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Àííîòàöèÿ

Â ñòàòüå ðàññìàòðèâàþòñÿ âîïðîñû êîððåêòíîñòè îáðàòíûõ çàäà÷ âîññòàíîâëå-

íèÿ êîýôôèöèåíòà òåïëîïåðåäà÷è ñ èñïîëüçîâàíèåì íàáîðà çíà÷åíèé ðåøåíèÿ â

ôèêñèðîâàííûõ òî÷êàõ íà ãðàíèöå îáëàñòè. Óñëîâèÿ òèïà äèôðàêöèè èñïîëüçó-

þòñÿ íà ãðàíèöå ðàçäåëà ñðåä. Ãðàíè÷íûå óñëîâèÿ íåëèíåéíûå è êîýôôèöèåíò

òåïëîïåðåäà÷è ïðåäñòàâèì â âèäå êîíå÷íîãî îòðåçêà ðÿäà ñ íåèçâåñòíûìè êî-

ýôôèöèåíòàìè çàâèñÿùèìè îò âðåìåíè. Ïðè îïðåäåëåííûõ óñëîâèÿõ íà äàííûå

äîêàçûâàåòñÿ ÷òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è ëîêàëüíî ïî âðåìå-

íè, êîòîðîå çàâèñèò îò äàííûõ çàäà÷è íåïðåðûâíî. Äîêàçàòåëüñòâî îïèðàåòñÿ

íà àïðèîðíûå îöåíêè è ïðèíöèï ñæèìàþùèõ îòîáðàæåíèé.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, êîýôôèöèåíò òåïëîïåðåäà÷è,

ïàðàáîëè÷åñêîå óðàâíåíèå, òåïëîìàññîïåðåíîñ.

In the article we consider well-posedness questions in Sobolev spaces of inverse

problems of recovering the heat transfer coe�cient with the use of a given collection

of values of a solution at �xed points of the boundary. The di�raction type conditions

are employed at the interface. The boundary condition is nonlinear and the heat

transfer coe�cient is representable in the form of a �nite segments of the series with

unknown coe�cients depending on time. Under certain conditions on the data, it

is demonstrated that there exists a unique solution to the problem locally in time

which depends on the data continuously. The proof relies on a priori estimates and

the contraction mapping principle.

Keywords: inverse problem, heat transfer coe�cient, parabolic equation

heat and mass transfer.

Ïîñâÿùàåòñÿ Ãåííàäèþ Âëàäèìèðîâè÷ó Äåìèäåíêî â ñâÿçè ñ åãî 70-ëåòèåì
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Ââåäåíèå

Ìû èññëåäóåì îáðàòíûå çàäà÷è îá îïðåäåëåíèè êîýôôèöèåíòà òåïëîïå-
ðåäà÷è ïî òî÷å÷íûì äàííûì. Ðàññìàòðèâàåòñÿ ïàðàáîëè÷åñêîå óðàâíåíèå
âèäà

Mu = ut − Lu = f(t, x), (t, x) ∈ Q = (0, T )×G, (1)

ãäå Lu =
∑n
i,j=1 aij(t, x)uxixj

+
∑n
i=1 ai(t, x)uxi

+ a0(t, x)u, G ∈ Rn � îãðà-
íè÷åííàÿ îáëàñòü ñ ãðàíèöåé Γ. Ñ÷èòàåì, ÷òî îáëàñòü G ðàçäåëåíà íà äâà
îòêðûòûå ìíîæåñòâà G+ è G−, G− ⊂ G, G+ ∪ G− = G,G+ ∩ G− = ∅, ïî-
ëîæèì Γ0 = ∂G+ ∩ ∂G−, S0 = (0, T ) × Γ0, S = (0, T ) × Γ. Óðàâíåíèå (1)
äîïîëíÿåòñÿ íà÷àëüíî-êðàåâûìè óñëîâèÿìè:

Bu =
∂u

∂N
+ β(t, x)(φ(u)− φ(ū0)) = g, φ|t=0 = u0(x), (2)

ãäå ∂u
∂N =

∑n
i,j=1 aijniuxj

, è óñëîâèÿìè ñîïðÿæåíèÿ

∂u+

∂N
(t, x) =

∂u−

∂N
(t, x), u+(t, x) = u−(t, x) (t, x) ∈ S0, (3)

∂u±

∂N
(t, x0) = lim

x∈G±, x→x0∈Γ0

n∑
i,j=1

aijuxi
νj , u

±(t, x0) = lim
x∈G±, x→x0∈Γ0

u(t, x),

ν⃗ = (ν1, ν2, . . . , νn) è n⃗ � âíåøíèå åäèíè÷íûå íîðìàëè ê Γ è ∂G−. Óñëîâèÿ
ïåðåîïðåäåëåíèÿ èìåþò âèä

u(t, bi) = ψi(t) (i = 1, 2, . . . , r), (4)

ãäå bi ∈ Γ, {bi}ri=1 � íåêîòîðûé íàáîð òî÷åê. Çàäà÷à ñîñòîèò â íàõîæäåíèè
ðåøåíèÿ óðàâíåíèÿ (1), óäîâëåòâîðÿþùåãî óñëîâèÿì (2)-(4) è íåèçâåñòíîé
ôóíêöèè β(t, x) =

∑r
j=1 βi(t)Φi(t, x), ãäå ôóíêöèè Φi çàäàíû, à ôóíêöèè

βi(t) ñ÷èòàþòñÿ íåèçâåñòíûìè.
Îáðàòíûå çàäà÷è âîçíèêàþò â ñàìûõ ðàçëè÷íûõ çàäà÷àõ ïðè îïèñàíèè

ïðîöåññîâ òåïëîìàññîïåðåíîñà, äèôôóçèè, ôèëüòðàöèè, â ýêîëîãèè è ò.ï.
(ñì. [1�3]). Â ÷àñòíîñòè, çàäà÷à (1)-(4) âîçíèêàåò ïðè èäåíòèôèêàöèè ïàðà-
ìåòðîâ òåïëîìàññîïåðåíîñà â çàäà÷àõ îïèñàíèÿ òåïëîâûõ ðåæèìîâ ìåðçëûõ
ãðóíòîâ è òåõíîãåííîãî çàãðÿçíåíèÿ ïî÷â [4�6]. Â íàñòîÿùåå âðåìÿ èìååòñÿ
áîëüøîå êîëè÷åñòâî ðàáîò, ïîñâÿùåííûõ ÷èñëåííîìó ðåøåíèþ çàäà÷ (1)-
(4) â ðàçëè÷íûõ ïîñòàíîâêàõ, âîçíèêàþùèõ â ïðèëîæåíèÿõ, òî÷êè {bi} â
(4) ìîãóò áûòü êàê âíóòðåííèìè [7�12] òàê è ãðàíè÷íûìè òî÷êàìè [13-15]
îáëàñòè G (ñì. ñòàöèîíàðíûé ñëó÷àé â [16]). Èìååòñÿ ðÿä ðàáîò, ïîñâÿùåí-
íûõ îïðåäåëåíèþ êîýôôèöèåíòà òåïëîïåðåäà÷è â íåëèíåéíîì ãðàíè÷íîì
óñëîâèè âèäà ∂u

∂N + ρ(t)φ(u) = g, ãäå ôóíêöèÿ ρ ñ÷èòàåòñÿ íåèçâåñòíîé (ñì.
[17]). Îòìåòèì ðàáîòû (ñì. áèáëèîãðàôèþ â [18�20]), ãäå âîññòàíàâëèâàåòñÿ
ôóíêöèÿ âèäà φ(t, x, u) (èíîãäà íå çàâèñÿùàÿ îò íåçàâèñèìûõ ïåðåìåííûõ)
â ãðàíè÷íîì óñëîâèè Ðîáèíà âèäà ∂u

∂N + φ(t, x, u) = g èëè áëèçêîì óñëîâèè.
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Â ýòèõ ðàáîòàõ, èñïîëüçóþòñÿ èíòåãðàëüíûå óñëîâèÿ ïåðåîïðåäåëåíèÿ ðàç-
ëè÷íîãî âèäà è â íåêîòîðûõ ñëó÷àÿõ ïîëó÷åíû òåîðåìû ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè ðåøåíèé òàêèõ çàäà÷ ëîêàëüíî ïî âðåìåíè. Îñíîâíîé ìåòîä
ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ � ñâåäåíèå çàäà÷è ê çàäà÷å óïðàâëåíèÿ
è ìèíèìèçàöèÿ ñîîòâåòñòâóþùåãî êâàäðàòè÷íîãî ôóíêöèîíàëà. Îòìåòèì,
÷òî î÷åíü ÷àñòî ýòè äâå çàäà÷è íå ýêâèâàëåíòíû.

