2-TOEPLITZ OPERATORS ON NEWTON SPACES

SHIVAM KUMAR SINGH, BHAWNA GUPTA, AND SPARSH

ABSTRACT. This paper initiates an exploration into the realm of 2-Toeplitz
operators acting on Newton spaces. We establish explicit matrix represen-
tations for both the 2-Toeplitz operator itself and its adjoint. Furthermore,
we delve into an analysis of their operator norm behavior, specifically char-
acterizing the conditions under which these operators exhibit contractivity or
expansivity when associated with analytic and harmonic symbols.

1. Introduction

Let N,Ny, Z~ and RT denote the sets of all natural numbers, non-negative
integers, negative integers, and positive real numbers, respectively. Additionally,
[.] represents the ceiling function and |.| represents the floor function on the set
of real numbers. For n € Ny, let N, (2) be the nth Newton polynomial defined by
the coefficients in the following expansion,

oo
7= Z N, (2)w"”
n=0

where |w| < 1 and z is any complex number. Alternatively, the nth Newton poly-
nomial N, (z) is also defined by

— 2(z—1)(2—2) - (2—(n—1)) .
N, (2) = (—2)n = (=" (TZL), where (;) = { qg .1fn =1

n! ifn=0.

Let  be a probability measure on C with finite moments, that is, [ |z|" du(z) < oo
for all n € N. Let 8(z) be the discrete measure on real line with unit masses at
{-1+2:neNp}, and let P= {z € C: Re(z) >—7} and P={z € C: Re(z) >

—3}. Define the measure p on C by du(z+iy) = 5= % dy dB(z). Then the

Newton space N2(IP) can be seen as the closure of the set of all Newton polynomials
in (), where L?(p) is the Lebesgue space of complex-valued measurable functions
on C such that || f[|* = [ |f(2)[*du(z) < oo. Newton space is a Hilbert space, and
the set of Newton polynomials {N,(z)},2, forms an orthonormal basis for N?(P)
(see [2,8,9]). Therefore,

N*(P) = { Zan w(2) I = Z|an2<oo}.
n=0
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The reproducing kernel for N2(P) at A € IP is given by

D(z+A+1
K(\z) = (Z+/\i_ ) , forall zeP.
T(z+ 1)1“()\ n 1)
An inner product on N?(P) is defined as (g,h) = [ g(z du(z) for all g,h €

NZ2(P). Let P be the orthogonal projection from L? () onto N2(IF’) given by

/f K(w, z)dp(w).

Let L (u) be the space of all essentially bounded measurable functions with respect
to the measure y on C and H*(P) be the space of bounded analytic functions on
P. For ¢ € L>(u), the Toeplitz operator T, on N%(P) is defined by

Ty(f) = P(¢f) for f € N*(P).
Linde [7] introduced Toeplitz operators T, on Newton space and investigated their
properties. These operators are important due to their wide-ranging applications.
Specifically, within Newton space (see [7]), Linde showed that for ¢ € L™ (u):
() Tagrpy = Ty + BTy;

(i) I} = Ty:

(iii) Ty = 0 if and only if ¢ = 0 almost everywhere;

(iV) T¢T¢ = T¢¢ and TJTdJ = TJ¢ for ¢p € H*® (]P)
Toeplitz operators on Newton space have been extensively studied [4-7], as have
composition operators on N?(PP) [3,7,8]. Han [2] characterized complex symmetric
composition operators on N2(P) under a given conjugation. Gupta and Bhola [1]
subsequently introduced 2-Toeplitz operators on the Hardy-Hilbert space, defined
by matrices with alternating constant diagonals. These operators generalize mul-
tiplication and Toeplitz operators and inherit many of their properties, providing
broader utility. Building on this progress, we define 2-Toeplitz operators on Newton
space and investigate their contractivity and expansivity. We derive necessary and
sufficient conditions for these properties to hold for both analytic and harmonic
symbols.

2. 2-Toeplitz operator on Newton space

We begin this section by introducing the definition of 2-Toeplitz operators acting
on the Newton space. Following this, we obtain the matrix representation of these
operators under the harmonic orthonormal basis and explore its relationship with
the adjoint matrix.

Let ¢, & € L™ () have series representations ¢(z) = Y oo ¢nNn(2)+> e | d—nNu(2)
and £(2) = 3000 0 EnNn(2) + Y oey €2 Ny (2). Now, we define the functions ¢¢, &
P = Cas ¢e(2) = Yoplg donlNa(2) + 02y ¢-20Nan(2) + 021 € 2a—1)Non-1(2)
and €y(2) = Y070 &nNn(2) + 02, EanNan(2) + 021 é-(2n-1)Nan—1(2). Sup-
pose Do — { (646) € L (1) x L (1] 6(2) = T30 0uNa(2) + 55, 6 Na 2,
and €(2) = 3200 6 Na(2) + 0% €-aNal2) and 6g, &5 € L=() }. For f(2) =
S 0 anNu(2) + 300 a_, N, (2) in L?(u), we define the functions f~(z) and
() as f7(2) = Yooli a—@a—1)Nan—1(2) + Yoot aant1Nony1(2) and f7(z) =
S a2, Nan(2) + Do g a2n Nan(2).
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Definition 2.1. Let (¢,£) € Dy,. The 2-Laurent operator with symbol (¢,&) is
defined as the operator Ly ¢(f) : L?(p) — L?(p) such that

Lye(f) = Lo f* 4 Le, [~ forall f e L*(u),
where Ly, and L¢, are classical Laurent operators.

Definition 2.2. Let (¢,¢) € Dy. The 2-Toeplitz operator with a symbol (¢, €) is
defined as the operator Ty ¢ : N?(P) — N?(P) such that

Tye(f)=PLyse(f) forall f e N*(P).

The subsequent Proposition demonstrates that 2-Toeplitz operators are bounded
linear operators on Newton space.

Proposition 2.3. The 2-Toeplitz operators are bounded linear operators on Newton
space.

Proof. Let (6,€),(¥,n) € Do, f € N*(P) and « be any scalar. Then by using the
definition of 2-Toeplitz operator on Newton space, we have

Ta(o.&)+wm f(2) =Tagry,ae+m f(2)
=P ((04(15 + ) () [ (2) + (€ + M (apt) f_(z))

Mg

= ( a¢z+7/)z ( +Z Ck(b 21 + U ZZ)NZZ( )f+()
i=1

+Z(a§ (26— 1)+77 (21— 1))N21 1 f+ +Z Oéfz+7h i )fi(z)
=1 =0

||M8

i=1

(a€_a; +1-2i) Noy(2) f~(2) + Z (a¢_(2i-1) + V_(2i-1)) N2i—1(2)f_(2)>

P (gg@m( +Zl¢ N +§;g B T
+Z;§iNi( +Z§ 2 N2i (2) +Z;¢ @i—1)N2i—1(2) f~ (Z))
+P<§;wiNi( +Zz/) 2N (2) £ (2) +z;77 @i—1)N2io1(2) [ (2)
*2"“ +zn VD) +§;¢ i1 Naia () <z>>

=aTye(f) + T (f) for all f € N*(P)

and

IToefll = | P (0ef* + €t )| <l6ef* ] + l6af~ | < ol 11+ €6l 1]
<2 (|6l + €lloc) 111

This gives || Ty ¢l < 2(||¢]loc + [|€]lc). Hence, the 2-Toeplitz operators are bounded
linear operators on Newton space. O
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Remark 2.4. By using Proposition 2.3, we can easily show that the operator T ¢
is closed in N2(P).
The following lemmas are useful for subsequent results.

