
Spectral properties of bounded operator matrices

on semi-Hilbertian spaces and their applications
Ruiyao Xue and Goulin Hou

School of Mathematical Sciences, Inner Mongolia University, Hohhot,
010040, China.

*Corresponding author(s). E-mail(s): smshgl@imu.edu.cn;
Contributing authors: ruiyaoxue@mail.imu.edu.cn;

Abstract

Let A and D be positive operators on the Hilbert spaces X1 and X2, respec-

tively, and define A =

(
A 0
0 D

)
. Furthermore, let T =

(
M K
L N

)
denote the

A-bounded operator matrices. The results are derived by analyzing the entries
of diagonal operator matrices (K = L = 0), off-diagonal operator matrices
(M = N = 0), and upper triangular operator matrices (L = 0) to character-
ize the spectral properties of the operator matrices T on semi-Hilbertian spaces.
Firstly, for diagonal operator matrices, the spectral properties of T are deter-
mined by the spectral properties of its diagonal entries. Secondly, for off-diagonal
operator matrices, the spectral structure is more intricate than that of diagonal
matrices and is closely associated with the product of the off-diagonal entries.
Thirdly, for upper triangular operator matrices, we establish the spectral distri-
bution of T and provide the necessary and sufficient conditions under which the
spectra of T coincide with the union of the spectra of its diagonal entries. Finally,
an example of spectral analysis of the pseudo-Hermitian operator matrices is
presented to demonstrate the conclusions.
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1 Introduction

The study of the spectra of self-adjoint operators has been a central topic of opera-
tor theory [1–4], with applications spanning numerous branches of physics, particularly
in quantum mechanics [5–7]. Typically, the state space is modeled as a Hilbert space
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(X , ⟨·, ·⟩), in which physical observable measurements are represented by self-adjoint
operators, where self-adjointness is defined with respect to the chosen inner prod-
uct. However, most linear operators are not self-adjoint under the standard inner
product. As a result, pseudo-Hermitian quantum mechanics introduces more general
criteria[8–11] by defining a new inner product. This new inner product provides a frame-
work in which operators corresponding to physical observable measurements satisfy
the revised self-adjointness criteria, ensuring both operator symmetry and real spectra.

Throughout this paper, B(X ) denote the set of all bounded linear operators on
X . For any T ∈ B(X ), the symbols D(T ), R(T ), R(T ), N (T ), and T ∗ represent the
domain, range, closure of the range, null space, and adjoint of T , respectively. For
T, S ∈ B(X ), if

TST = T, STS = S, ST = PR(T )
, TS = PR(T )

|R(T )⊕R(T )⊥ ,

where PR(T )
is the orthogonal projection on R(T ), then S is referred to as the Moore-

Penrose inverse of T , denoted by T †, i.e., S = T †[12]. Let B(X )
+

= {A ∈ B(X ) :
⟨Ax, x⟩ ≥ 0,∀x ∈ X}. If A ∈ B(X )

+
, then the positive operator A induces a semi-

inner product defined as ⟨x, y⟩A := ⟨Ax, y⟩, which generates the seminorm ∥x∥A =√
⟨Ax, x⟩, for all x ∈ X . Consequently, (X , ⟨·, ·⟩A) is termed a semi-Hilbertian space.

For T ∈ B(X ), if there exists S ∈ B(X ) such that ⟨Tx, y⟩A = ⟨x, Sy⟩A, then the
operator equation AS = T ∗A admits a solution S, referred to as the A-adjoint of T .
This solution can be derived using the Douglas range inclusion theorem[13]. The set
of all operators possessing A-adjoints is given by

BA(X ) = {T ∈ B(X ) : R(T ∗A) ⊆ R(A)}.

If the equation AS = T ∗A has a unique solution, this solution is denoted by T ♯,
where T ♯ = A†T ∗A. Applying the Douglas range inclusion theorem again, the set of
all operators with A1/2-adjoints is

BA1/2(X ) = {T ∈ B(X ) : R(T ∗A1/2) ⊆ R(A1/2)}
= {T ∈ B(X ) : ∃ c > 0, such that ∥Tx∥A ≤ c∥x∥A, ∀x ∈ X}.

If T ∈ BA1/2(X ), T is called an A-bounded operator, and it satisfies T (N (A)) ⊂ N (A).
It is worth noting that BA(X ) ⊂ BA1/2(X ) ⊂ B(X )[25].

In recent years, the study of operators on semi-Hilbertian spaces has gained
increasing attention and achieved significant progress. Notable advancements include
researches on A-numerical radius [14–18], A-spectral theory [19–24], the correspondence
between operators in BA1/2(X ) and classes of operators in other mathematical spaces
[17, 24, 25]. Operator matrices play a crucial role in system theory, nonlinear analy-
sis, and various mathematical and physical problems [26]. Furthermore, any operator
T ∈ B(X ) can be expressed as an operator matrix through space decomposition, and
its properties can often be characterized by the entries of block operator matrices
(see [27–29] for more details). Despite these developments, the A-spectral proper-
ties of block operator matrices remain largely unexplored in the existing literature.

2



Specifically, analyzing operator matrices within this framework is crucial. They model
coupled subsystems or systems with internal structures in pseudo-Hermitian settings.
Understanding the A-spectra of block operator matrices, for instance, provides insights
into the stability and dynamical behavior of the composite system.

The primary objective of this paper is to describe the spectral properties of oper-
ator matrices on semi-Hilbertian product spaces. Section 2 provides foundational
concepts and defines the fine A-spectra of T ∈ BA1/2(X ), including the A-residual,
A-continuous, and A-defect spectra. Section 3 focuses on the A-spectral analysis of
structured operator matrices. Subsection 3.1 studies the A-spectra of diagonal oper-
ator matrices, which serves as a foundation. Subsection 3.2 extends the analysis to
off-diagonal operator matrices. Subsection 3.3 investigates a more general case of
upper triangular operator matrices. Finally, Subsection 3.4 presents an application of
the A-spectral results for off-diagonal operator matrices in pseudo-Hermitian quan-
tum mechanics. This methodology establishes a robust framework for addressing the
A-spectral problem of operator matrices.

2 Preliminary results and notations

This section presents fundamental notations, definitions, and results utilized in the
subsequent sections. For A ∈ B(X )

+
, the Moore-Penrose inverse of A and the corre-

sponding orthogonal projection onto R(A) play a crucial role in semi-Hilbertian spaces
generated by A. To simplify notation, we denote PR(A)

= A†A as P . An operator

T ∈ BA(X ) is termed A-unitary if T ♯T = TT ♯ = P .
The study in Ref.[19] develops the spectral analysis of operators on the subspace

BA1/2(X ) as follows.

Definition 2.1 An operator T ∈ BA1/2(X ) is said to be invertible in BA1/2(X ) if there exists
an operator S ∈ BA1/2(X ) such that

ATS = AST = A.

The operator S is referred to as the A-inverse of T .