Òåîðåòè÷åñêèõ ðåçóëüòàòîâ, ïîñâÿùåííûõ çàäà÷å (1)-(4) íåìíîãî. Ïî-
âèäèìîìó, ïåðâàÿ ðàáîòà, ïîñâÿùåííàÿ çàäà÷å (1)-(4) â ìíîãîìåðíîì ñëó-
÷àå åñòü ðàáîòà [21] (ñì. òàêæå [22]), ãäå â ñëó÷àå Mu = ut − ∆u è r = 1
áûëà ïîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêèõ ðå-
øåíèé çàäà÷è îá îïðåäåëåíèè ïîòîêà è òåîðåìà åäèíñòâåííîñòè â çàäà÷å îá
îïðåäåëåíèè êîýôôèöèåíòà òåïëîïåðåäà÷è. Äðóãîé ïîäõîä îïèñàí â ðàáîòå
[23], ãäå áûëà ïîëó÷åíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé
â ñëó÷àå φ(u) = u è çàäà÷à ðàññìàòðèâàëàñü â îáû÷íîé ïîñòàíîâêå (ò.å.
óñëîâèÿ ñîïðÿæåíèÿ îòñóòñòâóþò). Â äàííîé ðàáîòå ìû èñïîëüçóåì òó æå
ñàìóþ èäåþ è ïîëó÷àåì òåîðåìó ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé
â ïðîñòðàíñòâàõ Ñîáîëåâà.

Îïðåäåëåíèÿ è âñïîìîãàòåëüíûå ðåçóëüòàòû

Ïóñòü E � áàíàõîâî ïðîñòðàíñòâî. Îáîçíà÷åíèÿ äëÿ ïðîñòðàíñòâ Ëåáå-
ãà Lp(G;E), Ñîáîëåâà W s

p (G;E), W s
p (Q;E) è Ãåëüäåðà Cα(G;E) (α ≥ 0)

ñòàíäàðòíûå (ñì. [24, 25]. Åñëè E = R èëè E = Rn, òî ïèøåì ïðîñòî
W s
p (G) è ò.ä. Âñå ðàññìàòðèâàåìûå ïðîñòðàíñòâà è êîýôôèöèåíòû óðàâíå-

íèÿ (1) ìû ñ÷èòàåì âåùåñòâåííûìè. Ïîä íîðìîé âåêòîðà ïîíèìàåì ñóììó
íîðì êîîðäèíàò. Äëÿ äàííîãî èíòåðâàëà J = (0, T ), ïîëîæèì W s,r

p (Q) =
W s
p (J ;Lp(G)) ∩ Lp(J ;W

r
p (G)). Ñîîòâåòñòâåííî, W

s,r
p (S) = W s

p (J ;Lp(Γ)) ∩
Lp(J ;W

r
p (Γ)). Ïóñòü (u, v) =

∫
G
u(x)v(x)dx è Bδ(bi) � øàð ðàäèóñà δ ñ

öåíòðîì â òî÷êå bi. Ïîëîæèì Gδ = G ∩ ∪ri=1Bδ(bi), Γδ = Γ ∩ ∪ri=1Bδ(bi),
Q±
τ = (0, τ)×G, Qτ = (0, τ)×G, Sτ = (0, τ)× Γ.
Äàëåå, ñ÷èòàåì, ÷òî Γ,Γ0 ∈ C2, Γδ ∈ C3 (ñì. îïðåäåëåíèå â [26, Ãë. 1]

äëÿ íåêîòîðîãî δ > 0. Áåç îãðàíè÷åíèÿ îáùíîñòè, ìîæåì ñ÷èòàòü ÷òî äëÿ
êàæäîãî i = 1, 2, . . . , r íàéäåòñÿ îêðåñòíîñòü Yi òî÷êè bi è ñèñòåìà êîîðäè-
íàò y (ëîêàëüíàÿ ñèñòåìà êîîðäèíàò), ïîëó÷åííàÿ ñ ïîìîùüþ ïîâîðîòà è
ïåðåíîñà íà÷àëà êîîðäèíàò èç èñõîäíîé, òàêàÿ, ÷òî Yi ∩ Γ0 = ∅, îñü yn íà-
ïðàâëåíà ïî âíóòðåííåé íîðìàëè â Γ â òî÷êå bi, óðàâíåíèå ÷àñòè ãðàíèöû
Yi ∩ Γ èìååò âèä yn = γi(y

′), γi(0) = 0, |y′| < δ, y′ = (y1, . . . , yn−1), ïðè÷åì
γi ∈ C3(B′

δ) (B
′
δ = {y′ : |y′| < δ}) è G∩Yi = {y : |y′| < δ, 0 < yn−γi(y′) < δ1},

(Rn \ G) ∩ Yi = {y : |y′| < δ,−δ1 < yn − γi(y
′) < 0}, δ1 > (M + 1)δ, ãäå M

ïîñòîÿííàÿ Ëèïøèöà ôóíêöèè γi. Èíà÷å óìåíüøèì ïàðàìåòð δ. Äàëåå, ìû
ñ÷èòàåì, ÷òî ïàðàìåòð δ > 0 çàôèêñèðîâàí. Ìû èñïîëüçóåì âûïðÿìëåíèå
ãðàíèöû: zn = yn − γi(y

′), z′ = y′, ãäå y � ëîêàëüíàÿ ñèñòåìà êîîðäèíàò â
òî÷êå bi. Îíî è îáðàòíîå ê íåìó yn = zn+ γi(z

′), y′ = z′ ïðèíàäëåæàò êëàñ-
ñó C3 (ò.å. y = y(z) ∈ C3(Yi)). Òîæå ñàìîå óòâåðæäåíèå èìååò ìåñòî è äëÿ
ïðåîáðàçîâàíèé x = x(y(z)) = xi(z). Ïóñòü U = {z : |z′| < δ, 0 < zn < δ1},
Qτ1 = (0, τ)× U , Q1 = (0, T )× U è Sτ1 = (0, τ)×B′

δ, S1 = (0, T )×B′
δ.
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Áóäåì èñïîëüçîâàòü â ïðîñòðàíñòâå W s
p (0, β;E) (s ∈ (0, 1), β > 0, E -

áàíàõîâî ïðîñòðàíñòâî) íîðìó ∥q(t)∥W s
p (0,β;E) = (∥q∥pLp(0,β;E)+ < q >ps,β)

1/p,

< q >ps,β=
∫ β
0

∫ β
0

∥q(t1)−q(t2)∥p
E

|t1−t2|1+sp dt1dt2. Ïðè s ∈ (0, 1) ïîëîæèì W̃ s
p (0, β;E) =

{q ∈ W s
p (0, β;E) : t−sq(t) ∈ Lp(0, β;E)}. Íàäåëèì ýòî ïðîñòðàíñòâî íîð-

ìîé ∥q(t)∥p
W̃ s

p (0,β;E)
= ∥ qts ∥

p
Lp(0,β;E)+ < q >ps,β . Åñëè s ̸= 1/p, òî ýòà íîðìà è

îáû÷íàÿ íîðìà ∥ · ∥W s
p (α,β;E) äëÿ ôóíêöèé q(t) òàêèõ, ÷òî q(0) = 0 ïðè s >

1/p, ýêâèâàëåíòíû (ñì. [24, ïóíêò 3.2.6, ëåììà 1]). Ïîëîæèì W̃ s,2s
p (Qβ) =

W̃ s
p (0, β;Lp(G))∩Lp(0, β;W 2s

p (G)). Íîðìû ∥·∥W̃ s,2s
p (Qβ)

, ∥·∥W̃ s
p (0,β;Lp(G)) îïðå-

äåëÿþòñÿ åñòåñòâåííûì îáðàçîì, íàïðèìåð, ∥u∥W̃ s,2s
p (Qβ)

=
(
∥u∥p

W̃ s
p (0,β;Lp(G))

+

∥u∥pLp(0,β;W 2s
p (G))

)1/p
. Àíàëîãè÷íî îïðåäåëÿåì ïðîñòðàíñòâà W̃ s

p (0, β;Lp(Γ)),

W̃ s,2s
p (Sβ). Äàëåå, ìû ñ÷èòàåì, ÷òî ïàðàìåòð p > n+ 2 çàôèêñèðîâàí. Ñëå-

äóþùèå äâå ëåììû èçâåñòíû (ñì. [27, ëåììû 1.19, 1.20]).
Ëåììà 1. Ñóùåñòâóåò ïîñòîÿííàÿ C, íå çàâèñÿùàÿ îò τ ∈ (0, T ] òà-

êàÿ, ÷òî

∥v∥
W̃

s1,2s1
p (Sτ )

≤ C∥v∥W 1,2
p (Qτ )

, ∥∂v
∂ν

∥
W̃

s0,2s0
p (Sτ )

≤ C∥v∥W 1,2
p (Qτ )

,

äëÿ âñåõ v ∈W 1,2
p (Qτ ) òàêèõ, ÷òî v(x, 0) = 0. Çäåñü s1 = 1− 1

2p è s0 = 1
2−

1
2p .

Ëåììà 2. Ïóñòü s ∈ ((n + 2)/2p, 1). Òîãäà, åñëè q ∈ W̃ s,2s
p (Qτ ) è v ∈

W s,2s
p (Qτ ), òî qv ∈ W̃ s,2s

p (Qτ ) è ñïðàâåäëèâà îöåíêà

∥qv∥W̃ s,2s
p (Qτ )

≤ c0∥q∥W̃ s,2s
p (Qτ )

(∥v∥W s,2s
p (Qτ )

+ ∥v∥L∞(Qτ )).

Åñëè v ∈W s,2s
p (Q), òî ïîñëåäíåå íåðàâåíñòâî ìîæíî ïåðåïèñàòü â âèäå

∥qv∥W̃ s,2s
p (Qτ )

≤ c1∥q∥W̃ s,2s
p (Qτ )

∥v∥W s,2s
p (Q),

à åñëè v ∈ W̃ s,2s
p (Qτ ), òî â âèäå

∥qv∥W̃ s,2s
p (Qτ )

≤ c2∥q∥W̃ s,2s
p (Qτ )

∥v∥W̃ s,2s
p (Qτ )

.