Lemma 2.5. [6] For any m,n > 0, the following hold:

(m+n)
Nu(2Na(z) = > bj(m,n)Ny(2)
j=max{m,n}
where
b (m,n) Ny (m) Ny (m)
bt1(m,n) Np(m+1)N,(m+1)
bng2(m,n) | — x| Nm(m+2)Ny(m+2)
bmtn(m,n) Np(m 4+ n)N,(m+n)
and
Ny () 0 0 0 - 0
Np(m+1) Npgi(m+1) 0 0 0
N=| Nu(m+2) Nuii(m+2) Npja(m+2) 0 0
Npm(m+4+n) Npii(m+n) Nmio(m+n) Npps(m+n) -+ Npgn(m+n)

for bj(m,n) € R.

Lemma 2.6. [5] For any nonnegative integers m,k with m >k
-k ]
b (m, k) = (1) <J) (mzj ])

Lemma 2.7. [5, 6] For any nonnegative integers m,n, the following hold:

where j =0,1,...,k.

(m+n)
(@) 1NN = [N Na()|* = D" [bim,m) [
j=max{m,n}
(e’ 2 (e’ 2 oo |m+i 2
(ii) HNm(z) ZciNi(z) = HNm(z) ZciNi(z) = Z Z Cj—mbi(m,j —m)| ;
=0 =0 i=m | j=1
e’} 2 m—1 7 2 oo |m+t1i 2
(iii) P (Nm(Z)ZCZNZ(Z)> = Z Zcm+jbm+j(m,i) +Z ZCjbj(m,i)
i=0 =0 |j=0 i=m | j=i

(iv) P (NyNy) = Z?:o b (n,m —n 4 §)Np—pnt4(2) z:fm > n;
if m <n,
where for each i, ¢; € C and by, (n,m —n+j) is the solution of the matriz equation
as in Lemma 2.5 for 0 < j < n.
k+m+i
Consider the following notation: 6;:(m) = Z ¢c;b; (i,k+m) and
j=max{k+m,i}
A; g j(Mm,n) = cak—2i4mbartn(2k — 20 +m, j) for all ¢; € C.
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Lemma 2.8. The orthogonal projection P on Newton space satisfies the following:

2
(Z%Nk 2021]\721 +deNk 2621+1N2z+1( ))

i=0
k=0

iji5j,k,i(0) Tpi6;.2%,:(0) Ipi6j2k,i(1)

= k=0
i Ja if j is even;
where Tp; = U
d; if 7 is odd.

Proof. On using Lemma 2.7, we compute

p (Z agNi(2) ) cailNai(2) + deNk 202i+1N2i+1(2)>
k=1 i=0

2

=0
e’} e’} k
=2 D e Z (K, 2i = k4 ) Nai— oy (2)+
-
2
0o 0o k
de Z C2i41 Z boiy1(k,2i + 1 —k+ j)Najy1-r45(2)
k=1 iz[%J 7=0

= ||(d161[)1(1, 0) + a202b2(2, 0) + d363b3(3, O) + - )No(Z) + (dlclbl(l, 1)
+a102b2(1, 1) + a202b2(2, 1) —+ - ) Nl(Z) + (a1C2b2(1, 2) + d1Cgb3(1, 2) + - ) NQ(Z)
+ (d103b3(17 3) + a104b4(1, 3) + d203b3(2,3) + - ) N3(Z) + - H2

0o
k+1

_ Z ijpi ST obk) | Nu(2) :Z
k=0

k=0 i=1 j=max{k,i}

oo oo 2
= E > 7pibjan.i(0)
k=0 =1

Lemmas 2.7 and 2.8 imply the following.

- 2
iji5j,k,i(0)
i=1

'pibjoni(1)| ¢ O

Lemma 2.9. For any non-negative integer m, the orthogonal projection P on New-
ton space satisfies the following:

[e%¢) t 2
( Z c2iN2i(2) + dNp, Z c2iv1Nait1(2 ) Z Z icibi(i,m)|
=0 =m [i1=t—m

where \; = ¢ ZfZ Z,S evern;
d ifiis odd.

Lemma 2.10. The orthogonal projection P on Newton space satisfies the following:

(Za2kN2k ZC2ZN21 )+Zde—lef—l(Z)ZCZiNQi(z)
i=0

k=1
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+ Z d2kN2k Z c2i+1N2iy1(2) + Z a2k—1Nag—1(2) Z €2i+1N2i41(2)

k=1 i=0 k=1 i=0
X e 2 e oo 2 2
= g iji6j7k,i(0) = E Z]pﬁjzk,i(o) pidj2k,i(1)
k=0 "= k=0 (=1
here J a; if 1 is even and j is even or i is odd and j is odd;
where Ip; =
bi d; if i is even and j is odd or i is odd and j is even.

Using Lemma 2.7, we examine the matrix representation of Ty on Newton
space.

Theorem 2.11. Let (¢,€) € Dy such that ¢¢(z qu 21N21+Z§ (2i—1)Nai_1+
i=1 i=1

Z@N and &y(z Z&N + Zg 9;No; + Z¢ (2i— 1)N21 1 be two harmonic

=0 =0 i=1 i=1
symbols; then the matmx of the operator Ty ¢ with respect to orthonormal basis

{Nn},>0 is given by
$0b0(0,0) ¢f151(1,0) $—2b2(2,0) $_3b3(3,0)

6161(1,0) > &b1(5,1) £ 1ba(1,1) + ¢_2b2(2,1)  £_2b3(2,1) + ¢_3b3(3,1)

2 2 2
T, ] — $2b2(2,0) D &;ba(i, 1) Z biba(i,2) € 2b3(2,2) + 3 b_(24-1)b3(2i — 1,2)
[ ¢,§] = =1 i=0 s -
$3b3(3,0) > &;ba(i, 1) Z ib3(3,2) D> &ibs(i,3)
=2 =1 =0

where b;(-,-) € R is denoted from Lemma 2.5.

