — ]:g ., 15 bounded if and only if

u(z)[? aR(@p(2))— 92 |a|2— 42|52
(4) ilelg/c wnp(ll)ia?|1))q/peq R@p@) =51l =510 (2)dA(2) < o

Proof. Assume that D&u : .Fg,w — fg , is bounded. It follows that

u(z)|? - g 2_4aB (2
1D} ufullly :(am')qn/(cmeqamm)) BlaP L1 ) dA(2)

u(z)| aR(@p(2))— L |a|2— L |22
X/cw (lDEa)Il))q/peq RECED—F1 =By (2)dA() < Ol full Ly < o0,
np ’ s

which concludes (4).
Conversely, suppose that (4) holds. Thus,

lu(z)[? qaR(@p(2))— L a2 L |z |2
> [, oD Flof Ry (2)dA(2)

(@)l qom@e) - e RE, () ga )
p=1(D(a,1)) Wnp(D(a, 1))9/P

= [ npDla, e
D(a,1)

>

2‘104

=P (ul)(2)

1

qa\ 12 v q
% op(Da D)ilp /D(a,l) Azl )
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Using Theorem [3, Theorem 1.2], we deduce ||f(")||Lqﬂ S fllze , with
B (lul) :
f € Faw, and hence D7}, : F&w — ]:g,u is bounded since ||Dgyuf||fg,y =
[FERAIT: . This finishes the proof. O
¥ (jula)

Theorem 13. Suppose that 0 < p < q < 00, a,8 > 0, w € Arestricted
n € NU{0} and v is a weight. Let ¢ be an analytic self-map of C and
u € ]:g,y. Then Dg,, : Fhw— fg’y is compact if and only if

(5)  lim [u(2)l?

al (D( 1))q/peqa%(wz) P (2)dA(z) = 0,
a|—oo JC Wnp a,

Proof. Assume that D}, : Faw — fﬂq,y is compact. Set the function f,
as in (2). Then we obtain || fu||z» = 1 and f, tends to zero uniformly on
compact subsets of C as |a| goes to co. And thus, HDg,ufaHqu’V — 0 when
|a] — oco. It follows that

li D7 F
a|li>noo ” ,ufaH]:g’V

\
, u(2)[* ap(2))— 92 a2 — L 2
= lim (ala))? [ — L eaoW(@e ()= 5 lalP =512 (2)d A(z)
la]—o0 c w(D(a, 1))‘7/1’
q
< [l
|a]—o0 (Cwnp(D(a, 1))q/p
which indicates (5).

Conversely, suppose that (5) holds. By the joining of Theorem 11 and
the proof of Theorem 12, it is enough to show

i 1 / qalz|?
lim e = dul¥(lul?)(z) = 0.
|a|%oo u)np(D(a7 1)>q/p D(a,l) ¥ (’ ‘ )( )

1oR@p ()= Gl = L1z () g A(z) = 0,

Since
0= lim [T gaR@e() -1~ S, ()44 )

la] =00 J wnp(D(a, 1))q/p

> lim [T am@ee) -1 —L 1R, ) gA(2)
lal=00 J o1 (D(a,1)) Wnp(D(a, 1))4/P

= S <P 1))~ o/re s Rl gl (u)) (2)

! [ e e une

Z lim e ju Z),
la]—o0 Wnp(D(aa 1))q/p D(a,1) He

we deduce that D7, : Fhw — ]-"quy is compact, and the proof is complete.
O

Suppose 0 < p,q < oo. We call p a (p,q)-Carleson measure if the em-
bedding operator i : Fh . — L9(u) is bounded, that is, there exists some



12 YOUQI LIU

constant C' such that for f € ]-"g,w,

<Xc ’f(z)|qdu(z)>; <Clflz.-

For a positive Borel measure o on C and 0 < p, v < 00, let i, 4 be the
function

fiag(2) = / e RE 5 (), zeC.
C

The following theorem establishes a new characterization about boundedness
of the embedding operator with 0 < p < ¢ < cc.

Theorem 14. Let a € (0,00), w € Arestricted gnd let 1 be a positive Borel
measure on C. For 0 < p < g < 00, the following conditions are equivalent:
(i) pu is a (p,q)-Carleson measure;

i I R () o0
(ii) Vyu(a) = TP € L>*, acC.

Proof. Let 0 < p < ¢ < co. Then
(6) / e du(z) S (W(D(a, )7, aeC,
D(a,1)

if and only if 4 is a (p, ¢)-Carleson measure by [3, Theorem 4.3].
For any a € C, it is easy to see that

fiaala) = [ FEE ) 2 [ B o),
C D(a,1)

This gives (6) if ¥,(a) € L*> for a € C, and thus p is a (p, q)-Carleson
measure.