Äëÿ ôóíêöèé v ∈ W̃ s,2s
p (Qτ èìååò ìåñòî îöåíêà

∥v∥W s,2s
p (Qτ )

+ ∥v∥L∞(Qτ ) ≤ c3∥v∥W̃ s,2s
p (Qτ )

.

Ïîñòîÿííûå ci, i = 0, 1, 2, 3, íå çàâèñèò îò q, v è τ ∈ (0, T ]. Ìíîæåñòâî Qτ
â ýòèõ óòâåðæäåíèÿõ ìîæåò áûòü çàìåíåíî íà Sτ (ïðè ýòîì ñ÷èòàåì,
÷òî s ∈ ((n+ 1)/2p, 1)).

Çàìå÷àíèå 1.Óñëîâèå s ∈ ((n+2)/2p, 1) ãàðàíòèðóåò âêëþ÷åíèåW s,2s
p (Q) ⊂

C(Q) (ñì. òåîðåìó 1.22 â [27]).
Ëåììà 3. Ïóñòü φ(u) ∈ W 2

∞(−R,R) äëÿ âñåõ R > 0. Ïóñòü v ∈
W s0,2s0
p (Sτ ) è ∥v∥L∞(Sτ ) =M . Òîãäà

∥φ(v)∥
W

s0,2s0
p (Sτ )

≤ c1(M) + c2(M)∥v∥
W

s0,2s0
p (Sτ )

, s0 = 1/2− 1/2p. (5)
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Ïóñòü vi ∈W s0,2s0
p (Sτ ), i = 1, 2, ∥vi∥L∞(Sτ )+∥vi∥W s0,2s0

p (Sτ )
≤M è v1(0, x) =

v2(0, x). Òîãäà

∥φ(v1)− φ(v2)∥W̃ s0,2s0
p (Sτ )

≤ c3(M)∥v1 − v2∥W̃ s0,2s0
p (Sτ )

, (6)

Çäåñü ïîñòîÿííûå ci(M), i = 1, 2, 3 íå çàâèñÿò îò τ ≤ T .
Äîêàçàòåëüñòâî. Îöåíêà (5) âûòåêàåò íåïîñðåäñòâåííî èç îïðåäåëåíèÿ

íîðìû â ïðîñòðàíñòâå W s0,2s0
p (Sτ ). ×òîáû ïîëó÷èòü îöåíêó (6), âîñïîëüçó-

åìñÿ ðàâåíñòâîì

φ(v1)− φ(v2) =

∫ 1

0

φ′(v2 + ξ(v1 − v2)) dξ(v1 − v2).

Èñïîëüçóÿ ëåììó 2 è íåðàâåíñòâî (5), ïîëó÷èì

∥φ(v1)− φ(v2)∥W̃ s0,2s0
p (Sτ )

≤
∫ 1

0

(∥φ′(v2 + ξ(v1 − v2))∥W s0,2s0
p (Sτ )

+

∥φ′(v2+ξ(v1−v2))∥L∞(Sτ )) dξ∥v1−v2∥W̃ s0,2s0
p (Sτ )

≤ c3(M)∥v1−v2∥W̃ s0,2s0
p (Sτ )

.

Ïðèâåäåì óñëîâèÿ íà äàííûå. Îïåðàòîð L ïðåäïîëàãàåòñÿ ýëëèïòè÷å-
ñêèì, ò.å., ñóùåñòâóåò ïîñòîÿííàÿ δ0 > 0 òàêàÿ, ÷òî

∑n
i,j=1 aijξiξj ≥ δ0|ξ|2

for all (t, x) ∈ Q, ξ ∈ Rn. Êðîìå òîãî ìû ïðåäïîëîæèì, ÷òî

ai ∈ Lp(Q), akl|Q± ∈ C(Q±), akl|Γ ∈W s0,2s0
p (S), a±kl|Γ0

∈W s0,2s0
p (S0), (7)

∂u+0
∂N

=
∂u−0
∂N

, u+0 = u−0 , x ∈ Γ0, s0 = 1/2− 1/2p, (8)

β ∈W s0,2s0
p (S), g(0, x) = B(x, 0, ∂x)u0|Γ, φ(u) ∈W 2

∞(−R,R) ∀R > 0, (9)

u0(x)|G± ∈W
2− 2

p
p (G±), f ∈ Lp(Q), g, ū0 ∈W s0,2s0

p (S), (10)

ai ∈ L∞(0, T ;W 1
p (Gδ)), akl ∈ L∞(0, T ;W 1

∞(Gδ)), φ(u) ∈W 3
∞(−R,R), (11)

äëÿ êàæäîãî R > 0.
Ïîñòðîèì ôóíêöèè φi(x) ∈ C∞

0 (Rn) òàêèå, ÷òî φi(x) = 1 â Bδ/2(bi) è
φi(x) = 0 â Rn \B3δ/4(bi).

Ïóñòü Yi � êîîðäèíàòíàÿ îêðåñòíîñòü òî÷êè bi ∈ Γ. Âûïðÿìèì ãðàíèöó
è ïåðåéäåì ê ñèñòåìå êîîðäèíàò z = (z′, zn). Ìû òàêæå ïðåäïîëàãàåì, ÷òî

∇z′β(x
i(z′, 0)) ∈W s0,2s0

p (S1). (12)

∇z′φig(t, x
i(z′, 0)), ∇z′φiū0(t, x

i(z′, 0)) ∈W s0,2s0
p (S1), (13)

∇z′φiu0(x
i(z)) ∈W 2−2/p

p (U), ∇z′akl(t, x
i(z′, 0)) ∈W s0,2s0

p (S1),

∇z′φif(t, x
i(z)) ∈ Lp(Q1),

(14)

ãäå k, l = 1, 2 . . . , n, i ≤ r. Ìîæíî ïîêàçàòü, ÷òî óñëîâèÿ (12)-(14) íå çàâèñÿò
îò ââåä¼ííîé ëîêàëüíîé ñèñòåìû êîîðäèíàò y è ñèñòåìû êîîðäèíàò z.
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Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (7)-(10). Òîãäà íà íåêîòîðîì
ïðîìåæóòêå [0, τ0] ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u çàäà÷è (1)-(3) òà-
êîå, ÷òî u|Q±

τ0
∈W 1,2

p (Q±
τ0). Åñëè β = 0, òî ñïðàâåäëèâà îöåíêà

∥u∥W 1,2
p (Q+

τ0
) + ∥u∥W 1,2

p (Q−
τ0

) ≤ C0(∥u0∥W 2−2/p
p (G+)

+ ∥u0∥W 2−2/p
p (G−)

+

∥f∥Lp(Qτ0 )
+ ∥g∥

W
s0,2s0
p (Sτ0

)
).

(15)

Åñëè u0 ≡ 0, β = 0, òî îöåíêà ìîæåò áûòü ïåðåïèñàíà â âèäå

∥u∥W 1,2
p (Q+

τ0
) + ∥u∥W 1,2

p (Q−
τ0

) ≤ C1(∥f∥Lp(Qτ0
) + ∥g∥

W̃
s0,2s0
p (Sτ0

)
), (16)

ãäå ïîñòîÿííàÿ C1 íå çàâèñèò îò τ .
Äîêàçàòåëüñòâî. Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó

MΨ = f, Ψ|t=0 = u0,
∂Ψ

∂N
|S = g0, g0|t=0 =

∂u0
∂N

,

∂Ψ+

∂N
(t, x) =

∂Ψ−

∂N
(t, x), Ψ+(t, x) = Ψ−(t, x), (t, x) ∈ S0,

Ôèêñèðóåì τ ≤ T . Ïî òåîðåìå 2.19 â [27] ñóùåñòâóåò åäèíñòâåííîå ðåøå-
íèå ýòîé çàäà÷è èç êëàññà Ψ ∈ W 1,2

p (Q+
τ ) ∩W 1,2

p (Q−
τ ) (îáîçíà÷èì åãî ÷åðåç

Rτ (g0)), ïðè÷åì èìååò ìåñòî îöåíêà

∥Rτg0∥W 1,2
p (Q+

τ ) + ∥Rτg0∥W 1,2
p (Q−

τ ) ≤ C1(∥g0∥W s0,2s0
p (Sτ )

+

∥u0∥W 2−2/p
p (G+)

+ ∥u0∥W 2−2/p
p (G−)

+ ∥f∥Lp(Qτ )).

Åñëè u0 = 0, òî ïîñëåäíþþ îöåíêó ìîæíî óòî÷íèòü

∥Rτg0∥W 1,2
p (Q+

τ ) + ∥Rτg0∥W 1,2
p (Q−

τ ) ≤ C2(∥g0∥W̃ s0,2s0
p (Sτ )

+ ∥f∥Lp(Qτ )), (17)

ãäå ïîñòîÿííàÿ C2 íå çàâèñèò îò ïàðàìåòðà τ . Äîêàçàòåëüñòâî ýòîé îöåíêè
ïîâòîðÿåò ñîîòâåòñòâóþùåå â òåîðåìå 2 â [28]. Ïîýòîìó ìû åãî îïóñòèì.
Òîãäà u ∈W 1,2

p (Q+
τ )∩W 1,2

p (Q−
τ ) åñòü ðåøåíèå çàäà÷è (1)-(3) òîãäà è òîëüêî

òîãäà, êîãäà

u|S = Rτ (g − β(t, x)(φ(u)− φ(ū0)))|S , u|S ∈W s1,2s1
p (Sτ ).

