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1. Ââåäåíèå

Â ðàáîòå ðàññìàòðèâàþòñÿ ñèñòåìû ðàçíîñòíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êî-
ýôôèöèåíòàìè â ëèíåéíûõ ÷ëåíàõ ñëåäóþùåãî âèäà

xn+1 = A(n)xn +B(n)xn−τ(n) + F (n, xn, xn−1, . . . , xn−τ ), n = 0, 1, . . . , (0.1)

ãäå {A(n)}, {B(n)} � ïîñëåäîâàòåëüíîñòè N -ïåðèîäè÷åñêèõ ìàòðèö ðàçìåðà m×m,
ò. å.

A(n+N) = A(n), B(n+N) = B(n), n = 0, 1, . . . ,

τ(n) ∈ N � çàïàçäûâàíèå, 1 ≤ τ(n) ≤ τ < ∞, F (n, u0, u1, . . . , uτ ) � âåêòîð-ôóíêöèÿ,
óäîâëåòâîðÿþùàÿ îöåíêå

∥F (n, u0, u1, . . . , uτ )∥ ≤ q∥u0∥1+ω, uj ∈ Cm, j = 0, 1, . . . , τ, n = 0, 1, . . . . (0.2)

ω, q > 0. Öåëü ðàáîòû � èçó÷åíèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøå-
íèÿ ñèñòåì âèäà (0.1) è ïîëó÷åíèå îöåíîê ðåøåíèé {xn}, õàðàêòåðèçóþùèõ ñêîðîñòü
ñòàáèëèçàöèè ïðè n → ∞.

Õîðîøî èçâåñòíî, ÷òî ðàçíîñòíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì èñïîëüçóþòñÿ ïðè
ìîäåëèðîâàíèè ðàçëè÷íûõ ïðîöåññîâ â áèîëîãèè, õèìèè, ýêîíîìèêå, ñîöèîëîãèè è äð.
Îäíîé èç âàæíûõ ÿâëÿåòñÿ ïðîáëåìà óñòîé÷èâîñòè ðåøåíèé âîçíèêàþùèõ óðàâíåíèé
è ñèñòåì. Ïîñëåäíèå 30 ëåò ïðîâîäÿòñÿ àêòèâíûå èññëåäîâàíèÿ ýòîé ïðîáëåìû äëÿ
ðàçëè÷íûõ êëàññîâ ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàíèåì (ñì., íàïðèìåð, [1, 2, 3, 4,
5, 6, 7, 8, 9, 10, 11, 12, 13] è ññûëêè â ýòèõ ðàáîòàõ). Ïðè èçó÷åíèè óñòîé÷èâîñòè ïðèìå-
íÿþòñÿ àíàëîãè ìåòîäîâ, èñïîëüçóåìûõ â òåîðèè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ
óðàâíåíèé (ñïåêòðàëüíûå ìåòîäû, ìåòîä íåðàâåíñòâ òèïà Õàëàíàÿ, ìåòîä ôóíêöèé
Ëÿïóíîâà è ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî, ïîñòðîåíèå ðåøåíèÿ â îïåðàòîð-
íîì âèäå, óñòàíîâëåíèå ñâÿçåé ìåæäó îáûêíîâåííûìè äèôôåðåíöèàëüíûìè óðàâíå-
íèÿìè è ðàçíîñòíûìè óðàâíåíèÿìè ñ çàïàçäûâàíèåì è ò. ä.). Â íàñòîÿùåå âðåìÿ
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êðàéíå ìàëî ðàáîò, â êîòîðûõ ðàññìàòðèâàþòñÿ íåëèíåéíûå ðàçíîñòíûå óðàâíåíèÿ
ñ ïåðåìåííûì çàïàçäûâàíèåì.

Ñèñòåìû âèäà (0.1) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè (A(n) ≡ A, B(n) ≡ B) ðàñ-
ñìàòðèâàëèñü â [15, 16]. Ñ èñïîëüçîâàíèåì ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî
ñïåöèàëüíîãî âèäà â [15] èññëåäîâàëàñü óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ â ëèíåéíîì
ñëó÷àå (F (n, u0, u1, . . . , uτ ) ≡ 0), â [16] � â íåëèíåéíîì ñëó÷àå. Ñèñòåìû âèäà (0.1) ñ
N -ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè â ëèíåéíûõ ÷ëåíàõ ðàññìàòðèâàëèñü â [17, 18].
Â [17] èçó÷àëàñü àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ëèíåéíûõ ñèñòåì
(F (n, u0, u1, . . . , uτ ) ≡ 0), â [18] � êâàçèëèíåéíûõ ñèñòåì (ω = 0). Â äàííîé ðàáîòå
èçó÷àåòñÿ áîëåå ñëîæíûé íåëèíåéíûé ñëó÷àé (ω > 0). Ïðè ïðîâåäåíèè èññëåäîâàíèé
ìû áóäåì èñïîëüçîâàòü ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

v(n, x) = ⟨H(n)xn, xn⟩+
n−1∑

j=n−τ

⟨Kn−j−1xj, xj⟩, (0.3)

