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Abstract

In this paper, we investigate the locally robust Mittag-Leffler stability for a
class of Caputo fractional-order differential equations subject to state-dependent
delays and perturbations. By constructing an appropriate Lyapunov functional
and employing key lemmas in fractional calculus, we derive a novel stability
criterion under a weakened linear matrix inequality (LMI) condition. This cri-
terion guarantees not only the uniqueness of the equilibrium point but also its
locally robust stability against perturbations. Finally, two numerical examples
are provided to validate the correctness and effectiveness of the main theoretical
results.
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1 Introduction

The integer-order differential equations have been extended to fractional-order dif-
ferential equations. Fractional calculus has become a powerful tool for characterizing
complex systems with memory and hereditary properties K. Diethelm, N. J. Ford.
(2002); V. Lakshmikantham. (2008). Fractional differential equations with delay com-
bine the characteristics of fractional calculus with delay differential equations, and
can simultaneously describe the dependence of the system on historical states and the
influence of time lags M. L. Morgado, N. J. Ford, P. M. Lima. (2013). Thus, they
have been widely applied in modeling complex dynamic systems such as population
biology J. M. Cushing. (2013), physiology H. Joshi, B. K. Jha. (2020), control theory
V. Badri, M. S. Tavazoei. (2019); A. Narang, S. L. Shah, T. Chen. (2011), popula-
tion dynamics P. Song, H. Zhao, X. Zhang. (2016), and economics Z. Lin, H. Wang.
(2021). As the application of fractional differential equations with delay in practi-
cal problems has become increasingly widespread, the analysis of their stability, as
a prerequisite for the reliable operation and control design of systems, has received
extensive attention from the academic community over the past two decades and has
become one of the core directions in the theoretical research of fractional-order sys-
tems H. Delavari, D. Baleanu, J. Sadati. (2012); Z. Wang, D. Yang, H. Zhang. (2016);
Z. Wang, D. Yang, T. Ma, et al. (2014); Asma, J. F. Gmez—Aguilar, G. ur Rahman,
et al. (2022). Stability, as a key indicator for measuring the dynamic behavior of a
system, determines whether the system can maintain the expected performance under
external disturbances or initial deviations. Therefore, relevant research not only has
theoretical significance but also provides important guiding value for the design and
optimization of practical systems.

Among the existing research on the stability of fractional-order systems with
delay, systems involving time delays and external disturbances have become a research
hotspot in recent years due to their closer proximity to engineering practice. For exam-
ple Zhang F. Zhang, C. Li. (2011) studied the stability of linear fractional differential
systems and their corresponding perturbed systems with respect to the Riemann-
Liouville derivative and the Caputo derivative. In 2022, He B. B. He, H. C. Zhou, C.
H. Kou. (2022) investigated the stability of Hadamard-type equations, the Caputo-
Hadamard fractional derivative, and their related systems in both delay-free and
delay-involved cases. Wang Y. Wang, T. Li. (2014) conducted a stability analysis of
fractional-order nonlinear systems with time delays and proposed the definition of
Mittag-Leffler stability for time-delay systems for the first time. Tuan H. T. Tuan,
H. Trinh. (2018) proved the linearized asymptotic stability of nonlinear fractional dif-
ferential equations with time delays. From a practical perspective, time delays arise
from the physical structure of the system or information processing procedures and
are almost inevitable in fields such as mechanical control, communication networks,
and biological metabolism. The existence of time delays may cause the system to oscil-
late or even become unstable A. K. Agrawal, Y. Fujino, B. K. Bhartia. (1993); H.
Logemann, R. Rebarber. (1996).

External disturbances usually manifest as parameter uncertainties, random noise,
or sudden interferences, and these disturbances can also disrupt the steady state of
the system and reduce control precision Z. Zhang, L. Liu, J. Fang, et al. (2023); B. H.



Nguyen, T. D. Dang, I. B. Furtat, et al. (2025). Li and Wang B. Li, Z. Wang, L. Q. Han
(2017) studied a class of system models that simultaneously consider the effects of state
delay and bounded external disturbances, and comprehensively evaluated the dynamic
performance of the system under the combined action of external disturbances and
event-triggered mechanisms.