Ïîêàæåì, ÷òî ýòî óðàâíåíèå èìååò åäèíñòâåííîå ðåøåíèå åñëè ïàðàìåòð τ
äîñòàòî÷íî ìàë. Ñäåëàåì çàìåíó u = v + Φ, Φ = Rτ (g − β(φ(u0) − φ(u0)).
Òîãäà èìååì óðàâíåíèå

v|S = Rτ (g − β(t, x)(φ(v +Φ)− φ(ū0)))|S − Φ|S = R0τ (v|S). (18)

Èùåì ðåøåíèå ýòîãî óðàâíåíèÿ â êëàññå v ∈ W̃ s1,2s1
p (Sτ ), s1 = 1− 1

2p . Âîçü-

ìåì v = 0. Ïîëó÷èì R0τ (0) - ðåøåíèå çàäà÷è

Mv = 0, v|t=0 = 0,
∂v

∂N
|Sτ

= −β(φ(Φ)− φ(u0)) ∈ W̃ s0,2s0
p (Sτ ).
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Âîçüìåì R1 = 2∥R0T (0)∥W̃p
s0,2s0 (S)

. Ïóñòü ∥vi∥W̃p
s1,2s1 (Sτ )

≤ R1. Ñëåäîâà-

òåëüíî, â ñèëó òåîðåì âëîæåíèÿ ∥vi∥C(Sτ )
≤ C0R1, ãäå C0 íåêîòîðàÿ ïî-

ñòîÿííàÿ. Ïî îïðåäåëåíèþ îïåðàòîðà Rτ ïðàâàÿ ÷àñòü â (18) îáðàùàåòñÿ
â íîëü ïðè t = 0. Ïîêàæåì, ÷òî íà ìàëîì ïðîìåæóòêå âðåìåíè îïåðàòîð
R0τ (v) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû î íåïîäâèæíîé òî÷êå. Â ñèëó (17)
è ëåìì 2, 3 èìååì îöåíêó

∥R0τ (v1)−R0τ (v2)∥W̃ s1,2s1
p (Sτ )

≤ c1∥β(φ(v1)− φ(v2))∥W̃ s0,2s0
p (Sτ )

≤

c2∥φ(v1)− φ(v2)∥W̃ s0,2s0
p (Sτ )

≤ c3(R1)∥v1 − v2∥W̃ s0,2s0
p (Sτ )

.
(19)

Îòìåòèì, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

∥v∥
W̃p

s0,2s0 (Sτ )
≤ cτ1/2∥v∥

W̃p
s1,2s1 (Sτ )

, s1 = 1− 1/2p, (20)

ãäå ïîñòîÿííàÿ c íå çàâèñèò îò τ ≤ T . Äåéñòâèòåëüíî, íåïîñðåäñòâåííî
èç îïðåäåëåíèÿ íîðìû èìååì, ÷òî ∥v∥W̃ s0

p (0,τ ;Lp(Γ))
≤ cτ1/2∥v∥W̃ s1

p (0,τ ;Lp(Γ))
.

Äàëåå,

∥v∥
Lp(0,τ ;W

2s0
p (Γ))

≤ c∥v∥θ
Lp(0,τ ;W

2s1
p (Γ))

∥v∥1−θLp(Sτ )
≤ c4τ

s1(1−θ)∥v∥
W̃p

s1,2s1 (Sτ )
,

ãäå s1(1 − θ) = 1/2, θ = s0/s1, èñïîëüçóåì ëåììó 1.14 â [27] è îïðåäåëåíèå
íîðìû â W s1

p (0, τ ;Lp(Γ)). Äâå ïîñëåäíèå îöåíêè ãàðàíòèðóþò (20). Èñïîëü-
çóÿ îöåíêè (20), (19), ïîëó÷èì.

∥R0τ (v1)−R0τ (v2)∥W̃p
s1,2s1 (Sτ )

≤ c5(R1)τ
1
2 ∥v1 − v2∥W̃p

s1,2s1 (Sτ )
.

Âûáåðåì τ0 òàêîå ÷òî τ
1/2c5(R1) ≤ 1

2 ïðè τ ≤ τ0. Òîãäà âûïîëíÿþòñÿ óñëî-
âèÿ òåîðåìû î íåïîäâèæíîé òî÷êå è óðàâíåíèå (18) èìååò ðåøåíèå. Åñëè
u0 = 0, òî ëåãêî óâèäåòü, ÷òî ïîñòîÿííûå â èñïîëüçóåìûõ íåðàâåíñòâàõ íå
çàâèñÿò îò τ ≤ τ0 è çíà÷èò èìååò ìåñòî îöåíêà (16).

Çàìå÷àíèå 1. Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæåì ñ÷èòàòü, ÷òî ïàðàìåòð
τ0 åñòü óáûâàþùàÿ ôóíêöèÿ îò âåëè÷èíû R1. Â ñâîþ î÷åðåäü, âåëè÷èíà R1

îãðàíè÷åíà ïîñòîÿííîé cM ñM = ∥β∥
W

s0,2s0
p (Sτ )

+∥β∥L∞(Sτ ), c - ïîñòîÿííàÿ

íå çàâèñÿùàÿ îò β, ïðè ýòîì íîðìà v â W s1,2s1
p (Sτ0) îöåíèâàåòñÿ ÷åðåç 2R1

è íîðìà v â W 1,2
p (Sτ0) îöåíèâàåòñÿ ïîñòîÿííîé çàâèñÿùåé îò R1.

Â ñëåäóþùåé òåîðåìå ìû èñïîëüçóåì ëîêàëüíóþ ñèñòåìó êîîðäèíàò z.
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ (7)�(14) è β = 0. Òîãäà ðåøåíèå

çàäà÷è (1)-(3), ïîëó÷åííîå â òåîðåìå 1 îáëàäàåò ñâîéñòâîì ∇z′φiu(x
i(z)) ∈

W 1,2
p (Qτ1), i = 1, . . . , r, ïðè÷åì åñëè u0 ≡ 0, òî èìååò ìåñòî îöåíêà

r∑
i=1

∥∇z′φiu(t, x
i(z))∥W 1,2

p (Qτ
1 )

≤ C1(∥g∥W̃ s0,2s0
p (Sτ )

+ ∥f∥Lp(Qτ )+

r∑
i=1

(∥∇z′φif∥Lp(Qτ
1 )

+ ∥∇z′φig(x
i(z′, 0))∥

W̃
s0,2s0
p (Sτ

1 )
)),
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ãäå ïîñòîÿííàÿ C1 íå çàâèñèò îò τ ∈ (0, τ0].
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî äîñëîâíî ïîâòîðÿåò ðàññóæäåíèÿ èç

òåîðåìû 2 â [23] è èñïîëüçóåò îöåíêó (17).

Îñíîâíûå ðåçóëüòàòû

Äàëåå ñ÷èòàåì, ÷òî ôóíêöèè Φi(t, x) îáëàäàþò ñâîéñòâàìè:

Φi ∈W s0,2s0
p (S), ∇z′Φi(t, x

j(z′, 0)) ∈W s0,2s0
p (S1), i, j = 1, 2, . . . , r. (21)

Ïóñòü Φ(t) - ìàòðèöà ñ ýëåìåíòàìè ϕij = Φj(t, bi) (i, j = 1, 2, . . . , r). Â ñè-
ëó òåîðåì âëîæåíèÿ Φi(t, bj) ∈ C1/2−(n+2)/2p([0, T ]) (ñì. [27, òåîðåìà 1.22]).
Äîïîëíèòåëüíûå óñëîâèÿ íà äàííûå èìåþò âèä

|φ(ψi(t))− φ(ū0)(t, bi)| ≥ δ1, |detΦ| ≥ δ1 > 0 ∀t ∈ [0, T ],

ψi ∈W s1
p (0, T ), u0(bi) = ψi(0), i = 1, 2, . . . , r,

(22)

ãäå δ1 � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Âîçüìåì ïåðâîå èç ðàâåíñòâ (2) â òî÷êå
(0, bj). Èìååì

r∑
i=1

βi(0)Φi(0, bj) =
1

(φ(u0(bj))− φ(ū0(bj)))
(g(0, bj)−

∂u0(bj)

∂N
), (23)

ãäå j = 1, . . . , r. Îòñþäà îïðåäåëÿåì âåëè÷èíû βi(0). Òîãäà, åñëè ðåøåíèå
çàäà÷è (1)-(4) ñóùåñòâóåò, òî âûïîëíåíî ðàâåíñòâî

∂u0(x)

∂N
+ β(0, x)[φ(u0)− φ(ū0)] = g(0, x), x ∈ Γ, (24)