Remark 2.2 Since A†A = P = (A1/2)†A1/2, and AP = A, A1/2P = PA1/2 = A1/2,
equivalent descriptions of the A-invertible operator are provided as follows:

(1) T ∈ BA1/2(X ) has an A-inverse S ∈ BA1/2(X ) if and only if A1/2TS = A1/2ST =
A1/2.

(2) T ∈ BA1/2(X ) has an A-inverse S ∈ BA1/2(X ) if and only if PTS = PST = P .

Definition 2.3 Let T ∈ BA1/2(X ). The operator AT is defined as injective if for all x ∈
R(A), ATx = 0 implies x = 0. Furthermore, AT is defined as surjective if for all y ∈ R(A),
there exists x ∈ X such that ATx = y.

Definition 2.4 Let T ∈ BA1/2(X ). The A-resolvent set and the A-spectra of T are
respectively defined as

ρA(T ) = {λ ∈ C : T − λI is invertible in BA1/2(X )},
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and σA(T ) = C \ ρA(T ), i.e.,

σA(T ) = {λ ∈ C : T − λI is not invertible in BA1/2(X )}.
Additionally, the following sets are introduced:

(1) The A-point spectrum of T is denoted by σAp(T ) = {λ ∈ C : A(T −
λI) is not injective}[17];

(2) The A-residual spectrum of T is denoted by σAr (T ) = {λ ∈ C : A(T −
λI) is injective, but R(A(T − λI)) ̸= R(A)};

(3) The A-continuous spectrum of T is denoted by σAc(T ) = {λ ∈ C : A(T −
λI) is injective, R(A(T − λI)) = R(A), but R(A(T − λI)) ̸= R(A)}.

Remark 2.5 If T ∈ BA1/2(X) and λ ∈ ρA(T ), then there exists an analytic function
Rλ(T ) ∈ BA1/2(X) such that A(T − λI)Rλ(T ) = ARλ(T )(T − λI) = A. According to
Remark 2.2, the A-point spectrum of T can also be expressed as

σAp
(T ) = {λ ∈ C : A1/2(T − λI) is not injective}

= {λ ∈ C : P (T − λI) is not injective}.

In general, R(A(T − λI)) ⊂ R(A), and if R(A(T − λI)) = R(A), we say that R(A(T − λI))
is dense in R(A). Moreover, σA(T ) = σAp

(T ) ∪ σAr
(T ) ∪ σAc

(T ).

Remark 2.6 Let T ∈ BA1/2(X). The 1-A-point spectrum, the 1-A-residual spectrum and the
A-defect spectrum of T are defined by

σAp,1
(T ) = {λ ∈ σAp

(T ) : R(A(T − λI)) = R(A)},

σAr,1
(T ) = {λ ∈ σAr

(T ) : R(A(T − λI)) = R(A(T − λI))}.

σAδ
(T ) = {λ ∈ C : R(A(T − λI)) ̸= R(A)};

Lemma 2.7 [19] If T1 and T2 are invertible in BA1/2(X), then so is T1T2. Furthermore, if
T1T2 = T2T1 in BA1/2(X), then T1T2 is invertible in BA1/2(X) if and only if T1 and T2 are
invertible in BA1/2(X).

Previously, we rigorously defined the A-residual spectrum and A-continuous spec-
trum based on the properties of injectivity and surjectivity of the operator A(T −λI).
The subsequent theorem elucidates the precise relationship between the A-spectral
points of the operator T and those of its adjoint T ∗.

Lemma 2.8 Let T ∈ BA1/2(X ). Then

N (PT ) = R(PT ∗)⊥, R(PT ) = N (PT ∗)⊥.

Proof Since T ∈ BA1/2(X ), it follows that T ∗ ∈ BA1/2(X ). Consequently, N (A) is an
invariant subspace of both T and T ∗. Therefore, we have PTP = PT and PT ∗P = PT ∗.

If x ∈ N (PT ), this implies PTx = 0. For all y ∈ D(PT ∗), we obtain

⟨PTPx, y⟩ = ⟨x, PT ∗Py⟩ = ⟨x, PT ∗y⟩ = 0,
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which indicates that x ∈ R(PT ∗)⊥.
Conversely, if x ∈ R(PT ∗)⊥, then for all y ∈ D(PT ∗), we have ⟨x, PT ∗y⟩ = 0. By the

definition of adjoint operators, this yields

⟨x, PT ∗y⟩ = ⟨x, PT ∗Py⟩ = ⟨PTPx, y⟩ = 0,

implying PTx = 0, i.e., x ∈ N (PT ).
Since R(PT ∗) = (R(PT ∗)⊥)⊥ = N (PT )⊥, it follows that

R(PT ) = N (PT ∗)⊥.

□

Lemma 2.9 Let T ∈ BA1/2(X ).

(1) If λ ∈ σAp(T ), then λ ∈ σAp(T
∗) ∪ σAr (T

∗).

(2) If λ ∈ σAr (T ), then λ ∈ σAp(T
∗).

Proof (1) If λ ∈ σAp
(T ), there exists x0 ̸= 0 such that P (T −λI)x0 = 0. If P (T ∗−λI) is not

injective, then λ ∈ σAp
(T ∗). Otherwise, if P (T ∗−λI) is injective, for all y ∈ R(A(T ∗ − λI)),

we have

⟨P (T − λI)x0, y⟩ = ⟨P (T − λI)Px0, y⟩

= ⟨x0, P (T ∗ − λI)Py⟩

= ⟨x0, P (T ∗ − λI)y⟩ = 0.

This implies that R(P (T ∗ − λI)) ̸= R(A), hence λ ∈ σAr
(T ∗).

(2) If λ ∈ σAr
(T ), then R(P (T − λI))

⊥
̸= R(A)

⊥
= {0}. Since

R(P (T − λI))
⊥

= N (P (T ∗ − λI)),

it follows that λ ∈ σAp
(T ∗). □

We next investigate the spectral properties of operator matrices on semi-Hilbertian

product spaces. Let A and D be positive operators, and let A =

(
A 0
0 D

)
. Clearly,

A ∈ B(X1⊕X2)
+, and it induces the semi-inner product ⟨x, y⟩A = ⟨Ax, y⟩ = ⟨x1, y1⟩A+

⟨x2, y2⟩D, for all x = (x1, x2) ∈ X1 ⊕X2 and y = (y1, y2) ∈ X1 ⊕X2.

3 Spectra of A-bounded operator matrices

Operator matrices with special structures arise frequently in applications, and under-
standing their A-spectra is a fundamental problem. This section is divided into three
subsections to analyze the A-spectra of diagonal operator matrices, off-diagonal opera-
tor matrices, and upper triangular operator matrices. The final part demonstrates how
the results for off-diagonal matrices can be applied to a problem in pseudo-Hermitian
quantum mechanics.
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3.1 A-spectra of diagonal operator matrices

Let T =

(
M 0
0 N

)
be an A-bounded diagonal operator matrix, where M ∈ BA1/2(X1)

and N ∈ BD1/2(X2). Diagonal operator matrices are the most elementary structured
operator matrices, and their spectral properties provide a baseline for understanding
more complicated structures. The structure of the spectral points is described below.