The coexistence of time delays and disturbances poses enormous challenges to sys-
tem stability analysis. In the face of these challenges, robustness research has become
the key to breakthroughs P. Li, L. Chen, R. Wu, et al. (2018); B. Zhu, J. Ma, Z.
Zhang, et al. (2018); Z. Liao, C. Peng, W. Li, et al. (2011); J. G. Lu, Y. Q. Chen.
(2009); L. Chen, R. Wu, Y. He, et al. (2015); J. G. Lu, Z. Zhu, Y. D. Ma. (2021).
Regarding the robustness of fractional-order systems, there have been many important
explorations: for example, Li P. Li, L. Chen, R. Wu, et al. (2018) studied fractional-
order interval nonlinear time-delay systems, expanded the Lyapunov direct method
by using new lemmas, and constructed delay-independent stability criteria in the form
of linear matrix inequalities by Razumikhin theorem. Zhu B. Zhu, J. Ma, Z. Zhang,
et al. (2018) focused on the results of uncertain impulsive positive systems with time
delays, utilized the impulsive time-varying copositive Lyapunov function, established
globally robust exponential stability criteria under different dwell times, and designed
controllers. Liao Z. Liao, C. Peng, W. Li, et al. (2011) constructed an asymptotic
stability test criterion for parameter-uncertain FO-LTI (Fractional-Order Linear Time-
Invariant) interval systems with deterministic linear coupling relations through the
linear matrix inequality (LMI) method. These achievements have enriched the robust-
ness theory of fractional-order systems and laid an important foundation for dealing
with complex uncertainties in practical systems.

The remainder of this paper is organized as follows. In Section 2, we list essential
preliminaries, including definitions of fractional calculus, key assumptions, and nec-
essary lemmas. The main results on robust Mittag-Leffler stability are presented in
Section 3. In Section 4, we provide two numerical examples to verify the theoretical
findings. Finally, In Section 5, we conclude the paper and suggests potential future
research directions.

2 Preliminaries

The stability analysis of fractional-order systems with state-dependent delays and
perturbations requires a foundational understanding of fractional calculus, Mittag-
Leffler functions, and robust control theory. In this section, we introduce the necessary
mathematical tools, including definitions of Caputo derivatives, Mittag-Leffler sta-
bility, and key assumptions on system dynamics. Additionally, critical lemmas for
bounding fractional Lyapunov derivatives and handling perturbations are presented
to support the proof of Theorem 3.1 in Section 3.

Next we provide the definitions of the Caputo fractional derivative and Mittag-
Leffler stability.



Definition 1. (I. Podlubny. (1998)) The Caputo fractional derivative of order o €
(0,1) for a sufficiently smooth function x(t) € C1([to, +o0),R™) is defined as

a1 ()
CDex(t) = T —a) /to (t—s)ads’

where i(s) = dz(:), (+) is the Gamma function.

Definition 2. (Y. Wang, T. Li. (2014)) A fractional-order system { D{x(t) = f(t,z¢)
is said to be Mittag-Leffler stable if there exist A > 0 and b > 0 such that

2 (t, to, @) | < {m () Ba (<At = t0)*)}",

where a € (0,1), b > 0, m(0) = 0, m(x) > 0, and m(z) is locally Lipschitz on x € €
with the Lipschitz constant mg.

In this paper, we focus on a class of fractional-order dynamical systems with state-
dependent time delays and perturbations, which is formulated as (1).

(1)

CDpa(t) = f(t,x(t), x(t — 7(2(1)), AA®), Af(1)), t>0
.’E(t) = ¢(t)v te [_Tmamo]

where “D¢x(t) = ﬁﬁi (ti_(ga ds, the state-dependent time delay 7(z(t)) €
[0, Tmax] satisfies 7(z(¢)) < n < 1. Besides, the perturbation bounds satisfy |AA(t)]| <
p, and ||Af(t)]] < d. This system incorporates several key characteristics that are
prevalent in many real-world applications, such as biological networks, chemical
processes, and control systems with memory effects.

In order to obtain our results, we make some assumptions

(H1) The delay 7(z(t)) satisfies 0 < 7(x(t)) < Tmax, and 7(z(t)) <n < 1,
where Tyax,”7 are known constants. It avoids the disorder of the system’s memory
effect caused by the rapid fluctuation of time delay with the state, which is a necessary
condition for the existence of a unique stable solution in fractional-order systems with
state-dependent delays. If 7 > 1, the rapid fluctuation of time delay with the state
will violate the causality of the system, leading to oscillations or multiple solutions of
the solution. This constraint is also consistent with the classical assumptions in the
field of fractional-order time-delay systems.