ãäå ïîñòîÿííûå βj(0) � ðåøåíèå ñèñòåìû (23). Ïîëîæèì β0 =
∑r
i=1 βi(0)Φi(t, x),

α = β − β0, αi = βi(t) − βi(0), α⃗ = (α1, . . . , αr). Â ñèëó óñëîâèÿ (21)
β0 ∈ W s0,2s0

p (S), ∇z′β0(x
j(z′, 0)) ∈ W s0,2s0

p (S1) äëÿ âñåõ j, ïîñòðîèì ôóíê-
öèþ w0 êàê ðåøåíèå çàäà÷è (1)-(3) c β = β0. Ðåøåíèå ñóùåñòâóåò íà íåêîòî-
ðîì ïðîìåæóòêå [0, τ0] è îáëàäàåò ñâîéñòâàìè óêàçàííûìè â òåîðåìàõ 1,2.
Ñäåëàåì çàìåíó u = v + w0 â (1)-(4). Ôóíêöèÿ v åñòü ðåøåíèå îáðàòíîé
çàäà÷è

Mv = vt − Lv = 0, (x, t) ∈ Q = G× (0, T ), (25)

v|t=0 = 0,
∂v

∂N
+ β0(φ(v + w0)− φ(w0)) = −α(φ(v + w0)− φ(ū0)), (26)

∂v+

∂N
(t, x) =

∂v−

∂N
(t, x), v+(t, x) = v−(t, x) (t, x) ∈ S0, (27)

v(t, bi) = ψ̃i(t) = ψi(t)− w0(t, bi). (28)

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ (7), (8), (10), (11), (13), (14),
(21), (22), (24). Òîãäà íà íåêîòîðîì ïðîìåæóòêå [0, τ0] ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå çàäà÷è (1)-(4) òàêîå, ÷òî u ∈ W 1,2

p (Q+
τ ) ∩ W 1,2

p (Q−
τ ),
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βi(t) ∈ W s0
p (0, τ0) (i = 1, 2, . . . , r), ïðè÷åì ∇z′φiu(x

i(z)) ∈ W 1,2
p (Qτ01 ), i =

1, . . . , r.
Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü óòâåðæäåíèå äëÿ âñïîìîãàòåëü-

íîé çàäà÷è (25)-(28).
Ïîñòðîåíèå îïåðàòîðíîãî óðàâíåíèÿ äëÿ íàõîæäåíèÿ âåêòîð-ôóíêöèè

α⃗. Ôèêñèðóåì R2 > 0 (ýòó âåëè÷èíó ìû îïðåäåëèì ïîçæå) è ïðåäïîëîæèì,
÷òî α⃗ ∈ BR2

= {α⃗ ∈ W̃ s0
p (0, τ) : ∥α⃗∥W̃ s0

p (0,τ) ≤ R2}. Ôèêñèðóÿ α⃗ ∈ BR2
è

ðåøàÿ çàäà÷ó (25)-(27) íà íåêîòîðîì ïðîìåæóòêå [0, τ0]), ìû òåì ñàìûì ïî-
ñòðîèì îòîáðàæåíèå α⃗→ v(α⃗). Êðîìå ýòîãî îòîáðàæåíèÿ, íàì ïîíàäîáèòñÿ
åùå îäíî îòîáðàæåíèå. Ôèêñèðóÿ i è óìíîæàÿ óðàâíåíèå (25) íà φi, èìååì

Mvi = vit − Lvi = [φi, L]v = f0, vi
∣∣
t=0

= 0, vi = φiv, (29)

ãäå [φi, L]v = φiLv − L(φiv) = −2
∑n
l,k=1 alkvxk

φixl
−

∑n
l,k=1 alkφixlxk

v −∑n
k=1 akφixk

v. Ñäåëàâ çàìåíó ïåðåìåííûõ x = xi(z), ïåðåïèøåì óðàâíåíèå
â (29) â âèäå

vit−cnn(t, z)viznzn =
∑

l+k<2n

cklvizkzl +

n∑
k=1

ckvizk +c0vi+f0 = f1i, z ∈ U. (30)

Îòìåòèì, ÷òî cnn > 0 äëÿ âñåõ t, z. Â ñèëó ñâîéñòâ ðåøåíèÿ v è óñëîâèé
íà êîýôôèöèåíòû, èìååì ÷òî φf1i ∈ Lp(Q

τ
1), ∇z′φf1i ∈ Lp(Q

τ
1) è áîëåå òîãî

f1i(t, z
′, zn) ∈ Cα(B′

δ;Lp((0, τ)× (0, δ1))) ñ α ≤ 1− (n−1)/p (ñì. òåîðåìó 1.22
â [27]), ïîñëå ìîæåò áûòü èçìåíåíèÿ íà ìíîæåñòâå ìåðû íîëü. Ðàññìîòðèì
çàäà÷ó

ωit(t, zn)− cnn(t, 0, zn)ωiznzn = f1i(t, 0, zn), i ≤ r, zn ∈ (0, δ1), (31)

ωi(0, zn) = 0, ωi|zn=0 = ψ̃i(t), ωi|zn=δ1 = 0, i = 1, 2, . . . , r. (32)

Ïóñòü v(α⃗) � ðåøåíèå çàäà÷è (25)-(27), ïîñòðîèì ôóíêöèè ωi êàê ðåøåíèÿ
çàäà÷ (31), (32). Òàêèì îáðàçîì, êàæäîìó α⃗ îòâå÷àåò ôóíêöèÿ v è íàáîð
ôóíêöèé ωi (i = 1, 2, . . . , r). Èìååì ∂vi

∂N =
∑n
j=1 ηj(t, z

′)vizj (t, x
i(z′, 0)). Ïî-

ëàãàÿ z′ = 0 è èñïîëüçóÿ (28), çàïèøåì ðàâåíñòâà

ηn(t, 0)ωjzn(t, 0) +

n−1∑
i=1

ηi(t, 0)vzi(t, x
j(0))+

β0(φ(ψj)− φ(u0)) = −α(t, bj)(φ(ψj)− φ(ū0)),

(33)

êîòîðûå òàêæå ìîæíî ïåðåïèñàòü â âèäå

α(t, bj) =
1

φ(ū0(t, bj))− φ(ψj)

(
ηn(t, 0)ωjzn(t, 0)+

n−1∑
i=1

ηi(t, 0)vzi(t, bj) + β0(φ(ψj)− φ(u0))
)
,

(34)
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ãäå φ(ψj) − φ(ū0(t, bj)) ̸= 0 (ñì. (22)). Ýòî è åñòü ñèñòåìà äëÿ íàõîæäåíèÿ
âåêòîðà α⃗. Îíà ìîæåò áûòü ïåðåïèñàíà â âèäå

α⃗ = Φ−1F⃗ (α⃗) = R(α⃗), (35)

ãäå êîîðäèíàòà Fj âåêòîðà F⃗ åñòü ïðàâàÿ ÷àñòü (34). Îòìåòèì, ÷òî ëåììà
2 ãàðàíòèðóåò îöåíêó

∥Φ−1F⃗∥W̃ s0
p (0,τ) ≤ c∥F⃗∥W̃ s0

p (0,τ). (36)

Ïîêàæåì, ÷òî îïåðàòîðR(α⃗) ÿâëÿåòñÿ ñæèìàþùèì â íåêîòîðîì øàðåBR2
=

{α⃗ : ∥α⃗∥W s0
p (0,τ) ≤ R2} è ïåðåâîäèò åãî â ñåáÿ. Ðàññìîòðèì ñèñòåìó (35) è

íàéäåì R(0). Åñëè α⃗ = 0, òî â ñèëó òåîðåìû åäèíñòâåííîñòè ðåøåíèå v çà-
äà÷è (25)-(27) åñòü 0. Òîãäà ïðàâàÿ ÷àñòü â (31) ðàâíà íóëþ è ðåøåíèÿ wi
çàäà÷è (31), (32) íå çàâèñèò îò α⃗. Ïîëîæèì R2 = 2∥R(0)∥

W̃
s0,2s0
p (S)

. Âåëè-

÷èíà R2 çàâèñèò òîëüêî îò èçâåñòíûõ äàííûõ çàäà÷è è íå çàâèñèò îò α⃗, τ .
Îöåíêè äëÿ ðåøåíèé çàäà÷è (25)-(27). Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæåì

ñ÷èòàòü (ñì. çàìå÷àíèå 1 è òåîðåìó 1), ÷òî ïðîìåæóòîê [0, τ0] íà êîòîðîì
ðåøåíèå çàäà÷è (25)-(27) ñóùåñòâóåò è åäèíñòâåííî íå çàâèñèò îò α⃗ ∈ BR2 =
{α⃗ ∈: ∥α⃗∥

W̃
s0,2s0
p (Sτ )

≤ R2} à çàâèñèò òîëüêî îò âåëè÷èíû R2. Äàëåå, èìååò

ìåñòî îöåíêà (òåîðåìà 1) ∥v∥W 1,2
p (Q+

τ )+∥v∥W 1,2
p (Q−

τ ) ≤ C2(R2), ãäå ïîñòîÿííàÿ

C2 çàâèñèò îò R2 íî íå çàâèñèò îò ïàðàìåòðà τ . Ïóñòü g0 = −β0(φ(v +
w0) − φ(w0)) − α(φ(v + w0) − φ(ū0)). Èç òåîðåìû 2 âûòåêàåò, ÷òî íàéäåòñÿ
ïîñòîÿííàÿ c3 òàêàÿ, ÷òî

r∑
i=1

∥∇z′φiv(t, x
i(z))∥W 1,2

p (Qτ
1 )

≤

c(∥g0∥W̃ s0,2s0
p (Sτ )

+

r∑
i=1

∥φi∇z′g0(t, x
i(z′, 0))∥W̃ s0

p (Sτ
1 )
).