Proof. Let ¢¢(z Z¢zN +Z¢ 2ZN2Z+Z§ (2i—1)Nai—1 and €g(z Zsz+

=0 i=1 =1

(o) o0
Z f_QiNigi—f—Z ¢_(2i—1)N2i—1 be two harmonic symbols; the (m,n)th entry of the
i=1 i=1
matrix Ty ¢ with respect to orthonormal basis v = {Ny}, 5, of N*(P) is given by,

(Tp,eNns Nin) = (P (N, + €3Ny ), No)
=(P (¢eN,S) ,Np) + (P (4N,, ) , Nom ) - (2.1)

Consider the following two cases:
Case (i): If n is even. Then by using equation (2.1) and Lemma 2.7, we compute

(Tp.eNn, Nom) = (P (6¢N,)) » Nim)

<P (Z ¢iNiNp + Z ¢—2iNai Ny, + Zﬁ—(m—l)N%an) 7Nm>

=0 i=1 i=1

i+n 21

<Z (251 Z bj (Z,Tl) Nj,Nm> —+ <Z¢_212bn(21,n22+j)Nn_21+J
=0 i=1

j=max{i,n}
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21—1
+ Zg (2i-1) Z bn(2i —1,n — (20 — 1) +j)Nn_<2i_1>+j,Nm> :
(2.2)
For n < m, by equation (2.2), we get

oo i+n m—n—1 i+n
<T¢,€Nn,Nm>=<Z¢i > b(i,n)Nj, Npy, > < Z ¢ > bi(i,n)N;
=0

j=max{i,n} j=max{i,n}

m it+n > i+n
+ Z b3 Z b;(i,n)N; + Z bi Z bj(ian)Nj,Nm>
i=m—n  j=max{i,n} i=m+1  j=max{i,n}
:< i Gibm (i,1) Ny, Ny >: i Pibm (i,

For n > m, using Lemma 2.7 from equation (2.2), we get

B 2i
(Ty,e Ny Nim) = <Z P—2i Z bn(26,m — 2i + §)Np—2i4 5

2¢—1
+ Zg (2i-1) Z bn(2i — 1,n — (2 — 1) +j>Nn_<2i_1>+j,Nm> :
(2.3)
Consider the following cases:
Case (a): If m is odd, then by using equation (2.3) we have
n— m 1
(Tp. Nooy Non) < Z ¢- 2Z2b (2i,m = 2 + j) N3t
+ Z b leb (2, — 20 + j)Np—2i4
j=nmml =0
nep=t 2i—1
+ §—(2i-1) Z bn(2i —1,m — (20 — 1) + §) Np—(2i-1)+5

=0

1
b 2i—1

+ Z §(2i-1) Z bn(20 —1,n — (2i — 1) + j)Nn(2i1)+j7Nm>
=0

n
2

2
%
< Z b—2ibp (26, m) Ny, + g (2i-1)bn (20 — 1,m) Ny, Ny,
i:n77n+1 i= n

§

)

n
2

57(2i71)bn(27; - lam)'
—m+1
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n
2

(TseNus Now) = > ¢-2:bn(2i,m) Z € (2i-1)bn (2
i=nom

m).
j=n= m+2
Case (ii): If n is odd, then by equation (2.1) and Lemma 2.7, we have
<T¢7£Nn, Nm> = <P (&ﬁN{) 7]\/vm>

= <P (Z &N N, + Zf—m‘NimNn + Z¢ 2i—1)N2i—1 N,
i=0 j

—(2i—1) i — n) aNm>
=1 =1
. n—1 .
o0 i+n 5 21
:<Z£z Z bj(ivn)NjaNm> + <Z€—2izbn(2ivn_2i+.j)Nn—2i+J

i=0  j=max{i,n} i=1 7=0

il 2i—1
+ Z¢> Gi-) Z b

Case (b): If m is even, then similarly by using equatlon (2.3), we have

1, n — (2Z — ].) +j)Nn—(2i—1)+j7 Nm> .

(2.4)
Z &ibm(i,n). For n > m, it

n+1
Z 5 2ib 27/ m Z ¢—(2i—1)bn(2i — l,m) if m is

- n—m+42
=T

ntl
2
E 521n

(2i,m) + Y G_2i1)bn(2i — 1,m) if
i—n— m+l = n7m+1
m, the (m,n)th entry is given by

For n < m, equation (2.4) yields (T4.¢Np, Np) =

yields <T¢75 Nn, N

odd and (T ¢Np, Np,) =
m is even. Hence, for n <

> o

if n is even;
(T eNns Nop) = ¢ "

m

g &ibm(i,n)

if n is odd
and for n > m, the (m n)th entry is given by

Z ¢ 21 7L(27/ m) Z
i=n=mtl

i n—m41
=T
’V

£ (2i-1)bn(2i —1,m)

if n is even and m is odd
¢—2ibn(2i7m) + Z € (2i-1)bn(2i —
(TN, No) = 4 "3

17m)

if n is even and m is even
j=n=mt2
ntl

2
Z E2ibn(2i,m)+ D ¢_(2i-1)bn(2i — 1,m) if n is odd and m is odd
j—n—m 'm. = 71.77271.4»2
n—l

2

ntl
2
Y. babn@im)+ D $o(ai-nba(2i—1,m)
i:n77n+1
2

= nfrzn#»l

if n is odd and m is even
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where m and n are non-negative integers and the matrix representation of T ¢ with
respect to the orthonormal basis { Ny, }n>0 is given by

$0b0 (0, 0) ¢;1b1(170) ¢_2b2(2,0) ¢_3b3(3,0)

$161(1,0) D" &bi(i, 1) €-1ba(1,1) + _2ba(2,1)  £_2b3(2,1) + ¢ _3b3(3,1)
i=0

2 2 2
$2b2(2,0) D &ba(i, 1) D $iba(i,2) £ 2b3(2,2) + Y ¢_(2i_1)b3(2i — 1,2)
=1 =0 =1
3 3 3
$3b3(3,0) > &:b3(i,1) Y $ib3(4,2) > €ibs(3,3)
i=2 i=1 i=0

O

Using Lemma 2.7, we examine the matrix representation of the adjoint of the
operator Ty . on Newton space.

Theorem 2.12. Let (¢,£) € Dy be such that for each fixed non-negative integer
> > B b;  if m is even;

m, "kge = Ma N, + Y ™NN; € L®(u) where ™\, i
" ; o ; o (#) TG ifmois odd

m ¢; if i is even and m is even or i is odd and m is odd;
and Ma; = o ) o ) Then, the
& ifiois odd and m is even or i is even and m is odd.

m-th row of the matriz of Tmy, . is the m-th row of the adjoint of the matriz of
Ty.¢ with respect to the orthonormal basis { Ny }n>0.

Proof. Suppose kg ¢ = Z ma,iNi—i—Z m™\;N;, where ™\; =
i=1 i=0

& if mis odd

m ¢; if i is even and m is even or i is odd and m is odd;
and Ma; = o ) o ) be the har-
&  ifiis odd and m is even or i is even and m is odd

{d)i if m is even;

monic symbols; the (m,n)th entry of the matrix of Tmg, . with respect to the
orthonormal basis v = {N,.},,5, of N*(P) is

<T’"k¢.5N"7 Nm> =(P (mkqﬁ,ENn) s N

=1 =0

n K]
= <Z TN bn(in =i+ )Ny iy, Nm>
i=0 j=0

[e%) +n

+ <Zm > bi(in)N, Nm> . (2.5)

i=1 j=max{in}
Consider the following two cases:
Case (i): For n > m. Then by using equation (2.5), we have
(Tog, Noy N ) = <ZmAi > bn(i,n =i+ §)Nn_itj, Nm>

i=0 =0

n—m—1 i n
< YN balbn—i+)+ Y "N

=0 Jj=0 i=n—m j=0

%

b (i,m — 1 +j),Nm>
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< Z mAibn(i,m)Nm,Nm>

i=n—m

n

S b (i, m), where ™A = 4 2 I IS even:
& if mis odd.