(H2) The perturbations AA(t) and Af(t) are bounded such that

[AA@ < p, [AF@I < d,

where p,d > 0 are known constants. If the perturbations are unbounded, the system
state will diverge directly due to the accumulation of uncertainties, making stability
analysis meaningless. Meanwhile, the boundedness conditions provide a quantitative
basis for bounding the perturbation terms using Young’s inequality and matrix norm
inequalities in subsequent derivations.



)) in system (1) is of linear

4
), i.e.,

[t x(t), z(t—7(x(t)), AA(t), Af(t)) = (A+ AA(t))z(t) + Bz (t — m(x(t)) + Af(D),

(H3) The function f (¢, z(t),z(t —7(z(t))), AA(t), Af(
form with respect to the state variables x and x(t — 7(z(t

where A, B € R™*™ are constant matrices, and AA(t), Af(t) satisfy the boundedness
conditions in (H2).

(H4) When the initial condition satisfies ||z (to)|| < Ro (Ro < R), the state trajec-
tory of the system remains within the neighborhood Q = {x € R" | ||z|| < R} at all
times, where R > 0 is a given constant.

Regarding the well-posedness of system (1), we emphasize that under assump-
tions (H1)-(H3) and the continuity of the nonlinear function f(t,z(t),z(t —
T(z(t))), AA(t), Af(t)) with respect to all its arguments, the system admits a unique
solution on [0,+00) by the existence and uniqueness theorem for fractional differ-
ential equations with state-dependent delays. Furthermore, as rigorously proved in
Vainikko G. Vainikko. (2016), for the Caputo fractional derivative of order « € (0,1)
adopted in this paper, the solution possesses a specific structure: it is continuous on
[0,4+00), its Caputo derivative exists almost everywhere, and the growth behavior of
the solution is dominated by the t* term (directly related to the initial value x(0)).
This structural characteristic ensures that the subsequent stability analysis based on
Lyapunov-Krasovskii functionals has a rigorous theoretical foundation.

Definition 3. (I. Stamova. (2014)) A fractional-order system with bounded pertur-
bations is said to be robustly Mittag-Leffler stable if, for all disturbances satisfying
IAf®)] < d and |[AA®®)|| < p, its state satisfies

(@)l < M|[z(0)||Ea(=At*) + Nd,

where M, N > 0 are constants independent of the initial conditions and disturbances.

Next we provide some necessary lemmas to facilitate the establishment of our main
results.
Lemma 1. (M. A. Duarte-Mermoud, N. Aguila-Camacho, J. A. Gallegos, et al.
(2015)) For a Caputo fractional derivative of order a € (0, 1), consider a continuously
differentiable function xz(t) € R™ and a positive definite matriz P € R"*™. The Caputo
fractional derivative of the quadratic Lyapunov candidate V (t) = x T (t)Pxz(t) satisfies

DoV (t) < 2" (t)PCDYx(t).
Lemma 2. (P. P. Khargonekar, I. R. Petersen, K. Zhou. (2002)) Let X and Y be
matrices of appropriate dimensions. Then, the following inequality holds, for all e > 0

XY +Y'X<eXTX+e'YTY.
Lemma 3. (H. Ye, J. Gao, Y. Ding. (2007)) Let u(t) be a continuous function that
satisfies, fort >ty and 0 < o < 1, the following inequality

u(t) <a+

— t — 5)* You(s) + | ds
ey /. (¢ ou(e) -l s



where a,b, c are non-negative constants with b > 0. Then, the solution of the above
iequality is bounded by

u(t) < aBo (=b(t — 1)) + g (1= Eu (=b(t — t0)®)) .

Next we introduce a special symbol that appears in the proof of a theorem.

M < 0 means that all eigenvalues of M are strictly less than zero. This notation
is widely used in the analysis of linear matrix inequalities (LMI) to characterize the
negative definiteness of matrices, which plays a crucial role in the stability analysis of
dynamical systems.

3 Main Result

In this section, through a refined Lyapunov functional approach, we rigorously
prove that (1) admits a unique equilibrium point exhibiting local robust Mittag-Leffler
stability under this weakened constraint.

