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Abstract. We consider the Vlasov-Poisson system with external ho-
mogeneous magnetic field describing kinetics of two-component rarefied
plasma in the three-dimensional case. For any initial density distribution
functions with compact supports, we obtain sufficient conditions for external
magnetic field that provide global existence of density distribution functions
with arbitrary small growth of their supports with respect to space variables.

Keywords: Vlasov-Poisson system, Cauchy problem, plasma confine-
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1 Introduction

The Vlasov equations were derived in [1]. Global classical solutions to the
Cauchy problem for the Vlasov-Poisson system were studied in [2-6]. The Vlasov-
Poisson equations have many important applications: to the theory of high
temperature plasma, to stellar dynamics, etc. One of the most exciting appli-
cations is connected with controlled thermonuclear fusion. Since plasma in a
fusion reactor has a very high temperature, collisions of charged particles with
the wall of the reactor may lead to a destruction of the wall. Therefore one of the
most important problems in plasma physics is confinement of high temperature
plasma at some distance from the wall. In order to provide plasma confinement
physicists are using external magnetic field of a special form [7].

In this paper we consider a simplest model of plasma confinement: the
Cauchy problem for the Vlasov-Poisson system with external magnetic field.
Section 2 deals with the statement of problem, notation and formulation of the
main result. Section 3 is devoted to the existence of global classical solution.
In Section 4, we obtain a priori estimate for the norm of electric field strength.
Section 5 deals with the properties of characteristics for the Vlasov equations.
In Section 6, we obtain sufficient conditions for external magnetic field, which
provide existence of density distribution functions with arbitrary small growth
of their supports with respect to space variables as the time changes on a finite
interval.

Conditions for existence of classical solutions to mixed problems for the
Vlasov-Poisson system with external magnetic field providing confinement of
two-component plasma in the cases of half-space, infinite cylinder ("mirror
trap") and torus ("tokamak") were studied in [8-15].
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2 Statement of Problem. Main Result

We consider the Vlasov-Poisson system of equations
— Ap(z,t) = 47r/25fﬂ(x,u,t)dv, reR te(0,T), B==+1, (21)
Rs B

%ﬁ + (v, Vo f?) + B(=Vep + [v, B(z)], Vo f?) = 0, (2.2)
z,v€R3 te(0,T), B==1,
with the initial conditions
fﬁ(x,v,t)‘tzo = f()ﬁ(Lv), z,veR3 B=41. (2.3)

Here f? = fB(x,v,t) > 0 is the density distribution function of positively
charged ions if § = +1 and negatively charged electrons if 5 = —1, at the point
x = (21, x9,x3) with velocity v = (v1,v9,v3) at the moment ¢; ¢ = p(z,t) is a
potential of self-consistent electric field; V, and V, are gradients with respect
to x and v, respectively; B = B(z) is the induction of external magnetic field;
(.,.) is the scalar product in R?; [.,.] is the vector product in R3.

Suppose that the potential ¢ satisfies the decreasing condition at infinity

lim ¢(z,t) =0, 0<t<T. (2.4)

Denote by C*(R"), s > 0, n € N, the Holder space of continuous functions on
R™ having all continuous derivatives on R™ up to the k-th order, k = [s], with
the finite norm

lulls = |m‘:i)]<C sup |D%u(x)| ifs=keZ, 0<k, (2.5)
als T
lulls = llulle + Jull, fs=k+o, 0<keZ 0<o<]1, (2.6)

where
lulo = max sup [z — y|~7|D%u(z) — D*u(y)],
la|=Fk THY

8 al 8 QAn
Da:((%l) (arn) ,oa= (a1, 0n), ol =ar 4+,

Let C(R™) = C°(R"), and let C¥(R"™), k,n € N, be a set of continuously
differentiable functions in R™ with compact supports.

We introduce the Banach space C([0,T],C*(R?)), s > 0, consisting of con-
tinuous functions [0,7] 3 t — ¢(.,t) € C*(R?) with the norm

lellsr = sup (., )]s (2.7)
0<t<T



Let B,(z°) = {z € R® : | — 2% < p}, and let B, = B,(0). Denote by
4703
|B,| = % the volume of the ball B,,.

Further, we denote by k;, c;, positive constants in inequalities, which do not
depend on functions contained in these inequalities.

Denote by C*(R3) the space of vector-functions Y = (1, Y, Ys), having
coordinates Y; € C*(R3), with the norm

v, = { S me} 28)

Assume that the following conditions hold.