ãäå H(n) = H(n +N), K0, K1, . . . , Kτ−1 � íåêîòîðûå ýðìèòîâû ïîëîæèòåëüíî îïðå-
äåëåííûå ìàòðèöû. Ýòîò ôóíêöèîíàë áûë ïðåäëîæåí â [17] è ÿâëÿåòñÿ äèñêðåòíûì
àíàëîãîì ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî

⟨H(t)y(t), y(t)⟩+
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ds,

H(t) = H∗(t) > 0, K(s) = K∗(s) > 0, s ∈ [0, τ ],

ââåäåííîãî â [19] äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè
â ëèíåéíûõ ÷ëåíàõ [20]

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0,

ãäå A(t), B(t) � ìàòðèöû ñ T -ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè.
Èñïîëüçóÿ ôóíêöèîíàë (0.3), ìû óñòàíîâèì îöåíêè íà ìíîæåñòâî ïðèòÿæåíèÿ

íóëåâîãî ðåøåíèÿ íåëèíåéíûõ ñèñòåì âèäà (0.1) è ïîëó÷èì îöåíêè íà ñêîðîñòü ñòà-
áèëèçàöèè ðåøåíèé ýòèõ ñèñòåì íà áåñêîíå÷íîñòè. Â ïåðâîì ïàðàãðàôå ñîäåðæàòñÿ
âñïîìîãàòåëüíûå ðåçóëüòàòû, êîòîðûå áóäóò èñïîëüçîâàòüñÿ âî âòîðîì ïàðàãðàôå
ïðè ïîëó÷åíèè îñíîâíûõ ðåçóëüòàòîâ.

� 1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó ðàçíîñòíûõ óðàâíåíèé ñ çàïàçäûâàíèåì è ïåðèî-
äè÷åñêèìè êîýôôèöèåíòàìè

xn+1 = A(n)xn +B(n)xn−τ(n), n = 0, 1, 2, . . . , (1.1)
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ãäå {A(n)}, {B(n)} � ïîñëåäîâàòåëüíîñòè N -ïåðèîäè÷åñêèõ ìàòðèö ðàçìåðà m ×
m, τ(n) ∈ N � çàïàçäûâàíèå, 1 ≤ τ(n) ≤ τ < ∞. Î÷åâèäíî, ýòó ñèñòåìó ìîæíî
çàïèñàòü â âèäå ñëåäóþùåé ñèñòåìû ëèíåéíûõ ðàçíîñòíûõ óðàâíåíèé ñ ïåðåìåííûìè
êîýôôèöèåíòàìè

xn+1 = A(n)xn +
τ∑

j=1

Bj(n)xn−j, n = 0, 1, . . . , (1.2)

ãäå

Bj(n) =

{
B(n) ïðè j = τ(n),

0 ïðè j ̸= τ(n).
(1.3)

Ïðè èçó÷åíèè àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (1.2) â [17]
èñïîëüçîâàëñÿ ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (0.3). Áûëè óñòàíîâëåíû äîñòà-
òî÷íûå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (1.2), à
ñëåäîâàòåëüíî è (1.1), ïðè ýòîì òàêæå ïîëó÷åíû îöåíêè íà ñêîðîñòü óáûâàíèÿ ðå-
øåíèÿ {xn} ñèñòåìû (1.1) ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè

x0, x−1, . . . , x−τ (1.4)

ïðè n → ∞. Ïðèâåäåì ñîîòâåòñòâóþùèå ðåçóëüòàòû èç ðàáîòû [17].
Âñþäó äàëåå S > 0 (S < 0) îçíà÷àåò, ÷òî S � ýðìèòîâà ïîëîæèòåëüíî (îòðèöà-

òåëüíî) îïðåäåëåííàÿ ìàòðèöà.

Òåîðåìà 1. [17] Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ýðìèòîâû ïîëîæèòåëüíî
îïðåäåëåííûå ìàòðèöû

H(n), Kj, j = 0, 1, . . . , τ,

òàêèå, ÷òî

H(n) = H(n+N), ∆j = Kj−1 −Kj > 0, j = 1, . . . , τ,

è ñîñòàâíûå ìàòðèöû

C(n) = −


C00(n) A∗(n)H(n+ 1)B1(n) . . . A∗(n)H(n+ 1)Bτ (n)

B∗
1(n)H(n+ 1)A(n) C11(n) . . . B∗

1(n)H(n+ 1)Bτ (n)
.