Âîñïîëüçîâàâøèñü ëåììàìè 2,3, ïîëó÷èì ∥g0∥W̃ s0,2s0
p (Sτ )

≤ c(R2). Äàëåå,

∂zkg0 = −β0zk(φ(v + w0)− φ(w0))− αzk(φ(v + w0)− φ(ū0))

− β0(φ
′(v + w0)(vzk + w0zk)− φ′(w0)(w0zk))−

− α(φ′(v + w0)(vzk + w0zk)− φ′(ū0)ū0zk).

Êàæäîå ñëàãàåìîå îöåíèâàåòñÿ ñ èñïîëüçîâàíèåì ëåìì 2,3. Ðàññìîòðèì, íà-
ïðèìåð, òðåòüå ñëàãàåìîå. Èìååì

∥φiβ0(φ′(v + w0)(vzk + w0zk)− φ′(w0)(w0zk))||W̃ s0,2s0
p (Sτ

1 )
≤

c∥φ′(v + w0)(vzk + w0zk)− φ′(w0)w0zk ||W̃ s0,2s0
p (Sτ

1 )
≤ c1∥(φ′(v + w0)−

φ′(w0))(vzk + w0zk) + φ′(w0)vzk ||W̃ s0,2s0
p (Sτ

1 )
≤ c2(∥φ′(v + w0)−

φ′(w0)∥W̃ s0,2s0
p (Sτ

1 )
(∥vzk + w0zk∥W s0,2s0

p (Sτ
1 )

+ ∥vzk + w0zk∥L∞(Sτ
1 )
)

+(∥φ′(w0)∥W s0,2s0
p (Sτ

1 )
+ ∥φ′(w0)∥L∞(Sτ

1 )
)∥vzk∥W̃ s0,2s0

p (Sτ
1 )
).

(37)
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Äàëåå, ìû èñïîëüçóåì îöåíêè

∥∇z′w0∥W s0,2s0
p (Sτ

1 )
+ ∥∇z′w0∥L∞(Sτ

1 )
≤ c1∥w0∥W s1,2s1

p (S1)
, (38)

∥∇z′v∥W̃ s0,2s0
p (Sτ

1 )
≤ c2∥v∥W̃ s1,2s1

p (Sτ
1 )
, v ∈ W̃ s1,2s1

p (Sτ1 ), (39)

ãäå ïîñòîÿííûå c1, c2 íå çàâèñÿò îò τ . Ïåðâàÿ âûòåêàåò èç [27, ñëåäñòâèå
1.3, Òåîðåìà 1.22]. Âòîðàÿ òàêæå âûòåêàåò èç ñëåäñòâèÿ 1.3 [27] íî ìû
äîëæíû ïîêàçàòü, ÷òî ïîñòîÿííàÿ c2 íå çàâèñèò îò τ . Ñóùåñòâóåò îïå-
ðàòîð ïðîäîëæåíèÿ P ôóíêöèé çàäàííûõ íà B′

δ â Rn−1 òàêîé, ÷òî P ∈
L(W s

p (B
′
δ),W

s
p (Rn−1)) äëÿ âñåõ s ∈ [0, 2] (ìåòîä Õåñòåíñà [24, �4.2]). Ïî-

ýòîìó íàì äîñòàòî÷íî ïîëó÷èòü îöåíêè â ñëó÷àå êîãäà Sτ1 çàìåíåíî íà
S̃τ1 = (0, τ) × Rn−1. Ìû èñïîëüçóåì ýêâèâàëåíòíûå íîðìû â W̃ s0,2s0

p (S̃τ1 ),

W̃ s1,2s1
p (S̃τ1 ) (ñì. íîðìû â [24, ïóíêò 2.5.1]):

∥v∥p
W̃

s0,2s0
p (S̃τ

1 )
= ∥vt−s0∥Lp(S̃τ

1 )
+ < v >ps0,τ +∫ τ

0

∫
Rn−1

∫
Rn−1

|v(t, z1)− v(t, z2)|p

|z1 − z2|n−1+2s0p
dx1dx2dt.

∥v∥p
W̃

s1,2s1
p (S̃τ

1 )
= ∥vt−s1∥Lp(S̃τ

1 )
+ < v >ps1,τ +∫ τ

0

∫
Rn−1

∫
Rn−1

n−1∑
k=1

|vzk(t, z1)− vzk(t, z
2)|p

|z1 − z2|n−1+2ps0
dx1dx2

Ñäåëàåì çàìåíó ïåðåìåííûõ t = ξτ, x =
√
τy, z1 =

√
τy1, z

2 =
√
τy2. Èìååì

∥∇z′v∥p
W̃

s0,2s0
p (S̃τ

1 )
= τ1−s0p−p/2+(n−1)/2∥∇y′v(τξ,

√
τy)∥p

W̃
s0,2s0
p (S̃1

1)
.

Ïðàâàÿ ÷àñòü îöåíèâàåòñÿ ÷åðåç (ñì. [27, cëåäñòâèå 1.3])
τ1−s0p−p/2+(n−1)/2c∥v(τξ,

√
τy)∥

W̃
s1,2s1
p (S̃1

1)
. Ñäåëàâ îáðàòíóþ çàìåíó ïåðåìåí-

íûõ, ïîëó÷èì (39). Èñïîëüçóÿ (39), (38) è ëåììó 3, ïîëó÷èì, ÷òî ïðàâàÿ
÷àñòü â (37) îöåíèâàåòñÿ ÷åðåç c3(R2), ýòà ïîñòîÿííàÿ çàâèñèò îò ∥v∥W̃ s1,2s1

p (Sτ )
,

∥w0∥W s1,2s1
p (S1)

, ò.å. îò R2. Òàêèì îáðàçîì,
∑r
i=1 ∥∇z′φiv(t, x

i(z))∥W 1,2
p (Qτ

1 )
≤

C4(R2). Îêîí÷àòåëüíî èìååì îöåíêó

∥v∥W 1,2
p (Q+

τ ) + ∥v∥W 1,2
p (Q−

τ ) +

r∑
i=1

∥∇z′φiv(t, x
i(z))∥W 1,2

p (Qτ
1 )

≤ C5(R2). (40)

Îöåíêè äëÿ ðàçíîñòè ðåøåíèé çàäà÷è (25)-(27).Ïóñòü α⃗i = (αi1, αi2, . . . , αir) ∈
BR2

(i = 1, 2) è vi � ñîîòâåòñòâóþùèå ðåøåíèÿ çàäà÷è (25)-(27), ãäå ôóíêöèÿ
α çàìåíÿåòñÿ íà ñîîòâåòñòâóþùèå ôóíêöèè αj =

∑r
i=1 αjiΦi (j = 1, 2). Êàæ-

äàÿ èç ýòèõ ôóíêöèé óäîâëåòâîðÿåò îöåíêå (40). Òîãäà ðàçíîñòè v1−v2 = ω̃,
α̃ = α1 − α2 åñòü ðåøåíèå çàäà÷è

Mv = ω̃t − Lω̃ = 0, ω̃|t=0 = 0, (x, t) ∈ Q = G× (0, T ), (41)
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∂ω̃

∂N
= −β0(φ(v1 + w0)− φ(v2 + w0))−

(α1 + α2)

2
(φ(v1 + w0)− φ(v2 + w0))

− α̃
2
(φ(v1 + w0) + φ(v2 + w0)− 2φ(ū0)) = g0.

(42)
∂ω̃+

∂N
(t, x) =

∂ω̃−

∂N
(t, x), ω̃+(t, x) = ω̃−(t, x) (t, x) ∈ S0. (43)

Â ñèëó ëåììû 2 è (21) α̃, αj ∈ W̃ s0,2s0
p (Sτ ),∇z′ α̃(t, x

i(z′, 0)),∇z′α
j(t, xi(z′, 0)) ∈

W̃ s0,2s0
p (Sτ1 ) (i = 1, . . . , r) è èìååì îöåíêè

∥α̃∥
W̃

s0,2s0
p (Sτ )

≤ c1∥α⃗1 − α⃗2∥W̃ s0
p (0,τ), (44)

∥α1 + α2∥
W̃

s0,2s0
p (Sτ )

≤ c1(∥α⃗1∥W̃ s0
p (0,τ) + ∥α⃗2∥W̃ s0

p (0,τ)) ≤ 2c1R2, (45)

r∑
i=1

∥∇z′ α̃(t, x
i(z′, 0))∥

W̃
s0,2s0
p (Sτ

1 )
≤ c2∥α⃗1 − α⃗2∥W̃ s0

p (0,τ), (46)

r∑
i=1

∥∇z′(α
1 + α2)(t, xi(z′, 0)∥

W̃
s0,2s0
p (Sτ

1 )
≤ 2c2R2, (47)

ãäå ïîñòîÿííàÿ c2 íå çàâèñèò îò τ . Â ñèëó òåîðåìû 1, ëåìì 2,3 è îöåíîê
(44)-(47), (40) íå òàê òðóäíî ïîëó÷èòü íåðàâåíñòâî

∥w̃∥W 1,2
p (Q+

τ ) + ∥w̃∥W 1,2
p (Q+

τ ) ≤ c∥g0∥W̃ s0,2s0
p (Sτ

1 )
, ∥g0∥W̃ s0,2s0

p (Sτ
1 )

≤

c5(R2)∥w̃∥W̃ s0,2s0
p (Sτ

1 )
+ c6(R2)∥α⃗1 − α⃗2∥W̃ s0

p (0,τ).
(48)

Âîñïîëüçîâàâøèñü íåðàâåíñòâîì (20) è ëåììîé 1, ïîëó÷èì îöåíêó

∥w̃∥W 1,2
p (Q+

τ ) + ∥w̃∥W 1,2
p (Q−

τ ) ≤ c7(R2)τ
1/2(∥w̃∥W 1,2

p (Q+
τ )+

∥w̃∥W 1,2
p (Q−

τ )) + c6(R2)∥α⃗1 − α⃗2∥W̃ s0
p (0,τ).