Theorem 3.1 Let T =

(
M 0
0 N

)
∈ BA1/2(X1 ⊕X2). Then

(1) σAp(T) = σAp(M) ∪ σDp(N);
(2) σAδ

(T) = σAδ
(M) ∪ σDδ

(N);
(3) σA(T) = σA(M) ∪ σD(N);
(4) σAr (T) = (σAr (M) \ σDp(N)) ∪ (σDr (N) \ σAp(M));
(5) σAc(T) = (σAc(M) ∩ σDc(N)) ∪ (σAc(M) ∩ ρD(N)) ∪ (σDc(N) ∩ ρA(M)).

Proof The proofs of (1) and (2) are straightforward.
(3) Suppose λ ∈ ρA(M) ∩ ρD(N). There exist Rλ(M) ∈ BA1/2(X1) and Rλ(N) ∈

BD1/2(X2) such that

A(M − λI)Rλ(M) = ARλ(M)(M − λI) = A

and
D(N − λI)Rλ(N) = DRλ(N)(N − λI) = D.

Define Rλ(T) =
(
Rλ(M) 0

0 Rλ(N)

)
. Then

A(λI − T)Rλ(T) = ARλ(T)(λI − T) = A,

and Rλ(T) ∈ BA1/2(X1 ⊕X2), implying λ ∈ ρA(T). The converse can be proved similarly.
(4) If λ ∈ σAr

(T) and A(T − λI) is injective, then A(M − λI) and D(N − λI) are also
injective, implying that λ /∈ σAp

(M)∪σDp
(N). Since R(A(T−λI)) is not dense, this further

implies that either R(A(M − λI)) or R(D(N − λI)) is not dense. If R(A(M − λI)) is not
dense, then λ ∈ σAr

(M)\σDp
(N). If R(D(N−λI)) is not dense, then λ ∈ σDr

(N)\σAp
(M).

Thus,
σAr

(T) ⊂ (σAr
(M) \ σDp

(N)) ∪ (σDr
(N) \ σAp

(M)).

On the other hand, if λ ∈ σAr
(M)\σDp

(N), it indicates that A(M−λI) andD(N−λI) are
injective and R(A(M −λI)) is not dense, so λ ∈ σAr

(T). Similarly, if λ ∈ σDr
(N) \σAp

(M),
then λ ∈ σAr

(T).
(5) If λ ∈ σAc

(T), A(T − λI) is injective, and R(A(T − λI)) is dense, then A(M − λI)
and D(N − λI) are injective, and their ranges are both dense. Since A(M − λI) is injective
and its range is dense, λ ∈ σAc

(M) ∩ ρA(M). Similarly, λ ∈ σDc
(N) ∩ ρD(N). Combining

this with λ /∈ ρA(M) ∩ ρD(N), we obtain:

λ ∈ (σAc
(M) ∪ (ρA(M) \ ρD(N))) ∩ (σDc

(N) ∪ (ρD(N) \ ρA(M)))

= (σAc
(M) ∩ σDc

(N)) ∪ (σAc
(M) ∩ ρD(N)) ∪ (σDc

(N) ∩ ρA(M)).

The reverse proof follows a similar argument. □
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3.2 A-spectra of off-diagonal operator matrices

Let P = A†A, Q = D†D, and P = A†A =

(
P 0
0 Q

)
denote the orthogonal projection

ontoR(A) = R(A)⊕R(D). The A-bounded off-diagonal operator matrices are denoted

by T =

(
0 K
L 0

)
. It is worth emphasizing that T ∈ BA1/2(X1 ⊕X2) implies PTP = PT,

which is equivalent to PKQ = PK and QLP = QL. Here we analyze the relationship
between the A-spectra of off-diagonal operator matrices and the spectra of the product
of its subdiagonal elements.

The following theorem asserts that the A-spectral structure of T and −T is
identical.

Theorem 3.2 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix. Then the

following statements hold:

(1) σA(T) = σA(−T);
(2) σAp(T) = σAp(−T);
(3) σAr (T) = σAr (−T).

Proof (1) Since P(T−λI) = P(PT−λI), it follows that σA(PT) = σA(T). Let J =

(
I 0
0 −I

)
∈

BA(X1⊕X2), then J♯ =
(
P 0
0 −Q

)
, and thus JJ♯ = J♯J = P, which implies that J is A-unitary.

Observing that

J♯TJ =

(
0 −PK

−QL 0

)
=

(
P 0
0 Q

)(
0 −K
−L 0

)
= −PT,

by applying [19, Theorem 5.14], we conclude that

σA(T) = σA(J
♯TJ) = σA(−PT) = σA(−T).

(2) Suppose λ ∈ σAp
(T), then there exists z ̸= 0 such that P(T− λI)z = 0. Since

P(T− λI)z = 0 ⇐⇒ P(−J♯TJ− λI)z = 0 ⇐⇒ J♯(−T− λI)Jz = 0

⇐⇒ JJ♯(−T− λI)Jz = 0 ⇐⇒ P(−T− λI)Jz = 0,

together with Jz ̸= 0, we deduce that λ ∈ σAp
(−T).

(3) Observe that N (A) is an invariant space of T and J♯(T− λI)J = P(−T− λI), then

R(A(−T− λI)) = R(P(−T− λI)) = R(J♯(T− λI)J).

For all y ∈ R(P(T−λI)), there exists x ∈ X1 ⊕X2 such that y = P(T−λI)x = P(T−λI)Px.
Let z = J♯x, then

J♯(T− λI)Jz = J♯P(T− λI)Px = J♯y ∈ R(J♯(T− λI)J),

i.e., J♯R(P(T− λI)) ⊂ R(J♯(T− λI)J). For all w ∈ R(J♯(T− λI)J), there exists z ∈ X1 ⊕X2

such that Jz = Px and

w = J♯(T− λI)Jz = J♯P(T− λI)Px = J♯P(T− λI)x,
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i.e., R(J♯(T− λI)J) ⊂ J♯R(P(T− λI)), hence

R(J♯(T− λI)J) = J♯R(P(T− λI)).

As J♯ is A-unitary, it follows that

R(A(−T− λI)) = R(J♯(T− λI)J) = J♯R(P(T− λI))

= R(P(T− λI)) = R(A(T− λI)) ̸= R(A).

Together with the fact that P(T + λI) is injective if and only if P(T − λI) is injective, we
conclude that σAr

(T) = σAr
(−T). □

For A-bounded off-diagonal operator matrices, the spectral structure is closely
linked to the product operators KL and LK.

Theorem 3.3 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix. Then

σAp
(T) = {λ ∈ C : λ2 ∈ σAp

(KL) ∪ σDp
(LK)}.