1=n—m

Case (ii): For n < m from equation (2.5), we obtain

m—n—1 i+n m i+n
(Twg, Ny Ny < Z ma; Y bihn)N;+ Y Ta; Y bi(in)N;
j=max{i,n} i=m—n j=max{i,n}
[e%e) i+n m
+ Z ma_; Z bj(i,n)Nj,Nm> = Z M ibm (i,m)
1=m-+1 j:max{i,n} i=m-—n

Thus, the (m,n)th entry of Tmy, . is given by
n
Z T Xibn (i,m)  if n > m;
<T’"’<¢,§Nn’ NM> =y m"
Z ma_ibm(i,n) ifn<m
=m—-—n
where m and n are non-negative integers and the matrix representation of Tmy,,
with respect to the orthonormal basis { N, },>¢ is given by

$0b0(0,0) ¢le1<1,0) ?gbz<2,0) 3 b3(3,0)

6_1b1(1,0) Y Eb1(5,1) S Eba(in 1) Z? 3(is 1)
1=0 i=1 =2
2 3

P_2b2(2,0)  E_1ba(1,1) + d_2ba(2,1) D> $iba(i,2) > $ibs(is2)
1=0 i=1
2 3

é_3b3(3,0) €_2b3(2,1) + d_3b3(3,1) E_2b3(2,2) + > F_(2,_1)b3(2i — 1,2) Z €:b3(i, 3)

i=1

Therefore, the matrix representation of the adjoint operator Tj ¢ on the Newton
space can be described row-wise. Specifically, for each non-negative integer m, the
m-th row of T; ¢ coincides with the m-th row of Ty, ., where

o0 oo
Thoe =D MasiNi+ ) AN,
i=1 i=0
th ™ ¢; if i is even and m is even or i is odd and m is odd; 47\
wi a; = an ; =
’ &  if 7 is odd and m is even or ¢ is even and m is odd ’
¢, if m is even,
_ Thus, in general, the operator Ty ¢ is not self adjoint. O
&, if mis odd.

The following examples show that, in general the operator T} ¢ is neither normal
nor isometric on N2(P).
1
Example 2.13. Let ¢¢(2) = 1N2(2), £4(2) = 0, and f(z) = ENZ(Z) Then
i=0
"kge(z) = $N2(2) for even m and ™kg ¢(2) = 0 for odd m. On using Lemma 2.5,
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we compute that

Tyef(2) =P (¢efF(2) + s (2))

1 e’} 1 1 o] 1 2142
=P <4N2(Z)Z2%N2i(2)> = Ezﬁ Z bi (24, 2) Ny (2)
=0 i=0 k=max{2i,2}

1 = 5k(2k — 1) 1 = 2k(2k + 1)
:i ; TN%(Z) Ty Z 7N2k+1(2’)7

which further implies that

s 1 [ 5k2E—1) 7 X |2k(2k+ 1)
ITs.cf (" =16 {Z — +) —
k=1 k=1
176263
253125

For m € Ny, Theorem 2.12 gives that the m-th row of the matrix of the adjoint
operator 17 . coincides with the m-th row of Tm Therefore, by Parseval’s
identity, we have

|T5eF )7 =32 U5 e F(2), Non) P = > (T,  F(2), Non) 2
m=0 m=0

kg,e-

= 5 W Tory F() Nad 2+ S [T, (), Namat) 2 (2.6)
m=0

m=0

But, for all odd m, ™kg ¢ = 0 and hence equation (2.6) implies that

|5 FE = S5 (o, o £(2), Now) 2.
m=0

Now, on using Lemma 2.7, we have

Tomy, f(2) = P (*kgef(2)) = P (iNz(Z) Z ;Nxz)) = iP (Nz(z) Z ;Ni(@)

1=0 =0
1 i 1 [e%s) 241 1
= Z Z 24+j b2+3(2’l) Nl(z)+z Z2J+2b]( 7Z) NZ(Z),
=0 | =0 =2 Jj=t

m=0| \i=0 | j=0
2
[e%s) 241 1
D IR EIERMEY
=2 | j=t
24214 2
 — Col 1247
= —b:(2,2i)| = .
2 +; Z; grvati (2 20| = 35313

2
Thus, < |\T¢,5f(z)\|2. Hence, the operator Ty ¢ is not normal.

T;’gf(z)
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Example 2.14. Let ¢¢(z) = Na(2),8s(2) = 2N2(2) and f(z) = Z%Ni’ then
=0

lf(2)]|? = 2. On using Lemma 2.5, we compute

Toef(2) =P (¢ef*(2) + & f(2))

—p (Ng(z) > ;%N%(z)> +P <2N2(z) > 221,1+1N2i+1(z)>

i=0 i=0
[e%) 1 21+2

=D o DL b2L2N()
=0 j=max{2i,2}

2i+3

i=0 j=max{2i+1,2}

5 { k2k—1)  k(2k—1) 4k(2k—1) } Naj(2)+

22k—2 22k 92k—1
k=1
X f2k(2k+1) | 2k(2k+1)  2k(2k + 1)
Z { 92k+1 + 922k—1 - 92k N2k+1(z).
k=1

This implies, ||Ty.¢f(2)]|*> = 3228 and || f(2)]|* = 2. Thus, the operator Ty is
not isometric.

3. Expansivity and contractivity of 2-Toeplitz operator on N?(P)

In this section, we investigate the expansivity and contractivity of 2-Toeplitz
operators on the Newton space. Let us first recall the definitions of these properties
for a bounded linear operator 7" on a Hilbert space: T is contractive if T*T < I,
expansive if T*T > I, and isometric if T*T = I. In the following theorem, we
characterize the contractivity and expansivity of 2-Toeplitz operators T ¢ with
analytic symbols on N?(PP).