.

.

.

.

.

.

.

.

.

.

.

B∗
τ (n)H(n+ 1)A(n) B∗

τ (n)H(n+ 1)B1(n) . . . Cττ (n)

 (1.5)

ñ ýëåìåíòàìè
C00(n) = A∗(n)H(n+ 1)A(n)−H(n) +K0,

Cjj(n) = B∗
j (n)H(n+ 1)Bj(n)−

1

2
∆j, j = 1, . . . , τ − 1,

Cττ (n) = B∗
τ (n)H(n+ 1)Bτ (n)−Kτ ,

ïîëîæèòåëüíî îïðåäåëåíû. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.1) àñèìïòîòè÷åñêè
óñòîé÷èâî.
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Èç óñëîâèé íà A(n), B(n), τ(n) âûòåêàåò, ÷òî êîëè÷åñòâî ðàçëè÷íûõ ìàòðèö C(n)
êîíå÷íî. Ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 ñóùåñòâóåò êîíñòàíòà
c1 > 0 òàêàÿ, ÷òî äëÿ ëþáîãî n ∈ N ñïðàâåäëèâà îöåíêà⟨

C(n)

 u0
...
uτ

 ,

 u0
...
uτ

⟩ ≥ c1

τ∑
i=0

∥ui∥2, ui ∈ Cm. (1.6)

Òåîðåìà 2. [17] Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ïóñòü κj ∈
(0, 1), j = 1, 2, . . . , τ , òàêèå, ÷òî

−1

2
∆i + κiKi−1 ≤ 0, i = 1, . . . , τ − 1, −∆τ + κτKτ−1 ≤ 0. (1.7)

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (1.1), (1.4) ñïðàâåäëèâà îöåíêà

∥xn∥ ≤

[
(h1(n))

−1

m−1∏
j=0

(1− εj)ε
kv(0, x)

]1/2
, (1.8)

n = kN +m, m = 1, . . . , N, k = 0, 1, . . . ,

ãäå h1(n) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(n),

v(0, x) = ⟨H(0)x0, x0⟩+
−1∑

j=−τ

⟨K−j−1xj, xj⟩, (1.9)

εj = min

{
κ1, . . . ,κτ ,

c1
∥H(j)∥

}
, 0 < εj < 1, ε =

N−1∏
j=0

(1− εj). (1.10)

Â ïðåäïîëîæåíèè, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1, ñ èñïîëüçîâàíèåì ôóíêöè-
îíàëà (0.3) â ñëåäóþùåì ïàðàãðàôå ìû ñôîðìóëèðóåì è äîêàæåì îñíîâíûå ðåçóëü-
òàòû ðàáîòû.

� 2. Îñíîâíûå ðåçóëüòàòû

Ðàññìîòðèì íåëèíåéíóþ ñèñòåìó ðàçíîñòíûõ óðàâíåíèé âèäà (0.1). Ïîñêîëüêó
çàïàçäûâàíèå îãðàíè÷åíî, òî ñèñòåìó (0.1) ìîæíî çàïèñàòü â âèäå

xn+1 = A(n)xn +
τ∑

j=1

Bj(n)xn−j + F (n, xn, xn−1, . . . , xn−τ ), n = 0, 1, . . . , (2.1)

ãäå ìàòðèöû Bj(n) îïðåäåëåíû â (1.3). Ðàññìîòðèì äëÿ ñèñòåìû (2.1) íà÷àëüíóþ
çàäà÷ó ñ çàäàííûìè íà÷àëüíûìè óñëîâèÿìè

x0, x−1, . . . , x−τ , xj ∈ Cn. (2.2)
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Áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1. Ïóñòü {xn} � ðåøåíèå íà-
÷àëüíîé çàäà÷è (2.1), (2.2). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ââåäåì ñëåäóþùèå îáî-
çíà÷åíèÿ:

Λ0 = 1− ε0 + 2q∥H(1)∥∥A(0)∥ (h1(0))
−1−ω/2 (v(0, x))ω/2

+q2∥H(1)∥
(
∥H(1)∥∥B(0)∥2

c1
+ 1

)
(h1(0))

−1−ω (v(0, x))ω , (2.3)

Λj = 1− εj + 2q∥H(j + 1)∥∥A(j)∥ (h1(j))
−1−ω/2M

ω/2
j−1 (v(0, x))

ω/2

+q2∥H(j + 1)∥
(
∥H(j + 1)∥∥B(j)∥2

c1
+ 1

)
(h1(j))