Proof For λ ∈ σAp
(T), there exists a nonzero vector z such that P(T−λI)z = 0. Consequently,

P(T2 − λ2I)z = P(T+ λI)P(T− λI)z = 0,

indicating that λ2 ∈ σAp
(T2). Using the equation

P(T2 − λ2I) = P(T+ λI)P(T− λI)

= P(T− λI)P(T+ λI)

=

(
P (KL− λ2I) 0

0 Q(LK − λ2I)

)
,

(3.1)

and combining Theorem 3.1, we deduce that λ2 ∈ σAp
(KL) or λ2 ∈ σDp

(LK). Thus,

σAp
(T) ⊂ {λ ∈ C : λ2 ∈ σAp

(KL) ∪ σDp
(LK)}.

Since σAp
(T) = σAp

(−T), it follows that

σAp
(T) ∪ σAp

(−T) ⊂ {λ ∈ C : λ2 ∈ σAp
(KL) ∪ σDp

(LK)}.

Conversely, if λ2 ∈ σAp
(KL), there exists a nonzero vector x such that P (KL−λ2)x = 0.

Let z =

(
x
0

)
̸= 0. Then

P(T2 − λ2I)z =

(
P (KL− λ2I) 0

0 Q(LK − λ2I)

)(
x
0

)
= 0,

implying that P(T2 − λ2I) is not injective. Hence, there exists a nonzero vector u such that
P(T2−λ2I)u = 0. If P(T−λI) is injective, Eq. (3.1) implies that P(T+λI)u ∈ N (P(T−λI)),
and thus P(T + λI)u = 0, i.e., λ ∈ σAp

(−T). Similarly, if P(T + λI) is injective, then λ ∈
σAp

(T). By analogous reasoning, if λ2 ∈ σDp
(LK), it follows that λ ∈ σAp

(T) ∪ σAp
(−T) =

σAp
(T). Therefore, σAp

(T) = {λ ∈ C : λ2 ∈ σAp
(KL) ∪ σDp

(LK)}. □
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Theorem 3.4 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix. If AT = T∗A,

then
σAp

(T) ⊂ R.

Proof For λ ∈ σAp
(T), according to Theorem 3.3, we have λ2 ∈ σAp

(KL) ∪ σDp
(LK). If

λ2 ∈ σAp
(KL), then there exists x(̸= 0) ∈ R(A) such that

A(KL− λ2I)x = 0. (3.2)

AT = T∗A implies that
AK = L∗D and DL = K∗A. (3.3)

Substituting Eq.(3.3) into Eq.(3.2), we obtain L∗K∗Ax = λ2Ax. Taking the conjugates on
both sides, then

AKLx = λ
2
Ax.

Compare with Eq.(3.2) and Ax ̸= 0, it follows that λ2 = λ
2
, i.e., λ2 ∈ R. For x( ̸= 0) ∈ R(A)

and D is positive, we have

λ2⟨Ax, x⟩ = ⟨AKLx, x⟩ = ⟨L∗DLx, x⟩ ≥ 0.

Since ⟨Ax, x⟩ > 0, then λ2 ≥ 0. If λ2 ∈ σDp
(LK), by an analogous argument, we also obtain

λ2 ≥ 0. Consequently, λ ∈ R. □

Theorem 3.5 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix and suppose

that R(A) is closed. Then

σA(T) = {λ ∈ C : λ2 ∈ σA(KL) ∪ σD(LK)}.

Proof To prove σA(T) = {λ ∈ C : λ2 ∈ σA(KL) ∪ σD(LK)}, it suffices to show that
ρA(T) = {λ ∈ C : λ2 ∈ ρA(KL) ∩ ρD(LK)}.

If 0 ∈ ρA(T), then 0 ∈ ρA(T2), where T2 =

(
KL 0
0 LK

)
. By Theorem 3.1, 0 ∈ ρA(KL) ∩

ρD(LK).
For 0 ̸= λ ∈ ρA(T), this implies that A(KL − λ2I) is both injective and surjective. If it

is not injective, there would exist a nonzero vector x0 such that A(KL− λ2I)x0 = 0. Let(
x
y

)
=

(
x0

1
λLx0

)
.

Then A(T−λI)

(
x
y

)
= 0, contradicting λ ∈ ρA(T). Hence, A(KL−λ2I) is injective. Similarly,

we can prove that A(KL−λ2I) is surjective. Given λ ∈ ρA(T), for all
(
f g

)T ∈ R(A)⊕R(D),
the equations {

−λAx+AKy = f

DLx− λDy = g
=⇒

{
−λPx+ PKy = A†f

QLx− λQy = D†g
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have a solution. In particular, if g = 0, then Qy = 1
λQLx. Substituting this and PKQ = PK

into the first equation yields

−λPx+ PKy = −λPx+ PKQy =
1

λ
P (KL− λ2I)x = A†f.

Since R(A) is closed, it follows that A(KL − λ2I)x = λAA†f = λf . The arbitrariness of
f implies that A(KL − λ2I) is surjective, hence λ2 ∈ ρA(KL). By analogous reasoning,
λ2 ∈ ρD(LK). Therefore, ρA(T) ⊂ {λ ∈ C : λ2 ∈ ρA(KL) ∩ ρD(LK)}.

Conversely, if λ2 ∈ ρA(KL) ∩ ρD(LK), then λ2 ∈ ρA(T2). By applying Eq. (3.1) in
conjunction with Lemma 2.7, we deduce that λ ∈ ρA(T)∩ρA(−T). According to Theorem 3.2,
ρA(T) = ρA(−T), and therefore ρA(T) = {λ ∈ C : λ2 ∈ ρA(KL) ∪ ρD(LK)}. □

Next, we establish the relationship between the point spectra of KL and LK. To
achieve this, we require some auxiliary results. The semi-inner product ⟨x, y⟩A induces
an inner product [·, ·] on the quotient space X/N (A) defined by [x, y] = ⟨x, y⟩A, for
all x, y ∈ X/N (A). The completion of (X/N (A), [·, ·]) is isometrically isomorphic to
R(A1/2) with a new inner product

(A1/2x,A1/2y) = ⟨Px, Py⟩, (3.4)

for all x, y ∈ X , where P denotes the orthogonal projection on R(A).
In what follows, the Hilbert space (R(A1/2), (·, ·)) will be denoted by R(A1/2).

Define ZA : X → R(A1/2) by ZAx = Ax for any x ∈ X . Furthermore, there exists

a uniquely determined operator T̃ ∈ B(R(A1/2)) such that ZAT = T̃ZA for any
T ∈ BA1/2(X ) (see [25]). Additionally, the following properties hold:

Proposition 3.6 [17] Let T ∈ BA1/2(X ) and let T̃ ∈ B(R(A1/2)) denote the operator

corresponding to T . Then σ(T̃ ) ⊂ σA(T ) and ∥T̃∥R(A1/2) = ∥T∥A.