Condition 2.1. Let B € C'(R?).

Condition 2.2. Let f) € Co’l(RG), and let
supp fOB C Dy := By x By,

where A, p > 0.

Condition 2.3. Let B(x) = (0,0,b) for x € {z € R® : |2'| < 2\}, where
x = (2, x3).

The main result of this paper can be formulated as following.

Theorem 2.1. Let Conditions 2.1-2.8 hold. Then for any 6,0 < & < X, there
is a b > 0 such that there exists a solution of problem (2.1)- (2.4) {¢, f°},
0 € O([0,T),C*(R3)), f8 € CHR3xR3 %[0, T]) having the following property:
supp f# C ({zx € R3: |2/| < A+8}NBy, ) X B,,, where A < A1 < 00, p < p1 < 00.

Further we obtain Theorem 2.1 as a corollary from Theorem 6.1, in which
we describe explicit condition for a constant b, see (5.9). A proof of Theorem 6.1
consists of three steps. First, we shall formulate lemma on the existence of global
classical solution to the problem (2.1)- (2.4). Second, we shall obtain a priori
estimate for the norm of electric field strength through the norm of density
distribution function for charged particles. At the third step we shall estimate
deviations of trajectories of particles from the Larmor trajectories. From these
estimates we derive the conclusion of Theorem 2.1.

3 Existence of Global Classical Solutions
Lemma 3.1. Let Conditions 2.1, 2.2 hold. Then there exists a solution of

problem (2.1)-(2.4) {¢, f?} such that: ¢ € C([0,T],C**(R?)) and
P e CYR3 x R3 x [0,T]). Moreover, {5 have compact supports, f = +1.



Proof. By virtue of Theorem 1 from [2| and Theorem from [4], there exists a
solution of the problem (2.1)-(24) ¢ €  C([0,T],C*(R3)),
f? e CYHR3 x R3 x [0,T)), B = £1. Moreover,

R(T) := {1 + max sup || : there existz € R®andt € [0, 7]
vER3

such that f°(z, v, t) # O} <oco. (3.1)

We note that unlike papers [2] and [4] we have the additional term
B ([v, B(x)], V,f? ) in the Vlasov equations, which provides plasma confinement.
However, we still can use a standard proof for the existence of global solution,
since it is based on the invariance of the Lebesgue measure with respect to
transformations generated by vector—field

{VE(1), =BVup (X[(7).7) + B[V (7), BIX(7)]}

in characteristic equations and a priori estimates of velocities following from the
equality (V/(r),[VF(r), B(XE())]) =0. O

Remark 3.1. Generally speaking R(T") depends also on foﬁ(ﬁ =4+1).

4 A Priori Estimate for the Norm of Electric
Field Strength

We define the space C([0, T, C&(R?)), where C&(R?) = {w € C*(R?) : suppw C

Q}, Q C R? is a bounded domain.

Let Co(R?) = {g € C(R?); g(z) — 0 as |z| — oo}.
We consider the equation

—Au(z) = F(z), zecR?®, (4.1)
with the decreasing condition at infinity
u(z) >0 as |z| — oc. (4.2)

Lemma 4.1. Let Q C R? be a bounded domain. Then, for any function F €
Cg(R3), 0 < o < 1, there exists a unique solution of equation (4.1) with
condition (4.2) u € C?*T7(R3) N Co(R?).

Moreover,
[Vulllo < e[ F]o, (4.3)
where
2y 1/2
1 : |z — il
0<c=-—sup / . “dy < 0.
47 z€R3 z:zl |CE - y‘S



Proof. We consider the Newtonian potential

w(z) = / D(z — y)F(y) dy, (4.4)
Q
where I'(z) = %m

By virtue of Lemma 2.2 from [16, Chap. 3, Sect. 2] and Lemma 4.2 from [17,
Chap. 4, Sect. 4.2], the function w belongs to C?*7(R3) and satisfies equation
(4.1). From the boundedness of Q, it follows that

lw(z)| < k1 (1+]z)7t, = eR3, (4.5)

where k; = ki (F) > 0 does not depend on z, i.e., w € Cy(R?). Therefore, the
problem (4.1), (4.2) has the classical solution u = w € C?T7(R3) N Cy(R?).
Differentiating the right hand side of (4.4), we obtain the expression for
constant c;.
In order to prove a uniqueness of solution to the problem (4.1), (4.2), we put
F(x) = 0. Then, by virtue of Liouville theorem, u(z) is a polynomial. However,
a nontrivial polynomial does not satisfy the decreasing condition (4.2). O