Theorem 3.1 Consider system (1) under assumptions (H1)-(H3). If there exist pos-
itive definite matrices P, @@ and parameters ¢, 0, v, A, u > 0 such that the following
linear matrix inequalities hold

Current state LMI

2PA+(e+0)PTP+(e '+ )+ Q+ N <0,

Delayed state LMI
v IIBTPTPB—(1—-n)Q+ul <0,
then (1) is local robust Mittag-Leffler stable, and the state satisfies

lz(®)] < CoEal(=m(t —t0)*) + C1 (1 = Ea(—m(t —t0)?)),

. Amax (P)+Amax
where m = min {7&“:{@), 7&%}:(62) }, Cop = (>\m)in(P) (@) llz(to)|,C1 = m/\xi‘:{‘(P)’

M =o7'd + |AA®)|* + [Af (1)1

Proof. Considering the state-dependent time delay 7(z(¢)) which makes the system’s

memory effect related to state evolution, and the external disturbance Af(t) that

brings uncertain perturbations, we construct the Lyapunov function V(¢) as follows.
The state quadratic term

Vi(t) =« (t)Pa(t),

directly reflects the energy of the current system state.
The time-delay integral term

Va(t) = / L T (9)Qals)ds,
t—r(x(t))



by integrating the state energy over the time-delay interval, it captures the cumulative
influence of the time-delay history on the current state; since the time delay is state-
dependent, the integration interval varies dynamically with the state.

The disturbance norm integral term

vawza/ (IAAS) + [|AF(3)]?) ds,

to

for bounded disturbances, by summing the norms of disturbance-related terms, the
uncertainties are transformed into quantifiable accumulated energy of disturbances,
thereby enabling a comprehensive analysis of system stability with these factors taken
into account. P, > 0 are the positive definite matrix.Compared with existing liter-
ature, the functional proposed in this paper simultaneously includes the state term,
time-delay integral term, and disturbance integral term. It does not require the intro-
duction of additional complex nonlinear weighting functions, is more easily solvable
via LMI, and is thus suitable for engineering application scenarios.

Based on assumption (H3) on the structure of f(-,-,-), we can rewrite the original
system (1) as the following linear fractional-order system with state-dependent delay
and perturbations

“Dia(t) = (A+ AA())z(t) + Bz (t — m(2(1)) + Af(2). (2)

This linearization is valid under the boundedness of perturbations (H2) and the state-
dependent delay constraint (H1), which lays the foundation for the subsequent LMI-
based stability analysis.

Next, we analyze the derivative of the Lyapunov function V;(¢) by leveraging the
properties of the Caputo fractional derivative and integration by parts, we derive

O ma B 1 bl (s)Pi(s) + &' (s)Px(s) <
DRAD = i =) o

By the fractional-order inequality Lemma 1, we simplify and obtain a key inequality
CDVA(E) < 227 (1) P C Dy a(t). (3)

Combining the system dynamics (2) with the Lyapunov derivative inequality (3),
we derive

CDOVA(t) < 22T (1) P [(A + AA())a(t) + Ba(t — r(x(t) + Af(t)} L@



By Lemma 2 , for sufficiently small € > 0, we bound the uncertainty terms

For the external disturbance term, there exists o > 0 such that

zT ()PAf(t) =z T ()PAF(t) + AfT(6)P x(t),
(PP z(t) +o ' AFT()AS(D),
T ST (6)
O P Px(t) + o0 Af ()Af(D),
" ()P Px(t) + o 1d%
Combining (4), (5) with (6 ), we have

IN
Q
5

I
S

P

“DyVi(t) <227 (t)PA(t)x(t) + 22T (t) PBx(t — 7(x(t)))
+ 22T (H)PAA(t)x(t) + 22T (t) PAf(t),
<2xT () PA(t)z(t) + 2" (1) PBx(t — (x(1)))
+ex' ()P Px(t) + e p’x T ()a(t) + ox ' (t)PT Pa(t) + o~ d>.

(7)

To comprehensively obtain the Caputo fractional derivative of the entire Lyapunov
function V(t), after analyzing the derivative of Vi (t), we now proceed to analyze the
second term Va(t).

Utilizing properties of Caputo fractional derivatives for integral terms, we compute
CD&Vy(t). Assume 7(x(s)) < 1 < 1, since the time delay 7(x(t)) is state-dependent, its
derivative 7(z(t)) reflects the rate of change of the delay with respect to the state. The
condition 7(x(s)) < n < 1 ensures that the delay does not change too rapidly, which
is a common and reasonable assumption to guarantee the solvability and stability
analysis feasibility of the system with state-dependent delays. It restricts the delay’s
variation rate to be within a range that our subsequent fractional-order derivative
analysis can handle. Then

C Nna _ 1 ’ ‘/2(8) S
PR = gy, o

_ 1 /t 27 (s)Qx(s) — " (s — 7(2(5)))Qz (s — 7(2(s))) - (1 — 7(2(s))) "
r(l—a) /g, (t —s)> ’
1 /t 2’ (5)Qu(s) — (1 —m)a " (s — 7(2(5)))Qa (s — 7(x(s)) .
“Il-a)/, (t —s)> '