Proposition 3.7 [30] Let A ∈ B(X1)
+ and D ∈ B(X2)

+. For any operators L ∈ B(X1,X2)

and K ∈ B(X2,X1) satisfying DL = K∗A, there exist uniquely determined operators L̃ ∈
B(R(A1/2),R(D1/2)) and K̃ ∈ B(R(D1/2),R(A1/2)) such that ZDL = L̃ZA, ZAK =

K̃ZD, and L̃∗ = K̃.

In the following theorem, we establish the relationship between σAp(KL) and
σDp(LK).

Theorem 3.8 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix satisfying

DL = K∗A. Then
σAp

(KL) \ {0} = σDp
(LK) \ {0}.

Proof For µ ∈ σAp
(KL) \ {0}, there exists a nonzero vector x0 such that

AKLx0 = µAx0. (3.5)
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According to Proposition 3.7, there exist uniquely determined operators L̃ ∈
B(R(A1/2),R(D1/2)) and K̃ ∈ B(R(D1/2),R(A1/2)) such that AKx = K̃Dx,DLx = L̃Ax,

for all x ∈ X . Then AKLx0 = K̃L̃Ax0, substituting it into Eq. (3.5) and multiplying by L̃,
we have

L̃K̃L̃Ax0 = µ(L̃Ax0),

it follows that DLKLx0 = µDLx0, i.e., D(LK − µ)Lx0 = 0 with Lx0 ̸= 0. Therefore,
µ ∈ σDp

(LK) \ {0}. □

By combining Theorem 3.3 and Theorem 3.8, we obtain the following corollary.

Corollary 3.9 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix satisfying

DL = K∗A. Then

σAp
(T) \ {0} = {λ ∈ C \ {0} : λ2 ∈ σAp

(KL)}

= {λ ∈ C \ {0} : λ2 ∈ σDp
(LK)}.

The following example demonstrates the effectiveness of Theorem 3.4 and Corollary
3.9.

Example 3.10 Let X = ℓ2(N), where ℓ2(N) denotes the space of square-summable complex
sequences. For any x = (x1, x2, . . . , xk, . . . ) ∈ ℓ2(N), consider the operators A,D,K,L defined
by

Axk =
1

k
xk,

Dxk =
k

k + 1
xk,

Kxk =

{
0, k = 1

xk−1, k ≥ 2
,

Lxk =
1

k
xk+1.

We have the following results:

(1) A > 0 and D > 0. Hence, the operator matrix A =

(
A 0
0 D

)
induces a semi-Hilbert space

structure on XA = XA ⊕XD, equipped with the semi-inner product

⟨x, y⟩A = ⟨Ax, y⟩, x, y ∈ XA,

where ⟨·, ·⟩ denotes the standard inner product on ℓ2(N);
(2) The off-diagonal operator matrix

T =

(
0 K
L 0

)
is A-bounded, and

σAp
(T) \ {0} = {λ ∈ C \ {0} : λ2 ∈ σAp

(KL)}

= {λ ∈ C \ {0} : λ2 ∈ σDp
(LK)}

= {± 1√
k
, k = 1, 2, 3, . . . }.
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Proof It is straightforward to verify (1). Moreover, a direct computation yields

T∗ =

(
0 L∗

K∗ 0

)
,

where K∗xk = xk+1, and

L∗xk =

0, k = 1
1

k − 1
xk−1, k ≥ 2,

for any x = (x1, x2, . . . , xk, . . . ) ∈ ℓ2(N).

Clearly, T is non-selfadjoint, and we have the identities AK = L∗D =

0, k = 1
1

k
xk−1, k ≥ 2

and DL = K∗A =
1

k + 1
xk+1. It follows that

AT = T∗A.

Furthermore,

A(KL− µI)xk =
1

k
(αk − µ)xk,

where αk =

0, k = 1
1

k − 1
, k ≥ 2

. It is not injective if and only if there exists k such that µ = αk,

i.e.,

µ ∈
{
0, 1,

1

2
,
1

3
, . . .

}
.

Moreover,

D(LK − νI)xk =
k

k + 1

(
1

k
− ν

)
xk.

It is not injective if and only if there exists k such that ν =
1

k
, i.e.,

ν ∈
{
1,

1

2
,
1

3
, . . .

}
.

Consequently, the A-point spectrum of KL is given by

σAp
(KL) = {0, 1, 1

2
,
1

3
, . . . },

and the D-point spectrum of LK is given by

σDp
(LK) = {1, 1

2
,
1

3
, . . . }.

Applying Corollary 3.9, we conclude that

σAp
(T) \ {0} = {λ ∈ C \ {0} : λ2 ∈ σAp

(KL)}

= {λ ∈ C \ {0} : λ2 ∈ σDp
(LK)}

= {± 1√
k
, k = 1, 2, 3, . . . }.

□

Based on Lemma 2.9 and Theorem 3.3, we proceed to investigate the relation-
ship between the remaining A-spectral points and the spectral points of the product
operators of off-diagonal entries.
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Theorem 3.11 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix satisfying

DL = K∗A. Then

σAr
(T) \ {0} = {λ ∈ C \ {0} : λ2 /∈ σAp

(KL), λ
2 ∈ σDp

(K∗L∗)}

= {λ ∈ C \ {0} : λ2 /∈ σDp
(LK), λ

2 ∈ σAp
(L∗K∗)}.

Proof It suffices to prove that σAr
(T)\{0} = {λ ∈ C\{0} : λ2 /∈ σAp

(KL), λ
2 ∈ σDp

(K∗L∗)}.
The proof for the second equation is entirely analogous.

If λ ∈ σAr
(T) \ {0}, by Lemma 2.9, we have λ ∈ σAp

(T∗) \ {0}. Applying Theorem 3.3,
it follows that

λ
2 ∈ σAp

(L∗K∗) ∪ σDp
(K∗L∗).

Since σAp
(L∗K∗) \ {0} = σDp

(K∗L∗) \ {0}, we conclude that λ
2 ∈ σDp

(K∗L∗). Moreover,

since λ /∈ σAp
(T), it implies that λ2 /∈ σAp

(KL). Thus,

σAr
(T) \ {0} ⊂ {λ ∈ C \ {0} : λ2 /∈ σAp

(KL), λ
2 ∈ σDp

(K∗L∗)}.

Conversely, if λ ∈ {λ ∈ C\{0} : λ2 /∈ σAp
(KL), λ

2 ∈ σDp
(K∗L∗)}, then λ

2 ∈ σDp
(K∗L∗)

and Lemma 2.9 implies that λ2 ∈ σDp
(LK)∪σDr

(LK). Since λ2 /∈ σAp
(KL) and σAp

(KL)\
{0} = σDp

(LK) \ {0}, it follows that λ2 ∈ σDr
(LK). Using Eq. (3.1), we deduce that

λ ∈ σAr
(T) \ {0} ∪ σAr

(−T) \ {0}. By Theorem 3.2(3) and the above argument, we obtain

σAr
(T) \ {0} = {λ ∈ C \ {0} : λ2 /∈ σAp

(KL), λ
2 ∈ σDp

(K∗L∗)}.