−1−ω Mω
j−1 (v(0, x))

ω , j = 1, 2 . . . ,

(2.4)

Mj =

j∏
k=0

Λk, M = MN−1 = Λ0Λ1 · · ·ΛN−1, (2.5)

ãäå h1(j) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(j), c1, v(0, x), εj
îïðåäåëåíû â (1.6), (1.9), (1.10) ñîîòâåòñòâåííî. Ïîñêîëüêó 0 < εj < 1 è v(0, x) ≥ 0,
òî Λj > 0. Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà íóëåâîå
ðåøåíèå ñèñòåìû (2.1) àñèìïòîòè÷åñêè óñòîé÷èâî è ìíîæåñòâî

E = {x0, . . . , x−τ ∈ Cm : M < 1} (2.6)

ÿâëÿåòñÿ ìíîæåñòâîì ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ. Ïðè ýòîì äëÿ ðåøåíèÿ çà-
äà÷è (2.1), (2.2) ñ íà÷àëüíûìè óñëîâèÿìè èç E èìååò ìåñòî îöåíêà

∥xn∥ ≤

[
(h1(n))

−1

m−1∏
j=0

ΛjM
kv(0, x)

]1/2
, (2.7)

n = kN +m, m = 1, . . . , N, k = 0, 1, . . . .

Äîêàçàòåëüñòâî. Ïóñòü {xn} � ðåøåíèå íà÷àëüíîé çàäà÷è (2.1), (2.2). Ðàññìîò-
ðèì íà ýòîì ðåøåíèè ôóíêöèîíàë v(n, x), îïðåäåëåííûé â (0.3). Â ñèëó óñëîâèé íà
H(n) è {Kj} ïðè {xn} ̸= 0 ôóíêöèîíàë v(n, x) > 0.

Ðàññìîòðèì ðàçíîñòü v(n+1, x)−v(n, x), n = 0, 1, . . . . Èñïîëüçóÿ îáîçíà÷åíèÿ äëÿ
ìàòðèö ∆j, èìååì

v(n+ 1, x)− v(n, x) = ⟨H(n+ 1)xn+1, xn+1⟩ − ⟨H(n)xn, xn⟩

+
n∑

j=n+1−τ

⟨Kn−jxj, xj⟩ −
n−1∑

j=n−τ

⟨Kn−j−1xj, xj⟩

= ⟨H(n+ 1)xn+1, xn+1⟩ − ⟨H(n)xn, xn⟩+ ⟨K0xn, xn⟩

−
(
⟨K0xn−1, xn−1⟩ − ⟨K1xn−1, xn−1⟩

)
− · · ·
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−
(
⟨Kτ−1xn−τ , xn−τ ⟩ − ⟨Kτxn−τ , xn−τ ⟩

)
− ⟨Kτxn−τ , xn−τ ⟩ =

= ⟨H(n+ 1)xn+1, xn+1⟩ − ⟨H(n)xn, xn⟩

+⟨K0xn, xn⟩ −
n−1∑

j=n−τ

⟨∆n−jxj, xj⟩ − ⟨Kτxn−τ , xn−τ ⟩.

Ó÷èòûâàÿ, ÷òî {xn} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (2.1), (2.2), ïîëó÷àåì

v(n+ 1, x)− v(n, x) = ⟨A∗(n)H(n+ 1)A(n)xn, xn⟩ − ⟨H(n)xn, xn⟩+ ⟨K0xn, xn⟩

+
τ∑

j=1

⟨A∗(n)H(n+ 1)Bj(n)xn−j, xn⟩+
τ∑

j=1

⟨B∗
j (n)H(n+ 1)A(n)xn, xn−j⟩

+
τ∑

j,i=1

⟨B∗
j (n)H(n+ 1)Bi(n)xn−i, xn−j⟩ −

n−1∑
j=n−τ

⟨∆n−jxj, xj⟩ − ⟨Kτxn−τ , xn−τ ⟩

+2Re ⟨H(n+ 1)A(n)xn, F (n, xn, xn−1, . . . , xn−τ )⟩

+2
τ∑

j=1

Re ⟨H(n+ 1)Bj(n)xn−j, F (n, xn, xn−1, . . . , xn−τ )⟩

+⟨H(n+ 1)F (n, xn, xn−1, . . . , xn−τ ), F (n, xn, xn−1, . . . , xn−τ )⟩.