Let Kq(2) = e*@*. Assume that p is a (p, ¢)-Carleson measure. By [3,
Theorem 4.3] again, we have ||Ka|ze(u) S [[Kallrz,- For any a € C, it
follows from [3, Proposition 4.1] that

Bl [ @) — [ EEE o () S @(Dla, )7,
C C
which indicates ¥, (a) € L*> with a € C. This finishes the proof. ]

4. PROOF OF THEOREM 3

Following the ideas in [8, 13] with some modifications, we will offer the
proof of Theorem 3 in this section.

Recall first that the essential norms for bounded linear operators. Let X
and Y be Banach spaces, and let IC(X,Y") be the set of all compact operators
from X into Y. The essential norm of a bounded linear operator L : X — Y
is denoted by ||L||e, where

[Llle = mf{|[L = T|[: T € K(X,Y)}.

It is clear that L is compact if and only if ||L|l. = 0. The following auxiliary
conclusion will be used later.
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Lemma 15. ([10, Lemma 2.1]) Let f and ¢ be two entire functions on C
such that f £ 0. Suppose that there is a positive constant C such that

’f(z)’2e|s0(Z)|2—\ZI2 <C
for all z € C. Then ¢(2) = p(0) + Az for some |A| < 1. If |A\| = 1, then
f(2) = f(0)e=P%, where B = Ap(0). Furthermore, if

| 1|1m £ (2) 2l = g,

then ¢(z) = Az + b with |A| < 1.

Before embarking on the proof of Theorem 3, we deduce some necessary
conditions as follows.

Theorem 16. Suppose that 0 < p,q < 0o, a > 0, w € Alestricted . ¢
N U {0}, and ¢ is an analytic self-map of C. Let u be a nonzero entire
function on C. If D" }"gw — fgw is bounded, then u € fq . In this
case, p(z) =az+b wzth la| <1 and

3alp(2)|? 3a| 2

lu(z)[|p(2)["e™ 1 SIDgwfee) 7, < IDG.
for any z € C.

Proof. If f(z) = 2™, then we have u € Fd, by the boundedness of D .-
Setting f, as in (2). For any a, z € C, we conclude from Lemma 4 that there
are constants C7,Cs > 0 such that

(1) w(D(21)) > €y Pw(D(0,1)) and w(D(a,1)) < CYw(D(0,1)).
This together with Lemma 7 yields

102 fall e, 2 |Dpfa(2)|w(D(z, 1)) ve
w(D(z,1))
w(D(a,1))
‘Z\ \a\ 1 1 a
>0y 7Oy 7 fu(2)|w(D(0,1))3 ¥ (afa]e @A) -5
Setting a = ¢(z), we deduce

Ll lete) alo(o)?

ale@)|? _ alz®
C, “Cy 7 u(2)|e(z)|"e 2 2 SIDGufon)llFa, < DG,
Note that

el O ajp@? a2 —EL a2 PO _aje@)? sale)? _salx?

C,L"C, " e 2 2 >2C, % 1C, " e 1 e & i,
it follows that

a\zF

aF _alz?

(ala])e aR(ap(z))—

= [u(2)]

W= Q=

ull-

3a]p(2)|? _ 30

2|2
lu(2)lp(2)["e™ 4 T S DG ufollre, < DGl

Hence, by Lemma 15 we get ¢(z) = az+b with |a| < 1. However, if |a| =1,
then Liouville’s theorem and Lemma 15 indicate u(z)¢(z)™ = 0, and hence
u(z) = 0 since ¢(z) # 0. The proof of this theorem is complete. O
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Corollary 17. Suppose that 0 < p,q < 0o, a > 0, w € Alestricted ¢
NU {0}, and u is a nonzero analytic function in Fa .. If o(z) = b, then
Dg?u : ]—"g}w — fg}w is compact, and there are constants C1,Coy > 0 such
that

Ibl [b]

. SIDGl S G (14 [b)"e HUHJ-‘gw-

Proof. For g € }"&w, it follows from Lemma 7 and (7) that

|b|2

1] 2
- alb|
105wl 72, S Co" (L+ o))"= llgll 7z [lull 72 -
Letting f, as in (2). Using (7) again, we obtain

" _ 1ol alb?
1Dgwfoll 7y, = Cy 7 [b]"e™> 4w

Furthermore, D7, is a ﬁmte rank operator with rank 1, and so it is compact.
This finishes the proof |

For entire functions u and ¢ on C, we denote

n le@2-z?
mzn(u, ) = u()|le(z)"e 2", zeC.

In view of Theorem 16 and Corollary 17, we study the essential norm of
D", : Fh o — FE . when p(z) = az + b with 0 < |a] < 1.