□

Theorem 3.12 Let T =

(
0 K
L 0

)
be an A-bounded off-diagonal operator matrix satisfying

DL = K∗A. Then

σAc
(T) \ {0} = {λ ∈ C \ {0} : λ2 /∈ σAp

(KL), λ
2
/∈ σAp

(L∗K∗),R(A(KL− λ2I)) ̸= R(A)}

= {λ ∈ C \ {0} : λ2 /∈ σDp
(LK), λ

2
/∈ σDp

(K∗L∗),R(D(LK − λ2I)) ̸= R(D)}.

Proof It suffices to prove that σAc
(T) \ {0} = {λ ∈ C \ {0} : λ2 /∈ σAp

(KL), λ
2

/∈
σAp

(L∗K∗),R(A(KL − λ2I)) ̸= R(A)}. The proof for the second equation is entirely
analogous.

If λ ∈ σAc
(T) \ {0}, then λ /∈ σAp

(T) and λ /∈ σAr
(T). Hence, λ2 /∈ σAp

(KL) and λ
2
/∈

σAp
(L∗K∗). Together with λ /∈ ρA(T), it implies that R(A(KL− λ2I)) ̸= R(A). Therefore,

σAc
(T) \ {0} ⊂ {λ ∈ C \ {0} : λ2 /∈ σAp

(KL), λ
2
/∈ σAp

(L∗K∗),R(A(KL− λ2I)) ̸= R(A)}.
Conversely, if λ ̸= 0, λ2 /∈ σAp

(KL) implies that λ /∈ σAp
(T). Moreover, λ

2
/∈ σAp

(L∗K∗)

indicates that λ /∈ σAr
(T), andR(A(KL−λ2I)) ̸= R(A) shows that λ /∈ ρA(T). Consequently,

λ ∈ σAc
(T). □
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3.3 A-spectra of upper triangular operator matrices

Let T =

(
M K
0 N

)
be an A-bounded upper triangular operator matrix. Upper-

triangular operator matrices are the most general form among the three types
considered. Their analysis unifies and extends the previous results. The follow-
ing results demonstrate that the distribution of spectral points of upper triangular
matrices can be controlled by the spectral points of the principal diagonal entries.

Theorem 3.13 Let T =

(
M K
0 N

)
be an A-bounded upper triangular operator matrix. Then:

(1) (σA(M) \ σD(N)) ∪ (σD(N) \ σA(M)) ⊂ σA(T) ⊂ σA(M) ∪ σD(N);
(2) σAp(M) ⊂ σAp(T) ⊂ σAp(M) ∪ σDp(N);
(3) σDδ

(N) ⊂ σAδ
(T) ⊂ σAδ

(M) ∪ σDδ
(N);

(4) (σA(M) \ σAp(M)) ∩ σDr (N) ⊂ σAr (T) ⊂ σAr (M) ∪ σDp(N) ∪ σDr (N).

Proof (1) Consider the equation

T− λI =

(
I 0
0 N − λI

)(
I K
0 I

)(
M − λI 0

0 I

)
. (3.6)

Since the second term is always A-invertible, using Lemma 2.7, we obtain σA(T) ⊂ σA(M)∪
σD(N).

If λ ∈ σA(M) \ σD(N) and λ ∈ ρA(T), from Eq. (3.6), it follows that λ ∈ ρA(M),
which contradicts λ ∈ σA(M). Therefore, λ ∈ σA(T). Similarly, σD(N) \ σA(M) ⊂ σA(T). In
conclusion,

(σA(M) \ σD(N)) ∪ (σD(N) \ σA(M)) ⊂ σA(T) ⊂ σA(M) ∪ σD(N).

(2) If λ ∈ σAp
(M), there exists a nonzero vector x0 such that A(M − λI)x0 = 0. Let

u =

(
x0
0

)
, where u ̸= 0. Then

A(T− λI)u = 0,

which implies that σAp
(M) ⊂ σAp

(T).
If λ ∈ σAp

(T), there exist elements x, y, not all zero, such that

A(T− λI)

(
x
y

)
= 0, i.e.,

{
A(M − λI)x+AKy = 0,

D(N − λI)y = 0.

If y ̸= 0, then λ ∈ σDp
(N). If y = 0, then x ̸= 0 and A(M − λI)x = 0, which implies

λ ∈ σAp
(M). Therefore, λ ∈ σAp

(M) ∪ σDp
(N).

(3) It is evident that σDδ
(N) ⊂ σAδ

(T). If λ ∈ σAδ
(T), then R(A(T−λI)) ̸= R(A), which

implies

R(A(M − λI)) +R(AK|D(D(N−λI))) ̸= R(A) or R(D(N − λI)) ̸= R(D).

If R(A(M − λI)) + R(AK|D(D(N−λI))) ̸= R(A) and λ /∈ σAδ
(M), then R(A(M − λI)) =

R(A) and R(A(M − λI)) +R(AK|D(D(N−λI))) = R(A), leading to a contradiction. Hence,

λ ∈ σAδ
(M). If R(D(N − λI)) ̸= R(D), this shows that λ ∈ σDδ

(N). Therefore,

σAδ
(T) ⊂ σAδ

(M) ∪ σDδ
(N).
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(4) If λ ∈ (σA(M) \ σAp
(M)) ∩ σDr

(N), this indicates that A(M − λI) and D(N − λI)

are injective. Setting A(T − λI)

(
x
y

)
= 0, which yields that A(M − λI)x + AKy = 0 and

D(N−λI)y = 0. As D(N−λI) is injective, then y = 0. Substituting it into the first equation
and combining A(M−λI) is injective, we obtain x = 0. Hence, A(T−λI) is injective. Because
R(D(LK−λI)) ̸= R(D), it shows that λ ∈ σAr

(T), then λ ∈ σAp
(T∗). Consider the equation

P(T∗ − λI) =

(
P (M∗ − λI) 0

0 I

)(
I 0

QK∗ I

)(
I 0

0 Q(N∗ − λI)

)
,

we have λ ∈ σAp
(M∗) ∪ σDp

(N∗). Lemma 2.9 leads up to

λ ∈ σAp
(M) ∪ σAr

(M) ∪ σDp
(N) ∪ σDr

(N).

Since λ /∈ σAp
(T) and together with σAp

(M) ⊂ σAp
(T), thus λ /∈ σAp

(M). Hence

(σA(M) \ σAp
(M)) ∩ σDr

(N) ⊂ σAr
(T) ⊂ σAr

(M) ∪ σDp
(N) ∪ σDr

(N).

□

From the discussion above, the set σA(M)∪σD(N), σAp(M)∪σDp(N), σAδ
(M)∪

σDδ
(N) are larger than, respectively, σA(T), σAp(T), σAδ

(T). In the following, we
obtain the spectral equalities between T and the diagonal entries of T for those three
cases.