Èñïîëüçóÿ ìàòðèöó C(n), çàäàííóþ â (1.5), ðàçíîñòü v(n + 1, x) − v(n, x) ìîæíî ïå-
ðåïèñàòü â âèäå

v(n+ 1, x)− v(n, x) = −

⟨
C(n)

 xn
...

xn−τ

 ,

 xn
...

xn−τ

⟩

−1

2

n−1∑
j=n−τ+1

⟨∆n−jxj, xj⟩ − ⟨∆τxn−τ , xn−τ ⟩+W (n, x), (2.8)

ãäå
W (n, x) = 2Re ⟨H(n+ 1)A(n)xn, F (n, xn, xn−1, . . . , xn−τ )⟩

+2
τ∑

j=1

Re ⟨H(n+ 1)Bj(n)xn−j, F (n, xn, xn−1, . . . , xn−τ )⟩

+ ⟨H(n+ 1)F (n, xn, xn−1, . . . , xn−τ ), F (n, xn, xn−1, . . . , xn−τ )⟩.

Îöåíèì êàæäîå èç ñëàãàåìûõ â (2.8). Ïî óñëîâèþ òåîðåìû âñå ìàòðèöû C(n) ÿâ-
ëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè, ïðè ýòîì âûïîëíåíà îöåíêà (1.6). Ïîñêîëüêó
H(n) = H∗(n) > 0, òî

c1

τ∑
i=0

∥xn−i∥2 ≥
c1

∥H(n)∥
⟨H(n)xn, xn⟩+ c1

τ∑
i=1

∥xn−i∥2. (2.9)
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Èç óñëîâèé (1.7) âûòåêàåò íåðàâåíñòâî

1

2

n−1∑
j=n−τ+1

⟨∆n−jxj, xj⟩+ ⟨∆τxn−τ , xn−τ ⟩

≥
n−1∑

j=n−τ+1

κn−j⟨Kn−j−1xj, xj⟩+ κτ ⟨Kτ−1xn−τ , xn−τ ⟩. (2.10)

Â ñèëó (0.2) èìååì

|W (n, x)| ≤ 2q∥H(n+ 1)∥∥A(n)∥∥xn∥2+ω

+

[
2q∥H(n+ 1)∥∥xn∥1+ω

τ∑
j=1

∥Bj(n)∥∥xn−j∥+ q2∥H(n+ 1)∥∥xn∥2+2ω

]
. (2.11)

Äëÿ ïðîâåäåíèÿ äàëüíåéøèõ ðàññóæäåíèé âîñïîëüçóåìñÿ âñïîìîãàòåëüíîé ëåììîé.

Ëåììà. Ðàññìîòðèì êâàäðàòè÷íóþ ôîðìó

U = u0 (α0u0 + α1u1 + · · ·+ ατuτ ) , ui ∈ R, αi ≥ 0.

Äëÿ ëþáûõ βi > 0, i = 1, . . . , τ , èìååò ìåñòî íåðàâåíñòâî

U ≤ β0u
2
0 + β1u

2
1 · · ·+ βτu

2
τ , (2.12)

ãäå

β0 ≥ α0 +
α2
1

4β1

+ · · ·+ α2
τ

4βτ

.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

u0 = ∥xn∥1+ω, ui = ∥xn−i∥,

α0(n) = q2∥H(n+ 1)∥, αi(n) = 2q∥H(n+ 1)∥∥Bi(n)∥, i = 1, . . . , τ.

Ïðèìåíèì ëåììó ê âûðàæåíèþ, ñòîÿùåìó â êâàäðàòíûõ ñêîáêàõ â (2.11), âûáèðàÿ

βi = c1, i = 1, . . . , τ, β0(n) = α0(n) +
1

4c1

τ∑
i=1

α2
i (n).

Òîãäà

2q∥H(n+ 1)∥∥xn∥1+ω

τ∑
j=1

∥Bj(n)∥∥xn−j∥+ q2∥H(n+ 1)∥∥xn∥2+2ω

≤ q2∥H(n+ 1)∥
(
∥H(n+ 1)∥∥B(n)∥2

c1
+ 1

)
∥xn∥2+2ω + c1

τ∑
j=1

∥xn−j∥2.
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Ñëåäîâàòåëüíî,
|W (n, x)| ≤ 2q∥H(n+ 1)∥∥A(n)∥∥xn∥2+ω

+q2∥H(n+ 1)∥
(
∥H(n+ 1)∥∥B(n)∥2

c1
+ 1

)
∥xn∥2+2ω + c1

τ∑
j=1

∥xn−j∥2.

Â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèö H(n), Kj ñïðàâåäëèâû íåðàâåíñòâà

v(n, x) ≥ ⟨H(n)xn, xn⟩ ≥ h1(n)∥xn∥2,

ãäå h1(n) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(n). Ñëåäîâàòåëüíî,

|W (n, x)| ≤ 2q∥H(n+ 1)∥∥A(n)∥ (h1(n))
−1−α (v(n, x))1+α

+q2∥H(n+ 1)∥
(
∥H(n+ 1)∥∥B(n)∥2

c1
+ 1

)
(h1(n))

−1−2α (v(n, x))1+2α + c1

τ∑
j=1

∥xn−j∥2,

(2.13)
ãäå α = ω/2.