Theorem 18. Suppose that 1 < p < ¢ < 0o, a > 0, w € Arestricted
n € NU{0}. Let u € Fi, be a nonzero function and o(z) = az + b with
0<lal<1. If D}, : Faw — Fiw is bounded, then

hmsupmz n(u ()0) S ||D u”e'

|z]—o0

Proof. 1t follows from Theorem 16 that limsupm. ,(u, ) < oo, and there
|z| =00

is a constant Cy > 0 so that m.n(u, p) < Col| Dy, fo(z)ll 72, Assume that

Coll DG ulle < limsupmn(u, ¢).

|z|] =00
Then there exist positive constants C1,Cy and a compact operators T :
Fh o — Fé such that

Col| D, — T|| < C1 < Gz < limsupm »(u, ¢).

|z]—o0

In fact, there is a sequence {z;}, satisfying |z;| — oo whenever j — oo, such
that

() lim sup m; n(u, p) = limsup m; ,(u, @) > Co.

Jj—oo |z|—o0
It follows that
(9)
1DGw =Tl 2 1DZ ufotz) = Thozp 72, 2 1DGufon 7, = N Tfopllzs.,
> C5 iy (s 9) = T f eyl
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Notice that |p(z;)] = oo as j — co. Then by the similar reason as in [13,
Lemmas 2.3 and 2.4], we deduce that || Tf,|lzz, — 0 when j — oo.

Combining (8) with (9), for sufficiently large j we get
Cl > COHDg,u - TH > mz]',n(u’ (10) > 027
which is a contradiction, and hence

hmsupmz n(u ()0) ~ ||D uHG'
|z]—o0

This completes the proof. ([l

Combining Theorem 18 with Littlewood-Paley formulas for weighted Fock
spaces Fh ., (see [3, Theorem 1.1]), we can now provide the proof of Theorem
3. Clearly, only the upper estimate for essential norm of the operator D,
on weighted Fock spaces F4 ., needs to be proven.

Proof of Theorem 3. Let k be a positive integer, and V;, f(z) = f(riz)
with 7, = k+1 Then V,, is a compact operator on ]-"gw.

Let I denote the 1dent1ty operator on Fh . Taking a number R > 0. For
each k € N, we get

||DZ,UH6 < HDgnp,u_Dg,uo‘/TkH = sup HDZ,UO(I_‘/Tk)fH
1l g <1

hSA

< s ( /| - 1D o (1= Vi) f(z)\pe—&lzlzw(z)dA(z))

Il s <

RS

B |2f?

v ([ 1000 U= VeseIPe F FutaAc)

Il 72 <
= Jl,k + Jg,k.
On one hand, it follows from [3, Theorem 1.1] that

Br S ( M)

sk w@(@(2)

/ (1= Vi ) /)™ 0 0)(2)[Pe™ Z e
2[>R (1+ \80( )P

sup

P w(p(2)dA(2))

-2 my n(u, (P)LU(Z>
,S ]a\ p sup RN TN sup I_ V;‘ f
<|z>R w(p(z)) ) £l <1 It DI

2  meawe()y <2 maan ()
Sl @+ VD sup TR ) Slal ™ sup ZUEEIES

On the other hand, for any § € (0,«), we conclude from [3, Proposi-
tion 3.3] that

'F w < a+6

1
P
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This together with Lemma 5 yields

focs (s lul) s ([ 0= pe T i)

l2|<R 17l <1

< (sup [u()l) swpsup (T = V) f(0(2))] /ZlgRepf'Z'zw(z)dA(z))

lz|<R Ifllz2 <LlzI<R
oW

<C(sw u()l) swp sup [(T= Vi) f®(p(2))].
|2|<R Il 7ee ;<LlzI<R
o0 .
For each f(z) = - a;2’ with [|f[|r= < 1. By an elementary computa-
=0
tion, we obtain

J
) 2
|aj| < (MH) . j= L
j

It follows that

B s (s fu)]) supsup |1 Vi) f0(2)

lz|<R [fllzoe  <1lzI<Rey
a+68

< ( sup fu(2)))

|z|<R

sup  sup i !aj!j<j—1)--~(j—n+1)(1—(L)j_")yz\j—n

Ifll7ge s <STI2ISRe j=pt1 bl

< (s ) s sup S o L (1 (Yo
1

|2|<R 11l 7ge, , STI2ISRe 5=
i+n
1 2 Gi+n) ; (e(la+6)\ =
< —— ; R . ;
k+1(8u<p;|u(z)\>z(2_1)! Y\ i+n
‘Zl\ =1

where R, = |n‘1a>1§ |o(2)], and the series in the last term is convergent. Hence,
z|<

HD&UHG < lim sup HD&U — DZ,U o Vp. |l < limsup Jy i + limsup Jo
k—o00 k—o00 k—o00
_2 My n (U, @)w(z
< o2 sup M (:2)(2)
s>r w(p(2))
Therefore, the desired consequence holds by letting R — oco. This finishes
the proof. O
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