(49)

Âûáåðåì τ1 ≤ τ0 òàê ÷òîáû c7(R2)τ
1/2 ≤ 1/2 ïðè τ ≤ τ1. Òîãäà èç (48), (49)

âûòåêàåò íåðàâåíñòâî

∥w̃∥W 1,2
p (Q+

τ ) + ∥w̃∥W 1,2
p (Q−

τ ) ≤ 2c6(R2)∥α⃗1 − α⃗2∥W̃ s0
p (0,τ), τ ≤ τ1. (50)

Ñîîòâåòñòâåííî, èìååì èç ëåììû 1 è (48), ÷òî

∥g0∥W̃ s0,2s0
p (Sτ

1 )
≤ c7(R2)∥α⃗1 − α⃗2∥W̃ s0

p (0,τ).

Äàëåå, èñïîëüçóÿ òåîðåìó 2, çàïèøåì îöåíêó äëÿ ðåøåíèé çàäà÷è (41)-(43).
Èìååì

r∑
i=1

∥∇z′φiw̃(t, x
i(z))∥W 1,2

p (Qτ
1 )

≤

c(∥g0∥W̃ s0,2s0
p (Sτ

1 )
+

r∑
i=1

∥φi∇z′g0(t, x
i(z′, 0)∥

W̃
s0,2s0
p (Sτ

1 )
).
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Ïåðâîå ñëàãàåìîå óæå îöåíåíî. Îöåíèì âòîðîå èç íèõ. Èìååì

∂zkg0 = −β0zk(φ(v1+w0)−φ(v2+w0))−
(α1
zk

+ α2
zk
)

2
(φ(v1+w0)−φ(v2+w0))

− α̃zk
2

(φ(v1 + w0) + φ(v2 + w0)− 2φ(ū0))− β0(φ
′(v1 + w0)(v1zk + w0zk)

− φ′(v2 + w0)(v2zk + w0zk))−− (α1 + α2)

2
(φ′(v1 + w0)(v1zk + w0zk)

− φ′(v2 + w0)(v2zk + w0zk))−
α̃

2
(φ′(v1 + w0)(v1zk + w0zk)

+ φ′(v2 + w0)(v2zk + w0zk)− 2φ′(ū0)ū0zk).

Èñïîëüçóÿ ëåììû 2,3, êàê è ïðè ïîëó÷åíèè îöåíêè (50) è ñàìó îöåíêó (50)
âûâîäèì, ÷òî ïðè τ ≤ τ1 èìååò ìåñòî îöåíêà

r∑
i=1

∥∇z′φiω̃(t, x
i(z))∥W 1,2

p (Qτ
1 )

≤ c8∥α⃗1 − α⃗2∥W̃ s0
p (0,τ). (51)

Èñïîëüçóÿ íåðàâåíñòâà (50), (51), ìîæåì çàïèñàòü

∥w̃∥W 1,2
p (Q+

τ ) + ∥w̃∥W 1,2
p (Q−

τ ) +

r∑
i=1

∥∇z′φiω̃(t, x
i(z))∥W 1,2

p (Qτ
1 )

≤

c5∥α⃗1 − α⃗2∥W̃ s0
p (0,τ).

(52)

Îöåíêè äëÿ ðåøåíèé çàäà÷è (31), (32). Îöåíèì ïðàâóþ ÷àñòü â (31) â
Lp((0, τ)× (0, δ1)). Èìååì

∥f1i(t, 0, zn)∥Lp((0,τ)×(0,δ1)) ≤ c6∥f1i(t, z′, zn)∥W s
p (B

′
δ;Lp((0,τ)×(0,δ1))) = J

ïðè s > (n − 1)/p (ëåììà 1.9 [27]). Äàëåå èñïîëüçóåì èíòåðïîëÿöèîííûå
íåðàâåíñòâà (ñì. òåîðåìó 1.19 â [27]). Èìååì

J ≤ c7∥f1i(t, z)∥θW 1
p (B

′
δ;Lp((0,τ)×(0,δ1)))

∥f1i(t, z)∥1−θW−1
p (B′

δ;Lp((0,τ)×(0,δ1)))
, (53)

ãäå 2θ−1 = s. Èñõîäÿ èç îïðåäåëåíèÿ f1i è óñëîâèé íà êîýôôèöèåíòû èìååì

∥f1i∥W−1
p (B′

δ;Lp((0,τ)×(0,δ1)))
≤ c∥v∥Lp(0,τ ;W 1

p (U)) ≤ c8τ
1/2∥v∥W 1,2

p (Q+
τ ), (54)

ãäå ïîñòîÿííàÿ c1 íå çàâèñèò îò τ . Ïîñëåäíÿÿ îöåíêà ïîëó÷àåòñÿ åñëè ìû
ïðèìåíèì èíòåðïîëÿöèîííîå íåðàâåíñòâî

∥v∥Lp(0,τ ;W 1
p (U)) ≤ c9∥v∥1/2Lp(0,τ ;W 2

p (U))∥v∥
1/2
Lp(0,τ ;Lp(U))

è îöåíêó ∥v∥Lp(0,τ ;Lp(U)) ≤ τ∥vt∥Lp(0,τ ;Lp(U)), âûòåêàþùóþ èç ôîðìóëû Íüþòîíà-
Ëåéáíèöà. Îöåíêè (53), (54) âëåêóò, ÷òî

∥f1i(t, 0, zn)∥Lp((0,τ)×(0,δ1))) ≤ c10τ
(1−θ)/2(∥∇z′φiv(t, z)∥W 1,2

p (Qτ
1 )

+∥v∥W 1,2
p (Q+

τ ) + ∥v∥W 1,2
p (Q−

τ )) ≤ C8(R2)τ
(1−θ)/2,

(55)
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ãäå C8 � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò τ . Òîãäà èñïîëüçóÿ ñâîéñòâà ðåøåíèé
ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è [27, òåîðåìà 2.9], ïîëó÷èì

r∑
i=1

∥wi(t, zn)∥W 1,2
p ((0,τ)×(0,δ1))

≤ c

r∑
i=1

∥f1i(t, 0, zn)∥Lp((0,τ)×(0,δ1))) ≤

C9(R2)τ
(1−θ)/2 +

r∑
j=1

∥ψ̃i∥W̃ s1,2s1
p (0,τ)

.

Îöåíêè äëÿ ðàçíîñòè ðåøåíèé çàäà÷è (31), (32). Ïóñòü, êàê è ðàíåå,
α⃗i = (αi1, αi2, . . . , αir) ∈ BR2

(i = 1, 2) è vi � ñîîòâåòñòâóþùèå ðåøåíèÿ
çàäà÷è (25)-(27), ãäå ôóíêöèÿ α çàìåíÿåòñÿ íà ñîîòâåòñòâóþùèå ôóíêöèè
αj =

∑r
i=1 αjiΦi (j = 1, 2). Ïóñòü wji (j = 1, 2) ðåøåíèÿ çàäà÷ (31), (32) c

íîâûìè ïðàâûìè ÷àñòÿìè, ãäå âìåñòî v ñòîÿò ôóíêöèè vi è w
0 = φiω̃. Òîãäà

ðàçíîñòè ki = w1
i − w2

i åñòü ðåøåíèÿ çàäà÷

kit − cnn(t, 0, zn)kiznzn =
∑

i+j<2n

cijω
0
zizj +

n∑
i=1

ciω
0
zi + c0ω

0+

[φi, L]ω̃|z′=0 = f̃i, ki
∣∣
t=0

= 0, ki|zn=0 = 0, ki|zn=δ1 = 0, i ≤ r.

Èç èçâåñòíûõ ñâîéñòâ ïàðàáîëè÷åñêèõ çàäà÷ (ñì., íàïðèìåð, òåîðåìó 2.1
[27] èëè [26]) èìååì îöåíêó

r∑
i=1

∥ki∥W 1,2
p ((0,τ)×(0,δ1))

≤
r∑
i=1

∥f̃i∥Lp((0,τ)×(0,δ1)).

Èñïîëüçóÿ àíàëîã îöåíêè (55) äëÿ îöåíêè ïðàâîé ÷àñòè, ïîëó÷èì

r∑
i=1

∥ki∥W 1,2
p ((0,τ)×(0,δ1))

≤ c2τ
1−θ
2 (∥ω̃∥W 1,2

p (Qτ ) +

r∑
i=1

∥∇z′φiω̃(t, x
i(z))∥W 1,2

p (Qτ
1 )
).