Ó÷èòûâàÿ îöåíêè (2.9), (2.10), (2.13), èç (2.8) ïîëó÷àåì

0 ≤ v(n+ 1, x) ≤ v(n, x)− c1
∥H(n)∥

⟨H(n)xn, xn⟩

−
n−1∑

j=n−τ+1

κn−j⟨Kn−j−1xj, xj⟩ − κτ ⟨Kτ−1xn−τ , xn−τ ⟩

+2q∥H(n+ 1)∥∥A(n)∥ (h1(n))
−1−α (v(n, x))1+α

+q2||H(n+ 1)∥
(
∥H(n+ 1)∥∥B(n)∥2

c1
+ 1

)
(h1(n))

−1−2α (v(n, x))1+2α .

Èñïîëüçóÿ εn, îïðåäåëåííîå â (1.10), èìååì

v(n+ 1, x) ≤ v(n, x)− εn

(
⟨H(n)xn, xn⟩+

n−1∑
j=n−τ

⟨Kn−j−1xj, xj⟩

)

+2q∥H(n+ 1)∥∥A(n)∥ (h1(n))
−1−α (v(n, x))1+α

+ q2∥H(n+ 1)∥
(
∥H(n+ 1)∥∥B(n)∥2

c1
+ 1

)
(h1(n))

−1−2α (v(n, x))1+2α .

Â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà v(n, x) â (0.3) ïîëó÷àåì

v(n+ 1, x) ≤

(
1− εn + 2q∥H(n+ 1)∥∥A(n)∥ (h1(n))

−1−α (v(n, x))α

+ q2∥H(n+ 1)∥
(
∥H(n+ 1)∥∥B(n)∥2

c1
+ 1

)
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× (h1(n))
−1−2α (v(n, x))2α

)
v(n, x), n = 0, 1, . . . . (2.14)

Ïóñòü n = 0. Òîãäà
v(1, x) ≤ Λ0v(0, x),

ãäå Λ0 îïðåäåëåíî â (2.3).
Ïóñòü n = 1. Òîãäà â ñèëó (2.14) ñ ó÷åòîì ïîñëåäíåãî íåðàâåíñòâà ïîëó÷àåì

v(2, x) ≤

(
1− ε1 + 2q∥H(2)∥∥A(1)∥ (h1(1))

−1−α (v(1, x))α

+q2∥H(2)∥
(
∥H(2)∥∥B(1)∥2

c1
+ 1

)
(h1(1))

−1−2α (v(1, x))2α
)
v(1, x)

≤ Λ0

(
1− ε1 + 2q∥H(2)∥∥A(1)∥ (h1(1))

−1−α Λα
0 (v(0, x))

α

+q2∥H(2)∥
(
∥H(2)∥∥B(1)∥2

c1
+ 1

)
(h1(1))

−1−2α Λ2α
0 (v(0, x))2α

)
v(0, x).

Ñëåäîâàòåëüíî, â ñèëó îïðåäåëåíèÿ Λ1 â (2.4) èìååì

v(2, x) ≤ Λ0Λ1v(0, x).

Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ïîëó÷àåì íåðàâåíñòâî

v(n, x) ≤
n−1∏
j=0

Λjv(0, x) = Mn−1v(0, x), n = 1, 2, . . . , (2.15)

ãäå Λj è Mj îïðåäåëåíû â (2.4) è (2.5) ñîîòâåòñòâåííî.
Ïîêàæåì, ÷òî

ΛlN+j < Λj, j = 0, 1, . . . , N − 1, l = 1, 2, . . . (2.16)

Ðàññìîòðèì ΛN . Â ñèëó ïåðèîäè÷íîñòè ìàòðèö A(n), B(n), H(n) ïîëó÷àåì

ΛN = 1− ε0 + 2q∥H(1)∥∥A(0)∥ (h1(0))
−1−ω/2M

ω/2
N−1 (v(0, x))

ω/2

+q2∥H(1)∥
(
∥H(1)∥∥B(0)∥2

c1
+ 1

)
(h1(0))

−1−ω Mω
N−1 (v(0, x))

ω .