Let {s, %}, ¢ € C([0,T], C>* (R%)), 7 € CL(R® x B? x [0,T]), § = +1,
be a solution of problem (2.1)—(2.4). For the present function
¢ € C([0,T],C*7(R?)), the Vlasov equations (2.2) with the initial conditions
(2.3) can be solved with the help of characteristics method. For this purpose,
we consider the following system of ordinary differential equations:

ng(T)

dr

= —5VI<P(X£(T)7T) + B[ng(TL B(Xg(T))L (4.7)
0<7<T, pB==1,

—_ B —
=V(r), 0<7<T, B==£1, (4.6)

de (1)
dr

with initial condition

XE(T)rme =2, B =1, (4.8)
V() =t = v, B ==L (4.9)

We denote the solution of problem (4.6)-(4.9) by (X2(r, z, v,t), VI (1, 2,v,t)) :
55(7', x,v,t).

Lemma 4.2. Let the vector function B(x) and functions foﬁ (z,v) satisfy Con-
ditions 2.1 and 2.2. Then the following estimate holds



IIVelllor < er| Brer|m max 155 lo. (4.10)

where the number R(T), 0 < R(T) < oo, is given by (3.1), and ¢; > 0 is a
constant from inequality (4.3).

Proof. Clearly,
FP(x,0,t) = £5(S2(0,2,0,1)), z€R® veR? te(0,T). (4.11)

From Lemma 4.1 and inequality (3.1) we obtain

19l < erdmsup / S B8 (v, ) ldv <
Z,
Rz B

< 0147rsup/maxf*3 x,v,t)dv

= 0147rsup/maxf0 0,z,v,t)),dv <

< 01|BR(T)|47T max sup |f0 (y7w)|a T e Rgv te [OvT]v
B (y.w)EBr,
where Ry = (A2 + p?)'/2. From this it follows inequality (4.10). O

5 Some Properties of Characteristics

We again consider the system of ordinary differential equations (4.6), (4.7) with
initial conditions (4.8), (4.9).

Lemma 5.1. Let Conditions 2.1- 2.3 hold. Then for every (z,v) € Dy and
0 <t < T the following estimates take place

|V£(t,$,1},0)| < p1, (51)
‘Xg(tvxvvvoﬂ < >‘17 (52)

where p1 = p + T'c1|Br(r)|4m max 1£51l0, M = A+ pu T

Proof. Multiplying the left and the right sides of equation (4.7) by Vf , we have

1 d
|V’8(T z,v,0)|? = 6(VI@(X£(T,;3,v,OLVf(T,x,v,O)), 0<7<T.

From this equality and from the Cauchy-Bunyakovskii inequality we obtain

1

d
|Vﬂ(7'x v,0)]? < |Vap(X (T,x,v,0)|~|Vf(7‘,x,v,0)|, 0<7r<T.



Hence,

d
Ve (20,0 < [Vap(X (7 2,0,0), 0<7<T. (5:3)

Integrating (5.3) by 7 from 0 to ¢, by virtue of Lemma 4.2 and Condition 2.2,
we have

V20,0 <Jol + [ I9a0(X2(r..0,0)ldr <
p+ Ter| Brqr 4 max I fllo- (5.4)
Integrating equation (4.6) by 7 from 0 to ¢ and using inequality (5.4), we

obtain (5.2). O

We introduce the matrix R(6) by the formula:

ro= (20 30 pen

sinf  cos6

As it is known, multiplication by the matrix R(f) corresponds to rotation by
the angle 6 on the plane. We now formulate some properties of this operator,
which allow us to study the behaviour of characteristics of Vlasov equations.

Lemma 5.2 (see [11]).
(a) R(91>R(92) = R(91 + 92), 01,0, € R.
(b) R(0)™ = R(m0), 0€cR, meZ.

(c) d%R(G) =R(3)RO)=R(0+%), O€R.
(d) |R(O)z| = |z|, 0€R, xR
(e) exp(tR(6)) = exp(tcosO)R(tsind).