Theorem 3.1. Let (¢,§) € Do such that ¢¢(z) = Zaij(z) and £4(2) =

Zdij(z) for some m € N and a;,d; € C. Then the following holds:
3=0
(i) Tye is contractive if and only if

° min{m,2k} L%J min{m,2k} I—%~|
E STap > Aki(0,00+ Y di Y Aig,(1,0)
0 j=0 i=0 j=1 i1
] ) 2
min{m,2k+1} [% min{m,2k+1} L%J )
2
+ ST a) A0+ D d Y ALY < el
j=1 i=1 7=0 =0 =0

(ii) Tye is expansive if and only if
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] ] 2
° min{m,2k} I_%J min{m,2k} [%1
E Z a; ZAi’k’j(O’O) + Z dj ZAi,k,j(lao)
o =0 i=0 j=1 i=1
. . 2
min{m,2k+1} |—%—| min{m,2k+1} L%J 00
+ Z ajZAi,kd(Q,l) + Z deAi,kJ(l,l) = Zlci|2
j=1 =1 7=0 =0 1=0
for any ¢; € C.
Proof. Let f(z) = ZC,N7(Z) € N?(P). Then ||f(2)|? = Z ;> and by using
i=0 i=0
Lemma 2.5, we have
Tyef(2) =P (e f*(2) + &5 (2))
:P Za] 2021N22 + P Zd]N](Z) ZCQH_lNQH_l(Z)
=0 i=0

a;coiNj(z)Noi(2) | + P sz c2i+1N;(2)Nait1(2)

7=0 =0

%
i 1
N

m 2i+j
=P Z a;co; Z be(2,5)Ni(2)
7=0 =0 k=max{2i,5}
m oo 2i+1475
+P szjcm‘—‘rl Z by(2i+1,5)Ny(2)
=0 i=0 f=max{2i+1,j}
2i+1
—Zaocglzbk (2i ONk —|—Zd0621+1 Z bf 22—1—1 O)Nf( )
k=21 1=0 f=2i+1
o) 2i+1 2i+2
+Za102i Z bi (22 1 Nk +Zd1021+1 Z bj(22+ 1,1)Nf(2)
=0 k=max{2¢,1} f=max{2i+1,1}
[eS) 2142 2i+3
—&-Zazc% Z b (22 2 Nk +Zd2621+1 Z bf(22+ 1,2)Nf(2’)
i=0 k=max{2i,2} f=max{2i+1,2}

2i+m

+ .+ Z A C2i Z by (2i, m)Ni(2)
=0 k=max{2i,m}

2i+14+m

+ deCQH_l Z bf(Qi + l,m)Nf(z)
1=0

f=max{2i+1,m}
:CLQCObo(O, O)No(z) + {doclbl(l, 0) + a10061 (O, 1) + dlclbl(l, 1)} Nl(Z)
+ {a002b2(2, 0) —+ dlclbz(l, ].) —+ a102b2(2, 1) —+ a200b2(07 2) + dQCle(l, 2)
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+ a262b2(2, 2)} NQ(Z) =+

Thus,
° min{m,2k} L%J min{m,2k} [%—‘
Tyef(2) = E D> Ak 0,00+ > di Y Aik(1,0) p Nog(2)+
j=0 i=0 j=1 i—1
k=0
© min{m,2k+1} [%1 min{m,2k+1} L%J

Z Z a; ZAUCJ(Q?I) + Z deAi,k7j(17]~) N2k+1(2’).

0 j=1 i=1 =0 i=0

Therefore, the operator T} ¢ is contractive on N?(P) if and only if

. . 2
° min{m,2k} L%J min{m,2k} |—%‘|
E Z ajZAi’k,j((LO) + Z deAiyk’j(].,O)
o0 j=0 i=0 j=1 i=1
. . 2
min{m,2k+1} |—%—| min{m,2k+1} I_%J 00
+ S @) A2+ > A Y A (L] < el
j=1 i=1 §=0 i=0 i=0
Analogously, we establish the result for expansivity. This proves the result. O
Example 3.2. (i) Let ¢e(z) = —1, &p(z) = —2 + IN1(2) and f(2) = § +

§N1(2) + §Na(2). Then |£| = % and

4
. 2
o min{m,2k} L%J min{m,2k} [%W
Z Z ajZAi7k,j(O70) + Z deALk’j(l,O)
k=0 j=0 i=0 j=1 i=1
. . 2
min{m,2k+1} (%1 min{m,2k+1} I_%J
+OY @ A2+ Y Ay Auk(1L)
j=1 i=1 =0 i=0

|(1()Co‘2 + ‘doCl + dlclbl(l, 1)|2 + |(l()Cl —+ dlclbg(l, 1)|2
1 3

2 <1
Thus, the operator Ty ¢ is contractive.

(i) Let ¢¢(2) = $MN1(2), &(2) =1 and f(z) = 1 + $N1(2) + 3N2(z). Then
IfI* = 3 and

. ) 2
o min{m,2k} I_%J min{m,2k} [%“
D X w2 A0+ > Y Aik(1,0)
k=0 7=0 =0 j=1 =1
. ) 2
min{m,2k+1} |—;—| min{m,2k+1} L%J

+ Z aj;Ai,k,j(Zl) + Z deAi,kJ(l,l)

Jj=1 j=0 i=0
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= |doe1bi(1,0) + arcobi (0,1)]* 4 |arcaba(1,2)[% + |aycabs(2, 1))
29 3

62

Thus, the operator Tj ¢ is expansive.

Corollary 3.3. Let (¢, &) € Do such that ¢¢(2) = Y a;Nj(2),66(2) = Y d;N;(2)

j=0 j=0
for some m € N and a;,d; € C. Then the following holds:

(i) If Ty ¢ is contractive, then
1 — .
( 2 2) {|Coao|2+Zcoai+zcl (di—1 —di)|2—|—|(m+1)cldm2} < 1.
|col™ + lea i=1
(ii) If Ty ¢ is expansive, then
1 2, . 2 2
—5—— | { lcoao|” + Z lcoa; +ic1 (di—1 — di)|” + [(m + Derdm|™ p 21
lcol™ + || i=1
for any cg,c; € C.

Proof. Let f(z) = coNo(2) + c1N1(2), then || £(2)||2 = |co|® + |e1|* and by utilizing
Lemma 2.5, we obtain

Tpef(2) = P (¢ef*(2) +&f7(2))

=P Zaij(Z)Co + Zdij(Z)ClNl(Z)
7=0 7=0

m J+1

:cOZaij(z)+C1 Zdj Z bi: (4, 1) Ni(2)
j=0 J

j=0 k=max{1,5}
= CpQo + Z {Coai + iCl (di,1 — dz)} NZ<Z) + (m + l)CldmNm+1<Z).
i=1
Thus if Ty ¢ contractive, then we have
lcoaol* + > leoas +icr (diy — di)|* + |(m + Derdm[® < Jeof® + |er ]
i=1
This implies,
1 G ,
( 2 2) {|COGO|2+ZCOG1'+ZC1 (di—1 di)|2+|(m+1)cldm2} < 1.
‘Col + ‘Cll i=1
Similarly, we conclude the result for expansivity. This completes the proof. O

Remark 3.4. In general, the converse of Corollary 3.3 does not hold, which can
be seen with the help of the functions ¢¢, &4, and f discussed in Example 3.2.

We use the following lemma to prove Theorem 3.6.
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Lemma 3.5. [5] Let m € N. For any k=0,1,2,...,m, let
S, k) 1= (b (0, B)2 + [ (s ) 4+« [y, o)
and for any k =m+1,m—+2,..., let
Sk(m. k) = [bx(m, k)[* + [bra (m, K) - + by (K.
Then, the sequences {Sp(m, k)},_, and {Sk(m,k)};~ ., are increasing.
By employing Lemma 3.5, we discuss the special instance of Theorem 3.1.