Ïî îïðåäåëåíèþ MN−1 = Λ0Λ1 . . .ΛN−1 = M . Ïîñêîëüêó â ñèëó óñëîâèé òåîðåìû
M < 1, òî

ΛN < 1− ε0 + 2q∥H(1)∥∥A(0)∥ (h1(0))
−1−ω/2 (v(0, x))ω/2

+q2∥H(1)∥
(
∥H(1)∥∥B(0)∥2

c1
+ 1

)
(h1(0))

−1−ω (v(0, x))ω = Λ0.
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Ðàññìîòðèì ΛN+1 è îïÿòü âîñïîëüçóåìñÿ ïåðèîäè÷íîñòüþ ñîîòâåòñòâóþùèõ ìàòðèö.
Òîãäà

ΛN+1 = 1− ε1 + 2q∥H(2)∥∥A(1)∥ (h1(1))
−1−ω/2M

ω/2
N (v(0, x))ω/2

+q2∥H(2)∥
(
∥H(2)∥∥B(1)∥2

c1
+ 1

)
(h1(1))

−1−ω Mω
N (v(0, x))ω .

Î÷åâèäíî,
MN = (Λ0Λ1 · · ·ΛN−1) ΛN = MΛ0 < Λ0 = M0.

Ñëåäîâàòåëüíî, ΛN+1 < Λ1. Àíàëîãè÷íî, â ñèëó ïåðèîäè÷íîñòè

ΛN+2 = 1− ε2 + 2q∥H(3)∥∥A(2)∥ (h1(2))
−1−ω/2M

ω/2
N+1 (v(0, x))

ω/2

+q2∥H(3)∥
(
∥H(3)∥∥B(2)∥2

c1
+ 1

)
(h1(2))

−1−ω Mω
N+1 (v(0, x))

ω .

Ïîñêîëüêó

MN+1 = (Λ0Λ1 · · ·ΛN−1) ΛNΛN+1 = MΛ0Λ1 < Λ0Λ1 = M1,

òî ΛN+2 < Λ2. Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ïîëó÷àåì íåðàâåíñòâî

ΛN+j < Λj, j = 0, 1, . . . , N − 1.

Ðàññìîòðèì òåïåðü Λ2N è âîñïîëüçóåìñÿ ïåðèîäè÷íîñòüþ ñîîòâåòñòâóþùèõ ìàòðèö.
Òîãäà

Λ2N = 1− ε0 + 2q∥H(1)∥∥A(0)∥ (h1(0))
−1−ω/2M

ω/2
2N−1 (v(0, x))

ω/2

+q2∥H(1)∥
(
∥H(1)∥∥B(0)∥2

c1
+ 1

)
(h1(0))

−1−ω Mω
2N−1 (v(0, x))

ω .

Ó÷èòûâàÿ ïðåäûäóùèå îöåíêè, èìååì

M2N−1 = (Λ0Λ1 · · ·ΛN−1) ΛNΛN+1 · · ·Λ2N−1

< (Λ0Λ1 · · ·ΛN−1) (Λ0Λ1 · · ·ΛN−1) = M2 < 1.

Ñëåäîâàòåëüíî, Λ2N < Λ0. Ðàññìîòðèì Λ2N+1 è îïÿòü âîñïîëüçóåìñÿ ïåðèîäè÷íîñòüþ
ñîîòâåòñòâóþùèõ ìàòðèö. Òîãäà

Λ2N+1 = 1− ε1 + 2q∥H(2)∥∥A(1)∥ (h1(1))
−1−ω/2 M

ω/2
2N (v(0, x))ω/2

+q2∥H(2)∥
(
∥H(2)∥∥B(1)∥2

c1
+ 1

)
(h1(1))

−1−ω Mω
2N (v(0, x))ω .

Ïîñêîëüêó
M2N = (Λ0Λ1 · · ·ΛN−1) (ΛNΛN+1 · · ·Λ2N−1) Λ2N

< (Λ0Λ1 · · ·ΛN−1) (Λ0Λ1 · · ·ΛN−1) Λ0 = M2Λ0 < Λ0 = M0,

òî Λ2N+1 < Λ1. Ïîâòîðÿÿ òàêèå æå ðàññóæäåíèÿ, ïîëó÷àåì

Λ2N+j < Λj, j = 0, 1, . . . , N − 1.
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Àíàëîãè÷íûì îáðàçîì ïðèõîäèì ê íåðàâåíñòâàì

ΛlN+j < Λj, j = 0, 1, . . . , N − 1, l = 1, 2, . . . ,

÷òî äàåò (2.16). Òîãäà ïðè n = kN +m, m = 1, . . . , N − 1, k = 0, 1, . . . , ïîëó÷àåì

Mn−1 =
n−1∏
j=0

Λj <

(
N−1∏
j=0

Λj

)k

ΛkNΛkN+1 . . .ΛkN+m−1 < MkΛ0Λ1 . . .Λm−1.