Â ÷àñòíîñòè, îòñþäà è èç ëåììû 1 è (52) âûòåêàåò íåðàâåíñòâî

r∑
i=1

∥kizn(t, 0)∥W̃ s0
p (0,τ) ≤ c4τ

(1−θ)/2∥α⃗1 − α⃗2∥W̃ s0
p (0,τ). (56)

Îöåíêè äëÿ îïåðàòîðà R. Ñ÷èòàåì, ÷òî α⃗i ∈ BR2 , i = 1, 2. Èç (36) èìååì,
÷òî

∥R(α⃗1)−R(α⃗2)∥W̃ s0
p (0,τ) ≤ c

r∑
i=1

∥Fi(α⃗1)− Fi(α⃗2)∥W̃ s0
p (0,τ).

Èñïîëüçóåì ñòàðûå îáîçíà÷åíèÿ: vi (i = 1, 2), w̃ = v1−v2, ki = ω1
i−ω2

i , ω
i
j (i =

1, 2) � ðåøåíèÿ çàäà÷ (31), (32). Ðàññìîòðèì ïåðâîå ñëàãàåìîå â êîîðäèíàòå
Fi(α⃗1)−Fi(α⃗2). Îíî çàïèñûâàåòñÿ â âèäå J1 = 1

φ(ū0(t,bj))−φ(ψj)
ηn(t, 0)kjzn(t, 0),

ãäå ηn = −
√
1 + |∇γi|2

∑n
k,l=1 ãkl(y

i(z))nknl|zn=0. Çäåñü nk = γizk(z
′)/

√
1 + |∇γi|2
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ïðè k < n è nn = −1/
√
1 + |∇γi|2, è ãkl � ñòàðøèå êîýôôèöèåíòû îïåðà-

òîðà L çàïèñàííîãî â ëîêàëüíîé ñèñòåìå êîîðäèíàò y. Â ñèëó ëåììû 2 è
íåðàâåíñòâà (56) èìååì

∥J1∥W̃ s0
p (0,τ) ≤ c1∥kizn(t, 0)∥W̃ s0

p (0,τ) ≤ c2τ
β1∥α⃗1 − α⃗2∥W̃ s0

p (0,τ), (57)

ãäå âñå ïîñòîÿííûå íå çàâèñÿò îò τ è β1 - ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ðàñ-
ñìîòðèì âòîðîå ñëàãàåìîå J2 = 1

φ(ū0(t,bj))−φ(ψj)

∑n−1
j=1 ηi(t, 0)w̃zj (t, bj). Â ñè-

ëó ëåììû 2 èìååì

∥J2∥W̃ s0
p (0,τ) ≤ c2

r∑
i=1

(∥w̃(t, xi(0))∥W̃ s0
p (0,τ) + ∥∇z′w̃(t, x

i(0))∥W̃ s0
p (0,τ)).

Çäåñü êàæäîå èç ñëàãàåìûõ îöåíèâàåòñÿ îäèíàêîâî. Îöåíêà (39) âëå÷åò, ÷òî

∥w̃∥W 1
p (B

′
δ;W̃

s0
p (0,τ)) ≤ c∥w̃∥

W̃
s1,2s1
p (Sτ

1 )
≤ c1∥w̃∥W 1,2

p (Q+
τ ).

Â ñèëó òåîðåì âëîæåíèÿ (òåîðåìà 1.22 â [27])

∥∇z′w̃(t, x
i(z))|z=0∥W̃ s0

p (0,τ) ≤ c2∥∇z′φi(w̃(t, x
i(z′, 0)))∥W s

p (B
′
δ;W̃

s0
p (0,τ)),

ïðè s ∈ ((n− 1)/p, 1). Äàëåå, èç âûøåïðèâåäåííûõ íåðàâåíñòâ ïîëó÷èì

c2∥∇z′φiw̃(t, x
i(z′, 0))∥W s

p (B
′
δ;W̃

s0
p (0,τ)) ≤

c3∥∇z′φiw̃(t, x
i(z′, 0))∥θ

W 1
p (B

′
δ;W̃

s0
p (0,τ))

∥∇z′φiw̃(t, x
i(z′, 0))∥1−θ

W−1
p (B′

δ;W̃
s0
p (0,τ))

≤ c4∥∇z′φi(w̃(t, x
i(z))∥θ

W 1,2
p (Qτ

1 )
∥φiw̃(t, xi(z′, 0))∥1−θLp(B′

δ;W̃
s0
p (0,τ))

≤

c5∥∇z′φiw̃(t, x
i(z′, 0))∥θ

W 1,2
p (Qτ

1 )
τ (1−θ)/2∥φiw̃(t, xi(z′, 0))∥1−θLp(B′

δ;W̃
s1
p (0,τ))

.

Ññûëàÿñü íà ëåììó 1 è èñïîëüçóÿ (52), ïîëó÷èì îöåíêó

∥∇z′w̃(t, x
i(z))|z=0∥W̃ s0

p (0,τ) ≤ c6τ
β2∥α⃗1 − α⃗2∥W̃ s0

p (0,τ).

Àíàëîãè÷íî îöåíèâàþòñÿ îñòàâøèåñÿ ñëàãàåìûå â ∥J2∥, è ìîæíî ñêàçàòü,
÷òî

∥J2∥W̃ s0
p (0,τ) ≤ c7τ

β2∥α⃗1 − α⃗2∥W̃ s0
p (0,τ). (58)

äëÿ íåêîòîðîé ïîñòîÿííîé β2 > 0 è íå çàâèñÿùåé îò τ ïîñòîÿííîé c7. Îêîí-
÷àòåëüíàÿ îöåíêà, êàê âûòåêàåò èç (57), (58), èìååò âèä

∥R(α⃗1)−R(α⃗2)∥W̃ s0
p (0,τ) ≤ c8τ

β0∥α⃗1 − α⃗2∥W̃ s0
p (0,τ),

ãäå β0 = min(β1, β2) è ïîñòîÿííàÿ c8 íå çàâèñèò îò τ . Âîçüìåì τ2 ≤ τ1 òàêîå,

÷òî c8τ
β0

2 ≤ 1/2. Â ýòîì ñëó÷àå îïåðàòîð R ïåðåâîäèò øàð BR2
â ñåáÿ ïðè

τ ≤ τ2 è ÿâëÿåòñÿ â íåì ñæèìàþùèì. Ñëåäîâàòåëüíî óðàâíåíèå (35) èìååò
ðåøåíèå α⃗ ∈ W̃ s0

p (0, τ2). Íàéäåí v êàê ðåøåíèå çàäà÷è (25)-(27).
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Ïîêàæåì âûïîëíåíèå (28). Âîçüìåì ðàâåíñòâà (26), çàïèñàííûå â ñèñòå-
ìå êîîðäèíàò z è âçÿòûå â òî÷êå t, xi(0) (xi(0) = bi), è âû÷òåì èõ èç ñîîò-
âåòñòâóþùèõ ðàâåíñòâ (33), ïîëó÷èì, åñëè èñïîëüçóåì ðàâåíñòâî wj(t, 0) +
w0(t, bj) = ψj , ÷òî

ηn(t, 0)(wjzn(t, 0)− vzn(t, x
j(0)))−

(β0 + α)(φ(wj(t, 0) + w0(t, bj))− φ(v(t, bj) + w0(t, bj))) = 0,
(59)

ãäå i = 1, 2, . . . , r. Ôóíêöèÿ w0i = φiv óäîâëåòâîðÿåò óðàâíåíèþ (30). Âîçü-
ìåì â ýòîì óðàâíåíèè z′ = 0 è âû÷òåì åãî èç ðàâåíñòâà (31). Ïîëó÷èì
ðàâåíñòâà

wit(t, zn)−w0it(t, x
i(t, zn, 0))−cnn(t, 0, zn)(wiznzn −w0iznzn(t, x

i(t, zn, 0))) = 0,
(60)

ãäå i ≤ r. Ôóíêöèè wi(t, zn) − w0i(t, x
i(t, zn, 0)) óäîâëåòâîðÿåò óðàâíåíè-

ÿì (60) íà÷àëüíîìó óñëîâèþ wi(t, zn) − w0i(t, x
i(t, zn, 0))

∣∣
t=0

= 0, ðàâåí-

ñòâó (59) è wi(t, zn) − w0i(t, x
i(t, zn, 0))|zn=δ1 = 0, i = 1, 2, . . . , r, Äëÿ ýòîé

çàäà÷è ñïðàâåäëèâ àíàëîã òåîðåìû 1 (äîêàçàòåëüñòâî íè÷åì íå îòëè÷àåò-
ñÿ), è òîãäà â ñèëó åäèíñòâåííîñòè ðåøåíèé ñìåøàííîé íà÷àëüíî-êðàåâîé
çàäà÷è wi(t, zn) = w0i(t, x

i(t, zn, 0)). Ñëåäîâàòåëüíî, âûïîëíåíû ðàâåíñòâà
w0i(t, x

i(0)) = v(t, xi(0)) = ψ̃i äëÿ âñåõ i. Ïîñêîëüêó ëîêàëüíî ïî âðåìåíè
çàäà÷à ñâîäèòñÿ ê óðàâíåíèþ ñî ñæèìàþùèì îïåðàòîðîì, òî óòâåðæäåíèå
î åäèíñòâåííîñòè ðåøåíèé çäåñü î÷åâèäíî.
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