Theorem 3.14 Let T =

(
M K
0 N

)
be an A-bounded upper triangular operator matrix. Then

(1) σA(M) ∪ σD(N) = σA(T) ∪G, where G ⊂ σDp,1(N) ∩ σAr,1(M);
(2) σAp(M) ∪ σDp(N) = σAp(T) ∪G, where G ⊂ σDp(N) ∩ σAδ

(M);
(3) σAδ

(M) ∪ σDδ
(N) = σAδ

(T) ∪G, where G ⊂ σDp,1(N) ∩ σAδ
(M).

Proof (1) Since

(σA(M) \ σD(N)) ∪ (σD(N) \ σA(M)) = (σA(M) ∪ σD(N)) \ (σA(M) ∩ σD(N))

and
(σA(M) \ σD(N)) ∪ (σD(N) \ σA(M)) ⊂ σA(T) ⊂ σA(M) ∪ σD(N),

we have λ ∈ σA(M) ∩ σD(N), while λ ∈ σA(M) ∪ σD(N) but λ /∈ σA(T). By using Proposi-

tion 3.6, there exists a unique T̃ ∈ B(R(A1/2)⊕R(D1/2)) such that AT = T̃A and λ ∈ ρ(T̃).
Then T̃− λI is bounded below and for all z =

(
x y

)T ∈ X1 ⊕X2,

∥(T̃− λI)Az∥R(A1/2)⊕R(D1/2) ≥ c∥Az∥R(A1/2)⊕R(D1/2).

Taking y = 0, then

∥(M̃ − λĨ)Ax∥R(A1/2) ≥ c∥Ax∥R(A1/2), for x ∈ X1.

This indicates that M̃ − λĨ is bounded below in R(A1/2), together with Proposition 3.6, we
obtain ∥(M − λI)x∥A ≥ c∥x∥A, which indicates that λ ∈ σAr,1

(M). Because A(T − λI) is
surjective, then D(N − λI) is surjective and λ ∈ σDp,1

(N).
(2) We just want to proof that σAp

(M)∪σDp
(N) ⊂ σAp

(T)∪G. If λ ∈ σAp
(M)∪σDp

(N)
and λ /∈ σAp

(T), we have λ ∈ σDp
(N) \ σAp

(M). We claim that λ ∈ σA(M). Otherwise,
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if λ ∈ ρA(M), according to λ ∈ σDp
(N), and hence λ ∈ σAp

(T), which leads up to the
contradiction. By combining λ /∈ σAp

(M), then λ ∈ σAδ
(M), this is G ⊂ σDp

(N)∪ σAδ
(M).

(3) From Theorem 3.13, we have

σAδ
(T) ∪ (σDp,1

(N) ∩ σAδ
(M)) ⊂ σAδ

(M) ∪ σDδ
(N).

Conversely, if λ ∈ (σAδ
(M) ∪ σDδ

(N)) \ σAδ
(T), again using Theorem 3.13, it follows that

λ ∈ σAδ
(M) \ σDδ

(N), and hence λ ∈ σDp,1
(N) ∪ ρD(N).

If λ ∈ ρD(N), there exists Rλ(N) such that

Q(N − λI)Rλ(N) = QRλ(N)(N − λI) = Q.

Using the equation

P(T− λI) =

(
I PKQRλ(N)
0 I

)(
P (M − λI) 0

0 Q(N − λI)

)
,

together with λ /∈ σAδ
(T), we deduce that R(A(M − λI)) = R(A), which contradicts λ ∈

σAδ
(M). Therefore, λ ∈ σDp,1

(N). Hence,

(σAδ
(M) ∪ σDδ

(N)) \ σAδ
(T) ⊂ σDp,1

(N) ∩ σAδ
(M).

□

Corollary 3.15 Let T =

(
M K
0 N

)
be an A-bounded upper triangular operator matrix. Then:

(1) σA(M) ∪ σD(N) = σA(T) ⇐⇒ σDp,1(N) ∩ σAr,1(M) = ∅;
(2) σAp(M) ∪ σDp(N) = σAp(T) ⇐⇒ σDp(N) ∩ σAδ

(M) = ∅.
(3) σAδ

(M) ∪ σDδ
(N) = σAδ

(T) ⇐⇒ σDp,1(N) ∩ σAδ
(M) = ∅.

3.4 Example: Spectral analysis of a class of pseudo-Hermitian
operator matrices

In this subsection, we present an example to investigate eigenvalue distributions under
PT -symmetric constraints. Mathematically, PT -symmetry is characterized by pseudo-
Hermiticity. Here, the operator T satisfies A−1T ∗A = T . The operator A is positive
and self-adjoint, and is known as the metric operator. Building on this, the presence of
pseudo-Hermiticity implies that non-Hermitian systems can be related to Hermitian
systems via a similarity transformation, thereby preserving the real spectral charac-
teristic. For a more detailed mathematical foundation of pseudo-Hermitian systems,
please refer to Ref. [8]. Next, we show how the results of Subsection 3.2 apply to a
specific model in pseudo-Hermitian quantum mechanics. Consider two non-reciprocal
subsystems within a semi-Hilbert space defined as X = Xa ⊕Xb.

Modified inner product: In the framework of PT -symmetric systems, the generators
of the subspaces Xa and Xb are defined by the metric operators A = ω1a

∗a and
D = ω2b

∗b, respectively. Here, a, a∗ and b, b∗ represent the standard bosonic creation
and annihilation operators, which satisfy the commutation relations [a, a∗] = 1 and
[b, b∗] = 1. The terms a∗a and b∗b act as particle-number operators, with eigenvalues
na and nb, respectively.

The parameters ω1, ω2 > 0 represent the eigenfrequencies of the generators. The
eigenvalues of A and D are non-negative real numbers na ω1 and nb ω2 (where na
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and nb are non-negative integers). The self-adjointness of A and D arises from their
symmetric structures (e.g., a∗a being a Hermitian operator), and the non-negativity
of A and D are reflected by their eigenvalues.

The semi-Hilbert space X = Xa ⊕Xb is generated by A =

(
A 0
0 D

)
, equipped with

the semi-inner product ⟨ψ, ϕ⟩A = ⟨Aψ, ϕ⟩, for all ψ, ϕ ∈ X . The non-negativity of A is
directly inherited from the non-negativity of A and D.

Pseudo-Hermitian modification of the Hamiltonian: The properties of the system
are determined by the dynamical operator, which is given by

T =

(
0 K
L 0

)
.

The interaction terms K : Xb → Xa and L : Xa → Xb are defined as K = κ1a
∗b and

L = κ2b
∗a, where κ1, κ2 represent the coupling strength. Since

T∗ =

(
0 κ2a

∗b
κ1b

∗a 0

)
,

it follows that T∗ ̸= T in general. Under the modified inner product, we assume that
AT = T∗A, the pseudo-Hermitian condition requires κ2(na, nb) =

ω1

ω2
κ1(na, nb)

na+1
nb+1 .