Theorem 3.6. Let (¢,£) € Doo such that ¢¢(2) = aNp, (2) and £4(2) = ANy (2)
for some m € N and non-zero a,d € C, then the following holds:

(a) (i) Ty is expansive if and only if

o3} t
Z Z Aic btzm

t=m [1=t—m

o0
P Z|Ci\2~
i=0

(i) Suppose Ty ¢ is expansive, then |a| > 1 if i is even and |d| > 1 if i is
odd.
(b) (i) Ty is contractive if and only if

Z Z )\lclbt(z,m)

2 o0
<D lal.
t=m |i=t—m i=0
(ii) Suppose Ty ¢ is contractive then { S, (m, k)},—, is bounded by g, where

AL
laf?” [d]?

g = max

a if i is even;

€ C,ieN d where \; =
for any c 1 o and where {d ifi is odd.

Proof. Let f(z ZCZ i(2) € N*(P). Then, we have | f(z)||> = Z|CZ| Using

Lemma 2.9, we compute

1Ts.ef(2)1? =P (¢ fT(2) + &6~ (2)) 1P

( ZCmsz +dNm )ZCQi-i-lNQi-',-l(Z))

=0

2

0 t 2 o

f .

- Z Z )\ clbt Z m bl Where >\Z = a 1 Z ?S even?
t=m [i=t—m d if i is odd.

Thus T} ¢ is expansive on N2(P) if and only if ||T¢,,§(f)||2 > || f||? or, equivalently,

(oo}

t o
S Nebiim)| =) el
=0

t=m [i1=t—m
Similarly, T ¢ is contractive on N?(P) if and only if

2 o0

o t
S Nebii,m)| <Y el
1=t—m

t=m |i=t— =0
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Using Proposition 2.11 of [5], we can conclude that |a| > 1 if ¢ is even, and |d| > 1 if
i is odd. Moreover, on applying Theorem 2.15 from [5], we deduce that the sequence
{Sm(m,k)}" is bounded by ﬁ for even 7 and by # for odd 1. O

The following example shows that the converse of Theorem 3.6 does not hold.
Example 3.7. (a) Let m =1,a=1,d = 1.001,¢, = (l)n From Theorem 3.6, we

2
have

= ZtQ ()\tct — )\t,16t71)2

:Z M2 +Z)\t N 1t2—2z)\t)\t et

t=1 t=1 t=1

o (o)
1088 21 5011
Here, ZtQ/\fcf = Z( )2 \3,c5, +Z (2t — 1)273,_1c5,_1 = 3375 + 50~ 6750°

t=1 t=1 t=1
. - 593 37 .
Similarly, we get ;:1 MGt = 200 and E MA1ticeiq = = 5 Thus, it
g ’ 20012 NN 4
foll that Nicibe(i,1 d ; =-.H ,
ollows tha él i:%q cibe(i, 1) ~ o000 A0 E les)? = ;0< ) 3 Hence

the operator Ty ¢ is not expansive.
(b) Let m=1,a=1,d=—3,¢, = (%)n and {S,,(m, k)};", is bounded by 9.
Using Theorem 3.6, we have7

= Zt2)\?C? + Z )\?,16?719 -2 Z )\t)\t71t20t710t
t=1 t=1 t=1
37 91 00 21 e} )
~100 " 50 100 3 2( ) ’;M '

Hence, the operator Ty ¢ is not contractive.

Corollary 3.8. Let ¢¢(z) = aNa(z) and £y(z) = dNa(z) for non-zero a,d € C,
then the following holds:

(i) Ty,e is contractive if and only if

t

Z btl].

oo

2

=1

oo

Sk +1)? {(Qk +1)%|a (ca + Conra) — 2deapii |’
k=0
+(2k 4 3)?|d (capy1 + Conis) — 2a02k+2|2} < i lei
=0
(ii) Ty,¢ is expansive if and only if
i(k +1)? {(% +1)2 |a (can + Conr2) — 2deapsn|?
k=0

+(2k +3)* |d (cars1 + cares) — 2062k+2|2} > el

for any ¢; € C and 7 € Ny.
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Proof. From Theorem 3.6, we have ||Ty ¢ f(2) Z
t=2

Z )\czbt22

1=t—2

. Using

Lemma 2.6, we compute

t 2
Z /\icibt(2a Z)

i=t—2

= |>\t—2ct—2bt(2a t— 2) + /\t_lct_1bt(2,t — 1) + )\tctbt(2, t)|2

t t t
= |A—2Ci—2 (t _ 2) + M—1c—1(—2) (t _ 2) + Ay <t _ 2)
S\t —2

|Ai—2ci—2 — 2N\ _1ci1 + >\tct|2 .
On substituting ¢t — 2 = k, we get
2 00 2
N k
k=0
&2k 2\
B 2k
k=0
2k + 3\ |2
2k+1

(k+1)? {(% + 1)2 [AokCor — 2Aaks1Coktt + AokroCorial’

2

t

Z bt2l

o0

2
|AkCr — 2Ck 11 k41 + AkroCryo]

2
[XakCor — 2A2k41C2k4+1 + A2k42C2r+2]

+

2
[A2k+1Cok41 — 2X2k42C2k42 + A2k3C2k+3] }

HM8

=

0

+(2k + 3)% | Aak41C2k4+1 — 2A2k12C2k 42 + )\2k+302k+3|2}

Nl

(k + 1)2 {(Qk + 1)2 |CL (Cgk + 62k+2) — 2d02k+1|2

>y-

=0
+(2/€ + 3)2 |d (cokt1 + Corts) — 2a02k+2|2} .

Thus T} ¢ is contractive on N?(P) if and only if

3k +1)? {(2k +1)2a (cor + copsa) — 2deap i |
k=0
+(2k + 3)2 |d (copt1 + 02k+3) — 2a02k+2|2} < Z |Ci‘2 .
i=0
Similarly, we get the condition for expansivity. O

Remark 3.9. If ¢¢ = aN,,(z) and & = dN,,(z) for Some m,n € N and a,d € C,
then by using Theorem 2.19 and Corollary 2.21 of [5], we directly say that Tp ¢ is
never contractive and never expansive.

The following theorem addresses the necessary conditions for expansivity of 2-
Toeplitz operators for harmonic symbols.
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oo

Theorem 3.10. Let (¢,&) € Do, such that ¢¢(z) = Z +Z $_2iNoi(2) +

1=0 =

Zf 2i-1)Nai—1(2) and &4 (= Zfz i +Zf 2iNai ( )+Z¢—(21‘—1)N2¢—1(2’)-

i=1
If T¢ ¢ 15 expansive, then

> g +igir — ikl =2 g0+ o1’ — p1 + & — &1 — 1>

=2

Proof. Let f(z) = No(2)+ Ni(z) € N?(P). Then || f(2)||*> = 2 and by using Lemma
2.5 and Lemma 2.7, we obtain

Tyef(2) =P (¢eNo(2) + & N1 (2))

=P (Z ¢—2iNai(2) + Z £ 2i—1)Na2i—1(2) + Z ®iN;i(2
i=0

i=1 i=1

+Z§ 2i Nai(2) N1 (2 +Z¢ 2i—1)Nai—1(2 )N1(Z)+Z§iNi(Z)N1(Z)>
i=1 i=1 i=0
i1

=Y oiNi(2) + o Y bi(LON;(2)+ D& D bi(i, )N, (2).
i=0 j=0

=0  j=max{s,1}

Using Lemma 2.6, we compute
Tyef(2) = (¢o+ d-1) + (61 + & — &1 — )+ (i + &1 — i&) Ni(2).
=2

Thus, if Ty ¢ is expansive, then we have

b0 + d—1® + b1 + &0 — & — P+ D |gi +iki — ikl > 2,

i=2
which implies that
D olgi+i&ir —i&l? =2 g0+ b1 — o1+ & — & — b
i=2
This completes the proof. O

The subsequent theorem outlines the necessary condition under which the adjoint
of 2-Toeplitz operator exhibits expansivity for harmonic symbols.