Proof. The properties (a)-(d) are obvious. We prove property (e). From property
(b) and definition of the matrix R(#), it follows that

>N " = o " _ o~ " (cos(nf) —sin(nf)
exp(eRO) = 3 TR0 = 3 TR0 = - (Gl o).
(5.5)
From the Euler formula we have

exp(texp(if)) = exp(t(cosf + isinf)) =
= exp(tcosf)[cos(tsind) + isin(tsinh)]. (5.6)



It easy to see that

, o~ o~ 1" RS

exp(texp(if)) = Z ] exp(inf) = Z ] cos(nf) + i Z ] sin(nf).  (5.7)

n=0 n=0 n=0
From equations (5.6) and (5.7), we obtain

>~ — cos(nf) = exp(t cos §) cos(tsin ),

n=0 1"

oo fn (5.8)

> - sin(nd) = exp(t cos #) sin(t sin b).

n=0 N

The equalities (5.5) and (5.8) imply that

cos(tsinf) —sin(tsinf
exp(tR(0)) = exp(t cos ) (Sin((tsiHQ)) cos(gsin 9))> -

= exp(tcos§)R(tsinh).
O

Let ' = (x1,x2), and let Xf\a,(r,a:,v,O) = (Xf,l(T,x,U,O),Xf,Q(T,x,U,O)) )
Assume that the following condition is fulfilled.

Condition 5.1. Let a constant b in Condition 2.3 satisfy the inequality

2
g(p+Tcl\BR(T)|47Tmé1X||f(§3||0) < b, (5.9)

where ¢; > 0 is a constant from Lemma 4.1.

The next lemma is a generalization of Lemma 3.3 from [11].

Lemma 5.3. Let Conditions 2.1- 2.3 and 5.1 hold. Then the solution of
problem (4.6)—(4.9) given by (Xg(T,I,U,O),Vf(T,x,v,O)) = Sg(T,I,U,O) has
the following properties: for all (x,v) € Dy and T € [0,T],

B /
X, (1,7,v,0) —x

< 0, Xg(T,l‘,U,O) € By, Vf(r,x,v,O) € B,,,

where 0 < d <A\, My = A+ piT, p1 = p+Tcl|BR(T)|47rm?x ||f(?||o
Proof. We prove that
6/
’Xw (T,I,U,O)*l‘/‘ < ¢ for any 7 € [0, 7). (5.10)

Assume to the contrary that there is a 79 € [0, 7] such that

IB/
‘Xw (1,2,v,0) — 2’| > 4.




Since Xgl (0,z,v,0) = 2’, then for some 0 < 73 < 79 < T, we have

‘Xgl(Tlvxavao) —a2| = 6; (511)
‘Xgl(TaxaU70) - [077—1)- (512)

Since 0 < § < A, Condition 2.3 allows us to rewrite characteristic equation
(4.7) in the form

2(7) = —ﬁVI@(Xg,T)—l—ﬂ (—b 0
T 0

0

Therefore we have
d V£1(7)> m <V61(7)>
—.% +BbR () (.5 = =BV (21,22) (X, ),
dr <V£2(7) ( 2 ) V<};3,2(7') ’
7€ (0,71).

If we multiply the last equation by exp(7SbR(3)), we get

4 [exp (rovre (%)) (Ki”)] = B (rBR(5)V o, ey o (X7,

@,2(7-)
e (0,m). (5.13)

Integrating equation (5.13) from 0 to ¢, t € (0, 71], we obtain
B
™ th,l(t) U1\ _
exp (tﬁbR (§>) (Vﬁ i ()=
t
B/eX TB8bR ))V(zhm)g@(){g,r) dr. (5.14)
0

Lemma 5.2(e) implies that
exp (tﬁbR (g)) — R(t8b). (5.15)

From (5.14), (5.15) it follows that

1490 !
<V£2<t>> R(= wb( ) /30/3 (7 = 1)) V(4 o) 0 (X5, 7) dr,

c(0,m]. (5.16)
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From (4.6) and (5.16) it follows that

XA
‘;’1(7-1) = (1‘1) + 1 + Iy,
X¢72(T1) T2
T1

I = / R(—t8b) (g;) dt,
0

T1 t
Ly==8[dt | RU(T —t)Bb)V (4,0 0(X5,7) dT.
[]

We now estimate the integrals I; and I
Lemma 5.2(c) implies that

1d m
R(~t68) =~ o (R(—wb - 5)) .
Therefore, by virtue of Lemma 5.2(a), we have
_ L ™ (o)
I = 5 {(=R(=npb) +E}R( 2) <v2) -