For constant or slowly-varying delays, when ¢ &~ s, ©(t) =~ z(s), 7(z(t)) = 7(z(s)),
this simplifies to a key inequality

“DiVa(t) <z (#)Qu(t) — (1 —n)z " (t — 7(x(1))Qx(t — T(2(1))) F(ll— UG —1s)a
= ;UT(t)Qx(t) - (1- n)x—r (t — T(m(t)))Qx(t — T(.T(t))) F(it—_of;()l_—aa),

<o T(HQu(t) — (1 - naT (¢t~ ~(a(t)Qu(t — 7(a(t))). N

8

Having analyzed the derivatives of V;(t) and V,(t), which account for the state

energy and time-delay energy respectively, we now move on to the final term V5(t)

of the Lyapunov function. Analyzing V3(t) will help us capture the influence of dis-

turbances on the system’s energy from the perspective of fractional-order calculus,

so as to obtain the complete derivative of V (¢). For the Caputo fractional derivative
CDVs(t), we use properties of fractional calculus

CD?%@%:Fﬂaa)/ Jéf;d&

_ 1 tHAA@NP+HAf@W25
FH—QLL (t —s)> ds,

1 ) ) Lo S
< Ti—a) (565[12&] [IAAE©I2 + AFEI ]) /to =) s)ad ;

_ o) 2 2
- T (Eatiﬂ (A4 + la7) ]>.

Considering the singularity of the fractional-order integral kernel (¢ — s)™¢, its

value is mainly dominated by the behavior of the integrand in the neighborhood near
the upper limit ¢ of the integral. Therefore, the global supremum SUPge[to,t](') can
be replaced by the instantaneous value ||AA(t)|? + [|Af(¢)|*> at the current moment,
forming a simpler but conservative upper bound.
% does not affect the
direction of the fractional-order derivative inequality. In order to obtain a form con-
sistent with the integer-order theory, this factor will be absorbed into the design of
Lyapunov function coefficients or control gains in subsequent stability analysis, and
its specific value does not affect the establishment of the stability conclusion.

Based on the above processing, we obtain the simplified form for the derivation of
the stability criterion

At the same time, precisely because the factor

CDtaVB(t) < (||AA(t)H2 + HAf(t)HZ) I% ’ (9)

< [|AA@)I + IAF B



Combining (7), (8) with (9), we derive the final Lyapunov derivative bound

CDev(t) <227 ( ) (t)x(t) + 22" (t)PBz(t — 7(z(t))) +ex' ()P Pa(t)
T)a(t ) +ox' ()PTPx(t) + o 'd® + 2 (t)Qu(t) (10)
T(t 1)) Qx(t — 7(x(1))) + IAA@D) | + [AfB)I.

By LMI, we transform the quadratic form in “DgV (¢) into a negative definite form.
The key derivations are as follows.
Let z(t) = x(t — 7(z(t))). Then for the cross term 2z " (t)PBz(t), we apply Young
Inequality
' (t)PBz(t) < vz’ (t)x(t) + v 2T (t)BT PT PBz(t), (11)
where v > 0 is a tuning parameter.
Substituting (11) into (10), we have

DoV () <22 ()PAR)z(t) +va (H)x(t) + v 12T (t)BT PTPB(t)
+ex" ()P Px(t) + e p?x T ()x(t) + ox T ()P Px(t)

+otd? ot (H)Qu(t) — (1—n)2T ()Qz(t) + [AAWD)* + | A1)
(12)
To achieve the stability of the current state, we need to verify

T () PA)z(t)+(e+0o)z " () PT Px(t)+(e p?+v)a " (t)x(t)+a T (1)Qu(t) < Az (t)z(t),

that is,
' (t) [2PA+ (e +0)PTP+ (e p* +v)] + Q + M| z(t) < 0. (14)

Since (14) holds for all non-zero vectors x(t), the matrix must be negative definite.
By choosing appropriate parameters via LMI, we have

QPA+ (e+0)P P+ (e >+ ) I+Q+ M <0.
To achieve the stability of the delayed state, we need to verify

v 1T (0BT PTPBa(t) — (1— )2 ()Q(t) < —pz" (1)2(2), (15)
that is,
2T(t) [v ' BTPTPB— (1 —-n)Q+ ul] 2(t) <0. (16)
Since (16) holds for all x(¢), z(t) # 0, the quadratic form of z(t) must be negative
definite. That is
v IBTPTPB— (1 -n)Q+ ul <0.