Theorem 3.11. Let (¢,€) € Do, such that ¢¢(z quz i(2)+ > ¢-2iNai(2) +

i=1
Z E iy Nai1(2) and &y(2) = ) §z‘Ni(2)+Z §2ilN2i(2)+ ) d—(2i-1)Nai1(2)-
i i=0 =1 i=1

If T ¢ is expansive, then

Z (1= M)y + M |> =2 — |do + d1> — |&0 — &1
m=2
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Proof. Let f(z) = No(2)+N1(z) € N%(P), then || f(2)||* = 2. For m € Ny, Theorem
2.12 gives that the m-th row of the matrix of the adjoint operator T7 s coincides
with the m-th row of Ty, .. On using Lemma 2.7, we obtain

Ty e f(2) =P (Mg eNo(2) + kg eN1(2)) (3.1)
P<Zma iNi(z +Zm>\N +Zma iNi(2) Ny (z)

+ Z m)\iNi(Z)N z
=0
i+1

+Zma_ > b(1,0)N,(2)

j=max{s,1}

+ ™A No(2) + (M Ao — ™A N1 (2)

:m)\o 4+ "N+ (m/\o — m/\l)Nl (Z) + Z (ma_i + ima_i“ — ima_i) Nl(Z)

i=2
(3.2)
Further, from Parseval’s identity and equation (3.2), we have
. 2 o= | e S 2
||T¢,§f(Z)H = Z |<T¢,§f(z)aNm(Z)>| - Z '<ka¢ff(z)aNm(Z)>’
m=0 m=0

M

<(m)\0 +m )\1) + (m)\o — )\1 N1 + Z ma,i + ima,Hl
=2

3
I
<

—ima_;) Ny(2), Nm(z)>

oo
- ’0)\1 + 0)\1|2 + |1)\0 — 1)\1|2 + Z [0 + m™a_ 1 — mma,m|2

m=2

=|¢o + ¢1/* + €0 — &I +Z (1= M)+ mé |-

Thus, if qu,g is expansive, then we have

6o + d1]” + &0 — &I° + Z (1= 1) + M| > 2
m=2
which implies that
Y= m)pom +mEmia| =2 g0+ d1|* — |60 — &l
=2

This completes the proof. O

The following theorem establishes the necessary and sufficient conditions for the
expansivity and contractivity of 2-Toeplitz operators with harmonic symbols.
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oo

Theorem 3.12. Let (¢,&) € Do, such that ¢e(z) = Z —I—Z $_2iNoi(2) +

1=0 =

Zf 2i-1)N2i—1(2) and {4 (2 Zfz i +Zf 2iNai ( )+Z¢—(21‘—1)N2¢—1(z)-

i=1
Then the following holds:
(i) Tye is contractive if and only if
[e'e) J 2
> Z%ZAW (0,0) +Z@ZAW (1,0) +Z V=302, (0
k=0 7=0 =0 i=
2
okt1 5] okt1 3] )
2
Z¢JZA2k,J2 1) Z@ZAH&J 1,1) +Z Vﬂéz?k,J( ) <Z|Ci|
= = =0
(ii) Ty e is expansive if and only if
. 2
2k 2
E : Z% ZAl’w (0,0) +Z‘5J ZAl’w 1,0) +Z V53,25, (0
k;:() i= i=
) 2
okt1 4] okt1 3] oo
12 D Aiki @D+ 3 &Y Ay (L) +Zu_”2,w > leil
j=1  i=1 j=0 =0 i=0

. ¢; if i is even and j is even or i is odd and j is odd;
where ¢; € C and Jv; = o o o o
& if i is even and j is odd or i is odd and j is even.

Proof. Let f(z ch i(2) € N*(P). Then we have ||f(2)|]*> = Z le;]* and by

using Theorem 3.1 and Lemma 2.10, we compute

ITs.ef ()I° =[P (¢ (2) +Eof~(2) I

= P<Z¢2iN22 ZC2kN2k +Z§ 2i—1)Nai—1( )ZCQszk(z)+
i=1 k=0

=1

Z ¢»iNi(2) Z CQkNQk(Z)> +P (Z €2 Ny (2) Z corNopt1(2)+
=0 k=0 k=0

=1

Z ¢—(2i—1)N2i71 (2) Z Car+1Nopq1(2) + Z §iNi(2) Z C2k+1 N2k 41 (2)>

2

i=1 k=0 =0 k=0

o0

<Z¢z i ZC%N% +Z§z i Zc2k+1 )Nopt1(2z )>+
=0

k=0 k=0

P<Z¢—2iNm ZC%N% +Z§ @i~1)N2i—1( )ZC2kN2k(Z)+
i=1 k=0

i=1
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2

Z 5721'N2z Z cak+1Nagy1(2) + Z ¢—(2i—1)N2i71 (2) Z Cakt1 V211 (2)>
i=1 k=0

=1 k=0

2

_Z Z(b]ZAzkr,jOO +Z§]ZAZ]€7J 10 +ZV7J6’L2]€7]

2
okl [ 3] okt1 3]
)55 SIUHERIRS P SFHIRIED o St
Thus, the operator T} ¢ is contractive on N%(P) if and only if
[e's] T 2
> Z@ZAW (0.0) +Z@ZAW (1,0 +Z V332550
k=0 7=0 =0 i=
2
ok+1 |3 ok1 3] oo
Z¢JZA2M21 Z’SJZAﬂwll +ZV*15%2’W <Dl
i= = =0
Similarly, we obtain the result for expansivity. O

Remark 3.13. On using Theorem 3.12, we can obtain the necessary and sufficient
condition for contractivity and expansivity of Toeplitz operator having harmonic
symbol ¢. Indeed, Toeplitz operator, Ty is said to be contractive if and only if

0 2

k+j 0o
DR WRAETENS SRR LT R ol
k=0 j=0 1=0 i=max{k,j} =0

Example 3.14. (i) Let ¢e(2) = $N1(2) + 3 N2(2) + Ni(2) + 1N2( ), Eo(2) =
TN1(2)+ £ Na(2) + Ni(2) + £ N2(2) and f(2) = 14+ 1Ni(2). Then || f[|> =2

and
v 2
D 2o 8> Ak (0,0) +Z€JZAmlO+ZV—mm
k=0 | [j=0 i=0 i=
2
241 | E] 21 L3)