We observe that na

nb
≈ c (a constant) when na ≫ 1, nb ≫ 1, this simplifies the

parameters to constants, i.e., κ2 ≈ c κ1
ω1

ω2
. Thus, by introducing the metric operator

A, the system satisfies the pseudo-Hermiticity condition

AT = T∗A.

For the interaction terms, their pseudo-Hermitian relationship becomes

DL = K∗A and AK = L∗D.

Spectral decomposition and operator structure analysis: For the generating opera-

tor A =

(
A 0
0 D

)
, where A and D denote operators on two respective subsystems, and

the dynamical operator T =

(
0 K
L 0

)
, where K and L represent coupling operators

between subsystems. By invoking Theorem 3.3, we obtain

σAp(T) = λ ∈ C : λ2 ∈ σAp(KL) ∪ σDp(LK).

Furthermore, leveraging the pseudo-Hermitian symmetric parameter constraint κ2 ≈
c, κ1

ω1

ω2
, we derive

σAp(KL) = c|κ1|2,
ω1

ω2
, na(nb + 1)

and
σDp(LK) = c|κ1|2,

ω1

ω2
, (na + 1)nb.
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These results indicate that the eigenvalues of T are real numbers, which verifies
Theorem 3.4 and aligns with the results under the unbroken PT -symmetric phase.
Additionally, Theorem 3.8 establishes that

σDp(LK) \ {0} = σAp(KL) \ {0}.

This finding corroborates that the excitation numbers of the two subsystems are equal,
i.e., na = nb. Under the explicit constraint na = nb, for λ = 0, the corresponding
eigenstates represent steady configurations where energy transfer between subsystems
is prohibited.

Funding

This work was supported by the National Natural Science Foundation of China
(Grant No. 12261064, 11861048) and the Natural Science Foundation of the Inner
Mongolia Autonomous Region (Grant No. 2025MS01026).

Data availability This work does not have any experimental data.

Disclosure statement

No potential conflict of interest was reported by the authors.

References

[1] Birmann M.S. and Solomjak M.Z., Spectral Theory of Self-adjoint Operators in
Hilbert Space, Reidel Publishing Company, Holland (1987).

[2] Gorbachuk V.I., Samoilenko Y.S., and Us G.F., “Spectral theory of self-adjoint
operators, and infinite-dimensional analysis,” Russ. Math. Surv, vol. 31, no. 1,
217–231 (1976).

[3] Kulturaev D.Zh. and Eshkabilov Yu.Kh., “On the spectral properties of selfadjoint
partial integral operators with a nondegenerate kernel,” Sib. Math. J., vol. 65,
475–486 (2024).

[4] Korotkov V.B., “About the limit spectra of some unbounded selfadjoint integral
operators,” Sib. Math. J., vol. 62, no. 4, 807–811 (2021) .

[5] Mackey G.W., “Quantum mechanics and Hilbert space,” Am. Math. Mon., vol. 64,
no. 1, 45–57 (1957).
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(2015).

18



[7] Bonneau G., Faraut J., and Valent G., “Self-adjoint extensions of operators and
the teaching of quantum mechanics,” Am. J. Phys., vol. 69, no. 3, 322–331 (2001).

[8] Mostafazadeh A., “Pseudo-Hermitian representation of quantum mechanics,” Int.
J. Geom. Methods Mod. Phys., vol. 7, no. 7, 1191–1306 (2010).

[9] Mostafazadeh A., “Metric operator in pseudo-Hermitian quantum mechanics and
the imaginary cubic potential,” J. Phys. A: Math. Gen., vol. 39, no. 32, 10171
(2006).

[10] Das A., “Pseudo-Hermitian quantum mechanics,” J. Phys. Conf. Ser., vol. 287,
no. 1, 012002 (2011).

[11] Meden V., Grunwald L. and Kennes D.M., “PT -symmetric, non-Hermitian quan-
tum many-body physics—a methodological perspective,” Rep. Prog. Phys., vol. 86,
124501 (2023).

[12] Penrose R., “A generalized inverse for matrices,” Math. Proc. Cambridge Philos.
Soc., vol. 51, 406–413 (1955).

[13] Douglas R.G., “On majorization, factorization, and range inclusion of operators
on Hilbert spaces,” Proc. Amer. Math. Soc., vol. 17, 413–415 (1966).

[14] Xu Q.X., Ye Z.M., and Zamani A., “Some upper bounds for the A-numerical
radius of 2× 2 block matrices,” Adv. Oper. Theory, vol. 6, No. 1, 13 pp. (2021).

[15] Bhunia P, Feki K., and Paul K., “A-numerical radius of orthogonality and paral-
lelism of semi-Hilbertian space operators and their applications,” Bull. Iran. Math.
Soc., vol. 47, 435–457 (2021).

[16] Guesba M., Barik S., Bhunia P., and Paul K., “A-Davis-Wielandt radius bounds
of semi-Hilbertian space operators,” Bull. Iran. Math. Soc., vol. 50, No. 85, 21 pp.
(2024).

[17] Sen A., Birbonshi R., and Paul K., “A note on the A-numerical range of semi-
Hilbertian operators,” Linear Algebra Appl., vol. 703, 268–288 (2024).

[18] Guesba M., Bhunia P., and Paul K., “A-numerical radius of semi-Hilbert space
operators,” J. Convex Anal., vol. 31, no. 1, 227–242 (2024).

[19] Baklouti H. and Namouri S., “Spectral analysis of bounded operators on semi-
Hilbertian spaces,” Banach J. Math. Anal., vol. 16, No. 12, 17 pp. (2022).

[20] Feki K., “Spectral radius of semi-Hilbertian space operators and its applications,”
Ann. Funct. Anal., vol. 11, no. 4, 929–946 (2020).

[21] Baklouti H. and Mabrouk M., “A note on the A-spectrum of A-bounded opera-
tors,” Oper. Matrices, vol. 17, no. 3, 599–611 (2023).

19



[22] Feki K., “Some A-spectral radius inequalities for A-bounded Hilbert space opera-
tors,” Banach J. Math. Anal., vol. 16, No. 31, 22 pp. (2022).

[23] Majumdar A. and Johnson P.S., “A formula of A-spectral radius for A
1
2 -adjoint

operators on semi-Hilbertian spaces,” arXiv:2402.12961 (2024).

[24] Bhunia P., Kittaneh F., Paul K., and Sen A., “Anderson’s theorem and A-spectral
radius bounds for semi-Hilbertian space operators,” Linear Algebra Appl., vol. 657,
147–162 (2023).

[25] Arias M.L., Corach G., and Gonzalez M.C., “Lifting properties in operator
ranges,” Acta Sci. Math., vol. 75, 635–650 (2009).

[26] Tretter C., Spectral Theory of Block Operators Matrices and Applications,
Imperial College Press, London (2008).
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