10



Substitute (13) and (15) into (12). We derive the key fractional Lyapunov derivative
bound

“DPV(H) < —AxT(Dz(t) — pz" (£)2(t) + o7 + [AAR)P + [Af(O)]
=z (H)a(t) — pz" (t)z(t) + M

A M
< —mvl(t) - m‘@(ﬂ + M (a7)
< —m(Vi(t) + Va(t)) + M

where m = min {ﬁ %@)} M =o' + [|AA@®)|)? + |AF ()2 .
By Lemma 3, we solve the bound of V(t). For t > t,, assume V (¢() is the initial
value. The solution satisfies

V(1) SV (t0) B (~m{t — 10)") + o (1~ B (~m{t — t0)")

to

&7 (to) Pa(to) + / T (5)Qu(s)ds| Bo (—m(t— 1)) (18)

tg*T(I(to))

<

+ % (1= Ey(—m(t—1t9)%)),

where F,(+) is the Mittag-Leffler function.
By positive definiteness of P, there exists Apin(P) > 0 such that

V(1) 2 aT () Pr(t) 2 Auin(P)l|l2(1)]*. (19)

Then
1

”37(75)”2 < m

V(t).

11



Taking square roots (for ||z(¢)|| > 0), we derive

1
z(®)] < m\/ V(t),

S\/E(P) _\/V(to)Ea (—m(t —to)®) + % (1= E, (—m(t — to)a))] 7
S\/E(P) _\/V(tO)EO‘ (=m(t —t0)*) + \/]\Tr{ (1—E,(—m(t — to)a))] ,
Sm V(to) Ea (=mi(t = 10)*) + \/Z (1= Ba (—mf(t - fo)a))] ,

<\/Ama°((f) =2l (1o 10) o (e~ 10)°)
‘ [ t - to) )) )
=CoEq (—m(t —to)*) + C1 (1 = Eq (—m(t —t0)”)),

where Cp, Cy now depend on Amax(P), Amax(Q), Amin (P), and initial value ||z (¢o)]|-
Remark 1. The Lyapunov functional approach adopted in this paper provides a sys-
tematic way to analyze the stability of fractional-order systems with state-dependent
delays. However, the construction of the functional is somewhat conservative, which
may lead to larger stability bounds in the theoretical analysis. The conservatism of the
proposed functional mainly stems from two aspects. First, in the computation of the
Caputo derivative of Vs(t), the global supremum is approximated by the disturbance
bound at the current time instant, neglecting the dynamic variation of historical dis-
turbances. Second, the tuning parameter v > 0 introduced by Young’s inequality may
lead to conservative LMI conditions. Future work could focus on developing less con-
servative functionals, such as those incorporating more detailed information about the
delay and system dynamics.

Corollary 1. For the system considered in Theorem 3.1, when the fractional order
a — 1, the stability criterion in Theorem 3.1 reduces to the well-known exponen-
tial stability condition for integer-order systems, indicating that our results are a
generalization of the classical theory.

Theorem 3.2 (Local Robust Mittag-Leffler Stability for Nonlinear Fractional-Order
Systems) Consider the nonlinear fractional-order system with state-dependent delay

“Dya(t) = (A+ AA(t2(t)x(t) + By(x(t — 7(2(1)))) + Af (1),

12



where the nonlinear function g(-) satisfies the Lipschitz condition for all z,y € Q,
(Q={z € R" | ||z|| < R}) there exists a positive constant L, such that we have

lg(@) =gl < Lgllz -yl

and g(0) = 0. The perturbations AA(t,z(t)) and Af(t) are bounded as in (H2).
Under the assumptions (H1)-(H4), if there exist positive definite matrices P, @ and
parameters A, i, e, 0,v > 0 such that the following LMIs hold

Current state LMI

2PA+ (e4+0)P TP+ 'p T+ Q + A <0,

Delayed state LMI
v 'LIZBTPTPB — (1 -n)Q+ pl <0,

then the system is globally robust Mittag-Leffler stable. The state trajectory satisfies
the following norm bound

()|l < CoEa(=m(t —t0)*) + C1 (1 = Ea(=m(t —t0)?)) -

Proof. The proof follows the same structure as in Theorem 3.1. Choose a Lyapunov
functional similar to that in Theorem 3.1