Z quZA”w (2,1) Z @ZAZ,W (1,1) +Z v_ 6ok (1

= |p_re1]” + |prco + d_1crbi(1,1) + Ererbi (1, 1)) +
7237 5

|£10162(1 ].) +£261b2(2 ].) +¢)200| + |£201b3(2 1)‘ m < Z

Thus, the operator Ty ¢ is contractive.
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(i) Let ¢e(2)

NL(2) + V(=) + 15N (2) + 5 8a (), o(2) = fNi(e) +

2Ny(z )+§N( )+ 2Na(z) and f(z) =1+ $Ni(2). Then ||f[|> = 5 and
2
Z Z¢]ZAlijO +Z§JZA11€)10+Z V—j szg
k=0 7=0 1=0 i=
. 2
2ht+1 | 3] okt1 3]

Z¢]ZAzk772l 25]2A1k7j11 +Zy—j 127@77

= |p_re1]” + |prco + d_1crbr(1,1) + Ererbi (1, 1)) +
209

by
[€re1ba(1.1) + E2e1b2(2,1) + baco|* + [2eaba(2, D = T3 > 7.

Thus, the operator Ty ¢ is expansive.

Remark 3.15. In general, the converse of Theorem 3.10 does not hold, which can
be seen for the functions ¢¢, £ and f discussed in Example 3.14 (i), for which the
operator Ty ¢ satisfies the condition in Theorem 3.10 but it is not expansive.

The following theorem delineates a necessary and sufficient condition for ensuring
the adjoint of 2-Toeplitz operator to be contractive and expansive with harmonic
symbols.

Theorem 3.16. Let (¢,&) € Do, such that ¢¢(z Zqﬁz ; )+Z¢_21N72i(z)+

i=1
25 2i-1)N2i—1(2) and &4(» Zfz i )+Z € 2ilN2i(2)+ Y b—(2ie1)Nai1(2).
i=1 i=1
Then the following holds:
(i) T 5 is contractive if and only if
2
Z%Cg +) Za—g ZC% ibar (2k — 1, 7) + Z¢g 1,2k, (0
k=1 |5=0 1=0
2
oo |2k— L 7 oo
Z Zﬂ Zc2klzb2k 1(2k =1 —14,7) +Z§]ZQ}€,J <Z|Cz‘|2-
k=1| j=0 =0
(ii) T} ¢ is expansive if and only if
2 2
(oo}
Zdyc] +Z Za—]ZCQk ibok(2k — 1, 7) + Z% i,2k,5(0
7=0 k=1 |j=0 =0
2
oo [2k— 17 7 o)
+Z Zﬁ jZCleszk 12k —1—14,7) +Z§J12k‘] 1) >Z|Ci|2
k=1]|3j =0 7=0 =0

i=0
where a; = % Zf] Z:S even: ,Bj = & Zf] Z:S Y and c; € C.
& ifjis odd ¢; if jis odd
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oo

Proof. Let f(z ZCZ () € N*(P), then we have ||f(2)||> = Z|Ci|2 For

m € Ny, Theorem 2. 12 gives that the m-th row of the matrix of the ad301nt operator
T; ¢ coincides with the m-th row of Tmy, .. On using Lemma 2.5 and Lemma 2.7,
we compute

Tk, f(2) =P (ko f(2)) = P Zma NS e ()

Jj=0

o
) k J
=" Ajeib;(5,0) + E DTy enibr(k —i,5)
=0 e Li=1 i=0

00 k+j
+30mN Y b k) g Ni(2).
7=0 i=max{k,j}
(3.3)
Now, using Parseval’s identity and equation (3.3), we have
1T5 e f N = D2 (T3l ) M@ = D7 [(Toky (), Nun(2)) [
m=0 m=0
oo 0o 0o k J
= <Zm>\jcj +D 9> Ta ;> cxibi(k—i,5)
m=0| \j=0 k=1 | j=1 i=0
0 k+j 2
j=0 i=max{k,j}
2
© [eS) k J 0 k+j
=D "G5c| DR Y itk —i) + D> FN Y i k)
7=0 k=1 |j=0 =0 j=0 i=max{k,j}
This further implies that
) o 2 oo 2k 7 o 2
|Tsef(2)]" = Zd’jcj + Z ZT—]Z Cok—ibar(2k — i, 5) + Z¢j5i,2k,j(0)
§=0 k=1|j=0 i=0 j=0
2
oo |2k— 7
+Z Z Z2klzb2k 12k =1 —1i,7) +ngz2k:,g( 1)
k=1 j=0 i=0 j=0
Thus, the operator T} . is contractive on NZ2(P) if and only if
2 2

Z¢jcj +Z Za jZCZk: ibar (2k — 4, 7) +Z¢] Z2kj

k=1 [j=0 i=0
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oo [2k—1

Z Zﬁ ]ZCQk 1—ibak—1(2k — 1 —1,j) +Z£] 02k, (— §Z|Ci|2-
- i=0

k=1 j=
Analogously, we obtain the result for expansivity. This completes the result. (Il

Example 3.17. (i) Let f(z) = 1, de(z) = EN1(2) + 2N1(2) and &4(z) =
2Nl(z) + “5Ni(z). Then ||f||* =1 and

Z(ﬁjcj +Z ZQ_JZC% ibar (2k — i, ) JFZ‘?; i,2k,5(0
7j=0

k=1|j=0 i=0
. 2
oo k—li Vi © 81
kz:: ZZ:O B-; ;C%—l—ibzk—l@k —1-14,j) + ;fﬂi,%n(—l) =700 <%

Thus, the operator T7; ¢ is contractive.

(ii) Let f(2) = 1, ¢e(z) = 2N1(2) + 2N1(2) and &y(2) = FN1(2) + N1 (2).
Then ||f|\2 =1 and

Zgbjcj +Z Za_gzczk ibar (2k — i, §) JFZ% i,2k,5 (0
k=1 |j=0 =0
oo |2k— J ’ 36
—i—Z Z Zczk 1—ibok—1(2k — 1 —14,7) +Z€J i,2k,j (—1) :%>1'
k=1| j=0 i=0 j=0

Thus, the operator T . is expansive.

Remark 3.18. In general, the converse of Theorem 3.11 does not hold, that can
be seen for the functions ¢¢, £ and f discussed in Example 3.17 (i), for which the
operator T ;’5 satisfies the condition in Theorem 3.11 but it is not expansive.

4. Conclusion and Future remarks

We dedicate this paper to the study of an invariant associated with the 2-Toeplitz
operator Ty ¢ defined on the Newton space N 2(P). Our investigation includes an
analysis of the contractivity and expansivity of T4 ¢, for which we derive char-
acterizations in the cases of analytic and co-analytic symbols. We note that the
characterization of these properties for other symbol types, such as harmonic and
non-harmonic, is a subject for future exploration. Additionally, we propose the ex-
amination of other operator properties, including spectral properties, as a direction
for subsequent research.
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