1 (1—cos(mpb) —sin(mBb) 0 1)\ (un
T Bb \ sin(mBb) 1 —cos(miBb)) \—1 0) \ve

where

_ 1 [ Bsin(mib)vy 4 (1 — cos(1b))va
~ Bb \ —(1 — cos(meb))v1 + Bsin(r1b)vy

where FE = ((1) (1)> . Thus we have

| = {{5 sin(71b)v; + (1 — cos(r1b))va}> +

Y2
+ (—=(1 — cos(m1b))v1 + Bsin(m1b)vs) } =

{(vf + v3) (((1 — cos (11h))? + Sin2(le)> %} =

S|

= %|v|\f2\/1 —cos(11b) < %M

Changing the order of integration and using again Lemma 5.2(c), we obtain

:—5/{/1% (1 —t)Bb) d }v(ml,m)@(xgﬁ)m:

b/{R (7 = 70)Bb) = E} R(=5)V (0,0 (X, 7) dT =

11

(5.17)

(5.18)



dp(X5,7)

1 " cos((t —m)b) —1 —psin((r — 71)b) 0 1 0z, )
b 0/ < Bsin((r —7)b)  cos((r —711)b) — 1) (‘1 0) 8<p(X£,T) !

31:2
. dp(X7,7) dp(XP,7)
1 /ﬁ Bsin((r — 71)b) 87;1’ +cos((t —71)b) — 1) 87:;; .
- b a XB, T a XB, - .
"\ e P il (r - g 2

Finally, we have

T1

1
|I2|Sg/

0

{((1 — cos((1 — 71)b))% + sin®((1 — 71)b) x

X ((%(gfﬂ)l <3¢(§:§,T)>2) }1/2d7':

/((1 — cos((1 — 71)b))? + sin?((1 — Tl)b))1/2|V(zl’z2)g0(Xg, 7)|dr <
0

1
b
T1

2 2T
<2 [ et nldr < 21106
0

or. (5.19)

From (5.11), (5.17)—(5.19) and Lemma 4.2 it follows that
5= |X£/(Tl,a:,v70) 2| <|h|+ L] <
2 2
< 30+ TlIVelllor) < 3 (0 + Ter| Brery|4m max | £ ). (5.20)
By virtue of (5.9), we obtain
2 5
5('0 + T'c1| Brery|4m max Il fo 1lo) < 0.
We have contradiction with (5.20). This implies ((5.10).

From Lemma 5.1 it follows that X (7, z,v;0) € By,and V/(7,z,v;0) € B,
for ((z,v) € Dy and 7 € [0, T]. O

6 Proof of Theorem 2.1

First we shall prove the following auxiliary statement.

12



Lemma 6.1. Let the assumptions of Lemma 5.3 hold. Then supp f(?(Sg 0,.,.,t) C
Dy = (Bx, N{z : |2'| <A+ 6}) x By, forte[0,T].

Proof. By virtue of Condition 2.2 it is sufficient to prove that Sg (t,z,v,0) € Dy
for (x,v) € Dy, t € [0,T]. This statement follows from Lemma 5.3. O

We define the function f(z,v,t) by the formula

f5(SE(0,2,0,), (z,v) €Dy, tel0,T],

(6.1)
0, (z,v) € (R® x R3) \ Dy, t € [0,T).

f’B(:C,Uﬂf) = {

Let assumptions of Lemma 5.3 hold. Then, by virtue of Lemma 3.1, there
exists a global classical solution of problem (2.1)-(2.4) {¢, f’},
p € C([0,T],C?*T7(R?)), f# € CYR3 x R x [0,T]). From Lemma 6.1 and
representation (6.1) it follows that supp f? = supp fOB(Sg(O, . t)) C Dy. Thus
we have proved the following result.

Theorem 6.1. Let Conditions (2.1)-(2.3) be fulfilled. Then, for any §,0 <
0 < X and b satisfying Condition 5.1, there exists a global classical solution
of problem (2.1)~(2.4) {¢, f?}, ¢ € C([0,T],C*(R?)), ¥ € C*(R? x R? x
[0,T)) such that supp f? C Dy, = +1.

Theorem 2.1 follows from Theorem 6.1. Moreover, Condition 5.1 allows to
define the external magnetic field, which provides plasma confinement.

I express my gratitude to the reviewer for valuable comments contributing
to the improvement of the article.
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