V(t) =Vi(t) + Va(t) + Vs(t),

—T(t)P(t) + / o7 (5)Qu(s)ds + / (IAAGs, 2(s)]1® + [AF()[?) ds.
t—7(x(t))

to
(20)
By the properties of fractional calculus and the system dynamics, we have

“DiVA(t) < 22T ()P [(A(t) + AA(E x(1)))a(t) + Bg(a(t — 7(2(t))) + Af(B)],
for 227 (t)PAA(t, z(t))z(t) and 22T (t)PAf(t) by Lemma 2, we obtain

20T (1) PAA(t, 2(t))z(t) < ex ' ()P Pa(t) + e taT () AAT (¢, (1)) AA(t, x(t))x(t),
(21)

22T (t)PAf(t) < oz " (t)PT Px(t) + o 7 L||AF(1)]%. (22)

For the nonlinear term 2z (t)PBg(z(t—7(x(t)))), let 2(t) = z(t—7(x(t))), and still

satisfies ||z(¢)|] < R. Utilizing g(0) = 0 and the Lipschitz condition ||g(2)|| < Lg||z,
combining with Young’s inequality

20" (t)PBg(2(t)) < va' (t)a(t)+ v 'L2zT (t)B" PT PBx(t). (23)

13



Combining (21), (22) with (23), we get

CDeVy(t) <227 (t)PA(t)x(t) + exT (1) PT Pa(t) + e taT () AAT (t, x(t)) AA(L, z(t))x(t)
+ox” () PTPx(t) + o H|AF@)|? + va” (t)x(t) + v ' L22T (t) BT PTPBx(t).
(24)
For Va(t) and V3(t), similar to the derivation in Theorem 3.1, we have

“DiVa(t) < ot (1)Qx(t) — (1 —n)2" (1) Q=(),

“CDVs(t) < [|AA(, 2(1) 1+ [|Af ()]
Combine the above derivative terms and organize them with the LMI conditions, we

can deduce
CDeV(t) e () (t) — p2T (t)2(t) + M,
mV (t) + M.

Using Lemma 3, we finally obtain that the state norm satisfies

S —
- (25)

()] < CoEa(=m(t —t0)") + C1 (1 = Ea(=m(t —t0)?)) -

4 Numerical example

Example 1. Consider the following fractional-order system with state-dependent
delay and disturbances:

CDea(t) = (A+ AA(t)z(t) + Bx(t — m(x(t))) + Af(t),

-1 0 0.1 0
where « = 0.5, A = { 0 1] , B= 0 01l 7(2(t)) = 0.2|21(t)] + 0.2|z2(1)],
AA(t) = 0.1sin(t), Af(t) = 0.05cos(t) } , ©(0) = [82}, I is a 2nd-order iden-

tity matriz. First, verify the assumptions, for the time-delay constraint, we have
(x(t)) < 02|21 < 0.2(]|A]| + p + |B])||=(t)]] < 0.25 < 1, for the perturbation
bounds, |AA(t)]| < p=0.1, |Af(t)]| < d=0.052. According to the stability criteria
in Theorem 8.1, we select positive definite matrices P =1 and @ = I, Scaling param-
eters e = 0 = 0.5, v = 1. By solving the LMIs we obtain the current state related
LMI X = 0.8, and the delayed state related LMI p = 0.6.Then, calculate the key sta-

0.8 0.6

bility parameter m = min {Tv =5 = 0.6. Neat, by calculating the Caputo fractional

derivative of V(t) and applying Lemma 1 and Young’s inequality, we obtain
CDAV(t) < —mV(t) + M

where M = o~ 1d? + |AA(t)||? + ||Af(t)||* = 0.025. By Lemma 8, the bound on V (t)

implies

V(t) < V(O)Ba (m(t —0)%) + 2 (1~ B (=m(t —0)")

14



Since V(0) = 27 (0)Pz(0) = 0.5% + 0.3% = 0.34, the state norm satisfies

ool < V70 < VIIEs (-0.60%) + 22 (1 (c060%)).

The system satisfies local robust Mittag-Leffler stability.