Ñëåäîâàòåëüíî, èç (2.15) èìååì

v(n, x) ≤ Λ0Λ1 · · ·Λm−1M
kv(0, x), (2.17)

n = kN +m, m = 1, . . . , N, k = 0, 1, . . . .

Èñïîëüçóÿ îïðåäåëåíèå ôóíêöèîíàëà (0.3), äëÿ ðåøåíèÿ çàäà÷è (2.1), (2.2) ïîëó÷àåì

∥xn∥2 ≤ (h1(n))
−1Λ0Λ1 · · ·Λm−1M

kv(0, x),

ãäå
n = kN +m, m = 1, . . . , N, k = 0, 1, . . . .

Ïîñêîëüêó ïî óñëîâèþ òåîðåìû M < 1, òî íóëåâîå ðåøåíèå ñèñòåìû (2.1) àñèìïòî-
òè÷åñêè óñòîé÷èâî è äëÿ ðåøåíèÿ çàäà÷è (2.1), (2.2) ñ íà÷àëüíûìè äàííûìè èç E
ñïðàâåäëèâà îöåíêà (2.7).

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Åñëè q = 0, òî Λj = 1−εj < 1, è ñëåäîâàòåëüíî,M < 1. Òîãäà îöåíêà
(2.7) ïåðåõîäèò â îöåíêó (1.8) áåç êàêèõ ëèáî îãðàíè÷åíèé íà íà÷àëüíûå äàííûå; ò. å.
ðåçóëüòàò òåîðåìû 3 ïåðåõîäèò â ðåçóëüòàòû òåîðåì 1 è 2, ïîëó÷åííûå â [17].

Îòìåòèì, ÷òî óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ôîðìóëèðóþòñÿ â âèäå ëåã-
êî ïðîâåðÿåìûõ íåðàâåíñòâ, à ÷èñëîâûå õàðàêòåðèñòèêè ìíîæåñòâà ïðèòÿæåíèÿ è
ñêîðîñòè óáûâàíèÿ ðåøåíèé âû÷èñëÿþòñÿ êîíñòðóêòèâíî. Ýòî äàåò âîçìîæíîñòü
ïðèìåíÿòü ïîëó÷åííûå ðåçóëüòàòû íà ïðàêòèêå ïðè èçó÷åíèè óñòîé÷èâîñòè ðåøå-
íèé êîíêðåòíûõ ñèñòåì óðàâíåíèé âèäà (0.1).
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Àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ðåøåíèé íåëèíåéíûõ
ðàçíîñòíûõ óðàâíåíèé ñ ïåðåìåííûì çàïàçäûâàíèåì è
ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè â ëèíåéíûõ ÷ëåíàõ

È.È. Ìàòâååâà, À.Â. Õìèëü

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ êëàññ ñèñòåì íåëèíåéíûõ ðàçíîñò-
íûõ óðàâíåíèé ñ ïåðåìåííûì çàïàçäûâàíèåì è ïåðèîäè÷åñêèìè êîýôôè-
öèåíòàìè â ëèíåéíûõ ÷ëåíàõ. Èññëåäîâàíà àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü
íóëåâîãî ðåøåíèÿ, ïîëó÷åíà îöåíêà íà ìíîæåñòâî ïðèòÿæåíèÿ íóëåâîãî
ðåøåíèÿ è óñòàíîâëåíû îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòè ñòàáèëèçàöèè
ðåøåíèé ñèñòåì íà áåñêîíå÷íîñòè. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ èñïîëüçó-
åòñÿ ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî ñïåöèàëüíîãî âèäà.

Êëþ÷åâûå ñëîâà: ðàçíîñòíûå óðàâíåíèÿ ñ çàïàçäûâàíèåì, ïåðèîäè÷å-
ñêèå êîýôôèöèåíòû, ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî, îöåíêè ðåøå-
íèé, ñêîðîñòü ñòàáèëèçàöèè

Asymptotic stability of solutions to nonlinear difference

equations with time-varying delay and
periodic coefficients in linear terms

I. I. Matveeva, A.V. Khmil

Abstract. In the paper we consider a class of systems of nonlinear di�erence
equations with time-varying delay and periodic coe�cients in linear terms.
Asymptotic stability of the zero solution is studied, an estimate for an attraction
set of the zero solution is obtained, and estimates characterizing stabilization
rates of solutions to the systems at in�nity are established. A Lyapunov �
Krasovskii functional of a special form is used in order to obtain the results.

Keywords: delay di�erence equations, periodic coe�cients, Lyapunov�Krasovskii
functional, estimates for solutions, stabilization rate
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