Robust Mittag-Leffler Stability Verification

Actual state norm
09r = = = -Theoretical upper bound | ]

0.8 |

0.7

[Ix(e)l

Fig. 1 State Trajectories with State-Dependent Delay of Example
4.1

As clearly verified in Fig. 1, the numerical simulation results demonstrate the cor-
rectness of the theoretical derivation. The blue solid line represents the actual system
state norm, which starts from the initial value ||z(0)|] = 0.58 and exhibits excellent
convergence characteristics under time-varying parameter perturbations and external
disturbances. Meanwhile, the theoretical upper bound derived from Theorem 3.1, rep-
resented by the red dashed line in the figure, remains strictly above the actual state
norm throughout the process. This not only confirms the effectiveness of the theoret-
ical bound described by formula (19) but also reveals its inherent conservatism. It is
particularly noteworthy that despite the presence of state-dependent delay 7(x(t)) =
0.2|z1(t)| 4+ 0.2|z2(t)| and time-varying perturbation AA(t) = 0.1sin(t)I, the system
maintains robust Mittag-Leffler stability, which is perfectly consistent with our theo-
retical predictions. The simulation results that the stability criterion proposed in this
paper can effectively handle time delays and uncertainties in fractional-order systems,
providing a reliable theoretical basis for the analysis and design of such systems.
Example 2. Consider a fractional-order system with stronger nonlinearities and time-
varying perturbations

CDf‘x(t) = (A4 AA(t,z(t)))x(t) + Bsinz(t — 7(x(t))) + Af(t),

15



—-1.5 0.2 0.08 0
where o = 0.7, A = [ 0.1 —1,4] » B = [ 0 0.08

}  7((t)) = 0.15(1 + tanh([lz(1)])),
0.6
—0.4

ify the assumptions, for the time-delay constraint, we have 7(2(t)) = 0.15sech®(||z(t)|))-

ﬂ;f();‘(lt) < 0.15-1-Jj&(t)]] < 0.1 < 1, for the perturbation bounds, |AA(t)] < p =
0.05, ||Af(t)]| < d=0.02. According to the stability criteria in Theorem 3.1, we select
10
01.2
o= 0.4, v =1. By solving the LMIs we obtain the current state related LMI X\ = 0.4,

and the delayed state related LMI pn = 0.3. Then, calculate the key stability parame-
ter m = min {%, % = 0.2. Neat, by calculating the Caputo fractional derivative of

V(t) and applying Lemma 1 and Young’s inequality, we obtain

AA(t, z(t)) = 0.05e 17Ol cos(t) I, Af(t) = 0.04 5 [_11} ,x(0) = [ ] . First, ver-

positive definite matrices P = and @@ = 1.51, Scaling parameters € = 0.6

DV (t) < —mV(t)+ M

where M = o= d? + ||AA®)|]? + |Af(t)|> = 0.0129. By Lemma 3, the bound on V (t)
implies
M
V({t) < V(0)Ea (=m(t = 0)%) + — (1 = Ea (=m(t = 0)%)).
Since V(0) = 2" (0)Px(0) = 0.6% - 1+ (—0.4)? - 1.2 = 0.552 , the state norm satisfies

z(t)[ < \/W < m&m (—0.2t0'7) + \/08? (1 — Eo~ (—0.2t0'7)) )

The system satisfies local robust Mittag-Leffler stability.

As clearly verified in Fig. 2, the blue solid line represents the Actual state norm.
Starting from the initial value, it gradually decays over time. It can be seen that
the actual state morm decreases rapidly and eventually approaches near 0, showing
good convergence characteristics. The red dashed line represents the Theoretical upper
bound, which is the upper bound of the state morm derived from the theorem. The
actual state norm is always strictly below the theoretical upper bound, which verifies the
correctness of the theoretical derivation and indicates that the system satisfies global
robust Mittag-Leffler stability. That is, even with stronger nonlinearities and time-
varying perturbations, the state of the system can still be effectively constrained by the
theoretical upper bound, and the actual state will stabilize within a small range.

5 Conclusion

We investigate the problem of local robust Mittag-Lefller stability for a class of
fractional-order dynamical systems subject to state-dependent delays and bounded
perturbations. The main contributions are summarized as follows. a novel LMI-based
stability criterion has been established by constructing an appropriate Lyapunov-
Krasovskii functional that comprehensively accounts for the system’s energy, historical
state effects, and disturbance energy. A weakened sufficient condition has been derived,
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Robust Mittag-Leffler Stability Verification

Actual state norm
08r = = = -Theoretical upper bound |

08

-
- -
-
- -
_____

(G

Time (t)

Fig. 2 State Trajectories with State-Dependent Delay of Example
4.2

which relaxes the constraints on the time-varying delay and perturbations compared
to existing results in the literature. The effectiveness and applicability of the proposed
theoretical results have been verified through two numerical examples, including a
linear system and a nonlinear system with stronger nonlinearities.

Data Availability Statement

The data that support the findings of this study are available from the corresponding
author upon reasonable request.
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